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OneHnka 1 MOHUTOPUHT AJKOT'OJbHOIO
OJ1arornoJiydnsi peruoHOB Ha OCHOBE
CTATUCTUYECKOI mHQOPMAIIN

A.TI. Pooxos!, B.D. Topuwiit?, A. B. Synun3

J1s CHUKEHHUS PUCKOB, CBSI3AHHBIX CO 3JI0YIIOTPEOIEHHEM aJIKOTO-
JIeM, IPE3BBIYAiiHO BaXKHO OIEHUBATH YPOBHH aJIKOTOJILHOTO TTOTpebIIe-
Hust. IIpu 3TOM HE0CTATOYHO 3HATH OKA3ATEH, OIEHUBAOIINE TOJIb-
KO 00'b€M PO3HUYHBIX IIPOJIAZK, KOTOPBI HE YINTHIBAET HE3aPErnuCTPU-
poBaHHOe TOTpebJIeHre AJIKOroJist. Pa3zpaboTka MHTErpaJibHOTO IIOKa-
3aTesIs UHIEKCa, 0a3UPYIOIMIErocs Ha JOCTYIHBIX CTATUCTUIECKUX JTaH-
HBIX, TIO3BOJINT HUBEJMPOBATH PUCKU IKCIEPTHOTO OIEHUBAHUS U TI0-
BBICUTDH 3D PEKTUBHOCTD PACXOIOBAHUsT OI0/I?KETHBIX CPEJICTB B 00JIACTH
3/IPABOOXPAHEHUSI.

B nokJiajie mpuBoauTCs OMUCAHUE TOCTYITHON SKCIIEPTHON U (bakTu-
qeckoit nH(MOPMAINH, CTPYKTYPa MHIEKCA, IIPEJJIAraeTCs MOJIX0T K €ro
OIIEHKE CPEJICTBAMHU TEOPUU HEYEeTKUX MHOXKECTB. PaccMOTpeHBI 0co-
OeHHOCTH peasn3alluid pacdeTa WHAEKca B cpege Matlab, mpuBomarcs
npuMepbl. POPMYIUPYIOTCA U O0OCYKIIAIOTCS CBSI3aHHBIE C 9TUM IIPsi-
Mble U ODpaTHbIE 33Ja49M, PEIIeHNe KOTOPBIX ITO3BOJUT OINTUMU3IUPO-
BaTh 3(PPEKTUBHOCTH CUCTEMBI 3PABOOXPAHEHUs O JAHHOMY Tapa-
MeTpPY Ha PErMOHAJBHOM U (eepabHOM ypoBHsIX. VHIEKC aaKoroib-
HOTO GJIATOTIOY Yrsl SIBJISIETCS OJTHUM U3 BayKHBIX IIAPAMETPOB CHCTEMbI
3/IPABOOXPAHEHUSI C OJTHON CTOPOHBI M TUITNIHBIM UHIEKCOM COIUAJIHHO-
9KOHOMUYECKUX IIPOIECCOB - C JAPYTOii, TOITOMY OIMCAHHBIE B JTOKJIAJIE
[TOJIXOJIBI MOT'YT OBITH TPUMEHEHBI U JIJTsi HOCTPOEHUSI MTUPOKOTO HAbopa
TAKUX WHJIEKCOB.

KuroueBbie ciioBa: npoduiakTudeckasi MeIUINHA, aJTKOTOJIbHOE
6J1aroroIyune, OleHKa U MOHUTOPHUHT IIPOIECCOB.
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1. BBenenue

B copemennoit Poccun 3noymnorpebiieHne ajaKOroabHOM MIPOAYKIIAEH TPUBO-
IUT K 3a0071€BaeMOCTH, IPEXKIEBPEMEHHON CMEPTH JIIO/EH, POCTY IIPEeCTyII-
HOCTH, HACUJINSI, CAPOTCTBA U JPYTUX COMUATBHO-IKOHOMUIECKUX U MEJINKO-
nemorpaduaecknx mpobsem. C morpediieHneM aakoroys ceaszano okoao 30%
Bcex cmepreit B Poccun, uro B 5-9 pa3 Bbillle aHAJOTHYIHOIO MTOKA3ATEJsI B
HEKOTOPBIX cTpaHax Esporeiickoro pernona, Snonnn u CIIA. Paspaborka
1 MOHUTOPUHT 5P (PEeKTUBHOCTH PErMOHAIBLHBIX IIPOIPAMM, HAIIPABJICHHBIX Ha
CHUZKEHUE MaCIITADOB 3JI0yTOTPEOICHUST AJIKOTOILHOM POy KIneit i mpodu-
JIAKTHUKY aJIKOI'OJIN3Ma CPEIM HACEJEeHUs, HEBO3MOXKHBI 0€3 OIEHKH CUTYaIIAN
B peruoHe.

TpaauiroHHO OIleHKaA aJKOTNOJbHONW CHTYaIlid OCHOBBIBAETCS HAa CTATH-
CTHUYCCKUX IIOKa3aTeJIgAX PO3HUYHBIX IIPOJazK Pa3/JIMIHbIX BHJ/I0B aJIKOT'OJIA.
Ho meo6x01mMo IOHMMATD, 9TO 9TOT MMOKA3aTe/b HE OTParKaeT UCTUHHON CH-
Tyallil B PErHOHE, TaK KaK 9acTO MMEET MECTO He3apEerHCTPUPOBAHHOE I0-
Tpebiienne ajakoross. IloaTomy cyauTh 06 aJKOrOIBHON CUTYAITUN OIUPASICh
TOJILKO HA JIAHHBIE DOSHUYIHBIX IIPOJIazK, HeBepHO |1, 2|. ABropamu 6wl npe;i-
JIO>KEH MHTErPaIbHBIN IOKa3aTe b, KOTOPHIH 00beInHsIT B cebe Kak (haKkTop-
HBIII IpU3HAK — YPOBEHDb MOTPeOICHUsI, TaK U PEe3yJIbTUPYIOIINE IPU3HAKHI,
HanboJIee TECHO CBSI3aHHBIE C HUM, TaKHe KaK CMEPTHOCTD, 3a00JIEBAeMOCTD 1
PsiJl IPYTUX JIeMOrpaduIecKuX U COMUAJIbHO-9KOHOMUIECKUX WHIMKATOPOB,
MMOTEHITNAJIBHO CBSI3aHHBIX C YIOTPeOJIeHIEM aJIKOIOJIsI.

[TpenozkeHHbIil OAX0 TPOJIEMOHCTPHUPOBAJI ITPOTHO3HYIO 3HAYUMOCTH
JAaHHOI'O HMH/IEKCa, Ha3BaHHOI'O HMHTErpaJibHbBIM HNHICKCOM aJIKOT'OJIbHOI CH-
ryaruu (MMAC), nokazaB permoHaabHbIE PA3/ININs B CMEPTHOCTH OT DPsijia
XPOHUYIECKUX HeI/IH(beKL[I/IOHHI)IX 3a60ﬂeBaHI/Iﬁ B 3aBUCHUMOCTHU OT BEJIMYMHBI
NUAC [3]|. Ho HecMOTpst HA 910, ObLIN BBISIBJIEHbI OIIPEIeJIeHHbIE OrPaHUYe-
HUsI UHJIEKCA, CBSI3aHHBIE C HEJOYIETOM 3HAMUMOCTHU KaXKJIOTO U3 IMOKA3aTe-
Jieil B oOIIeil oIeHkKe.

B nanHOit pabore ObLIT peain30BaH JAPYToil MOAXO/ JIJIsl pacdeTa UHJIEKC A,
KOTOPBIl YyINTHIBAJ HE TOJIbKO BEJIUIHHY CAMHX IOKa3aTeJell, HO U WX 3Ha-
YUMOCTD JIjIsI OlleHKH curyaruiu. OH OCHOBaH Ha TEXHOJIOIMU ONEHKN W MOHU-
TOPHMHIA CJIOXKHBIX [IPOIECCOB [4], mo3BosIstoneil Ha ocHOBe dhparMeHTapHOil
MHMOPMAIIN TO/JIYYaTh HWHTEIPAJIBLHYIO OIEHKY COCTOSIHHUsI IIPOIECCa U MO-
JIeJITPOBAThL BO3MOXKHbBIE BAPUAHTHI ero paszsutus. llenpio manHoi paboTh
SIBJISIETCsT OIMCAHUE ITOCTPOEHUsT HOBOI'O MHIEKCA U 0OCY:KJ/IeHHe BapUaHTOB
€ro UCIOJIb30BAHUSI.

TekcT paboThl Oprann3o0BaH caeayomuM obpaszoM. B pasmere 2 obcyxKaa-
ercst cojiepKaTeibHas TOCTAHOBKA 3aJa9d U IIPUBOJIUTCS 0030P U3BECTHBIX
pe3ysbTaToB. B pasmene 3 mpeacTaBiieHbl XapaKTEPUCTHKA JOCTYITHBIX JaH-
HBIX U 9KCIEPTHBIX 3HaHuil. Pasmen 4 mocesiimeH COOCTBEHHO MOCTPOEHUIO



MHJIEKCa, MCIOJB30BAaHME KOTOPOro oOCyzKaaeTcst B paszese 5. B 3akirode-
HUM IpuBeIeHBbI BBIBO/IbI 1 BOSMOXKHBIC HallpaBJICHU A ,HaﬂbHer.HHX uccJjeg0-
BaHUM.

WccnenoBanre BBINOJHEHO INIPU  MOIJAEPXKKE MexK IUCIUIIMHAPHOR
HayIHO-00pa30BaTeIbHOI MKOJIbI MocKoBcKOro yunBepcureTa «Mo3r, KOorHu-
THUBHbBIE CUCTEMbI, MCKYCCTBEHHbBII MHTEJIJIEKTS .

2. CoaepxkaresbHas IIOCTAHOBKA 33a/1aYM W aHAJIN3
JINTEPATYPbI

AJIKOrOJTb SIBJISIETCST OJHUM U3 3HAUUMBIX (PaKTOPOB pUCKa 3a00I€BAEMOCTH,
HeTpyAocnocobHocT u cMmeptHocTu B Mupe. [lo ormenkam BO3, upesmep-
Hoe moTpebiieHue ayikoroJiss obycaoBmsio B 2012 rogy okosio 3.3 MHILIHOHA
cmepreit, wim 5.9% or ux obmero xosmdecrsa [5|. B Poccun ¢ uz6prrot-
HBIM TIOTpebJIEHIEeM aJIKoroJs cesasano 66% Tsxkkux npasonapymenuii, 50%
youiicre, 40% pasz6oiinbix Hanaaenuii, 24% m0pOXKHO-TPAHCIIOPTHBIX TPABO-
Hapymenuii. O61ue 3aTparbl rocyIapera (MpsiMble MEJIUIUHCKUE, TPIMbIE
HEMEIUIMHCKIE U KOCBEHHBIE ), CBSI3aHHBIE CO 37I0YIOTPEOICHIEM aJKOT0JIEM,
B 2011 r. cocraBuiu 843.51 mupa. py6. B roxm 3aTparsl Ha OJHOTO YeJIOBEKA,
3JIOyOTPEDJISIONIETO aIKoTroeM, coctapiadaior 150 Toic. 845 pyb., a 3aTparsl,
CBsI3aHHBIE C JiedeHneM, — 23 Toic. 813 py6. [6].

B pamkax ['mobasbHOI cTpaTerun COKpaIeHns BPeIHOTO yIIoTpedIeHnsT
AJIKOTOJIS BAXKHOE MECTO IMPUHAJIEXKUT JICHCTBUSIM, B PEAJIU3AIINN KOTOPHIX
Ba’kKHa POJIb 3JIPABOOXPAHEHUs, B TOM YHUCJIE PeYb UJET O MPOBEJIEHUU MO-
HUTOPUHTA W SMHAHAI30pa 32 norpebiaenneM askoross [7|. Ecim na crpa-
HOBOM YPOBHE 3Ta paboTa JacTUIHO Bejercs, U Poccust peocTaBiisieT WH-
dopmarmio B Global Health Observatory data repository, To na pernonasib-
HOM " OCO6€HHO Ha MYHHUIIUIIaJIBHOM YyPOBHE OTCYyTCTBYET CUCTEMa MOHUTO-
puHTa 3a TOTpebeHneM AJKOroJsd. A y JIUI, MPUHUMAIONIAX YIPABICHIE-
CKHUE PeIleHusi, OTCYTCTBYeT HH(MOPMAIHUS O MPoOJIeMax, CBI3aHHBIX € 9TUM
dakTopom pucka. CyIecTBYIOIIHE T0X0/IbI OIIEHKN aJIKOTOJIbHON CUTYyalInu,
peaIn30BaHHbBIE B Psijie MUIEMHUOJOTUIECKIX UCCIeI0BaHUN, OPUEHTUPYIOT-
cst MO0 Ha YPOBEHb PO3HUYHBIX IPOJIAYK U PEIYIBTATHI COIUOJIOTMIECKUAX
uccsefoBanuii (8], b0 HA KOMILIEKCHBIN aHAJIN3 KOCBEHHBIX HHJIUKATOPOB
AJIKOTOJIbHBIX MIPO0JIEM: YPOBEHDL IPOMAXKU aJKOTOJIsl Ha Yy HACEJIEHUSI,
YPOBEHBb CBSI3AHHOHN C AJIKOIOJIEM CMEPTHOCTHU, & TAKXKe JAHHBIE CTATHCTHU-
9eCKOil OTUYETHOCTH HAPKOJIOMMYECKOM cIy2KObI [9]. B HeKoTOpBIX Hcciie0Ba-
HUSIX 9TOT [€PEYEHDb PACIIUPSETCS 3a CUET JAHHBIX CTATUCTUKU ITPABOOXPa-
HUTEJIbHBIX opraHoB [10] miau emme GoJiee MUPOKOro IEpevHsl HOKa3arelei,
JIOTIOJIHATETHLHO BKJIIOYAIOIINX Psi/l SKOHOMUYIECKUX M COIUAJBHBIX WH KA~
topos [11]. Haiiiennsie B nccienosannn Hemiosa u Passogosckoro [12] cra-



THUCTUYIECKHE CBA3U MEXKIy IMOTPeOIEHIEeM AJIKOr0JIsI 1 HEKOTOPBIMH MEINKO-
,ILel\/IOFpaCbI/I“IeCKI/HVII/I 1 conuaJIbHBIMHU ITOKa3aTeJIsIMU, U JlazKe ITIOJTYICHHbIC HA
X OCHOBE PerpecCHOHHbIE YPaBHEHWSI, HE MOTYT UCIIOJIb30BATHLCA I PErd-
OHAJILHBIX OIIEHOK, TaK KaK OCHOBAHBLI Ha POCCUMCKMX JaHHBLIX. KpoMme Toro,
OIleHKa MoTPeb/IeHns, OCHOBaHHAS HA POSHUIHBIX IIPO/Iarkax ajaKOroJsl, B IIe-
pecyere Ha 9TaHOJ, KOTOpas dYallle BCErO HCIOJIb3YeTCsl B PErpPecCHOHHBIX
YPaBHEHUSIX, HE OTParXKaeT CTPYKTYPbI HMOTPeO/IEHUS 10 TUIIAM AJIKOTOJIb-
HBIX HAIMTKOB. B cTaTHCTUKY MPOJark B HEKOTOPBLIX PErMOHaX CyIIECTBEH-
HBIN BKJIaJ BHOCUT MUI'DaAIlMOHHBIC 1 TypI/ICTI/IquKI/Ie IIOTOKH.

ITosromy Hambostee meaecoobpa3HbIM IPEICTaBISETCSI HCIIOIb30BAHNE UH-
TerpajbHOTO MOKA3aTe s, KOTOPhI Obl 00benuHsiI B cebe Kak (haKTOPHBIM
IIpU3HAK — YPOBEHb IOTPeO/IeHNsI, TaK U PE3yJILTUPYIOIINe TPU3HAKH, HAH-
boJiee TECHO CBsI3aHHBIE C HUM, TaKhe KaK CMEPTHOCTb, 3a00JIeBa€MOCTb U
PsIT IPYTUX JIeMOTpadUIecKuX U COMUATbLHO-IKOHOMUIECKUX WHIMKATOPOB,
IIOTEeHIIMaJIbHO CBA3aHHBIX C yIIOTpe6J’IeHHeM AJIKOI'OJIA. BCG BBIIIEN3JIO2KEH-
HOE OIpeesseT aKTyaJbHOCTh IMOCTPOEHUSA HHIEKCA AJTKOTOJLHOTO Ojaro-
[IOJIyYHsl - BayKHOI'O IIapaMeTpa JJIs ONMCAHUsl COIUAIbLHOR OOCTAHOBKHU B
cTpaHe, peruoHe, ropojie. PyKoBOICTBYsICh 3HAYEHHEM HHIIEKCA OPTaHBbI I'O-
CyIapCTBEHHOI'O yIPABJIEHUS PETMOHOB, MYHHIIUIAJIUTETOB, TOPOJOB CMOLYT
s dexTuBHEE pacCIpeIe/IaTh OI0PKETHBIE CPEJCTBA Ha, YIy IIIIeHUE aJIKOTO/Ib-
HOIl cHTyaliii B TOM HJIA MHOM MECTE.

3. Ocobennoctu AOCTYITHBIX JAaHHbBIX M 3KCIIEPTU3bI

Pabora 6n11a opranunzosana ciaeayionum odbpaszom. 13 6aser garnasix EMUCC
[13] 6bLIM MOy YeHBI CTATUCTUYECKHE TIOKA3ATE/U, KOTOPbIe UMEJIU IIPSIMOe
1 KOCBEHHOE OTHOIIEHNE K AJIKOTOJIBHOMY OJIarOIoLy IHio:

® I0Ka3aTe/J M PO3HUYHON MPOJarKH aJIKOTOJbHBIX HAITUTKOB: ITPOJIAXKU
MBa, BUHA, KPEMTKOTO aJIKOTOJId;

® COIMAIBHO-9KOHOMUYECKHE [TOKA3aTe/N: TPECTYILIEHNsI, COBEPIIEHHBIE
B COCTOSIHMH OIIbsSIHEHUE; YPOBEHb 6e3pabOTHIbI; YUCIO0 JeTell, ocTaB-
muxcst 6e3 MomedeHnst poauTeseir; KoaudecTBo juil, morudmmx B JITTI;
JI0JIsT HACeJIEHUA C JIOXOJaMU HUKE MPOKUTOYHOIO MUHUMYMA; YHUCJIO
Pa3BO/IOB;

e 10Ka3aTesIu 3a00JIEBAEMOCTH: AJTKOI'OJIN3MOM, aJIKOTOJIbHBIM IICUX030M,
[IUPPO30M TEYEHH, TAHKPEATUTOM, TYOePKYIe30M;

® 110KA3aTeJIu CMEPTHOCTU: 00IIas CMEPTHOCTD; CMEPTHOCTD OT BHEITHUX
[IPUYNH; CMEPTHOCTH OT IePeOpPOBACKYJISIPHBIX 3a00JIeBaHUIt; CMEpT-
HOCTB OT DOJIE3HEH MeYeHHU U TTOKETYTOTHON 2KeJIe3bl.



Ota uHoOpMaIs coONpaeTcs: Ha PEryJIsSpPHON OCHOBE CTATUCTUIECCKUMHU OpP-
raHaMu CTPaHbl Ha PErMOHAJbLHOM U (heJepabHOM yPOBHE.

Kpowme mepeduncieHHbIX CTATUCTUYECKUX TAHHBIX, MCITOJIB30BAINCH IKC-
[EPTHBIE 3HAHUS O BJUSHUU [IEPEUNCIEHHBIX BBIIIE IPU3HAKOB HA AJTKOTOJIb-
Hoe Osaronosrydane. bt chopMmysmpoBan HAOOP MPABUJI, KOTOPBIE ITO3BOJISIT
OIIpEeJIeJIEHHBIM 00Pa30M CTPYKTYPHUPOBATh MMEOIIUECS MOoKasaTen. B o-
KJIaJ1e TIOKA3aHO0, KaK, pacrojaras OOJbITIM KOJUIECTBOM KOCBEHHBIX JTaH-
HBIX U 3HAHUSIMU CIIEIIMAJIUCTOB B IPEJMETHON 0DJIACTH, MOXKHO ITOCTPOUTH
HHJIEKC AJIKOTOJIBHOI'O 6JIarOIOJIy Iusl.

OTMeTnM, 9TO paccMaTPUBAEMbIN HHIEKC - ITPUMEDP OOJIBIIOTO YUCJIa [0-
rILO6HI)IX NMHIEKCOB, KOTOPbIEC MO2KHO IIPUMEHATH B 9KOHOMHNYIECKUX, COI[NOJIO-
TUYECKUX UCCIIEIOBAHUSIX U B TOCYIAPCTBEHHOM yTIpaBaeHun. B naabHeliem
NIpUBEJCHHYIO METO/UKY MOXKHO HCIIOJIb3OBATH B paSpa60TKe AHAJIOI'MTYHBIX
HUHJIEKCOB, JIJIsT 9TOTO JIUIITH HEOOXONMBI CTATUCTHIECKUE JTAHHBIE U KCIIEp-
TbI, KOTOPbIE CMOI'YT UX CTPYKTYPUPOBATD.

4. IlocTpoeHmne uHJIEKCA AJKOTOJILHOTO OJIaroroJry-
qus

4.1. CTpyKTypa uHAeKca

CrpykTypa uHIEKca IIpe/icTaB/ieHa Ha puc. 1.

AAROTOIRIAR CHTYRLME
2. Conmatsno-IxonoMircckoc Guarononysme

1. POSIsHHHELC POIARI ATKONOABHbIY. HAITHTROE 3. CocTosnne W0poELE

1.1. Tlpoanac kpensoro amkorens | (3 | [Ipecrymiehin, cORCPUICHHIE B COCTONIIN .
1.2, Npoaass nimia OnLAIC IR 3.1. JabonenaemocT. 3.2, CueprHocTs
1.3, Tlpoanam nusa 2.2, Yponcih GespaboTri

2.3, Yneno petell, ocTanmimes 63 noneueHns

poamuTenei

2.4, Koasmiectno i, nornbanx o JITT1

2.5, Jloas HOCENCHHR ¢ JONOEAMH, HIGHES NPOSHTOTHOD
Mty
2.6, YHeno paiBaIos

3.1.1. Zabonemacsocts ATKOTOIIIMOM 32,1, Ofgas csepTHOCTE

3.1.2, Safaremacmocts anroroammm neaxosamin | (32,2, CMepiacTs or miennns npeam
3.1.3. KonusccTeo NaHeHTOR ¢ BpeTHEIMI 3.2.3. CacprHoCTs 0T HepelpoBackyIAPHEIX
MOCACACTIIANI YOOTPEONCHAR RTKOIOE aBone nami

3.1.4. 3ab0neRacMoCTE HPPOI0M TCIeHR 3.2.4. CueprHoCTs o7 Gonessedl neweHn
3.1.5. TaBosesaesocts mankpeanron 3.2.5. Caepristocts, or Goneeit

3.1.6. Iabonemacmocts Tybepryneson MR CYIeAH weneIm

Puc.1 Crpykrypa HHIEKCa aJIKOIOJHHOTO 6JIaroIo Iy Yns.

SHadeHmnss KayKI0ro MPU3HAKA U3 JINCTHEB JIEPEBa U KAYXKIOT0 y3J1a Oblin pas-
O6UTHI HAa 4 HEUETKUX MHOXKECTBA, COOTBETCTBYIOIIME 110 CMBICTY 3HAYCHU-
sm: «Huskuity, «OTHOCHTENIBHO HU3KUIY, «OTHOCUTEIBHO BBICOKUI», «BbI-
cokuity. Habop 3HadeHUit ompeaessiicss UCXo/sl U3 yIo06cTBa pOPMYIUPOBKH



npaBuwi. By onpobOBaHbI HECKOJIBKO AJITOPUTMOB MIOCTPOEHUsT (PYHKIIAN
NIPUHAJJIE?KHOCTU, HAUJIYUIIINI pe3yabTaT II0Ka3aJ U3BECTHBII aJIlOPUTM C-

means.
[Tomumo tpu3HAKOB, ObLTa chopMyIupoBaHa Oa3a MpaBmiI, odbecIeunBa-
oIasl CBsI3b MEXKy ya3/aamu gaepesa. IIpasuia nmeior ¢popmy «Ecam ..., To

...». Baza comepxkut 74 Takux npaswia. Hanpumep, mjis yana 1 «Posnuynbie
IPOIaXKH aJKOTOJILHBIX HAIIUTKOB» B Oaze 19 mpaBwmi:

[Tpasuio 1: Ecian «IIpomazku kpenkoro ajikorosisi» = uuskunit u «IIpona-
2Ku BUHa» = Huskwuii n «lIpomaku nuBay» = Husknii, To «Posun4anbie mpoma-
KW aJIKOTOJIbHBIX HAIIUTKOBY = HU3KUUL;

[Tpasuso 2: Eciin «IIpomazku Kpernkoro ajkorojisi» = OTHOCUTEIbHO HU3-
kuit u «IIpogaxku Bunay» = Hu3kwmit u «lIpojgaxkum nmuBay = OTHOCUTEJIHHO
HU3KMH, TO «PO3HUYHBIE TPOAXKU AJIKOTOJILHBIX HAIIUTKOBY — HU3KWI;

IIpasuio 3: Eciu «IIpomakm Kpenkoro ajKorossi» = OTHOCUTEIbHO HU3-
kuit u «[Ipomakm BuHa» = orTHOCHUTebHO Hu3KMit u «IIpomarku nmBar =
OTHOCUTEJILHO BBICOKHUM, TO «PO3HUYHbIE TTPOJIaZKK aJIKOTOJIBHBIX HAIIUTKOBY
= OTHOCUTEJIbHO HU3KUIL;

[Tpasumo 19: Eciu «IIponaxku Kpenkoro ajikoroJisss = BbIcoKuit u «IIpo-
aXkn BUHA» — BbicOKuil u «lIpomaku mmBa» = BbICOKUiL, TO «PosHu4ambie
IPOJAXKH AJKOTOJIbHBIX HAIUTKOB» = BBICOKUIA.

4.2. IlocTpoeHue nHIEKCa

B kauecTBe cpejipl jyist ocTpoeHust uHjekca 6wt Beiopan Matlab [14], co-
nepxkaruii maker paciupenus Fuzzy Logic Toolbox - nHCTpYMEHT J1j1s1 TIPO-
€KTHUPOBAHUS CHUCTEM HEYETKON JIOTHKHU.

CoryiacHO CTPYKType HHIEKCa, HaM HeOOXOIMMO JJIsi KaXKJI0TO JINCTOBO-
ro 1MOKa3aTe/is MOCTPOUTh 4 (PYHKIUU MPUHAJIEZKHOCTH, COOTBETCTBYIOIINE
muokectBaM «Hwusknity, «OtHOCHTE/NIBHO HU3KHITY, «OTHOCUTETHHO BBICO-
Kuity, «Bbicokuiis. JI1s1 9TOTO UCIO/IBL3yeM U3BECTHBIN METO, HeUYeTKON KJjia-
crepusanuu C-means [15]. CyTh MeTO/@ COCTOMT B MUHUMU3AIUU CyMMapPHO-
ro KBaJPATUIHOIO OTKJIOHEHUS TOYEK KJIACTEPAa OT IEHTPOB 3TUX KJIACTEPOB.
[Ipu 3TOM J1J151 KarXKJI0T0 JIEMEHTa U3 PACCMATPUBAEMOT0 MHOYKECTBA PACCUH-
TBIBAETCS CTEIeHb ero IMPUHAJIEXKHOCTH KaxXKJI0My u3 KiaacrtepoB. B Matlab
KJIACTEPU3allisl JJAHHBIM METOJ/IOM BBIIIOJIHSIETCS C ITOMOIIBI0 KOMaH/bI fem.

Orcoprupyem 3HaYeHHsT KaXKJIOTO MMOKa3aresis, pa3odbeM Ha 4 Kjacrepa.
IIpumep Takoro pazbuenus s moxkasaresid 1.3 npexacrtasjieH Ha Puc. 2.

Taxum ke 06pa3oM ONpPEESIOTCs (PYHKIINNA TPUHAJIEXKHOCTH JJIsT BCEX
BXOJIHBIX [T€PEMEHHBIX.

Hamee, M1 KazKJIOTO y3/1a JepeBa CO3[AeTCsl CICTeMa HEUYeTKOT'O BBIBO-
Jla HAa OCHOBE TPABUJI C COOTBETCTBYIOIIMMYU BXOJHBIMU U BBIXOIHBIMU IIE€PE-
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= load "data.dat';
= g=sort (data);

= [center, U, cbj_fam] = fam( q,4):
| y1=U({1,:);

i ¥2=U0(2,:);

= y3=U(3,:):

- va=U(4,1):

T plotiq,yl):

= hold on;

= plotig, ¥2):

= hold on;

7 plovida,¥3);

= hold ong

= plotig, y4):

= hold on;

08

08

07

08

0s

04

03

o0z

01

\

100

Puc. 2. @yukiun npuHaJIe2KHOCTH JJisi ToKasaTessi 1.3.

MeHHbIMU. Paccmorpum B Kaudectse npumepa ysesn 1 (Puc. 1). s ysuna 1
«PosundanbIe IpomakKi ajJKOroJbHBIX HAIIMTKOBY CO3JaeM TPH BXOJHBIX IIe-
pemennbiX «IIpomazkm Kpemkoro ajkoroJist», «IIpomaxku BuHay, «IIpomarku
muBay (Puc. 3).

‘4 Fuzzy Logic Designer 1 Posminmmie npoaasm

File Edit View

1.1_Npogans_spens —

1 Podsersnse rpogams

imarndani)

HName 1 Pasmwamee_npogamn
Type utpu
Range 1

Detuzrificaton

Immmm |

Puc. 3. Samanne cucreMbl HEYETKOI'O BBIBOIA JJIs y37a 1.

s Kaxk0ii mmepeMeHHol co3/maeM 4 HEeYeTKUX MHOYKECTBa, YKa3aB UX
dbyHKIMK TpUHAIEXKHOCTH, HalljeHHble Ha npejablayiem mare (Puc. 2), u
yKas3blBaeM 00JIaCTh 3HAUEHUsI MOKasaress (range) - MUHUMAIbHOE U MaK-
cuMaJIbHOE 3HadYeHune u3 TabJuIpl co crarTucTudeckuMu nanubiMu (Puc. 4).
Hasee nepenocum npasuia u3 6a3el B cucremy (Puc. 5).

st mpomeskyTounbix y3ios (1, 2, 3, 3.1, 3.2) HEOOXOMMO JIOTIOTHUTE b
HO OIIPEJIEJINTh YHUBEPCAJIHLHOE MHOXKECTBO U 3aJ]aTh B HEM (DYyHKIIUU IIPU-
HaJJIC2KHOCTHU (,[[JIH HUX HET CTaTUCTUYCCKUX JJaHHbIX, KaK JJIgd JIMCTOBBIX
y3i0B). Ilocie peanmsanum HECKOJILKUX BAPUAHTOB, ObLI BBIODAH CJIe/LyTo-
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& Membership Funetion Editor: 1.Possisuniie nposssen - [m} ®
File  Edit  View

Mombership function plots - 18
g or g e : : . .

' gl g (1 2, Pipmaan_pees i

_isiabee_pane
3 (01 Ipraait_spric & mutsend W8 (8.2 PoaUnn_Sumd n -u-lunm maw“« ll--l_nu-l--nl.l n
3, Npoaams_mens m

il
momﬂl‘xw.ﬂmmﬂllmiwhi'

Puc. 5. Bamanue npasui s y3iaa 1.

muit. 3alycKaeTcs HEYeTKI BBIBOJI HA BCeX 3HAUEHUSIX MCXOIHBIX JTAHHBIX,
[IOJTy JaIOIIEeecss MHOYKECTBO 3HAYEHUI 1 00pa3yeT yHUBEPCAJIbHOE MHOYKECTBO
JI7IsT COOTBETCTBYIOIIEro y3ia. Jlamee B HeM cTposaTcs PYHKIUU TPUHAIIEK-
HOCTH C TIOMOIILIO C-Means, YTO IMO3BOJISIET MTPUMEHUTH OMMCAHHYIO BBIIIE
OPONEAyPY U JJII TaKUX IIPOMEXKYTOUYHBIX Y3JI0B.

PesynbpraThl pacdera mo OnmcaHHOMY aJrOPUTMY IIPeICcTaBIeHbl Ha Puc.
6 (permoHbl yIOpPsZIOYEHBl 110 UHJIEKCY AJKOroJbHOro Gsiaromosyunsi). [lo-
JIOKEHVEe PETMOHOB COOTBETCTBYET CJAOXKUBIIIUMCS B HACTOSIIIIEE BPEMSI ITPE/I-
CTaBJICHUSIM SKCIIEPTOB.
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PerincH FIHTERC AMEOroms Ber e TyMCKkan ofascTh
| Graronemema 1| 3a6ameams izt
Pecmytimoa Jarectan 05256034 19] dveanexcan Peembmna - Tysannm
Mockea 0, §84745 5363 Memsencran obmsets
KaGapaiow-Bamapckas Pecoyfmoa n.smlmﬁwm eldmzeTh
PecmyGimoa Haerywetes 0.8716733 13| Cuonencican ofimcms
Hapawaeso- Pecmbimoa 086563854 11| Pecrfimacs bausopTocTan
evencran Pecmyfimaa 0.359321034] obnacTe
Caincr-Tletepbypr 0.859132897] Henabomcran ofacme
K e n.um‘xlxnmcmm
Bemroponcian obnacrs 0843520878 alk
Tromenckan cfmcts 0.340311732| K5 spait
Cen Ooemia - AR 0.836735944| Huamoncran ofnacts
obnacTs
Xanmu-Mascadicis GREAT
Tomcxas obnacme
Crasponomcaadt xpait
PecryGimoa Taraporas
Mockegcran obnacTs
Taubosckan obnacm n'musals Operbyproras efmom
Bomrorpagckas ofnac s 0.758493 46| Apocmancran oinzcme
s obnacTs 0.749125023 | Kamcras ofmacts
obnaeTs 0. 704999992 | Nafaponciodi kpadi
VaMyvprekaa PeemGmoa 0. 70499761 7| PecrmiGimaca Byparun
Boacroackan ofmeTe 070499560 | Pecrnbimaca Tuza
APRART b CKAR CONBCTH PecrmyGmna Kamausau
HocTpouckas ofmacm. 0659726063 ] Kypranckas obnac e
Mypuancias $5nacTh &M!m|wpnm ofinacTs
AcTpanasickas ot 0.677584445] PecrmGmms Caxa (AkyTaia)
PamamcEas b Tl
| Asranc-Hewemadt am romcetod cagnT
C: sfmcn.
ProcToBcran ofaic T
PecrryBmoa Mopoic
Homocubuperan o6nacts
C: sfinsers
Teepeicaa obmen
Kyperan ofazcms
AdTancesd kpai
¥ mmeeckas ofnacTs
Chacxan obinace
Mimempcas ofinacTe
Tymcxan odmcTe

Puc. 6. Pacriosioxxenne peruoHoB B HOPsiKe YObIBAHUS WHJIEKCA.

5. CroeHapuii NCII0/JIb30BaHUS NHIEKCA

[TocTpoennbtit MHAEKC MO2KET OBITH UCIIOJB30BAaH JJIs MOJIEJIUPOBAHUS CH-
Tyaruit B objiacTu Haiero wHTepeca. Hampumep, MbI MOXKEM TPEICTABUTD,
9TO U3MEHUTCH OJMH MJIM HECKOJIbKUX KOCBEHHBIX Npu3HakoB. [losieuer jin
9TO M3MEHEHUE CYIIECTBEHHbIE M3MeHeHusi mHiekca win Her? OIHO3HAYIHO-
0 OTBeTa HET, HO, CKOpPee BCETO, B PA3HBIX PETMOHAX BJIMSHUE N3MEHSIEMBIX
[IPU3HAKOB OyJ/IeT PA3HBIM - B 3aBHCHUMOCTH OT 3HAUEHUN OCTAJIBHBIX Iapa-
METPOB.

Pacemorpum mBa pernona: Pecriybuky Anpirest ¢ wajgekcom 0.349 u A-
Talickuit kpait ¢ mHgexkcom 0.654. B 3Tmx permonax BBICOKHI IOKa3aTesb
3abosieBaeMocTu 1uppo3oM redenn 140.2 u 196.1 coorsercrBenno. Cmo/iemnu-
pyeM cuTyanuio B OyayIeM, Ipu KOTOPOHl 9TOT IMOKa3aTe b YIYUIIUICT 0
50 eaununi; B 060UX permoHax.

Pecnybiuka A jpirest:
»Alcohol(..., 140.2, ...) | Rating = 0.3490
»Alcohol(. .., 50.0, ...) | Rating = 0.6500

Aurraiickuii Kpaii:
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»Alcohol(. .., 196.1, ...) | Rating = 0.6540
»Alcohol(..., 50.0, ...) | Rating = 0.6546

Kaxk BUIHO M3 IIPpUBEJIEHHBIX PACIETOB, B AJIbIree MHIEKC AJIKOTOJIBHOTO
6J1aronoIyars CyIECTBEHHO YJIydIIUIcs, a B AJTaiickoM Kpae HabJII0/1aeTCs
JINIIb HE3HAUUTE/IbHOE ero N3MeHEeHHe.

Takoe MoJe/IMpOBaHUE SIBJISETCS PEIIEHUEeM TPSMOi 331841 (Mbl H3MEHNU-
JIM OJIMH UJIM HECKOJIBKO BXOJIHBIX IIAPAMETPOB M MOCMOTPEJH OTKJIMK). Ta-
KO€ MOJIEJINPOBAHIE MOYXKET IOMOYb B OIEHKE 3(DMEKTUBHOCTH KOHKPETHBIX
MEPOTPUSATUI C TOUYKH 3PEHUs YJIYUIIEeHUs] AJIKOTOJIBHOTO OJIarOnoJIyvusi B
peruone mwin ropojie. B Takoil curyarmmy, BO3MOXKHO TaK»Ke pellenne 0oJiee
CJIOYKHBIX U IEHHBIX € MPAKTUIECKOW TOYKHU 3PEHUsi OOPATHBIX 3a,1aM.

[Tycts 3aman G6iokeT Ha yaydnenne cutyamnun B pernone X . [lycrs, ga-
Jiee, M3BECTHBI OIEHKU CTOUMOCTH W3MEHEHUsI UCXOJIHBIX JIAHHBIX (HAIPUMED,
pacxo/pl Ha PEKJIAMY, «YCTPaIlalolue HAKJIEHKN», OrPAHUYEeHNs] Ha IIPOJIa-
Ky nup.) ¢j (j=1,...,N), rie N — KOJM9IecTBO KOCBEHHbIX (HAO/IIOIAEMbIX )
napamerpoB. O603HAYNM U3MEHEHHUE eJIEBOI BEPIIUHBI CTPYKTYPbI HHIIEKCA
gepes Aag.

Bamauga 1: Haiitu MHOXKECTBO HapamMerTpoB i1, ...,0, (n < N) : Aag —

n
maz, Y c; < X.
j=1

D70 3a/1a9a HAXOXK/IEHUsI MAKCUMAJIbHOIO 3¢ pekTa B paMKax 3aJaHHOTO
OIO/IKeTa.

[Tycth 3a71aHO TeJIeBOe M3MEHEHUE AJKOTOJIBLHOTO Osaromnoyuns ¢ (Ha-
npumep, ¢—10%). Tlpu 3aJaHHBIX YCIOBHSIX BO3MOXKHO U PeIleHHe COIpPSsi-
JKEHHOU 3aJIad4M:

n
Banaga 2: HailTin MHOXKECTBO TAPAMETPOB i1, ..., 7, (1 < N) @ Y ¢ —
j=1

min, Nag > q.

DT0 3a7a4a HAXOXKJEHUS MUHHUMAJILHOIO OIO/KeTa, IMO3BOJIAIONIETO [0-
cTuYb HeobxomuMoro sddexTa.

Pertenne Takux 3a/1a4 03BOJIUT ONTHMU3UPOBATH (PUHAHCOBBIE PACXO/IBI
[IPU PEAJIM3AIUH EJIEBbIX ITPOIPAMM, HAIIPABJIEHHBIX HA CHUXKEHHUE TaryOHO-
ro 1noTpebJieHns aJIKOIoJisl B CTPaHe, & TaKyKe Ha PErMOHAJILHOM M MYHHIIH-
AJIbHOM YDOBHE.

6. 3akJrouyeHue

B pabore 6n11a paccMoTpeHa 3a1a1a TOCTPOSHNS HMHIEKCa, AJIKOTOJIBHOTO OJ1a-
romoJiyuns B cyobekTax Poccuiickoit @enepanuu. BbLio npeicraBieHo omnm-
caHme ero mocrpoeHusi B cpeme Matlab u mpuBemeHbl pe3ysibTaThbl pacdera
MHJIEKCa JJIsl BCEX PErHOHOB CTpaHbl. Pe3y/ibTaThbl COIIACYIOTCS C IIPEICTaB-
JIEHAEM 9KCIIEPTOB O PACIIOJIOYKEHNH PEMHOHOB, YIIOPSIIOYEHHBIX 110 3HAUYEHUIO
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WMHJIEKCa, OTHOCUTEJIbHO APYT JApyra. Tak»ke ObLIN IMPEIJIOXKEHBI B 3a1atM1,
pelenne KOTOPhIX OlpejleiieT HallpaBJIeHue NaJbHENIIX UCCIIeIOBAHNIA.
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Measurement of alcohol well-being in regions based on statistical
information
Ryjov A.P., Gorny B.E., Zudin A.V.

To reduce the risks associated with alcohol abuse, it is extremely
important to assess alcohol consumption levels. At the same time,
it is not enough to know indicators that assess only the volume
of retail sales, which does not take into account unrecorded alcohol
consumption. The development of an integral indicator of the index,
based on available statistical data, will make it possible to level the
risks of expert assessment and increase the efficiency of spending budget
funds in the field of healthcare.

The report provides a description of the available expert and factual
information, the structure of the index, an approach to its assessment
by means of the theory of fuzzy sets is proposed. The features of the
implementation of the index calculation in the Matlab environment
are considered, examples are given. The related direct and inverse
problems are formulated and discussed, the solution of which will
optimize the efficiency of the healthcare system in this parameter at
the regional and federal levels. The alcohol well-being index is one of
the important parameters of the health care system, on the one hand,
and a typical index of socio-economic processes, on the other, therefore,
the approaches described in the report can be applied to construct a
wide set of such indices.

Keywords: preventive medicine, alcohol well-being, process
evaluation and monitoring.
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Metoa vepemoBaHns 00ydaeMbIX
rnapaMeTpoB

A. A. Xycaenos!

B pabore mpemraraercst MeTOs TOBBIMIEHUsT KavdecTBa OOyUeHUS
CBEPTOUHBIX HCKyCCTBeHHBIX Heiiponubix cereii (MHC) 3a cuer pas-
JIeJIEHUsI TIAPAMETPOB 110 UX BO3MOXKHOCTY PACIIAPEHUs PEIENTHBHOTO
mosist. [Ipu obyuenun ResNet50 mocturaercs yBenmdeHne TOIHOCTH 3a
CUYeT YeperyeMOoil OCTAHOBKU OOy YeHUs B 4-X CJIOSAX, PACIIHPHAIONIAX Pe-
LENITUBHOE TI0JIE.

Tlokazano, 4TO TTOBBITIIEHNE OOOOIATOIIEH CTIOCOOHOCTH MOJIEN TIPH
WCITOJIb30BAHUU IIPEJJIOKEHHOIO0 MEeTOa JIOCTUIaeTCsd 3a CYeT yCTpa-
HeHUsl M30BITOYHOTO BKJIAJA OTIEIbHBIX CYNIECTBEHHBIX (OKKJIIO3UB-
HBIX) JEMEHTOB M300pazkeHus Upu (GOPMUPOBAHUU KAPT [IPU3HAKOB.
B mnosib3y yka3aHHBIX TPEIIIOJIOXKEHUN MPUBOIATCA PE3YJIbTATHI IKC-
[IEPUMEHTOB B 3ajiade transfer learning u paccy»kjeHusi OTHOCUTEIBLHO
CyIIeCTBOBAHUS] YKA3aHHOI TPOOJIEMBI.

IIpemraraembie OIXO/IBI MOTYT OKA3AThCS IIOJIE3HBIMU, B YACTHO-
cru, npu obydennn HC Ha MajabX JaHHBIX WM IACTUJLIAIAA O0Y-
9aoIIero MHOXKECTBA, Ile IPOOIeMbl IIepeodyYeHIsT HA OTIEIbHBIX OK-
KJIIO3UBHBIX TPU3HAKAX MUMEIOT BBICOKYIO 3HAYMMOCTbD.

KuroueBble cjioBa: cBepTOYHAs UCKYCCTBEHHAsT HEHPOHHAS CETh,
pelleNTUBHOE T0Jie HefipoHa, MpobJieMbl 1epeo0ydeHns Mojeseil, OK-
KJTIO3Us TPU3HAKOB B CBEPTOYHBIX UCKYCCTBEHHBIX HEMPOHHBIX CETIX

1. BBenenne

B zamatax pacrioznaBanusi 06pa30B B CBEPTOYHBIX UCKYCCTBEHHBIX HEHPOH-
ubix cersx (MHC) cymecrByer npobiema mnepeobydennst Ha OTJIEJIbHBIX OK-
KJIO3UBHBIX (CyIECTBEHHBbIX) npusHakax |1, 2, 3, 4] (11.3.3) ucxomtoro u306-
paXKeHusl.

Hanpumep, o0na u3 nonysaproix npobaem pacnodnasanusi «Aeonapdosoll
dusamrs: 3a cuem ABHO-6bIPAIICEHH020 00PA3A MEKCTYPbL ULHOPUPYIOMCA 00-
wue npusnary obsexma (mo ecmv 06sexm «duBaH» PACNOZHACTNCA KAk 005~
exm «aeonapd»)

ITomobHoe mepeodbydeHne MPUBOAUT K IMOHUKEHUIO 00600IIaioneit crocob-
HOCTH MOJIEJIU IPU OTCYTCTBUU UJIU HEJIOCTATOYHO ITOJTHON ayTMEHTAIINN JaH-
HBbIX. YKa3aHHas pobjiemMa 1epeodbyueHns CBsI3aHa ¢ CyIIECTBEHHBIMU TIOTe-

! Xycaernos Apmem Azamosun — acnmpanT, M.H.C. KaeIpbl MATEMATHYECKOH TE€OPUH
WHTEJUIEKTYATbHBIX cucTeM Mex.-matr. d-ta MI'Y; e-mail: a.khusaenov@mail.ru

Khusaenov Artem Azatovich — postgraduate student, junior research fellow, Moscow
State University, faculty of Mechanics and Mathematics, Mathematical Theory of
Intelligent Systems department
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pSAMHM B TOYHOCTH PACIO3HABAHUS, €CJU TPHU AyTMEHTAIINN CYTIECTBEHHBIX
MIPU3HAKOB 00y YaroIIero MHOXKECTBA OYIyT OTCYTCTBOBATH CJIyYan, KOTOPbIE
MOTYT BCTpeYaThCsS BO BpeMsl dKcITyaTanuu momeneit. [Ipuaem ykazammabe
omuOKU He Oy/IyT BBISBJIECHBI BO BpPEMsi [POBEPKHU MOJIEJIU B CiIydae, e€Ciin
B MTPOBEPOTHOM MHOXKECTBE COOTBETCTBYIOIIAS ayTMEHTAIS CYTTECTBEHHBIX
[PU3HAKOB TAKXKe OTCYTCTBYET.

B samavax moHmKeHus BhIAucauTeabHON ciaokHocTm MHC m cyre-
CTBEHHOI'O COKpAIleHHsI 00beMa 00yUaloIero MHOKeCTBa (MaJible JIAHHbBIE)
[5, 6, 7, 8] paccmarpuBaemast pobiema nepeobyueHus: ycyrybisiercs, a ee
BBISIBJICHIE BO BpEMsl BAJIUIAINN TTO-TIPEXKHEMY OCTAETCsS HEBO3ZMOYKHBIM TTPU
HEJIOCTATOYHOU ayrMeHTAINN JaHHBIX.

CylecTByoIIre MEeTOIbl YCTPAHEHUS YKA3aHHOM 1TPOOJIEMbl B OOJIBIIIIH-
CTBe CBOEM CBOJSATCS K peryisipusanuu napamerpoB UHC u Gostee mostHOM
AyTMEHTAINN JIAHHDBIX, 9TO BO MHOTOM TIO3BOJISIET COKPATHUTD TTepeobydeHe
[pU JO0CTATOIHOM ducje s1ox. OJIHAKO, METOJIOB peIleHusl TpOohIeM OKKJIFO-
3UU KApT MPU3HAKOB, BO3HUKAIOMIEH M3-38 OTIETHHBIX CYIECTBEHHBIX 3JIe-
MEHTOB M300parKeHUsl, HA CEIOJIHSIIIHUIN JIeHb CYIIECTBYeT He TaK MHOIO (Ha-
npumep, attention-mexanusmor [9)).

B mammoit pabore mpejjaraercst METOJ ONITUMU3AINYA YKA3QHHOTO TIepe-
O6yquI/IH 3a CUYeT COKpallleHHns BKJIaJda OTIACJBbHBIX OKKJ/IIOSUBHBLIX 3JICMEH-
TOB M300parkeHusl Tpu (POPMUPOBAHUN KapT Tpu3HakoB cseprounoit THC.
IIpeamonaraercs, 9To BKIa1 yKA3aHHBIX ITPU3HAKOB MOYXKET OBbITH COKPAIIEH B
CJIOSIX, TIPOM3BOJAIINX 3HAYUTETHHOE YBEINICHIE PENEIITUBHOTO TOJIST UCXOJI-
HOro m30bpakenus. JleMoucTpupyercs yBeautdenue o6o0IaooIieii crrocoono-
CTH KapT MPU3HAKOB TIPH MCIIOJIB30BAHNN TIPETATAeMOTO TIOIX0A B 3a/1aUaX
transfer learning ¢ meckospkumu Tunamu apxurexktyp MHC.

2. PenenTuBHOE moJie

2.1. EcrecTBenHO-O1OJIOrIYECKHE MHBApPpMAaHTblI 3pPUTEJIBbHOI'O
BOCIIpMATHNA

C TOYKHN 3pPEHUI eCTeCTBeHHO—6HOHOFH‘{€CKOFO OIIMCaHNsA BOCIIPUNMYNBBIX
obJracreli ecTeCTBEHHBIX HEHPOHOB, PEIENTUBHOE I10JI€ 3PUTEIbHBIX pPellell-
TOPOB OIPEJIE/IsAeTCs KaK 00JIacTh B 1I0JI€ 3PEHUs, e 3PUTE/IbHbIE HEHPOHDI
pearupyror Ha BusyaJsibHble cTumysibl [10].

Basooe cpoiicrBo 3purenbHoro Bocupusitus [10] 3akiouaercs B ciely-
folIeii 0cOOEHHOCTH Iepefady CUIHAJIA PELenTOpy: KOrAa CBeT JOCTUIaeT BU-
3yaJIbHOTO JIATYMKA, TAKOr0 KaK ceTdaTKa, nH(MOpMAIrs, HeoOX0auMast JIJIs
olIpeie/IeHIs CBOMCTB OKPY?KAIOIIEro MUPA, COMEPXKUTCS He B 3HAUEHUSIX MH-
TEHCUBHOCTH M300parKeHHsI B OJHON TOYKE, a B COOTHONIEHUSAX MEXKJy 3Ha-
YeHMsIMU UHTEHCUBHOCTH B pa3HbIX Toukax [10]. Beougs, renepn, Gosee dbop-
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MaJIbHOE OIHUCAHUE, PEIENTHBHOE II0JIe 3PUTEILHONO HEHpPOHa MOXKET OBITD
OIIPeJIEJIEHO KaK 00JIacTh HoJist 3peHnst (061acTh BU3yasbHBIX JATINKOB) HA
BU3yaJbHbIE CTUMYJIbI KOTOPOro OH pearupyer [11].

OcHOBHasI MOTHUBAIMS BBIYMC/IATE]ILHON TEOPUM PEIENTUBHBIX IIOJIEi
[10, 12| 3ak/r04uaercss B yuere CBOHCTB IPOEKIMU 3-MEPHBIX 0ObEKTOB Ha, 2-
MEpPHBIi IATYUK OCBEIEHHOCTHU (CeTIaTKY ), [JIe JAHHbIE N300PasKEeHHsI MOTYT
[OJ[BEPraThesi 6a30BBIM IPeobpasoBaHusIM cieiytomiero sua [10]:

JIOKQJIbHbIE MAacIITabHble TpeoOpa30BaHusl, BbI3BAH-
Hble OOBEKTAMU PA3HBIX PA3MEPOB U HA PA3HBIX Pac- (1)
CTOSTHUSIX JIJIT HAOJIOIATEsT

JIOKaJIbHbIE aPUHHDBIE TTPe0Opa30BaHNS, BLI3BAHHBIE
U3MEHEHUsIME HAllpaBJIeHUsT 0030pa OTHOCUTEJILHO (2)
00beKTa

JIOKaJIbHBIE IIpeobpa3oBaHust lajmiiesi, BbI3BaHHbIE
OTHOCHUTEIBHBIMU JBUXKEHUSIMUA MEXKIy OOBEKTOM U (3)
HabJII01aTeIeM

JIOKAJIbHbIE MYJIbTUIIIMKATUBHBIE Hpeo6pa3013aHI/15{
NMHTEHCUBHOCTH, BbISBaHHbIC USMEHCHUAMU OCBECHICH- (4)
HOCTHU

Torjia, MOCKOJIBKY 3pUTeJIbHAs CHCTEMa CIOCOOHA IOJIJIEPYKUBATD CTa-
OMIEHOE BOCIPUSTHE OKPY2KAIOIIEH CPEJIbl B YCJIOBUSIX YKA3AHHON BBIIIE ayT-
MEHTAIMH CUTHAJIA, OJHUM K3 KJIOYEBLIX TPEOOBAHUI K MaTeMaTHIECKOM
dopMam3aIun ABJISETCS YCTONINBOCTD MOJEIH K TAKUM ITPE0OPA30BAHUSIM.

2.2. NNuBapuaHnTbl 0OpabOTKM 3pUTEJIbHBIX OOPa30B B MCKYC-
CTBEHHBIX HEPOHHBIX CETIX

C ToukmM 3peHns MOJENUPOBAHUS TPOIECCOB 3PUTETBLHOTO BOCIPHUSITUS B
ceeprounbix THC [13| or mogenu Tpebyercss yCTORYUBOCTL K yKA3AHHBIM
peobpa30BaHUAM U JOCTUKEHIE 0DO0OIAIOIIEH CIIOCOOHOCTH TIPU JTOCTATOU-
HO TTOJIHOM W ayTMEHTHPOBAHHOM obydaromeM MHoyKecTBe. OJIHAKO, MCXOJIsT
"3 NIPEAIOCHhIJIOK K YCUJIEHUIO OTAE/IbHBIX CUT'HAJIOB B IIOJIB3Y MUHUMU3AIIUN
GYHKITMOHAA TOTEPb, OYEBUIHO MPEJINoiaraTh, YTO OTAEIbHBIE CBOWCTRA,
COXPAHSIONINECST BO BCEX OOBEKTAX OIHOTO Kjacca, OYyAyT BHOCUTDL CyIIe-
CTBEHHBIN BKJIaJ B KapThl npusHakoB ceeprounoit MHC. Ocobenno, ecin
9T CBOICTBA U300payKeHUs SIBJISIFOTCS yCTONUMBBIMU (MHBAPUAHTHBIME) K
npeobpasoBarusam (1)—(4) — To ecTb OCTAIOTCS HEM3MEHHBIMU BO BCeM OOy-
JaroleM MHOXKecTBe. [[Jist yIpoleHusi ToOBeCTBOBAHUS TIOM00HBIE 3JIEMEHTHI
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n300parkeHust OyJaeM Ha3bIBaTh CYIIECTBEHHBIMHU 3JIEMEHTaMW WJIH Cy-
IECTBEHHBIMU CUTHAJIAMMN.

[Tono6Hble ycuseHust CUrHAIOB MOXKHO Habmonars [14] B aBroaccorma-
rusabix THC (aBrosukojgepax), rje jijist OCyIIeCTBICHUsT 0OPATHONO 0TOOpa-
skeHnst (JexkoaupoBanust) ¢ HanMenbmmmu notepsamu WHC usbbrrotno ycn-
JIMBAET CUTHAJIBI OTIEJIbHBIX IPU3HAKOB, MMEIONINX CHJIbHYIO KOPPEJIAIMIO C
[I€JIEBBIM TIPUBHAKOM.

IIpu opMupoBanny KapT TpU3HAKOB BO Bcex cjosax cBeprounoir MHC
MOXKET COXPAHATHCS M30BITOYHBIN BKJIAI ITOJMOOHBIX CYIIECTBEHHBIX 3JIEMEH-
ToB. OO 9TOM CBUIETEIHLCTBYIOT WCCJIEIOBAHNSA, IIOCBSIIEHHBIE OKKJIIO3UH
uzobpaxkenuit B ceeprounbix THC [1, 2, 3, 4].

[Tpemmoaraercs, 9To BKJIaI ITOAO00HBIX CYIIECTBEHHBIX 9JIEMEHTOB YCUJIN-
BaeTcs 1pu (GOPMUPOBAHUM KapT HpusHakoB B ciiogx MHC, npoussongmux
pacCIMpeHne PENENTUBHOTO TI0JIsi HCXOHOTO n306parkenust (1m.2.4).

B nmannoit paboTe mpemaraeTcss MeTOJ UepeIoBaHUs 00ydIaeMbIX Iapa-
MeTpoB MTHC, KOTOpBIit TO3BOJIAET yBEJIHMIUTH OOODIIAIONIYIO CIIOCOOHOCTD
MOJIEJNIN 3a CYET OCJIabJIeHns BKJIAJ/Ia OTIEIbHBIX TOJOOHBIX CUTHAJIOB IIyTEeM
3aMOPO3KH OTIEIbHBIX CJIOEB, YBEJINIUBAIONINX perenTuBHoe moje. 11pemmo-
JIAraeTcsl, 9TO pacCMaTpUBAEMbIil 9 deKT HOBBIIIeHNs 0000IIAOIIEH CIIocob-
HOCTH MOKeT OBITh JOCTUTHYT [P 3aMOPO3Ke MapaMeTpOB yKa3aHHBIX CJIOEB
WNHC na nocjegaux sramax o0y IeHus.

2.3. Bbrumciienue penenTuBHOIO I0J B MCKYCCTBEHHOI CBep-
TOYHOI1 HEIPOHHOII ceTu

PernenrruBHoe 1os1e Hefipona [6-8] — 310 06s1acTh BXOJHOrO M300pazkKeHUs B
ceeprounoit THC, ot koropoil 3aBucuT peakius aroro Heitipona. Ha puc. 1
IpeJIcTaBJIeH IpuMeD [6] perenTuBHOrO HOJIst /7S 2-X CJI0EB CBEPTKHU C SIIPOM
3x3.

[ycts cBeprounas MHC umeer L cioeB. Boixommbie curHasibl [-T0 Cost
(I = 1,n) 6ymem oboszHavdarh Kak f (TO €cThb fi — 3TO BXOAHOE N306pasKEHNE,
a f, — CHUTHAJIBI TIOCIEIHEro ¢jios). Kaxplil cBeprounbiil cioit | numeer 3
napamerpa CBEPTKU:

e k; - pasmep siipa CBEPTKU
® §; — IIar sAapa CBEPTKU
® p; — pa3Mep LHalJuHra

PaccmoTpuM citydail 0qHOMEPHOIO BXOJIHOTO CUT'HaJIa. Pasmep perenTus-
HOTO T10J1s HEPOHOB 13 cJ10s1 | Oy/1eM obo3Hauarh Kak 7. B pabore [16] npe-
JIAraroTCsI MOAXOIbI K BHIYUCIEHUIO UCXOJHOI'O PEIENTUBHOIO TOJIST JJIsl Pac-
CMaTPUBAEMOTO CJIydasl.
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1-A chok 2-i cnoit 3-i cnoit

Puc 1. Ilpumep perentusHOro moJist B ceeprounbix cjiosx NHC [16]
(1-G caoti - 8xodnoe uzobpasicerue, 2-i caoli - ceepmrka ¢ adpom 33, 3-1
ca0t - ceepmua ¢ Adpom 3x3. Temmo-cepoili - peyenmusroe noase 00Ho20

HEUPOHA U3 BMOPO20 CAOA, CBEMAO-CEPOIT - PEUENMUCHOE NOAE OAL 00H020
HeUPOHa MPEMbE2O CAOA)

PenenrruBHoe moste [-ro ¢BEPTOYHOrO CJI0si Jist 1-MEPHOIO BXOJHOIO BEK-
TOopa MOXKeT ObITh BbIUUCIEHO [16] coemytomum obpasom

ri—1 =581+ (k1 — s1) (5)

[IpejicraBieHHbIl TOAXO IPENoaraeT peKypcuBHOe Bbraucienue |16]
pasMepa MCXOJHOIO PEIENTHBHOIO MOJIs T() Ha OCHOBE Hapamerpos (s, k;),
rae i = 0, L (yuer majaunra p; OyeT mpeICTaB/IeH aaJee).

L -1
o= (=D ]]s:)+1 (6)
=1 i=1

[Tpuuem, kak OyIeT PACCMOTPEHO IO3JHEE, Pa3Mep PEIENTUBHOTO I0JIs
JIJIsT CJIOEB TIOJIBBIOOPKH B JTAHHOM cjIydae [16] aHAOrHYHO TpecTaBseTcst
C TIOMOIIIBIO TTApaMeTpPOB S; U k;.

Paccmorpum, Teneps, BbiBoJ [16] 3HAUeHUTT KOOPAMHAT PEIENITUBHOIO M0~
gag. Ilyets u; u v; — 9T0 KpaliHUil JeBbIi U KpalHul MpaBblil KOOPJIUHATEHI
PEIEenTUBHOrO 10Jsd B cjoe | coorBeTcTBeHHO. KOOp/mMHaThl PErenTuBHOro
noJtst st [ — 1 cjtost MoryT GbITH BhIpazkeHsl [16] ciemyomum o6pazom

w1 =—p+u s (7)
V1 =-—pu-s k-1 (8)

KoopAuHATEI HCXOAHOIO PEENTHBHOTO IOJIst MOTYT OBITH BBIPDArKEHBI Pe-
KypcusHO [16].
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L L1
o=ur[[si =Y _m]]s (9)
=1 =1 =1
-1
UO:ULHSZ Zl+pl_kl)Hsi (10)
=1 i=1

st yno6eTBa BBIMHACICHUS MCXOJHOTO PEHENTHBHOIO IOJS BBEIEM CO-
BOKIIHBII casur S; (crpaii) u coBokymHblii namur P [16]

S = H 5; (11)

L m—1
Z Dm H S; (12)

m=Il+1 i=l+1

Torma, Ternepb, KOOPAUHATHI UCXOJHOINO PEIENTHBHOIO II0JIsI MOTYT OBITH
BBIPAXKEHBI CJIEIYIONIUM 00pa30oM

0:—P0—|-UL-S() (13)

vo=1ug+1rg—1 (14)

Pasmep perenTuBHOTO 0I5t OCJIE TPUMEHEHHsT IO IBBIOOPKH (ITYJIMHTA) C
SJIPOM pasdMepa kr41 B TOCTIEIHEM CJIO€ MOXKET ObITh BLIPAYKEH CJIE/TYIOIINM
obpaszoM

-1

0_1+Z(kl—1 Hs) (kpsr — 1) Hsl (15)

Herpynuo 3amerurhb, 4TO CJI0 HOABBIOOPKN 3HAYUTEIbHO PaCIIH-
pseT peHenTUBHOE HOJie. DTUM 3aMeYaHUEeM Mbl BOCIIOIB3YEMCsI JTajiee B
m.2.3.

B rabsmine 1 npejcraBiied HpUMEP BLIYUCICHAS Pa3Mepa PEIeNTHBHOIO

nostst st THC AlexNet [15]
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Tabmuma 1. [Ipumep Borancienust perenrrusroro mouist st UHC AlexNet

[15]

[ | Tun caos 7] k; s
8 max pooling 1 3 2
7 convolution 3 3 1
6 convolution 5 3 1
5 convolution 7 3 1
4 max pooling 9 3 2
3 convolution 19 5 1
2 max pooling 23 3 2
1 convolution 47 11 4
0 input 195 - -

B rabusune 2 [16] npejcraBieHbl pasMepbl PEIENTHBHOIO OIS JIJIsT Pas3-
JIMIHBIX apxXuTeKTyp cBeprodnbsix THC.

Tabnuna 2. Pazmep penenrusaoro modist jyisi Hekoropeix THC [16]
(rze |lo| - mmHA BXOIHOTO BEKTOpA)

MO,L[e.TIb To ‘lo‘ Sg Po
alexnet v2 195 224 32 64
vgg 16 212 224 32 90
mobilenet v1 315 224 32 126
mobilenet v1 075 315 224 32 126
resnet v1 50 483 224 32 239
resnet vl 101 1027 224 32 511
resnet v1 152 1507 224 32 751
resnet v1 200 1763 224 32 879
inception v2 699 224 32 318
inception v3 1311 224 32 618
inception v4 2071 224 32 998
inception resnet v2 3039 224 32 1482

Heob6xomumo 3ameruts [16], 910 10 Mepe pa3BUTHsT MOJieI€eil PelenTuBHOE
II0JIe UCXOIHOrO n300paskenus ysennausaercs [16] (puc.2).
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Puc 2. rpaduk kadecTBa KjraccupuKalnl B 3aBUCHMOCTH OT Pa3Mepa
perenTHBHOro 1oJist |16]

2.4. Crnou yBean4deHUs PElENTUBHBIX IMOJIeii

B pa6ore [16] perientuBHOe 110J1€ ONpeeisieTcst Kak 061acTh HCXOHOTO H300-
paXkeHus, CUTHAJIBI KOTOPO#l y9acTBYIOT B (POPMUPOBAHUHN KAPT IPU3HAKOB.
Kak 6b1710 3aMeueHo panee, PENENTUBHOE M0JI€ 3HAYUTEIHHO YBEIUINBACTCS
3a CUeT CJIOEB IOJBBIOOPKMU.

[Ipu 3TOM CyIIECTBYIOT €JIOU, IPOU3BO/JILAIIINE 3HAYUTEIHLHOE yBEJINIEeHNE
PEIENTUBHOrO OIS He B CMBIC/IE pa3Mepa 00JIACTH UCXOTHOTO M300ParKeHUs,
a OTHOCUTEJILHO BKJIAJIA €r0 9JIEMEHTOB B KA9eCTBO KJIACCU(DUKAIIIH.

YacTb perenTuBHOrO MoJist, BHOCSINAS CYIIECTBEHHBIN BKJIA/l B KAIECTBO
kaaccudukanuu, OyjeM Ha3blBaTh deticmeumenvhowm (effective receptive
filed) [17]. PenenruBHoe moie, oreHBaeMOe B CMbICJIE KOODJIMHAT UCXOJHOM
obJractu n300parkeHusi, B JaabHeHIIeM Oy/ieM HA3bIBATD GblYUCAACMDBIM.

B pabore [17| memoncTpupyeTCs yBeJMYeHHe JIefiCTBUTEILHOIO DeIerl-
TUBHOI'O II0JIsl KaK 38 CYeT OTHEIbHBIX CJI0eB HEKOTOpoil ceeprounoit THC
(puc.3), Tak u B mporecce obyuenusi ykazannoit UHC (puc.4). B kauectse
MepbI BJIMAHNA OTEJC/IbHBIX BXO/JHBIX CUT'HAJIOB .’I}?Z’J) HEKOTOPOTI'O CJIOA 1 Ha

BBIXOJIHBIE CUTHAJIBI yz j)» OTIEHUBAETCsl YACTHAS HPOM3BOHAL ayg i) / 81‘?1. i)

17].
[Ipennosaraercss, YTO BKJAJ CYIIECTBEHHBLIX 3JIEMEHTOB M300paKEHUsI
yennuBaercst B cosx THC, mpousBomsmmx 3HaUUTEIHLHOE PACIITHPEHNE BbI-
qucsseMoro perentusHoro mouist (1.2.3). Ilpu dopMupoBanun kapT npusHa-
KOB OTJ/IeJIbHBbIE CUTHAJIBI, TTOJIYYeHHbIE U3 BBIYUCISEMOTO PENENTUBHOTO MO~
Jisi, MOT'YT OCJIADJISATBCSI B [IOJIb3Y CUTHAJIOB, IOJIyYeHHBIX HA OCHOBE CYIIE-
CTBEHHBIX JIEMEHTOB M300PaKeHMsI, COXPAHSIONINXCS BO BCeX 00beKkTax 00y-
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(a) (6)
Puc 3. Penenrusnoe nosie B 3aBucumoctu ot caost THC [17]
(a) - penenTUBHOE I0JIe CBEPTOYHOIO €105t (6) - PElenTHBHOE MOJIe CJIOs
OBBIGOPKH (ITy/LIMHTA)

(@) (6)

Puc 4. Penenrusnoe noste 1o u nocie odyvenns THC [17]
(a) - perienTuBHOE 10JIE 70 00y4eHUst; (6) - PEIENTUBHOE MOJIE TIOC/Ie
obyuenust (IyJuInHra)

JaIoIero MHOXKecTBa (11.2.2). OcobeHHo, e/l 9TH 3JIeMEHThI YCTONINBEI (MH-
BapuaHThl) K peobpazoBanusim (1)-(4).

Takum obpazoM, HEOOJIBINNE pasMepPbl AeCTBUTEJIHLHOTO PelenTiB-
HOTO IIOJISI 110 OTHOIIECHUIO K Pa3MepaM BXOIHOIO N300ParKeHNUs NI BBIYMC-
JINMOT'O PEeLEeNTUBHOIO IOJIE MOXKHO PAaCCMATPUBATH IIPH3HAKOM HEJO-
crarounoro obyuennst IHC. TlonsiTHO, 9TO Cjlom yBesmueHnst perenTHBHBIX
1oJieli UrparT 0coby0 POJib B PACHINPEHUH JIEfICTBUTEIHHOIO PEIEIITHBHOTO
IOJISL.

3. lIpeososienne nepeodyvdeHUs

3.1. OnpepeseHue nepeodyvueHUs

B kagecTBe 6a30B0Or0 npejcraBieHus IPodIeMbl IIepeodyYEeHUsT MOIE/IN Pac-
CMOTPHM 3aK0H cMeweHus-ducnepcuy |18, 19| st 3amaun kiaccudukamnum.

[ycrs {x1,x2,...,2y} — HEKOTOPOE OOYUAIOIIEE MHOXKECTBO, IJIe KarK 0
My OOBEKTY Z; COOTBETCTBYET HEKOTOPOE BENIeCTBEHHOE YMCJIO Y; (MpUHA-
JIEXKHOCTD K KJIAcCy, yuuresib). [Ipu arom cyiecTByer 1ieieBast 3aBUCUMOCTh
Y, KOTOpasi olpejiejieHa KaK Ha yKa3aHHOM MHOxKecTBe {T1,X2,..., Ty}, TaK
1 3a ero npejenaMu. Ilpudem meseBast 3aBUCHMOCTD MOXKET OBITH IIPEICTaB-
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JIEHa CJIEIYIONINM 0Opa30M.
y(@i) = f(@:) + ¢ (16)

rne f(z) : RP — R ecth mexoropas (yHKIHs, a € - ecTb ciydaiinas
BesmanHa (myMm). Bymem cumrars, 4ro € mmeer Hysesoe cpegaee Me = 0 u
JIACIIEPCHUIO O

Jamnyio dpopMan3auio MOXKHO PACCMATPUBATEL CJEIYIONIUM 00pPa30M:
11l HEKOTOPBIX 0ObEKTOB 00y YaOIero MHOXKECTBA {1, X2, ..., Ly, } JOCTYIIHbI
orBerhl f(Z), HA OCHOBE KOTOPBIX HEOOXOIMMO AIIIPOKCHMHUPOBATD LIEJIEBYIO
3aBUCHMOCTD Y 3a IPEJIeJaMU YKa3aHHOTO MHOXKECTBA {T1, L2, ..., Tp }.

B rakom ciiydae 3ajada MAITMHHOTO 0OYYEHUS 3aKJII0UACTCS B HAXOXK e
Hrn npubsmrkaromeil dyukipn (Momesnn) a(x), KoTopas ¢ JOMyCTHMON TOU-
HOCTBIO AIIPOKCUMUPYET IIEJIEBYIO 3aBUCHMOCTD Y KaK Ha BCEM 00YydJaloIeM
MHOXKECTBe {1,Z2,...,Tn}, TAK U 3a €ro mnpejejgamu. B KadecTBe OmubKu
AIPOKCUMAIIK OyJIeM PacCMaTPUBATH CPETHEKBIATPATHIECKOE OTKJIOHEHNE

(M(y) — a(x))*.

M(y(z) - a(x))® = M (y*(z) — 2y(z)a(z) + a*(x)) =
= M(a2($)) — 2M(y($)a(x)) + M(y2(m)) =
= M(a*(z)) + M (y*(z)) — 2M ((f + €)a(z)) =
= M(a*(z)) + M (y*(z)) — 2M (fa(z)) — 2M (ea(x)) =
— M(a*(z)) — (M(a(x)))” + (M(a(z)))’*+
+ M () — (M(y(x)))*
+ (M(y(x)))” —2M (fa(x)) =
= D(y(m)) + D(a(:v) + (M(y(x)))2+
+ (M(a(x)))? — 2M (fa(z)) =
— D(y(x)) + D(a(:c)) + (M(f))Q—
—2M (fa(x)) + (M(a(x)))* =
= D(a(@) + (M(f ~ a(@)))” + D(y(x)) =
= variance(a(z)) + bias(f,a(z)) + o>
rie

. bz’as(f,a(x)) = (M(f - a(;z:)))2 - cmeujenue MOJIENH, TO eCTh OMmbKa
OTHOCHTEJIBHO 33/[AHHOIO MHOKECTBA TOYEK {T1, X2, ..., Tn }

e variance(a(z)) = D(a(z)) = M(a*(z)) — (Ma(;zc))2 - ducnepcus Mo-
JIEJTH, TO €CTh pa3bpoc 3HAYEeHNIT OTHOCUTEILHO CPEIHErO Ha 33 [aHHOM
MHOYKECTBE
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° 02 = D(y) - JIACIIEPCHUS TIeJI€BON 3aBUCUMOCTH, pacCMaTpUBaeMas Kak

HEYCMPAHUMAA owuoxa

3akoH cMeneHus - Jucepcun npejnosaraer [19]: wem Gosibiie ToUek
(1,2, ..., Tn) 3aXBaTBIBACT MOJEb a(x), TeM HuzKe cMerienne (bias), oqHako
BhIIIE ee jucnepens (variance). Ecsn npe/osnarars, 9To mpu pocte CI0KHO-
CTU MOJIE/IH YBEJIMIUBACTCS YUCIO0 TOUEK, KOTOPBIE OHA CIIOCOOHA 3aXBATUTD C
JIOIyCTUMOI TOYHOCTBIO, TO JIAHHBIH 3aKOH MOXKeT ObITh [IPOUJLIIOCTPHPOBAH
caretytomum obpasom (puc.5) [19].

Aaucnepcua
(variance)

cmeuleHune
! (bias)

.
-

onTumanbHas CNOXXHOCTb
CNOXHOCTb moaenu

Puc 5. Umocrpanus 3akona cMernenus-aucrnepenn [19)

Torga npobiiema mepeobyueHUsT MOXKET OBITh BhIPAXKEHA CJIEILYIOIUM 00-
pazoM:

Onpenenenune: nepeobyueruem HHC 6ydem naszvisams pocm owubku
HA NPOBEPOYLHOM MHOHCECTBE NPU YEEAUNEHUU CAOHCHOCTNU MOOEAU.

s moneneit MHC maHHBI 3aKOH MOXKeT OBITH BBIDAXKEH B TEPMHHAX
caoxkuoctu THC, r1e cJI02KHOCTD MOJIE/IN OIIPEIEIISIETCS IUCIOM Pa3Ie/Isio-
IUX IUIIEPIOBEPXHOCTEl (HEHPOHOB).
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3.2. N30bITOYHOCTH MOJEJIN UJIN HEJOCTATOYHOCTDH JAHHBIX

B namnom maparpade IPUBOISATCS PACCyKICHU, HOIKPEIUISIOINIIE BBEICH-
HOe paHee onpejesenue nepeodydenust (m.3.1.).

N36prTounas crokuOCTh MOzesn B ciydae VIHC MozkeT onmchIBaThbest Kak
U30BITOUHOE HHCIIO PA3JIC/ISIONIUX THIICPIIOBEPXHOCTEI DU BBICOKON I'DAHY-
JIMPOBAHHOCTH I'PYIII 00BEKTOB B IIPOCTPAHCTBE IIPU3HAKOB (pHC.6).

10

0.8

0.6

X2

04

0z

0o

00 02 04 06 08 10
x1
Puc 6. ITpumep u30bITOIHON CIIOXKHOCTH MOJIE/IN IIPU IPAHYIMPOBAHHBIX
KJIaccax

[Ipu BBICOKOI IPAHYIUPOBAHHOCTH 00YUYAIOIIET0 MHOXKECTBA U IIPU CYTIe-
CTBOBaHUU OTAEJIbHBIX IIPU3HAKOB, IO KOTOPbLIM O6'])€KTI:)I Pa3HbIX KJIaCCOB
CTAHOBSATCS JIETKO OTIETUMBIMIE, MTOSIBJISIETCS HAOOD CYIIECTBEHHBIX TIEPEMEH-
HBIX Jisi hyHKIMN Kiaaccudukanuu (puc.7).

B Takowm ciryaae nepeobyuenne HC Bo3HUKAET HE TOJBKO IIPU JTUTEb-
HOM OOYU€HUN, HO U [IPU UBJIUIITHEM IPOOJIEHNN TPU3HAKOBOTO IIPOCTPAHCTBA
13-33 M3OBITOTHON CJIOZKHOCTH MO/TEJTH.

3.3. Ilepeobydyenue Ha OKKJIIO3MBHBIX ITPU3HAKaAX

B sasaue pacniosnasanusi 00pa3oB OT/EIbHBIE 3JIEMEHThI N300PayKeHMUsl, CO-
XPAHSIONMECST BO BCEM MHOYXKECTBE 0OO'bEKTOB HEKOTOPOT'O KJIACCA, SABJISIOTCS
CYIIECTBEHHBIMU IIPU3HAKaMU. B 0COOEHHOCTH, €CI 9TU MPU3HAKHU SIBJISTIOT-
csl yeToiunBBIME (MHBApHAHTHBIME) K 1peobpasoBanusm (1)-(4), rak Kak ux
obpa3 coxpaHsaeTcst HeM3MEHHBIM BO BCEX 00beKTax 00ydaronero MHOYKECTBA.

O cymecTBoBaHUK IPOOJIEM HEepeoOyIeHUsT Ha CYIIECTBeHHBIX TPU3HAKAX
(11.3.2) B 3a7]aUax pacrno3HaBaHusi 0OPA30B CBHUJIETEILCTBYIOT SKCIIEPUMEHTHI
0 OlleHKe OKKJ/Io3un n3obpaxkenuit |1, 2, 3, 4] B ceeprounsix UHC. O mno-
JOOHBIX TIPOOJIEMaxX TaK K€ CBHUJIETETLCTBYET MHOKECTBO SKCIEDUMEHTOB C
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a7

Puc 7. Tlpumep cyiecTBeHHOI iepeMeHHOM (Z3) B IPOCTPAHCTBE PU3HAKOB

zamymiienneM uzobpaxkenuii (araku na VHC), npuogsiiuM K 3HAYUTEIb-
HOMY TIOHUZKeHHIO TouHoCTH |20).

BazoBbie OX0/IBI 110 OIIEHKE OKKJIIO3KHU 1] TI03BOJISIIOT ONpeIeInTh BJIU-
sIHA€ OTJEJIbHBIX CYIIECTBEHHBIX HMPU3HAKOB HA TOYHOCTH KJIACCH(DUKAIINM.
[Ipu 3amymieHuN OT/IEJIBHBIX JIEMEHTOB U300paKeHHsS OIEHUBACTCS H3Me-
HeHne ToYHoCTH Kiraccudukaruu B odbyuennoit THC. [Ipoussost ykazaHHYO
OTIepAIUI0 UTEPAIMOHHO 110 BCEM O00JIACTAM M300parkKeHusi, BO3MOXKHO OIle-
HUTh CTEIEHb BJIUSTHUAST OTJ/IEJIBHBIX 9JIEMEHTOB U300pakeHusl Ha, (DUHAIBHOE
npejickasanue [4].

DKCIEPUMEHTHI 110 OKKJII03uN n3obpazkennii [1, 2, 3, 4] aemoncTpupyor
npobsieMy yXy/Irenns 00600Iaioneil CiocoOHOCTH MOJEN 38 CIET U30BITOU-
HOT'O BHUMAHUsI HA OTJEJbHBIX IPU3HAKAX U300parkeHnus. 10 ecTb, mpobiiema
mepeoOyUeHns B JTaHHOM CJIydae PAacCMaTPUBAETCS KaK IpodjeMa n30BITOY-
HOTO BKJIJIa, OTJIEJbHBIX OKKJIFO3MBHBIX 3JIEMEHTOB M300PA’KEHUsI B KapThl
npusHakoB ceeprounoir NHC.
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4. Metona yepegoBaHus o0y4daeMbIX ITapaMeTPOB

4.1. Onucanme meroaa

B nannoit pabore mperaraercst METOT YepeI0BaHUs 00y IaeMbIX [TaPAMETPOB
WNHC, no3Bosisionuii yBeTuIuTh 0000IIAIOIIYI0 CITOCOOHOCTD MOJIEH 38 CIET
ocyrabyieHnst BKJIa/ia OTACIBHBIX CYIECTBEHHBIX CUTHAJIOB (11.2.2).

[Ipeamonaraercs, 9T0 paccMaTpuBaeMoe epeoby IeHne MOYKHO PEeryIsipu-
3UPOBATDH 3a CYET IOIIEPEMEHHOII OCTAHOBKM OOYYEHUs CJIOEB, YBEJIUINUBAIO-
[UX BBIYUCJISIEMOE PEIENTUBHOE ToJie. B TakoM citydae BO3MOXKHO yCHJIUTH
ydJacTue JIPYruxX MeHee CYIIECTBEHHDLIX 3JIEMEHTOB M300paKeHus mpu pop-
MUPOBAHUU KAPT TPU3HAKOB, TO €CTh YBEJIUIUTh JE€HCTBUTEIBHOE PEIEIITUB-
HOE TI0JIe, ITO MPUBEJAET K MOBBIMIEHNIO 0000IIAOIIeil CIIOCOOHOCTI MOJIEIH.
JlaHHYI0 TEXHUKY YepejioBaHus 00yJYaeMbIX [MapaMeTpoB OyIeM jiajiee Ha3bl-
BaTh 00y4ueHuem ¢ GuUKCUpoBaHHBbIM perentuBHbIM mosiem (RFF —
receptive field freeze).

4.2. DKCIIEPUMEHTHI

JL1sT TeMOHCTpAaIMK METO/Ia PACCMATPUBAETCST KJIacCHIecKast 3a1a4a transfer-
learning. JlaHHBII 110/1X0/T BRIOpaH, MOCKOJIBKY MTO3BOJISIET OIEHUTH HOBBIIIE-
Hue 0600IaroIeil CHOCOOHOCTH MO/JIe/IN Ha YPOBHE (POPMUPOBAHUST KAPT IIPU-
3HAKOB, & He KJACCHU(PUKATOPA B ITOCIEIHEM CJIOE.

NHC obyuaercst Ha HEKOTOPOM Habope m300pazkeHuii (ykasaHo jaJee),
IpUHAJIEXKAINX MHOXKeCTBY 0a30BBIX KjaccoB. [lasee mpousBomguTcst 00y-
YeHue nocJieiHero (BbxoHoro) kiaccudukarop-ciaos MHC Ha rpynmne kiac-
COB, He BXOJANUX B 0a30Boe oby4aromiee MHOKecTBO. ObOyuenune MIH Ha uc-
XOJHOM Habope KjiaccoB (1o transfer learning) st yrporeHust u3JioKeHust
Oy/eM Ha3bIBaTh 6A30BBIM 00YYEHHEM.

DKcIepuMeHT uMeer cieayomuii Buj (puc.8):

ITl1ar 1. BazoBoe 00yvyeHue Mmoaeaun
BasoBoe 00ytenne MoJe/i B TEUEHNH N SIIOX
ITTar 2. Receptive Field Freeze - 06yuenne (RFF)
Hoobyuenne Mojien B ABYX BapUAINsIX:
e Mozesb 1: 6azooe obyuenne MHC B snoxe (n + 1)
e mozeisib 2: RFF o6yuenne THC B smoxe (n + 1)
HTar 3. Transfer learning
Ha ocnoBe kaxjoil uz 2-x Mojesieil npousBoguTcs transfer-
learning (¢ oZMHAKOBBIME THIIEpIIAPAMETDAMH )
st aucrorsl SKcepuMeHTa Ha Imare 1 Ha IPOTSIKeHUH IIEPBBIX 1 310X
obyuaercs 1 obmast Mogens (mar 1). 3areM Ha snoxe (n + 1) npoussoauT-
cst paspersiieHne Ha 2 Mozesu (mar 2). asee jist KayK1oil Mojiesn 1Ipous-
Bojutcs transfer learning ¢ oMHAKOBBIM rHIIEpIIADAMETPAMHE, OJIMHAKOBOI
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TL

TL

basic

LWar 1 LWar 2 LWar 3

Puc 8. Cxema 3KcriepuMenTa,

CTApTOBOW WHUIMAM3AIIENH BECOB B MOCIETHEM KJIACCH(DUKATOP-CI0E U 00-
UM IEHEPATOPOM CJIyYafHbIX YUCEeII.

Ha ocnoBe ykazanHol cxeMbl jjajiee TPOU3BOIATCA 3 IKCIIEPUMEHTA: 0a30-
BBIIl 9KCIIEPUMEHT, IKCIIEPUMEHT ¢ mpeojosienneM repeodydenns MHC, skc-
nepumenT ¢ rirybokoit UTHC ResNet50.

4.2.1. ba3zoBblii 3KCIIepUMEHT

B 6azopom skcniepumente ncnosb3yercs jgaracer CIFAR-100. Pacemarpusa-
ercs apxurekrypa UHC, cocrostimast nz 2-x Tunos 6JI0KOB: BJIOKU CBEPTOK 0e3
oIBBIOOpKY 1 OJ10KE ¢ moaBbIOOpKOi. Apxurekrypa WHC mpencrasiena B
Tabauie 3.

B pamkax oOydenusi ¢ (PUKCHUPOBAHHBIMU PEHENTUBHBIMUA ITOJISIMU
(receptive field freeze, RFF) B ykazannoit UHC dukcupyiorcs mapameTpsl
CJIOEB, TPOU3BOJSINUX CBEPTKHU Cpa3y II0C/e ONEpaluy IOBLIOOPKHU (max
pooling), To erce ciaou 7 u 13. [llaru sxkcnepumenTa ykazanbl B Tabsure 4.

s onenku ycroitunBoctun merona, garacer CIFAR-100 6su1 pa3bur Ha
10 moamHOXKeCcTB KjaaccoB. Kakmoe M3 MOAMHOXKECTB OBLIO pasbmTo Ha 2
IPYIIIbI KJIACCOB: KJIACCHI JJisi 0A30BOTO OOyUeHUsi U KJjacchl juis transfer-
learning. MTorosbie rpymmbl IOAMHOXKECTB IPEJACTABIEHBI B TaOIHUIE .
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Tabnumna 3. Apxurektypa 6azosoit MHC

N | Caoii Pasmep kaptol | Kos-Bo simep | Pasmep aapa
1 | Convolutional (32,32) 32 (3,3)
2 | BatchNorm (32,32) - -

3 | ReLU (32,32) - -
4 | Convolutional (32,32) 32 (3,3)
5 | ReLU (32,32) - -

6 | MaxPooling (16,16) 32 (2,2)
7 | Convolutional (16,16) 64 (3,3)
8 | BatchNorm (16,16) - -
9 | ReLU (16,16) - _
10 | Convolutional (16,16) 64 (3,3)
11 | ReLU (16,16) - -
12 | MaxPooling (8,8) 64 (2,2)
13 | Convolutional (8,8) 64 (3,3)
14 | BatchNorm (8,8) - -
15 | ReLU (8.3) - -
16 | Convolutional (8,8) 64 (3,3)
17 | ReLU (8,8) - -
18 | Flatten 4096 - -
19 | Danse 64 - -
20 | ReLU 64 - -
21 | Danse 8 - -
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Tabnuna 4. Cxema sxcrepumenTon 1.1-1.10

Homep smoxu Mogeas 1 ‘ Mogeinnp 2
0 MHUIATIU3AII TapaMeTPOB
[1,4] 6a3oBoe 00yUeHIEe
5 bazoBoe obyuenune | RFF-obyuenue
6 transfer-learning | transfer-learning

Tabmuna 5. Pazbuenne kinaccoB B axcrepumentax 1.1-1.10

N | Kaaccel gna 6azoBoro obyuenusi | Kiaccor LISt
transfer-learning

1.1 | abs0K0, XOMsK, PeOEHOK, MeIBejib, | XKYK, 600D
qachl, IT9ejIa, BEJIOCHUIIe ], Oy ThLIKA

1.2 | moct, aBTOOYyC, BepOJIION, MEBYIIKA, | dalla, MaJbIuK
OaHKa, 3aMOK, TI'yCEHHIIa, KPYIIHBII
poraTelii CKOT

1.3 | mumMmanse, o6/1ako, KpoBaTb, Tapa- | CTYJI, KPOKOIMI
KaH, JUBaH, ropa, Jallka, JUHO3aBP

1.4 | menbdun, kambara, jiec, auca, 6abod- | CJIOH, aKBapUyMHasi
Ka, JIOM, KEHI'ypy, KJIaBUaTypa PBIOKa,

1.5 | jlamma, Ta30HOKOCHJIKA, Jieomap, | Kpad, MOTOIUKJI
JIeB, SIIEpHuIia, omap, dJeperaxa,
KJIEHOBOE JIEPEBO

1.6 | mbimb, rpubd, ayboBOE JIEPEBO, allejib- | TAJIbMOBOE  JIEPEBO,
CUH, OPXUJEsi, BbIIPA, IMHKAIl, COCHO- | IPYyIIa
BOE JIEPEBO

1.7 paBHUHA, TapejiKa, MakK, OIIOCCYM, | KPOJIMK, PaKeTa
JUKOOPAas3, eHoT, JIyd, J0pora

1.8 | po3a, mope, TIOJI€Hb, 3eMJIEPONKA, | CKYHC, aKyJja
HebocKkped, yIuTKa, 3Mes, IayK

1.9 | 6enka, 1moesm, CHAIKUil meperl, CTOJ, | TeaedoH, TpaMBaii
TaHK, TeJIEBU30P, TUTD, TPAKTOP

1.10 | moxconyx, dbopeb, mKad, KAT, UBO- | My2KYHHa, TIOJIbIIAH

BOE€ JIEPEBO, BOJIK, YKEHIIINHA, Y€PBb
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Takum ob6pas3oM, JJjist OIEHKU YCTOWYIMBOCTH METOjA, SKCIIEPUMEHT I10-
Bropsiicss 10 pas Ha pa3HbIX Kiaccax m3obpaxkenwit. Ha kakjgom uz moi-
MHO2KECTB KJIACCOB ITPOM3BOJUJICHA IKCIIEPUMEHT CJieyomiero Buja. s
Basmgaim oTBoAuIoch 20% OOBEKTOB M3 KaxKJO# TI'PYIIBI KJIACCOB s
transfer learning. B kadecTBe MeTpHUKM OIEHHUBAETCSI acCUracy Ba I IAIIAN
(val accuracy).

Tabsmra 6. PesynbraTo: skcnepumenTon 1.1-1.10

Howmep Mopennr 1 | Mogean 2 | delta
9KCI-TA
1.1 0,640 0,645 +0,005
1.2 0,590 0,595 +0,005
1.3 0,675 0,680 +0,005
14 0,765 0,760 —0,005
1.5 0,700 0,745 40,045
1.6 0,890 0,905 40,015
1.7 0,795 0,800 40,005
1.8 0,880 0,875 —0,005
1.9 0,640 0,655 +0,015
1.10 0,790 0,825 +0,035
avarage delta +0,012

Ha rpadukax mike (puc.9) mpe/cTaBieHbl TOKAa3aTen TOTHOCTH 00y e~
HUsI ¥ BAJIUAIINH.

Herpyano 3amernTn, ¥T0 B 9kcrepumenTax 1.4 u 1.8 (rae TodHOCTH Basm-
JIAIAN MOJIEJIN 2 OKa3aJ1aCh HUKE) MOJIe/Ib 1 JocTrraeT Hanbosibieir 0606rma-
IOIIEli CIIOCOOHOCTH OTHOCHTEIHHO IIPOYINX SKCIEPUMEHTOB (TaK Kak IoKa3a-
TeJI TOYHOCTU BAJIMIAIINE COIIOCTABUMBI ¢ TOYHOCTBIO 0OydeHust). B MHOrIX
ocranbHbIX ciaydasnx (1.1, 1.3, 1.6, 1.7, 1.9) MHC oka3sasach 6sin3ka K dase
epeobyIeHns Ha IEPBBIX 4 5I10XaX.

Ucxomst n3 3T0T0 HAOJIIONEHNS, €CTECTBEHHBIM 00Pa30M BO3HUKAET IHIPE/I-
nosioxkenne, uro RFF obydenue mo3Bosister n3bekarsh panHeil cTajuu mepe-
o0yJeHns, KOTOpasl BbIPasKAETCs BEICOKON OKKJIIO3KMEH N300parkKeHusl. JKCIIe-
PUMEHT C TUM IIPEIIOJIOKEHNEM PACCMATPUBAETCS B CJIELYIONIEM paselie.
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4.2.2. DKCIIEPUMEHT C IPeoaoJieHneM HepeodyueHus:

JI71sT OTIeHKM IIPEIIIOJIOXKEHHsI, PACCMOTPEHHOIO B IPOIIJIOM pa3jiesie, IMPonus3-
BOJUTCS PsiJi SKCIEPUMEHTOB ¢ 6a30BbIM 00ydYeHUEM B 7 310X, Ile 3HAYCHHE
n omnpenensiercss cragueit mepeobyuenus MHC. B kaxkmom u3 10 skcruepu-
MEHTOB 06a30Boe 00ydeHne IPOu3BOAUTC 10 TexX nop, noka VMHC e Boiimer
B (bazy nepeobyUueHnsl Ha HEKOTOPOil 3moxe n. 1o ecTh, SKCIepUMEHT UMEET

CJCYIONIMUIA BU:

Tabauna 7. Cxema sxcrepumerTon 2.1-2.10

Howmep snoxm Mogens 1 ‘ Mogenn 2
0 MHULMAIU3AUA [1apaMeTPOB
[1,n — 1] 6azoBoe 00yueHme
n 6azoBoe obyuenne | RFF-obyuenune
n+1 transfer-learning | transfer-learning

Kak u B 3KcIepuMeHTax IIPOILIOrO pasjesa, Jis Bajuganuu transfer
learning orBoIIOCh 20% 00BEKTOB U3 KazKJI0ii IPYIIIBI KJIACCOB. B KauecTBe

METPUKH OIEHUBaeTCs accuracy npu Bajmganuu (val accuracy)

Tabsmra 8. PesymbraTo! sxcuepumenton 2.1-2.10

Homep | Moaens 1 | Moaesns 2 delta

IKCI-TA
2.1 0,640 0,635 —0,005
2.2 0,690 0,670 —0,020
2.3 0,830 0,850 + 0,020
2.4 0,900 0,905 + 0,005
2.5 0,825 0,830 + 0,005
2.6 0,870 0,900 + 0,030
2.7 0,755 0,795 + 0,040
2.8 0,855 0,905 + 0,050
2.9 0,830 0,850 + 0,020
2.10 0,740 0,725 —0,015

avarage delta +0,013

Ha rpadukax nmxke (puc.10) mpecraBieHbl TOKa3aTeIn TOTHOCTH 00Y-
YeHUs ¥ BaJualu. AHaJU3 U BBIBOJBI IIPUBe/IeHB! B aparpade 4.3.1.
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4.2.3. IDKCIIEepUMEHT C IJIyOOKOI HEHPOHHON CeThIo

B skcnepumentax Nel.1-1.10 mw Ne2.1-2.10 sMUTHPOBAJIMCEH CJIOW TJIYOOKHAX
VHC, npousBojgsiiye cxKarue KapT NPU3HAKOB (TO €CTh CJIOU, PACIIUPSIIO-
Iye perenTuBHOe noJie). B JaHHOM pasjiesie SKCIepUMEHT IIOBTOPSIETCS JIIsT
rirybokoit MHC ResNet50.

N3 nmaracera ImageNet 6bun Boibpannr 10 ciaydaitabix Kiaaccos. [lastee
U3 yKA3aHHOTO MOJIMHOXKECTBA KJIACCOB CJIYUANHBIM 00pa3oM ObLIN BHIOPAHBI
2 kacca juist transfer learning. B MHC ResNet50 B pamkax RFF-o6yuenus
ObuIN 3aUKCUPOBAHBI [TAPAMETPHI B CJIOSAX, HMOHIXKAIOIMINX pa3Mep KapThl
npusnakos (tabsmia 9) : 8, 40, 82, 144. Ilaru sKciepuMeHTa yKa3aHbI B
Tabaue 9.

Tabsmia 9. Ciion, nonuzxkaroiye pasmMep KapThl npusHakosB B ResNet50

Howmep caosa | Pasmep BxoaHoi | Pazmep BBIXOJTHOI
B ResNet50 | kapThl Npu3HaAKOB KapThl ITPU3HAKOB

8 (114,114) (56,56)

40 (56,56) (28,28)

82 (28,28) (14,14)

144 (14,14) (7,7)

Tabmumna 10. Cxema 3KcrepuMeHTa 3

Howmep Mogeas 1 Mogenan 2
MOXU
0 WHUIUAJIN3AIUS] TapaMeTPOB
[1,n —1] 6azoBoe 00yuenne
n 6azoBoe obyuenune | RFF-obyuenune
n+1 transfer-learning | transfer-learning

Kak u B sKcriepuMenTax IPOIIIBIX Pa3J/esioB, JUisl Bajujanun transfer
learning orsoauIoch 20% 00BHEKTOB U3 KaxK 101 IPYIIIBI KJIACCOB. B KadecTBe
MeTPHKH OIeHUBAeTCsl accuracy npu Bajauganuu (val accuracy)

Tabauna 11. Pesysbrars! sKkciiepumenTa 3

Howmep Mogaenb 1 | Mogeab 2 | delta
9KCI-Ta
3 0,6827 0,7346 +0,052

Ha rpadwuke nmxe (puc.11) npegcraBieHsl moKa3aTen TOTHOCTH 00y Ie-
HUS U BaJuganun. AHaJIM3 U BBIBOJbBI IpUBEIeHbI B maparpade 4.3.1.
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4.3. Pe3yibTaTbl 3KCIEPUMEHTOB

4.3.1. YBeandyeHue TOYHOCTU

B Tabunne 12 npejcraBieHbl pe3yibTaThl Beex sKcrepumenTos (m.4.2.). B
pamkax BeiOpanubix apxutekTyp MHC Habiiomaercs yBesnaenue 06001a0-
e CIIoCOOHOCTH MO/IeIel.

Tabsmra 12. Pe3ynbraThl BceX IKCIIEPUMEHTOB

N | Tun KOJI-BO | KpuTepuii M1 M2 delta
MOJEJIN | III0X OCTAaHOBKU
1.1 | 6azoBass | 6 9HUCJIO SIOX 0,640 | 0,645 | + 0,005
1.2 | 6azoBass | 6 9HUCJIO DIIOX 0,590 | 0,595 | + 0,005
1.3 | 6azoBass | 6 9HUCJIO DIIOX 0,675 | 0,680 | + 0,005
1.4 | 6azoBass | 6 9HUCJIO DIIOX 0,765 | 0,760 —0,005
1.5 | 6azoBasg | 6 9HCJIO TOX 0,700 | 0,745 | + 0,045
1.6 | 6azoBass | 6 9HUCJI0 IIOX 0,890 | 0,905 | + 0,015
1.7 | 6azoBass | 6 9UCJI0 SIOX 0,795 0,800 | + 0,005
1.8 | 6azosass | 6 9HUCJIO DIIOX 0,880 | 0,875 —0,005
1.9 | 6azoBass | 6 THUCJIO TOX 0,640 | 0,655 | + 0,015
1.10 | 6azoBass | 6 YHUCJIO SIIOX 0,790 | 0,825 | + 0,035
2.1 | basoBast | 4 repeobyienue 0,640 | 0,635 —0,005
2.2 | basoBast | 9 mepeobyuaenne | 0,690 | 0,670 —0,020
2.3 | basoBast | 4 mepeobyuenne | 0,830 | 0,850 | 4+ 0,020
2.4 | 6asoBast | 7 rrepeobydenme 0,900 | 0,905 | + 0,005
2.5 | 6a3oBasg | 8 nepeobyuenne | 0,825 | 0,830 | + 0,005
2.6 | 6azoBasg | 8 nepeobyuenne | 0,870 | 0,900 | + 0,030
2.7 | 6asoBas | 10 repeodyuenune | 0,755 | 0,795 | + 0,040
2.8 | 6asoBaza | 10 repeodyuenune | 0,855 | 0,905 | + 0,050
2.9 | basoBast | 9 nepeobyuenne | 0,830 | 0,850 | 4+ 0,020
2.10 | basoBast | 8 mepeobyuaenne | 0,740 | 0,725 —0,015
avarage delta +0,013
3 [ ResNet50] 17 | amcno smox 0.6827 | 0.7346 | +0,052
avarage delta +0,052

VBenndenne 0000IIAONIEH CIIOCOHOCTH JIOCTHTAETCs Ha YPOBHE CJIOEB,
opMupYOIIUX KAPTHI IPU3HAKOB (IIOCKOJIBKY IKCIEPUMEHTHI IIPOU3BOISITCSI
B pamKax 3aja4n transfer learning).

PesysibraThl, mojiydeHHbIE B 9KCIEPUMEHTAX C IIPeoIaIeHIeM IIepeodyde-
HUS MOT'YT CUTHAJIU3UPOBATDH O HMOBBIIIIEHUN 0000IAIOIeil crtocoOHOCTH MOJIe-
JIM 33 CYET OCJIabJIeHNsT BKJIaa OTACIbHBIX OKKJIIO3UBHBIX IIPU3HAKOB U300~

paKeHus.
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B skcnepumente ¢ riry6okoit THC ResNet50 (11.4.2.3.) mocruraercs 6oee
BBICOKUIT mpupocT TounocTH, 4eM B UTHC co 3HaunTe IbHO MEHbIIel apXuTeK-

typoit (1m.4.2.1, 1.4.2.2.).

4.3.2. O1ienka BpeMeHHU 00y4eHus

B skcmepumenTax mpu mepexose or Mofean 1 K Mozesie 2 He 3aUKCHPOBAHO
[OBBIIIIEHNE BpeMeHn oby4yenns. B Tabiymie 13 meMoHcTpupyercs pe3yabTarbl
IPOMUINPOBAHNS BPEMEHH.

[IpenmookuTeIbHO, HE3HAYNTE/bHBbIE M3MEHEHUsI CKOPOCTH O0yYeHMUsI
(Ha BCeM dYHCJIe SII0X) BBI3BAHBI TEXHUYECKUMU U3JEPXKKAMU Ha (DUKCHPO-
BaHWE U IIPOIYCK OTAEJIbHBIX CBsI3eil ipu pacrnpocrpanennn curnaia B THC.

Tabsuna 13. Uzmenenune BpeMenu oOyvdeHUs

N tun mogesmm | M1 (sec) | M2 (sec) | delta (sec)
1.1-1.10 bazoBast 67.0 67.5 +0.7%
2.1-2.10 6azoBast 108.0 108.5 +0.4%

3 ResNet50 30499 30828 +0.1%

5. BeiBog

PeanmuzoBana Texnunka, npu Koropoi obydenue cseprounoit UHC mpoucxo-
JIUT C YepeyeMoil OCTaHOBKO# OOydUeHUsI B CJIOAX, TPOU3BOMLAIINX PACIIU-
penne pernernrrusHoro noJisi. Ha mpumepe 3aja4n transfer leaning npogemon-
CTPUPOBAHO yBeJudeHue 0600Iaioneil crtocoOHOCTH MOJEIN BO MHOYXKECTBE
9KCIEPUMEHTOB ¢ Oa30Boit apxutexkTypoit THC.

st rmy6okoit apxutekTypbl ResNetb0 mosrydeno yBesmdeHne TOYHOCTH
Ha 5% 3a cuer ocTaHOBKHU O0y4eHUs: BCEro /s 4 CJI0eB M B paMKax Bcero 1
SIOXU.
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YacTp 2.
CrnenmajbHbIe BOIIPOCHI TEOPUN
MHTEJLJIEKTyaJdbHbIX CHCTEM



K Bompocy o BoccTtaHoB/ieHUN M300parKeHus
110 CTEPTOMY KOJLY

J1. B. Anexcees!

IIpemmaraercss aaropuT™ Jjisi BOCCTAHOBJIEHHSI M300ParKEHUsI 10
CTEPTOMY KOy, T.e. KOy M3 KOTOPOrO yaajieHa umHpOpMaIms 00 WH-
aekcax. Ajaropurm 06/1a8/1a€T IOJUHOMUAJIBHON CJI02KHOCTBIO. BBeneHo
INOHATHE TPEYroJIbHUKOB O6IH€F0 IIOJIOZKEHN . ,HJIH MHO>KeCTBa TO4YEK,
00pa3yIoIuX TPEyroJbHUKU ODIIEro IOJIOYKEHHs, JT0Ka3aHa KOPPEKT-
HOCTBH pa6OTbI aJIrTOpUTMa BOCCTAHOBJICHUI.

KuroueBbie cioBa: Koj n300paskeHusl, CTEPTHIA KOJI, KOIHPOBa-
HUe n300parkenunii, adppruHHAST SKBUBAJIEHTHOCTD.

1. BBeaenue

OjtHolt M3 337189 PACIIO3HABAHUS 0OPA30B SIBJISIETCS 3a71a49a PACIIO3HABAHUST
3puTeNbHbIX 00pa30B. OJHUM W3 BApUAHTOB PACIIO3HABAHUSI SIBJISIETCSI CO-
[IOCTaBJIEHNE C U3BECTHBIM 06pa3roM. OueBniHO, n300parkeHne MOXKeT ObITh
CIBUHYTO, MIOBEPHYTO, UMEThb JApyroit Maciitad. [Ipu aTom denoBedecku rias
pacriosnaer 5T n3obpaxkenus (cMm. puc. 1(a)). Takum 06paszom mmMeer CMBICIT
OTOXKJIECTBJIATH U300PAYKEHNUsI, IOy IeHHbIE IIyTeM TPUMEHEHUsT TPeobpazo-
BaHWS M3 HEKOTOPOTO KJIacca TeOMEeTPUIeCKUX mpeobpas3oBanwmii. B qacTHO-
CTH,0JTHUM U3 TAKUX KJIACCOB SIBJISIETCS MHOXKeCTBO adOUHHBIX Mpeodbpazo-
BaHWI. ITOT KJIACC SIBISIETCS JOCTATOTHO OOTATHIM M BKJIIOYAET B CeOsT CIBU-
M, IOBOPOTHI, PACTSI?KEHUsI. 3aMETHM, 94TO Ha MPaKTHKE, KOrJa, HAIPUMep,
n3o00parkeHne MpPOeKTUPYETCsI Ha, CeTIATKY IV1a3a WIu (POTOTYBCTBUTEIbHbIIMA
9JIEMEHT KaMephl, C MJIOCKUM H300paskeHneM MPOUCXOIAT, BOOOIE ToBOPSI,
MPOEKTUBHBIE TTpeodpazoBaHus. BrpotueMm, eciim paccTosHme 10 00bLEeKTa Be-
JINKO TI0 CPABHEHWIO C €ro XapaKTePHBIMU pazMepaMiu, TO MOYKHO CUUTATh
adduaHBIE TPEoOpPA30BAHMS JTOCTATOTHO XOPOIIUM IPUOIMKEHNEM IIPOEK-
TUBHBIX.

Kaxkmoe nzobparkerne MOKeT OBITh MPEICTABIEHO KAK MHOXKECTBO TO-
ek (cMm. puc. 1(b)). Bamernm, 9TO KOOpAMHATHOE MIPECTABIEHIE ITUX TO-
Y€K, OUEBHJIHO, 3aBUCHT OT BBIOOPA CHCTEMBI KOOpAuHaT. Kpome Toro, oo ne
SIBJISIETCST MHBAPUAHTHBIM OTHOCUTETHLHO TEOMETPUYIECKUX MPeodpa30OBaHMIL.

L Anexcees Jdmumpui Bacdumuposuw — KaHoumar OU3.-MAT. HAYK, C.H.C. Ja-
ooparopun Ilpobsiem Teoperndeckoit KubepHeTHKH MeX.-maT. ¢-ra MIY, e-mail:
alekseev@intsys.msu.ru

Alekseev Dmitriy Vladimirovich — Candidate of Physical and Matematical Sciences,
senior staff scientist, Lomonosov Moscow State University, Faculty of Mechanics and
Mathematics, Problems of Theorecical Cybernetics Lab.
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ITosToMy nMeeT CMBICT paccMaTPUBATh APYTHE IIPEICTaBICHNUsT, 0018 1a0IIIIe
CBOMCTBOM HMHBApPUAHTHOCTH.

B.H. KozoB B [7] BBeJ nousiTHe K004 u300pastcenus, sSBISIOMErOCst npa-
BUALHBIM JIJIST KAKOTO-TO CEMENCTBA reoOMeTpuvIecKux mpeobpasoBanuii. Ko-
JIOM SIBJISIETCST HAOOp 3HAYEHU, MHBAPUAHTHBINT OTHOCHTEILHO 9TOTO CeMeii-
crBa. Ko siBsiercst npaguavbtvim, B Cilydae, KOrIa BEpHO 1 0OpaTHOoe: U3 COB-
majieHne KOJOB BBITEKAET SKBUBAJEHTHOCTL (DUTYP OTHOCHUTE/HHO JAHHOTO
ceMelicTBa mpeobpasoBannii. Hampumep, Koj1, cocToANIT U3 MOIAPHBIX pac-
CTOSTHUI MEXKJIy TOUKAMH, SIBJISIETCS IIPABUIBHBIM OTHOCUTEJIBHO JIBUKEHU
wtockoctu. Tam ke B [7| ObLT IpeIoKeH KO, COCTOSIIIMIA U3 TOMAPHBIX OT-
HOILICHUN IIJIOmaeil TpeyrojJbHUKOB, U JOKa3aHa TeopeMa O TOM, YTO TaKOi
KOJI SIBJIETCSA NPABUIBLHBIM JIJIT MHOXKECTBa HEBBIPOXKIEHHBIX adOUHHBIX
peobpa30BaHMil IJIOCKOCTH. B Xoe J0Ka3aTeabCTBa TEOPeMbl OBLI IIPe-
CTaBJIEH AJITOPUTM BOCCTAHOBJIEHHUSI MCXOMHOTO M300pPaKEHUsI IO €ro KOy
(¢ Tounocrbio 10 addurnol sKBuUBaseHTHOCTH). [lo3aHee T1.T. Arnuamnsu-
au B [1] 0606mma 9TOT METOJ Ha Ciiydail n—MepHOro mpocrpaHcTBa. B (2]
ObLIM BBIBEJIEHBI XapaKTEPUCTUYECKHE CBOWCTBa KOIOB, T.€. YCJIOBHS, IPU
KOTOPBIX HEKOTOPBI HAOOP UHCEsT SIBJISETCS KOIOM CYIIEeCTBYIOIIErO H300-
paxenusi. IlocTpoeHne Koma, IpaBUILHOIO OTHOCHTEILHO HEBBIPOXKIEHHBIX
[IPOEKTUBHBIX [IPe0bpa3oBaHmil IIIOCKOCTH, ObLIO ¢jles1ato B [3].

Cmepmoim K00oMm HA3BIBAETCSI KOJI, KOTOPBIA IOJydYeH U3 Koja n306pa-
JKEeHUsI cTUpaHneM nHdopMalnn od nHaekcax. Brmepsbie 3aga4da ObL1a cdop-
MmyaupoBaHa aka. B.b. Kyapsasuesbim 6ostee 40 jeT Hazal e LyommuM 00-
pasom: Ecyin ocTaBUTH TOJIBKO ITOTIAPHBIE PACCTOSTHAS MEXKTy TOUKAME U300-
pakeHust (<«IaJIKU» ), ¥ BLICTPOUTH MX B HEKOTOPOM ITOPSIIKE, HAIIPUMED, BO3-
pacTaroleM, U CJIeJaTh OTUOAOILYI0 v 9TOH «IrpebeHKN», TO MOYKHO JIK OCY-
MIECTBJISITh paclo3HaBaHue 1o Buay ormbatormeit?! [lo3mHee 3amada ObLta 1€~
pedopMyInpoBaHa, JIJIsT KOJIa, COXPAHSONEro adMUHHY0 SKBUBAJIEHTHOCTD.
Ha mamnprit MOMEHT aBTOPY He M3BECTHBI PabOTHI, COAEPIKAINNE TPOIBUIKE-
HUS 110 PEIIeHIO STUX 3aa4.

Creprblii KOJ MOXKeT ObITh HCIOJIb30BaH, HAIIPUMED, KaK II0Ka3aHo B [4],
JIJIST TIOCTPOEHUS aJrOPUTMa, I POBOI ITOIIIUCH.

B nmanmoit pabore paccMarpuBaeTcs 3ajada BOCCTAHOBJIEHUS M300parKe-
HUS TI0 CTEPTOMY KOJY C TOYHOCTBIO 110 abPUHHOM sKBUBaIeHTHOCTH. [1pe-
JIOXKEHO OIIPEJICJICHIE MPeYy20AbhuKo8 obuseeo nososcenus. Ilpemnnoxen a-
TOPUTM BOCCTAHOBJIEHUsI U JIOKA3aHA €ro KOPPEKTHOCTH IPU YCAOBUU, 9TO
TOYKHU HCXOJTHOTO M300parKeHusi 00Pa3yoT TPEeyroJIbHUKU OOIIEro MOJIoyKe-
HUs. AJITOPUTM BOCCTAHOBJIEHUST 00JIAJAeT MOJIMHOMUAIBHON CJIOXKHOCTDIO.

ApTop xorej1 ObI BeIpa3uTh Oiiarogapaocts npod. B.H. KosnoBy 3a Bau-
MaHme K pabore. TakxKe aBTop XoTes ObI BBIPA3UThL 3TOI cTaTheil MaHb ma-
maTu | akag. B.b. Kynpssmesa |
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Hamnbrelinas: 1acTh pabOThl OPraHU30BaHa CJAEIYIONUM obpasoM. B pasz-
zejte 2 JaroTcs HeoOXOAUMBbIe OlpeaeieHust 1 (POPMYIMPOBKA OCHOBHOIO pe-
3ysibTaTa. B paszmerne 3 onmcaH ajqropuTM BOCCTAHOBJIEHUS M300PAXKEHUsI 110
CTEPTOMY KOJy W JOKa3aHa ero KOPPeKTHOCTh. B pazmesne 4 maHa ajaropur-
MHYeCcKasi CJIOXKHOCTD M OIMCAHBI PE3Y/IbTaThl YUCAECHHBIX IKCIEPUMEHTOB. B
pasjesie b comep:KaTcsi BBIBOBI U JaJIbHEHINNe TIIaHbL.

(a) Addunnbie npeobpazoBanus (b) IIpubnmkenne ToOIKaAMU

Puc. 1.

2. OcHoBHBIEe IOHATHA W (POPMYJIUPOBKA pPe3yJIibTaTa

Onpenenenune 1. MI3obparkeHueM 6ydem HA3b18GMH HENYCMOE KOHEUHOE
MHOMHCECTNB0 Mouek Ha naockocmu A = {aq, ..., an}.

Onpepenenne 2. Kogom usobpasicenun A = {ay,...,an} (npun > 3) 6y-
_ _ S(Aasaja) 11

dem Hnazvieamv mmootcecmeo R(A) = {Pijkmqr = S(Bayagar) | - ITpu amom

INEMEHMDL, NOAYUEHHBLE NEPECTNAHOSKAMU UundeKcos i, j,k u p,q,r 6ydem

CHUMAMb 00HUM U MEM JICE INEMEHTNOM K00G, MAKUM 00PA3Z0M MOULHOCTID
mnosicecmea |R(A)| = (C3)32.

Harnee, B mannoit pabore O6y/IyT paccMaTPUBATLCS TOJIBKO TaKue H300pa-
JKEHWsT, B KOTOPBIX HUKAKIE TPU TOYKH HE PACTIONOYKEHBI Ha OTHON TPIMOIL.
CaoiicTBa KOZI0OB nM300parkeHust

1) pijkijk = 1;
2) Ppgrijk = (Pijkpar)

3) Pijk,pgr X Ppgruvw = Pijkuvw:

'Eciu Touku Qp, Qq, Gy PACIOJIOZKEHBI Ha OJIHOM IPSIMOii, TO cTaBUM (hOPMAJILHBINA CHM-
BOJI Pijk,pgr = OO
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)

Fpijks T Pikix = EPijix T Pjki, TIE HA MeCTE «™» CTOUT HPOU3BOJIb-
Has (O/HA U Ta ¥Ke) TPOiKa, a 3HAKM BBIOMPAIOTCS B COOTBETCTBUU C
opueHTaIel TPEeyroJbHUKA, IJIOMA b KOTOPOTO CTOUT B 3HAMEHATEIE.
Hanpumep, eciu BepIIMHEL a;, 4, f WAYT IPOTUB 9aCOBOI CTPEIKHU, TO
Pijk,« BIET CO 3HAKOM «-+», a MHauYe — CO 3HAKOM «—».

B pa6ore [2| 66110 TTOKA3aHO, YTO 3TH CBOMCTBA KOJIA SIBJISIOTCS B HEKOTO-
POM CMBICJIE XaPAKTEPUCTUIECKIME. A MEHHO, eciin 3a]UKCHPOBATH OPUEH-
TaIUIO KaxKJ0Tr0 TPEyTOIbHUKA U B3ATh HAOOP IPOU3BOIBHBIX YUCET Ok pgrs
yZOBJIETBODsOIMii cBojicTBaM 1-4, TO 1m0 sTOMYy HabOpy crpouTcs (Hpudem

O,H,HOSHB}IHO) MHO2KECTBO TOYEK, KOAOM KOTOPOT'O ABJIAIOTCA 3TU HUCJIA.

Onpepenenne 3. CreprbiM KojioM  udobpasicenus A = {aq, ..., an} 6ydem
nasvisamy mysvmummoscecmeo Z(A) = {p1,....pp}, M = (C3)2, noayuen-
Hoe «cmupanuems undexcos 60 muodicecmee R(A).

Onpenenenne 4. Bydem z2o06opumbv, wmo muoscecmso mouex A obpasy-
EM MHOHCECTNBO MPEY20ALHUKOE 00ULL20 NOAOAHCEHUSA ‘Z(A), eCAU BHINONHEHDL
ceoticmea:

1)

2)

3)

4)

9)

Huxaxue mpu mouwku ne aexcam na 0010t npamoti, Opy2umu cA08aMU,
6CE MPEY20AbHUKY, 00pA306aHHbBIE MPOliKaMy mouek u3 A — neebi-
pootcoenmoie;

Bce nempusuarvrvie (m.e. me pijrijr = 1) anemernmor koda R(A) =
{pijk,imn} nonapro pazsunl; 3amevarue: uz 3mMo20 EvINEKAELT, YINO
NAOWAOU 6CET MPEY2ONLHUKOS, 00pA306aAHNLIT Movkamu us A, maxoice
DASAUHDL;

Pasencmeo S(Aq) + S(Ag) = S(A3) + S(A4) svinosnsemes mono-
K0 6 cayuae, Kozda obsedunenus mpeyzosvhukos N1 U Ng u Az U Ny
06pasyrom odur u Mom e YeMmuPery20abHuk (cm. puc. 2(a));

Paserncmeo S(A1) + S(A2) + S(A3) = S(A4) evinoansemea moavko
6 cayuae, Kozda obsedunenus mpeyzosvhukos A1 U Ng U A3 obpasyem
Ay (em. puc. 2(b));

Pasencmeo Pijikyliming * Pigjaka,lomany = Pigjoks,lamong GYINOAREHO TO-
2da u moavko mozda, ko2da {l1,my,n1} = {ia, jo, ko} uau {i1,j1,k1} =
{la, ma,na}, m.e. Ko2da 0dun u mom sice mpeyzorvHUK NPUCYMEMEyem
6 YUCAUMENE U 3HAMEHAMEAE.

Jpyrumu ciioBaMu, MHOYKECTBO TPEYTOJIbHUKOB ODIIEro ITOJIOXKEHUS Ta-

KOBO,

YTO MEK/Ay IJIOMa/AdMU TPEYTrOoJIbHUKOB OTCYTCTBYIOT HETPpHUBUAJIbHBIC

COOTHOIIIEHUS, KPOME TeX, KOTOPBIE BBITEKAIOT U3 PABHOCOCTABIEHHOCTH (DU~

ryp.
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T2

x2
z3
x3
X1
x4 x1
(a) Azizows U Azix3zs = Az1x224 U (b) AzizozaUAx2z304UAT1 T34 =
ATox324 Az12T273

Puc. 2. Tpeyroibauku 0o0IIEro MOJI0KEHUS

Omnpenenenne 5. Ecau mmoocecmeo A’ ne adunmno sxeusarenmmo mmo-
orcecmsy A, no obaadaem udenmuunvim cmepmoim kodom Z(A) = Z(A’), mo
A’ nasweaem npuspaxom mmoscecmea A.

ameuanue 1. OmuoweHnue «0bimsd NPUIPAKOM> CUMMEMPUIHO, M.e. A A6-
asemes npuspaxom A’

T'unoTe3a Y MHOXKeCTBa TPEYTOJIBHUKOB ODIIEro TOJIOXKEHUS [TPU3PAKOB
He CYIIEeCTBYET.

Teopema 1. Ilycmv A obpasyem mmootcecmso mpeyzorvHuKos obweeo no-
nootcenus. Cywecmeyem aszopumam, Komopuitd no cmepmomy xkody Z(A) au-
60 cmpoum usobpasicenue aPPuHHO-IKEUBAAEHMMHO UCTOOHOMY A, aubo 06a
u306pascerus, 0010 U3 KOmopwuix addunno-axsusaarenmuo A, a dpyzoe A6-
asemesa e20 npuapaxom A’

3. Ommucanne AJIT'OPUTMa BOCCTAHOBJIECHHU:A WU JOKa3a-
TEeJIBCTBO €0 KOPPEKTHOCTM!.

Jlitst 060CHOBAHUS aJITOPUTMA JIOKaXKeM HECKOJIBKO BCIIOMOTATEIbHBIX YTBEP-
JKIIEHNI.

JIlemma 1. Paccmompum npoussosvhvie mpeyzorvnuru N A" € T(A).
Tpeyeonvruru AN uw A" umerom obuyyro cmopony mozda u moavko mozda,
Kozda cywecmsyrom N;, N; € T(A) ue € {£1},1=1,2,3,4, makue, wmo

e1S(A") 4 eaS(A") + e3S(Ai) + eaS(Aj) = 0
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A={ay,...,a,} | Muoxecrso Touek (n306pazkeHue)

A=A\ Anin MHokecTBO TOoUeK 0e3 BEpIINH MHUHIMAJIBHOTO
TPEyTroJIbHUKA

R(A) Kox mzobpazkenust A

Z(A) Creprolit KO11 n300paxkenust A

S(A) Muozecrso nap pl), p) e Z(A), aust KoTopbix
poionueno plb) - p2) = p*

T(A) MHOXKeCTBO BCeX TPEYTOJbLHUKOB C BEPITHHAMN
u3 A

T'(A) MHuozkecTBO Beex TpeyrosibHuKoB T(A) 6e3 mu-
HIMAJILHOTO

B(A) MHOKeCcTBO TPOEK, COOTBETCTBYIOIIUX TOUYKaM A

T*(A) [Monmuo)kecTBO T(A) — Te TPEYroJIbHUKI, KOTO-

pble BxoaaT B Tpoiiku P(A)

B Bueknus mexx ity tpeyronbaukamu T (A) n MHO-
skectBoM nap &(A)

T Bueknus mexxay Toukamu A’ u cooTsercTByIO-
IMUMHA TPOUKaMN

Tabsmma 1. Craucok obo3HadeHnit

Hoxasameavcmeso. Eciu B pasercrse £5(A') £ S(A") £ 5(L;) £ S5(L;) =0
3HAKOB <«ILIIOC» OOJIbINE, YeM 3HAKOB «MHUHYC», TO JIOMHOXKUM ero na —1.
[TockonpKy BCe 3HAKH He MOIYT OBITH OJMHAKOBBIMU, TO B UTOTe IIOJIYYHM
Jmbo paBeHCTBO Buaa S1 + So = S3 + Sy, b0 Buma S + So + S3 = Sy,
rue Sy € {S(4),S(A"),S(L;),S(Aj)}k =1,2,3,4. B nepBom ciryuae 110
CBOMICTBY 3 TPeyroJIbHHUKOB OOIIETrO IHOJIOZKEHHs IIOJIyYnM, UTO JIOObIe JBa
TPEYTOJIbHAKA M3 9TOTO MHOXKECTBA MMEIOT OOIIyI0 CTOpPOoHy. A BO BTOPOM
cilydae aHAJIOIMYHOE YTBEPKJEHIe BBITEKAeT U3 CBOMCTBa 4.

B obpaTHyI0 CTOPOHY, IIyCTb TPEYTOJBHUKU ;i iiz U AN\j iyi, UMEIOT 00-
ILYIO CTOPOHY Gj, Qj,. TOUKY @i, U @, MOTYT JIEXKATD 110 OJIHY CTOPOHY OT IIpsI-
MOii (@, @, ) MK 110 pa3HbIE CTOPOHBI OT Hee. BhinyKiiast 060JI09UKa BCEX YeThl-
Pex TOYeK MOKET IPEeJICTABIISITh CO0O0i TPEYTOIbHUK UJIH YeThIPEXYTOIbHUK.
ITosyuaem 4 coyuast:

e Cuywuaii 1 (a;, u a;, 10 OJiHY CTOPOHY, 000JI0YKA — TpeyroibHUK): He
OrpaHuIMBas OONHOCTH, MOYKHO CIYUTATD, YTO BBIIYKJIas 000JI0YKA 9TO
DNijigigys B ITOM CIIYyYIAE S inis = Siyigis + Sigigis T Sigiyia (CM. pHC. 3(a)).

o Cuywaii 2 (a;, 1 a;, IO OAHY CTOPOMY, 060JI0YKA — YETHIPEXYTOIbHUK):
He orpannamBast 06IIHOCTH, MOYKHO CUMTATD, YTO HOPSIOK BEPIINH IIPH
00X0/1e BBIILYKJION ODOJIOUKI — @j, , Qjy, Gy, Giy, CTIETOBATETBHO S jnis +
Sivigia = Sigigia + Sigigia (CM' puc. 3(b))'
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o Cuywaii 3 (a;, u a;, IO pa3Hble CTOPOHBI, TpeyToabHUK): He orpanman-
Basl OOIIHOCTH, MOXKHO CUUTATDh, YTO BBIIIYKJIas 000JI09Ka — A\; jqi,, B
TOM CIIy9ae Sijigiy = Siyigis + Siyinis T Sigigis (CM. puc. 3(c)).

e Cuyuaii 4 (a;, 1 a;, 110 pa3Hble CTOPOHBI, YeThIpexXyroybHuK): He orpa-
HUYUBasi OOIIHOCTH, MOXKHO CUHTATbh, 9TO MOPHAJOK BEPIIUH IIPU 00-
XoJae BbIHyKJIOfI 000JI0YKH — Ajq 5 Aigy Qg Agy, CJIEOBATEIIBHO Siligig -+
Siviyia = Siigia + Sivigis (cM. puc. 3(d)).

O

Oupegesnienne 6. Sagurcupyem mpeyzosvrnur A* € T(A), ne codeporcauyuii
mouex us A enympu u 6ydem Ha3vieaMb €20 UeHMPasvHoim. Paccmompum
MHOIHCECTNBO MPeY20AbHUKk08 u3 T(A), UMEOWUT 00wy CMOPONY ¢ UeH-
mpasvroim. Mootcho pazbums ux wa mpolxu caedyrowum obpazom. Iycmo
Ax = Aajagaz, 044 NPOU3BOALHOT MOUKU a;,1 = 4,5, ...,n paccmompum
mpeyzosvhuku N1; = Nagsasa;, No; = Najaga;, Ns; = Najasa;. Bydem
naszwveamv maxyro mpotxy Ty = { A1, Noi, Asi} coorBercTByIOMEi 6epuiutie
a;. Bydem obosnavams P(A) mmoorcecmeo ecex marxux mpoex u 0603HaA%AMY
coomeememeue TF 1 A* = A\ {a1,a2,a3} — P(A). Mnoowcecmso scex mpe-
Y20NbHUKO8, BLOOAUUL 6 COOMBEMCMEYowue mpotky obydem 06031avams

T*(A).

ameuanue 2. Omobpastcerue T ABAACMCA OUEKMUBHBLM N0 TLOCTPOEHUIO.
Aeticmeumenvno, 6346 pasnvie 6EPUUNDL G;, Gj, T F ], NOAYYUM Pa3HbLe
mpotixu. C dpyzoti cmoponwl, mmoocecmeo P(A) sadano xax 06pa3 2mozo
0MObPAAHCEHUA.

Paccvmorpum TpoOliKy ¢ BepImmHaMu aq, az, as, a;, ¢ = 4, ...,n. Haiinem BbI-
IIYKJIYIO 000JI0YKY 3THX To4eK. OUeBUIHO, OHA MOXKET COCTOSITH U3 3 miau 4
TOYEK.

e JlomycTum, 9TO OHA COCTOUT U3 3 To4yeK. OUEeBUIHO, a; HE MOMKET Jie-
JKaTh BHYTPHU 110 BBIOOPY MEHTPATLHOIO TPEYTOJIbHAKA. SHAYUT BHYTPU
JICXKNT BEPHIMHA NEHTPAILHOTO TPEyTrOJbHHUKA, HE OrpAaHHYUBas OOII-
HOCTH, JIOIYCTUM, BeprimHa a3 (cM. puc. 4(a)). B arom cirygae Gyaem
Ha3bIBATH 9Ty TPOIKY TPOHKOIL 1-ro THIIA, & TPEYTrOJIbHUK /\19; — IJIaB-
HBIM (JIJIsT 9TO TPOWKM).

e Jlomycrum, uT0 OHa cocTouT u3 4 Todyek. OUeBUIHO, OJHA W3 CTOPOH
[EHTPAJIBHOI'O TPEYTOIbHUKA OYJIET JMArOHAIBIO ITOI0 Y€ThIPEXYTOJIb-
nuka. He orpammunBasi oOIIHOCTH, JOMYCTUM, UTO 9TO CTOPOHA (1G2
(em. puc. 4(b)). B sTom ciayuae GyjieM Ha3bIBaTh 9Ty TPOHKY TPOHKOIA
2-ro Tuia, a TPEeYroJbHUK Ajg; — IJIABHBIM (JJIs1 9TO TPOIiKM).
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CLZ‘4

(a) Coaywaii 1 (b) Cmywqaii 2

CLZ'3 aig

Ay Ay

(c) Cuyuait 3 (d) Cuy4ait 4

Puc. 3. K mokazarenbcTBy JiemMbI 1 .

m
3aMeTuM, 9TO sl TPOEK IIEPBOI0 THIIA BHIIIOJHEHO PABEHCTBO S (AE )) =
m
S(AF) + S(A) + S(A"), a must Broporo Tuna — pasencrso S(A™) =
’ 7
* ! " * o (m)
—S(A*) + S(A") + S(A") tme A* — nenrpasbHBII TpeyroabHuk, A, —
rJIaBHBIN TpeyroibHuK Tpoiikn, a A/, A” — nea ocraBmmxcs
DTO CBONCTBO TPOEK, ABJIACTCS, B HEKOTOPOM PO/JIE, XapaKTEPUCTUIECKUM,
KaK IOKa3aHO B CJIEJLYIONEil JeMme.
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Jlemma 2. Ecau mpeyeomvnuru N A A" € T(A)\ {A*} ydosaemeo-
parom, coommowenuro S(AT) = £S(A*) + S(A') + S(A), mo natidemes
a; € A*, daa xomopoti T*(a;) = {Agm),A’,A”} € P(A), m.e. ama mpotixa
MPEY20NLHUKOE ABAACTMCA COOMBEMCMEYIOULET.

ZHoxaszameavemeo. OUeBUIHO BBITEKAET U3 CBOMCTB 3 U 4 MHOXKECTBa, Tpe-

YT'OJIbHUKOB O6HL€FO IIOJIO2KEHM .

I
az

(b) Bropoii Tumn

(a) Ilepsorit Tun

Puc. 4. Tlpumepbl COOTBETCTBYIONUX TPOEK.

Beesiem ornorenne cmexxknoctu Ha Muoxkecte T *(A) . Bynem naswiBarh
CME>KHBbIMU TpeyFOﬂbHI/IKI/I, He BXO/s1Iue B O,ZLHy TpOfIKy, y KOTOPBIX UMeeTCA
o011ast CToOpoHa. 3aMeTHM, YTO €CJIH TPEYTOJILHUKH HEe BXOAAT B OJIHY TPOHKY,
TO 00ITasi CTOPOHA MOYKET OBITh TOJBKO OJHOW M3 U3 CTOPOH IEHTPAJIBHOIO
rpeyroybHuka A*. Takum 06pa3oM, 3TO OTHOIIEHHE PasdUBAET MHOXKECTBO

T*(A) Ha Tpu Kjlacca S5KBUBAJEHTHOCTH.
Bameyanue 3. C60Ucmeo «umemsv 00wy CINOPOHY» AE2KO NPOSEPUMD, UC-
noav3ya semmy 1 .

JIemma 3. Ilocmpoum npamovie ajaz, azasz, ajas. Onu pazobviom naockocms
Ha 6 obaacmets (uckarouwan yenmparsrolli mpeyzorvruk). s kascdot co-

omeemcmayrowett mpotixu T; no muny u KAGCCY IKBUBAAEHMHOCTIU 2AGEHO-
20 MPEY2OALHUKG 00HO3HAMHO onpedeasemcs, 6 Kakol ud obaacmet pacno-

A02ICEHA MOYKa a; (cM. puc. 5).
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Puc. 5. Ilosoxkenue BEpPHINHBI a; B 3aBUCUMOCTHU OT THIIa U KJIaccCa.
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Hoxazameavemeso. Hampumep, paccMOTpuM TPOUKY IEepBOTO THIIA, HE OTpa-
HU4YnBad O6H.[HOCTI/I MOZKHO CYHUTaTb, 9TO IJIaBHDIN TpeyToJIbHUK IIpuJjieraeT
K CTOpOHE ajas. M3 paBeHCTBA

S(A12:) = S(A123) + S(A13i) + S(A2si)

BBITEKAET, UTO ITOT TPEYTOJbHUK IIOJHOCTHIO COJEPKUT /123, CJIE/IOBATEIb-
HO, ero TpeTbsl BEPIIMHA «; COJEPKUTCs B yIule, OOPa30BAHHOM JIydaMu
[a1;a3[ n [az;as[ (cm. puc. 5). OcranbHble Cilydan pacCMaTPUBAIOTCH aHa-
JIOTUYHO. O

Sameuanue 4. [Ipednosazaemcs, 4wmo HYMEPLUUS KAGCCOE IKEUBANEHMHO-
CMu COOMBEMCMBYEM HYMEPAYUY, CMOPOH: G1G2 — NEPSBLIT KAacC, 203 —
eémopot, aza; — mpemud.

Bameyanue 5. 3decv u danee 6 cmamwve npednoaazaemcs, wmo T(A) —
MHOIHCECTNBO MPEY20ADHUKO0E 00ULE20 NONOHCEHUA.

Bynem ob6osnagars T(A) MHOXKECTBO BCEX TPEYrOJBHUKOB, 00pa30BaH-
HBIX ToYkamMu MHOxKecTBa A. Iliomaan TpeyroabHUKOB pas/inyHbl, 0603HA-
UM Apin, Amax € T(A) TpeyroabHUKN HAUOOJbINEH ¥ HANMEHBINEH T110-
A1, COOTBETCTBEHHO. VIHIEKCHI TOYEK, COOTBETCTBYIOIIIX STUM TPEYTO/Ib-
HUKaM OyneM 0603HAYATD (imin, Jmins Kmin) A (imax, Jmax, Fmax). OB03HATIM
pr = % AddunnbiM mpeobpasoBanue 0T0OpasuM A pin B TPEYTOJIBHUK
eMHUYHOM IO 1 U OyaeM B-jajbHelineM noaaratb Syin = 1, Smax = p*-

,B;OKa}KeM (B ITUX Hpe,ZLHOJIO}KeHI/IHX) CJIEYIOIINE BCIIOMOT'aTEJIbHbIEC JIEMMbBI:

JIemma 4. ITycmov T(A) — mmoorcecmso mpeyzoivhukos 00use20 noaodice-
nus, Z(A) — cmepmuti xod, coomeememeyrowul uxr sepwuram. Cyuie-
cmeyem buexyua 3 Mencoy MHONCECTNEOM MPEY20AbHUKOE

S,(A) = T(A) \ {Amim Amax}

U MHONHCECTNBOM Heynopﬂﬁonemwwc nap

&(4) = {(P(l)m(?)) oM, e Z(A)\ {1,p7}; pM - p®) = p*}

oxasameavcmeo. Tlocrpoum orobpazkenue [ caemyionum obpaszom: Ilycrs
A = Njji € T'(A) — npousBOIBHLI TPEyroabHIK, OYEBHIHO,

S(mas) |_S(B) _ S(Dma) _
S(A) S(Amin) S(Amin)

*

U MOXKHO B34Th B KadectBe ((A) mapy:

S(Amax S(A
(2)) = <f9(A)) = pimaxjmakaax,ijk7 Sv(irru)n) = pijkyiminjminkmin> :
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ITokaxkem, aTo oTobpaxkenue [ sBjsieTcss nHbeKImeil. [1peamomoxmm 06-
parroe: B(A) = B(A) = (pV), p?) mns mexoropsix A # A’. Ho 510 1po-
TUBOPEYNUT CBOWCTBY 2 TPEYTOJBHHUKOB OOITEr0 TOJOKEHUST — JJIsT PA3HBIX
TPEYTOJIbHUKOB OJIYIaIOTCs OJIMHAKOBBIE KOJIBI.

ITokaxkem, 4yTo orobpaxkenne [ sBjgercd ciopbeknueii. IIpeamonoxmm,
aro maiigercs mapa (p(M), p?)), me mpumanexamas obpazsy G(T'(A)), Ta-

kast, aro pI) - p2) = p* Tlo cBoiictBy 5 9T0 O3HAMAET, UTO /IS HEKOTOPDIX

TPeyTOMBHIKOB A1, Mg, A3 BBITOTHEHO paBeHCTBO 2ial) - 9820 — p p g
pey 1,422,423 p S(A2) ~ S(A3) p, T.e.
S A1 S Amax

S§A3§ = S((Amin))' W3 sToro cienyer, 9ro A1 = Apax 1 Az = Apin, IOCKOJIb-

Ky JIJIs JII0OOM JIpYTOil Mapbl TPEYTrOJbHUKOB OTHOIIEHHE ILJIONMAIeil MeHbIIe

1) (2
o, a smar () = (p1), @), =

JIemma 5. ITycmo T(A) — mHoocecmeo mpeyzoabHuKkos obuLe2o noaoice-

nus. Buibepem npoussonvrvie Nijk, Apgr € T'(A), Niji # Dpgr. O6031a1um

B(Ayr) = (01,0, B(Lpgr) = (0P, pM), nyemo dan onpedeaernocmu
o8

Sijk = ,0(1). Tozda us wucen p' = By up po) 00HO U MOABKO 00HO

o
npunadaesicum cmepmomy kody Z(A).

Joxazameavcmeo. Nz yenosus B(Apgr) = (p3), p¥) Brirexaer, uro mm6o
S(Dpgr) = pB, 6o S(Npyr) = pW. Ecmn S(Apyr) = p®), 1o B xome
BE) o
P o
OJIHOBPEMEHHO JiBa TAKHUX 3JIEMEHTa IPUCYTCTBOBATh He MOryT. leiicTBu-
TEJIBHO, HPE/IIONOKHUM JIJIs OLPEJICJICHHOCTH, YTO B HCXOHOM N300paskeHNH

Spgr = p3). Torna

JIOJZKEH MPUCYTCTBOBATL pf = a ecmn S(Dpgr) = pW, o p =

"_ & _ p* _ &
P, T 0,08 60
caenosarenso, p - p3) = p) | gro nporusopeunt cpoicTBy 5. O

3.1. AJaropuTM BOCCTAHOBJIEHUS N300pa>keHUs II0 CTEPTOMY
KOJLY

1) Beibepem B KavecTBe IEHTPAJIBHOIO TPEYTOJBHUK MHUHUMAJBHON TLIO-
maau. IIoCKOJIIbKY BOCCTAHOBJICHHE IIPOUCXOOUT C TOYHOCTLIO IO a-
9KBHUBAJIEHTHOCTH, TO MOXKHO HAa3HAUYUTH MUHUMAJbHOMY TPEYTOJbHU-
Ky JII00YI0 110ma b, HapuMep S(Amin) = Smin = 1 Jyisi onpejesen-
voctu. Torna miomnaab HanOOJIBIIErO TPEYTOJIbLHIUKS OIIPeIesIeHa OIHO-
3HaIHO S(Amax) = Smax = p*. 3amernm, 4T0 p* M3BECTHO, T.K. ITO
MaKCAMAJIBLHBINA 3JIEMEHT CTEPTOTO KOJIA.

2) Badurcupyem oy u3 map (p(I, p?)) € G(A). Tlo nenne 4 eit cooTser-
CTBYeT TPEyroabHUK A;jj, = B~ (pW, p?). Bosmorxno npa BapuanTa
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6)

Sijk = p(l) un Sy = p(2). B nmaspHeltmeM mocTpoeHne UaeT MapaJ-
JIEJIHO JI7IsT 00OMX BapWAHTOB. B OJHOM U3 HUX JIOJI2KHO IOJIYIUTh-

cst UCcxo/Hoe m30bparkenue. [y onpejeseHHOCTH OyIeM CIUTATh, UTO
ijk

L= = Sijk = p), BTOpOii BApHAHT PACCMATPHBAECTCS AHAJIOIITHO.
TTepebupaenm see maper (p®), p)) € G(A). Tlo memme 4 B uexoaHOM

1306 paskeHuH HailleTcst TpeyrobHuK Apg, = B71( P, p™). Tlo emme

5 mmbo p’ = % € Z(A), Torma S(Npgr) = pB®), mubo p’ = % € Z(A)

u rorga S(Dpgr) = oW, Tloropus 3Ty HpoueLypy A/ BCEX IAD U3
S(A), noydaem CIHCOK IUIOMAJIEH Beex TpeyroJbHukoB u3 T/ (A). A
S(Amin), S(Amax) y?Ke U3BECTHBI U3 [IEPBOTO IAra aJropuTMa.

BoibepeM B KauecTBe HEHTPAILHOTO Apin (OUEBHJIHO, HE COJEPIKAIIMI
BHyTpu cebst Touek u3 A). Ilo memme 2 maiizem Bce Tpoiiku P(A),
coorsercrytomue Toukam A" = A\ {a1,az2,a3} (r.e. kpome BepmH
[EHTPATBLHOTO TPEYroJabHIKa). B KaxK70il TPOiiKe BBIIEJNM T[JIABHBII

TPEYTroJIbHUK Agm), i=4,..,n.

Pas6usaem tpeyrosbuuku T *(A) Ha Kiacchl sKBuBajeHTHOCTH. Tpe-
YIOJIbHUKHN 3KBUBAJICHTHBI TOZJa W TOJIBKO TOr/Zla, KOI'Za a) OHI/I HE
cofiepKaTcs B OfiHOM Tpoiike; 6) meror 061yo cTopony (YTO MOXKHO
IPOBEPUTH 110 JiemMe 1).

Hns kaxxpoit Tpoiiku uz T; = P(A) oupenennm 1o jeMme 5 B Kakoii
00JIaCTH HAXOIUTCS COOTBETCTBYIOIIAs TOYKA. TakuM 00pa3oM, MbI IO~
JIyIUM, B KAaKOW IOJIYIUIOCKOCTU OTHOCHUTEIBHO MIPSAMBIX b1ba, babs m
bsby OGyner pacmoJioykeHa BOCCTAHOBJICHHAST TOYKA. Fcyim BRIOpaTh BOC-
cranosirennsle Touku kak b1(0,0), b2(1,0), (0,1), To 910 MO3BOJISIET
OlPE/IeINTh 3HAKU KOoOopanHAT (cM. puc. 6).

3adukcupyeM Ha IJIOCKOCTH TPeyroabHuK Abibobs u 6ymem canTarh,
9TO 3TO 00pa3 MEHTPAJBHOIO TPEYTOJbHUKA Ay IPH HEKOTOPOM ad-
bunnom npeobpasosanuun. st kaxaoit Tpoiiku u3 P(A) onpemesum
K KaKHM CTOPOHaM HEHTPaJIbHOI'O TpeyFOﬂbHHKa IIpuJjeramT TJIaBHBIN
u 1060YHbIe TpeyroibHuKY. Ecim usBectHa mwiomaib S; = S(A12;), TO
paccrosiaue TouKu b; j10 upsiMoit bibe pasuo d; = 2S;/|b1be|. Teomer-
PHUYIECKHIM MECTOM TaKUX TOYEK SIBJISIIOTCS JIBE IIPsIMbIe, TapaJslie/IbHbIe
b1bo u mpoxopsiiue Ha paccrosiunu d; oT Hee. Ho, MOCKOJIbKY U3BECT-
HO (M3 MPEJBIIYINEro MyHKTa), B KAKON MOJIYIIJIOCKOCTH HAXOAUTCS b,
TO OCTAETCs TOJIBKO OJiHa HpsiMas. IIpojenas aHaJOrMYHbIE IOCTPOE-
HUA JJIsI CTOPOHBI bobs, MOIyINM BTOPYIO IPAMYIO, HE MMapasIebHyio
repBoit. O4YeBUIHO, YTO TOYKA WX [I€PECEUYEHUs U €CTh b;.
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8) Haxo/um cTepThlii KOJI BOCCTAHOBICHHOTO H300PazKeHUsT U CPABHUBACM
¢ Z(A). Ecim kozipl He coBajiaior (Takoe BOBMOXKHO B CJIydae, eCJI [0~
LI 110 HEIPABUJILHON BETKE B IIyHKTE 2), TO 0TOPAChIBAEM PE3YJ/IbTAT.

KOppeKTHOCTb aJITOPpUTMa BbITEKaeT U3 JJOKa3aHHbIX paHee JIEMM.

Y

Kaacc 1 Ttum 1

z<0;y>0
KJjacc 3 Tan 2 KJjacc 2 Tui 2
z<0;y>0 * bs(150) z>0y>0

b1(0;0) ba(0;1)
T
——————————————————— {3 -

Kjacc 3 Tum 1
x>0y <0

Kjacc 2 tun 1
r<0;y<0

Kaacc 1 tum 2
x>0,y <0

Puc. 6. Onpenesnenne 3Haka KOOPAWHAT 10 KJIACCY U TUILY Tpoilku (mar 6).
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ITTar | CaoxHocth | KomMeHTapuii

1 O(n®) ITepe6op smementos creproro koma |Z(A)| =
Cé%

2 0(1) Pukcupyem nmapy u3 S(A)

3 O(n?) Iepe6op map u3 |S(A)| = C3

4 O(n?) ITepeGop Tpoek TpeyroJbHIKOB C’g,%

5 O(n") Paszbuenne tpoek n3 |P(A)| = n — 3 na xracco
SKBUBAJICHTHOCTH?

6 O(n) ITepeGop Touyek U ompejeeHue II0J0XKEHUS OT-
HOCHTEJIBbHO A\*

7 O(n) [Tepebop TodUek U BOCCTAHOBJIEHUE KOOPJAUHAT

8 O(nf) HaxoxeHne crepToro Koja BOCCTAHOBJIEHHOI'O
M300parkeHnst ¥ CPaBHEHHUE C MCXOTHBIM KOIOM

Tabummmna 2. OneHka aaropuTMUIECKOR CI0KHOCTH

4. AHFOpHTMH‘IeCKaﬂ CJIO2ZKHOCTDb 1 3KCIIEpMMEHTDbI

AropuT™MutTIecKas CJI0KHOCTD OIEHUBAECTCS B CIIyae, KOrJa BCE TOUKUA MHO-
KecTBa A 00IaAI0T 1EI0UNCIEHHBIME KoopanHaTaMn. B arom cirydae mio-
AT BCEX TPEYTOJBLHUKOB TIEJIbe WU MOIYIIEbIe, CIeIOBATEIBLHO, BCE dIe-
MEHTBI CTEPTOr0 KOJa SIBJISIIOTCS PAllMOHAJIBHBIMH. Mozesb BBIYHCIIATEISI
pearoaraeT CJI0XKHOCTD 1 1t JTI000ro apudMeTnIecKoro JIeficTBUS ¢ pali-
OHAJILHBIMH UUCJIAMHU TTPOU3BOJBHON TOTHOCTH. DTO JOCTATOTHO ATEKBATHO
MO/JIEJIUPYET CJIydail, KOrjaa 1 YUCIUTeNb, 1 3HAMEeHATE b JIPOOU IIOMEIAIOTCsI
B perucTp BeluucsuTesnsHoro ycrpoiicrsa (CPU).

Hawnbosee TpynoeMKoil siBisieTcst Ipoleaypa rnepedbopa TPOeK TPeyroyib-
HUKOB Ha dTare 4 (cM. tabsmiy 2). Kosmuecrso oneparuii cpaBHeHMsI PABHO
2. Cg,% = O(n?), rae n — KommaecTso Todek m306pazkenns. CIOXKHOCTD, XOTs
U SBJISIETCS TTOTMHOMHUAJILHO O M, HE MO3BOJISIET MPOBOJIUTE AJTOPUTM JIJIst
bosbIIoro KosmdecTsa Tovek (Hampumep, n = 100).

Anropurm 6bL1 peasmzoBaH B Buje ckpunta st Matlab  (Bepcust
R2020b). Kparkoe omucanne ckpurra:

e CiygaliHbIM 0O6pa30M MOPOXKIAET KOOPIAUHATHI 7 TOUEK;
e CrpouT cTepThIil KOJ, JJIsT 3TUX TOUEK;
o [Ipumensier amroputm u3 pazzuena 3.1;

o [IpoBoauT 3aMep BpeMeHU;
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n |t (cek.)
8 | 0.6565
9 | 2.1726
10 | 5.7466
11 | 15.595
12 | 35471
13 | 70.919
14 | 153.00
15 | 280.39
16 | 542.05 |
17 | 954.20
18 | 1489.2
19 | 2553.6

Tabsmra 3. Bpemst paboTsr aaropurMa

o [IpoBepsieT KOPPEKTHOCTH BOCCTAHOBJICHUSI C TOYHOCTDIO /10 adbPUHHOIM
9KBUBAJIEHTHOCTH.

CKpunT BBUIOKEH B OOMNil JOCTYN W JOCTYIEH 1O ajpecy https://
github.com/dvalex/erased_code_recovery.

TecTHpoBaHHe IPOBOAWIOCH Ha KOMIBbIOTepe ¢ mpomeccopom Intel®
Core™ i7-8700 (rakroBas wacrora 3.20GHz), o6bem oneparuBHON maMsiTu
32GB, OC Windows 10 (Bepcust 22H2), IIpoBoausiocs BoccTaHOBIIEHHE ISt
n=28,9,...,19 ¢ 3amepom Bpemenu BbinosHeHUs (1 3aMyCK JJIsT KAXKI0TO 1).

PezynbraTel nmpuBojsaTcs B Tabsmie 3 U n300pakeHbl HA puc. 7.

Sameuanue 6. B anzopumme waz 4 (nepebop mpoex mpeyzoivHukos) oo-
Aadaem HaUbOALWET SHUUCAUMENDHOT CAOHCHOCTBIO. DMOMm waz MOoAHCEM,
ObMb BHINOAHEH NAPAAAENDLHO, HIMO, BNPOYEM, HE CHUMCAEM ACUMNIMOMUNE-
CKYI0 CAOAHCHOCTD.

5. 3aKJjro4ueHue: BbBIBO/IbI "1 ,Z[a,JIbHefIl[II/Ie IIJIaHBI.

Urorom mannoit paboThl ABJISETCS CO3/AHUE AJTOPUTMA JJIsi BOCCTAHOBJIE-
HUsI U300paKeHUs 110 CTEPTOMY KOJIy 3a MOJMHOMUAJIBHOE BPEMS U J0Ka3a-
TEJILCTBO KOPPEKTHOCTH €ro paboThl IPU YCJAOBUU TPEYTOJBHUKOB OOIIEro
nosioxkenusi. CJiesiana, OIEHKA aJTOPUTMUYIECKON CJI0KHOCTH MTOKA3aHO €€ CO-
OTBETCTBUE 3KCIEPUMEHTAIBHBIM JITAHHBIM.

BosmorkHble HampaBiieHnsT JaIbHEUIIIEro pa3BUTH:
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t (cek.)

a) x107° b)

4
10 T T 35F T T .
SV -
103 F 1
251 1
102 F g
- 2 |
x
[0}
Ch
st ]
10" F 1
i |
100 E
F 0.5F .
10*1 1 1 0 L I
10 15 20 10 15 20
n n

Puc. 7. a) Bpems BbIOIHEHNST B 3aBUCHMOCTH OT dncJa TO4ek; 6) Bpems

BBIIIOJIHEHUS JIeJIeHHOE Ha, ng,.
n

)

OcnabuThb yea0BUS Ha MHOYKECTBO TPEYTOJBLHUKOB ODIIETO MOJIOXKEHIS
— ceiffuac OHU BBIIVISAJIAT HE OYeHb €CTECTBEHHO U CJIOKHBIMU JIJIst IIPO-
Bepku. [lockonbKy mj1st TpoBepKu TpedyeTcs: mepebop YeTBEpOK Tpe-
YTOJILHUKOB, TO alTOPUTMIYECKas CIOKHOCTL cocTapasger O(n'?), Te.
IIPEBOCXOJIUT CJIOKHOCTD PEIleHnst caMoil 3aaqn!

B CJIydae IMEJIOYUCJICHHbIX KOOPpAWHAT, Jie2KallluX B OIIPpEAC/JICHHOM JHa-
ITa30HE, OIEHUTH BEPOATHOCTL I'€HEPallud MHO2KECTBa TPEYTIOJIbHUKOB
O6IlI€I‘O IIOJIO2KCHM .

CremaTh mocTpoeHne OIHO3HAYHBIM. Hanpumep, 10Ka3aTh, 9T0 y U300~
pakeHust B 00IIEM TTOJIOYKEHUU HET ITPU3PAKOB UJIN BBHIBECTU JOCTATOYU-
HbIE YCJIOBHSI, IIPU KOTOPBIX N300parkeHne He MOYKET UMETDh IIPU3PaKA.

CHU3UTH AJIFOPUTMHUYECKYIO CJIOKHOCThH, KOTOpasi B TEKyIIell Bepcun
coctasyster O(n?).
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5) Peasm3oBaTh aJropuT™ ¢ UCMOJB30BAHIEM PAIMOHAIBHBIX THUCEJT IIPO-

u3BOJIbHON TOUYHOCTH (Hanpumep, Ha Python). Ceiiuac ucnosbsyercs
Bcrpoennbiit B Matlab tun «doubles, cpaBHenme Takux dmces mpons-
BOJIUTCSI IPUOJINZKEHHO, ¢ TOYHOCTBIO 10 1075,

6) IlpuMeHUTH aHAJOIMMYHBIN MOJAXOJ K PEIIEHUI0 M3HAYAJIBHON 3a1aum

(Ipo momapHbIe PACCTOSTHUST MEXKTY TOYKAMI )

Chnucok jmreparyphbl

1]

2]

3

—_—

4]

[5]

6

—_—

17l

8]
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To the question of restoring an image from an erased code
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The article proposes an algorithm for image recovery by erased
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O caoxkHOCTHU NepexoJa K NPaBUJILHOMY
JMHEMHOMY BULY

I1.C. Heprau® . A. Canbuosal

Jlannas paboTa IIOCBAIIEHA U3y YeHNAIO IIPABUILHOTO JIMHEHHOTO BU-
Ja Ui PEryJIsSpPHBIX sI3bIKOB C IIOJIMHOMUAJIBHOM (yHKIMeil pocra u
YIIy9IIEHUIO COOTBETCTBYIONIUX OIEHOK Ha CJIOKHOCTD II€PEX0/Ia OT JIu-
HEIHOro BUJia K MPABUJILHOMY JIMHEHOMY BHLY.

y,ZLaJIOCI) [IOHU3UTDL paHee M3BECTHYIO U3 pa6OTI)I [1] omenxy n? mo
OLleHKHT - +n Tak 2Ke TOIyYeHa BEPXHss OICHKA, 4~ IJIA A3BIKOB BUIA
BiBs ... 55, B KOTOPBIX CJIOBa (3; COM3MEPUMABI.

Kuro4deBble ciioBa: peryaspHbIil I3bIK, (DYHKITHS POCTa, TPABUAIb-
HbBII JIMHEUHBIIT BUJ, CJIO2KHOCTD.

1. BBenenne

N3BecTHO, 9TO peryssgpHbIe A3bIKH C TOJUHOMUAIbHON (DYHKIMEH pocTa 3a-
JTAIOTCST PEryJIsiPHBIME BbIPpasKeHUsIME JinHeiiHoro Bujga |1]. Boiparkenusmu
JIMHEITHOTO BUJIa HA3BIBAIOTCS KOHEUHBIE OOLEINHEHUS BhIPAXKEHUN BUIA

P=a- (/81) ) '--as‘(ﬁs)*‘as-i—ly
F,HQSGNO, alu"'vas-i-leA*a Blv)/BseA*\{)\}

Bblp&)KeHI/IS{MI/I IIPpaBUJIbBHOT'O JUHEHHOTO BU/J1a Ha3bIBAIOTCA BBbIPpazKEHUNA
9TOrO K€ BHJA, JJIsi KOTOPBIX (V2,...,Qs He IYCTHI U IEPBble OyKBBI CJIOB
Bi, @j+1 pasimasbl npu Beex 1 < i < § (JIs IyCTOrO (Vg11 9TO yCJIOBHE NPH
i = $ OIIyCKaeTcst).

Heo6xoMO OLEHUTD CJI0XKHOCTD IIepexojia OT [PEeJCTaBJICHUIl sI3bIKOB
BBIPAKEHNSIMHI JITHEHOTO BUJIA K IIPEICTABICHASIM BLIPAsKEHUSIMI PaBHTb-
HOT'O JIMHEIHOrO BHJA.

B crarbe MBI CHauasa JaeM ONpeJeJeHns] M OCHOBHBIE CBOHCTBA ITHX
BBIpaKeHuil, a Takke GOpMyIHpyeM 3a1ady 00 OlEHKE BLIPAZKEHU.

Pamnee B pabore [1| mzydascss 9ToT BOmpoc  OblLIa HOJIyYeHA KBaJpa-
THYIHAsl BepXHsisl OleHKa. Takke B pabore [2| mast ciiydasi HECOM3MEPUMBIX
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BBIPAKEHUIl JIMHEHOrO BUja (JacTHBIN ciaydail) Oblia HOJIydYeHa JTMHeHHAsT
BEPXHsIsT OTIeHKa, 4n.

Jaisiee B crarbe MBI yJIydIliaeM ODIILYIO0 BEPXHIOIO OIEHKY Ha CJIO2KHOCTD
IIepexo/ia OT PEryJIsspHOrO BbIPaKeHUsl JIMHEHHOIO BUJA K PEryJIIPHOMY BbI-
PazKEHNIO NIPaBUJIBHOIO JIMHEHHOI'O BUIA.

Tak>ke OT/IEBHO PACCMOTPEH CJIydail, KOTJa S3bIK MMEeT COM3MEPUMbIi
Buj1. [losyyena BepxHss OleHKa %2.

B saksioueHnn MBI MOJBOJIUM UTOTH U OOCYKIAa€M BO3MOXKHBIE HAIPAB-
JleHus JaJid 6y,uym1x1x HCCJIEJOBAHUI B JaHHOI 00JIaCTH.

2. OcHOBHBIE OIIpeieJJeHUs U Pe3yJabTaThl

Bouibliasi yacthb onpejiesieHuii JAHHOIO pas3/iesia B3sTa U3 UCTOIHUKOB [3]-[5].

Onpenenenne 1. lamgum ompeesieHue peryisipHOro MHOXKecTBa. MHOXKe-
cTBO P, Ha3BIBAETCS pe2yAspHuLM B ajipaBuTe A, eC/ii ero MOXKHO ITOJIYIUTh
U3 IyCTOrO MHOXKECTBA U OJIHOJIEMEHTHBIX OJJHOOYKBEHHBIX MHOXKeCTB {a},
a € A caegyromum 06pasom

() — perynspHOe MHOXKECTBO B ajidasute A;

{a} — perynsipHoe MHOXKecTBO B asidasure A, a — nponsBoJibHast OYKBa
andasura A;

Eciu Py, P, — perynspuble MHOKecTBa B ajidasure A, TO 1 MHOXKECTBa
PLUP,, PP, (P1)* 6yayT peryJsipHbIME MHOXKeCcTBaMu B asidasure A.

Onpegaenenne 2. ITycrs P C A* un € N. Hepes P<(n) obo3nataem MHO-
2KeCTBO Bcex ¢J10B u3 P nyuner He 60sbire n. Yepes Tp obosnadaeM QyHKITAIO
Tp: N — Ny, rue

Tp(n) := [P<(n)]

st Becex n € N. HazwiBaem Tp dpyrxyuet pocma nias P. Tosopuwm, uto P
HMeeT NOAUHOMUAALHYI0 dynKkyuto pocma, ecan Tp(n) orpaHudeHa CBepXy
MIOJTMHOMOM OT 1.

Onpenenenue 3. Pezyasaprvim evipasicenuem B ajdasure A, HasbIBaeTCs
csioBo u3 andasura AU{*, -, V, (,), A}, KOTOpOe onpeIe/IsieTcst CJie Ly OIIM
obpa3zom:

A — peryJisipHOe BbIpaxkeHue B ajipapure A;

Bykebl andasura A — peryiisipHble BhIpaskeHusI B ajidasure A;

Eciu Py, P, — perynspHble BhIpazkeHusl B ajidaBure A, TO BLIPAXKEHUS

PLUP,, P-P, (P1)" — OyayT peryisipHbIMI BBIDAYKCHUAME B ajiaBuTe
A.
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Onpenenenune 4. /launotl peeyaaprozo evipasicenus P B andasure A Oy-
JIeM Ha3bIBaTh KOJUYECTBO OYKB u3 ajidaBura A, KOTOPbIE BXOJAT B 3TO
PETyJISIpHOE BBIPAXKEHUE € YIETOM KPATHOCTH.

Onpenenenne 5. CiioBo o € A* Ha3bIBaeTCA usMmeavueruem ciaosa B € A*,
k

ecii Ipu HEKOTOpOoM k € N BBITOJIHAETCS PABEHCTBO 3 = .
Omnpepenenne 6. CnoBo o € A* Ha3BIBACTCT MUHUMGADHOM USMEABYE-
HUuem HEILyCTOro cjoBa (3 € A*, eciu ero jjiMHa MUHAMAJIbHA CPEId BCEX
M3MeJIBIeHnt ctoBa, 3.

Onpenenenue 7. llBa cioBa (1, [Ps € A* Ha3BIBAIOTCI COUSMEPUMBLMU,
€CJIM X MUHUMAJIbLHbIE U3MEJILUCHHS COBIIAJAIOT. B IpoTuBHOM Ciiydae OyaeM
HA3BIBATDH UX HECOUSMEDUMDbLMU.

Onpenenenne 8. CemeiicTso cioB (1, B, ..., Bn € A* HasbIBaeTCsa cousme-
PUMDBLM 6 COGOKYNHOCTIU, €CJIA Y HUX €CTh ODIIee M3MEIbICHHUE.

Omnpenenenune 9. Perynsipaoe peipazkerue P B andasure A nmeer aunet-
MLl 6Ud, €CJIH OHO IIPENCTABAMO B BUIE KOHEUHOI'O 00 beIUHEHNS BhIPazKeHMI
BHUIA

P=o1-(f1) -ag...05(Bs)" - ey,

rae s € No, aq,...,a541 € A, B1,..., 0, € A*\ {A}.

Eciu ipu 3T0M Qo . . ., (tg HE TIYCTHI U HEPBbIEe OYKBBI CJIOB (3;, (yj11 NIpU
Beex 1 < i < s pasyu9Hbl (JJIsT YCTOIO (g41 TO YCJIOBUE IIPU i = § OILyC-
KaeTcsi), TO OyJIeM HA3BIBATH TAKOE BBIPDAKEHUE GbiPUCEHUEM NPABUNLHOZO
AUHetiHo20 6uda.

Omnpegnenenune 10. Byem roBoputh, 9T0 BEIpAXKEHNE JTUHEHHOTO BUJIA HECO-
UBMEPUMO, eCITH BCe cocemune mapbl f;, fi41 B HEM HECOM3MEPUMBI.

Onpenenenue 11. Ilycrs peryisippoe MHOXKeCTBO P 33JJaHO KOHEUHBIM
00'beIMHEHNEM PETyJIAPHBIX BhIpayKeHu# JuHeiiHoro Buja. Jlunelinot ciooic-
HOCMBIO MAKO20 NPedcmasierus HA3BIBAEM MAKCUMAJIBHYIO U3 JJIMH STUX
BBIPa2KCHUIA.

Omnpenenenne 12. Ilycts perynasproe mMHOXKECTBO P 3a7aHO KOHETHBIM
00'beIMHEHNEM PETYJISPHBIX BBIPAXKEHUH IIPABUILHOTO JInHEHOTO BUIa. [Ipa-
BUALHOT, AUHETHOT CAONACHOCTNDIO TNAK020 NPEICMABACHUSA HASLIBAEM MaKCHU-
MaJIbHYIO U3 JIJINH 9TUX BBIPAYKEHUII.

Omnpenenenne 13. Ilycts P C N. Ha3piBaem Takoe MHOYKECTBO TIEPUOIATIE-
ckuM, ecyu cymecTByior 1y, T € N takue, uro HauwHast ¢ k > Ty U3 ycJIoBust
k € P cnenyer ycinosue k + T € P. Yucyio Ty HasbiBaeM npednepuodom, a
qucyio T — nepuodom.
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Onpenenenne 14. Ilyctre P C N — mepuoanmdeckoe MHOXKeCTBO. depes
Tipeqn(P) Oyaem 0603HAYATD €0 MUHUMAJIBHBIN IPE/IIEPUOL.

Onpegenenne 15. IIycre A = (v®)*(v*2)* ... (v*)*. Torma uepes X, (A)
obosHauaem muokectso X, (A) = {I |} € A}.

Onpenenenune 16. Ilycrs a,b € N. Eciu a menurces Hateso Ha b, To muiem
bla. Yepes Z,j, 0bo3HAMAEM MHOXKECTBO:

Zap :={n €N| n>a, bn}.

Teopema 1. [Tycmb pezysaphvili A3viK 3a0aEMCA PELYAADHBIM GOLPAACEHUEM
caredyrousezo AUHETH020 6uda

A= (VM) (U2)* L ()

co caodicrocmpvio ne éviwe n. To2da €20 M0AHCHO NPEOCTNAGUMD DE2YAAPHDLM

BLLPANCEHUEM NPABUALHO20 AUHETH020 6Uda ¢ NPAsUALHOT Aunelinot cA0dC-
2

HOCMDIO HE 6blule - + 1.

Teopema 2. ITycmo peeyaaprviil A3oiK 360aEMCA PELYAAPHHIM BBLPAIHCEHUEM
caedyrouLezo AuHetino20 euda

A=piBy... B

CO CAOAHCHOCTDIO HE svlwe N. Toeda e2o0 ModHcHO Mpedemasums peeysipHbIM

BYIPAHCEHUEM NPABUALHOZ20 NUHETH020 6U0a ¢ NPABUALHOUT AUHETIHOT CA0MHC-
2

HOCMBIO HE 6biwe 5 + M.

3. BcriomoraresibHbI€ YTBEPXKICHUS

JIemma 1. ITycmo x1, . .., T — namypaavroe wucsa ur = HON(x1, ..., L),
H:={aix1+ -+ arxg | a1,...,ar € No}. Toeda cywecmeyem ng € N ma-
Koe, 4mo Zn,, C H.

Jlokasamenvcmeo. JlokazaTebCTBO JIEMMBI IIPUBEJIEHO B TyiaBe 2 paboTsl [1].

O

Jlemma 2. [lycmos A — xoneunwill aagasum u P — evipasicernue aunetinozo
suda caootcnocmuy we svie n. Toeda €20 MOHCHO NPEICNABUMDL BBIPANHCEHUEM
NPABUALHOZ0 AUHETHO20 6UAG CAOHCHOCTIU HE GbIULE N2,

Jlokasamenvcmeo. lannasi jeMMa B3sTa U3 riasbl 5 paborsl [1], Tam oHa
PUBOJUTCSI KaK JeMMa, 3. O
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Jdemma 3. ITycmv A — wonewnwiti anasum, o, f € A*\ {A} u ¥ = g™
das wexomopwix k,m € N. Tozda cywecmeyem v € A* \ {A} maxoe, wmo

|V’ = HO,ZZ(|O(|,|B|),O&Z l/maﬁ = vl

Jlokasamenvcmeo. JlokasaTeabCTBO JIEMMBI IIPUBEJICHO B Ty1aBe 2 paboTsl [1].

O

Jlemma 4. Ilycmo a,b € N, a + b < n. Ilpu maxux 02paHuMeRUAT MAKCU-
2
MarvHoe 3Havenue npouseedenus ab ne npesocrodum .

oxazameavcmeo. PaccMoTpuM IBa cirydast — KOTJa CyMMa Y6THA U HETIET-
Ha.

1) Ilycrb a + b — gérno. Torpma jjist JoKasaTebCTBa 3TO JIEMMBI BOC-
MIOJIb3yeMCsT HEPABEHCTBOM MEYKYy CPeTHUM apudMeTHIECKUM U Teo-
METPUIECKUM:

a;bz\/%’

e a u b — Heorpunaresbublie ducia. M3 aToro nepaBeHcTBa CJIE/IyeT,

qT0 ) )
a+b n

b < = —.

< (7)<

2) Ilycrb a + b — neuérno. Eciin a u b ornmmyarorest xorst 661 Ha 2 u, 6e3
orpaHmYeHust OOMHOCTH, ¢ < b, TO MBI MOKEM 3aMEHUTDb @ Ha a+ 1, a b
— ua b— 1. Or 31010 3HAYEHME MPOU3BEIEHUSI MOXKET TOJIBKO BBIPACTH.
Taxum 06paszoM, MAKCIMaJILHOE 3HAYEHNE ITPOU3BEIEHNSA JOCTUTAETCS,
korja a = k,b = k + 1. 1 okoHYATE/ILHO TIOJTyIaeM

(2k+1)2  n?
kk+1) < —nr—?t = —
(heny < GREDT

TaK KaK
4k% + 4k < 4k* + 4k + 1.

O]

JIemma 5. IHyems A = (0%1)*(0%2)* ... (0%)*, a1 +as+---+as <l uay,ay
— e3aumno npocmut. Toeda Typeon(Xo(A)) < aras.

Zloxazameavcmeo. PaccMoTpuM ciieayromnie Jucia;
ai, 2a1, 3@1 ...,a2017.

Omnn Bce BxomaT B Xo(A). Paccmorpum octaTki 9THX 9HCET IO MOJYIIIO 43.
W3 B3aMMHOI IPOCTOTHL G1 U Gy CJIELYET, YTO BCE 3TU OCTATKHU Pa3/JIAIHBbI. A
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3HAYUT B 9TOM CIIHCKE BCTPeTATCs Bee octaTkn. CamMoe DOJIBIIoe IUC/IO 31eCh
— aga1. [Tosromy y mroboro apyroro uncaa t > asai OyAeT ocTaToK, KOTOPHIH
MBI YK€ TOJIy YUl PaHee.

A pa3 y Hac y»Ke eCTb B CIIHMCKE YHCJIO ¢ TAKKUM OCTATKOM, TO MbI MOYKEM
puOABUTDH K HEMY (9 HECKOJIBKO pa3 U MOJIYIUThb ducio t. To ecTh, HAUNHAS
C MOMEHTa aG9a1 Iepuol Jjist X OyIer paBeH eIuHHUIlE. A 9TO 3HAYHUT, YTO

Tnpe,un(XO(A)) S ai1ag. O

JIemma 6. [Tycmo A = (v®)*(v%2)* ... (v%)*, s > 2 u 6vnoOANENO HEPABEN-
emeo (a1 +ag+---+as)|v| < 1. Tozda, daa mmosicecmsa X, (A) = {l | V' € A}
6EPHO, 4MO
Tnpe&n(Xu(A)) S TR
4lv|
Jlokasamenvcmeo. CHauasa JOKaXKeM yTBEPXKJEHHE [ CJIydasl, KOrJa CH-
cTemMa Uucest aj, g, . . . Gs B3AUMHO IIPOCTa B COBOKYITHOCTH. IIpoBeieM jqoKa-
3aTeJIbCTBO METO/IOM 00ODINEHHOM MaTeMaTHYeCKON HHTYKIIUH 110 [IapaMeTpy
s.
Basa undyrkuuu (s = 2).

A= (W) (),

Paccmorpum BeiomoraresbHbiil cirydait B = (091)*(092)*.
l

Mgsr umeeM a1 + ag < W Torma mo emme b mosryaaem

Tnpe,un(XO(B)> < aiaz.

12
(e

N o nemme 4 310 YUC/IO HE MIPEBOCXOIUT [TosTomy

2

!
Tiapenn (X (A)) < Tapean(Xo(B))|v| < ok

Iepexod undyrkuuu. (2,3,...,8 —1 =)
HoxazkeMm mitst s. Mb1 mmeeM

A= () (v2)* . ()",

Bes orpanndenns oOITHOCTH yIIOPAJTOIAM G, A2, . . . , Gg CIETYIOIAM 00-
paszom
a1 <ag < <as—1 < as.

Paccmorpum BeiomoraresibHoe MEHOXKecTBO A = (091)*(0%2)* ... (0%)*,
Torma 111 MHOXKECTBa

B = (0")*(0°2)" ... (0%)*
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2
npeznepuoy, Ty, muoxkectsa Xo(B) He peBocxoauT (a1+az+ 1 Fas-1)” g npe-

moJ10yKeHnto nHAyKImn. Obo3naduM depe3 di HamOOIbIINiT 00Nl e/ TUTe b

CHCTEMBI UUCENd G1,a3, . ..,0s_1. 110 JeMMe 5 MBI 3HAEM, UTO HAYUHAS C MO-
menTa Ty, muOXKecTBO X((B) mMeer nepuosn dp. Pacemorpum BeomoraTesinb-
noe mMuozkectBo C' = (09)*(0%)*. MubI 3HaeM, 4To di U @g B3AMMHO HPOCTHI,
[IO9TOMY IO IIPEJIIOIOZKEHHIO Oa3bl mpesmepnon muoxkectsa Xo(C') e mpe-
BOCXOJIUT W. SHAYUT IIPEIIEPUo], MHOXKECTBA, Xg(fl) HE ITPEBOCXOJIUT
cyMMBl Tipesepnonios Xo(B) u Xo(C):

(a1 +az+---+as1)®  (di+as)’
4 A

,HOKa}KeM, YTO 3TO BbIparK€HHe HE IIPEeBOCXOAUT

l2
4fv|*
,ZLJIH JOKa3aTeJIbCTBa 3TOIr0 HepaBE€HCTBa JOCTATOYHO JOKa3aThb, YTO

(a1 +as+--+a,1)®  (di+as)?  (a1+as+---+a,1+as)?
4 * 4 = 4 ’

YTO PABHOCHJILHO CJICYIONIEMY HEPABEHCTBY
d% + 2d1as < 2ag(ay + -+ + as—1).

Yro, oueBuaHO, BepHO, Tak KakK d| < a1 < ay < - <azus—1< 2.
Bosspaimasich K HCXOQHOMY MHOXKeCTBY A, mojydaem

. 12
Trpenn(Xu(A)) < Trpean(Xo(4))|v] < ok

Iepexo , MHIyKIMH JOKA3AH.

Teneps pacemorpum ciydaii, korjga HO/ (a1, ag, ... ,as) =d > 1.

O6ozuaunm © = v% 1 npejcraBuM Halie MHOXKECTBO A B BHIE:

12 12
Tupean(Xo(A)) < qr7 =
[TosTomy
12 12
THpeAH(XV(A)) < Tnpezm(Xz?(A))d < 4d|1/|d = M
JlemMma mokaszaHa. ]

JIlemma 7. Ilycmo A = B35 ... 0B5. Ecau cocednue napwv 3; 6 amom evipa-
JHCEHUU COUBMEPUMDL, O 0204 6Ce [B; COUSMEPUMDL 8 COBOKYNHOCTMU.
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Joxasamenvcmeo. JlanHoe yTBep:KIEHME JIETKO JOKA3bIBACTCA HHIYKIIUEH

mo s. Illpu s = 2 yTBep:kaeHne odeBuIHO. JloKarkeM IepexoJ WHIYKITHH.
* 0k *

[TycTs MBI y2Ke OKa3aam yTBepKJIeHne ajid MHOXKecTBa 3755 ... fi_ ;. Torma

0 UHIYKIMOHHOMY IIPEIIOJIOKEHNIO

BBy ... 0= W) (v®2)* ... (v 1) B

Ocraaoch 3aMeTUTD, ITO U3 COU3ZMEPUMOCTH (51, s 1 JIEMMBI 3 CIIeLyeT
COUBMEPUMOCTbD V, 35. SHAUUT Yy CJIOB 31, B2, . . . , B €CTH 0DIIee U3MeTbUEHNE.
JlemMa mokKaszaHa. ]

4. Jloka3aTeJbCTBO OCHOBHBIX yTBepP2KJIeHUIA

Teopema 1. ITycmo peeyaaprviil A3oiK 360aEMCA PELYAAPHBIM BBLPAIHCEHUEM
caedyrouLezo AuHetinozo euda

A=) ™). (%)

co caodcrocmvro we eviwe n. Toeda e2o MocHO npedcmaeumb pe2ynaApHvim

6uPAHCEHUEM NPABUADBHO20 Aunetinozo euda ¢ npaGU/LbHOﬂ AUHETHOT CA0oHC-
2

HOCMDBIO HE B8blUE % +n.

Hoxazameavcmeo. Ilpu s = 1 yTBepKAeHNE OYEBHIHO, IIO3TOMY JaJee Oy-
JIEM CUUTATh, 9TO § > 2.

Jlns mokasaTebCTBa 3TOH TeOopeMbl HEOOXOIUMMO pa3odparbcsd B JIOKAa-
3aTesbCTBe JIeMMbl 3 iaBbl 5 paborsl [1]. Tam nokasano, uro Hare mpej-
CTaBJICHUE 3aJa8TCA B BUJE IIEPUOINIECKOr0 CeMEHCTBa CTeneHel ¥, KOTOpoe
MOZKeT OBITh IIOJIYyY€HO KOHEYHBLIM O0beUHEHUEeM 3JIeMEHTOB U3 [IPeIepUo-
na U nepuomdeckoit qactu ¢ gumnoit nepuoga HO(ay, ag, . . ., as).

Kaxki0e MHOXKECTBO U3 3TOro 00bLeJMHEHNs y2Ke UMeeT IPAaBUILHbIA -
ueitapit Bug. Camoe 6OJIBIIOE IO JJIMHE U3 STUX MHOXKECTB 3aJaETCA B CJIe-

AYIOIIEeM BUJIEC:
VTnpenn(Xu(A))(VHOﬂ(al,az,‘..,as))*. (*)

Omenum ero jumny. Ilo stemme 6

A (Tuposn (X, (A)) + HOZL( S| LA
V|{\Lupenn v a,ag,...,0s)) S |V 4|1/| |1/| = 1 n.

Teopema jokazana. O
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Teopema 2. ITycmv peaysaproiti A31K 360aEMCA PELYAADHBLM GbLPAINCEHUEM
caedyrouLe2o AuHetino20 euda

A=pipy... 0

co caodicocmpvio ne éviwe n. Toeda €20 MOKHCHO NPEOCTNAGUMD DERYAAPHDIM

GHUPAIHCEHUEM NPACUALHO20 AUHETIH020 6Uda ¢ NPASUALHOT AUHETHOT CA0IIC-
2

HOCMDIO HE 6blULe o+ 1.

Hoxazameavcmeo. it  noxkaszaresbCcTBa JAHHOIO YTBEPAKICHUS HYKHO
ry62Ke IOrpy3UThCs B JJOKA3ATEIBCTBO JIeMMBI 3 TiaBbl 4 pabotrs! [1]. B neit
paccMaTpUBAIOTCSI IPOTIEypa ‘PaCIIeIIeHNsT , [TO3BOJSIONIas IPeodpa30BhI-
BaTb COCE/IHIONO IIapy uTepanuii 5] /55 B BbIpakKeHue IIPaBUJILHOIO JIMHEHHOI'O
BUJIA.

Ha wmjneitnom ypoBHE 3Ty HpOIELypy MOXKHO OIMCATh TaK: U3 UTEPAIUU
(5 BBITAIIBAETCA HECKOIBKO Pa3 CJIOBO (2 TaK, YTOOBI pE3y/IbTaT HEJIb3s Obl-
JIO TIEJIMKOM IIepebpocuTh depe3 urepanuio J1. W mokasbIBaeTcs, 9To JIIMHA
BBITSIHYTOIO CJIOBa He mpesocxoaut |B1||Bz].

C moMoIIpo 9T0T0 (hbakTa MOXKHO JOKA3aTh YTBEPXKJIEHUE HAIell Teope-
ML 71 sTOro pazobném BeIpazkenue 3735 ... 35 B mOCieI0BATEIbHOCTD U3
6moxoB By, Ba, ..., B, rae cioBa B KaxXIoM u3 0j10koB B; u B;,1 nomnapHo
COU3MEPUMBI, & 3HAYUT 110 JieMMe 7 Bce OJI0KM B; 1peJicTaBUMBI B BUJIE

B; = (") @) )

[Ipu sTOM V; U V41 HECOM3MEPUMBI B CHITY pasdbuenus na Omokn. Obo3Ha-
quM JuHy Osoka B; 1wepes [;. I3 Teopembl 1 3HaeM, 9TO KaxKIbIil 010K B;
MO2KHO 3aMEHHUTDL Ha IIpeJACTaBJIEHHE IIPaBUJILHOI'O JIMHETHOTO BUIa C JAJINU-

HOIl He GoJIbIe 4eM % + I;. Ilpu 9TOM OYEHBb Ba*KHO OTMETUTH, YTO B HOBOM
JINHEITHOM BHU/ie BCe IO bUTEPaIlMOHHBIC CJIOBa ABJIAIOTCA CTEIICHAMU CJIOBa
Vi.

HasbIie B X011 UIET MPOIeaypa “paciieryieHust sl Tapbl HECOU3MePH-
MBIX 3BE3I, TMO3BOJIAIONAs “‘pasBectn’ cocemgnue 0yoku B;. s sroro, Kak
OBLIO IIOKA3aHO B JI0KA3aTE/ILCTBE TeopeMbl 1 oTpebyeTcst yBeJIMIUTh JJIMHY
BBIparkeHnsI Ha He 6osee deM l1ls + lolg + -+ - + l5_1ls ciMBOJIOB.

CosMelasi BMecTe e O “pacilellyIeHu’ W IIPUBEICHUN OJIOKOB B IIpa-
BUJIBHBII JIMHEHHBIN BHJI, OKOHYATEBHO IOJIyIaeM OIEHKY Ha JJINHY HOBOI'O
JIMHEITHOTO BHJIA:

B 2
Trht et Sl (bl bl Ll =

B4 G4+ P4 Al Alls + -+ Al

1 + (U +l+-+1) <
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L+t +1)% 204l + 2l + - + 201l
<(1+2+ +15) i 12 + 2lglg + - + 1 (ot 1) <

< 1 1 <
l l cee - 15)2 l l cee - 15)2
§(1+2+4 + 1) +(1+2+4 +1s) + (i +la+ o+ 1) =
(htlp+-+1)?

= 5 +(L+l+- -+ ).

Hpa,BI/I.HbHOCTb TOJIYy9€HHOI'O JIMHEITHOTO BUJa CJAeJYyET U3 BbIIIE OTMEYECH-
HOTO (paKTa O TOM, UTO MOTBUTEPAITMOHHBIE CIOBA B 3aMEHEHHBIX OJIOKAX IO
npexKHEeMy HadUHalOTCA C V; U HE IOPTAT YyCJ/JIOBUE ITPDABUJIBHOCTU IIPpU HC-
MTOJI30BAHNN TIPOIEYPhI “PaCIIEIIeH .

Teopema nokazana. O

5. 3akKJIrouYeHue

B mammoii crarbe 6bLI0 TPOBEAECHO UCCIEIOBAHUE O IIPEICTABIEHUN PEryIsap-
HBIX $I3BIKOB C IOJIMHOMUAJILHON (DYHKIMENl pOCTa ¢ UCIIOJIb30BAHUEM PEry-
JIAPHBIX BbIpaskeHuit jmHeiiHoro Buaa. OCHOBHOMI Me/Ibio myOnKanun ObLIO
pa3paboTaTh HOBYIO OIEHKY CJIOYKHOCTHU II€PEX0/ia OT JIMHEHHOTO BUA PEry-
JAPHBIX A3BIKOB K IIPABWJILHOMY JIMHETHOMY BHUJLY.

B xo1e nccienoBanust ObLIM PACCMOTPEHBI CYIIECTBYIOININE OIEHKH CJIOXK-
HOCTH TIepexo/ia 1 MpoBeieH anaan3 ux apdexkrunoctn. Bouio obnapykeHo,
4TO CYIIECTBYIOIINE OIEHKU HE BCErJia JOCTATOYHO TOYHO OIEHUBAIOT CJIOXK-
HOCTDH IIepexojia. DTO CTaJl0 OCHOBHOM MoTUBalueil Jis pa3spaboTKU HOBOI
OIIEHKU.

Ha ocnose nipoBeiennoro uccjemoBanus ObLia chopMyIHPOBAHA U JTOKA-
3aHa OCHOBHAad TeopeMa, YTBEPXKJAIoas, YTO PeryJspHbI A3bIK, 3a/aBac-
MBI peryiadpHbIM BbIpaKeHreM JIUHEHHOrO BUJA C JIMHEHHON CJI0?KHOCTDBIO He
MIPEBBIIIAIONIEH 1, MOXKET OBITH 33aH PEryJIAPHBIM BhIparkeHueM IPaBUIHLHO-
o JIMHEHHOI'O BUJIA C JIUHEHHOU CJIO?KHOCTBHIO HE ITPEBBIIIAOIIENR %2 +n. 1o
03HAYAET, 9TO IPEJJIOXKEHHAsT HOBasl OIleHKa 00Jiee TOYHO OIEHMBAET CJIOXK-
HOCTD IIePEX0/ia U MOYKET OBbITh IPUMEHEHA JIJIsT ONTUMUBAITUY TPEICTABICHUS
PEryJIApPHBIX SA3BIKOB.
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On the complexity of converting to a correct linear form
Dergach P.S., Saltsova D.A.

This paper is devoted to the study of the regular linear form for
regular languages with polynomial growth function and improving the
corresponding estimates on the complexity of the transition from the
linear form to the regular linear form.

We managed to lower the previously known estimate n? from [1] to

an estimate § + n. Also obtained an upper estimate %2 for languages

of the form 5735 ... 5%, in which the words §; are commensurable.

Keywords: regular language, growth function, regular linear form,
complexity.
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Orienka crerieHeit pa3aesisaionx
MHOT'OYJIEHOB JIJId MOHOTOHHBIX U
CaMOJIBOICTBEeHHBIX (DYHKIIMI1

M. B. Hocos!

B pabore mosydena BepxHsisS OIEHKA CTEIIEHU MHOTOWIEHA C Jeii-
CTBUTEJIbHBIMU KO3 MUITMEHTAME PA3IEISIONIEro HyJIA U €IUHUIBI MO-
HOTOHHOI OyJIeBCKO# (DYHKIUUE B HEYETHOM CJIydae PA3MEPHOCTH IIPO-
crpaHcTBa. BMmecTe ¢ paHee W3BECTHBIMU OIEHKAMU JIJIsi YETHOIO CJIy-
Jast M HUXKHEH OIEeHKU JJIsl HEYETHOTO I0JIYYaeTCsl OKOHYATE/IbHBII pe-
3yJabTAT. AHAJIOTUYHBIE PE3YJIbTATHI TOJIYYEHbI JIJIsI KJIacCa CAMOJIBOM-
CTBEHHBIX (PYHKITHIA.

KuarodeBble ciioBa: MOHOTOHHAsT OyIeBCKas PYHKIUS, CAaMOIBOI-
cTBeHHas OyJeBcKasi (DYHKINSI, PA3IEISIONUI MHOTOJIEH.

[Tycts B™ - n-MepHbIil euHUYHBI Ky0, R[x] - MHOKECTBO MHOTOUJICHOB
OT I IIEPEMEHHBIX C JieficTBuTebHbIMU Koaddunuentamu, x = (21, ..., Ty),
P, - muO2kK€CTBO OysieBbix dyHKIMiA, My, - MHOXKECTBO MOHOTOHHBIX OyJIEBBIX
dbyukimit or n nepemennbix. Ckaxkem, yro muorouied f(z), f(z) € R[z]
pasjiesisier HyJu u eAuHuIbl 6ysneBoil dyukimn F(x) ecan

Fla)=1< f(a) >0, F(a)=0¢< f(a) <0, a=(a1,...,an)€ B".

Takoit MHOTOWIEH OyIeM HA3BIBATD PA3IESIONIAM MHOTOYJICHOM (DYHKITUN
1.B pabore [2] gokazano, 4To 1jisi JiE000H MOHOTOHHOI OysieBcKoi dyHK-
UM OT N IIePEMEHHBIX CYIIEeCTBYeT PAa3Ie/IsIONuil MHOIOYIEH CTEIIeHU He
boJtee [%‘H] U CyIIeCTByeT OyaeBcKas (pyHKIWS, st KOTOPOU CTeeHb pas/ie-
JISIOMIEro MOMHOMA He Menee [g]. ITpi 9éTHOM n BepXHsIs 1 HIKHSS OICHKHI
COBITQIAIOT, ITOKAXKEM, UTO OYJIET TaKas YKe CUTyallds U IPU HEIETHOM N.

[Iycrs n = 2k + 1, F(x) € M, uMeer MeCTO CJie/lytolnee MpeICTaBIeHne

[

F(x) = \ Ty - T, s
(il,...,im)EU
e K = {o = (0,...,04,0,...,0,,0,...,0)[o;; = 1,(i1,...,im) € U} -
MHOXKeCTBO HkHuX ejuaul pyukiuu F. Bynem npencrasienue F(z) 3anm-
CBIBATDH B BHJIE

! Hocos Muzaus Bacuavesuw — c.H.c. Kad. MATEMATHIECKOH T€OPUH MHTEJLIEKTYaJIb-
HBIX cucTteM Mex.-MaT. d-ta MI'Y, e-mail: mvnosov@rambler.ru.

Nosov Michail Vasilevich-senior researcher, Lomonosov Moscow State University,
Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of Intellectual
Systems.
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F(x)=\ a°.

ceK

Onpenenum muoxkectsa K1 u Ko:
Ky =K\{o|lo| <k}, Ky=K((\{o|lo|>k+1}
TOr/IA
F(x) = Fi(z) V Fa(z),

Fi(x)=\ 29, Fy(x)= \ z°.

oceKy c€K>2
Omnpeennm MHOTOWIEH U3 R[z]:

filz)= > 29, degfr <k.
ogeK;

Torma
Fi(a)=1% fi(a) 20, Fi(a)=0% fi(e) =0, «a€B"

Eciu Ky = 0, To(f1(z) — 0.5) - pasaensiomuii Muorowien F ¥ CTeleHb €ro
He OoJee k.

Paccmorpum  cayuaii Ko  # (. Onpenenum  dbyuknuio G(z) =
Fy(x), Fo(z) = G(T). Ouengno, uro G(x) MoHOTOHHAsI OyseBcKast (DYHK-
st u {o| o € Ko} - Bepxuue nyiam dynknun G. s moboro o € Ko
nmeem |o| < (2k+ 1) — (k+ 1) = k, 3naunt, ecyim A - HUZKHEUE €JIUHUIIBI
G(z) , To mia moboro A € A, [A| < k+1 m cyoit B}, | 7exKUT BO MHOMKECTBe
enunur G.

Oupenenum muoxkectBa K3 n Ky:

Ks=AN{NIA <k}, Ky=K({A|AN=Fk+1}
n QyHKIUN

F(z)= V 2% Fiz)= V 2*
AeK3 AEKy

TOor 1A
G(x) = F3(z) \V Fu(z),

OHpe,ILeHI/IM MHOT'OYJICH

fa)= ¥ 48 m—k—1),

AEK3 =1
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rre 0 <9 < 2%% Torna, ecin a € B" n G(a) =0, To —(k+ 1) < fa(x) <
—0; ecsim G(a) = 1, 1o BO3MOXKHBI Tpu ciydasi: 1)F3(a) = 1, Fy(a) =
I; 2)F3(a) = 1, Fu(a) = 0; 3)F3(a) = 0, Fy(a) = 1. B nepsom city-
gae 1 < fo(z) < 228+2 Bo ropom ciryuae 0 < 1 —d(k +1) < fo(a) < 22k +L;
B TperbeM ciydae fa(a) = 0. Bo Bcex Tpéx ciyuasx fa(o)

BozbMéM MHOTOW/IEH

flx)= fi(x) = dfo(1 —21,...,1 —xp).

Ecmm o € B" u F(a) = 0, suaunr fi(a) =0, F(a) =0, ,G@) =1,
suaunT fa(@) > 0 u f(a) < 0. Iycrs F(a) = 1, Torma MoryT ObITH TpH
caynan: 1Fi(a) = 1, Fy(a) = 1; 2)Fi(a) = 1, Fy(a) = 0;  3)Fi(a) =
0, F5(a) = 1. B nepsom u BropoM ciaydasx f(a) > 1—§22F+2 > 1 . B rperbem
cayqae fi(a) = 0, G( ) =0, —(k+1) < fo(@) < =94, Toma fla) >
62. Muorounen f(z) — 52 6yﬂeT pa3neaTh HYJIU U €IUHUIBI MOHOTOHHOM
dbyuxiyuu F(x) n degf( ) <

2. JIna  kiacca caMo;LBOI?ICTBeHHI;IX GYHKIUH  paccMOTPUM  OTIETHHO
HEYETHBIN U 4ETHBIN ciaydan. B nepBoMm cirydae JjinHeitHasg OYHKINS OT BCEX
ApTyMEHTOB SIBJISIETCS CAMOBOWCTBEHHOM, €€ HYJIN W eJUHUIILI Pa3IesIaioT-
csl TOJBKO mosmHOMOM crenieHu o [2]. Bo BropoMm ciydae obe JmHeiHbIe
GYHKIMM OT BCEX TEPEMEHHBIX He SIBJISIIOTCS CAMOIBONCTBEHHBIMU, CJIE/I0-
BaTEJILHO, CTEIMEHD PA3JIEISIONero noanaoMa ue 6ostee n — 1, a s jinHedt-
HOI CaMOIBONCTBEHHON (DYHKIIUN C OJHON HECYIECTBEHON MepeMeHHOI, T.e.
OT HEYETHOIO YUCJIA CYIIECTBEHHDBIX IIEPEMEHHBIX N — 1, TpeOyeTcs MOTIMHOM
crenenu n — 1.

<
> 0.
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Estimates of the degrees of separating polynomials for monotone
and self-dual functions
Nosov M. V.
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In this paper, we obtain an upper bound on the degree of a
polynomial with real coefficients separating zeros and ones of a
monotone Boolean function in the odd case of the dimension of
space.Together with the previously known estimates for the even case
and the lower estimate for the odd one, the final result is obtained.
Similar results are obtained for the class of self-dual functions.

Keywords:monotone Boolean function, self-dual Boolean function,
separating polynomial.

References

[1] Yablonsky S.V.Lupanov O.B.(ed.), Discrete mathematics and
mathematical questions of cybernetics, Nauka, Moscow, 1974 (In
Russian), 242 c.

[2] Aleshin S.V., Dynamic image recognition, Moscow University Press,
Moscow, 1996 (In Russian), 97 c.

82



Yactp 3.
MaTreMaTn4ieckue MOJJIeIN



O BEPXHUX ONEHKaX CJIOZKHOCTHU CHHTE3a
ABTOHOMHDBIX aBTOMAaTHBIX IIJIOCKHUX CXEM

A. C. Bopornuxos!

B pabote mosydena BepxHsis OIEHKA MEPEKIIOYUATETHHON MOIITHO-
CTU Peain3allii TePUOINIECKON MOCTIEI0BATEILHOCTH IIJIOCKOH aBTO-
MaTHOH cxeMoit 6e3 Bx0y0B. [IpuBoauTcs cxema, pean3yroIas Mpous3-

BOJIBHYIO HAIIEPET 33 IAHHYIO TOCJIEI0BATEILHOCTD JJIMHBI 2™ 71 Ha-
n/2

TYPAJIBHBIX 7 C TIEPEKII0YATETHLHOM MOITHOCTHIO He Gosee 2

KuroueBblie ciioBa: cxeMbl U3 (PYHKITMOHAJIBHBIX JIEMEHTOB, KO-
veunble aBroMaThl, Mosesib CBUC, miockue cxembl, MOITHOCTH CXEM,
dyuknusa [Hlenrona, BepxXHue OINEHKH.

1. BBenenue

Buepsbie moHsiTHE CX€MBI U3 KJIETOUHBIX 9JIEMEHTOB, Jajiee TaK K¢ HAa3bIBa-
eMoil IToCKNMHU cxeMaMn, Obi1o BBeseno B pabore Kpasmosa C.C. [1], mo-
KAa3aBIIlero, UTO JJis peasin3alluu ITPOU3BOJILHON OyJieBoil (PYHKIMU TaKOii
cxemoit Tpebyercst O(2") smemenTos. B mocieicrBun Ob1I MOy €l TOPSAI0K
dyukuun Mlennona miomaau s gacrudabix Oysesbix dbyuknuit O(|D)),
rae D — obuacrs onpegenenust (1. A. 2Kykos [2]). Ces3b Mexty miomia-
JIBIO TIJIOCKUX CXeM M O6'bEMOM TPEXMEPHBIX, PEATU3YIONIX OYJIEBLI OMEPaTO-
pbl anasmsuposasachk B pabore (H.A. [Mkamukosa [3]). B paborax [4, 5, 6] I.
B. KamaueB uzydas mopsiloK MOTEHIMATIA U TMEPEKTIOIATETHHON MOITHOCTH
IJIOCKUX CXEM, peaju3yionux 0y/eBbl PYHKIUU U OlepaTopbl. Beiao moka-
3aHO, YTO TOPSIOK MOTEHIINAIa W MEPEKTIOUATEIHHON MOITHOCTH TLIOCKOM
CXEMBI, PeansyIolreil GyieBy byHKIHUIO OT 1 IePEMEHHbIX, cocTaBsier 2/ 2;
MOKA3aHa CBA3b ITUX Mep MOIMTHOCTU. Tak Ke ObLT TOJMydeH MOPSIOK Te-
DEKJTIOIaTEIFHON MOIMHOCTH pPeaJn3anueil MIOCKIME CXeMaMHi YaCTUIHBIX
Oynesbix omeparoposB. O. M. Kacum-3azme ucciienoBaj aKTUBHOCTD CXEM U3
GYHKITMOHAIBLHDLIX 3JIEMEHTOB. B KadecTBe Mepbl aKTUBHOCTH CXEMBI B paboTe
[7] on BBEN HOHSITHE P-aKTMBHOCTH: HA KAXK/IOM BXOJHOM HAOOpe PacCMaTpH-
BaeTCsT KOJTMYECTBO 3JIEMEHTOR, Ha, BXOJT KOTOPBIX TO/IAETCST €IMHUTIA WU CaM
9JIEMEHT BBIIAGT €IUHUILY, ITOCIE ITOTO OEPETCST MAKCUMYM IO BCeM HAOOPaM.
Kacum-3aze mokasaJi, 9To B HEKOTOpPOM Hazuce Jijist jir000it 6yieBoit pyHKIINN
OT N TEPEMEHHBIX MOXKHO TIOCTPOUTH CXeMy, P-aKTHBHOCTH KOTOPOH HMeeT
nopsiok O(n?).

! Bopommnukos Anexceti Cepeeesun, — acrmpanT Kad. MATEMATHUECKOH TEOPUH MHTEJ-
JIEKTyaJIbHBIX cucTeM Mex.-marT. d-ta MI'Y, e-mail: vorotnikov.lexa@yandex.ru.

Vorotnikov Alexey Sergeevich — graduate student, Lomonosov Moscow State
University, Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of
Intellectual Systems.
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B pa6ore [8] FO. C. lllyTkun uccienoBas MOIHOCT KOHTAKTHBIX CXEM U
Oy IUJT JInHEWHbIH nmopsaok dyukinun [TlenHnona.

PaccmarpuBaiorcst Tak 2Ke 3aJla9d CJIOXKHOCTH CHHTE3a JIJIsi HEKOTOPBIX
KJIacCOB (DyHKIMI 1 oniepaTopoB. B vacTHOCTH OBLIN HAMICHBI MOPSIIKUA PO-
cra dyakiun [lerHona MakCUMAJIBLHOTO M CPEJIHErO MMOTEHIUAA JJIsT MO-
HOTOHHBIX dyHKIWi [9]. B pabore [10] mosyuenbl acuMIToOTHYeCKE OICHKH
BBICOKO{l CTEIeHN TOYHOCTH JIJIsi CJIO2KHOCTU Peasn3alliid KOHTAKTHBIMU CXe-
MaMmu jenudparopa.

B mammoit pabore paccMaTpuBaeTCs PACIIUPEHHOE MOHSITHE: TIJIOCKHIE aB-
TOMATHBIE CXEMbI. DTO CXeMbI, Yeli 6a3UC KJIETOUHBIX JIEMEHTOB COCTABJISIOT,
[TOMHUMO IPUBBIYHBIX OYJIEBBIX (PDYHKIWI ¢ He Gojiee YeM JeThIPbMs BXOJAMU
U BBIXOJIAMU, 3aJICPXKKU - aBTOMATBHI C OJIHMM COCTOSIHHEM, IOJIAIOIINe Ha
BBIXOJ[ B CJIEJYIOIIMIA TAKT TO, YTO MPHUIIJIO HA BXOJ B Ipeibaymmid. Kop-
PEKTHBIE CXEMBI Teleph B KayKIOM OPUEHTHPOBAHHOM ITUKJIE JTOJ2KHBI COIEP-
JKATh HEe MeHee OJIHOI 3a/1ep:KKu. OyHKIIMOHUPYET JTaHHAsT KOHCTPYKIIAST KaK
CTPYKTYPHBII aBTOMaT. B asbHeiineM paccMaTpuBaeM TOJBKO aBTOMATHbBIE
IJIOCKKE CXeMBbI 0€3 BXOJOB, OyJIeM UX TaK YKe Ha3bIBATH ABTOMATHBIMU CXe-
Mamu. B kadecTBe MephI CJIOKHOCTU PACCMATPUBAETCH IEPEK/II0YaTe/ IbHas
MOIIIHOCTb: CYMMAapHOE YHCJI0 U3MEHEHUIH Ha BBIXOMAX 3JIEMEHTOB, HOPMU-
POBaHHOE Ha JUIMHY [TEPUOJIA TIOCIEI0OBATEIBHOCTH, IOCTYITAIOIIEH Ha BBIXO/.
[Tokazano, 9T0 MPOU3BOIBHYIO TOCJIEIOBATEILHOCTD U3 HYJIEH U €JIUHUIL C TIe-
puogoM 2" MOXKHO peaan30BaTh aBTOMATHON cxeMoil, obJrazaroreil mepeKkao-
JaTe/IbHON MOIIHOCTBIO He Hojtee 27:# B pabore npuBoguTcs Takasi cxema.
[Ipu mocTpoeHnn cxeMbl AKTUBHO TPUMEHSIJIUCH UJIeH, BOSHIUKABIINE paHee B
paborax I'. B. Kanauésa [4, 5].

B manbHeiinem maaHUpyeTCcs MOJIYYUTh HUYKHIOK OIEHKY JIJIsl TIEePEKJIFO-
YaTEeJIbHOM MOIIHOCTHU IJIOCKUX aBTOMATHBIX CXEM, Peau3yIOIInX [1ePUOJIH-
YeCKHUe MOCJIEIOBATEIbHOCTH, TaK YKe MOPSIOK HEePEeKTI0YATEeIbHON MOIIHO-
CTU JIsT peaiu3alinii IJIOCKUMU aBTOMATHBIMU CXEMaMU ITPOU3BOJIBHBIX aB-
TOMATOB.

ApTOp BBIpazkaer 0JIArOJAPHOCTD J1..-M.H. mpodeccopy . D. lacano-
BY 3a Hay4HOE PYKOBOJICTBO U IOMOINb B paboTe, a Takke K.(.-M.H., M.H.C.
I B. Kamauépy u A. A. EdumoBy 3a 1ieHHBIE 3aMEUAHUS U TPEI0KEHUST
10 TEKCTY CTAThH.

2. OcHoBHBIe TIOHATHA M (POPMYJUPOBKaA Ppe3yJIbTa-
TOB

2.1. OnpenesieHne MJIOCKON aBTOMATHOU CXEMBbI

Beoammoe onpe/iesienne HeCKOIBKO PACIIEPSIET OLPEJIEJICHIE IIOCKO CXEMBbI,
BBeJIGHHOE B pabore [4].

85



Kaemounwvim snemenmom 6ynemM Ha3bIBATH aBTOMAT C HE OoJiee €M JIBY-
Ms COCTOSTHUEM, y KOTOPOro B CyMMe He 0ojiee YeTBIPEX BXOJOB U BBIXOJIOB,
HPUYEM KaXKJIOMY €ero BXOJly W KarKJOMY BBIXOJY COIOCTAaBJIEHA HEKOTOPAs
MeTKa 13 MHOxkectBa {l,r,t,b}, npuuém merku He noBropsitorcst. Merku Gy-
JIEM TaK2Ke Ha3bIBATbh CTOPOHAMU JIEMEHTA!

— [ — ;eBast CTOpPOHA;

— 7 — IIpaBas CTOPOHA;
— 1 — BepxXHsdd CTOPOHA;
— b — HUKHAA CTOPOHA.

Kunerounniit ssmement OyjieM m306pakarTh B BUJIE €IMHIIHOIO KBajpaTa Ha
wiockocTu. [Ipn 3TOM BXOJIaM U BBIXOJIAM 3JIEMEHTA COMIOCTABJISAIOTCS CTOPO-
HBbI KBaJIpaTa B COOTBETCTBUU C IIPUCBOEHHBIMU UM MeTkKamu. MeTku, mnpu-
CBOEHHBIE BXOjaM (BBIXOJ[aM) aBTOMAaTa OyjleM Ha3bIBAThb BXOJAMU (BBIXO-
Jamu) sjeMenTa. MeTku, He IPUCBOEHHbIE HU BXOJAM, HU BBIXOJaM, Oyiem
Ha3bIBATH U30JIsITOpaMu. MHOXKECTBO BXOJIOB (BBIXOJOB) dJIeMEHTa € Oyiem
obosnauars in(e) (out(e)). Bxojubl 1 BBIXOIBI 371eMeHTa OyjieM HA3BIBATDH €10
KOHTAKTAMH.

OmnuCeHIBATH JIEMEHT € OHUM COCTOSTHUEM Oy/IeM yPaBHEHUSIME, KOTOPBIE
3a/1aI0T €ro OMEPaTop, 3aMEHssl BCE IIePEMEHHbIE B HUX Ha COIOCTABJICHHBIE
um merku (1,7, ¢t wiu b). Torma B JieBoit YacTu KaxKJOro ypaBHEHHs OyJer
CTOSATH BBIXOJ[HAsS METKA, & B IPABYIO OY/IyT BXOJIUTH TOJHKO BXOJHbBIE METKH.
Ha pucynke 1 mpuBesieHbl IpUMEPHI KJIETOYHBIX 37eMeHTOB. s ymobersa

f Lt
(o} Kt
b *tb

t=b,l=(bza)& t =b, |l = (b=za) b=(1&) | (~I& ) r= (&) | (~t&b)

a4t I"Jﬂ« [ 1‘5 r 41— < L
I ¥ ~> r T 20 - -
F@r% .{Té b

(

t
a
; 1
b=(r&) | (~r&t) 1= ~1&b, t=b t= b, | =r&b [ = ~b&r
Puc. 1. Ilpumepnl JOru4IecKux 3JIeMEHTOB.
BBEJIEM I1yCTOfl KJIeTOUHBIT ss1eMeHT — nsosupyomuii (6y1em obo3HadaTh A).

Bcerogy masee 3naqok := Gymer 0603HAUATH «II0 OIPEIETICHIIO0 paBHO». depes
€ 0603HAYNM MHOXKECTBO BCEX KJIETOUHBIX 3j1eMeHToB, Ng := |E].
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,Haﬂee Be3/1¢ HCIIOJIb3YyETCA baszuc B, COCTOHHII/Iﬁ 3 BCEX JJIEMEHTOB C
OITHUM COCTOAHUEM U MHOZKECTBa 3JIEMEHTOB C C ABYMA COCTOAHUAMU COCTOA-

HAAMUI {(Ean E) ¢7¢1)7 (Eu E) E2)¢7¢2)7 (Eu E) E37¢7¢3)}7 rme E = {Oa 1}7

(1) =0,
e(t+1) =af(t).

i(t) = q(t),  a(t) = (q(t),q(t),  ¥3(t) = (a(t), (1), q(t)),

rje a(t) — BXOIHON CHrHAJT B MOMEHT BpeMeHH t, ¢(t) — cocrosiHue aBToMaTa
B MOMEHT BpemeHu t. BymeM Ha3bIBATh TaKue 3JIeMEHThI 3adeporckamu. VHBI-
MH CJIOBAMH, aBTOMAT IIPOCTO UTPAET POJIb 3aJEPIKKHU, «3aCACHIBAT» CATHAJ
10 OJTHOMY IIPOBOJY U «OTJ/aBasi» He 60jiee 9eM 110 TPEM IIPOBOIaM Ha CJIEIy-
IOITEM TaKTe, PUCYHKe 2.

Ecimu Ha Bcex BbIXOmaxX 3J€MEHTa C OJHUM COCTOSHHEM peau3yIoTcCs
TOXK/IECTBEHHBIE (DYHKIIUK, TO OY/IeM HA3BIBATL JJIEMEHT KOMMYMAULOHHHIM,
OCTAJIbHBIE JIEMEHTHI C OJHUM COCTOSHHEM Oy/IeM Ha3bIBaTh L02UYECKUMU.
Cembio U3 KAeMOYHLT 2AeMenmos Ha MuoxkecTse M C 72 HaJ MHOXKECTBOM

—»E 7 }—»
H(t+1) = 1Y),
(D) =0

Puc. 2. Bagepxkka.

&' C & 6ynem nasbiBaTh orobpazkenue K : M — &' npu stom &£’ Gynem Ha-
3BIBATH Oa3ucom ceTu. daemenT K (x,y) OymeM Ha3bIBATH SJIEMEHTOM CXEMbI
K ¢ koopaunatamu (z,y). DJIEMEHT € NPUIUCAHHBIMU €My KOODMHATAMU
OyaeM Ha3bIBATDL AAEMEHMOM crembl. Jlesol, npasol, seprneti m HudtcHed
CTOPOHAMU JIEMEHTa € ¢ KoopauHaTamu (x,y) OyJeM Ha3blBaTh TOYKH C KO-
opaunaramu (z — 5, y), (z + %, Y), (z,y — %) u (z,y+ %) COOTBETCTBEHHO (OCh
Yy HampaBjieHa BHE3). Bymem roBoputh, 4ro ceThb K U3 KJIETOYHBIX dJIEMEH-
TOB KOPPEKTHA, €CJU JJIs JIOObIX NBYX TaKUX IJEMEHTOB T U Y cXeMbl K,
YTO CTOPOHA @ JIEMEHTA T COBIAIAET CO CTOPOHOI b 97IeMEHTA ¥, BLITIOTHEHO
OJITHO U3 YCJIOBUIA:

— OJIVH U3 3JIEMEHTOB T,y — WU30JIUPYIONIHIA,
— CTOPOHBI @ U b ABISIOTCA U30/IITOPAMU,

— JmbO OJ[HA W3 HUX SIBJISIETCS BXOJOM, JPYyTast — BBIXOJOM, HAIIPUMED, &
— BBIXOJl, & b — BXOJ; B TaKOM cJjy4ae OyJieM rOBOPHUTb, YTO BBIXO/L G
MTOJIKJIIOYEH K BXOIY b.
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MmuoxkecrBo M Oymem HasbBaTh Hocumenem cetn K. Bpeném monsarTue
epagpa Koppexmmoli cemu us Kaemounvixr aremenmos K (Oymem obosHavaTh
ero G g): 9T0 OPHEHTHPOBAHHBIN rpad, BEPITHHAME KOTOPOTO SIBJISIIOTCS BXO-
Jbl 1 BBIXO/bLI 9JICMEHTOB CXE€MbI. ECJII/I BbIXO/JI OJHOI'O dJIeMeHTa IIOJAKJ/IIOYeH
KO BXO/ly JPYTOro, TO UM Oy/IeT COOTBETCTBOBATH OJIHA W Ta K€ BEPIIHHA
rpada (Oy1eM roBOpUTh, YTO 3Ta BEPIIUHA SIBJISETCsI BBIXOJOM MIEPBOTO JJ1e-
MeHTa U BXOJIOM BTOporo). 3 Bepriunbl a B Bepimuny b BeJI€T pebpo B TOM 1
TOJIBKO TOM CJIydae, KOTJIa CYIIECTBYET TaKOH SJIEMEHT €, UTO ¢ sIBJISETCS €r0
BXOJIOM, b — BBIXOZIOM, Ipu4IéM (DYHKIHs, peajandyeMasl Ha BBIXOJE b, cyie-
CTBEHHO 3aBUCUT OT BXOJa a. [liockoti asmomammoti cxemoti Ha MHOXKECTBE
M C 7Z? nan 6azucom £ C & 6yaeM HA3BIBATH KOPPEKTHYIO CETh U3 KJIETOU-
HBIX 3JIEMEHTOB, B rpade KOTOpOil BCe OPHUEHTUPOBAHHBIE IUKJIBI COJEPIKAT
x0T Obl oniHy 3a7epkKy. MuoxkecrBo M OynemM HA3BIBATD HOCUMEAEM CXEMBI
K.

Eciu BxoJ| (BBIXO) 3J1€MeHTa He NOJKJ/IIOYEH K BBIXOJY (BXOJY) JApyro-
ro JIeMeHTa, OyJIeM ero Ha3blBaTh 6X0dom (6vixodom) cxembl. Konwmaxmamu
cxeMbl Oy/IeM Ha3bIBATh €€ BXOJbI U BBIXO/bI. MHOXKECTBO BXOJIOB (BbIXOJIOB)
cxempl K 6ynem oboznatars In(K)(Out(K)). Ysramu cxemsr K Oyaem Ha-
3biBaTh BepimHbl rpada G . Eciu M — nHocutesnsb cxembl K, TO BeJIMYUHY
| M|, paBHYIO KOJINYeCTBY 3JIeMEHTOB MHOXKecTBa M | Gy/ieM Ha3bIBATh N.A0-
wadvio cxembl K u obosnauars |K|.

Haunot cremor K Oynem Ha3bIBATH JUIMHY HAUMEHBIIIETO IIPSIMOYTOJIb-
HEKa, COJIEPIKAIEro BCe HEMyCThIe 3JeMeHThl cxeMbl K, obosnadaercs [(K).
HTupunoti cxemv, K 6ymnem Ha3bIBATH ITUPUHY HAUMEHBIIIETIO IPSIMOYTOIbHT-
Ka, COJICPKAIIEr0 BCe HEIyCThIe 3JeMeHThI cxeMbl K, obosnadaercs w(K).

Paccmosmuem meorcdy ysaamu cxeMmbl OyIeM Ha3bIBATh PACCTOSIHIE MEK-
Jy cooTBeTcTByIomuMu BepinuHamu B G . Paccrosinue ot y3ia a 10 y3ia b
Ha cxeme K Oynem obosHauarh pi(a,b). Ilodcremoti cxembl K ¢ HOCHTEIEM
My C M 6Gynem nasbBaTh cxemy K|pg,, mosmydatoryocs u3 K BeIOpach-
BaAHUEM KJIETOUHBIX 3JIEMEHTOB, COOTBETCTBYIOIUX MHOkKecTBY M\Mj. Ec-
g cxema K QukcupoBaHa, TO WHOTAA OyJieM T'OBOPUTH IIPOCTO IOJCXEMA
My. Kaxnoit mmockoii cxeme K MOYXKHO COITOCTABUTH CTPYKTYPHBIN aBTOMAT
Cire(K) caemyronmmM o6pasoM:

1) kaxkoit GyHKImU f,;, KOTOPYIO PEANn3yer i-if BLIXOJ JIEMEHTaA § KJle-
TOYHOI CXeMBI, COIOCTaBUM (DYyHKITMOHAJIBHBIN 3JIEMEHT €4, Pean3y-
{0)1007071 fs’l-; €C/I’ -1 U j-11 BBIXOJbI SBJISIIOTCSA BBIXOJAMU OJHONU U TOU
e (byHKImH, To0 UM OyIeT COOTBETCTBOBATDL OJINH U TOT K€ (DYHKINO-
HAJIbHBIN 3JIEMEHT;

2) ecum i-it BBIXOJ| S] IMOJKJIIOYEH K j-My BXOJY S2, TO COEIMHUM BBIXOJ
3JIEMEHTa, €4, ; C j-MH BXOJAMU 3JIEMEHTOB €, i 1 BeeX K, Jijis KOTo-
PBIX fg, ; 3ABHCHT OT j-TO apryMeHTa,;
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3) YAaJIUM U3 CXEMBbI BCE€ TO2KAECCTBEHHbIC d)YHKHI/II/I, IIOACOCAMHUB UX BXO/
KO BCEM HX BBIXOJaM;

4) AHaJIOTUYIHO ITIOCTyIIaeM C 3aJePzKKaMMH.

Comnocra/ieHne KOPPEKTHO, TaK KaK IPABUJIA COIIOCTABJIEHNST BKJIA/IBIBAIOTCS
B [PaBUJjIa MH/LyKTUBHOIO HOCTPOEHUsI CTPYKTYPHbIX apromaros [11]. TIpa-
BIJIO OOPATHOMN CBsi3H, TPeOyIOIee 3aBUCUMOCTh CO CABUIOM OT 3aMBIKAEMOii
HepeMeHHOﬁ, TaK 2K€ BbITIOJTHEHO B CUJIYy HaJINIUA 3aJJC€P2KKU B KazKJIO0M OpU-
CHTHPOBAHHOM IIUKJIe. IJOCKOJIBKY TOJBKO OPUEHTUPOBAHHBIE I[UKJIBI MOTYT
IIOPOXKIaTh 0OPATHYIO CBsI3b, BCE BEPHO.

Bynem rooputs, uro cxema K peasusyer aBromar A, ecim cxeMa U3
aBroMaTHbIX s71eMeHToB Circ(K) peamusyer Ag.

ITocKOJIBbKY KJIACC OLPEIEJEHHBIX 3/IeCh ABTOMATHBIX CXEM BKJIOYAET B
cebsl KJIacC IJIOCKUX CXeM, TO JIJIsi CHHTE3a aBTOMATHBIX CXeM MOXKHO IOJIb-
30BaThCsl BEPXHUMHI OIEHKAMH ILJIOCKUX cxeM. B gacTtHOCTH, 1151 OJIOKOB, He
COZIEPKAIIIX 33/I€PKEK, MbI Oy 1eM IPUMEHSITh Y TBEPKICHUsT, U3BECTHBIE JIsI
wiockux cxeM. C JIpyroil CTOPOHBI, KayKJIyl0 aBTOMATHYIO CXeMY C 71 BXOJIa~
MH, M BBIXOJIAMU U Z 38JICPXKKAMU MOYKHO MHTEPIPETUPOBATH KAK IUIOCKYIO
CXeMy, Peasu3yIoILyo OyJieB OIepaTop ¢ n + 2 BXOJAMU U M + Z BBIXOJAMH,
rJie POBHO 2z BXOJOB MJIYT U3 IYCTHIX KJIETOYHBIX JIEMEHTOB, IPUYEM B STH
2Ke KJIETOYHBIC 9JIEMCHTDBI ITPUXOJUT OJAWUH BBIXOJI. Nupivn CJIOBaMM, POBHO 2
BXOJIOB UMEIOT [IAPY B BH/JIE BBIXO/A, PACIOJIOKEHHOIO Ha TOM Ke KJIETKE.

3HaueHne BeeX BBIPAyKEHUIT HUZKe, OTHOCSIIUXCS K IapamerpaM OJI0KOB,
0JIAraeTCst PABHBIM HMX OKPYIVIEHHIO JIO IeJ0oro BBepx. Ecam npu Takom
OKPYIVIEHUH BO3HUKAIOT HE MCIOJIb3YeMbIe JAJIbIIe TIPOBOJIA TIOJIAraeTCsl, ITo
Ha HUX IoJlaHa KoHcTaHTa (.

Besjie HUZKE CJI0BO aCHMITOTHYECKU IOHUMAETCSI B TOM CMBbICTIE, 9T0 k <
nun — oo.

Hasee paccmaTpuBaeM TOJMBKO IJIOCKHE ABTOMATHBIE CXeMbI 6€3 BXOJIOB €
€IMHCTBEHHBIM BbIXOJJIO0OM.

2.2. Mepbl MOIITHOCTUA CXEM

Paccmorpum mtockyio aBromaTHyio cxemy K 6e3 BXOI0B, pean3yIoNnLyio Ie-
puomuteckyio mocjaegoBareabHocThb aynabl [ € N. ITocienoBarenbHocTh, pea-
Jm3yeMyto cxemoit K obosnadum a . st kaxkmoit Takoit cxembl K 3adukcu-
pyeM HEKOTOpYIO HyMmepanuio e€ y370B. Ha i-M y3ite peannsyercss HeKOTOpast
aBTOMaTHasd PyHKINA ¢;. Be3me majee Oymem cunrarh, 9To cxema K mMmeer
h y310B u g; — aBToMaTHas (PYHKIUs, peajm3yeMas B i-M y3Jje cxeMbl K.
CocrostnneM cxeMbl K Ha TakTe t HA30BEM BEKTOD

sk (t) == (g1(t), ..., gn(t)).
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Bemuuuny ci(t) := |sk(t) @ sk (t + 1)| HazsoBéMm sampamoti snepauu Ha
nepexsovenue cremov, ¢ TakTa t Ha t + 1. IauHa BeKTOpa MOHMMAETCST KakK
CyMMa IIeJIBIX YUCEJ €r0 KOMIIOHEHT:

n
a=(ay,--,an) €{0,1}"]a| = as.
=1

Cxema K @ynryuorupyem yukaudecky, ¢ IEPUOIOM [, €CJIU MOCJIe OCTe-
JIOBATEJILHOCTh Ha €€ BBIXOJE MMEeEeT Iepruo .
IlepexaronamenvHoti MouHOCMbI0 CXGMBI K, yHKimonupyomeii muKim-

Jecku ¢ nepuojiom [, nazosém W (K l E ek (t

st momexeMbr K " exempr K OHpe):LeJII/IM IIePEKJTI0YATETHHYIO MOIITHOCTD

kak Wi (K') =7 E e (t
Hepe%ﬂm%amenbnou MOULHOCTNDIO TIOCTIEIOBATEIBHOCTH (v HA30BEM BeJIN-
qnny W(a) = min W(K).
ag=a
Beeaém dyukiumio [IIeHHOHA /17151 TIePEKIII0UATELHON MOIHOCTH TI0CJIe-

JoBaTeJILHOCTEN U3 Kjaacca J :

W(F,1) = W(a),
( ) ae{g?})l(m}‘ (a)

Ecmu F = {0,1}, o W(F,1) = W(l).
Teopema 1.
on/2
W(2") < 12—, npun — o0
n

Ipuvwém docmuenymv maxoli NEPerMONAMEALHOT MOULHOCTNY MOIHCHO UC-

noav3ys He bosee %TL 3&66}9()1‘66% acumnmomuvecru.

2.3. BcmomoraresibHbIE yTBEP2KJIECHUS

st mokazaresbcTBa TeopeMbl 1 HaM moTpebyeTcs cieayolast JeMMa.
Jlemma 1.

50#, ecauk =12+ 3 loan
w(e2") S

~

12%, ecau k€ (G 1 5 logon, § —logyn), npun — oo

/2
36%, ecau k=5 — log2 n,

ucnoavsys ne bosee n + k + logy k sadeporcex, 20e napamemp k € [§ +
+logyn, & —logyn] NN.
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JlokaxkeM JIeMMY CJIeAyIOIUM 00pa3soM: CHadaJ Ia OIUIIeM OJIOKH, HCIIOJIb-
3yeMble B JlajbHEHAIeM 115 MoCTpoeHnst cxeMbl H ¢ TpebyeMbIMU XapakTepu-
CTHKAMH, OIMIIEM YCTPOICTBO cxeMbl H, 3aTeM OLEHUM [T€PEKII0IATEILHYIO
MOIITHOCTb OJIOKOB, COCTaBJISIOMNX cxeMy H ¥, HaKOHEIl, OIEHUM IIE€pPEKJIIO-
JaTeJIbHYIO0 MOIIHOCTD BCeil cxeMbl H .

Besje ke nosaraercs Wy (S) := W (S).

Ppasy «3a MUK (Iepro/) UINHBL [ » IPU PACCMOTPEHIH HEKOTOPOTOo 6J10-
Ka HaJ0 BOCIPUHUMATL CJeaylomuM obpasoM. Mam maHHBINA 00K paccMar-
pUBaEeTCsI KaK COCTaBHOI 3J1eMEHT HEKOTOPOTO JAPYToro 0JI0Ka, 06JIa atonero
[IepHUOAOM | MIn JAHHBLIA 6JIOK caMm obJiaaeT IepruogaoM [.

JlemMma 2. Ecau 3a yuxa daurv, | 6x0d cxemor P mensemen e wawe vem
m pas, mo W(P) < } ((2U(P)w(P) + I(P) + w(P))m) . Bxod nonumaemcs 6
DACULUPEHHOM CMBICAE, KAK 00BeduHeHUe cOBCMBERHO 8L0008 CTEMBL U BHLLO-
dos 3adepoicer, coOePHCAULUTCA 6 CTeMe.

Joxasameavcmeo. Kaxioe n3mMenenne Ha BXOJAX CXEMBI MOXKET TPUBECTH
K U3MEHEHUI0 He Dojiee 4eM BcexX y3JI0B cxeMbl. OCTajioch MOCUUTATh Y3JIbI,
HEePEeMHOXKUTh UX ¢ m u pazaenurb Ha . [Tycrs [(P) = [, w(P) = w. Pac-
CMOTPHUM IIPAMOYTOJIbBHYIO CXEeMY S C TaKMMHU pa3Me€paMn WU BCEMU Yy3JIaMU.
Yucsio y3710B cxeMbl S HE MEHBIIIE YUCA Y3JI0B cXeMbl P.

Paccmorpum mpsimoyrosibayto cxemy Sy, 1(S;) = [, w(S)) = 1. 3a uckiio-
JeHMeM y3JI0B Ha rpaHurie, B Heii [ — 1 y3esn. Takum 06pa3oM B CTPOKE CXEMBI
S 1—1, acrpox w. Ecu coeluHUTE /1Bé CTPOKU JJIUHBI |, HAXOJIATIUECS JIPYT
HAJT IPYTOM, TO TIOSTBUTCS emmé | y370B. Beero fys cxembl S HaI0 TPOBECTH
w — 1 coenunenue. Ilo nepumerpy crour ue Gosee 2(I + w) ysmos. Uroro
YUCJIO y3JI0B B cxeMe S He 6oJIbIie

(—Dw+l(w—-1)+2(l+w) < 2w+ +w,
YTO 3aBEPINAET JOKA3ATENbCTRO. O

Ecan cxema P ¢ mepuogoMm [ cocront u3 cxeM Py, - -+, Py, TO
m
W(P) = E W(P;).
i=1
WHbIME cltoBaMU TIepeKJIIoYaTeIbHasl MOITHOCTD &I I0THBHA.

2.4. Omnucauve OCHOBHBIX OJIOKOB

Jlist peasm3anuu MePUOANIECKON IMIOC/IEI0BATEIbHOCTH HaM ITOTpedyeTcs
HECKOJILKO pas3HbIX 0/10KoB. OnuireM nX XapaKTePUCTUKH.
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1) Hekomepst Dy, Dou D3. B nmreparype 9mn 6J0KH 9aCTO HA3BIBAIOTCS
nermudpaTopamu.

(D1) = 3(k —logo k),  w(Dy) =2, W(Dy) S 62
I(Ds) = 3k, w(Dy) = 2%, W(D3) < 6k.
[(D3) = k, w(D3) =22k W(D3) <4-2%"

2) Teneparop mocsenoBareabHoCTe bl k K, .

I(K,) =281 43/k), w(Ky) =281 W(K,) <4237,

3) Buok musbronkuuit U.

(U) =21 +3/k), wU)=k W(U)<2 23

4) Biok B, oTBeuaromuii 3a reHeparinio MMojmoc/e10BaTeIbHOCTH JIIUHbI
92k

I(B) S 28(1+3/k), w(B) <28, W(B) <10-2%",

5) Cuérunku Cq,Co, Cs, Cy.

I(C1) =6, w(Cy) =3(ogy k+2),  W(Cy) = logy k.
(C2) $3(logy k +2), w(Cy) =6, W(Cy) < Elomk.
1(Cs) = 3(k +2), w(Cs) = 6, W(Cs) < &
HO =6, w(Cy) = 3(n -2k +2), W(Cy) % 253,

6) Buok mpoBepKu Ha PABEHCTBO OJHOMY U3 3allICAHHBIX B €10 CTPYKTYDPY
quces Qq.

Qo) =2 w(Qa)=n—2k+1, W(Qa) < 2(n — 2k)2™/273F,

7) Dukouep F.
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2.5. Peanuzanus MCIo/ib3yeMbIX OJIOKOB

HazoBéM mpsaMOYTOBHYIO CXEMY n08mopaouw,et, eCii HAIIPOTUB KayKJIOro
eé BXOJla & HA IPOTUBOIIOJIOKHON CTOPOHE CUMMETPHYHO (PACCMATPUBACTCSI
oceBasi CHMMETPUSsI) PACIIOJIOKEH BBIXOJL Y, HA KOTOPOM DeAJIU3yeTcsl TOXK /e
crBeHHas pyHKus y(xr) = .

Bynem omnmchiBaTh 97€MEHTBHI CXEMBI CJICIYIOIIAM O0pPa30M: UTOOBI OIH-
caTh 9JIEMEHT e ¢ KoopjauHaTamu (x,y), OyjeM Mucarhb

(,y) : 851 = f1(Sm41s -, 5q)s -» Sm = [ (Sm+1, -, Sq),

rae s; € {l,t,r, b}, npudem out(e) = {s1,...,5m}, in(e) = {Sm+1,..., Sq}-
BBenéM WHIYKTHBHO MHO2HCECMEO MPOBOA0S, BLITOOAWUT U3 040KaG X

w(X):

1) Baza unayknun. Ins kaxkporo y3na z u3 Out(X) paccMorpum Bee
y3JIbI KJIETOYHOIO 3JIEMEHTa, K KOTOPOMY OH IMOAKJ/IIOUEH BHEe X, U J10-
6aBUM K MHOYKECTBY IIPOBOJIOB T€ Y3JIbl, HA KOTOPBIX PEAIU3YETCs TOXK-
JecTBeHHast DYHKIUS PaABHAS T.

2) Mar unaykouu. s kaxK10ro y3ia &’ 13 MHOKECTBa, IOCTPOEHHOTO HA
MPEIBIIYINEM TIare, PACCMOTPUM KJIETOTHBIN 3JIEMEHT, K KOTOPOMY OH
MOJKJIIOYEH. KC/i KJIeTOUHBIH 9/IeMEHT HPUHAIEKUT X, TO epeiiém
K PACCMOTPEHUIO CJIeIyIontero y3jaa. /lobaBuM K MHOXKECTBY Te y3JIbI
9TOr0 KJIETOYHOI'O 3JIEMEHTA HA KOTOPBIX PEAJIN3YETCs TOXKIECTBEHHAS
dbynkuus pasHast ¥’ 1 KOTOPBIX €IE HET B MHOYKECTBe.

Ecyiz B 6aze paccMOTpeTh OJMH €IUHCTBEHHbIH Y31 j, JeKaIuil B cxeme Y,
U PACCMATPUBATD TOJHKO KJIETOTHBIE JIEMEHTHI U3 Y, TO TOJIYUUTCS OMpe-
JleJIEHIE MHOXKECTBA ITPOBOJIOB, COEIUHEHHBIX C BXOJIOM j HEKOTOPOT'O DJIOKA;
Tak 2Ke Oymem obozHadaTh ero w(j). Bymem caurars, 9T0 MapaseabHo ¢ mo-
crpoenreM MHOXKecTBa w(X ) crpourcs: opuentupoBanubiii rpad G. Ha nep-
BoM mare rpad cocrout u3z Beprima Out(X). Ha kax oM ciepyromem miare,
ec/Iu JIJI y3J1a U, HaXO/ISIIIerocs: cpean Bepind rpada G, HAIENCS KIeTod-
HBIIl DJIEMEHT, YJIOBJIETBODSIOIINIT BCceM TpeOOBaHUSIM OlpejiesieHus (T.e. K
HEMy MOJKJIIOUEH y3esI U, OH JIEKUT BHe X ), U Ha €ro y3je U Peaan3yeTcs
TOXKJIeCTBeHHAst (DYHKIWMsI u, TO nob6aBuM K G Bepiiuny v pebpo (u,v). Ec-
JII PacCMOTPeTh HEKOTOPBIi 610K Y 1 B MHOXKecTBe w(X ) OCTABUTH TOJIBKO
9JIEMEHTHI, JIeXKallie Ha OPUEHTUPOBAHHBIX MyTsix rpada G ¢ HavajaMu B
Out(X) n xounamu B In(Y'), To moaytunres muoxkectBo w(X,Y) — wmnoorce-
cmeo npoeodos, coedursowur 6aox X ¢ baokom Y .

Beeném omneparuio Tpancnonuposanust cxeMbl u3 [4]. Tpancronuposan-
HBI KJIETOUHBII 91eMeHT € — 3jieMeHT T'ransp(e), oy danuiicst u3 e, eciu
IIOMEHSITh MecTaMu MeTKu | <+ t u r <+ b. TpancnorupoBannast cxema K —
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cxema KT = TranspoKoT ,rtne T : 72 — 72, T(z,y) = (y, ). ITo cyTn, ato
cXeMa, TOJIy9alOIasacsa OTPaXKeHHEeM CXeMbl K OTHOCHTEJLHO MPSMOi y = .

BBesiéM onepanuio oTparXKeHusi CXeMbl 110 TOPU30HTaIN. B jrajibHeiem
JUUIST KPATKOCTHU olepalus OyJeT Ha3bIBAThCs IIPOCTO OTPAXKEHHEM, TaK KaK
OTpaykKeHne 110 BepTUKAN He UCIoJIb3yeTcsi. OTpaskKEHHBINH KJIETOYHbIH 3/1e-
MeHT e — syiemenT Refl(e), monydatormuiicss u3 e, ecjim MOMEeHsITh MeCTaMu
metku | <+ t. Orpaxénnas cxema K — cxema KT = Reflo K oT | tue
T:7% 72 T(x,y) = (L+1—x,y), rae L — mmpuna cxemsl K. Io cyTn,
9TO CXeMa, MOJIYYalOMAsCsa OTPAXKeHNEM CXeMbl K OTHOCHTELHO BEPTUKAb-
HOU TIPsIMOIL, ITPOBEJEHHON Uepe3 cepe/:u/IHy CX€MBI.

n

Bresénm nebiit napaverp k € [2 + 1logyn, % — logy n]. Yacts 610K0B

Oy/eM CTPOUTH Cpa3y B 3aBHCUMOCTU OT rapamerpa k.

1) KI(a1, - ,as)n3 |4 u KI'(ay,- -+ ,as) — NOBTOPSIONHE CXEMBI Pa3Me-
poM s X 1 1 3s X 1 COOTBETCTBEHHO, IPUHUMAIOIIHE CHU3Y [IePEMEHHBIE
Z1,...,Ts U BBIJAIONINE CIIPABA U CJIEBA COOTBETCTBEHHO JIEMEHTAPHYIO

KOHBIOHKIHIO 1%, 252, - -+, x%
“ z,a=0;
3Iecbr” ;= xrxda =4
T,a=1
KI(ay, - ,as) COCTOMT U3 CJIEYIONIUX JIEMEHTOB:

(L) :t=br=(bday);
(4, 1):t=br=UbDaj)nnaj =2,...,s

Ero miomane paBHa S.

KI'(ay, -+ ,as) — U3 CIIeIyIONHX:
Y
(L) :t=b1l=(bDay);
(2,1):l=m;
3,1):l=mr;
G.1) =bl=rbda)aj=3—2,1=2,---,s
o rmisij 3l —2,0=2,---,s

[Tnomans sToro 6J10Ka paBHa 3s.

2) D(xz1, - ,zs)uD'(x1, -+ ,xs) — JeKomepbl OT § [epPeMEeHHbIX.
D(xq,- - ,xs) cocrour u3 6s0koB K1I(aj,--- ,as), CTOSIUX HA YETHBIX
HO3UIUSAX ATt BCex {ai,- - ,as} € {0,1}°. Ha HeuéTHBIX mO3HIMIX

CTOSIT KOMMYTAIlMOHHBIE 3jieMeHThl ( 1 = 1, t = b), KoTopbIe coeu-
HAIOT 1- BBIXOJ, IIpeablayinero 0oka K1 ¢ i-M BXOIOM CJIEIYIOIIErO
OJI0Ka, a Tak »Ke IepeJaioT BXobl 0j10Ka [ clipaBa HAJIEBO Yepe3 BECh
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1

1 —r
3 {XH PX1)
X1 X
X2 »>X?2 X2>  PX2

. KIa: >S ) KI’a . >3S

X5—> —» XS
+
v J Xk - I-ka/
Xlal... XSaS X]al... Xnan
Puc. 3. Crpykrypa 6iokos KI, u KI!, tne a = (a1,az2,--- ,ap), 1Js Beex

ta; € {0, 1}

6i0Kk. Ero miomans pasHa 252°. 9ToT GJIOK COBIAJIAET C TPAHCIOHU-
POBAHHBIM U 3€PKAJIBHO OTPasKEHHBIM OJI0KOM (Q2, IOCTPOECHHBLIM B Pa-
6ore [4]. B pycckosiapruHoili smreparype STOT GJI0OK 9acTO HA3BIBAETCS

HermudpaTopoM.
D'(xy,- -+ ,xs) cocrour us 610k0B KI'(ay, - ,as) nus Beex
{a1, -+ ,as} € {0,1}*. Ero wiomaap pasna 3s2°. Ilpu mocrpoernu

| > f’Y2
PE S

\ § >y
aran

X1 X, X

Puc. 4. CrpykTypa 6iioka D.

cxempl H wucnomszoBaner 6iokn D1 = D'(x1,- -+, Tp_log, k), D2 =
/
D'(xzy, -+ ,xx) u D3 = D(x1,--+ ,xp).
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JIlemMma 3. Ilycmv exod baoxa D1 menaemcesa pas 6 k maxmos, 6xod
6roka Dy — pas 6 28 maxmos, a 6xodw 6aoka Dy mensomea ne Gonee
2k

2
wem “— pas 3a nepuod. Tozda

I(D1) = 3(k —logy k),  w(D1) =%, W(Dy) S 62
[(D2) = 3k, w(Ds) = 2%, W (Ds) < 6k.
[(D3) = k, w(D3) =2-2%  W(D3) <4237

JlokazaTebCTBO, TaK 2Ke KaK U JI0KA3ATEIbCTBA BCEX ITO/IOOHBIX JIEMM
HUYXKe, OCHOBAHO Ha IMPUMEHEHUN JIEMMBI 2.

el (1, Tp_ok) U eq(T1, + ,Tp_ok) — HOBTODSIOIIAE CXEMBI Pa3-

mepom n — 2k x 1 u 3(n — 2k) X 1, upuHHMaoIUe CHU3Y Iepe-
n—2k

MEHHbIE Z1,...,Tn_ok U BblHalomme ciaesa [\ z; = a;, Tae a =
i=1

(a1, ,an_o1) € {0,1}" 72k, Unpivur cioBamu, 6JIOKH MOCBHLTAIOT Ha-

JIEBO €JIMHUILY TOIJIA U TOJIBKO TOI/A, KOI'/Ia BEKTOP 3HAYEHUI IIepeMeH-
HBIX Ha BXOJI€ PABEH . YCTPOHCTBO OJIOKOB MPEICTABIEHO Ha PUCYHKAX
5 u 6.

t ¢ |

4—‘ Ca; | Ca: [elm;
ot 4
Puc. 5. Crpykrypa 6710Ka €, e a = (ay,ag, - ,ap), s Beex ia; € {0,1}

I S S
+ ea > ea: { > .o ‘e'ab

A

Puc. 6. Crpykrypa 6j0Ka €,

JIemma 4. ITycmo 6x00 6roka menaemes we Goaee wem 2 2F paz za
nepuod. Tozda
n — 2k
lleg) =n—2k, w(e,) =1, Wi(e,) = o
Ko(x1, -+ ,xK,€,7,b), THE @ = (a1, -+ ,a;) € {0,1}° — nocburaer Ha

BBIXOJIbI BHU3 ITIOCJICIOBATEILHOCTD @ JUIMHBL § €CJIM Ha BXOABL €,7,b
nojiaHa 1, nHade Bce BBIXOJBI TOXKJIECTBEHHO DABHBI BXOJIAM HAIIPOTHB
Hux. z = e,l = r;t = b,y; = a;(ebr)|x;(ebr) mug i = 1,---,s. Cxe-
Ma MMeeT B, n300parkEéHHbIH Ha pucyHke 7. KieTounble sjeMeHTH,
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HCIIOJIb30OBaHHbIE IIPU ITOCTPOECHNUUN CXEMBbI, IIPUBEICHBI Ha PUCYHKE 1.

l(ke) =k+3, w(kye) =2

k+3

— —
Xk X2 X1 € al
I< L v A 4 - A 4 N r 2
ba| [ ba|ba | | 2D

tb
t=b, | =vr&b
Puc. 7. Crpykrypa noubioka ke, a = (ak, ag_1,-...,a2,a1).
5) Ka(er, s earypy b1y bok gy 71,0+, Tox) Te @ = (a1, , ag2k i),

a; € {0,1}*— reneparop 2%/k mnocnemosaremsocteit mmuHB k u3
crmcka . Ecam Bce BXOMBI €5 PaBHBI 1, cpeu BXOJOB bs TOJBKO BXOI
¢ HOMepoM j paBeH 1, a octanmbubie 0, U Cpein BXOJIOB I's TOIBLKO BXOJ
C HOMEpOM ¢ paBeH 1, a ocrajbHble 0, TO HA BLIXOJIE CXEMbI CHU3Y 1-as
rpyIia IpOBOJOB GYIeT COAEePKaTh MOCIEA0BATEbHOCTD A (j_1).2k /j+j
a octayibhble Hyu. CXeMa COCTOUT U3 CXEM g, Ha BXOJbL T; CXEM Kq,
noana Koucranta 0 st j = 1,2, -+, 2F /k, TO eCTb Ha BEpXHHE CXEMBI
B 6s10ke. Cxema mMmeeT BU/l, H300parKCHHBIN Ha PUCYHKE 8.

I(Ky) =214 3/k), h(K,) =21
JIlemma 5. Paccmompum 6.40%
Kq(ep,--- s €k /1y D1y Dok s T ,Tok). Ilycmov 6xodv. es pashol
edunuue ¢ nexomopozo momenma tg < 2% — 22w ne Gonree wem 22F

maxmos nodpsd 3a nepuod 2", npuuém 3a 3mo epemsa 6xodv. by u T
USMEHANOMCA CACOYOULUM 0ODA3OM.

1, ecaut € U7 to + (i — 1)k + 52t + ik + s2¥];

b; =
0, unaue.
Lecaut € [to + (i — 1)2% to + i2¥];
r; =
‘ 0, unaue.
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2143/k

— —~
(] ez €
v r
ka1 kaz e kaZk k 4_1"1 )
Ka s | Kaz . e ka2 4 e
Kazsper | Kaz-2nez| = kas> s

. . ] >2k+1

Karck o Karokod 2o [ Ka?, 1€
SRS RRE SETIRE Ty

yii  Yikbiyaz1  yaxb; V&1 VX rxbra

Puc. 8. Crpykrypa 6soka K.

Crauvana wa by mot k maxmos ydeporcusaem 1, a wa ocmasvhoix 0, 3a-
mem 1a by mu, k maxmos ydeporcusaem 1 u max dasee. Kax moavko na
nocaednem byk Jk npoucrodum cmena eduruysbt Ha 0, edurnuya nodaémcs
Hna b1 u 6¢E nosMopAemces cHo8a, Noka He NPotdém 22k ¢ momenma tg.
Havunas ¢ maxma to + 22% w do maxma 2" na b; ydeporcusaemces 0.
Ha r; 6cé mpoucrodum mouno mak sice, MOALKO NEPEKANOUAIOMCH OHU

wepes 2k maxrmos u nNocA€ BbIKANOUEHUA T'ok HA HUT 0.

Tozda
W (Kq(eq,--- ,€2k/k,b1,"' ,ka/k,rl,-.- JTok)) S 4 .9%k—n,

Jloxaszameavcmeo. Ilpu ykazamHoMm maMeHeHUU BX0n0B Ojiok K pas3 B
k TaxTOB MpPOBOAUT He OOjIee YeM Ha BCIO CBOIO IIUPUHY ITOJIOCKY IIH-

punsbl k. l3MeHeHMe Ha IPOBOAX €5 IPOMCXOJUT JIBAXK/IBI 38 IEPUOL.
2k /k;
S wies) = 2-2F12 2 . Mzmenenue na nposomax rs npoucxoaut 2F pas
s=1
3a niepuost, Kazioe n3Menenue 3arparnBaet To/bKO Jisa IPOBOJa JIIH-

mol 2 acumnrormuecku. V3Menenue Ha mpoBoaax bg IPOMCXOIHT 27
pas 3a mepuoa. Karkmoe n3ameHeHne 3aTparnBaeT TOJBKO JIBa IIPOBOIA
ymae 25T acumnrornuecku. Torma

1 92k ok 92
W(Ke) S 5, <2k ok+1Z k +2’f+12k +2.2% 427 - 2k+1) <

4. 23k‘—n‘

98



O

6) Ui, Tk, 21,2, Tk, ,.’L'k,gk/k> — 6utok Jausblonkiuit. Cxe-
k
Ma, IU3BbIOHKTUPYET % IPYIII 110 k IPOBOJAOB B OAHY I'PYIILY U3 k Ipo-
2k /K
BozoB. Mmeer BbxOAmt ¥; = \ ;j,i = 1,--- , k. Cxema nsobparemna
j=1

Ha pucyHke 9.

X1,1X1,2 X1k, X2,1X2,2 X2k X3,1X32 X3k X2k, 1 XM, 2 Xk
A + A + A +
» V £ » V —V —» Vi
» \/ 3 > \/r—> —> V’—V—F Y2
v v v
>V PV—> >\ py;

Puc. 9. Crpykrypa 6s10ka U.

22k

Jlemma 6. Ilycmov 6x0d 6aoka menaemea sa nepuod ne 6oaee wem =

pas. Toeda

WU) =21 +3/k), wU)=Fk W(U)<2 2%

7) Ba’g(Tl, cee  Tok, by, ,ka/k, (/AR ,nnfgk), rjie a < {0, 1}”72]6, 0 =
(01, 1092 /5),0; € {0,1}° — moBTOpsIIOMAs cXema, TOJAMOMAs Ha
HE TOXKJECTBEHHO PaBHBIC BXOJAM BBIXOJIbI HE HOJIb €CJIH G = 1) =
(N1, -+, Mn—2k). B aTOM Citydae ecm Ha BXOJAX CIpaBa 7y, - - - , Tok €CTh
eJIMHCTBEHHAS €/[MHUIA Ha [03uImn i € [1, 2’“], a Ha BXOJa by, - - - , bk k
ecTb eMHCTBeHHas eauHuIa Ha nosumun j € [1,2%/k], To ma BBIXOIBI
HAIIPaBO TOJAETCS JIEKOJUPOBAaHHAS IT0CJIEI0BATETHHOCTD 5(i,1)2k 45
ITomaas 610ka acumnTorHyeckn pasaa 2 - 22 mpn yerosun n < 2.
Cxema m3obpaxkena Ha pucyHke 10. IIpu mocrpoenun cxembr H, pe-
aMn3yIoNieil MoCaeI0BaTeIbHOCTh (¢ = O, * - , Olgn—2k, UCIIOJIL3YIOTCSI
6sioku B := B; o, 0 =1,--- , 22k,

I(B) <21 +3/k), w(B) <21,

Jlemma 7. Paccmompum nepexaonamenvuyio MouHocmy 6i0Kka
Bos(ri, -+ ,rok, b1, - ,ka/k, My Nn—2k) 34 UCKANOHEHUEM MHONHCE-

cmea npoeodos, NPoGOJAUUL 1);: U?’;fkw(nj). Hycmo 6xodovt ns pasrby
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< D <_r2*
k414 . K .ee D; _Lyz \ Dkt

< D T
—» Y1

< < &, )

V'V Avy Aeee oy 4 cee Tﬁu
k] U

b1$ bz* e bi/k*
\\ k+_/3 ;k+,_13 %k+,—/3 (SUP Mh—2k

~ — n-2k
2K(1+3/k)

Puc. 10. Crpykrypa 60ka B.

a mawunas ¢ nexkomopozo maxma ty e oaee wem 22 maxmos noo-
pad 3a nepuod 2", npuuém 3a MO 6pems 6Lodv, by U Ts USMEHAIOMCA
caedyrouum 0bpasom.

1, ecaut € U7 to + (i — D)k + 525, tg + ik + s2F];

b; =
0, unaue.
L ecaut € [to + (i — 1)2% 1o + i2¥];
r; =
’ 0, unaue.

Crauana ma by mot k maxmos ydeporcusaem 1, a wa ocmansvnovix 0, 3a-
mem Ha ba moL k maxmos ydeporcusaem 1 u max dasee. Kax moavko Ha
nocaednem byk i, npouczodum cmena edunuyol na 0, edurnuya nodaém-
ca na by u 6cé nosmopaemea cnoea, noka ne npotidém 22 ¢ momenma
to. Hawunas ¢ maxma to + 2% u do maxma 2" wna b; ydeporcusaemcs
0. Ha r; 6cé npoucrodum moumno max sice, mosbKO NEPEKAIOUAIOMCA
onu wepes 28 maxmos u nocae evikarouenua ror na wux 0. Onpedeum

W'(n) = U?;fkw(nj). Toz0a

W (Bas \w'(n)) 102"
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Joxazamesvemeso. JlokazaTembCcTBO He 3aBUCUT OT @, & W MPOYUX WH-
JIEKCOB OJIOKOB, II09TOMY OIIYCTHUM UX IIPH yHOMHHAHUU OJIOKOB.

3amMmeTuM, 9TO JjIst BceX OJIOKOB B cocTaBe 0J10Ka B mepek/iiodareibHbIe
MOIITHOCTH CUNTAINCH UMEHHO IIPHU TEX BXOIHBIX ITOCIEI0BATELHOCTSIX,
KOTOPBIE TTOJIyIaTCs Ha BXOHax OJIOKOB IIPU BBITIOJIHEHUE YCJIOBUM JIEM-
MbI. CUrHAJ OT BJI0Ka €4 110 Iy TH J0 OsioKa K 3aTparuBaer IJIOMAIbL He
6ostee 2-2F (14 3/k), obosna«uum seMenTs! B 9T0i miomam w' (eq, K);
9Ta K€ IaCTh CXEMbI ITPOBOJIUT W3MEHEHHUE M0 BEPTUKAJILHBIM IIPOBO-
JaM, a 3HAYNT U3MEHEHHE Ha Hell IPOMCXOIUT He Yallle deM % pa3
3a IUKJI. Tak Ke HaJI0 yIecThb MPOBOJA, IMPOXosdiiue ckBo3b D3 u U.
B mepBoM ciydae m3aMeHenue mpoucxomuT He uame uem 2F /k pas 3a
IIepuoJ] Ha ABYX IIPOBOJAX U paccrogHuu n — k. Bo Bropom — He |aiie
22k /I pas Ha IBYX IIPOBOIAX 1 paCCTOHHI/II/I k. Obo3HaUM 9TH IIPOBO/IA

W(r) = U?ilw(rj) nw'(b) = Uj2 qkw(bj) coorsercTBeHHO. VTOrO

W(B\w'(n) <
W (K) + W(U) + W(Ds) + W(e) + W(w'(e, K)) + W(w(U, D3)+
— 2%k

_l’_

22k
(2’“(1 +3/k)- 25— + 2k22k> <10 - 23k

on k

HpI/InSQk,k<%. O

C*T) — cuéruuk or 0 710 a. a € {0,1}* aBistercst HATYPAJIBLHBIM THC-
JIOM B JIBOMYIHOM Ipe/icraiennu. [Toka Ha Bxoje T’ yaepKuBaeTcst e/1i-
HUIA, CIETUUK KazKJIblil TAKT yBeJMYUBAET CBOE 3HAYEHHE JIO TeX II0p,
NOKa He JIOCTUTHET 3HAYEHUs . B TOT TakT, HA KOTOPOM CYETUUK JIO-
CTUT 3HAYEHUs a, Ha Bbixos O momaéres euHuIa. B ciaeayomuii Takt
cuérunk nmeer 3nadenue 0. Biaok mmeer miomans 6 - 3([logy a] + 2).
ITpu nocrpoennu cxembl H UCIOMB3YIOTCS KaK OOBIYHBIE, TAK U TPAHC-
HOHUPOBAaHHBIE WJIM 3ePKaJIbHO oTpakénuele 6ok C*(T'). Yerpoii-
CTBO cXeMbl M300pazkeno Ha pucyHke 11. Boxom O cuérunka C Oy-
nem obosnadath Oc;. Ch = Ck(1), Co — TpaHCcrOHHpPOBAHHAS CXEMa
Ck=1oe2k(0¢,), C3 — Tpancnonnposanmas cxema C*(Og,), Cy — 3ep-
KaJIbHO oTpaxkénnas cxema O™ 2K (O¢,).

Jlemma 8.
I(C1) = 6, w(C1) = 3(logy k+2), W(C1) = log, k.
1(Cq) < 3(logy k+2), w(Ce) =6, W(Cs) < k—lzggk
I(Cs) = 3(/€ + 2), w(Cs) = 6, W (Cs) < 2%
UG = w(Cy) = 3(n -2k +2), W(Cy) < 2%,
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©
Q
5

Bhmprz —

L3

Puc. 11. Crpykrypa 6s0xa C.

Hoxazameavcmeo. i OLEHKN NEPEKIIOYATENBHON MOIIHOCTH BOC-
oJIb3yeMes JIeMMOii 2. jist KOpPEeKTHOro IPUMEHEHHS JIeMMBI OyaeM
pPacCcMaTpUBATh KaXKAYIO 3a€PKKY KaK OIMH BBIXOJ U HECKOJIBKO BXO-
JIOB cxXeMbl. B Takoil mHTepuperanuy BXoAasl 010ka C] MEHSIOTCS KaXK-
nplit TakT, 6i0ka Cy — pas B k TakTos, 6ioka C3 — pa3 B 2F takros,
a Bxozbl 6i10ka Cy Menstiorcst 2" 2F pas 3a nepuo. O

Qalx1, - Tp_ok), Tne o = (a1, ,Gonj2—k), A € {0,1}"=%* — nosro-
patomas cxema. Ha eMHCTBEHHDBIH He TOXKJIECTBEHHO PaBHBII BXOmaM
BBIXO/T TTOMAETCST €IMHAUIA TOTA W TOJBKO TOT/Ia, KOT/Ia Ha BXOJ, MOIa-
HO OJ{HO W3 4HCeJl aj. BJIOK COCTOMT U3 TPAHCIOHUPOBAHHBIX OJIOKOB

eq(x1,++ , Tp_ok) 1 qu3boHKIUI. CTpyKTypa 60K IpejcTaBIeHa Ha
pucynke 12.
« < <« “ ,
“« ¢ ¢ « ¥«
c S S n
. . . IS S
N 3(n-2k +1)
A « 4—
“V Ve @y
- /
hd
2n/2-k
Puc. 12. Crpykrypa 6710Ka Qq, re o = (a1, a2, - , Gon/2—k ), I BCEX © a; €
{0’ 1}n—2k

JIemma 9. ITycmo 6200 cxemv mensemca ne wawe, wem 2" 2F pas za
yuxa. Toeda

Qo) =2VF w(Qs) =n—2k+1, W(Qs) < 2(n— 2k)2"/*73k,
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10) E(x1,--- ,xor) — sHKOAEp. HoMepa BXOJ0B BO3pACTAiOT CBEPXY BHUS.
Cxema peajm3yeT Ha BBIXOJE HOMED B JBOMYHOM IIPEJICTABJICHUU Ca-
MOT'O HUKHETO BXOJTHOTO IPOBOJIA, IO KOTOPOMY IOCTYIIHAIa €IUHUIIA.
CrpykTypa npejcraBieHa Ha pucyHke 13.

Puc. 13. Crpykrypa 6joka F.

JlemMma 10. ITycmov 6100 640%a MeHnaemcs ne wawe, wem pa3 6 k max-
mos. Tozda

I(E)=Fk, w(E)=2F W(E)<2 2"

11) f(x1,--- , 2z, T) — ouepenp juHBI k, 3alOMUHAOIASA 110 curHATY T’
3HAYEHUsT BXOJOB I, - ,Xk. KaxKaplit TakT OJOK MOMAaéT Ha BBIXOM
cienyioriee 3Hadenne B odepeau. CTpyKTypa 6JI0Ka MpecTaBieHa Ha
pucynke 14. C ygéToM 3aMevdannst OTHOCUTEIHHO 3a/IePIKeK, CACTaHHO-
ro 1npu paccMorpenun 6,i0koB C; MOXKHO CUUTATH, 9TO OJIOK paboTaeT
KazK/IbIII TaKT.

v v v
&}Z mEZ mEZ'—»
g

Puc. 14. Crpykrypa 6oka f.

Jlemma 11.
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Puc. 15. Crpykrypa cxembl H, peajusytorieil mocieqoBaTeIbHOCTb . BoJ-
HUCTOM JINHUEH HOIIEPKHYTHI aCUMITOTHYECKIE 3HAYCHUSI.

2.6. Omnucanme cxeMbl

Cxema H mpejacraBieHa Ha pucyHke 15. Ha pucynke Tak ke 00O3HATEHBI
pa3Mepbl HEKOTOPBIX OJIOKOB U pa3Mephl Beell cxeMbl. Uuciia, moaépKHy ThIe
BOJIHUCTOI JINHUEN - aCUMITOTUYECKHE 3HAUEHUS PA3MEPOB.

Ommmem cxemy H. Oma cocront n3 2" 2F 610k0B B, pacIOIOKEHHBIX
B 2%/27F cronbuax mo 2"/2F Guokos, nstu cuérunxos Cp,Cy, Cy, Cs, Cy,
nexkonepoB Dy, Dy, suKOon€epa F, ouepeau f n OI0KOB Qg , - - - ,Qazn/%k.

Cuéruuk C] paboraer BCE BpeMsi, KaxK/Ible k TAKTOB OH ITOCBLIAET CUTHAJ
cuérunky Co. Cuérunk Cy ompenessieT HOMEP B CTPOKe Ioa0/I0Ka K aKTHB-
HOTO OJioKa B. 9TOT HOMEDP JIEKOAUPYETCsI U JIOBOIUTCS JI0 KAXKJIOTO OJIOKA
B. Kak Tosbko Ch MepEenoHUICS,TO €CTh JTOCTUT TOCIeTHETO HOMepa, OH
obuyJsisiercst U ornpasisier curtaj B caérauk C3. Cuérunk Cs ornpejessier
HOMED CTPOKHU 101010ka K akTUBHOTO 6Ji0Ka B. DTOT HOMEP Tak Ke JIeKO-
JIUPYeTCs U JOBOIUTCS 10 Beex O6s10koB B. Kak Tobko C'3 IepernoiHuiics, OH
0bHyJIsieTCsT U oTmpasisier curaal B caérauk Cy. [locmeauuit caérauk ompe-
JieJisieT HOMep aKTHUBHOTO Ojioka B. Kak TOJbKO OH IeperosiHseTcs, cxema
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HaYMHAET 33HOBO M€HEPUPOBATD IIOCJIEI0BATEILHOCTD, TAK KAK B 9TO MOMEHT
BCe CYETYMKU TaK »Ke cOpornennl. I1poBosa, 110 KOTOPBIM UIET HOMED HIOCTIe-
JIOBATEIbHOCTH B CTPOKE M300parkeHbl Ha PUCYHKe 15 MyHKTHUPHOH JUHUEH,
[IPOBOJIA, 110 KOTOPLIM MJIET HOMEDP CTPOKH — IPEPHIBUCTHIMMU.

Curnansl or caéTankoB Co n C3 NEKOAUPYIOTCSI U JTOBOJATCS 10 OJOKOB
B. Biioku B ycTpoeHbI TaK, 9TO OHM aKTHUBHBI, TO €CTh M3MEHSIIOTCSA BHE KOM-
MYTAIIMOHHBIX 3JIEMEHTOB, TOJILKO €CJIM YHCJIO Ha Bhixomax Cy paBHO HOMEpY
6s10Ka. B 1r060M cocTosinnm 6JI0K IPOBOAUT HACKBO3b 0€3 M3MEHEHUI CUTHAJI
or Cy u mekomupopanuble curHajbl or Co u C3. Pacemorpum paboTy axTuB-
Horo 6sioka. B K mpuxomsT JBe €IMHMIILI: OAHA II0 KAKOMY-TO IIPOBOLY T;
BTOpas 110 KaKOMy-TO 1posoiy b;. Ha «mepeceuenun»sTux 1mposoJios B 6J10-
Ke K COIEPXKHUTCsS HEKOTOpas MOJIOCKa JanHbl k. OHa OTIpaBJsieTcss BHU3, C
nomotibio U npuxoaut B Dj, e nekogupyercsa. B urore nukandeckoe Iie-
PEIIENKNBAHIE BXOIOB HEKOTOPOTO OJI0Ka B IociemoBaTeIbHO 3aCTABIISIET
€ro IOChLIATh Ha BBIXOJ JEKOIUPOBAHHBIE TTOJIOCKU JIuHBL k. B omHOM 6J10-
ke B cyMMapHast IUIHHA [OJ0COK cocTaiseT 22F . rorma Beero 6i10KoB Gymer
2n—2k Kak TOJIBKO 04epeHOit 6JI0K OTIA BCE CBOM IIOJIOCKH, yBEJIMIHBACTCS
3HadeHne Ha cuérumke C4, U AKTUBHBIM CTAHOBUTCS CJIEAYIONIHI B CTOJIOIE
cun3y 6j10K. Korma B cTos1611e 3aKaHInBaIOTCs OJIOKH, AaKTUBHBIM CTAHOBUTCS
BepxXHU OJIOK CJIeIYIOIEro cToI0ma u Tak jgajee. JlekogupoBarHHas OJI0CKA
nepenaéres K 6J10Ky F 1 mpeBpalaeTcs B Ty CaMyIo IMOJIOCKY IJIUHBL k, KOTO-
past jexkaja B 6jioke B. Ilo curnasry or cuérumka Cp odepelib f 3al0MUHAET
BO BCE CBOM 3aJIePKKU OWTHI TOH ITOJIOCKHU, IIOCJIE Yero Ha MPOTIXKEeHn:u k
TAKTOB I[IOCHLIAET UX IIOCJIEI0BATE/ILHO Ha BBIXOJ BCEH CXEMBbI.

Bioku @) obecnieunsaior npoxoxaenne curnana or Cy (310 Hanbosiee da-
CTO MEHSOIIUAICSA CUTHAJ OT CUETIUKOB, IPOXOISIINN JOCTATOUHO OOIBIIOE
pacCTosiHUE) TOJIBKO B CTOJIOEI ¢ aKTUBHBIM GsiokoM B. Takum obpasom ns-
MEHEHHe CUI'HAJIa, 3aTParuBaeT YUC/IO 3JIEMEHTOB, PABHOE IO MOPALKY IIEPH-
METPY CXeMbI, a He e€ ILIOIIAIH.

Bosmorken ciydaii, korma B mocjaegHeM cToJiOne 0JI0KOB B ecTh IIycThie
OJIOKH, TO €CTh OJIOKM, HE COIep:Kalllie HU OJHOI0 KyCOUYKa T'eHEepUpPyeMOi
nocjaegoBaTebHOCTH. Tak »Ke BO3MOXKEH Ciiydail, Koraa ecTb 010K B, B KO-
TOPOM 3AITOJHEHBI He BCe CTPOKM ¥/ MJIM HE BCE TIOJIOCKH B CTpOKe. [I7ist 9T0ro
[IPEyCMOTPEH MeXaHU3M IpepbiBannd. 11o 3amannbiM 2" u k Jerko BBITHC-
JIITH HOMEP IocjaeaHero 6jioka B, B KOTOPOM €CThb 3HAYAIIUE IIOJOCKH, TaK
2K€ JIErKO BBIYHMC/IUTH HOMEP IOCJeIHE TOPUM30HTAIBHON TOJIOCHI U IIOJIOC-
KI JUIMHBI k, COIep2Kalllix 4acTh MeHepUPYeMOil mociiegoBareabHocTH. 1leper
KazKJ[bIM YIPABIAIONIIM CIETIMKOM CTaBUTCHA OJIOK €, IIPOBEPHAIONIHii Ha pa-
BEHCTBO HOMePY IocjeaHero 6joka st caérunka C4, HOMEpPY IOJIOCHI JIJIsT
cuéranka ('3, HOMEpY MTOJIOCKH JJINHBI k ¥ HOMepPY OT HadaJja 1moJiockl. Korma
BCE 9TU PABEHCTBA BBLIIOJHEHBI, TO cxeMa H BblgaJia IOC/Ie HUI OUT mocye-
JI0BaTEIbHOCTH. B 9TOT 2Ke TaKT 10 IPOBOJIAM, OTMEYEHHBIM Ha PUCYHKE 15
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}KI/IpHOfI JH/IHI/Ief/'I, IIPOXO/IUT CUT'HAJT Ha C6pOC CYETUYNKOB B HAYAJIBLHOE COCTO-
dHue.

2.7. OrneHkKa nmepeKJIrYvaTeJIbHO MOIIHOCTH

OneHnM mepekJIIoYaTeIbHYI0 MOIIHOCTE Beex 0,10koB B. JIerko 3aMeTuTnb 4T0
BXOoZbI OJIoKOB B B cxeme H BeayT cebst B TOYHOCTU TaK, KaK OIMCAHO B
sgemMe 7. Kak ciemyer u3 ycTpoiicTBa CXeMbl, Ha KarKJbIii OJIOK IIOCJ/IEI0Ba-
TEJIbHO TIO/IAI0OTCsT CHU3Y JEeKOAUpOoBaHHbIE dncya oT 0 10 %, IIOTOM CIIPaBa
JIEKOTMPOBAHHOE YHCJIO YBEJIUYUNBAETCA Ha 1 W BCE HMOBTOPSIETCS CHOBA IO
JIOCTHKEHNs eKOIHPOBAHHOro dncia 2F ma mpoBojax crpasa.

IIpoBoga n3 Dy mpoxomsiT

n/2

(22 + max(2"/2,2" — 2k) + 27 4+ on/2+L,

IlepBble mBa caraeMbIX OTBEYAIOT 38 JJIMHY TOPU30HTAJBHOM IUHBI,
3a IIMHBI, UIYIHE OT T'OPU30HTAJbHONI IMUHBI K KOHBIOHKIIMSAM, & IIOCJIEI-
HUE JBa — 3a JINHY OJHOW BEPTHKAJLHONW MNWHBI. Takoil pe3yiabrar I1o0-
CTUraeTcs 3a CY6T OJIOKMPOBKM CHI'HAJIa Ha BXOIE BO BCE CTOJIOIBI, KPOME
crosibna ¢ "akruBHbIM" O710KOM B. AHaJOrHYHO MPoBOja U3 Do MPOXOIST
2n/2+1 + (2k _{_max(zn/Z—k’ Qk))2n—2k ~ 2n/2+1 + 2n—k +maX(23n/2—3k’7 2n—k:)
ACHUMIITOTUYECKHU.

ITpoBoma, coemuustionue F u f, umeror mjuHy He 6ojee 2k, ux poBHO k
ITYK, 3HAUEHNe Ha HUX MEHSeTCsl He Dbojiee deM % pas.

[TpoBox, Bemymmit oT Qaj K KOHDBIOHKITASIM TIOJ, CTOJIOIOM OJIOKOB B,
uMeeT IUHY n — 2k, 3HadYeHne Ha HEM MEHSIeTCsI IBarkKJIbl 3a IIMKJI, TaK KaK
HOMepa OJI0KOB B mepebuparoTcst mMOoCIeI0BaTETBHO.

Hakomerr, cama 1eKOAMpOBaHHAS IIOIIOC/IEI0BATEILHOCTE, PTEHEPUPYEMast
6i0koM B, npoxoaut muny He 6ostee 3 - 2/ + maX(Z”/ 2 2n — 2k) acmmvmTo-
THYECKHU Pa3 B k TaKTOB, TO €CTh % pas.

Hazosém w'(D1) — npoBoja, Beaymme ot 610Ka D] K KOHBIOHKITHSIM O/
crosbriamu 6JI0KOB B 1 IpoBo/ia, BBIXO/ISAIINE U3 ITUX KOHbIOHKIWH. w'(B) —
BCE KOMMYTAITHOHHBIC 3JIECMEHTHI U JIU3BLIOHKIINH, BBIXOAAIHE u3 OI0K0B B
Hanpaso. IIporre roBopst, 9T0 Te 3JIeMEHTBI CXeMBI, 9epe3 KOTOpbIe 13 OJIOKOB
Bj B 6510k E7 IpoXoagaT JeKoJAupOBaHHbIE IIOJII0oCIeI0BaTebHoCT. B nrore
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IIepeKJ/IrodaTe/JibHad MOIIMHOCTL CXEMbI H OIICHUBaECTCA KaK

W(H) < 2" 2*W(B) + 2W (C1) + W(Cs) + W(Cs3) + W(Cy) + W(D1)+
W (D2) + W(E) + W (f) + W(w(Cy, C3)) + W (w(Cs, Cy)) + W (w'(D1))+
W (w(D2)) +W(w(E, f)) + W(w(Cy)) + W (W' (B)) <

1 il
10- 2% + o0 (36 12" logy k + 36(k — logy k)~ + 36k2"F 4+ 36(n — 2k)2" 2k 4
on 2" 2k
6- 2’“? +6-2Fk2n k2. 2’%? + 8k2" + ?2"* + 2. 2kgn—2k

2n
P (3 92 4 max (2”/2, 2”‘”“)) =

on
9 (2 . 2n/2 + 2n7k + max (ank’ 23n/273k>> 2nfk + k- Qk?—i-
(22 max (2072, 2020) 4 9. 0k ) 902y

2 (3 - 2"2 4+ max (2"/2, 2”*2’“)) 21:> <

ok on/2 on/2 on—2k
10-2k+6?+2-2k+3 .+ max (k p 2.Qn/2k 4 gn=2k

on/2 on/2  on—2k
max (2”—%, 23"/2—4’f) + 6= — + max <2k, 2= 5

on/2 on/2 on—2k
12-2F 4 92— 4 3max [ =—, 2 | + 27 2% L max (2"—2’2 23"/2—4k)
k ko k
(1)

Benomunm, uro k € [ + %10g2 n, 5 — logy n]. Jlerko 3amerurs, 4TO HPH
Apyrux 3Havenusix k nopsiiok W(H) yBequauTes: npyu yMeHbIIeHUd K yBeIu-

YUTCA MOPLAJIOK IIATOrO CjiaraeMoro B 17 a IIpA YBEJIMYCHUU BbIPpACTET IMOPATOK
repBoro ciaraemoro B 1. Torma

n/2

k
5027;/2, ecmm k=% + %logQ n,

W(H) < 1227;/2, ecm k€ (4 + %logQ n, 5 —logyn),

n/2
362n , ecim k= 5 — logg n.

2
W(H)<12-2F+12. +2.2n72k,

B cxeme ucnosnbzosano n + k + log, k 3azepxkek. Jlemma 1 qokazana.
—_—n
Takum obpasom 1pu BbIOOpe kK = 5§ — 2logyn jocTuraeTcs MUHUMYM

n/2
110 aCUMIITOTUKE 12QT IIpu UCIIOJIb30BaHUU %TL 3a1eP2KEK aCUMIITOTUYIECKH.
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Onanaxko, eciii B3IThL k = % +logy n, TO TOCTATOYHO HCHOJIB30BATD %n 3a71ep-

on/2
no "

JKeK acuMIrrorndecku. [laToit OyaeT yxy/neHne acCuMITOTUKA 10 48

3. 3akJjroyeHue

B pabote nokaszamo, 9To npuMeHeHne 33/IePXKEK B INIOCKUX CXEMaX IT03BOJISIET
VAYUIIATh OIEHKY IEPEKII0YaTe/IbHON MOITHOCTA OTHOCUTEBHO TPUBUAIIb-
HOT'O MCIIOJIb30BaHUSI Pe3yJIbTaTa, U3BECTHOI'O JJIS IIJIOCKUX CXEM, Peaan3yio-
mux OysieBbl (byHKIMU. B majabHeRIeM mIaHupyeTcs ¢ OJHON CTOPOHBI JBH-
raThCsd B CTOPOHY MOJIYIeHNsT HIXKHEN OIEHKH TTePEKTI09aTe/ IbHON MOITHOCTH
peajn3alu aBTOMaTHBIMUA CXeMaMU TTEPUOJIMIECKNX TTOCIIEI0BATETHHOCTEH,
a C JIpyroit B CTOPOHY TOJJIy4YeHUS OIEHOK NEPEKTI0YaTEIbHON MOIITHOCTH pe-
aJM3aIiy aBTOMATHBIMHI CXeMaMU ITPOU3BOJIbHBIX aBTOMATOB.
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Upper estimations of autonomous automata planar scheme
Vorotnikov A.S.

Switchable power of flat automatic schema without inputs
implementation by periodical sequence is recieved in this work. A
scheme is given that implements arbitrary pre-defined sequence of

length 2™ for positive integer n with switchable power no more than
on/2
—.

Keywords: boolean circuit , finite automata, models of VLSI,
planar circuit, circuit power, Shannon function, upper estimations.
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Anaym3 rpadoB-KaKTyCOB C
HCIIOJIb30BaHNEM aBTOMATOB: CBOMCTBA M
BpeMsi PacIIO3HABAHMS

A.A. Jemumosal

Jannast paboTa MOCBSIIEHA UCCIEI0BAHNIO TPUMEHEHUS ABTOMATOB
CO CTUPaeMbIMU KPaCKaMU JIJIs OIIPEJIeICHNAS TOr0, ABJIAETCA JIU IIPOU3-
BOJIBHBIN CBSI3HBIN TIJIOCKHI ITPOCTOIl HEOPUEHTUPOBAHHDLIN I'pad Kak-
TycoM. lIpuBomuTcst ajaropuT™m Jjist ONpEJIe/IeHUsT JAHHOTO CBOWCTBA,
a TaKzKe HMJKHAdA U BEPXHAS OLEHKH YNCJIa IIaroB, KOTOPOE ITOJIZKEH
COBEPINNUTH ABTOMAT JIJIsI 3aBEPIIEHUs 00X0/1a.

Kurouesbie cioBa: Asromarsl, rpadbl, Ipadbl-KaKTyChI.

1. BBenenne

[Toxpobuerit 0630p obJylacTH TEOpUM ABTOMATOB, CBI3aHHON ¢ 00XOmaMu Jia-
6upuHTOB, 6bLIT TpejcTaBieH B pabore [1]. @yHKIMOHMpOBaHUE aBTOMATA B
JlabUprUHTaX W Ha rpadax OTJINYIAeTCsl, MOCKOJIbKY B IOCIETHEM CIydae OT-
CYyTCTBYET KOMIIAC, KOTOPBIH 1O3BOJIMII OBl MOJYyYaTh JIOMOJHUTEIbHYIO HH-
dbopmarmo 06 okpyzxaroreii cpene [2]. Pabora [3] mocesiena u3BecTHBIM
pe3yJibTaTaM B 00JIaCTH aBTOMATOB, OCYIECTBIISIONMNX 00X0 rpadoB.

O06x0/1bI TIPSIMOYTOJIBHBIX JIAOUPUHTOB U rpad OB aBTOMATAME C KPACKAMEI
paccMaTpPUBAJINCh, B YaCTHOCTH, B paborax [4] — [6].

B pabore [7] uccienoBasoch npuMeHeHHE ABTOMATOB C KPACKAMU JIJIsI
ONIpEICJICHUSI TOTO, ABJIACTCA JIA NPOU3BOJBHBIA CBA3HBIA IIJIOCKWI ITPOCTON
HEOPUEHTUPOBAHHBIN rpad IepEeBOM M TICEBIOIEPEBOM, U OBLIO TOKA3aHO,
9TO JId OIIpeIeJICHUA 3TUX CBOICTB aBTOMAaTy JOCTATOYHO JABYX CTUPAEMbBIX
KPAaCOK.

B manHOIT paboTe paccMaTpHUBAeTCsT NCCAEIOBAHNE aBTOMATOM TOTO, SIB-
Jisiercs Jin rpad, 06Xo/1 KOTOPOTO OH OCYIIECTBIIsAET, rpadoM-KakTycoMm. ['pa-
dOM-KaKTYyCOM SABJISIETCs TAKOW CBA3HbIHN rpad, B KOTOPpOM J1000e pedpo mnpu-
HAIJIEKUT He Oojiee UeM OJIHOMY IHKJIY, a JIIOObIe JIBa IUKJIa MOLYT UMEThb
He 60J1ee OJIHOM O0IIIel BEPITUHDI.

I'padbl-kakTycbl MOTYT NPUMEHATHCS I[IPU  MOJEJTUPOBAHUU CETEBBIX
CTPYKTYP, KOTOPBIE HE MOy IUTCsT OTPA3UTh C IIOMOIIBIO jiepeBbeB. [Ipu arom
JIEPEBO, KaK U IICEBJOJIEPEBO, SBJISIETCH YaCTHBIM CiIydaeM rpada-KakTyca, u

! Temudosa Anna Andpeesna — acnmpant Kad. MATEMATHYECKOH TEOPHN MHTEIEKTY-
aJbHBIX cucTeM Mex.-matT. dp-ta MI'Y, e-mail: anna.dem98@Qmail.ru.

Demidova Anna Andreevna — graduate student, Lomonosov Moscow State University,
Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of Intellectual
Systems.
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M3HAYAJIBHO PACCMATPUBACMBIIl THII IpadOB HA3BIBAJICS JIEPEBbAMU XyCHME
B decTh paborasirero HaJ Humu Komn Xycumu (HasBanue 6bL10 j1ano .
Xapapu u Ix. FO. Vien6ekom B [8]).

I'padbl-KaKTyChl MOI'YT HCHOJIB30BATHCS IS JIEKOMIIO3UIUK HAbOpa re-
HOMOB Ha PsiJl IEMOYEeK U IMOJCeTell JUIst JasbHEeIero HHIeKCUPOBaHNS 1
cpasaenus |9]. I'padbr sToro Kilacca Tak:ke MOIyT HPUMEHSTHCS B TEOPUH
KOMMYHUKaIMOHHBIX ceTeil [10] u apyrux obiacrsx.

2. OcHoBHBIe TIOHATHA W (POPMYJIUPOBKA Ppe3yJIbTa-
TOB

OboznaunMm depe3 G KJIacc BCEX CBA3HBIX IUIOCKUX ITPOCTBIX HEOPUEHTUPO-
BaHHBIX rpados. Bynem cuntaTh, 9To 110 Hava1a 06xo/a rpada Bce ero péopa
UMEIOT CEPBIi IIBET.

B nmammoit pabore paccmarpuBaeTcst apToMar A, OCYIIECTBISIONUNE 06-
xoj1 rpada n3 Kiaacca G ¢ 1eJIbIo OIPeIe/IEHNS TOTO, ABJISIeTCS JIM 3TOT rpad
kakTycoMm. Bo Bpems wucciienoBanust rpada aBroMar o0JaJaeT dacTUIHOM
nHMOpMAaIell 0 MOCEMAaeMbIX BEPIMMHAX W WHIMIEHTHBIX UM pébpax. Ilo
YMOJTYAHUIO0 00XOJT OCYIIECTBIISIETCS 10 PABUJIY JIEBOI PYKH.

B pacnopskennn aBromara eCTb 5 CTUPAEMbIX KPACOK, a TaKXKe cepas
KpacKa, KOTOpPO#l n3HadaIbHO OBLIN OKpAIeHbl Bce PEOpa rpada.

OcHOBHBIM pe3yabTaTOM sIBJIsIeTCs Teopema 1.

Teopema 1. Cywecmsyem asmomam A, ¢ 6 kpackamu, Komopuid cmodtcem
YCMAHOBUMD, ABAACNCA AU NPoUu3sosvhol 2pap g € G kaxmycom.

OnHMM W3 YacTHBIX CJIydaeB rpada-KakTyca siBjsercst jepeBo. Jlastee
OyaeM Ipe/ro/ararb, YTo0 B pacCMaTpuBaeMoOM I'pade ecThb IUKJIbL.

[TponsBOIBHBIN MUK JEIUT IIJIOCKOCTD Ha JIBE TPAHH, U J0 YCTAHOBJICHUST
€ro HaJIU4ns aBTOMAaT OOXOAUT ITOArpadbl, IMEIOIINEe O0IIIE BEPIIUHBI C 3TUM
LIUKJIOM U JIeXKAIle TOJILKO B OJHONM UX HUX.

MaxkcumatbHbIe TOArpadbl, IMEIOIIe OOIIe BEPIINHBI ¢ PACCMATPUBAE-
MBIM IIUKJIOM W JIEYKAIIe B TOW I'PaHU, KOTOPYIO aBTOMAT OOXOJIUJI 10 yCTa-
HOBJIGHHSI €r0 HAJIN4IHsI, Oy/IeM Ha3bIBaTh JIEBbBIMU BETBJIEHUSIMU.

EanncTBeHHOE JTeBOE BeTBJIEHNE, 00X0 KOTOPOrO MOT OBITH He 3aKOHYEH
K MOMEHTY OOHAPYKEHWS IUKJIA, ABJISI€TCS IIEPBLIM — TE€M, U3 KOTOPOTO aB-
TOMAT IIONAJ Ha UKL

MaxkcumaabHBIE ToArpadbl, IMEOIe 00IIe BEPIINHBL ¢ pACCMaTPHUBAe-
MBIM ITUKJIOM U JIeXKalllde B TOW I'paHu, KOTopas 10 OOHApYyKeHUsl IUKJIa, He
OblIa MMOCelIeHa aBTOMaTOM, OyIeM HAa3bIBATH MPABBIMU BETBJIEHUSIMU.

ITepen 00x0m0M IpaBbIX BETBJIEHUI O0YEPEIHOTO IHUKJIA aBTOMAT MEHSIET
HAIIpaBJIEHNE JBUXKEHUSI 110 IPABUJIY JIEBOI PYKH HA IIPOTUBOIIOJIOXKHOE TOMY,
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B KOTOPOM H3HAYAJbHO 00XOMUJI 5TOT IMKJ. Ilocse Toro, Kax mcciegoBaHme
IIpaBbIX BeTBJICHUIT OUKJIa 3aBEPIICHO, aBTOMaT CHOBa MEHsAET HallpaBJICHUE
obxoa.

«Tamouykay — mapa cocegHUX pEOEp, JIeKAIUX Ha IUKJIE U IepPeKpa-
IIIIBAEMBIX aBTOMATOM B (DHOJIETOBBIM WM KPACHBIN IIBET IE€pPEe] HAYATIOM
00x0/1a TIPABOr0 BETBJIEHUS, UCXOJISINEr0 U3 BEPINUHBI, sIBJISIOIMIENHCs 00IIei
JIJIsT 9TUX PEDGEp.

Yucao «rajiodeks» Ha IHUKJE COBIAJIAET C KOJMIECTBOM IIPUHAIIEXKAITNX
emy BepmnH. Coce/lHre «TaJ0UKN» Ha OJIHOM U TOM »Ke ITUKJIE UMEIT 00Iee
pebpo, MO3TOMY IIPH IIOCTAHOBKE OYEPETHON <«TaJIOUYKH» aBTOMAaTy HYKHO
Oy/IeT IepeKpaImBaTh TOJIBKO OJHO PedPO.

AropuT™, KOTOPOMY cjiejtyeT aBToMaT A ., MOYKHO OMUCATE CJIETYOIITIM
obpasoM:

1) ABromar ocymecTBisier 06xof rpada 1Mo MpaBUiLy JIEBOil DyKH W Ha-
HOCUT YEPHYIO KPACKy Ha Bce pébpa, 0 KOTOPBIM IIPOXOINT, IIOKA HE
obuapykuT nukja. Hamudume nukia ycTaHABINBAETCS B CUTYaIlld, KO-
IJIa aBTOMAT TOJIBKO YTO IMOKPACUI HEKOTOPOEe pedpo B YEPHBIN IIBET U
OKa3aJICs B BEPIIUHE, KOTOPOl MHIIMJIEHTHDLI IPyTue He cepble pedpa.

2) ABroMmar cTaBUT <«TaJOYKy» B BEpIIMHE, B KOTOPOU ObLIO YCTAHOBJIEHO
Hajmaue 1ukJa. [Ipu mocraHoBKe epBoit «Taj0uKny Ha IUKJIE AaBTOMAT
JIOJT2KEH TIEPEKPACUTD TOCIeIHee PedPOo, 110 KOTOPOMY OH ITPOXOJIUI JIO
MOMeHTa OOHapY2KeHHUsI IUKJIA, a TaKyKe IIepBoe He cepoe pedpo crpa-
Ba. Oba 31U pebpa JI0 NMepeKpaIBaHUs SIBJISIOTCS I6PHBIMU, & BBIOOD
epBOTO HE €eporo pebpa crmpaBa OOYCIOBJIEH TEeM, UTO MpaBee Hero
eré MoxKeT ObITh He 000iiIEHHOE TIpaBoe BeTBJeHne. Keu pacemarpu-
BAeMbIil UK/ — CAMbIi TIEPBBIH U3 OOHAPYKEHHBIX aBTOMATOM, TO JJIsI
pa3MeIeHnsi «IajJ0uKu» UCIOIb3YeTCs KPACHBIN I[BET, a B TPOTUBHOM
ciydae — (PUOIETOBDIN.

3) Ilpu nocraHoBKe IEPBOii «TAJIOYKU» OUEPEJHOIO IUKJIA ABTOMAT TaAKIKe
IIepeKpAaInBaeT B CHHAN WU ro1yOoil BeT mepBoe JieBoe pedpo B mep-
BOM JIEBOM BETBJIEHHHU 3TOrO IUKJa. lamHoe pebpo OyJeT yKasbiBaTh
HalIpaBJIeHNe IBUXKEHHUSI II0CJIe 3aBepIIeHus 00X0Ja IIPABBIX BETBJIE-
HUI UKJIa. ABTOMAT UCIOJIb3YET CUHIOI KPACKY JIJIsl IEPEKPAITABAHUS
4épHbIX PEGep u roaybyio — g duosieToBbx. Eciun coorBeTcTBYyIOIEE
pebpo ABJIsIeTCsT CepbIM MJIM KPACHBIM, TO II€PEKpAaIlUBaHNIe HE IIPOUC-
XOJIUT.

4) ABroMar mpuCTymnaeT K 06Xy IPaBbIX BETBJICHUII PACCMATPUBAEMOTO
[IUKJIa, [IOMEHAB IIPDU 3TOM HallpaBJieHUE JBUKEHUA 110 IIPaBUJLy Jle-
BOIl PyKH Ha IPOTUBONOJIOXKHOE. [lepes 006X0/10M 0UepeHOrO MpaBoro
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BETBJICHUS aBTOMAT CTABUT «TaJIOUKY» B BEPIINHE IUKJa, U3 KOTOPOU
9TO BETBJIEHHE WCXOJUT, NMPUYIEM BBIOMpATh HY>KHO OyIeT IepBoe He
cepoe cjieBa, MTOCKOJIbKY HallpaBJ/ieHHe JIBUKEHHS II0Cje Hadasa 00Xo-
Ja TpaBbIX BETBJEHUI IHUKJIa CMEHWJIOCh Ha IIPOTUBOIIOJIOXKHOE. Bcee
«TaJIOUKN» Ha rpade, KpoMe caMoil IepBoii, TOCTABIEHHON Ha IEPBOM
OOHapY>KEHHOM IUKJIe, UMEIOT (PHOJIETOBLIN I[BET.

5) Tocie 3aBepinenust 06xX0/1a IMPABBIX BETBJICHUI IIUK/Ia ABTOMAT [EPEX0-
JIMT B €ro IepBoe JIEBOE BETBJIEHUE [0 OTMEUEHHOMY PaHee CHHEMY, I'O-
JyboMy mitu cepomy pebpy. B ciydae, eciin BO3MOXKHBIX pEOEp HECKOJTb-
KO, BBIOMpaeTcst caMoe jieBoe u3 HuX. Ecin pebpo ObLIo rosyObiM, TO
aBTOMAaT IepeKpallruBaeT ero B (PUOJIETOBLIN BeT. B IpoTUBHOM CIIy-
Jae aBTOMAT HCIIOJIb3yeT YEPHYIO KPacKy.

6) ABTOMAT yCTAHABIMBAET, UYTO Tpad HE SBISIETCS KAKTYCOM, M 3aBEp-
maeT o0Xox B 4 CHUTyalUsIX, KOTOPbIE Oy/IyT OMUCAHBLI B pasieie .

7) Eciin aBromar He 06HAPYZKUJI TIPU3HAKOB TOTO, YTO rpad He sABJISETCs
KaKTyCOM, TO OOXOJT 3aBEPINAETCSI TPU BO3BPAIIEHUN U3 TIEPBOTO JIEBO-
IO BETBJIEHUSI IIEPBOTO OOHAPYKEHHOI'O IUKJIA K «TajJ0UKe» KPACHOTO
nBeta. B ciyuae, ecnm y JaHHOTO MUKJA HEe OBLIO TIEPBOTO JIEBOTO BETB-
JIEHUSsI, BccaeoBanne rpada 3aBepIaeTcs Mocie 3aBeplieHns 00Xo/1a
BCeX MPABBIX BETBJICHUI JAHHOTO UKJIA.

3. Bo3moxkHOe B3aMMHOE PpacHoJIoXKeHne IUKJIOB,
nMeIoNInX obime pedpa, B rpade, He ABJISIOMIEM-
csl KAKTYyCOM

Jlemma 1. Jonycmum, wmo asmomam npu obxode epagha ycmarosus HAIU-
YUE YUKAQ, Y KOMOPO20 HA camom deae ecmbv obugue pédpa ¢ Ipyumu Uuk-
aamu epaga. Tozda amu HOBBIE YUKADL MOYM, AEHCATD MOALKO 6 NPABVLT
BEMBACHUAL TONDKO YIMO 0OHAPYHCEHHO020 UUKAQ.

Zoxazameavcmeo. 1lpenmooKuM MpoTUBHOE — B JIEBOM BETBJIEHHH TOJIBKO
9TO OOHAPYKEHHOTI'O IUKJIA €CThb APYToil UK/, UMEIOIIN C HUM 110 KpaiiHei
Mepe oaHo obiree pebpo. [IocKoIbKY Bce JieBble BETBJIEHHA OOHAPYKEHHOIO
[IUKJIa, KPOMe, BO3MOXKHO, CaMOT'O II€PBOrO, yke ObLin 00OljieHbl, a rpad
SIBJISIETCSI TIJIOCKUM, TO M3 IIEPBOrO JIEBOTO BETBJIEHUS HEJIb3sI Cpa3y IMONACTD
HU B OJIHY BEPIIUHY y2Ke OOHAPY2KEHHOI'O IUKJIa, He MUHOBAB Ty, U3 KOTOPOIi
910 BeTBjeHne ncxoaut. CjemoBaTe/ibHO, B IEPBOM JIEBOM BETBJIEHHH O0OHa-
PY>KEHHOI'O IMKJIa He MOXKET OBITH ITMKJIa, KOTOPLIA MMesa Obl ¢ HUM ODIIye
pébpa. Takum oOpa3om, paccMaTpuBaeMble ITUKJIBI MOTYT JIE?KATHh TOJBKO B
[IPaBbIX BETBJIEHUSIX OOHAPY>KEHHOI'O IIUKJIA. O
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Puc. 1. BoamozkHbie BapraHThI 06X0/1a Tpada, He STBJISIONErocs: KaKTYCOM, J10
oOHApY?KEHUS IIEPBOIO IHUKJIA, & TaKyKe 00JIACTH, B KOTOPBIX MOTYT JIEZKATh
JIEBbIE€ U IIPaBble BETBJICHUS

Ha Pucynke 1 npescrasiiensl 3 BapraHnTa 00X0/1a OTHOTO W TOTO 2Ke I'Da-
da, He SBJILAIONIErocs KAKTyCOM, B KOTOPBIX aBTOMAT HAYMHAET U3 OJHON U
TOM K€ BEPIIUHBI, HO B IIEPBBIII MOMEHT BPEMEHN HAYNHAET JIBUTATHCS B Pa3-
HbIX HampaieHnsx. O61acT, B KOTOPBIX JIEJKAT MpPaBble BETBICHUS OOHA-
PY2KEHHBIX ITUKJIOB, BBIJEJEHBI IBETOM. Bo BceX 3 cUTyalusX BTOPOH ITUKIJI,
Mernaonuii rpady ObITh KAKTYCOM, JEKUT B IIPABOM BETBJIEHUU.

4. HpaBbIe BEeTBJIEHUA N «TAJIOIYKMN»

IlomycTnM, YTO aBTOMAT YCTAHOBUJI HAJMYME IUKJIA U IPUCTYNUI K 0OXO-
1y npaBbIX BeTBjeHuil. Ilepen TeMm, Kak HadaThb MCCJEJOBAHIE OYEPETHOTO
[IPABOTO BETBJIEHUSI, aBTOMAT IE€PEKPAINBACT B (DUOJETOBLIA IBET PEOpA,
UHIMIeHTHBIE TeKyIleil BeplInHe IUKJIa U JieyKallye Ha 3ToM Iukite. Ha Pu-
CYHKaX 2a-T' IIPeJICTaBJIeHbl PA3JIMYHbIE CUTYAIINN, OTPaXKAIOIIIe Pe3yJIbTaThl
00Xo1a IIPABOI'O BETBJIEHUSI, COOTBETCTBYIOIIETO BEPIINHE, B KOTOPOI TOJIBKO
4TO ObLIa IOoCTaB/eHa «rajodukay. Ha Pucynke 2, kak u Ha Bcex, KOTOPbIE
OyLyT IpencTaBiIeHbl jnajlee, PEOpa, pacKpallleHHBIe B IIBETa KPOME CEPOr'o
U 49€PHOro, OTMEYEHBI COOTBETCTBYIONMME OyKBaMH: KpacHble pedpa Imome-
qenbl OykBoit «K», dpuonerosbie — 6ykBoit «Ds». Curyarnus wa Pucynke 271
HEBO3MOKHA. PaccMoTpuM Bce 9T ciiydau MoJipodHee.

Puc. 2. Pa3bop curyanmnii
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Ha Pucynke 2a mpezacrasien rpad-kakTyc. B mpaBoM BeTBIEHUN MOXKET
He OBITH ITUKJIA, HO aBTOMAT B JIFOOOM CJIydae IoIajaeT B BEPIIUHY, KOTOPOii
MHIUAEHTBI 2 (PUOJIETOBLIX pebpa, U BUAWT cjieBa pedpo sToro msera. llpwm
9TOM ABTOMAT MOT' TOJBKO 9TO KPAaCUTbh HEKOTOpOoe Pebpo B YEPHBIA IIBET
(ecqim B BETBJICHHU €CTDH IMKJI, UMEIOMU OOIYIO BEPIIUHY C MCXOIHBIM, 1
OH ObLJI TOJILKO 9TO 00OWIEH) i HeT (€C/M TaKUX UKJIOB B BETBJIEHUU HET
WA K€ IIUKJI €CTh, HO OH He MMeeT OOIIUX BEPINUH C PACCMATPUBAEMBIM ).

Ha Pucynke 26 npejcrasien rpad, He sIBISIONMICT KaKTycoM. ABTO-
MaT, IPUCTYIIUB K O6XO,ZLy IIpaBOT'0 BETBJICHUA HeKOTOpOfI BepHIINHBI NCXO/-
HOTO IUKJIA, MONAJAET B JAPYIYIO0 BEPIIUHY IHUKJIA, B KOTOPOil emé He ObLIa
[ocTaBJIeHa (PUOJIETOBAST «T'aJI0UKa», OJIHAKO «IaJI0UKay yiKe ObLIa IPOCTaB-
JIEHA B IIPEJIBLIYINEH BepIIUHE KA.

Ha Pucynke 2B Takyke npeicrtaBjieH rpad, He SBJIAIONUNACT KaKTYCOM.
ABTOMAT, TPUCTYTIUB K 0OXOLY TPABOTO BETBJIEHUST HEKOTOPOI BEPITHUHBI UC-
XOJTHOT'O IUKJIA, [TOTAJIAeT B JIPYT'YIO BEPIIUHY MUKJA. DTOT CJydail OTimda-
eTCs OT IIpPEeJICTaBIeHHOr0 Ha Pucynke 26 TeM, 4TO «IajlOuKU» HET JaXke B
IpeJIbIYINell BEPITUHE UKJIA.

[Tpencrasmennsrit Ha Pucynke 2r ciayvail ormmdaercsa oT 20 TOJBKO TeM,
YTO aBTOMAT ITONAJIAET U3 [IPABOTO BETBJIEHUsI B BEPIIWHY, [IPABOE BETBJIE-
HIEe KOTOPO# JOJI?KHO OBIJIO OBITH UCCJIE0BAHO B IOCJIEIHION ovuepeb. OIHO
u3 pédep, MHIUJIEHTHBIX 9TON BepINuHE, y2Ke ObLIO paHee OKpaIleHO B (u-
OJIETOBBIN IIBET, MOTOMY 9TO ObLIO HEOOXOIUMO s TOTO, YTOOBI OCTaBUTD
«TaJIOYKy» B CAMON MEPBOil BEpIIUMHE, TPABOE BETBJIEHUE KOTOPO MCCJIE0-
BaJI aBTOMAT.

Curyarnusi, npejcraBjiennas Ha Pucynke 211, He MOXKeT BO3HUKHYTH DU
00x0/1e, TTOCKOJIBbKY, ec/ii ObI B rpade JIeHCTBUTETBHO OBLT PACIOJI0KEHHBIH
TaK BTOPOH IUKJI, TO €II€ HA CTAJMKU UCCIEIOBAHUS IIPABOIO BETBJIECHUS TOU
BEPIIUHBI, B KOTOPYIO SIKOOBI IMONAIaeT aBTOMAT, OH OKa3aJICsi Obl B OIHON 13
y2Ke PaCCMOTPEHHBIX PaHee CUTYAIIHIA.

5. Ilpu3uakm Toro, 9ro rpad He ABJAAETCA KAKTYCOM

OrnumieMm 4 curyaruy, B KOTOPBIX aBTOMAT OyJeT yCTaHABIUBATDH, 9TO rpad
HE gBJISETCA KaKTyCOM.

1) ABTOoMaT OGHaApPY>KMBAET HOBBI IUKJI U TYT YK€ BUJIUT POBHO
oxHo duosieToBoe mim KpacHoe pebpo (Pucynok 3).

YV aBroMaTa eCcTh BO3MOYKHOCTDH ITOCTABUTDH IIEPBYIO «I'aJOYKy» Ha 00-
HapPY2KEHHOM IIUKJIe, OJITHAKO OH Cpa3y mpepbiBaeT 0oxox. Keim duose-
TOBOE pebPO — IIEPBOE HE CEpOe CIIPaBa, TO CJE/yeT IHePEeUTH K CIIey-
IOIIEMY CJIYYalO.

116



Puc. 3. Asromar ycranaBiumBaeT, 9TO Tpad He SBJSIETCS KAKTYCOM, U HE
CTABUT IIEPBYIO «TAJOYKY» Ha TOJHKO 4TO OOHADPYKEHHOM IUKJIE

2) ABTromMaT OOHApy>KWBaeT HOBBIA IMKJI, U €My HerJe CTaBUThb
BTOpPOe pPebpo MepBoiil «raJIoOYKmn», MOCKOJILKY IEPBOE HE cepoe
pebpo crnpaBa He siBisieTcst 4EpHbIM (Pucynok 4).

Koo
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Puc. 4. ABroMar ycraHaB/inBaeT, 9TO Tpad He SBJAETCS KAKTYCOM, TaK Kak
Herje IOCTABUThL OJIHO U3 PEOep IMepPBON «Taj0uKH» HA TOJLKO UTO 0OHApy-
JKEHHOM TIHKJIE

3) ABromar OOHApy>kKMWBAeT HOBBIIl IMKJ, YCHENIHO CTaBHUT
IIEPBYIO «TaJIOUYKy» HAa HEM, HO OOHApYy>KMBaeT, YTO HA JaH-
HOM LIMKJIE y>Ke eCTh II0 KpaiiHeil mepe ofHo (uosieToBoe peb-
po (Pucynok 5).

Puc. 5. ABTomMaT ycTaHABIMBAET, UTO MEPBasT «TAJTOUKA> HA 0OHAPYIKEHHOM
[IUKJIe Ha CaMOM Jiejle He sIBJIIeTCs 1IepBOi

ABTOMAT CTABUT «TAJOYKYy» U CTAJKUBAETCS C OJUHOTHBIM (PUOJIETO-
BbIM pPeOPOM MJIM HEUETHBIM YuCIOM (uoseToBbix pedep. OmpuHOKOE
dbuoseroBoe pebpo (0HO Ke — IepBoe He cepoe CIpaBa) JOJKHO Jie-
JKaTh HA TOM YKe IHUKJIe — CJIEIOBATEILHO, 9TO He TepBas «TaJ0TKa»
Ha [HUKJIEe, YTO 03HAYAET, 9TO I'pad HE SBJISETCS KAKTYCOM.
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4) ABTOMAT CTAaBUT HOCJIEIHIOIO <«TAJOYKYy» Ha IUKJe (mepBoe
He cepoe peGpo ciieBa — (PUOJIETOBOE), HO, €CJIM IIPONTH IO
IIEePBOMY He CepoMYy pebpy cjieBa, TO OOHAPY>KUTCH, YTO TaM,
MOMHUMO 3TOro pebpa, 4éTHoe 4ucjio (pUoJIeTOBbIX pEGep, TO
eCTh HEeT cJIeAyIollero pedpa Ha JAaHHOM IIMKJIE — CJIeOBa-
TeJIbHO, pellleHre aBTOMAaTa O TOM, YTO OH 3aBepHInJ 00X0[
OYepeHOrO IUKJA, sBjsiercs omunboynbiM (PucyHok 6).

Puc. 6. ABromar ycraHaB/JHMBaeT, UTO MUK/ HA CAMOM Jejie He O0DOIEH 10
KOHIIa

[Tokaxkem, 94TO TaKast CHTyaIUs HEe MOXKET BOBHUKHYTH IIPH 00X0/1e I'pa-
da-kakTyca. [Jomycrum, 9T0 aBTOMAT 3aBEPIMUJI 00XOJ[ MPABBIX BETB-
JIEHW# HEKOTOPOro IuKJa. B rpade-kKakTyce «Tajodkuy, JieXKalme Ha
Pa3HBIX MUKJIAX, HE MOTYT UMeTh o0ImX peédbep. B kakryce mocie 3a-
BepITeHnsT 00X0/1a IPABBIX BETBIIEHUI IIUKJIa TTeEpBOe (brosieToBoe pebpo
caeBa OyIeT jexKaTh JInbo Ha TOM 2Ke IUKJIe, JIMOO B €ro IepBOM IIPABOM
BerBjeHuu. [1oCKOIBKY HaHHOE BETBJIEHHWE IOJI?KHO OBLIO OBITH 00OIi-
JIEHO IIOJIHOCTBIO, OHO J00aBJIsIeT B TEKYINEl BEepIIuHE YETHOE YMCJIO
duosteroBbix pédep. Ilpu sTOM TeKymmit MUK TakxkKe 1006aBIgeT I6T-
HOe 9ncJio (DUOJIETOBBIX WU KpacHbIX pébep. CrenoBaresibHO, B rpade-
KaKTyCce TaKasl CUTYAIlsI He BO3HUKHET.

6. OOecrieyenue HaJIN4YUA JIEBOT'O BETBJIEHUA B HEKO-
TOPOIi BEPIIIMHE PACCMaTPUBAEMOrO IMUKJIA

B anropurme s miceBionmepeBbeB B |7 aBroMaT MOJIKEH OBLT OCTABJISATH
HECTAHIAPTHYIO METKY B OJTHOM W3 JIEBBIX BeTBJjeHMit. [Ipu moBropHOM 00X0-
Jie OOHAPY2KEHHOT'O IUKJIA C IeJIHI0 YCTAHOBJIEHUS HAJIMYHS JIEBBIX U IIPABBIX
BETBJIEHUII aBTOMAT IOJIydajl WHMDOPMAIUIO O TOM, €CTh JI KAKHEe-TO BETB-
stenusi. Ecim Bce BEpIIMHbBI, TOCEMIEHHBIE aBTOMATOM, UMEJIH CTEIEHb 2, TO
HUKAKUX BETBJIEHUN He ObLIO U rpad IPOCTO SIBJISICS IUKJIOM. Kcu ObLin
BEPIINHBI CTENeHN O0JIbIle 3, TPUIEM aABTOMAT ObLI B CUTYaIlUsX, KOIJIa Bep-
[uHe ObLIM UHITUJIEHTHBI XOTst Obl 2 9épHBIX pebpa, To B rpade ObLIu JieBbie
BeTBJIeHUsI. EC/in yKe aBTOMAT IIOCEIAJl BEPIIUHBI CTEIIEHN 3, HO ITPU3HAKOB
JIEBBIX BETBJICHUI HE OOHADPYXKWJI, TO B IUKJIE €CTb TOJIHKO IIPABbIE BETBJIE-
Hust. B TakoMm ciydae rpad nepekpammBas Bcé oOpaTHO B cepblii 1BeT (B
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CUJIy OTCYTCTBHSI JIEBBIX BETBJIEHUI «BCE» BKJIOYAJIO B ce0sI TOJIBLKO OOHA-
PY?KEHHBII [UKJI), [IOCJI€ Yero MEeHsiJI HAIIPABJIEHUE JIBUKEHUs [0 MPABIILY
JIEBOM PYKHU Ha IIPOTHBOIOJIOKHOE, TEM CAMBIM IIPEeBpaIliasi CTapble IIPaBble
BETBJICHUsI B HOBBIE JIEBblE, U HAYMHAJ 00XO0J, 3aHOBO.

B amropurme mis1 TIceBIOIEpEBbEB TPU3HAKOM OKOHYAHUsT 00XOHa OBLIO
«JIeBoe pebpo 4épHoe, IpaBoe pebpo cepoe, ceifyac aBTOMaT HUYEro He Kpa-
CUII».

PaccmoTpuM ciieayromyio CUTyauo: aBTOMAT HAIIE UK/ U HadaJ HC-
cJIeIOBaHue eIé He ODONIEHHBIX ero BeTBJICHUN, T/ie OOHAPYKUI €I OIUH
nrKJI. Ecam HOBBIM IUKJI JIEZKUT B IIEPBOM JIEBOM BETBJIEHUU IIEPBOI0O, TO Ha-
mpaBJjieHre 00X0/1a He MEHSIJIOCh, U JjIsi HOBOT'O ITUKJIA IEPBbLIi OYIET B JIEBOM
BeTBJIeHUU. EC/IM HOBBII IUKJI JIE2KUT B OJHOM U3 IIPAaBBIX BETBJIEHHUI NCXOJI-
HOTO, TO HaIlpaBJieHHe 00X0J[a K 3TOMY MOMEHTY yKe IIOMEHSIJIOCh, TaK 9TO
MCXOMHBIN IIUKJI OSITH Ke OyIeT JiesKaTh B JIEBOM BETBJIEHHH HOBOTO.

Ha.HI/I‘{I/Ie IIEPBLIX JIEBBIX BeTBJIEHUI Y IUKJIOB HeO6XO,ZLI/IN[O JJ1d TOT'O, ITO-
ObI OBLIA BO3MOXKHOCTD pa3MeIaTh CHHUE Uin royonie péopa. Curyarus, B
KOTOPOI aBTOMATy OyIeT HEerJe CTaBUTh 9TU peOdpa, MOXKET BOSHUKHYThH TOJIb-
KO B TOM CJIydae, eCJIu HAJIMIue MUKJIa ObLI0 0OHAPYKEHO B BEPIIINHE CTEIIeHN
2 miIn BepinwHe OOJIbINEH CTeleHrd, HO TaKOi, 9TO BCe MHIMIEHTHBIE pEOpPa
JIe?KaT B IIPaBbIX BETBJICHUAX. TaKaﬂ CI/ITyaL[I/IH MOZKET BO3HI/IKHyTb TOJIBKO
B TOI BepIIUHE, OTKY/Ia HAYNHAJICA OOXOJ.

7. Ilopss/iIoKk mM3MeHeHUs MIBETOB pEdGep Ipu obxoe
rpada aBTOMAaTOM

ABTomMar MOXKeT mepekpalinBaTh péopa CJIEILYIONIM 00Pa30M:

1) Cepsbiit — YépHblit: crangapTHas oneparus Ipu 00X0/e HOBBIX Pé-
oep;

2) Yépublit — DUOJIETOBBIN: pa3MeIleHNe «IaJI0ueK>;

3) Uépnusbrit — KpacHsblil: pasmMerienne nepBoii «rajodki» Ha EPBOM
00HAPYKEHHOM ITUKJIE;

4) Yépwubrit — Cunnit: pasmenienue cunero pebpa;
5) ®uonerossiit — Tosy6oii: pasmemenue rosy6oro pedpa.

6) Cunnit — Hépuvrii u I'osry6oit — Puoa€TOBBIN: aBTOMAT UIET TY-
Ja, TJe eIlé Hy»KHO 9TO-TO 0DOMTH, Ioc/Ie 3aBepIneHnst 00X0/1a MPaBbIX
BETBJICHUN HEKOTOPOT'O ITHKJIA.
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Tabsmmma 1. BosmorkHble n3MeHeHus BeTa pebpa 3a OAuH IIar

Crapsiit\Hosbrit nBer | Cep. | Yépn. | @uon. | Kpacu. | Cun. | Tou.
Cepsrit X + - - - -
Yeépubrit - X + + + -
Puros1eTOBBII - - X - - +
Kpacusrit — — — X - -
Cununit - + - - X -
loy6oit - - + - - X

HeposMmozkHbie ,ILeIU/ICTBI/IHZ

)

8)

9)

Cepnoiit — ®PuosieroBsrii u Cepbrii — KpacHblii: Tosibko pébpa
[IUKJIOB MOT'YT OBITH IIepEKPAIeHbl B (DUOJIETOBBIN U KPACHBIH IIBET.
Ecnu pebpo cepoe, TO €ro mMpuHAIEKHOCTH KAKOMY-JTH0O TUKITY €I1é
HE YCTAHOBJICHA,;

Cepniiit — Cunwnit u Cepsbrit — T'oy6oii: B cuHuii 1iser MoryT ObITH
IepeKpaIenbl TOJIbKO YEpHbIe PEOpa, a B roayboil — ToabKo (uosero-
Beie. Vcromb30oBanme 3TUX KPACOK Ha cepoM pebpe MOryio Obl mpuBe-
CTH K TOMY, 9YTO HOBBII IUKJI OyjieT OOHAPYXKEH MPU [IEPEKPAITIBAHIT
KaKoro-To pebpa He B 4EpHBIH 11BET;

JIro6oii iBer — Cepplii: mepekpalinBanne 0OpaTHO B CEPBIil I[BET
HEBO3MOXKHO;

®uoseroBbiii — Yépubiii 1 PuoneroBsiit — KpacHsbiit: duose-
TOBBIE pEOpa HEe MOI'YT OBITH IEpPEKpAIeHbl 00PATHO B UEPHBIA IIBET.
Kpacubix pébep B rpade Bcero 2, u oHu cpasy ObLIN HepeKpPAaIleHbl U3
YEPHBIX B KPAaCHBIE;

Cunnii — ®uonerossiiit 1 Cunnii — KpacHbrii: cunne pébpa Mo-
IyT cpa3y CTaTb TOJbKO YEPHBIMU;

Tony6oii — Yeépnbrii u I'omyb6oit — KpacHsblii: rosybonie pébpa
MOI'YT Cpa3y CTaTh TOJILKO (PHOJIETOBBIMU;

Yépubiit — I'osy6oit 1 @PuoneroBbiit — CuHuMii: cungsa u roxyoas
KPaCKM HY>KHBI J[JIsi TOTO, 9TOOBI OTJIMYATh pEOpa, KOTOPbIE paHbIIe
OBbLIN YEPHBIMU U (PUOJIETOBBIM;

Kpacubiiit — JI10060i1 11BeT: KpacHble PEOPa OCTAIOTCS KPACHBIME 10
KOHIIa 00X0/1a;

Cunuit — T'osny6oii u I'osry6o0iit — Cunmnii.
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8. OmeHku BpeMeHU yCTAaHOBJIEHUS AaBTOMATOM CBOIi-
cTBa rpada ObITH rpadoM-KaKTycoOM

B kadecrBe omHOro mara aJropurma OyaeM paccMaTpUBATL IIPOXOJ aBTO-
MaTa [0 HEKOTOPOMY pebpy B OJHY CTOPOHY BMECTe CO BCEMU JIEHCTBUSIMU,
KOTOPBIE MOI'YT COIIPOBOXKIATEL 9TOT IIepexo . Takue aeificTBUs, B 9JaCTHOCTH,
IO/IPa3yMeBaIOT BhIOOD pebpa U TO, HY»KHO JIU €ro KpacuTh. BHe 3aBucCUMO-
CTH OT TOI'O, BLIOMPAET aBTOMAT IIEPBOE PebPO ClIeBa WM, HAIIPUMED, IePBOoe
He cepoe pebpo clipaBa, Ha 9TO JefCTBUE BMeCTe C MPOXOJOM 10 pedbpy u
BO3MOKHBIM €ro IMepeKpalliBaHueM YXOIUT OQUH IIar ajJropurMma. AHains
CUTYaIlul B TEKYIIel BEPIINHE IPOUCXOINT MITHOBEHHO, TO €CTh aBTOMAaTy He
HYy?KeH JOIOJHUTEIbHBIN IIar JjIss TOro, YTOObI yCTAHOBUTH, UTO OH OOHApPY-
JKUJI IUKJI, U TakK JaJjiee.

1) Pébpa, He nexarue Ha [UKJIaX, HY?KHO IIPOXOUTH 2 pasa (6oJIblie Ima-
rOB HYZKHO TOJILKO JIJIsI TeX pébep, KOTOPbIE IIOTOM CTAHOBATCS CHHU-
mu). IlepBoe sieBoe BeTBIICHNE TIEPBOIO IUKJIA B XY/IIIEM CJIydae Hy?KHO
OyIeT MOJIHOCTHIO OOXOIUTE 2 pas3a, TO €CTh IPOXOIUTD 10 KAzKJIOMY €ro
pebpy 4 pasa;

2) To kaxkaomy pebpy KazKJ0ro IMUKJIa HeOOXOAMMO IPONUTH 110 KpaiiHeii
Mepe 4 pasza (6oJIbIlle MAroB HyKHO TOJIBKO JIst TeX PEObep, KOTOpBIe
[OTOM CTAHOBSITCS TOJIYOBIMHE): OJIMH Pa3 — KOIJIa aBTOMAT IIPOXOJUT
110 HEMY B IIePBBIIl pa3 W KpacUT B YEPHBIN IIBET, JiBa pa3a — KOrJia
aBTOMAT CTaBUT OUYEPEIHYIO «IaJI0UKy» U BO3BpalllaeTcs B €€ IeHTD, U
ell€ OIUH pa3 — KOIJla aBTOMAaTy HYy?KHO II€PEMECTUTLCS B CJIeLYIOLLYIO
BEPUINHY IIUKJIA;

3) Kaxkaomy IUK/IY HYKHO 10 OJHOMY CHHEMY WJIH TOJyboMy pebpy: 2
mara yXoIdT Ha TO, 9TOOBI €ro MOCTaBUTh, U emié 1 — 9TobBI MOTOM
IepeKpacuTh 3TO PedbPO B YEPHBIA man (PHUOTETOBLIN IIBET;

4) B koHIIe 06x0/1a IIPABBIX BETBJIEHUIT HEOOXOIMMO IIPOBEPUTh, UTO CJIEY-
forree pebpo Ha ITOM IHKJIE JeHCTBUTEIBHO (PUOIETOBOE MJIH KPAaCHOE.
Jljist 9TOro HEOOXOIUMO OCYIIECCTBUTH 2 IIara.

IIycts B rpadpe ecthb k pébep m m MUKJIOB, a obiee ducjio pedep, comep-
JKAIUXCsl B [UKJIAaX, paBHO 1. HUXKHSIST OIleHKa JJIsl 9UC/Ia IIaroB COBIAIAET
C TOJIyueHHO! B pabote |7| 1isi 1epeBbEB U IICEBIOJEPEBbEB U CJIEJLYyET U3
TOro, 4TO II0 KaxKIOMy pebpy aBToMaT MPORAET XoTs Obl 2 pasa. Bepxusas
OIIEHKA YHCJIa IIAroB:

T < 4(k —n)+4n + 3m + 2m, (1)
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rie 4(k —n) — BepxHsisi OIEHKA YHC/IA MAr0B Jist 00X01a pebep, He JIeKAIIX
Ha IINKJIaX (ylVIHO}KeHI/Ie Ha 4 CTOUT M3-3a II€PBOT'O JIEBOT'O BETBJICHUA IIEPBOI'O
I[IMKJIa — HEU3BECTHO, CKOJIBKO TaM pEGep 110 CpaBHEHUIO ¢ k),

4n — 9ucyI0 maros jiyis pedep, NPpUHAIIEXKAIUX [TUKJIaM, OT IEPBOr0 IIPOXOIa
JI0 3aBepINeHnst 00X01a STUX ITUKJIOB;

3m — 4MCJI0 IAroB JJId CUHUX U T'OJIyOBIX PEGep;

2m — IpoBepkKa.

Ecan B rpade ects xXorsa 661 ogun 1ukia, To 3 < n < k. Kpome Toro, B
KaXKJOM ITUKJIE eCTh 10 KpaiiHeil Mepe 3 pebpa, IPUIEM IIPeIIIoIaraeTcs, 9To
obrux pédep y IMUKJIOB HET, — cjiefoBaTesbHo, 3m < n < k = m < % < §
Torna:

5k 17k

9. BeiBoabl

IIpencrasiiennslit B qanHoi paboTe ajropuTM JJisi aBTOMATOB, OCYIIECTBIIsI-
IOITUX 00XO0JT CBA3HBIX IJIOCKUX MTPOCTHIX HEOPUEHTUPOBAHHBIX I'padoB, 1M03-
BOJISIET C UCIIOJIb30BaHuEM 6 KPACOK yCTAHOBUTD, SIBJISIETCS JIM PACCMaTPUBa-
eMBblif rpad KaKTyCOM.
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O caoxkHocTu A-BBIPa3MMOCTH
3JIeEMEeHTapPHOro 6as3uca st A-3aMbIKaHUS B
KJIaccaX JIMHETHBIX aBTOMATOB HAa/
KOHEYHBIMU IIOJISIMU

1. 10. Unbun!

B mpenpiaymeit pabore HaMu OBLI MOJIYYEHBI OIMEHKU CJIOXKHOCTH
peam3aIn 3JIEMEHTAPHOro 0a3mca B KJIACCe OJHOMECTHBIX JIMHEHHBIX
ABTOMATOB, COXPAHSIONINX HYJIEBYIO IOCJIEI0BATEHLHOCTh. B manHoi
paboTe MBI IOJYYUIN BEPXHIOK OIEHKY CJIOXKHOCTH PEAJIU3AINH JIe-
MeHTapHOro ba3uca yepes oneparu A-3aMbIKAHUS B KJIACCe JIMHEHHBIX
ABTOMATOB HaJ KOHEYHBIM 1os1eM [4].

KirroueBsbie ciioBa: JIMHEHHbIE aBTOMATHI, A-3aMbIKaHne, A-BbIPAa3UMOCTh, Bpe-
MeHHasl CJIOXKHOCTh aJIrOPUTMA.

MpbI mpoio/IZKaeM UCCIeI0BATh CJIOKHOCTD peasm3anun QYHKINN B pas-
JIMYHBIX KJIacCaX JIMHEHHBIX aBTOMAaTOB. B mpeabiayiieit pabore HaMu ObLIN
ITOJTYIEeHBbI OIEHKN CJAOXKHOCTU PeaiM3allui JIeMEeHTapPHOTO 0as3mca B KJiac-
ce JIMHEWHBIX aBTOMATOB, COXPAHAIONIMX HYJIEBYIO IOC/IEI0BATEILHOCTL. B
JaHHOI pabore MbI OyJeM pelrarhb 3aJady CJIOKHOCTH Pean3allui dJIeMeH-
TapHOro Oasnca i A-3aMbIKaHUs B KJacCe JUHEHHBIX aBTOMATOB HaJ KO-
HeYHbIM 1os1eM Ej [4], npeaBapuTenbHO 10y IUB Pe3yIbTaThl jiiis 10 Fy.
JLj1st yIIpOIeHusT IPUBEIEM UCIIOIb3yeMble HAMKU ODO3HAYEHUsI, OIIPEI€JICHMST
U TeOpPEMBI, TTOAPOOHBIE T0KA3ATEIbCTBA KOTOPHIX UUTATEH CMOXKET HANTh

B paborax [1] [2] [5].

§1. Orenka C/I0XKHOCTH T-TIPUONKEHNA (PYHKIINN /IeMeH-
TapHoro 6asuca B Kjacce JIMHEHHBIX aBTOMATOB HaJI IOJIEM

Es.

Mpbr paccMOTpuBaeM MHOXKECTBO JIMHEHHBIX aBTOMAaTOB Lo Haa Fo ¢ omepa-
[USIMUA KOMITO3UITHH:

1. IlomcrarnoBKH.

2. [lepenmenoBanusi IepeMEHHBIX.

3. OTOXKIeCTBJIEHNST TIEPEMEHHBIX.

4. ObpaTHoOii CBA3M.

L Havun Hean FOpvesuy — acnmpant Kad. MATEMATHYIECKOH TEOPUH HHTE/ICKTYaTbHBIX
cucrem Mex.-mar. d-ra MI'Y, e-mail: vanyail@yandex.ru.

Ilin Ivan Yurievich— graduate student, Lomonosov Moscow State University, Faculty
of Mechanics and Mathematics, Chair of Mathematical Theory of Intellectual Systems.
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O6osnaunm K (M) — 3ambIkanne MHOXKecTBa M 110 OlleparusM repednc-
JIEHHBIM OTIEPAITHSIM.

Bsenem muoxkectBa Ty, a € Fo caemxyionum ob6pa3oMm:

To = {f|f € La, f coxpansier a B Ha4aJIbHBIl MOMEHT BpeMeHH. } [1]

Iepemennast x; Gyurun f(x1, ..., Tn) = > 1 Kili + fo, i € E5(E) naspr-
BaeTCsl HEIocpecTBeHHoM, ecan f1;(0) = 1.

Bpenem emé aBa MHOXKECTBA:
Vi = {f|f € Lo, f umeer ne 6oJiee OJIHOI HEMIOCPEICTBEHHOMN TEPEMEHHOI] }.
Vo = {f|f € Lo, f uMeer HeueTHOE YHUCIIO HEIIOCPE/ICTBEHHBIX [IEPEMEHHBIX }.

O6osnaunm U(f) = {ui, i =1,...,n}.

Beenem mMHOXKECTBO

M(&) = {fIf € Lo,V € U(f), pp+ 11(0) = a2€” + az€® + ..}

Mmuoxkecrsa Ty, T4, Vi, Vo, M (&) apasrorcs K-3aMKHY THIME 1 TIPEIITOJTHBI-
mu B Lo [1].

[Iycte M C Lo, f € Lo, 7 € Z. Torna dyuknusa f = f(z1,...,z,) aBis-
eTcst T-BbIpasuMoii uepes M, ecyu cymecrByer dbyHkiwyst g(r1, ...2,) € K (M)
Takasi, 9TO

\V/Oéi, a; = CLOZ'CLQZ'...CLTi,Z' == 1, 2, ey N

flag,...,an) = glag, ..., an).
Oyukius f naspiBaercsa A-oipaszumoit uepe3d M, ecau V71 € Z, byukius f
T-BeIpasuma u3 M [5].
I[Iycte M C Lo Torma A-sambikanumem M Ha3BIBAETCS MHOXKECTBO
A(M) ={f|f € La, f - A-Beipasuma u3 M }.
Muoxkecrsa Ty, Ty, Vi, Vo, M(€) aBisttorcss A-3aMKHYTBIMH, J1ajiee Oyaem
obosuavars J, = {1y, Th, Vi, Va, M(§)}.

Jlemma 1. ITycms mmooicecmeo M C Lo, M ne codeporcumcs Ueaurkom Hu 6
00HoMm u3 mroocecme © € J,. [lycmv n - MAKCUMAALHAA AGPHOCTVD GYHKUUTL
us M. Tozda mvl Modtcem NoAYHUMD KOHCMARMBL Yo, Y1 marue, wmo Yo(0) =
0,71(0) = 1, ucnoavays O(n) onepayuti CAOHCEHUA U YMHONCEHUA, G TNAKIHCE
1 onepayuro obpammoti c6A3u.

Zloxazameavcmeo. Taxk kak M mesimkoMm He cojyepxkutca B Vi, Vo, To cyre-
crByeT GyHKIus f(X1, ..., Tn)=p 1y [fiT; + [0 EMEIONIAsT Y€THOE KOJUIECTBO
HEITOCPEJICTBEHHBIX IepeMeHHbBIX. PaccMoTpuM (DyHKIIHIO

n
g(z) = f(z,z,...,z) = Z,uix + 1o = px + po,
i=1

KOTOPYIO MbI nostydaeM 3a O(n) oneparuii cjioxkenusi. B cuity Toro, 4o y
dbyukmun f 9eTHOE KOJMIECTBO HEIIOCPEICTBEHHBIX epeMeHHbIX, 1(0) = 0, a
3HauUT K DYHKIMU g HpUMeHnMa obparHasi ¢Bsi3b. Fy(g(x)) = 7 — KoHcTanTa.
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[Ipeanomnoxum, aro y(0) = 0, Trorna v € Ty. B M Boibepem dyukimo h
He [puHaJyIeKaltyto Ty n mojcTaBuM B Heé KOHCTAHTY v: h(7y, 7, ...,Y) = 71,
It 9ero ucnosbsyeM O(n) oneparyii CJI0XKEeHUsT M Y MHOXKEHUSI.

Cxoxkum obpazom nocrynuM, ecan y(0) = 1, B arom cayuae v € T1. B M
BoIGepeM dyHKImIo A’ He mpuHaAIeKantyo 1 1 MOJACTaBUM B HeE KOHCTAHTY
v B (7,7, YY) = 7o, A gero ucnosbidyem O(n) onepanuii CIOKeHUs U
YMHOYKEHUS.

A 3HAUUT, MBI TOJIyYaeM J(Be KOHCTaHTBI 7p,7y1 Takue, 910 Yo(0) = 0,

")/1(0) =1. O

Jlemma 2. ITycmo mmoorcecmeo M C Lo, M He codepocumces uesukom Hu 6
odHom u3 muoocecms © € J,, n - makcumasvras aprocms Gyrkuud us M.
Hycmv makoice namu yoice OvuAU NOAYUEHDL 08€ KOHCINAHMDL Yo, Y1 U3 AEMMbL
1. Tozda mvi Modtcem noaywumMs GYHKYUIO f(xl,ajg,xg), 2% -2K6UBANEHHYIO
x1 + x2 + x3 3a O(s +n) onepayud.

Jloxasameavcmeo. Cymecrsyer dbyukiust f'(x1,...,Ty), TpUHAIIEKAIIAL
M \ V. Bes orpanudenusi obIIHOCTH, T1,Z9 - HEIIOCPEICTBEHHbBIE [IEPEMEH-
uble. [loicTaBUM KOHCTAHTY 7y BMECTO BCEX TIEPEMEHHBIX, KPOME X1, T2,
/ o /
f'(@1,22,7%0.,7) = a1 + pows +
3a O(n) onepanuii cjioxKeHus: U yMHOXKeHUs. [lepeMeHHbIe X1, X9 - HEIOCDE/I-
crBennsble, a 3HAIUT L1(0) = p2(0) = 1. Ilomyunm bynkunn

f’Yval (1"1) = f/('you J"lv/—yo"w’y()))

f$27’YO(1"2) = f/(332,')/0,'}/0u-,’)/0),
f”(xl’ $2) = f/(f’yo,xl (1‘1), facz,’vo (562)7 70"-7'70)7
(1, 22) = prpozy + pipows + 4"

st aroro Mbl ucnosbzyem O(n) onepanyu CIOXKEeHUs U YMHOXKEHUs, (i =
1o B HyseBoii moment npunumaer 3Hadenue ((0) = u1(0)u2(0) = 1. Coe-
noBaresibHO, (1 uMeeT Bug 1+ &, tae i € EY(§). Honyunm dbyHKnmo

fi(@y, @) = f(f" (21, 22),70) = plar + play + 4D

3a O(1) omeparuii cJI0XKEeHUsI U yMHOXKEHHUSI.
IIpe/onoKmuM, 910 Mbl y2Ke oty auan yHKnuio fs_1(x1, x2). Ilocrponm
tenepb GyHKIU©O fo(21, T2):

fs(x1;$2) = fs—l(fs—l(xth)v’YO) -

s—1 s—1 s—1 s—1 _ s—1
= T e T g DT =
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s s _ s—1
= p¥xy + p¥ oy + 42

= p® "y + p* wg + 41

Ha kakmoit mrepamum Takoro mporecca Mbl OyiaeM ucnosb3oBath O(1)
olepalyii CJIOYKeHUs U yMHOYKEHHUsI, 3HAYHUT, BCEro Ha nocrpoenue fq(xy, x2)
norpebyercst O(s) onepanuii CJI0xKeHUsI U yMHOXKEHHUs.

[MoncraBum byaknuo fs B cebst caemayomum 00pa3om:

s s+1 s+1 s
fs(an, fs(ar,@3)) = p2 a1 + 02wy + 102 23+ 4O 4 ¥4 =

= (1+ & War+ 1+ Moz + 1+ € s + 674,
ucnonb3ys O(1) oneparuii coxkenust u yMaOKeHus1. OTCIONa BUHO, 9TO 9Ta
dbyukuus 2°-sKkBUBajieHTHA T + T2 + T3 u Obuta moctpoena 3a O(s + n)
omepanuit CJIOKEeHUsT U yMHOXKeHUsT. [[0CKOTbKY MBI MOYKEM MOCTPOUTH ITO-
JIOOHYT0 (PYHKITUIO JIJIsi JIIOOBIX S, TO TAKUM 00PA30M MBI IOy YUIU (PYHKITUIO
f(a;l, x9,x3), 2°-9KBUBAJIEHTHYIO DYHKIUU 1 + T2 + X3. O

3aMeruM, UTO NPUHUMAsi T = S B JieMMe 2, MBI MOJiydaeM (QyHKIHIO

A~

f(x1, e, x3), T-9KBUBANEHTHYIO DYHKIMU 1 + To + T3.

Jlemma 3. [Tycmo mmoorcecmeo M C Lo, M He codepocumces Uuesurkom Hu 6
o0nom u3 mHoocecms © € J,, n - makrcumasonas aprocms ynryut us M.
Tycmo Mol yorce NOAYHUAYL KOHCTAHMBL Yo, Y1 U3 Aemmol 1 U PyHrxuyuro x1 +
To+x3. T020a MbL MOHCEM NOAYHUMD GYHKUUU, T-IKEUBAAEHMbIE 3adepiicKe,
cymmamopy x1+xe, koncmarnme 0, ucnoavdys O(n+T1) onepayut croscenus
U YMHOHCEHUA.

Jlokazamenvcmeo. Y13 muoxkecrBa M Boibepem dyuknuio h(xi,...,x,) He
npunagyiexantyto M (€). Cymecrsyer p € U(h) Takast, 4To

g+ p(0) = &+ E%ag + ...
Bynem cunrats, uTo
M1,y @r) = pa1 + pom2 + .+ & + 7.

Momyanm dyuknuio hi(z) = h(x, 0, ...,7) = px + v 3a O(n) onepanmuii
CJIOXKEHUS.

Jutst Toro 9T06BI MOTYyUNTh OIEHKN KOJIWYECTBA OIEPAIUl CIIOKEHUS 1
YMHOXKEHHsI, IIOBTOPUM HH/IyKTHBHOE JIOKA3aTe/IbCTBO, IPE/ICTABICHHOE B Pa-
6ore [1]. Ecom p(0) = 1, to momayuum u3 dyukuuu hi(z) u cymmaropa
T1 + o + x3 caemayronyio dpyHKIHIO:

ho(z) = hi(x) + x+~0 = pz +v+ x4+ 50 = Ep'z + 7.
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Eciu 4/(0) = 1, To npubasus K ho(x) KOHCTAHTBI 7Y, y1 MOy IUM

ha(2) +70 +m = Eu'e +7,5'(0) = 0.

Takum 06pa3oM MBI MOXKEM CYHTATh, YTO B ho(z) koHcranta +'(0) = 0.
Buaunr, v = 0 + b€ + be%2 + ... . Ecomm by = 0, To BCe jokaszano. IlycTs
by = 1.

ha(v0) = EWET +7' = €+ bp€” + b5 + ...
ha(m) = Eu'3 + 7 = 056° + 0567 + .
ha(x) = ha(x) + ha(70) + ha(m) = Eu'z + 4", 1/ (0) = 1.

Oyukiyst ho(x), Takum obpasoM, 2-sKBUBaJIeHTHA 3ajepxkKe. Terneps joka-
2KeM JIJIst T > 2.
[IpeamosioxkuM Tenepb, 4To

he(2) = (€77 + & pro1)a + £y,

Ioncrasum hy(x) B he (@) 1 mOIyTIM

W) = (€7 + € )a + €.

Ecmn v,(0) = 0, o Ml yxe momyuman hqiq(z), IIpeamonoxkum, wro
7v-(0) # 0, Torma nojcTaBUM B CymMMarop X1 + s + x3 bynkuun hl(x),
R (10), K (1) ot oty

o (x) + W (o) + Bo(m) = (€ + )z + 1 = heya(z)

Bamernm, uro dyukiws h,i1(x) 6yger T-skBuBasenTHa Hy 0. Cienosa-
TeJILHO, MBI MOYKEM IOJIy9UTh CyMMATOP OT ABYX MEPEMEHHBIX, II0JICTABUB
hr41(x) Ha MecTo JI06O#I IepeMenHOiT B cymmaTope x1 + o + x3. Cymmupyst
dbyuxuun h; . = hi(v1) + hi(70), MBI MO’KeM HOJIyIUTH KOHCTAHTY C HATAIOM
u3 i — 1 'y, hi (i) = 1 1 1pOU3BOIBHBIM KOHIIOM.

CroBa paceMoTpuM (hyHKITAIO iLz(x) u nepeoboznaunM eé kak f1(x):

~

ho(z) = Epla + )" = o+ "z + 711 = fi(z), 1/ (0) = 1.

Oyuxius f1(x) sBasgeTcst 2-5KBUBAJIEHTHON 3a/I€PKKe ¢ HYJIEBbIM HAYa/Ib-
HbIM cocTtosinneM. [Tomyamv Terneps dynkmumio fa(z):

fi(@) = (E+Eu")a +v11, 14" (0) = a.
fr(@) + @+ " (0)hs(x) = (€ + Ep)z + 2721
Fr(@)+ (144" (0)hg(2) + (1+72,1(0)hg(11) = E+E B2+ 25 = fo(a).
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Bunno, uro musa momytdenust fo(x) mber morparmin O(1) omeparmit cito-
JkeHust n ymHoKeHust. Pyukuust fo(x) siBisiercs: 3-5KBUBAJIEHTHOMN 3a/1epPrKKe
C HyJIEBBIM HAYaJBHBIM COCTOstHHEM. IIpojoimKast JaHHBIN IIpOIecc, MOJIy-
qas fa, f5,... 10 BpeMeHH T, mosydnM QyHKIWO fr(T), T-5KBUBAJICHTHYIO
3aJ/iep’KKe C HyJeBLIM HadabHBIM cocTosiHmeM. Ha kaskioit mreparum Mol
6ynem ncnosb3osarb O(1) omepanuii CI0XKEHUs ¥ yMHOXKEHHs, & 3HATHT BCe-
ro, juist nosydenus fr(x), Mbl ucnosnbsyem O(n + 7) onepanuii cioXKeHus: u
YMHOXKEHUSI. ]

Teopema 1. 1. [Tycmv mmoorcecmeo M C Lo. M asasemca A-3amrrymoim
mozda u moavko moeda, koeda M e codepotcumes Ueaukom Hu 6 00HOM U3
MHoocecme © € J,.

2. ITycmo n - maxcumarvras aprocmv gynrkyut us M. Tozda 3a O(T+n)
ONEPAUUL CAONCENUA U YMHONCEHUA, & MaKICce 00HY ONneparuo oopammol
CBAZU MbL MOIHCEM NOAYUUMD GYHKUUU T -9K6UBAAEHMHBIE EOUHULE, 3G0ePIHC-
Ke, CYMMamopy om 08Yx nepemermvir.

Hoxazameavemeso. okazaTesibCTBO IEPBOIO YTBEPXKJIEHUST TEOPEMbl YnUTa-
Tesib MOKeT Haiitu B pabore [1]. [lokaxkeMm Bropoe yTBepK/IeHUe.

B smemmax 1,2,3 Mbl Hayqmwiuch moaydaTb (DYHKIUH T- SKBUBAJIEHT-
Hble 3aJePKKe C HYJEBBIM HAYAJBHBLIM COCTOSHUEM, KOHCTAHTBI Yp,Y1, TJE
7%(0) = 0,71(0) = 1, byuknuio z1 + x2 + 3, CyMMaTop xj + T2, KOHCTAH-
ty 0, 3ajepxkKy {x 3a O(n + T) onepanuii CJIOXKEHUsT U yMHOXKEHUsI U OJIHY
oneparuio obparnoit cBs3u. [lomyanM GyHKITUIO T-9KBUBAJIEHTHYIO €IUHUTIE.

Boinuiiem KoHCTaHTY 1 10 TakTa T B Buue psga: 1+ a1€ + a2§2 + ...+
a4 ...

Hosyunm koucranTst Y1€%, 4 = 1, ..., 7. Teneps npubaBuM K KOHCTAHTE )
KOHCTaHTY V1€, ecsn KoadpdurmenT a; = 0, u 3anuIIeM 3TO B TAKOM BHJIE:

Y11 =7 +biéy =1+ €+ (brar + a2)é® + (braz +a3)&® + ...,

rme by =1, ectun a; =0, u by =0, ecstut a1 = 1.

[Tepenurem
Y11 =1+&+a216* +az 6 + ...,

Tenepb IPeIIIOI0KHUM, YTO MBI Y2Ke IIOJLyIHIIN Y1 p, HOTYIUM TEIePb Vi pi1:

Npt1 = Np+bpr1& Ty = T+E+ . AP+ (bpr1api1p+aprap) P+

riae bpy1 =1, ecim apy1p =0, 1 by = 0, eciut apy1p = 1.

Ilepemmurem

Tpr1 = 1HE+ o+ P a2 4
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OTcrofa BuiHO, ITO Ha NTEPAIy T KOHCTAHTA Y1 » Oy/IeT T-9KBUBaJICHTHA
equnnie. Ha kaxoit urepanun Mbl ucnosbsyem O(1) omeparuii ciozkeHus,
TaK KaK TAKTOB BCErO T, TO MBI HCIIOJIb3yeM I TOJIYIeHUs (DYyHKIIMH T-
SKBUBaJIEHTHON enuuauie O(T) onepanuii cjoxkenus: u ymMHoxKenus. [lojgcras-
JII ONEHKM W3 TPEJIbLIYIINX JIEMM, MBI IIOJYINM, UYTO B OOIIE#l CJI0KHOCTH
ucnosb3yercs: He 6osiee 1 omepanuit obparHoii cesisu u O(T + n) onepanuii
CJIOYKEHUS U YMHOXKEHUSI. O

Ha sTom mokazaTebcTBe Mbl 3AKOHYUM HCC/ICIOBAHUE CJIO2KHOCTU
T-BBIPA3UMOCTH 3JIEMEHTAPHOIO 0as3nca B Kjacce JIMHEHHBIX aBTOMAaTOB Ha/l
nosieM Fo u mepeiiieM K JIMHEHHBIM aBTOMAaTaM HaJl mmoJjieM Fy.

§2. Orenka CJIOKHOCTH T-NPUOJINKEHNST (PYHKIUN JIeMEH-
TapHOro Oasnca B KJlacce JMHEIHBIX aBTOMATOB HaJI MOJIEM

E).

B nannoit riaee oy obosnadenreMm Fj Mbl OyjieM HOHUMATh KOHETHOE TI0JIE,
riae k = p™, p - upocroe, m € N. [4]

Amnayiorndno co ciydaeM B Fo, OnpeseuM CJIeIyIoNne MHOXKECTBA CO-
riacHo paboram [2] [1]:

T, = {f|f € Lk, f coxpausier a € E}, B Ha4aIbHBI{I MOMEHT BPEMEHH. }

Vi = {flf € Lk f umeer He 6ojee OJHON HEIOCPEICTBEHHOI
[IEPEMEHHOI] } .

Vo ={f(@1, .., an) = 32000 paws + piol 222 1i(0) = 1(mod p)}.

U(f) ={pi,i=1,....,n}.

Mi(§) = {fIf € Li,Vu € U(f),n — n(0) € EEL(E)}-

]51, ]52, e P, - Bce MaKCHMAJIbHbIE CO6Cl:BeHHbIe noznosis B Ey.

Pj = {f|f € L, Vi,i=1,...n ,uZ(O) S PJ}

J& ={T,,Vo,Vi, My, Pjla € Ey, i € {1,...,s}}.

Ompefesiennst T-9KBUBAJEHTHOCTH U A-TIOTHOTHI AHAJOTUYHBI CIYYIAI0 C
aBroMaTaMu HaJl Fs.

[TepeunciieHHbIE BBIIIE KJIACCHI .J ,;4 SIBJISTFOTCST A-3aMKHYTBIME U TIPEJIITOJ-
ueiMu B Ly [1].

AHnajoruvaHO co caydaeM Lo MbI cOPMYJIUPYEM CJIEIYIONLYIO JIEMMY:

Jlemma 4. Iycmv mmoocecmeo M C Ly, M ne codeporcumces 4eaurkom Hu 6
00HOM U3 MHOdCECB O € J,f. IIycms maxoice N - MAKCUMGALHAA GPHOCTIVD
Pyrryuts us M. Tozda mor moocem noaywums konemanwmy v,v(0) = a,a €
Ey, ucnoavsya O(k + n) onepayudl caoorcerua u ymmoscenua, a maxoice 1
onepayuto 06pammoli ceA3U.

Hoxazameavemso. Tak kak M He comepx)urcs B Vi, To, 6e3 orpaHUYEHUS
obrHocTH, OyeM CUUTATD, 9TO y HAC eCTh PYHKIUS f(T1, ..., Tn)=D 1y Hili+
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(o WMEIOIasl HETOCPEICTBEHHbIE TepeMEeHHbIE I1,Ts. 1OTAa PacCMOTPUM
bynkmo g(z1, v2, ) = f(r1, 22,2, ..., T) = P11 + paxe + 'z + 19, KOTOPYIO
MBI nostydaeM 3a O(n) oneparmit cioxenusi. O6osuaanm 1;(0) = a;,1 = 1,2.

Tak xak k - HOpH,ZLOK nosist Eg, To MBI MOYKeM BO3BeCTH a; B cTeneHb k — 1,
9TOOBI IOy IUTh a =1 [4]. Houyuum dbynknun

gl(xlwr) = g(xluxu JI),92($2,$) = 92($,I‘2,x)-

[ToxacraBum g1, go B cebsa k — 2 pas:

hi = gl(gl(gl("'(mla x)...:n),x),x),

he = 92(92(92("'(x27 x):n),x),a:)

Mpsr ucnonbsyem miist sroro O(k) omepariuii CJIOXKEHUST U yMHOMKEHHUS, a
3aTeM IIOJICTABUM MOJIyUeHHbIe DyHKIMU B ¢(X1, T2, T3) :

g(hi(z1,2), ha(xa, x), ) = p Yoy 4+ pb g + iz + tio = h(x1, T2, 7).

HEH0) = (u(0)F T = 1 0) = 1.

p-pa3 MoAcTaBUM B cebst PYHKIUIO A CJIEIYIONIM 00Pa30M:

H(z1,..xpp1,2) = h(h(...(h(z1, 22, T), ..., Tp, T), Tpy1, &) =
= 171 + floT2 + ... + fip11Tps1 + AT + flo.

Takum obpaszom, 3a O(p) omepanuii Mbl nosyumin, uaro [;(0) = 1,7 =
1,..,p—1, fio(0) = pix(0) = 0, mpuyuem repeMeHHast T He SBJISIETCS HEITOCPE/I-
CTBEHHOM.

Tenieps BozbMeM DyHKIUIO (X1, ..., Ty ) € M\ V.

G(z) = u(z,z,...,x) = Z?;l x4+ py = pa + pg, nonydaem G(z) 3a
O(n') onepammii cioxenus. 1(0) # 1, n' < n.

Ecim 1(0) = 0, To MBI MOYXKeM NIPUMEHHUTH OIEepaTop OOpaTHO CB3M K
G(z), monyunm Fb,(G(x)) =y, rae 7 - KOHCTaHTA.

ITycrs 1(0) = a, a # 0. Daement a mopoxaaer moxanoie E' 8 Ey. E, C E'.

Paccvmotpum cirydgait p = 2. Umeem 211 = 0, 2 = 1 - KOpeHb JTAHHOTO
ypasrenus, a*~ 1 — 1 = 0. Ciie10BaTeIbHO, MBI MOYKEM IIEPEIACATD ypaBHe-
nue B Buge (2 + 1)(2F72 4 ...) = 0. Eciin Kom4ecTBo ciaraeMbIx BO BTOPOii
9aCTH ypaBHEHUs - YETHOE, TO BTOpAsl YaCTh YPABHEHUS JEJUTCS HA Z + 1.
Bynem BbiiensaTs z + 1 w3 Bropoii 9acTn ypaBHEHHsI 10 TOFO MOMEHTa, KO-
I/la KOJIMIECTBO CJIaraeMbIX B HEM He CTaHeT HEUETHBIM, Oy MMM ypaBHEeHHe

(z4+ 1) gaiz’) = 0, YI_gaa’ = 0,a; € {0,1}, 31, a; = 1. Tax kax
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BCETO 3JIEMEHTOB B TI0JIe He Gojiee k, TO Ha IOJIydYeHHe CTereHed fif Mbl mc-
nosib3yeM He Gosiee O(k) oneparmit ciioxkenusi u ymMHOX)eHust. VI3 jeMMbr 5
MBI MOYKEM IOJIYIUTH 3-CJOXKeHne (TeKylas jJeMMa He Tpebyercs s J10-
KazaTeIbCTBa JIEMMBI 5). VICIOb3ys 3-C/I0MKeHne U MOy YeHHbIe CTelleHn a’,
TOJTY UM JIPOOD Y i _o @ift’, 117151 STOTO MBI GyJIeM IIPUMEHSTD 3-CJI0KEHHe He
6oee O(k) pas. Takum oGpasom Mel nomyuaeM dbynxmmo H(z) Takyio, 4o
H(0) = 0, a 3aunT K Heil TprIMenRnMa oOpaTHas cBasb. Ipmvenss Kk H ()
06paTHYIO CBsi3b NOJIy4IuM KoHCTaHTy 7y 3a O(k 4+ n) onepanuii cjioxkenus: u
YMHOXKEHUsI U OJIHY OIePaIuio OOPATHON CBS3H.

Pacemorpum ciayuaii p > 2. YMHOXKas 3JIeMeHT a He Oosiee yem 3a [ <
k pas, Mbl MOXKeM HOJIy4nTH daement ¢ € {2,3,..p — 1} moxnons E, [4].
Buaunt, nojgcrasiss G(x) B cebst He Gosiee yeM k pas, moyydnM (DyHKIIUIO
G'(x) = (u)lx + p”, ucnonwsys O(k) oneparuii CJIOKEHUsT W yMHOXKEHHUS 1
OJIHY OTIepaIlio 0OPATHOl CBSA3U.

Tenepn nogcrasum dbyaknuio G'(z) B dbynknuo H Ha MecTO nepBbix 7/
[EPEMEHHBIX, & Ha MECTO OCTAJbHBIX MOCTABUM I, TJe KOJUIECTBO [IPUMEHe-
Huit v’ HaiigeMm Hu¥Ke.

Honyunm H(z) = H(G'(z),...,G' (), &, 2,..x) = jix + fzx + o = (fi +

~

[)x+fig. Ilepemennas  He sIBJISIETCsI HEIIOCPEICTBEHHOT Jyist byukiun H (),
Tk (fi+ @)(0) = 't + (1 —1") =0, 7' = ;=% € E,. A smaunur, upnMenss
oreparuio 0OpaTHON CBSI3U K (DYHKITUH H (z), nosyuaum kocrauty 7y 3a O(k+
n) oIepanuii CJI0KEHIs U YMHOYKEHIS U OJIHY OIlepaInio 00paTHoii cBsa3u. [

3aMeTuM, UTO JIIOOYIO APYTYI0 KOHCTAHTY Y2 MBI MOXKEM TOJIYIUTH U3
dbynxmun f,, He npunajexaei kiaaccy T, nojacrasus B byHKIUIO f, Ha
MECTO BCEX EPEMEHHBIX KOHCTAHTY 7y, UTO MOXKHO CJeJIaThb He bojee deM 3a
O(n) onepanmii CJIOXKeHHs.

Terepb MOJIyYIUM OIIEPAITUIO CIOKEHUST P+ 1 dJIeMeHTa, T.e. JIOKAYXKEM CJIe-
JIYIOTILYIO JIEMMY':

Jlemma 5. ITycmo muoorcecmeo M C Ly, M wne codeporcumesn uesurkom Hu 6
00nom u3 mHoorcecms © € J,f. IIycms maxoice N - MAKCUMGALHAA GPHOCTIVD
Ppyrxuut uz M. Toeda mor ModHcEM NOAYUUMD GYHKUUI T -9KEUBAAEHTVHYIO
dynryuu 1 + 2 + x3.... + Tpr1 3a O(k + 7 + n) onepayuii croocenun u
YMHOHCEHUA.

Jlokazamenvemeso. f(x1, ..., xn) € M\Vi. Ilycrb 21, x9 - €€ HEmocpeICTBEH-
Hble TlepeMeHHbe. Torma MmoCTaBUM TEPEMEHHYIO T B OCTAJIbHBIE TIEPEMEH-
uple bynknun f: fi(r1,x2,2) = f(21, 22,2, ..., ) =121 + p2xe + px + uo.
p1(0) # 0,p2(0) # 0, ucnoassyst O(n) omneparmii ciaoxenusi. IlogcraBum
dyukmumio f1 B cebs 3a O(1) omepanuii yMHOXKEHUST ¥ CJIOKEHHUST:

fa(z1, 0, 2) = fi(fi(z, 2, ), fr(z1, 2, 2), 2) = papems + pipeze + 0T + pp.
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O6osnaanm p = gz, 1(0) # 0. Pactumem p B dbopme psijia u mepeobo3Ha-
9UM 9TOT paf: b = ag + a1é + ... = ao + &L, o € Ep(§). Hanee 3a O(k)
oreparnuii cJoXKeHusl U YMHOKEHHUsI IOy UM (DyHKIUIO

k

fa(wy, 29, ) = pF oy + pF oy 4 i + fio, 1 = ps, p3(0) = 1,

T.K. u3 [4] HAM U3BECTHO, YTO

(a+b)P =aP + P
a1 =1,dF = a?" = a,Va € Ej.

Tenepn, e Gomee gem 3a O(p!) omepanuii CJIOKEHUST 1 YMHOKEHUA, TO/T-
cTaBjisist caMmy B cebst QYHKIUIO f3 TeM Ke CIocobOM, UTO u (PYHKIUO fo,
nostyanm u3 GyHKImn f3 dysxmo fi(x1, re, ) = ,u,gt:nl + ,ugt$2 + px + fo.
Boimmmrem pobu pif, ugt :

i = (1+&pa)? =17 + (§ua)? = 1+ af &P + a2 + ..
t
i = (L4 &) =17 + (Eua)” =1+ a0l +aly & 4.

Yncio t MbI GyeM BBIOHpATh Tak, 4ToObl 7 < p', 3aMeTHM, YTO IIpu

T > 2 MBI MOXKeM BBIOpaTh ¢ Takoil, 4ro t < 7, a 3HAYNUT 00IIee KOJIUIECTBO

oreparuii CJI0KeHUsT U yMHOXKEHUsT JJIs TIOJIyIeHus f4 MBI MOYKEM OIIEHUTH
t

kak O(p + 7). O6o3HauuM p15 = (15 , Torga nepermmenm fi = psx1 + psTe +

psx + f1o5. Terepns Gynem noacTaBiasaTs fq B cebst p-pas CJeLyONIM 06pasoM:

f4($1) f4(l‘2a f4($3, ""7'T)a I)u l‘),SU) =
—1
= ps®1 + pEwe + o ptbry + By + (s psp o+ s ot

-1
(g + pop + o+ pgpE ) = F(21, 22, 2p41, ).
N " 1, p—1
H= o+ ot s s
N / 1 p—1
B = s+ st sy
Buj p5 Mbl yxke obeyxaanu panee, Bee apoou pi i = 1,..p 6yayr -
SKBHUBAJCHTHLI equnanne. [i”,[i' B cBOIO oUepenb T-3KBUBAJICHTHBI HYJIIO, T.K.
B i/ uB [i’ comepxkurca p cnaraembix. CiieioBaTesibHo, cama (yHKIH
F(x1,22,...p41, ) Oyaer T-sKkBUBajIeHTHA DYHKIUNA L1 + T2 + L3.... + Tpt1,
npudeM yuknuo F Mol noayawin 3a O(k+7) onepanuii CJI0KeHus 1 yMHO-
JKeHus. ]

CdopmymupyeM eré oHy BCIIOMOTATEIBHYIO JIEMMY:
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Jlemma 6. ITycmv mmoorcecmeo M C Ly, M ne codeporcumcs yeaukom Hu 6
odrHom u3 mrooicecms O € J,f. Iycmv maxoice n - MAKCUMAADHAA APHOCTIVD
Pyrxyut uz M. [ycmv maxoice namu 6viau nosyswero, kKonemarnma y,y(0) =
b,b € Ei, a maxorce pynryus x1+x2+3....+Tpy1. To2da das mobwx a € Ly,
3a O(n) onepayutdi Mol Modtcem noaywumsd Gyrrkyuro gqo(x) = pex + 7', 2de
Ha € E;g(g)/}/ € E]/c(g)? 1a(0) = a.

Jloxasamesvcmeo. Tak kak MHOXKecTBO M He COIEPAKUTCS IIEJTMKOM B KJIAC-
cax PVl € {1,..,s}, 10 3ppy, sy € U(M), pi(0) ¢ Egy,, e Ey; -
noznons B Ej, takue, aro snement fi, (0)p,(0)...4; (0) mopommaer Ej, mo
orepamnugM CJIO2KCHHUA W YMHO2KCHU . ﬂﬂﬂ IIOJIy4dYeHUdA 93TOT'0 dJIEMEHTa MBI
norparuM e 6ostee O(k) oneparyit CJI0KEHUST U YMHOYKEHHsI. 3aMETHM, 9TO
Tax Kak fuy; (0)pi,(0)...p7 (0) moporxiaer Bee Ey, TO MBI MOXKEM IOJIyYHTD
BCe Pa3JIMIHbIE 3/IeMeHThl B), B Hys1eBoit MomeHT BpeMenn 3a O(k) omeparmii
CJIOXKEHUSI U yMHOXKeHHsI. ByjieM jajiee cauTaTh, YTO Mbl [IOJIY UM JTAHHbBIE
ssemeHThl 1 JobauM O(k) B 0OIILyIO OIEHKY CJIOKHOCTH B TeopeMe 2 W He
Oy/1eM yUIUTHIBATH 9Ty OIEHKY B JIAHHON JIeMMe.

Buaunt, Ya € Ej 3f(x1,..,xy) € K(M), 3u € U(f),u(0) = a. He
orpaHuduBas O6IIHOCTH, OyIeM CIUTATh, UTO [ - JPOOL IEpej MepBoil Ie-
pemennoit 1. [lomctaBuB B f KOHCTAHTY <y, MOJYUCHHYIO paHee, MTOJIYIUM
f(x,7,...,y) = px + v 3a O(n) onepanuii cI0KeHUs!. O

N remepn j10KaXkeM HY)KHYIO HAM JIEMMY':

Jlemma 7. Ilycmv mnoocecmeo M C Ly, M ne codepotcumces uesukom Hi
6 odnom us mmodcecme © € J{t. ITyemv makoice n - Mmaxcumaivnas ap-
nocmo  dynkuyut uz M. ITyems makoice Hamu GolAl NOAYHEHDL KOHCTAH-
mot Ya,Ya(0) = a;9.,7%(0) = ca,¢c € Ex,a # ¢, a maxoce dynrxyus
1+ 22+ 23....+Tpt1. To20a moL mooicem noaywums xKonemarnmy o € K (M)
maxyro, wmo Yo(0) = 0 3a O(n + p) onepayudi.

Aowasamenvcmeso. Paccmorpum dynkmmio x1 + x2 + ... + Tpy1. Hoacrasum
HA MECTO MEPEMEHHBIX X1, ...T; MYHKIUIO gp(7Ye), KOTOPYIO MBI MOXKEM IIO-
ayauth 1o jemme 6 3a O(n) onepanumil CIOKeHHsI M yMHOXKEHHsI, Ha Me-
CTO TEPEMEHHBIX Ty, ..., Tp, & HA MECTO HEPEMEHHOIl Tpi| KOHCTAHTY 7.
Becero 3a O(n + p) onepanuii CIOXKeHUs] ¥ YMHOXKEHUsI. B UTOre IOJIydnM
a(ve) + o+ 9(ve) + 9a(Va) + ... + Ve = 7. Teneps Haiizem rakue 3HAUCHMS
i,b, aro v(0) = 0.

7(0) = ip1p(0)7(0) + (p — ) p6(0)7a(0) + 7(0) 4 p.(0) = 0,

ibVC(O) + (p - i)bfya(o) + '70(0) =0,
ib(’Yc(O) - 'Ya(o)) = '70(0)'
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[Tonyyaem ypaBHeHUE

b(’Ya(O) - ’Yc(o))
Ecin 4.(0) = 0, 7o ¢ = 0 u MBI mOJTy9aeM HEOOXOAUMYIO HAM KOCTAHTY.
Eciu v.(0) # 0, To Torma
7e(0)

b= i=1.

(Va(o) - 70(0))

KommaectBo omepanuii jist mosrydeHnst KOHCTAHTHL Yy coctaBuio O(n + p).

O]

Jlemma 8. Ilycmv mmoocecmeo M C Ly, M ne codeporcumcs yeaurom Hu 6
0drom uz mmoxcecme © € JF. Ilyemv makotce n - maxcumasvnas aprocmo
dyrryut uz M. Ilyemo maxoice namu 6viau noaysweros Koncmarnma o(0) =
0 € Ej, a maxorce pyrwyus £1+22+3....4+2pt1. To2da dna mobvix a € Ey, sa
O(n+p) onepayuti CAOHCEHUA U YMHONCEHUSA ML MOAHCEM NOAYUUMD [1gT+Y0,

ede iq € E(€),7 € Ep(§), 1a(0) = a,70(0) = 0.

Jloxazameavcmeo. Bymem cuuTaTh, 4TO MBI y2Ke 0Ly IiId (DYHKIMIO fiq+7
a € Ej, 3a O(n) oneparuit. BosbMeM (byHKIUIO CIIOKEHUS T1 + L2 + ... + Tpi1
U IOJICTABMM Ha MECTO II€PBOii IIepeMeHHoll £1 MYHKIMIO [, + 7', Ha MecTo
IIEPEMEHHBIX X2, ...Lp IOJCTABIM KOHCTAHTY [igY0+7 , & Ha MECTO IePEMEHHOM
Zp+1 KOHCTAHTY 7p:

p—1

(o +7) + > (av0 +7) +70 =
=1

p—1
= ta + Y _(1a%0) + 70 = Hat +7',7'(0) = 0.
i=1
Takum 00pa3oM MbI MOJIYYMJIK HEOOXOAUMYIO HaM (DYHKIUIO LeX + 7o, UC-
nosib3ysi He 6ojiee yem O(n + p) onepanuii CJI0KEHUsI U yMHOKEHHUSI. O

Terieps MBI MOXKeM CPOPMYJIUPOBATH HAIIY TEOPEMY:

Teopema 2. Ilycmv mmoocecmseo M C Ly, M we codeporcumcesn uesurom
nu 6 odmom u3z mmosicecms © € JA. Ilyemv maroice n - makcumaavras
aprocmo pynryut us M. Toeda 3a O((T + 1)(n+p+ 1) + k + p) onepa-
YU CAOHCEHUA U YMHONCEHUA, G MAKHCE 00HY ONEPatuIo obpammol C8A3U
MbL MOACEM MNOAYHUMS PYHKUUU, T-IKEUBAACHMHVLE OAZUCHBM HYHKUUAM
{1, 21 + z2,az,&x|a € Ey}.
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Jloxazamenvcmeo. Tlo memme 4 MBI HAyIUIIUCH TIOJTy9aTh (DYHKINA, T SKBU-
BaJICHTHbIE KOHCTAHTAM g, Yy 38 O(n+k) onepanuii cjioxKeHus 1 yMHOKEHUSL.
[To niemme 5 nomyaumM byHKIMIO, T-9KBUBAJIEHTHYIO (DYHKIUK T + T2 + ... +
Tpt1 3a O(k +n+ 7) onepanuii ciioxkenust 1 ymHOXKenusi. 1o semme 7 mosy-
qM GYHKIHIO Y0, Y0(0) = 0 3a O(n + p) omepanuii CJIOKeHNsT 1 yMHOYKEHHUSI,
uToro noyauM onenky B O(n+k—+7+p) onepanuii CJI0KeHUS U yMHOKEHUSL.
Bamernm, uro onenka O(k), noiaydeHnas B jemme 6 He BJIMsieT HA UTOIOBYIO
OICHKY.

Teneps GymeM MoJyvaTh 3aJepKKy € HyJEBbIM HAYAJIHHBIM COCTOSHHEM.
Cymecrsyer dyukuust g € M\ M, g(x1,...2n) = >y pi%i+ po. Hoxcrasum
BO BCe NepeMeHHble (DyHKINU, KPOME 1, TOJIyYeHHYIO paHee KOHCTAHTY 7.
DyHKIUA ¢ IPUMET BUJ

(T, 705 -, 70) = 1z + 7' = h(x).

p1 = a(0) + a(1)€ 4+ a(2)€2 + ..., rme a(l) # 0,

ITocite Bo3BeneHust B cTemeHb k ApoOb (4] IPYU PAa3JIOXKEHUN B PsiJl OyIeT BbI-
DJISIIETh CJIELYIONIM 00pa30M:

ph =" = a?" (0) + " ()EP" 4 aP" (2)EFT 4 .
Bamernm uTO Tak Kak aP = a, TO ,u’f OyaeT NIpUHAMATD BU/T
pi = b = a(0) + a(1)&”" +a(2)67" + ...

ToacraBum Teneps Hostyuenmyio sointe dynximio h(x) u h¥(x), koropyio
Mbl nostyuuM 3a O(k) omepanuii B CyMMaTop 1 + ...Zp4+1 CJAELYIOMUM 00pa-
30M:

h(z) + h¥ () + ... + B¥(z) + L = B ().

KomncranTy 7). Mbl 110J1yauM 110 JiemMe 8 u3 dbyHKuuu g, (), HoacTasiss B
gr(x) KoHCTAHTY Y0 38 O(N+p) onepanuii ciloXKeHs yMHOXKeHWsI. SHAUEHHUE T
nojbepeM Tak, 4TOObI CBOOOJHBIN |UieH Ha HysleBoM TakTe B dbyukiuu h'(z)
ObL1 pasen Hyso. s nosydenus camoit pyHkimu h(x) MbI IOTpATHM He
6osee O(n) omeparmit CJIOXKEHNsT U YMHOXKeHUs. [Ipn mojicTanoBke B CyMMy
- e 6osiee O(p). Takum 06pa3OM Ha JAHHOM 3Talle Mbl IIOTPATUM He GoJjiee
O(n + k + p) oneparuii CJIOKEHUSA U yMHOXKEHHS.

Bommumem dbyukimio b (z) B crepyomem Bue:

B (@) = (a(1)€ + i) +4,4(0) = 0,

ITo nokasamHOil paHee JieMMe 8, Mbl MOXKEM HOJMY4IuTh GyHKIWIO ¢ () =
iz + 70, 1(0) = (a(1))~! 3a O(n + p) onepammii cIOKEHUST W yMHOYKEHUS.
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[Toncrasum eé B h'(x) 3a O(1) onepanuii CI0KEHUs ¥ YMHOXKEHUSI:

h’(g’(a:)) _ (5 + 52/1«”)33 +’y”,’y"(0) —0.

O6ozuaunm f1(z) = h'(¢'(x)). IIpeanosoKum Tenephb, 4To Mbl y2Ke TOJLY TUIII

fr(x) = (€7 + §T+1/~LT)$ TV Ve = 67’77/—'

[Tyctb 7, B MoMeHTHI BpeMmenu 0, ..., 7 — 1 paBHa HYJIIO, & B MOMEHT Bpe-
MeHn T KoHcTaHTa 7Y-(7) = c. Ilo semme 8 mosyunm dynknuo g_.(z) 3a
O(n + p) onepanuii cinoxkenust 1 ymHoKenus. [lojcraBum B g_.(x) KOHCTAH-
Ty 7o U MOJYIUM KOHCTAHTY 7Y_. TaKylo, 910 Y_.(0) = —c.

[MoncraBum y_. B fr(x) u mosy4dum, 9ro B MOMEHTHI Bpemenu 0, ..., 7T
dyukuus fr(7.) pasaa Hymo. Takum 06pa3oM Mbl oty dmin GyHKIUO T +
1-3KBUBAJICHTHYIO KOHCTAHTE HOJIb. 110JCTaBUB 3Ty KOHCTAHTY B (DYHKIIUIO
r1 + ...Tpy1 HA MECTO IEPEMEHHBIX I3, ..., Tpt]1 MOIYIUM pyukmo 7 + 1
9KBUBAJICHTHYIO CYMMAaTOpPy T1 + I9.

[Moxcrasum Teneps fr B fi(z). omyunm dyukimo

fr(fl(l')) = (§T+1 + §T+2/§)x + 27727(@) =0,1¢ {07 e T 1}7%(7—) =d.

ITo siemme 8 nostyunm dyHKIWO gy () 38 O(n+ p) onepanuii cioKeHus u
YMHOXKEHUsI. SHadeHne u HaiiieM B Xoje JajbHeidmux Boranciaeruii. Ilomcra-
BUM B ¢y (%) KOHCTAHTY o ¥ IOJIyYUM KOHCTAHTY 7y, TaKyio, 4To Y, (0) = wu.
Croxum reneps fr(f1(z)) u fr(7vy)) 1 momyum

fr(fi(@) + fr(fi(v=a)) = fr1(2).
f7'+1(x) - (fT-H + §T+2/i)x + gT(d tc+ u) + 7”/7'7”/(1.) =0,1= {07 ) T}'
u+ c+d =0, crenoBarenbHo, u = —c — d.

MpbI HOJIy 9r/In CyMMATOD OT JBYX IIEPEMEHHBIX U KOHCTaHTy HOJb 3a O(T(n+
p)) onepanuii ciaoxkeHusi u yMHO)KeHust. OTCrO/Ia TaKKe BUJHO, YTO HA KaiK-
JIOM TaKT€ MBI MOXKEM II0JIy9aTh KOHCTAHTY C IIPOU3BOJIBLHBIM KOJINIECTBOM
HyJIell B HaJaJle U IPOU3BOJILHBIM 3HaueHneM u € Fy 3a O(n + p) onepanwuii
CJIOYKEHMs U YMHOXKeHus. [lepeiiieM K Moy YeHuto 3a1epKKU ¢ HyJIeBbIM Ha-
YaJIbHBIM COCTOSHUEM.

Brormurmem

hi(z) = (E+ ") +7",7"(0) = 0,79 = b11& + 522167 + ...

[Tpubasum K dbyrknun hi(z) KOHCTAHTY Y1, _p, , TAKYIO, 9TO Y1, _p, ,(0) = 0,
M,—by (1) = —by 1. JanHbIM cilOKeHHEM MBI OOHY/INM 3HaYeHHE IPH & B
koncranre .

Ri(x) = €+ ") +9" + M-y, = (E+ 1"z ++1,71(0) =~1(1) = 0.
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Anasiorimano GyieM eficTBOBaTh ¢ K03 MUIMEHTOM IIPH CTEHeHH £2 B KOH-
craHre 7). 3aMeTHM, 9TO Ha YHUUYTOKeHUE KOI(DDUIMEHTA TP TIPOU3BOJIb-
HOli crenenu & B KoHcranTe Mbl norparum O(n + p) oneparuii ciaoxe-
Hus u ymHOXKeHus. Tenepb obmyamM xosdbdumuent B u” npu cremenn €2,
IIycrs 1’ (0) = o'. Torma noacraBum B dyHkImo ho(x) dyukuuo go(z) =
fio 4+ Vg2, f2(0) = (a') !, nosyuennyio 3a O(n + p) onepanuii cjioKeHUs 1
yMHOXKeHus1. 3areM caoxkuM byakun he(ga(z)) u b (z):

ha(g2(x)) + B (z) = € + €13 + 72,0, 72,0(0) = 72,0(1) = 0.

ha(g2(x)) + b () 2 .

JeficTBYsT aHAJIOTUYHO TSl OCTAJILHBIX HTEPATIUIT, MBI Oy UM (byHKITIIO T-
SKBUBAJIEHTHYIO 33/IePKKe C HyJIeBbIM Haua bHbIM cocTosiaureM 3a O(7(n+p))
onepanuii CJI0’KeHUS U yMHOKEHHUSI.

Temepb OyeM IMOTy9aTh YMHOXKUTEIb HA MPOU3BOJLHYIO KOHCTAHTY.
BosbMmem nostyuennbiii panee no jemme 8 3a O(n + p) omepanmii cioxKeHns
U YMHOXKEHUsS] yMHOXKUTEIb HAa HEeKOTOPy1o Koucranty a(0) u Bo3BeseM ero B
cTeleHb k:

(a(0) + & M)z + v,~(0) = 0.

Ora dyHKIMS MoxKeT ObITH mosydena 3a O(k) omepanmii cioKeHUs
yMHOXKeHus. IlojcTaBuM KOHCTAHTY 7 B 3aJ€P:KKy U IOJIYyYUM KOHCTAHTY
7. 3HaUeHMsT KOHCTAHTHI Y Il TAKTOB 1, 2.... HAM HEOOXOJUMO 3aHYJIUTh J10
MOMeHTa BpeMeHu 7. Boiuiiem KoHcTanTy 7' B dopme psijia:

E(y(1)....) = 0y(1)... =4,

Jlajiee mpocyMMUpPyeM:
v+ (p—1) = 007"(2)...

Taxum crriocobom MbI MOKEM OOHYJIMTDH BCE 3HAYEHUS Y JIO TAKTA T, UCIIOIb3Y s
O(7p) oneparuii cjioKeHUsI U yMHOXKeHust. JJaHHBIM crocoB6OM 3a T TaKTOB
[IOJIy4YUM BbIparKeHUe

(a(0) + & ")z + &,

KOTOPOE, B CBOIO OYepe/ib, IpU k > 7 OyjeT T-3KBUBAJIEHTHO YMHOXKEHHIO T
na xonctanty a(0). Ecu xe 7 > k, 6ynem seipakenne ((ag + & p)x +)F'
BO3BOJUTE B creneHb k', riae k' > 7.

[Tocuuraem Terepb UTOrOBOE KOJIMIECTBO OI€PAInii CJIOXKEHHsI U yMHOXKe-
ausi. B srlemmax 4,5,6,7 nam norpebosasiock O(p+k+n+7) onepanuii cioxe-
HUsI U YMHOYKEHUsI, a TaKKe Oj[Ha olepanus obpaTHoil cesasu. s mosyde-
HUsI CYMMAaTOPa, 33JIe2KKH U KOHCTAHTBI HOJIb Mbl uctojb3osaun O(7(n+ p))
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onepalyit cJIo¥KeHnus U yMHOKeHusl. [lojyuenne yMHOXKUTEIs Ha KOHCTAHTY
umeer cioxuocTb O(k+n+pr). Uroro, 3a O((T+1)(n+p+1)+k+p) onepa-
Uit CJIOKEeHUsl 1 YMHOYXKEeHHsI, a TaKyKe OJIHY OIlepalliio 0OPaTHON CBSI3U MBI
nostyansin QYHKIUK T-9KBUBAJIEHTHbIE 0asucy {r1 + x2,ax,éx|a € Ex}. O

SakroueHne.

MBI TOTyYnIN OTIEHKU Ha TOJIydeHne A-3KBUBAJIEHTHOTO 3JIEMEHTAPHOTO
bazuca st ciaydaeB Fo u Ej. Mbr nosyanin Kyaa 60jiee CKPOMHYIO OIeH-
Ky Ha KOJUYECTBO OIepaliyii, ueM Jiyisi ciaydas K -3aMblKaHUs HaJ| MOJEM
E5 juist TMHERHBIX ABTOMATOB, COXPAHSIIOIINX HYJIEBYIO IOCIEI0BATEIbHOCTD,
[Jie OTEHKa SIBJISJIACh SKCIOHEHIMAILHON. B ceayromux paborax mpeicTas-
JIACTCA UHTEPECHBIM IIOJIYYIUTb HHU2KHIOIO OIEHKY Ha KOJINYIeCTBO OHepaLH/Iﬁ
JUTST TIOJTy9IeHnsT A-3KBUBAJEHTHOTO 3JIEMEHTAPHOTO Oa3wca W POBEPUThH,
MO2KHO JIX YJIYYIIUTH BEPXHIOIO OIIEHKY.

ABTOp BBIpaXkaeT 0JIaroJapHOCTb CBOEMY HAyIHOMY PyKOBOAUTETIO A.A.
YHacoBckux.
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Comlexity of implementation of A-closure elementary basis in
lineary automata class on finite field
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In the previous work we have received compexity estimation for
elementary basis implementation in the class of linear automata that
preserves zero-sequence. In the current work we will find the complexity
estimation for elementary basis realization by A-closure operations in
linear automata under finite field [4].

Keywords: linear automata, A-closure, A-expressibility, algorithm
complexity.

140



[1]

2]

13]

4]
[5]

References

Chasovskikh A.A., “Completeness problem for the class of linear
automata functions”, Discrete Math. Appl., 1991, Ne2, 140-166.

Kudryavtsev V.B., Alyoshin S.V., Podkolzin A.S., Introduction to
automata theory, «Science», Moscow, 1985, 320 c.

lin 1Y., “Comlexity of implementation of elementary basis in one-
place lineary automata class that preserves zero sequence”, Intelligent
Systems. Theory and applications., 2022, 164-173.

R. Lidl, H. Niederreiter, Finite Fields, Mir, Moscow, 1988, 430 c.

V. A. Buevich, “On algorithmic solvability of the A-completeness
problem for systems of boundedly determinate functions containing
all one-place boundedly determinate S-functions”, Math. notes., 11:6
(1972), 687—697.

141



K cBenmennro aBTOpoB myOamnKaluii B >KypHaJie
«NuTennekryasibHbie cucTeMbl. Teopusi U MPUJIOXKEHUSI»

B coorBercrBuu ¢ tpedopanusivu BAK PO k uzmanusiM, BXOJSIUM B IIepe-
YeHb BEIYIINX PEIEeH3NPYEMbIX HAYYHbIX 2KYPHAJIOB U U3/IaHU, B KOTOPBIX MOT'YT
OBITH OIyOJIMKOBAHBI OCHOBHBIE HAYTHBIE PE3YJIBTATHI JUCCEPTAIUI HA COUCKAHUE
VUIEHOH CTeleHn JOKTOPa M KaHIMIaTa HAYK, CTAThbU B yKypHas «VHTerneKkTya b
Hble cucTeMbl. Teopusi U NIPUIIOKEHUST» [IPEIOCTABISIOTCS ABTOPAMU B CJIEIYIOIIEN
dopwme:

1. Crarbu, nabpannbie B nakere INTEX, mpeocTaBisiorces K 3arpyske depe3 WEB-
dbopmy http://intsysjournal.org/generator form .

2. K crarpe npuraraiorcs (afiiiel, cojepzKaliue Ha3BaHUe CTATbU Ha PYCCKOM H
AHTJIMHCKOM $I3bIKAX, AaHHOTAIIUIO HAa PYCCKOM M AHTJIMICKOM si3bikax (He Gosee 50
CJIOB), CIHMCOK KJIIOUEBBIX CJIOB HA PYCCKOM U AHTJIMIACKOM sI3blKax (He Gosee 20
csioB), uadopmaius 06 apropax: @.1.0. m0JHOCTHIO, MECTO PABGOTHI, JIOJIZKHOCTD,
ydeHasl CTelleHb ¥/ uin 3BaHue (ecjiu UMeeTcs1), KOHTaKTHbIe TesiebOHbI (¢ KOJIOM
ropoJia M CTPaHbl), e-mail, MoYTOBbI aJpec ¢ UHAEKCOM ropoja (JoMaIHuil uim
CJLY 7KEOHBIIA ).

3. Crucok ureparypbl 0bOPMIISIETCS B €IMHOM (OpPMATE, YCTAHOBJIEHHOM CUCTE-
Moit Poccuiickoro nniekca Hay9IHOTO ITUTHPOBAHUSI.

4. 3a nybaukanuio crareil B xKypHajue «lHreiuiekryanbable cucreMbl. Teopus u
[PUJIOYKEHUST» C ABTOPOB (B TOM YHCJIE ACIIUPAHTOB BBICIINX YIeOHBIX 3aBeeHMi )
craTel, pPEKOMEH/IOBAHHBIX K IyOJukauu, mjara ne B3umaercs. OTTUCKY cTaTeil
aBTOpaM He IpeocTaBisaioTcs. 2KypHail pacIpoCcTpaHsIeTCs 110 IOJIINCKE, IK3eM-
IUISAPBI 2KYPHAJIA PACCHUIAIOTCS MOJIMUCINKAM HAJIOKEHHBIM ILIATEYKOM. YCJIOBUS
noanucku myoankyiorcesa B katajgore HTU «Pocnevarssy, namexc xxyprasa 64559.
5. JlocTym K 971eKTPOHHON BEPCUU TIOCJIEHETO BBIIIEIIIIEN0 HOMEPA OCYIIECTBIIS-
ercs uepe3 HIB «Poccuiickuit nnmekc HaydHoro nmuruposanusi». Homepa, BbI-
Ieire patee, pasMeranrcs Ha cafite http://intsysjournal.org, u mocryn K Hum
GecruraTHblit. TaM ke OyIyT pa3MeIleHbl AaHHOTAIIMN BCEX ITyDJIMKYEeMbIX CTATEH.
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IToguucano B meuarn: 19.06.2023
Hara Berxoma: 30.06.2023
Twupazx: 200 3k3.
[lena cBoboHAST
CaugieresibetBo o peructparuu CMU: TTIU Ne @C77-58444 ot 25 utons 2014 1.,
BeIano PemepaabHoil cayk00ii 110 HAI30PY B cdepe CBs3u, NHMOOPMAITMOHHBIX
TEXHOJIOTUI U MaccoBbIX KoMMyHuKaIwii( Pockomuanzop).
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