ToyHOCTBH AJITOPUTMOB
CUHTYJIAPHOTIO Pa3JI02KE€eHUA
MaTpuIl C pa3JIM9IYHbIM CIIEKTPOM

1. 10. poznos' /I. B. Ilapdenos?

PazBuBaeTca mam HOBBIN TOIXO/T IO PACCMOTPEHUIO CHHTYJISIPHOTO
ClleKTpa KakK (QYHKOWH IUIOTHOCTH PACHPEIeeHns C  IEJIBI0
yrayOJIEeHHOrO aHajn3a 3aBUCUMOCTH IOTPENTHOCTH HAXOXKIEHUS
CUHTY/ISAPHBIX 3HaYeHWil oT crekTpa. IlpoBesieHbI MacITabHbIE
YUCJIEHHBbIE SKCIIEPUMEHTHI, BBISBIIAIONINE JAHHBIE 3aBUCUMOCTU B
HOBBIX IIPEJIJIOZKEHHBIX METPHUKAX: CPETHEKBAIpATUYHAS OTHOCUTEIbHAS
MIOTPEITHOCTh U MeuaHa. [[oCTPOeHbI WILTIOCTPUPYIONIHE 3aBUCHMOCTH
rpaduku u oreHena NHOOPMATUBHOCTD IIPE/JIO2KEHHBIX METPUK.

KiroueBbie cIoBa: CHHTYISPHOE PA3JIOKEHNE, 9UCI0 00YCIOBIEHHOCTH,
CIIEKTD MATPUIIBI, YUCIEHHAS yCTONINBOCTH

1. BBenenne

Cunryssipaoe passoxenne (SVD) — dbaxkropusanust Mmarpuiy ob1iero Bujia,
OPUMEHSAIOMAsACA JIJId PEHIeHUs IMUPOKOr0 KPyra NPaKTHYeCKUX 3aJad,
O6]:)ILIHO B YMCJICHHOM BHJE. AHFOpHTMbI CI/IHFyﬂHpHOFO Pa3JI02KEeHU A
pean3oBaHbl BO MHOXKECTBe NPOIDAMMHBIX IIAKeTOB JIMHEIHO# aarebpbl.
B [1] mamm mupojeMoHCTpHUpOBaHA 3aBUCHMOCTH TOYHOCTH HAXOXKJCHUS
CHHTYJISIDHBIX 3Ha4YeHUil He TOJLKO OT OOIICHPUHATONO KPUTEPUs —
quc/1a 00yCJIOBIEHHOCTH MATPUIIBl, HO U OT 0COOEHHOCTell pacipeieeHust
CUHTYJISIDHBIX 3HAUYeHUil B CIeKTpe MaTpuibl. TaMm ke oTMedeHa
HEJI0CTATOYHOCTD IIMPOKO MCHOJIL3YyeMbIX B JINHEHHOM ajirebpe MeTpHUK JJIs
OIIEHKU TOYHOCTU HAXOXKJIeHWs CUHIY/ISPHBLIX 3HadeHuil B mesom. lanHoe
Ucc/IeJJOBaHUe IIOCBSAIIEHO AaHAJU3Y KOHKPETHBIX 3aBUCHMOCTEHl MEeKILy
Pa3/INIHbIMU PacCIIpeae/ICHUAMN CI/IHFyJIﬂprIX 3HaYEeHUN U TOYHOCTBIO UX
HAXOYKJICHUsI B PA3HbIX METPHKAX OIEHKH 3TOH TOYHOCTH.

Y lIposdos Heopv IOpvesun — crapmmii nmpenonasaresb Kad. BLICIICH MATEMATHKH
WucturyTa nckyccrsenHoro unresekra PTY MUPOA, e-mail: drozdov i@Qmirea.ru.

Drozdov Igor Yurievich — senior lecturer, Russian Technological University (MIREA),
Institute of Artificial Intelligence, Department of Higher Mathematics.

2 Tapdenos Jenuc Bacuavesuw, — K.T.H., ToueHT Kad. BBICIIEH MaTeMarukn VHCTHTYTA
nckyccrBenHoro unresiekta PTY MUPYA, e-mail: parfenov@mirea.ru.

Parfenov Denis Vasilevich, Ph.D. — associate professor, Russian Technological University
(MIREA), Institute of Artificial Intelligence, Department of Higher Mathematics.



2. AjaropuTMm, MCIIOJb3yeMbl€ B PACIIPOCTPAaHEHHBIX
peam3anusax SVD

CI/IHFyJIHpHOQ Ppa3JIozKeHue OIIpeIessAeTCA KakK
A=UxVT, (1)

rae A — ucxomHasi Marpuiia pasmMepoM m X n, U m V — yHuTapHBIE
MaTPUILI pasMepaMu M X M U N X N, COOTBETCTBEHHO, Y — AUaroHajbHas
MaTpHIa pasMepoM min (m,n) X min (m,n) ¢ CHHIYJISPHBIME 3HAYCHUSIMU Ha
DJIABHOM Jimaronaau. Y MaTpulisl A pasMepoMm m X n cymectByer min (m,n)
CUHTYJISIPHBIX 3HAUEHUI.

B mameit npenpyaymieit crarbe |l| st OpoBeneHUST  YUCTEHHBIX
SKCIEPUMEHTOB BBIJIEJIEHBI TPHU pPeajin3alliid  IOJHOTO CHHIYJISIPHOT'O
paz3/iokKeHnsT U3 JIBYX HamboJiee PaCIpPOCTPAHEHHBIX OMOJIMOTEK JIMHEHHOM
anrebpel: Mertonbl dgesvd u dgesdd uz Oubimoreku LAPACK [2] u
BDCSVD u3 6ubsimoreku Eigen [3]. Bece atu asropurMbl xapakTepusyoTcst
o0rmieit crpaTerueii, HO Pa3IMYAIOTCS €€ HEIOCPEICTBEeHHON peasim3aliueit,
3aKJIIYaIOIIeica B CJIeIyIOIIeM:

1) Marpumna A obrmero Buja npeCTaBIIseTCs KaK IPOU3BEICHIE UlelT,
rie Uy u Vi — opToroHaJibHble MaTPHILI, B — OuauaroHaabHass MATPUIIA,
B Hell HEHyJIeBble 3JIEMEHTBI PACIIOJIOXKEHBI Ha TJIABHON IUATrOHAJIN
u yinbo Ha HUZKHEH nogauaroHanu (ecau m < n), jubo Ha BEepXHel
HamaroHau (ecam m > n);

2) Haxoaurcsi CHHIYJISIDHOE Pa3JjioyKeHne GuinaroHajJbHoli MaTpurpl: B =
UQZV2T. Torma sHaveHUst Ha TJIABHON AUATOHAJN MATPUIBI Y ABJISTFOTCS
CUHIYJISIPHLIMU 3HAYEHUSIMU HMCXOOHON MaTpuiubl A, a MaTpPUILI U3
CHUHTYJIAPHBIX BeKTOPOB mosrydaorcs Kak U = U1Us, V = Vi V5.

Jlajee onwmiemM aBa OCHOBHBIX TIOXO/Ia, JJIsT HAXOXKJAECHUS CAHTYJISIPHOTO
pasIoyKeHus buanaroHaJIbHoO Marpuibl B, ucnonbsyembre B LAPACK. Ux
NPUHITMIUAIBLHOE OTJINYNE 3aKJII0YaeTcs B ciejytomeM: dgesvd IpuMeHseT
UTEPATUBHYIO CXEMY, OCHOBaHHYIO Ha peaJsim3aiuu HesiBHOro QR-asropurma
¢ HyJleBbIM caBuroM [4| k marpune B menmkom, B TO BpeMsi Kak dgesdd
HCIOJIb3YeT PEKypCUBHOE pasbuenue |5| marpursl B Ha GJIOKH JTOCTATOTHOTO
MaJIOTO Pa3Mepa, BBIMUC/ISIET CHHTYJISIPHOE PA3JIOXKEHNEe ITUX MaJIbIX OJIOKOB
MeTojioM dgesvd, a 3aTeM B 0OPATHOM IOPSIKE PEKOHCTPYUPYET CUHTYIISAPHOE
pa3JIoKeHne UCXOMHON MaTpuIlsl B.

2.1. dgesvd n3 LAPACK

Ecaun maTpuma m X n gocratouno "Beicokast” win "mupokast” (m > n wim n >
M), B 1eJIsIX TOBBIIIEHUs] IIPOU3BOUTE/ILHOCTA BHAYAJE BbIIOJHsETCst QR



win L) pazjokeHne COOTBETCTBEHHO. B 9TOM ciiydae ajropuTM MIPOJI0JIKAET
paboTy ¢ MaTpuiiamMu R pasMepHOCTH n X n Win L pasMepHOCTH M X M BMECTO
ncxonoit A. Ecam KoMmdaecTBO CTPOK MM CTOJIOIOB UCXOMHON MaTpuiibl A
COTIOCTaBUMBI, 9TU IPEIBAPUTE/IbHBIE PA3JIOXKEHUsI poycKaiorcs. [Jlastee
MaTPUIA IPEJCTABIAETCS B OMIMATOHAJIHLHOM BHJIE &JITOPUTMOM, U3BECTHBIM
Kak Oupnaronasmsaius [onyba-Kaxana [7], ucnosb3yoriero npeobpasoBaHust
Xaycxommepa. CHHIYJISIDHOE pas3jioyKeHne OWIUaroOHAJBHON MaTpuilbl B
HAXOJUTCs C TIOMOIIIBIO AJITOPUTMA, TpeiozkeHHoro B [4]. Ilpommocrpupyem
€ro OCHOBHYIO HJIEI0 Ha IIpuMepe MaTpuilsl 4 X 4.

O6oznaunm G(0,1,j) marpuily nosopora ['MBeHCa IO KOOpMHATAM i W
J Ha 3aJIaf0Inii TapaMeTpU30BaIldio yroJl §, HeHyJIeBble 9JIEMEHTHI KOTOPOi
3a/1AI0TCS KaK

gkk =1 s k #1, j,
G(0,1,5) = < grr = cos st k=1, 7],
gji = —gij = —sin0
(0)

Bunnaronanbnas marpuna B; ™ BBRINISIUT CJIEIYIONIM 00Pa30M:

0 0
Ll g
B = - S
he
bia
Bribupaercst yroa 01, Takoit uro tg6; = —byia/b11. Marpura B ymHOKaeTCs
na marpuny Gi(2,1,61):
B0
1 1 1
gV _ g0 _ by 0% by
¢ ? 1 b(l) b(l)
33 Y34
p(
44

Hasee Boibupaercs Takoit yros g, arober ymuoxkenne na Ga(1, 2, 609) ciena
ITO3BOJIAJIO Oy InuTh 0 B ayiemeHTe bay:
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AnropurM mpoposKaeTcs IMOJ0OHLIM 00pa3oM, BbIOUpas 0; Tak, 4To0bI
OOHY/JIUTH €JIUHCTBEHHBIN HEHYJIEBOM 3JIEMEHT, JIeXKAIlUii BHE TJIABHOW U



Hajauaronasn. OOHyIeHEe 9TOTO 9JIeMEeHTa C IIOMOINBIO TOBOpoTa I 'mBeHca
IIPUBOIUT K IOSIBJEHUIO JIPYTOTO HEHYJIEBOTO 3JIEMEHTa 110 APYToi CTOPOHY
OT HEHYJIEBOI IIOJIOCHI MaTpPHUIlbI W OJIMKe K ee IpaBoMy Kparo. loBops
HeOpMAaJIbHO, aJTOPUTM TOHSAETCsT 38 HEHYJIEBBIM 3JI€EMEHTOB BHE IOJIOCHI,
CMeIIast ero 3a Kpail MaTpuiibl. B KoHeuHOM cuere, 11T MATPUIBL 4 X 4, mMmeeM
cJIeTyonee:

7 7
B = G6GiG2 B G1G3G5 = et
b b
33 34
b44

YUTO SIBJISIETCsI CHOBA OMIMAroHaJbHON MATpHUIleil. DTa MaTPUIA, CTAHOBUTCS
Ha4YaJIbHON JIj1 CcjlelyIoleil urepanuu ajJaropurMa Bfg_)l = Bim. IloBTOpEHTE
TaKWX UTEPAIUil CBOIUT MATPHUILY K JUArOHAJIBLHOMY BUIY. ABTODBI aJrOPUTMAa
IpeJtaraioT aJIallTUBHOE UCIIOJIb30BAHUE HECKOJIbKUX KPUTEPUEB CXONUMOCTHU
B [4].

[Tocste mocTrxkenusi KPUTEPHUsT CXOJIUMOCTH OUIMATOHAJILHAS MATPUIIA
B cBenena K auaroHaJibHOUW Y, COepzKaIleil CHUHTYJIsIpHbIE 3HAYCHUS.
Cunrysisipable BeKTOpbI MaTpuilbl B B marpunax Us u V2T HOJIy4JaloTCdA B
BHJIe TTPOU3BEJIeHUsT BceX MaTpull (G, HAKOILUIEHHBIX B XOJIe ajJlOPUTMa CJIEBA
7 CIpaBa COOTBETCTBECHHO.

2.2. dgesdd n3 LAPACK

[Tomobuo meromy dgesvd, meron dgesdd Takke MoxKker mpoBectu QR
wm L() pasjoxkeHrne ¥ BBHIIOJHsIET OmauaroHajusamnuio [omxyba-Kaxana.
Jlajiee TpOU3BOUTCS CUHTYJISIPHOE PA3JIOKEHNE OUIMATOHAJBHON MATPHUIIBI C
[IOMOIIBIO PEKYPCUBHOIO AJropuT™Ma “pasjensii u Biacteyit” [5].
Bunnaronasbaass marpunia B pasmepa N X N + 1 npencraBiisieTcs B

B— |:Bl QLEL 0:|
0 Brer Ba]’

OJI0YHOM BHIE:

rae B u By — buanaronanababie 6jiokn pasmepa kx k—1u N—k+1x N —k
COOTBETCTBEHHO, €, — BEKTOP M3 KAHOHUYECKOI'o Dasuca ¢ eJuHurein B k-m
ssieMenTe, k 00brano Boibnpaercst Kak N /2. Vnest aaropurva 3akIodaeTcs B
HAXOKJIEHUU CUHTYJISTPHOTO Pas3iioxkeHus B n By, 13 KOTOPHIX B JaJIbHeTIeM
[OJIydaeTcst pasjioxkenne B. AJImopuT™ IpUMEHSIETCSI PEKYPCUBHO K OJIOKAM
MaTPHIIbI, TIOKa OT/IeJIbHbIE OJIOKH HE CTAHYT JIOCTATOYHO MAaJIOTO pasMepa,
CUHTYJISIDHOE DPa3JI0yKeHHe KOTOPBIX HAaXOJUTC JAPYTUM MeTosoM. B dgesdd
LAPACK st 9T0T0 IpUMEHSIETCST aJITOPUTM, AHAJIOTUIHBIH UCTIOTH3YEMOMY
B dgesvd, OIIMCAHHOMY BBIIIIE.



OcHOBHasi CJIOXKHOCTH 3aKJIIOYAETCS B HAXOXKJEHUU CUHTYJISPHOTO
pazyiokenust B, mMes cuHryssipabie pasjoxkenus By u Bs. IlpeacraBum
CUHTYJISpHOE pazJjiokeHue B; Kak

Bi = [Qi ai) [131] Vi (2)

[IycTo llT 7 Aq - TIOCJIETHSISI CTPOKA 1 3JIeMeHT ()1 U 1 COOTBeTCTBEHHO. Tak»Ke
nycth f{ m ¢1 - mepsas cTpoka u smemenT Qo U g2 coorBercTBenHO. Tora
(2) MOXKHO HPEJICTABUTD B CJIE/YIOIIEM BUJIE:

a1 0 0
0o Vi 0
B:[Ql a 0 0] agly D1 0 1 01 0
0 0 Q2 Qi) |Befa 0 Do 00 W
Brp2 0 0

[Ipumensist moBopor I'uBerca ¢ 1esbio moaydenus 0 Ha MecTe 3JeMeHTa [ (o,
nMeeM

70 0 0

o Vi o0
B [00q1 Q1 0 —Soch] opli D1 0 1 01 0
soi2 0 Q2 Q2| [Brfo 0 Do 0V

0 0 0
— 10 |y

rie rg = \/(akAl)Q + (Br2)?, co = arAi/ro, so = PBrd2/ro. Hanee npobiema
CBO,ILI/ITCH K HaXO}K‘ZLeHI/IIO CI/IHFy.HﬂpHOFO paSJIO}KeHI/IH ManI/IHbI M BI/I‘ZLa,

Z9 dQ

OTHOCHUTEJIBHO 3TO MATPUITHI TPUMEHSTFOTCSI CJIEJIYIOININAE ITPEIOJIOKEHU ST
u obosHavernsa: 0 = di < do < ... < dn, 2 = (2120...2,)7. Takske
[pealoaraeTcs, 9To

djpr —dj 2 7||[Mllz u |z > 7 M|z, (3)

rje T — MaJjioe JHC/I0, KpaTHOEe MAIUHHOW TOYHOCTH. ABTOPBI aJropuTMa
[IpeJIaraioT MPOIeay Py, 00eCIeUnBAIOITYIO VIOBJIETBOPEHNE STUX YCIOBUA
1tst E0601 MaTpuIibl Takoro Buja. B [6] mokazano, 4ro cuHIyIISIpHBIE 3HAYEHST
o MaTpuiibl M yIOBJIETBOPSIOT YCIOBUIO

0=di<o1<de<...<dp<op<dy+|z|2



1 XapaKTepUCTUIECKOMY yPaBHEHUIO

3

2

Zl Z?’L T Zk
wi= (g T Y e
todi-op di-of = (df —o})?
d222 dnzn T = (dkzk)2
= (-1 1 kR
Uy ( 7d%_0i2a ’d%_o_ig) / +k22(di_o.i2)2

Takum obpazoM, pereHne XapaKTEePUCTUIECKOIO0 YPABHEHUS] YUCJAECHHBIMU
METOJIAMHU TIO3BOJISIET HANWTU CHUHTYJISIPHBIE 3HAYEHUdd, Jajiee HaXOISATCS
CUHTYJISIPHbIE BEKTOPbI. JlJIs TOBBINIEHUsT YUCJIEHHON YCTOWYIMBOCTU
IPUMEHSIIOTCSI COOOPAZKEHUs, OJAPOOHO OIUCHIBAEMbBIE ABTOpAaMu B [5].

2.3. BDCSVD wu3 Eigen

JlaHHBI MeTO] MpPHUMEHSIeT TOT K€ IOJAXOJ 'pas3jessailt W BJIACTBYit,
npuBe/ieHHbI B [5] 1 ncnosnb3yemsrit Mmeroom dgesdd n3 LAPACK (pasesn
2.2. Ocnosnoe pazmmane Mexay BDSVD m3 Eigen n dgesdd m3 LAPACK
3aKJ/II0YAETCS B CIIOCODE BBIYUCIEHUS] CUHTYJISIPDHOTO PA3JIOYKEHHsS MAaTPUIL
JIOCTATOYHOI'0 MAJIOTo pa3Mepa B KoHIle pekypcun: BDSVD u3 Eigen ucnonbs3yer
meror Slkobu 7], B To Bpems Kak dgesdd m3 LAPACK npumensier merosn
dgesvd. Takske BDSVD npuHUMaeT MaJible CHHTYJIsIDHBIE 3HAUYEHUs! (KOTOPLIE,
KaK MPAaBIJIO, HAXOJATCS HETOYHO) PABHBIMU HYJIIO, YTO TIOBBINIAET ero O0IIyIo
TOYHOCTH B BHIODAHHBIX HAMH METPHUKAX.

3. Ileau m MmeToabI MCCJIeJOBAHMSI

Hesbio ncceoBanus SBISETCS N3YYeHNE 3aBUCUMOCTY TOTHOCTH HAXOMK JEHST
CUHTYJIAPHBIX 3HAYEHUl OT OCODEHHOCTEl pacrpeie/ieHus ITUX 3HATCHUM
B crekTpe MaTpuIlbl. Mbl ncnoss3yeM Marpuibl pasmepoMm 3000 x 2000 c
dbuKcupoBaHHEIM uncIOM 00yciosaenHocT 1020 n KpailHUMI CHHIY/ISPHBIMH
SHAYEHUSAMA Opmin = 10710 n omax = 100, Ocranbmbie CUHTYIsIpHBIE
3HavueHus OyjeM Ha3bIiBaThb BHyTpeHHuMU. VIX paz/imdHble pacipeneacHus
MOJIEJIUPYIOTCS C TOMOIIBIO [TapaMETPU3YEMOI MPsAMOYTOJILHON DyHKIIUN
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BUIA:

width

2 Y
1 width width
sty center — Tgxgcenter + =5
0, r>center — %.

0, r<center —

rect, (z; center, width)=

(4)
Ilapamerp 0 < center < 1 3ajaer HeHTP HOPsSIMOYToJbHHKA, width
yCTaHABJIMBAET €ro OOIly0 MmupuHy, center — width/2 > 0, center +
width/2 < 1. Takum o6pa3oM, Bce BHYTPEHHHE CHHIYJISIDHBIE 3HAYEHS
orevaror uHrTepBanay (0,1). s mobbix center m width HammeHbInee
CHUHTYJITPHOE 3HAYEHUE O iy, COOTBECTBYET & = (), 8 HANOOJIBIIIEE Ty ax OTBEYAET
x = 1. 'erepanust Habopa TECTOB 3aK/II0YAIACh, HE(OPMAIBHO, B CJIEIYIONIEM:
BeIOHparoTcs 10 3Hadennit MUpUHLI TpsaMoyroabauka width: 0.05 u ot 0.1 10
0.9 ¢ paBubiM mrarom. HezaBucumo oT 9TOr0 Jijist KaxkJ10i (pUKCUPOBAHHON
IIUPUHBI IPSIMOYTOJBHUKA paBHOMEPHO dhukcupyorcs 10 mosoxkenuii center:
or Jiesoro kpasi (0,1) mo mpasoro. Takum obpaszom, mosydaercst ceTka
u3 100 nap mapamerpoB (center,width), COOTBETCTBYIONIUX DPa3JIUIHBIM
OPsIMOYTOJIBHUKAM C Pa3JUYHbIME TOJI0KeHusimu Ha unrepsaje (0,1) u
Pa3/InYHON IIUPUHOMA.

Oyuknust rect,(x; center,width) mist Kaxkzoil napol (center, width)
IIOHUMAETCsI KaK (DYHKIMS PABHOMEPHOI'O PACIPEICICHUS CUHTYISIPHBIX
3HAYEHUI BHYTPHU WHTEPBAJIA, TO €CTh T'MCTOIPAMMa HAaOOPOB BHYTPEHHUX
CHHIYJISIDHBIX 3HAYEHUI BBINIAIUT Kak (byHKIus rect,(x;center,width).
Kpaiitare u BHyTpenHue pacupejeseHnnbie Ha orpeske [0, 1] cuHrysnspuble
3HAYEHUs JaJIee MPOECHUPYIOTCA Ha, JIOTapUPMUUIECKYIO KAy B OTPE3KE OT
[10_10, 1010] JJIST TIOJTy'eHUsI CIIEKTPa C 3aJIAaHHBIMHU IMOCTOSTHHBIMU Opnip U
Omax- PUCYHOK 1 WLIIOCTPpUPHUPYET UIECIO CO3/IaHUsI HADOPa IPAMOYTOJLHBIX
pacupeseseHnil BHYTPEeHHUX CUHTY/ISPHBIX 3Hadenuii. Ha nem namepenno me
[TOKa3aHbl OJMHAKOBBIE BO BCEX CJIyYasx KpalHHe Omin U Omax. Marpuia
C 3aJ@HHBIM CIIEKTPOM CO3/[AeTCsl 110 METOJY, IPeJIoKeHHOMY B [7] u
JeTaabHO ommcanHoMy Hamu B |1]. Mccseyercsi TOUHOCTD CHHIYJISIDHOTO
pa3/iozKeHus TpeMd paCCMOTPEHHBIMU MeTO/laMUi U3 IIPOrpaMMHBIX 6I/I6HI/IOTGK
JIMHEWHOM ayireOpbl Ha Habope 3 100 MaTpuIl, Karkaas U3 KOTOPBIX NMEET
IIPAMOYIOJIbHBII CIIEKTP BHYTPEHHUX CHUHIYJIAPHBIX 3HAQYEHUN C pa3HbIMU
cBoiictBamu. Bcee, kpome KpailHUX, CHHIY/ISIPHBIE 3HAYEHUS MOTYT HAXOIUTHCS
HA OJIHOM Y3KOM OTPE3KEe CIIEKTPa, & MOT'YT OBbITh PABHOMEPHO PACIIPEIEICHBI
10 JOCTATOYHO IITUPOKOM €ro 4acTh; OOJIBITMHCTBO CHHTYJISPHBIX 3HAYCHUM
MOTYT OBITH CIPYIIIUPOBAHBI KAK Y JIEBOTO KOHIIA CIIEKTPA, TaK U Y IPABOIrO.
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BHYTPEHHUX CUHTYJIAPHDBIX 3HAYEHUN.

4. DKCOepuMeHTbI

PesynabraThl MomenpoBanns MpeCTABICHBI B BUIE TPEXMEPHDIX ITPadUKOB Ha
pucynkax 2-7. Ha nux mo ocu center ormeueHbl HOPMUPOBAHHBIC K ITAPUHE
CIIEKTPa TOJIOYKEHUS IEHTPa MPAMOyroabHO# dyHKIun: 0 COOTBETCTBYET
JIEBOMY Kpako (MaJjible CUHIYJIsIDHBbIE 3HAYEHUsI), 1 COOTBETCTBYET MPABOMY
kpato (bosbinue cuaryIspHble 3Hadenus). [lo ocn width orioxkena mupuaa
upsimoyrosibuo#t dyuKIimu: or 0.05 mo 0.9 or mupwuabl Beero crekrpa. [lo
BEPTUKAJIBLHON OCH CTPOSTCS 3HAYEHUS BLIOPAHHONW METPHUKU IMOTPEITHOCTH
HaXOXKJIEHUsI CHHIYJIIPHBIX 3HAYEHUI B JIOrapudMUIECKOH MIKaJIe.

[t ieMOHCTpaIu Pe3ysIbTaToB UCIOJIB3YeTC s IPeJIoyKeHHast HaMu B [1]
CpeTHEKBaIpaTHIHAas OTHOCUTEIbHAS Mepa MOI'PENTHOCTH:

N ~

1 o; — 0 2
RMSRE = , | > (U> : (5)

=1
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Ormernm, uro norperHocts RMSRE dyBerBuTeIbHA K BBIOpOCAM — DOJIBINIAS
OTHOCHUTEJIbHASI TOTPEIITHOCTh OTBICKAHWST OTIEIBHBIX CUHTYJISIPHBIX 3HAUEHUI
3HAYUTEJILHO BJIMsieT Ha OOl pesysibrar. PaccMorpum 1ojipobHee JiBa
KpaifHIX cjIydasi B HAIUX SKCIIEPUMEHTAX.

B mepBom m3 mux center = 0.8 mw width = 0.05, npsamoyroJibHas
bYHKIUST pacipeie/ieHnst CUHTYJISIDHBIX 3HadYeHuil ’y3kasi W CIBUHYyTa K
[IpaBOMY Kpalo, T.e. BCE CHUHTYJISPHbIE 3HAYEHUsI, KPOME CAMOI'O MaJior'o
Omin, DACIOJIOZKEHBI Ky4HO M BEJUKH (HaxomaTca B unTepsaje or 107
10 10'9). BekTop OTHOCHTETBHBIX MOTPEITHOCTe CHHTYIISIPHBIX 3HAUEHMI,
OTCOPTUPOBAHHBIX OT HOJIBINNX K MEHBIITIM, BBITVISJIAT CJACTYIONIM 00Pa30M:

(7.6e—16,4.8e—15,4.4e—15,...,7e—15,8.6e—15,4.6e+04).

BCQ CUHTYJIAPDHBIC 3HaAYCHNA HAXOAATCA NPAaBUJIbHO, 38 UCKJ/IIOYEHUEM OJIHOTO
CaMOr0 MaJIOr0, UMEIOIIEro OOJIBINTYI0 OTHOCUTEIBHYIO OIPEITHOCTD, 9TO U
IPUBOJUT K yBesimueHuio (4), Hanpumep, Py UCIOIb30BaHNN MeToja dgesvd
no seanunasl RMSRE = 1023.4.

Ob6parnast curyanust umeer Mecrto npu center = 0.1 uw width = 0.05,
TO €CThb BCE CUHTYJISPHBbIE 3HAYEHUsI, KPDOME CAMOT'0 DOJIBITIOTO Oy, KYIHO
crpynmuposansl B uarepsase ot 10710 10 1079 okos0 opiy. B aT0oM ciayuae
BEKTOD OTHOCUTEJILHBIX HOTPEINTHOCTEN TAKOB:

(1.9e—16,1.5e+04,1.2e+04, ...,1.6,1.5,1.4). (6)

Bce cunrysnsphble 3HadYeHus], 33 MCKJ/IIOYEHUEM OJ[HOTO CAMOro OOJIBIIOro,
HalIeHbI ¢ 0Y€Hb OOJIBIION OTHOCUTEILHON IOTPEITHOCTRIO. TeM He MeHee, IJIs
storo ciaydass RMSRE = 839.8 u conocraBuma Jij1st 060uX CJIy4uaeB, HECMOTPSI
Ha [PUHIUIIHAILHYIO PA3HUILY TOYHOCTU HAXOXK/IEHUS CUHIYIAPHBIX 3HAYEHUN
B 1eJIoM (OOJIBIIMHCTBO 3HAYEHUI HANHIEHBI TOYHO HPOTUB GOJIBITHHCTBA
3HAYCHUIT HAMIEHBI OUYCHD HETOUHO).

I[Ipu yBeswvyennn width mupwHA BHYTpEHHENH ¢YaCTH CHUHIYJISPHOTO
CIEKTPA MEXKJIY Opmin U Omax PACIINPAETCS, PACCTOSTHUAS MEXK/Iy CMEXKHBIMU
CUHTYJISPHBIMUA 3HAYCHUSIMA YBEJIUUUBAIOTCS U BBIPAXKEHHOCTH BayKHOI'O
omnncaHHoro Boire 3ddexkTa yMmenbinaercsd. Kak Mbl IPOIEMOHCTPUPOBAIN
B 1], TpasunuonHO NCHONB3yeMble abCOTIOTHAST TOIPEITHOCTD Fap. (T) = || —
x||, orHOCHTEIBHAST TOrPETHOCTE Eory (Z) = || — || /||z|| 1 nosmemenTHast
OTHOCUTEJIbHASI MOIPEITHOCTh max ||Z; — x;|/||zi]| ciabo orparkaror sTor

7

sdpderT uncaenno. Yyscrsureabnocts merpuku RMSRE k memy moxker
OBITH YJIyUIIIEHA, YTO IMO3BOJIUT M30€2KaTh BJIMIHUAS 3HAUUTEILHOI OIIMOKI
HaXO0XKJIEHUsI CAMOI'0 MaJIOI'0 CHUHTYJISPHOIO 3HadYeHus. s 9Toro Bo3bMEM
MeJ[aHy Habopa OTHOCHUTEJIBbHBIX ITOIDEITHOCTEN

med rel = median M.

(7)

o
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HomorauTrensaoe Beraucienne RMSRE ¢ nzbarmem camMoro Majioro 3sHadeHusI
Omin XOPOIIIO OTParKaeT 0COOEHHOCTH HAIUX YHCJIEHHBIX SKCIEPUMEHTOB, HO
He TIOJIXOJIUT JIJIsi CIOIB30BaHus B obimeM ciaydae, B ommane ot (7). Ha
pucyHKax 2, 4, 6 IpuBeIeHb MeIMaHbl OTHOCUTEIbHBIX Iorpertnocreii. Ha
pucyHkax 3, 5, 7 1y cpaBHeHUs npuBeaensbl 3nadennsa Mmetpukun RMSRE ms
BCEX CHUHIYJIAPHBLIX 3HAYEHU, KPOME CaMOI0 MaJioro.

5. BbiBoabl

[IposemoncTpupoBaHo, YTO pa3Hble METPUKUA MOIYT KakK 10 CYTHU
UTHOPUPOBATH, TAK U IPEYBEJIUINBATH OCOOEHHOCTH HANIEHHBLIX TUCIEHHO
CUHTYJISIPHBIX 3HAYEHUI; HAIIPUMED, ITUPOKO UCIOJb3yeMas B UUCJIEHHON
JIMHEIHOM anrebpe morpemsocTs 1o L2-HopMe BeKTOpa pe3yibraros || — o
OOBIYHO CKPBIBAET HETOYHOE BBIYUCJIEHUE OCHOBHOM MAaCChl CHHIYJISPHBIX
3HAYEHUNl TpPU HANJEHHBIX BEPHO HECKOJBKUX OOJIBINNX 3HAYEHUSX, UTO
XOPOIIIO COOTBETCTBYET HJIesIM MeTO[a IJIABHBIX KoMIoHeHT. Haobopor,
npejioxkentnas Hamu B 1] merpuka RMSRE uyscTBuTEIBHA K HETOYHOMY
HaXOXKJICHUIO .HIO6I)IX, Ja2Ke HEMHOI'UX MaJIbIX CUHTYJIAPHBIX 3H8}‘I€HI/II.;'I7 opu
TOYHOM OTBICKAHWHU OOJIBINEH WX YACTH, YTO MOXKET OBITb BAXKHO JIJIsi
METOJIOB OIO3HAHMUSI 110 CKATHIO (aHIUI. compressive sensing), nupu o6paboTke
MYJIBTHCIIEKTPAIbHBIX JAHHBIX U PEKOHCTPYKIIUUA OOBEKTOB O MPOEKITUSIM,
rJie »KeJlaTeJIbHO 3HaTh BECh CUHIYJIAPHBII CIIEKTP C BBICOKOIT TOYHOCTBIO.

[Ipu ucnosibzoBanuu MeUaHbI HAOOPA OTHOCUTEIbHBIX ITOI'PEITHOCTER
B Merpuke RMSRE ymnaercss mpomeMOHCTpUPOBATH SIBHBIE 3aBUCHMOCTHU
00IIEell TOUHOCTH HAXOXKJIEHUS CUHIYJIAPHBIX 3HAYEHUN OT UX PACIpeiesIeHus,
obecrieunBasi MapuTeT MeXKJy JByMsi YIOMSIHYTBIMU BbIIIIE METPUKAMHU.
I[Ipu Gombimmx umcaax obycaosaernoctn Matpuisl (1020), Moxmo caenaTs
CJIEJIYIONINI BBIBOJ: YeM MEHBIEe 110 MOJYJI0 CHHLYJISIDHOE 3HAYEHUeE,
TeM XyKe OHO HAXOMUTCs. TakmM oOpasoM, TOUHEE BCErO0 CHHIYJ/ISPHbBIE
3HAYCHUS BBIUUC/IAIOTCS, €CIIU X OOJIBIIMHCTBO IJIOTHO CI'PYIITIPOBAHO OKOJIO
camoro boJibitiero. HaobopoT, HAUXYIIIUM CIydaeM SIBJISETCS I'PYIIIPOBKA
CUHI'YJISIPHBIX 3HAYEHUI OKOJIO MEHBIIEro PU HAJUYIUU OJHOI'O 3HAYUTEIHHO
©OJIBITIETO.

Crmcok aurepaTrypbl

[1] Apoznos 1N.1O., [Tapdenos /I.B., “Biusuue pacnpe/enenust crieKrpa
MaTPHUIIBI HA TOYHOCTH CHHIYJISPHOTO pasjioxkenus’ , Hrumeasekmyanvrovie
cucmemovt. Teopus u npusoscerun, 2023.

[2] Anderson E. et al., LAPACK Users’ Guide, STAM, 1999.

14



Puc. 3. Meron xgesvd, RMSRE 6e3

MAaJIOTO CUHTYJISIPHOTO 3HAYEHU S

Puc. 5. Meron xgesdd, RMSRE 6e3
MaJIOr0 CHHIYJISIPHOIO 3HAUEHUS

Puc. 4. Meron xgesdd, mequana

15



Puc.7. Meron, BDC, RMSRE 6e3

MAaJIOTO CUHTYJISIPHOTO 3HAYEHUS

Puc. 6. Merox BDC, menunana

[3] Guennebaud G., Jacob B. et al., FEigen V8,
http://eigen.tuxfamily.org, 2010.

[4] Demmel J., Kahan W., “Computing Small Singular Values of Bidiagonal
Matrices With Guaranteed High Relative Accuracy”, SIAM J. Sci. Stat.
Comput, 11:5 (1990), 873-912.

[5] Gu M., Eisenstat S., “A Divide-and-Conquer Algorithm for the Bidiagonal
SVD”, SIAM J. Matriz Anal. Appl., 16:1 (1995), 79-92.

[6] Jessup R., Sorensen D., “A Parallel Algorithm for Computing the Singular
Value Decomposition of a Matrix”, SIAM J. Matriz Anal. Appl., 15:2
(1995), 530-548.

[7] Golub G.H., Van Loan C.F., Matriz Computations, Johns Hopkins Uni-
versity Press, 2013.

Accuracy of algorithms of singular value decomposition for
matrices with various spectra
Drozdov I.Yu., Parfenov D.V.

We continue to develop our new approach of treating singular spec-
trum of a matrix as a probability density function to investigate de-
pendencies between accuracy of numerical computation of singular
values and spectrum. We conduct massive numerical experiments to
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demonstrate such dependencies in our new suggested metrics: root-
mean-square relative error and median. We present illustrative plots of
such dependencies and analyze conclusiveness of these metrics.
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