MockoBckum ['ocyaapCTBEeHHbIM YHUBEpPCUTET
nmenu M.B. JlomoHocoBa

Poccunckas Akagemunsa Hayk
MexayHapoaHas Akagemusi TexHornorndeckux Hayk
Poccuinckasa Akagemus EctecTtBeHHbIX Hayk

UHTennekTyanbHble
Cucrtemsl.

Teopusa U NpUNOXeHus

TOM 29 BbINYCK 1 x 2025

MOCKBA



VK 519.95; 007:159.955 ISSN 2411-4448
BBK 32.81 sz naércs ¢ 1996 r.

T'naBubIil pemsakTop: 1.¢.-M.H., npodeccop D.9.T'acanos

PeﬂaKH,I/IOHHaS[ KoJijiermus:

K.p.-Mm.H., gou. A.B. lamarenko (3aM. rilaBHOrO pemakTopa)
a.cp.-m.H., mor. A.A. HacoBckux (3am. rilaBHOrO pemaxkropa)

a.d.-m.H., npod. B.B. Anekcannposn, a.¢.-m.u., npod. C.B. Anemwun, x.d.-m.H., npod.
A.E. Augpees, a.¢d.-m.H., npod. I.H. Babun, npod. K. Bammuk, npod. . Jlemerposud,
akagemuk PAH, n.d.-m.u., npod. FO.JI.Epmos, npod. I Kummbapna, x.d.-m.H., npod.
B.H. Koazios, k.d.-M.H., B.H.c. B.A. Hocos, g.d.-m.H., npod. A.C. Ilogkonsun, a.¢.-m.H.,
npod. FO.II. [IeiTheB, a.1T.H., mpod. A.Il. Peixxos, akagemuk PAH, a.1.H., npod. A.C. Cu-
roB, K.(p.-M.H., goi. A.C. Crporasos, npod. b. Tampxaiim, npod. . Ymraymmnd, ma.d.-
M.H., npod. A.B. Yeuknn, k.¢p.-m.u. [II.H. Illepanues, k.d.-m.H. P. [ITyenanosuy.

Cekperapu penakiun: 11.0. Beprep, E.B. Kyzuerosa

B xypnane «MuresiekTyabHble CUCTEMBI. Teopust U IPUJIOXKEHUST» TyOJIUKYIOTCS Ha-
VUHBbIE JOCTUXKEHUs B 00JIACTH TEOPUN U IPHUJIOXKEHUN MHTEJUIEKTYAIbHBIX CHCTEM, HOBBIX
WHMOPMAITMOHHBIX TEXHOJIOTUI U KOMIIBIOTEPHBIX HAYK.

W3z nanue xxypHasta ocymecTsisgercs nof sruaoit MI'Y umenn M.B. Jlomonocosa, Hayunoro
Cosera no komitekcHoit mpobisieme «Kubepuernkay» PAH, Otnesrenns «Maremaruieckoe
MOJIEJIMPOBAHUE TEXHOJIOTHIecKuX mporeccosy MATH.

VYupenureins xxypuana: OO0 «HTeseKTyaJIbHble CUCTEMbI>.

2Kypnan Bxonur B crmcok usnanuii, BkimodeHHbIXx BAK P® B peecrp mybiukaruii mare-
PHAJIOB IO KAHAWIATCKUM U JOKTOPCKUAM JIMCCEPTAIUSIM IO MATEMATHKE U MEXAHUKE.

Nnnekc mognucku Ha xKypHat: 64559 B karamore HTU «Pocneuartns.

Anpec penakmum: 119991, Mocksa, I'CII-1, Jlenunckue Toper, x. 1, MexaHuko-ma-
TeMaTudeckuii pakyabrer, Komu. 12-01.

Anpec uzparens: 115230, Poccusi, Mocksa, Xiriebo3aBoackuii npoesmu, ia. 7, cTp. 9,
oduc 9. Ten. +7 (495) 939-46-37, e-mail: mail@intsysmagazine.ru

*) TIpexkHee HazBaHUe KypHasa: «/HTe/IeKTya IbHbIE CHCTEMBI».

© OO0OO «MuresuekTyanbHble cucTeMbl», 2025.



OI'VIABJIEHUE

Yactp 1. O61mue npobJyieMbl TEOPUN MHTEJJIEKTYaJbHbIX CUCTEM

Yeurun A.B. Maremarndeckue OCHOBBI TeOpeTUUecKoil nHpopmaruku. Teopust HeueT-
KOi ceMaHTHU4IecKo# napopmarmu 0 Touke. CeMaHTHKa €CTECTBEHHOTO A3bIKA ... D

Yactb 2. CHeHHaﬂbeIe BOIIPOCHI TeOpuMn MHTEJIEKTYaJIbHbIX CHUCTEM

Kondoba E.B. CornacoBanue (popmysn Buibcora u ypaBHEHUsI COCTOSTHUS JJIsI PAC-
qeTa Pa30BOTO PABHOBECHST HEPTH T TABA + vt vvveeeeteeeeaeneeennnneeennns 18

Xinghao Niu Empirical study of manifold learning techniques on forecasting stock
Price trend .. ... 26

Yactb 3. MaTemaTudecKmue MoJ1eJiu

Tanamenkxo A.B. OtueHka 4Yucjia NpaBUJILHBIX ceMeiicTB dyHKIm k-3HaqHON J1O0-
70 4 % PP 50

Kanycmun FO.C. Tlpemmosabie KJjiacchl (pyHKIIMOHAIBHON CHCTEMBI, IIOJTYyJYEeHHON
3 ajarebpbl MHOXKECTB J100aBJICHUEM UHINKATOPOB MOITHOCTH .. vvvenerrrennnn. 60

Hocos M.B. Peajmzaiust aJlrOpUTMOB CXeMaM# U3 (PYHKIMOHAIBHBIX JIEMEHTOB 76



YHacts 1
O611e mpobjieMbl Teopuu
MHTEJIJIEKTYaJIbHBbIX CUCTEM



MaremaTndeckmue OCHOBBI T€OPETUIECKOIi
nHdpopMmaTuku. Teopus HeIETKOI
ceMaHTIU4YecKoii mHpoOpMaIn O TOYKeE.
CeMaHTHKa €CTEeCTBEHHOI'O SA3BIKA

A.B. Yeukun!

Ileaw. UccienoBaTh CEMAHTUKY €CTECTBEHHOTO SI3BIKA.

Memodw. Maremaruueckoe mojenupoBanue. CUCTEMHBIN U yIbTPa-
CHCTEMHBIN aHAJIN3 U CHHTES.

Pesyavmamu. CTponTcs MaTeMaTHIeCKasi MOJEJb CEMAHTUKN SI3bI-
KOBBIX KOHCTPYKIIHIA, TIOHATHI €CTeCTBEHHOTO sI3bIKa, MaTeMaTHIeCKast
ocHOBa Teoperntieckoil nandopmatuku. OupeesseTcss KoJInaecTBeHHAs
Mepa CeMaHTHUYeCKOi mHpopMarmu o Touke. lesrarorcst obime ceman-
TUYECKUE BBIBOJIBI.

KirodyeBble cjioBa: eCTECTBEHHBIN SI3BIK M HEUYETKasl CeMaHTHYe-
CKad I/IH(bOpMaU;I/IH O TOYKe, CeMaHTHKa €CTECTBECHHOI'O A3BIKA.

1. BBegenue

Nudopmaruka — Hayka 06 mHMOpManm, MeTomaxX U mpoleccax eé cbopa, Xpa-
HEHUsl, aHAJIN3a, CUHTE3a, IIePeJIaul, U UCIOJIb30BAHUS B PA3JIUYHBIX IEJIAX.
Tepmun “undopmariust’ TPOUCXOAUT OT JIATHHCKOTO cjioBa “informatio”, aro
O3HAYAET CBEJICHNE WU COOOIIEHNE O IeM-JIn00 Ul O KOM-1n0o. s qerose-
Ka WHPOPMAITHST CBsI3aHa C €r0 eCTECTBEHHBIM A3BIKOM U, CJI€I0BATEHHO, C €70
unTeIeKToM. Kubepaeruka Toxe - Hayka 00 uaopmaluu. Pasauna 31ech B
npenHaszHadeHnn nHopMalnn. B xubepremure nMeroT Ie10 ¢ HHPOPMAaIIn-
eit JiIss ynpaBJieHus OJJHUM OObEKTOM, TO €CThb ¢ HH(OPMAIUeil, OTHOCSIIEH s
TOJIBKO K OJIHO# TOYKe, KOTOpasl B CUJIY €IMHCTBEHHOCTU He TpebyeT cebe yHu-
KaJIbHOT'O CEMAHTHUYECKOTO yKazaTess. KubepueTuka o0CIyKUBAET CUCTEMBI
aBTOMATHYIECKOTO peryyimpoBanusi. Ungdopmamura ncrnoab3yer nHGOpMa-
IO MPUHIUITHATIBLHO O PA3HBIX TOYKAX, UTO TPEOyeT MPUHITUTHAILHO PA3HBIX,
ABTOHOMHBIX YHUKaJIbHBIX CEMAaHTUYICCKUX yKaBa,Te.Heﬁ ATUX TOYEK. y qeJ10-
BeKa KHOEepHETHKa OTBedaeT 3a 0e3ycyioBHBIE pedIeKChl IEePBOii CUTHAILHOM
CHCTEMBI, 3a MOJICO3HATEIHLHOE PEryINPOBAHNE OMOMEXaHU3MAaMU KU3HE00eC-
mevueHust deoBeka. HbopMaTuKa y 9eI0BeKa OTBEYAET 38 CO3HATETHHOEe

YYeuun Asnexcarndp Bumanvesuyw — mokTop us.-Mar. Hayk, npodeccop, Boemnnas
akanemuss PBCH nmenn Ilerpa Besmukoro, @uHaHCOBBII yHUBEpCHTET IPH [IPABUTEIHCTBE
Poccuiickoit @eneparuu, e-mail: a.chechkin@mail.ru.

Chechkin Alexander Vitalievich — Doctor of Phys.-Math. Sci., Professor, Strategic
Missile Forces Military Academy named after Peter the Great, Financial University under
the Government of the Russian Federation.



KOIHUTHBHOE TIOBEJICHUE YeJIOBEKA, 3a YCJIOBHbIE (MIPpUOOPETEHHBIE) pediIeKCHI,
CBSIBAHHBIEC B TIEPBYIO OYUEPEIb C €CTECTBEHHBIM SI3BIKOM, ¢ O0yIEHUEM U CO
BTOPOIl CUTHAJILHOI cucremoii gesioBeka (¢ s3bikoM), [1-2]. Mndopmarnka
UMeeT /10 ¢ UHTEJUIEKTYATBLHBIMUA CUCTEMAaMU, UCIIOIB3YIoNue HHMOPMAIIAIO
O Pa3JIMYHBIX TOYKAX.

[Tousitue “aérkoii ceMaHTUIECKON WHMOpMAaINuu 0 TOUKe  OBLIO BBE/IE-
HO U u3y4eHo B [3-4]. Dro nousitne crpourcs Ha 6aze Teopun HUILTPOB U
yibrpaduibTpoB A. Kaprana u ToJIbKO B paMKaX TEOPUU KJIACCUIECKUX UET-
KX MHOKeCTB. Torjga Kak moHstue “HeIéTKON CeMaHTUIeCKON nHpOpMaIn
o Touke’ TpebyeT cueruaabHoil hopMam3alum, 0 KOTOPOil oiIeT pedb B
HACTOSIIENA CTAThE.

2. Aarebopa ge Moprana HEYETKNX MHOXKECTB — OC-
HOBA CEMaHTUKU €CTECTBEHHOI'O sI3bIKa

Omnpenennm newémrue mroorcecmea 1o L.A.Zade [5-6].
Ompenenenne 2.1. Heuérkoe muoxkectBo A ompenesnsiercst pymnrxyued
NPUHAONEAHCHOCTNU:

pa: X —[0;1] (1)

Baeck X onoproe WM YHUSEPCAABHOE MHOXKECTBO, U3 3JIEMEHTOB KOTOPOI'O
onpeessiercst HeuéTkoe MHOXKecTBO A = {z : pa(z) > 0,z € X }. Oynkuus
NPUHAJIEZKHOCTH 3a/1a€T SKCIIEPTHYIO OLEHKY MPHUHAJIE?KHOCTH K HEYETKO-
My mHOXKecTBY A Touek X. Ha mpukiaamHoM si3bIKe HEIETKOE MHOXKECTBO
A omnpejiesisieTcst HEKOTOPBIM HEUETKUM CBOHCTBOM, KOTOPBIM BCe TOYKM A
obuaaror, HO B pas3Hoii crenenu. Toukn ¢ pg(x) = 0,2 € X He npunae-
JKaT HedeTKoMy MHOxKecTBY. OHE noanocmoio (e0uno2AacHO ¢ MOYKU 3PEHUA
aKkenepmmot epynnoi) He obranaior ceoiictBom A. Touku cauTaroTCs pUHA-
JIEKAIUMA HEIETKOMY MHOXKECTBY B MAKCUMAJILHON CTENEHU, €CJIU JIst HUX
pa(z) =1,2 € X. IIpo Takue TOYKU MOBOPST, UTO OHU NOAHOCTNGIO UAU O€3-
02060pouHO Npunadiescam A. B aToM crydae mojpasyMeBaeTcs e MHOrIaCHOe
OlLIEeHMBaHKE BUPTYaJIbHON 3KCIEPTHOH Ipynnoii Touek u3 X Ha Haaudue y
HUX HEKOTOPOTO HEUETKOro croiictBa A. Eme nmpo Takme TOUKHM TOBOPAT, UTO
onn obpasytor adpo A u numyr KerA = {x : pa(z) = 1,2 € X} Hanuune
daapa HeLIéTKOFO MHO2KECTBa {BJISIETCS BaKHBIM CBOMCTBOM He‘{éTKOFO MHOX>Ke-
crBa. Ecm B A nmeerca memycroe aiapo KerA # () To HeuéTKOEe MHOXKECTBO
A Ha3BIBAIOT HOPMAALHLLM. B IPOTUBHOM Clydae HEIETKOE MHOXKECTBO Ha-
3BIBACTCS HEHOPMAALHBLM. HaKkoHel, mpo TOUKU ¢ JPOOHBIMU 3HAYCHUSAMUI
dyuknmu npuHajyieskaocT, y Koropeix 0 < pa(x) < 1,2 € X, rosopsr,
YTO TOYKM NPUHAIEKAT HEIETKOMY MHOXKeCTBY A wacmuuno m o6pasyrom
PASMBIMYIO 2DAHULY HEUEMKO20 MHONMCECTNGA. JIPYyTUMU CJI0BAMU, 9TH TOYKH



001aTAI0T CBOUCTBOM A, HO ¢ 02080pKaMU, HECOUHOLAGCHO C MOUKY 3PEHUA
axcnepmmot epynno. Ha mpakTuKe pasMbITast TPAHUIA HEIETKOIO MHOXKECTBa,
YaCTO BbI3BAHA OOBLEKTUBHBIM HAJUYMEM HEKOTOPOTO NO2PaHuwHo20 afdexma
HEYETKOrO cBolicTBa A.

Bce Toukn HEUETKOTO MHOXKECTBaA 00PA3YIOT HOCUMEND HEUEMKO20 MHO-
orcecmea v iyt SuppA = {x : pa(z) > 0,z € X}

Cormacuo ompeeneHuio 2.1. OObITHBIE KIACCUIeCKIe YETKUE TTOIMHOKE-
ctBa X Tak K€ OTHOCATCS K HEUETKUM IMOJMHOYXKECTBAM M COCTABJISIOT nodce-
METCMBO YWEMKUT NOOMHOHCECME B CEMENCTBE BCEX HEUETKUX TMOJAMHOKECTB
X. Jlna KjmacCcuiecKnX YETKUX MOIMHOXKECTB BBITIOTHAETCS OMPEeIsIIONIee
ux paBeHcTBo KerA = SuppA, ellie OHU He UMEIOT PA3MBITONH I'PAHUIIBI.

Ompenesnenune 2.2. B onpenenennn 2.1 HEIETKOrO0 MHOXKECTBa MOYKHO
BMECTO 9KCIEPTHO! oneHkN (1) mepeiTu K BEpOSITHOCTHOI OIEHKE BBIIOJI-
HEHUsI Y TOYEK HEYETKOrO CBOMCTBA A, CONJIACOBAHHOM ¢ AaHHON (hyHKIMEHR
npuHajieskaocTu (1), T.e. nepeiiTu K HOPMUPOBAHHON BEPOSITHOCTHOl Mepe
HEKOTOPO# BOOOParKaeMOil CIydaifHOM BeJIMINHBI, OTPAXKaIomel cyObeKTUB-
HYIO CTATUCTUKY SKCIEPTHO TPYIIILI ONEHNBaHUsI CBOicTBA A. 3aMeTuM, 9T0O
B MaTeMaTUYECKOH CTATUCTUKE 0CODO BBLIEJSIOT MayCCOBCKHUE IIPOIECCHI C
BBICOKNMH (6oJibInMu) BbIOpocamu 7).

Jutst citydast KOHEIHOTO MJIM CIETHOT'O OIOPHOTO MHOXKeCTBa X MCXOJIOB
JIUCKPETHOE paclipesiejieHre IVIOTHOCTA BEPOSATHOCTH, COOTBETCTBYIONIEE JTaH-
Holi byHKIMYN npuHaIexkHocTH 3a1e (1), onpeessiercs HhopMmyIioit

_ palz)
pa(z) = r€X, ) pa(z)=1 (2)
ZxEX /'LA( reX
ILH?{ Cﬂy‘{aﬂ KOHTI/IHyaJII)HOFO I/IBMepI/IMOFO OIIOPHOFO MHO>KeCTBa NCXOJ0B
X BEpOATHOCTHASA Mepa, COOTBETCTBYIOMASA U3MEPUMON (DYHKIMHA ITPUHAI-
nexknoctu (1), onpenensercs bopmysioit

pale) = 2o X, [ pawis =1 3)
f X :UA( )dm

ITpumep 2.1. PaccMoTpuM yCTONYINBOE CJIOBOCOUETAHIE €CTECTBEHHOTO
aspika A = “Hauwano nedeau”. Cemanmura 3TOro JUHIBACTUYECKOTO II0-
HATUS SIBJIAETCS HEYETKOE ITOAMHOXKECTBO A TOYEK OIOPHOro MHOXKecTBa X
ceMu JHel Helleau

X = {IIu, Br, Cp, Yr, Il1, C6, Bc}

Heuérkoe mHOX)KecTBO A ompejieiisier 00bEM JIMHTBUCTUIECKOTO TTOHSTHUSI
“Havano nedeau”, KOTOPBIM, B CBOIO OYEPEIb OIpPeIeseTcss PyHKINeH mpu-
Ha IexKHOCTH f1g : X — [0;1]. ITycrs, Hanpumep, dyHKIWS IPHHAIEXKHOCTH
3a/1aHa B TaOJUYHOM BHUJIE



pa) =2 ey (B S L LS @

151 KOHEYHOrO MM CYETHOrO HEYETKOTO MHOXKeCTBa (4) IpHUHSTA NnoAb-
ckas 3anuch B popMe CyMMbI pOpPMAJIbHBIX Apo6e, OTparkarolneil TabJIMIHOe
saganue ee dyHKIwun npuHaiexkHocru (4). Ilpu sroMm B cymme wiieHbI ¢
HYJIEBBIME 3HAYCHUSAMU (DYHKIIMU [TPIHAJICZKHOCTH [IPUHSITO OIyCKATh (MX

ABHO HE IIMCaTb, CHUTad 110 YMOJIIaHUIO UX HpI/ICyTCTBI/Ie)

Ao 1 0.8 0 0 0 0 0 1 0.8 5
_HH+BT+Cp+qT+HT+C6+BC_HH+BT (5)
Konkpernoe 3nauenne (yHkiun npuHajyieskaoctu 4 (Br) = 0.8 s
BTOPHUKA 3JI€Ch OTPAKaeT, HAIIPUMeP, HEKOTOPYIO YACTHYIO CTATUCTUKY OMPO-
ca: “SdIpasieTcst i BTOPHUK Hadaj oM Heqenun!”. B maHHOM IpuMepe n3 KayKk-
JIBIX JIECSITH OTPOTIEHHBIX BOCEMb CIUTAIOT BTOPHUK HAYAIOM HEJENH, a JIBOE
ner. [lepeitném or dbynknuu npunamiexxkuocru (5) K corsiacoBanuoii ¢ (5)
BeposATHOCTHOW (HOpMEpOoBaHHOIT) Mepe (2). Torma or 9KCepTHOI OIEHKM
[IPUHAJIEYKHOCTU TOYEK K HEIETKOMY MHOYKECTBY HEPEHIEM K CJIydailHOMY
mporieccy orbopa JaHeH, OTHOCAINXCS K HAYATIY HEIETN TICHAME SKCIEPT-
HO¥i Tpymnmbl. [losiyanm pacmpejiesieHne BeposATHOCTE! YacTHOW CTATUCTUKM,
corsacoBannoii ¢ (5)

1 5 08 4
1108 9PPTT 1108 9

3/1ech BEPOSATHOCTHU Y/IOBJIETBOPSIOT MOJJHON I'PYIIIE COOBITUN U COOTBET-
CTBYIOT HEKOTOPOII YacTHOH cTaructuke. Hanpumep, TejedoHHOMY OIPOCY
Jozielt, ot KoTopbix npocuin: “Ilo3BonnTe 06si3aTe/IbHO B HadaJje Hemean .
Koneuno, sta cratuctuka gacTHast U 0TPaxKaeT 0COOEHHOCTH IPYIIIBI OIIPAIITH-
BaeMbIx. CeMaHTHUKa ycTOWYUBOrO cjioBa coderanus “Hadaso nemenu” sBiis-
eTcsl HedéTKOll U 1peJcTaByser coboit Heuérkoe MHOXKeCTBO (5). 3i1ech uMeeM
SITPO M HOCUTEJb HEUETKOTO MHOYKECTBA

KerA = {Ilu}, SuppA = {Ilu, Br} Pasmbiroii rpanureii 37oro He4eTKOro
MHOXKECTBa ABJIAETCA MHOZKECTBO {BT}

3ameTum, 9T0 B ripumepe 2.1. ormopHoe MHOXKeCTBO X SIBJISIETCS YETKUM U
3a/1aéTcst cruckoM JiHeit. OHO MOXKeT pacCMAaTPUBATBCS KaK HEUETKOE MHOXKe-
CTBO ¢ (PYHKIIHEH TPUHAIEIKHOCTH, COBIAIAIOINIEH ¢ XapaKTePUCTHIECKON
dyukimeit MHOXKecTBa X, T.e. paBHO# 1 BO BCeX TOUYKAX UETKOTO MHOXKECTBA
(6) mm paBHOMEPHBIM PaCIpeIeICHIEM BEPOSITHOCTEl COOTBETCTBYIOIIETO

caydaiiHoro uporecca px (x) = %

Pilu ,Pllu + PBr = 1

A—1+1+1+1+1+1+1 (6)
" IIm Br Cp 4Yr IlIr C6 Be



Y 49éTKuX MHOXKECTB crpaBeinBo paBerHcTBo KerX = SuppX u ner
Pa3MBITBIX I'PAHUII.

VYreepxkaeaue 2.1. Eciu nekoropoe csoiicTBo A mnposiBisieTcst IJist
TOYEK OIMOPHOTO MHOYKECTBA MCXOJ0B X € 3apaHee M3BECTHOM IJIOTHOCTHIO
pacrpesesieansi BeposaTHOCTH p4(x) > 0,2 € X 3azaromieil BEpOSTHOCTHYIO
Mepy Ha X TO CyIIECTBYeT 3KCIepTHAasl OIeHKa JIJIsi BAPTYAJIbHON 9KCIIEPTHOM
IPYIIIBI, COIVIACOBAHHASI C JAHHBIM PACIpPeIeJIeHHeM ILIOTHOCTH BEPOSITHOCTH,
B dopme dyukiun npunaexkuoctu (1) pa @ X — [0; 1] caenyromero Bua:

pa@) = 220 e x (7)

sup 4 pa(z)

Joxasamenvcmeo. Pyuxrms npuuaeskaHoctn (7) 6e3yc/ioBHO (04eBUI-
HO) OTparkaeT KCIEPTHYIO OIEHKY HEYETKOro CBoiicTBa A COOTBETCTBYIO-
IIyIO JaHHOW CTATUCTHKE C INIOTHOCTBIO pacupenesenus pa(x) > 0,z € X
Onpeaenenune 2.3. [lycth umerorcst Tpu He9ETKUX MHOXKecTBaA, B n C
3aj1aHHble QYHKIUAMU TpuHaIexRHocTH g : X — [0;1], up: X — [0;1] u
pe : X — [0;1]. Torma Gymem roBopuTh U HUCATH CJIELYTOIIEE.

1. Ompuyaruem unu donoareruem HedéTkoro Muoxkecrsa A 1o X HasbI-
BaeTCH HEYETKOe MHOXKeCTBO A ¢ (byHKIMeil MpHHaIC;KHOCTH BUJIA

pa(r) =1—pa(z),r € X (8)
2. Heuérkoe muoxkecrso C HasbiBaeTcs 00sedunenueMm HEIETKAX MHO-

JKECTB
A, B unumytr AU B = C ecin

pe(r) = EEE{MA(CC); pp(z)} 9)

3. Heuérkoe MmuOXKecTBO C' HA3BIBAETCSI NEpeceyeHuem HedETKIX MHOYKECTB
A, Bu mmmmyt AN B = C ecrm

pe(z) = inf {pa(e); pp(@)} (10)

4. Heuérroe MHOXKeCTBO A HA3BIBAETCS HAOMHONHCECTNEOM JIJISI HEYETKOTO
MHO2KeCTBa B Mjn HeY€TKOe MHOYXKECTBO B Ha3BIBAETCI NOOMMHOINICECNEOM
HEeIETKOTO MHOXKecTBa A iyt A O B ecim

pa(x) = pp(x),x € X (11)

3amevarue. B citydae ¢Tpororo BKJIFOUEHUsI HEYETKUX ITOJIMHOYKECTE,
korma A O B, ua > pp u SuppA = SuppB, sumonnsiercs AU B = A,
ANB=B8B.

ITpumep 2.2. [lycTb HeUETKOE MHOXKECTBO A W OIOPHOE YETKOE MHOXKE-
crBo X OymyT Te ke cambie, 9To B npumMepe 2.1. Torma umeewm, coracuo (11)



A C X 9TO COOTBETCTYET CeMaHTHKe IIOHHMAaHUs CMbIcaa: “Hedeas” = X
SABJIAETCS HAJIMHOXKECTBOM st A = “nauano nedeau’. Haiinem orpunanne
A = “ne nanano nedeaw”. Cormacuo (5) u (8) mreem meudTroe (HeHOPMATBHOE)
MHOKECTBO

- 0 0.2 1 1 1 1 1
A= — + 4t —+ — + — 12
[l Br Cp UYUr IIr C6 Bc (12)
311ech HEUETKOE MHOYKECTBO SIBJISIETCSI CEMAHTHUKON HEYETKOIO JIMHIBUCTH-
YeCKOr0 yCTOMYMBOro cjoBocoderanus “ He nauano wedeau”. Halinem Tenepb
obbeunenne aByx HeaéTknx MuoxkecTB A, A. Cormacuo (5), (9) u (12) 6y-
JIEM UMETH CEMAHTUKY YCTONYUBOIO CJIOBOCOYETAHUSI €CTECTBEHHOIO SI3BIKA

“HavaJjio niay He Ha49aa0 HeJpean’:

AvdA=— 428, L L b
Il Br Cp 4Yr IIr C6 Bc’

rie paya(Br) = sup{pa(Br); pa(Br)} = sup{0,8;0,2} = 0,8.
Haitiem nepecevenne neaérkux muoxkects A; A Coracuo (5), (10) u (12)
OyleM NMeTb CeMAHTHKY yCTOIYUBOIO CIOBOCOUETAHUS] €CTECTBEHHOIO sI3bIKA

BrecbAU A # X (13)

“HauaJjio n He Ha4aJj0 HEICIn

- 0 0.2 0 0 0 0 0 -
ANA=—+ —+ —+—+—+—+:;31eccANA#0 (14
M Br Cp UYr IIr C6 Be . 7 (14)
BeiBoa. @opmyuiet (13) u (14) wutiocTpupyor HapyIieHue “3akoHa Hc-
KJIIOUEHHOTO TPEThero”’, KOTOpLIi B Jioruke Moprana HeU6TKUX MHOXKECTB
He uMeeT MecTo. Torja Kak B OyJieBoil ajredpe YETKUX MHOXKECTB ‘3aKOoH
UCKJIIOUEHHOIO TPEThero”’ CIPaBe/JINB, TaM UMEIOT MECTO PABEHCTBA

AUA=XuANA=1 (15)

osznauarorue: “T'perbero He mano”. B anrebpe ne Moprana HeUETKUX
MHOZKECTB 9TOT 3aKOH He BbIOJHsAeTcd. VIHTepecHo, 4TO 3aKOH HApYIIAeTCs B
TOYKAX Pa3MbITON rpanuibl HeudTkux Muoxects A; A, (5), (12), (13), (14).

VYrBepxkaeHue 2.2. 06 anredpe u perniéTke HEYETKUX MHOXKECTB.

[Iycrs X — uérkoe omopHOe MHOXKECTBO. PaccMOTpUM ceMeiicTBO Bcex
HeuéTkux nmogMHoKecTB A C X, KOTOpOe OIpeIe/sieTcs CeEMENCTBOM BCeX
dyukuit npunagnexnoctu g X — [0;1]. B cemeiicrBe Bcex HeUETKHX
ITOJIMHOYKECTB PACCMOTPUM TpH ajiredpamydeckue oreparuu. /IBe bunapubie
oneparun, obsedunerue oaMHOKeCTB (9) n nepeceuenue mopmuoxkects (10),
a TakK 2Ke OJIHY YHAPHYIO ONEPAINIo, OMpuyaHue Wil JdonosneHue HeIéTKOrO
nogmuokecTBa 0 X (8). B 9TOM cemeiicTBe BeeX HEUETKUX MOMHOKECTB
PaCCMOTPHUM YACTUUHBIN 11opsiiok (11).
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Torma cemeiicTBO HEYETKUX IMOAMHOXKECTB OyIeT 0Opa30BBIBATL aG./2€0-
py Mopeana, B KOTOPO#l BBIIIOJIHAIOTCS BCE 3aKOHBI ajreOpbl By 4érkux
[IOJIMHOXKECTB KPOMe OJ[HOr0, “3aKOHa UCKJIIOYEHHOTO TPeThero”; T.e. Oyier

AUA#XuANA#£0 (16)

CemeiicTBO HEUETKHMX IOJMHOXKECTB sIBJISETCs] JUCTPUOYTHUBHOM pEIéTKOM
JacTUIHOro nopsizika (11).

Joxazameavcmeo. JlokaxkeM 1epBbIil 3aK0H Je Moprana s JI00bIX JIBYX
HeudTKuxX noamuozkects AUB = ANB. Tlepeitiem K GyKIMAM IPHHAIEAKHO-
cru. st mo6bIX ABYyX JefHCTBUTENbHBIX dnces, A (z); up(x),z € X umeem
OYEBUJTHO

paop(®) =1 —paup =1 —sup{pa(zr); pp(z)} =
= inf{1 — pa(x);1 = pp(*)} = pinp (17)

AHaormuHO MOXKHO JI0Ka3aTh BCE JApPyrHe 3aKOHbI ajireOpbl Moprana
JUIsl HeIETKUX MHOXKeCTB. JokazkeM JUCTPUOYTUBHOCTD PEIIeTKH HEIETKIX
MHOXKeCTB. st I00ObIX Tpex jedicTBurebHbIX uncest ja(x); up(r); po(x),
x € X JIerko mpoBepsieTcst IepedbopoM PaBEHCTBO

taune () = sup{pa(@); inf{up(2); po(z)}} =
= inf{sup{pa(2); pp(x)};sup{pa(z); po(x)}} =

= inf{paup(2); pavc ()} = H(AUB)N(AUC) r),r € XO

3. Heuérkue cBeneHust m HeYETKad MHMpoOpMaId O
TOYKEe

Cdopmyinupyem ¢ nHGOPMAIIMOHHO TOUYKN 3peHus (DaKT MPUHA/JIEXKHOCTH
Toukn rg € X HeuérkoMy MHOXKecTBy A C X, T.e. onpeie/inM HEUIETKOE
ceejienne o Touke ro € A C X.

Omnpenenenne 3.1. [Tycrs 3a7an0 HeveTkoe MHOXKeCTBO A C X omopHOro
mHOXKecTBa X ¢ dyHKIWel npuHajexxuoctu g : X — [0;1]. Pacemorpum
daxr npuraiexuoctn £g € A C X. Byjem 310T hakT HA3BIBATL HewEMmKxuM
ceedernuem o mouke xg € X ¥ 3aMUCHLIBATE JIOO0H M3 JBYX PaBHOCHIBHBIX

opmyn

(La)A(zo) = (pa)A(z0), 10 € X (19)
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Baech GyHKINSA TPUHAIEIKHOCTH [1A () BBIPpAXKAET SKCIEPTHYIO OICHKY
cBeJleHns, a (DYHKIUS TIOTHOCTH BEPOSTHOCTH PA (o) BEPOSATHOCTH (10CTO-
BEPHOCTD) CBeJEHNsI, IpeukaTHblii cumBos A B (19) coBnagaer ¢ obosnade-
HUEM HEIETKOTO MHOXKECTBa A U, CJIeJI0BATEJILHO, COBIAIACT ¢ 0003HATECHIEM
HEYIETKOTO CBOCTBA A TOYEK HTOTO MHOMKECTBA.

VYrBepxkaeaue 3.1. KoppekTHocTu omnpeseeHNs HEIYETKOTO CBe-
JEeHUsI O TOYKE M ero HeYETKOIl CEMaHTUKM.

Omupegenenne 3.1 u dpopmysia (17) KOPPEKTHO OLPEIEISIIOT OHITHE HEIET-
KOI'0 CBEJEHUSI O TOUKe To € X H CeMAHTHKU CJIOBOCOYETAHMS “ToUKa Lo € X
obJrajiaeT HeYETKUM cBoiicTBoM A”

Jloxazamenvcmeo. Conocrasum (19) ¢ dbopmasnmsaiueii 06bIIHOIO I6TKOIO
cBegamst 0 Touke rg € 6 = A C X Buma (1)d(x) = d(xp), tne 6 = A —
qérkoe moaMHOXKecTBO [3-4|. Tak Kak 4éTKoe CBeJIeHUE SIBJISIeTCSI YaCTHBIM
caydaeM HeYETKOro CBeJieHus ¢ (pyHKIUEH MPpUHA/IEXKHOCTH, COBIIA IAIONIEN
¢ XapaKTepPUCTUIEeCKON (pyHKIHEl I6TKOro MHOXKecTBa A, TO mmeem

pa(r) = xa(r) = xs(x); (na)A(zo) = (1)A(xo) = 0(x0), w0 € X (20)

D10 mosHOCTBIO coryacyer onpejesenue 2.4 u dhopmyry (19) ¢ onpemee-
HueM 46Tkoro ceejenus [3-4]. O

Omnpenenenne 3.2. CeMmeilcTBO HEUETKUX CBeIEHUN 0 mouke rg € X
omopHOTO MHOXKecTBa X HA30BEM HEUECTKON mHMOpMaImeil o Touke xg € X u
OyeM 9TO 3alUCBIBATD B JIIOOOH U3 JBYX PABHOCHILHBIX (POPMYIT

{(na)A(zo) = {(pa)A}(z0) = I(z0), v € X, ecrm (21)

J={(pa)A} = {(pa)A} — bunbTp HEUETKUX HOIMHOKECTB, COIEPIKAIINX
Touky xg € X. IIpu srom 6asuc dpunbrpa, nojgcemeiicreo B C J | ompeaesisger
Hocuresb B (xg) undopmarmn J(xg).

ITpumep 3.1. PaccMorpumM yCTOWYHUBBIE CJIOBOCOUETAHMS €CTECTBEHHOTO
SI3BIKA, OTHOCSIIHECH K OMHAPHON MEPAPXUIECKON KIACCH(PUKAIINN KUBBIX
CHCTeM IIBEJICKOTO ecTecTBOUCIBbITaTE s Kapsa JIuHHesT wim e ycToianBbie
CJIOBOCOYETAHUS SI3bIKA, OTHOCAIIUECS K IEPUOJUIECKOMY 3aKOHY XUMUIECKUX
9JIEMEHTOB pycckoro xumuka Imurpust MBanosuyua Menneneesa. Hampumep,
TaKWe yCTOMYINBBIE CJIOBOCOYETAHUS KaK “Me/IBeIb OyphIil”, ‘9eIOBeK pasyM-
ubiit Homo Sapiens)” unu “Gepésa Gestas” uMeroT 0OIIENPU3HAHHYIO MUPOBYIO
HAYYIHYIO CEMAHTUKY (OmucaTebHble OGHOIOrnIecKre 0COOEHHOCTH CTPOCHNUST
win Hay4dHo 1oapobubie JTHK-kombl). AHaIOrMIHO, yCTONYUBBIE CJIOBOCOYETA~
nus “3akon MenjieseeBa 0 3aBUCUMOCTU CBOMCTB BEIIECTB OT UX aTOMHOI'O
Beca”, “Biaropojubie ra3pr’. CeMaHTHKa ITUX OOIIEIPUHATHIX BO BCEM MUPE
HAYYIHBIX CJIOBOCOYETAHUI M3BECTHA, JOCTYIIHA W BCEra OUYE€Hb MHTEPECHA.
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4. 3akJro4eHune

YTounuM 6a30BbIe /I TEOPETUIECKOH NHMOPMATUKN opeieneHns “Guabrpa’
u “6azuca GpuabTpa’ A HEIETKUX HOAMHOXKECTB X . OUIbTPOM HEIETKIX
[TOJIMHOXKECTB HA3BIBAETCS TAKOE CEeMEHCTBO HEUETKUX IMTOIMHOXKECTB, JIJIsi
KOTOPOT'O BBIOJIHAIOTCH TPU AKCHOMBIL:

1) Kaoicdoe nodmmosicecmeo guavmpa nenycmoe A 2 ()

2) Ilepeceuenue 110061 06YT NOOMHONCECTNE HUALMPA NPUHAOAEHCUMN,
durompy ANBET

3) Kaotcdoe nadmmoorcecmeo B D A 1106010 HEYETKOTO MOIMHOXKECTBA
A € J npunajgexur buabrpy B € J

Haxoneu, 6azucom B  dusvmpa J nHaspiBaercs dacts dhusabrpa B C J, B
KOTOpOii 1o jir0boMy moaMHOKecTBY A € J Haiinérces nmoaMuox)ecTBo B € B
takoe, aro B C A. Jhobot 6asuc dusvmpa 00nosnawHo onpedeasem ceotl
Ppuromp.

CremaeM o01ITHE CEMAHTUIECKIE BBIBOJIBI.

YTOYHUM IOHSTHE “‘CeMaHTHKa eCTeCTBEHHOTO s3biKa . B dumocodun, B
CEMUOTHKE, B paMKaxX KOHIEHIUU “Tpeyrojbuuka Ppere” ceMaHTUKON CI0Ba
(3HAaKA) HA3BIBAIOT KOHTEHT (CUTHUMUKAT, CMBICJI) ¥ TIPOTUBOIIOCTABIISIOT €6
nenoranTy (pedepenty). B Teopernueckoii nadopmaTuke 1moj| ceMaHTHKOMN
CBEJICHUS O TOYKE MOHUMAIOT IPUHECEHHYIO TUM CBEJIEHNEM UHMOPMAIUIO
0 Touke. BbieuM JBa, METOI0IOTHYIECKUX [TPUHITUIIA ONUCAHUS CEMAHTUKN
CJIOBapHBIX cyioB-noHsATHil. [Ipuanun neenunucrsennoctn onucanus (Ceman-
TUKA, B3siTasi U3 PA3HBIX CJIOBApEil) U MPUHIUIL JOTIOJIHUTEIbHBIX OMUCAHUIT
(CemanTuKa J0M0IHEHNI 13 pasHbIX caoBapeii). TepMuHbl “yeroitunBoe c0Bo-
COYETAHUE UJIH YCTOWINBOE CJIOBO-TIOHATHE  MOIIEPKUBAIOT TOJBKO ITUPOKYIO,
HMEHHO BCEMU IPHU3HAHHYIO X CEMAHTUKY. 3aMETUM, UTO y UeJIOBEKa B IIeH-
TPaJbHOIM HEPBHOM CHUCTEME MMEIOTCH J[BE€ CUTHAJILHBIE CUCTEMBI CEHCOPUYMA.
ITepBast cucrema — 9TO KOTJIa €10 PEIENTOPbl OPraHOB UyBCTB BOCIIPUHIMA-
IOT CUT'HAJIBI OT €CTECTBEHHBIX OO'bEKTOB WJIU MPOIECCOB MPUPOIBI U JTaJiee
IIPOUCXOJIUT 110/ICO3HATENBHOE PEAKTHBHOE *KU3HEOOECIIEYNBAIOIIEE TIOBE/ICHIE
4yesoBeka. Bropasi cucreMa — 3TO KOTJIa €0 PEEeNTOPbl OPraHOB YyBCTB BOC-
MPUHUMAKOT CUTHAJIBI OT UCKYCCTBEHHBIX CUMBOJIOB, SI3BIKOBBIX W ITPOUCXOJIUT
BOCIIpUSATHE CEMAHTUKU 3TUX S3BIKOBBIX CHMBOJIOB KaK I10JCO3HATEIHLHOIO
CEeHCOPHOTO 00pa3a TOYKU [TEPBUIHON CUTHAJBHON CHUCTEMBI U Jlajiee KOTHU-
TUBHOE IleJIEHAIIPABJIEHHOE TIOBE/IEHUE YeIOBEKa, TPeOyIoliee NCI0JIb30BAHUSA
Pa3sHOOOPA3HBIX CBEJICHUI U 3HAHUIT O DA3HBIX TOYKaX (00bEKTaX U MPOIECcax).
[Ipu sTOM BemyIEeit B CEMAHTHKE CJIOB M CJIOBOCOYETAHUN €CTECTBEHHOTO A3BIKA
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BBICTYIAIOT TIOJICO3HATE/IbHBIE 06Pa3bl TEPBOil CUTHAJBHO cucTeMbl ([MepBHY-
HOI'O CEHCOPUYyMa ), JJIsl OIIUCAHKSI KOTOPOH MCIIOJIb3YeTCsi OOIIEIPU3HAHHAST
JéTKas WM HeYETKasl CEMaHTUKa YCTOMUNBBIX CJIOB-IIOHSATUN M yCTOWINBLIX
CJIOBOCOYETAHMIT €CTECTBEHHOT'O SI3bIKA, HAIIPUMED, YACTHAsT OTHOCUTEJBHO 9KC-
[EePTHOM TPyNIb! (sIBHOM mn BooOparkaeMoii). B 0b6enx curHagbHBIX crcTeMax
JeJIOBEKa BEYIINYIO POJIb UIPAIOT CIeluUIeCKre HEPOHbI — aTTPaKTOPbI
(cboprukm) cBejiennii TobKO 06 oziHOl Touke. Hanpumep, Tak HasbiBaeMble,
Heiiponbl “Moeii 6abymku”, “Moero qoma” u T.a1. [1-2]. Ormerum BakHYTO
OCO6yIO POJIb B KOTHUTHUBHDBIX CBOIICTBaxX €CTECTBEHHOI'O fA3bIKa CceMaHTH4e-
CKOIO yKas3arTess TOYKH W YHUKAJIHLHOTO COOCTBEHHOIO UMEHU TOUKH (Zq).
Wwmenno, Girarogapst yKasaTesro TOYKH, IPOUCXOJIUT MTPOIECC BBIIEIEHUS T1e-
JIOCTHOT'O BOCIPHUSITUS TOI MM MHOW CyIIHOCTH (HEKOTOPOTO O0beKTa MU
HEKOTOPOro Tporiecca). [Ipoucxoaut cbopka 9acTHOCTEl B eIUHOE TeI0€e. DTO
OIUEPKUBAET OOBEKTUBHYIO CUCTEMHYIO CTPYKTYPY MUPa IPUPOJIHL.
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A.V. Chechkin

Introduction.

In cybernetics, they deal with information for managing a single
object, that is, with information related to only one point, which, due to
its uniqueness, does not require a unique semantic pointer. Cybernetics
serves automatic control systems. Computer science(Informatics)
uses information about fundamentally different points, which requires
fundamentally different, autonomous, unique semantic pointers for these
points. In humans, cybernetics is responsible for the unconditioned
reflexes of the first signaling system, for the subconscious regulation
of human life support biomechanisms. Computer science in humans is
responsible for conscious cognitive behavior of humans, for conditioned
(acquired) reflexes associated primarily with natural language, with
learning and with the second human signaling system (with language), [1-
2]. Computer science deals with intelligent systems that use information
about various points. The concept of “clear semantic information about
a point” was introduced and studied in [3-4]. This concept is based
on the theory of filters and ultrafilters by A. Cartan and only within
the framework of the theory of classical distinct sets. Whereas the
concept of “fuzzy semantic information about a point” requires special
formalization, which will be discussed in this article.

Conclusion.

Let’s draw general semantic conclusions. Let us clarify the
concept of “natural language semantics”. In philosophy, in semiotics,
within the framework of the concept of the “Frege triangle”, the
semantics of a word (sign) is called content (signification, meaning)
and is opposed to its denotation (the referent). In theoretical computer
science, the semantics of information about a point is understood as
the information about a point brought by this information. Let us
single out two methodological principles for describing the semantics
of dictionary words-concepts. The principle of non-uniqueness of
descriptions (Semantics taken from different dictionaries) and the
principle of additional descriptions (Semantics of additions from
different dictionaries). The terms “stable phrase or stable word-concept”
emphasize only their broad, universally recognized semantics. Note that
humans have two sensory signaling systems in their central nervous
system. The first system is when his sensory receptors perceive signals
from natural objects or natural processes, and then subconscious reactive
life-sustaining behavior occurs. The second system is when his sensory
receptors perceive signals from artificial symbols, language symbols, and
the semantics of these language symbols are perceived as a subconscious
sensory image of a point in the primary signaling system, followed
by cognitive purposeful human behavior that requires the use of a
variety of information and knowledge about different points (objects
and processes). At the same time, the subconscious images of the
first signaling system (primary sensorium) are the leading ones in the
semantics of words and phrases of natural language, for which the
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generally recognized clear or fuzzy semantics of stable words-concepts
and stable phrases of natural language is used, for example, a private
relative to an expert group (explicit or imaginary). In both human
signaling systems, specific neurons play a leading role - attractors
(collectors) of information about only one point. For example, the so-
called neurons of “My grandmother”, “My house”, etc. [1-2]. Note the
important special role of the semantic pointer of a point or the unique
proper name of a point (z) in the cognitive properties of natural
language. It is thanks to the dot pointer that the process of highlighting
the holistic perception of an entity (some object or some process) takes
place. The details are assembled into a single whole. This highlights the
objective systemic structure of the natural world.

Keywords: almost complete predicting, predicting machine,
prediction of superwords by a machine, criterion for predicting.
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YHacTp 2
CrenuaJjibHBIE BOIIPOCHI TEOPUN
MHTEJIEeKTyaJbHBIX CHCTEM



CoryaacoBanue ¢popmya Buibcona un
ypaBHEHHNS COCTOSHUS AJd pacdueTra (pa3oBOro
paBHOBecusi He(pTu n rasa

E.B. Konmo6a!

IIpu pacuere pa3oBoro paBHOBECHS] MHOIOKOMIIOHEHTHBIX YIJIEBOJIO-
POJIHBIX PACTBOPAX MCIOJIb3YIOTCS UTEPAIMOHHBIE MeToabl. JIist Beramc-
JIEHUsI HAYAJbHBIX TPUOJIMKEHNT TpuMensieTcss hopmysa Buibcona, a
[IPU BBIYUCJIEHUN XUMUIECKUAX MMOTEHINAJIOB WU JIETYIeCTel UCIOIIb3Y-
eTcsl ypaBHEHME COCTOsSTHUsI. B paboTte mperaraercss Crmocod HaCTPONKH
dopmysbl Bunibcona Ha ucmosib3yeMoe ypaBHeHue coctosaus. [lokasa-
HO, 9TO KO3(UIMEHTHI PACCOTVIACOBAHUS JJIsI TAXKEJIBIX KOMITOHEHT
6osbIre, yem st Jjierkuii. 11oxo 1 o3BoJIsieT TOCTPOUTh TEPMOIMHAMU-
YECKH COTVIACOBAHHYIO CHCTEMY, I YCTPAHUTH HEKOTOpbIe He(DU3MIeCKIe
pEeIeHUsT U YUCICHHBIE HEYCTONIMBOCTH.

KuiroueBbie csioBa: ypaBHeHHe cocTosHUsI, popmysaa Bubcona,
dazoBoe paBHOBeCHE, MHOIOKOMIIOHEHTHBIE PACTBOPHI, HEDTD, INCIICH-
HOE MOJIeJINPOBAHUE.

1. BBenenne

st mporuo3upoBanus pa3spabOTKH HEPTIHBIX U Ta30BbIX MECTOPOXK ICHUM
[IUPOKO [IPUMEHSIIOTCA METO/bI YUCJEHHOTO MOJeanpoBanusi. Pacuersr Mo-
IyT UATH OT HECKOJBKUX YACOB J0 HECKOJIbKUX MECHAIEB B 3aBUCUMOCTU OT
CJIO2KHOCTH 33J]a9i U 3HAYUTEJILHYIO YACTh TOI'O0 BPEMEHU 3aHUMAET Pac-
qeT dazoBoro papHoBecus. MHorue ducjeHubie MpodJ/ieMbl, BO3HUKAIONINE Ha
cYeTe TAaKXKe CBI3AHBI C TEPMOIUHAMUYIECKON JacThIO 3a1a4u.

[Tpuposabie raser 1 HePTH — ITO MHOTOKOMIIOHEHTHBIE pacTBOpbl. Da-
30BbIE [1€PEXOJbI B HUX UMEIOT PsiJl OCOOEHHOCTEN: IIEPEXO]] HAYNHAETCS [IPU
OJTHOM JIABJIEHUM, & 3aKAHUUBAETCS IPU JPYTOM, U B IIPOIECCE HEIPEePhIB-
HO MEHsSIeTCsl KOMIIOHEHTHBIN cocTaB ¢a3. DTa 0COOEHHOCTh 3HATUTEIBHO
YCJIOXKHSIET pacdeThl (DA30BOI0 PABHOBECUS PACTBOPOB, & UMEHHO: KOHCTAHTBI
azosoro pasrosecust K; mwiu K-values (oTHOIIEHHE KOHIIEHTpAIMIT JIJIs KazK-
JIONl KOMITOHEHTBI B Ta3€ M YKUJKOCTH) [IPEBPAIAIOTCS B CJIOKHBIE (DYHKIMI
JaBJIEHNS, TEMIIEPaTypPbl U cocTaBa. Jljis KaXKI0if KOMIIOHEHTHI MHOTOKOM-
[MOHEHTHOT'O PACTBOPA 0 YPABHEHUIO COCTOSIHUS BBIUUCIISIOTCS XUMUIECKUE

' Kondoba Enena Barenmurnosha — DOUEHT Kad. BEIMHCIUTEIbHAS MEXAHUKA MEX.-MaT.
d-ra MI'Y, e-mail: elenakoldoba@mail.ru.

Koldoba Elena Valentinovna — Associate Professor, Lomonosov Moscow State University,
Faculty of Mechanics and Mathematics, Chair of Computational Mechanics.
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HOTEHIUANBI (MJIN JIETY9eCTH) B Ta3e U YKUJIKOCTH, 3AlMCHIBAETCI UX Da-
BeHCTBO. [loyuuBIyocst cCuCTeMy HEJMHEHHBIX aJIredOpanvIecKuxX ypaBHEHUIA
pelaT UTePAIMOHHBIMU MeTO/aMu, Hanpumep, MerogoM Hpiorona [1-3],
CXOJIMMOCTb KOTOPBIX WHOT/IA, PODJIeMaTUIHA.,.

UccnemoBannst 9uCcIeHHBIX HEYCTOMYINBOCTEN MTOKA3aJIMl, 9TO BO3MOXKHDI
cJIydan, B KOTOPBIX yPaBHEHHUE COCTOsTHUS U GYHKIMEN K;, 3a/1af01ue Haua/b-
HbIe KOHIIEHTPAINH B (pa3ax, OKa3bIBAIOTCA PACCOTIACOBAHBI HACTOJIBKO, ITO
9TO NPUBOJUT K YUCJECHHBIM HEYCTOWIMBOCTSM Ha, CUeTe M HEPUIMIECKUM
pemrerusiv. Tak, Hanpumep, Tsrkesas HedTh IPU HOPMAaJIbHBIX YCIOBUSIX
MOXKET IIpU pacdeTe BCsS OKa3aThCA B Ta30BOM COCTOTHHUHU M T.I.

JLJ1st TIOBBINIEHNST HAJIEXKHOCTU PAaCcYeTOB (hpa30BOr0 paBHOBECHST OOBIY-
HO TIpejIaraloTces pasuble Bubl dyukimit K; [4-5|, ucnonssyorcs pasuble
ypaBHeHusi cocrosiusi [6-7|. Ho 910 MOXKeT mOMOUYb B OJHOM Juala3oHe
TepMODApPUIECKUX YCIOBUM U yXYIIIATH CUTYaInio B ApyroM. B manHoit pa-
boTe obpalaeTcsd BHUMaHUE HA HEOOXOIUMOCTDL coryiacoBanus yHkuit K;
C UCIIOJIb3YEMBIM YPAaBHEHIEM COCTOSIHUS, MIPEIaraeTcsi ClIocod HACTPOMKH,
JIEMOHCTPHUPYIOTCS 3(PDEKTHI PACCOTTIACOBAHHOCTU. B KadecTBe nmpumMepa Bbi-
[TOJIHEHO COTJIACOBAaHUE ypaBHEHUs cocTosuus Pemmmxa-KBonra u dopmysib
Bunbcona, KoTOpbIEe YACTO UCHOIB3YIOTCS B COBPEMEHHBIX T'HJIPOIUHAMU-
YeCKUX CUMYJIITOpPax Mpu pacdere (a3oBOro paBHOBeCHs HA HEPTAHBIX U
ra30BbIX MECTOPOXKICHUSIX.

2. IlocranoBKa 3aga4dnm

IIycts N-KOMITOHEHTHBIN PACTBOP C MOJTHON MOJISIPHON KOHIIEHTpaInei (Mo—
JisipHOii jogieit) {z;} Haxomurcs B iByX(a3HOM COCTOSIHUU, Pa3JIeIUBIIUCH
Ha ra3 ¢ KoHueHrpanueil {y;} u KuakocTb ¢ KoHueHTpanuei {x;}, rue i—
HOMEp KoMIoHeHThI, ¢ = 1,2...IN. st cMecu 1 Kaxk10if ha3bl B OTIEIBHOCTH
JUTST MOJIAPHBIX KOHIIEHTPAIUNA (MO.HHprIX ﬂOHeﬁ) JIOJI2KHBI BBIIIOJIHATHCA
CJHETYIOIINE YCIOBUS:

N N N
Zzizl, Z$i:1, Zyi:1

Kosdbdunnenrs! pacupeneaeHns: Wi KOHCTAHTHI (pa30BOI0 paBHOBECHUST
(K—Values) CBsI3aHbI C KOHIIEHTPAIUSIME -0 KOMIIOHEHTBI B I'a30BO# U »KUJIKOI
dazax cireryonmmM o6pa3oM:

K; = y;i/z;
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3. ¥Ypasuenmue cocrosinusi Pennuxa-Ksonra (PK)

qaCTO HCIIOJIB3YETCAd B COBPEMEHHBIX T'HJIPOJINHAMUIYICCKUX CUMYJIATOPax IJId
pacdera $Ha30oBoro paBHOBecHsT N-KOMIIOHEHTHBIX YTIEBOJOPOIHBIX PACTBOPOB.
VYpasuenue PK, zamaroree cBa3b Temnepatypsl T, nasienusa P, mosspaHOro
obbema V', numeer BuI:

p_ RT a (1)
V—b VTV(V+b)

rie R — rasosas nocrosinHast; a, b — mapaMerpbl, 3aBUCSIINE OT KPUTUIECKO

remuepaTypsl Tg;, KpUTHIECKOTO Pp; , AlleHTPIIecKOro GhakTopa w; KaxKIoil i-

0if KOMIIOHEHTBI U uX KoHIeHTpaimii. [Iponeyper pacuera a, b s pacTBOPOB
XOpOIIO u3BecTHHI [1].

BHast ypaBHEHHE COCTOSIHUST, MOYKHO BBIYUCIUTH XUMHUIECKUE [OTEHIUAIIBI

[b; AN JIETY9IECTH 1-0if KOMITOHEHTa B KarKI0i 13 (pas3, 3ammcaTb uX PABEHCTBO

JUIsl KayKJION KOMIIOHEHTBI B ra3e M KUJKOCTH U HOJIyudTh cucremy u3 N

HEeJIMHEHBIX ajrebpandecknx ypaBHeHuii Jyist pacaeTra GpazoBoro paBHOBECHUSI:

Mi7G(T7 Pa {yl}) :/J'i,L(Ta P’ {xz}> 7= 1,2N,
rie unjgekcaMu G u L oTMedYeHbl BeJIMYUHBL, OTHOCSIIMECS K M'a30BOM 1 KUJIKO
dazam.
Jl1st IpakKTUIeCKUX MPUMEHEHNH OOBIMHO UCIIOIB3YIOT PABEHCTBO JIETY-
JecTell, 3aUCAHHBIX Yepe3 KOIPPUIMEHTHI JIeTYIecTH ¢; u GpyHKImn K;, u
PEIIaT CIEIYIONIYI0 CHCTEMY:

o (Pi,L(Ta P, {xl})

" eia(T, P Ay}

Hnst pacuera dazoBoro papHOBecHsT N-KOMIOHEHTHOTO PACTBOpa IIPHU

3aJJaHHBIX JABJICHAU U TeMIIEPAType HeOOXOIUMO PEelIUuTh CUCTEMY YPABHEHMIT

(2) u ypasuenune Psudopia-Paiica mist oupesenennst Fiy—MossipHOii j10y1u
razoBoii haspi8]:

i=1,2..N (2)

N

(Kz — 1)Zi -
ZlJr(KZ-—l)FV_O (3)

(2
Ypasuenue (3) permaercst YUCICHHO UTEPAIMOHHBIMU MeTojiaMu [1-3]: Ha
[IEPBOM IlIare MCIOJIb3YIOTCS HavdasbHble TpuOmKkenus K;, 3areM Ha KazKJoi
UTepaIy HAXOJUTCd 3Hadenne Fy,, IOTOM 110 U3BeCTHBIM (hOPMYJIaM BBIIHC-
JISTFOTCSI PABHOBECHBIEe KOHIIEHTPAIIUN B rase y; U B YKUJIKOCTU T;, HAXOJIATCS
HOBBIE 3HadYeHNs K, KOTOpBIE TOJCTABIISIOTC B ypaBHeHue (3), n Tak jgajee
JIO BBIIIOJIHEHUSI HEKOTOPBIX YCJIOBUAN cXOauMOCTH. Kak m jj1s JII00bIX uTepa-
[IMOHHBIX METOJIOB, PE3YJILTAT U CXOJUMOCTDb AJITOPUTMa 3aBUCUT OT BHIOODA
HAYAJILHOTO MTPUOJINZKEHHUS.
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4. ®opmysia Buiabcona

B coBpeMeHHBIX TUIpOAMHAMUYECKUX CUMYJISTOPAX JJIs PEIICHUS yPABHEHUS
(3) mauasbuble npubauKenus K; dacro sajgaiorcs no dopmysne Buabcona |7]:

K, = %exp (5.31(1 ;) (1 - 1;)) (@)

Coruracuao 310t popmyie Kaxkgast GyHKIMsS K; 3aBUCAT TOJBKO OT XapaK-
TEPUCTUK -0 KOMITOHEHTHI: KPUTHIECKOH TeMIepaTypol 1g;, KPUTUIECKOTO
Jnapjienust P,; , aleHTprUIecKoro (hpakTopa w; U He 3aBUCUT OT KOHIEHTPATHI
U CBOMCTB JIPyTMX KOMIIOHEHT. DTO CBSI3aHO C TE€M, YTO IIPU BBIBOJIE (POPMYJIBI
UCIIOJIb30BAJIMCh CBOMCTBA Mea bHBIX pacTBOpoB. [loHsTHO, UTO 9TO TIPUO/IH-
JKeHWe JIydine paboTaeT Jijisl JErKUX KOMIIOHEHT, IIOJIyIeHHbIe Pe3yIbTaThl
noarBepxkIaoT 910. Hampumep, pu Boiojie hopmyiibl (4) HCIOIB30BAIOCH
npubJIMKeHNe sl NealbHbIX PACTBOPOB, CJeyomero sujia |7]:

Ki= 12 (5)

rie Py — nasjienue Hachlinenus (fgaBienne hasoBoro nepexojia KujaKoCThb-
rasz) 4ucroii i-oit kommnonenTsl. T.e ucnonbsys dopmyiy (5), Mbl TeM caMbIM
3ajiaeM 3HadeHue Pg;. DTo XKe JaBjieHne Jjisi KaXKJI0W IUCTOW KOMIIOHEHTHI
MOXKHO HaliTh u3 ypaBHeHusi cocrosinusg PK, HO mosryuennoe snatdenue Pg;
OyeT HeCKOJBKO JpyruM. [lycrh Pg; — 9T0 JaBieHue HACBIEHUS -0 KOM-
IIOHEHTBHI, paccuuTanHoe u3 ypasHeHust PK no npaeuiny Makcsesa, a P, —
JIaBJICHNE HACBIIIEHNUS, Oy deHHoe 10 (hopmyste (4), MX OTHOIIEHHE Yepe3

koabunuenr y; = Ps; /Pl

5. PaccoryiacoBaHHOCTH 3HaYeHMiTI JaBJjieHnd (pa30Bo-
ro Iepexoaa

ITo ypaBuenuto cocrosiauss PK Beraucistuch Py 1jd psjaa yriieBoJIOPOTHBIX
KOMIIOHEHT (MeTaH, 9TaH... JIeKaH) U CPaBHUBAJIUCH cO 3HadeHueM P!.. TIpo-
BeJIeHHBIE BBIUNCIEHUS MOKA3aJIM, ITO sl MeTaHa 3HAUEHNSI COBIAIAIOT C
XOpoIleit TOYHOCTBIO, TI0ITOMY corjiacoBaHne He Tpebdyercs. s 6osee Tsike-
JIBIX KOMITOHEHT PACCOTJIACOBAHME CTAHOBIJIOCH BCE 3HAUNTEIBLHEE 10 Mepe
YBEJIMYECHUsI YIJIEPOJHOTO YUCJIa MOJIEKYJIbI (JJIsl JeKaHa PacCcoriacoBaHMe
MakcumasibHoe). Tak juist jekana npu ¢t = 0°C' BeJMUUHBI OTIIMYAIOTCS HA
736% (cm. Tabmniy 1).
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6. IIponeaypa corsiacoBanus

PacemarpuBasica cieayromuit criocod HacTpoiiku dyHKIuit K; Ha ypaBHe-
e PK: koaddurment paccormacoBanus y; gobasisiercss B hopmymy (4).
Crocob KOpPEKTUPOBKH OKa3aJicst 3(pPEKTUBHBIM BO BCeil 001aCTH (pa30BBIX
[IEPEXOJIOB, .

Cretyer mouepKHy Th, 9TO JJIs U30TEPMUIECKOTO CIydast KOI(PUIUEHTHI
7; HY?KHO PacCIUTHIBATH TOJBKO OJIMH Pa3, T.K. OHU HE 3aBUCAT OT JIABJICHUS
U KOHIIEHTPAIUH, a 3aBUCAT TOJBLKO OT MCIIOJIb3yEMOI'0 yPABHEHUSA COCTOSHHST
U TeMIlepaTyphl.

71(C1) | %2(C6) | v3(C10)
1.0 2.2 7.36

Tabmuna 1. Koadbduiments 7; s merana (C1), rexcana (C6) u gexana(C10)
npu Temmneparype t = 0°C.

B Tabmure 1. mpeacTaBiIeHBl PACCUNTAHHBIE KOAMPUIIMEHTHI PACCOTIACO-
BaHus 7y; st Merana (C1), rekcana (C6) u gekana(C10) npu remmeparype
t = 0°C. IlpexcraBieHHble JJaHHbIE [TIOKA3BIBAIOT, YTO COIJIACOBAHUE HEOOXO-
MO IIPOBOJNTD IIPU HAJUIUU CPEIHUX U TSI?KEJIbIX KOMIIOHEHT B PacTBOPE
(ueM TsizKestee, TeM GOJIbIIIE HOIPABOYHBINH KO3(hMUINEHT), U He HY’KHO IIPO-
BOJUTD JIJIA MeTaHa. Takum obpasom dopmyiia Buibcona, cormacoBantas ¢
ypaBHEHUEM COCTOSIHUSI, IMeeT BUJI:

Pci Tci

Crenyer 3aMeTUTh, YTO CYIIECTBYIOT pa3Hble KOPPEKTUPOBKHU (DOPMYJIBI
Busibcona, nampumep, penatoriye eé bojiee TOTHON It ONUCAHUST CBOWCTB
peasibHBbIX, a He UJleaJbHbIX pacTBOopoB. Ho B manmoil paboTe monpaBoOvHbIE
KO3 PUIUEHTHI yCTPAHSIOT MIMEHHO PACCOIVIACOBAHHOCTH (hopMyJ1 Buiibcona u
UCIIOJIB3YEMOTO YPABHEHUSI COCTOSTHUSI, UTO HEOOXOIMMO IjIsI pactiera ha3zoBOro
paBHOBeCUSI UTEPAITMOHHBIMU METO/IaMU.

7. Pa3oBble AUArPAMMbI «JIaBJIEHHNE-COCTAB»

Ussecrno, uro 3uas dyukiun {K;} MoKHO mocTpouTh Ga3oBble Iuarpam-
Mmbl. Ha Puc.1 npejicrasiiensl Tpu ¢az30Bbie uarpaMMbl «JIaBJIeHIE-COCTaB
JBYXKOMIIOHEHTHOTO pacTBopa C6-C10 juisd m30T€pMUYECKOro ciiydasi, Ha
KOTOPBIX MOXKHO HAIJISITHO IIPOJIEMOHCTPUPOBATH 3(hhEKTHI pacCcorIacoBaHUS.
Tax na Puc.1 ayms myskrupusivn mmaasyvu (W, W) obosnadena quarpam-
Ma, nocrpoenHas 110 (opmyse Buibcona; Toueanbivu guausvu (Wy, W) —
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no dopmyne Bunbcona ¢ nonpaskoii; a crtomabivu guausyu (Cr, Cg) —
«TOYHOE» UHCJIEHHOE peIleHre. XOPOIIO BUJIHO, UTO (pasoBasi Auarpamma,
ITOCTPOeHHas 110 POPMYJIe C MOMPABKON 3HAYUTEILHO OJIMKE K «TOTHOMY»
PEIIEHNTO, TTO9TOMY MOXKHO CJIeJIATh BBIBOJI, UTO (pOpMYyJia ¢ MONPaBKOH 1a-
eT JIydlnee HadaJIbHOe TPUO/IMKEHNe /I NTEPAIMOHHBIX METOJIOB pacieTa
$a30BOro paBHOBECHUSI.

Puc. 1. ¢daszoBbie nquarpaMMbl «1aBI€HIE-COCTaBY JIBYXKOMIIOHEHTHOI'O Pac-
tBopa C6—-C10 /15t NBOTEPMHUYIECKOTO CJIYUA.

8. 3akJjroyeHme

Takum obpazoM, JIjIsT INCIEHHOTO pacueTa (Pa30BOr0 PABHOBECHSI MHOTMOKOM-
[IOHEHTHOI'O PACTBOPA C IIOMOIBIO YPABHEHUsI COCTOSIHUS HTEPAIMOHHBIM
MeTozoM dopmyiia Buabcona momkHa OBITH COTJIACOBAHA C 9TUM yPABHEHUEM.
st paccMaTpuBaeMbIX puMepoB MojmduimpoBannas dopmysia Buiibcona
HaCTOJILKO XOPOIIo npubsmkaer Gyskiun K; K TOYHBIM 3HAUEHUSAM, UTO
B HEKOTOPBIX C/Iydasx He Tpebyercs jajibHelilliee UTEPAIMOHHOE YTOUYHEHNE
K;. Tlpemjraraemblii 110/1X0/1 aKTyaJieH JJjisi pacdera (pa3soBOro paBHOBECHUSI
PaCTBOPOB, COJEPKAIIUX CPEHUE U TXKeJIble YIVIEBOJIOPO/IHbIE KOMIOHEHTHI
(TsizKesIee rekcaHa), T.K. UeM TsiKeJiee KOMIIOHEHTa, TeM DOJIbIIe MOIPABOYHbII
K03 durment. Brrmomnennoe corytacoBanue (popMys U ypaBHEHUS COCTOSI-
HUS IOMOTaeT YCTPAHUTHh HEKOTOPhIE YHCJIEHHBIE HEYCTOWINBOCTH HA CUETE U
HeU3UIECKNE PEIICHUSI.
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Reconciliation of Wilson formulas and the equation of state for

calculating the phase equilibrium of oil and gas
Koldoba E.V.

Iterative methods are used to compute phase equilibrium in
multicomponent hydrocarbon solutions. Wilson’s formula is taken to
calculate initial approximations, and the equation of state is taken
to calculate chemical potentials or volatility. The paper proposes a
method for adjusting Wilson’s formula to the equation of state used.
It is shown that the consistent coefficients for heavy components are
greater than for light ones. The approach allows one to construct a
thermodynamically consistent system and eliminate some non-physical
solutions and numerical instabilities.

Keywords: equations of state, Wilson’s formula, compution of phase
equilibrium, multicomponent solutions, oil, numerical modeling.
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Empirical study of manifold learning
techniques on forecasting stock price trend

Xinghao Niu!

In this work, five popular manifold learning techniques, PCA,
ISOMAP, Locally Linear Embedding, Laplacian Eigenmaps and t-
SNE, are examined on improving prediction accuracy of stock price
trend. Effect of examined manifold learning techniques on classification
and clustering task is proved to be different. Examined techniques
tend to often worsen performance in clustering task. In classification
task, observed improvement by all methods is slight, usually less
than 1 percent. And only Laplacian Eigenmaps can more often stably
improve classification accuracy at all number of components while
other methods can’t. Experiment results also suggest that there
is no general effective technique for different stock price data set.
Keywords: dimension reduction, manifold learning, stock price trend,

classification, clustering, neural network, k-means

1. Introduction

Real-world data usually has high dimensionality. In order to handle such real-
world data adequately, its dimensionality needs to be reduced [3]. Manifold
learning techniques are used to project original higher dimensional data to
lower dimensional manifold by keeping structure of original dataset. It’s also
reasonable to represent financial market data as high-dimensional data. So,
reducing high dimensionality of financial market data can be important for
improving prediction accuracy.

State of the art manifold learning techniques include PCA (Principal
Component Analysis), Locally Linear Embedding, multidimensional scaling
(MDS) [11], diffusion maps, ISOMAP, Laplacian Eigenmaps, Maximum
Variance Unfolding, t-SNE and autoencoder. Principal Component Analysis
([8, 7]) is aimed to project original high dimensional data to lower dimensional
manifold based on main directions of datapoints. ISOMAP [10] determines
neighborhood information on the manifold to obtain a weighted graph for
data points based on certain distance measurement. Graph is then updated
by calculating geodesic distances among data points. Lower-dimensional
embedding is determined by solving optimization problem. Disadvantage
of ISOMAP and MDS is higher computation requirement. Locally Linear
Embedding [12]| generally consists of three steps. First step is selecting

'Niu Xinghao — Ph.D. student, Department of economic informatics, Faculty of
Economics, Lomonosov Moscow State University
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neighbors, from which reconstruction occurs and weights are computed by
solving optimization problem in second step. In final step, lower dimensional
embedding is determined by minimizing error of reconstructing from weights.
Laplacian Eigenmaps [13| also generally consists of three steps. In first
step, adjacency matrix is constructed for determining whether data points
are connected. In second step, weights among connected data points are
calculated (other weights are set zero). In third step, Laplacian matrix is
calculated and solving related eigenvector problem is needed for determining
low dimensional manifold. Spectral clustering ([14, 15]) incorporating k-
means usually uses Laplacian Eigenmaps as dimension reduction method.
How Laplacian matrix needs to be derived from data set remains a question
because structure of data set can be various. Diffusion maps was firstly
proposed in [17]. And diffusion semigroups are used to generate multiscale
geometries in order to organize and represent complex structures. Later, in
([18, 19]), the proposed diffusion map is integrated into one framework with
the eigenmaps and random walk. Stiefel manifold from Grassmannian is used
to project data to lower-dimensional space in the work of proposing visClust
[16], which is a newly proposed clustering algorithm. Effectiveness of this
novel clustering algorithm tends to decrease with rising of dimension while
good result can be achieved on low dimensional data. Stochastic Neighbor
Embedding (SNE) was initially proposed in [27]. SNE uses conditional
probabilities to represent similarities. Final low dimensional embedding is a
result of updating initialized low dimensional embedding by using gradient of
sum of Kullback-Leibler divergences. For solving certain problems including
difficulty of optimization in original SNE, t-SNE [26] is proposed with simpler
gradient and computing the similarity by student-t distribution rather than a
Gaussian distribution. Autoencoder (|20, 28]) is a multilayer neural network
with a small central layer for reconstructing high-dimensional input vectors.
Thus, by training the neural network, it’s assumed that high-dimensional
data can be effectively converted to low-dimensional representation. The
idea of maximizing the trace of the inner product matrix has the effect
of maximizing the variance of the low dimensional representation [23]
was originally proposed as “semidefinite embedding” in (|25, 22]). Later
“semidefinite embedding” is described as “maximum variance unfolding” [24].

There are works for comparing different manifold learning techniques.
In the work [3], a comprehensive experiment for comparing twelve manifold
learning techniques is conducted. In experiment manifold learning techniques
are tested on five artificial datasets and five natural datasets. Main conclusion
is that nonlinear techniques for dimensionality reduction are often not
capable of outperforming traditional linear techniques such as PCA. In
another work [5], PCA is examined on clustering gene expression data.
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Experiment shows that clustering with the PCs does not necessarily improve,
and often degrades, clustering quality.

So far, few works have focused on investigating effectiveness of manifold
learning techniques on financial market data, especially stock price data.
In [1], experiment is carried out on examining PCA, kernel PCA (KPCA)
[31] and FRPCA [4]. Main reached conclusion is that three PCAs do not
give significantly different results in average and standard PCA performs
slightly better than FRPCA, and FRPCA performs slightly better than
KPCA in average based on the P-values. One advantage of the work is
the idea for construction of feature space. Limitation of the work is that
only methods relating with PCA are examined. And in experiment there is
no comparison for result obtained without dimension reduction. In work of
[2], principal component analysis (PCA), autoencoder, deep belief network
[28] are examined on stock selection. Authors argue that except for fitting
nonlinear relations, autoencoder, deep belief network show no superiority
to principal component analysis on Sharpe ratio and the advantage of
dimensionality reduction is mainly reflected in trend situations (trend of
moving up or down). Limitation of the work is related with the fact that risk
free rate is not considered and only limited methods are examined.

It’s very difficult to make any sufficient conclusion based on conducted
researches on financial market data. Effect of manifold learning techniques
on reducing dimensionality of financial market data is very unclear.

In this work, five popular manifold learning techniques, PCA, ISOMAP,
Locally Linear Embedding, Laplacian Eigenmaps and t-SNE are compared
for stock price trend clustering and classification task. The idea in [1] for
construction of feature space is also used in this work. Manifold learning
techniques are tested on datasets consisting of stock prices of five companies
and high dimensional feature spaces including important macroeconomic
indicators (for example, non-farm payroll, CPI, M1, M2, etc.) and other
important indicators. Original datasets (without dimension reduction) and
projected datasets are set as input for fully connected neural network and
k-means to reveal effect of five popular manifold learning techniques.

The paper is organized into four sections. Section 1 is introduction
part of total work. Section 2 reviews mathematical formulation of five
manifold learning techniques. Section 3 presents experiment for comparison
and discussion of experiment result. Section 4 is conclusion.
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2. Manifold learning techniques

2.1. PCA

Goal of Principal Component Analysis [9] is to extract the important
information from the original high dimensional data set and to express this
information based on main directions of datapoints. It is likely to be the
oldest manifold learning technique.

High dimensional data set with N datapoints is denoted as X, with

X = [a:l a:N} € RP*N Vector Wx is the central point of all data
points:
1 N
MX_N2;$i7 px € R (1)
1=
Matrix M from py, with M = [[J,X e uX] € RP*N s built. Original

high dimensional data X needs to be centered firstly:
X =X-M (2)

Based on centered data X ., main directions need to be found through
Singular Value Decomposition (SVD):

X.=UsvT (3)
Low dimensional representation D is obtained through:

D=UTX, (4)

2.2. ISOMAP

Original high dimensional data set X, with X = [331 :UN] €
RP*N  Dimension of low dimensional manifold is denoted as d. Initially
neighborhood relations of data points are represented as a weighted graph
G, with distances dx (i,7) between pairs of points 7, j in the input space X.

G = (dg (i,)) = (llzi — =) ()

By sorting every column of G, if distance between pairs of points i, j is
smaller than certain threshold, then two points are considered as neighbors.
On the contrary, two points are not considered as neighbors. Next step for
updating weight is conducted based on:

dG(i,j): {dX(Z7])7Zf ||€1}1 - l']H <€ (6)

00, if flzi —mil > e
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For k € {1,2,..., N}, geodesic distances are calculated as followings:
d°c (Zvj) :mln{dG (Za])a da (ka)+dG (k7])} (7)
For finding the shortest path between every two nodes, Floyd’s algorithm
can be used ([29, 30]). Apply MDS to D¢ = {dg(i,7)} , Y = {y;},y; € R¢
and minimize the cost function by setting the coordinates y, to the top d
eigenvectors of the matrix 7 (Dg).
E=|7(Dg) -7 (Dy) |2 (8)

where: 7 (Dg) = _HgH

S = (si5) = (ch (4,7 2)

H = (hij), hij =0ij — 5

p-th eigenvalue: A,.

p-th eigenvector: v,,.

p-th component of coordinate of y,, with y, = vpy/A,. Low dimensional
T

manifold is then: ¥ = [?h e yd]

2.3. Locally Linear Embedding

High dimensional input data, N samples with dimensionality D is denoted
Ty
as X, with X = |--- | € RVXD,
TN
For first step in Locally Linear Embedding, the set of neighbors for
each data point can be determined by: choosing the K nearest neighbors
by Euclidean distance, or choosing points within a fixed radius, or using
prior knowledge [12].
For second step in Locally Linear Embedding, thus reconstruction with
weights, matrix of weights W is calculated by minimizing reconstruction

error:
2

e (W) = Z x; — Z Wiz 9)
i J
Each data point is reconstructed from its neighbors and sum of each row of

the weight matrix is one:
Z Wij =1 (10)
J

In the final step of Locally Linear Embedding, low dimensional manifold Y
is determined by minimizing the embedding cost function:
2

O(Y)=> |yi- ZWz‘jyg‘ (11)

%
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2.4. Laplacian Eigenmaps

Data in high dimensional space is denoted as X, with X = [:cl - wk] €
Rk After constructing adjacency graph, a weight matrix is needed and
denoted as Wy, with Wiy, = (W;;).Weight between two points can be
calculated either by a heat kernel or simple rule. By heat kernel, weight is
calculated as:
T 1 9
Wiy =€ T if ||l —xj]]” <e (12)
0 if flai —agll* > e

By simple rule, weight is calculated as:

1yif ||l — ) <
Wz‘j:{ if llzi —ajl|” <e

. (13)
0,if [lzi — a;l|* > €

Diagonal weight matrix is denoted as Dy and:
Dii =Y Wj (14)
J

Laplacian matrix is obtained by following way:
Lixx = Dxr — Wixk (15)

Eigenvectors vy, ..., vi_1 (corresponding eigenvalues A\g < A1 < ... < A\
) are solutions of equation 15, ordered according to their eigenvalues:

Lv = \Dv (16)

Where v € RF*!. By removing vy corresponding to A\g = 0, next m
eigenvectors are used for embedding. Then dimensionality of k& datapoints
is reduced to m and Fix,, = (£\),A € {1,2,...,m}.

2.5. t-SNE

As mentioned above, t-SNE is proposed based on SNE. For solving certain
problems, such as difficulty of optimization in original SNE, t-SNE is
proposed with computing the similarity by student-t distribution bot not
Gaussian distribution. And a simpler gradient is used for minimizing sum of
Kullback-leibler divergences.

Data in high dimensional space is denoted as X, with X =
[ml e wn] € R Low dimensional representation at step ¢ is denoted
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as Y with Y = [ygt) yg)} € R¥™ The similarity of datapoint
xj to datapoint x; in high dimensional space is defined as:

12
eXp<_H:l:120§]H )
Pili = . (17)
S exp(— 122

Where o; is the variance of the distribution that is centered on datapoint ;.

Further:
_ Pjli TPy

ij on (18)
The perplexity is defined as:
Perp (P;) = 2H(P) (19)
Shannon entropy is:
H(F)= - iju logs pjji (20)
J
The similarity of y; to y; in manifold:
(L + [lys — )"
qij = — (21)

2oL+ lyn — yll*)

The sum of Kullback-leibler divergences over all datapoints is:
Dij
C=) KL(P||Q) = ZZM log? % (22)

Gradient for minimizing C' is then:

g:f N 42(% = i) (wi —y;) (1 + llys = 7)™ (23)

%

For first step in t-SNE, compute p;; of datapoint x; to datapoint x;, and
initiate Y'(©) randomly from A/(0,10~*I). Then for t € {1,2,...,T}, at every

iteration, firstly, compute g;;, then result is used for Computlng C and Y(” ,

following update is then made on Yy ®.

y® —y 1 4 9C

oy @ T a(t)(Y=D — y(=2) (24)

Where:

n: learning rate,

T': number of iterations,
a(t): momentum.
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3. Experiment

3.1. Methodology
3.1.1. Data sets

Stock prices of five companies, Amazon (AMZN), CME Group (CME),
Microsoft (MSFT), Netflix (NFLX), Texas Instruments Incorporated (TXN)
are chosen to build data sets. Totally, 5 datasets are used for conducting
experiment. Raw data from 2021.05.26 to 2023.12.29, is obtained from

following sources:

Raw data

Source

Stock price:
Stock high prices
Stock low prices

https://finance.yahoo.com/

Stock index:
Dow Jones Industrial Average
NASDAQ Composite

https://finance.yahoo.com/

Monetary and interest rate data:
Federal Funds Effective Rate

Monetary Base

Bank Prime Loan Rate
M1

M2

90-Day AA Financial Commercial Paper
Interest Rate

30-Day, 60-Day Nonfinancial Commercial
Paper Interest Rate

4-Week, 3-Month, 6-Month, 1-Year
Treasury Bill Secondary Market Rate,
Discount Basis

Market Yield on U.S. Treasury Securities
at 1-Month, 3-Month, 6-Month, 1-Year, 2-
Year, 3-Year, 5-Year, 7-Year, 10- Year, 30-
Year Constant Maturity
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Market Yield on U.S. Treasury Securities
at 5-Year, 7-Year, 10-Year, 20-Year, 30-
Year Constant Maturity, Quoted on an
Investment Basis, Inflation-Indexed

Inflation, labor data:
Consumer Price Index
Unemployment Rate

All Employees, Total Nonfarm

https://fred.stlouisfed.org/series

Exchange rate:
EUR/USD
GBP/USD
USD/JPY
USD/CNY

https://finance.yahoo.com/

Commodities:
Gold Dec 24 (future)
Crude Oil Dec 24 (future)

https://finance.yahoo.com/

Net income and Earnings per share

https://www.sec.gov /submit-
filings

Table 1: Raw data and sources.

Five data sets are created based on collected raw data. Description of

data sets is provided as the following:

Data set number of samples | dimension
Stock AMZN | 948 141
Stock CME | 948 141
Stock MSFT | 948 141
Stock NFLX | 948 140
Stock TXN 948 141

Table 2. Description of data sets.

TimeSeriesSplit from sklearn is used for splitting original dataset to training
and test data. For experiment, train test data size split is 80-20.

Data set number of samples for training number of samples for test
Stock AMZN 758 190
Stock CME 758 190
Stock MSFT 758 190
Stock NFLX 758 190
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Stock TXN 758 190

Table 3: Training and test data.

Price trend label at day t is determined by:

Loif pit>ply, vl >ph_y
se=9q 0, if (P} —p) (P —pi1) <O (25)
—1,if pf <pp_q, vk <P,

Where:
p?: high price at day ¢,
pff: low price at day t.

3.1.2. Computation

Experiment is conducted on google Colab under configuration T4 GPU with
system RAM 51.0 GB and GPU RAM 15.0 GB.

3.1.3. Sources of codes

Following Python implementations are used for conducting experiment.
PCA: Python implementation from scikit-learn is used. Assessment on
number of components for PCA : Python implementation (cross_val score,
FactorAnalysis) from scikit-learn is used. ISOMAP: Python implementation
from scikit-learn is used. Locally Linear Embedding: Python implementation
from scikit-learn is used. Laplacian Eigenmaps: Python implementation from
scikit-learn is used. T-SNE: Python implementation from developer’s site? is
used with one modification for avoiding appearance of error. In function
Hbeta, type is set as numpy.float128. When sumP is equal to zero, value is
replaced by 107'°. When sumP is positive infinity, value is replaced by 10'°.
When sumP is negative infinity, value is replaced by —10'°. K-means: Python
implementation from scikit-learn is used. Fully connected neural network:
Python implementation from Keras is used.

3.1.4. Process of conducting experiment

For every original dataset, k-means and fully connected neural network are
used to conduct clustering and classification on daily trend of stock price.
Then by applying PCA, ISOMAP, Locally Linear Embedding, Laplacian

Eigenmaps and t-SNE, dimension of original dataset is reduced. And newly

2https://lvdmaaten.github.io/tsne/
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projected datasets are then used as input for k-means and fully connected
neural network. Number of clusters for k-means is set as 3, because of price
trend definition above. Architecture of fully connected neural network is
configured as following:

Fig. 1. Architecture of fully connected neural network

Neural network is trained by using method of gradient descent. Number
of epochs for training neural network is 2000. Learning rate is 1e-06.

In experiment, dimension of manifold (n_ ¢) is usually configured as 2, 50,
100, 140 except for PCA. Before conducting experiment for PCA, number of
components is calculated based on two methods in 3.1.3. Calculated number
of components is marked bold and represents recommended configuration
of number of components on PCA. Choosing 2, 50, 100, 140 as dimension
of manifold is because, firstly, for most examined manifold techniques, 2 is
default configuration. This is because most manifold techniques are designed
to achieve the goal of projecting high dimensional data on a 2D plane.
Secondly, other dimension settings are used for revealing effect of manifold
techniques more comprehensively. Every result on ACC (mean + standard
deviation) in experiment is obtained through 20 independent runs.

3.1.5. Metrics

ACC is used both for clustering and classification task. For clustering task,
ACC is used instead of using ARI [6], which is a standard measurement
for performance of clustering task. But for more straightforward comparison
between clustering and classification task on prediction, ACC is used as a
common measurement for performance. For clustering, best match between
permutation of predicted labels and target labels is used for calculating ACC.
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3.2. Experiment result

3.2.1. Result of k-means

Datasets No PCA
dimension
reduction
Stock AMZN | 0.47£0.008 |n ¢=3 |n c=28 |n_c=100 | n_c = 140
0.464+0.024 | 0.46£0.018 | 0.45+0.019 | 0.46+0.021
Stock CME 0.4340.020 n c=3 |n c=29|n c=100 |n_c= 140
0.4240.017 | 0.43£0.017 | 0.43+0.019 | 0.43+0.018
Stock MSFT | 0.4540.013 |n c¢=3 |n_c=28 |n_c—=100 |n c =140
0.4440.004 | 0.44+0.009 | 0.45+0.013 | 0.45+0.012
Stock NFLX | 0.444+0.014 |n ¢=3 |n c=31|n_c—100 | n_c — 140
0.4440.012 | 0.44+£0.016 | 0.4440.012 | 0.45+0.007
Stock TXN 0.4340.029 |n_c=3 |n c=29 |n_c=100 | n_c =140
0.434+0.022 | 0.46£0.018 | 0.45+0.024 | 0.44+0.033

Table 4. Clustering result on no dimension reduction and PCA.

Datasets ISOMAP

n c=2 n c=50 |n c¢c=100 | n_c =140
Stock AMZN | 0.44£0.008 | 0.43£0.029 | 0.43£0.034 | 0.42+0.032
Stock CME 0.38£0.005 | 0.3940.014 | 0.39+0.017 | 0.38+0.016
Stock MSFT | 0.43£0.010 | 0.45+0.016 | 0.444+0.019 | 0.4440.018
Stock NFLX | 0.45£1.110 | 0.4240.033 | 0.424+0.027 | 0.42+0.027
Stock TXN 0.41£0.005 | 0.4240.029 | 0.434+0.025 | 0.42+0.020

Table 5. Clustering result on ISOMAP.

Datasets Locally Linear Embedding

n c=2 n c=50 |n c=100 | n_c =140
Stock AMZN | 0.44£0.004 | 0.43£0.011 | 0.434+0.006 | 0.4340.005
Stock CME 0.39£1.110 | 0.4040.009 | 0.404+0.011 | 0.40+0.006
Stock MSFT | 0.41£0.001 | 0.43£0.018 | 0.434+0.011 | 0.4340.006
Stock NFLX | 0.41£0.004 | 0.414+0.011 | 0.4140.007 | 0.414+0.007
Stock TXN 0.41£0.002 | 0.414+0.010 | 0.414+0.006 | 0.414+0.004

Table 6. Clustering result on Locally Linear Embedding.
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Datasets Laplacian Eigenmaps

n c=2 n c=930 |n c=100 | n c=140
Stock AMZN | 0.45+0.002 | 0.434+0.014 | 0.434+0.013 | 0.43+0.011
Stock CME 0.41+5.551 | 0.40£0.015 | 0.40+0.014 | 0.39£0.014
Stock MSFT | 0.44+0.002 | 0.4240.021 | 0.4140.019 | 0.424+0.023
Stock NFLX | 0.42£0.001 | 0.4040.014 | 0.414+0.019 | 0.41+0.014
Stock TXN 0.45+0.002 | 0.41£0.012 | 0.414+0.012 | 0.41£0.012

Table 7. Clustering result on Laplacian Eigenmaps.

Datasets t-SNE

n c=2 n c=950 |n c¢c=100 | n c =140
Stock AMZN | 0.39£0.010 | 0.4240.026 | 0.42+0.023 | 0.4140.022
Stock CME 0.40+0.004 | 0.39£0.019 | 0.394+0.020 | 0.39£0.019
Stock MSFT | 0.3640.013 | 0.4040.023 | 0.414+0.018 | 0.41+0.016
Stock NFLX | 0.3640.007 | 0.4140.024 | 0.414+0.022 | 0.40+0.026
Stock TXN 0.3940.014 | 0.42+0.024 | 0.4340.029 | 0.43+0.020

Stock AMZN

Table 8. Clustering result on t-SNE.

Stock CME

Stock MSFT

Stock NFLX

Stock TXN

3.2.2. Results

Fig. 2. Visualization of clustering results.

of neural network

Datasets No dimension reduction
training test

Stock AMZN | 0.702+0.007 | 0.705£0.014

Stock CME 0.6771+0.005 | 0.664+0.012

Stock MSFT | 0.688+0.006 | 0.661+0.009

Stock NFLX | 0.674+0.006 | 0.658+0.010

Stock TXN 0.684+0.007 | 0.689+0.011

Table 9: Classification result on no dimension reduction.
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3.3. Discussion
3.3.1. K-means

Clustering results obtained from PCA generally can surpass other dimension
reduction techniques. But it should be noticed that best result of PCA
doesn’t always correspondent to assessed number of components by methods
mentioned in 3.1.3. Generally speaking, experiment results have shown that
dimension reduction techniques often tend to worsen clustering performance
of k-means. For all methods, there is at least one observation for not
worsening clustering performance except Locally Linear Embedding. There
is no observation for not worsening clustering performance for Locally Linear
Embedding.

3.3.2. Neural network

For dataset AMZN, almost all methods tend to decrease neural network
performance. Only PCA slightly improves neural network performance with
number of components equal to 140. For dataset CME, most methods
tend to slightly improve neural network performance. Improvement is
generally less than 1 percent. For PCA, improvement of neural network
performance is achieved at n c= 29 and n ¢ = 100. For ISOMAP,
improvement of performance is achieved at n ¢ = 2. Improvement of
performance for Locally Linear Embedding is achived at n ¢ = 2 and
n_c= 50. Improved performance for Laplacian Eigenmaps is achieved at
all number of components. T-SNE improves performance of classification
at n_c = 2, 50, 100 with best improvement among all method at n ¢
= 100. ISOMAP tend to more often decrease performance than other
methods. For dataset MSFT, all methods tend to decrease classification
accuracy except Laplacian Eigenmaps. Laplacian Eigenmaps can stably
improve performance at all number of components. Other methods can
all improve performance at lowest number of components but to worsen
performance at other number of components. For dataset NFLX, all methods
can all improve performance at lowest number of components. And PCA
and Locally Linear Embedding can archive improvement correspondingly at
n_c¢ = 100 and n_c = 5. Again, Laplacian Eigenmaps can stably improve
performance at all number of components. For dataset TXN, all methods
worsen performance without exceptions. Generally speaking, improvement
achieved by all methods is slight, usually less than 1 percent. For different
dataset, improved performance by different methods is different. For best
method, Laplacian Eigenmaps should be mentioned, as Laplacian Eigenmaps
can stably improve classification accuracy for three datasets at all number of
components.
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3.3.3. Total result

The conclusion on PCA from clustering results of k-means supports the
findings in [5]. Although result from PCA generally can be better than
other dimension reduction techniques, but it’s also observed that dimension
reduction techniques often tend to worsen clustering performance of k-means.
For classification task, observed improvement achieved by all methods is
slight, usually less than 1 percent. Laplacian Eigenmaps can stably improve
classification accuracy for three datasets at all number of components while
other methods aren’t able to achieve such performance. One assumption
based on experiment can be raised: structures of data sets containing different
stock prices can be very different. And there is no proof for that there exists
one effective method for different stock data sets. Even the dimensions of
data sets used in this experiment are almost same (except stock NFLX). And
macroeconomic features of data sets are largely same. Thus, performance of
examined techniques on stock data sets looks like the general performance of
machine learning algorithms on different natural data sets.

3.3.4. Advantages and limitations

This work provides a more comprehensive study on manifold leaning
techniques for financial data than previous works. Firstly, more methods
are examined. Secondly, study has appropriately organized advantages of
previous works, so conclusions are more convincing. In previous works,
disadvantage on organizing experiment exists either in methodology of
building dataset (for example, risk free rate is not considered) or type of
examined methods (for example, only methods that are related with PCA are
considered). Disadvantage also exists on the fact that only one of two tasks
(clustering and classification) has been involved on drawing conclusion, but
not both. These insufficiencies have negatively affected reached conclusions
by these works. All mentioned insufficiencies have been properly addressed in
this work. Future work can be improved further by involving more manifold
leaning techniques that haven’t been examined in this work.

4. Conclusion

In this work, effect of manifold learning techniques on predicting stock price
trend is more carefully examined than previous works. Effect of manifold
learning techniques on improving classification task result is slightly more
obvious than that on clustering task. In clustering task, manifold learning
techniques tend to often worsen clustering performance. In classification
task, observed improvement achieved by all methods is slight, usually less
than 1 percent. And only Laplacian Eigenmaps can more often stably
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improve classification accuracy at all number of components while other
methods aren’t able to achieve such performance. There is no general effective
technique for different stock data set. This result reminds about general
performance of machine learning algorithms on different natural data sets,
dimension of which can be very different.

Code and data availability

Code and data are available upon request.
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Onenka 4mncia IIpaBUJIbHBIX CEMECTB
dbyHKIMiT k-3HAYHOI JIOTUKN

A. B. Tanarenko!

IIpaBusbHbBIE ceMeiicTBa (DYHKITHI SBJISIFOTCS YI0OHBIM CPEJICTBOM
I 3a7laHus] OOJIBINNX TAPAMETPUIECKUX KJIACCOB KBA3UTPYIIN U d-
kBasurpym. K. JI. IlaperoposieBsiv ObLIO YCTAHOBJIEHO, 9TO B OyJI€BOM
cilydae IPaBUJILHBIE CEMEICTBA HAXOAATCS B €CTECTBEHHOM B3aMMHO-
O/THO3HAYHOM COOTBETCTBHUU C OJIHOCTOKOBBIMHU OPUEHTAIUAMU OysIeBa
Ky6a. Yucso takux opueHTarmit 6p110 orenerno V. Maroymekom. B
pabote mpecTaBieHO 0000IIEeHNEe HIXKHEN OleHKN MaToyIeka Ha CiIy-
9qail JIOTUKY TPOU3BOJIBHON 3HAYHOCTHU, HEKOTOPBIE CJIEJICTBUS U3 3TOTO
00001ITeH s, & TaKYKe ITOKA3aHO, ITO CBOMICTBO MPABUJILHOCTHU SBJISIET-
Cs PEIIKUM — JI0JIsI TPABUJIBHBIX CEMENCTB pa3Mepa n B KJIACCe BCEX
CeMeiCTB U3 N N-apHBIX (PYHKIUN, JJIT KOTOPBIX OJHOMMEHHAS IIepe-
MeHHast (PUKTUBHA, cTpemMuTcs K 0 mpu n — 0o.

KurodeBrbie ciioBa: npaBuibHbIe cemeiicTBa (hyHKIUi, OYHKIINN
k-3HaYHOI JIOrUKHU, TUeprpad, mapocodeTanune

1. BBegenue

[TpaBusbHbIe cemeiicTBa OyseBbix GyHKuii 6w BBesierbl B. A. Hocosbiv
B pabore [1|. B pabore [2| 6b110 HOKAa3aHO, YTO € HOMOIIBIO HPABHJIBHBIX
cemelicTs Oy/ieBbIX DYHKIMI pasMepa n MOXKHO 3a/1aBaTh HapAMETPUUECKUE
KJIACChl KBasurpym nopsiika 2. B pabore [3] B.A. Hocos n A.E. ITan-
KpaTbeB 0000IIU/IN MOHATHE MTPABUIBHOIO ceMeicTBa Ha CJIydail (pyHKIni
k-sHaunoii joruku npu k > 3. . A. Iliakcuna nmokasaja, 9TO ¢ IOMOIIBIO
[PABUJILHBIX CEMEHCTB MOXKHO 33/[aBaTh HE TOJIBLKO KBA3UIPYIIbI, HO U d-
kBasurpyunsl upu d > 3 [4]. B pabore [5]| xoncrpykius Iliakcunoit 6bura
JIOTIOJIHUTEJILHO yensteHa. O630p pe3ysIbTraToB [0 IPABIJIBHBIM ceMeficTBaM
npuBeJieH B crarbe [6].

O6o3znaunm gepe3 T (n) 9ucio IpaBUIIBHBIX CEMENHCTB pasmepa n B k-
snaqnoi joruke. Mzsecrno, uro Th(n) > n?" rae A — mexoropas mosoxKu-
TeJIbHAsI BEIIECTBEHHAsI KOHCTAHTA. DTOT Pe3y/IbTaT ObLI Oy YeH CJIeLyIOIIHM
criocobom. K. JT. ITaperopo/iies yCTaHOBUII, YTO MEK/Ly HPABUIBHBIMA CeMeii-
crBamu Oy/ieBbIX (DYHKIINI pa3Mepa 1 U TaK Ha3bIBAEMBIMU OJHOCTOKOBLIMHU
OPHEHTAIUSIMU N-MEPHOro OysieBa Kyba CyIIecTByeT B3aUMHO OJIHO3HAYHOE
coorBercrBue [7]. Takum ob6pasom, B KauecTBe HUKHEl OIEHKU HA YUCJIO

L Tanamenxo Anexceti Baadumuposuy — norent kad. MaTUC mex.-mar. d-ta MIY,
e-mail: agalat@msu.ru.

Galatenko Alexei Vladimirovich — associate professor, Lomonosov Moscow State
University, Faculty of Mechanics and Mathematics, MaTIS chair
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PABUJIBHBIX CeMENCTB OyJieBbIX (DYHKIINI MOXKHO HCIIOJIB30BaTh OIEHKY Ha
YHCJIO OJIHOCTOKOBBIX OpueHTanuii, nosydentyio V. Maroymekowm [8]. IIpuse-
JleHHOe HuKe 00001meHne KOHCTPYKImu MaTtoyieka Ha k-3HAIHBIN CITydail
[O3BOJISIET TOJIYYUTh HUXKHIOI OLEHKY Tk (n) Jis TpOu3BOJIBHOTO k > 3.
3aTeM MBI TOKAyKEeM, ITO CBONCTBO TPABUIHLHOCTH SIBJISIETCS PEIKUM — JTOJIsT
[PABUWJIBHBIX CEMENCTB CPEJId BCEX CeMecTB (pyHKINIi, (PUKTUBHO 3aBUCATIINX
OT OJTHOMMEHHO TlepeMeHHO’, cTpeMutcd K 0.

JlasbHeiiiee U3J/I02KEHNE MMEET CJIEYIONYI0 CTPYKTYpy. B pasmene 2
BBOJSITCsST HEOOXOAMMBIE ONpeeeHnss. B pa3meie 3 mpeacTaBaeHbl OCHOBHBIE
pe3yabTaThl paboThl. Pazsesn 4 ABjseTcs 3aKJII09eHUEM.

2. OcHoBHBIE olpedeJ/ieHnudA N 0003HaUYeHUSA

[Mycrs By, ={0,1,...,k — 1}. MuoxkecTBO BCex n-mecTHbIX dbyHKIM Ha Ej
oboznadum 4epes Py’

Onpepenenne 1. [Tycmo k,n € N, k > 2. Cemeticmeo gynwruut (f1,..., fn),
fi € Pl i=1,....,n, Ha3bu6aemcsa npasuibHbM, ECAYU OAf A0ODLT HAOOPOS
a,B € EY, a=(al,...,an), B = (b1,...,by), a # B, natidemea undexc i,
1 <4 <n, maxot wmo a; # b;, no fi(a) = fi(B).

Jlerko yBugers, uro eciau cemeiictBo (fi, ..., fn) SBJIsIeTCS NPABUJIbHBIM,
TO nepemeHHast x; GukTuBHA s GyHKIMU fi(T1, ..., Tn), 1= 1,...,n.

ITpumep 1 ([3, upumep 2|). IHycmo cemeticmeo F = (f1,. .., fn) maxoso, wmo
NEPEMEHHVLE T, . . ., Ty, PukmMuUEHsL 0na Gynkyun fi(xy,...,zn), 1 =1,...,n.
Tozda amo cemeticmso ABAACMCA NPABUALHM. A% JOKAZAMEALCNEG NPA-
BUABHOCTU JOCMAMOYHO PACCMOMPEMD NEPEYI NOZUUUI, HA KOMOPOT Habo-
pot e u B omavuaromea. Paccmompum npoudgosvryto nepecmanosky o € S, u
npumerum ee k cemeticmay F. Pesyavmam obosnavum wepes G = (g1, ..., qn),
9i(x1, -, 0) = foiy(To1), - Tom)- /eeko yeudemy, wmo cemeticmeo G
MAKHCE ABAAEMCA NPABUALHBIM. TaKUE CEMETCMBA HAZLLEAIOMCA MPEY20Nb-
HBLMU.

IIpumep 2 (|6, sameuanue 1|). IIycmo cemeticmeo F = (f1,..., fn) ydo-
8AEMBOPAEM CACIYIOULUM Ycrosuam. Bo-nepswx, nepemennas x; durmus-
na oan pynkuyuu fi(xy,...,x,), @ = 1,...,n. Bo-emopwx, cyuecmeyem
anemenm a € Ey, maxot wmo das mobozo nabopa o € E u mobvix i, j,
1 <i < j < n, no kpatined mepe odno uz snavenut fi(a), fi(a) pasmo a.
Tozda cemeticmeo F npasusvnoe. Ecau 60 emopom ycaosuu 6 kauecmse
anemenma a 6uopams 0, NOAYHUMCA AHANA02 YCAOBUA OPMO20HAALHOCTNU,
NOIMOMY CeMetcmea makKoz2o 6uda mvl bydem Ha3vIBaMB® 0000WEHHO OPTMO20-
HAAOHOLMU.
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BHaunTEIbHOE YUCIO IPYIUX MPUMEPOB MOXKHO HaiTh B padbore [6].
B 3aBepimenne paszuesna npuBesieM psifi oIpeiesiennit m3 06/1acTu Teopun
rpadoB, KOTOpbIE TOTPEOYIOTCS JJIsl JIOKA3ATEIbLCTBA Y TBEPKIECHUI.

Onpenenenne 2. [unepepagom nazueaemes napa (V, E), 2de V. — xoneunoe
MHOIICECMB0 Gepwun, E — KoHeunoe MHOMCECMBO 2uneppebep, sNeMEHMami
KOMOP020 ABAANMNCA NOOMHONCECTNEA, ePWUH. Feau wucao sepuwut 60 ecex
euneppebpaxr pasHo 00HOl U MOU HCE KOHCMAHME T, 2unepepad Ha3veaemcs
7-00HOPOOHBIM UAU TPOCTO 0OHOPOOHDBIM.

Omnpenenenne 3. [Tyemv H = (V, E) — nexomopuwii eunepepad, v € V. —
sepwuna amozo eunepepaga. Cmenenvro sepuunvt d(v) HA3BIBAEMCA YUCAO
2unepppebep, codeporcauur v. Ecau das ecex sepwun cmenens pasHa 00Hot U
mot orce Koncmarme d, 2unepepad Ha3vleaemcesa d-pe2yiapHuim UAU TPOCTNO
DEYAADPHBIM.

Oupenenenne 4. Ilapocouemanuem 6 2unepepagpe H = (V, E) nazweaemces
NOIMHOHCECTNEO NONAPHO Henepecexarouwurcsa auneppebep M C E.

[Tycrs H = (V, E) — runeprpad, u,v € V, u # v. Yepes d(u,v) o6o3Ha-
YUM YHCJIO TUIIEPPeOep, COMEPKAINX BEPITUHBL U 1 V.

3. OcHOBHBIE pPe3yJIbTATHI
Teopema 1. Cywecmsyem xoncmanma A € R, A > 0, maxas wmo

Tk(n) > nA~k:".
Zoxazamesvcmeo. CriepBa MOCTPOUM B3aMMHO OJTHO3HATHOE COOTBETCTBHE
MexIy cemeiicrBamu bynknuit Fy, = (f1,..., fn), tae fi € P, upudem
nepeMeHHast x; QUKTUBHA Jyisd f;, ¢ = 1,...,M, U KJIACCOM HAIPY2KEHHBIX
rutnieprpadoB cJaeyIomnero Buia. B kauecTBe MHOXKECTBA BEPIIUH BhIOEpEM
mHOXKecTBO B}’ ConeprkaTebHO KaxK/las BepIINHA COOTBETCTBYET HabOOPy
3HaYeHN nIepeMeHHbIX. KaxKioe MoIMHOKECTBO BEPIIUH BHJIA

{(al,...,ai,l,c,ai+1,...,an) |C€Ek} (1)

obpazyem rurieppebpo. Cojiep:KaTejibHO THUIEPPEOPAMU COETUHSIIOTCS BCE
HaOOPBI, OTINIAOIINECS POBHO B OIHON 3amMaHHON mo3urinn. JlomosHnTeIbHO
Kaxk0e rureppebpo cHabkaeTcs MOMeTKOI u3 MHOXKecTBa Ej. B 6yneBom
ciydae poJib MIOMETOK UTpaJjia OpueHTalus pedep.

st onpesienieHnsi 0TOOpParXKeHUs M3 MHOXKECTBa ceMelcTB (DYHKIUN B
MHOXKECTBO rutieprpadoB JIOCTATOYHO 33/IaTh MIPABUIO, 3a/Ial0llee 3HatTe-
Hre MeTok rurneppebep. CuesraeM 310 ciemyfonuMm obpaszom. Ilycrs F, —
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HekoTopoe ceMeiicTBo. Torya runeppebpo (1) crabzxKaeTcst METKOM, paBHOI
filai,...,ai—1,0,ai41,...,ay,). 3amernm, 4ro B cuity PUKTUBHON 3aBHCHMO-
cru f; or nepeMeHnHoit x; xkoucranta () MoxkeT OBITH 3aMeHeHa Ha JIIOOYIO
JPYTYIO, TIPU 9TOM 3HAUEHUE METKHM HE U3MEHUTCs. JIerko yBUIETh, 9TO I0-
CTPOEHHOE COOTBETCTBHUE SABJIsIETCs OUMEKIeil, TaK KaK pa3Hble CeMeicTBa
EPEXOJIAT B Pa3Hble ruieprpadbl u Jbast KOMOMHAIIUS METOK PeajIu3yeTcs
KakK 00pa3 HEKOTOPOI'o CeMeicTBa.

PaccmoTrpuM mpaBuiibHOE CEMECTBO, Takoe UTO Bce (DYHKIUU TOXKJIE-
CTBEHHO paBHBI KoHCTaHTe k — 1, u runeprpad H,,, COOTBETCTBYIOIINIT STOMY
cemetricTBy. MeTku Bcex runieppebep H,, pasubl k — 1. PaccMoTpum mpon3BoJib-
Hoe mapocoueranne M B H,. IIpon3BosibHEIM 00pa30M MOMEHSIEM 3HAYTEHUST
MEeTOK 151 runieppebep n3 M, BEIOpaB JJjisi KaxKI0ro rumneppebpa HOBOe 3Ha-
gyenne u3 MHoxkectBa Fy \ {k — 1}. O60o3naunM nosryuusmmuiicst runeprpad
gyepe3 H/, a mpoobpa3 sroro runeprpada OTHOCUTENLHO BBEJIEHHOIO COOT-
sercrBus uepes F, = (f1,..., f). TlokaxkeM, 4To OH sIBJIsieTCsi OOPA30OM
PaBUIIbHOTO ceMeiicTBa dyHKIMT. BO3MOXKHBI cjieyiomnue cryydan.

1. n = 1. Torma H], numeer poBHO OJHO runeppebpo ¢ nomeTkoii ¢ € Ey u
COOTBETCTBYET CEMENCTBY, COCTOSAIIEMY U3 OIHON (DYHKIIMHU, TOXKIECTBEHHO
PABHOIL ¢, TO €CTb SIBJISIETCS IPABUJIBHBIM.

2. n = 2. Torma runeprpad H), nveer dopmy KBajparta, a BCe TUIIEPDe-
6pa u3 MmHoxkecTBa M UIyT B OJHOM HampabjeHuu (JioOble jBa runepped-
pa, WAYIUX Pa3HbIX HAIIPABJIEHUSIX, TO €CTh OJHO NOPU30HTAJBLHOE U OJHO
BEPTUKAJIBHOE, [IepeceKaroTcst). PaceMoTpum nojicydail, korga pebpa B M
BEPTUKaAJIbHbIEC, 9TO COOTBETCTBYET Bapualluu BTOpOﬁ KOMIIOHEHTBI Ha6opa.
Torna cemeiictso F) nmeer sup ((k— 1), f(21)), TO ecTb gBIsIETCST TPEYTOJIb-
HBIM ¥, KaK CJIEJICTBUE, IPABUIbHBIM. BTOpOil mojcayyuait paccMaTpuBaeTcs
[IOJTHOCTHIO aHAJIOTTIHO.

3. n > 3. B aToM ciiyuae 3aBepIIuM JI0Ka3aTeILCTBO UHAYKITHeH 1o n. Pac-
CMOTPHM Iapy BXOAHBIX HAOOPOB a = (a1, ...,ay), B = (b1,...,by), a # B.
Ecmn naiinercs takoit ungekc ¢, 1 < ¢ < n, 910 a; = b;, TO pacCMOTPUM
cemeiicTso F!, osrydennoe n3 F! T0/ICTAaHOBKOI 3HAUEHNS @; BMECTO Iepe-
MeHHOft 7; u Bhraepkupanuem dbyukmmm f!. Cemeiictsy F! cooTBeTcTByeT
runeprpad Hfl, siBsstroImuiicst moarpacdom H),,
BEPIIUH, JjIs KOTOPBIX KOMIIOHEHTa HOMED ¢ PaBHA G;; STOT MOArpad MOXKET

IIOPOXKAE€HHBIM MHO2KECTBOM

6]:>ITI) TOJIy9€H U3 Hn_l u ImapocovdeTaHud, B KOTOPOE BXO/JAT T€ U TOJIBKO Te€
rutieppebpa u3 M, /jisi KOTOPBIX KOOp/InHATa HOMED ¢ (DUKCUPOBAHA M PaB-
Ha a;. [To MHAYKTUBHOMY TIPEIIIOJIOXKEHUIO CEMEHCTBO FfL IIPaBUJILHOE, 3HAYUT,
HafijleTes MHJEKC j, Takoit uTo aj # bj, wo fi(a) = fi(8). llycrs Tenepn Bee
KOMITOHEHTBI HAOOpoB « 1 3 pa3juvHbl. Tak KaK BEPIMUHBI, COOTBETCTBYO-
e HabopaM « U (3, IpUHAJIeXKaT He Gojiee 1eM oJHOMY Truneppebpy us M,
a n > 3, HalijieTcs TaKOW WMHJEKC ¢, UYTO runeppebpa, cojepxKaiiue o u [ u
TIOJIy IeHHbIE Bapuanueil KOMIOHEHTBI HOMep 4, He Jiexkat B M, To ectb B H,
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oba sTux pebpa coxpansior moMerky k — 1. Suaqnr, fi(a) = fi(8) =k — 1.
Takum 06pazoM, cemeiicTBo F), paBuIbHOE 110 OIPEJIEICHUIO.

Jlerko yBujieTh, 4TO CEMENCTBA, SBJISIONINECS TPOOOpA3aMU THIIePIPa-
GbOB 171 pa3IUIHBIX MAPOCOYMETAHN, pas3jandHbl. TakuMm 0OpazoM, THCIIO
mapocodeTanuii B rpade H,, ABIseTCS HUXKHEN OMEHKON Jncia MPaBUIbHBIX
ceMelicTB pa3Mepa n.

st 3aBepllieHns JIOKa3aTeIbCTBA BOCIIOJIBL3YEMCs OIEHKON n3 paboThI
A.C. Acparsina u H. H. Kysiopuna [9]. ITycts r duxkcupoBannasi KOHCTaHTa,
H™ = (V™ E™) — | r-onqaopo/ublii u d(n)-peryssipablii rutieprpad, Takoii 1ro
JUIst KazkJ1oit mapel u, v € V', u # v, Bomosneno d(u,v) = o(n), n — oo. Torga
qucsio napocoderanuit N (H™) oneHHBaeTCsl CHU3Y CJIEJYIONUM 06pa3oM:

N(H™) > d(n)"=o0)/m - p 5 . (2)

Bamernm, aro B runeprpade H(n) creneHb KazKIoil BEePIINHBI PABHA 7, KayK-
Joe pebpo cocTouT U3 k BEPIINH, a Iapa Pa3/JIndHbIX BEPIIWH IITPUHAIIEXKUT
me 6osiee ueMm omHomy runeppebpy. Takum oOpa3oM, MOKHO MPUMEHUTD OIEH-
Ky (2) ¢ mapamerpamu r = k, d = n, n = nF, u HoxyunTH ClIEmyIOITICE
ACUMIITOTHUYIECKOE HEPABEHCTBO!

1 _ k
Ti(n) > i (n-o(n )), n — 0o,
13 KOTOPOT'O BBITEKAET CIIPABE/JINBOCTD TEOPEMBI. O

3ameuanue 1. Tax xax HUNCHAA OUEHKA NOCTPOEHA C NOMOULHIO NAPOCOYE-
MaHUsA, 048 N100020 6L00H020 HaboOpa v He boaee, wem 00Ha GYHKUUSL HOB020
cemeticmea npumem 3uavenue, omauvnoe om k — 1, omxyda caedyem, wmo
MO CeMETCMBO ABAAELMCA 000OULLHHO OPMO2OHANDHDIM.

Wcnonb3yem mOJIyIeHHYIO OIEHKY IS JIOKA3aTeIbCTBA, TOTO, ITO CeMeli-
CTBa U3 IPUMEPOB 1 COCTABIAIOT GECKOHEYHO MAJIVIO JOJII0 B MHOYKECTBE BCEX
NPaBUJIbHBIX CEMEUCTB.

Teopema 2. Ilycmov k € N, k > 3. Tozda doas mpeyzosvhoir cemeticme
PABMEDPL T, 8 MHOIHCECTNEE GCET NPABUALHBIT CEMETICTNE PA3MEPA T, CPEMUTNCA
x 0 npu n — oo.

Hoxazameavemeo. CriepBa OIEHUM CBEPXY MOIHOCTH MHOYKECTBA TPEYTOJIb-
HBIX ceMe#cTB (f1,..., fn), TAKHX 9TO II€EDEMEHHbIE T;, . . . , Ly, DUKTUBHBI JIsI
bynxuun fi(z1,...,2,), 4 =1,...,n. I3 upeanonoxkenns na Buj GyHKun f;
cJielyeT, IYTO OHA MOYXKET OBITh BbhIOpaHa k' criocobanm. 3uagur, obiee
YUCJI0 TPEYTOJIBHBIX CEMEHCTB TAKOTO BHJIA OIEHUBAETCS CBEPXY CJIEJLYIOIINM
obpasoM:

n—1p kK" —1

EROCRR LR S N0 M = R < R
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B pesysbrare coryiacoBaHHO MepeHyMepallii MOIIHOCTL BhIpacTeT He GoJiee,
geM B n! pas. CiegoBaTesibHO, JIOJIsT TPEYTOJBHBIX CEMEHCTB B MHOXKECTBE
BCEX MPABUJIbHBIX CEMeNCTB OIEHUBAETCS CBEPXY BeJIUIHHOM

n! - Kk
Y (3)

Jlorapudm 1m0 ocHoBaHMUIO K OTHOIIEHUS (3) B CBOIO OYepe/b OlIEHUBAETCs
BEJIMYNHON

logy, (n!) + k™ — AK™ -login < n -log,n+ k™ — AK™ - logy, n,

KOTOpasi CTPEMUTCA K —0O IPUA 1 — 00. SHAYUT, HCKOMOE OTHOIIEHHE CTPE-
mures K 0. O]

Caencreue 1. OmHoweHue YUCAqG MPEY2OALHBIL CEMETCME Pa3Mepa 1 «
YUCAY 0000ULLHHO OPTMO2OHAALHIT CEMETCMmE pasmepa . cmpemumcs k O
npu n — oo.

ameuanmne 2. Ananoz meopemov, 2 04 6YAe8a CAYUAA OblA YCMAHOBAEH
K. JI. Hapezopoduesvim (cm. [10, Teopema 6]). Caedemeue 1 6 6yaesom cayyae
MAKIICE UMEET, MECTNO.

Temneps moKazKeM, 9TO CBOMCTBO MPABUILHOCTU SIBJISIETCS PEIKUM: JI0JIsI
[IPaBUJILHBIX CEMENCTB pa3Mepa 7t CPelld BCeX CeMeCTB pa3Mepa 71, B KOTOPBIX
byHKINN PUKTUBHO 3aBUCAT OT OJHOUMEHHO repeMeHHoil, crpemurcs K 0.

Teopema 3. Ilycmv k € N, k > 3. Toeda

_ Ti(n)
ANy O )
2de Ni(n) — wucao cemeticms (fi,..., fn), fi € P, maxux wmo nepemen-
naA T; Purmuena das dynryun fi(x1, ..., Ty).

Zoxazamesvcmeo. PyHKIINIO OT 1 IEPEMEHHBIX, [IJIsT KOTOPOI 33 aHHAs IIe-
peMenHas (PUKTUBHA, OYEBUIHBIM 00pa30M MOXKHO BBIOPATDH KR CI10COH0M,
OTKy/la cyeyer paBeHCTBO Ni(n) = gkt

Ouernm cBepxy Besmuanny Tk (n). Pazaennm dbyHkmn cemeiicTBa Ha Taphbi:
(f1, f2), (f3, fa), ... Ecam n gerno, nocienusisi napa umeer Buf (frn—1, fn), B
OPOTUBHOM CJIydae Mocennsis napa umeer Buf (fn—o, fn—1), & moceaHsis
dyurmus ocraercs: 6e3 mapbl. OIEHUM YUCI0 BAPUAHTOB JJIsl BHIOOPA TaphI
(fi, fi+1). Crpynmupyem BxojHbIe HAOOPBI TaK, YTO B OJHY TPYIILY IONAIAIOT
BCce HADOPBI, OTJINYIAIOIINXCS TOJBKO B TO3UIIUSIX ¢ WK j. B KaxK ol rpyrire
oxaxercs k"2 mabopa. Ha kazksoit rpyme napy (f;, f;) MozKHO paccmar-
pUBaTh KaK CeMeiicTBO (DYHKIMI OT JIBYX II€PEMEHHBIX Tj, ;. Vcnomnbsys

95



YTBEPKJEHNE O COXPAHEHUH MPABUIHLHOCTH TIPU TIO/ICTAHOBKE KOHCTAHTHI BMe-
CTO IIEPEMEHHOI C y/laJleHreM OJIHOMMeHHOi dyHKiuu (cM., Hanpumep, |11,
JgeMmMa 1) slerko nokasarb, 4To 310 cemeiicTBO npaBuibHoe. V3BecTHO, UTO
IpaBUJIbHBIE ceMelicTBa pa3Mepa 2 SBJISIOTCA TPEYTOJbHBIMU (CM., HAIIPHU-
mep, [11, yrBepxkaenne 1]). 3HaunT, Ha paccMaTpPUBAEMOIl IPyIIe BXOJIHBIX
HabOPOB OO0 f; ABIAETCS KOHCTAHTOMU, a fj ecTh (byHKIUA OT OAHOI Hepe-
MEHHOiT x;, 60 HA0GOPOT. SHa4IHUT, MMeeTcs He Gosee 2 - k - kF croco6os
3a/1aTh 3HaYeHns napel Gynkimit (f;, fj) Ha KaxK10ii rpyIie BXOJI0B, a obiee
qncso cnocobos Bbbopa (fj, fj) OlleHUBAaETCs CBEPXY BEJHYNHOI

(2 k. kk) k2 < (kk+2) kn? _ (kr2kn2

Eciin n geTHo, Yncio nap paBHO /2, MOTOMY YHCJIO TPABUIBHBIX CEMEHCTB
pa3Mepa 1 OIICHUBACTCA CBEPXY BEJIMYNHON

(k(k+2)k”*2>n/2 .

Y

eCJIM N HEeYEeTHO, 3aMevaeM, dTO OCTaBINascst 6e3 mapbl (pyHKIUS f, UMeeT

GUKTUBHYIO [IEPEMEHHYIO X, W IIOITOMY MOXKeT ObIThb BbiOpaHa He DoJiee,
n—1

qem kR ciocoboM, mosTOMy BEpXHsIs OIeHKa IPHHIMAET B

(krpen=2) 2 s
(kk+2)k 2>(" )/2 okt

[Monenum nostydenusie onenku Ha Ni(n) u nponorapudmMupyem Mo OCHOBa-
uuio k. B nepBom ciydae ¢ yueToMm HEpaBeHCTBA k > 3 BO3HUKAET CJICYIONMIAsT

[EII0YKa.:
n n—2 n—1 nk n—2
= (2—k)g k"% 5 —o0,n — 0.

Bo BTOPOM CJIyda€e UMeEeM

n—1
2

(b 2) k2 et = (PR k) k2 =
2 2

-1
= <(2—k)n2 )k:”_2—>—oojn—>oo.

O6e moAImoC/IeI0BATEIEHOCTH CXOJSITCS K —00, OTKY/A CJEIYET, 9TO UCXOTHOe
oTHoIIIeHne cTpeMuTcs K 0 mpu n — 0o. [

Sameuanmne 3. Cnpasedausocms gopmysve (4) dasa cayuas k = 2 asaa-
emca ouesudnvim caedemeuem seprneti ouenku To(n) < nP2" | noayuennot
H. Mamoywerom 6 pabome [8]; 3decv B — nexomopas noaoscumenvras ee-
WeECMBEHHAA KOHCMAHMG.
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4. 3akJro4eHune

B GysieBom ciyuae B pabore V. Maroyreka [8] mosrydeHbl OIEHKN MOIHOCTH
MHOKECTBa OJJHOCTOKOBBIX OPHEHTAINi n-MepHoro OyieBa Kyba. 13 pesyib-
traros K. I. ITaperopoesa [7| BbITeKaeT, YTO 3TH OIEHKU OJHOBPEMEHHO
SIBJISIIOTCST OTIEHKAMM MOIITHOCTH MHOXKECTBA MMPABUJIBHBIX CEMENCTB OYIeBbIX
dbyukIuit pazmepa n. B Hameil pabore m3yvdaercs MOIIHOCTH MHOXKECTBA
IPAaBUJIBHBIX cemeiicTB yHKIM k-3HadHoil joruku npu k > 3. B kadecTtse
HIZKHEH OIEHKHM IIpeJIjIaraeTcs MpsiMoe obobieHue onenkn Maroyieka. WH-
TepPecHO, ITO OHA JIOCTUIAETCsl Ha MHOYXKECTBe ODOOIIEHHO OPTOTOHAJIBHBIX
MPaBUJIBHBIX CEMEHCTB, TOTIa KaK JI0JIs TPEYTOJIbHBIX CEMECTB pasMepa 7 B
KJIacce BceX MPaBUJIbHBIX CeMeNCTB pasmepa n crpemurtcst K 0 mpu n — 0o;
6oJiee TOrO, OTHOIIIEHNE MOIITHOCTH MHOXKECTBa TPEYTOJILHBIX CeMefCTB pas-
Mepa N ¥ MOIITHOCTH MHOXKeCTBa ODOOIIIEHHO OPTOTrOHAJbLHBIX MTPABUIBHBIX
ceMelicTB Takzke crpeMuTcs K 0.

N3 onpenenenns: mpaBUIBHOCTU CJIEIYET, UTO Il KaxKJION (DYHKIIUKI Ce-
MeiicTBa OJHOMMEHHAsI IepeMeHHasl T0JIXKHa, OBITh PUKTUBHON. B KatecTse
BEpXHEll OIEHKHU B paboTe MOKA3aHO, UTO JIOJIST IPABUIBLHBIX CEMECTB pa3Me-
pa n B Kjacce Bcex ceMeiicTs (f1,..., fn), rae f; € P u x; duxrusna s
filx1,...,xp), i = 1,...,n, crpemurcst K 0 ipu n — oo. [lo Beeit BummMO-
cti, BepHO n Gosee cuibHoe yrBepxenne: Ti(n) < nP*F" nna nexoropoi
BeIlleCTBEHHOM KOHCTaHThI B. /loKasaTejbcTBO 3TOM IMIIOTE3bI SABJISIETCS Ha-
npaBJcHUuEM JAJbHEHIINX UCCICIOBAHUN.

Agrop 6maromapur K. JI. [Taperoposamesa u A. E. [lankpaTrbeBa 3a 1110/10-
TBOPHBIE 0OCY?KJIEHUS U OJIE3HbIE 3aMEUAHUS.
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Bounds on the number of proper families of k-valued functions
Galatenko A.V.

Proper families of functions are a convenient apparatus for memory-
efficient specification of large parametric families of quasigroups and
d-quasigroups. K. D. Tsaregorodtsev proved that there exists a natural
one-to-one correspondence between proper families of functions and
unique sink orientations of a Boolean cube. The cardinality of such
orientations was estimated by J. Matousek. In our paper we extend
Matousek’s lower bound to the case of k-valued logics for arbitrary
k > 2, present a number of corollaries and prove that properness is a
rare property, namely, the fraction of proper families of the size n in
the class of all families of n-ary functions (f1,..., f,) such that z; is
dummy for f;(z1,...,z,) tends to 0 as n — oo.

Keywords: proper families of functions, k-valued functions,
hypergraph, matching.
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O dbyHKIMmoHaJ BHOII cucTeMe, MOJIy YeHHOI
13 aJredpbl MHOXKECTB JobaB/IeHHEM
MHANKATOPOB MOIITHOCTU

I0. C. Kanycrun'

B nmannoit pabore ncciieyorcs cBoicTBa (PYHKIMOHAJIBHON CHCTe-
Mot C,, ¢ HocuTesreM 2%, HOpPOKAGHHOM TeOPeTHKO-MHOYKECTBEHHBIMI
dyukumavu u uaaukaropamu Moruoctu cardg(x) . . . card, (x).

KiroueBbie ciioBa: GyHKIIMOHAJIBHAS CUCTEMA, TPEIIOJIHBINA KJIacc,
ajiredpa MHOYKECTB, KDUTEPUIl TTOJTHOTHI.

1. BBegenue

B pa6ote [1| nzyuanach anrebpamdeckas cucrema ¢ mocuresnem Z| J 2%, o6-
pa30BaHHAasl OTHOIIEHUAMU U OIEPAIUSAMHU, BBIPA3SUMBIMH C IIOMOIIBIO JIO-
TMYeCKUX CBSI30K, ONHCATeNel I KBAHTOPOB epe3 OTHOIIeHNe TPIHAIJIEXK-
HOCTHU. BBLIIO yCcTaHOBJIEHO, 4TO JII0Oast KBAHTOPHO OlpejiesinMast (OyHKINA
HaJ| MHOYKECTBAMHU B 9TOI CHCTEME MOXKET OBITh BbIpakeHa depe3 OObIYHbIE
TEOPETUKO-MHOXKECTBEHHBIE (DYHKIUU M MHIUKATOPBI MomHocTr card;(x),
[MPUHUMAIOIINE 3HAYEHNe Z, €CJIM MHOYXKECTBO T COJIEPXKUT POBHO ¢ 3JIEMEHTOB,
U 3HAUEHUe & WHade.

DTO MPUBJIEKIO BHUMAHUE K U3YUICHUIO (DYHKITHOHATILHON cucTeMbr Cf,
¢ HocuresteM 2% IOPOKIBHHON TEOPETHKO-MHOKECTBEHHBIMU (DYHKIUAMI 1
uHKaTopamu mMomHocT cardy(x) ... card, (x).

[Tonyden psist BasKHBIX CBOMCTB 9TOH pyHKIIMOHAIBHON cucreMbl. HaiigeHo
4ncsio MYHKINI B CUCTEME, IIPEJJIOYKEH aJFOPUTM PeIleHns] YDaBHEHUN B
cucreme. MaTepecuo, aro uncso GpyHKIHUH OT 3aJJaHHOIO YHCJIa TEPEMEHHBIX
B C),, UMeeT CYIIeCTBEHHO OOJILIINIA OPSII0K POCcTa, Y4eM Jijist PYHKIMH KO-
HEYHO3HAYHBIX JIOTUK P m Pj, B CBA3W C UeM e€ m3ydeHNe He CBOJIUTCS K
N3yYEHNIO YKA3aHHBIX (DYHKITMOHATIBHBIX CHCTEM.

2. OCHOBHBIE ITOHATHUS

IycTs 7 — MHOMKECTBO IEJIBIX YHcesl. B KadecTe yHHBEpCyMa BO3bMEM 2% —
MHOXKECTBO €r'0 TI0JIMHOXKECTB.

! Kanyemun FOputi Cepeeeuy — acrmpanT Kad. MATEMATHYECKOH TEOPUH MHTEILIEKTY-
aJIbHBIX cucTeM Mex.-MaT. d-ta MI'Y, e-mail: kapustin.iu@yandex.ru

Kapustin Iurii Sergeevich — graduate student, Lomonosov Moscow State University,
Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of Intellectual
Systems.
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Ha muoxkectBe 2% ecTecTBeHHBIM 0OPA30M OIIPEIEIEHB! [[BYXMECTHDIE
dbyuxin a ()b, alJb,a\b n HynbmecTHast QyHKIUSA-KOHCTAHTA Z.

Bammch |z| 06o3HavAET IUCIIO ITIEMEHTOB B T.

OtpejiesiiM Ha 9TOM MHOXKECTBE TaKzKe c4éTHOe yucio Gyuknuii cardy(a)
(k — neJiblit HEOTPUIIATENILHBIN [TAPAMETD) CJIEJLYIONIUM 06Pa30M:

Z, ecmu |a| =k

cardy(a) =
w(@) @, ecnu |a| # k.

Ob6ozHaunM S;,, — MHOXKECTBO (PYHKIINIA

{aNb,alJb,a\b,Z,cardy(a),...,card,(a)}, onpeneéHHBIX Ha MHOXKe-
cree 27,

O603naunm uepes C,, BYHKIMOHATLHYIO CHCTEMY ¢ HocuTeaeM 27, mopozk-
JEHHYIO (DYHKIUAMEA U3 Sy, TO €CTh COJEPKAINYIO BCe (DYHKIMHU, BHIPA3UMbIE
HATT S, TIPY TIOMOITY CYTIEPIO3UINHT, U TOJIBKO uX. Ompe/ie/ieHue Cynepno3niimm
MOXKHO II0CMOTPeTh B KHHTE [3].

O6oznaunm S¢ — muoxkecrBo byukuuit {a(b,alJb,a\b,Z}. Oyuxuumo-
HAJILHYIO CHCTeMy ¢ HocurenaeM 27, mopoxaéunyio dbyHknusaMu u3 S, 060-
snagnMm depe3 C. Kak Oymer mokazano mgajee, ona msoMopdHa Ps.

Bynem HasbiBaTh jBa T€pMa PABHOCHJIBHBIMHE, €CJIH OHU BBIPAZKAIOT OJTHY
U Ty ke (QyHKIHIO.

Yepes x7 OymeM obo3HaYaTh TEPM I, €CAU 0 — OyleBa KOHCTaHTa 1,
u (Z\z), ecim o — Gynesa xoucranra 0. O6osnadenue z{'...z7™ Oyaer
HCIIOJIb30BAThCs [Ist TepMa 7' (-« (2.

[Iycrs pacemarpupatorcst pyakmuu u3 Cp OT M MEPEMEHHBIX X1 . . . Ly,
rje n, m — PUKCHPOBAHHBIE HATYPAJIbHBIE YCTa. ATOMAPHBIM MHIAKATOPOM
HA3BIBAETCS TEPM BUJA

card(z{"...zom)

g 0 < k < n nan

Z\(cardo(z§* ... x0m) U - Ucardn(x‘l’l 2Tm)).

Hnst npocrorsl Gysem oboznadars Z\(cardg(z)J---Jcard,(z)) xak
cards, (). 3HaueHne TOro BbIPAXKEHUs] PABHO Z, €CJIM MHOXKECTBO X CO-
JePKUT GOoJIee N JIeMEHTOB, U & nHAYe.

Baech u nasee, korma ynomunaercst dyuxums card,(z), rae | > n, mog
Heil ogpasymesaercst GyHkiwms cards,(z) () cards, (Z\z).

Hanpuwmep, eciin paceMaTpuBaroTcst GyHKIUU OT IEPEMEHHBIX 21, To B Co,
TepM

card; (z; m(Z\l‘Q))

— aTOMAapHBI!l UHJUKATOP, & TepM

cardg(z2)
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— HeT, TaK KaK He€ COAEepPzKUT HepeNIeHHOfI X.
CocraBHBIM NHANKATOPOM Ha3bIBa€TCdA TEPM

ﬂ cardy, (z]'...zpm),
ce{0,1}™
rie cardg, MokeT o3Hadarh cardg,cardy,...,card, wm cards,,.
Hamnpumep, eciin paccmarpuBatorcst (pyHKIuu oT repemerHoit x1 B Co,
TepM

card;(z1) ﬂ cardy(Z\x1)
~— COCTABHOI MHIMKATOD, & TepM
cardy(z1)

— HeT, TaK KakK He COIEP:KUT aTOMapHOro mHankaropa s Z\(x1) (To ectb
st xY).

Jamnee GymeT moKa3aHO, UTO €CJIN COCTABHON MHANKATOP A; He COIEpKUT
card-.,, TO ero 3HaYeHNe — KOHCTAHTa & (IIOCKOJIbKY O0beIMHEHIE KOHETHOIO
YHCI0 KOHEIHBIX MHOXKECTB HE MOYKET OBITH OECKOHEYHBIM MHOXKECTBOM 7).

Crangapraoit popmoit pyrknmy u3 C' OT IepeMeHHBIX 1, . . . , Ty, HA30BEM
repm Buga By |- - -|J Bj, rae kaxmgoe B; umeer Bug z7' ... xJ". Dra dhopma
sipyisiercst anajiorom JJH®. Jlns byHKIUU-KOHCTAHTBL & CTaHIAPTHON hopMoit
Ha30BéM TepM Z\Z. B nasbHeiinem sToT TepMm GyjierT 0603HAYATHCS KAK .

Hopwmauibnoit dpopmoit m-mectaoit dyuknuu u3 C), HaA3bIBACTCS TEPM
suga J;(Ai(D;), rme A; — cocraBHON HHIUKATOD, B T€PMe yIaCTBYIOT
BCE BO3MOXKHBIE COCTABHBIE HUHJIMKATOPBI OT M IePeMEeHHbIX, D; — TepM,
BoeIpaxkeHHblit B C. Ecau Bce TepMbl D; SIBJISIFOTCSI CTaHIAPTHON (HPOPMOIL,
Ha30BEM TAaKyI0 HOPMAJIbHYIO (POPMY CTaHIAPTHON HOPMAJILHON (POPMOI.

[Tpumep: Ilycrs paccmarpuaercss (DyHKIUST OT OHON [TEPEMEHHON T B

Cy. Torma Tepm
(cardy(z ﬂ cardy(Z\(x ﬂ Z) U

(cardy(z) [|(Z\(cardo(Z\(x)) (=) |
((Z\(cardo(z))) ﬂ(Z\(cardo z\@)(2)UJ
((Z\(cardo(z))) | cardo(Z\(z)) () @)
SIBJISCTCS. HOPMAIBHOI bOPMOii, a TepM
(cardy(x) () cardy(Z\(2)) () Z) | J
(cardy(z) [|(Z\(cardo(Z\(x)) (=) |
((Z\(cardy(x))) [ )(Z\(cardy(Z\(x)) () Z))

— HET, TaK KaK COHAEP>KUT HE€ BCE COCTaBHbIC MH/INKATOPDLI.
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3. OcHoBHBIE PE3YyJIbTaThbl

B nannoii ctaTbe MOKA3bIBAIOTCS CJICIYIOIINE TEOPEMbI:

Teopema 1. Jhooyro gynryuro ud Cp, MONHCHO 8VPAZUMS MEPMOM 6 CIMAH-
dapmmot HOPpMarLHOUT Popme.

Teopema 2. /Jlse cmandapmmvie nopmanrvhoe gopmo, | J(A; () Di) u

U(A4; N DY) sadarom o0dny u my orce dynryuro mozda u moavko mozoa,
Ko2da daa Kaokcdozo i (2de underc i napamempusyem 6¢é MHoAHCECMBO CO-
CABHHLT UHOUKAMOPOS) 8EPHO 00HO U3 CACOYIOUWUT YMEeprHcIeHuls:

1) A; me codeporcum cards,.

— !/

2) D; = D;
3) Bce mepmo, 6uda x7* ... xo™, 2de npucymemeyom 6ce Ty,, kKomopoie
codeporcames 6 moavko odnom uz mepmos D; u D), npucymemeyrom 6 D; 6

amomaprom unduramope cardo(x{* ... zom).

Teopema 3. Yucio dynkyuii om m nepemernusls T, ...,Ty, 6 Cp pasho
2(n+1)~2’”-(n+2)2m*1—n~2m~(n+1)2m*1

Mycts O1(x,y1,..-Ym), O2(x,y1,...Ym) — Tepmbl B C,. Boipaxkenune
O1(x,7) = Oz(x,7) HA30BEM ypaBHEHHEM OTHOCHUTEIHHO BHIODAHHON II€peMeH-
HOW x ¢ mapamerpamu . [lyctb SP — HEKOTOpOe MHOXKECTBO MPEJIMKATOB.
Byaem rosoputs, uro ypasuerue O1(z,7) = O2(x,y) uMeer pereHue B MHO-
)kectBe SP ornocuresnbHO nepemennoit x, ecan npeaukar O (z,7Y) = O2(x,7)
BBIPA3UM HEKOTOPO# dopmysioit Haj npequkaramu u3 SP. 91y dopmyity
HazoséM pernenneM ypasuerns O1(z,y) = Oz(z,y) B muoxecrse SP ornocn-
TEJILHO NEPEMEHHOI .

Teopema 4. Jloboe ypasnenue 6 C, 0OMHOCUMEALYHO NEPEMENRHOT T € NAPG-
MEMPAMY T, . . . Ty UMEEM, PEUWEHUE 8 MHOICECMEE NPEJUKAMO8 U

card,, (a:ﬂFj(xl i) =7

card,, (Fj(z1...2p)\7) = Z,

ede F; — dynwyua us C. Ipu asmom cywecmeyem an20pumm, no3eoroujut
HATMU 9MO pewerue.

4. Ywmcno dysknuii or m nepeMeHHbIX B (),

Yro0bI onpeaeuTh Yuca0 PYHKINA OT 1M MEePpEeMEHHBIX, HafigéM CTaHIapTYIO
dopMy, B KOTOPOil BhIparkaeTcsd Kaxkiaas pyakina u3 C, 1 HOPMaJbHYIO
dopMy, B KOTOpOI Bbipaxkaercda jobass dpyakuus u3 C,. Takxke Haiigém
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HEOOXO/IMMOE U JIOCTATOYHOE YCJIOBUE, IPU KOTOPOM JIBE CTAHIAPTHBIE POPMBI
3aJ1aI0T OJIHY U TY K€ (DYHKIIHIO.
Bo-1iepBbix, 3amMeTnM, 4TO MPOCKOJIBKY

a\b = a[ \(Z\b),

dyuknun cucreMbl C' TOPOXKIAIOTCS TaK>Ke CUCTEMON (DyHKITHIT

{aNb,alJb,Z\b, Z}. Paccmorpum dbopMyIibl ajredpbl JOTUKHE HaJl HADO-
poM pyHKITHL:

a&b, alb, b, 1

Paccmorpum oneparop G(f), comocrapisiioniuii 10 UHIKIWUH (HDOPMY-
Jie asrebper Joruku Ha Habopom dyuknuit {a&bd, a|b, =b, 1} Tepm u3 C),
Hayt cucremoii onepanuit {a ()b, alJb, Z\b,Z}. Onpenenum ero (u obparHoe
orobpazkeHue) 10 UHJYKIUK 110 JIJTHHE (DOPMYJIBL:

G(x;) = x5, G Y(x;) = z;, ecim x — TepeMeHHAas.

G)=2,G"YZ)=1.

Ecnu a, b — dopmysst anrebpst jgoruku Han {a&b, alb, —b, 1}, ¢, d —
repmbl HaJ {a ()b, alJb,Z\b,Z}, TO

Glalb) = G(a) UGE), G (cUd) = G~ (9]G(d),

G(a&b) = G(a) N G(b),G HcNd) = G Hc)&G1(d),

G(=a) = Z\G(a), G (Z\c) = -G~ (c).

Jlemma 1. Omobpasicenue G mmnoostcecmea Pynkuuli anrzebpovr L02UKU HG
Mmuootcecmeo gynxuuti 6 cucmeme C, xoppexmmo onpedesero u obpammoe
omobpasicerue maxorce Koppexkmmo onpedeaero. To ecmu ecau dse popmysvs
f1 u fa 3adarom o0dny u my owce Pynryuto arzebpu. soeuru, mo mepmuvr G(f1)
u G(f2) 3adarom odny u my orce Pynryuro. U naobopom, ecau dséa mepma gi u
go 6 Cyp, 3adarom odny u my gice GYHKUUIO, MO MEPMDL Ggfl)(gl) U Ggfl)(gg)
3a0a0m 00HY U My sce PYHKUUW GA2EOPBL NO2UKU.

JlokazaTebCTBO JIEMMBI.

Pacemorpum nponsBosibhyio dopmyity airedpnt goruku f1(xy ... xy,) Hag
{&, 1,1, Y. Jokaxkem unyKnueii 0o Jymme repMa, 9to € € Z IPUHAJJIEKUT pe-
syabrary GyHKImU, Bbipaxaemoii repmom G(f1(21 ... xy)) IPH T€X U TOJBKO
Tex 3HAYeHUsiX HAOOPA I7 . .. Ty, IIPH KOTOPHIX UCTHHEH Pe3y/braT (hOpMyJIbl
fi(yr---yn), Tae y; = (e € x1).

Baza unnyknnn — (e € x;) <= e € (r;) — OYEBUHO BBIMOJIHAECTCS.

Mlar uigyknun. [Tycers a,b — nsa repma wag {(), |, \, Z}. Torxna:

e€ (alJb) < (e€a)l(e€b);

e€ (ab) < (e€a)&(e€b);

e€l = 1,

e € (Z\b) <= —(e € b) — 3Tu yTBePKJIEHNs TAKIKE BbIIIOJIHEHBIL.

CureioBaTeIbHO, € NPUHAJIEIKUT pe3ysbrary (MyHKIMH, BbIPAKaeMoii
repmoM G(f1(x1...2p)) IPU TEX U TOJIBKO TEX 3HAYCHUAX HAOOPA T1 . .. Ty,
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P KOTOPBIX UCTUHEH pe3ysbrar GpopMymbl fi(yy ... Yn), ae y; = (e € x1).
[Tepeiiném K JOKa3aTEIbCTBY CAMOli JIEMMBI.

—) Homycrum, aro ase dopmyasl f1 u fo 3aJa10T OTHY U Ty Ke (DYHKIHIO.
Pesynbrar dbyukimn, 3agasaemoit repmom G( f1) 10 I0OKa3aHHOMY paHee paBeH
MHOYKECTBY TeX 9JIEMEHTOB € € Z, Jjisi KOTOPbIX UCTUHHO 3HAaYeHne (DOPMYJIbI
filyr...yn), upu y; = (e € x1), YTO MOJHOCTHIO OUPEIETaeT Ty (DYHKIHUIO.
Pesynbrar dynkunu, 3agaBaemoii repmom G(fa) paBeH MHOXKECTBY TeX € U3
Z, 1Jist KOTOPBIX UCTUHHO 3HadYeHne hopMysbl fo(y1 ... yn) upu y; = (e € 7).
[Mockonbky dhopmynst f1 1 fo 331a10T OHY U TY Ke (DYHKIUIO, TO MHOYKECTBA €
u3 Z, it KOTOpbIX 3HaueHust fo(yi ... Yn) ¥ f1(Y1 . . . Ypn) HCTUHHBI, COBIIAJIAIOT.
Caenosarensto, repmbl G(f1) u G(f2) 3amat0r onHy u Ty 2Ke DYHKIHIO.

<) Homycrum, aro nBa Tepma g3 u go B C), 3aJal0T OJHY U Ty XKe
dbyukuuio, e — sement Z. st moboro Habopa (x1, ..., z,) € {0,1}" MoxHO
paccMoTperh Habop (Y1, ..., yn) € (22)™

{e},ecom x1 = 1
Yi =
g,ecmn 1 = 0.

Torma G~ Hgi(z1...2,)) = € € g1(y1-..yn) = € € Go(y1...yn) =
GiQ(gl(Jfl .. J?n))

Orcrona n3 paBeHcTBa (DYHKIMH, 3a]aBAEMBIX TEDMAMU ¢ U ¢ CJIEJYeT
paBeHCTBO 3HaucHuil byHKImii, 3a1aBaeMbrx dopmytamu G 1(g1) u G~ 1(go),

Ha Jsiobom Habope (z1,...,2,) € {0,1}". CaenoBarensuo, stu dyHKIMHA
paBHBI, .T.]I.

m [
Caencrsue 1. B cucmeme C 22" paszauunor m-mecmmois @ymxuudi.

B moeii crarbe [1] mpu Jokasarenberse eMMbL 4 13 TeopeM GBLIO TOKa3aHO
caejylomiee yTBepzK/JIeHue:

JIemma 2. (O pasaoorcenuu) JTas 1106020 mepma T om nepemennuix T, . . . Ty,
6 C' mooicno natimu maxot nabop N(T') mepmos euda x7* ... x5m, wmo npu
M000M 3HAMEHUL HABOPA NEPEMEHHDIT L1, . . ., Ty 3HauEHUA mepmos u3 N (T')
— HENEPECEKANULUECH MHONMCECTNEA U 3HAYEHUE UL 005EOUHEHUA PABHO 3HAME-
nuro T,

1) s mobbIx aq, . .. ay € 27 i nByX pasnuYHbIX TepMoB T = x{t .o
ul = x‘lfll . xfn;" 3HAYEHUST 9TUX JABYX TEPMOB - HEIIEPECEKAIOIINECS MHOMKE-
CTBa.

JeiicrBuresbHO, 1ycTh, 6e3 orpaHudeHust OOUHOCTH, o) # 04, o) = 1,04 =

o o!
0. Torma T(ai,...,a,) = af*...afm € Z\a; T'(a1,...,an) = a;' ...ap" €
a;. Tak xak a; u Z\a; ne nepecekaorcst, T'(ay,...,a,) u T(ay,...,a,) He

ImepeceKkaroTCdd.
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2) ITycrs T —Tepm B Hax Sc. K HEMY MOXKHO 1I0CI€0BATEIHHO TPUMEHHUTH
clieyromnne mpeodbpa3oBaHUs:

— 3aMEHUTH BCe MOATEPMBI Buja a\b, TJe a, b - TepMbl, a # 7 Ha HOITEPMbI
a((Z\b).

— 3ameHuTh Bee noarepmbl Buga Z\(alJb) va (Z\a)((Z\b) u Bce noxu-
repmbl Buga Z\(a()b) wa (Z\a)|J(Z\b). IloBropsitb npore/ypy, noka He
ocraHercs omeparuii 7\, BHEIIHKUX 110 oTHOIIeHHO K [ ), |J.

— 3ameHuTbh Bee noarepmsl Buya Z ((alJb) va (ZJa) ((ZUb). Ilosro-
PSITH [IPOLE/LYPY, II0OKA HE OCTAHETCsl OlepaIuii (|, BHEIIHUX 110 OTHOIIEHUIO K
J. Homyuum repm Buna By |J B, (wiu Bi), rae B; umeer BuJI epecevueHust
tepmos z; 7 u Z\Z.

— Ecnin mepeceuenne B; conepxur Z\7Z, To OH pABHOCUJIEH & U €r0 MOYKHO
ybparh u3 nepecedenus. Ecau npu 3ToM B; eIMHCTBEHHBIN, TO MCXOMHBIH
TEPM TOXKJIECTBEHHO PABEH MYCTOMY OOhHETMHEHUIO.

— Ecin nepecedenue B; He CONEPXKUT T;', 3aMEHUTH €0 Ha

(Bi N wi) U(Bi N(Z\x3)).

B pesysibrare Ho/yduM TepM-00beANHEHNe TePMOB Bia 7' ... a7, 3Ha-
JeHme ero Ha JboM Habope 3HAYEHUI epeMeHHBIX PABHO O0ObeINHEHUIO NX
3HaveHwii. JlemMMa JoKazaHa.

JlemMa JToKa3aHa.

Teneps HaiiéM Takyo dpopmy, 4To s Kaxk ol ¢dyukmum B C),, Haiinéres
TEepM B 3TOM dopme.

Ob6ozuauenne 7 OYIET UCIOIb30BATHCS JIJIsI TEPMa.;

z, ecnu 0 = 1;

(Z\x, ecrm o = 0.

O6osnadenne 7' ... z%m OyLeT UCIOIBL30BATLCS JJIS TEPMa

J1 02... Om
A ECSEEN B EH

Jlemma 3. Jlasa xaoicdoti pyrxuuu us Cp 0m NepemermHbT T . . . LTy, HatdEm-
cA svipadicarouuli € mepm 1ad Sy, 6 Komopom onepayus card npumensemcs

moavko K mepmam euda it ...z

JlokazaTeabCcTBo.

Jomycrum, HeKoTopasi GpyHKIUsT BeipaxkaeTcs TepMoM g B C. TTokaxkenm,
9TO €€ MOXKHO BBIPA3UTh TEPMOM, B KOTOPDOM HET BJIOYKEHHBIX card.

HeiicTBuTesnbHo, ecm B TepM g Bxoaut tepm card;(g’), To Tepm g 3amaér
Ty 2Ke (PYHKIUIO, YTO U TePM

(cardl (9,) m g|cardl(g’):Z) U(g|cardl(g’):®\cardl (gl))a

rje depes
g|cardl(g’):Z
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0603HaYeH TepM, TIOJIyJalonuiics u3 g imyTém samennl card;(g') Ha Z; KoHcTaH-
Ta & BhIpaxkaercst Kak Z\Z. Ha30Bém 3aMeHy 9TOro THIIA 3aMEHON BbIHECEHMUSI
card;(¢’). Dra 3amena He MeHsET BHIPAZKAEMYIO TePMOM (DYHKIIUIO, IOCKOJIb-
Ky JJIsl TeX 3HaYeHUH IepeMeHHbIX, JIjIsi KOTOPBIX 3HAYeHUe TepMa g PaBHO
Z, 3ratenne 06OMX TEPMOB PABHO 3HAYEHHIO TePMA (|card, (g)=2; & /I TeX
3HAYEHUIl TIePEMEHHBIX, JIJIsi KOTOPBIX 3HAUEHNe TepMa ¢ PABHO &, 3HAUYEHUE
06OMX TEPMOB PABHO 3HAYEHHIO TEPMA J|card,(¢/)=o-

[TycTs MakcuMaJsibHasi BJIOYKEHHOCTD onepariuit card B Tepme 1’ paBHa k,
k > 1. Torma eciin moc/jieI0BaTe/IbHO IPUMEHNTE K TepMmy 1’ 3aMeHy BbIHece-
nusi card;(g’) ayst kaxkoro nogarepma suga card;(g¢’), rae g He comepKuT
omeparnuii card, MOJyInM TepM ¢ MaKCUMAJIBHON BJIOYKEHHOCTBIO Olleparinii
card, pasnoii k — 1. IloBropsist a1y nporeaypy, mosyaum TepM (0603HATNM
ero ¢"), B kotopom onepanus card GyeT IPUMEHSITHCS TOJIBKO K TE€PMaM
HazI Sc.

Hamnpuwmep,

cardy(z; U(cardl(xg))) = (card;(z2) m cardy(z; U 7)) U

(card(x1 | ) @)\card, (x2)).

ITycts Tepm g” comepzxut noarepm card;(g”). Tlo semme o paszsoxkenuw,
cymecrByer muozkecTBo N (¢") TepmoB Buma z{' ... 29", 3HAYEHUS KOTOPBIX
npu JI000M 3HAYEHUU TIEPEMEHHBIX — HElePeCeKAIONNecs MHOKECTBA U B
obbenunenun paor snadenue ¢”’. Ilycrs N(g”') comepxkur k tepMoB gj.
ITycrs (I;1, ... ,l;,x) — Bce BO3BMOMKHBIE HAOOPBI HEIBIX HEOTPUIATEIbLHBIX
qHCesT, CyMMa KOTOPLIX paBHa .

Torna repm card;(g”’) paBnocuien repmy

ﬂ(cardlil (91) U T U cardy,, (9x))-

)

Takum obpaszom repm card;(g”’) pasHOCHIEH TepMy, BBHIPA3UMOMY 4Yepe3
tepmbl cardy, (g;), rae Bee g; umetor Bug x7' ... %™ u npunagiexar N(g”),
a BCce Nn; He doJblie [.

Hanpuwmep,

carda(z2) = (cardy(x2 ﬂ x1) ﬂ carda(zo\z1)) U(card1 (22 ﬂ x1)

(cardi(z2\z1)) | J(cards(za () 21) () cardo(z2\z1)).

Takum 06pazom Kaxk Ay GyHKIuoo B C) MOXKHO BBIPA3UThH TEPMOM HaJ Sy,
B KOTOPOM oleparusi card IpUMeHsIeTCst TOJIbKO K TepMaM Buaa x' ... zom.

JlemMa. JI0Ka3aHa.

67



Yrobb! HaitTu TouHOE Yncyio dyHKIui B Cy OT M IepeMeHHbIX, HAHIEM
CTAHJIAPTHYIO DOPMY JIJIsT TAKUX TEPMOB.
A o1 o o1 (o
Hazosém Tepm cardy (27" ... z%") win Z\(cardo(z7" ... 20m) . ..

m
Ucard,,(z{" ... 27m)) aroMapHbIM HHIUKATOPOM, €CIIA L] . . . Ty, — BCE LEpe-
mennbte. st mpocrorst 6yaem obosnatars Z\(cardo(z7 ... x9m)U. ..
Ucard, (z{" ... 27")) kax cards,(z{'...z2m"). Ilockoibky cyiiecTByer
2™ BO3MOXKHBIX 3HAYCHHN ISl 0] ...0pm U N + 2 DPA3JIMIHBIX OIepaIuii
cardy, ..., cardy, card~,,, Bcero cymecrsyer (n + 2) - (2") aroMapHbIX UH-

JINKATOPOB OT M JAHHBLIX HepeMeHHbIX B Cf,.

CocraBHBIM HHMKATOPOM HA30BEM TePM [\, g 13m cardy, (7t ... xqm),
B KOTOpOM (yHKIIHeil | COeIMHEHbl ATOMAPHbIE MHJINKATOPBI Il BCEX 3HAUE-
uuit mapamerpos o € {0,1}"; {0,1}" — 6yses Ky6; cardy, MOXKeT O3HAYATD
cardy,...,card, wiu cards,. [Ipu sTom Oymem cuuTaTh PABHBIMU COCTaB-
HbIC MHIMKATOPBI,KOTOPBIE PA3INYAIOTCA JIUIIL HOPSIIKOM MHOXKATEICH BO
BHEIIHel oneparuu nepecedennst. Beero cymecrsyer (n + 2)2™) pazmransix
COCTaBHBIX MHIUKATOPOB, IIOCKOJIBKY KayKIbIA MHANKATOD onpeaensderca 2™
napaMerpamMu kg, KaXKIblii U3 KOTOPBIX MOYXKET MPUHUMATH OIHO U3 1 + 2
3nadeHuit — ymmbo gumcsao or 0 10 n, audo "> n’.

Takzke 3aMeTHM, 9TO aTOMApPHBLIE U COCTABHBIC MHIMKATOPHL MOI'YT IIPH-
HUMATH TOJBKO 3Ha4eHus 7Z umm .

ITycTh cocTaBHBIE HHAMKATOPHI IIAPAMETPH3YIOTCA HHIEKCOM 7. HopMaiib-
Hoit dopmoit dynkimu u3 C, HasbBaercss TepM Buga |J;(Ai () D;), rue A;
— COCTaBHOI MHJMKATOD, COOTBETCTBYIOIMIA mapaMmerpy i, D; — dopmyia,
BbIpakeHHas B C, B TepMe MCIIOJb3yIOTCsS BCE BO3MOYKHBIE COCTABHBIE MH-
nmkaropel. Ecam Bee D; BRIpazKeHBI B CTaHIAPTHOR popMe, HA30BEM TaKyIO
HOPMaJIbHYIO (POpPMY CTaHIAPTHON HOPpMAaJILHON (HOPMOii.

Jlemma 4. Jhobyro dynxyuto us Cyp MOACHO GHIPASUMB MEPMOM 8 HOPMAAD-
Hotl popme.

/

Jokazarenbcrso. st Kax1oro Habopa 3HaUeHHil IepeMeHHbIX T . . .z,

/ /
KaKJblii U3 TepMOB x,”'...Z,7™ HMEeT OJHO 3HadYeHHe — MHOXKe-

CTBO, HMeEIoIiee OHpe,ILeJIéHHOG KOHEYHOE WJIA CYETHOE YHUCJIO 3SJIEMEH-

‘o1 ' om, " / /
ToB |x"' ... x,9"|. Kaxkmomy nabopy 3HadeHmii mepeMeHHbIX I ...x),

KM 06pa30M MOZKHO COIIOCTaBHTHL POBHO OJWH COCTaBHOU NHINKaTOPD

ﬂae{o,l}m ca]rd‘gc/(,1 x,am‘(x‘fl ...xZ™), 3HAUYeHNe KOTOPOro Ha 3TOM Habope
e

Ta-

pasuo Z (3xecs card, /o, lam| CUNTAETCsT IPUHUMAIOIINM 3HAYMEHNIEe WA JI0 N
X

|z b,
WiIn 3HavYeHue > ’I”L)) BHaquI/Ie OCTaJIbHBIX COCTABHBIX MHINKATOPOB Ha 3TOM

Habope pasuo &. Cie10BaTE/IBHO, JIBA PA3JIMIHBIX COCTABHBIX MHIUKATOPA
HEe MOTYT IIPUHUMATHL 3HAaUYEHUe, He paBHOE &, HA OJHOM HAOOPE 3HAYEHU
IIepEMEHHBIX.
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ITpumep. Habopy smauenmii nepemenubix ¢ = {1},2, = {1,2} B (4
COOTBETCTBYET COCTABHOI MHIMKATOD

cardy(z; ﬂ(Z\xg)) ﬂ card; (x; ﬂ x2) ﬂ card~;((Z\x1)
[(Z\22)) [ )card:((Z\z1) [ ) z2)

CocTaBHO HHINKATOP — IepecedeHne aTOMaPHBIX HHANKATOPOB, KOTOPBIE
(mockoubKy Jyist HuX card — BHeNIHsist (DYHKINS) MOIYT HIPUHUMATH TOJBKO
suHadenns Z uwian &. Ecin aromapustii naaukarop card;(z{" ... xzJ") BXoAUT
B cocraBHOil unmKaTop I, To Ha Habope 3HadYeHHUil nepeMeHHbIX (2], ..., 2)),
Ha KOTOPOM COCTaBHOI MHJMKATOD IPUHUMAET 3HaYeHHe Z, ATOMAPHBIH HH-
JUKATOD NPUHUMAaeT 3HadeHue Z.

Ecnu xe sToT aromMapHbIil MHIMKATOD HE BXOJAUT B I, TO B HEro BXO-
aur apyroit unaukarop card, (7' ...z%m), l; # 1. Ilockombky x{*...xJ"
HE MOKET UMEeTb PA3JINYHOE UUCJIO JIEMEHTOB IIPH OJHOM U TOM K€ 3Hade-
HHUU Z7 . ..%Tm, TO Ha HAOOpe 3HAYEHUIl IIepEMEHHBIX, HA KOTOPOM COCTaBHOII
MH/IUKATOD IIPUHUMAeT 3Ha4eHHe Z, aTOMapPHbIIl NHIUKATOD 3HAaYeHUE J.

CnemoBaTebHO, I KaXK/I0TO COCTABHOTO MHAWKATOPA M KarKI0TO aTo-
MapHOIr0 MHJIUKATOPa Ha BCeX HaOOpax 3Ha4YeHUil IepEMEHHBIX, Ha KOTOPbIX
COCTABHON MH/IMKATOD IPUHIMAET 3HAUEHHe 7, aTOMAPHbIIl NHIMKATOD IPUHU-
MaeT OJHO U TO 2Ke 3HaYeHne. JTO 3HAYCHUe — Z, eCJII aTOMAapPHbI NHITKATOD

BXOJIUT B COCTABHOH, 1 & MHaJe.

Pacemorpum  dyukiuio O(x1,...,2,). o npenbiaymeit semme 6e3
orpaHuYeHUs] OOIIHOCTA MOXKHO CUYHMTATh, YTO OHA BBIPAXKEHA TEPMOM
O'(z1,...,%m), B KOTOpOM 1107, card HAXOASTCS TOIBKO TepMbI x7' ... zJm.

To ectb Bce BxOxkIeHus card B 9TOT T€PM — aTOMapHbIE UHAUKATOPDI. st
KazKJIOrO0 COCTABHOTO MHAMKaropa A; obosnaamm 3a D; TepM, KOTOPBIN 110-
nyqaercst u3 O'(x1, ..., Ty,) MyTEM 3aMEHDI COJEPIKAIUXCST B A; aTOMapHbBIX
UH/IMKATOPOB Ha Z, a He cozep:Kammxcsa — Ha . B 9ToMm ciydae Kaxkoe
D; BeipaxkeHo Tosibko 4epe3 dyukuuu u3 Sc, u | J(A4; () D;) — HopMasbHast
dbopma. Mokaxkem, uaro | J(A4; () D;) — vHopmaubHas dopma juist O, To ecTb
BoipaxkaeT O.

HeiicTBUTEIBHO, pACCMOTPUM HAOOp 3HAYEHNH N MEepeMEHBIX X1, . . ., L.
IIycts A — TOT eJIMHCTBEHHBII COCTaBHOI MHIMKATOD, KOTOPBI Ha JaH-
HOM Habope npunumaer 3Hadenue Z. Torma suauenue (A;()D;)(N) pas-
HO & upu i me paBHoM k, a 3uadenue |J(Ar()Dg) pasuo Dyg(N). Us
oupegenerust Dy, Di(N) = O(N). CuenoBarenbHo, Ha j0060M Habope N
O(N) = U(AiN D:)(N). To ects nopmamnsuas dopma |J(A; () D;) 3amaér
dyuknuo O, 4.1.1.

Byzem naseiBats ase nHopmasbibsie dopmst |J(A4; () D;) u J(Ai () D) pas-
HBIMH, eci TepMbl D; 1 D BbIpakatoT ojHy U Ty ke (DYHKIIIO JIsl KazK I0r0
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1. B mporusHOM cityuae OyaeM Ha3bIBATH UX pas3ndHbIMU. CTaHIAPTHON HOP-
MaJbHOI popMoit Haz0BEM Takyio (opMmy, Tie Kaxkjioe [); BLIpaXKeHO B BUJIE,
anasnoruanom JJH®, To ecrs B Buze |J(z7*, ..., 27"). Hecinoxmo ybeaurnes,
9TO ISt JTFOO0H HOpMaJIbHONW (DOPMBI CYIIECTBYET paBHAasl eif CTaHIapTHAs
HOpMaJIbHast popMa.

3aMeTuM, 9TO JIBe Pa3IMIHbIE HOpMaJbHbIe (DOPMBI MOI'YT 3a8/[aBATh OJHY
u Ty xke dynkuo. Hampumep, B Cy

U(Ai U2,
(cardy(z ﬂ card-o(Z\x) ﬂ x) U(U(AJ U 7))
(cardy(z ﬂ cardy(Z\x) ﬂZ U U(Ak U 2))

3aJ1aI0T OJIHY U Ty ke GyHKIIO. Ho MOXKHO TIOKa3aTh, YTO MOI00HBIE MAPHI
dOopM — eIMHCTBEHHBIE Pa3/IuYHbIE (DOPMBI, BHIPAXKAIOIINE OJHY U TY K€
BYHKITHIO.

01 o —
JIemma 5. U, 5oeqoaym (270 - 20) = Z dar ar06020 sHaenus nepemen-
HOLT T1 . . . Ty

Hokaxkem wuHIyKImed 1o duciay m IepeMeHHbIX. Ecim m = 1,
(Z\z1)Jx1 = Z — yTBepxKeHHE JIeMMBI BEPHO.
Ecnu yrBepxaenne ZIeMMBI BEDHO J1St 1, TO Jilst m' =m+1

(01...0,,1) €40, 1}m/( 01,. :Um, ) 7 =

U

(Ui, .om)eo, 1}m(931 m)) (@n)) U

((U(crl om)€{0,1}m it ap) N Z\wm)) =

((U(U1 omyefoaym (1" iﬁfn’”))ﬂ(iﬁm'U(Z\wm')) =

= (Ur..omyefoym (@7t .. .afm)) = Z. Jlemma nokasana.

Jlemma 6. Ecau cocmasnot uu&un’amop Az He coc?epo#cum card>n, mo
Ai =

HoxazarenbcTBo. [lockombKy 110 TIpeblayIeil iemMMe 00beIuHEeHne KO-
HEYHOIO YHCJIA MHOXKECTB Z]'...zJ™ paBHO OECKOHEYHOMY MHOMKECTBY Z.

o1 T
CrnenoBarenpHO, XOTs OBI OIHO M3 HUX — IIyCTb 3TO OyeT x;' ... xn" Gecko-

. . o o!
ueuno. Torya coorBercTByIOmuMil aroMapHblil nHanKarop card;(x,' ... zn")

IIpUuHUMaeT 3HadYeHue @, U BEChb COCTABHOI NHAUKATOPD Az IPpUHUMAET 3HaYCHUE
J.
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JIemma 7. Jlse cmandapmmvie nopmanvhve gopmo, | J(A; () Di) u

U(A4; N DY) sadarom odny u my orce dynkyuro mozda u moavko mozoa,
Ko2da das Kaokcdozo i (2de underc i napamempusyem 6c¢é MHONHCECMEO CO-
CTNABHBLT UHOUKAMOPOS) 8EPHO 00HO U3 CACOYIOUWUT YMEepHcIeHuls:

1) A; ne codeporcum cards,,.

2) D; = D;,

3) Bce mepmo, suda x7* ... x", 2de NPUCYMCMEYom 6ce Ty, KOMopbie
codeporcames 6 moavko odnom uz mepmos D u DY, npucymemeyrom 6 D; 6

amomaprom unduramope cardo(x{* ... zom).

JHokasaresnbcrso. <) Iycrs ase dopmer | J(A; () D;) u | J(A; () D;) Takoss,
9TO 7T KAXKJI0T0 ¢ O/HO u3 yTBep:kaenuii (1) — (3) Bepro. Paccmorpum nabop
3HAYEHUN HepeMeHHbIX N 1 COOTBETCTBYIOIIMI €My COCTaBHON MHIMKATOP Aj;,
KOTODBIii TIpPUHUMAET Ha HEM 3HadeHue Z.

st aroro Habopa COTIACHO MPEJIbIAYINEH JJeMMe He MOYKET BBITOJHATHCS

1).
Eciut jy1st Hero BbinosHstercst 2), T0, HOCKOAbKY D; = D), BEDHO PaBEHCTBO
. A — A /
4i(N) DN = 4i(N) ( DL(N).

Eciu nist mero somonustercst 3), To (A;(\D;)(N) = (A; (" D;)(N), no-
CKOJIBKY 00€ YaCTH ABJIAIOTCA OObEINHEHUEM OJHUX U TeX K€ HEILyCTbIX
MHOZKECTB I HEKOTOPOI'O KOJIMYECTBA, IIyCThIX.

Cuepnosarensro, | J(A; () D;) u J(A; () D)) npuHIMAIOT 0JHO U TO JKe 3Ha-
YeHME Ha JII0OOM 3HAYCHUHU IIEPEMEHHBLIX [N, U BBIpaskKaeMble STHMH T€PMaMU
GYHKIUN COBIAIAIOT.

—) Ot uporusnoro. IlycTs nBe craHmapTHBIE HOpPMAJbHBIE (OPMBI
UA; N Di) u U(A;i N D)) sanator oguy u ty xe dynxnuio. Ilycrs cyrme-
CTBYeT 1, JiJIsI KOTOpOro A; comepKut cards,,, u, 6e3 orpaHudeHnsi OOIIHOCTH,
B TepMme D; comepkutTcs repM ]! ... x9m, KOTOpBIl He cogepxkurcs B D) un
npucyrcrByeT B A; B aromapuoM nuukarope cardy(x]' ... xzJm), rue k me
pasHo 0.

IIycre 1 ... 2, — HAOOP 3HAUEHUIT TIEPEMEHHBIX, COOTBETCTBYOIHII A;
(o ectb ToT, HA KOTOpoM A; = Z). Takoit HABOP CyNIECTBYET, HOCKOJIBKY MOK-
HO HaiiTh 2" HemepeceKaloIuXcsd MHOYKECTB C 3aJIaHHBIM YHCIOM 3JIeMEHTOB
y KayKJ0ro (XoTst O6bI OIHO M3 KOTOPBIX OECKOHEYHO), OObeIMHEHNE KOTO-
poix pasuo Z. (A; () D;)(N) comepKuT /aeMeHT U3 MHOXKeCTBa 7' ... xJ7m,
(A; N D})(N) ne conepzxur smement u3 z7* ...z, Ilpu sT0M HuKaKne Apy-
rue A; He comepxat snement u3 x7' ... x7m. Cuenosarensuo, | J(A; () D;) u
U(A4; N D}) sanator pasusle dynxnnn. Jlemma gokasama.

C yuérom 310 jleMMbl Haiiém ducio dyukiuii 8 C,, OT m epeMeHHbIX.

Teopema 1. YHucao dynxuyui om m nepemenHus xi,...,T, 6 Cp pasgno
9(n+1)-2m-(n+2)2" ~1—n.2m (n41)2" ~1
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JlokazaTeabCTBO.

Kaxk 656110 ykasaHo pamee, Bcero cymecrsyer (n + 2)2™) pazmmrambix
COCTABHBIX WHINKATOPOB.

Badukcupyem A; n Haiiném kommdecrso dyuknuii Tuna (A; () D). Obozna-
quMm ero F'(i). Ecim A; se compepxur cards,,, To 3uadenne A; Bcerma paBHO
@, (Ai(1D) — xoucranra &, F(i) = 1. Eciim A; conepxkur cards,, u j —
ancyio cardg B A;, To F(i) = 2877 (nockonbky masmmaune wim orcyrcrsue B D
noarepma xi' ... x9m, nyst Koroporo A; numeer noxrepm cardg(z]! ... z9m),
He BJusieT Ha 3HadeHue dbyukuun), u k — j = loga(F(7)).

Kommaecrso ke Bcex m-mectbix yukiuit N(n,m) pasno 1L F(i) =
2¥iloga(F(1)) (%)

O6oznadnm [ = n + 2 — 9KUCJI0 pa3IUIHBIX UHIEKCOB Jjisi card, BKJIIOYas
>n.

ITockombKy B cocTapHOM HHAEKaTOpe A; pn (bUKCHPOBAHHBIX j U Kk €CTh:

— (Y pasIuuHBIX BADHAHTOB, IJ€ PACIOIOKEHBI j PA3JIMUHBIX HyJICBBIX
card,

— (I = 1)¥J papuanra ;151 3HAaUCHNs HEHyJIeBBIX napaMeTpos card,

— (I — 2)*J Bapuamnra s 3Havenus HeHyJeBbIX napaMerpos card, B
KOTOPBIX HET cards,,

— (1—1)*7 — (1 — 2)*J papuanTa JyIs 3HAYCHNA HEHYJIEBBIX TAPAMETPOB
card, cpein KOTOPBIX €CTh XOTsI Obl 01HO cards,,,

TIOJIy Y1M: ,
N(n,m) = 9Xiloga(F(i)) — ZEé?:Oci.((l—l)k—j_(1_2)k—j)‘(k—j) _
OO (1)~ (=2 )e(k—j) _ g=h_yCF (=17 ~(1=2)")-(5") *)

Yro6b! HANTH 3TY cymMMy, HailéM 3Hauenne cyMMbl L7 o(Ch - 2t - ) s
[IPOU3BOJIBHOIO HATYPAJIbHOIO i ¥ BEIeCTBEHHOro x. JIjist 3TOro BOCHOJIb-
3yeMcst PaKTOM U3 MaTeMaTHYeCKOTO aHaIu3a, U9TO IIPOU3BOIHAS CyMMbI
muddepernupyeMbix PYHKIUH paBHA CyMMe UX ITPOU3BOIHBIX:

n % T\ n % i—1 .\ n % AV n %
, io(Chy-at 1) = z- Lo (G- 2" 1) N z- N7 (O (2')3) = @+ (B Oy -
2\ _— n\ __ n— kok
(@) =z - (z+1)") =z n-(x+1)" (*)
Takum 06paszom, 3HavYeHNe Bbiparkenust (*) paBHO
9(I=1)xkrlF =1 —(1=2)kx(I=1)*~1 _ o(n+1)-27(n+2)2" ~1—n.-2m(n41)2" 1

Teopema nokazana.

5. ¥YpaBaenud B (),

Oycrs O1(x,y1,-.-Ym), O2(x,y1,...ym) — tepmbl B C,. Boipaxkenue
O1(z,7) = Oz(x,y) HAB0BEM ypaBHEHHEM OTHOCHTEJILHO BBIODAHHOII [IepeMeH-
HOil x ¢ napamerpamu 3. Ilycrs SP — HEKOTOpOEe MHOYXKECTBO MPEIUKATOR.
Bynem rosopurs, uro ypasuenne O1(x,y) = Oz(x,y) uMeer pelnieHre B MHO-
skecTBe S P orHOCHTENIbHO TepeMenHoit x, ecym npegukar O (z,y) = Oz(x,y)
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BBIPA3UM HEKOTOPO# dopmysioit Haj npenukaramu u3 SP. 91y dopmysty
HazoBéM pemenreM ypasuerust O1(z,7) = Oz(x,y) B MHOXKecTBe S P oTHOCH-
TEJIbHO IIEPEeMEHHON X.

Teopema 2. Jlwboe ypasrenue 6 C,, 0OMHOCUMEALHO NEPEMEHHOT T € NAPG-
MEMPAMU X1, . . . Ty UMEET, PEULEHUE 6 MHOHCECTNEE NPEJUKATOE UG

card,, (xﬂFj(xl i) =7

card,, (Fj(z1...2n)\7) = Z,

ede F; — dynwyua us C. Ipu smom cywecmeyem ar20pumm, no3eoroujut
HATMU 9MO pewerue.

JoxkazarenbcTBo. CHadasa MOKaXKEM JIEMMY

Jlemma 8. Cywecmeyem anzopumm, ¢ NOMOULDLIO KOMOPO20 A1000T Mmepm
T(x,x1,...,2,) MO2CHO NPUBECTRIU K cMandapmmol dopme (mo ecmv nwatimu
mepm 6 cmandapmmoti gopme, supasicarowul my srce GyHKUUI0).

O/vH U3 BO3MOXKHBIX AJITOPUTMOB BBITISIUT CJIEIYIOITIM 00Pa30M:

1) Paccmorperb Bce cocTaBHBIE HHAWKATOPHI A; OT IIE€pEMEHHBIX
x,T1,...,%,. Samucars Tepm |J,(A; (N T).

2) Ipeobpazosars Kaxkplii Tepm A; (71; caemyomum obpazom (repm T;
MOZKET MEHSIThCsI MEXKJIy [IaraMi aJrOpUTMa):

— Iloka B paccmarpuBaembiit Tepm 1; Bxonur card:

—— Haiitu B uém xoxenne suja card(7”), rae 8 T He BXOAUT HUKAKON
npyroit card (ro ecrb T” Beipazkaercst Haz {Z\,(), U})

—— Haiirn, o6beunennem Kakux nepecedennit suga 7' ()« - (| zJm sB-
nsiercss T (u3 msomopduzma C' u Py 3T0 ge1aeTcss aHaIOTUYHO TPUBEICHHIO
dbopmyser u3 Py k CKH®), npocyMMHpOBATE O j MHIEKCHI Kjj U3 BXOJISIINX
B A; Tepmon cardy, (a;).

—— Ecsmn pesynbrar pasen nnmekcy k (uam > n, ecaun k — ungekc "> n’),
3aMeHuTb B paccmarpusaeMom tepme cardy(7”) na Z. Nnade 3aMeHUTD €ro
Ha J.

B pesynbrare nosyanm pasaocmibibtii T repum | J;(A; () T}) B HOpMaIbHOl
dopme.

3) AHaJIOTMYHO aJIrOPUTMy [pPHUBEEHNs] (DYHKIMHA aareOpbl JIOTUKH K
CKH®, npusecru T; k¥ Buiy, anajornaaomy CKHO.

B pesynbrare mosyanTcs TepM, PaBHOCUIbHBIN T 1 UMEIONHUI cTaH apT-
HYIO HOpMaJIbHYIO bopMy, 4.T.1. Jlemma mokazaHa.

Kak cimeayer n3 jseMMbl, 6e3 orpaHUYeHns OOIIHOCTH MOYKHO CUUTATh,
qro B BbIpaxkenuu O1(x, 1,...Ty) = Oz, z1,...Ty) 06a Tepma O1 u Oy
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3anmcanbl B cTanaapTHoi ¢popme. To ecThb HOCTATOYHO pemiaTh ypaBHEHUST
suta U(Ai N Ds) = U(Ai N Dj).

Kaxk 6110 mokazano pamee, 910061 HAOOP X1, . . . , Ly, HA KOTOPOM BBITIOJTHE-
o Aj(z1,...,x,) = Z, ynosuersopsut pasencrsy | J(A; ( D;) = J(Ai (N Dj),
HEOOXOJMMO U JIOCTATOYHO, ITOOBI 11000 aToOMapHBIl TepMm x7',...,xJ",
KoTOpbIi BXOAUT B D;, HO He B D), mum naobopor, Bxoqun B A; B Buje
cardg(z7',...,z7"). Paccmorpum B — MHOXKeCTBO BcexX Aj;, JJIsi KOTOPBIX
mo6oit aromapHelii Tepm 7', ..., x7", Koropslii Bxoautr B D;, Ho He B D), nimn
raobopot, Bxoqut B A; B Buge cardo(z]',...,z").

Ecaun wa wmabope (zf,...,x)) upuaumaer suadenue Z Takoit A,

10 UM D)@ at) = 82U UaUND)E . al) =
Di(xh, ... xy,) = Di(xy, ..., 2y) = UA; N D)) (2, ..., 27,).

Eciun ke wa wHabope (z],..., x;l) NpUHUMaeT 3Hadenue 7 A,
He ypoBieTBopstionmii sromy csoitctBy, To |J(A;(Dj)(zh,...,x,) =
sUe --UgUAND) (&, ....z,)) = Di(x), ... z)) # Di(z,...,z]) =
U N\ D)) (... ).

CireioBaTesIbHO, PABEHCTBO UCTUHHO Ha Habope (z,. .., ) ecau u Tosb-
ko ecom (2,...,2)) € A; m A; € B. Pemenune paBHOCHIBLHO bopMyIte
VA eB( Z)

SaMeHMB V(N(Lij) = Z) na \/(&(1;; = Z)), tae I;; — aromapHble nH/H-
HATODBI, OJLYYUM DEIlleHne yPABHEHHUSI.

6. 3akJrodeHUne

B crnenyromux crarbsax OyayT omucaHnbl cBOHCTBA (PyHKIIMOHAJIHHON CACTEMBI
C, npezcrasiena meddeposa byHknun B Heil. Byner npecrasiena cepus
IIPEJIIOIHBIX KJIACCOB, IO3BOJIAIONAA ITOJYYUTh KPUTEPUA OTHOCUTEILHON
TTOJTHOTHI.

ABTtop BbIpazkaer 6sarogapHocTh mpodeccopy A.C. Ilonkonsuny 3a mo-
CTAHOBKY 3849l U TIOMOIIE B paboTe.
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On algebraic system created from set algebra by adding the set
power indicator
Kapustin I.S.

This paper concerns the properties of the functional system C,.
This system has the domain 2%, and is generated by functions
22\z, x| Jy, z ()  and power indicators cardy(z)...card,(z).

Keywords: functional system, precomplete class, set algebra,
completion criteria.
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Peasmzanus ajJropuTMoB cxemMaMi U3
P YyHKIIMOHAJbHBIX 3JIEMEHTOB

M. B. Hocos!

B pabote moctpoena cxema n3 OyHKITHOHAIBHBIX IJIEMEHTOB JIJIsT
MarmuHbl ThIOPUHTA ¢ COXPAHEHUEM YCJIOBUsI TIOJIMHOMUAAIBHOCTH, €CJIN
TaKUM CBOWCTBOM 00JIa1a/1a MAIIUHA.

KiroueBnie cjoBa: Malinia, ’TLIOpI/IHI‘a.7 CXeMa U3 (byHKL[I/IOHaJIb-
HbIX 9JIEMEHTOB.

IIycTh ecThb 3aa49a, KOTOpas BCET A UMEET OIPEIe/IEHHDbIN oTBeT. EcTh asi-
TOPUTM PeIIeHus ITOH 3a/1a9, COOTBETCTBYIONIAs MAaIIMHa ThIOPUHTa BCET/IA
OCTaHABJIMBAETCS B 3aKJIOYUTETHLHOM COCTOSTHUU U OTBET 3aJa9U — COJEP-
KIMOE COOTBETCTBYIOMIEH sTIefiKi JIEHTHI. 3aJada UMEEeT XapaKTePUCTUKU
U BXO/IHBIE mapaMeTrpbl. Hampumep, BO3bMEM U3BECTHYIO 33/ay: MOXKHO JIH
HabOp HATYpaJbHBIX YHCEJ Pa3lenuTh Ha JBa HAOOpa C OJWHAKOBOI CYyMMOI
qpcesl. DTa 3aJa4a BCeria UMeeT ONpeIeIEHHLIA oTBeT. B Takoil MocTaHOBKM
NMEeTCsI IBe XapaKTEPUCTUKM: KOJMIECTBO UMCEI B UCXOIHOM HaboOpe W Bepx-
Hsisl TpaHUIa ducesl. BXoHble TapaMeTpbl — CaMU IeJIble YHC/Ia B JIhala30He
or 1 10 BepxHeil rpaHUIbI.

CJIOXKHOCTH aJICOPUTMa — MUHMMAaJIbHOE KOJHUYECTBO ITaroB MAaIlMHbBI
Triopunra mpu onpeneéHHBIX XapaKTEPUCTUKAX ¥ JIFOOBIX JTOIMYCTUMBIX Ha-
bopax mapaMeTpoB; IIYCTh CJIO?KHOCTH CTPOrO MarKOPUPYETCs BEJIUIHHON T
3aBUCAIIEH OT XapakTepucTuk. [IycTs Mmammna nmeeT ayiaBUT U3 M CUMBO-
JIOB, IIepeHyMepyeM ux qucjamu 1, ..., m. [Iycts mammna numeer k cocTostHuil,
IepeHyMepyeM ux ducjamu 1, ..., k, npuaém k — HOMEpP 3aKII0UYUTEILHOTO
coctosinust. VImeercss Tpu JiBUXKeHusi: 1 — BIpaBo, 2 — BJIEBO, 3 — OTCYTCTBUE
NBUXKEHUS. B HaYa bHBIN MOMEHT I'OJIOBKA CTOUT HA CAMOM JIEBOM HEITyCTOM
CHMBOJIE, TOT/Ia 30HA pabOThI MAITMHBI BCET/Ia HAXOMUTCA MEXKIy AIEHKOIA,
PACIIOJIO?KEHHOU OT HAYaJIbHOW sIYeliKM Ha T si9Y€€eK BJIEBO U Ha 7" siYeeK BIIPABO.
Takum 06paszoM, rOTOBKA MOYKET HAXOANTCS TOJIBKO B sTUeMKaX, PACIOJIOKEH-
HBIX cpejin 3Tux 21 + 1 gdeiikax, TaK U IIEpeHyMepyeM UX CJIEBa HAIPaBO
1,...,2r + 1, HO roOJIOBKa HUKOT/Ia He TIOMQJIET B AYeWKN ¢ HOMepaMu 1 u
2r + 1 B cuity BeIOOpA 7.

[TepBast 3a/1a9a COCTOUT B MOCTPOCHUU CXEMbI U3 (PYHKIITMOHAJIBLHBIX /1€~
MEHTOB B KJIACCUYECKOM Da3uce, KOTopas OyIeT BbIIaBaTh TAKON YKe pe3yJ/IbTar,
KaK ¥ MallnHa ThIOpUHTA 1, TJIABHOE, €CAN AJTOPUTM ITOJUHOMUAJIEH, TO

L Hocos Muzaua Bacuavesun — c.H.c. Kad. MATEMATHIECKON TEOPHN NHTEIEKTYaIbHBIX
cucreMm Mex.-maT. d-ta MI'Y, e-mail: mvnosov@rambler.ru.

Nosov Michail Vasilevich-senior researcher, Lomonosov Moscow State University, Faculty
of Mechanics and Mathematics, Chair of Mathematical Theory of Intellectual Systems.
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[OJINHOMUAJILHOM OyieT cxema. B Havase u3iokuM odeHb rpybo uJero mocTpo-
€HUsI CXEMbI ¢ HEKOTOPOH BOJILHOCTHIO B CUMBOJIAX ITOOBI HE 3arPOMOXKIATD
dopmyabt. [Tyers mamuna Triopunra nuveer n komaus (¢'aq”bd), t =1,. .. n.
B rpy6oii cxeme Gyzer 2(2r + 1) + 5n + 2 Bxo0B, Ha nepsbie 2(2r + 1) Bxoj0B
MTO/TAIOTCSI HOMEPa COOTBETCTBYIONNX sT9eeK M UX COIEPXKHUMOe, Ha BTOPBIE HN
BXO/IOB TIOJIAIOTCS KOMAHJIBI U HA MOCJIETHIE JIBA BXOJIA MTOJAIOTCS HAYATHLHOE
COCTOSHUE U HOMED sueilKi B HAYaJIbHOM cocTosinuu.l'pybasi cxema COCTOUT
u3 r nap psaaoB. [lepBblit psijg KaxK ol napsl umeer 27 + 1 6JI0KOB, nMeeTcst
COOTBETCTBHE MEXKy sTueiiKoil u 0;10KkoM ¢ Tem 2ke HomepoMm. Ha Bxoz Kaxkaoro
6JI0Ka TIOCTYIIAET CJIEIyIoIIee:

1. comep:KuMoe COOTBETCTBYOIIEH T9eiiKn (UM BBIXOJ@ COOTBETCTBYIOIIE-
ro 6JI0Ka) Ha TEKYIIUil MOMEHT G;p;

2. HoMep siveiiku (6J10Ka) S;

3. TEKyIIee COCTOsTHIIE YIIPABJISIONIETO YCTPOHCTBA Gin;

4. HOMED dAYeiKH, Ha KOTOPO cefiiac CTOUT TOJIOBKA ljy;

5. BCe KOMAaH/IbI ITPOTPAMMBI, T.€. Hn YUCEJI.

Brixomom kaxkoro 6Ji0ka MepPBOro psijia HMapbl sIBISSIETCS CJIEIYIOIIee:

1. comepknUMoe COOTBETCTBYIOMIEH TIUEUKHT Goyt;

2. COCTOsIHUE YIIPABJISIONIETO YCTPONUCTBA (oyt, €CJU OHO PADOTAET B ITOM
saeiik,u wian aucyo 0, ecau yrupaBisoliee yCTPORCTBO He paboTaeT B 9TOM
sueiike, WK IUCIO0 K, €CJIA TOMAIU B 3aKIIUUTEBHOE COCOTOSHIE;

3. HOMep HOBOM STIEMKN HOBOTO MOJIOXKEHUS TOJIOBKH lyy¢, €CJIH TOJTOBKA
paboTaeT B TekyIeil siueiike, naade ducao 0 Win 1moJI02KEeHNEe TOJIOBKH, €CJIN
MOITAJIA B 3aKJTIOYUTEIHHOE COCTOSIHUE;

Bseaém obosnatenne x(u = v) = 1, ecom u = v, nuate pasno x(u = v) = 0.
DyHKINS BBIXOJIOB 3a1aéTCs CJIeIyIoNe (hopMyJIoit:

Aoyt = am(l - X(lzn = 3))(1 - X(qin = ))+
+ > X(lin = 8)X(gin = ¢')x(ain = a)b+ (1)
(¢’aq"’bd);,i=1,...,n
TLainX(qin = k)

3HauuT

Aijn, qin 7& k7 lln 7& S,
Qout = b, qin ?é k,lin = s,
Qin, Qin = k.

DyHKIMSA COCTOAHUS 3aJaCTCA CJIeAyIomei (popMyJIoit:

Gout = > Xl = 9)X(am = ¢)x(aim = a)g” + (2)
(¢’aq"’bd);,i=1,...,n
+kx(qin = k).
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3HauuT

07 Qin ?é ka lzn ?é S,

Qout = q”’ qin 7& k;, lin = S,
ka din = k.

DyHKIUsT HOMEPa HOBOH siUeiiKi MOJIOKEeHUsI TOJI0BKH (caBur Bupaso d = 1,
caBur BaeBo d = —1, orcyrcrBue nBukenust d = 0) 3amaéres ciemyromeit
dopwmyIoii:

lowt = > X(lin = 8)x(qin = ¢')x(@in = a)(s +d) + (3)

(¢'aq"bd);,i=1,...,n

3HaquT

07 Qin 7é kalzn 7é S,
lout: S+d7 Qin#k7lin:87
n = k.

lin, Gin

Bropoit psm kaxk1oit mapbl KpoMme MOcjIeIHell IpecTaB/IeH OMHUM 0J10-
KOM, UM€EeT JIBe TPyNIbl BXOJIOB. IlepBasd rpyiira coctout us 2r + 1 BX0JI0B,
Ky TOCTIIAET (ot C KAXKIOr0 OJI0KA MEPBOTrO Psija Iaphbl, BTOpas I'PYyIIa
umMeeT 2r + 1 BXOJOB, KyJIa MOCTYIIAET [y C KaXKJIOTO OJIOKA [IEPBOrO Psijia
napsl. [loka maruna He monaJia B 3aKJIIOUUTE/IHHOE COCTOSHUE HA 27 BXOJOB
nepBoii rpynmsl OyayT nocrynarh 0 1 TOJIBKO Ha OauH BXox noctynut ¢ B
6JI0Ke BBIOEPETCS MAKCUMYM, T.€. TO COCTOSIHUE, B KOTOPOM HaXOJIUTCS ceiuac
MaruHa. Ha Bxomax BTOpPO#l IPYIIIEI aHAJIOTUIHO ITPOU30HIET BHIOODP HOBOIO
[IOJIOYKEHUsI TOJIOBKU MaIuHbl. COCTOSTHUE U TIOJIOXKEHUE TOJIOBKU — J[BA BbI-
X0/1a BTOPOTO Psja mapbl. Kcin B momaiaeM B 3aKJIIOUATEIHLHOE COCTOSHUE,
TO JAJIbIIle OHO He MEHSETCs, AaHAJOTHIHO He MEHSEeTCS HOMep sTIelKH IT0JI0-
ZKEHU4d I'OJIOBKU. TaK KakK I1ap psJ10B 60.HI)LHG 9geM YUCJIO IIaroB MalIWHBI, TO
HOMAJIAHUE B 3aK/IIOYUTEILHOE COCTOsTHUE MTPOon30iaeT obs3arenbuo. [locsesn-
HUH psJi, MOCIeIHed maphbl BHLIAET CONEPKUMOE TYEHKHU C HOMEPOM [gqt.DTO
MOYKHO TIPEJICTABUTE CACIYIONel hpopMyIoit

Qout = Z X(lm = S)G?n (4)
s=1,...,2r+1

D70 u OyIeT OTBETOM 33149l B COOTBETCTBYIOIMX 3HAYEHUSIX [IAPaMETPOB.

[Tepexomum K TOCTPOEHUIO CXeMbI U3 (DPYHKIINOHAJIBHBIX 3JIEMEHTOB B

KJIACCMIECKOM Oasnce. 3aKoaupyeM aja(aBUT MAIIUHBI CIEIYIONIM 00pPa3oM:
1-pr1it cumBost anidasura — 0...001
N——

m
2-oit cumBoJt asidasura — 0...011
—

m
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m-bIii cumBos andasura — 1...111
—

m
AHaJIOTUYIHO 3aKOIUpyeM k COCTOSTHUIL:

1-w111 cuMmBosT MHOXKecTBa cocrogumit — 0 ...001
—_—

k
2-0f cuMBoOJI MHOXKecTBa cocroguniia — 0...011
—

................. k
k-bI1if cuMBOJI MHOXKecTBa cocTogHmii — 1...111
——

k

3aKoaupyeM CIBUIH:
casur Bupaso — 01
casur BjaeBo — 10
OTCYTCTBUE ABWKeHUd — 11
3akoaupyeM HOMEpa sT9eeK MAIlNHBI T hIOpHUHTA:
1-as sqeiika jieaTsr — 0. .. 001
—

2r+1
2-as g4eiika JjieHTHL — 0...011
N——

2r+1

(2r + 1)-as sveiika jenTer — 1... 111
——
27"—1—1
TosioBKa B HavaJIbHBINA MOMeHT HaxouTcst B (1 + 1)-oif siueiike. Beengm
obo3HaveHue [y KOMaH]I IPOrPaMMBbL

{((d),-- q), (ar, ... am), (¢, ..., @) (b1, ..., b)), (di,d2))e, t =1,... n}

Cxema Oyzer umersb m(27 4 1) BXOIOB — 9TO KOJIBI COIEPKUMBIX s4eeK. /3
nepBoro Bxona cosgaéMm 0 m 1 1 3aTeM M3 HHX KOIBI HOMEPOB BCEX SYEEK,
KOJIbI BCEX KOMaHJI IIPOrPaMMbl, KoJI HoMepa (r + 1) siaeiiku — nosioxkeHue
rOJIOBKYM B HaYAJILHBIA MOMEHT U KO/, HOMEpa HA4aJIbHOI'O COCTOAHUS COIACHO
KOJMPOBKH.

CoracHo OnMCaHHON BbIme rpy6oil Mojean Ha BXOJ, OJIOKa IMOCTYIIAeT
[0 COJEPKUMOMY stueiiku (mim BeIXOJa 6JI0Ka) Gin = (@in1, - - -, Qinm), TO-
rja mepsoe caaraemoe B dopmydie (1) st Goyp peanusyercst cieyonei
dopwmyoii:

2r+1

= a1 CA g ~ )T (mg ~ 1)

st peanmsanuu jpocrarouano m(14r + k + 11) snementos. Bropoe ciara-
eMoe peaJin3yeTcsi cieayromeil (hopmystoii:
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n 2r+1
pi= V(A (linj~55) (N (@ing ~ dj)) - (
t=1 j=1 J=1

Ea

(@inj ~ aji)) - bit,

>3

J

1,...,m.

st peanusanuu gocraroano m(14rn + Tkn 4+ Tmn + 10n) sgemeHTOB.
Tperbe cnaraemoe peaaudyercs POPMYJIOLL:

k

P = aini- (N (ginj ~ 1)),
j=1
1=1,...,m.

st peammzamnun mocrarodno mk snemenTos. Torma

aour = (PN DIV D3, 0L, VP2 N P2y

st peanusanun jgocraroano m(14r + 2k + 14rn + Tkn + 7mn + 19n 4 11)
9JIEMEHTOB.

Jlajee aHaJIOTMYHO, COIVIACHO OIMMCAHHON BBIIIE IPpyboil Mome I Ha BXOT,
6J10Ka [OCTYIIAeT 10 TeKYIEeMY COCTOSIHUIO Gin = (Gin1, - - -, Gink), TOTJA HEP-
Boe cytaraemoe B hopmyiie (2) st @oyp PeATU3yeTcs cieyromeil hopMyIioii:

n 2r+1 k

uj = V(A (Uing~51) - (A @i ~ @) - (A (@ing ~ aje)) - g,

t=1 j=1 j=1 j=1
i=1,... k.

3

Mot peanmusaryn ocrarouno k(14rn+7kn+7mn-+10n) siementos. Bropoe
cilaraeMoe peansyeTca (hOopMyJIoii:

Jutst peamu3anuy JI0OCTATOIHO k2 snemenros. Toraa

Qout = (u% \/u%, cee 7%\/”@

s peanmuszarnuu gocraroano k(14rn + Tkn + 7mn + 10n + k + 1) saemenTos.

Hakomerr, coryiacHO olMcanHOi Bbille TPpyOOH MOJIEIN Ha BXOJ OJI0Ka 10~
CTYTAET IO TEKyIIeMy MOJIOKeHMIO TONOBKY lin = (lin1, - - -, lin (2r41)), TOTIA
nepBoe ciaraemoe B dopmyiie (3) st Loy CONVIACHO KOJMPOBKE CABUTA KO-
JIUPOBKH HOMEPOB STYEEK PEAJN3YETCs MOCISI0BATEIBHOCTBIO CJIELYTOIINX
dopmy.:
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9i(S1,- -+, S2r+1) = Si V Si+1, 1=1,...,2r

92r41(81, -+, 52r41) = S2r41-
hi(s1y ...y S2041) = Si—1 )\ Sis 1=2,...,2r+1.
hi(s1,...,82041) = 51.

fit(dr,da, s, ..o sor41) = (|die)daegi(si, ..., S2r41) V
V di(dae)hi(st, ... s2r41) V diedayss,

1 n 2r+l1 k ,
v = \/( /\ (linj ~ 5j>) ) (/\ (Qinj ~ th))'
t=1 j5=1 j=1
( /\ (azn] ~ ajt)) : fit<d17d27 817 L 7$2T+1)7
7j=1

1=1,...,2r+ 1.

Jist peanmusanuu 91oii oc/Ie0BATEIbHOCTH (DOPMYJI JOCTATOYHO (21 +
1)n(18r+4T7k+7m++24) snementos. Bropoe ciaraemoe peasusyercst hopMyJIoit:

k

02 =lini- N (Ginj ~ 1),
j=1
i=1,0. . 2r+1.

st peasmmzanuu jgocrarouno (2r + 1)k snemenros. Torga

lout = (U% VU%7 cee )U%rJrl \/ U§r+1)'

st peaymsanuu gocrarouno (2r+1)(18rn+ Tkn+7mn+20n+ k) snemenTos.

Ha Bx0J1 BTOPOro 6/10Ka IOCTYIAIOT iy = (Qony1s- -+ oyg e) © KAZKJIO-
ro 6JI0Ka [epBOro psijia Mapbl, 3/eCb w — HOMep Osioka, w = 1,...,2r +
1,BbI6UpaeTcst MAKCUMYM (Qoyt — TEKYIIee COCTOSHUE MAIIMHBI 110 CJIe Ly omeli

dopmyure:

2r+1
— w y —
Qouti = V Qs> i=1,...,k.
w=1
Hnst peanuszarun jjocraroano k(2r 4+ 1) smeMeHTOB.
w — w w
Anajiorndso, Ha BXOJ| BTOPOIo 06/I0Ka IOCTYIAIOT [y, = (L1500, 1) C
KaxKJIOro OJIOKa MEPBOro psijia Maphl, 3/1eCh w — HOMep 6ioka, w = 1,...,2r +

1,BbIOMpaeTcs MaKCUMYM Lo, — TEKyIIee MOJIOXKEHIE NOJIOBKH TI0 CJIeTYIOMIei
dopmyure:
2r+1
Lowti= N 1%, i1=1,...,2r+1.
w=1
s peanusanuu goctarodno (2r + 1)2 saemenTos.
Tenepnb BropoOit psat moce reit napsl psiios cxembl. Popmyna (4) I Aoy
peasn3yercs ciaenyomei (popMyIoii:
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2r4+12r+41
Qouts = \/ /\ (ZZTL] ~ Sj)afni

CJI02KHOCTD TIOJIyI€HHON CXeMBI €CTh HMOJIMHOM OT 7, M, k.

Paccmorpum Bropyio 3amady. IlycTs ecTh ajropurm peleHus 3a/1ad4u.
[Iyctb andasur cooTBeTcTByOMENR MAUHBL THIOPUHTA COAEPIKUAT CUMBOJIBI
0 n 1. B HavasibHbBII MOMEHT HA JIEHTE HPUCYTCTBYIOT TOJbKO 0, 1 1 mycroii
cumBoJI. Kak ObII0 cKa3aHO B HavaJe, N3BECTHA BEPXHSIS OI[CHKA YUC/IA [IAroB.
HyCTb opun .)'IIO6I;>IX SHaYCHUAX ITapaMeTpPOB 3a/lav1 Ha JICHTEe BXOJIHbIE CUMBO-
JIBI 3aHUMAIOT (DUKCUPOBAHHOE YUC/IO siueeK. BpiOpaHa KOJUpoBKa ajidaBuTa
qucaamu 0 u 1 Kak B nepBoit 3agade. Marmna Beeria oCTaHABIUBACTCS B 3a-
KJTIOUATETFHOM COCTOSTHUH W COJIEPYKUMOE COOTBeTCTBYyIomel sueitkn () mm 1.
STOIU/I MallluHe IIOCTaBUM B COOTBETCTBUE CXEMY U3 (byHKLII/IOHa.HbeIX QJIEMEH-
TOB. BX0/10B y cxeMbl OyJIeT CTOJIBKO, CKOJIBKO B HAYAJILHBI MOMEHT CUMBOJIOB
0 n 1 sa jenre. /lasee B cxeMe IIPOU3BOJIUTCS IIEPEXOJT K CXEME OIMCAHHOMN
B IepBoii 3aj1ade: Koaupytorces 0, 1 u mycToil CHMBOJI COTJIACHO BBIOPAHHOM
KomupoBKe. JlyIsT KOAUPOBKU BHIOUPAETCS KOJIMIECTBO AU€€K JIEHTHI UCXOIs
U3 BepxXHEN OIEeHKN 4Yucja maros. Jlajgee crpouTcest cxema, KakK B IEPBOi
3amade. [locae mosydenus: orBera — koja 0 mwim 1, TpOUCXOIUT ITEPEXo, OT
KOJla K KomgupyeMomy cuMBojiy 0 wiau 1. Eciu aaropuTm mOJMHOMUAIEH, TO U
cxema nojimHoMuaIbHA. CJI0YKHOCTD 9TOH CXeMbI HE MEHbIIE, YeM CJIO2KHOCTD
MUHUMAJBHON cxembl. ClieToBATEIBLHO, €CJIN AJTOPUTM OJUHOMHUAJIEH, TO
U MUHUMAaJIbHAs cXeMa rnojmHoMuajbaa. O6parHo, mo Jjioboil cxeMe MOXKHO
[IOCTPOUTHL MamuHy ThIOpUHTA, IPUUEM, €CJIU CXeMa IOJTUHOMHUAIbLHA, TO
1 MamuHa ThIOpUHTa MOJIWHOMHUAIbHA. Kean MUHIMAIBHBIN aJropuTM He
[IOJINHOMUAJIEH, TO IIPA yCTAHOBJIEHHON CHUCTEMBbI KOJUPOBKU MUHHUMAJIbHAS
cXeMa He MOXKET ObITh TOJTMHOMUAAIBLHONW. OTHOCUTEIHHO TIOCTPOEHHS IO CXEMe
MAIMHBl MOXKHO 1TocMoTpeTh [1]. Tlo Bompocy onpejesieHust CJI0KHOCTH MUHU-
MaJILHOM CXeMBbI JIJIsl U3BECTHOI Gys1eBCKOil (hyHKIMN MOYXKHO IOCMOTPETH [2] u
CKOPPEKTUPOBATH HA YACTUIHYIO OY/IEBCKYIO (DYHKIIUIO, KOTOPAsK MOSIBJISICTCS
IIPU KOAUPOBAHUU.
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Implementation of algorithms by schemes of functional elements
Nosov M.V.

In this paper, a scheme of functional elements for a Turing machine is
constructed while maintaining the polynomial condition, if the machine
possessed such a property.

Keywords: Turing machine, a scheme of functional elements.
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K cBenenuio aBTopoB myOJimKanmii B >KypHae
«VIHTeNnIeKTYyasIbHBbIE cCUCTEMBI. Teopus 1 NPUJIOXKEHUS »

B coorBercrBun ¢ tpeboBanusmu BAK P® k usmanusiM, BXOJSIIIAM
B IlepevYeHb BeJyIIUX DPeleH3UPYyEeMbIX HAYUYHBIX KYPHAJOB M W3JIAHUII,
B KOTOPBIX MOTYT OBITH OIyOJIMKOBAHBI OCHOBHBIE HAYUHBIE PE3YJIBTATHI
JINCCEPTAIMIT HA COMCKAHUE YYEHOH CTeleHn JIOKTOPa U KaH1aTa HayK,
cTaThu B XKypHaJI <«VHTEIEKTyalbHbIE CUCTEMBI. 1€0pust U IIPUIO¥Ke-
HUs» IIPEJIOCTABIISIOTCS aBTOPaAMU B CJIeJyIolei hopme:
1. Crarbu, nHabpaunnbie B makere KWIEX, IpegocTaBiasgioTCs K 3arpy3Ke ue-
pe3s WEB-dopmy http://intsysmagazine.ru/generator form .
2. K crarbe npunaratorcst dailiibl, cojepKaliie Ha3BaHue CTATbU Ha PYC-
CKOM W aHTJIMICKOM SI3bIKAX, aHHOTAIIUIO HA PYCCKOM U aHTJIMICKOM SI3bI-
kax (He Gosee 50 CJIOB), CIUCOK KJIIOYEBBIX CJIOB HA PYCCKOM U AHTJIHi-
cKkoM si3blKax (He 6ostee 20 ciioB), nadopmanus 06 apropax: ®.1.0. nos-
HOCTBIO, MECTO PAbOTHI, JIOJIZKHOCTD, YIeHast CTeleHb U /Wi 3Banue (eciu
umeercst), st acnupanToB PUO HaydIHOro pyKOBOJMTES, KOHTAKTHBIE
TestechoHb! (¢ KOOM TOPO/ia M CTPaHbI), e-mail, MOYTOBbIIT aIpec ¢ MHIeK-
COM TOpOJia (JIOMAIIHWIT WU CJIy 2KEOHBbIIT ).
3. Crmcok aureparypbl 0hOPMISETCS B €TUHOM (hOPMATE, YCTAHOBJIEH-
HOM cucTeMmoit Poccuiickoro nnjiekca HayaHOro nutupoBanusi. CIucok Ha
PYCCKOM sI3bIKE IIPUBOJIUTCS B KOHIIE (Daiijia ¢ TEKCTOM CTATbH, B TO BPEMSsI
KaK CIIMCOK, IEPEBE/ICHHBIN Ha AHTJIUHCKUI S3bIK, MPUIATaeTCS OTIEb-
HBIM (DaitIoM.
4. 3a nybsmmkaruio crareii B kypHasie «VHTe/uIeKTyaJbHbIe CHCTEMBI.
Teopusi U NPUIOKEHHsI» C ABTOPOB (B TOM YHCJIE ACIUPAHTOB BBICIINX
yueOHBIX 3aBe/leHnil) craTeil, PEKOMEHIOBAHHBIX K MyO/IMKaIum, maTa
He B3UMaeTcs. ABTopaM OeCIIATHO MPEIOCTABJISETCsT HOMED KypHAaJIa,
B KOTODOM BBIIILIA CTaTbsd. 2KypHaJ PACIPOCTPAHSETCS IO IOJIIINCKE,
SK3EeMILISIPBI YKYPHAJIA PACCHLIAIOTCS MOJIMCINKAM HAJIOYKEHHBIM T11aTe-
2KOM. YcaoBus noanucku mybsmkyrores B kartamore HTU «Pocmeuarsy,
MHAEKC KypHaaa 64559.
5. JlocTym K 9J€KTPOHHON BEPCHUU ITOCJIEIHENO BBIIIEIIEr0 HOMEPa OCY-
mecTsiisiercs depes HOB «Poccniickuit nHieke HAyIHOTO MUTUPOBAHUST ».
Howmepa, Boimeninme pamee, pa3MerniaoTcs Ha caiiTe

http://intsysmagazine.ru,

U JOCTYII K HUM OecryiaTHBIN. TaM 2ke Oy/IyT pa3MeleHbl IOJIHbIe TEKCTHI
BCEX IIYOJIMKYEMBIX CTaTell.
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