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OneHnka 1 MOHUTOPUHT AJKOT'OJbHOIO
OJ1arornoJiydnsi peruoHOB Ha OCHOBE
CTATUCTUYECKOI mHQOPMAIIN

A.TI. Pooxos!, B.D. Topuwiit?, A. B. Synun3

J1s CHUKEHHUS PUCKOB, CBSI3AHHBIX CO 3JI0YIIOTPEOIEHHEM aJIKOTO-
JIeM, IPE3BBIYAiiHO BaXKHO OIEHUBATH YPOBHH aJIKOTOJILHOTO TTOTpebIIe-
Hust. IIpu 3TOM HE0CTATOYHO 3HATH OKA3ATEH, OIEHUBAOIINE TOJIb-
KO 00'b€M PO3HUYHBIX IIPOJIAZK, KOTOPBI HE YINTHIBAET HE3aPErnuCTPU-
poBaHHOe TOTpebJIeHre AJIKOroJist. Pa3zpaboTka MHTErpaJibHOTO IIOKa-
3aTesIs UHIEKCa, 0a3UPYIOIMIErocs Ha JOCTYIHBIX CTATUCTUIECKUX JTaH-
HBIX, TIO3BOJINT HUBEJMPOBATH PUCKU IKCIEPTHOTO OIEHUBAHUS U TI0-
BBICUTDH 3D PEKTUBHOCTD PACXOIOBAHUsT OI0/I?KETHBIX CPEJICTB B 00JIACTH
3/IPABOOXPAHEHUSI.

B nokJiajie mpuBoauTCs OMUCAHUE TOCTYITHON SKCIIEPTHON U (bakTu-
qeckoit nH(MOPMAINH, CTPYKTYPa MHIEKCA, IIPEJJIAraeTCs MOJIX0T K €ro
OIIEHKE CPEJICTBAMHU TEOPUU HEYEeTKUX MHOXKECTB. PaccMOTpeHBI 0co-
OeHHOCTH peasn3alluid pacdeTa WHAEKca B cpege Matlab, mpuBomarcs
npuMepbl. POPMYIUPYIOTCA U O0OCYKIIAIOTCS CBSI3aHHBIE C 9TUM IIPsi-
Mble U ODpaTHbIE 33Ja49M, PEIIeHNe KOTOPBIX ITO3BOJUT OINTUMU3IUPO-
BaTh 3(PPEKTUBHOCTH CUCTEMBI 3PABOOXPAHEHUs O JAHHOMY Tapa-
MeTpPY Ha PErMOHAJBHOM U (eepabHOM ypoBHsIX. VHIEKC aaKoroib-
HOTO GJIATOTIOY Yrsl SIBJISIETCS OJTHUM U3 BayKHBIX IIAPAMETPOB CHCTEMbI
3/IPABOOXPAHEHUSI C OJTHON CTOPOHBI M TUITNIHBIM UHIEKCOM COIUAJIHHO-
9KOHOMUYECKUX IIPOIECCOB - C JAPYTOii, TOITOMY OIMCAHHBIE B JTOKJIAJIE
[TOJIXOJIBI MOT'YT OBITH TPUMEHEHBI U JIJTsi HOCTPOEHUSI MTUPOKOTO HAbopa
TAKUX WHJIEKCOB.

KuroueBbie ciioBa: npoduiakTudeckasi MeIUINHA, aJTKOTOJIbHOE
6J1aroroIyune, OleHKa U MOHUTOPHUHT IIPOIECCOB.
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1. BBenenue

B copemennoit Poccun 3noymnorpebiieHne ajaKOroabHOM MIPOAYKIIAEH TPUBO-
IUT K 3a0071€BaeMOCTH, IPEXKIEBPEMEHHON CMEPTH JIIO/EH, POCTY IIPEeCTyII-
HOCTH, HACUJINSI, CAPOTCTBA U JPYTUX COMUATBHO-IKOHOMUIECKUX U MEJINKO-
nemorpaduaecknx mpobsem. C morpediieHneM aakoroys ceaszano okoao 30%
Bcex cmepreit B Poccun, uro B 5-9 pa3 Bbillle aHAJOTHYIHOIO MTOKA3ATEJsI B
HEKOTOPBIX cTpaHax Esporeiickoro pernona, Snonnn u CIIA. Paspaborka
1 MOHUTOPUHT 5P (PEeKTUBHOCTH PErMOHAIBLHBIX IIPOIPAMM, HAIIPABJICHHBIX Ha
CHUZKEHUE MaCIITADOB 3JI0yTOTPEOICHUST AJIKOTOILHOM POy KIneit i mpodu-
JIAKTHUKY aJIKOI'OJIN3Ma CPEIM HACEJEeHUs, HEBO3MOXKHBI 0€3 OIEHKH CUTYaIIAN
B peruoHe.

TpaauiroHHO OIleHKaA aJKOTNOJbHONW CHTYaIlid OCHOBBIBAETCS HAa CTATH-
CTHUYCCKUX IIOKa3aTeJIgAX PO3HUYHBIX IIPOJazK Pa3/JIMIHbIX BHJ/I0B aJIKOT'OJIA.
Ho meo6x01mMo IOHMMATD, 9TO 9TOT MMOKA3aTe/b HE OTParKaeT UCTUHHON CH-
Tyallil B PErHOHE, TaK KaK 9acTO MMEET MECTO He3apEerHCTPUPOBAHHOE I0-
Tpebiienne ajakoross. IloaTomy cyauTh 06 aJKOrOIBHON CUTYAITUN OIUPASICh
TOJILKO HA JIAHHBIE DOSHUYIHBIX IIPOJIazK, HeBepHO |1, 2|. ABropamu 6wl npe;i-
JIO>KEH MHTErPaIbHBIN IOKa3aTe b, KOTOPHIH 00beInHsIT B cebe Kak (haKkTop-
HBIII IpU3HAK — YPOBEHDb MOTPeOICHUsI, TaK U PEe3yJIbTUPYIOIINE IPU3HAKHI,
HanboJIee TECHO CBSI3aHHBIE C HUM, TaKHe KaK CMEPTHOCTD, 3a00JIEBAeMOCTD 1
PsiJl IPYTUX JIeMOrpaduIecKuX U COMUAJIbHO-9KOHOMUIECKUX WHIMKATOPOB,
MMOTEHITNAJIBHO CBSI3aHHBIX C YIOTPeOJIeHIEM aJIKOIOJIsI.

[TpenozkeHHbIil OAX0 TPOJIEMOHCTPHUPOBAJI ITPOTHO3HYIO 3HAYUMOCTH
JAaHHOI'O HMH/IEKCa, Ha3BaHHOI'O HMHTErpaJibHbBIM HNHICKCOM aJIKOT'OJIbHOI CH-
ryaruu (MMAC), nokazaB permoHaabHbIE PA3/ININs B CMEPTHOCTH OT DPsijia
XPOHUYIECKUX HeI/IH(beKL[I/IOHHI)IX 3a60ﬂeBaHI/Iﬁ B 3aBUCHUMOCTHU OT BEJIMYMHBI
NUAC [3]|. Ho HecMOTpst HA 910, ObLIN BBISIBJIEHbI OIIPEIeJIeHHbIE OrPaHUYe-
HUsI UHJIEKCA, CBSI3aHHBIE C HEJOYIETOM 3HAMUMOCTHU KaXKJIOTO U3 IMOKA3aTe-
Jieil B oOIIeil oIeHkKe.

B nanHOit pabore ObLIT peain30BaH JAPYToil MOAXO/ JIJIsl pacdeTa UHJIEKC A,
KOTOPBIl YyINTHIBAJ HE TOJIbKO BEJIUIHHY CAMHX IOKa3aTeJell, HO U WX 3Ha-
YUMOCTD JIjIsI OlleHKH curyaruiu. OH OCHOBaH Ha TEXHOJIOIMU ONEHKN W MOHU-
TOPHMHIA CJIOXKHBIX [IPOIECCOB [4], mo3BosIstoneil Ha ocHOBe dhparMeHTapHOil
MHMOPMAIIN TO/JIYYaTh HWHTEIPAJIBLHYIO OIEHKY COCTOSIHHUsI IIPOIECCa U MO-
JIeJITPOBAThL BO3MOXKHbBIE BAPUAHTHI ero paszsutus. llenpio manHoi paboTh
SIBJISIETCsT OIMCAHUE ITOCTPOEHUsT HOBOI'O MHIEKCA U 0OCY:KJ/IeHHe BapUaHTOB
€ro UCIOJIb30BAHUSI.

TekcT paboThl Oprann3o0BaH caeayomuM obpaszoM. B pasmere 2 obcyxKaa-
ercst cojiepKaTeibHas TOCTAHOBKA 3aJa9d U IIPUBOJIUTCS 0030P U3BECTHBIX
pe3ysbTaToB. B pasmene 3 mpeacTaBiieHbl XapaKTEPUCTHKA JOCTYITHBIX JaH-
HBIX U 9KCIEPTHBIX 3HaHuil. Pasmen 4 mocesiimeH COOCTBEHHO MOCTPOEHUIO



MHJIEKCa, MCIOJB30BAaHME KOTOPOro oOCyzKaaeTcst B paszese 5. B 3akirode-
HUM IpuBeIeHBbI BBIBO/IbI 1 BOSMOXKHBIC HallpaBJICHU A ,HaﬂbHer.HHX uccJjeg0-
BaHUM.

WccnenoBanre BBINOJHEHO INIPU  MOIJAEPXKKE MexK IUCIUIIMHAPHOR
HayIHO-00pa30BaTeIbHOI MKOJIbI MocKoBcKOro yunBepcureTa «Mo3r, KOorHu-
THUBHbBIE CUCTEMbI, MCKYCCTBEHHbBII MHTEJIJIEKTS .

2. CoaepxkaresbHas IIOCTAHOBKA 33a/1aYM W aHAJIN3
JINTEPATYPbI

AJIKOrOJTb SIBJISIETCST OJHUM U3 3HAUUMBIX (PaKTOPOB pUCKa 3a00I€BAEMOCTH,
HeTpyAocnocobHocT u cMmeptHocTu B Mupe. [lo ormenkam BO3, upesmep-
Hoe moTpebiieHue ayikoroJiss obycaoBmsio B 2012 rogy okosio 3.3 MHILIHOHA
cmepreit, wim 5.9% or ux obmero xosmdecrsa [5|. B Poccun ¢ uz6prrot-
HBIM TIOTpebJIEHIEeM aJIKoroJs cesasano 66% Tsxkkux npasonapymenuii, 50%
youiicre, 40% pasz6oiinbix Hanaaenuii, 24% m0pOXKHO-TPAHCIIOPTHBIX TPABO-
Hapymenuii. O61ue 3aTparbl rocyIapera (MpsiMble MEJIUIUHCKUE, TPIMbIE
HEMEIUIMHCKIE U KOCBEHHBIE ), CBSI3aHHBIE CO 37I0YIOTPEOICHIEM aJKOT0JIEM,
B 2011 r. cocraBuiu 843.51 mupa. py6. B roxm 3aTparsl Ha OJHOTO YeJIOBEKA,
3JIOyOTPEDJISIONIETO aIKoTroeM, coctapiadaior 150 Toic. 845 pyb., a 3aTparsl,
CBsI3aHHBIE C JiedeHneM, — 23 Toic. 813 py6. [6].

B pamkax ['mobasbHOI cTpaTerun COKpaIeHns BPeIHOTO yIIoTpedIeHnsT
AJIKOTOJIS BAXKHOE MECTO IMPUHAJIEXKUT JICHCTBUSIM, B PEAJIU3AIINN KOTOPHIX
Ba’kKHa POJIb 3JIPABOOXPAHEHUs, B TOM YHUCJIE PeYb UJET O MPOBEJIEHUU MO-
HUTOPUHTA W SMHAHAI30pa 32 norpebiaenneM askoross [7|. Ecim na crpa-
HOBOM YPOBHE 3Ta paboTa JacTUIHO Bejercs, U Poccust peocTaBiisieT WH-
dopmarmio B Global Health Observatory data repository, To na pernonasib-
HOM " OCO6€HHO Ha MYHHUIIUIIaJIBHOM YyPOBHE OTCYyTCTBYET CUCTEMa MOHUTO-
puHTa 3a TOTpebeHneM AJKOroJsd. A y JIUI, MPUHUMAIONIAX YIPABICHIE-
CKHUE PeIleHusi, OTCYTCTBYeT HH(MOPMAIHUS O MPoOJIeMax, CBI3aHHBIX € 9TUM
dakTopom pucka. CyIecTBYIOIIHE T0X0/IbI OIIEHKN aJIKOTOJIbHON CUTYyalInu,
peaIn30BaHHbBIE B Psijie MUIEMHUOJOTUIECKIX UCCIeI0BaHUN, OPUEHTUPYIOT-
cst MO0 Ha YPOBEHb PO3HUYHBIX IPOJIAYK U PEIYIBTATHI COIUOJIOTMIECKUAX
uccsefoBanuii (8], b0 HA KOMILIEKCHBIN aHAJIN3 KOCBEHHBIX HHJIUKATOPOB
AJIKOTOJIbHBIX MIPO0JIEM: YPOBEHDL IPOMAXKU aJKOTOJIsl Ha Yy HACEJIEHUSI,
YPOBEHBb CBSI3AHHOHN C AJIKOIOJIEM CMEPTHOCTHU, & TAKXKe JAHHBIE CTATHCTHU-
9eCKOil OTUYETHOCTH HAPKOJIOMMYECKOM cIy2KObI [9]. B HeKoTOpBIX Hcciie0Ba-
HUSIX 9TOT [€PEYEHDb PACIIUPSETCS 3a CUET JAHHBIX CTATUCTUKU ITPABOOXPa-
HUTEJIbHBIX opraHoB [10] miau emme GoJiee MUPOKOro IEpevHsl HOKa3arelei,
JIOTIOJIHATETHLHO BKJIIOYAIOIINX Psi/l SKOHOMUYIECKUX M COIUAJBHBIX WH KA~
topos [11]. Haiiiennsie B nccienosannn Hemiosa u Passogosckoro [12] cra-



THUCTUYIECKHE CBA3U MEXKIy IMOTPeOIEHIEeM AJIKOr0JIsI 1 HEKOTOPBIMH MEINKO-
,ILel\/IOFpaCbI/I“IeCKI/HVII/I 1 conuaJIbHBIMHU ITOKa3aTeJIsIMU, U JlazKe ITIOJTYICHHbIC HA
X OCHOBE PerpecCHOHHbIE YPaBHEHWSI, HE MOTYT UCIIOJIb30BATHLCA I PErd-
OHAJILHBIX OIIEHOK, TaK KaK OCHOBAHBLI Ha POCCUMCKMX JaHHBLIX. KpoMme Toro,
OIleHKa MoTPeb/IeHns, OCHOBaHHAS HA POSHUIHBIX IIPO/Iarkax ajaKOroJsl, B IIe-
pecyere Ha 9TaHOJ, KOTOpas dYallle BCErO HCIOJIb3YeTCsl B PErpPecCHOHHBIX
YPaBHEHUSIX, HE OTParXKaeT CTPYKTYPbI HMOTPeO/IEHUS 10 TUIIAM AJIKOTOJIb-
HBIX HAIMTKOB. B cTaTHCTUKY MPOJark B HEKOTOPBLIX PErMOHaX CyIIECTBEH-
HBIN BKJIaJ BHOCUT MUI'DaAIlMOHHBIC 1 TypI/ICTI/IquKI/Ie IIOTOKH.

ITosromy Hambostee meaecoobpa3HbIM IPEICTaBISETCSI HCIIOIb30BAHNE UH-
TerpajbHOTO MOKA3aTe s, KOTOPhI Obl 00benuHsiI B cebe Kak (haKTOPHBIM
IIpU3HAK — YPOBEHb IOTPeO/IeHNsI, TaK U PE3yJILTUPYIOIINe TPU3HAKH, HAH-
boJiee TECHO CBsI3aHHBIE C HUM, TaKhe KaK CMEPTHOCTb, 3a00JIeBa€MOCTb U
PsIT IPYTUX JIeMOTpadUIecKuX U COMUATbLHO-IKOHOMUIECKUX WHIMKATOPOB,
IIOTEeHIIMaJIbHO CBA3aHHBIX C yIIOTpe6J’IeHHeM AJIKOI'OJIA. BCG BBIIIEN3JIO2KEH-
HOE OIpeesseT aKTyaJbHOCTh IMOCTPOEHUSA HHIEKCA AJTKOTOJLHOTO Ojaro-
[IOJIyYHsl - BayKHOI'O IIapaMeTpa JJIs ONMCAHUsl COIUAIbLHOR OOCTAHOBKHU B
cTpaHe, peruoHe, ropojie. PyKoBOICTBYsICh 3HAYEHHEM HHIIEKCA OPTaHBbI I'O-
CyIapCTBEHHOI'O yIPABJIEHUS PETMOHOB, MYHHIIUIAJIUTETOB, TOPOJOB CMOLYT
s dexTuBHEE pacCIpeIe/IaTh OI0PKETHBIE CPEJCTBA Ha, YIy IIIIeHUE aJIKOTO/Ib-
HOIl cHTyaliii B TOM HJIA MHOM MECTE.

3. Ocobennoctu AOCTYITHBIX JAaHHbBIX M 3KCIIEPTU3bI

Pabora 6n11a opranunzosana ciaeayionum odbpaszom. 13 6aser garnasix EMUCC
[13] 6bLIM MOy YeHBI CTATUCTUYECKHE TIOKA3ATE/U, KOTOPbIe UMEJIU IIPSIMOe
1 KOCBEHHOE OTHOIIEHNE K AJIKOTOJIBHOMY OJIarOIoLy IHio:

® I0Ka3aTe/J M PO3HUYHON MPOJarKH aJIKOTOJbHBIX HAITUTKOB: ITPOJIAXKU
MBa, BUHA, KPEMTKOTO aJIKOTOJId;

® COIMAIBHO-9KOHOMUYECKHE [TOKA3aTe/N: TPECTYILIEHNsI, COBEPIIEHHBIE
B COCTOSIHMH OIIbsSIHEHUE; YPOBEHb 6e3pabOTHIbI; YUCIO0 JeTell, ocTaB-
muxcst 6e3 MomedeHnst poauTeseir; KoaudecTBo juil, morudmmx B JITTI;
JI0JIsT HACeJIEHUA C JIOXOJaMU HUKE MPOKUTOYHOIO MUHUMYMA; YHUCJIO
Pa3BO/IOB;

e 10Ka3aTesIu 3a00JIEBAEMOCTH: AJTKOI'OJIN3MOM, aJIKOTOJIbHBIM IICUX030M,
[IUPPO30M TEYEHH, TAHKPEATUTOM, TYOePKYIe30M;

® 110KA3aTeJIu CMEPTHOCTU: 00IIas CMEPTHOCTD; CMEPTHOCTD OT BHEITHUX
[IPUYNH; CMEPTHOCTH OT IePeOpPOBACKYJISIPHBIX 3a00JIeBaHUIt; CMEpT-
HOCTB OT DOJIE3HEH MeYeHHU U TTOKETYTOTHON 2KeJIe3bl.



Ota uHoOpMaIs coONpaeTcs: Ha PEryJIsSpPHON OCHOBE CTATUCTUIECCKUMHU OpP-
raHaMu CTPaHbl Ha PErMOHAJbLHOM U (heJepabHOM yPOBHE.

Kpowme mepeduncieHHbIX CTATUCTUYECKUX TAHHBIX, MCITOJIB30BAINCH IKC-
[EPTHBIE 3HAHUS O BJUSHUU [IEPEUNCIEHHBIX BBIIIE IPU3HAKOB HA AJTKOTOJIb-
Hoe Osaronosrydane. bt chopMmysmpoBan HAOOP MPABUJI, KOTOPBIE ITO3BOJISIT
OIIpEeJIeJIEHHBIM 00Pa30M CTPYKTYPHUPOBATh MMEOIIUECS MOoKasaTen. B o-
KJIaJ1e TIOKA3aHO0, KaK, pacrojaras OOJbITIM KOJUIECTBOM KOCBEHHBIX JTaH-
HBIX U 3HAHUSIMU CIIEIIMAJIUCTOB B IPEJMETHON 0DJIACTH, MOXKHO ITOCTPOUTH
HHJIEKC AJIKOTOJIBHOI'O 6JIarOIOJIy Iusl.

OTMeTnM, 9TO paccMaTPUBAEMbIN HHIEKC - ITPUMEDP OOJIBIIOTO YUCJIa [0-
rILO6HI)IX NMHIEKCOB, KOTOPbIEC MO2KHO IIPUMEHATH B 9KOHOMHNYIECKUX, COI[NOJIO-
TUYECKUX UCCIIEIOBAHUSIX U B TOCYIAPCTBEHHOM yTIpaBaeHun. B naabHeliem
NIpUBEJCHHYIO METO/UKY MOXKHO HCIIOJIb3OBATH B paSpa60TKe AHAJIOI'MTYHBIX
HUHJIEKCOB, JIJIsT 9TOTO JIUIITH HEOOXONMBI CTATUCTHIECKUE JTAHHBIE U KCIIEp-
TbI, KOTOPbIE CMOI'YT UX CTPYKTYPUPOBATD.

4. IlocTpoeHmne uHJIEKCA AJKOTOJILHOTO OJIaroroJry-
qus

4.1. CTpyKTypa uHAeKca

CrpykTypa uHIEKca IIpe/icTaB/ieHa Ha puc. 1.

AAROTOIRIAR CHTYRLME
2. Conmatsno-IxonoMircckoc Guarononysme

1. POSIsHHHELC POIARI ATKONOABHbIY. HAITHTROE 3. CocTosnne W0poELE

1.1. Tlpoanac kpensoro amkorens | (3 | [Ipecrymiehin, cORCPUICHHIE B COCTONIIN .
1.2, Npoaass nimia OnLAIC IR 3.1. JabonenaemocT. 3.2, CueprHocTs
1.3, Tlpoanam nusa 2.2, Yponcih GespaboTri

2.3, Yneno petell, ocTanmimes 63 noneueHns

poamuTenei

2.4, Koasmiectno i, nornbanx o JITT1

2.5, Jloas HOCENCHHR ¢ JONOEAMH, HIGHES NPOSHTOTHOD
Mty
2.6, YHeno paiBaIos

3.1.1. Zabonemacsocts ATKOTOIIIMOM 32,1, Ofgas csepTHOCTE

3.1.2, Safaremacmocts anroroammm neaxosamin | (32,2, CMepiacTs or miennns npeam
3.1.3. KonusccTeo NaHeHTOR ¢ BpeTHEIMI 3.2.3. CacprHoCTs 0T HepelpoBackyIAPHEIX
MOCACACTIIANI YOOTPEONCHAR RTKOIOE aBone nami

3.1.4. 3ab0neRacMoCTE HPPOI0M TCIeHR 3.2.4. CueprHoCTs o7 Gonessedl neweHn
3.1.5. TaBosesaesocts mankpeanron 3.2.5. Caepristocts, or Goneeit

3.1.6. Iabonemacmocts Tybepryneson MR CYIeAH weneIm

Puc.1 Crpykrypa HHIEKCa aJIKOIOJHHOTO 6JIaroIo Iy Yns.

SHadeHmnss KayKI0ro MPU3HAKA U3 JINCTHEB JIEPEBa U KAYXKIOT0 y3J1a Oblin pas-
O6UTHI HAa 4 HEUETKUX MHOXKECTBA, COOTBETCTBYIOIIME 110 CMBICTY 3HAYCHU-
sm: «Huskuity, «OTHOCHTENIBHO HU3KUIY, «OTHOCUTEIBHO BBICOKUI», «BbI-
cokuity. Habop 3HadeHUit ompeaessiicss UCXo/sl U3 yIo06cTBa pOPMYIUPOBKH



npaBuwi. By onpobOBaHbI HECKOJIBKO AJITOPUTMOB MIOCTPOEHUsT (PYHKIIAN
NIPUHAJJIE?KHOCTU, HAUJIYUIIINI pe3yabTaT II0Ka3aJ U3BECTHBII aJIlOPUTM C-

means.
[Tomumo tpu3HAKOB, ObLTa chopMyIupoBaHa Oa3a MpaBmiI, odbecIeunBa-
oIasl CBsI3b MEXKy ya3/aamu gaepesa. IIpasuia nmeior ¢popmy «Ecam ..., To

...». Baza comepxkut 74 Takux npaswia. Hanpumep, mjis yana 1 «Posnuynbie
IPOIaXKH aJKOTOJILHBIX HAIIUTKOB» B Oaze 19 mpaBwmi:

[Tpasuio 1: Ecian «IIpomazku kpenkoro ajikorosisi» = uuskunit u «IIpona-
2Ku BUHa» = Huskwuii n «lIpomaku nuBay» = Husknii, To «Posun4anbie mpoma-
KW aJIKOTOJIbHBIX HAIIUTKOBY = HU3KUUL;

[Tpasuso 2: Eciin «IIpomazku Kpernkoro ajkorojisi» = OTHOCUTEIbHO HU3-
kuit u «IIpogaxku Bunay» = Hu3kwmit u «lIpojgaxkum nmuBay = OTHOCUTEJIHHO
HU3KMH, TO «PO3HUYHBIE TPOAXKU AJIKOTOJILHBIX HAIIUTKOBY — HU3KWI;

IIpasuio 3: Eciu «IIpomakm Kpenkoro ajKorossi» = OTHOCUTEIbHO HU3-
kuit u «[Ipomakm BuHa» = orTHOCHUTebHO Hu3KMit u «IIpomarku nmBar =
OTHOCUTEJILHO BBICOKHUM, TO «PO3HUYHbIE TTPOJIaZKK aJIKOTOJIBHBIX HAIIUTKOBY
= OTHOCUTEJIbHO HU3KUIL;

[Tpasumo 19: Eciu «IIponaxku Kpenkoro ajikoroJisss = BbIcoKuit u «IIpo-
aXkn BUHA» — BbicOKuil u «lIpomaku mmBa» = BbICOKUiL, TO «PosHu4ambie
IPOJAXKH AJKOTOJIbHBIX HAIUTKOB» = BBICOKUIA.

4.2. IlocTpoeHue nHIEKCa

B kauecTBe cpejipl jyist ocTpoeHust uHjekca 6wt Beiopan Matlab [14], co-
nepxkaruii maker paciupenus Fuzzy Logic Toolbox - nHCTpYMEHT J1j1s1 TIPO-
€KTHUPOBAHUS CHUCTEM HEYETKON JIOTHKHU.

CoryiacHO CTPYKType HHIEKCa, HaM HeOOXOIMMO JJIsi KaXKJI0TO JINCTOBO-
ro 1MOKa3aTe/is MOCTPOUTh 4 (PYHKIUU MPUHAJIEZKHOCTH, COOTBETCTBYIOIINE
muokectBaM «Hwusknity, «OtHOCHTE/NIBHO HU3KHITY, «OTHOCUTETHHO BBICO-
Kuity, «Bbicokuiis. JI1s1 9TOTO UCIO/IBL3yeM U3BECTHBIN METO, HeUYeTKON KJjia-
crepusanuu C-means [15]. CyTh MeTO/@ COCTOMT B MUHUMU3AIUU CyMMapPHO-
ro KBaJPATUIHOIO OTKJIOHEHUS TOYEK KJIACTEPAa OT IEHTPOB 3TUX KJIACTEPOB.
[Ipu 3TOM J1J151 KarXKJI0T0 JIEMEHTa U3 PACCMATPUBAEMOT0 MHOYKECTBA PACCUH-
TBIBAETCS CTEIeHb ero IMPUHAJIEXKHOCTH KaxXKJI0My u3 KiaacrtepoB. B Matlab
KJIACTEPU3allisl JJAHHBIM METOJ/IOM BBIIIOJIHSIETCS C ITOMOIIBI0 KOMaH/bI fem.

Orcoprupyem 3HaYeHHsT KaXKJIOTO MMOKa3aresis, pa3odbeM Ha 4 Kjacrepa.
IIpumep Takoro pazbuenus s moxkasaresid 1.3 npexacrtasjieH Ha Puc. 2.

Taxum ke 06pa3oM ONpPEESIOTCs (PYHKIINNA TPUHAJIEXKHOCTH JJIsT BCEX
BXOJIHBIX [T€PEMEHHBIX.

Hamee, M1 KazKJIOTO y3/1a JepeBa CO3[AeTCsl CICTeMa HEUYeTKOT'O BBIBO-
Jla HAa OCHOBE TPABUJI C COOTBETCTBYIOIIMMYU BXOJHBIMU U BBIXOIHBIMU IIE€PE-
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= load "data.dat';
= g=sort (data);

= [center, U, cbj_fam] = fam( q,4):
| y1=U({1,:);

i ¥2=U0(2,:);

= y3=U(3,:):

- va=U(4,1):

T plotiq,yl):

= hold on;

= plotig, ¥2):

= hold on;

7 plovida,¥3);

= hold ong

= plotig, y4):

= hold on;

08

08

07

08

0s

04

03

o0z

01

\

100

Puc. 2. @yukiun npuHaJIe2KHOCTH JJisi ToKasaTessi 1.3.

MeHHbIMU. Paccmorpum B Kaudectse npumepa ysesn 1 (Puc. 1). s ysuna 1
«PosundanbIe IpomakKi ajJKOroJbHBIX HAIIMTKOBY CO3JaeM TPH BXOJHBIX IIe-
pemennbiX «IIpomazkm Kpemkoro ajkoroJist», «IIpomaxku BuHay, «IIpomarku
muBay (Puc. 3).

‘4 Fuzzy Logic Designer 1 Posminmmie npoaasm

File Edit View

1.1_Npogans_spens —

1 Podsersnse rpogams

imarndani)

HName 1 Pasmwamee_npogamn
Type utpu
Range 1

Detuzrificaton

Immmm |

Puc. 3. Samanne cucreMbl HEYETKOI'O BBIBOIA JJIs y37a 1.

s Kaxk0ii mmepeMeHHol co3/maeM 4 HEeYeTKUX MHOYKECTBa, YKa3aB UX
dbyHKIMK TpUHAIEXKHOCTH, HalljeHHble Ha npejablayiem mare (Puc. 2), u
yKas3blBaeM 00JIaCTh 3HAUEHUsI MOKasaress (range) - MUHUMAIbHOE U MaK-
cuMaJIbHOE 3HadYeHune u3 TabJuIpl co crarTucTudeckuMu nanubiMu (Puc. 4).
Hasee nepenocum npasuia u3 6a3el B cucremy (Puc. 5).

st mpomeskyTounbix y3ios (1, 2, 3, 3.1, 3.2) HEOOXOMMO JIOTIOTHUTE b
HO OIIPEJIEJINTh YHUBEPCAJIHLHOE MHOXKECTBO U 3aJ]aTh B HEM (DYyHKIIUU IIPU-
HaJJIC2KHOCTHU (,[[JIH HUX HET CTaTUCTUYCCKUX JJaHHbIX, KaK JJIgd JIMCTOBBIX
y3i0B). Ilocie peanmsanum HECKOJILKUX BAPUAHTOB, ObLI BBIODAH CJIe/LyTo-
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& Membership Funetion Editor: 1.Possisuniie nposssen - [m} ®
File  Edit  View

Mombership function plots - 18
g or g e : : . .

' gl g (1 2, Pipmaan_pees i

_isiabee_pane
3 (01 Ipraait_spric & mutsend W8 (8.2 PoaUnn_Sumd n -u-lunm maw“« ll--l_nu-l--nl.l n
3, Npoaams_mens m

il
momﬂl‘xw.ﬂmmﬂllmiwhi'

Puc. 5. Bamanue npasui s y3iaa 1.

muit. 3alycKaeTcs HEYeTKI BBIBOJI HA BCeX 3HAUEHUSIX MCXOIHBIX JTAHHBIX,
[IOJTy JaIOIIEeecss MHOYKECTBO 3HAYEHUI 1 00pa3yeT yHUBEPCAJIbHOE MHOYKECTBO
JI7IsT COOTBETCTBYIOIIEro y3ia. Jlamee B HeM cTposaTcs PYHKIUU TPUHAIIEK-
HOCTH C TIOMOIILIO C-Means, YTO IMO3BOJISIET MTPUMEHUTH OMMCAHHYIO BBIIIE
OPONEAyPY U JJII TaKUX IIPOMEXKYTOUYHBIX Y3JI0B.

PesynbpraThl pacdera mo OnmcaHHOMY aJrOPUTMY IIPeICcTaBIeHbl Ha Puc.
6 (permoHbl yIOpPsZIOYEHBl 110 UHJIEKCY AJKOroJbHOro Gsiaromosyunsi). [lo-
JIOKEHVEe PETMOHOB COOTBETCTBYET CJAOXKUBIIIUMCS B HACTOSIIIIEE BPEMSI ITPE/I-
CTaBJICHUSIM SKCIIEPTOB.
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PerincH FIHTERC AMEOroms Ber e TyMCKkan ofascTh
| Graronemema 1| 3a6ameams izt
Pecmytimoa Jarectan 05256034 19] dveanexcan Peembmna - Tysannm
Mockea 0, §84745 5363 Memsencran obmsets
KaGapaiow-Bamapckas Pecoyfmoa n.smlmﬁwm eldmzeTh
PecmyGimoa Haerywetes 0.8716733 13| Cuonencican ofimcms
Hapawaeso- Pecmbimoa 086563854 11| Pecrfimacs bausopTocTan
evencran Pecmyfimaa 0.359321034] obnacTe
Caincr-Tletepbypr 0.859132897] Henabomcran ofacme
K e n.um‘xlxnmcmm
Bemroponcian obnacrs 0843520878 alk
Tromenckan cfmcts 0.340311732| K5 spait
Cen Ooemia - AR 0.836735944| Huamoncran ofnacts
obnacTs
Xanmu-Mascadicis GREAT
Tomcxas obnacme
Crasponomcaadt xpait
PecryGimoa Taraporas
Mockegcran obnacTs
Taubosckan obnacm n'musals Operbyproras efmom
Bomrorpagckas ofnac s 0.758493 46| Apocmancran oinzcme
s obnacTs 0.749125023 | Kamcras ofmacts
obnaeTs 0. 704999992 | Nafaponciodi kpadi
VaMyvprekaa PeemGmoa 0. 70499761 7| PecrmiGimaca Byparun
Boacroackan ofmeTe 070499560 | Pecrnbimaca Tuza
APRART b CKAR CONBCTH PecrmyGmna Kamausau
HocTpouckas ofmacm. 0659726063 ] Kypranckas obnac e
Mypuancias $5nacTh &M!m|wpnm ofinacTs
AcTpanasickas ot 0.677584445] PecrmGmms Caxa (AkyTaia)
PamamcEas b Tl
| Asranc-Hewemadt am romcetod cagnT
C: sfmcn.
ProcToBcran ofaic T
PecrryBmoa Mopoic
Homocubuperan o6nacts
C: sfinsers
Teepeicaa obmen
Kyperan ofazcms
AdTancesd kpai
¥ mmeeckas ofnacTs
Chacxan obinace
Mimempcas ofinacTe
Tymcxan odmcTe

Puc. 6. Pacriosioxxenne peruoHoB B HOPsiKe YObIBAHUS WHJIEKCA.

5. CroeHapuii NCII0/JIb30BaHUS NHIEKCA

[TocTpoennbtit MHAEKC MO2KET OBITH UCIIOJB30BAaH JJIs MOJIEJIUPOBAHUS CH-
Tyaruit B objiacTu Haiero wHTepeca. Hampumep, MbI MOXKEM TPEICTABUTD,
9TO U3MEHUTCH OJMH MJIM HECKOJIbKUX KOCBEHHBIX Npu3HakoB. [losieuer jin
9TO M3MEHEHUE CYIIECTBEHHbIE M3MeHeHusi mHiekca win Her? OIHO3HAYIHO-
0 OTBeTa HET, HO, CKOpPee BCETO, B PA3HBIX PETMOHAX BJIMSHUE N3MEHSIEMBIX
[IPU3HAKOB OyJ/IeT PA3HBIM - B 3aBHCHUMOCTH OT 3HAUEHUN OCTAJIBHBIX Iapa-
METPOB.

Pacemorpum mBa pernona: Pecriybuky Anpirest ¢ wajgekcom 0.349 u A-
Talickuit kpait ¢ mHgexkcom 0.654. B 3Tmx permonax BBICOKHI IOKa3aTesb
3abosieBaeMocTu 1uppo3oM redenn 140.2 u 196.1 coorsercrBenno. Cmo/iemnu-
pyeM cuTyanuio B OyayIeM, Ipu KOTOPOHl 9TOT IMOKa3aTe b YIYUIIUICT 0
50 eaununi; B 060UX permoHax.

Pecnybiuka A jpirest:
»Alcohol(..., 140.2, ...) | Rating = 0.3490
»Alcohol(. .., 50.0, ...) | Rating = 0.6500

Aurraiickuii Kpaii:
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»Alcohol(. .., 196.1, ...) | Rating = 0.6540
»Alcohol(..., 50.0, ...) | Rating = 0.6546

Kaxk BUIHO M3 IIPpUBEJIEHHBIX PACIETOB, B AJIbIree MHIEKC AJIKOTOJIBHOTO
6J1aronoIyars CyIECTBEHHO YJIydIIUIcs, a B AJTaiickoM Kpae HabJII0/1aeTCs
JINIIb HE3HAUUTE/IbHOE ero N3MeHEeHHe.

Takoe MoJe/IMpOBaHUE SIBJISETCS PEIIEHUEeM TPSMOi 331841 (Mbl H3MEHNU-
JIM OJIMH UJIM HECKOJIBKO BXOJIHBIX IIAPAMETPOB M MOCMOTPEJH OTKJIMK). Ta-
KO€ MOJIEJINPOBAHIE MOYXKET IOMOYb B OIEHKE 3(DMEKTUBHOCTH KOHKPETHBIX
MEPOTPUSATUI C TOUYKH 3PEHUs YJIYUIIEeHUs] AJIKOTOJIBHOTO OJIarOnoJIyvusi B
peruone mwin ropojie. B Takoil curyarmmy, BO3MOXKHO TaK»Ke pellenne 0oJiee
CJIOYKHBIX U IEHHBIX € MPAKTUIECKOW TOYKHU 3PEHUsi OOPATHBIX 3a,1aM.

[Tycts 3aman G6iokeT Ha yaydnenne cutyamnun B pernone X . [lycrs, ga-
Jiee, M3BECTHBI OIEHKU CTOUMOCTH W3MEHEHUsI UCXOJIHBIX JIAHHBIX (HAIPUMED,
pacxo/pl Ha PEKJIAMY, «YCTPaIlalolue HAKJIEHKN», OrPAHUYEeHNs] Ha IIPOJIa-
Ky nup.) ¢j (j=1,...,N), rie N — KOJM9IecTBO KOCBEHHbIX (HAO/IIOIAEMbIX )
napamerpoB. O603HAYNM U3MEHEHHUE eJIEBOI BEPIIUHBI CTPYKTYPbI HHIIEKCA
gepes Aag.

Bamauga 1: Haiitu MHOXKECTBO HapamMerTpoB i1, ...,0, (n < N) : Aag —

n
maz, Y c; < X.
j=1

D70 3a/1a9a HAXOXK/IEHUsI MAKCUMAJIbHOIO 3¢ pekTa B paMKax 3aJaHHOTO
OIO/IKeTa.

[Tycth 3a71aHO TeJIeBOe M3MEHEHUE AJKOTOJIBLHOTO Osaromnoyuns ¢ (Ha-
npumep, ¢—10%). Tlpu 3aJaHHBIX YCIOBHSIX BO3MOXKHO U PeIleHHe COIpPSsi-
JKEHHOU 3aJIad4M:

n
Banaga 2: HailTin MHOXKECTBO TAPAMETPOB i1, ..., 7, (1 < N) @ Y ¢ —
j=1

min, Nag > q.

DT0 3a7a4a HAXOXKJEHUS MUHHUMAJILHOIO OIO/KeTa, IMO3BOJIAIONIETO [0-
cTuYb HeobxomuMoro sddexTa.

Pertenne Takux 3a/1a4 03BOJIUT ONTHMU3UPOBATH (PUHAHCOBBIE PACXO/IBI
[IPU PEAJIM3AIUH EJIEBbIX ITPOIPAMM, HAIIPABJIEHHBIX HA CHUXKEHHUE TaryOHO-
ro 1noTpebJieHns aJIKOIoJisl B CTPaHe, & TaKyKe Ha PErMOHAJILHOM M MYHHIIH-
AJIbHOM YDOBHE.

6. 3akJrouyeHue

B pabore 6n11a paccMoTpeHa 3a1a1a TOCTPOSHNS HMHIEKCa, AJIKOTOJIBHOTO OJ1a-
romoJiyuns B cyobekTax Poccuiickoit @enepanuu. BbLio npeicraBieHo omnm-
caHme ero mocrpoeHusi B cpeme Matlab u mpuBemeHbl pe3ysibTaThbl pacdera
MHJIEKCa JJIsl BCEX PErHOHOB CTpaHbl. Pe3y/ibTaThbl COIIACYIOTCS C IIPEICTaB-
JIEHAEM 9KCIIEPTOB O PACIIOJIOYKEHNH PEMHOHOB, YIIOPSIIOYEHHBIX 110 3HAUYEHUIO
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WMHJIEKCa, OTHOCUTEJIbHO APYT JApyra. Tak»ke ObLIN IMPEIJIOXKEHBI B 3a1atM1,
pelenne KOTOPhIX OlpejleiieT HallpaBJIeHue NaJbHENIIX UCCIIeIOBAHNIA.

Cricok aurepaTrypbl

1]

2]

3]

[4]

[5]

(6]

7]

8]

19]

[10]

lopuwiit B. 9., Kamununa A. M., Boitos C. A. Broigsienue i
C puckoM marybHOro yroTpedJjeHusI aJKOToJig B XOJe IUCIIAHCEPH-
3alll: METOI0JIOTMYECKHe acleKThl. llpoduaakTuyeckass MeIuIMHA.
2015;18(4):12-16. https://doi.org/10.17116 /profmed201518412-16

lopuwrit B. 9., Kanuuuaa A. M. UnaterpanbHast olleHKa aJIKOTOJTBHOMN
CUTYaIluyd Ha PeruoHaibHOM ypoBHe. [Ipoduirakrudeckass MemIUITIHA.

2016;19(3):34-40. https://doi.org/10.17116/profmed201619334-40

lopueiit B. 9., Kamuamaa A. M. Cssasb HHTerpajbHON OIEH-
KA PErnoHAJILHON  aJIKOTOJILHOM CHUTyaIllud W CMEPTHOCTH  Ha-
cejleHMsT  OT  HEKOTOPBIX  XPOHMYECKUX  HEMH(MEKIMOHHBIX  3a-
6oJieBaHUIA. [Tpodunakruaeckas MeJIUITAHA. 2019;22(4):65-68.
https://doi.org/10.17116 /profmed20192204165

Pookos Al Oneska u  MOHMTOPUHI IIPOIIECCOB B COIMOTEX-
HUYECKUX CHCTEeMaX W CBs3aHHble ¢ HUMH 3a1a4u. HTe/ek-
ryajsbible  Cucrembr Teopust u  npuioxkenusi.  2018;22(2):129-139.
http://intsysjournal.org/pdfs/22-2 /Rizov.pdf

Global strategy to reduce the harmful use of alcohol, WHO

Macsiennukosa I. 4., Jlemexun B. A. Ankoronusm B Poccuiickoit @e-

Jeparun: BpeMs npunsatus pertennit. [Ipodunakrudeckas Menununa.
2012;15(2):46-49

FEuropean action plan to reduce the harmful use of alcohol 2012-2020,
WHO, 2012

Kpacnosa I1. C. Ilorpebienue ajakoros: TeHIEHIMA U COLMAJIbHBIE I10-
crepcrBus. [Ipobmemsr Passurust Teppuropun. 2011;55(3)

Paszsomosckmit FO. E. Ankoronmpnas cutyarust B bemapycu. Bompocs
Hapkosoruu. 2013;(3):5-13

Caxapos A. B. Opranusanuontast Mo/Ie; b MOHUTOPUHTA aJTKOTOJIHHOMN
cuTyanuu B oTnebHOM cyOobekTe Poccuiickoit @enepamun. Cubupcekuii
Becruuk [euxnarpun n Hapkosorun. 2012;(1):80-82

15



[11] Axcioruna C. B., Ocaukuna H. M. AxryanbHble BOIIPOCBHI aJIKOIOJIb-
HOI1 6e301acHOCTH peruoHa. IroHomudeckue u Coruanbabie [lepemensr:
®axror, Tenpennuu, [Tpormnos. 2015;1(37)

[12] Hemmor A. B., Passomosckuii FO. E. AnkorosbHas curyaiust B Poccun,
1980-2005 rr. Conmasnpbras n Knnandeckast [Icuxuarpus. 2008;18(2)

[13] EMUCC T'ocymapcrBennas craructuka. https://www.fedstat.ru/
[14] Matlab. https://www.mathworks.com/products/matlab.html

[15] Bezdek, James C. Pattern Recognition with Fuzzy Objective Function
Algorithms. 1981

Measurement of alcohol well-being in regions based on statistical
information
Ryjov A.P., Gorny B.E., Zudin A.V.

To reduce the risks associated with alcohol abuse, it is extremely
important to assess alcohol consumption levels. At the same time,
it is not enough to know indicators that assess only the volume
of retail sales, which does not take into account unrecorded alcohol
consumption. The development of an integral indicator of the index,
based on available statistical data, will make it possible to level the
risks of expert assessment and increase the efficiency of spending budget
funds in the field of healthcare.

The report provides a description of the available expert and factual
information, the structure of the index, an approach to its assessment
by means of the theory of fuzzy sets is proposed. The features of the
implementation of the index calculation in the Matlab environment
are considered, examples are given. The related direct and inverse
problems are formulated and discussed, the solution of which will
optimize the efficiency of the healthcare system in this parameter at
the regional and federal levels. The alcohol well-being index is one of
the important parameters of the health care system, on the one hand,
and a typical index of socio-economic processes, on the other, therefore,
the approaches described in the report can be applied to construct a
wide set of such indices.

Keywords: preventive medicine, alcohol well-being, process
evaluation and monitoring.
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Metoa vepemoBaHns 00ydaeMbIX
rnapaMeTpoB

A. A. Xycaenos!

B pabore mpemraraercst MeTOs TOBBIMIEHUsT KavdecTBa OOyUeHUS
CBEPTOUHBIX HCKyCCTBeHHBIX Heiiponubix cereii (MHC) 3a cuer pas-
JIeJIEHUsI TIAPAMETPOB 110 UX BO3MOXKHOCTY PACIIAPEHUs PEIENTHBHOTO
mosist. [Ipu obyuenun ResNet50 mocturaercs yBenmdeHne TOIHOCTH 3a
CUYeT YeperyeMOoil OCTAHOBKU OOy YeHUs B 4-X CJIOSAX, PACIIHPHAIONIAX Pe-
LENITUBHOE TI0JIE.

Tlokazano, 4TO TTOBBITIIEHNE OOOOIATOIIEH CTIOCOOHOCTH MOJIEN TIPH
WCITOJIb30BAHUU IIPEJJIOKEHHOIO0 MEeTOa JIOCTUIaeTCsd 3a CYeT yCTpa-
HeHUsl M30BITOYHOTO BKJIAJA OTIEIbHBIX CYNIECTBEHHBIX (OKKJIIO3UB-
HBIX) JEMEHTOB M300pazkeHus Upu (GOPMUPOBAHUU KAPT [IPU3HAKOB.
B mnosib3y yka3aHHBIX TPEIIIOJIOXKEHUN MPUBOIATCA PE3YJIbTATHI IKC-
[IEPUMEHTOB B 3ajiade transfer learning u paccy»kjeHusi OTHOCUTEIBLHO
CyIIeCTBOBAHUS] YKA3aHHOI TPOOJIEMBI.

IIpemraraembie OIXO/IBI MOTYT OKA3AThCS IIOJIE3HBIMU, B YACTHO-
cru, npu obydennn HC Ha MajabX JaHHBIX WM IACTUJLIAIAA O0Y-
9aoIIero MHOXKECTBA, Ile IPOOIeMbl IIepeodyYeHIsT HA OTIEIbHBIX OK-
KJIIO3UBHBIX TPU3HAKAX MUMEIOT BBICOKYIO 3HAYMMOCTbD.

KuroueBble cjioBa: cBepTOYHAs UCKYCCTBEHHAsT HEHPOHHAS CETh,
pelleNTUBHOE T0Jie HefipoHa, MpobJieMbl 1epeo0ydeHns Mojeseil, OK-
KJTIO3Us TPU3HAKOB B CBEPTOYHBIX UCKYCCTBEHHBIX HEMPOHHBIX CETIX

1. BBenenne

B zamatax pacrioznaBanusi 06pa30B B CBEPTOYHBIX UCKYCCTBEHHBIX HEHPOH-
ubix cersx (MHC) cymecrByer npobiema mnepeobydennst Ha OTJIEJIbHBIX OK-
KJIO3UBHBIX (CyIECTBEHHBbIX) npusHakax |1, 2, 3, 4] (11.3.3) ucxomtoro u306-
paXKeHusl.

Hanpumep, o0na u3 nonysaproix npobaem pacnodnasanusi «Aeonapdosoll
dusamrs: 3a cuem ABHO-6bIPAIICEHH020 00PA3A MEKCTYPbL ULHOPUPYIOMCA 00-
wue npusnary obsexma (mo ecmv 06sexm «duBaH» PACNOZHACTNCA KAk 005~
exm «aeonapd»)

ITomobHoe mepeodbydeHne MPUBOAUT K IMOHUKEHUIO 00600IIaioneit crocob-
HOCTH MOJIEJIU IPU OTCYTCTBUU UJIU HEJIOCTATOYHO ITOJTHON ayTMEHTAIINN JaH-
HBbIX. YKa3aHHas pobjiemMa 1epeodbyueHns CBsI3aHa ¢ CyIIECTBEHHBIMU TIOTe-

! Xycaernos Apmem Azamosun — acnmpanT, M.H.C. KaeIpbl MATEMATHYECKOH TE€OPUH
WHTEJUIEKTYATbHBIX cucTeM Mex.-matr. d-ta MI'Y; e-mail: a.khusaenov@mail.ru

Khusaenov Artem Azatovich — postgraduate student, junior research fellow, Moscow
State University, faculty of Mechanics and Mathematics, Mathematical Theory of
Intelligent Systems department
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pSAMHM B TOYHOCTH PACIO3HABAHUS, €CJU TPHU AyTMEHTAIINN CYTIECTBEHHBIX
MIPU3HAKOB 00y YaroIIero MHOXKECTBA OYIyT OTCYTCTBOBATH CJIyYan, KOTOPbIE
MOTYT BCTpeYaThCsS BO BpeMsl dKcITyaTanuu momeneit. [Ipuaem ykazammabe
omuOKU He Oy/IyT BBISBJIECHBI BO BpPEMsi [POBEPKHU MOJIEJIU B CiIydae, e€Ciin
B MTPOBEPOTHOM MHOXKECTBE COOTBETCTBYIOIIAS ayTMEHTAIS CYTTECTBEHHBIX
[PU3HAKOB TAKXKe OTCYTCTBYET.

B samavax moHmKeHus BhIAucauTeabHON ciaokHocTm MHC m cyre-
CTBEHHOI'O COKpAIleHHsI 00beMa 00yUaloIero MHOKeCTBa (MaJible JIAHHbBIE)
[5, 6, 7, 8] paccmarpuBaemast pobiema nepeobyueHus: ycyrybisiercs, a ee
BBISIBJICHIE BO BpEMsl BAJIUIAINN TTO-TIPEXKHEMY OCTAETCsS HEBO3ZMOYKHBIM TTPU
HEJIOCTATOYHOU ayrMeHTAINN JaHHBIX.

CylecTByoIIre MEeTOIbl YCTPAHEHUS YKA3aHHOM 1TPOOJIEMbl B OOJIBIIIIH-
CTBe CBOEM CBOJSATCS K peryisipusanuu napamerpoB UHC u Gostee mostHOM
AyTMEHTAINN JIAHHDBIX, 9TO BO MHOTOM TIO3BOJISIET COKPATHUTD TTepeobydeHe
[pU JO0CTATOIHOM ducje s1ox. OJIHAKO, METOJIOB peIleHusl TpOohIeM OKKJIFO-
3UU KApT MPU3HAKOB, BO3HUKAIOMIEH M3-38 OTIETHHBIX CYIECTBEHHBIX 3JIe-
MEHTOB M300parKeHUsl, HA CEIOJIHSIIIHUIN JIeHb CYIIECTBYeT He TaK MHOIO (Ha-
npumep, attention-mexanusmor [9)).

B mammoit pabore mpejjaraercst METOJ ONITUMU3AINYA YKA3QHHOTO TIepe-
O6yquI/IH 3a CUYeT COKpallleHHns BKJIaJda OTIACJBbHBIX OKKJ/IIOSUBHBLIX 3JICMEH-
TOB M300parkeHusl Tpu (POPMUPOBAHUN KapT Tpu3HakoB cseprounoit THC.
IIpeamonaraercs, 9To BKIa1 yKA3aHHBIX ITPU3HAKOB MOYXKET OBbITH COKPAIIEH B
CJIOSIX, TIPOM3BOJAIINX 3HAYUTETHHOE YBEINICHIE PENEIITUBHOTO TOJIST UCXOJI-
HOro m30bpakenus. JleMoucTpupyercs yBeautdenue o6o0IaooIieii crrocoono-
CTH KapT MPU3HAKOB TIPH MCIIOJIB30BAHNN TIPETATAeMOTO TIOIX0A B 3a/1aUaX
transfer learning ¢ meckospkumu Tunamu apxurexktyp MHC.

2. PenenTuBHOE moJie

2.1. EcrecTBenHO-O1OJIOrIYECKHE MHBApPpMAaHTblI 3pPUTEJIBbHOI'O
BOCIIpMATHNA

C TOYKHN 3pPEHUI eCTeCTBeHHO—6HOHOFH‘{€CKOFO OIIMCaHNsA BOCIIPUNMYNBBIX
obJracreli ecTeCTBEHHBIX HEHPOHOB, PEIENTUBHOE I10JI€ 3PUTEIbHBIX pPellell-
TOPOB OIPEJIE/IsAeTCs KaK 00JIacTh B 1I0JI€ 3PEHUs, e 3PUTE/IbHbIE HEHPOHDI
pearupyror Ha BusyaJsibHble cTumysibl [10].

Basooe cpoiicrBo 3purenbHoro Bocupusitus [10] 3akiouaercs B ciely-
folIeii 0cOOEHHOCTH Iepefady CUIHAJIA PELenTOpy: KOrAa CBeT JOCTUIaeT BU-
3yaJIbHOTO JIATYMKA, TAKOr0 KaK ceTdaTKa, nH(MOpMAIrs, HeoOX0auMast JIJIs
olIpeie/IeHIs CBOMCTB OKPY?KAIOIIEro MUPA, COMEPXKUTCS He B 3HAUEHUSIX MH-
TEHCUBHOCTH M300parKeHHsI B OJHON TOYKE, a B COOTHONIEHUSAX MEXKJy 3Ha-
YeHMsIMU UHTEHCUBHOCTH B pa3HbIX Toukax [10]. Beougs, renepn, Gosee dbop-
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MaJIbHOE OIHUCAHUE, PEIENTHBHOE II0JIe 3PUTEILHONO HEHpPOHa MOXKET OBITD
OIIPeJIEJIEHO KaK 00JIacTh HoJist 3peHnst (061acTh BU3yasbHBIX JATINKOB) HA
BU3yaJbHbIE CTUMYJIbI KOTOPOro OH pearupyer [11].

OcHOBHasI MOTHUBAIMS BBIYMC/IATE]ILHON TEOPUM PEIENTUBHBIX IIOJIEi
[10, 12| 3ak/r04uaercss B yuere CBOHCTB IPOEKIMU 3-MEPHBIX 0ObEKTOB Ha, 2-
MEpPHBIi IATYUK OCBEIEHHOCTHU (CeTIaTKY ), [JIe JAHHbIE N300PasKEeHHsI MOTYT
[OJ[BEPraThesi 6a30BBIM IPeobpasoBaHusIM cieiytomiero sua [10]:

JIOKQJIbHbIE MAacIITabHble TpeoOpa30BaHusl, BbI3BAH-
Hble OOBEKTAMU PA3HBIX PA3MEPOB U HA PA3HBIX Pac- (1)
CTOSTHUSIX JIJIT HAOJIOIATEsT

JIOKaJIbHbIE aPUHHDBIE TTPe0Opa30BaHNS, BLI3BAHHBIE
U3MEHEHUsIME HAllpaBJIeHUsT 0030pa OTHOCUTEJILHO (2)
00beKTa

JIOKaJIbHBIE IIpeobpa3oBaHust lajmiiesi, BbI3BaHHbIE
OTHOCHUTEIBHBIMU JBUXKEHUSIMUA MEXKIy OOBEKTOM U (3)
HabJII01aTeIeM

JIOKAJIbHbIE MYJIbTUIIIMKATUBHBIE Hpeo6pa3013aHI/15{
NMHTEHCUBHOCTH, BbISBaHHbIC USMEHCHUAMU OCBECHICH- (4)
HOCTHU

Torjia, MOCKOJIBKY 3pUTeJIbHAs CHCTEMa CIOCOOHA IOJIJIEPYKUBATD CTa-
OMIEHOE BOCIPUSTHE OKPY2KAIOIIEH CPEJIbl B YCJIOBUSIX YKA3AHHON BBIIIE ayT-
MEHTAIMH CUTHAJIA, OJHUM K3 KJIOYEBLIX TPEOOBAHUI K MaTeMaTHIECKOM
dopMam3aIun ABJISETCS YCTONINBOCTD MOJEIH K TAKUM ITPE0OPA30BAHUSIM.

2.2. NNuBapuaHnTbl 0OpabOTKM 3pUTEJIbHBIX OOPa30B B MCKYC-
CTBEHHBIX HEPOHHBIX CETIX

C ToukmM 3peHns MOJENUPOBAHUS TPOIECCOB 3PUTETBLHOTO BOCIPHUSITUS B
ceeprounbix THC [13| or mogenu Tpebyercss yCTORYUBOCTL K yKA3AHHBIM
peobpa30BaHUAM U JOCTUKEHIE 0DO0OIAIOIIEH CIIOCOOHOCTH TIPU JTOCTATOU-
HO TTOJIHOM W ayTMEHTHPOBAHHOM obydaromeM MHoyKecTBe. OJIHAKO, MCXOJIsT
"3 NIPEAIOCHhIJIOK K YCUJIEHUIO OTAE/IbHBIX CUT'HAJIOB B IIOJIB3Y MUHUMU3AIIUN
GYHKITMOHAA TOTEPb, OYEBUIHO MPEJINoiaraTh, YTO OTAEIbHBIE CBOWCTRA,
COXPAHSIONINECST BO BCEX OOBEKTAX OIHOTO Kjacca, OYyAyT BHOCUTDL CyIIe-
CTBEHHBIN BKJIaJ B KapThl npusHakoB ceeprounoit MHC. Ocobenno, ecin
9T CBOICTBA U300payKeHUs SIBJISIFOTCS yCTONUMBBIMU (MHBAPUAHTHBIME) K
npeobpasoBarusam (1)—(4) — To ecTb OCTAIOTCS HEM3MEHHBIMU BO BCeM OOy-
JaroleM MHOXKecTBe. [[Jist yIpoleHusi ToOBeCTBOBAHUS TIOM00HBIE 3JIEMEHTHI
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n300parkeHust OyJaeM Ha3bIBaTh CYIIECTBEHHBIMHU 3JIEMEHTaMW WJIH Cy-
IECTBEHHBIMU CUTHAJIAMMN.

[Tono6Hble ycuseHust CUrHAIOB MOXKHO Habmonars [14] B aBroaccorma-
rusabix THC (aBrosukojgepax), rje jijist OCyIIeCTBICHUsT 0OPATHONO 0TOOpa-
skeHnst (JexkoaupoBanust) ¢ HanMenbmmmu notepsamu WHC usbbrrotno ycn-
JIMBAET CUTHAJIBI OTIEJIbHBIX IPU3HAKOB, MMEIONINX CHJIbHYIO KOPPEJIAIMIO C
[I€JIEBBIM TIPUBHAKOM.

IIpu opMupoBanny KapT TpU3HAKOB BO Bcex cjosax cBeprounoir MHC
MOXKET COXPAHATHCS M30BITOYHBIN BKJIAI ITOJMOOHBIX CYIIECTBEHHBIX 3JIEMEH-
ToB. OO 9TOM CBUIETEIHLCTBYIOT WCCJIEIOBAHNSA, IIOCBSIIEHHBIE OKKJIIO3UH
uzobpaxkenuit B ceeprounbix THC [1, 2, 3, 4].

[Tpemmoaraercs, 9To BKJIaI ITOAO00HBIX CYIIECTBEHHBIX 9JIEMEHTOB YCUJIN-
BaeTcs 1pu (GOPMUPOBAHUM KapT HpusHakoB B ciiogx MHC, npoussongmux
pacCIMpeHne PENENTUBHOTO TI0JIsi HCXOHOTO n306parkenust (1m.2.4).

B nmannoit paboTe mpemaraeTcss MeTOJ UepeIoBaHUs 00ydIaeMbIX Iapa-
MeTpoB MTHC, KOTOpBIit TO3BOJIAET yBEJIHMIUTH OOODIIAIONIYIO CIIOCOOHOCTD
MOJIEJNIN 3a CYET OCJIabJIeHns BKJIAJ/Ia OTIEIbHBIX TOJOOHBIX CUTHAJIOB IIyTEeM
3aMOPO3KH OTIEIbHBIX CJIOEB, YBEJINIUBAIONINX perenTuBHoe moje. 11pemmo-
JIAraeTcsl, 9TO pacCMaTpUBAEMbIil 9 deKT HOBBIIIeHNs 0000IIAOIIEH CIIocob-
HOCTH MOKeT OBITh JOCTUTHYT [P 3aMOPO3Ke MapaMeTpOB yKa3aHHBIX CJIOEB
WNHC na nocjegaux sramax o0y IeHus.

2.3. Bbrumciienue penenTuBHOIO I0J B MCKYCCTBEHHOI CBep-
TOYHOI1 HEIPOHHOII ceTu

PernenrruBHoe 1os1e Hefipona [6-8] — 310 06s1acTh BXOJHOrO M300pazkKeHUs B
ceeprounoit THC, ot koropoil 3aBucuT peakius aroro Heitipona. Ha puc. 1
IpeJIcTaBJIeH IpuMeD [6] perenTuBHOrO HOJIst /7S 2-X CJI0EB CBEPTKHU C SIIPOM
3x3.

[ycts cBeprounas MHC umeer L cioeB. Boixommbie curHasibl [-T0 Cost
(I = 1,n) 6ymem oboszHavdarh Kak f (TO €cThb fi — 3TO BXOAHOE N306pasKEHNE,
a f, — CHUTHAJIBI TIOCIEIHEro ¢jios). Kaxplil cBeprounbiil cioit | numeer 3
napamerpa CBEPTKU:

e k; - pasmep siipa CBEPTKU
® §; — IIar sAapa CBEPTKU
® p; — pa3Mep LHalJuHra

PaccmoTpuM citydail 0qHOMEPHOIO BXOJIHOTO CUT'HaJIa. Pasmep perenTus-
HOTO T10J1s HEPOHOB 13 cJ10s1 | Oy/1eM obo3Hauarh Kak 7. B pabore [16] npe-
JIAraroTCsI MOAXOIbI K BHIYUCIEHUIO UCXOJHOI'O PEIENTUBHOIO TOJIST JJIsl Pac-
CMaTPUBAEMOTO CJIydasl.
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1-A chok 2-i cnoit 3-i cnoit

Puc 1. Ilpumep perentusHOro moJist B ceeprounbix cjiosx NHC [16]
(1-G caoti - 8xodnoe uzobpasicerue, 2-i caoli - ceepmrka ¢ adpom 33, 3-1
ca0t - ceepmua ¢ Adpom 3x3. Temmo-cepoili - peyenmusroe noase 00Ho20

HEUPOHA U3 BMOPO20 CAOA, CBEMAO-CEPOIT - PEUENMUCHOE NOAE OAL 00H020
HeUPOHa MPEMbE2O CAOA)

PenenrruBHoe moste [-ro ¢BEPTOYHOrO CJI0si Jist 1-MEPHOIO BXOJHOIO BEK-
TOopa MOXKeT ObITh BbIUUCIEHO [16] coemytomum obpasom

ri—1 =581+ (k1 — s1) (5)

[IpejicraBieHHbIl TOAXO IPENoaraeT peKypcuBHOe Bbraucienue |16]
pasMepa MCXOJHOIO PEIENTHBHOIO MOJIs T() Ha OCHOBE Hapamerpos (s, k;),
rae i = 0, L (yuer majaunra p; OyeT mpeICTaB/IeH aaJee).

L -1
o= (=D ]]s:)+1 (6)
=1 i=1

[Tpuuem, kak OyIeT PACCMOTPEHO IO3JHEE, Pa3Mep PEIENTUBHOTO I0JIs
JIJIsT CJIOEB TIOJIBBIOOPKH B JTAHHOM cjIydae [16] aHAOrHYHO TpecTaBseTcst
C TIOMOIIIBIO TTApaMeTpPOB S; U k;.

Paccmorpum, Teneps, BbiBoJ [16] 3HAUeHUTT KOOPAMHAT PEIENITUBHOIO M0~
gag. Ilyets u; u v; — 9T0 KpaliHUil JeBbIi U KpalHul MpaBblil KOOPJIUHATEHI
PEIEenTUBHOrO 10Jsd B cjoe | coorBeTcTBeHHO. KOOp/mMHaThl PErenTuBHOro
noJtst st [ — 1 cjtost MoryT GbITH BhIpazkeHsl [16] ciemyomum o6pazom

w1 =—p+u s (7)
V1 =-—pu-s k-1 (8)

KoopAuHATEI HCXOAHOIO PEENTHBHOTO IOJIst MOTYT OBITH BBIPDArKEHBI Pe-
KypcusHO [16].
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L L1
o=ur[[si =Y _m]]s (9)
=1 =1 =1
-1
UO:ULHSZ Zl+pl_kl)Hsi (10)
=1 i=1

st yno6eTBa BBIMHACICHUS MCXOJHOTO PEHENTHBHOIO IOJS BBEIEM CO-
BOKIIHBII casur S; (crpaii) u coBokymHblii namur P [16]

S = H 5; (11)

L m—1
Z Dm H S; (12)

m=Il+1 i=l+1

Torma, Ternepb, KOOPAUHATHI UCXOJHOINO PEIENTHBHOIO II0JIsI MOTYT OBITH
BBIPAXKEHBI CJIEIYIONIUM 00pa30oM

0:—P0—|-UL-S() (13)

vo=1ug+1rg—1 (14)

Pasmep perenTuBHOTO 0I5t OCJIE TPUMEHEHHsT IO IBBIOOPKH (ITYJIMHTA) C
SJIPOM pasdMepa kr41 B TOCTIEIHEM CJIO€ MOXKET ObITh BLIPAYKEH CJIE/TYIOIINM
obpaszoM

-1

0_1+Z(kl—1 Hs) (kpsr — 1) Hsl (15)

Herpynuo 3amerurhb, 4TO CJI0 HOABBIOOPKN 3HAYUTEIbHO PaCIIH-
pseT peHenTUBHOE HOJie. DTUM 3aMeYaHUEeM Mbl BOCIIOIB3YEMCsI JTajiee B
m.2.3.

B rabsmine 1 npejcraBiied HpUMEP BLIYUCICHAS Pa3Mepa PEIeNTHBHOIO

nostst st THC AlexNet [15]
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Tabmuma 1. [Ipumep Borancienust perenrrusroro mouist st UHC AlexNet

[15]

[ | Tun caos 7] k; s
8 max pooling 1 3 2
7 convolution 3 3 1
6 convolution 5 3 1
5 convolution 7 3 1
4 max pooling 9 3 2
3 convolution 19 5 1
2 max pooling 23 3 2
1 convolution 47 11 4
0 input 195 - -

B rabusune 2 [16] npejcraBieHbl pasMepbl PEIENTHBHOIO OIS JIJIsT Pas3-
JIMIHBIX apxXuTeKTyp cBeprodnbsix THC.

Tabnuna 2. Pazmep penenrusaoro modist jyisi Hekoropeix THC [16]
(rze |lo| - mmHA BXOIHOTO BEKTOpA)

MO,L[e.TIb To ‘lo‘ Sg Po
alexnet v2 195 224 32 64
vgg 16 212 224 32 90
mobilenet v1 315 224 32 126
mobilenet v1 075 315 224 32 126
resnet v1 50 483 224 32 239
resnet vl 101 1027 224 32 511
resnet v1 152 1507 224 32 751
resnet v1 200 1763 224 32 879
inception v2 699 224 32 318
inception v3 1311 224 32 618
inception v4 2071 224 32 998
inception resnet v2 3039 224 32 1482

Heob6xomumo 3ameruts [16], 910 10 Mepe pa3BUTHsT MOJieI€eil PelenTuBHOE
II0JIe UCXOIHOrO n300paskenus ysennausaercs [16] (puc.2).
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Puc 2. rpaduk kadecTBa KjraccupuKalnl B 3aBUCHMOCTH OT Pa3Mepa
perenTHBHOro 1oJist |16]

2.4. Crnou yBean4deHUs PElENTUBHBIX IMOJIeii

B pa6ore [16] perientuBHOe 110J1€ ONpeeisieTcst Kak 061acTh HCXOHOTO H300-
paXkeHus, CUTHAJIBI KOTOPO#l y9acTBYIOT B (POPMUPOBAHUHN KAPT IPU3HAKOB.
Kak 6b1710 3aMeueHo panee, PENENTUBHOE M0JI€ 3HAYUTEIHHO YBEIUINBACTCS
3a CUeT CJIOEB IOJBBIOOPKMU.

[Ipu 3TOM CyIIECTBYIOT €JIOU, IPOU3BO/JILAIIINE 3HAYUTEIHLHOE yBEJINIEeHNE
PEIENTUBHOrO OIS He B CMBIC/IE pa3Mepa 00JIACTH UCXOTHOTO M300ParKeHUs,
a OTHOCUTEJILHO BKJIAJIA €r0 9JIEMEHTOB B KA9eCTBO KJIACCU(DUKAIIIH.

YacTb perenTuBHOrO MoJist, BHOCSINAS CYIIECTBEHHBIN BKJIA/l B KAIECTBO
kaaccudukanuu, OyjeM Ha3blBaTh deticmeumenvhowm (effective receptive
filed) [17]. PenenruBHoe moie, oreHBaeMOe B CMbICJIE KOODJIMHAT UCXOJHOM
obJractu n300parkeHusi, B JaabHeHIIeM Oy/ieM HA3bIBATD GblYUCAACMDBIM.

B pabore [17| memoncTpupyeTCs yBeJMYeHHe JIefiCTBUTEILHOIO DeIerl-
TUBHOI'O II0JIsl KaK 38 CYeT OTHEIbHBIX CJI0eB HEKOTOpoil ceeprounoit THC
(puc.3), Tak u B mporecce obyuenusi ykazannoit UHC (puc.4). B kauectse
MepbI BJIMAHNA OTEJC/IbHBIX BXO/JHBIX CUT'HAJIOB .’I}?Z’J) HEKOTOPOTI'O CJIOA 1 Ha

BBIXOJIHBIE CUTHAJIBI yz j)» OTIEHUBAETCsl YACTHAS HPOM3BOHAL ayg i) / 81‘?1. i)

17].
[Ipennosaraercss, YTO BKJAJ CYIIECTBEHHBLIX 3JIEMEHTOB M300paKEHUsI
yennuBaercst B cosx THC, mpousBomsmmx 3HaUUTEIHLHOE PACIITHPEHNE BbI-
qucsseMoro perentusHoro mouist (1.2.3). Ilpu dopMupoBanun kapT npusHa-
KOB OTJ/IeJIbHBbIE CUTHAJIBI, TTOJIYYeHHbIE U3 BBIYUCISEMOTO PENENTUBHOTO MO~
Jisi, MOT'YT OCJIADJISATBCSI B [IOJIb3Y CUTHAJIOB, IOJIyYeHHBIX HA OCHOBE CYIIE-
CTBEHHBIX JIEMEHTOB M300PaKeHMsI, COXPAHSIONINXCS BO BCeX 00beKkTax 00y-
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(a) (6)
Puc 3. Penenrusnoe nosie B 3aBucumoctu ot caost THC [17]
(a) - penenTUBHOE I0JIe CBEPTOYHOIO €105t (6) - PElenTHBHOE MOJIe CJIOs
OBBIGOPKH (ITy/LIMHTA)

(@) (6)

Puc 4. Penenrusnoe noste 1o u nocie odyvenns THC [17]
(a) - perienTuBHOE 10JIE 70 00y4eHUst; (6) - PEIENTUBHOE MOJIE TIOC/Ie
obyuenust (IyJuInHra)

JaIoIero MHOXKecTBa (11.2.2). OcobeHHo, e/l 9TH 3JIeMEHThI YCTONINBEI (MH-
BapuaHThl) K peobpazoBanusim (1)-(4).

Takum obpazoM, HEOOJIBINNE pasMepPbl AeCTBUTEJIHLHOTO PelenTiB-
HOTO IIOJISI 110 OTHOIIECHUIO K Pa3MepaM BXOIHOIO N300ParKeHNUs NI BBIYMC-
JINMOT'O PEeLEeNTUBHOIO IOJIE MOXKHO PAaCCMATPUBATH IIPH3HAKOM HEJO-
crarounoro obyuennst IHC. TlonsiTHO, 9TO Cjlom yBesmueHnst perenTHBHBIX
1oJieli UrparT 0coby0 POJib B PACHINPEHUH JIEfICTBUTEIHHOIO PEIEIITHBHOTO
IOJISL.

3. lIpeososienne nepeodyvdeHUs

3.1. OnpepeseHue nepeodyvueHUs

B kagecTBe 6a30B0Or0 npejcraBieHus IPodIeMbl IIepeodyYEeHUsT MOIE/IN Pac-
CMOTPHM 3aK0H cMeweHus-ducnepcuy |18, 19| st 3amaun kiaccudukamnum.

[ycrs {x1,x2,...,2y} — HEKOTOPOE OOYUAIOIIEE MHOXKECTBO, IJIe KarK 0
My OOBEKTY Z; COOTBETCTBYET HEKOTOPOE BENIeCTBEHHOE YMCJIO Y; (MpUHA-
JIEXKHOCTD K KJIAcCy, yuuresib). [Ipu arom cyiecTByer 1ieieBast 3aBUCUMOCTh
Y, KOTOpasi olpejiejieHa KaK Ha yKa3aHHOM MHOxKecTBe {T1,X2,..., Ty}, TaK
1 3a ero npejenaMu. Ilpudem meseBast 3aBUCHMOCTD MOXKET OBITH IIPEICTaB-
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JIEHa CJIEIYIONINM 0Opa30M.
y(@i) = f(@:) + ¢ (16)

rne f(z) : RP — R ecth mexoropas (yHKIHs, a € - ecTb ciydaiinas
BesmanHa (myMm). Bymem cumrars, 4ro € mmeer Hysesoe cpegaee Me = 0 u
JIACIIEPCHUIO O

Jamnyio dpopMan3auio MOXKHO PACCMATPUBATEL CJEIYIONIUM 00pPa30M:
11l HEKOTOPBIX 0ObEKTOB 00y YaOIero MHOXKECTBA {1, X2, ..., Ly, } JOCTYIIHbI
orBerhl f(Z), HA OCHOBE KOTOPBIX HEOOXOIMMO AIIIPOKCHMHUPOBATD LIEJIEBYIO
3aBUCHMOCTD Y 3a IPEJIeJaMU YKa3aHHOTO MHOXKECTBA {T1, L2, ..., Tp }.

B rakom ciiydae 3ajada MAITMHHOTO 0OYYEHUS 3aKJII0UACTCS B HAXOXK e
Hrn npubsmrkaromeil dyukipn (Momesnn) a(x), KoTopas ¢ JOMyCTHMON TOU-
HOCTBIO AIIPOKCUMUPYET IIEJIEBYIO 3aBUCHMOCTD Y KaK Ha BCEM 00YydJaloIeM
MHOXKECTBe {1,Z2,...,Tn}, TAK U 3a €ro mnpejejgamu. B KadecTBe OmubKu
AIPOKCUMAIIK OyJIeM PacCMaTPUBATH CPETHEKBIATPATHIECKOE OTKJIOHEHNE

(M(y) — a(x))*.

M(y(z) - a(x))® = M (y*(z) — 2y(z)a(z) + a*(x)) =
= M(a2($)) — 2M(y($)a(x)) + M(y2(m)) =
= M(a*(z)) + M (y*(z)) — 2M ((f + €)a(z)) =
= M(a*(z)) + M (y*(z)) — 2M (fa(z)) — 2M (ea(x)) =
— M(a*(z)) — (M(a(x)))” + (M(a(z)))’*+
+ M () — (M(y(x)))*
+ (M(y(x)))” —2M (fa(x)) =
= D(y(m)) + D(a(:v) + (M(y(x)))2+
+ (M(a(x)))? — 2M (fa(z)) =
— D(y(x)) + D(a(:c)) + (M(f))Q—
—2M (fa(x)) + (M(a(x)))* =
= D(a(@) + (M(f ~ a(@)))” + D(y(x)) =
= variance(a(z)) + bias(f,a(z)) + o>
rie

. bz’as(f,a(x)) = (M(f - a(;z:)))2 - cmeujenue MOJIENH, TO eCTh OMmbKa
OTHOCHTEJIBHO 33/[AHHOIO MHOKECTBA TOYEK {T1, X2, ..., Tn }

e variance(a(z)) = D(a(z)) = M(a*(z)) — (Ma(;zc))2 - ducnepcus Mo-
JIEJTH, TO €CTh pa3bpoc 3HAYEeHNIT OTHOCUTEILHO CPEIHErO Ha 33 [aHHOM
MHOYKECTBE
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° 02 = D(y) - JIACIIEPCHUS TIeJI€BON 3aBUCUMOCTH, pacCMaTpUBaeMas Kak

HEYCMPAHUMAA owuoxa

3akoH cMeneHus - Jucepcun npejnosaraer [19]: wem Gosibiie ToUek
(1,2, ..., Tn) 3aXBaTBIBACT MOJEb a(x), TeM HuzKe cMerienne (bias), oqHako
BhIIIE ee jucnepens (variance). Ecsn npe/osnarars, 9To mpu pocte CI0KHO-
CTU MOJIE/IH YBEJIMIUBACTCS YUCIO0 TOUEK, KOTOPBIE OHA CIIOCOOHA 3aXBATUTD C
JIOIyCTUMOI TOYHOCTBIO, TO JIAHHBIH 3aKOH MOXKeT ObITh [IPOUJLIIOCTPHPOBAH
caretytomum obpasom (puc.5) [19].

Aaucnepcua
(variance)

cmeuleHune
! (bias)

.
-

onTumanbHas CNOXXHOCTb
CNOXHOCTb moaenu

Puc 5. Umocrpanus 3akona cMernenus-aucrnepenn [19)

Torga npobiiema mepeobyueHUsT MOXKET OBITh BhIPAXKEHA CJIEILYIOIUM 00-
pazoM:

Onpenenenune: nepeobyueruem HHC 6ydem naszvisams pocm owubku
HA NPOBEPOYLHOM MHOHCECTBE NPU YEEAUNEHUU CAOHCHOCTNU MOOEAU.

s moneneit MHC maHHBI 3aKOH MOXKeT OBITH BBIDAXKEH B TEPMHHAX
caoxkuoctu THC, r1e cJI02KHOCTD MOJIE/IN OIIPEIEIISIETCS IUCIOM Pa3Ie/Isio-
IUX IUIIEPIOBEPXHOCTEl (HEHPOHOB).
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3.2. N30bITOYHOCTH MOJEJIN UJIN HEJOCTATOYHOCTDH JAHHBIX

B namnom maparpade IPUBOISATCS PACCyKICHU, HOIKPEIUISIOINIIE BBEICH-
HOe paHee onpejesenue nepeodydenust (m.3.1.).

N36prTounas crokuOCTh MOzesn B ciydae VIHC MozkeT onmchIBaThbest Kak
U30BITOUHOE HHCIIO PA3JIC/ISIONIUX THIICPIIOBEPXHOCTEI DU BBICOKON I'DAHY-
JIMPOBAHHOCTH I'PYIII 00BEKTOB B IIPOCTPAHCTBE IIPU3HAKOB (pHC.6).

10

0.8

0.6

X2

04

0z

0o

00 02 04 06 08 10
x1
Puc 6. ITpumep u30bITOIHON CIIOXKHOCTH MOJIE/IN IIPU IPAHYIMPOBAHHBIX
KJIaccax

[Ipu BBICOKOI IPAHYIUPOBAHHOCTH 00YUYAIOIIET0 MHOXKECTBA U IIPU CYTIe-
CTBOBaHUU OTAEJIbHBIX IIPU3HAKOB, IO KOTOPbLIM O6'])€KTI:)I Pa3HbIX KJIaCCOB
CTAHOBSATCS JIETKO OTIETUMBIMIE, MTOSIBJISIETCS HAOOD CYIIECTBEHHBIX TIEPEMEH-
HBIX Jisi hyHKIMN Kiaaccudukanuu (puc.7).

B Takowm ciryaae nepeobyuenne HC Bo3HUKAET HE TOJBKO IIPU JTUTEb-
HOM OOYU€HUN, HO U [IPU UBJIUIITHEM IPOOJIEHNN TPU3HAKOBOTO IIPOCTPAHCTBA
13-33 M3OBITOTHON CJIOZKHOCTH MO/TEJTH.

3.3. Ilepeobydyenue Ha OKKJIIO3MBHBIX ITPU3HAKaAX

B sasaue pacniosnasanusi 00pa3oB OT/EIbHBIE 3JIEMEHThI N300PayKeHMUsl, CO-
XPAHSIONMECST BO BCEM MHOYXKECTBE 0OO'bEKTOB HEKOTOPOT'O KJIACCA, SABJISIOTCS
CYIIECTBEHHBIMU IIPU3HAKaMU. B 0COOEHHOCTH, €CI 9TU MPU3HAKHU SIBJISTIOT-
csl yeToiunBBIME (MHBApHAHTHBIME) K 1peobpasoBanusm (1)-(4), rak Kak ux
obpa3 coxpaHsaeTcst HeM3MEHHBIM BO BCEX 00beKTax 00ydaronero MHOYKECTBA.

O cymecTBoBaHUK IPOOJIEM HEepeoOyIeHUsT Ha CYIIECTBeHHBIX TPU3HAKAX
(11.3.2) B 3a7]aUax pacrno3HaBaHusi 0OPA30B CBHUJIETEILCTBYIOT SKCIIEPUMEHTHI
0 OlleHKe OKKJ/Io3un n3obpaxkenuit |1, 2, 3, 4] B ceeprounsix UHC. O mno-
JOOHBIX TIPOOJIEMaxX TaK K€ CBHUJIETETLCTBYET MHOKECTBO SKCIEDUMEHTOB C
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a7

Puc 7. Tlpumep cyiecTBeHHOI iepeMeHHOM (Z3) B IPOCTPAHCTBE PU3HAKOB

zamymiienneM uzobpaxkenuii (araku na VHC), npuogsiiuM K 3HAYUTEIb-
HOMY TIOHUZKeHHIO TouHoCTH |20).

BazoBbie OX0/IBI 110 OIIEHKE OKKJIIO3KHU 1] TI03BOJISIIOT ONpeIeInTh BJIU-
sIHA€ OTJEJIbHBIX CYIIECTBEHHBIX HMPU3HAKOB HA TOYHOCTH KJIACCH(DUKAIINM.
[Ipu 3amymieHuN OT/IEJIBHBIX JIEMEHTOB U300paKeHHsS OIEHUBACTCS H3Me-
HeHne ToYHoCTH Kiraccudukaruu B odbyuennoit THC. [Ipoussost ykazaHHYO
OTIepAIUI0 UTEPAIMOHHO 110 BCEM O00JIACTAM M300parkKeHusi, BO3MOXKHO OIle-
HUTh CTEIEHb BJIUSTHUAST OTJ/IEJIBHBIX 9JIEMEHTOB U300pakeHusl Ha, (DUHAIBHOE
npejickasanue [4].

DKCIEPUMEHTHI 110 OKKJII03uN n3obpazkennii [1, 2, 3, 4] aemoncTpupyor
npobsieMy yXy/Irenns 00600Iaioneil CiocoOHOCTH MOJEN 38 CIET U30BITOU-
HOT'O BHUMAHUsI HA OTJEJbHBIX IPU3HAKAX U300parkeHnus. 10 ecTb, mpobiiema
mepeoOyUeHns B JTaHHOM CJIydae PAacCMaTPUBAETCS KaK IpodjeMa n30BITOY-
HOTO BKJIJIa, OTJIEJbHBIX OKKJIFO3MBHBIX 3JIEMEHTOB M300PA’KEHUsI B KapThl
npusHakoB ceeprounoir NHC.
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4. Metona yepegoBaHus o0y4daeMbIX ITapaMeTPOB

4.1. Onucanme meroaa

B nannoit pabore mperaraercst METOT YepeI0BaHUs 00y IaeMbIX [TaPAMETPOB
WNHC, no3Bosisionuii yBeTuIuTh 0000IIAIOIIYI0 CITOCOOHOCTD MOJIEH 38 CIET
ocyrabyieHnst BKJIa/ia OTACIBHBIX CYIECTBEHHBIX CUTHAJIOB (11.2.2).

[Ipeamonaraercs, 9T0 paccMaTpuBaeMoe epeoby IeHne MOYKHO PEeryIsipu-
3UPOBATDH 3a CYET IOIIEPEMEHHOII OCTAHOBKM OOYYEHUs CJIOEB, YBEJIUINUBAIO-
[UX BBIYUCJISIEMOE PEIENTUBHOE ToJie. B TakoM citydae BO3MOXKHO yCHJIUTH
ydJacTue JIPYruxX MeHee CYIIECTBEHHDLIX 3JIEMEHTOB M300paKeHus mpu pop-
MUPOBAHUU KAPT TPU3HAKOB, TO €CTh YBEJIUIUTh JE€HCTBUTEIBHOE PEIEIITUB-
HOE TI0JIe, ITO MPUBEJAET K MOBBIMIEHNIO 0000IIAOIIeil CIIOCOOHOCTI MOJIEIH.
JlaHHYI0 TEXHUKY YepejioBaHus 00yJYaeMbIX [MapaMeTpoB OyIeM jiajiee Ha3bl-
BaTh 00y4ueHuem ¢ GuUKCUpoBaHHBbIM perentuBHbIM mosiem (RFF —
receptive field freeze).

4.2. DKCIIEPUMEHTHI

JL1sT TeMOHCTpAaIMK METO/Ia PACCMATPUBAETCST KJIacCHIecKast 3a1a4a transfer-
learning. JlaHHBII 110/1X0/T BRIOpaH, MOCKOJIBKY MTO3BOJISIET OIEHUTH HOBBIIIE-
Hue 0600IaroIeil CHOCOOHOCTH MO/JIe/IN Ha YPOBHE (POPMUPOBAHUST KAPT IIPU-
3HAKOB, & He KJACCHU(PUKATOPA B ITOCIEIHEM CJIOE.

NHC obyuaercst Ha HEKOTOPOM Habope m300pazkeHuii (ykasaHo jaJee),
IpUHAJIEXKAINX MHOXKeCTBY 0a30BBIX KjaccoB. [lasee mpousBomguTcst 00y-
YeHue nocJieiHero (BbxoHoro) kiaccudukarop-ciaos MHC Ha rpynmne kiac-
COB, He BXOJANUX B 0a30Boe oby4aromiee MHOKecTBO. ObOyuenune MIH Ha uc-
XOJHOM Habope KjiaccoB (1o transfer learning) st yrporeHust u3JioKeHust
Oy/eM Ha3bIBaTh 6A30BBIM 00YYEHHEM.

DKcIepuMeHT uMeer cieayomuii Buj (puc.8):

ITl1ar 1. BazoBoe 00yvyeHue Mmoaeaun
BasoBoe 00ytenne MoJe/i B TEUEHNH N SIIOX
ITTar 2. Receptive Field Freeze - 06yuenne (RFF)
Hoobyuenne Mojien B ABYX BapUAINsIX:
e Mozesb 1: 6azooe obyuenne MHC B snoxe (n + 1)
e mozeisib 2: RFF o6yuenne THC B smoxe (n + 1)
HTar 3. Transfer learning
Ha ocnoBe kaxjoil uz 2-x Mojesieil npousBoguTcs transfer-
learning (¢ oZMHAKOBBIME THIIEpIIAPAMETDAMH )
st aucrorsl SKcepuMeHTa Ha Imare 1 Ha IPOTSIKeHUH IIEPBBIX 1 310X
obyuaercs 1 obmast Mogens (mar 1). 3areM Ha snoxe (n + 1) npoussoauT-
cst paspersiieHne Ha 2 Mozesu (mar 2). asee jist KayK1oil Mojiesn 1Ipous-
Bojutcs transfer learning ¢ oMHAKOBBIM rHIIEpIIADAMETPAMHE, OJIMHAKOBOI
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TL

TL

basic

LWar 1 LWar 2 LWar 3

Puc 8. Cxema 3KcriepuMenTa,

CTApTOBOW WHUIMAM3AIIENH BECOB B MOCIETHEM KJIACCH(DUKATOP-CI0E U 00-
UM IEHEPATOPOM CJIyYafHbIX YUCEeII.

Ha ocnoBe ykazanHol cxeMbl jjajiee TPOU3BOIATCA 3 IKCIIEPUMEHTA: 0a30-
BBIIl 9KCIIEPUMEHT, IKCIIEPUMEHT ¢ mpeojosienneM repeodydenns MHC, skc-
nepumenT ¢ rirybokoit UTHC ResNet50.

4.2.1. ba3zoBblii 3KCIIepUMEHT

B 6azopom skcniepumente ncnosb3yercs jgaracer CIFAR-100. Pacemarpusa-
ercs apxurekrypa UHC, cocrostimast nz 2-x Tunos 6JI0KOB: BJIOKU CBEPTOK 0e3
oIBBIOOpKY 1 OJ10KE ¢ moaBbIOOpKOi. Apxurekrypa WHC mpencrasiena B
Tabauie 3.

B pamkax oOydenusi ¢ (PUKCHUPOBAHHBIMU PEHENTUBHBIMUA ITOJISIMU
(receptive field freeze, RFF) B ykazannoit UHC dukcupyiorcs mapameTpsl
CJIOEB, TPOU3BOJSINUX CBEPTKHU Cpa3y II0C/e ONEpaluy IOBLIOOPKHU (max
pooling), To erce ciaou 7 u 13. [llaru sxkcnepumenTa ykazanbl B Tabsure 4.

s onenku ycroitunBoctun merona, garacer CIFAR-100 6su1 pa3bur Ha
10 moamHOXKeCcTB KjaaccoB. Kakmoe M3 MOAMHOXKECTB OBLIO pasbmTo Ha 2
IPYIIIbI KJIACCOB: KJIACCHI JJisi 0A30BOTO OOyUeHUsi U KJjacchl juis transfer-
learning. MTorosbie rpymmbl IOAMHOXKECTB IPEJACTABIEHBI B TaOIHUIE .
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Tabnumna 3. Apxurektypa 6azosoit MHC

N | Caoii Pasmep kaptol | Kos-Bo simep | Pasmep aapa
1 | Convolutional (32,32) 32 (3,3)
2 | BatchNorm (32,32) - -

3 | ReLU (32,32) - -
4 | Convolutional (32,32) 32 (3,3)
5 | ReLU (32,32) - -

6 | MaxPooling (16,16) 32 (2,2)
7 | Convolutional (16,16) 64 (3,3)
8 | BatchNorm (16,16) - -
9 | ReLU (16,16) - _
10 | Convolutional (16,16) 64 (3,3)
11 | ReLU (16,16) - -
12 | MaxPooling (8,8) 64 (2,2)
13 | Convolutional (8,8) 64 (3,3)
14 | BatchNorm (8,8) - -
15 | ReLU (8.3) - -
16 | Convolutional (8,8) 64 (3,3)
17 | ReLU (8,8) - -
18 | Flatten 4096 - -
19 | Danse 64 - -
20 | ReLU 64 - -
21 | Danse 8 - -
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Tabnuna 4. Cxema sxcrepumenTon 1.1-1.10

Homep smoxu Mogeas 1 ‘ Mogeinnp 2
0 MHUIATIU3AII TapaMeTPOB
[1,4] 6a3oBoe 00yUeHIEe
5 bazoBoe obyuenune | RFF-obyuenue
6 transfer-learning | transfer-learning

Tabmuna 5. Pazbuenne kinaccoB B axcrepumentax 1.1-1.10

N | Kaaccel gna 6azoBoro obyuenusi | Kiaccor LISt
transfer-learning

1.1 | abs0K0, XOMsK, PeOEHOK, MeIBejib, | XKYK, 600D
qachl, IT9ejIa, BEJIOCHUIIe ], Oy ThLIKA

1.2 | moct, aBTOOYyC, BepOJIION, MEBYIIKA, | dalla, MaJbIuK
OaHKa, 3aMOK, TI'yCEHHIIa, KPYIIHBII
poraTelii CKOT

1.3 | mumMmanse, o6/1ako, KpoBaTb, Tapa- | CTYJI, KPOKOIMI
KaH, JUBaH, ropa, Jallka, JUHO3aBP

1.4 | menbdun, kambara, jiec, auca, 6abod- | CJIOH, aKBapUyMHasi
Ka, JIOM, KEHI'ypy, KJIaBUaTypa PBIOKa,

1.5 | jlamma, Ta30HOKOCHJIKA, Jieomap, | Kpad, MOTOIUKJI
JIeB, SIIEpHuIia, omap, dJeperaxa,
KJIEHOBOE JIEPEBO

1.6 | mbimb, rpubd, ayboBOE JIEPEBO, allejib- | TAJIbMOBOE  JIEPEBO,
CUH, OPXUJEsi, BbIIPA, IMHKAIl, COCHO- | IPYyIIa
BOE JIEPEBO

1.7 paBHUHA, TapejiKa, MakK, OIIOCCYM, | KPOJIMK, PaKeTa
JUKOOPAas3, eHoT, JIyd, J0pora

1.8 | po3a, mope, TIOJI€Hb, 3eMJIEPONKA, | CKYHC, aKyJja
HebocKkped, yIuTKa, 3Mes, IayK

1.9 | 6enka, 1moesm, CHAIKUil meperl, CTOJ, | TeaedoH, TpaMBaii
TaHK, TeJIEBU30P, TUTD, TPAKTOP

1.10 | moxconyx, dbopeb, mKad, KAT, UBO- | My2KYHHa, TIOJIbIIAH

BOE€ JIEPEBO, BOJIK, YKEHIIINHA, Y€PBb
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Takum ob6pas3oM, JJjist OIEHKU YCTOWYIMBOCTH METOjA, SKCIIEPUMEHT I10-
Bropsiicss 10 pas Ha pa3HbIX Kiaccax m3obpaxkenwit. Ha kakjgom uz moi-
MHO2KECTB KJIACCOB ITPOM3BOJUJICHA IKCIIEPUMEHT CJieyomiero Buja. s
Basmgaim oTBoAuIoch 20% OOBEKTOB M3 KaxKJO# TI'PYIIBI KJIACCOB s
transfer learning. B kadecTBe MeTpHUKM OIEHHUBAETCSI acCUracy Ba I IAIIAN
(val accuracy).

Tabsmra 6. PesynbraTo: skcnepumenTon 1.1-1.10

Howmep Mopennr 1 | Mogean 2 | delta
9KCI-TA
1.1 0,640 0,645 +0,005
1.2 0,590 0,595 +0,005
1.3 0,675 0,680 +0,005
14 0,765 0,760 —0,005
1.5 0,700 0,745 40,045
1.6 0,890 0,905 40,015
1.7 0,795 0,800 40,005
1.8 0,880 0,875 —0,005
1.9 0,640 0,655 +0,015
1.10 0,790 0,825 +0,035
avarage delta +0,012

Ha rpadukax mike (puc.9) mpe/cTaBieHbl TOKAa3aTen TOTHOCTH 00y e~
HUsI ¥ BAJIUAIINH.

Herpyano 3amernTn, ¥T0 B 9kcrepumenTax 1.4 u 1.8 (rae TodHOCTH Basm-
JIAIAN MOJIEJIN 2 OKa3aJ1aCh HUKE) MOJIe/Ib 1 JocTrraeT Hanbosibieir 0606rma-
IOIIEli CIIOCOOHOCTH OTHOCHTEIHHO IIPOYINX SKCIEPUMEHTOB (TaK Kak IoKa3a-
TeJI TOYHOCTU BAJIMIAIINE COIIOCTABUMBI ¢ TOYHOCTBIO 0OydeHust). B MHOrIX
ocranbHbIX ciaydasnx (1.1, 1.3, 1.6, 1.7, 1.9) MHC oka3sasach 6sin3ka K dase
epeobyIeHns Ha IEPBBIX 4 5I10XaX.

Ucxomst n3 3T0T0 HAOJIIONEHNS, €CTECTBEHHBIM 00Pa30M BO3HUKAET IHIPE/I-
nosioxkenne, uro RFF obydenue mo3Bosister n3bekarsh panHeil cTajuu mepe-
o0yJeHns, KOTOpasl BbIPasKAETCs BEICOKON OKKJIIO3KMEH N300parkKeHusl. JKCIIe-
PUMEHT C TUM IIPEIIOJIOKEHNEM PACCMATPUBAETCS B CJIELYIONIEM paselie.
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4.2.2. DKCIIEPUMEHT C IPeoaoJieHneM HepeodyueHus:

JI71sT OTIeHKM IIPEIIIOJIOXKEHHsI, PACCMOTPEHHOIO B IPOIIJIOM pa3jiesie, IMPonus3-
BOJUTCS PsiJi SKCIEPUMEHTOB ¢ 6a30BbIM 00ydYeHUEM B 7 310X, Ile 3HAYCHHE
n omnpenensiercss cragueit mepeobyuenus MHC. B kaxkmom u3 10 skcruepu-
MEHTOB 06a30Boe 00ydeHne IPOu3BOAUTC 10 TexX nop, noka VMHC e Boiimer
B (bazy nepeobyUueHnsl Ha HEKOTOPOil 3moxe n. 1o ecTh, SKCIepUMEHT UMEET

CJCYIONIMUIA BU:

Tabauna 7. Cxema sxcrepumerTon 2.1-2.10

Howmep snoxm Mogens 1 ‘ Mogenn 2
0 MHULMAIU3AUA [1apaMeTPOB
[1,n — 1] 6azoBoe 00yueHme
n 6azoBoe obyuenne | RFF-obyuenune
n+1 transfer-learning | transfer-learning

Kak u B 3KcIepuMeHTax IIPOILIOrO pasjesa, Jis Bajuganuu transfer
learning orBoIIOCh 20% 00BEKTOB U3 KazKJI0ii IPYIIIBI KJIACCOB. B KauecTBe

METPUKH OIEHUBaeTCs accuracy npu Bajmganuu (val accuracy)

Tabsmra 8. PesymbraTo! sxcuepumenton 2.1-2.10

Homep | Moaens 1 | Moaesns 2 delta

IKCI-TA
2.1 0,640 0,635 —0,005
2.2 0,690 0,670 —0,020
2.3 0,830 0,850 + 0,020
2.4 0,900 0,905 + 0,005
2.5 0,825 0,830 + 0,005
2.6 0,870 0,900 + 0,030
2.7 0,755 0,795 + 0,040
2.8 0,855 0,905 + 0,050
2.9 0,830 0,850 + 0,020
2.10 0,740 0,725 —0,015

avarage delta +0,013

Ha rpadukax nmxke (puc.10) mpecraBieHbl TOKa3aTeIn TOTHOCTH 00Y-
YeHUs ¥ BaJualu. AHaJU3 U BBIBOJBI IIPUBe/IeHB! B aparpade 4.3.1.
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4.2.3. IDKCIIEepUMEHT C IJIyOOKOI HEHPOHHON CeThIo

B skcnepumentax Nel.1-1.10 mw Ne2.1-2.10 sMUTHPOBAJIMCEH CJIOW TJIYOOKHAX
VHC, npousBojgsiiye cxKarue KapT NPU3HAKOB (TO €CTh CJIOU, PACIIUPSIIO-
Iye perenTuBHOe noJie). B JaHHOM pasjiesie SKCIepUMEHT IIOBTOPSIETCS JIIsT
rirybokoit MHC ResNet50.

N3 nmaracera ImageNet 6bun Boibpannr 10 ciaydaitabix Kiaaccos. [lastee
U3 yKA3aHHOTO MOJIMHOXKECTBA KJIACCOB CJIYUANHBIM 00pa3oM ObLIN BHIOPAHBI
2 kacca juist transfer learning. B MHC ResNet50 B pamkax RFF-o6yuenus
ObuIN 3aUKCUPOBAHBI [TAPAMETPHI B CJIOSAX, HMOHIXKAIOIMINX pa3Mep KapThl
npusnakos (tabsmia 9) : 8, 40, 82, 144. Ilaru sKciepuMeHTa yKa3aHbI B
Tabaue 9.

Tabsmia 9. Ciion, nonuzxkaroiye pasmMep KapThl npusHakosB B ResNet50

Howmep caosa | Pasmep BxoaHoi | Pazmep BBIXOJTHOI
B ResNet50 | kapThl Npu3HaAKOB KapThl ITPU3HAKOB

8 (114,114) (56,56)

40 (56,56) (28,28)

82 (28,28) (14,14)

144 (14,14) (7,7)

Tabmumna 10. Cxema 3KcrepuMeHTa 3

Howmep Mogeas 1 Mogenan 2
MOXU
0 WHUIUAJIN3AIUS] TapaMeTPOB
[1,n —1] 6azoBoe 00yuenne
n 6azoBoe obyuenune | RFF-obyuenune
n+1 transfer-learning | transfer-learning

Kak u B sKcriepuMenTax IPOIIIBIX Pa3J/esioB, JUisl Bajujanun transfer
learning orsoauIoch 20% 00BHEKTOB U3 KaxK 101 IPYIIIBI KJIACCOB. B KadecTBe
MeTPHKH OIeHUBAeTCsl accuracy npu Bajauganuu (val accuracy)

Tabauna 11. Pesysbrars! sKkciiepumenTa 3

Howmep Mogaenb 1 | Mogeab 2 | delta
9KCI-Ta
3 0,6827 0,7346 +0,052

Ha rpadwuke nmxe (puc.11) npegcraBieHsl moKa3aTen TOTHOCTH 00y Ie-
HUS U BaJuganun. AHaJIM3 U BBIBOJbBI IpUBEIeHbI B maparpade 4.3.1.
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4.3. Pe3yibTaTbl 3KCIEPUMEHTOB

4.3.1. YBeandyeHue TOYHOCTU

B Tabunne 12 npejcraBieHbl pe3yibTaThl Beex sKcrepumenTos (m.4.2.). B
pamkax BeiOpanubix apxutekTyp MHC Habiiomaercs yBesnaenue 06001a0-
e CIIoCOOHOCTH MO/IeIel.

Tabsmra 12. Pe3ynbraThl BceX IKCIIEPUMEHTOB

N | Tun KOJI-BO | KpuTepuii M1 M2 delta
MOJEJIN | III0X OCTAaHOBKU
1.1 | 6azoBass | 6 9HUCJIO SIOX 0,640 | 0,645 | + 0,005
1.2 | 6azoBass | 6 9HUCJIO DIIOX 0,590 | 0,595 | + 0,005
1.3 | 6azoBass | 6 9HUCJIO DIIOX 0,675 | 0,680 | + 0,005
1.4 | 6azoBass | 6 9HUCJIO DIIOX 0,765 | 0,760 —0,005
1.5 | 6azoBasg | 6 9HCJIO TOX 0,700 | 0,745 | + 0,045
1.6 | 6azoBass | 6 9HUCJI0 IIOX 0,890 | 0,905 | + 0,015
1.7 | 6azoBass | 6 9UCJI0 SIOX 0,795 0,800 | + 0,005
1.8 | 6azosass | 6 9HUCJIO DIIOX 0,880 | 0,875 —0,005
1.9 | 6azoBass | 6 THUCJIO TOX 0,640 | 0,655 | + 0,015
1.10 | 6azoBass | 6 YHUCJIO SIIOX 0,790 | 0,825 | + 0,035
2.1 | basoBast | 4 repeobyienue 0,640 | 0,635 —0,005
2.2 | basoBast | 9 mepeobyuaenne | 0,690 | 0,670 —0,020
2.3 | basoBast | 4 mepeobyuenne | 0,830 | 0,850 | 4+ 0,020
2.4 | 6asoBast | 7 rrepeobydenme 0,900 | 0,905 | + 0,005
2.5 | 6a3oBasg | 8 nepeobyuenne | 0,825 | 0,830 | + 0,005
2.6 | 6azoBasg | 8 nepeobyuenne | 0,870 | 0,900 | + 0,030
2.7 | 6asoBas | 10 repeodyuenune | 0,755 | 0,795 | + 0,040
2.8 | 6asoBaza | 10 repeodyuenune | 0,855 | 0,905 | + 0,050
2.9 | basoBast | 9 nepeobyuenne | 0,830 | 0,850 | 4+ 0,020
2.10 | basoBast | 8 mepeobyuaenne | 0,740 | 0,725 —0,015
avarage delta +0,013
3 [ ResNet50] 17 | amcno smox 0.6827 | 0.7346 | +0,052
avarage delta +0,052

VBenndenne 0000IIAONIEH CIIOCOHOCTH JIOCTHTAETCs Ha YPOBHE CJIOEB,
opMupYOIIUX KAPTHI IPU3HAKOB (IIOCKOJIBKY IKCIEPUMEHTHI IIPOU3BOISITCSI
B pamKax 3aja4n transfer learning).

PesysibraThl, mojiydeHHbIE B 9KCIEPUMEHTAX C IIPeoIaIeHIeM IIepeodyde-
HUS MOT'YT CUTHAJIU3UPOBATDH O HMOBBIIIIEHUN 0000IAIOIeil crtocoOHOCTH MOJIe-
JIM 33 CYET OCJIabJIeHNsT BKJIaa OTACIbHBIX OKKJIIO3UBHBIX IIPU3HAKOB U300~

paKeHus.
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B skcnepumente ¢ riry6okoit THC ResNet50 (11.4.2.3.) mocruraercs 6oee
BBICOKUIT mpupocT TounocTH, 4eM B UTHC co 3HaunTe IbHO MEHbIIel apXuTeK-

typoit (1m.4.2.1, 1.4.2.2.).

4.3.2. O1ienka BpeMeHHU 00y4eHus

B skcmepumenTax mpu mepexose or Mofean 1 K Mozesie 2 He 3aUKCHPOBAHO
[OBBIIIIEHNE BpeMeHn oby4yenns. B Tabiymie 13 meMoHcTpupyercs pe3yabTarbl
IPOMUINPOBAHNS BPEMEHH.

[IpenmookuTeIbHO, HE3HAYNTE/bHBbIE M3MEHEHUsI CKOPOCTH O0yYeHMUsI
(Ha BCeM dYHCJIe SII0X) BBI3BAHBI TEXHUYECKUMU U3JEPXKKAMU Ha (DUKCHPO-
BaHWE U IIPOIYCK OTAEJIbHBIX CBsI3eil ipu pacrnpocrpanennn curnaia B THC.

Tabsuna 13. Uzmenenune BpeMenu oOyvdeHUs

N tun mogesmm | M1 (sec) | M2 (sec) | delta (sec)
1.1-1.10 bazoBast 67.0 67.5 +0.7%
2.1-2.10 6azoBast 108.0 108.5 +0.4%

3 ResNet50 30499 30828 +0.1%

5. BeiBog

PeanmuzoBana Texnunka, npu Koropoi obydenue cseprounoit UHC mpoucxo-
JIUT C YepeyeMoil OCTaHOBKO# OOydUeHUsI B CJIOAX, TPOU3BOMLAIINX PACIIU-
penne pernernrrusHoro noJisi. Ha mpumepe 3aja4n transfer leaning npogemon-
CTPUPOBAHO yBeJudeHue 0600Iaioneil crtocoOHOCTH MOJEIN BO MHOYXKECTBE
9KCIEPUMEHTOB ¢ Oa30Boit apxutexkTypoit THC.

st rmy6okoit apxutekTypbl ResNetb0 mosrydeno yBesmdeHne TOYHOCTH
Ha 5% 3a cuer ocTaHOBKHU O0y4eHUs: BCEro /s 4 CJI0eB M B paMKax Bcero 1
SIOXU.
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YacTp 2.
CrnenmajbHbIe BOIIPOCHI TEOPUN
MHTEJLJIEKTyaJdbHbIX CHCTEM



K Bompocy o BoccTtaHoB/ieHUN M300parKeHus
110 CTEPTOMY KOJLY

J1. B. Anexcees!

IIpemmaraercss aaropuT™ Jjisi BOCCTAHOBJIEHHSI M300ParKEHUsI 10
CTEPTOMY KOy, T.e. KOy M3 KOTOPOrO yaajieHa umHpOpMaIms 00 WH-
aekcax. Ajaropurm 06/1a8/1a€T IOJUHOMUAJIBHON CJI02KHOCTBIO. BBeneHo
INOHATHE TPEYroJIbHUKOB O6IH€F0 IIOJIOZKEHN . ,HJIH MHO>KeCTBa TO4YEK,
00pa3yIoIuX TPEyroJbHUKU ODIIEro IOJIOYKEHHs, JT0Ka3aHa KOPPEKT-
HOCTBH pa6OTbI aJIrTOpUTMa BOCCTAHOBJICHUI.

KuroueBbie cioBa: Koj n300paskeHusl, CTEPTHIA KOJI, KOIHPOBa-
HUe n300parkenunii, adppruHHAST SKBUBAJIEHTHOCTD.

1. BBeaenue

OjtHolt M3 337189 PACIIO3HABAHUS 0OPA30B SIBJISIETCS 3a71a49a PACIIO3HABAHUST
3puTeNbHbIX 00pa30B. OJHUM W3 BApUAHTOB PACIIO3HABAHUSI SIBJISIETCSI CO-
[IOCTaBJIEHNE C U3BECTHBIM 06pa3roM. OueBniHO, n300parkeHne MOXKeT ObITh
CIBUHYTO, MIOBEPHYTO, UMEThb JApyroit Maciitad. [Ipu aTom denoBedecku rias
pacriosnaer 5T n3obpaxkenus (cMm. puc. 1(a)). Takum 06paszom mmMeer CMBICIT
OTOXKJIECTBJIATH U300PAYKEHNUsI, IOy IeHHbIE IIyTeM TPUMEHEHUsT TPeobpazo-
BaHWS M3 HEKOTOPOTO KJIacca TeOMEeTPUIeCKUX mpeobpas3oBanwmii. B qacTHO-
CTH,0JTHUM U3 TAKUX KJIACCOB SIBJISIETCS MHOXKeCTBO adOUHHBIX Mpeodbpazo-
BaHWI. ITOT KJIACC SIBISIETCS JOCTATOTHO OOTATHIM M BKJIIOYAET B CeOsT CIBU-
M, IOBOPOTHI, PACTSI?KEHUsI. 3aMETHM, 94TO Ha MPaKTHKE, KOrJa, HAIPUMep,
n3o00parkeHne MpPOeKTUPYETCsI Ha, CeTIATKY IV1a3a WIu (POTOTYBCTBUTEIbHbIIMA
9JIEMEHT KaMephl, C MJIOCKUM H300paskeHneM MPOUCXOIAT, BOOOIE ToBOPSI,
MPOEKTUBHBIE TTpeodpazoBaHus. BrpotueMm, eciim paccTosHme 10 00bLEeKTa Be-
JINKO TI0 CPABHEHWIO C €ro XapaKTePHBIMU pazMepaMiu, TO MOYKHO CUUTATh
adduaHBIE TPEoOpPA30BAHMS JTOCTATOTHO XOPOIIUM IPUOIMKEHNEM IIPOEK-
TUBHBIX.

Kaxkmoe nzobparkerne MOKeT OBITh MPEICTABIEHO KAK MHOXKECTBO TO-
ek (cMm. puc. 1(b)). Bamernm, 9TO KOOpAMHATHOE MIPECTABIEHIE ITUX TO-
Y€K, OUEBHJIHO, 3aBUCHT OT BBIOOPA CHCTEMBI KOOpAuHaT. Kpome Toro, oo ne
SIBJISIETCST MHBAPUAHTHBIM OTHOCUTETHLHO TEOMETPUYIECKUX MPeodpa30OBaHMIL.

L Anexcees Jdmumpui Bacdumuposuw — KaHoumar OU3.-MAT. HAYK, C.H.C. Ja-
ooparopun Ilpobsiem Teoperndeckoit KubepHeTHKH MeX.-maT. ¢-ra MIY, e-mail:
alekseev@intsys.msu.ru

Alekseev Dmitriy Vladimirovich — Candidate of Physical and Matematical Sciences,
senior staff scientist, Lomonosov Moscow State University, Faculty of Mechanics and
Mathematics, Problems of Theorecical Cybernetics Lab.
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ITosToMy nMeeT CMBICT paccMaTPUBATh APYTHE IIPEICTaBICHNUsT, 0018 1a0IIIIe
CBOMCTBOM HMHBApPUAHTHOCTH.

B.H. KozoB B [7] BBeJ nousiTHe K004 u300pastcenus, sSBISIOMErOCst npa-
BUALHBIM JIJIST KAKOTO-TO CEMENCTBA reoOMeTpuvIecKux mpeobpasoBanuii. Ko-
JIOM SIBJISIETCST HAOOp 3HAYEHU, MHBAPUAHTHBINT OTHOCHTEILHO 9TOTO CeMeii-
crBa. Ko siBsiercst npaguavbtvim, B Cilydae, KOrIa BEpHO 1 0OpaTHOoe: U3 COB-
majieHne KOJOB BBITEKAET SKBUBAJEHTHOCTL (DUTYP OTHOCHUTE/HHO JAHHOTO
ceMelicTBa mpeobpasoBannii. Hampumep, Koj1, cocToANIT U3 MOIAPHBIX pac-
CTOSTHUI MEXKJIy TOUKAMH, SIBJISIETCS IIPABUIBHBIM OTHOCUTEJIBHO JIBUKEHU
wtockoctu. Tam ke B [7| ObLT IpeIoKeH KO, COCTOSIIIMIA U3 TOMAPHBIX OT-
HOILICHUN IIJIOmaeil TpeyrojJbHUKOB, U JOKa3aHa TeopeMa O TOM, YTO TaKOi
KOJI SIBJIETCSA NPABUIBLHBIM JIJIT MHOXKECTBa HEBBIPOXKIEHHBIX adOUHHBIX
peobpa30BaHMil IJIOCKOCTH. B Xoe J0Ka3aTeabCTBa TEOPeMbl OBLI IIPe-
CTaBJIEH AJITOPUTM BOCCTAHOBJIEHHUSI MCXOMHOTO M300pPaKEHUsI IO €ro KOy
(¢ Tounocrbio 10 addurnol sKBuUBaseHTHOCTH). [lo3aHee T1.T. Arnuamnsu-
au B [1] 0606mma 9TOT METOJ Ha Ciiydail n—MepHOro mpocrpaHcTBa. B (2]
ObLIM BBIBEJIEHBI XapaKTEPUCTUYECKHE CBOWCTBa KOIOB, T.€. YCJIOBHS, IPU
KOTOPBIX HEKOTOPBI HAOOP UHCEsT SIBJISETCS KOIOM CYIIEeCTBYIOIIErO H300-
paxenusi. IlocTpoeHne Koma, IpaBUILHOIO OTHOCHTEILHO HEBBIPOXKIEHHBIX
[IPOEKTUBHBIX [IPe0bpa3oBaHmil IIIOCKOCTH, ObLIO ¢jles1ato B [3].

Cmepmoim K00oMm HA3BIBAETCSI KOJI, KOTOPBIA IOJydYeH U3 Koja n306pa-
JKEeHUsI cTUpaHneM nHdopMalnn od nHaekcax. Brmepsbie 3aga4da ObL1a cdop-
MmyaupoBaHa aka. B.b. Kyapsasuesbim 6ostee 40 jeT Hazal e LyommuM 00-
pasom: Ecyin ocTaBUTH TOJIBKO ITOTIAPHBIE PACCTOSTHAS MEXKTy TOUKAME U300-
pakeHust (<«IaJIKU» ), ¥ BLICTPOUTH MX B HEKOTOPOM ITOPSIIKE, HAIIPUMED, BO3-
pacTaroleM, U CJIeJaTh OTUOAOILYI0 v 9TOH «IrpebeHKN», TO MOYKHO JIK OCY-
MIECTBJISITh paclo3HaBaHue 1o Buay ormbatormeit?! [lo3mHee 3amada ObLta 1€~
pedopMyInpoBaHa, JIJIsT KOJIa, COXPAHSONEro adMUHHY0 SKBUBAJIEHTHOCTD.
Ha mamnprit MOMEHT aBTOPY He M3BECTHBI PabOTHI, COAEPIKAINNE TPOIBUIKE-
HUS 110 PEIIeHIO STUX 3aa4.

Creprblii KOJ MOXKeT ObITh HCIOJIb30BaH, HAIIPUMED, KaK II0Ka3aHo B [4],
JIJIST TIOCTPOEHUS aJrOPUTMa, I POBOI ITOIIIUCH.

B nmanmoit pabore paccMarpuBaeTcs 3ajada BOCCTAHOBJIEHUS M300parKe-
HUS TI0 CTEPTOMY KOJY C TOYHOCTBIO 110 abPUHHOM sKBUBaIeHTHOCTH. [1pe-
JIOXKEHO OIIPEJICJICHIE MPeYy20AbhuKo8 obuseeo nososcenus. Ilpemnnoxen a-
TOPUTM BOCCTAHOBJIEHUsI U JIOKA3aHA €ro KOPPEKTHOCTH IPU YCAOBUU, 9TO
TOYKHU HCXOJTHOTO M300parKeHusi 00Pa3yoT TPEeyroJIbHUKU OOIIEro MOJIoyKe-
HUs. AJITOPUTM BOCCTAHOBJIEHUST 00JIAJAeT MOJIMHOMUAIBHON CJIOXKHOCTDIO.

ApTop xorej1 ObI BeIpa3uTh Oiiarogapaocts npod. B.H. KosnoBy 3a Bau-
MaHme K pabore. TakxKe aBTop XoTes ObI BBIPA3UThL 3TOI cTaTheil MaHb ma-
maTu | akag. B.b. Kynpssmesa |
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Hamnbrelinas: 1acTh pabOThl OPraHU30BaHa CJAEIYIONUM obpasoM. B pasz-
zejte 2 JaroTcs HeoOXOAUMBbIe OlpeaeieHust 1 (POPMYIMPOBKA OCHOBHOIO pe-
3ysibTaTa. B paszmerne 3 onmcaH ajqropuTM BOCCTAHOBJIEHUS M300PAXKEHUsI 110
CTEPTOMY KOJy W JOKa3aHa ero KOPPeKTHOCTh. B pazmesne 4 maHa ajaropur-
MHYeCcKasi CJIOXKHOCTD M OIMCAHBI PE3Y/IbTaThl YUCAECHHBIX IKCIEPUMEHTOB. B
pasjesie b comep:KaTcsi BBIBOBI U JaJIbHEHINNe TIIaHbL.

(a) Addunnbie npeobpazoBanus (b) IIpubnmkenne ToOIKaAMU

Puc. 1.

2. OcHoBHBIEe IOHATHA W (POPMYJIUPOBKA pPe3yJIibTaTa

Onpenenenune 1. MI3obparkeHueM 6ydem HA3b18GMH HENYCMOE KOHEUHOE
MHOMHCECTNB0 Mouek Ha naockocmu A = {aq, ..., an}.

Onpepenenne 2. Kogom usobpasicenun A = {ay,...,an} (npun > 3) 6y-
_ _ S(Aasaja) 11

dem Hnazvieamv mmootcecmeo R(A) = {Pijkmqr = S(Bayagar) | - ITpu amom

INEMEHMDL, NOAYUEHHBLE NEPECTNAHOSKAMU UundeKcos i, j,k u p,q,r 6ydem

CHUMAMb 00HUM U MEM JICE INEMEHTNOM K00G, MAKUM 00PA3Z0M MOULHOCTID
mnosicecmea |R(A)| = (C3)32.

Harnee, B mannoit pabore O6y/IyT paccMaTPUBATLCS TOJIBKO TaKue H300pa-
JKEHWsT, B KOTOPBIX HUKAKIE TPU TOYKH HE PACTIONOYKEHBI Ha OTHON TPIMOIL.
CaoiicTBa KOZI0OB nM300parkeHust

1) pijkijk = 1;
2) Ppgrijk = (Pijkpar)

3) Pijk,pgr X Ppgruvw = Pijkuvw:

'Eciu Touku Qp, Qq, Gy PACIOJIOZKEHBI Ha OJIHOM IPSIMOii, TO cTaBUM (hOPMAJILHBINA CHM-
BOJI Pijk,pgr = OO
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)

Fpijks T Pikix = EPijix T Pjki, TIE HA MeCTE «™» CTOUT HPOU3BOJIb-
Has (O/HA U Ta ¥Ke) TPOiKa, a 3HAKM BBIOMPAIOTCS B COOTBETCTBUU C
opueHTaIel TPEeyroJbHUKA, IJIOMA b KOTOPOTO CTOUT B 3HAMEHATEIE.
Hanpumep, eciu BepIIMHEL a;, 4, f WAYT IPOTUB 9aCOBOI CTPEIKHU, TO
Pijk,« BIET CO 3HAKOM «-+», a MHauYe — CO 3HAKOM «—».

B pa6ore [2| 66110 TTOKA3aHO, YTO 3TH CBOMCTBA KOJIA SIBJISIOTCS B HEKOTO-
POM CMBICJIE XaPAKTEPUCTUIECKIME. A MEHHO, eciin 3a]UKCHPOBATH OPUEH-
TaIUIO KaxKJ0Tr0 TPEyTOIbHUKA U B3ATh HAOOP IPOU3BOIBHBIX YUCET Ok pgrs
yZOBJIETBODsOIMii cBojicTBaM 1-4, TO 1m0 sTOMYy HabOpy crpouTcs (Hpudem

O,H,HOSHB}IHO) MHO2KECTBO TOYEK, KOAOM KOTOPOT'O ABJIAIOTCA 3TU HUCJIA.

Onpepenenne 3. CreprbiM KojioM  udobpasicenus A = {aq, ..., an} 6ydem
nasvisamy mysvmummoscecmeo Z(A) = {p1,....pp}, M = (C3)2, noayuen-
Hoe «cmupanuems undexcos 60 muodicecmee R(A).

Onpenenenne 4. Bydem z2o06opumbv, wmo muoscecmso mouex A obpasy-
EM MHOHCECTNBO MPEY20ALHUKOE 00ULL20 NOAOAHCEHUSA ‘Z(A), eCAU BHINONHEHDL
ceoticmea:

1)

2)

3)

4)

9)

Huxaxue mpu mouwku ne aexcam na 0010t npamoti, Opy2umu cA08aMU,
6CE MPEY20AbHUKY, 00pA306aHHbBIE MPOliKaMy mouek u3 A — neebi-
pootcoenmoie;

Bce nempusuarvrvie (m.e. me pijrijr = 1) anemernmor koda R(A) =
{pijk,imn} nonapro pazsunl; 3amevarue: uz 3mMo20 EvINEKAELT, YINO
NAOWAOU 6CET MPEY2ONLHUKOS, 00pA306aAHNLIT Movkamu us A, maxoice
DASAUHDL;

Pasencmeo S(Aq) + S(Ag) = S(A3) + S(A4) svinosnsemes mono-
K0 6 cayuae, Kozda obsedunenus mpeyzosvhukos N1 U Ng u Az U Ny
06pasyrom odur u Mom e YeMmuPery20abHuk (cm. puc. 2(a));

Paserncmeo S(A1) + S(A2) + S(A3) = S(A4) evinoansemea moavko
6 cayuae, Kozda obsedunenus mpeyzosvhukos A1 U Ng U A3 obpasyem
Ay (em. puc. 2(b));

Pasencmeo Pijikyliming * Pigjaka,lomany = Pigjoks,lamong GYINOAREHO TO-
2da u moavko mozda, ko2da {l1,my,n1} = {ia, jo, ko} uau {i1,j1,k1} =
{la, ma,na}, m.e. Ko2da 0dun u mom sice mpeyzorvHUK NPUCYMEMEyem
6 YUCAUMENE U 3HAMEHAMEAE.

Jpyrumu ciioBaMu, MHOYKECTBO TPEYTOJIbHUKOB ODIIEro ITOJIOXKEHUS Ta-

KOBO,

YTO MEK/Ay IJIOMa/AdMU TPEYTrOoJIbHUKOB OTCYTCTBYIOT HETPpHUBUAJIbHBIC

COOTHOIIIEHUS, KPOME TeX, KOTOPBIE BBITEKAIOT U3 PABHOCOCTABIEHHOCTH (DU~

ryp.
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T2

x2
z3
x3
X1
x4 x1
(a) Azizows U Azix3zs = Az1x224 U (b) AzizozaUAx2z304UAT1 T34 =
ATox324 Az12T273

Puc. 2. Tpeyroibauku 0o0IIEro MOJI0KEHUS

Omnpenenenne 5. Ecau mmoocecmeo A’ ne adunmno sxeusarenmmo mmo-
orcecmsy A, no obaadaem udenmuunvim cmepmoim kodom Z(A) = Z(A’), mo
A’ nasweaem npuspaxom mmoscecmea A.

ameuanue 1. OmuoweHnue «0bimsd NPUIPAKOM> CUMMEMPUIHO, M.e. A A6-
asemes npuspaxom A’

T'unoTe3a Y MHOXKeCTBa TPEYTOJIBHUKOB ODIIEro TOJIOXKEHUS [TPU3PAKOB
He CYIIEeCTBYET.

Teopema 1. Ilycmv A obpasyem mmootcecmso mpeyzorvHuKos obweeo no-
nootcenus. Cywecmeyem aszopumam, Komopuitd no cmepmomy xkody Z(A) au-
60 cmpoum usobpasicenue aPPuHHO-IKEUBAAEHMMHO UCTOOHOMY A, aubo 06a
u306pascerus, 0010 U3 KOmopwuix addunno-axsusaarenmuo A, a dpyzoe A6-
asemesa e20 npuapaxom A’

3. Ommucanne AJIT'OPUTMa BOCCTAHOBJIECHHU:A WU JOKa3a-
TEeJIBCTBO €0 KOPPEKTHOCTM!.

Jlitst 060CHOBAHUS aJITOPUTMA JIOKaXKeM HECKOJIBKO BCIIOMOTATEIbHBIX YTBEP-
JKIIEHNI.

JIlemma 1. Paccmompum npoussosvhvie mpeyzorvnuru N A" € T(A).
Tpeyeonvruru AN uw A" umerom obuyyro cmopony mozda u moavko mozda,
Kozda cywecmsyrom N;, N; € T(A) ue € {£1},1=1,2,3,4, makue, wmo

e1S(A") 4 eaS(A") + e3S(Ai) + eaS(Aj) = 0
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A={ay,...,a,} | Muoxecrso Touek (n306pazkeHue)

A=A\ Anin MHokecTBO TOoUeK 0e3 BEpIINH MHUHIMAJIBHOTO
TPEyTroJIbHUKA

R(A) Kox mzobpazkenust A

Z(A) Creprolit KO11 n300paxkenust A

S(A) Muozecrso nap pl), p) e Z(A), aust KoTopbix
poionueno plb) - p2) = p*

T(A) MHOXKeCTBO BCeX TPEYTOJbLHUKOB C BEPITHHAMN
u3 A

T'(A) MHuozkecTBO Beex TpeyrosibHuKoB T(A) 6e3 mu-
HIMAJILHOTO

B(A) MHOKeCcTBO TPOEK, COOTBETCTBYIOIIUX TOUYKaM A

T*(A) [Monmuo)kecTBO T(A) — Te TPEYroJIbHUKI, KOTO-

pble BxoaaT B Tpoiiku P(A)

B Bueknus mexx ity tpeyronbaukamu T (A) n MHO-
skectBoM nap &(A)

T Bueknus mexxay Toukamu A’ u cooTsercTByIO-
IMUMHA TPOUKaMN

Tabsmma 1. Craucok obo3HadeHnit

Hoxasameavcmeso. Eciu B pasercrse £5(A') £ S(A") £ 5(L;) £ S5(L;) =0
3HAKOB <«ILIIOC» OOJIbINE, YeM 3HAKOB «MHUHYC», TO JIOMHOXKUM ero na —1.
[TockonpKy BCe 3HAKH He MOIYT OBITH OJMHAKOBBIMU, TO B UTOTe IIOJIYYHM
Jmbo paBeHCTBO Buaa S1 + So = S3 + Sy, b0 Buma S + So + S3 = Sy,
rue Sy € {S(4),S(A"),S(L;),S(Aj)}k =1,2,3,4. B nepBom ciryuae 110
CBOMICTBY 3 TPeyroJIbHHUKOB OOIIETrO IHOJIOZKEHHs IIOJIyYnM, UTO JIOObIe JBa
TPEYTOJIbHAKA M3 9TOTO MHOXKECTBA MMEIOT OOIIyI0 CTOpPOoHy. A BO BTOPOM
cilydae aHAJIOIMYHOE YTBEPKJEHIe BBITEKAeT U3 CBOMCTBa 4.

B obpaTHyI0 CTOPOHY, IIyCTb TPEYTOJBHUKU ;i iiz U AN\j iyi, UMEIOT 00-
ILYIO CTOPOHY Gj, Qj,. TOUKY @i, U @, MOTYT JIEXKATD 110 OJIHY CTOPOHY OT IIpsI-
MOii (@, @, ) MK 110 pa3HbIE CTOPOHBI OT Hee. BhinyKiiast 060JI09UKa BCEX YeThl-
Pex TOYeK MOKET IPEeJICTABIISITh CO0O0i TPEYTOIbHUK UJIH YeThIPEXYTOIbHUK.
ITosyuaem 4 coyuast:

e Cuywuaii 1 (a;, u a;, 10 OJiHY CTOPOHY, 000JI0YKA — TpeyroibHUK): He
OrpaHuIMBas OONHOCTH, MOYKHO CIYUTATD, YTO BBIIYKJIas 000JI0YKA 9TO
DNijigigys B ITOM CIIYyYIAE S inis = Siyigis + Sigigis T Sigiyia (CM. pHC. 3(a)).

o Cuywaii 2 (a;, 1 a;, IO OAHY CTOPOMY, 060JI0YKA — YETHIPEXYTOIbHUK):
He orpannamBast 06IIHOCTH, MOYKHO CUMTATD, YTO HOPSIOK BEPIINH IIPH
00X0/1e BBIILYKJION ODOJIOUKI — @j, , Qjy, Gy, Giy, CTIETOBATETBHO S jnis +
Sivigia = Sigigia + Sigigia (CM' puc. 3(b))'
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o Cuywaii 3 (a;, u a;, IO pa3Hble CTOPOHBI, TpeyToabHUK): He orpanman-
Basl OOIIHOCTH, MOXKHO CUUTATDh, YTO BBIIIYKJIas 000JI09Ka — A\; jqi,, B
TOM CIIy9ae Sijigiy = Siyigis + Siyinis T Sigigis (CM. puc. 3(c)).

e Cuyuaii 4 (a;, 1 a;, 110 pa3Hble CTOPOHBI, YeThIpexXyroybHuK): He orpa-
HUYUBasi OOIIHOCTH, MOXKHO CUHTATbh, 9TO MOPHAJOK BEPIIUH IIPU 00-
XoJae BbIHyKJIOfI 000JI0YKH — Ajq 5 Aigy Qg Agy, CJIEOBATEIIBHO Siligig -+
Siviyia = Siigia + Sivigis (cM. puc. 3(d)).

O

Oupegesnienne 6. Sagurcupyem mpeyzosvrnur A* € T(A), ne codeporcauyuii
mouex us A enympu u 6ydem Ha3vieaMb €20 UeHMPasvHoim. Paccmompum
MHOIHCECTNBO MPeY20AbHUKk08 u3 T(A), UMEOWUT 00wy CMOPONY ¢ UeH-
mpasvroim. Mootcho pazbums ux wa mpolxu caedyrowum obpazom. Iycmo
Ax = Aajagaz, 044 NPOU3BOALHOT MOUKU a;,1 = 4,5, ...,n paccmompum
mpeyzosvhuku N1; = Nagsasa;, No; = Najaga;, Ns; = Najasa;. Bydem
naszwveamv maxyro mpotxy Ty = { A1, Noi, Asi} coorBercTByIOMEi 6epuiutie
a;. Bydem obosnavams P(A) mmoorcecmeo ecex marxux mpoex u 0603HaA%AMY
coomeememeue TF 1 A* = A\ {a1,a2,a3} — P(A). Mnoowcecmso scex mpe-
Y20NbHUKO8, BLOOAUUL 6 COOMBEMCMEYowue mpotky obydem 06031avams

T*(A).

ameuanue 2. Omobpastcerue T ABAACMCA OUEKMUBHBLM N0 TLOCTPOEHUIO.
Aeticmeumenvno, 6346 pasnvie 6EPUUNDL G;, Gj, T F ], NOAYYUM Pa3HbLe
mpotixu. C dpyzoti cmoponwl, mmoocecmeo P(A) sadano xax 06pa3 2mozo
0MObPAAHCEHUA.

Paccvmorpum TpoOliKy ¢ BepImmHaMu aq, az, as, a;, ¢ = 4, ...,n. Haiinem BbI-
IIYKJIYIO 000JI0YKY 3THX To4eK. OUeBUIHO, OHA MOXKET COCTOSITH U3 3 miau 4
TOYEK.

e JlomycTum, 9TO OHA COCTOUT U3 3 To4yeK. OUEeBUIHO, a; HE MOMKET Jie-
JKaTh BHYTPHU 110 BBIOOPY MEHTPATLHOIO TPEYTOJIbHAKA. SHAYUT BHYTPU
JICXKNT BEPHIMHA NEHTPAILHOTO TPEyTrOJbHHUKA, HE OrpAaHHYUBas OOII-
HOCTH, JIOIYCTUM, BeprimHa a3 (cM. puc. 4(a)). B arom cirygae Gyaem
Ha3bIBATH 9Ty TPOIKY TPOHKOIL 1-ro THIIA, & TPEYTrOJIbHUK /\19; — IJIaB-
HBIM (JIJIsT 9TO TPOWKM).

e Jlomycrum, uT0 OHa cocTouT u3 4 Todyek. OUeBUIHO, OJHA W3 CTOPOH
[EHTPAJIBHOI'O TPEYTOIbHUKA OYJIET JMArOHAIBIO ITOI0 Y€ThIPEXYTOJIb-
nuka. He orpammunBasi oOIIHOCTH, JOMYCTUM, UTO 9TO CTOPOHA (1G2
(em. puc. 4(b)). B sTom ciayuae GyjieM Ha3bIBaTh 9Ty TPOHKY TPOHKOIA
2-ro Tuia, a TPEeYroJbHUK Ajg; — IJIABHBIM (JJIs1 9TO TPOIiKM).
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CLZ‘4

(a) Coaywaii 1 (b) Cmywqaii 2

CLZ'3 aig

Ay Ay

(c) Cuyuait 3 (d) Cuy4ait 4

Puc. 3. K mokazarenbcTBy JiemMbI 1 .

m
3aMeTuM, 9TO sl TPOEK IIEPBOI0 THIIA BHIIIOJHEHO PABEHCTBO S (AE )) =
m
S(AF) + S(A) + S(A"), a must Broporo Tuna — pasencrso S(A™) =
’ 7
* ! " * o (m)
—S(A*) + S(A") + S(A") tme A* — nenrpasbHBII TpeyroabHuk, A, —
rJIaBHBIN TpeyroibHuK Tpoiikn, a A/, A” — nea ocraBmmxcs
DTO CBONCTBO TPOEK, ABJIACTCS, B HEKOTOPOM PO/JIE, XapaKTEPUCTUIECKUM,
KaK IOKa3aHO B CJIEJLYIONEil JeMme.
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Jlemma 2. Ecau mpeyeomvnuru N A A" € T(A)\ {A*} ydosaemeo-
parom, coommowenuro S(AT) = £S(A*) + S(A') + S(A), mo natidemes
a; € A*, daa xomopoti T*(a;) = {Agm),A’,A”} € P(A), m.e. ama mpotixa
MPEY20NLHUKOE ABAACTMCA COOMBEMCMEYIOULET.

ZHoxaszameavemeo. OUeBUIHO BBITEKAET U3 CBOMCTB 3 U 4 MHOXKECTBa, Tpe-

YT'OJIbHUKOB O6HL€FO IIOJIO2KEHM .

I
az

(b) Bropoii Tumn

(a) Ilepsorit Tun

Puc. 4. Tlpumepbl COOTBETCTBYIONUX TPOEK.

Beesiem ornorenne cmexxknoctu Ha Muoxkecte T *(A) . Bynem naswiBarh
CME>KHBbIMU TpeyFOﬂbHI/IKI/I, He BXO/s1Iue B O,ZLHy TpOfIKy, y KOTOPBIX UMeeTCA
o011ast CToOpoHa. 3aMeTHM, YTO €CJIH TPEYTOJILHUKH HEe BXOAAT B OJIHY TPOHKY,
TO 00ITasi CTOPOHA MOYKET OBITh TOJBKO OJHOW M3 U3 CTOPOH IEHTPAJIBHOIO
rpeyroybHuka A*. Takum 06pa3oM, 3TO OTHOIIEHHE PasdUBAET MHOXKECTBO

T*(A) Ha Tpu Kjlacca S5KBUBAJEHTHOCTH.
Bameyanue 3. C60Ucmeo «umemsv 00wy CINOPOHY» AE2KO NPOSEPUMD, UC-
noav3ya semmy 1 .

JIemma 3. Ilocmpoum npamovie ajaz, azasz, ajas. Onu pazobviom naockocms
Ha 6 obaacmets (uckarouwan yenmparsrolli mpeyzorvruk). s kascdot co-

omeemcmayrowett mpotixu T; no muny u KAGCCY IKBUBAAEHMHOCTIU 2AGEHO-
20 MPEY2OALHUKG 00HO3HAMHO onpedeasemcs, 6 Kakol ud obaacmet pacno-

A02ICEHA MOYKa a; (cM. puc. 5).
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Puc. 5. Ilosoxkenue BEpPHINHBI a; B 3aBUCUMOCTHU OT THIIa U KJIaccCa.
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Hoxazameavemeso. Hampumep, paccMOTpuM TPOUKY IEepBOTO THIIA, HE OTpa-
HU4YnBad O6H.[HOCTI/I MOZKHO CYHUTaTb, 9TO IJIaBHDIN TpeyToJIbHUK IIpuJjieraeT
K CTOpOHE ajas. M3 paBeHCTBA

S(A12:) = S(A123) + S(A13i) + S(A2si)

BBITEKAET, UTO ITOT TPEYTOJbHUK IIOJHOCTHIO COJEPKUT /123, CJIE/IOBATEIb-
HO, ero TpeTbsl BEPIIMHA «; COJEPKUTCs B yIule, OOPa30BAHHOM JIydaMu
[a1;a3[ n [az;as[ (cm. puc. 5). OcranbHble Cilydan pacCMaTPUBAIOTCH aHa-
JIOTUYHO. O

Sameuanue 4. [Ipednosazaemcs, 4wmo HYMEPLUUS KAGCCOE IKEUBANEHMHO-
CMu COOMBEMCMBYEM HYMEPAYUY, CMOPOH: G1G2 — NEPSBLIT KAacC, 203 —
eémopot, aza; — mpemud.

Bameyanue 5. 3decv u danee 6 cmamwve npednoaazaemcs, wmo T(A) —
MHOIHCECTNBO MPEY20ADHUKO0E 00ULE20 NONOHCEHUA.

Bynem ob6osnagars T(A) MHOXKECTBO BCEX TPEYrOJBHUKOB, 00pa30BaH-
HBIX ToYkamMu MHOxKecTBa A. Iliomaan TpeyroabHUKOB pas/inyHbl, 0603HA-
UM Apin, Amax € T(A) TpeyroabHUKN HAUOOJbINEH ¥ HANMEHBINEH T110-
A1, COOTBETCTBEHHO. VIHIEKCHI TOYEK, COOTBETCTBYIOIIIX STUM TPEYTO/Ib-
HUKaM OyneM 0603HAYATD (imin, Jmins Kmin) A (imax, Jmax, Fmax). OB03HATIM
pr = % AddunnbiM mpeobpasoBanue 0T0OpasuM A pin B TPEYTOJIBHUK
eMHUYHOM IO 1 U OyaeM B-jajbHelineM noaaratb Syin = 1, Smax = p*-

,B;OKa}KeM (B ITUX Hpe,ZLHOJIO}KeHI/IHX) CJIEYIOIINE BCIIOMOT'aTEJIbHbIEC JIEMMbBI:

JIemma 4. ITycmov T(A) — mmoorcecmso mpeyzoivhukos 00use20 noaodice-
nus, Z(A) — cmepmuti xod, coomeememeyrowul uxr sepwuram. Cyuie-
cmeyem buexyua 3 Mencoy MHONCECTNEOM MPEY20AbHUKOE

S,(A) = T(A) \ {Amim Amax}

U MHONHCECTNBOM Heynopﬂﬁonemwwc nap

&(4) = {(P(l)m(?)) oM, e Z(A)\ {1,p7}; pM - p®) = p*}

oxasameavcmeo. Tlocrpoum orobpazkenue [ caemyionum obpaszom: Ilycrs
A = Njji € T'(A) — npousBOIBHLI TPEyroabHIK, OYEBHIHO,

S(mas) |_S(B) _ S(Dma) _
S(A) S(Amin) S(Amin)

*

U MOXKHO B34Th B KadectBe ((A) mapy:

S(Amax S(A
(2)) = <f9(A)) = pimaxjmakaax,ijk7 Sv(irru)n) = pijkyiminjminkmin> :
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ITokaxkem, aTo oTobpaxkenue [ sBjsieTcss nHbeKImeil. [1peamomoxmm 06-
parroe: B(A) = B(A) = (pV), p?) mns mexoropsix A # A’. Ho 510 1po-
TUBOPEYNUT CBOWCTBY 2 TPEYTOJBHHUKOB OOITEr0 TOJOKEHUST — JJIsT PA3HBIX
TPEYTOJIbHUKOB OJIYIaIOTCs OJIMHAKOBBIE KOJIBI.

ITokaxkem, 4yTo orobpaxkenne [ sBjgercd ciopbeknueii. IIpeamonoxmm,
aro maiigercs mapa (p(M), p?)), me mpumanexamas obpazsy G(T'(A)), Ta-

kast, aro pI) - p2) = p* Tlo cBoiictBy 5 9T0 O3HAMAET, UTO /IS HEKOTOPDIX

TPeyTOMBHIKOB A1, Mg, A3 BBITOTHEHO paBeHCTBO 2ial) - 9820 — p p g
pey 1,422,423 p S(A2) ~ S(A3) p, T.e.
S A1 S Amax

S§A3§ = S((Amin))' W3 sToro cienyer, 9ro A1 = Apax 1 Az = Apin, IOCKOJIb-

Ky JIJIs JII0OOM JIpYTOil Mapbl TPEYTrOJbHUKOB OTHOIIEHHE ILJIONMAIeil MeHbIIe

1) (2
o, a smar () = (p1), @), =

JIemma 5. ITycmo T(A) — mHoocecmeo mpeyzoabHuKkos obuLe2o noaoice-

nus. Buibepem npoussonvrvie Nijk, Apgr € T'(A), Niji # Dpgr. O6031a1um

B(Ayr) = (01,0, B(Lpgr) = (0P, pM), nyemo dan onpedeaernocmu
o8

Sijk = ,0(1). Tozda us wucen p' = By up po) 00HO U MOABKO 00HO

o
npunadaesicum cmepmomy kody Z(A).

Joxazameavcmeo. Nz yenosus B(Apgr) = (p3), p¥) Brirexaer, uro mm6o
S(Dpgr) = pB, 6o S(Npyr) = pW. Ecmn S(Apyr) = p®), 1o B xome
BE) o
P o
OJIHOBPEMEHHO JiBa TAKHUX 3JIEMEHTa IPUCYTCTBOBATh He MOryT. leiicTBu-
TEJIBHO, HPE/IIONOKHUM JIJIs OLPEJICJICHHOCTH, YTO B HCXOHOM N300paskeHNH

Spgr = p3). Torna

JIOJZKEH MPUCYTCTBOBATL pf = a ecmn S(Dpgr) = pW, o p =

"_ & _ p* _ &
P, T 0,08 60
caenosarenso, p - p3) = p) | gro nporusopeunt cpoicTBy 5. O

3.1. AJaropuTM BOCCTAHOBJIEHUS N300pa>keHUs II0 CTEPTOMY
KOJLY

1) Beibepem B KavecTBe IEHTPAJIBHOIO TPEYTOJBHUK MHUHUMAJBHON TLIO-
maau. IIoCKOJIIbKY BOCCTAHOBJICHHE IIPOUCXOOUT C TOYHOCTLIO IO a-
9KBHUBAJIEHTHOCTH, TO MOXKHO HAa3HAUYUTH MUHUMAJbHOMY TPEYTOJbHU-
Ky JII00YI0 110ma b, HapuMep S(Amin) = Smin = 1 Jyisi onpejesen-
voctu. Torna miomnaab HanOOJIBIIErO TPEYTOJIbLHIUKS OIIPeIesIeHa OIHO-
3HaIHO S(Amax) = Smax = p*. 3amernm, 4T0 p* M3BECTHO, T.K. ITO
MaKCAMAJIBLHBINA 3JIEMEHT CTEPTOTO KOJIA.

2) Badurcupyem oy u3 map (p(I, p?)) € G(A). Tlo nenne 4 eit cooTser-
CTBYeT TPEyroabHUK A;jj, = B~ (pW, p?). Bosmorxno npa BapuanTa
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6)

Sijk = p(l) un Sy = p(2). B nmaspHeltmeM mocTpoeHne UaeT MapaJ-
JIEJIHO JI7IsT 00OMX BapWAHTOB. B OJHOM U3 HUX JIOJI2KHO IOJIYIUTh-

cst UCcxo/Hoe m30bparkenue. [y onpejeseHHOCTH OyIeM CIUTATh, UTO
ijk

L= = Sijk = p), BTOpOii BApHAHT PACCMATPHBAECTCS AHAJIOIITHO.
TTepebupaenm see maper (p®), p)) € G(A). Tlo memme 4 B uexoaHOM

1306 paskeHuH HailleTcst TpeyrobHuK Apg, = B71( P, p™). Tlo emme

5 mmbo p’ = % € Z(A), Torma S(Npgr) = pB®), mubo p’ = % € Z(A)

u rorga S(Dpgr) = oW, Tloropus 3Ty HpoueLypy A/ BCEX IAD U3
S(A), noydaem CIHCOK IUIOMAJIEH Beex TpeyroJbHukoB u3 T/ (A). A
S(Amin), S(Amax) y?Ke U3BECTHBI U3 [IEPBOTO IAra aJropuTMa.

BoibepeM B KauecTBe HEHTPAILHOTO Apin (OUEBHJIHO, HE COJEPIKAIIMI
BHyTpu cebst Touek u3 A). Ilo memme 2 maiizem Bce Tpoiiku P(A),
coorsercrytomue Toukam A" = A\ {a1,az2,a3} (r.e. kpome BepmH
[EHTPATBLHOTO TPEYroJabHIKa). B KaxK70il TPOiiKe BBIIEJNM T[JIABHBII

TPEYTroJIbHUK Agm), i=4,..,n.

Pas6usaem tpeyrosbuuku T *(A) Ha Kiacchl sKBuBajeHTHOCTH. Tpe-
YIOJIbHUKHN 3KBUBAJICHTHBI TOZJa W TOJIBKO TOr/Zla, KOI'Za a) OHI/I HE
cofiepKaTcs B OfiHOM Tpoiike; 6) meror 061yo cTopony (YTO MOXKHO
IPOBEPUTH 110 JiemMe 1).

Hns kaxxpoit Tpoiiku uz T; = P(A) oupenennm 1o jeMme 5 B Kakoii
00JIaCTH HAXOIUTCS COOTBETCTBYIOIIAs TOYKA. TakuM 00pa3oM, MbI IO~
JIyIUM, B KAaKOW IOJIYIUIOCKOCTU OTHOCHUTEIBHO MIPSAMBIX b1ba, babs m
bsby OGyner pacmoJioykeHa BOCCTAHOBJICHHAST TOYKA. Fcyim BRIOpaTh BOC-
cranosirennsle Touku kak b1(0,0), b2(1,0), (0,1), To 910 MO3BOJISIET
OlPE/IeINTh 3HAKU KOoOopanHAT (cM. puc. 6).

3adukcupyeM Ha IJIOCKOCTH TPeyroabHuK Abibobs u 6ymem canTarh,
9TO 3TO 00pa3 MEHTPAJBHOIO TPEYTOJbHUKA Ay IPH HEKOTOPOM ad-
bunnom npeobpasosanuun. st kaxaoit Tpoiiku u3 P(A) onpemesum
K KaKHM CTOPOHaM HEHTPaJIbHOI'O TpeyFOﬂbHHKa IIpuJjeramT TJIaBHBIN
u 1060YHbIe TpeyroibHuKY. Ecim usBectHa mwiomaib S; = S(A12;), TO
paccrosiaue TouKu b; j10 upsiMoit bibe pasuo d; = 2S;/|b1be|. Teomer-
PHUYIECKHIM MECTOM TaKUX TOYEK SIBJISIIOTCS JIBE IIPsIMbIe, TapaJslie/IbHbIe
b1bo u mpoxopsiiue Ha paccrosiunu d; oT Hee. Ho, MOCKOJIbKY U3BECT-
HO (M3 MPEJBIIYINEro MyHKTa), B KAKON MOJIYIIJIOCKOCTH HAXOAUTCS b,
TO OCTAETCs TOJIBKO OJiHa HpsiMas. IIpojenas aHaJOrMYHbIE IOCTPOE-
HUA JJIsI CTOPOHBI bobs, MOIyINM BTOPYIO IPAMYIO, HE MMapasIebHyio
repBoit. O4YeBUIHO, YTO TOYKA WX [I€PECEUYEHUs U €CTh b;.
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8) Haxo/um cTepThlii KOJI BOCCTAHOBICHHOTO H300PazKeHUsT U CPABHUBACM
¢ Z(A). Ecim kozipl He coBajiaior (Takoe BOBMOXKHO B CJIydae, eCJI [0~
LI 110 HEIPABUJILHON BETKE B IIyHKTE 2), TO 0TOPAChIBAEM PE3YJ/IbTAT.

KOppeKTHOCTb aJITOPpUTMa BbITEKaeT U3 JJOKa3aHHbIX paHee JIEMM.

Y

Kaacc 1 Ttum 1

z<0;y>0
KJjacc 3 Tan 2 KJjacc 2 Tui 2
z<0;y>0 * bs(150) z>0y>0

b1(0;0) ba(0;1)
T
——————————————————— {3 -

Kjacc 3 Tum 1
x>0y <0

Kjacc 2 tun 1
r<0;y<0

Kaacc 1 tum 2
x>0,y <0

Puc. 6. Onpenesnenne 3Haka KOOPAWHAT 10 KJIACCY U TUILY Tpoilku (mar 6).
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ITTar | CaoxHocth | KomMeHTapuii

1 O(n®) ITepe6op smementos creproro koma |Z(A)| =
Cé%

2 0(1) Pukcupyem nmapy u3 S(A)

3 O(n?) Iepe6op map u3 |S(A)| = C3

4 O(n?) ITepeGop Tpoek TpeyroJbHIKOB C’g,%

5 O(n") Paszbuenne tpoek n3 |P(A)| = n — 3 na xracco
SKBUBAJICHTHOCTH?

6 O(n) ITepeGop Touyek U ompejeeHue II0J0XKEHUS OT-
HOCHTEJIBbHO A\*

7 O(n) [Tepebop TodUek U BOCCTAHOBJIEHUE KOOPJAUHAT

8 O(nf) HaxoxeHne crepToro Koja BOCCTAHOBJIEHHOI'O
M300parkeHnst ¥ CPaBHEHHUE C MCXOTHBIM KOIOM

Tabummmna 2. OneHka aaropuTMUIECKOR CI0KHOCTH

4. AHFOpHTMH‘IeCKaﬂ CJIO2ZKHOCTDb 1 3KCIIEpMMEHTDbI

AropuT™MutTIecKas CJI0KHOCTD OIEHUBAECTCS B CIIyae, KOrJa BCE TOUKUA MHO-
KecTBa A 00IaAI0T 1EI0UNCIEHHBIME KoopanHaTaMn. B arom cirydae mio-
AT BCEX TPEYTOJBLHUKOB TIEJIbe WU MOIYIIEbIe, CIeIOBATEIBLHO, BCE dIe-
MEHTBI CTEPTOr0 KOJa SIBJISIIOTCS PAllMOHAJIBHBIMH. Mozesb BBIYHCIIATEISI
pearoaraeT CJI0XKHOCTD 1 1t JTI000ro apudMeTnIecKoro JIeficTBUS ¢ pali-
OHAJILHBIMH UUCJIAMHU TTPOU3BOJBHON TOTHOCTH. DTO JOCTATOTHO ATEKBATHO
MO/JIEJIUPYET CJIydail, KOrjaa 1 YUCIUTeNb, 1 3HAMEeHATE b JIPOOU IIOMEIAIOTCsI
B perucTp BeluucsuTesnsHoro ycrpoiicrsa (CPU).

Hawnbosee TpynoeMKoil siBisieTcst Ipoleaypa rnepedbopa TPOeK TPeyroyib-
HUKOB Ha dTare 4 (cM. tabsmiy 2). Kosmuecrso oneparuii cpaBHeHMsI PABHO
2. Cg,% = O(n?), rae n — KommaecTso Todek m306pazkenns. CIOXKHOCTD, XOTs
U SBJISIETCS TTOTMHOMHUAJILHO O M, HE MO3BOJISIET MPOBOJIUTE AJTOPUTM JIJIst
bosbIIoro KosmdecTsa Tovek (Hampumep, n = 100).

Anropurm 6bL1 peasmzoBaH B Buje ckpunta st Matlab  (Bepcust
R2020b). Kparkoe omucanne ckpurra:

e CiygaliHbIM 0O6pa30M MOPOXKIAET KOOPIAUHATHI 7 TOUEK;
e CrpouT cTepThIil KOJ, JJIsT 3TUX TOUEK;
o [Ipumensier amroputm u3 pazzuena 3.1;

o [IpoBoauT 3aMep BpeMeHU;
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n |t (cek.)
8 | 0.6565
9 | 2.1726
10 | 5.7466
11 | 15.595
12 | 35471
13 | 70.919
14 | 153.00
15 | 280.39
16 | 542.05 |
17 | 954.20
18 | 1489.2
19 | 2553.6

Tabsmra 3. Bpemst paboTsr aaropurMa

o [IpoBepsieT KOPPEKTHOCTH BOCCTAHOBJICHUSI C TOYHOCTDIO /10 adbPUHHOIM
9KBUBAJIEHTHOCTH.

CKpunT BBUIOKEH B OOMNil JOCTYN W JOCTYIEH 1O ajpecy https://
github.com/dvalex/erased_code_recovery.

TecTHpoBaHHe IPOBOAWIOCH Ha KOMIBbIOTepe ¢ mpomeccopom Intel®
Core™ i7-8700 (rakroBas wacrora 3.20GHz), o6bem oneparuBHON maMsiTu
32GB, OC Windows 10 (Bepcust 22H2), IIpoBoausiocs BoccTaHOBIIEHHE ISt
n=28,9,...,19 ¢ 3amepom Bpemenu BbinosHeHUs (1 3aMyCK JJIsT KAXKI0TO 1).

PezynbraTel nmpuBojsaTcs B Tabsmie 3 U n300pakeHbl HA puc. 7.

Sameuanue 6. B anzopumme waz 4 (nepebop mpoex mpeyzoivHukos) oo-
Aadaem HaUbOALWET SHUUCAUMENDHOT CAOHCHOCTBIO. DMOMm waz MOoAHCEM,
ObMb BHINOAHEH NAPAAAENDLHO, HIMO, BNPOYEM, HE CHUMCAEM ACUMNIMOMUNE-
CKYI0 CAOAHCHOCTD.

5. 3aKJjro4ueHue: BbBIBO/IbI "1 ,Z[a,JIbHefIl[II/Ie IIJIaHBI.

Urorom mannoit paboThl ABJISETCS CO3/AHUE AJTOPUTMA JJIsi BOCCTAHOBJIE-
HUsI U300paKeHUs 110 CTEPTOMY KOJIy 3a MOJMHOMUAJIBHOE BPEMS U J0Ka3a-
TEJILCTBO KOPPEKTHOCTH €ro paboThl IPU YCJAOBUU TPEYTOJBHUKOB OOIIEro
nosioxkenusi. CJiesiana, OIEHKA aJTOPUTMUYIECKON CJI0KHOCTH MTOKA3aHO €€ CO-
OTBETCTBUE 3KCIEPUMEHTAIBHBIM JITAHHBIM.

BosmorkHble HampaBiieHnsT JaIbHEUIIIEro pa3BUTH:
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t (cek.)

a) x107° b)

4
10 T T 35F T T .
SV -
103 F 1
251 1
102 F g
- 2 |
x
[0}
Ch
st ]
10" F 1
i |
100 E
F 0.5F .
10*1 1 1 0 L I
10 15 20 10 15 20
n n

Puc. 7. a) Bpems BbIOIHEHNST B 3aBUCHMOCTH OT dncJa TO4ek; 6) Bpems

BBIIIOJIHEHUS JIeJIeHHOE Ha, ng,.
n

)

OcnabuThb yea0BUS Ha MHOYKECTBO TPEYTOJBLHUKOB ODIIETO MOJIOXKEHIS
— ceiffuac OHU BBIIVISAJIAT HE OYeHb €CTECTBEHHO U CJIOKHBIMU JIJIst IIPO-
Bepku. [lockonbKy mj1st TpoBepKu TpedyeTcs: mepebop YeTBEpOK Tpe-
YTOJILHUKOB, TO alTOPUTMIYECKas CIOKHOCTL cocTapasger O(n'?), Te.
IIPEBOCXOJIUT CJIOKHOCTD PEIleHnst caMoil 3aaqn!

B CJIydae IMEJIOYUCJICHHbIX KOOPpAWHAT, Jie2KallluX B OIIPpEAC/JICHHOM JHa-
ITa30HE, OIEHUTH BEPOATHOCTL I'€HEPallud MHO2KECTBa TPEYTIOJIbHUKOB
O6IlI€I‘O IIOJIO2KCHM .

CremaTh mocTpoeHne OIHO3HAYHBIM. Hanpumep, 10Ka3aTh, 9T0 y U300~
pakeHust B 00IIEM TTOJIOYKEHUU HET ITPU3PAKOB UJIN BBHIBECTU JOCTATOYU-
HbIE YCJIOBHSI, IIPU KOTOPBIX N300parkeHne He MOYKET UMETDh IIPU3PaKA.

CHU3UTH AJIFOPUTMHUYECKYIO CJIOKHOCThH, KOTOpasi B TEKyIIell Bepcun
coctasyster O(n?).
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5) Peasm3oBaTh aJropuT™ ¢ UCMOJB30BAHIEM PAIMOHAIBHBIX THUCEJT IIPO-

u3BOJIbHON TOUYHOCTH (Hanpumep, Ha Python). Ceiiuac ucnosbsyercs
Bcrpoennbiit B Matlab tun «doubles, cpaBHenme Takux dmces mpons-
BOJIUTCSI IPUOJINZKEHHO, ¢ TOYHOCTBIO 10 1075,

6) IlpuMeHUTH aHAJOIMMYHBIN MOJAXOJ K PEIIEHUI0 M3HAYAJIBHON 3a1aum

(Ipo momapHbIe PACCTOSTHUST MEXKTY TOYKAMI )

Chnucok jmreparyphbl

1]

2]

3

—_—

4]

[5]

6

—_—

17l

8]
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To the question of restoring an image from an erased code
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The article proposes an algorithm for image recovery by erased
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has a polynomial complexity. The definition of general position
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O caoxkHOCTHU NepexoJa K NPaBUJILHOMY
JMHEMHOMY BULY

I1.C. Heprau® . A. Canbuosal

Jlannas paboTa IIOCBAIIEHA U3y YeHNAIO IIPABUILHOTO JIMHEHHOTO BU-
Ja Ui PEryJIsSpPHBIX sI3bIKOB C IIOJIMHOMUAJIBHOM (yHKIMeil pocra u
YIIy9IIEHUIO COOTBETCTBYIONIUX OIEHOK Ha CJIOKHOCTD II€PEX0/Ia OT JIu-
HEIHOro BUJia K MPABUJILHOMY JIMHEHOMY BHLY.

y,ZLaJIOCI) [IOHU3UTDL paHee M3BECTHYIO U3 pa6OTI)I [1] omenxy n? mo
OLleHKHT - +n Tak 2Ke TOIyYeHa BEPXHss OICHKA, 4~ IJIA A3BIKOB BUIA
BiBs ... 55, B KOTOPBIX CJIOBa (3; COM3MEPUMABI.

Kuro4deBble ciioBa: peryaspHbIil I3bIK, (DYHKITHS POCTa, TPABUAIb-
HbBII JIMHEUHBIIT BUJ, CJIO2KHOCTD.

1. BBenenne

N3BecTHO, 9TO peryssgpHbIe A3bIKH C TOJUHOMUAIbHON (DYHKIMEH pocTa 3a-
JTAIOTCST PEryJIsiPHBIME BbIPpasKeHUsIME JinHeiiHoro Bujga |1]. Boiparkenusmu
JIMHEITHOTO BUJIa HA3BIBAIOTCS KOHEUHBIE OOLEINHEHUS BhIPAXKEHUN BUIA

P=a- (/81) ) '--as‘(ﬁs)*‘as-i—ly
F,HQSGNO, alu"'vas-i-leA*a Blv)/BseA*\{)\}

Bblp&)KeHI/IS{MI/I IIPpaBUJIbBHOT'O JUHEHHOTO BU/J1a Ha3bIBAIOTCA BBbIPpazKEHUNA
9TOrO K€ BHJA, JJIsi KOTOPBIX (V2,...,Qs He IYCTHI U IEPBble OyKBBI CJIOB
Bi, @j+1 pasimasbl npu Beex 1 < i < § (JIs IyCTOrO (Vg11 9TO yCJIOBHE NPH
i = $ OIIyCKaeTcst).

Heo6xoMO OLEHUTD CJI0XKHOCTD IIepexojia OT [PEeJCTaBJICHUIl sI3bIKOB
BBIPAKEHNSIMHI JITHEHOTO BUJIA K IIPEICTABICHASIM BLIPAsKEHUSIMI PaBHTb-
HOT'O JIMHEIHOrO BHJA.

B crarbe MBI CHauasa JaeM ONpeJeJeHns] M OCHOBHBIE CBOHCTBA ITHX
BBIpaKeHuil, a Takke GOpMyIHpyeM 3a1ady 00 OlEHKE BLIPAZKEHU.

Pamnee B pabore [1| mzydascss 9ToT BOmpoc  OblLIa HOJIyYeHA KBaJpa-
THYIHAsl BepXHsisl OleHKa. Takke B pabore [2| mast ciiydasi HECOM3MEPUMBIX
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BBIPAKEHUIl JIMHEHOrO BUja (JacTHBIN ciaydail) Oblia HOJIydYeHa JTMHeHHAsT
BEPXHsIsT OTIeHKa, 4n.

Jaisiee B crarbe MBI yJIydIliaeM ODIILYIO0 BEPXHIOIO OIEHKY Ha CJIO2KHOCTD
IIepexo/ia OT PEryJIsspHOrO BbIPaKeHUsl JIMHEHHOIO BUJA K PEryJIIPHOMY BbI-
PazKEHNIO NIPaBUJIBHOIO JIMHEHHOI'O BUIA.

Tak>ke OT/IEBHO PACCMOTPEH CJIydail, KOTJa S3bIK MMEeT COM3MEPUMbIi
Buj1. [losyyena BepxHss OleHKa %2.

B saksioueHnn MBI MOJBOJIUM UTOTH U OOCYKIAa€M BO3MOXKHBIE HAIPAB-
JleHus JaJid 6y,uym1x1x HCCJIEJOBAHUI B JaHHOI 00JIaCTH.

2. OcHOBHBIE OIIpeieJJeHUs U Pe3yJabTaThl

Bouibliasi yacthb onpejiesieHuii JAHHOIO pas3/iesia B3sTa U3 UCTOIHUKOB [3]-[5].

Onpenenenne 1. lamgum ompeesieHue peryisipHOro MHOXKecTBa. MHOXKe-
cTBO P, Ha3BIBAETCS pe2yAspHuLM B ajipaBuTe A, eC/ii ero MOXKHO ITOJIYIUTh
U3 IyCTOrO MHOXKECTBA U OJIHOJIEMEHTHBIX OJJHOOYKBEHHBIX MHOXKeCTB {a},
a € A caegyromum 06pasom

() — perynspHOe MHOXKECTBO B ajidasute A;

{a} — perynsipHoe MHOXKecTBO B asidasure A, a — nponsBoJibHast OYKBa
andasura A;

Eciu Py, P, — perynspuble MHOKecTBa B ajidasure A, TO 1 MHOXKECTBa
PLUP,, PP, (P1)* 6yayT peryJsipHbIME MHOXKeCcTBaMu B asidasure A.

Onpegaenenne 2. ITycrs P C A* un € N. Hepes P<(n) obo3nataem MHO-
2KeCTBO Bcex ¢J10B u3 P nyuner He 60sbire n. Yepes Tp obosnadaeM QyHKITAIO
Tp: N — Ny, rue

Tp(n) := [P<(n)]

st Becex n € N. HazwiBaem Tp dpyrxyuet pocma nias P. Tosopuwm, uto P
HMeeT NOAUHOMUAALHYI0 dynKkyuto pocma, ecan Tp(n) orpaHudeHa CBepXy
MIOJTMHOMOM OT 1.

Onpenenenue 3. Pezyasaprvim evipasicenuem B ajdasure A, HasbIBaeTCs
csioBo u3 andasura AU{*, -, V, (,), A}, KOTOpOe onpeIe/IsieTcst CJie Ly OIIM
obpa3zom:

A — peryJisipHOe BbIpaxkeHue B ajipapure A;

Bykebl andasura A — peryiisipHble BhIpaskeHusI B ajidasure A;

Eciu Py, P, — perynspHble BhIpazkeHusl B ajidaBure A, TO BLIPAXKEHUS

PLUP,, P-P, (P1)" — OyayT peryisipHbIMI BBIDAYKCHUAME B ajiaBuTe
A.
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Onpenenenune 4. /launotl peeyaaprozo evipasicenus P B andasure A Oy-
JIeM Ha3bIBaTh KOJUYECTBO OYKB u3 ajidaBura A, KOTOPbIE BXOJAT B 3TO
PETyJISIpHOE BBIPAXKEHUE € YIETOM KPATHOCTH.

Onpenenenne 5. CiioBo o € A* Ha3bIBaeTCA usMmeavueruem ciaosa B € A*,
k

ecii Ipu HEKOTOpOoM k € N BBITOJIHAETCS PABEHCTBO 3 = .
Omnpepenenne 6. CnoBo o € A* Ha3BIBACTCT MUHUMGADHOM USMEABYE-
HUuem HEILyCTOro cjoBa (3 € A*, eciu ero jjiMHa MUHAMAJIbHA CPEId BCEX
M3MeJIBIeHnt ctoBa, 3.

Onpenenenue 7. llBa cioBa (1, [Ps € A* Ha3BIBAIOTCI COUSMEPUMBLMU,
€CJIM X MUHUMAJIbLHbIE U3MEJILUCHHS COBIIAJAIOT. B IpoTuBHOM Ciiydae OyaeM
HA3BIBATDH UX HECOUSMEDUMDbLMU.

Onpenenenne 8. CemeiicTso cioB (1, B, ..., Bn € A* HasbIBaeTCsa cousme-
PUMDBLM 6 COGOKYNHOCTIU, €CJIA Y HUX €CTh ODIIee M3MEIbICHHUE.

Omnpenenenune 9. Perynsipaoe peipazkerue P B andasure A nmeer aunet-
MLl 6Ud, €CJIH OHO IIPENCTABAMO B BUIE KOHEUHOI'O 00 beIUHEHNS BhIPazKeHMI
BHUIA

P=o1-(f1) -ag...05(Bs)" - ey,

rae s € No, aq,...,a541 € A, B1,..., 0, € A*\ {A}.

Eciu ipu 3T0M Qo . . ., (tg HE TIYCTHI U HEPBbIEe OYKBBI CJIOB (3;, (yj11 NIpU
Beex 1 < i < s pasyu9Hbl (JJIsT YCTOIO (g41 TO YCJIOBUE IIPU i = § OILyC-
KaeTcsi), TO OyJIeM HA3BIBATH TAKOE BBIPDAKEHUE GbiPUCEHUEM NPABUNLHOZO
AUHetiHo20 6uda.

Omnpegnenenune 10. Byem roBoputh, 9T0 BEIpAXKEHNE JTUHEHHOTO BUJIA HECO-
UBMEPUMO, eCITH BCe cocemune mapbl f;, fi41 B HEM HECOM3MEPUMBI.

Onpenenenue 11. Ilycrs peryisippoe MHOXKeCTBO P 33JJaHO KOHEUHBIM
00'beIMHEHNEM PETyJIAPHBIX BhIpayKeHu# JuHeiiHoro Buja. Jlunelinot ciooic-
HOCMBIO MAKO20 NPedcmasierus HA3BIBAEM MAKCUMAJIBHYIO U3 JJIMH STUX
BBIPa2KCHUIA.

Omnpenenenne 12. Ilycts perynasproe mMHOXKECTBO P 3a7aHO KOHETHBIM
00'beIMHEHNEM PETYJISPHBIX BBIPAXKEHUH IIPABUILHOTO JInHEHOTO BUIa. [Ipa-
BUALHOT, AUHETHOT CAONACHOCTNDIO TNAK020 NPEICMABACHUSA HASLIBAEM MaKCHU-
MaJIbHYIO U3 JIJINH 9TUX BBIPAYKEHUII.

Omnpenenenne 13. Ilycts P C N. Ha3piBaem Takoe MHOYKECTBO TIEPUOIATIE-
ckuM, ecyu cymecTByior 1y, T € N takue, uro HauwHast ¢ k > Ty U3 ycJIoBust
k € P cnenyer ycinosue k + T € P. Yucyio Ty HasbiBaeM npednepuodom, a
qucyio T — nepuodom.
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Onpenenenne 14. Ilyctre P C N — mepuoanmdeckoe MHOXKeCTBO. depes
Tipeqn(P) Oyaem 0603HAYATD €0 MUHUMAJIBHBIN IPE/IIEPUOL.

Onpegenenne 15. IIycre A = (v®)*(v*2)* ... (v*)*. Torma uepes X, (A)
obosHauaem muokectso X, (A) = {I |} € A}.

Onpenenenune 16. Ilycrs a,b € N. Eciu a menurces Hateso Ha b, To muiem
bla. Yepes Z,j, 0bo3HAMAEM MHOXKECTBO:

Zap :={n €N| n>a, bn}.

Teopema 1. [Tycmb pezysaphvili A3viK 3a0aEMCA PELYAADHBIM GOLPAACEHUEM
caredyrousezo AUHETH020 6uda

A= (VM) (U2)* L ()

co caodicrocmpvio ne éviwe n. To2da €20 M0AHCHO NPEOCTNAGUMD DE2YAAPHDLM

BLLPANCEHUEM NPABUALHO20 AUHETH020 6Uda ¢ NPAsUALHOT Aunelinot cA0dC-
2

HOCMDIO HE 6blule - + 1.

Teopema 2. ITycmo peeyaaprviil A3oiK 360aEMCA PELYAAPHHIM BBLPAIHCEHUEM
caedyrouLezo AuHetino20 euda

A=piBy... B

CO CAOAHCHOCTDIO HE svlwe N. Toeda e2o0 ModHcHO Mpedemasums peeysipHbIM

BYIPAHCEHUEM NPABUALHOZ20 NUHETH020 6U0a ¢ NPABUALHOUT AUHETIHOT CA0MHC-
2

HOCMBIO HE 6biwe 5 + M.

3. BcriomoraresibHbI€ YTBEPXKICHUS

JIemma 1. ITycmo x1, . .., T — namypaavroe wucsa ur = HON(x1, ..., L),
H:={aix1+ -+ arxg | a1,...,ar € No}. Toeda cywecmeyem ng € N ma-
Koe, 4mo Zn,, C H.

Jlokasamenvcmeo. JlokazaTebCTBO JIEMMBI IIPUBEJIEHO B TyiaBe 2 paboTsl [1].

O

Jlemma 2. [lycmos A — xoneunwill aagasum u P — evipasicernue aunetinozo
suda caootcnocmuy we svie n. Toeda €20 MOHCHO NPEICNABUMDL BBIPANHCEHUEM
NPABUALHOZ0 AUHETHO20 6UAG CAOHCHOCTIU HE GbIULE N2,

Jlokasamenvcmeo. lannasi jeMMa B3sTa U3 riasbl 5 paborsl [1], Tam oHa
PUBOJUTCSI KaK JeMMa, 3. O
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Jdemma 3. ITycmv A — wonewnwiti anasum, o, f € A*\ {A} u ¥ = g™
das wexomopwix k,m € N. Tozda cywecmeyem v € A* \ {A} maxoe, wmo

|V’ = HO,ZZ(|O(|,|B|),O&Z l/maﬁ = vl

Jlokasamenvcmeo. JlokasaTeabCTBO JIEMMBI IIPUBEJICHO B Ty1aBe 2 paboTsl [1].

O

Jlemma 4. Ilycmo a,b € N, a + b < n. Ilpu maxux 02paHuMeRUAT MAKCU-
2
MarvHoe 3Havenue npouseedenus ab ne npesocrodum .

oxazameavcmeo. PaccMoTpuM IBa cirydast — KOTJa CyMMa Y6THA U HETIET-
Ha.

1) Ilycrb a + b — gérno. Torpma jjist JoKasaTebCTBa 3TO JIEMMBI BOC-
MIOJIb3yeMCsT HEPABEHCTBOM MEYKYy CPeTHUM apudMeTHIECKUM U Teo-
METPUIECKUM:

a;bz\/%’

e a u b — Heorpunaresbublie ducia. M3 aToro nepaBeHcTBa CJIE/IyeT,

qT0 ) )
a+b n

b < = —.

< (7)<

2) Ilycrb a + b — neuérno. Eciin a u b ornmmyarorest xorst 661 Ha 2 u, 6e3
orpaHmYeHust OOMHOCTH, ¢ < b, TO MBI MOKEM 3aMEHUTDb @ Ha a+ 1, a b
— ua b— 1. Or 31010 3HAYEHME MPOU3BEIEHUSI MOXKET TOJIBKO BBIPACTH.
Taxum 06paszoM, MAKCIMaJILHOE 3HAYEHNE ITPOU3BEIEHNSA JOCTUTAETCS,
korja a = k,b = k + 1. 1 okoHYATE/ILHO TIOJTyIaeM

(2k+1)2  n?
kk+1) < —nr—?t = —
(heny < GREDT

TaK KaK
4k% + 4k < 4k* + 4k + 1.

O]

JIemma 5. IHyems A = (0%1)*(0%2)* ... (0%)*, a1 +as+---+as <l uay,ay
— e3aumno npocmut. Toeda Typeon(Xo(A)) < aras.

Zloxazameavcmeo. PaccMoTpuM ciieayromnie Jucia;
ai, 2a1, 3@1 ...,a2017.

Omnn Bce BxomaT B Xo(A). Paccmorpum octaTki 9THX 9HCET IO MOJYIIIO 43.
W3 B3aMMHOI IPOCTOTHL G1 U Gy CJIELYET, YTO BCE 3TU OCTATKHU Pa3/JIAIHBbI. A
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3HAYUT B 9TOM CIIHCKE BCTPeTATCs Bee octaTkn. CamMoe DOJIBIIoe IUC/IO 31eCh
— aga1. [Tosromy y mroboro apyroro uncaa t > asai OyAeT ocTaToK, KOTOPHIH
MBI YK€ TOJIy YUl PaHee.

A pa3 y Hac y»Ke eCTb B CIIHMCKE YHCJIO ¢ TAKKUM OCTATKOM, TO MbI MOYKEM
puOABUTDH K HEMY (9 HECKOJIBKO pa3 U MOJIYIUThb ducio t. To ecTh, HAUNHAS
C MOMEHTa aG9a1 Iepuol Jjist X OyIer paBeH eIuHHUIlE. A 9TO 3HAYHUT, YTO

Tnpe,un(XO(A)) S ai1ag. O

JIemma 6. [Tycmo A = (v®)*(v%2)* ... (v%)*, s > 2 u 6vnoOANENO HEPABEN-
emeo (a1 +ag+---+as)|v| < 1. Tozda, daa mmosicecmsa X, (A) = {l | V' € A}
6EPHO, 4MO
Tnpe&n(Xu(A)) S TR
4lv|
Jlokasamenvcmeo. CHauasa JOKaXKeM yTBEPXKJEHHE [ CJIydasl, KOrJa CH-
cTemMa Uucest aj, g, . . . Gs B3AUMHO IIPOCTa B COBOKYITHOCTH. IIpoBeieM jqoKa-
3aTeJIbCTBO METO/IOM 00ODINEHHOM MaTeMaTHYeCKON HHTYKIIUH 110 [IapaMeTpy
s.
Basa undyrkuuu (s = 2).

A= (W) (),

Paccmorpum BeiomoraresbHbiil cirydait B = (091)*(092)*.
l

Mgsr umeeM a1 + ag < W Torma mo emme b mosryaaem

Tnpe,un(XO(B)> < aiaz.

12
(e

N o nemme 4 310 YUC/IO HE MIPEBOCXOIUT [TosTomy

2

!
Tiapenn (X (A)) < Tapean(Xo(B))|v| < ok

Iepexod undyrkuuu. (2,3,...,8 —1 =)
HoxazkeMm mitst s. Mb1 mmeeM

A= () (v2)* . ()",

Bes orpanndenns oOITHOCTH yIIOPAJTOIAM G, A2, . . . , Gg CIETYIOIAM 00-
paszom
a1 <ag < <as—1 < as.

Paccmorpum BeiomoraresibHoe MEHOXKecTBO A = (091)*(0%2)* ... (0%)*,
Torma 111 MHOXKECTBa

B = (0")*(0°2)" ... (0%)*
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2
npeznepuoy, Ty, muoxkectsa Xo(B) He peBocxoauT (a1+az+ 1 Fas-1)” g npe-

moJ10yKeHnto nHAyKImn. Obo3naduM depe3 di HamOOIbIINiT 00Nl e/ TUTe b

CHCTEMBI UUCENd G1,a3, . ..,0s_1. 110 JeMMe 5 MBI 3HAEM, UTO HAYUHAS C MO-
menTa Ty, muOXKecTBO X((B) mMeer nepuosn dp. Pacemorpum BeomoraTesinb-
noe mMuozkectBo C' = (09)*(0%)*. MubI 3HaeM, 4To di U @g B3AMMHO HPOCTHI,
[IO9TOMY IO IIPEJIIOIOZKEHHIO Oa3bl mpesmepnon muoxkectsa Xo(C') e mpe-
BOCXOJIUT W. SHAYUT IIPEIIEPUo], MHOXKECTBA, Xg(fl) HE ITPEBOCXOJIUT
cyMMBl Tipesepnonios Xo(B) u Xo(C):

(a1 +az+---+as1)®  (di+as)’
4 A

,HOKa}KeM, YTO 3TO BbIparK€HHe HE IIPEeBOCXOAUT

l2
4fv|*
,ZLJIH JOKa3aTeJIbCTBa 3TOIr0 HepaBE€HCTBa JOCTATOYHO JOKa3aThb, YTO

(a1 +as+--+a,1)®  (di+as)?  (a1+as+---+a,1+as)?
4 * 4 = 4 ’

YTO PABHOCHJILHO CJICYIONIEMY HEPABEHCTBY
d% + 2d1as < 2ag(ay + -+ + as—1).

Yro, oueBuaHO, BepHO, Tak KakK d| < a1 < ay < - <azus—1< 2.
Bosspaimasich K HCXOQHOMY MHOXKeCTBY A, mojydaem

. 12
Trpenn(Xu(A)) < Trpean(Xo(4))|v] < ok

Iepexo , MHIyKIMH JOKA3AH.

Teneps pacemorpum ciydaii, korjga HO/ (a1, ag, ... ,as) =d > 1.

O6ozuaunm © = v% 1 npejcraBuM Halie MHOXKECTBO A B BHIE:

12 12
Tupean(Xo(A)) < qr7 =
[TosTomy
12 12
THpeAH(XV(A)) < Tnpezm(Xz?(A))d < 4d|1/|d = M
JlemMma mokaszaHa. ]

JIlemma 7. Ilycmo A = B35 ... 0B5. Ecau cocednue napwv 3; 6 amom evipa-
JHCEHUU COUBMEPUMDL, O 0204 6Ce [B; COUSMEPUMDL 8 COBOKYNHOCTMU.
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Joxasamenvcmeo. JlanHoe yTBep:KIEHME JIETKO JOKA3bIBACTCA HHIYKIIUEH

mo s. Illpu s = 2 yTBep:kaeHne odeBuIHO. JloKarkeM IepexoJ WHIYKITHH.
* 0k *

[TycTs MBI y2Ke OKa3aam yTBepKJIeHne ajid MHOXKecTBa 3755 ... fi_ ;. Torma

0 UHIYKIMOHHOMY IIPEIIOJIOKEHNIO

BBy ... 0= W) (v®2)* ... (v 1) B

Ocraaoch 3aMeTUTD, ITO U3 COU3ZMEPUMOCTH (51, s 1 JIEMMBI 3 CIIeLyeT
COUBMEPUMOCTbD V, 35. SHAUUT Yy CJIOB 31, B2, . . . , B €CTH 0DIIee U3MeTbUEHNE.
JlemMa mokKaszaHa. ]

4. Jloka3aTeJbCTBO OCHOBHBIX yTBepP2KJIeHUIA

Teopema 1. ITycmo peeyaaprviil A3oiK 360aEMCA PELYAAPHBIM BBLPAIHCEHUEM
caedyrouLezo AuHetinozo euda

A=) ™). (%)

co caodcrocmvro we eviwe n. Toeda e2o MocHO npedcmaeumb pe2ynaApHvim

6uPAHCEHUEM NPABUADBHO20 Aunetinozo euda ¢ npaGU/LbHOﬂ AUHETHOT CA0oHC-
2

HOCMDBIO HE B8blUE % +n.

Hoxazameavcmeo. Ilpu s = 1 yTBepKAeHNE OYEBHIHO, IIO3TOMY JaJee Oy-
JIEM CUUTATh, 9TO § > 2.

Jlns mokasaTebCTBa 3TOH TeOopeMbl HEOOXOIUMMO pa3odparbcsd B JIOKAa-
3aTesbCTBe JIeMMbl 3 iaBbl 5 paborsl [1]. Tam nokasano, uro Hare mpej-
CTaBJICHUE 3aJa8TCA B BUJE IIEPUOINIECKOr0 CeMEHCTBa CTeneHel ¥, KOTOpoe
MOZKeT OBITh IIOJIYyY€HO KOHEYHBLIM O0beUHEHUEeM 3JIeMEHTOB U3 [IPeIepUo-
na U nepuomdeckoit qactu ¢ gumnoit nepuoga HO(ay, ag, . . ., as).

Kaxki0e MHOXKECTBO U3 3TOro 00bLeJMHEHNs y2Ke UMeeT IPAaBUILHbIA -
ueitapit Bug. Camoe 6OJIBIIOE IO JJIMHE U3 STUX MHOXKECTB 3aJaETCA B CJIe-

AYIOIIEeM BUJIEC:
VTnpenn(Xu(A))(VHOﬂ(al,az,‘..,as))*. (*)

Omenum ero jumny. Ilo stemme 6

A (Tuposn (X, (A)) + HOZL( S| LA
V|{\Lupenn v a,ag,...,0s)) S |V 4|1/| |1/| = 1 n.

Teopema jokazana. O
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Teopema 2. ITycmv peaysaproiti A31K 360aEMCA PELYAADHBLM GbLPAINCEHUEM
caedyrouLe2o AuHetino20 euda

A=pipy... 0

co caodicocmpvio ne éviwe n. Toeda €20 MOKHCHO NPEOCTNAGUMD DERYAAPHDIM

GHUPAIHCEHUEM NPACUALHO20 AUHETIH020 6Uda ¢ NPASUALHOT AUHETHOT CA0IIC-
2

HOCMDIO HE 6blULe o+ 1.

Hoxazameavcmeo. it  noxkaszaresbCcTBa JAHHOIO YTBEPAKICHUS HYKHO
ry62Ke IOrpy3UThCs B JJOKA3ATEIBCTBO JIeMMBI 3 TiaBbl 4 pabotrs! [1]. B neit
paccMaTpUBAIOTCSI IPOTIEypa ‘PaCIIeIIeHNsT , [TO3BOJSIONIas IPeodpa30BhI-
BaTb COCE/IHIONO IIapy uTepanuii 5] /55 B BbIpakKeHue IIPaBUJILHOIO JIMHEHHOI'O
BUJIA.

Ha wmjneitnom ypoBHE 3Ty HpOIELypy MOXKHO OIMCATh TaK: U3 UTEPAIUU
(5 BBITAIIBAETCA HECKOIBKO Pa3 CJIOBO (2 TaK, YTOOBI pE3y/IbTaT HEJIb3s Obl-
JIO TIEJIMKOM IIepebpocuTh depe3 urepanuio J1. W mokasbIBaeTcs, 9To JIIMHA
BBITSIHYTOIO CJIOBa He mpesocxoaut |B1||Bz].

C moMoIIpo 9T0T0 (hbakTa MOXKHO JOKA3aTh YTBEPXKJIEHUE HAIell Teope-
ML 71 sTOro pazobném BeIpazkenue 3735 ... 35 B mOCieI0BATEIbHOCTD U3
6moxoB By, Ba, ..., B, rae cioBa B KaxXIoM u3 0j10koB B; u B;,1 nomnapHo
COU3MEPUMBI, & 3HAYUT 110 JieMMe 7 Bce OJI0KM B; 1peJicTaBUMBI B BUJIE

B; = (") @) )

[Ipu sTOM V; U V41 HECOM3MEPUMBI B CHITY pasdbuenus na Omokn. Obo3Ha-
quM JuHy Osoka B; 1wepes [;. I3 Teopembl 1 3HaeM, 9TO KaxKIbIil 010K B;
MO2KHO 3aMEHHUTDL Ha IIpeJACTaBJIEHHE IIPaBUJILHOI'O JIMHETHOTO BUIa C JAJINU-

HOIl He GoJIbIe 4eM % + I;. Ilpu 9TOM OYEHBb Ba*KHO OTMETUTH, YTO B HOBOM
JINHEITHOM BHU/ie BCe IO bUTEPaIlMOHHBIC CJIOBa ABJIAIOTCA CTEIICHAMU CJIOBa
Vi.

HasbIie B X011 UIET MPOIeaypa “paciieryieHust sl Tapbl HECOU3MePH-
MBIX 3BE3I, TMO3BOJIAIONAs “‘pasBectn’ cocemgnue 0yoku B;. s sroro, Kak
OBLIO IIOKA3aHO B JI0KA3aTE/ILCTBE TeopeMbl 1 oTpebyeTcst yBeJIMIUTh JJIMHY
BBIparkeHnsI Ha He 6osee deM l1ls + lolg + -+ - + l5_1ls ciMBOJIOB.

CosMelasi BMecTe e O “pacilellyIeHu’ W IIPUBEICHUN OJIOKOB B IIpa-
BUJIBHBII JIMHEHHBIN BHJI, OKOHYATEBHO IOJIyIaeM OIEHKY Ha JJINHY HOBOI'O
JIMHEITHOTO BHJIA:

B 2
Trht et Sl (bl bl Ll =

B4 G4+ P4 Al Alls + -+ Al

1 + (U +l+-+1) <
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L+t +1)% 204l + 2l + - + 201l
<(1+2+ +15) i 12 + 2lglg + - + 1 (ot 1) <

< 1 1 <
l l cee - 15)2 l l cee - 15)2
§(1+2+4 + 1) +(1+2+4 +1s) + (i +la+ o+ 1) =
(htlp+-+1)?

= 5 +(L+l+- -+ ).

Hpa,BI/I.HbHOCTb TOJIYy9€HHOI'O JIMHEITHOTO BUJa CJAeJYyET U3 BbIIIE OTMEYECH-
HOTO (paKTa O TOM, UTO MOTBUTEPAITMOHHBIE CIOBA B 3aMEHEHHBIX OJIOKAX IO
npexKHEeMy HadUHalOTCA C V; U HE IOPTAT YyCJ/JIOBUE ITPDABUJIBHOCTU IIPpU HC-
MTOJI30BAHNN TIPOIEYPhI “PaCIIEIIeH .

Teopema nokazana. O

5. 3akKJIrouYeHue

B mammoii crarbe 6bLI0 TPOBEAECHO UCCIEIOBAHUE O IIPEICTABIEHUN PEryIsap-
HBIX $I3BIKOB C IOJIMHOMUAJILHON (DYHKIMENl pOCTa ¢ UCIIOJIb30BAHUEM PEry-
JIAPHBIX BbIpaskeHuit jmHeiiHoro Buaa. OCHOBHOMI Me/Ibio myOnKanun ObLIO
pa3paboTaTh HOBYIO OIEHKY CJIOYKHOCTHU II€PEX0/ia OT JIMHEHHOTO BUA PEry-
JAPHBIX A3BIKOB K IIPABWJILHOMY JIMHETHOMY BHUJLY.

B xo1e nccienoBanust ObLIM PACCMOTPEHBI CYIIECTBYIOININE OIEHKH CJIOXK-
HOCTH TIepexo/ia 1 MpoBeieH anaan3 ux apdexkrunoctn. Bouio obnapykeHo,
4TO CYIIECTBYIOIINE OIEHKU HE BCErJia JOCTATOYHO TOYHO OIEHUBAIOT CJIOXK-
HOCTDH IIepexojia. DTO CTaJl0 OCHOBHOM MoTUBalueil Jis pa3spaboTKU HOBOI
OIIEHKU.

Ha ocnose nipoBeiennoro uccjemoBanus ObLia chopMyIHPOBAHA U JTOKA-
3aHa OCHOBHAad TeopeMa, YTBEPXKJAIoas, YTO PeryJspHbI A3bIK, 3a/aBac-
MBI peryiadpHbIM BbIpaKeHreM JIUHEHHOrO BUJA C JIMHEHHON CJI0?KHOCTDBIO He
MIPEBBIIIAIONIEH 1, MOXKET OBITH 33aH PEryJIAPHBIM BhIparkeHueM IPaBUIHLHO-
o JIMHEHHOI'O BUJIA C JIUHEHHOU CJIO?KHOCTBHIO HE ITPEBBIIIAOIIENR %2 +n. 1o
03HAYAET, 9TO IPEJJIOXKEHHAsT HOBasl OIleHKa 00Jiee TOYHO OIEHMBAET CJIOXK-
HOCTD IIePEX0/ia U MOYKET OBbITh IPUMEHEHA JIJIsT ONTUMUBAITUY TPEICTABICHUS
PEryJIApPHBIX SA3BIKOB.

Crmcok aurepaTryphbl
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On the complexity of converting to a correct linear form
Dergach P.S., Saltsova D.A.

This paper is devoted to the study of the regular linear form for
regular languages with polynomial growth function and improving the
corresponding estimates on the complexity of the transition from the
linear form to the regular linear form.

We managed to lower the previously known estimate n? from [1] to

an estimate § + n. Also obtained an upper estimate %2 for languages

of the form 5735 ... 5%, in which the words §; are commensurable.

Keywords: regular language, growth function, regular linear form,
complexity.
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Orienka crerieHeit pa3aesisaionx
MHOT'OYJIEHOB JIJId MOHOTOHHBIX U
CaMOJIBOICTBEeHHBIX (DYHKIIMI1

M. B. Hocos!

B pabore mosydena BepxHsisS OIEHKA CTEIIEHU MHOTOWIEHA C Jeii-
CTBUTEJIbHBIMU KO3 MUITMEHTAME PA3IEISIONIEro HyJIA U €IUHUIBI MO-
HOTOHHOI OyJIeBCKO# (DYHKIUUE B HEYETHOM CJIydae PA3MEPHOCTH IIPO-
crpaHcTBa. BMmecTe ¢ paHee W3BECTHBIMU OIEHKAMU JIJIsi YETHOIO CJIy-
Jast M HUXKHEH OIEeHKU JJIsl HEYETHOTO I0JIYYaeTCsl OKOHYATE/IbHBII pe-
3yJabTAT. AHAJIOTUYHBIE PE3YJIbTATHI TOJIYYEHbI JIJIsI KJIacCa CAMOJIBOM-
CTBEHHBIX (PYHKITHIA.

KuarodeBble ciioBa: MOHOTOHHAsT OyIeBCKas PYHKIUS, CAaMOIBOI-
cTBeHHas OyJeBcKasi (DYHKINSI, PA3IEISIONUI MHOTOJIEH.

[Tycts B™ - n-MepHbIil euHUYHBI Ky0, R[x] - MHOKECTBO MHOTOUJICHOB
OT I IIEPEMEHHBIX C JieficTBuTebHbIMU Koaddunuentamu, x = (21, ..., Ty),
P, - muO2kK€CTBO OysieBbix dyHKIMiA, My, - MHOXKECTBO MOHOTOHHBIX OyJIEBBIX
dbyukimit or n nepemennbix. Ckaxkem, yro muorouied f(z), f(z) € R[z]
pasjiesisier HyJu u eAuHuIbl 6ysneBoil dyukimn F(x) ecan

Fla)=1< f(a) >0, F(a)=0¢< f(a) <0, a=(a1,...,an)€ B".

Takoit MHOTOWIEH OyIeM HA3BIBATD PA3IESIONIAM MHOTOYJICHOM (DYHKITUN
1.B pabore [2] gokazano, 4To 1jisi JiE000H MOHOTOHHOI OysieBcKoi dyHK-
UM OT N IIePEMEHHBIX CYIIEeCTBYeT PAa3Ie/IsIONuil MHOIOYIEH CTEIIeHU He
boJtee [%‘H] U CyIIeCTByeT OyaeBcKas (pyHKIWS, st KOTOPOU CTeeHb pas/ie-
JISIOMIEro MOMHOMA He Menee [g]. ITpi 9éTHOM n BepXHsIs 1 HIKHSS OICHKHI
COBITQIAIOT, ITOKAXKEM, UTO OYJIET TaKas YKe CUTyallds U IPU HEIETHOM N.

[Iycrs n = 2k + 1, F(x) € M, uMeer MeCTO CJie/lytolnee MpeICTaBIeHne

[

F(x) = \ Ty - T, s
(il,...,im)EU
e K = {o = (0,...,04,0,...,0,,0,...,0)[o;; = 1,(i1,...,im) € U} -
MHOXKeCTBO HkHuX ejuaul pyukiuu F. Bynem npencrasienue F(z) 3anm-
CBIBATDH B BHJIE

! Hocos Muzaus Bacuavesuw — c.H.c. Kad. MATEMATHIECKOH T€OPUH MHTEJLIEKTYaJIb-
HBIX cucTteM Mex.-MaT. d-ta MI'Y, e-mail: mvnosov@rambler.ru.

Nosov Michail Vasilevich-senior researcher, Lomonosov Moscow State University,
Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of Intellectual
Systems.
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F(x)=\ a°.

ceK

Onpenenum muoxkectsa K1 u Ko:
Ky =K\{o|lo| <k}, Ky=K((\{o|lo|>k+1}
TOr/IA
F(x) = Fi(z) V Fa(z),

Fi(x)=\ 29, Fy(x)= \ z°.

oceKy c€K>2
Omnpeennm MHOTOWIEH U3 R[z]:

filz)= > 29, degfr <k.
ogeK;

Torma
Fi(a)=1% fi(a) 20, Fi(a)=0% fi(e) =0, «a€B"

Eciu Ky = 0, To(f1(z) — 0.5) - pasaensiomuii Muorowien F ¥ CTeleHb €ro
He OoJee k.

Paccmorpum  cayuaii Ko  # (. Onpenenum  dbyuknuio G(z) =
Fy(x), Fo(z) = G(T). Ouengno, uro G(x) MoHOTOHHAsI OyseBcKast (DYHK-
st u {o| o € Ko} - Bepxuue nyiam dynknun G. s moboro o € Ko
nmeem |o| < (2k+ 1) — (k+ 1) = k, 3naunt, ecyim A - HUZKHEUE €JIUHUIIBI
G(z) , To mia moboro A € A, [A| < k+1 m cyoit B}, | 7exKUT BO MHOMKECTBe
enunur G.

Oupenenum muoxkectBa K3 n Ky:

Ks=AN{NIA <k}, Ky=K({A|AN=Fk+1}
n QyHKIUN

F(z)= V 2% Fiz)= V 2*
AeK3 AEKy

TOor 1A
G(x) = F3(z) \V Fu(z),

OHpe,ILeHI/IM MHOT'OYJICH

fa)= ¥ 48 m—k—1),

AEK3 =1
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rre 0 <9 < 2%% Torna, ecin a € B" n G(a) =0, To —(k+ 1) < fa(x) <
—0; ecsim G(a) = 1, 1o BO3MOXKHBI Tpu ciydasi: 1)F3(a) = 1, Fy(a) =
I; 2)F3(a) = 1, Fu(a) = 0; 3)F3(a) = 0, Fy(a) = 1. B nepsom city-
gae 1 < fo(z) < 228+2 Bo ropom ciryuae 0 < 1 —d(k +1) < fo(a) < 22k +L;
B TperbeM ciydae fa(a) = 0. Bo Bcex Tpéx ciyuasx fa(o)

BozbMéM MHOTOW/IEH

flx)= fi(x) = dfo(1 —21,...,1 —xp).

Ecmm o € B" u F(a) = 0, suaunr fi(a) =0, F(a) =0, ,G@) =1,
suaunT fa(@) > 0 u f(a) < 0. Iycrs F(a) = 1, Torma MoryT ObITH TpH
caynan: 1Fi(a) = 1, Fy(a) = 1; 2)Fi(a) = 1, Fy(a) = 0;  3)Fi(a) =
0, F5(a) = 1. B nepsom u BropoM ciaydasx f(a) > 1—§22F+2 > 1 . B rperbem
cayqae fi(a) = 0, G( ) =0, —(k+1) < fo(@) < =94, Toma fla) >
62. Muorounen f(z) — 52 6yﬂeT pa3neaTh HYJIU U €IUHUIBI MOHOTOHHOM
dbyuxiyuu F(x) n degf( ) <

2. JIna  kiacca caMo;LBOI?ICTBeHHI;IX GYHKIUH  paccMOTPUM  OTIETHHO
HEYETHBIN U 4ETHBIN ciaydan. B nepBoMm cirydae JjinHeitHasg OYHKINS OT BCEX
ApTyMEHTOB SIBJISIETCS CAMOBOWCTBEHHOM, €€ HYJIN W eJUHUIILI Pa3IesIaioT-
csl TOJBKO mosmHOMOM crenieHu o [2]. Bo BropoMm ciydae obe JmHeiHbIe
GYHKIMM OT BCEX TEPEMEHHBIX He SIBJISIIOTCS CAMOIBONCTBEHHBIMU, CJIE/I0-
BaTEJILHO, CTEIMEHD PA3JIEISIONero noanaoMa ue 6ostee n — 1, a s jinHedt-
HOI CaMOIBONCTBEHHON (DYHKIIUN C OJHON HECYIECTBEHON MepeMeHHOI, T.e.
OT HEYETHOIO YUCJIA CYIIECTBEHHDBIX IIEPEMEHHBIX N — 1, TpeOyeTcs MOTIMHOM
crenenu n — 1.

<
> 0.
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Estimates of the degrees of separating polynomials for monotone
and self-dual functions
Nosov M. V.
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In this paper, we obtain an upper bound on the degree of a
polynomial with real coefficients separating zeros and ones of a
monotone Boolean function in the odd case of the dimension of
space.Together with the previously known estimates for the even case
and the lower estimate for the odd one, the final result is obtained.
Similar results are obtained for the class of self-dual functions.

Keywords:monotone Boolean function, self-dual Boolean function,
separating polynomial.
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Yactp 3.
MaTreMaTn4ieckue MOJJIeIN



O BEPXHUX ONEHKaX CJIOZKHOCTHU CHHTE3a
ABTOHOMHDBIX aBTOMAaTHBIX IIJIOCKHUX CXEM

A. C. Bopornuxos!

B pabote mosydena BepxHsis OIEHKA MEPEKIIOYUATETHHON MOIITHO-
CTU Peain3allii TePUOINIECKON MOCTIEI0BATEILHOCTH IIJIOCKOH aBTO-
MaTHOH cxeMoit 6e3 Bx0y0B. [IpuBoauTcs cxema, pean3yroIas Mpous3-

BOJIBHYIO HAIIEPET 33 IAHHYIO TOCJIEI0BATEILHOCTD JJIMHBI 2™ 71 Ha-
n/2

TYPAJIBHBIX 7 C TIEPEKII0YATETHLHOM MOITHOCTHIO He Gosee 2

KuroueBblie ciioBa: cxeMbl U3 (PYHKITMOHAJIBHBIX JIEMEHTOB, KO-
veunble aBroMaThl, Mosesib CBUC, miockue cxembl, MOITHOCTH CXEM,
dyuknusa [Hlenrona, BepxXHue OINEHKH.

1. BBenenue

Buepsbie moHsiTHE CX€MBI U3 KJIETOUHBIX 9JIEMEHTOB, Jajiee TaK K¢ HAa3bIBa-
eMoil IToCKNMHU cxeMaMn, Obi1o BBeseno B pabore Kpasmosa C.C. [1], mo-
KAa3aBIIlero, UTO JJis peasin3alluu ITPOU3BOJILHON OyJieBoil (PYHKIMU TaKOii
cxemoit Tpebyercst O(2") smemenTos. B mocieicrBun Ob1I MOy €l TOPSAI0K
dyukuun Mlennona miomaau s gacrudabix Oysesbix dbyuknuit O(|D)),
rae D — obuacrs onpegenenust (1. A. 2Kykos [2]). Ces3b Mexty miomia-
JIBIO TIJIOCKUX CXeM M O6'bEMOM TPEXMEPHBIX, PEATU3YIONIX OYJIEBLI OMEPaTO-
pbl anasmsuposasachk B pabore (H.A. [Mkamukosa [3]). B paborax [4, 5, 6] I.
B. KamaueB uzydas mopsiloK MOTEHIMATIA U TMEPEKTIOIATETHHON MOITHOCTH
IJIOCKUX CXEM, peaju3yionux 0y/eBbl PYHKIUU U OlepaTopbl. Beiao moka-
3aHO, YTO TOPSIOK MOTEHIINAIa W MEPEKTIOUATEIHHON MOITHOCTH TLIOCKOM
CXEMBI, PeansyIolreil GyieBy byHKIHUIO OT 1 IePEMEHHbIX, cocTaBsier 2/ 2;
MOKA3aHa CBA3b ITUX Mep MOIMTHOCTU. Tak Ke ObLT TOJMydeH MOPSIOK Te-
DEKJTIOIaTEIFHON MOIMHOCTH pPeaJn3anueil MIOCKIME CXeMaMHi YaCTUIHBIX
Oynesbix omeparoposB. O. M. Kacum-3azme ucciienoBaj aKTUBHOCTD CXEM U3
GYHKITMOHAIBLHDLIX 3JIEMEHTOB. B KadecTBe Mepbl aKTUBHOCTH CXEMBI B paboTe
[7] on BBEN HOHSITHE P-aKTMBHOCTH: HA KAXK/IOM BXOJHOM HAOOpe PacCMaTpH-
BaeTCsT KOJTMYECTBO 3JIEMEHTOR, Ha, BXOJT KOTOPBIX TO/IAETCST €IMHUTIA WU CaM
9JIEMEHT BBIIAGT €IUHUILY, ITOCIE ITOTO OEPETCST MAKCUMYM IO BCeM HAOOPaM.
Kacum-3aze mokasaJi, 9To B HEKOTOpPOM Hazuce Jijist jir000it 6yieBoit pyHKIINN
OT N TEPEMEHHBIX MOXKHO TIOCTPOUTH CXeMy, P-aKTHBHOCTH KOTOPOH HMeeT
nopsiok O(n?).

! Bopommnukos Anexceti Cepeeesun, — acrmpanT Kad. MATEMATHUECKOH TEOPUH MHTEJ-
JIEKTyaJIbHBIX cucTeM Mex.-marT. d-ta MI'Y, e-mail: vorotnikov.lexa@yandex.ru.

Vorotnikov Alexey Sergeevich — graduate student, Lomonosov Moscow State
University, Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of
Intellectual Systems.
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B pa6ore [8] FO. C. lllyTkun uccienoBas MOIHOCT KOHTAKTHBIX CXEM U
Oy IUJT JInHEWHbIH nmopsaok dyukinun [TlenHnona.

PaccmarpuBaiorcst Tak 2Ke 3aJla9d CJIOXKHOCTH CHHTE3a JIJIsi HEKOTOPBIX
KJIacCOB (DyHKIMI 1 oniepaTopoB. B vacTHOCTH OBLIN HAMICHBI MOPSIIKUA PO-
cra dyakiun [lerHona MakCUMAJIBLHOTO M CPEJIHErO MMOTEHIUAA JJIsT MO-
HOTOHHBIX dyHKIWi [9]. B pabore [10] mosyuenbl acuMIToOTHYeCKE OICHKH
BBICOKO{l CTEIeHN TOYHOCTH JIJIsi CJIO2KHOCTU Peasn3alliid KOHTAKTHBIMU CXe-
MaMmu jenudparopa.

B mammoit pabore paccMaTpuBaeTCs PACIIUPEHHOE MOHSITHE: TIJIOCKHIE aB-
TOMATHBIE CXEMbI. DTO CXeMbI, Yeli 6a3UC KJIETOUHBIX JIEMEHTOB COCTABJISIOT,
[TOMHUMO IPUBBIYHBIX OYJIEBBIX (PDYHKIWI ¢ He Gojiee YeM JeThIPbMs BXOJAMU
U BBIXOJIAMU, 3aJICPXKKU - aBTOMATBHI C OJIHMM COCTOSIHHEM, IOJIAIOIINe Ha
BBIXOJ[ B CJIEJYIOIIMIA TAKT TO, YTO MPHUIIJIO HA BXOJ B Ipeibaymmid. Kop-
PEKTHBIE CXEMBI Teleph B KayKIOM OPUEHTHPOBAHHOM ITUKJIE JTOJ2KHBI COIEP-
JKATh HEe MeHee OJIHOI 3a/1ep:KKu. OyHKIIMOHUPYET JTaHHAsT KOHCTPYKIIAST KaK
CTPYKTYPHBII aBTOMaT. B asbHeiineM paccMaTpuBaeM TOJBKO aBTOMATHbBIE
IJIOCKKE CXeMBbI 0€3 BXOJOB, OyJIeM UX TaK YKe Ha3bIBATH ABTOMATHBIMU CXe-
Mamu. B kadecTBe MephI CJIOKHOCTU PACCMATPUBAETCH IEPEK/II0YaTe/ IbHas
MOIIIHOCTb: CYMMAapHOE YHCJI0 U3MEHEHUIH Ha BBIXOMAX 3JIEMEHTOB, HOPMU-
POBaHHOE Ha JUIMHY [TEPUOJIA TIOCIEI0OBATEIBHOCTH, IOCTYITAIOIIEH Ha BBIXO/.
[Tokazano, 9T0 MPOU3BOIBHYIO TOCJIEIOBATEILHOCTD U3 HYJIEH U €JIUHUIL C TIe-
puogoM 2" MOXKHO peaan30BaTh aBTOMATHON cxeMoil, obJrazaroreil mepeKkao-
JaTe/IbHON MOIIHOCTBIO He Hojtee 27:# B pabore npuBoguTcs Takasi cxema.
[Ipu mocTpoeHnn cxeMbl AKTUBHO TPUMEHSIJIUCH UJIeH, BOSHIUKABIINE paHee B
paborax I'. B. Kanauésa [4, 5].

B manbHeiinem maaHUpyeTCcs MOJIYYUTh HUYKHIOK OIEHKY JIJIsl TIEePEKJIFO-
YaTEeJIbHOM MOIIHOCTHU IJIOCKUX aBTOMATHBIX CXEM, Peau3yIOIInX [1ePUOJIH-
YeCKHUe MOCJIEIOBATEIbHOCTH, TaK YKe MOPSIOK HEePEeKTI0YATEeIbHON MOIIHO-
CTU JIsT peaiu3alinii IJIOCKUMU aBTOMATHBIMU CXEMaMU ITPOU3BOJIBHBIX aB-
TOMATOB.

ApTOp BBIpazkaer 0JIArOJAPHOCTD J1..-M.H. mpodeccopy . D. lacano-
BY 3a Hay4HOE PYKOBOJICTBO U IOMOINb B paboTe, a Takke K.(.-M.H., M.H.C.
I B. Kamauépy u A. A. EdumoBy 3a 1ieHHBIE 3aMEUAHUS U TPEI0KEHUST
10 TEKCTY CTAThH.

2. OcHoBHBIe TIOHATHA M (POPMYJUPOBKaA Ppe3yJIbTa-
TOB

2.1. OnpenesieHne MJIOCKON aBTOMATHOU CXEMBbI

Beoammoe onpe/iesienne HeCKOIBKO PACIIEPSIET OLPEJIEJICHIE IIOCKO CXEMBbI,
BBeJIGHHOE B pabore [4].
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Kaemounwvim snemenmom 6ynemM Ha3bIBATH aBTOMAT C HE OoJiee €M JIBY-
Ms COCTOSTHUEM, y KOTOPOro B CyMMe He 0ojiee YeTBIPEX BXOJOB U BBIXOJIOB,
HPUYEM KaXKJIOMY €ero BXOJly W KarKJOMY BBIXOJY COIOCTAaBJIEHA HEKOTOPAs
MeTKa 13 MHOxkectBa {l,r,t,b}, npuuém merku He noBropsitorcst. Merku Gy-
JIEM TaK2Ke Ha3bIBATbh CTOPOHAMU JIEMEHTA!

— [ — ;eBast CTOpPOHA;

— 7 — IIpaBas CTOPOHA;
— 1 — BepxXHsdd CTOPOHA;
— b — HUKHAA CTOPOHA.

Kunerounniit ssmement OyjieM m306pakarTh B BUJIE €IMHIIHOIO KBajpaTa Ha
wiockocTu. [Ipn 3TOM BXOJIaM U BBIXOJIAM 3JIEMEHTA COMIOCTABJISAIOTCS CTOPO-
HBbI KBaJIpaTa B COOTBETCTBUU C IIPUCBOEHHBIMU UM MeTkKamu. MeTku, mnpu-
CBOEHHBIE BXOjaM (BBIXOJ[aM) aBTOMAaTa OyjleM Ha3bIBAThb BXOJAMU (BBIXO-
Jamu) sjeMenTa. MeTku, He IPUCBOEHHbIE HU BXOJAM, HU BBIXOJaM, Oyiem
Ha3bIBATH U30JIsITOpaMu. MHOXKECTBO BXOJIOB (BBIXOJOB) dJIeMEHTa € Oyiem
obosnauars in(e) (out(e)). Bxojubl 1 BBIXOIBI 371eMeHTa OyjieM HA3BIBATDH €10
KOHTAKTAMH.

OmnuCeHIBATH JIEMEHT € OHUM COCTOSTHUEM Oy/IeM yPaBHEHUSIME, KOTOPBIE
3a/1aI0T €ro OMEPaTop, 3aMEHssl BCE IIePEMEHHbIE B HUX Ha COIOCTABJICHHBIE
um merku (1,7, ¢t wiu b). Torma B JieBoit YacTu KaxKJOro ypaBHEHHs OyJer
CTOSATH BBIXOJ[HAsS METKA, & B IPABYIO OY/IyT BXOJIUTH TOJHKO BXOJHbBIE METKH.
Ha pucynke 1 mpuBesieHbl IpUMEPHI KJIETOYHBIX 37eMeHTOB. s ymobersa

f Lt
(o} Kt
b *tb

t=b,l=(bza)& t =b, |l = (b=za) b=(1&) | (~I& ) r= (&) | (~t&b)

a4t I"Jﬂ« [ 1‘5 r 41— < L
I ¥ ~> r T 20 - -
F@r% .{Té b

(

t
a
; 1
b=(r&) | (~r&t) 1= ~1&b, t=b t= b, | =r&b [ = ~b&r
Puc. 1. Ilpumepnl JOru4IecKux 3JIeMEHTOB.
BBEJIEM I1yCTOfl KJIeTOUHBIT ss1eMeHT — nsosupyomuii (6y1em obo3HadaTh A).

Bcerogy masee 3naqok := Gymer 0603HAUATH «II0 OIPEIETICHIIO0 paBHO». depes
€ 0603HAYNM MHOXKECTBO BCEX KJIETOUHBIX 3j1eMeHToB, Ng := |E].
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,Haﬂee Be3/1¢ HCIIOJIb3YyETCA baszuc B, COCTOHHII/Iﬁ 3 BCEX JJIEMEHTOB C
OITHUM COCTOAHUEM U MHOZKECTBa 3JIEMEHTOB C C ABYMA COCTOAHUAMU COCTOA-

HAAMUI {(Ean E) ¢7¢1)7 (Eu E) E2)¢7¢2)7 (Eu E) E37¢7¢3)}7 rme E = {Oa 1}7

(1) =0,
e(t+1) =af(t).

i(t) = q(t),  a(t) = (q(t),q(t),  ¥3(t) = (a(t), (1), q(t)),

rje a(t) — BXOIHON CHrHAJT B MOMEHT BpeMeHH t, ¢(t) — cocrosiHue aBToMaTa
B MOMEHT BpemeHu t. BymeM Ha3bIBATh TaKue 3JIeMEHThI 3adeporckamu. VHBI-
MH CJIOBAMH, aBTOMAT IIPOCTO UTPAET POJIb 3aJEPIKKHU, «3aCACHIBAT» CATHAJ
10 OJTHOMY IIPOBOJY U «OTJ/aBasi» He 60jiee 9eM 110 TPEM IIPOBOIaM Ha CJIEIy-
IOITEM TaKTe, PUCYHKe 2.

Ecimu Ha Bcex BbIXOmaxX 3J€MEHTa C OJHUM COCTOSHHEM peau3yIoTcCs
TOXK/IECTBEHHBIE (DYHKIIUK, TO OY/IeM HA3BIBATL JJIEMEHT KOMMYMAULOHHHIM,
OCTAJIbHBIE JIEMEHTHI C OJHUM COCTOSHHEM Oy/IeM Ha3bIBaTh L02UYECKUMU.
Cembio U3 KAeMOYHLT 2AeMenmos Ha MuoxkecTse M C 72 HaJ MHOXKECTBOM

—»E 7 }—»
H(t+1) = 1Y),
(D) =0

Puc. 2. Bagepxkka.

&' C & 6ynem nasbiBaTh orobpazkenue K : M — &' npu stom &£’ Gynem Ha-
3BIBATH Oa3ucom ceTu. daemenT K (x,y) OymeM Ha3bIBATH SJIEMEHTOM CXEMbI
K ¢ koopaunatamu (z,y). DJIEMEHT € NPUIUCAHHBIMU €My KOODMHATAMU
OyaeM Ha3bIBATDL AAEMEHMOM crembl. Jlesol, npasol, seprneti m HudtcHed
CTOPOHAMU JIEMEHTa € ¢ KoopauHaTamu (x,y) OyJeM Ha3blBaTh TOYKH C KO-
opaunaramu (z — 5, y), (z + %, Y), (z,y — %) u (z,y+ %) COOTBETCTBEHHO (OCh
Yy HampaBjieHa BHE3). Bymem roBoputh, 4ro ceThb K U3 KJIETOYHBIX dJIEMEH-
TOB KOPPEKTHA, €CJU JJIs JIOObIX NBYX TaKUX IJEMEHTOB T U Y cXeMbl K,
YTO CTOPOHA @ JIEMEHTA T COBIAIAET CO CTOPOHOI b 97IeMEHTA ¥, BLITIOTHEHO
OJITHO U3 YCJIOBUIA:

— OJIVH U3 3JIEMEHTOB T,y — WU30JIUPYIONIHIA,
— CTOPOHBI @ U b ABISIOTCA U30/IITOPAMU,

— JmbO OJ[HA W3 HUX SIBJISIETCS BXOJOM, JPYyTast — BBIXOJOM, HAIIPUMED, &
— BBIXOJl, & b — BXOJ; B TaKOM cJjy4ae OyJieM rOBOPHUTb, YTO BBIXO/L G
MTOJIKJIIOYEH K BXOIY b.
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MmuoxkecrBo M Oymem HasbBaTh Hocumenem cetn K. Bpeném monsarTue
epagpa Koppexmmoli cemu us Kaemounvixr aremenmos K (Oymem obosHavaTh
ero G g): 9T0 OPHEHTHPOBAHHBIN rpad, BEPITHHAME KOTOPOTO SIBJISIIOTCS BXO-
Jbl 1 BBIXO/bLI 9JICMEHTOB CXE€MbI. ECJII/I BbIXO/JI OJHOI'O dJIeMeHTa IIOJAKJ/IIOYeH
KO BXO/ly JPYTOro, TO UM Oy/IeT COOTBETCTBOBATH OJIHA W Ta K€ BEPIIHHA
rpada (Oy1eM roBOpUTh, YTO 3Ta BEPIIUHA SIBJISETCsI BBIXOJOM MIEPBOTO JJ1e-
MeHTa U BXOJIOM BTOporo). 3 Bepriunbl a B Bepimuny b BeJI€T pebpo B TOM 1
TOJIBKO TOM CJIydae, KOTJIa CYIIECTBYET TaKOH SJIEMEHT €, UTO ¢ sIBJISETCS €r0
BXOJIOM, b — BBIXOZIOM, Ipu4IéM (DYHKIHs, peajandyeMasl Ha BBIXOJE b, cyie-
CTBEHHO 3aBUCUT OT BXOJa a. [liockoti asmomammoti cxemoti Ha MHOXKECTBE
M C 7Z? nan 6azucom £ C & 6yaeM HA3BIBATH KOPPEKTHYIO CETh U3 KJIETOU-
HBIX 3JIEMEHTOB, B rpade KOTOpOil BCe OPHUEHTUPOBAHHBIE IUKJIBI COJEPIKAT
x0T Obl oniHy 3a7epkKy. MuoxkecrBo M OynemM HA3BIBATD HOCUMEAEM CXEMBI
K.

Eciu BxoJ| (BBIXO) 3J1€MeHTa He NOJKJ/IIOYEH K BBIXOJY (BXOJY) JApyro-
ro JIeMeHTa, OyJIeM ero Ha3blBaTh 6X0dom (6vixodom) cxembl. Konwmaxmamu
cxeMbl Oy/IeM Ha3bIBATh €€ BXOJbI U BBIXO/bI. MHOXKECTBO BXOJIOB (BbIXOJIOB)
cxempl K 6ynem oboznatars In(K)(Out(K)). Ysramu cxemsr K Oyaem Ha-
3biBaTh BepimHbl rpada G . Eciu M — nHocutesnsb cxembl K, TO BeJIMYUHY
| M|, paBHYIO KOJINYeCTBY 3JIeMEHTOB MHOXKecTBa M | Gy/ieM Ha3bIBATh N.A0-
wadvio cxembl K u obosnauars |K|.

Haunot cremor K Oynem Ha3bIBATH JUIMHY HAUMEHBIIIETO IIPSIMOYTOJIb-
HEKa, COJIEPIKAIEro BCe HEMyCThIe 3JeMeHThl cxeMbl K, obosnadaercs [(K).
HTupunoti cxemv, K 6ymnem Ha3bIBATH ITUPUHY HAUMEHBIIIETIO IPSIMOYTOIbHT-
Ka, COJICPKAIIEr0 BCe HEIyCThIe 3JeMeHThI cxeMbl K, obosnadaercs w(K).

Paccmosmuem meorcdy ysaamu cxeMmbl OyIeM Ha3bIBATh PACCTOSIHIE MEK-
Jy cooTBeTcTByIomuMu BepinuHamu B G . Paccrosinue ot y3ia a 10 y3ia b
Ha cxeme K Oynem obosHauarh pi(a,b). Ilodcremoti cxembl K ¢ HOCHTEIEM
My C M 6Gynem nasbBaTh cxemy K|pg,, mosmydatoryocs u3 K BeIOpach-
BaAHUEM KJIETOUHBIX 3JIEMEHTOB, COOTBETCTBYIOIUX MHOkKecTBY M\Mj. Ec-
g cxema K QukcupoBaHa, TO WHOTAA OyJieM T'OBOPUTH IIPOCTO IOJCXEMA
My. Kaxnoit mmockoii cxeme K MOYXKHO COITOCTABUTH CTPYKTYPHBIN aBTOMAT
Cire(K) caemyronmmM o6pasoM:

1) kaxkoit GyHKImU f,;, KOTOPYIO PEANn3yer i-if BLIXOJ JIEMEHTaA § KJle-
TOYHOI CXeMBI, COIOCTaBUM (DYyHKITMOHAJIBHBIN 3JIEMEHT €4, Pean3y-
{0)1007071 fs’l-; €C/I’ -1 U j-11 BBIXOJbI SBJISIIOTCSA BBIXOJAMU OJHONU U TOU
e (byHKImH, To0 UM OyIeT COOTBETCTBOBATDL OJINH U TOT K€ (DYHKINO-
HAJIbHBIN 3JIEMEHT;

2) ecum i-it BBIXOJ| S] IMOJKJIIOYEH K j-My BXOJY S2, TO COEIMHUM BBIXOJ
3JIEMEHTa, €4, ; C j-MH BXOJAMU 3JIEMEHTOB €, i 1 BeeX K, Jijis KOTo-
PBIX fg, ; 3ABHCHT OT j-TO apryMeHTa,;
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3) YAaJIUM U3 CXEMBbI BCE€ TO2KAECCTBEHHbIC d)YHKHI/II/I, IIOACOCAMHUB UX BXO/
KO BCEM HX BBIXOJaM;

4) AHaJIOTUYIHO ITIOCTyIIaeM C 3aJePzKKaMMH.

Comnocra/ieHne KOPPEKTHO, TaK KaK IPABUJIA COIIOCTABJIEHNST BKJIA/IBIBAIOTCS
B [PaBUJjIa MH/LyKTUBHOIO HOCTPOEHUsI CTPYKTYPHbIX apromaros [11]. TIpa-
BIJIO OOPATHOMN CBsi3H, TPeOyIOIee 3aBUCUMOCTh CO CABUIOM OT 3aMBIKAEMOii
HepeMeHHOﬁ, TaK 2K€ BbITIOJTHEHO B CUJIYy HaJINIUA 3aJJC€P2KKU B KazKJIO0M OpU-
CHTHPOBAHHOM IIUKJIe. IJOCKOJIBKY TOJBKO OPUEHTUPOBAHHBIE I[UKJIBI MOTYT
IIOPOXKIaTh 0OPATHYIO CBsI3b, BCE BEPHO.

Bynem rooputs, uro cxema K peasusyer aBromar A, ecim cxeMa U3
aBroMaTHbIX s71eMeHToB Circ(K) peamusyer Ag.

ITocKOJIBbKY KJIACC OLPEIEJEHHBIX 3/IeCh ABTOMATHBIX CXEM BKJIOYAET B
cebsl KJIacC IJIOCKUX CXeM, TO JIJIsi CHHTE3a aBTOMATHBIX CXeM MOXKHO IOJIb-
30BaThCsl BEPXHUMHI OIEHKAMH ILJIOCKUX cxeM. B gacTtHOCTH, 1151 OJIOKOB, He
COZIEPKAIIIX 33/I€PKEK, MbI Oy 1eM IPUMEHSITh Y TBEPKICHUsT, U3BECTHBIE JIsI
wiockux cxeM. C JIpyroil CTOPOHBI, KayKJIyl0 aBTOMATHYIO CXeMY C 71 BXOJIa~
MH, M BBIXOJIAMU U Z 38JICPXKKAMU MOYKHO MHTEPIPETUPOBATH KAK IUIOCKYIO
CXeMy, Peasu3yIoILyo OyJieB OIepaTop ¢ n + 2 BXOJAMU U M + Z BBIXOJAMH,
rJie POBHO 2z BXOJOB MJIYT U3 IYCTHIX KJIETOYHBIX JIEMEHTOB, IPUYEM B STH
2Ke KJIETOYHBIC 9JIEMCHTDBI ITPUXOJUT OJAWUH BBIXOJI. Nupivn CJIOBaMM, POBHO 2
BXOJIOB UMEIOT [IAPY B BH/JIE BBIXO/A, PACIOJIOKEHHOIO Ha TOM Ke KJIETKE.

3HaueHne BeeX BBIPAyKEHUIT HUZKe, OTHOCSIIUXCS K IapamerpaM OJI0KOB,
0JIAraeTCst PABHBIM HMX OKPYIVIEHHIO JIO IeJ0oro BBepx. Ecam npu Takom
OKPYIVIEHUH BO3HUKAIOT HE MCIOJIb3YeMbIe JAJIbIIe TIPOBOJIA TIOJIAraeTCsl, ITo
Ha HUX IoJlaHa KoHcTaHTa (.

Besjie HUZKE CJI0BO aCHMITOTHYECKU IOHUMAETCSI B TOM CMBbICTIE, 9T0 k <
nun — oo.

Hasee paccmaTpuBaeM TOJMBKO IJIOCKHE ABTOMATHBIE CXeMbI 6€3 BXOJIOB €
€IMHCTBEHHBIM BbIXOJJIO0OM.

2.2. Mepbl MOIITHOCTUA CXEM

Paccmorpum mtockyio aBromaTHyio cxemy K 6e3 BXOI0B, pean3yIoNnLyio Ie-
puomuteckyio mocjaegoBareabHocThb aynabl [ € N. ITocienoBarenbHocTh, pea-
Jm3yeMyto cxemoit K obosnadum a . st kaxkmoit Takoit cxembl K 3adukcu-
pyeM HEKOTOpYIO HyMmepanuio e€ y370B. Ha i-M y3ite peannsyercss HeKOTOpast
aBTOMaTHasd PyHKINA ¢;. Be3me majee Oymem cunrarh, 9To cxema K mMmeer
h y310B u g; — aBToMaTHas (PYHKIUs, peajm3yeMas B i-M y3Jje cxeMbl K.
CocrostnneM cxeMbl K Ha TakTe t HA30BEM BEKTOD

sk (t) == (g1(t), ..., gn(t)).
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Bemuuuny ci(t) := |sk(t) @ sk (t + 1)| HazsoBéMm sampamoti snepauu Ha
nepexsovenue cremov, ¢ TakTa t Ha t + 1. IauHa BeKTOpa MOHMMAETCST KakK
CyMMa IIeJIBIX YUCEJ €r0 KOMIIOHEHT:

n
a=(ay,--,an) €{0,1}"]a| = as.
=1

Cxema K @ynryuorupyem yukaudecky, ¢ IEPUOIOM [, €CJIU MOCJIe OCTe-
JIOBATEJILHOCTh Ha €€ BBIXOJE MMEeEeT Iepruo .
IlepexaronamenvHoti MouHOCMbI0 CXGMBI K, yHKimonupyomeii muKim-

Jecku ¢ nepuojiom [, nazosém W (K l E ek (t

st momexeMbr K " exempr K OHpe):LeJII/IM IIePEKJTI0YATETHHYIO MOIITHOCTD

kak Wi (K') =7 E e (t
Hepe%ﬂm%amenbnou MOULHOCTNDIO TIOCTIEIOBATEIBHOCTH (v HA30BEM BeJIN-
qnny W(a) = min W(K).
ag=a
Beeaém dyukiumio [IIeHHOHA /17151 TIePEKIII0UATELHON MOIHOCTH TI0CJIe-

JoBaTeJILHOCTEN U3 Kjaacca J :

W(F,1) = W(a),
( ) ae{g?})l(m}‘ (a)

Ecmu F = {0,1}, o W(F,1) = W(l).
Teopema 1.
on/2
W(2") < 12—, npun — o0
n

Ipuvwém docmuenymv maxoli NEPerMONAMEALHOT MOULHOCTNY MOIHCHO UC-

noav3ys He bosee %TL 3&66}9()1‘66% acumnmomuvecru.

2.3. BcmomoraresibHbIE yTBEP2KJIECHUS

st mokazaresbcTBa TeopeMbl 1 HaM moTpebyeTcs cieayolast JeMMa.
Jlemma 1.

50#, ecauk =12+ 3 loan
w(e2") S

~

12%, ecau k€ (G 1 5 logon, § —logyn), npun — oo

/2
36%, ecau k=5 — log2 n,

ucnoavsys ne bosee n + k + logy k sadeporcex, 20e napamemp k € [§ +
+logyn, & —logyn] NN.
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JlokaxkeM JIeMMY CJIeAyIOIUM 00pa3soM: CHadaJ Ia OIUIIeM OJIOKH, HCIIOJIb-
3yeMble B JlajbHEHAIeM 115 MoCTpoeHnst cxeMbl H ¢ TpebyeMbIMU XapakTepu-
CTHKAMH, OIMIIEM YCTPOICTBO cxeMbl H, 3aTeM OLEHUM [T€PEKII0IATEILHYIO
MOIITHOCTb OJIOKOB, COCTaBJISIOMNX cxeMy H ¥, HaKOHEIl, OIEHUM IIE€pPEKJIIO-
JaTeJIbHYIO0 MOIIHOCTD BCeil cxeMbl H .

Besje ke nosaraercs Wy (S) := W (S).

Ppasy «3a MUK (Iepro/) UINHBL [ » IPU PACCMOTPEHIH HEKOTOPOTOo 6J10-
Ka HaJ0 BOCIPUHUMATL CJeaylomuM obpasoM. Mam maHHBINA 00K paccMar-
pUBaEeTCsI KaK COCTaBHOI 3J1eMEHT HEKOTOPOTO JAPYToro 0JI0Ka, 06JIa atonero
[IepHUOAOM | MIn JAHHBLIA 6JIOK caMm obJiaaeT IepruogaoM [.

JlemMma 2. Ecau 3a yuxa daurv, | 6x0d cxemor P mensemen e wawe vem
m pas, mo W(P) < } ((2U(P)w(P) + I(P) + w(P))m) . Bxod nonumaemcs 6
DACULUPEHHOM CMBICAE, KAK 00BeduHeHUe cOBCMBERHO 8L0008 CTEMBL U BHLLO-
dos 3adepoicer, coOePHCAULUTCA 6 CTeMe.

Joxasameavcmeo. Kaxioe n3mMenenne Ha BXOJAX CXEMBI MOXKET TPUBECTH
K U3MEHEHUI0 He Dojiee 4eM BcexX y3JI0B cxeMbl. OCTajioch MOCUUTATh Y3JIbI,
HEePEeMHOXKUTh UX ¢ m u pazaenurb Ha . [Tycrs [(P) = [, w(P) = w. Pac-
CMOTPHUM IIPAMOYTOJIbBHYIO CXEeMY S C TaKMMHU pa3Me€paMn WU BCEMU Yy3JIaMU.
Yucsio y3710B cxeMbl S HE MEHBIIIE YUCA Y3JI0B cXeMbl P.

Paccmorpum mpsimoyrosibayto cxemy Sy, 1(S;) = [, w(S)) = 1. 3a uckiio-
JeHMeM y3JI0B Ha rpaHurie, B Heii [ — 1 y3esn. Takum 06pa3oM B CTPOKE CXEMBI
S 1—1, acrpox w. Ecu coeluHUTE /1Bé CTPOKU JJIUHBI |, HAXOJIATIUECS JIPYT
HAJT IPYTOM, TO TIOSTBUTCS emmé | y370B. Beero fys cxembl S HaI0 TPOBECTH
w — 1 coenunenue. Ilo nepumerpy crour ue Gosee 2(I + w) ysmos. Uroro
YUCJIO y3JI0B B cxeMe S He 6oJIbIie

(—Dw+l(w—-1)+2(l+w) < 2w+ +w,
YTO 3aBEPINAET JOKA3ATENbCTRO. O

Ecan cxema P ¢ mepuogoMm [ cocront u3 cxeM Py, - -+, Py, TO
m
W(P) = E W(P;).
i=1
WHbIME cltoBaMU TIepeKJIIoYaTeIbHasl MOITHOCTD &I I0THBHA.

2.4. Omnucauve OCHOBHBIX OJIOKOB

Jlist peasm3anuu MePUOANIECKON IMIOC/IEI0BATEIbHOCTH HaM ITOTpedyeTcs
HECKOJILKO pas3HbIX 0/10KoB. OnuireM nX XapaKTePUCTUKH.
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1) Hekomepst Dy, Dou D3. B nmreparype 9mn 6J0KH 9aCTO HA3BIBAIOTCS
nermudpaTopamu.

(D1) = 3(k —logo k),  w(Dy) =2, W(Dy) S 62
I(Ds) = 3k, w(Dy) = 2%, W(D3) < 6k.
[(D3) = k, w(D3) =22k W(D3) <4-2%"

2) Teneparop mocsenoBareabHoCTe bl k K, .

I(K,) =281 43/k), w(Ky) =281 W(K,) <4237,

3) Buok musbronkuuit U.

(U) =21 +3/k), wU)=k W(U)<2 23

4) Biok B, oTBeuaromuii 3a reHeparinio MMojmoc/e10BaTeIbHOCTH JIIUHbI
92k

I(B) S 28(1+3/k), w(B) <28, W(B) <10-2%",

5) Cuérunku Cq,Co, Cs, Cy.

I(C1) =6, w(Cy) =3(ogy k+2),  W(Cy) = logy k.
(C2) $3(logy k +2), w(Cy) =6, W(Cy) < Elomk.
1(Cs) = 3(k +2), w(Cs) = 6, W(Cs) < &
HO =6, w(Cy) = 3(n -2k +2), W(Cy) % 253,

6) Buok mpoBepKu Ha PABEHCTBO OJHOMY U3 3allICAHHBIX B €10 CTPYKTYDPY
quces Qq.

Qo) =2 w(Qa)=n—2k+1, W(Qa) < 2(n — 2k)2™/273F,

7) Dukouep F.
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2.5. Peanuzanus MCIo/ib3yeMbIX OJIOKOB

HazoBéM mpsaMOYTOBHYIO CXEMY n08mopaouw,et, eCii HAIIPOTUB KayKJIOro
eé BXOJla & HA IPOTUBOIIOJIOKHON CTOPOHE CUMMETPHYHO (PACCMATPUBACTCSI
oceBasi CHMMETPUSsI) PACIIOJIOKEH BBIXOJL Y, HA KOTOPOM DeAJIU3yeTcsl TOXK /e
crBeHHas pyHKus y(xr) = .

Bynem omnmchiBaTh 97€MEHTBHI CXEMBI CJICIYIOIIAM O0pPa30M: UTOOBI OIH-
caTh 9JIEMEHT e ¢ KoopjauHaTamu (x,y), OyjeM Mucarhb

(,y) : 851 = f1(Sm41s -, 5q)s -» Sm = [ (Sm+1, -, Sq),

rae s; € {l,t,r, b}, npudem out(e) = {s1,...,5m}, in(e) = {Sm+1,..., Sq}-
BBenéM WHIYKTHBHO MHO2HCECMEO MPOBOA0S, BLITOOAWUT U3 040KaG X

w(X):

1) Baza unayknun. Ins kaxkporo y3na z u3 Out(X) paccMorpum Bee
y3JIbI KJIETOYHOIO 3JIEMEHTa, K KOTOPOMY OH IMOAKJ/IIOUEH BHEe X, U J10-
6aBUM K MHOYKECTBY IIPOBOJIOB T€ Y3JIbl, HA KOTOPBIX PEAIU3YETCs TOXK-
JecTBeHHast DYHKIUS PaABHAS T.

2) Mar unaykouu. s kaxK10ro y3ia &’ 13 MHOKECTBa, IOCTPOEHHOTO HA
MPEIBIIYINEM TIare, PACCMOTPUM KJIETOTHBIN 3JIEMEHT, K KOTOPOMY OH
MOJKJIIOYEH. KC/i KJIeTOUHBIH 9/IeMEHT HPUHAIEKUT X, TO epeiiém
K PACCMOTPEHUIO CJIeIyIontero y3jaa. /lobaBuM K MHOXKECTBY Te y3JIbI
9TOr0 KJIETOYHOI'O 3JIEMEHTA HA KOTOPBIX PEAJIN3YETCs TOXKIECTBEHHAS
dbynkuus pasHast ¥’ 1 KOTOPBIX €IE HET B MHOYKECTBe.

Ecyiz B 6aze paccMOTpeTh OJMH €IUHCTBEHHbIH Y31 j, JeKaIuil B cxeme Y,
U PACCMATPUBATD TOJHKO KJIETOTHBIE JIEMEHTHI U3 Y, TO TOJIYUUTCS OMpe-
JleJIEHIE MHOXKECTBA ITPOBOJIOB, COEIUHEHHBIX C BXOJIOM j HEKOTOPOT'O DJIOKA;
Tak 2Ke Oymem obozHadaTh ero w(j). Bymem caurars, 9T0 MapaseabHo ¢ mo-
crpoenreM MHOXKecTBa w(X ) crpourcs: opuentupoBanubiii rpad G. Ha nep-
BoM mare rpad cocrout u3z Beprima Out(X). Ha kax oM ciepyromem miare,
ec/Iu JIJI y3J1a U, HaXO/ISIIIerocs: cpean Bepind rpada G, HAIENCS KIeTod-
HBIIl DJIEMEHT, YJIOBJIETBODSIOIINIT BCceM TpeOOBaHUSIM OlpejiesieHus (T.e. K
HEMy MOJKJIIOUEH y3esI U, OH JIEKUT BHe X ), U Ha €ro y3je U Peaan3yeTcs
TOXKJIeCTBeHHAst (DYHKIWMsI u, TO nob6aBuM K G Bepiiuny v pebpo (u,v). Ec-
JII PacCMOTPeTh HEKOTOPBIi 610K Y 1 B MHOXKecTBe w(X ) OCTABUTH TOJIBKO
9JIEMEHTHI, JIeXKallie Ha OPUEHTUPOBAHHBIX MyTsix rpada G ¢ HavajaMu B
Out(X) n xounamu B In(Y'), To moaytunres muoxkectBo w(X,Y) — wmnoorce-
cmeo npoeodos, coedursowur 6aox X ¢ baokom Y .

Beeném omneparuio Tpancnonuposanust cxeMbl u3 [4]. Tpancronuposan-
HBI KJIETOUHBII 91eMeHT € — 3jieMeHT T'ransp(e), oy danuiicst u3 e, eciu
IIOMEHSITh MecTaMu MeTKu | <+ t u r <+ b. TpancnorupoBannast cxema K —
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cxema KT = TranspoKoT ,rtne T : 72 — 72, T(z,y) = (y, ). ITo cyTn, ato
cXeMa, TOJIy9alOIasacsa OTPaXKeHHEeM CXeMbl K OTHOCHTEJLHO MPSMOi y = .

BBesiéM onepanuio oTparXKeHusi CXeMbl 110 TOPU30HTaIN. B jrajibHeiem
JUUIST KPATKOCTHU olepalus OyJeT Ha3bIBAThCs IIPOCTO OTPAXKEHHEM, TaK KaK
OTpaykKeHne 110 BepTUKAN He UCIoJIb3yeTcsi. OTpaskKEHHBINH KJIETOYHbIH 3/1e-
MeHT e — syiemenT Refl(e), monydatormuiicss u3 e, ecjim MOMEeHsITh MeCTaMu
metku | <+ t. Orpaxénnas cxema K — cxema KT = Reflo K oT | tue
T:7% 72 T(x,y) = (L+1—x,y), rae L — mmpuna cxemsl K. Io cyTn,
9TO CXeMa, MOJIYYalOMAsCsa OTPAXKeHNEM CXeMbl K OTHOCHTELHO BEPTUKAb-
HOU TIPsIMOIL, ITPOBEJEHHON Uepe3 cepe/:u/IHy CX€MBI.

n

Bresénm nebiit napaverp k € [2 + 1logyn, % — logy n]. Yacts 610K0B

Oy/eM CTPOUTH Cpa3y B 3aBHCUMOCTU OT rapamerpa k.

1) KI(a1, - ,as)n3 |4 u KI'(ay,- -+ ,as) — NOBTOPSIONHE CXEMBI Pa3Me-
poM s X 1 1 3s X 1 COOTBETCTBEHHO, IPUHUMAIOIIHE CHU3Y [IePEMEHHBIE
Z1,...,Ts U BBIJAIONINE CIIPABA U CJIEBA COOTBETCTBEHHO JIEMEHTAPHYIO

KOHBIOHKIHIO 1%, 252, - -+, x%
“ z,a=0;
3Iecbr” ;= xrxda =4
T,a=1
KI(ay, - ,as) COCTOMT U3 CJIEYIONIUX JIEMEHTOB:

(L) :t=br=(bday);
(4, 1):t=br=UbDaj)nnaj =2,...,s

Ero miomane paBHa S.

KI'(ay, -+ ,as) — U3 CIIeIyIONHX:
Y
(L) :t=b1l=(bDay);
(2,1):l=m;
3,1):l=mr;
G.1) =bl=rbda)aj=3—2,1=2,---,s
o rmisij 3l —2,0=2,---,s

[Tnomans sToro 6J10Ka paBHa 3s.

2) D(xz1, - ,zs)uD'(x1, -+ ,xs) — JeKomepbl OT § [epPeMEeHHbIX.
D(xq,- - ,xs) cocrour u3 6s0koB K1I(aj,--- ,as), CTOSIUX HA YETHBIX
HO3UIUSAX ATt BCex {ai,- - ,as} € {0,1}°. Ha HeuéTHBIX mO3HIMIX

CTOSIT KOMMYTAIlMOHHBIE 3jieMeHThl ( 1 = 1, t = b), KoTopbIe coeu-
HAIOT 1- BBIXOJ, IIpeablayinero 0oka K1 ¢ i-M BXOIOM CJIEIYIOIIErO
OJI0Ka, a Tak »Ke IepeJaioT BXobl 0j10Ka [ clipaBa HAJIEBO Yepe3 BECh
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1

1 —r
3 {XH PX1)
X1 X
X2 »>X?2 X2>  PX2

. KIa: >S ) KI’a . >3S

X5—> —» XS
+
v J Xk - I-ka/
Xlal... XSaS X]al... Xnan
Puc. 3. Crpykrypa 6iokos KI, u KI!, tne a = (a1,az2,--- ,ap), 1Js Beex

ta; € {0, 1}

6i0Kk. Ero miomans pasHa 252°. 9ToT GJIOK COBIAJIAET C TPAHCIOHU-
POBAHHBIM U 3€PKAJIBHO OTPasKEHHBIM OJI0KOM (Q2, IOCTPOECHHBLIM B Pa-
6ore [4]. B pycckosiapruHoili smreparype STOT GJI0OK 9acTO HA3BIBAETCS

HermudpaTopoM.
D'(xy,- -+ ,xs) cocrour us 610k0B KI'(ay, - ,as) nus Beex
{a1, -+ ,as} € {0,1}*. Ero wiomaap pasna 3s2°. Ilpu mocrpoernu

| > f’Y2
PE S

\ § >y
aran

X1 X, X

Puc. 4. CrpykTypa 6iioka D.

cxempl H wucnomszoBaner 6iokn D1 = D'(x1,- -+, Tp_log, k), D2 =
/
D'(xzy, -+ ,xx) u D3 = D(x1,--+ ,xp).
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JIlemMma 3. Ilycmv exod baoxa D1 menaemcesa pas 6 k maxmos, 6xod
6roka Dy — pas 6 28 maxmos, a 6xodw 6aoka Dy mensomea ne Gonee
2k

2
wem “— pas 3a nepuod. Tozda

I(D1) = 3(k —logy k),  w(D1) =%, W(Dy) S 62
[(D2) = 3k, w(Ds) = 2%, W (Ds) < 6k.
[(D3) = k, w(D3) =2-2%  W(D3) <4237

JlokazaTebCTBO, TaK 2Ke KaK U JI0KA3ATEIbCTBA BCEX ITO/IOOHBIX JIEMM
HUYXKe, OCHOBAHO Ha IMPUMEHEHUN JIEMMBI 2.

el (1, Tp_ok) U eq(T1, + ,Tp_ok) — HOBTODSIOIIAE CXEMBI Pa3-

mepom n — 2k x 1 u 3(n — 2k) X 1, upuHHMaoIUe CHU3Y Iepe-
n—2k

MEHHbIE Z1,...,Tn_ok U BblHalomme ciaesa [\ z; = a;, Tae a =
i=1

(a1, ,an_o1) € {0,1}" 72k, Unpivur cioBamu, 6JIOKH MOCBHLTAIOT Ha-

JIEBO €JIMHUILY TOIJIA U TOJIBKO TOI/A, KOI'/Ia BEKTOP 3HAYEHUI IIepeMeH-
HBIX Ha BXOJI€ PABEH . YCTPOHCTBO OJIOKOB MPEICTABIEHO Ha PUCYHKAX
5 u 6.

t ¢ |

4—‘ Ca; | Ca: [elm;
ot 4
Puc. 5. Crpykrypa 6710Ka €, e a = (ay,ag, - ,ap), s Beex ia; € {0,1}

I S S
+ ea > ea: { > .o ‘e'ab

A

Puc. 6. Crpykrypa 6j0Ka €,

JIemma 4. ITycmo 6x00 6roka menaemes we Goaee wem 2 2F paz za
nepuod. Tozda
n — 2k
lleg) =n—2k, w(e,) =1, Wi(e,) = o
Ko(x1, -+ ,xK,€,7,b), THE @ = (a1, -+ ,a;) € {0,1}° — nocburaer Ha

BBIXOJIbI BHU3 ITIOCJICIOBATEILHOCTD @ JUIMHBL § €CJIM Ha BXOABL €,7,b
nojiaHa 1, nHade Bce BBIXOJBI TOXKJIECTBEHHO DABHBI BXOJIAM HAIIPOTHB
Hux. z = e,l = r;t = b,y; = a;(ebr)|x;(ebr) mug i = 1,---,s. Cxe-
Ma MMeeT B, n300parkEéHHbIH Ha pucyHke 7. KieTounble sjeMeHTH,
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HCIIOJIb30OBaHHbIE IIPU ITOCTPOECHNUUN CXEMBbI, IIPUBEICHBI Ha PUCYHKE 1.

l(ke) =k+3, w(kye) =2

k+3

— —
Xk X2 X1 € al
I< L v A 4 - A 4 N r 2
ba| [ ba|ba | | 2D

tb
t=b, | =vr&b
Puc. 7. Crpykrypa noubioka ke, a = (ak, ag_1,-...,a2,a1).
5) Ka(er, s earypy b1y bok gy 71,0+, Tox) Te @ = (a1, , ag2k i),

a; € {0,1}*— reneparop 2%/k mnocnemosaremsocteit mmuHB k u3
crmcka . Ecam Bce BXOMBI €5 PaBHBI 1, cpeu BXOJOB bs TOJBKO BXOI
¢ HOMepoM j paBeH 1, a octanmbubie 0, U Cpein BXOJIOB I's TOIBLKO BXOJ
C HOMEpOM ¢ paBeH 1, a ocrajbHble 0, TO HA BLIXOJIE CXEMbI CHU3Y 1-as
rpyIia IpOBOJOB GYIeT COAEePKaTh MOCIEA0BATEbHOCTD A (j_1).2k /j+j
a octayibhble Hyu. CXeMa COCTOUT U3 CXEM g, Ha BXOJbL T; CXEM Kq,
noana Koucranta 0 st j = 1,2, -+, 2F /k, TO eCTb Ha BEpXHHE CXEMBI
B 6s10ke. Cxema mMmeeT BU/l, H300parKCHHBIN Ha PUCYHKE 8.

I(Ky) =214 3/k), h(K,) =21
JIlemma 5. Paccmompum 6.40%
Kq(ep,--- s €k /1y D1y Dok s T ,Tok). Ilycmov 6xodv. es pashol
edunuue ¢ nexomopozo momenma tg < 2% — 22w ne Gonree wem 22F

maxmos nodpsd 3a nepuod 2", npuuém 3a 3mo epemsa 6xodv. by u T
USMEHANOMCA CACOYOULUM 0ODA3OM.

1, ecaut € U7 to + (i — 1)k + 52t + ik + s2¥];

b; =
0, unaue.
Lecaut € [to + (i — 1)2% to + i2¥];
r; =
‘ 0, unaue.
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