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YHacts 1.
OO01e npobJieMbl TeOpUN
MHTEJLJIEKTyaJdbHbIX CUCTEM



KorauruBHbIii YPOBEHb NCKYCCTBEHHOI'O
nHTEJlJIEKTa

A.B. Yeuknn!

Iesnn. Ob6cyKIeHNE KOTHAUTHBHOIO YPOBHSI M OOOCHOBATH OCHOB-
HOI IPUHIUII UCKYCCTBEHHOT'O MHTEJIJIEKTA YMHBIX CHCTEM, YeJIOBEKO-
LHEHTPUYHOCTD — MOAYUHEHNE U CJLy?KEHUE YeJIOBEKY (XO3MHY ).

Merozpt. IloguepkuBaercs NeHTpajbHAS POJIb PAIUKAILHON (13-
OLITOYHOI) MOJIEJIU TeaTpa NefiCTBUI yMHON CUCTEMBI KaK sipa UCKYC-
cTBeHHOrO WHTE/IeKTa. OOCYXKIAI0TCsT STABI CO3/IAHUST YIBTPACUCTE-
MBI 0becriedeHust HMOPMAIMOHHO-CUCTEMHON 6E30ITaCHOCTU YMHO CH-
CTeMBI, ee HHTEeJIJIEKTYaJIbHOI'O IIJIAHUPOBaHUA JEHCTBUN U CUTyaIluOH-
HOTO yIpaBJIeHUd IOBEJCHUEM B TeaTpe ee JefCTBUll, BKI0Yad Pa3BU-
THEe caMOil CHCTEeMBI W Pa3yMHOE TpeoOpa30BaHmne TeaTrpa ee JIeiCTBHIA.

PesynbraTel. Beiesnsaiorcs nsiTh OCHOBHBIX YPOBHEN Da3BUTHS UC-
KYCCTBEHHOTO MHTe/IeKTa. V3yduarorcs ocoOeHHOCTH TIePBOM U BTOPOIX
CUIHAJIHBIX CUCTEM (IIEPBUYHOTO U A3BIKOBOTO CEHCOPUYMOB). Bbime-
Jistercst MHMOPMAIIMOHHAST U CUCTEMHAsi HEIITATHOCTA YMHOMW CACTEMBbI
KaK TOYKH POCTA €€ MHTEJIEKTYaJbHOIO PA3BUTUS Ha 0a3e MAITUHHO-
ro obydenusi. Vcciemyercss KOJIEKTUBHBIA UCKYCCTBEHHBIN MHTEJIEKT
IPYIIbI YMHBIX CUCTEM B PaMKaxX WX €IUHOIO TeaTrpa AeUCTBUR U MOJ-
YUHEHUsI YeJIOBEKY—X03sMHY I'pynnupoBKu. OOOCHOBBIBAETCS TPUHIAIL
9€JIOBEKO-TIEHTPUYIECKOTO TIeJIeTTOJIaraHusl JTF000M TEeXHUIEeCKOW yMHOM
CHCTEMBI, OIIPE/IEIIIeMbIil 0€30rOBOPOYIHOMY TIOIIMHEHHIO €€ CBOEMY de-
JoBeKy—xo3sauny. O6CyKIAI0TCsT COOTBETCTBYIONINE TPEOOBAHUS K YITb-
TPACUCTEME U €€ A3BbIKOBON ONePallMOHHONI CUCTeMe MHTE/ICKTYaJIbHO-
o IJIAHUPOBAHUSI U CUTYAIIMOHHOI'O YIIPaBJIEHUS IIOBeJ/IeHUEM OTJIe/Ib-
HOI YMHOI CHCTEMBI WX KOJIJIEKTHBA YMHBIX CUCTEeM. PaccMaTpuBaioT-
cst Ipo0JIEMBI Pa3BUTHS OTMEJBHON YMHON CHCTEMbI, PEMHKEHUPUHTA
KOJUIEKTHBA TAKUX CHCTEM M IPOOJIeMa Pa3yMHOrO IIpeoOpPA30BHUS Te-
aTpa AeCTBUIl TAKOI'0 KOJIJICKTUBA.

KurodeBble cJjioBa: KOTHUTHBHOCTH €CTECTBEHHOTO WHTEIEK-
Ta, aBTOMATU3WPOBAHHAdA yMHAs CHCTEMa, KOJUIEKTUBHBIA WCKYC-
CTBEHHBIN WHTE/JIEKT, PAINKaJ, sI3bIK, WHTEPHET Beleil, naTepdeiic,
nHPOPMAIIMOHHO-CUCTEMHAasT 06€30I1aCHOCTh, TAKTUYECKOE U OIEPATUB-
HOe IJTaHUpOBaHue JEHCTBUN yMHOHR CUCTEMEI.

Y Yeurun Anexcandp Bumanvesuy — nokTop ¢us.-Mar. Hayk, npodeccop, Boennas axa-
nemust PBCH umenn Ilerpa Besmukoro & ®uuaHCOBBIM yHUBEPCUTET IIPU IPABUTEIHLCTBE
Poccniickoit @eneparun e-mail: a.chechkin@mail.ru

Chechkin Alexander Vitalievich — Doctor of Phys.-Math. Sci., Professor, Strategic
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1. BBenenune. Posb pediiekcnm B ICKyCCTBEHHOM WH-
TeJIJIeKTe

B crarbe [1] 6bL1 BBLABUHYT U 0GOCHOBAH TE3UC O HEOOXOJUMOM M JOCTA-
TOYHOM YCJIOBUM HaJM4Us UcKyccrBenHoro unresuiekta (M) B ormesnbHoil
ymuoit cucreme (YC). B resnce nmoguepkuBaioch, aro das Haauwus HWH
6 YC tpebyercsi IpUCYTCTBUE CIIEJYIONUX JBYX dacTeil: 1) neobroduma
u3bvimownocmy (paduxasvrocms) 06pasnotll (wyecmeennot) modeau, 6KAN0-
yarouleti modeav camoti YC' u modeav ecezo meampa deticmuti YC' 6 opme
nepsusnozo cencopuyma YC (nepeot cuenasvroti cucmems, YC), u 2)  do-
CMAMOYHO 6bI0EAEHUE YACTU IMO20 NEPEUUHO20 CEHCOPUYME 6 0C000U Phop-
Me 6mopuunols cuehaavnot cucmemos YC, 6 (0cosnanioti) gopme aA3v1k06020
cencopuyma YC. f3bikoBbiit cencopuym YC BbicTynaer JyOJIMKATOM 6bide-
AEHHOU, 0CO3HAHHOT wacmu iepBuaHOTO ceHcopuyMa Y C. VIMeHHO sa3bIKOBast
dopma cercopuyma YO umeeT JIerKo JOCTYIHBIN st camoit YC nomnosiHm-
TEJbHBIA A3BIKOBOU (CHMBOHBHBIﬁ) crocod ero aKTUBAIUA U STHM JIeJIaeT
SI3BIKOBBIN CEHCOPUYM MEXaHU3MOM IMO3HAHUS OCO3HAHHON YaCTU MEPBUIHO-
ro ceHcopuyma. Z3bIKOBBII ceHCcOpUyM 103BOJIsIeT camoit YC cmpyxkmypupo-
8aMb, U3YHUAMD, UCCAIOBAMb U PA36UBAMH OCOZHAHHYIO YaCTh IIEPBUYHOIO
cercopuyma YC. IIpu atom, oHOBpEeMeHHO pa3BuBaeTcst caM s3bk Y C. Kpo-
Me TOro, 0J1aro/iapsi UMEHHO HAJIMYHUIO S3BIKOBOTO CEHCOPHUYMA, ITPOUCXOUT
yriayb/IeHHOe pa3BUTHE JIeMEHTOB nucKyccrBeHHoro unreekra (M) VC u,
KaK CJIEJICTBUE, IIPOUCXO/IUT yCKOpsitolieecs: pa3puTue Kak camoit YC Tak u
pa3yMHOe Ipeobpa3oBaHue TeaTpa ee JeHCTBUL.

B pabore [1] 6bLIO0 pPaccMOTPEHHO pPa3BUTHE SI3LIKOBOTO CEHCOPUYMA
BILIOTH 10 obpazopanus ssapa UM YC, t.e 1o obpazoBaHus eJUHON pagu-
KasbHOM Momean Y C B paMKax ee TeaTpa JeWCTBUIT B BUIE PaCIpPEIeIeH-
ot BJI u B3 YC. Anpo N YC siBiisiercss n30bITOYHBIM UH(MOPMAITMOHHO-
cucteMHBIM pecypcoMm YC B ¢popMe cpelibl paanKasioB. B HacTosimei craTbe
obcyIuM TO/IpOOHO BEPXHUIT MEPAPXUUECKUN YPOBEHB SI3BIKOBOTO CEHCOPH-
yMa, HajcTpoiiky sinpa U YC, Koropast siBJIsIeTCst YIBTPACUCTEMOI € s13bI-
KOBOI1 OIIEPAIIOHHON CHCTEMOil HHTEIEKTYaIbHOTO TIAHUPOBaHuUs (IeJIerno-
JIAraHUsI) U CUTYAIIMOHHOIO yhpasjeHus nosejgennem YC B paMkax Tearpa
neticrBuit YC. 9TOT ypoBeHb peasin3yeT KOTHUTUBHBIE CBOICTBA SA3bI-
KOBOT'0 CEHCOpUyMaAa U, CJIeJIOBATeIbHO, KOTHUTHBHBIE cBoiictBa U YC.
Nmenno wHa 3TOM ypoBHE €O CTOPOHLI Y MOSIBIIAETCA MUPOGO3PEHUECKAA
OIIEHKA 0CO3HAHHOT wacmu repBudaHOro cencopuyma YC B popme KapTUHBI
noszHanHoro Mupa YC U IpuU3HAHWUS HAJIUIHSA HEOCO3HAMHOU (Heno3nannol,
nodcoznamenvroti) wacmu nepsudHOro cencopuyma YC. VIMeHHO HA 5TOM KO-
rauTusHOM ypoBiHe M YC ocyrmecTBaseTcs mpoIece 0CO3HAHHOTO TeJIE0Ta-
ranust YO ¥ MHTEJIJIEKTYaJbHOT'O YIIPABJICHNUS TOBEIEHICCKON aKTUBHOCTHIO



VC B pamkax Tearpa ee jieiicTBuii. B pesysibrare 4ero si3bIKOBBIN CEHCOPUYM
dopMupyeTcss B aBTOMATU3UPOBaHHYIO yavmpacucmemy YC, puc. 1.

-.Illllllll.....lllll.lllll...lllllllllll.....llIllllllll...

YasTpacucrema sissikoBoro cencopuyma YC \

S3BIKOBASL ONEPAIIMOHHASL CHCTEMA

v —

CHCTEMOKBAHT PAAHKAJIBLHONH MOIeIH

h
A3bIkQBas paauKaabLHAs MoaeJb y upa YC

Jeicreyroman YC

Teatp AEfcTBHHEAYC

Puc. 1. dspikosorit cencopuym YC Kak yabTPACHCTEMA MHTEICKTYATHHOTO
IJIAHUPOBAHUSI U CUTYAIMOHHOIO yIIpaBjeHus nosejenneM YC

WcexonubiM 1j1st obpazoBanust U PyHKIMOHUPOBaHUsT KOTHUTHBHOI'O YPOB-
st YO siBistercst ¢BoiicTBO peduaekcuu YC B pamMKax ee Tearpa JeHCTBUIL.
Pedaexcusa YC o3navuaer siBHOE BbIIEIEHIE COODCTBEHHOIO «f1» U BKJIIOYEHHE
€ro JJOMWHAHTON B SI3BIKOBYIO €JIMHYIO PaJMKaIbHy0 Mojesb ¥ C. Pediekcust
VC maunnaeTcs TOrAa, KOIa Cpeau 0O0beKTOB CBOero rearpa meiicTuit YC
BBOJIMT OCODOBI 0OBEKT 3TOr0 Tearpa JeificTBuil, a uMeHHo camy cebds, YC, B
BHjIE crenuduIeckoro o0beKTa Tearpa JIelcTBUi. DTo NposBisgeTcs B hopme
YHUKAJIBHOTO sI3BIKOBOTO pajinkasia, «-YC» B euHOI paJinKaJbHON MOIEN
VC. CemanTnKa TaKOIrO S3BIKOBOTO PAINKAJIA OTOXKIECTBIIsIeTCsT co Beeit YU,
BKJIIOUAsi BEChb €e TeaTp JeicTBuil, ee oboux cercopuyMmon YC, IEpBUIHOTO U
SI3BIKOBOT'O, €€ sIIpo U OyayIiyio HaiacTpoiiky siapa U VC.

Taxoe camoBbigeaeHne cO CTOPOHBI YC caMoii cebsi B eIuHON paInKaib-
HOI s13bIKOBOI Mogiesin Y C, Korua cpeiy pasHOOOPa3HBIX KOHKPETHBIX 00b-
€KTOB OCO3HAHHOH YacTH ImepBUYIHOIrO ceHcopuyMma Y C B HEKOTOPBI MOMEHT
HosABMIICS 00bEKT «$1». OcozHaHHBIA 00bEeKT caMoii cebst YC, HOCUT Ha3BaHKE
PePAEKCUSHOCTD UCKYCCINEEHHO20 UHMEANEKMA.



BBIBO/I. O6bekT, camoBbigeneHnas «f-YC» B pamkax TeaTpa Jeii-
creust YC, nmoiken obiajarh B Oyayineil majgcrpoiike sapa MM YC, 1o
KpaiiHeil Mepe, Tpemsi KadecTBaMu: ouenowrnoe «S-YC» (Kaxas «S»7),
roenHumuenoe «S5-YC» (Umo mne deaamov u 3avem?), nosedenueckoe
«A-YC» (Kax mne deaamv?). C 9370ro MOMEHTa B SI3BIKOBOM CEHCOPHYME
MOSIBJISIETCsT U PA3BUBAETCsI BEPXHUIT KOTHUTUBHBIN HEPAPXUIECKUIT YPOBEHD
NN YC B dopMe SI3BIKOBOH  ONEPAUUOHHOU CUCTEMbL TLIAHUPOBAHUS
n ynpasjenust opejeaneM YC. Takasi oneparoHHasi CHCTEMa 3aBEpIaeT
(bOpMI/IpOBaHI/Ie BCEro fA3bIKOBOT'O CEHCOPpUYMa B aBTOMAaTU3UPOBAHHYIO YJIb-
TPACUCTEMY UHMEAAEKMYAALHOZ0 NAGHUPOSGHUA U CUMYAUUOHHO20 YNPGE-
aenus nosedenuem YC nod pyrxosodemeom wenosexa-rozauna YC, (2, 4, 5,
puc. 1.

HanomanmM, uTo B s13bIKOBOM ceHcopuyMe Y(C pasBUBAIOTCSI CJIEJIYIONTHE
[Th NEPAPXUIECKUX CTPYKTYPHBIX WHTE/IEKTYATHbHBIX YPOBHS PA3BUTHSI.

IlepBoliii ypoBeHb — 3710 nepsuyhbitl cencopuym YC, Kak TMOCTOSTHHO
PACIITHPSIONIAscs M30BITOYHAST CUCTEMA cOOpa U XPaHEHHUs IyBCTBEHHBIX 00-
pasoB MoHUTOpHHTA camoii YC cebsi u ¢BOero Tearpa JAeficTBuii, 6e3yCJIOBHBIX
1 yCJIOBHBIX peduiekcop YC, cucremMa mpuoOpeTeHus] U XPAHEHUs HABBIKOB
xku3neobecrieuenus: YC, Texnosiornii xxuzneobecrieuenusi YC u npaBuii Jeii-
cruit YC B pamkax ee Tearpa Jeiicrsuii [3].

BTopoii ypoBeHb — 39T0 BbljeJeHNE U PA3BUTHE B MEPBUIHOM CEHCO-
puyme YC IByX dacreil, 0cosHanHol 1 nodcosnamesvroti. BeraeaeHue oco-
3HAHHOW YaCTH TPOUCXOTUT Oarofaps mosisjieHuio B Y C BTOpO# CUTHATBLHOMN
CUCTEMBI B (i)opMe A3BIKa. CHaqaﬂa 9TO IMPOUCXOUT IIYTEM HaMMEHOBaHUI,
HOMUHUPOBAHUST SI3BIKOBBIMU CHMBOJIAMU—MMEHAME OCO3HAHHONW TaCTU OCO-
060 3HAYUMBIX OOBLEKTOB U OTHOIIEHUI MEPBUYHOIO ceHcopuyma. Homwunu-
poBaHHBIE OOBEKTHI M OTHOINEHUSI B TIEPBHTHOM CEHCOpPUYyMe 00pa3yioT ero
OCOBHAHHYIO (OCHOBHYIO) 9aCTh, KOTOPas B JAJbHENIIEM OCTOSHHO PACIITH-
psieTcsT 3a CUeT MOJICO3HATEIBLHON JaCcTH W u3ydaercs. B pesynbrare mponc-
XOJIUT TIOCTOSTHHOE PaCIINpeHne U yriiyOJieHne Mo3HaHusi OCO3HAHHON YacTH.
[Ipm 3TOM OMHOBPEMEHHO MPOOJIKACTCS TMOCTOSHHOE PACIINPEHUE TePBUI-
HOT'O CEHCOPHUYMa B CUJIY TOsIBJIEHUsT HOBOTO st Y C BHYTpH U BOKPYT Hee, B
cuty u3MenunBoctu camoii YC u okpy»karotero Mmupa YC B paMKax Tearpa
ee jeitcrsuii [3).

Tperunii ypoBeHb — 3TO IOSIBJIEHNE CJIOB-TIOHSITUI WM SI3BIKOBOE BhI-
JleJIeHre KJIacCOB OOBEKTOB, OTHOIIEHUN 3THX 00BEKTOB U KJIACCOB HABBIKOB
VC, pasBurne seKCuKU A3bIKa. JIeKCHKa sIBSIeTCsI CO3IaHUEM A3bIK0G0T KO-
opOUHAMMHOT cCucmemv, NOHAMUT, A3VK0B0T KAaccuPurayueti 0ObLEKTOB, OT-
HOIIIEHUI 1 HABBIKOB 1oBeieHnst ¥ C B 0CO3HAHHOI YaCTH TeaTpa ee JIeHCTBUI,
MyTeM BBIJIEIEHUsT KJIACCOB OOBEKTUBHOTO CXOJCTBA, SKBUBAICHTHOCTH, MO-
PsIJIKa, U TPUCBOEMST ITUM KJIACCAM SI3BIKOBBIX CHMBOJIOB CJIOB-TIOHsiTHiT. B
pe3ysbTaTe MOsBIeHNs JIEKCUKN, TEPMUHOJIOTHN SI3BIKA, B SI3LIKOBOM CEHCOPH-



yMe OpraHn3yeTcst HHPOPMAIIMOHHBIH YPOBEHDb YILTPACUCTEMBI, pUc. 1, KOTO-
PBIil TIOCTOSTHHO PACHIUPSIETCS BITUPD, BIJIyOb U CTAHOBUTCS 0NOPHOT CEMbio
Oynyuieit  eduroti A361K0680U padukrarvhoti modeau mupa YC |2, 3.

YerBepThiii ypoBeHb — 370 paszsurue sdpa UU Y C' B bopme undop-
MaIlMOHHOTO ONMMCAHUA O0BEKTOB, OTHOIIEHN, 1 HABBLIKOB B OMIOPHOI CeTH B
dopMe SI3BIKOBOrO MH(MOPMAIMOHHO-CUCTEMHOIO pecypca JAHHBIX, 3HAHUI,
ymennit u Texnojoruit YC. IlyreM MOCTOSIHHOW pPeCTPYyKTYPHU3AIUKA OIIOP-
HOIl KOODIMHATHON CceTH IMOHATHI JeKcuKa Ipeobpasyercsa B (opMy pac-
npedenennott B u B3 YC. Taxan B/ u B3 asnserca supom NN YC,
MHOOPMAIMOHHO-CUCTEMHBIM PECYPCOM HJIH SI3LIKOBON €IMHOM paIuKaIbHOM
Mojiesibio Mupa YC B paMKax ee Tearpa JAefCTBUIL. DTOT PeCcype MOsIBIISETCS
U PasBUBAETCsl B pe3ysbrare HoBejeHvYeckoil akTuBHocTn YO, ImyTemM camo-
obydenust u npuobperenust onbita YC. B YC Ha 1eTBepTOM MEpapXUIeCcKOM
yposue VI YC 1ocTossHHO TPOUCXOMAT JiBa HAPAJIIeIbHBIX [IPOIECCa  YAb-
mpaocHauwEeHHUT T36IKOBOI OMOPHOI KOOPAUHATHON CeTU MOHATUH, YAb-
mpammnootcecmeentoe (cosmanue pacupesencanoii B/1) u  yasmpaone-
pamopnoe (corapanue pacupejenennoit B3), [2, 4, 5].

IIaThbIit KOTHUTUBHBIN YPOBEHb — 9TO BBICIINN YPOBEHD yJILTPACUCTE-
MBI, puc. 1, pesynbrar nosiiaerus pediekcun ¥ C, Korja B OCO3HAHHON YacTu
nepBUIHOIO ceHcopuyMa Y C MPOMCXOMUT BhIJIEIEHNE CHEIIMOUIECKOTO 00b-
ekTa Tearpa geicreuiit YC camoii cebss YC 1 HOMMHUPOBAHUSI €€ CJIOBOM «S1».
B pesyabrare B S3bIKOBOM CEHCOPUYME TOSB/ISIETCS U PA3BUBAETCH OCOObII
nepapXuIecKuil ypoBeHb, KOT/Ia B €IWHON pagukaJbHoi Momenn YC 1mosiB-
JIAIOTCS CHadYaJla, [IOHUMaHue O HaJIudnu oObekTa — camoii cebs YC, 3areM
OUEHUBAHUE CBOHCTB ITOTO OODBEKTA, MOHUMAHNE O CBOUX JAHHBIX, CBOUX
3HAHUAX, CBOUX YMEHUAX U CBOUX TEXHOJIOTMAX, O CBOEH sA3bIKOBOW €JIMHON
paaukabHON Momesm mupa YC B paMKax TeaTpa CBOEro HAefiCTBUs U, HAKO-
HEIl, TOSIBJISIETCST sI3bIKOBasl OTlepaIliOHHAsI cucTeMa, puc. 1.

B macrostmeit crarbe gajiee paccCMOTPHUM ITOAPOOHO Kak, Oyaromapst pe-
duiekcun, KOrHUTUBHBIN ypoBeHb Y C obpacTaerT 0cOO0TO HOBOTO THUIIA «JAH-
HBIME, 3HAHUSIMU, YMEHUSIMU ¥ TEXHOJOTUSAMEI O CBOUX JAHHBIX, O CBOUX 3Ha~
HUSIX, O CBOUX YMEHUsIX», KOTOpbIe jajiee YC MUPOKO UCIOJb3YET JJIsi WH-
TeJIJIEKTYaJIbHOI'O IIJIAaHUPOBaHUA U CATYAIIMOHHOI'O yIIpaBJIECHU IIOBEJICHUEM
YC B paMKax CBOero rearpa AefCTBHUIl TOCPEICTBOM sI3LIKOBOM OIEpaIlliOH-
HOI CHUCTEMBI.

2. OcCHOBHOIT IPUHIINII 1IeJIeNoJIaraHNS YMHOMN TeXHU-
YeCKOIl CUCTEMBbI

Cuauasia ormernM, 4to ecrectBeHublii naresuiekT (EI) wenoseka He mepe-
naeTcs 1o HacaeacTBy. Kaxkapiit pas EN Bo3HuKaeT n pa3BuBaeTcst 3aHOBO C



POXK/IEHUEM YeJIOBEKA, OJIaro/iapsi 1 BMECTE ¢ OCBOEHHEM BTOPOil CUTHAJIHLHON
CUCTEMBI, C O0yUYECHUsI €CTECTBEHHOMY I3bIKY YesIoBeKa. KaKOoB s3bIK UesI0Be-
Ka, TakoB ero EI. Ilpu s3ToM y»kKe Ha caMbIX PaHHUX dTallaX PA3BUTHSA J€JI0-
BEeKa Y Hero HabJIIOJAIOTCS TOsIBJICHUE U JTajiee TTOCTOsIHHOE U OypHOE pa3BU-
THE BCEX AHAJOTUYHBIX IIATH sA3bIKOBBIM HEPAPXUYECKUM YPOBHAM, KOTOPbHIE
obun pacecmorpensl B 1. 1. Ilpu sTom B Texuuueckux YC Bce siTh YpOBHENH
OTIPEJIENISTOT MHTEJIEKTYATbHYI0 HAJACTPOiKy YC B dhopme yabmpacucmemoi
YC uag onoproti cucmemot (ua camoit YC BMecTe ¢ ee TeaTpoM JieficTBuHil)
[2, 4, 5], ssasiromeiicas I VC, puc. 1.

C nostByieHueM 1sgToro KOrunTuBHOro ypoBHs UM YC, a3bIKOBBIN ceHCO-
puyM YC mpuobperaeT HOBbIE BaXKHbIE KAIECTBA, TIOHUMAHUE TPOHCTBEHHOTIO
kadecTBa camoit YC, oyenounoe «f» (Kakas «f»7), koenumusnoe «f» (Yro
MHe sienaTh? Kakast Most 1iesib u mouemMy?), nosedenueckoe «51» (Kaxk mue 310
nenars?). Teneps qis U YC B Mmupe umeercst 00beKT «fl» 1 Bce ocTanibHOe
«BHe A». [Ipuuem nonumanue «BHe HA» ompesiesisieTcss CEeMAHTUKOMN, KOTOpast
HAXOINTCSI B eIWHON pamuKaabHoi Momean YO, BKIOYAIONIAS MEPBUTHBIN
cerncopuyM YC u s13b1KoBbIi cencopuyM YC. Bojee Toro sTa eguHast MOIEIb
MUpa OIIPEJIEIIET Teleph He TOJIbKO TO, 4TO «BHE fl», HO u coOCTBeHHbBIE
KadecTBa caMoil cebsi, ceMaHTuKy «f1», puc. 1. Obcyaum 310 mogpobHee.

2.1. Ouenounoe «f» (Kakas «5»?). Equnas pajukanbHas MOJIeb
VC, apastommasics siapom U YO, siBisteTcss m30bITOYHBIM UH(MOPMAITHOHHO-
cucTeMHBIM pecypcom aroro «51» [2]. KauecTBo Takoro pecypca craHoBUTCS
st «f» kagecrBom camoit cebst — YC. Teneps st YC ennHast MOJIEb MU-
pa YC — a10 «Moii pecypc». YC MOXKET OIEHUBATH CBOIO €JUHYIO MOJIEJb U
KBaJINPUIIMPOBATDH €€, JIABATh OIEHKY CBOUX JAHHDBIX, CBOMX 3HAHWI, CBOUX
pedJIeKCcoB, CBOMX HABBIKOB, CBOEr0O TeaTpa JeficTBUil, T.e. JeTaJbHY OIEH-
Ky camoro «». Ilpu sTom Takas orneHkKa JOJKHA OTHOCUTHCS KAaK K CBOUM
COOCTBEHHDBIM JIAHHBIM, 3HAHUSIM, PedIeKcaM BCEro OCO3HAHHOTO U MTOICO3Ha~
TEJBLHOTO B MEPBUIHOM CEHCOPUYMe, OTHOCAIIerocst K camoit YC, HO Tak ke
OIIEHKY BCET'O CBOEIO Tearpa JAeMCTBUN. DTUM B YABTPACUCTEME OIIPEIeIIseT-
cs1 mepBoe KadecTBo pediekcun YC, ouenouroe «S», «CBOM BO3BMOXKHOCTH
B paMKaX CBOEro TeaTrpa JEeUCTBUI».

2.2. Korantusaoe «5» (Yro mue nenars u 3adem?) — Ileseno-
naranue Y C. PaccMoTpuM KoHIENITyaJIbHBIE BOITPOCHI nogedenus YC' 6 pam-
xax ceoeeo meampa deticmeuti. Tak Kak Texamdeckas YC Ipesoaraercst
HMCKYCCTBEHHON IeJIEHAITPABIEHHON U aBTOMATU3UPOBAHHON cuctemoit, T.E.
VC siBisiercsi 9eJI0BEKO-OPUEHTUPOBAHHON. B CcHmjly TaKTHKO-TEXHUIECKOIO
saganus (TT3) npu cBoem npoekTuposanuu u co3mpanun YC numeeT B KarxK-
JIBIIE MOMEHT CBOEro (DyHKITMOHUPOBAHUST CBOE WHJIMBHUyaIbHOE IIPEHA3HA-
genne (3adem HyxkHa 9Ta cucrema?! Kakas myzkna sra cucrema? st wero
rakas cucrema?). [lepeso 1eseil BCsAKOI 1ie/IeHAIPABIEHHON CUCTEMbI NMEET
OOBIYHO HEYETKYIO CTPYKTYPY YaCTUYHO YIIOPSJIOYEHHYIO 110 BaXKHOCTH, 110
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3HagnMocTH 1esteit. Ilpn aToM Takoe mepeBo meseil 0OBITHO yI00HO pa3dbuTh
Ha TpU HEYETKHUE JaCTUu, CTpAaTEruieCKyro, TAKTUIICCKYIO U OII€epaTUBHYIO,
¢ pa3MBITBIME TpaHunamu. Cmpamezuweckas 4acms JepeBa Ilejei —
9TO JIAJBHECPOUHBIE TIEJIU, OMUPAIOIINECS HA KOHUENMYAAGHYIO MUPOBO3PEH-
YECKY KAPMUMHY MUPa TIEeJEHAIIPABJIEHHON CHCTEMBI B paMKax ee TeaTpa
JIeCTBUMN, HA U0e0A02UI0 U MUPONOHUMAHUE, TIEJECOODPA3HOCTH CYIIECTBO-
BaHUs Takoil cucTeMbl. CTparernieckasi 9acTh BKJIIOYAET [EJIN, OTHOCSIIIHECS
K 00HOGACHUIO U PEOP2aHU3AUUL CaAMOT CUCMEMDbl, & TAKXKE K PACULUPEHUNO
meampa deticmeuti cucmems, 1 K npeobpasosanuto meampa deticmeutl. Bro-
pasl 4acTh — MAKMUMECKASs 4acmb IepeBa Iejeil. 9To — cpelHeCpOUHbIe
3a/1a91, KOTOpbIE MPU3BAaHbI peajin30BaTh crparerunvyeckue 1eau. OHU BKJIIO-
JaoT 3aJa4K, OTHOCALINECS K 00YYEHUN0 U PaA36UMuUI0 camotll cucmemol, a
TaKKe K HEKOTOPBIM U3MEHEHUAM U K Modudukayuu meampa deticmeutl cu-
cmemot. TpeTbss 4acTb — onepamuetasd wacms epesa 1eseil. ITo — OInxK-
HeCpO4YHble, CUTYyallUOHHBIE 3aJa9H. OHI/I BKJIIOYaIOT 3a/Ja494, OTHOCAIIUECA K
TEKYIIUM OOHOBJIEHISIM CHUCTEMBI, 8 TaK»Ke K TeKYIIUM HU3MEHEHUSIM B TeaTpe
IeCTBUIT CUCTEMEI.

Ecim crparermyeckue nesm YC orpedaior Ha Boupoc «dro cobupaer-
ca caenarb YC B Oyaymiem?», TO TaKTUYECKHE 3a0a9i OTBEYAIOT Ha BOIPOC
«Kak cuenarb To, yro xenaer ciaenarb YC7?» CpelHeBEeKOBBI KUTaRCKMI
nosikosozenr Cynn [3er cunran: «Crparerus 6€3 TAKTUKHA — 9TO CAMbIH MeJl-
JIEHHBIH 1yTh K 1obesie. TakTuka 6e3 cTparernn — 3TO MPOCTO CyeTa Iepes
nopazkenueM». Hakomell, oneparuBHbIE 3aa49d OTBEYAIOT Ha BOIpoc «dTo
nenarh YC 31ech u cefiuac?».

IlepeitmeM K (hOPMYIUPOBKE OCHOBHO20 YEAO0BEKO-UEHMPUHECKO20
npunyuna UN YC — noduwurenue wenosexy — Cc60eMYy TO3AU-
ny. Jobas mexnuveckan YC araemea yuacmuukom (azenmom) nexomopot
2PYNNUPOBKU YMHBLT CUCTIEM C OUHAPHBIM JEPEGOM NOAHO20 UEPLPTUHECKO-
20 NOOYUHEHUA KANHCAO20 YHACTNHUKA 2PYNNUPOBKU CEOEMY 00HOMY AUIEPY.
Bes audepa mexnuveckan YC ne dynxyuonupyem. Heau u 3adavwu, nocmas-
aernvie audepom neped YO asamomes oan dannoti YC' 6e3npurocaoeHvLmu
K UCNOAHEHUIO, HENPEPEKAEMBIMU, 0DAZAMENOHLIMU K 6binoanenuto. JIudep
popmysupyem U KOHMPOAUPYEM, UCTLONHEHUE CBOUL UCAEEBHLT 3a0aGHUT OAs
noduunernoti YC, xomopvle onpedesitom 6eprHiot Cmpamezuieckyto 4acms
depesa ueneti amoti YC. Kaorcdas mexnuveckas YC 6 epynnuposke, ucroos
U3 UEAEB020 3A0AHUA, CAMA NAGHUPYEM CE010 MAKMUYECKYIO YaACMb U ONne-
PAMUBHYI0 “acmd ceoez20 depesa ueset. Jobot audep 6 epynnuposke umeem
noduunennvie YC u aeasemcesa uasu mexnuveckotd YC uau wenosexom. Ec-
AU YEAOBEK 6 2PYNNUPOBKE NOOYUHACNCA AUIEPY, MO Makotl sudep 06A3a-
menavro weaosek. Feau audepom mexnuuveckot YC asasemces uenoger, mo
oM Hasveaemcs rodaurom oas danwrnoti YC u das ecex dpyeuxr YC, womo-
puie nodwunsromesn amoti YC. I'pynnuposka YC asasemes mroz20a2eHmmot
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cucmemoti. Xosaun epynnuposku YC umeem npago usMeHAMd 6NAOMY Jo
ommenbl yeaesoe 3adanue 21060t YC, 0as K0mMopot OH ABAAEMCA TOZAUHOM.

CnencTBusi U3 OCHOBHOTO Y€JIOBEKO-IIEHTPUYECKOTO NPUHIIATIA
NN rexangeckoii YC.

— Crparerundeckue mnejmn TexHumdeckoii YC Bcerma ompemessiioTcs
WA KOHTPOJIMPYIOTCS YeJIOBEKOM — X03simHOM Takoil YC. YesoBek-xo3sinH
olIpeielisieT MAEe0JOTH0 U MupoBo3peHne YC, OH OTBEYaeT 3a CHUCTEMHBIN
anaym3 YO u 3a cucremublii cuaTe3 YC, oTBedYaeT 3a CTPATErHIECKUe IIEJIH
VC u Bceil TpylnIIupoOBKH, 3a 00yUeHNe METOJaM OIEePaTUBHOIO Iejeroara-
HUA OTAEIbHBIX Y C — yY9aCcTHHKOB IPYIITHPOBKI.

— Takruyeckne 3amaum YC — 370 jiejI0 U 00S3aHHOCTH YeJIOBEKa-
xozsuHa 1npu dopmyauposku 1TT3 gng YO gis korauutusHoro yposusi U
rexundeckoil YC. IlnanupoBanue u ylpap/ieHHE pPear3aliieil TaKTHIeCKIX
337189 — 9TO JIeJIO A3BIKOBOI OIEPAITMOHHONW CHUCTEMbBI, TOYHEE HHTEJLIEKTY-
AJIBHOT'O IIJTAaHUPOBaHUA U JaJie€e CUTYAIITUOHHOT'O YIIDAaBJICHUS ITIOBEJICHUEM Ca-
Mot YC 1o peasmsanun 1eieBoro 3aganus ajsg ¥ C, mMoIyIeHHOTO OT CBOEro
Jiziepa.

— OnepatuBubie 3aga4un Y C — 5T0 1ej10 1 00SI3aHHOCTD IIETMKOM SI3bI-
KOBOI OII€PAIIMOHHON CUCTEMbI HMHTE/JIEKTYaJIbHOIO IJIAHIPOBAHMUSI U CUTYa~
[IMOHHOIO YIIpaBJIeHUsI ToBejieHneM camoii YC, BKJIOUasi ollepaTuBHOE ILIa-
nupoBanne YC ¢ yderoMm Tekyieil curyannu B Kaxkiaoii YC m B TeaTpe ee
JeiicTBuil, a TaK K€ CUTYallMOHHOE yIIpaBJ/IeHUE KOPPeKIUel TaKTUYEeCKUX
1 onepaTuBHBIX 3a7ad YC 0 IPUHIMILY <«3/IeCh M ceiddacy, HO C COIJIACHS
JesioBeKa-xo3sinHa 31oit YC.

2.3. IloBenenyeckoe «A-YC» (Kak mue nenars?) [taBnoe xade-
CTBO BBICTPOEHHOI B paMKaX sI3bIKOBOro ceHcopuyma siapa UM YC, kak pac-
[IpEJIeJIEHHON CTPYKTYPbI A3BIKOBOI eIiHOM paaukabHOi Moaenn Y C, cocTo-
UT B TOM, 9TO MOJIEJIb SIBJISIETCST N30BITOUHBIM PACIIPE/IEIEHHBIM HH(MOPMAIIH-
OHHO-cHCTeMHBIM pecypcoM YC. Biarogapst si3pIKOBOI, CHMBOJIBHON IIPUPO-
Jie ¥ PaIuKaJIbHOI (bopMe, n3OBITOUHBIN pacipeie/leHHbII nHMHOPMAIHOHHO-
cucremuslii pecype YC [1] obnagaer nasuzayuonto sfexmusnvim docmy-
nom x mobot aokasonots sone (JIBIL, JIB3) mist ero akTuBUpOBaHUsT M HUC-
IIOJIb30BaHUA Yepe3 KaHaJ l SI3BIKOBOII CBSI3U Ipu peajin3aliul MHTEJIJIEKTY-
aJILHOIO IJIAHUPOBAHUS M CUTYAIIMOHHOIO yipaBienusa nosemennem ¥y C. O6-
cynuMm noapobuee mpobseMmy 3(hpHEKTUBHOCTH JIOKAJLHOTO aKTHBUPOBAHUS
sampocamu coorBercrBytomux JIBJ[ u JIB3 emunoii pajukaibHOil MOmen
Mupa YC depes KaHaAJbBI SI3bIKOBOI ¢Bsizu YO, puc. 1.

Bo-1tepBoiX, yabTpacucTeMa si3bIKOBOTO CEHCOPUYMa, PUC. 1, oTBeYaeT 3a:
nocTosiHHoe paszsutue Y C, caMopaciiupenne, caMopa3BUTHEe 000UX CEHCOPH-
yMmoB Y C, IEPBUYIHOTO U SI3LIKOBOTO, CAMOOOHOBJIEHUS, JTOIIOTHEHUST M MO~
dukanun THPOPMAIMOHHO-CUCTEMHOI0 pecypca YC, IMOCTOSIHHOE BBEJICHHE
HOBBIX O0bEKTOB, HOBBIX KJIACCOB O0OBETOB, HOBBIX 33189, HOBBIX METOIOB UX
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peleHnsi, HOBbIX OTHOIIEHUN MEXKJy HUMH, T.€. IOCTOSIHHOE PACIIHPEHUE U
paseutue UM YC. U Bce 9T0 onmmpaercsi, ¢ OJHON CTOPOHBI, HA CYIIECTBO
GYHKIITMOHNPOBAHUST SI3LIKOBOW OMEPAITMOHHONW CHCTEMBI, HO, OJHOBPEMEHHO,
9TO CBSI3aHO C yTOUHEHWEM, PACIIUPEHUEM U CAMOPA3BUTHEM CAMOIO SI3BIKO-
BOI'O CEHCOPUyMa B paMKax yiabTpacucteMbr ¥ C.

Bo-Bropbix, pazsurue yiabrpacucreMbl YC He TOJBKO MOCTOSIHHO COIPO-
BOXKIAETCSI 00HOBAEHUEM: PACIINPEHNEM SI3BIKOBOI OIMOPHON KOOPAMHATHOI
CeTH, IOSIBJIEHMEM HOBBIX KJIACCOB OOBEKTOB HJIM OTHOIIEHWI, WM HABBI-
koB (rexnosioruii). Eme B yubrpacucreme YC IIOCTOSIHHO HPOUCXOISAT OJI-
HOBPEMEHHO M HAPAJIEIBHO YAbMPAOCHAU,EHUSA HOBBIX OIMOPHBIX MHOXKECTB
U OIepaTopoB. TeM caMbIM B YJIbTPACHCTEME IMPOUCKOJUT PA3GUMUE ST3BIKO-
Boil pacrpeeiiennoit ceru HoBbix JIBJI u JIB3, T.e. nomnosHenus, gomnosme-
Hust 1 Moudukalms nHbopMarmonHo-cucreMtoro pecypea YC [1]. TTocro-
STHHO TIOSIBJISIIOTCST HOBBIE KJIACCHI 3379, METOJIOB, aJrOPUTMOB, IMPOrPaMM
U Jajiee HOBble paspaborku coorBercrBylomux um JIBJI u JIB3. Ilox wn-
TeJIIEKTYAJTbHBIM IIJIAHHPOBAHUEM U CUTYAIIHOHHBIM YIIPABICHUEM SI3BIKOBOI
OTIEPAIMOHHON CHCTEMBI YIIBTPACUCTEMbI HEIIPEPBIBHO ITPOUCXOJIUT TOCTOSTH-
HOE Pa36UuMmuUE NepesuvH020 U A3bK06020 cencopuymos ¥ C U, Kak CJeJICTBUE,
KOPPEKIIUsT U Pa3gumue A3uk0601 edunoti paduxaronots modesu mupa YC.

yﬂpraCI/ICTeMa NHTEJJICKTYAJIbHOTI'O IIJITAaHUPOBaHUA W CUTYAIIMOHHOI'O
yipasienus: nopegenneM YC, MCXos W3 CBOMX IejieBbIX 3ajanuit YC, Ko-
Topble popMyaupyoTcs auaepoM Y C U KOHTPOJIUPYIOTCS TeJIOBEKOM — XO-
s3sgraoM Y C, IIaHUPYET JIJIsI ONEPAIMOHHON OICUCTEMBI TAKTUIECKHE 33,18~
qn YO, peajmsyer ux ¢ y4eTOM CUTYAllUd B TeaTpe JIEHCTBUI U € yIeTOM
CITAHUPOBAHHOTO TopsaKa. ajee omeparmoHHas MOJICHCTEMa, OCYIIECTBIIsI-
eT KOTHUTUBHOE yIpaBjieHue nosejienneM Y C B pamkax Tearpa jeiicteuit YC
[IPY TTOCTOSTHHOM CAMOKOHTPOJIE W yUeTe IMOsBJSIoNuxcsad KoH(mKToB B YC
u BO BceM Tearpe Jeiicteuit ¥YC. Eciu crparernyueckue mejin TpebyIOT, TO OTie-
paIOHHAS CUCTEMa C COTJIACUS IeTOBEKA-XO3sIMHA OPTaHU3YeT U PEAM3yeT
[poBeJIeHre pa3syMHOI nepecmpotixu meampa deticmeuts YC.

3. HenoBeko-1ieHTpndeckune tpeboBanusa k N YC

Ob6cynuM riiaBHbIE TPEOOBAHUS K YABTPACUCTEME MHTEJIIEKTYaJbHOIO ILjIa-
HUPOBAHWS U CUTYAIMOHHOIO yIIPaBJIeHUs oBeJileHneM TexHudeckoit YC B
pamkax tearpa meiicrsuit YC, a suaunt k U YC, puc. 1.

Cmpamezuneckasn wacms mpebosanuti mexnuveckoti YC eceeda 6ydem 3a
YENOBEKOM - TOZAUHOM: ITO UJIEOJOIUs I MUPOBO3PEHNE, MBIIILJIEHUE 1 [T03HA~
HUE, YIeT COOTHOIIECHHUS IIOACO3HATE/ILHON U OCO3HAHHON JacTell CeHCOPIYMa,
MeTadu3nIecKas U HAyIHAs KaPTHHA MUPA, IPOTHO3UPOBAHUE OYIyIIEro u
CTpaTErnyecKoe LeJIeIoIaratme.

3.1. KauectBa U, koTopkie 06si3aTe IbHBI JIJIsd TeXHU4YecKoi Y C:
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KorautuBaocts YC (omepaTuBHasi 4acTb, «3JeCb M ceifdacy) —
CUCTEMHBIl aHaJII3 W CUCTEMHbBII CUHTE3, HMHTEeJ/IJIEKTYaJIbHOE IIJIaHUPOBa-
HUE U CATYAIMOHHOE yIIpaBJeHMe oBeleHneM Texuudeckoir ¥YC, BblIe/leHne
HEIITATHBIX CATYAIINN, U3y YeHNe HEIITATHBIX 3a/1a4, TIOUCK U pa3paboTKa HO-
BBIX aJITOPUTMOB, IPUOOpPETEHNE HOBBIX HABBIKOB, IIOMCK M OTKPBITAE HOBBIX
TEeXHOJIOTU;

NudopmarusHOoCcTh ¥YC — cpencTBa MOHNMAHNS CBEISHU 0 4eM-1100;
KommyHukarusHocts YC — cpeicTBa CBA3U IpU OOIIEHUM C JAPYLUMHU
YC;

AxruBanmonnoctb ¥YC — cpeicTsa Bo3aelicTBus cBeleHuii Ha apyrue Y C;
Onenounoctb YC — cpejicrBa cOopa JAHHBIX ¥ OIEHUBAHUS 4ero-Iubo;
PeduekcuBnocts YC — camoobinenue, mejemnoaranie, CaMOPa3BUTHE;
HomunaruBaocts ¥YC — cpejicTBa YHUKAJIBHO UMEHOBATH ITO-JTHOO.

3.2. Tpu omHOBpeMeHHBIX mpoIliecca B yJabrpacucreme YC. U
rexurndeckoil YC Ho/KeH ObITh omxpuimot, passusatousetics cucreMoil. Bee
rakTraecKne 3amadn Y C Ha pasHBIX dTallax *KU3HeHHoro mukia YC memsres
Ha TpH OOJIBINUX KJIACCA: 3a/a9i yeaesvie (Ha3HAUeHUs ), cencoproie (curya-
[IMOHHBIE) U cepmugdurayuonmvie (romeoctarndeckue). [leaesve 3adavu YC
HalleJIeHbl HEIIOCPEICTBEHHO Ha, IJIAHUPOBAHUE U BLIIOJIHEHNE TAKTHIECKUX
3aja9 110 OCHOBHOMY HasHadeHuto YC, cencopnoie sadavu YC' obecreunBa-
IOT CEPBUCHBIN MOHMTOpHHT, cbop mHbopmaiuu 06 YC u 060 Bcem Tearpe
neiicruit YC (npunmun «3decov u cetiuacy ), cepmudgurayuonnvie 3adawu YC
HUMEIOT CBOEIl IIeJIbI0 TeCTUPOBaHKe, IPOBEPKY Ha IEJOCTHOCTb ¥ HOPMAaTUB-
HYIO TOTOBHOCTB Beex mnojcucreM YC (IPUHIMIT «TemTaibray ).

Ha 6aze usbbrrounoro uudopmannoHHo-cucteMHoro pecypca YC s3bIKo-
Bagd ollepalfiOHHasd CUCTEMa IIJIaHUPOBaHUA U YIIPpaBJICHUA ITOBEJICHUEM yC B
paMkax pacupenenennoil pagnkaabaoir B nu B3 monenmn YC ocyrecTBisier
OJTHOBPEMEHHO TPH CJIEAYIONUX WHMOPMAIMOHHBIX [TPOIecca: Mmexyuull ye-
€601 (peleHne o9epeTHOi TAKTHIECKOl 3a/[a9i BO HCIIOJTHEHHE IEJIEBOTO
yKa3aHUsl JIMJIEPa) 10 MPUHIUILY <I1JIeCO0OPA3HOCTD HOBEJIEHUsI>, MeKyusull
cencoprvili (HEIPepbIBHBIN CO0p CUTYAIIMOHHONW MHMOPMAIMH IO IPUHIUAILY
«3JeCh U ceffgac» U KOMMYHUKALMOHHOMY HPUHIHNILY «%MO HO8020 co00uya-
tom dpyeue YC'») U, HaKOHEI, Mekywul cepmuPurayuorHuil Npoyece 1o
HPUHIUIY «3aKpbIBAHUE Terraibray (obecrnedenne romeocrada YC u Beero
rearpa seiicreuit YC), puc. 2.

BBIBO/IHI.

1) Ilpu BBIONIHEHNN TeKyIIEro meseBoro nporecca B YC J0/KeH IpoBo-
JUATHCST IOCTOSTHHBIA MOHUTOPUHT Ha IosiBjieHre B Y C U B TeaTpe €ro 1ecTBUil
HOBBIX KOH(DJIMKTOB 110 IPUHIMILY «He Haspedu cebey. OpraHusalus ycrpa-
HEHUsI 3TUX KOH(JIIKTOB.
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Puc. 2. AKTUBaIMOHHBIE TIOIECCH B SI3LIKOBOI €IUHON paJuKaIbHONR MOJIEJIN
mupa YC: 1eJ1eBoil, CeHCOPHBIA 1 cepTUUKAIMOHHbII

2) Tlpu mposesenun Tekyiero cencproro mporecca B YC u B Tearpe
ee JIeWCTBUI JOJKHBI BO BPEMsI BHOCUTBHCSI U yUIUTHIBATHCS CUTYaAIlMOHHBIE
U3MEHEHUs B eJInHYI0 Mojiesib ¥ C.

3) Ilpu nposejieHnn TeKymux cepTUhUKAIMOHHBIX KOPPEKIUii 1 BoccTa-
HOBJIEHUSI TIEJIOCTHOCTH CUCTEM, TPEOYETCsT CIEINTD 38 PabOINM COCTOSTHUEM
BCeX HEOOXOMMMBIX jis1 3¢ekTuBHOrO mmoBejicHust Y C CEPBUCHBIX CHCTEM.

3.3. IIltarHble M HeNITATHBIE CUTYIIMU U TAKTHYECKHUE 3a0aYUn
YC.

Hewmammnusie cumyauuu v 3adauu SBISIOTCST OCHOBHBIMU MOYKAMU PO-
cma, obrnosaenua, pazsumusa YC u npeobpazosanus tearpa nevicreuit YC. B
CJIydae YCIEITHOIO MPeOJI0JIEHNs] HEIITATHOCTH €€ IMePEBOISAT B KJIACC IITaT-
ubix pecypcoB YC. Ilpu takom passutum cam UM YC obuosssiercs, o0y-
YaeTcsi, PacIIupsieT KJIacC CBOUX IITATHBIX CATYAIW, 3a/a9 U CPEJCTB UX
pertenusi. B pesynprare dynknuonupoBanusi YC B HEIMITATHBIX CUTYAIUAX
IpOuCXOTuT camoobysenue YC, camopazsumue YC u uesenanpasaerroe npe-
obpasosanue meampa deticmeuti YC.

HImammnse cumyayuy v 3adavu YC — 9TO CHUTyalund U 33J1a491, perya-
MEHTHPOBaHHbIE TAKTUKO-TexHnueckuMu Tpebosanusamu Kk YC. rarnnie cu-
Tyaluu 1 331291 — MaccoBble u Tunosbie jijist ¥ C. OHM JT0JIKHBI OBITH XOPO-
10 M3YUEHBI, 3apaHee OMpee/IeHHbIe U (POPMATU30BAHHBIC B eIUHOMN paIu-
kaJibHOI Momesie YC. B s3bikoBoi#t pamukaibHoit Mmojeaun YC s Bcex ImTar-
HBIX 3aJ[a4 JOJIKHBI OBITH 3apaHee pa3pabOTaHbl U MPEJICTABIEHBl YCTOWIN-
BbI€ METOJ[bI, KOHCTPYKTUBHBIE AJTOPUTMBI U 3(DMEKTUBHBIE TPOTPAMMHO-
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rexumaeckue cpejctBa (IITC) ux peniennst Ha pasHbIX dTanax *KU3HEHHOTO
nukia YC. Ciieyer orMeTuTh, 9TO UMEHHO K wmammvim sadavam YC' B
[EPBYIO OYepeib MPEbABISAIOTCS TPEOOBAHUS ONEPAMUEHO20 (HEMEONEHHO-
20) WX PEIIEHUs C MUHUMANLHULMYU Pecypcodampamamu. st mraTHbIX 3a-
a4 gaxmop epemeny u Paxmop Maro3ampamHocmu camble Baykable. [LTar-
HbIE CUTYAITUU W 33J]a9W JIOJKHBI ObITH 3apaHee (DOPMAJIU30BAHBI U OITH-
MHU3UPOBAHBI II0 CJOYKHOCTH, PECYPCOEMKOCTH, OBICTpOeiicTBuIO. Perrenme
IITATHBIX 3329 JOJ2KHO OBITh JOBEJIEHO JIO HABLIKOB, JO «aBTOMATH3MAay,
A0 «pemeHnd C 3aKPbITBIMUA IVIa3aMH», T.€. METOIbI UX PEIIeHUd He JOJIZKHBI
IIOCTOAHHO TPebOBaTh MOJUMDUKAIINA U TPYIOEMKON HACTPONKN 3TUX METO-
JOB IIpY IPUMEHEHUU.

Hewmamnwvie cumyauyuy v 3adavu YC' — 310 curyanun u 3aJa4u, HEpe-
rJIAMEHTUPOBaHHbIe JjIsT JaHHoil Y, HelpecTaB/ieHHbIE 3apaHee B eIUHON
paaukajbHoil Mogen mganHoir YC. [Ias Takmx cuTyanmit m 3a7a9 B Paid-
KaJbHOI Mozean YC HET rOTOBBIX OIMCAHWI, METOJOB U TeM 6ojiee Her
TOTOBBIX AJTOPUTMOB U IIPOTPAMMHO-TEXHHYECKUX CPEJICTB UX pelnenns. B
paMKax KuOepHeTUIeCKUX (ABTOMATHBIX) CHUCTEM, KOTOpbIE (DYHKIUOHUDY-
0T TI0 3apaHee MPeIyCMOTPEHHBIM B HUX aJITOPUTMAaM, HEIITATHbIE 3aadu
HE OTHOCSTC K 0DJIACTU OIpeeseHus 3TUX aBToMaToB. HemrarHbie 3a1a4qm
aBTOMaTaMM HE MOT'yT 6bITb PEIIeHbI. OﬂHaKO JJIl YMHBIX (HHTeﬂﬂeKTyaﬂb—
HBIX) [OBEJEHYECKUX CHCTEM, K KOTOPBIM OTHOCsTCs YC €O crenuaibHoil
SI3BIKOBOM yﬂpraCI/ICTeMOﬁ UHTEJIEKTYaJIbHOT'O IIJIaHUPOBaHUA U CUTYAIlOH-
Horo ympasienusi B pamkax VIV YC (puc. 1), HeKoTOpbIe HEIMITATHBIE 33/~
YU PEIIAOTCs. DTO MPOUCXOIUT OIarogapst n30BITOTHOCTH CPEIbl PAIUKAJIOB
¥ KOIHUTUBHOCTH €€ CIEeIUaJU3UPOBAHHOTO OCHaImeHud. IIpu 3ToM creneHnb
MHTEJUIEKTYAJIBHOCTH s13bIKOBON HajcTpoiiku M YC omnpejesnsiercs uMeH-
HO TE€MU HEIITATHBIMU 3a1a9aMu Jyist gaHHoil Y C, KoTopble 3Ta HaJICTPOHKa
CMOKET TIPEOJI0JIETh.

Hewmammnocms — Touku pocra m pazsutuss YC. Umes mpeosgoserus
HerrrarHocT B Y C ciieyromasi — 910 Jub0 MOUCK OOHOBJIEHUS PAJIUKAJIBHON
MOJIeJIU B pezKuMe 00y deHusl (C yauTesieM) depes 3aIpochl K JINJEPY U JAPYTUM
VC nm obpaliieHns K IMOUCKOBBIM CUCTEMAM 110 MMEIOIIEMYCSI BUPTYaIbHOMY
7100/ TbHOMY HIPOCTPAHCTBY JAaHHBIX, 3HAHUN W yMEHWIl U, Jajee, 3aKpen-
AeHUe TAKOIo OIbITa 6 pescume padsumus camoit YC, mubo opzanusdavyus
NONVUMOK TIPEOJIOICHNST HEIITATHCTH (MeTOo P06 1 ommnbOK) B PAMKaX HMe-
OIIelicst pauKaJIbHON MOIENH, oueHusaHue amur nonvmox. Hakorer, Bo3-
MOXKHA OpraHu3allis HEOODXOIUMOro npeobpadosanus Tearpa jeicrsuii YC
[IPA COTJIACOBAHUHU CO CBOUM JIAJIEPOM.

[ToguepkueM, 9TO B Cilydae HENMITATHBIX CUTYAIUil U HEIITATHBIX 3aJat
Ha, OJTHO M3 HepBbIX MecT jist YC BbIABUTAETCST (PaKMOpP PUCKa, CBI3AHHDIM
C HEU3BECTHOCTBIO TIOC/IEJICTBUI TAKOTO PEIIeHNs. DTO OTJINIAECT HEIITATHBIE
CUTYaIluy W 332491 OT IITATHBIX CHUTYaIMil W 3a7a4, J/IsT KOTOPBIX HA IIep-
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BoM MecTe fjisd Y C BBICTYIIaeT paxmop epemeru U Pecypco3ampammocmu
HOSTOMy Ipu IOIIBITKaX y9€CThb HEIITaTHbIE CUTYyallull UJn peniaTb HemTaT-
uble 3aa49u B Y C [MO/I2KeH OBITH MMPeIyCMOTPEH aHaIu3 PUCKOB B PAMKAX ee
PaIMKaIbHON MOJIENIN, YIeT Pe3yJIbTaTOB IPOBEIEHHBIX TOIBITOK, TAK HA3bI-
BAEMBI, PEXKUM CAMOOOYHEHU.

V1106HO KJIacC HEMITATHBIX CUTYAIMi U 3389 pa30uTh KaK MUHUMYM Ha
CJIEIYIONINAE MIBA TOAKJIACCA, & UMEHHO — CAQDO0 HEeWMAMHbBLE U CUAL-
HO Hewmammwvle cumyauuy u 3a0a4u. K caabo Heuwmammbm cumyaui-
AM U 3adauam Oas dannot YC ommecem cumyauuu U 3a0a4u ¢ 4ACTMHbL-
MU (HEOONDUWUMU) OMEAOHEHUAMYU OM, WIMAMHHEL CUMYAUUl U 3a0a% OAA
YC. Hanpumep, x0200 NOABAAIOMCA HEULMATNMHBLE INEMEHMNDL 6 WIMATMHBLL
CUMYAUUY WA HEWMAMHIE 02PaHUYeHus 6 wmamnot s3adavwe M 1ap. Bce
0CMANBHYIE HEWMAMHBIE CUMyauuy U 3adavu oan dannot YC ommuecem %
CUABHO Hewmammvim cumyavuam u 3adavam smot YC. Ciriabo HelraTHbie
CUTYaIlu U 331a9u TPEOYIOT MoOuPuKrayuu u3eecmusr nodrodos u Memo-
dos. Hampumep, K c1ab0o HEIMTATHLIM 3aJadaM OTHECeM IIMTATHBIE 3aa9l C
HeNoAHOT UCTOOHOT unpopmaruet, MK ITATHBIE 381491 C MAA0T YCmMOTYU-
80CMBI PEWEHUA, MJIA IITATHBIE 33089l C HEYJOBAEMBOPUMENBHO SbICOKOT
CAOIACHOCTIDIO UMENULUTCA AA2OPUMMOE UX PEIIeHNsI 1 MHOTHE JIpyTrue.

THUOUIHBIM IPUMEPOM CAGDO HEUMAMHVLL 36044 SBJISIETCS KJIACC HeKop-
pexmuoir 110 Anamapy sazad. s Hux paspaboranbl 3(pQEeKTUBHLIE IIOI-
xoibl K ux 3pderusaomy perrennto A. H. TuxonosbiM, B. K. BaHoBBIM,
M. M. JlaBpeutberbiM u jip. Hanpumep, monxon A. H. Tuxonosa, KoTopbrit
Ha3BaH pezyaapusayuel Hekoppexkmuor 3aday (1963 2.), ocHOBaH Ha BBeJle-
HAW CIIENUAJILHBIX JOMOJHATEIbHBIX OIPAHNMYEHUN B YCIOBUS 389U, BBE-
JIeHUsT JOTIOJTHUTEIBHOM, crierinuaecKoil I KaxKa0# 3a1aau, nHPOPMAIAN
o pemennn 3aga4qu. [Ipuaem, a1t KarxK10ii HEKOPPEKTHON 3a/1a9u BBOIATCS
CBOU, UH/IUBUJIYAJIbHBIE JIONOJIHUTEIbHBIE OTPDAHUYIEHUsI, HAIIPUMED, B (hopMe
KOMIIAKTHBIX MHOXKECTB [2].

[IpumepoM cuavho HewmamHoli 3a0aul SIBJISAETCA HOBGA, 60 MHO20M
neussecmuas it U YC 3amada, Tpebyromast pagpabomku npuHyunuaioHo
HOBOII MOJE/IM, HOBOI'O MaTeMaTHYeCKOro allllapara, HOBOI'O METOJa W TeM
CaMbIM YaCTO HOBOI'O aJI'OpHUTMa €€ pPeIleHmdg. CI/I.HBHO HemTaTHad 3aJava
00bI9HO TpebyeT He TOJIHLKO HOBOI'O METOHa U aJIrOpUTMa, HO elle pa3paboT-
KU HOBBIX IPOI'PAMMHO-TEXHUYECKUX CPEJCTB peaM3allii ee pEIeHus], ee
Bepudukanun u T.11. Hanpumep, B puHAHCOBOI MaTeMaTHKe 3a/1a4a OIpee-
JIEHIS CTOHMMOCTHU OIIIMOHA SIBJISIJIACH CUJIBHO HENITaTHOH 3amadeir mo 1973
roza, Korja ObLia co3gana Moaenab bimka-Illoymasa B 1973 roay u BbiBegeHa
dopmysa st cronmoctu onnmornos CALL u PUT esporneiickoro tuna [2].
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4. NadopmarnmoHnHo-cucTeMHasi 6e3onmacHocTb Y C

Bce korautusable TpeboBanust kK MU ynprpacucremsr YC yimobHO 06bem-
HATDH B OJIHOM €JIMHOM 0000IImeHOM TiobaibHOM TpeboBanuu: «Obecredenns
ungopmayuormno-cucmemnot 6ezonacrocmu YC» [2].

4.1. Madopmarmonno-cucremuas 6esonacuocts (MICB) VC. Tpe-
6oanne VICB YC peanusyer mesneByio ycraHoBky Jmgepa gannoit YC. ITo-
ustue VICB YC sBisiercst riobaJibHBIM JIBYEIUHBIM TPeOOBAHUEM, KOTOPOE
HIMeeT TEeCHO CBI3aHHLIE MexKIy cob0oil JBe CTOPOHLI 0Ee30IIaCHOCTH, UHPOpP-
mayuornyro u cucmemniyro. UCB YC Britovuaer B cebsi Bce YaCTHBIE CJIyIan
besomacHocTt YC OT 3KOJIOIMYECKOl, SHEPIeTUIECKOH 1 T.1. 00 (PYyHKIUO-
HaJIbHOIT 6e3011acHOCTH, puc. 3.
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Puc. 3. Yubrpacucrema obectieuerust ICB YC

Cdopmynupyem u obcyaum obe cropounst MCB YC.

Nuadopmanmonuas cropoHa MCB YC. Kaowcdas wmamnas 3adava
orcusdnenno20 yukaa YO, BKIIIOUAs TIeJIeBble, CEHCOPHBIE U CEPTU(DUKAIMOH-
HBIE 33/1a9H, JIOJI?KHA ObITh 0€3yCc/I0BHO U 3(PPEKTUBHO pPeIleHa, HE3aBUCHMO
0T POPMBI U IIOJTHOTHI OIEPATUBHOM NHMOPMAIIUN, OT HAJIUYINS ITOMEX, IIyTEeM
CO3JaHUST U JIOTHIECKON 00paboTKM M3OBITOUHONW MOIEIN TeaTpa IeHCTBHUil
YC (s13bIKOBOrO CeHCOpHyMa IMUPOKOil mpobiemuoii obractu YC), BKIOUa-
folell B yacTHOoCcTH Mozeab camoit YC, mouenb Tearpa geicrsuii YC. Us-
OBLITOUHAST MOJEb JOJIXKHA SABJIATHCS HEOOXOMUMBIM YCJIOBUEM 00OECIIeUeHNs]
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peraeMoil MITaTHOW 3a/]a9i U JIOCTATOYHBIM HHMOPMAIIMOHHBIM U CHCTEM-
HBIM pecypcoM uisi ee pertenusi. OHa JIO/KHA ObITh HAJIEYKHO 3AIUINEHa, OT
HecaukImornposanuoro pocrymna (HC/) u ..

Kaotcdaa newmammuas 3adaua stcudnennozo yurasa YC nojkHa OBITH B
neaTpe BanManuss YC, mccaemoBaHa Ha HEOOXOINMOCTH M BO3MOXKHOCTE €€
PEIIeH s ¢ COTJIACHS JIUJEPa B PAMKAX €T'0 UJIE0JI0TUN, MUPOBO3PEHUSI U CTPaA-
Ternveckux nesieit. Ilpu atom YC MOXKeT HCIOJIB30BaTh PECYPChl H30BITOTHOM
MOJIEJIN, WU BOCIIOJIb30BATbCS 3AIIPOCAMHE K TVI06AIbHOMY UH(MOPMAITMOHHO-
CUCTEMHOMY (BUPTYaJIbHOMY ) IIPOCTPAHCTBY 38 OOHOBJICHUSIMU, UJIA OPTaHU-
30BATH MONBITKU PEIICHUS 38191 B PEKUME «IIPOO ¥ OMUOOK», WU JIPYTUM
KaKIM—II00 CI1ocoboM camMoobydenust, pa3putusi camoii Y C, BILUIOTb JI0 IIpe-
obpaszoBanmuii Tearpa nevicreuit YC ¢ coryiacusi CBOEro Jinziepa.

Cucremuas cropoHa MCB YC. Kaowcdaa szadavwa wmammas uau
HEWMAMHAA dHcudnennozo yukae YO, B IPOIECce CBOETO PEIeHus, J0JKHA
COITPOBO2KaThCs IOCTOSAHHBIM YYI€TOM BCEX IIOC.He,ZLCTBI/IIjI penienud Ajisd ca-
Moit YC u jiytst TeaTpa ee JeHCTBUI ITyTeM IOCTOSHHOTO CePTUMUIINPOBAHNS
u3OBITOYHON MOJe/n, TecTupoBaHusi camoit YC, aHajm3a Tearpa HeicTBUi
YC u ycrpanenusi KOH(DIAKTOB JJIsT COXPAHEHUsT CHCTEMHOM TE€TOCTHOCTH,
romeoctasza camoit YC u TeaTpa ee JIeHCTBUIl B ITOJTHOM COOTBETCTBUU C Tie-
JieBbIMHA 3ajaHusgaMu YC OT CBOEro JIMAEepa.

4.2. HeobxoauMoCTh HEMPOKOMIIbIOTEDPA AJf YJIbBTPACHCTEMbI
VC. O6cyaum nporpammuo-rexundeckue cpejacrsa (IITC) yubrpacucreMbr
NN VYC, puc. 3. B Berauc/inTe/ibHOM TEXHUKE PA3IUIAIOT JIBA [IPUHITUITHAb-
HO OTJIMYHBIX JAPYT OT ApyTla THUIIA IIPOLECCOPOB, K KOTOPBIM OTHOCATCA AHG-
A0206ble 1 YuPhposvie. AHATIOrOBLIIT mporeccop (HeipoceTeBoil, KBAHTOBBII 1
Jp.), uctoib3yer unrepdepeniuo dusndeckux mnojei. OH UCHOIb3yeTcs B
CIEJAINNX CUCTEMAX U OPUEHTUPOBAH HA MAKCUMAJIbHOE PACNAPAANEAUBAHUE
BBIUUC/INTETLHOTO IPOIECCa, a, TeM CAaMbIM, Ha MAKCUMAJBHYIO €0 Onepa-
muerocmsb. TexHudeckass U IIpPOrpaMMHasi Pean3alis PelleHns 3a/1a49 Ipu
HCIIOJIB30BAHUU AHAJIOTOBBIX IIPOIIECCOPOB OMUPAETCS Ha 6a3Uc, KOMopwil 0AA
xpamxocmu 6ydem umenosams netipocemesvim. ViMermo B 9ToMm basuce, Ha-
npumMep, ¢ 60JbIol 3hOEKTUBHOCTHIO U OIIEPATUBHOCTHIO MOYKHO PEIATh
3aJ1a9U PACNO3HABAHUA 00pa30s, 3a40a4U IKCNPECC-GHAAU3A, MHOTHAE NPAMbLE
3adayu. JacTo aHAJIOIOBBIE TIPOIECCOPHI HA OCHOBE CBEPTOYHBIX HEHPOHHBIX
ceTell SIBJIAIOTCS 63,30BI)IMI/I B CJIeAdIInX CUCTeMaXxX yIpaBJICHU.

B orsmmauu or anasioroBoro, mudpoBoil IPOIECCOpP CEroiHs UCIOJIb3yeT
NO3UYUOHHYH CUCTEMY 3aIUCH IUCEJI, NOCACI08AMENHDT BBITUCTUTEIHHBIHA
[IPOIIECC, KOTOPBIN onupaercss Ha 6a3uc, KOTOPBIi Oy/eM Ha3bIBAThL A02UYE-
cxkum. ITudpopoit mporeccop apxurekTypsbl /Ix. @on Helimana ocHOBaH Ha
MCITOJIb30BAHNN JIMHEITHOM MMO3UIIMOHHON CHCTEMBI 3AITUCH JIUCE W Tpedyer
peasimzanuu (MeTOJ0I0OIUH ) OC/IeI0BATE/IbHON 00pabOTKU HHMOPMAIIUY, KO-
Topas basupyercs Ha JiorudeckoMm Oasuce. HarmoMamM, 9T0 OCHOBHAS Omepa-
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nust B UQPOBOM IIPOIECCOPE, CYMMUPOBAHUE YUCEN, TTPOUCKXOIUT HCKIIIOUM-
TEJILHO TIOCJIEI0OBATETHHO OT MEHBIIUX PA3PSJIOB K CTAPIINM, C IIPEPhIBAHUEM
U 33/1eP2KKO.

B norumueckom 6azuce mudpoporo mpoieccopa 6osee apHeKTUBHO perra-
FOTCsl 38129, TPEOYIOIIUE yIeTa U aHAJIN3a PUCKOE HEOAG2ONPUATNHBIL NO-
credemeuti. K wucay maxur 3a0ay4 0OMHOCAMCA, HAMPUMED, 36004U NPUHA-
mus pewerudi, 3a60a14u CUHMEZA, 00PAMHBIE 3a0GMU, AALOPUMMUYECKU HEPAS-
pewumbvle 3a0aM.

yanusm HelipokoMiibroTepa. /IByXKOPHEBOI TEPMUH HEUPOKOMNBIO-
mep (HK), cBonM HazBaHUEM Kak Obl TIO[YEPKUBAET TIOJIE3HBIN dyasusm Heil-
POKOMITBIOTEPHON peam3aIiun pajnKkabHoii mogeau Y C B (bopme cpeibl pa-
nukasioB. [ITC YC nomkHO B epcrieKTuBe ObITH YCTPOEHO IO THILY PACIIpe-
JICJICHHOW BBIYUCUTEIHLHON cpeibl, 00pa30BAHHON JBYMS BUIAMU IIPOIECCO-
pos anasiorosbivu (Heiipo) u mudpossivu (Komm), puc. 4. B nepcnektuse,
UMEHHO HeUpoKoMnvromepsl, CETOJIHS BUJATCI TOU paclpeie/IeHHON BhIYUC-
JINTEJILHOM cpeoil, KoTopas basupyercst OJHOBPEMEHHO Ha JIBYX THIIAX IIPO-
reccopoB. C OHOM CTOPOHBI, TaKast CPeJla MMeeT BO3MOXKHOCTH HEHPOCEeTeBO-
ro H6asmca, Ha aHAJOIOBBIX IIPOIECCOPAX, T.e. HA HEHPOCETEBBIX MM KBAHTO-
BBIX Iporeccopax. C Ipyroil CTOPOHBI, HEHPOKOMIILIOTEPLI COXPAHIOT BO3-
MO>KHOCTH JIOTUIECKOT0 0a3uca mudpPoBbIX IPOIeccOpoB POH-HEHIMAHOBCKOTO
THIIA.

Paccmorpum 6osmee mogpobHO mmero 3pHEeKTUBHOIO COUETaHUsI, COOTHO-
[IEeHNsI, Pacpele/eHns], allllapaTHON KOOPJAMHALIUN IPU HEAPOKOMIILIOTED-
HOI peaJiM3aIiuy perieHust 3aj1a4 Ha pasHbix stamax 2K VC.

- IHImammnuvie 3adanu ciedyem pewams ONePpamusHo U Mai03aTMPaAM-
Ho. B wmamunr 3adavax Ha nepevili naaH sviemynaem Gaxmop epemeH u
appexmusrocmu. Tlosmomy pexomerdyemea ux pewams, no 603MOHCHOCTIU,
MAKCUMBALHO UCTLOAB3YA METAHUSMBL PACTLAPAANCAUBAHUSA, M. . PEULATNDG HA
AHAN02068BLT MPOUELCCOPAT, 68 Hetipocemesom basuce. Ha asvike mexnuveckol
PEAAUBAUUYL UHPOPMAUYUOHHDIT NPOUECCO8 IMO 03HAYUGEM, HMO NPU PEWEHUL
WIMAMHBLT 30004 HCEAAMENEH NEPELOD O A02UNECKO20 bA3UCH K Hetpoceme-
somy bazucy. Hnmepecro, wmo 6 Gusuoso2ul Mo coomeemcmeyem nepeco-
Jdy Npoueccos peuterus WMamHsr 36044 8 ONepamueHovLl pestcum pegdaercos,
HAGHIKOS, (1 6 METHUKE K CACOAUUM CUCTMEMAM, PHUC. 3.

- Crabo Hewmammwvie 3a0adu PEKOMEHIYEMCA PEWAMD 6 CMEULAH-
HOM NO2UMECKOM U Hetlipocemesom basuce, IPiPermusHo covemasn nocaedosa-
MEALHYI U NAPAAAEALHYIO 00PAbOMEKY UHPOPMAUUL HG GHAA0208VIT U UUPD-
poswvix mpoueccopaxr. IIpu smom pexomerdyemcs UCnoAb308aMYL INEMEHTbL
DEAHCUMA NOUCKE 8 2400AADHOM SUPMYAALHOM NPOCTPAHCMEE, UAU 00YUe-
HUA C YUUMENEM, UAU 68 PEHCUME CAMOODYUEHUA U NPUHUUNG YEEAUNEHUA
doau napasresoroti 06pabomK.
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Avanusm Heiipo Komnsrorepa

[Mapasseasnas obpadorka |[locaenosareabnas odpadorka
(Heiipo - or daxToB) (KoM - or nesn)

1. O6pasnas obpadorka (anaiorosan) |1, Toruueckan odpadorka (undposas)

2. Ilpoueccop apxuTeKTyYphl HeiipoceTs | 2. [Iponeccop apxutextypsi . Heiimana

3. Curyannonnas aKTHBALHA 3. lleienanpapieHHas AKTHBAINA
4. 3azaun anaansa (npsivsie) 4. 3aaaum cuureia (obparneie)
5. Ceprupnranns painkaios 5. Cusurne KOHQIHKTOB B MO1€1H

6. llltarusie 3aaann, ciaeasmpe cCHCTeM.| 6, Hemrarasie 3a10%H, 00V IAI0MHe CHCT.

7. Pedaercnl, puino1orus 7. llpuusitue pemennii, ICHX010THS

HeiipokoMmnbloTep - pacnpejiejieHHas BLIYHCIHTEIbLHAS
cpeaa, HenoJib3yomas Asa Tuna obpadorku undopmaunn

Puc. 4. Anasorosslit (neitpoceresoit) 1 nndpoBoii (Jornaeckuii) 6a3ucs Heil-
POKOMIIBIOTEPA

- Cuavro nHewmamusie 3a0a4u pexomendyemcs peulams npeumy-
WECMBEHHO HA UUPPOBHIL NPOUECCOPATL, 6 A02UMECKOM ba3uce, 6 Descume
NOUCKA 8 2400AABHOM BUPMYAALHOM NPOCTPAHCNEE UL, OOYUEHUA C YUU-
MENEM UAU, 8 PEHCUME CAMO0OYUeHUA, NPob U owubox. B maxux sadavwax
HA MEPBOM MECTNE BHICTNYNAEM, PAKMOP PUCKA.

B nmanbreiiem mpu yCHEITHOM PEIIeHUN HEIITATHON 3a1a4du IPeIIroia-
raeTcs MEePeBOJl TAKOH 3a/add B KJIACC IITATHBIX U Jajee OPraHU30BBbIBATD
MaKCHMaJIbHOEe paciapaJiie/uBaiue pa3paboTaHHoro ajropurma. Ilpu srom
HEIITATHBIE 33841 SIBJISIOTCSI, CBOEI'O POJIa, TOUYKAME POCTa, PA3BUTHS CAMOIA
VC u upeobpazopanust Tearpa jeiicteuii YC.

O6cy>xaenue. 1) B Teopun ajqropuTMoB UMEIOTCS 38290 aJITOPUTMU-
YECKU pPa3pelIinMbIe U Hepa3pelInMbIe. ,ZLHH AJITOPUTMHUYICCKHU Pa3PEIINMbIX
3329 Pa3IMYIalOT TPH BUJA AJTOPUTMOB II0 CJIOKHOCTH UX peaTn3aIluid —
AJITOPUTMBL CMENEHHOT CAOHCHOCTNU, ATTOPUTMBI IKCNOHEHUUGALHOT CAOIHC-
nocmu u 3agadn NP-noanoti caoorcnocmu. Kinace 3agad aaropuTMIIECKN
HepaspelnMbIX (y HUX HET OOIIEro ajropuTMa pPeIleHust) OTHOCUTCS, ecTe-
CTBEHHO, K CHJIbHO HEIIITAaTHLIM 3a/avdaM. K.HaCC HEIIITAaTHBIX 3a/Ja4, ABJIA-
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foruxcss NP-TI0JIHO# CJIOXKHOCTH, SIBJIAIOTCSH, KAaK MPABUJIO, KJIACCOM CJIa00
HeIITaTHLIX 3a/1a4.

2) O6parum 0coboe BHUMaHME Ha BBIIEIEHUE IIPOrPAMMHO-TEXHUIECKUX
cpeacTB TexHuueckKoil YC B crenuuIecKy CUCTEMY <«HEHPOKOMIIBIOTED .
Heitpokommbiorep ocobast jBoiicTBeHHas cucTtemHas cymHoctb, [ITC YC.
Omna npucyrcrByer B onophoti cucmemv, ¥ C U OHA TPUCYTCTBYET B YALMNPG-
cucmeme obecnevernus UCE YC, puc. 2.

3) [dns nossimenusi 3dddexrusnocru YC HEOOXOIUMO cOYeTarb mpe-
MMYIIECTBA TapaJjiiejibHON U IIOCIeI0BaTe/IbHON 00paboTku mHMOpMaIun,
coreiAmuX (aHAJOrOBBIX) M JIOTHYecKuX (IudPOBBIX) MPOIECCOPOB HEHpo-
koMmIbioTepHOil mapajgurmbl [ITC omoproit cucrembr YC u yJIBTPacuCTEMBI

YC, puc. 2.

5. 3akJjoveHne O IJI00AJIbHOM WHTEJJIEKTYaJIbHOM
BUPTYaJIbHOM IIPOCTPaHCTBe Hoocdepbl 3eMin

C nostBjIeHNEM MHOXKECTBA UCKYCCTBEHHBIX TeXHU4IecKuX Y C pasindnoro Ha-
3HAYEHUsI U C yIETOM ITOCTOSIHHOTO WX PA3BUTHUsI BO3SHUKAET BOZMOXKHOCTH U
HOTPEOHOCTh OObeMHUTL 00a Buja unresnexkra, B moneit u N YC, B
€JINHOE MHTEJIJIEKTyaJIbHOE IIPOCTPAHCTBO, B HOBYIO cemesyto Hoochepy 3em-
AU TIo TepMmunosiornu akagemuka B. V. Bepuajckoro. [aBnoe TpeboBamue K
TAKOMY IPOCTPAHCTBY — 9TO OPraHU3aIis KOMMYHUKAIIMOHHOTO B3anMOJIeii-
CcTBUS U WHMOPMAITMOHHO-CUCTEMHOTO 00MEHa MEXKY JIIOAbMU, MEXKIY TeX-
nuaeckumu YC u sionbmu, Mexk 1y Texandeckumu Y C pa3jndHoOro Ha3Hade-
HUs MEXK1y coDOil, ¢ TpeboBaHMEeM KO BCEM YIAaCTHUKAM ITOrO IIPOCTPAHCTBA
cobmonennst UCB kaxpiM yyacTHUKOM U cybopaunaruii, puc. 3. Hecmorpst
HA TeOIOJIMTHIECKHe O0Ie3eMHbBIe MPODJIEMBI, 3JIEMEHThI TAKOI'O B3anMOJIeii-
CTBHUS U 0OMeHa B HACTOSAIIEE BPEMsI yrKe TOSBUJINCH 1 OyPHO Pa3BUBAIOTCS B
dopme unmeprema arodeti, B popMe sI3bIKOBBIX CPEJICTB KOMNbIOMEPHVLL UH-
mepgeticos, 6 gopme unmeprema sewets (1loT). Ilo-Buammomy, mpuIIO Bpe-
Msi €JIMHOTO JIJIsi TEXHUKU U 9eJIOBEKA JIEJIOBOIO S3bIKA MHTEJIIEKTYATBHOIO
ODOIIIEHNSI, CBOETO POMIA YHUBEPCAADHO20 A3BIKA CEMEBOT HOOCHEPDl FEMAU.

Crmncok aurepaTypbl

[1] Yeukun A.B., “Tesuc o Hamuunm uCKyCcCTBEHHOTO uHTe/IeKTa.” | Hmen-
aexmyasvroie cucmemol. Teopus u npuaoscenus, 25:1 (2021), 29-49.

[2] Horionkun A.IO., Heuknn A.B., Hexycemsennniil unmennexm na basze
UHPOPMAYUOHHO — cucmemnoti usbvimownocmu, «KYPC», Mocksa, 2019,
382 pp.
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4]

5]

Bopomnkos I. C., Heukun A. B., “IIpobreMbl MOJIETMPOBAHUST CEHCOPUYMA
U sI3BIKOBOM CUCTEMBI €CTECTBEHHOT'O MHTEJLJIEKTa HHAUBUAyyMa , Hrnmen-
aexmyasvrvle cucmemol, 2:1-4 (1997), 23-34

Yeukun A.B., Mamemamuueckas unpopmamuxa, «Hayka», Mocksa,
1991, 412 pp.

Yeukun A.B., “Knaccuduranus 6a3oBbix yiabrpacucrem.”, Tpydwve V
Meorcdynapodnoti nayuno-npaxmuyveckot rongpepenyuu «Cospemennan
MAMEMAMUKE U KOHUENUUL UHHOBAUUOHHO20 MAMEMAMUYECK020 00pa3o-
sanua» Mockea 1 uronsa 2018 20da — M.: U30d. JJom MPO, 2018, 104-119

Cognitive level of artificial intelligence
Chechkin A.V.

Goal. To discuss the cognitive level and substantiate the basic
principle of artificial intelligence of smart systems, human-centricity
- subordination and service to a person (master).

Methods. The central role of the radical (redundant) model of
the theater of operations of a smart system as the core of artificial
intelligence is emphasized. The stages of creating an ultrasystem to
ensure the information and system security of a smart system, its
intelligent planning of actions and situational behavior management
in the theater of its actions, including the development of the system
itself and the reasonable transformation of the theater of its actions,
are discussed.

Results. There are five main levels of artificial intelligence
development. The features of the first and second signaling systems
(primary and language sensoriums) are studied. The information and
system irregularities of a smart system are highlighted as points of
growth of its intellectual development based on machine learning. The
collective artificial intelligence of a group of smart systems is being
investigated within the framework of their unified theater of action
and subordination to the human master of the grouping. The principle
of human-centric goal-setting of any technical intelligent system,
determined by its unconditional subordination to its human owner, is
substantiated. The corresponding requirements for the ultrasystem and
its language operating system of intelligent planning and situational
management of the behavior of a separate smart system or a team
of smart systems are discussed. The problems of the development of a
separate smart system, the reengineering of a collective of such systems
and the problem of reasonable transformation of the theater of actions
of such a collective are considered.

Keywords: cognitiveness of natural intelligence, automated smart
system, collective artificial intelligence, radical, language, Internet of
Things, interface, information system security, tactical and operational
planning of smart system actions.
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YacTp 2.
CnenmaJjbHbIEe BOIIPOCHI TEOPUN
MHTEJLJIEKTyaJbHbIX CUCTEM



Metoapl aHa/JIn3a JaHHBIX B 3aJade
ITPOTHO3MPOBAHN CIIOPTUBHBIX
pe3yJ/IbTaTOB

A.JI. ZKypasmes!

B nmanmnoii ctarbe paccMaTpuBaeTcs 3a7a4ua BOSMOXKHOCTHU ITPEJICKA-
3bIBaTb CIIOPTHUBHBIE DE3YJIBTATHI C IIOMOIIBIO METOJIOB aHAJIN3a JaH-
HBIX WU MaIIMHHOI'O O6yquH5{ n o1pe/jge/ieHnd KadeCTBa TaKOr'o IIpo-
ruo3a. Takyke TPUBOJIUTS CPABHEHUE ITOCTPOEHHOIN MOJIENIN C MOJETBIO
HCIIO/IB3YeMOil OYKMEKEPCKUMU KOHTODAMHU.

Kuarouesble ciioBa: Kitouesbie ciioBa: Marmunnoe obydenue, mpo-
THO3WPOBAHNE CIIOPTUBHBIX PE3YJIbTATOB, aHAJIN3 JAHHBIX, KJIACCH(DU-
KaIlnsl.

1. BBegenue

JlamHast cTaThs MPOJO/IKAET PabOTy O MOCTPOEHUIO MOJIEH, OIMUCHIBa-
I0Iell HEKOTOPBIE TapaMeTpbl XOKKKeHHOro Marda, Hadaryio B [1]. Byger
pPaccMOTpeH OWH M3 BO3MOXKHBIX TOJIXOI0B K MOJIETMPOBAHUIO, WCIOJIB3Y-
IOMWI B KaYeCTBe OCHOBHOT'O MHCTPYMEHTa METO/bI MAIUHHOIO OOYYeHWUs.
Becn mporiecc ncciieioBanus 6yaeT MpORCXOIUTh HA PEATBHBIX HCTOPUIECKUAX
JIAHHBIX.

2. IloaroroBka JaHHBIX

2.1. Onucanune gJaHHBIX

Paznuunble ncropudeckue MaHHble M0 XOKKEHHBIM MaTdaM IIPEIOCTaABIILA-
0TCa Ha oUIMAIbHBIX cafitax TypHupoB. Hampumep, Ha cafite www.khl.ru
Konrunenranbuoit Xokkeiinoit Jluru moxkuHo HaliTu nHGOPMAIIIO 00 UTPO-
Kax, pe3yjbTrarax Mardeil. B 4acTHOCTH, MOXKHO IOJIyYUThL TaKWe JIAHHBIE,
KaK KOJIMYIECTBO 3a0UTHIX IMaiib KOMaHIaMi KaK B MaTde IEJIUKOM, TaK U 3a
OLIPEIICJICHHBIN IIEPUOJI.

B kagecrBe Habopa JaHHBIX ObLIa MOJIydeHa CTATUCTUYECKass HHPOPMa-
st o MmaTdax KoraTtuHenTanbHOM XoKkeitHoit JIuru cesonor 2014-2020. do-
CTYIMHBIMU OKa3aJIUCh CJIEYIONNe MPU3HAKHI: JIOMAITHSS U TOCTEBas KOMaH-

L XK ypaenes Apmem Jmumpuesus — acompanT Kad. MATEMATHIECKOH TEOPHH HHTE-
JIEKTYaJIbHBIX cucreM Mmex.-mar. d-ra MI'Y, e-mail: artemzhuravlev.msu@gmail.com.

Zhuravlev Artem Dmitrievich — graduate student, Lomonosov Moscow State
University, Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of
Intellectual Systems.
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IIbI, JaTa MaTda, UTOTOBBII CYeT, KOJMIECTBO OPOCKOB, PE3YJIbLTAT KayKJIOr0
13 3-X MepruoI0B, 3a0POIIeHHbIE MTAHOBI B OOJIBITMHCTBE U MEHBIITHHCTBE, UNC-
JIO YUCJEHHBIX IIPEUMYIIECTB, 9MC/I0 BRINTPAHHBIX BOpachiBaHmil, mrpadHoe
BpeMs U pazndHblil Koadpdunuentor BK.

2.2. OTbop nmepeMeHHBIX U 00pabOTKa JaHHBIX

Yro0bl yaydqmnTh KadecTBO IIEPEMEHHBIX, MOYKHO HWCIIOIb30BAThH TI'e-
HEPUPOBAHNE HAKOILICHHON CTaTUCTUKM. Hampumep, MOIXOAAT CJIELYIONIHe
[PU3HAKN: CPEJIHss peasn3alins OPOCKOB, CpejiHee KOJTMYeCTBO HAHECEHHBIX
OPOCKOB, cpeTHee KOJUIECTBO 3a0POIIEHHBIX a0, CpeiHee KOJIMIECTBO MPO-
MYIIEHHBIX MIaiib, cpejHee KOJUIECTBO MPOIYINEHHBIX OpockoB. Takue 3Ha-
YeHNs HaKallJIMBAIOTC IS KarKJ0H KOMAaHJIbl, UCXO/Id U3 ee IIPEeJIbLIYIIIX
PEe3yJILTATOB, U OOHOBJISIIOTCS TOCJIE KaKIOI'O CHIIPAHHOTO MaTYA.

Pacripesiesienne npusHakoB ¢ 3a0pPOIIECHHBIME IaiibaMu OyIeT XOPOIIO
MOJIEIUPOBaThCA pactipeienerueM llyaccona - pacupeenenne JUCKPETHOTO
THIA CIyYaifHOW BEJMYUHDI, IPEICTABIAIONE co00il 9Mc/Io COOBITHIA, TPO-
U3OIIEeIINX 38 (PUKCUPOBAHHOE BPEMs, IIPU YCJIOBUU, UTO JAHHBLIC COOLITHS
MIPOUCXOJIAT C HEKOTOPOil (PUKCHPOBAHHON Cpe/iHeil NHTEHCUBHOCTHIO U He3a-
BUCHMO JIPYT OT Jpyra. Beemem ompenenenue pacupenenenus [Iyaccona:

Bribepem dukcupoBammoe dmncio A > (0 u ompees MM JUCKPETHOE Pac-
npeJiesieHne, 3ajiaBaeMoe Cienyomeil GyHKIeil BeposITHOCTH:

pk)=PY =k) = ?‘C—Te_’\,

ryie k! obosnagaer daxTopuan umcaa k, e = 2.718281... — ocHoBaHme HATY-
panbnaoro Jiorapudma. Tor dakrt, uTo ciaydalinas BeJuduHa Y HMEET pPac-
upejienenne llyaccona ¢ MaTeMaTHYeCKUM OXKUJAHUEM A, 3aIlUCHIBAETCS:
Y ~ P()).

Takum oOpazom, sl KaXKJ0ro MaTda MOXKEM II0JIyYUTh 3HAYEHUS pas3-
JIMYHBIX BEPOSITHOCTEN, KOTOPBIE €TI0 OIMUCHIBATOT.

Takke B mpuzHakax mpucyTcTByioT Koaddunuentor BK ma cobbrtust, npu
KOTOPBIX B MaT4e OyJieT 3a0uTo OOJIbIlle MJIM MEHbIIIE HEKOTOPOrO 3HAYECHUS
CYMMAapPHOI'O KOJITYECTBa 3a0UTHIX Iaiid 00enMu KOMAaHaMU, U CaMO KOJIH-
YECTBO - TOTAJL.

B katecTBe 11es1eBoil TIepeMeHHOI OyieM paccMaTpUBaTh CyMMAapHOE KO-
JITYECTBO TOJIOB, 3a0UTHIX obemMu KomaHJamu B marde. llesieBas nepemen-
Has Oy/leT NMPUHUMATH 3HadYeHrne 1, ecjii peajilbHOE CyMMapHOE KOJIMIEeCTBO
roJI0B 0OJIBbINEe, YeM TOoTaJ, npeaaokenuniii BK, u snadenue 0, eciu MeHbIIe,
COOTBETCTBEHHO.

Bpemenndt pad (uau pad dunamuku) — cOOpaHHDIT B pasHble MOMEH-
ThI BpEMEHU CTATUCTHIECKUI MaTePUaJ O 3HAUCHUH KAKUX-JIN0O [TapaMeTpOB
(B mpocTeiinieM ciydae OJHOIO) HCcJepLyeMoro mnporecca. Kaxuast ejauauma
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CTATUCTUYIECKOTO MaTepHuaJja Ha3bIBAETCS N3MEPEHNEM WJIN OTCIETOM, TaKyKe
JIOITYCTUMO Ha3bIBATH €r0 YPOBHEM Ha YKa3aHHBIM ¢ HUIM MOMEHT BPEMEHU.
Bo BpemennoM psme mjisi KaxKIOro OTCYETA TOJIKHO OBITH YKA3aHO BpPEMs
U3MEPEHNS WX HOMED U3MEPEHUS 1O MOPSJIKY.

Tax Kak y HAC UMEIOTCsI CTATUCTUYECKHE TTOKA3aTeH, KOTOphbie (hopMu-
PYIOTCS Ha OCHOBE MPEJbLIYINX PE3YJIbTATOB KOMaHJIbI, TO TaKWe JaHHbIE
HEeOOXOANMO aHAJM3UPOBATD C ITOMOIIBI0O BPEMEHHBIX PSIIOB - JIJIS TOCTPOE-
HUS aJITOPUTMa HEOOXOINMO UCII0Ib30BaTh TOIBKO YK€ IIPOIIEIITNE COOBITHS
JI0 HEKOTOPOT'O BpeMsI t, a JIJIst OIEHKN COOBITHUSI, KOTOPBIE IIPOUCXO/IAT IIOCIIE.

3. IlocTranoBKa 3ajJa4m KJjaccuUKAINN

[Iycts X — MHOXKeCTBO onucanuit 00bLEKTOB, Y — MHOXKECTBO HOMEPOB
(nnm HanvenoBanuii) KiaccoB. CyliecTByeT Hem3BeCTHasl IeJieBasi 3aBHCH-
MocTh — oTobpaxkenue y*: X — Y, 3HaYeHUsT KOTOPOIl W3BECTHBI TOJBKO Ha
00'beKTaxX KOHEYHOil 00ydatoleit BHIGOPKT

X" ={(z1,91), -, (@m,ym)}. Tpebyercs nocrpours amropurm a: X — Y,
CITOCOOHBIN KIACCUPUIINPOBATh TPOU3BOJIBHBIN 00BbEKT T € X, COMOCTABUB
00bekT y € Y.

Ham HEoOX0anMO OTINYIaTh XOPOIINH AJrOPUTM KJIACCU(PUKAIIANA OT ILIO0-
XOr0, JIjIsI 9TOr0 HaM HY?KHO BBECTH METPUKHM I OIEHKN Ka9eCTBa MOJIEJIN.
Moytesib Tak>Ke OyJjieM OIEHUBATH 110 TOMY, CKOJIBKO JIEHET MbI MOJIYIUM UJIN
oTepsieM, ecJIii OyJIeM CTaBUTh COTJIACHO ee IpecKa3annsamM. s sToro Bee-
JeM ciepytontyto Mmerpuky: ROI (return on investment) - ROI = %, rie
P, - npubbLIb Ha IUCTAHIINKA B N MaTYel, S - CyMMa, OJIHON CTaBKH, 7 - KOJIH-
1ecTBO cTaBOK. 10 ectb ROI siBisieTcst OTHONIEHUEM 3apabOTaHHBIX JeHer K
morpadeHHbIM. RO - 0CHOBHOII moKazaTe b 3(MEeKTUBHOCTH IPOrHOCTHIE-
ckoit mosiesin. Takum obpazom, Oyiem "urpars B 1wioc"B ToM cityuae, ecin

ROI > 0.

3.1. IlepekpecHasi mpoBepKa

Kpocc-sanudayus (cross-validation) - MeTO, OIEHKH AHATUTHYECKOl MO-
JIenn U e€ TOBeJeHnsT Ha He3aBUCUMBIX JaHHBIX. 1Ipu omeHke Momenn mMero-
muecss B HAJWYWH JIaHHbIe pasbuBaioTcs Ha k dacreil. 3areM Ha k — 1 4a-
CTAX JAaHHBIX ITPOU3BOJUTCSI o6yquI/Ie MOZeJIn, a OoCTaBHIadACd IaCThb JaHHBIX
HCIOJIb3YyeTCsl s TecTupoBanus. [Iponeaypa mopropsiercss k pas; B UTOTe
Kaxkjast u3 k JyacTeil JTAHHBIX HCIIOJb3YeTCsI JJIsi TECTUPOBaHUs. B pe3yib-
TaTe IOJIydaeTcsl OleHKa 3(M@EeKTUBHOCTH BBIOPAHHON Mojenn ¢ HamboJee
PaBHOMEPHBIM HCIIOJIHL30BAHUEM MMEIOIINXCS JAHHBIX.

VIydImmmM KadecTBO ¢ MOMOIIBIO0 KPOCC-BAJIUIAINN. Tak KakK MbI OyaeM
CTPOUTD IIPEJACKA3ATENIbHYIO MOIEDb C IIOMOIILI0 BPEMEHHBIX PAJIOB, TO HEOO-
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XOJIMMO TIPABUJILHO HCIOIb30BATH KPOCC-BATUIAINIO. Bynem casurarb o0y-
YaloIyI0 BEIOOPKY HA 1 IIaroB, a HE YBEJIUYUUBATDL €€, T00aBJIAsA IPOIICIIIe
MaTdH, YTOOBI HE YIUTHIBAAITEH CJIUIIKOM CTapble Pe3yJIbTaTbl, KOTOPbIE yIKe
MOTEPSLJIA CBOIO MH(MOPMATUBHOCTL U MOTYT TOJBKO IOMeEIIaTh IPU 00yUe-
HUW.

Train [ Test l ]

S |

|

Puc. 1. Kpocc-pammnanus

[Tocie mpoBeneHHOrO UCCIEIOBAHUS JIJIsi BHIOODA ONTHUMAJIBHBIX ¢ U 7 |
OCHOBBIBasCh Ha pasMepe JOCTYIMHBIX UCTOPUIECKNX JTaHHBIX - 2770 MaTdeil,
okazasuck 3uadenusi 600 u 100 coorBercrBento - Puc.2. Ux u 6yiem ucrosib-
30BaTh JJIs TIOCTPOEHUS MOJIEJIN.

3.2. Ilpenckazanme moaean

Tax Kak B MCXOIHBIX NPU3HAKAX y HAC €CThb KO3(DPUIMEHTH Ha IieJie-
Bble cobbiTuss 0T BK - K03 dbrmentsr kg u ky mst ucxoma ”Toran Menbire”
u 7 Toras 60sbIIe” KaKOro-TO KOJWYIECTBa IMaiid COOTBETCTBEHHO, TO OyIeM
CTPOUTH BEPOSITHOCTHBIE MOJIE/IN JIUIS YTy IIIeHUsT IIPeCcKa3aTeTbHON CI1oco0-
HOCTHU aJITOPUTMa, TO €CTh MOJIE/b BO3BPAIIAET BEPOSITHOCTD TPUHAICIKHO-
cru K Kytaccy 0 wau 1 - pg ¥ p1 COOTBETCTBEHHO. BBemeM BenduHbl b; = p; *k;
ans ¢ = 0,1 - oTHOINIEHNEe BEPOSITHOCTH HACTYILIEHUS UCXOMA 1, IIPEJICKA3aH-
HOI HaIlleil MOJIEJIbIO, K BEPOATHOCTH, KOTOpyIo maeT BK. /lanHble BeIUInHbBI
- MaTeMaTHUYIeCKOe OKMIAHNE HAINX CTABOK.

Temepb MOXKHO PacCMOTPETH Pa3/IMIHbIE IIOPOIOBbIe 3HAYEHUsT b 11T OT-
bopa 3HAUYEHUi b;, MPU KOTOPBIX XOTHUM CTaBUTH Ha MaTd. Takoit mopor b
JIOJIZKeH OBITH 60JIbIle 1, TaK KakK WHa4Ye MbI Oy/IeM UI'PATh C OTPUIIATEILHBIM
MaTeMaTUIEeCKUM OXKHUJIaHWeM. B OpearnosiokeHuu, 9TO p; - BEPOSTHOCTU
CcOOBITHI, TO M3MeHsIsI TOPOr b MPUHATHS pelIeHuil, Mbl OyIeM BJIMATHL Ha
BBIMI'PBIIIL.
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train_size test_size train_roi

0 500 50 -0.0161334
1 500 100 -0.0295533
2 500 150 0.0188796
3 500 200 -0.033247
e G600 20 -0.0224978
I -] G600 100 0.020901%2
-] 600 150 0.0154973
T G600 200 0.0127306
8 700 50 -0.0425073
9 T00 100 -0.0155961
10 700 150 -0.0233171
11 700 200 -0.0658967
12 800 20 -0.00506773
13 800 100 -0.00514799
14 800 150 -0.0229847
15 800 200 -0.0341113

Puc. 2. Tlouck onrtuMajabHbIX t 1 N

ITosToMy 1 XOTHUM HMCKATh IMEHHO BEPOATHOCTH, & HE IIPOCTO ITOCTPOUTH
bunapubiii Kiaccudukarop. [Ipu BepHOit TunoTe3e, MOYXKHO UCKATD MOIXOISI-
e ko3 dunmentsr or BK jy1st Toro 9To6n! yBEINYUNTH CBOI BBIUTDHIIIL.

[Tepeiinem K J0Ka3aTeBCTBY TUIOTE3bI. i TOTEHIIMAIBHOTO YIIydIle-
HUSl TIPEJICKA3ATETLHON CIIOCODHOCTH aJIrOPUTMa PACCMOTPUM BBEJIEHHE CJle-
JAyromuX rmoporoseix 3uadenwii: 1, 1.01, 1.02, 1.03, 1.04, 1.05.

4. Texaudeckasi peajJn3amus

4.1. Tlouck HamIydIiero ajropurMa

Paznenum BeIOOPKY Ha 2 MHOYXKECTBA, IIPEIBAPUTEIHLHO OTCOPTUPOBAB 10
nare: X1 = {mepsoie 2000 marueii}, Xo = {ocraBmmecss 770 maraeit}. Mo-
Jiesib Oyner obydarbecs C IIOMOINBIO pPaHee BBEIEHHON KPOCC-BAIUIAINU Ha
MHOXKecTBe X1, a IIOCJIe C COOTBETCTBYIOIIMMHI OKHAMU OIleHeHa Ha MHOXKe-
crBe Xo, Ille Ha IEPBOM IIare BBIOOPKA IJjis OOydeHHs OyIeT COCTABJIATD
nociegane 600 maTueit mHOXKecTBa X1. B KadgecTBe Momeneil BHIODAHBI Cite-
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nytorue agroputmbl: Light GBM, XGBoost - omg#u n3 cuiibHBIX ajJroput-
MOB MAIITUHHOTO 00yueHusi. Tak»ke ObLI NCIHOJB30BaH aJrOPUTM CJIYIAHOTO
[IOMCKA JIYUIUX [apaMeTpoB Kiaccudukaropa 1o cerke - Random Search
BMeCTO Tepebopa BCeBO3MOXKHBIX BapuaHToB - Grid Search mo mpuuwnbe ero
TPY/JI0OEMKOCTH.

4.2. AHanns pe3yJabTaToB

st KasKkJioro ajropuTMa IIPOBOANMM Iepebop THIleplIapaMeTpoB, Iepe-
60p Pa3IUIHBIX [TOPOTOB U BRIOUPAEM JIYUIIYIO MOJIE/Ib, COTJIACHO BHIOPAHHOIM
Merpuke. [omyunin cienyromue pe3yabTaThl - Puc.3

D | E|°F 6 | 1] 3] K L
model_ryﬂfeaw v)bord(v] test money |v|test palv|test lo{v|test wiv|testbev| testrol |v
bm  defat 1 -A37000000000001 169 294 26 582 -0007508391065292
lgbm  defaut 10D LOTRGOOORONOON0 25 29 26T 536 00020MMSNTAM
Igbm defout 102 BO7 25 26 40 476 0016953781512605
Igbm defolt 103 45 39 M6 N6 4% 0.010552407407407

f
f

T3

o defakt L0k 0B WM 1w 00
o defakt 105 B w1 76U 00MBRSE

Puc. 3. Illouck myumero mopora - LGBM

Taxum o6pa3omM, MOYXKHO ¢/1e/IaTh BBIBOI, UTO:

1) LightGBM ¢ moporom 1.05 - HamtydImii aJrOpuT™M ¢ TOUKH 3PEHUS
merpuku ROI

2) wroroseiit ROI na Xy cocraBui 3.8%- 970 03HAYAET, 94TO €CIH ObI MbI
CTaBUJIN TI0 TPEJICKA3HUAM HaIlleil Mojesu, To nepeurpasn oor BK.

3) Ilpu yBesimvyeHuu mopora OTCEYEHUs IPOUCXOJUT yBEJUIEHIE METPUKH
ROI

5. 3akJ/roueHue

WTorn nmpoBeaeHHOTO UCCIeI0BAHNS ITOKA3BIBAIOT, YTO METO/IBI MAITTHHO-
ro oOydYeHUsi MOXKHO IPUMEHSITH JJIsT aHAJIN3a CIHOPTUBHBIX MCTOPUIECKUX
NaHHBIX. Takke OHM MOATBEPXKIAIOT CPOPMYJITPOBAHHYIO TUIIOTE3Y O TOM,
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910 MOXKHO yBeandnThb ROI ¢ MOMOIIBIO WCIIOIb30BAHNA IOPOTOBBIX 3HAUE-
HUi JijIg 0TOOpa BEPOATHOCTHBIX MPEJICKA3AHUIA.

[Tosryuennyo Moje/b MOXKHO HCIOJIB30BATL JjIsI UI'PHI HA PBIHKE CIIOP-
TuBHBIX cTaBoK npotuB BK. Bojee Toro, crour 3amernth, 9TO B KadecTBe
ko3 durmenToB BK B JaHHBIX HCIIOIB30BAINCH KOYPPUIINEHTHI Ha, MOMEHT
3aKpBITHSI IPHEMa CTaBOK, KOTOPbIE 3HAYUTEIbHO HUXKE KOIPMUIMEHTOB Ha
live-cTaBku, TO €CTb MPUOBLIL MOYKET OBITH YBEIUYIEHA.

Crmncok aurepaTypbl

[1] ?Kypasnes A.Jl., “Bo3MOXKHBI 1OIX01 K 3ajiade HPOIHO3MPOBAHMUSI
CIIOPTUBHBIX PE3y/IbTATOB METOJAMHU aHAIN3a JAHHBIX , Hnmearexmy-
anvhvle cucmemo: Teopua u npusosicenus mom 25, €N 1, 2021, 63-69.

[2] https://www.sports.ru/tribuna/blogs/teilnahme/1098481.html, “Xox-
KellHasl aHAJINTHKA .

Data analysis methods in the problem predicting sports results
Zhuravlev A. D.

This article discusses the problem of predicting sports results using
data analysis and machine learning methods and determining the
quality of such a forecast. Also giving a comparison of the constructed
model with the model used by bookmakers.

Keywords: machine learning, sports performance prediction, data
analysis, classification.
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ABTOacconmmaTuBHbIE HEIPOHHBLIE CETH B
3ajlade KJjaccuuKalium ¢ ycedYeHHbIM
MHO>KECTBOM

A. A. Xycaenos!

PaccmarpuBaercs Moziesb OIEHKH PHUCKA HEOJIATONPUSATHOTO KJIU-
HIYIecKOro ncxosa 2. Ilpenyaraercs mpuMeHeHe MeTo1a o6y deHns 6e3
yuuTess JJid 3372491 OnHAPHON KJIaCCUMUKAIIMY C 00y 9aIOIIM MHOKe-
CTBOM, MMEIOIIIM €JMHCTBEHHBIN oTBeT. 110/ ycedeHHbIM MHOXKECTBOM
[IOHIMAETCs HE TOJBKO MAaJjioe KOJUYECTBO IIPUMEPOB OJHOIO U3 CJIy-
yaeB (6JaronpUsITHONO WM HEOJIANOIPUATHOLO), HO U JAHHBIE IIOJIy-
9eHHbIE II0CJI€ OYMCTKHU HCXOIHOW Tabsuilpl. HekoTropbie pe3ysibrars
[IPUMEHEHNUs! JTAHHOW MO/IEJIN IIPEJICTABJIEHBI B COBMECTHOM HCCJIE/IOBA~
Hun [1], BBIIOJHEHHOM COTpY/HUKAMU HAIMOHAIBHOTO MEMIMHCKOTO
HCCJIE/IOBATEIBCKOTO TEHTPA TePauuu U MPOMUIAKTUIECKON Me U~
wel M3 PO u mexanmko-maremarudeckoro gaxkyiabrera MY nvenn
M.B. Jlomonocosa.

KurouyeBbie ciioBa: HeiipoHHBIE ceTH, 00ydeHne Oe3 yauTess, aB-
TOACCOIMATUBHBIE HEHPOHHBIE CETH, HEOJIATONPUATHBIN KIMHIIECKUN
HUCXO/I.

1. BBenenne

B uccnenoannu [1| 6buta copmympoBana 3a1ada GuHapHOil Kiaccuduka-
[IUU KJIMHUYEeCKUX COOBITHI Ha OCHOBE aHAJIM30B HalnenTa. PaccMaTpuBaior-
csI cOOBITHS 2-X TUIOB: OjaronpusgTHoe u HebsaronpusaTHoe. /lannbie ObLin
IpeICTaBAeHbI Tabumelr, comep:xkatieit 5062 crpoku n 66 cToIOIOB.

OcHOBHO# IPOBJIEMOIT SIBJISIIOCH MAJIOe KOJTMIECTBO JIAHHBIX HEOJIArOIpH-
ATHBIX coObiTuil. 13 5062 mocTynHbIx coObITHIA:

o 84 HeGIArONPUATHBIX

e 4978 GIaronpUATHBIX

! Xycaernos Apmem Asamosud — acmupanT Kadbeapbl MATEMATHICCKOH TEOPHN HHTEI-
JIEKTYaJIbHBIX cucreM Mmex.-mar. d-ra MI'Y; e-mail: a.khusaenov@mail.ru

Khusaenov Artem Azatovich — postgraduate student, Moscow State University, faculty
of Mechanics and Mathematics, Mathematical Theory of Intelligent Systems department

2pabora BbInOMHEHA 11U TOyIepKKe PODU rpant Ne 19-29-01051 «PaspaGorka anro-
PUTMOB TIPUHSITHSI PEIEHUI JJIsi yIPABJIEHUsS] PUCKAMU HEOJIATOMPUSITHBIX KJIHHUIECKUX
COOBITHI B BBICOKOTEXHOJIOTMYHON MEIUIIMHCKOM OpraHu3allii Ha OCHOBE TexHojorun data
mining»
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Tax Kax HEOJATONPUATHBIX COOBITHN MaJio, TO IpU O0yYEeHUN MOJIE/IH Ha
JaHHOM MHOXKECTBE€ BOSHUKaET BbICOKa:d BEPOATHOCTD OH_II/I6KI/I IepBoro po-
na (6oJbHO MAIMeHT MPU3HAH 30POBBIM). BO3MOXKHO 00YyYIHTH MOJIENIb CO
cMereHneM HauboJIbIeil OMMOKU B 30HY BTOPOrO poja (310pOBbIi HAIy-
eHT npu3HaH 60sbHEIM). [Ipn 9TOM OmEIbKa ocTaHeTcst gomycTuMoiil. B Takom
cilydae JIOIYyCTUMAas JI0JIsl 3J0POBBIX [MAIIMEHTOB OYIEeT JIMIIHWA pas3 MoKa3aHa

Bpady.

Mogenb obydaercs Ha OJArONPUATHBIX COOBITHSX. 1Ipu 0OyvueHUU BbI-
JleJisieTCsl TJIaBHAsI KOMITIOHEHTa MHOXKECTBA, a pPasessroliasl [TOBEPXHOCTH
CIBUTAETCS K IPAHUIAM 3TONO MHOXKECTBA. B cilyyae BOSHUKHOBEHUS OTKJIO-
HEHUsI MOJIEJTH BBIIIIe HEKOTOPOI'O IIOPOTOBOTO 3HAYEHMUST, COOBITHE TPU3HAETCS
HEOJIArOIPUSITHDIM.

2. IlocranoBKa 3aga4m U MOJEJIb

Habop npusnakoB, MeTOnbI IPetoOpadOTKN JTAHHBIX U YCTPAHEHUS IIPOILYC-
KOB II0/IpOOHO ommcanbl B ucciegoBannu [1]. O6osuatmm:

e Y = (y1,Y2, ., Ym) - MHOXKECTBO OTBETOB O COOBITUSIX

o X" = (z1,,%2;,..., Tn;) - MHOJKECTBO U3 N IPU3HAKOB COOBITHUSI 1

o YO ={y; =0y €VY,i=1,m} - kracc 61arONpUATHLIX COOBITHIf
o Yi={y,=1]|y €Y,i=1,m} - kiacc HeOIArONPUATHBIX COOLITH
O6beM JJaHHBIX [OCJIEe yCTPAHEeHUs: 1 06pabOTKY IPOIYCKOB:

o n =23

o YO =2893

o [Y!|=66

Mogeinnb

[Tpumensiach aBroacconuaTuBHas Hefipornast ceth [2] (puc. 1):

e 23 HelipoHa BXOJHOTO cJiost (n = 23)

e 12 HEHPOHOB CKPBITOTO CJIOA

e 23 HelipoHa BBIXOIHOTO cJios (n = 23)

! __ / / /
B xauectse orpera (yuurens) ucnonbsyercs X; = (¥, 75, ..., Th3.) - 1y6-
JITKAT MHOYKeCTBa Npu3HakoB X;. To ecTh BMECTO pelleHns 3a1a91 KJIacCh-
bukammu F : X; — y; umeem F : X; — XZ{.
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Puc. 1. apxurekTypa HelipOHHOI ceTn

Heiiponnasi cerb obyuasach na Muoxkectse Y0 U MHHEMAJIBHOE OTKJIO-
HeHHe 00yJYeHHsI 10 KaxKJIOMY BBIXOIHOMY HEHPOHY IPUHUMAJIOCH KaK IOPO-
rosoe 3Ha4deHne Kiaccudukannn. [locite 00ydeHnsI ceTH HEKOTOPOE TECTOBOE
CcOOBITHE ¥, OIIEHNBAJIOCH KaK:

® Y = ]., €CJIN BO3HUKJIO OTKJIOHEHHUE BBIII€ IIOPOroBOI'O B OJHOM U3
BbIXOJHBIX HeﬁpOHOB

® Y = 07 €CJIN OTKJIOHEHH A 110 BCEM BBIXOJ/JIHBIM HeﬁpOHaM HE IIpeBbIIIaJIo
ITOPOTOBOIO

OYHKINU aKTUBAIMN - CUTMOHUIAJIbHBIE, (DYHKIUS [OTEPh - PA3HOCTD 110
KayKJIOMy BBIXOIHOMY Helipony. OOydeHne mpou3BOINIOCH METOIOM 0OpaT-
HOT'O PACHPOCTPAHEHUS OMINOKN.

PesyabraTsl

TecToBoe MHOMKECTBO cocToso U3 132 cobbituit (Bce cobbitus Y u, co-
usMepuMo, 66 coburtuit w3 Y0). Obyuaromee MHOMKECTBO coCTosio u3 2827
cobbiTHit (Bee ocTambabie cobbiTus Y0). Ha TecToBOM MHOKeCTBE JIOCTUIHYTO
100% TounocTH.

[Tpu nobasiennn 12 HecymecTBEHHBIX NPU3HAKOB [1| gocrurHyTa TOU-
Hoctb 97%), rye 3% - omubKa BTOporo posia (4 3/0pOBbIX HAIMEHTa IPU3HAHBI
GOJILHBIMI).

HeobxonmuMo yIuThIBaTh, 9TO PE3YJIBTATHI MTOJYUYEHBI HA OTHOCHUTEIHHO
HEeOOIBIIIOM TECTOBOM MHOKeCTBe. JIjisT 0ObeKTUBHOI MPOBEPKN HEOOXOIIMM
JIOCTYII K 60IbIeMy 00beMy HeOJIarOnpUITHLIX COOLITHI U PA3INIHLIE STAIIbI
IIOBTOPHBIX TeCTI/IpOBaHI/Iﬁ.
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3. CmMmenieHue poaa OMIMOKM

IIycte A - MHOXKECTBO HEHPOHOB CKPBITOTO CJiosi. JIerko 3aMeTuTh, UTO B
ykazamnoit mogenn (puc.2), qns Fy 0 X; = A n Fy: A — X] Bomonusiercs

Fy(A) = F{'(X) + B", (1)

rae E™ = (e, ea, ..., €,) - ommbKa 00y vIeHus

Puc. 2. OrobpazkeHust B aBTOACCOIMATHBHON HEPOHHON ceTH

Bynem cumtarh, 9TO HElipOoHHAsI CeTh Ipou3Besa obydeHue, eciu K" =
o™, tne 0" = (01,049,038, ...,0,) - HeyCTpaHNMasi ONIHOKa 00y4eHus [3)].

CKpBITHIT Cc10if A 3HAYNTEILHO MeHbInell pasMepHocT (puc.2) ycuim-
BaeT 3HAUEHMUsI, [IO3BOJIAIONINE OCYIECTBUTh obpaTHoe orOpaykenue Fa(A) ¢
HamMeHnbIneil omubkoit £ — ¢, u ocirabiisieT 3Ha9eHns BHOCSAIINE TTIyM. 10-
riaa Fo(A) npu E™ = o™ GyzieM Ha3bIBATD 24a6HOU KOMNOHEHMOT MHOKECTBA

X" (puc. 3).
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Puc. 3. rimaBrass KoMmmoHeHTa MHOXKeCTBa X' B 2-MEPHBIX Cpe3ax
(uepnvie mouru - Fo(A), 6eavie mouxu - X)

Kiaccudukaiiyst TecToBOro coObITHS ¥ BO3MOXKHA B IIPOCTPAHCTBE OIIN-
BOK 3a CUeT OIEHKM OTKJIOHEeHUii OT ryiaBHOil KoMioHeHTbl Fy(A). [Tockosbky
obyUeHme IPOR3BOAMIOCH Ha MHOKecTBe Y0, To mpemoaraercs, 4T0 OTKJIO-
HeHue jyis cobeituit Y Gyner Boie.

B npocrpamcrse omu6ok cobprtist YO GyayT CKOHIEHTPHPOBAHBI B 30HE
uyss, a Y'! pacrpeenenst 1o Bcemy npocrpancTsy. [Ipoussectu Kiaccudu-
KaIMIO Ha [IPOCTPAHCTBE OMIMOOK OyIeT IpoIlle, YeM Ha IIPOCTPAHCTBE MPU-
3HaKkoB (puc. 4)
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Puc. 4. (a) - npocTpaHCTBO NPU3HAKOB B OJHOM M3 2-MEPHBIX CPE30B
(6) - mpocTpaHCTBO OIMHUOOK J7Ist cpe3a (a)
(veprvie mouxu - YO, Geavie mouxu - Y1)

Knaccudukanus B mpocrpancrse ommbok (puc.4(6)) MoxeT ObITh peasin-
30BaHa OTJEIBLHBIME METOJaMU. B JlaHHOl 3a/1a19€ ObLIO JOCTATOUYHO MOPOTo-
BOI'O ycJIoBHUsA (pHC.5) BUIa

1, dej > o4, e; € Ey
e = j = 5> €j (2)
0, V€j<0'j, ejGEk
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Puc. 5. Kinaccudukanmst B IpoCcTpaHCTBE OITHOOK
(veprvie mouxu - YO, Geavie mouxu - Y1)

OmmbKu BTOPOro poja 3/ech - 3To BeIOGpockl Kiacca Y. YMenbineHue
KOJIYECTBA BLIGPOCOB BO3MOXKHO 32 CUET YBEJIMUCHHS JAHHBIX Kiaacca YO
(riaBHAsI KOMIIOHEHTa MHOYKeCTBa OyJier cchopmuposana 6oJiee TouH0). [pu
9TOM YBEJUYUTH OOBEM JIAHHBIX 110 3/J0POBBIM IAIMEHTAM IPOIIE, YeM II0
6OJIbHBIM.

Heobxomnmo 3ameTuTh, 9T0 Ha puc. 4 U puC. 5 IpeICTaBIeHbI 2-MepPHbIE
cpesbl. [Ipu kinaccudukammm B MHOTOMEPHOM BHJIE OITHOKA 3HAUYUTEILHO HU-
ke (1.2 - pe3ysbTarhl)

4. OtTaenbHble 3aMeYaHUsI

3ameuwarue 1. llpu obyennn neitponnoit cetn Buga F @ X; — y; Ha M07100-
HOM MHOKecTBe (1.1) puck mepeoOydenust Kpaiine BeJquK. Tak Kak JaHHBIX
Y'! 3HaunTeIbHO MEHbIIe YO, TO paz3Aesdrolinue NOBEPXHOCTU MOTLYT paclipe-
JIeJIUTHCS KaK IT0Ka3aHo Ha puc.6(0).

(®)

Puc. 6. (a) - gomycrumast obobIaomas crrocobHocTh (6) - mepeodyaeHne

3ameuvarue 2. Jlanuble JTOJKHBI OBITH HOPMAJIM30BAHBI K 00JIACTH JI0-
IyCTUMBIX 3HAaUYeHUNl (PyHKIUN aKTUBAIMKA HEHPOHOB BBIXOIHOI'O CJIOH.

39



Bameuanue 3. KomnaecTBo HEHPOHOB CKPBITOTO CJI0sI A B JJAHHOM CJTy-
Jae mogo0paHo IMIMPUIECKH.

Buipastcaro baazodaprocms npog. Pworcosy A 11 u doy. Cmpoeanosy A.C.
36 06cystcdenus Pabomovl U YEeHHBIE 3AMEYAHUA.
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Autoassociative neural networks in a classification problem with
truncated dataset
Khusaenov A.A.

The adverse clinical outcome risk assessing model is considering. It
is proposed the unsupervised learning method application for a binary
classification problem with a single answer training set. A truncated
set is a dataset with a small examples number of one of the classes
(favorable or unfavorable). A truncated set is also the data obtained
after original table clearing. Some results of this model application
are presented in a research [1] conducted by the scientists of the
National Research Center for Therapy and Preventive Medicine of the
Ministry of Health of the Russian Federation and the scientists of the
Faculty of Mechanics and Mathematics of the Lomonosov Moscow State
University. It is proposed the general method for such problems.

Keywords: neural networks, unsupervised learning, Auto-
associative neural networks, autoencoder, adverse clinical outcome.
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O mocTpoeHnn ABHOII apXUTEKTYPhI
HelipOHHOII ceTu, IIPUOJIMKaIoIiei
KYCOYHO-JIMHEHbIe (DYHKIINN

B.T. IIumiskos!

B pabore paccmarpuBaercs BOIPOC O HAXOXKIECHUHU OIEHKU CBEP-
Xy IapaMeTpPOB apXUTEeKTypbl HEHPOHHOH ceTH, KOTOpas XOpOIIO IIpU-
OIMKAaeT 3aBUCUMOCTHU, OIMUCHIBAIONINECS KYCOUHO-JIMHEHHbIMU (DYHK-
nusivu. OCHOBHOI pe3y/ibTaT paboThl 3aKJIIOUEH B TEOPEME, YTBEPK1a-
IOIIei, 9TO JIIOOYIO HAalepe/]] 33/IAHHYI0 KyCOUYHO-THHENHYIO (QOyHKIMIO
MOXKHO HIPUOJIM3UTH CKOJIb YIOJHO TOYHO HEHPOHHOIN CEThIO C AKTUBA-
IUOHHBIMU (PYHKIIASIMA CATMOWIHOTO THUIA HA JOCTATOYHO OOHEMHOM
MHOXKecTBe. JoKa3aTesIbcTBO JJAHHOI TeOpEMBbI KOHCTPYKTUBHO, TO €CTh
B HEll CTPOUTCS apXUTEKTypa HEHPOHHOI CeTH, YJIOBJIETBOPSIONIAs BbI-
IIIEOITNCAHHBIM CBOIICTBaM.

KuroueBble ciioBa: cxeMbl (DyHKIIMOHAIBHBIX 9JIEMEHTOB, HEHPOH-
HBIE CETH, apXUTEKTypa, aIllpOKCUMaIys (DYHKIIUNA, OIEHKA CBEPXY,
KYCOYHO-JINHEHHbIe (DYHKIIAN.

1. BBegenue

Wcrokn momobubix 3amad Bocxoddar eme K 1900 romy, korma . I'manbepr
chopMyIMpPOBaJ CIHUCOK CYIIECTBEHHBIX MPOOJEM MaTEeMATUKH, B KOTOPOM
10T HOMepOM 13 GbLIT BOIPOC 0 MPEJACTABUMOCTH (DYHKIIUHU 7 TIEPEMEHHBIX B
BUJIE CYHEPHO3UIUN (DYHKIMHA MEHbIIEro IUC/Ia MePEeMEHHbBIX.

B narugecareix rogax XIX seka A.H. Kosmoropos [1], [2], [3] u B.I.
Apnosbg [4], [5] mokazanu, aro 106y HelpepbIBHYIO (DYHKIUIO N TIEPEMeH-
HBIX MOYKHO HPEJCTABUTH B BUJE CYIEPIO3UIME OJHOMECTHBIX (DYHKIUI 1
OllepaIK CJIOYKEHUSI.

B nasbHeitimeM npo mnpejcrasienus, omnucanusie B [1], [2], [3], [4], [5]
BCIIOMHUJIN BO BpeMsl Pa3BUTHA MCKYCCTBEHHBIX HeHpOHHBIX cereil. OmHako
JIAHHBIE TTPEJICTABICHIS OBbLIN JIOKA3aHbl B HEKOHCTPYKTUBHON (hopMe — JIIst
KayKJI0i1 HelpepbIBHON (DyHKIMN 7 EPEMEHHBIX TPeGOBAIOCH NCKATH HOBBIE
ofHOMeCTHBIe (DYHKINU, YIACTBYIOIINE B CYNEPIO3UIMHA. 1Ipn 9TOM sIBHOTO
aJIrOPUTMa TIOMCKa TaKuX (QyHKIWMHA NpecTaBaeHo ne 6wu1o. Ilosromy mam-
HBIE IPEJICTABICHNS He HAIIIA IPUMEHEHHsI B 00J1aCTH HEAPOHHDBIX ceTeli, HO

HTTIuwnsros Baadumup Tennadvesun — acimpanT Kad. 0BmEX Ipo6ieM yIpaBIeHns
mex.-MaT. ¢-ta MI'Y, e-mail: bolotmaks@yandex.ru.

Shishlyakov Vladimir Gennad’evich — graduate student, Lomonosov Moscow State
University, Faculty of Mechanics and Mathematics, Chair of General Problems of Control.
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HAITPABUWIN UCCJIE0BATENEN B HyKHOE HAllpaBJeHne — 0DOCHOBAHUE CIIOCO0-
HOCTell HeffPOHHBIX CeTell BOCCTAHABINBATH WU IIPUOJINKATE OIPeIe/IeHHbIE
KJIACCHI (DYHKITHIA.

Uccnenopanust B 06/1aCTH BOCCTAHOBJIEHUsT W AIMIPOKCUMAIIAN (DYHKITHI
HEPOHHBIMH CeTsIMU Hadasuch ¢ pabor Y. Mak-Kasutoka n V. ITurrca [6], [7],
B KOTOPBIX JIABAJIOCH OIUCAHME MaTEMaTUIeCKON MOJE/N HEHpOHA, a TaKKe
OBLIO IOKA3aHO, 9TO Oy/IeBCKUe (PYHKITUN U KOHEIHbIE aBTOMATHI MOT'YT OBITD
[peJICTABJICHbI HEHPOHHBIMU CETSIMU.

OsHaKO Ha TOT MOMEHT OBLIO He SICHO, KaK IPOU3BOIUTHL O0yUeHUe Heli-
POHHBIX CeTell, TO €CTh KaK IMPOU3BOJIUTH HACTPOUKY UX CHHAITHIECCKUX Be-
coB. IlepBorit agropurm 00ydeHus HEHPOHHBIX ceTeil ObL1 pazpadboran @. Po-
senbsrarroM (8], [9]. Vim 6buta pazpaborana Mo/ie/Ib HEPOHHOIT ceTn, Ha3BaH-
Hasl UM HEPIENTPOHOM, U OIUCAH aJITOPUTM ODYIEeHUsT TAKOW MOJIEJIN.

Bruto nokazano, 9T0 HEKOTOPBIE 33]a4U MOTYT OBITH PEIIEHBI IEPIEITPO-
namu PozenbiiarTa apdexkTuBHee, 1eM KOMIIBIOTEPAMU C KJIACCUIECKOH apXu-
rekrypoit. Onuako B nanbueiimem M. Munckuit u C. Ieiinepr [10] BbistcHmm,
9TO 00JIACTH TPUMEHUMOCTH IEPIEIITPOHOB UMEET CEPhE3HbIE OI'DAHUIEHUSI.
B uwacrHocTu, nMu ObL7I0 IOKA3aHO, YTO JJjis HEKOTOPBIX 33/1a4, KOTOPbIE MO-
r'yT OBITH PEIIeHbI MepIenTPoHOM Po3eHbaTTa, MOYXKET MOTPebOBATHCsT JIMOO
O0YeHb OOJIBINOE THUCIO HEHPOHOB, JIMOO OUEeHBb DOIBINOE KOJTMIECTBO BPEMEHT.

Orpannuenust [10] 6L CHATBHL npu 3aMeHe (DYHKIUI aKTHBAIUN Heil-
POHOB C IOPOTOBBIX Ha cUrMougHbIEe. B KoHIle BocbMuaecsThiX . IIpibenko
[11], K. ®ynaxammu [12] n K. Xopuuk [13] He3aBuCHMO TOKA3IH, ITO JIIOOYIO
HernpepbiBHYIO Ha Kommakre K C R” dyHKIuoo f MOXKHO allIpOKCHMUPO-
BaTb B PaBHOMEPHON MeTpUKE MHOI'OCJIOMHON HEHPOHHON CETbIO C JIMHEHHbI-
MU (DYHKIIUSIMU aKTUBAIUU B [TOCJIEHEM CJIO€ U (DYHKITUSIMU CUTMOWTHOTO
THIIa BO BHyTpeHHuX cjosix. [Ipu sTrom B patorax [11] u [13] Gbuiu mosyde-
HBI PE3yJIbTaThl He TOJIBLKO JIJIsi HEIIPEPBIBHBIX (DYHKITW, HO U Jjist (PYHKIIAN
mpocTpaHcTBa L.

Bwmecre ¢ uccnenoBannsimu [14], [15], [16], B KOTOPBIX 6bLI OTKPHIT U pa3-
BUT aJITOPUTM OOPATHOIO pacipocTpaHenus ommbku, padorst [11], [12], [13]
JIaJIl TEOPETUIEeCKOe 0DOCHOBAHUE Pa3yMHOCTH UCIOJIB30BaHUS HEHPOHHBIX
ceTeil ¢ CUIMOMIAIBHBIMU (DYHKIMSAME AKTHBAIMA M X aBTOMATHIECKOI'O
00ydeHMs [IPU TOMOIIY AJITOPUTMA OOPATHOI'O PACIPOCTPAHEHUST OIITHOKH.

Opnnako nokasarenbersa B paborax [11], [12], [13] 6b1in HeKOHCTPYKTHB-
HBI, [IPU 9TOM HE yTOYHSIOCH, KAKOE KOJIMIEeCTBO HEMPOHOB TPeOyeTcs B3ATh
B KaXKJIOM CJIO€ MMEIOIIeicsa HefpOHHOW ceTH, YTOOBI IpUOJM3UTEH 3apaHee
BBIOpAHHYIO HEIPEPLIBHYIO PYHKIUIO. TakuM 0Opa3oM, BOIIPOC O BLIOOpE pa-
3yMHOH apXUTEKTYPbl HEHPOHHOU CETU OCTaBaJICA UCCJIEJJOBAHHBIM HE JIO KOH-
12, TaK KaK B paboTax yKa3bIBAJIOCH JIOCTATOYHOE YUCJIO CJI0EB B HEHPOHHBIX
CeTsIX, HO HE KOJIMIECTBO HEHPOHOB B KaXKJIOM CJIOE.
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Kpowme Toro, B JaHHBIX paboTax AMMTPOKCHMAIIIN OCYIIECTBIISIINCH CTY-
[EeHYATHIMU (PYHKITUSIME, KOTOPbIE MTO3BOJISIOT C JIETKOCTHIO PEIATh 3a[auu
KJIACCU(DUKAIINY U YIPABICHUsSI, TaK KaK PEIeHns] TMOJ0OHBIX 3a/1a9 OCHO-
BBIBAIOTCsT HA AIIPOKCUMAIMU KYCOUHO-IIOCTOSTHHBIX (DYHKINM, HO OBIBAIOT
Kpaiite HeyTOOHBIMY, HATIPUMED, B 33/1a9aX perpeccun. Tak, K MpuMepy, JJist
IpUOIMKEeHUsT JIMHEHHOW (DYHKIMKM Ha KOMIIAKTE IIPU ITOMOIIN CTYIEHIATON
GYHKINNE ¢ IpUeMIeMbIM KadeCTBOM MOTpedyeTcs TeMm OOJIbIlle HEeHPOHOB,
JeM TouHee Tpebyercs npubimkenne. K Tomy ke, jaxke Ipu MaJeiIneM Bbl-
XO/1e TOYKHU ITPOCTPAHCTBa BXOJHBIX JAHHBIX 3a KOMITaKT K, Ka4deCTBO IIpu-
OskeHnst (PYHKINA HEHPOHHON CETHIO, TMOCTPOEHHON MOMOOHBIM 00pa3oM,
MOXKET CTPEMUTEJIBHO MaJIaTh. DTO ObIBAET HEYTOOHO, €CJIN IIPEJIIIOIAraeTCsl,
9TO BXOJIHBIE JTAHHBIE, HAa KOTOPBIX OYJET MCIOIH30BAThLCS HEHPOHHAST CETh,
HE UMEIOT KaKUX-JI100 OTpPaHMICHUI.

B 2003 romy B pabore [I.B. Anekceesa [17] 6bL10 mOKa3aHo, 9TO B HMH-
TerpajbHOM MEeTpUKe ¢ BecoM JeObIleBa-DpMuUTa BO3MOXKHO MTPUOJIUKEHNE
[IPOU3BOJILHOM m3MepuMoii 1o Jlebery byHKIMT N mepeMeHHbIX JIBYXCIOHOM
HEHPOHHON CeThio, puYeM (DYHKIIUN aKTUBAIUHU IIEPBOTO CJIOS MOTYT OBITH
3aJIaHbl 3apaHee, a Broporo — jimHeiinel. OnHako B pabore [17] He ykasbiBa-
JIach KaKasi-Jrbo OleHKa YIC/Ia HEHPOHOB B KayKJOM CJIoe HEHPOHHOM ceTH, a
HWHTerpaJjbHass METPUKA C BecOM ebObIeBa-IpMuTa siBJIsSIach 0oJiee caaboi
[0 CPABHEHWIO ¢ PABHOMEPHON METPUKOIA.

Haxower, B 2009 roxy B padore B.C. [TosoBuukosa [18|, HeliponHble cern,
MOCTpOEHHbIE 13 Heltponos Mojen Mak-Kamioka u [Turrca, 66110 paceMoT-
PEHBI ¢ TOYKU 3peHHusi cxeM (DYHKIMOHATIBHBIX ssieMeHToB [19]. Takxke B pa-
6ore [18] 6bL10 MOKA3aHO, YTO JTIOOYIO0 KyCOUHO-TNHEHY IO GyHKIHIO (He 06s1-
3aTeJIbHO HEIIPEPBIBHYIO) MOYKHO IIPEJICTABUTL B BHJIE CXeMbl (DYHKIIMOHAIIb-
HBIX 9JIeMeHTOB Hajl 6asucoMm By = {c¢, vy -z, (21, ...,2n),0(x), F(z,y)}, rae
F(z,y) = , 0(z) = Loe2 0. JokazarenscrBo B pabore [18]

0, y<0 0, <0
OBLIO KOHCTPYKTUBHBIM, [IPUYEM B JOKA3aTEIbCTBE OBLIN JIAHBI OIEHKU KO-
JuIecTBa PYHKITHOHAIBHBIX 9JIEMEHTOB, JTOCTATOYHBIX JJIS BOCCTAHOBJICHUST
JII0001 KyCOUHO-JTUHEHHON (DyHKITUH.

Opnnako Gazuc By He MOAXOAWI [UisT 0OyUIeHUsI HEHPOHHBIX ceTeil rpa-
JINEHTHBIMU METOJIAMU WM3-38 TOTO, YTO B HEM HUMEJUCH (PYHKITUH CO BCIOY
HYJIEBBIMU ITPOU3BOJIHBIMUA.

NznaganbHast 1e/ib TaHHOW paboOTHI - PENUTh OMUCAHHYIO pobiemy. Ho
B JaJIbHEHIIIEM T1e/1b ObLITa pacIInpeHa, 10 UCCIeI0BaHust 6oee 0000IIIEHHOTO
basuca By = {c,v-x,> ,(x1,...,xn), [[,,(x1, ..., zn), ()}, THe ¥(x) - 310
HEKOTOpasl IIPOU3BOJIbHAs (DYHKIMs cCUIMOuHOro Tuna [17].

Basuc By 0bl1 BeIOpaH MCXOAs W3 CJIEAYIOMIUX yMO3ak/odeHuit. Ecan
BO3MOXKHO BOCCTAHOBJICHUE ITPOU3BOJILHON KyCOUYHO-TUHENHON (DYyHKIINN CXe-
MaM# (PYHKITMOHAJBHBIX 3JIEMEHTOB Ha i OazmcoMm Bj, TO, B CHy TOTO, 9TO

z, y=0
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F(xz,y) = x - 6(y), Takoe BOCCTAHOBJICHHE BO3MOYKHO ¥ CXeMaMu (yHKIHO-
HAJILHBIX 3JIEMEHTOB HaJ 0a31COM

By ={c,v-z,> (x1,....zn),[ L, (@1, ..., 2p),0(z)}. [Ipu 3amene B 6asuce B3
dbyukuuu 0(z) va o(z) = H%’ noJty4aercs 6a3Hc, B KOTOPOM BCE 3JIEMEHThI
SIBJIIOTCS MU DEPEHIUPYEMBIMI (DYHKITUSIMHA, U B KOTOPOM MOYKHO HAJIeSITh-
cst XOTsi Obl Ha IPUOJINXKEHHE KYCOYHO-JIMHEHHBIX (DYHKIUH cxeMaMu (DYHK-
[IMOHAJILHBIX JIEMEHTOB (Tak Kak MyHKIUs 0 (x) SBJISETCs AlIIPOKCHMAIedi
dyukuun 0(x)). Ho manee Bo3HMKaeT MHTEpeC B PACCMOTPEHHUH elre OoJiee
IIIPOKOTO KJlacca 0asucoB, 1ojydaeMbix 13 Bs 3amenoit dyukimn 0(x) Ha
IPOU3BOJILHYIO (DYHKIHIO ¥)(Z) CUIMOMIHOIO THIIA, ¥ UCCJIEIOBAHUST BOIIPOCA
AIIPOKCUMAITIMN KYCOYHO-JIMHEHHBIX (PYHKIUH cxeMaMu (QyHKIMOHAIbHBIX
9JIEMEHTOB B MOJIyY€HHBIX Oasncax.

Taxum obpazom, 6azuc By gpisgerca 6osee OIU3KAM K KJIACCHICCKOMY
6azucy Mak-Kasmoka n ITurTca, a Takke 60j1ee TOIXOIANIAM JIJTsT OOIIEpH-
HSTOTO TI0/IX0/1a 00y YeHUsT METOIOM OOPATHOTO PACIIPOCTPAHEHUsT OIUOKY (B
TOM ciIydae, Korja dyuknus ¢ (z) saisiercs auddepeHnnpyemMoit).

OueBnao, uTO B 6asuce By 3ajiata BOCCTAHOBJIEHUsT KYCOTHO-JIMHEIHON
dbyuximu B 061mem Bujie (Korya ¥ () - npou3BoJbHas CUrMOuHast DyHKIUS)
HEeBO3MOKHA. [losTOMy B paboTe perraercs 3aa4a arnmpoOKCUMAINN, 8 UMEH-
HO, JIOKA3BIBAETCs, YTO B Oasuce B Jjo0yi0 KyCOYHO-JIMHENHYIO (DyHKIUIO
MOKHO MPUOJM3UTH HA HEKOTOPOM KOMIIAKTE HEHPOHHOW CETHIO CO CKOJIb
YTOMHO OOJIBIIONH TOYHOCTHIO.

[Ipuyem moKa3aTENHCTBO KOHCTPYKTHBHO, & B TIOCTPOEHHON HEHPOHHOMN
CeTH YKa3bIBAETCsI OIEHKA CBEPXY KOJMYECTBa HEMPOHOB B KaXKJIOM CJIOE Ce-
ti. B cuty Toro, 9ro B maHHON paboTe BMECTO HEJIMHEHHON CJI0KHOCTH U
TIyOUHBI [18] HUCHOJIb3YETCH JIpyrasl OlleHKa IIOCTPOEHHOI HEMPOHHOI CXEMBI,
MOTPebOBAJIOCH BBECTH HECKOJIBKO JIOTIOJHUTETHHBIX OMPEIeTeHIH, YTOTHSI-
FOIUX [TOHSITUSI HEHPOHA U CJI0sI HEPOHHOI ceTn B TepMUHAX CXeM (DYHKIIM-
OHAJILHBIX JIEMEHTOB.

Taxke CTOUT OTMETUTH, UYTO B CJiydae HEDOJIBIIOrO BBIXOJAa TOYKHU MPO-
CTPAHCTBA BXOJHDBIX JIAHHBIX 38 MPEIEIbl KOMIIAKTA, BHYTPH KOTOPOTO MPO-
U3BOJIUIOCH 00y UYeHe HEHPOHHOMN ceTH, TaHHas MOJIETb Oy/1eT paboTaTh MPH-
MEPHO C TOil 2Ke MMOT'PEITHOCTHIO, 9YTO ¥ BHYTPH KOMITAKTa. XOTS ITOIPEITHOCTD
HEHPOHHON ceTH MOCTENEHHO YBEININBACTCS IPU YAAJCHIN TOYKH TPOCTPaH-
CTBa BXO/JHBIX JaHHBIX OT KOMIIaKTa, Ha KOTOPOM OIl€eHUBaJiaCb TOYHOCTL Ce-
TH.

Takum obpaszoM, OCHOBHOII pe3y/abTaT JIAaHHON pabOTHI SIBISIETCS KOH-
CTPYKTHUBHBIM aHajioroM TeopeMbl [[pibenko [11], HO TOIbKO jijist HEHPOHHBIX
ceTreil, TOCTPOEHHBIX HAa/l BUIOU3MEHEHHBIM 0Aa3MCOM, KOTOPBIH ya00eH Kak
JIUTsT OOy UIeHNsT HeHPOHHBIX CeTel KIACCHIECKUMU TPaJMEHTHBIMI METOIAMU
(npu BBIGODE, Hanpumep, Y (r) = o(x) = H%)’ TaK M JIJIs PEIeHust 3a/1a4
perpeccun Tpu TOMOIIH HEHPOHHBIX ceTeii. [Ipu 9TOM B Teopeme, paccMoT-
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PEHHOIT B IaHHOI paboTe, JAeTCs OIEHKA KOJUYIEeCTBA HEHPOHOB HA KayKIOM
cJioe, IpU KOTOPOM MOKHO TT000paTh Beca HEHPOHHOM CeTH Tak, YTOOBI OHA
npub/IMZKaja BEIOPAHHYIO KyCOTHO-TMHEHHYIO (PYHKIUIO C 3aIaHHON TOYHO-
CTBIO.

2. OcHoBHBIEe IOHATHA W (POPMYJIUPOBKA Pe3yIbTaTa

st Hadasa onpeJieJIMM OCHOBHBIE ITOHSATHUS, KOTOPBIE UCIIOJIb3YIOTCS B JIaH-
HOI1 craThbe. HelipoHHbIE ceTn MOXKHO PAcCMaTPUBATH C JIBYX TOYEK 3PEHUS.
C oHOIl CTOPOHBI HA HUX MOYKHO CMOTPETH, KaK Ha (DYHKIMH ¢ OOJIBITIM
KOJIMYECTBOM I10/I0MPaeMbIX IapaMeTpoB (BECOB), & € JIPYroii CTOPOHBI — KaK
HA CXEMbI, PEATH3YIOMue T PYHKIUH (TOXKe ¢ OOJIBITIM KOJTMIECTBOM MOJI-
6upaembIx apamerpon). I1osToMy BIOJIHE JIOPUYHO DU PACCMOTPEHHUH HUC-
KYCCTBEHHBIX HEPOHHBIX CeTell CO CXeMaTU4YeCKOU TOUKHU 3PEHUsd BBECTU 110~
usitue Gasuca HeiiporHoil ceru. [Tomumo storo, cienys cebuikam (18], [19] u
[20], mamomuMM ompeneseHust U 0OO3HAUEHHST OCHOBHBIX OOBEKTOB HEHPOH-
HBIX CeTell.

Omnpenenenne 1. Basucom OymeM Ha3bIBATL HEKOTOPBIH HAOOpP YHKIHO-
HaJIbHBIX 3JIEMEHTOB, I'lle KaXKIbIil (OyHKIINMOHAJILHBINA 3JIEMEHT IIPEICTABIISIET
u3 cebst mapy (S, f(z1,...,Zpn)), B KoTOpOit f(x1,..,25) : R" — R, a S - co-
[TOCTABJIEHHBIN el rpaduIecKuii 00bEKT ¢ 1 BXOAHBIMHM CTPEJIKAMU U OTHOIA
BBIXO/IHOM (KpaTKO — BXOJIbI U BBIXOJ 00beKTa S). Bxomam obbekTa S npurm-
CaHbl CJIEBa HAIIPABO IEPEMEHHLIE X1, ..., L, (QYHKIUU [, BLIXOLY IPUIUCAH

BBIXON (pyHKIMA f.

Crour oTMeTHTH, 4TO 0a3MC HEHPOHHON CETH HE SBJISETCS 0A3UCOM C
OOBIYHOI MaTEeMAaTUIECKON TOYKM 3PEHUs, TaK KaK OH 9aCTO sIBJSETCS N30bI-
TOYHBIM (TO €CTh CYIIECTBYIOT SJIEMEHTHI Oa3nca, BbIpazxKaeMble depe3 IpyTue
9JIEMEHTBI Ha3uca).

B kiaccuaeckoit mogenn Maxk-Kasnoka Ilurrca [6] npurnmaercs 6asnc
(1), mpuBeieHHBII HUKE.

By = {C,’}/'$,Z($1,...,l}0,9($)} (1)

B 6asuce (1) ucronb3yrorcst cieyromnye Kiaacchl Oy HKIHiL:

1) Cymmarop - Kaxkgas (DyHKIUsT JAHHOIO KJIACCa CyMMUPYET OIIPe/Ie/IeH-
HOE KOJIMYEeCTBO BXOJHBIX apryMeHTOB U 00o3Hadaercs y , (Z1, ..., Zp).

2) KomcranTa - Kak/1ast QyHKIHs JAHHOTO KJIACCA BBIIAET KOHCTAHTY (y
JaHHON (DYHKIIUM HET BXOJHBIX apryMEHTOB, KaXIblil pa3, Korjga Ha
CXeMy IIPUXOJAT BXOJHbIe CUI'HAJIbI, KOHCTAHTa BbLJAET OJMHAKOBOE 3a-
paHee OIpe/IeJIeHHOEe 3HAYEHHE).
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3) Ycmwmmrens (yMHOXKeHHe Ha KOHCTAHTY) - B JIAHHOM KJIacce KazKiast
byHKIUS yMHOXKAET MPUIIEIIUN Ha BXOJ apryMeHT T Ha (DUKCUPO-
BAHHYIO KOHCTAHTY 7.

4) Oynknus aktuBanmn - B Mogesn Mak-Kasnoka Ilnrrca sta dynkiums
€IMHCTBEHHA U BBILJISIIUT TaK
1, >0
O(x)=<"" "7 ".
0, z<0

I'paduaeckne n306pazkeHus JaHHBIX JIEMEHTOB IIPUBE/IeHbI Ha puc. 1 (a,

6, B, I).

Ounpenenenne 2. Dynuxuyuwro P(x) : R — R 6bydem mnazweamv cue-
moudnot [13], [17], ecau oma me ybweaem wa R w ewnosnsemca, wmo

Paccmorpum ciemyrormuit 6a3uc:
B2 = {07 vz, Z(xla eeny xn)7 H(xh (L2} .%'n), w@f)} (2)
n n

Basuc (2) ommmdaercst or Kiaccuaeckoro 6asmca (1) rem, 94ro B HEM J10-
Gasieno cemeiicTBo dyukimii [ [, (21, ..., Zn), KOTOpPOE OIpeENSeTcs aHaIo-
IU9HO ceMedcTBy . (Z1,...,2,), & DyHKIUsS akTuBanuN 0(x) 3aMeHeHa Ha
¥ (x) - TPOM3BOJILHYIO CUTMOMJIHYIO (DYHKITHIO.

®yuxnun [ [, (21, ..., 2n) Gynem obo3HAYATH Ha CXeMax, Kak Ha puc. 1 (1),
a (z) - kKak Ha puc. 1 (e).

166 VS

) (6)

L]

Puc. 1. qDYHKL[I/IOHaJII)HbIe QJIEMEHTDBI pacCMaTpUBaeMbIX 0a3ucoB

[Toapobree o0 ToM, KaK CTPOATCS CXeMbl (DYHKIINOHAIBHBIX 9JIEMEHTOB U3

3JIEMEHTOB JII000I0 U3 PAcCMaTPUBAEMBIX B JJAHHOI paboTe 6a3UCOB, OIMCAHO
B [18].
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Ounpenesnienne 3. Hetipornom 6 6asuce (2) bydem Ha3veamy GCAKYIO cremy,
BHIMUCAAIOULYI0 00HY U3 CACOYIOWUT PYHKUUL
n
(Y (wi - @) +c) (3)
i=1

usU
n

p(] [ (wi-ai) +0) (4)

i=1
B gopmyaaxr (3) u (4) dynxuyus @(r) nazvsaemes axmueauuonHol
Pyrryuet. B kauecmee p(x) moorcem 6vimv evibpara aubo P(x), aubo x.

B nmanbreiimem, i KpaTKOCTH, HEHPOHBI B cxeMaxX OyiaeM 0603HaYaTh,
Kak Ha puc. 2 (a, 0). Ecan ke DyHKINS aKTHBAINN ¢ ABJISIETCS TOXK/ICCTBEH-
HOI1, TO Takue HeHpPOHBI OyjeM 0003HAYATH, KaK HA puc. 2 (B, T).

e, W | |
W, W, WL ML

o & : i

(a) (6) (s) (r)

Puc. 2. I'pacduueckne obosnauenust ueiiponos (3) u (4)

Curestyer OTMETHTh, UTO caMoii pacrnpocTpanerHoit [20] cxemoii HeiipoHos
(3) u (4) sBasteTcst cxeMa, nzobpazkeHHas Ha puc. 3. B qasibHeiiimmx BbIK/Ia, -
Kax MMEHHO TaKWhe CXeMbI OYyT 3aMEHSATbCsI Ha 0003HAYUEHUS HEHPOHOB.

Onpepenenne 4. Bce netipornv, suda (3) 6ydem nazwveamv weldponamu-
cymmamopamu, a netponv, suda (4) - netiponamu-npodyxmopamu.

Omnpenenenue 5. Bsedem nonamue caoa HeUporrot cemau.

1) Mmnoorcecmso netiponos, 6ce 6x0dve KOMOPHIT HE NOOCOEIUHENDL HU K
KOKUM BHLTO0AM KAKUT-AUOO PYHKUUOHAAOHBLL INEMEHMOB, HA3Z0GEM
HEUPOHAMU NEPBO20 CAOSA.

2) Iycmwv onpedeaeno mHoscecmso Hetiponos n-20 caos. Toeda n + 1-vwm
CAOEM HA308eM 6CE HEUPOHDL, ONA KOMOPLIL BLINOAHANOMCA 00HOBDE-
MEHHO CACOYIOULUE YCAOBUM:
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.
el |
L \-..\
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g " u-;u \___\ ,r’f -
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.-"'rf.:
& "I‘r
.-"l‘

Puc. 3. Cxema neiipona

a) Xoms 6o 00un 6x00 nodcoedurer k 6uxody HEUPOHA N-20 CAOA

6) Bce ocmaswuecs 8xodv. nodcoedurerve Aubo K 6bxodam Hetiporos
us caoes {1,2,...,n}, aubo ne nodcoedurervl Hu K Kakum Hetpo-
nam (mozda cuumaemca, 4mo na 6rod NPUNUMGIOMCHA 6T00HbLE
danmwie).

Taxum 06pa3om, MOKHO KOMOMHUPOBATDH HE OTEIbLHBIE 3JIeMEHTRI Da3uca
CXEMBI, a IeJIble CXeMBbI, pean3yonre Heiponsl. [Ipn koMOuHaIIMM HEITPOHOB
OPYT C APYTOM, OyIyT MOIydaThbCs pa3judHble MYHKINNA, KOTOPbIE U OyIyT
MCCJIeIOBAThCA B aHHoil pabore. Ocobblit HHTEpEC JJIsI JTAHHOTO UCCIEI0Ba-
HUS TPEJICTABJIAIOT TaK Ha3bIBaeMble KyCOUHO-JUHeHHbIe dyHKIun. laaum
UX OlpeJieIeHne, CJIeJlysl olpeiesenusam u3 [18].

Onpepenenne 6. [Tyemv T = (x1,...,&y,) (6z00NBIE CuzHav), 11, ..., 1k
- HeKomopwie 2unepnaockocmu, onpedeasemuvie swvparcenusmu l; = {x €
n
R™|(a;, T) + ¢; = 0} (3decv (a;,T) = Zl aij - Tj - cKaApHOe Npouseederue
j=
sexmopos, ¢; xKoncmanma, a; # 0). Taxowce obosnavum 1;(T) = (a;, T) + ¢;.
Ommemum, wmo ece npocmpancmeo R™ pazbusaemces amumu 2unepnioc-
Kocmsamu Uy, ..., L Ha Kaaccw sxeusarenmmnocmu. Bexmop-pynryus o(T) =
(sgn(ay - T + c1),...,sgn(@x -+ T + cx)) naswvieaemcs cuzHamypol 6eKmopa T
[18]. Kasicdas ee komnonenma nokasvieaem pacnosodicerue mouwku T om-
Hocumenvro coomsememeyrouels et eunepnaockocmu us nabopa {ly, ..., Iy}
Hosmomy danmnasn yrrxyus 00HO3HAUHO onpedeasem, 6 KaKoM Kycke npo-
cmpancmsa aescum mowka T = (x1, ..., x,) € R™.
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Cuenamypoti kaacca bydem ma3vieamsv cuzHaMypy 4100020 8eKMOPAL U3
amozo Kaacca. Onpedenerue KOPPEKMNO, MAK KAK Y BCET MOYEK 00H020 KAAC-
ca odunarosvie cuznamypol [18].

Omnpenenenune 7. [lycmv npocmpancmeo R™ pazbusaemcsa Ha KAGCCH
RY,...,R® ecunepnaockocmamu li,...,ly. Bydem 2o6opumv, wmo f(T) € PL
(asanemes kycouno-aunetinot), ecau f(Z)|pi = bj-T+d; (mo ecmo cyorcenue
na Kaorcouli us kaaccos RY, ..., RS asaaemea aunetinot dymxyued, bj,d; =
const).

Takx>ke BBelleM HECKOJILKO TOJIE3HBIX obo3Hadenuit. Ilycrs [y, ..., - ru-
neprtockocTu. Boszpmem VE > 0 m pacCcMOTPUM MHOXKECTBa

k
Lie ={7 e R"||l;(Z)| < &},i=1,....k. Obosnaaum L¢ = |J Lig.
=1

Boipazkennem Og(T) 6ysem 0603Ha4aTh OKPECTHOCTD pajinyca R HEKOTO-
PO# TOYKHU T.

OCHOBHBIM pe3yJILTATOM JAHHON CTaTbU SIBJISIETCS TeopeMa, B KOTOPOi
YTBEPKIAETCsI, UTO JIIOOYIO KYyCOUHO-JIMHEHHYIO (DYHKIINIO, 33 [aHHYI0 OTHO-
CUTEJIbHO THIIEPIIOCKOCTE (1, ..., [}, MOYXKHO IPHUOJN3UTH HEHPOHHON CXeMOii
Ha 1 6a3ucoM (2) €O CKOJIb YIOJHO GOJIBIION TOYHOCTHIO BCIOJY BHE MHOXKe-
crBa L¢, rae { MOKeT ObITh CKOJIb YTOJHO OJIMZKUM K HYJIIO YHCJIOM.

3. OcHoBHBIE Pe3yJabTATHI

Teopema 1 (o npubimkennn Kycoano-auneiinoit byuxmun). [Tycmo 1y, ..., 1
- eunepnaockocmu, Komopuvie pasbusarom npocmparncmeo R™ na s xaaccos
axeusarernmnocmu RY, ..., RS, us xomopwx s kaaccos obaadatom maxumu
cuenamypamu (sgn(aj - T + ¢1), ..., sgn(ag - T + cx)), wmo sgn(a; - T + ¢;) #
0,i=1,...,k, a f(T) - kycouno-aunetinan Pynryus, 3adanran Had OGHHBLMU
KAGCCAMU IKEUCAACHIVHOCTIU.

Tozda Ye > 0,Y¢ > 0,VR > 0 cywecmeyem netiponnas cemv G(T) nad
basucom (2) makaa, WMo GLINOAKAENCA — SUP |G(Z) — f(Z)| <e. IIpu-

Z€OR(0)\Lg
yem QaHHas Hetponnas cemov obaadaem caedyrowets aprumexkmypoti:

1. Ha nepsom caoe nompebyemcsa ne bosee 2k metiporos-cymmamopos,
umerowur Pynryuto axmusayun @(x) = Y(x);

2. Ha emopom croe nompebyemcesa 28" < 2s' netiponos, us xomopwx s”
Hetiporos umerom dynryuto axkmusayuu () = P(x), a ocmaavrvie " ned-
pornos — p(x) = x. Ipu amom Kaorcud nelipon ¢ GYHKUUAMU GRMUBALUL
o(z) = x na dannom caoe npurumaem na 6xod Kpome 6vr0006 HEUPOHOE
npedudyusezo cros 6eKkmop T = (T, ..., Tn), KOMOPLI AGAAEMCA KONUET 6€K-
mopa, nodaruLezocs Ha HEUPOHbL 8TOOH020 CAOA CEMU;
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3. Ha mpemwem caoe nompebyemces ne boaee s' netiponos-npodyxmopos
¢ mooicdecmeennoti Pyrruyuet akmueayul;

4. Ha wemeepmom caoe nompebyemca o0umn metipon-cymmamop ¢ modic-
decmeenotl pynryuet axmueayu.

Hoxazameavemeso. Badurcupyem npousBosibibie € > 0, R > 0 u paccmoT-
pum muoxkectso O = Og(0) \ L¢. Iokaxewm, aro 3G(T), peanmsyemast Heii-

poHHOIT ceThio HaJ Gasucom (2), Takas aro sup |G(T) — f(T)| < e.
ze0
Sadurcupyem npousposibHoe € > 0. KoHncTanTy d 1107102KUM TaKoi, YT00BI

Yl@+d) > Fupnz > 0n¢(z+d) < 5 upnz < 0. Takast KoHcTaHTa
CYIIECTBYET B CHJIY TOT'O, YTO lim P(x) =0, lim ¢(x) =1 u 9 aBysieTcsa

HeyObIBaloIeit beHKLLI/IeI/I HOHO)KI/IM ¢ > 1 Takum, qTo6b1 [¢(c-&+d)— ] >¢
u (e (=€) +d)— % >, ree =1 (k;-ku)' Do Beerga MOXKHO CJIe/1aTh,
Tak Kak 10 ycjaopuio lim ¢(x) =0wu lim (z) =
T——00 T——+00
Ho rorja Bbimosasiercs:

1 T) >
w(c.li(x)—i—d)e{%gg’l]’ i if (5)

— [l +€/a 1]7 lz(f) < _g
c-(—l;(T))+d) el 2
ble- (@) + d) {[0’ L e
Paccemorpum Teneps kinace RJ | obnanaroumii currarypoit (o7, ..., ai), e
k
BCE a] # 0. IHocTponm dyHKIUIO Z T sqn(ls(z))=o? i(T), Toe T ogn(ls(@))=o (7) =

.7_
{< @Dl el e @ ),

Y(e- (=li(@)) +d), o

(
U3 (5) u (6) crenyer, uro VZ € O BBINOTHICTCS:

o o
T sgn(li (z))=c" () € [5 + &', 1], ecom sgn(l;(T)) = o? (7)

1 .
(T - — J
Tsgn(li(@))=0? (z) €10, > e'l, ecm sgn(l;(T)) # o (8)
Ho rorma momywgaem, uro VZ € O, ecm T € R/, 10

(sgn(l1(T)), ..., sgn(lx(T))) = (o7, .. ,ak) u rorja u3 (7) nonyqaeM, 91O

T gn(ls (@) =o? () 2 5+¢, i e {l,.,k}. A rorma ,Zﬂ-sgn #)=o! (@) >
k
;(% +¢) =1k +¢k.
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Ecin xe VZ € O, 5o T ¢ R’, 1o Bextop (sgn(l1(T), ..., sgn(lx(T))) or-
Jndaercst oT BekTopa (o7, .. ,Ui) x0Tst OBl B ofiHoit KommoHente. Ilycts 310
KoMmmonenTa p, To ectb sgn(l,(T)) # o3. Torna us (7) u (8) noydaem, uTo

T gn(ls(@ )) o] i@ <1,ie{l,..k}\{p}n ngn(li(i)):af(f) <l—e i=p
k

Oricyra Z”sgn b=l S 2 Tagns@)=o! T ¥ Tagnty@)=oi (7)<

k—1+3—¢=k—-1-¢.

Haiizem ycsoBue na €', mpn Koropom

1 1
Sk ke ks —¢ 9

5 + ke 5 € 9)

ke >k-3-¢ e (E+1)d>3(k-1) o> 103 Ho
B34ATOI'O B Ha4aJie JOKa3aTe/JIbCTBa 6, BBITIOJIHAETCA CJICIyIoIee HEPaBEHCTBO!

1k 1(k—1)
T2kt D) 2k 1)

/
e

(10)

nosromy ycsosre (9) BBITOTHSIETCS. '
Taxum obpasom, B3sB T ) (@)= (%) = (0] - ¢-1;(T) +d), nosmyumm, uro
k

VZ € O Bepuo, uro pu T € R cymma . 7 i(T) Beerga GoJibIie
i=1

sgn(l;(z))=0?
TOit 3Ke CymMMBI Ipu T ¢ RV,

[Tostoxkum Tenepb M =3 -((3k+ké')+ (k— 3 —¢€)). B cuny (10)
JTst BbI6paHHOI‘O ¢’ BobimosHsIeTCst yCJ‘IOBI/Ie (9), U3 KOTOPOro Cjeyer, uro
sh+tek#k—3—¢. HO3TOMyk— 3—& <M< ik+ck

Paccmorpum byHKIMO Z ngn( i (7)) =0 (Z) — M u ¥z € O. OueBujHo,

. k )
qro ecoim T € R7, To aﬂsgn(li(i))zag(x) — M > 0,aemT ¢ R, 10
1=

k
;”sgn(li@)):az () — M <0.

_ Flasiee, was m = mm{%k+ ke —M,M— (k - % - s’)}, oIy 9aeM,
k
l; Tsgn(li(@)=0? (T) — M' > m.

Teneps Bo3bMEM CKOJIb YTOAHO Godibioe yucio i > 0 u Vz € O. B cuny
k

awsgn(li@):%j () — M’ > m, moJrydaeM, ITo

1=

q10 Jiist VT € O BBIOJHSIETCS, ITO

TOTO, YTO

3=

k .
(Zl T ogn(ly(@))=o? (T) — M) >punpuT € R m

k .
<Z Tsgn(li(@))=0? (@) - M> <—pupnz ¢ R

i=1

3=
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O6ozmaumm s(€) = #{R/|R/ N O # @}. Ouesnmno, uro s(¢) € NU {0} :
s(€) < &' < s, upuuem, dyuxuums s(§) apasgercs e Bospacratomeii. JIpyruvn
CJIOBAMH, [P YMEHbIIeHNH BeJnInHbl £ > (0 COOTBETCTBYIOIIEE €il 3HaUeHNe
s(§) e yObIBaer.

Ecmu s(§) = 0, To B3siToe £ > 0 okazaaocsk caumkoM Gospmnm u O = .
[Mosromy srobast dyukius omoiiger B kauecrse G(T), B TOM 4ucjie U pea-
Jm3yeMasi HefipOHHO# CeThbIO ¢ TpebyeMoil apXUTEeKTYPOil U MPOU3BOJIbHBIMU
3HAYCHUAMHU €€ [IapaMeTPOB.

[Tosromy 3/1ech 1 nasee Gyjem nosaraTh, 910 $(€) = 1, a, cieioBaTesbHO,
O # @. Taxske, 6e3 orpaHmuenus obIHOCTH, GyaeM cuuTarTh, uro { R R/ N
O#o}=A{1,..,s}

IMonoxum 7(e, R, €) = W

k
U;(z) = <7’fl <; ngn(li(f)):gj(f) - M)), j € {1,...,s(¢}. Hocae wero

2

< 00. OboznaunM

BO3bMEM [ TakuM, 4To0bl it VT € O u Vj € {1, ..., s(§)} Obuin BBIIOIHEHBI
CJIeJyIOIIHE YCJIOBHSI:

;(Z) — 1| < 7(e, R, &) upn 7 € R (11)

|U,(7) — 0] < 7(e, R, &) npu T ¢ R. (12)

Hasee paccMoTpum (PYHKITHIO
G@) =) (b T +d;) - V;(T) (13)

Bosbmem VZ € O. OueBugno, uro dp € {1,...,s(§)} : T € RP. Torna
BEPHBI CJIEJIYTOIIHIE PACCY K ICHUSI:
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j=1
s(8) B
Z(bj T+dj) Vi(T) + (bp T+ dp) - (¥p(T) — 1)) <
T
5(§)
> max|f(@)] - (e, R, €)| + jmax| f(@)] - 7(e, B,€) | =
7
s(£)
(e, R,€) - Y max |f(7)| = (e, R,€) - 5(¢) - max | f(7)] <
j=1

(e R - (5()  max |f@)] +1) =¢ (14)

U3 (14) mememenno cienyet, aro sup |G(Z) — f(T)| < e.
ze0

VAuTBIBAS, UTO T o (7) = 1/1(05 -c-1;(T) +d), dopmymy (13) s

G(T) MOXKHO Ilepenucarhb B CJEJYIOIEM BUJle:

s(§) k
> (- T+dy)-v <7/:1 (Z M ogn(ts(z))=o! () ~ M)) =

j=1 i=1
s(€) u . 4
> (b T +dy) (m-Zw e li(@) +d) - L -M) (15)
Jj=1 =1
L 4 £ ecimn af =1
O6osnauus A = —-- - M = const, 6;; = ¢™ - u
7 0, ecmol =-—1
_ 0, ecnu ag =1
i =\ p , B BoIpazkenun (15), mosygaem cieyrorree mpei-
’ o, ecmo; = —1

crasienue s Gynknnn G(T):
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k
GE) = (b7 +dy) - (3 1 blo] (@) +d) + A) =

j=1 =1 m
s(€) k
> 05T A d) (O 5 (e (@) + d)+
j=1 i=1

k
Z 0 b(—c-Li(T)+d)+A) (16)
=1
Hargee, enast cyeayromnme 0603HAUEHNSI B (16):

c- lz(f) +d=c- (aila;l + ...+ amxn) =
(cap)xy + ... + (cain)xn + (¢ - ajp + d) = pi(T)

—c- Li(T)+d=—c-(anx1 + ... + aintp) =
(—cai)z1 + ... + (—cain)zy + (—c - ajp + d) = ¢;(T),

nosxygaeM dbopmyry (17):

5(8) k
G@) =Y (bj-7+d;) (D5 - (pi(@)+
j=1 i=1

k

+) 6 w(a@) +A) (17)

=1

N — T (—ea:) = o
O6oznaum Jy1s TakoHUIHOCTH (€ - a55) = o, (—¢ - aij) = oy,
t1=1,..,k,j=1,...,n, a Takxke c-a;9 +d = oz;B, (—c-a + d) = ay,. Torma
BEpHO, 9TO:

=\ ot + +

pi(T) = ajjz1 + ... + o) xn + oy (18)
4(T) = ayx1 + .+ o, + o (19)
N3z06pazum cxemy GyHKIIMOHAJIBHBIX JIEMEHTOB [IJIs1 BHIPDAXKEHUSI, CTOsI-
IIEro crpaBa OT 3Haka pasencTsa B (17), yunreBas (18) u (19), a Takxe 3a-
MeHsIsT TPYIIBI (DYHKITMOHAJIBHBIX 3JIEMEHTOB, KOTOPbIE MOXKHO OOBEeINHUTH

B HEJIpOHBI, HA 0DO3HAYECHUST ITUX HEHPOHOB (puc. 4).
Taxum 0O6pas3oM, UMeeM CJIeIYIOIIYI0 apXUTeKTypy Heiipornoii ceru. CeTh

COCTOUT M3 YETHIPEX CJI0EB (HE CUUTas BXOIHOIO CJIOSI), TAK KaK €CJIU pac-
CMOTPETH CaMble JUIMHHBIE IIYTU OT BXOJIa K BBIXO/Y, TO Ha KaXXJIOM TaKOM
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Puc. 4. Heitpornnasi cxema dynkunu G(T)

IIyTH BCTPETUTCSI POBHO 4 3jleMeHTa TaKOro BHUJA, KaK Ha PUCYHKax 8 m 9.
IIpuuem ormeTuM, 4TO:

1) Ha nepsom ciioe norpebyercs ne 6osiee 2k HEHPOHOB-CyMMATOPOB, KazK-
JIBII U3 KOTOPBIX uMeeT pyHKIWMO akTuBanun ¢(x) = (x)

2) Ha Bropom cioe norpebyercst 2s(€) < 28’ HelipoHOB-CyMMAaTOpOB, U3
KOTOPBIX $(§) mTyk nMmeor dyHKnuo aktusamm ¢(z) = ¥ (x), a eme
$(§) mTYK — TOXKIECTBEHHYIO (DYHKIMIO aKTUBAIUK, TO €CTh ¢(T) =

3) Ha rperbem cioe orpebyercst $(€) < s’ HEHPOHOB-IIPOYKTOPOB € TOXK-
JeCTBeHHON (DYHKIINEH aKTUBAIII
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Ha derBeproMm ciioe moTpebyeTcsi 0OJIuH HEHPOH-CYyMMATOD € TOXK/IEe-
CTBEHHOH (DyHKIIMEH aKTUBAIUU

JlamHas apXUTEKTypa IMOJHOCTHIO COOTBETCTBYET apXUTEKTyPE, 3asiB/ICH-
HO# B HadaJle JJOKA3aTEeJILCTBA. ]
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On the construction of an explicit neural network architecture

that approximates particle-linear functions
Shishlyakov V.G.

This work considers the question of discovering an upper-bound
estimation of parameters quantity of neural network architecture
well-approximating particle-linear dependances. The main result of
this article consists of the theorem asserting that any particle-linear
function can be approximated with any degree of precision on the big
part of space by neural network with sigmoidal activation functions.
This theorem has a constructive proof, i.e. neural network architecture
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Yactp 3.
MaTreMaTn4ieckue MOJJIeaNn



KBaHTopHas BbIpa3uMOCTh B JIOTUKE
NpeanKaTOB

I0. C. Kanycrun®

B maremaTuke HOBblE MOHSTUS YACTO BBOJATCH IIyTEM KBAHTOD-
HBIX ompejiesieHnit. [Ipu HaIuIuu 10CTATOYHO GOJIBIIIONO 3aIaca TAKIX
MIOHSATUI OHM MOT'YT TO3BOJIUTH I1epedOPMYIMPOBaTh HOBBIE KBAHTOD-
HBIE OTIPeJieJIeHNsT DECKBAHTOPHBIM 00pPa30M. IDTO JIEJAaeT 3aC/IyKUBa-
IOMIell PACCMOTPEHNUS 3321y OTHICKAHUsI DA3UCHBIX MOHATHI B 3a/1aH-
HOIt IpeIMETHOH 00J1aCTH, KOTOPBIE JIEIAI0T N30OBITOTHBIM JTaabHeliee
KBaHTOPHOE OIIPE/IEICHIE.

B namnoit pabore paccMaTpuBaeTcs KBAHTODHAsl BBIPA3UMOCTD
HeOOoJIBINOi TyIyOMHBI B 4 ajrebpanvecKuxX CHCTeMaX. DbLIH Hal/IeHbI
6a3uChl BBIPA3UMOCTH 151 HEOOJIBIION TIyOUHBI.

KuroueBple ciioBa: JIOTWKa IMPEIUKATOB, KBAHTOPHAs BLIPa3U-
MOCTb, ajJredpanvieckas CACTEMA.

1. BBenenne

Baszucnbie oneparnun u oTHOIIEHNS aIredpandIecKoil CHCTEMBI MOTYT TIOPOXK-
JIATh MPU TOMOIIH (POPMYJT aredphbl JIOTUKU HOBBIE OTIEPAIIMN W OTHOIICHSI.
B mannoit pabore mccaemyeTcst BOSMOYKHOCTD CBEJICHUsT KBAHTOPHON BBIpa-
3UMOCTH TAKWX ONEpaIuii u oTHONIEHNH K OeckBaHTOpHONW. HOBbIe moHATHS
B MaTEMAaTUKE OIPEIEJISIOTCS IIPU MOMOIIN KBAHTOPHBIX KOHCTpyKIwmii. [1pu
9TOM ¥KeJaTeIbHO 0OXOUTHCS MUHUMAIHHBIM KOJTMIECTBOM TaKHUX OMTEepaIlnit
U OTHOIIEHUH, BHIOPAB CUCTEMBI IIOHATHUH, Yepe3 KOTOPhIE KaK MOYKHO 60JIb-
IIee 9ucjI0 APYTUX MOHSITHH MOYKHO OBLIO ObI BRIPA3UTL OECKBAHTOPHBIM 00-
pasoMm.

B pabore ommChIBAIOTCST CHCTEMBI OTHOIIEHUH ¥ OMEPAIHil, ¢ TOMOIIHIO
KOTOPBIX MOYKHO BECKBAHTOPHO BBIPA3UTH B PA3IUYHBIX AJreOPandecKux CH-
cTeMax OTepaIiy U OTHOIIEHNsT, 33 IaHHbIe (hOPMYIaMi (PUKCUPOBAHHOMN TTy-
OWHDI.

Hannasi paboTa 1IpojioJKaeT uccjieloBanusi, Hadarsle B pabore [1].

! Kanyemun IOput Cepeeesuy — acnmpaHT Kad. MATEMATHIECKOH TEOPUM MHTEJIIEK-
TyaJbHBIX cucTeM Mex.-MaT. d-ta MI'Y, e-mail: kapustin.iu@yandex.ru

Kapustin Turii Sergeevich — graduate student, Lomonosov Moscow State University,
Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of Intellectual
Systems.
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2. OcHOBHBbIE ITIOHATHUS U pPeE3yJIbTaThbl

Hamomuum, uto asnredbpanteckoil cucremoit Ha3biBaeTcss MHOxKecTBO M ¢
OIIpeIeJIEHHBIMI Ha HEM OLEpalMsaME U IpeJuKaTaMi. BygeM mpenmnoaarars,
4qT0 OHO comepxkutr &. Curnarypoit S Hag M OyneM Ha3bIBaTh OTOOParKEHME
> : S — F, conmocTaBsioniee 9JIeMeHTaM MHOYKECTBA CUMBOJIOB S ITPEINKa-
Thl U OIEepalyu, onpenenaernbie Ha M. PopMy/bl U TepMbl B CUTHATYpE X
OIIPENIEJISIIOTCST CJIELYIOIITUM 00PA30M:

1) x;, rye x; — cuMBOJI IepeMeHHO# u3 (PUKCUPOBAHHOIO CYETHOTO CIIUCKA
— TepM.

2) Ecmu ¥(s) = f — n—wmecrnas onepanust Ha M, ty,...,t, — T€pMBI, TO
cioBo S(ty,...,t,) — TepM.

3) Ecmm ¥(s) = p — n—MecrHbIl npeaukar, onpejenenusii na M,
ti,...,tp— TEPMBI, TO CJIOBO S(t1,...,t,) — dopmyiIa.

4) Ecmu Py, ... P, — dopmyisr, To ciosa (Pr)\/ -+ \/(Pr),
(P& ... &(Py),—(Py), (P1) — (P2) — dopmyist.

5) Ecin P — dopmyna, z1,...,T, — CAMBOJBI IIEPEMEHHBIX, TO CJIOBA
Vay, ..., 2n(P),3x1, ..., 2
(P) — dopmysr.

6) Eciu P — dbopmyna, x — nepemennasi, 1o set,(P) — repw.

Kaxnast popmysta onpejiesisieT ecTeCTBEHHBIM 00pa30M HEKOTOPBIH IIpe-
JIUKAT, 3aJIaHHbI Ha Habopax 3jgemeHTOB MHOXxkecTBa M. Kakmapiii Tepm
OIIpeIeJIsieT eCTeCTBEHHBIM 00pa30M HEKOTOPYIO OIEPAIINIO, 38 JaHHYIO Ha Ha-
6opax 3jieMeHTOB M, U NpUHUMAIONLYIO 3HadYeHus B M.

YTouHuM noHuMaHue 3HaueHusi repma sety(P), rme P — dopmymna or
CBODOJIHOM TTEPEMEHHOM & U CBODOIHBIX IEPEMEHHBIX X1, . .., Lyn. DYJIEM CUH-
TaTh, 9TO HTOT TEPM IIPU (PUKCUPOBAHHOM 3HAYEHUN CBOOOIHBIX TIEPEMEHHBIX
X1, ..., Ty UMEET 3HAYEHNEM MHOXKECTBO 3HAYEHUN &, /1 KOTOPhIX P npunn-
MaeT UCTUHHOE 3HadeHue. Keim Takoe MHOYKECTBO He OIIPEJIeSIEHO KOPPEKTHO
wim He npuHajyiekut M, 3nadenueM set,(P) nomaraem <.

Eciu npegukar win onepanust f onpemessiercst Kakoi-aubo dhopMysioit
WU TEPMOM B CUTHATYPE X, TO TOBOPHUM, UTO f JIOTHUYIECKN BBIPA3UMO HAJT
F (uepe3 F). Ecim f onpegensiercst (popmysioit wim TepMoM B Y, He CO-
JlepKaluM KBaHTOPOB U OmmcaTe el set, To TOBOPUM, UTO f GECKBAaHTOPHO
(s;remenTapHO) BbIpasumMo Ha F.

Ecnu dopmyna mim TepM CONEPKUT IENOYKY BJIOYKEHHBIX KBAHTOPOB U
ormcaTe el JIMHBL 1, HO HE COJIEPXKUT IENOYKY JJINHBI 60JIee 1, TO HA30BEM
1 KBAHTOBOM TyIyOuHO#N (hopMyJIbl wiu TepMa. Ec/ii mpeiuKaT il oreparimst
f ompenensiercs Kakoit-1u60 popMysIoit WM TEPMOM B CUTHATYPE 2 TUIyOUHbBI
7, HA30BEM IIPEJUKAT WK onepainuo [ n-BblpasuMbiM Hal F.

J1J1sT HEKOTOPBIX aJIrebpanIecKuxX CUCTEM YIAJIOCh HAWTH HaOOP IpeInKar-
TOB U OIepaIlnii, 9epe3 KOTOpble 6ECKBAHTOPHO BBIPAYKAIOTCS BCE PEIUKATHI
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W OTIEPAINHN, N-BBIPA3UMBIE B JAHHOW aaredpamdeckoil cCucTeMe Jijisi MajIbIx
n. Beun Jloka3aHbl CIeIyIoONne Te0peMbl:

Paccmorpum guncsoByio npsimyio R ¢ onpegeéHHoi Ha Helt oneparueit <.

O6o3naunM 4depe3 R MHOXKECTBO RUQR, Ha KOTOPOM OIIPeJIeJIeHbI TIpe-
nuKaTel a € b, a < b.

O6o3HaunM depe3 major(a) oneparuo, 3HadeHne KOTOPOil — MHOXKECTBO
BEPXHUX TI'paHeil MHOXKECTBa a, a d4epe3 minor(a) onepario, 3HaueHne KOTo-
POfi — MHOXKECTBO €I'0 HUKHUX I'DaHe.

Ob6ozuauenust ¢ =7 b u a €2 b OyIeM UCIOJb30BATDH JIJIsT OLEPAINil, 3HA-
YeHHe KOTOPBIX PaBHO 2K ecili MCTHHEH COOTBETCTBYIONIHIT IpeuKaT ¢ = b
u a € b. B nporuBHOM cilydae 3HaUEHHE MTpeJIMKaTa PABHO .

O6osnaunm 1depe3 Crdj(a) npeankar, HCTHHHBI B TOM B TOJBKO B TOM
citydae, ecsid a - OJJHOIJIEMEHTHOEe MHOYKECTBO.

Teopema

Bee npeduxamor u onepayuu, 2-8uipasumvie 8 GA2e0PAUMECKOT CUCTNEME

RU 2R {€, <}, becksanmopro evipasumot Had cucmemoti onepayuli u npedu-
xamos {a € b,R\a,alJb, (—o0,al,
Ja,400),a = @,a =2 @,major(a),minor(a),Crdi(a)}, npuuém 6vi-
pasicerue He codeporcumm  GA0MCEHHLIT dpye 6 Jdpyea onepayuli  6uda
magjor(a), minor(a) u ne codepacum MU onepayuli u NPeduKam NPosepKu
HA OOHOINEMEHMHOCTNG 00HOBDEMEHHO.

Oupenenum oneparuu lip(a, b), rip(a, b).

Buauenue oneparnun lip(a, b) — 9T0 MHOXKECTBO TOYEK, JJIsi KOTOPBIX Pac-
cTostHUe JI0 OJrzKaiieil cjieBa TOUKN 3aMbIKAHIS MHOYKECTBA a OOJIbINe, YeM
paccrosgHme 110 OJIrmKaiiieil cjieBa TOYKN 3aMbIKAHUSA b

Buauenne onepanuu rip(a, b) — 3T0 MHOXKECTBO TOYEK, JiJIsi KOTOPBIX
paccTostHIe 10 bIMzKalieit crpaBa TOYKH 3aMbIKAHUST MHOYKECTBA, & HOJIbIIIE,
YeM pacCTOsiHKE JI0 OJIMKAIIIell clipaBa TOYKU 3aMbIKAHUsST MHOXKECTBa b.

Teopema

Bce onepayuu, 3-svipasumvie 6 arzebpauneckoti cucmeme R|J2R,
{€,<}, Gecksanmopro ewpasumvr Had mHoscecmeom onepayut {a €
b,R\a,alJb, (—o0,al,[a,+0),a =2 &, major(a), minor(a),
lip(a,b),rip(a,b)}

OrnpefeiiM Ha HATYPAJBHBIX YUCIAX U MHOXKECTBAX HATYPAJbHBIX UHC-
nax onepanun div(x), mod (x), sidiv (x), simod (x), int (x). Snauenue ore-
parmun div(x) — MHOXKecTBO JesuTesieil X, mod (X) — MHOMKECTBO KPATHBIX
X, sidiv (x) — obbeuHeHNe COBCTBEHHBIX JIe/TUTeIIei JIEMEHTOB MHOXKECTBA
X, simod (x) — obbeuHeHne COBCTBEHHBIX KPATHBIX 9JIEMEHTOB MHOYKECTBA
X, int (X) — MHOXKECTBO YHCeJI, SIBJISIFOIIUXCS [Tl KasKJI0T0 JIEMEHTa MHO-
JKECTBA T WM JIEJTUTEIEM, WJIN KPATHBIM. JIjist Tex &, 771t KOTOPBIX 3a/IaH-
HOE TaKMM 00Pa30M 3HAYECHUE OJIHON U3 OIepAaIluii He OIPEJIeIeHO KOPPEKTHO
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(mampumep, div(x), ecim X — MHOYKECTBO YHCEJI, & He YUCJIO0), 3HAYCHUE ITOM
olepaluu paBHO .

Teopema

Bce npeduxamov, u onepayuu, 2-66ipasumvie 6 an2edpauveckol cucme-
me NJ2N, {€,]} beckeanmopro evpasumv nad {€,N\, |, div(z), mod(z), =
&, =7 &, int(x), sidiv(z), simod(x)}

OnpenennM Ha ToUKax OysaeBa Kyba M MX MHOXKECTBaX Olepanuu “a, a*,
*a, a**, int(a).

3/1ech 3HAUEHME Ollepalnuy *a — MHOYKECTBO TOUEK, MEHbIIIUX a, OllepaIui

* — MHOXKeCTBO TO4Y€K, OOJIBIINX a, **q — MHOXKECTBO TOYEK, MCHBIIINX

a
XOTb OJHOIO 3JEMEHTa a, a** — MHOXKECTBO TOYEK, OOJILIINX XOTh OJHOIO
sJ1eMeHTa a, int(a) — MHOXKECTBO TOYEK, CPDABHUMBIX C KAXK/IBIM 3JIEMEHTOM
MHOX@KecTBa a. [l Tex a, Jjisi KOTOPBIX 3HAYUEHUWEe OJHOU W3 olepaluii He
OIIpeIeJIEHO KOPPEKTHO, 3HAUEeHNe 9TOi olepalun paBHo .

Teopema

Bcee npeduxamol v onepayuu, 2-evipasumvie 6 as2ebpauMeckot cucmeme
B”U2Bn,{6,§} Ppopmyaot, ne sasucauwets om n, 2de N — NPOU3GOALHO,
becksarmopro evipasumo, wad {€, B™"\,, *a, ax,= &, =7 &, int(a),” a,a**
popmy.roti, ne 3asucawet om n.

IIycTs Z — MHOXKECTBO 1eJibIX unces. Bynem ncnosib3oBaTh 0003HAYEHU S
U, = QZUZ, Uy = U1U2U1. Ha muoxkecrBe U ecTecTBEHHBIM 00pa3oM
3a1aHO OTHOIIEHUE a € b.

Onpenenum snemenTax Us ciieoyiomnye omepaluu:

—a T — MHOXKECTBO BCEX MHOXKECTB, COJIEPKAIIUX a.

— (a) — nepeceuenne Bcex MOAMHOXKECTB a

— U(a) — obbenunenne Beex MOJIMHOKECTB a

— trans(a,b,c) — MHO)kecTBO 3mementoB x u3 Uy, uro (a()z|Jb\z) € ¢

— \(a, b) — MHOXKECTBO TIOIIAPHBIX PA3HOCTEH JIEMEHTOB a U b

st Tex 3HAUEHUI MEepeMEeHHBIX, JJIT KOTOPBIX 3HAYEHUE OJHOW U3 OIle-
paluit He ompeie/IeH0 KOPPEKTHO, 3HAYEHUE ITOM omepanun paBHo .

Teopema

Bee onepayuu, 2-ewvipasumvie 6 anzebpauveckoti cucmeme Us =
U U291, {€}, becksarimopro svipasumovs nad {U1\, U, ax,a 1,N(a), J(a), 2%,

trans(a, b, c),{a},\(a,b)}

3. BeckBaHnTOpHasi BBIPA3UMOCTH Ha MHOXKECTBE
{R|J2%} ¢ curnarypoii {€, <}

Pacemorpum muokectBo R=R 2R ¢ ecTecTBEHHBIM 06PA30M OIPEIEICHHOMN
Ha HeM curHaTypoit {€, <}. IIpu sToM cunTaem npegukar < TPUHIMAIOIIIM
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JIO’KHBIE 3HAYEHUS BCETJIa, KOTJa OH MPUMEHEH He K JIBYM YHCJIaM, a IMPEeId-
KaT € JIOXKHBIM BCErJa, KOrja OH MPUMEHEH He K YUCJIy U MHOYKECTBY.

B 970i1 ri1aBe 9mMcI0M Ha3BIBAETCH 3JIEMEHT MHOXKECTBa R, MHOKECTBOM
— saement muokecTsa | J 2K.

Tak Kak mpuUHAJIEKATh MHOYKECTBAM-3/IeMeHTaM R MOTYT JIMIIb 3/1eMeH-
THI MHOXKECTBA R, JIJIsl JJAHHOTO MHOXKECTBa Oy/IeM MHTEePEeNpPeTuPOBAThL TEPM
sety(P), tne P — dopmyma or cBOGOIHOl I€PEMEHHON & U CBOOOIHBIX TIE€pe-
MEHHBIX I1,...,Tn, Kak {y € R : P(y) = U} — onepanuto oT mepeMeHHbIX
Z1,...,T,, 3HAYCHHE KOTOPOI PABHO MHOXKECTBY BCEX I, IPUHAIJIEXKAIIX R,
Ha KOTOPBIX BEPEH IpeIUKaT, 3ajaBaeMblit hopmysion P.

B pmambmeifmmem MBI Takyke OygeM paccMaTpUBAThL MHOMKECTBA BUJA
{M|J2M} u unrepnperuposars B nux set,(P) xak {y € M : P(y) =1}.

Ob6ozuauenust ¢ =7 b u a €2 b OyJeM UCIOJb30BATD JIJIsT OLEPAINil, 3HA-
deHne KOTOPBIX paBHO 28, ecitu mCTHHEH COOTBETCTBYIONHIT IpEINKAT ¢ = b
um a € b. B npotusHOM Cilydae 3HadeHue mpeaukaTa paBHo J.

Byaem mocsioiino n3y4arh NpeauKaThl U ONEPAIUH, 7 — BBIPA3UMBIE HAJL
R. Haunewm ¢ oneparuii, BLIPA3UMBIX Ha TIEPBOM CJIOE.

Teopema 1. {R\,U,(a €2 b),(—00,qa],la,00)} obpasyrom 6asuc 1-
BuPA3UMBLET onepayul 6 R

HokazarenbcTBo. TepMbl, KOTOPBIMU 3aIAf0TCSI 9TU OIEPAIln, UMEIT
BUJT;:

sety(P(Ai(x,z1,...,2,))), Tae:

P -dopwmyna, 3amatomnias HeKOTOPYIO OysieBy (OyHKITHIO.

A; — GeCKBaHTODHbIE OLEPAIUN BHIA Ty < Tj U Tf € Tj

Byney dyukimio, sagaonyio P, MoxkHO BbipasuTh B Oasuce {—, \/}.
Vcnonb3yst paBeHCTBa:

set,(—P) = R\(set,(P))

seto(PV Q) = (seto(P)) Ulseta(Q))

rpeobpa3yemM TepM K PABHOCUJILHOMY TEPMYy, BLIDA3UMOMY HaJI T€PMaMU
Buza set;(A;) u oneparusvu |J u R\, rae A; — 6eCKBaAaHTOPHBIN TEpPM.

Paccmorpum onepanuu, BbipasuMbie Tepmamu set, (A;):

sety(a € b) = (a €7 b) — ycoBuas omeparus, pasHas R, eciim a € b, u &
uHave.

sety(a < b) = (a <7 b) — yciaoBHag onepanus, paBaas R, ecom a < b, u
< nnaye.

sety(r < a) = (—00,a]. Pesysbrar jgaHHOil oleparuu CUUTaeM PABHBIM
&, eciu @ — MHOKECTBO

sety(a < x) = [a,00). Pesysbrar naHHoil oneparnyu cautaeM paBHbIM &,
€C/IM @ — MHOKECTBO

sety(z € a) = a. [Tomyvaercst TOXKIeCTBEHHAsI OLIEPAIHs], CYIEPIO3UIUIO
KOTOPOIi MO’KHO He PacCMaTpUBATD.
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sety(a € x) = Q.

CiieioBaTe/IbHO, BCe Ollepalluy, BLIPa3uMble Ha IIePBOM ypoBHE HaJ R B
JnaHHOll curHaType GeckBanTopHo Bhipaxaiores Haj {R\, |, (a <7 b), (a €2
b), (—0o0,al, [a,00), @}. Ilpu sTOM BCe omeparun, 66CKBAHTOPHO BbIpa3UMbIe
Yepes JaHHble, 1-BhIPa3uMBbL:

- Eciin onepaiust P Boipazuma tepmom set, (P’), oneparust @Q — tepMom
set(Q"), tne P’ u Q' He comepKaT KBAHTOPOB U OIMCATEJEl, TO Olepanus
P Q Boipaxkaercst repmom set, (P'\/ Q'), onepanus R\ P Boipazkaercs dhop-
mysoii set, (—P')

- Ecin onepanust P BoipasumMa tepmoM set, (P’), To pesysbrar oneparun
P — Hekoe MHOXKeCTBO, 1 3HaueHus set, (P € b), set,(P < b), sety(a < P)
paBHLI &

- Econ onepanus P Bbipasuma Tepmom set, (P'), To sHauenust set, (P €
b), set,(P <b), sety(a < P) paBubl &

- Ecim onepanus P Boipazuma TrepmoM set,(P'), To (a €7 P) Bipaxka-
ercss repmoM set,(a € P'). Ilpu sTom HapyKHbIE Jyisi Tepma P’ onepanuu
HepeceveHnst U JONOJIHEHNs J0 R MOXKHO BBIHECTH:

sety(a € (R\Q")) = sety((—a € P&(x <a\a<x))

setz(a € (Q'UR')) = sety(—a € Q'\/—~a€R)

setg(a € (sety(P")) = sety(P"&(x < a\/ a < z)), eciu P” 3ajaetr ycios-
HYIO OIIEPAIHIO.

[Tpu sTom & tpu nomomu HUKTUBHON IEPEMEHHON BBIPAYKACTCA Uepe3
ocrasibuble onepanun: & = (z <7 (R\x))

Ouepaiust (a <7 b) TakKe BbIpa3uMa Yepe3 OCTabHbIE:

(a <2 b) = (a €0 (~00,b])

OcraibHBIe Ollepalluy He BhIParKaloTcs APYT 9epes Ipyra U, CJIeJl0BaTe  b-
HO, 00pa3yioT Oas3muc:

- ObbenuHenne — eIMHCTBEHHAs JIByXMECTHas OIlepallis, CIOCOOHAasd
NPUHUMATH 3HAYEHUE — OJHOJIEMEHTHOE MHOXKECTBO. YCJIOBHBIE ONEPAIIUN
IPUHUMAIOT TOJIBKO 3HadeHusa R M &, U NPUMEHEHHbI K UX Pe3yJbTaTy OJI-
HOMECTHBIE OIIePAIN TOXKE MOTYT JABATh TOJBKO 3TH 3HAUEHHUS.

- Bce oneparuu, kpome [a, 00) COXpaHSIIOT MHOXKECTBO

{0, 9, (—00,0], (0, +00), R}. Anasoruano onepaiusi (—oo, a] TakzKe HEBbI-
pasuma.

- Onepalnusi pasHOCTH — €JIUHCTBEHHAs, HE COXPAHSIONIAs] MHOXKECTBO
({0}, 2.}

- (a €7 b) TakKe HeBbIpa3UMa 4Yepe3 ocTasibHble onepanuu. Teopema J0-
KazaHa.

Teopema 2. sce 1-6vipasumvie 6 R npedurxamo, u onepayuy 6vipadumst 4epes
{R\,U, (a €2 b), (—00,al,[a,+o0),= &}.
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PaccmorpuM  1-BbIpasumble NpeAuKaThl. Be3 orpaHudeHus OOIHOCTH
MOXKHO PAacCMOTPETh IIPEJIMKATHI, 3a/[aHHble (OPMYJIOii BH/Ia

V(A1 V-V Ap),

rjae A; — GecKBaHTOPHBIE (DOPMYJIbI MM UX OTPUIAHUS. 3aMETHM, UTO
npeukar @ < T WCTHHEH TOrJa U TOJBKO TOIJA, KOIja & Iucao. I1ocKoIb-
Ky dopmyna Vz(A;\ -V A,) paBrocmwibaa dopmyne Vr(((x < z) —
(A1V---VA))&Yz((-x < x) — (A1V---V A4,))), 3azaga ceogures K
OIMCAHMIO NPEJMKATOB, BbIpaxkaemble dopmyiaamu suga Va((z < x) —
(A1 V-V Ay)) 1 v V(-2 < 2) = (A V-V Ay)

Bee mnpemmkarsl, BblparkaeMble MepBOi (OPMYIIO, BbIPA3UMBI KAk
setz(A1V -V A,) = @. CiefoBaresibHO, OHU BBIPA3UMbI HaJl CEMEHCTBOM
{R\,U, (a €7 b), (=00, al, [a,0),= T}

Paccmorpum npesukarsl, Bbipasumble dbopmysioit suga Vo ((—x < z) —
(A1 -V A4,)). lIpr sTOM MOXKHO CIHTATH, YTO BCE aTOMapHbIE (DOPMYIIBI
A; conepxar x (nHaYe X MOXKHO BBIHECTH 3a KBaHTOD). Kpome roro, 3aBu-
CSAIIUM OT X SIBJISICTCH TOJIBKO 3HAUEHHE aTOMapHBIX GOPMYT BHIA T € T U
ux orpurianuii. Ciie/I0BaTEILHO, IPE/UKAT, BBIPA3UMBIi 9T0i (HOPMYIIOit, B
JISIETCsI TIPOBEPKOIi CYIIECTBOBAHNS MHOYKECTBA, COJIEPIKAIIETrO HEKUil CINCOK
9JIEMEHTOB U HE COJIEPIKAINEr0 JIEMEHThI U3 HEKOTOPOro Apyroro crucka. Ou
BbIpA3UM Yepe3 IPoBepKy Ha npuHajyiexkHocTb R (z € (R\)) u paBeHcrso
ssteMenToB R ((—o0, a]\(—o00,b] = @&(—o0, b]\(—00,a] = @))

VTBep:KaeHne JOKA3aHO.

Onwuiem onepanuu, 2-BbIpa3suMble HaJl JIAHHBIM MHOYKECTBOM.

O6osHaunm depe3 major(a) olepanuio, 3HaUEHHE KOTOPOil — MHOXKe-
CTBO BEPXHMX TpaHeil MHOKECTBa a, a 9epe3 minor(a) ONepaluio, 3Hade-
HUE KOTOPOMl — MHOXECTBO ero HUKHUX rpaneir. OupeenM onepanund

lip(a,b),rip(a,b), tae tae 3nadenue oneparwu lip(a, b) — 9T0 MHOMXKECTBO
TOYEK, I KOTOPBLIX PaCcCTOsSHHUE 10 OauzKaillmeil cjieBa TOYKU 3aMbIKAHUS
MHOYKECTBa, a GOJIbIIe, YeM PacCTOTHUE JI0 OJIUKANIIei cleBa TOYKI 3aMbIKa-
Husi b, a 3HaveHue onepanuu rip(a, b) — 3T0 MHOXKECTBO TOUEK, JJisi KOTOPBIX
paccrosHue 10 OryKafIeil cipaBa TOYKH 3aMBIKAHUS MHOYKECTBA, a 00JIbIIe,
YeM paccTodHue 10 OJIMzKailleil clipaBa TOYKU 3aMBIKAHIS MHOXKECTBA b.

Teopema 3. Bce onepayuu, 2-cvipasumvie na mmoocecmee {R[J2R}
nad mmoorcecmeom npedukamos {€,<}, 6eCK6aHMOPHO BLPASUMBL HAOD
{R\,U, (—00,4q],[a,0),= &, =2 &, major(a), minor(a)}, npuuém onepayuu
major(a), minor(a) 6 6eCKEAHMOPHOM GHIPAACEHUU HE BAONHCEHDL OPYe 6 OPY-
ea.

JokazaTeabcTBo.
Bcee Gynesbl dbynkuun Bbipazkatorcs Haj dyukuusyu {—, \/}, KoTopbie
MO>KHO BBIHECTH 3a Set:

sety(-A) = R\A
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set,(A\V B) = AUB

CJ1e10BaTe/ILHO, IOCTATOYHO PACCMATPUBATD OIEPAINH, BHIPA3UMbIE TEp-
mamu Tuna set;(A = @), rae A — 1-BbIpasuMblil TepM.

Eciu A He cOfepKUT 2, TO JIAHHBIH T€PM 3a1a6T Ty Ke OIEPAIHIO, ITO U
TepMm A =7 &. llpu sT0M yciIoBHas onepanus a =7 &, Oyayun 100aBIeHHON
k mHoxkecrBy {R\,J, (a €7 b),(—00,al,[a,0),a = @} nososster HGeckBan-
TOPHO BBIPA3UTD YCJIOBHYIO onepanuio (a €7 b):

(a € b) = (0\{a}) = 2,

e {a}, onpeieisemas Kax IycToe MHOXKECTBO, ecii a € 28 — BrIpasn-
Masi OlepPaIlHst:

{a} = (=00, a]([a, o) (onepanusi (] BIpa3uMa eCTeCTBEHHBIM 00PA30M).

PaccmorpuMm onepanuu, BhipasuMble Tepmamu Buga set,(A = &), rue
TepM A COIEPXKUT .

Tak kak | — Beipasumas vHa {R\,|J} omepanus, tepm set, (A = &)
BBIPaKaeT Ty 2Ke OIEePAINio, ITO U TEPM

setyz(A({z} = &AN(z,+0) = Q&AN(—o0,2) = @) =
set,(AN{x} = @)U setz(AN(x, +o0) = @) | set(A(—o0, x) = ).

Ciie1oBaTENILHO, JJOCTATOYHO PACCMOTPETH HPEJIUKATHI U OIEPAIUH, Bbi-
pasumble TepMamu BHIOB sety(A( [z} = @), setz(A((z,+o0) = @) u
sety(A(—o0,z) = @).

Eciu Boipazkenne A comepKuT ycjioBhyio onepanuio (a € be), TO Tepm
setz(A({z} = @) BbIpaxkaer Ty Ke OLEPAIHIO, YTO U TEPM

setz(B({z} = @) setz((a € b)) U(setz(C(Hz} = @) (R\setz(a €
b)),

rje repM B mosyden uz Tepma A IyTéM 3aMeHBI BCEX BXOXKJIEHUIl orie-
panuu (a € b7) Ha R, a repm C nosyden u3 Tepma A myTéM 3aMeHbI BCeX
BXOXK/IeHuit oneparuu (a € by) Ha &

CJe10BaTEe/ILHO, yCTPAHUB [0 MHLYKIUH 110 BJIOXKEHHOCTH BCE BXOXK JICHUS
YCJIOBHOIT onepaiun, 6e3 orpaHuueHust OOIHOCTH MOYKEM CYUTATh, 9TO A He
COJIEPIKUT BXOXKJICHUsI YCJIOBHOM OTepaIuu.

Tak:ke ecim B BBIPasK€HUM BCTpEdaroTcst onepanuu (—oo,al u [a, +00),
rje ¢ — MPOU3BOJIbHBIN TepM, He SBJSIOMUICSI CUMBOJIOM IIEPEMEHHOH, TO,
IIOCKOJIbKY PE3YyJIbTATHI BCEX Olepanuii n3 HailjleHHOro 6a3nca 1-BbIpasuMbIX
[PEJINKATOB SIBJISIIOTCS MHOYKECTBAMU, TaKUe OllePAIliU MOYXKHO 3aMEHUTH Ha
.

Bce BXOXKJI€HUST [IEPEMEHHBIX, KPOME BXOXKJIeHUil B onepanuu (—oo,al u
[a, +00), MOXKHO 3aMEHNTH Ha BbIpaykeHue set(x), KOTOpoe OIPEJIeIsIeTCs KaK
x|Jz, 9To paBHO IyCTOMY MHOXKECTBY JIsl &, HpUHaJIexKaiero R, u pasuo
CaMOMY T, €CJIH T — MHOXKECTBO.

Ciie1oBaTENILHO, MOXKHO CUUTATH, YTO A IpejicTaBisieT coboit HEKOTOPbIIi
TepM, BbIParKeHHBIT Ha 1 6eCKBaHTOPHBIME TepMmamu set(a), (—oo, al, [a, +00)
upu nomornu onepanuit (alJb), (R\a). Vcnons3yst paBeHcrsa:
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R\(R\a) = a (Tak Kak a — TepM, 3HAYEHHE KOTOPOI'O — MHOYKECTBO, a HE
YHCIIO)

R\(bJa) = R\bR\a

R\(b(Na) =R\bUR\a

aN(bUe) = (aNb) UlaNe)

HOJIy9UM DaBHOCHJIBHBIH A TepMm, BblpakeHHbI Haj set(a), (—oo,al,
[a, +00), Tae a — nepemennas, npu nomomnu onepanuii alJb, a()b, R\A,
rJie BHEIIHEH oneparueil siBjsieTcst epsasi, mocjie Heé UjET Bropasi, a TPeThsi
siBjisiercsi BHyTpeHHeii (dbopma, ananornanas JJTHD).

IIpn »stom mockosbky Setz((A1lJ---UAn)p(x) = &) pasuo
sety (A1 Np(x) = @) setz(An(p(z) = @), KocraTodno paccmaTpu-
BaThb olepaiuu, Bbipaszumble Tepmamu Buga set;((Ap (- 4n) p(z) =
&), re A, ecTh OJIHO U3 ATOMAPHBIX BhIpaxkeHuit — set(a), (—oo, al, [a, +00),
rje a — nepementast, 6o R\ B, riae B — aromapHoe BbIpazkenue.

O6ozuaunm yepes C obbeuHeHne Beex A;, KOTOpble He cojepxkar X. 11o-
ayunm Beipaxkenne Buja sety(C' (A1) An) p(x) = @), rae Bee Ay
comepxar x, a p(x) nmeer Bug {x}, (—oo,z) win (x,+00).

IIpu sTOM pesynbrar 9TOil Onepanuy He SBJIATCS IIYCTHIM MHOXKECTBOM
B TOM H TOJILKO B TOM ciiydae, ecau Bce A; Bkiovaor p(x) ({z} Brioua-
101 (—o0, 2| u [z, —00), (—o0, z) BkiouaoT (—oo,z] u R\[z, +00), (x,400)
BKJIIOUAIOT [, +00) u R\ (—00, ] — TO ecTh BKIIIOUEHNE OLPEIEIEHO Ha (Hop-
MAJIbHBIX BbIPAzKEHUsIX-TEPMax, 1 He 3aBUCHUT OT 3HAUEHUsI ). B 9TOM cirydae
TepM paBHOCHJIEH TepMy set,(C () p(z) = 2).

Tepum set,(C'({z} = @) paBrocuien repmy R\.

Tepwm set,(C((x,+00) = &) paBuocuiien tepmy major(C)

Tepm set,(C()(—o0, ) = @) pasaocuien repmy minor(C)

YrBepxKaeHne J0Ka3aHO.

Hait1éM Bee mpetuKaThl, 2-BhIpasumble Ha MaoxKecTse {R | J 2%} mas mmo-
kectBoM onepanuii {€,<}. B gambneiimeM Jyist 0603HaYEHNS IpejuKaTa
"z n-snemenTHo"OyeM ucnosb30BaTh 0603HaueHue Crd,(z), mis 0bo3HA-
JeHHsI OllepAIiN, BEIpasuMoii TepmoM "sety (x n-sinementro)"kax Cardy ().
Dra oneparys IpUHUMAET 3HaUeHne R, ec/ii & n-3j1eMeHTHO, U & B IPOUBHOM
ciyJae.

Teopema 4. Bce npeduxamuv, u Onepayuu, 2-6vipadumvie Ha MHONCECTNEE
{RJ2%} nad mnoorcecmeom npeduxamos {€,<}, becksanmopno cuipasumol
nad {R\,J, (—o0,al], [a,00),= &, =2 &, major(a), minor(a)}.

Bcee npeduxamovr u onepayuu, 2-66ipasumovie HG MHOHCECMEE {RUQR}
nad mmoorcecmeom npedukamos {€,<}, 6eCK6AHMOPHO BLPASUMBL HAOD
{R\,U, (—00,4q],[a,0),= &,=2 &, major(a), minor(a),

Crdy,(a)}, npuuém svipasicenue ne codeporcum eaodcernuix dpye 6 dpyaa one-
payut euda major(a), minor(a) u ne codeporcum smux onepayul u npedu-
Kam nposepru Ha 00HOINEMEHMHOCTNY 00HOBDEMEHHO.
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JlokazaTeabCTBO.

Kaxk u npexe, nockonbky Vo ((x < z) — (A1 -V An))

=set, (A1 -\ An) mOCTATOIHO PACCMOTPETH BBIPA3UMOCTH MIPE/THKA-
TOB, 3ajaBaeMbIx dhopmysoit Buna Vo ((—x < z) — (A1 -V 4n)), tae 4,
— 1-BbIpa3uMBIil IPeMKAT, BHEIIHSsI Ollepaliust KOTOporo — = & (II0CKOIbKY
5TO eJIMHCTBEHHDII IpeiuKaT 13 6asuca 1-BBIPA3UMBIX IIPEJIUKATOB U Ollepa-
IWit), U TP 9TOM Bce A; COJEPKAT .

Kak n mpexkie, oT BXOXKJIEHUs yCJIOBHOI onepanyun a €7 b MOxKHO u36a-
BUTHCs, j100aBuB npeaukar €. leiicrsurensuo, A = B&(a € b)\/ C&(—a €
b), rue dopmysna B nosyuaercs uz A myTéMm 3aMeHbl BCeX BXOXKIEHUN a €7 b
Ha R, a popmysa C nosyaaercs w3 A myTéM 3aMeHBI BCEX BXOXKIEHUN a €7 b
na &. [To MHIYKIUK 10 BJIOXKEHHOCTH U YHC/IY HPEIMKATOB MOXKHO JIOKA3aTh
HaJIM4IMe PABHOCUJIBHOTO A NpenKaTa, He COIEPKAIINEro €, HO COJEPKAIIEro
ISH

Takx>ke Kak u panee, 6e3 orpaHutdeHus OOITHOCTA MOXKHO CUUTATH, UTO X
He BXOJUT B KAQuecTBe [ePeMEeHHON HU B OjiHy oneparuio (—oo,z) u (x, +00)
(Tak KaK X — MHOXKeCTBO). BoJjiee Toro, 6e3 orpaHuyeHust OOIIHOCTH MOYK-
HO CYUTaTh, YTO B 3TH ONEPAIUU BXOJAAT TOJBKO nepeMennbie. O6o3Ha-
YHMB JIAHHBIE OIIEPAIMU HaJ CBOOOJHBIME HEPEMEHHBIME 3 HOBBIC IIEPEMEH-
uote (y; = (—o00,2;], 2z = (z;,+00)), HOJYIUM KBAHTODHBIH HPE/UKAT HaJl
ﬂ» U7 = R\

[To nokasannomy st Uy B crarhbe [1| yTBep:KieHHIO, B 3TOM ciydae
nannas dopmysa Beipazuma depes onepanuu [, J, €, R\ u npemuxars n-
9JIeMEHTHOCTH (M3 JI0Ka3aTesIbCTBa yTBePKIeHus it Uy Ciieyer, 9To Bbl-
pazum jiminb npeaukar (0-+0-+1)-3/eMeHTHOCTH, TO €CTh OIHOIIEMEHTHOCTH ).
IIpu obpaTHoit 3aMeHe HOBBIX IIEPEMEHHBIX ¥Y; U 2; Ha UX 3HAUEHUSA K ITOMY
CIUCKY J00aBATCS IPEAUKATEL ¥ = (—00, 4], 2; = (x4, +00).

CileioBaTe/IbHO, K CHCTEME, BBbIPAXKAIOIIeil Bce 2-BbIpA3UMbIE IPe-
JIMKATBI ¥ 1-BBIpasuMble NPEJUKATBI M OIEPAIUU  JOOABJSIETCA TOJb-
KO Tpemukar ofHodjiemenTHoct. Ho on 1-Bbipasum dopmynoit (—z =
@&\ (major(z) (| minor(major(x))) = &). YrBepKieHue J10Ka3aHO.

PaccMoTpuM Bee 3-BbIpa3uMbIe ONEPAIUy.

Teopema 5. Bce 3-swvipasumvie 6 R nad {<, €} onepauuu swpasumvr nad

{R\,, (=00, a], [a,0),=2 &, major(a), minor(a),lip(A,C),rip(A,C)}

Kak u npexe, I0cTaTOuHO PACCMATPUBATE OllEPAIUH, BbIPA3UMbIE Tep-
Mamu T sely(A = &), u set,(Crdi(A)), rae A — 2-BbIpa3uMblii TepM.

Ecin A se conepxkur x, 10 TepMm set,(A = &) 3amaér Ty )ke onepa-
nuio, uro u repMm A =7 &, a repM™m set,(Crdi(A)) — Ty XKe ouepanuio,
aro u TepMm Cardi(A) = @72 — Beipasumsrit nag {R\,J, (—oo, al, [a, 00), =2
@, major(a), minor(a)} repm.
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Tak ke, KaK M NP [OUCKE CHCTEMBI ONEpaIuii, BHIPAsKAIONMX BCe 2-
BBbIPA3UMbIE MPEIUKATHI, 0€3 OrpaHuYeHns OOIIHOCTH MOYXKHO CUUTATDb, UTO
A He COAEPKUT BXOXKJICHHsI YCJIIOBHOW OIIEPAIUH, & TaKyKe 4YTO Olepaliu
[a, +00) u (—00, a] nIpuMeHEHBI TOJIBKO K [EPEMEHHBIM.

Ecisn 3-Beipasumast oneparust 3aaércst repmoM set, (Crdy(A)), To Tepm
A He cozepxkut onepanuii minor u major. B aroM cirydae A Bbipazkaercs de-
pes {R\,U,a =2 @,Crdy(a)} manx x;, y; = (—00, ], zi = [x;, +00). U3 Teo-
pembl Jyist Uy coefryer, uro oneparop set, (A = &) GeCKBAHTOPHO BbIPa3UM
HaJl 9TUMU OIl€epalUudMU U YCJIOBHBIMU OIll€epallusAMU N-3JIEMEHTHOCTU Ca,rdn.
ITpu 9TOM 9TH YCJIOBHBIE OIIEPAIUH BHIPA3UMBI Ha/[ ollepalisiMu =7 &. Takxke
OHM BBIPA3UMbI HaJI OIEPAIUAME MINor U major u \. 9TO BEPHO, HOCKOJIb-
Ky 3Hadenue minor(major(a))(major(a) ectb TOUHAS BEPXHsis IPAHb a, U
onepaius Card,(r) BbIpakaeTcsi peKypPCUBHO:

Card,(z) = Card,—;(x\sup(x))

PaccmorpuM oneparum, BbipasuMble TepMaMu Buja Sety(A = &), rue
TepMm A comepxur x. U3 yrBepKaeHuss 4, a TakxKe TOro, uro A = & 2-
BbIpa3MMasi Ollepalius CJIeJIyeT, 9To A He COIePKUT BIOKEHHBIX JIPYT B Jpyra
omnepanuit minor u major.

Kak u B ciydae 2-BbIDA3UMOCTH, JIOCTATOYHO DPACCMOTPETH IPeJIu-
KaTbl M olepanud, BblpasuMble Tepmamu BuioB setgz(A({z} = ©),
setz(AN(z,+00) = @) u setz(A[)(—00,x) = @). Aranmorudno ciydaio 2-
BBIDA3UMOCTHU JOKa3bIBACTCsd, YTO JOCTATOYHO PacCCMaTpUBATDL IIpEJIUKaATBI 1
oneparu Bug, set,((Ai1():--(An)Np(z) = @), tae A; — omHO U3 aro-
MapHBIX BbIpakenuii — set(a), (—oo,al, [a, +00), rue a — nepemMeHHasi, Jiu-
60 R\B, rme B — aromapHoe BbIpayKeHHEe HJIN OIEpalisi ¢ BHEIIHE ore-
panueit major win minor, u omnepangoM, BeipasumbiM Haj {R\, ], (a €7
b), (—o0,al,[a,o0),= &}.

Ecmu p(x) mveer Bun {z}, 1o sety((A1()---NAn)[Hz} = ©) =
sety (A1 (WHz} = @)+ setz(A1{z} = &) Ilpu srom set, (A ({z} =
&) = R\, ce10BaTe/IbHO, B 9TOM CJIydae Olepalus 2-BbIPasuMa.

Paccmorpum ciyqait p(z) = (x; +00). AHAIOIIYIHO JOKA3aTEIbCTBY CIIy-
Jasi 2-BBIPA3UMOCTH MOYKHO M30ABUTHCSI OT BeeX A;, cojepKaliux T U He
HMEIOIIUX BHEIHe olepanuu minor uad major. Takxke oboznaunm C =
A, NN Ai,, toe A, ... A;, — Bce A;, conepxariue X.

IMostynM paBHOCHIIBHBIHA nCxoHOMY TepMmy TepM sety((Bi (- -+ () Bn)
NCN{z} = 9), tae repm C He comepKuT X, a BCe TepMbl B; comepkar
ero, MMeIOT BHEIIHIOI OILEPAIUIo MInor WA MAajor U BbIPAXKAIOTCS Uepes3
N, R\, J nas nepemennbivMu u Tepmamu Buja [a, +00), (a, —oo]

3aMeHUM KaxKJIblil TepM B; HAa PABHOCHUJIBHBIN T€pM, B KOTOPOM BHEIII-
uss omeparust — |J, 3arem wiaér (), a 3arem — R\. ITosb3ysice Tem, uro
minor(AJ B)= minor(A)(minor(B), BeiHecem onepaimio | 3a ckobku

in
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(1, ecau HEOOXOIMMO, CHOBa OObEJIMHUM BCe OIEPAH/IbI [IEPECEUeHns], He CO-
JieprKaIme ).

[Tocste sTOrO KaXK LI TepMm B; OymeT uMeTh WiIn BUT

major(D;i () () Din), wm minor(D;()--() Din). Kax u panbiue,
o0beIMHUM OllepaHIbl, He cojepzkaiine X. Torma Bce B; OyayT nMeTb BU/I
major(E; (\Dii ([ Din) nim minor(Di1 (- () Din)-

Hanee, mna kaxzgoro B; D1 ()« Din BKIOUaeT(B yKa3aHHOM DaHee
cMbicsie) mn He BRiodaer {x}, (z,+00), (—oo,z). Kpome Toro, jyust kax-
noro B; setz(O) moxHO BeIpasuth Kak (sety(0) () E;)&(set,(0) ((R\E;)).
[Tpu paGore ¢ nepBoil yCJIOBHOI onepanmeii MOXKHO CUUTaTh, 9T0 o € E;, npu
pabore co Bropoit — uro —x € E; (tak Kak (sety(O) () E;) =
set,(O&x € E;), (setz(O)N(R\E;)) = setyz(O&—(x € E;)). Ana-
JIOTUYHO KAaXKJIbIA IMOJIYyYEeHHBINH Set MOXKHO Pa3JIOXKUTh JaJblle —
(setz(O) (minor(E;))&(sety(O) ((R\minor(E;))), n upn pabore ¢ HePBBIM
TEPMOM MOXKHO CUMTaTh, 9TO (—00,x) He 1epecekaercs ¢ Fj, a npu pabore
CO BTOPBIM — YTO MEPECEKAETCsI. AHAIOTIIHOE PA3JIOKEHNE TIPOBEIEM U JIJIsT
major(x)).

B Takom ciiydae mpo BbIpayKeHHE, BXOJSAIIEE BO BHENIHIOK ONEPAINIO B
KaxkKJIoM B; IIpu COOTBETCTBYIOIIUX YCJIOBUSX MOXKHO OyJeT cKa3aTh, COIEP-
JKUT JIX OH & U XOTH OJIMH 3JIeMeHT (x, +00) u (—00, T).

Jlist Kasx0ro B; paccMOTpHUM €ro BHENTHIO onepaluio. Ecau ona major,
TO:

- B ciyuae, ecoim onepan i BHenHeit onepaiyun B; He COIEPIKUT 3JIEMEHTOB,
OOIBIINX X, TO OH MOYKET OBITH UCKJIFOUEH M3 IUIBIOHKIINU, TAK KAK B 3TOM
ciydae mepecedenne B; ¢ (z,+00) paBHO (7, +00)

- B cayuae, ecnm omepans BHeIHeH orepanuu B; COMEpPX)UT 3JIeMeH-
ThI, GOJIBIINE T, TO €r0 MOXKHO 3aMEHUTH HAa COOTBETCTBYIOIIEE BBHIPAKEHUE
major(E;), ne comepxainee X, u jg06asuth K C.

Ecan Baemuss onepanuss B; — minor, To:

- B cityuae, ecin onepan i BHemHeit onepanyun B; He COIEPKUT 3JIeMEHTHI,
MEHBIIINE T, TO BCSA JUIBIOHKIUS PaBHA IIyCTOMY MHOYXKECTBY, TAK KaK B 9TOM
ciydae pesyiabrar B; Briouaercst B (—oo; x] u He mepecekaercs ¢ (x5 +00).

- B ciayuae, ecom omepan; BHeIIHeR onepanuu B; COmep:KUT 3/1eMeH-
TBI, MEHBIINE T, TO €r0 MOYKHO 3aMEHHTH Ha COOTBETCTBYIOMIEE BBHIPAZKEHUE
minor(E;), e conepxaiiee X, u j106authb K C.

Ocra/ioch BHIPA3UTh ONEpAIUH, 3aJaBaeMble TOJIBKO TeMu TepMamu B;,
KOTOpbI€ UMEIOT BHCIITHIOIO OIIepalluio minor n coepzKaT TOJIbKO 3JIEMEHTHI,
Gonbime x. Bocnosmb3oBaBmmch, paBeHCTBOM

minor(a) (| minor(b) = minor(a()b), npuBesém TepM K BHLY:

sety((minor(AN(z, +00)) N CN(z, +)) = @)

Hannas onepanus 6pu1a obosnadena kak (ip(A, C') — 9T0 MHOXKECTBO TO-
9eK, JIJIT KOTOPBIX PACCTOSTHME JI0 OJIMzKaiiineil cripaBa TOYKH 3aMbIKAHUST
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MHOYKECTBa, A BBIIIE, YeM PaCCTOSHHE 10 OIuzKailieil cipaBa TOYKH 3aMbl-
kanust C. Hampumep, B cirygae C' = R 3T0 MHOXKECTBO IPAaBBIX IIPEIEIbHBIX
TOYEK.

AmnajiorndHo J10Ka3bIBaeTCs, UTO B Ciaydae p = (—o00,x) omeparus,
Bbipasumas TepMoM set,(A(|p = &), GeCKBAaHTOPHO BbIpa3MMa YepPe3
{R\,, (=00, 4], [a,0),=2 &, major(a), minor(a),
lip(A,C),rip(A, C)} Teopema nokazana.

4. BeckBaHTOpHas BBIPA3MMOCTH HAa MHOYKECTBE
NJ2Y ¢ curnarypoii {€, <}

Pacemorpum muoxkectBo N=N | 2N ¢ ecrecTBEHHBIM 06PA3OM OIPEIEICHHON
Ha HeM curHarypoit {€,|}. IIpu srom cumraem npeauKar | IPUHUMAIOIIIM
JIOYKHBbIE 3HAYEHUsI BCErJa, KOTJa OH MPUMEHEH He K JBYM YHCIaM, a I[pe-
JIIKAT € JIOXKHBIM BCErJIa, KOIJIa MEPBLIi onepaH;] — He YUCJIO WU BTOPOii
olepaH;i — He MHOXKecTBO. Jljisi JaHHOrO MHOXKeCTBa OyJIeM MHTEPEIPeTUPO-
BaTh sely(P), kak {y € N: P(y) =I1}.

BysieM 1ociioiiHo u3ydaTh MpeuKaThl U OHEePAIH, 7 — BbIPA3UMbBIE HAJL
N.

OnpeieinM Ha HATYPAJbHBIX YHCIaX U MHOXKECTBaX HATYPAJbHBIX YUC-
nax onepanun div(x), mod (x), sidiv (x), simod (x), int (x) , rjae 3HadeHHEE
onepannu div(x) — MHOXKeCTBO jesmTesieii X, mod (X) — MHOXKECTBO KPATHBIX
X, sidiv (x) — obObeuHeHne COBCTBEHHBIX JIe/TUTeIIell JIEMEHTOB MHOXKECTBA
X, simod (x) — obbeuHeHne COBCTBEHHBIX KPATHBIX 9JIEMEHTOB MHOYKECTBA
X, int (X) — MHOXKeCTBO YHUCeI, SBJISIONMXCS JJIsT KazKJI0r0 3JIeMEeHTa MHOXKe-
CTB& T WU JieJIUTeJIeM, W KPATHbIM. [t Tex x, Jjisi KOTOPhIX 3HAUYeHHe
onepalyii He OlpeJieieH0 KOppekTHO (Hampumep, div(x), ecaum X — MHOXKe-
CTBO YHCEJI, a HE YHUCJIO0), 3HAYCHIE OIePAIui PAaBHO &.

Teopema 6. sce 1-gupasumvie 8 N npedukamot u 0Nepayuy 8bPa3uUMdL Yepe3

{N\, U, (a €7 b),div(a), mod(a),= &, }.

Haunem ¢ omepanmii, BBIpa3UMBbIX Ha MEPBOM CJIO€. TepMbBI, KOTOPBIMA
OHU 3aJIAI0TCsA, UMEIOT BYL:

sety(P(Ai(x,x1,...,2,))), THE:

P -dopwmyna, samarorias HeKOTOPYIO OysieBy (DyHKIIHIO.

A; — GecKBaHTOpPHBIE OILEPAINH BUJA Li|Xj U T; € T

Bynesy dyukmmio, 3amaorniyo P, MoxkHO BblpasuTh B 6azmce {—, \/}.
Ucnonb3ys paBencrna:

sety(—P) = N\(set(P))

seto(PV Q) = (set(P)) Ulseta(Q))

mpeobpasyeM TepM K PaBHOCHJIBHOMY T€PMY, BHIPA3UMOMY HaJl TEpMaMu
Buga set,(A;) u oneparusivu |J u N\, rae A; — 6GecKBaHTOPHBIN TEpPM.
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Paccmorpum oneparun, BeipasuMble TepMamu set, (A;):

sety(a € b) = (a €7 b) — ycioBuast onepaiusi, papHast N, ecyin a € b, u &
uHave.

sety(alb) = (a|7b) — ycnoBHas onepanust, pasuas N, ecoin a|b, u & unaue.

sety(x]a) — MHOXKecTBO KpaTHBIX a. OBGO3HAYMM JIAHHYIO OIIEPAIUIO0 KaK
mul(a) (eé pesyabrar cunTaeM paBHBIM &, €CJIU ¢ — MHOYKECTBO)

set,(a|x) — mHOXKecTBO mesuTesnedi a. OBO3HAYNM JJAHHYIO OIIEPAIIIO KaK
div(a) (e€ pesysnbrar cunTaeM paBHBIM &, €CJIM G — MHOYKECTBO)

sety(z € a) = a. Iosyuaercs TOXKIECTBEHHASI OLIEPAIUsl, CyIEPIO3UIHSI
KOTOPOIl HUYero He J06ABJISAET.

sety(a € x) = @.

IIpu stom (al2b) = (a €2 mul(b)), @ = (N\(z J(N\z)))

Paccmorpum  1-BhIpasumbie npenukaThl. bBe3 orpanuvenus OOITHOCTU
MOXKHO PaCcCMOTPETh MPEIUKAThI, 3aanube dopmysoit Buga V(A \/ ---\/
Ap), tne A; — GeckBanTOpHBIE (GOPMYJIbI WM UX OTPHUIAHUsA. Tak Kak mpe-
JIIKAT & |x TpoBepsieT, sBseTcs au & JuciaoM, u dpopmyiaa V(A \ -V Ay)
pasaocuibaa  dopmysne Va(((z|z) — (A1 -V Ap)&Vz((—z|z) —
(A1V -V A4,))), MOXKHO paccMarpuBaTh OTJEJNLHO MPEIUKATHI, BbIPAZKa-
emble dopmysnamu Buga Vr((z|x) — (A1 -V Ap)) u Buna Va((—x|z) —
(A1V---V An))

Bce mupemukarbl, BbIpaXkaeMble I1€pBOH  (OPMYJIOi, BbIpDA3UMBI KAK
setz(A1V -V A,) = @. CienoBaresbHO, OHI BBIPA3UMbI HaJl CEMEHCTBOM
{N\,U, (@ €2 b),div(a), mul(a),= &}.

Paccmorpum npesukarsl, Bbipasumble dopmyioii Buga Vr((—zlr) —
(A1 -V A4,)). Ipr sTOM MOXKHO CIHTATH, YTO BCE aTOMapHbIe (DOPMYIIBI
cojepxkaT x (MHAYE WX MOXKHO BBIHECTH 3a KBaHTOp). Kpome Toro, HeTpu-
BUAJIbHBIM $IBJISIETCSI TOJIbKO 3HAYEHHe aTOMapHbIX (bOpMys Buja ; € &
u ux orpunanuii. Cies0BaTe/IbHO, STOT HPEJAUKAT SIBJISIETCS [IPOBEPKOii Cy-
IECTBOBAHMsI MHOXKECTBA, COJIEPKAINEr0 HEKUil CIMCOK 9JIEMEHTOB U HE CO-
JIePIKAIIEro 3JIEMEHThl U3 HEKOTOPOrO JPYroro CIHCKA, M BBIPA3UM 4epes3
npoBepky Ha npunaexuocts N (z € (N\@)) u pasencrso smementos N
(div(a)\div(b) = @&div(b)\div(a) = @))

VTBep:KaeHne JOKA3aHO.

Teopema 7. Bce 2-evipasumoie 6 N onepauyuu 6vipadumbvt Ha0 MHONCECTNEOM
onepauul

{N\, U, div(a), mod(a),a =2 &,int(B), sidiv(B), simod(B)},

NPUNEM MPU NOCAEIHUL ONEPAUUL 6 SUIPAHCAIOULEM TMEPME HE BAOHCEHDL
dpye 6 dpyaa.

,HOKaBaTeJH)CTBO.
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Paccmorpum oneparun, 2-BbIpasuMble HaJl 0003HAYEHHBIM HAOOPOM Olle-
panuii. Tak Kak Bce GyseBbl dyHKIMN BbIpazkarorcs Hajg {—,\/}, u BepHBbI
paBeHCTBA:

sety(—a) = N\set,(a) n

sety(a'\/ b) = set,(b) | set,(a), Torakue oneparyn 6eCKBAHTOPHO BbIPa-
JKAIOTCSL I€PEe3 OIEPAIUN BUJIA:

sety(A), tme A — dopmyna, seipaxkennas uan {N\,J,(a €-
b), div(a), mod(a),= @}, ne comepxkainas OyjeBbx oneparmii. Tak Kak = &
— eIMHCTBEHHBII IIPEIUKAT B YKA3aHHOM MHOXKECTBE, TO JIOCTATOYHO Pac-
CMaTPHUBATDH IIPEUKATHI, BhIpasuMble (hopMysioi Buja set, (A = &)

Ecim A He CONEPXKUT X, TO JAHHBIH TEPM 3aJIaET Ty Ke ONEPAIUIO, UTO
urepMm A =9 &

TaK}Ke AHaJIOTUIHO BBIPASUMOCTU B R MO2KHO CYHUTaTb, YTO A HE CO-
JIEPKUT yCJAOBHBIX omeparmit. [leiictBurensho, set,(A) = sety(B&(a €
b)) set,(C&—(a € b)), rae repm B nosyden u3 A myrém 3aMeHbl TepMa
(a € b) ma N (Bpipasumas onepanus, pasaas N\, rie & 6eCKBAHTOPHO BbI-
pasuMo 6e3 UCHOIb30BaHusl yCIOBHOM onepaiyn), TepM C 1oJIydeH u3 repMa
A nyTém 3amens! Tepma (a € b) Ha O

AHanornvno cjiydaio BIpasuMocTu B R MOKeM cautarh, 910 B hopMyIie
A onepanuu mul() u div() npumeHsIIOTCS TOJIBKO K IEPEMEHHBIM, TakK Kak
BXOZK/IEHUsI T€X M3 HUX, KOTOPbIE IPUMEHEHbI HE K II€PEMEHHBIM MOYKHO 3a-
MEHHUTDL Ha &, He MEHss 3HaYeHUs (POPMYJIbI.

CrieloBaTe/IbHO, MOYKHO DPACCMATPUBATL MPEIUKATHI U OlEPAIu, Bbi-

pasuMble C MOMOIIBIO TepMOB Bujga set,(A = &), rme A — mepm Hag
N\, U, z, z;, div(z), div(z;),
mul(z), mul(z;). Kak 6p110 nokaszano B riase npo R, ero MOXKHO BbIpa3uTh
wax N\, U, N, z, =i,
,div(z), div(x;), mul(x), mul(z;) Takum 06pa3oM, 4TO HAPYKHOIL oneparueii
oyzner |, 3arem Oyuer uiarn (), 3areM — N\, 1 IPUMEHSITLCS 9TH OlEPAIUH
Oyayr K x,x;, div(zx), div(z;), mul(z), mul(x;) (HekoTopble onepanuu B Ie-
[OYKe BJIOXKEHHOCTEH MOryT orcyTcTBoBaTh). Tak kak set, (A1) --|JAn =
o) = sety(A1 = D)) [ sety (A, = D), MOKHO PACCMATPUBATDH T€ TEPMBI,
JJIgl KOTOPBIX BHEITHAA OIlepals U OTCYyTCTBYET.

Tak xak N = (mul(z)\z)JzU(div(z)\z) JN\div(z)\mul(x)), To
sety(B = @) wmoxuo samenurb Ha set,(B[(N\div(z)\mul(z)) =
) setx(B(\(z) = @) (BN div(z)\z) (B[ mod(x)\z), tne B — repm
HaJ T, ;, div(x), div(z;), mul(z), mul(z;) Kak IepeMeHHbIMU C BHEITHEl ole-
panueii (| u Bayrpenneit N\. Ilycrs ona nmeer Buyx C()---[Ch,

Anajiornyno ciydaio R, npo Bce C, coueprKaliye X, MOXKHO CKa3aTb,
BKJIOUAIOT JIM OHU B cebsl Pe3ysIbraT COOTBETCTBYIONIEH olepanuu HaJ| X
((mul(z)\z), z, (div(z)\z), (N\div(x)\mul(z))), a oobeaunenune C;, HE CO-

Jepxkaimx x, obosHaunTh Kak . CiemoBarejbHO, MCXOIHBIA TepMm Oec-
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KBAaHTOPHO BBIpazkaeTcst HaJ TepMamu Buza set,(B(\p(z) = &), tae p(z)
— oxun u3 repmoB (mul(z)\x), z, (div(z)\z), (N\div(z)\mul(x)), a B — 1-
BBIPA3UMBIIl TEPM HaJl CBOOOHBIMY II€PEMEHHBIM.

Nmeem: set(B(\x = @) = B set,(B[(mul(x)\z) = @) = N\sidiv(B)
sety(B((div(z)\z) = &) = N\simod(B) set,(B((N\div(z)\mul(z)) =
@)=int(B)

CuaenoBaresbHO, Bee 2-BbipasuMble B N onepain BoipasumMbl Hag {N\, |,

div(a), mod(a),a =7 @, int(B),sidiv(B), simod(B)}.

Takxe 3amerum, 4uro (a €7 b) soipasuma nag {N\,|J,(a &
b), div(a),mod(a),a =7 &, int(B), sidiv(B), sidiv(B)}:

(a €2 0) = (\(N\(N\div(a)) UN\mul(a)))) = 2,

CJIEJIOBATEIIBHO, €€ MOXKHO UCKJIIOUATH U3 MHOYKECTBA OIepaIiil, He0OX0-
IUMBIX [ OECKBAHTOPHOT'O BBIPAXKEHUST BCEX 2-BBIPA3UMBIX OIl€pPaIlnii.

YTBepKIeHnE JIOKA3AHO.

Hanpumep, K 2-BbIpasuMbIM ornepanusiMm oTHocaATcs cd(A) — MHOKe-
crBo obmux gemureneit A (cd(A) = int(A)\simod(A)), em(A) — mHOKe-
crBo obmux kparHbix A (em(A) = int(A)\sidiv(A)), ud(A) — obbeaune-
HUe MHOXKecCTB nesureneil snementoB A = ud(A)|J A, um(A) — obbean-
HeHUe MHOXKeCTB KpaTHbIX aaemeHToB A = um(A)|JA. Oxnako B yTBep-
JKJIEHUH TeopeMbl 3aMeHuTh onepanuu int(B), sidiv(B), simod(B) ua GoJee
eCTeCTBEHHbIe HeJIb3sl — HU OJIHA M3 HUX He BbIPA3MMa HaJ| MHOYKECTBOM
{N\,U, a =2 @,int(B), sidiv(B), simod(B), cd(B),cm(B),ud(B),um(B)} ¢
MCKJIIOYEHHOH 9TOl omnepanneii 6eCKBAaHTOPHON (OpMy/I0if, B KOTOPOii I10-
CJIeJIHAE CeMb Ollepalluii He BJIOXKEHBI APYT B APYTa.

3amMeTHM 9To, €C/IH [IepBble TPH OllePAINK IPUMEHATH K MHOYKECTBY KOTO-
POE UJIU COJIEPZKUT HEKOTOPbIE JIBA 3a/IAHHBIX 3JIEMEHTA, UJIU UX HE COJIEPIKAT,
TO PE3YJIBTAT ONEPAIUK HE MOXKET COJEpPIKATh POBHO OJMH U3 9THX 3JIEMEH-
ToB. IIpuBeéM IpUMEpBI MHOXKECTB U JIBYX IHCEJI, IECTh U3 TIOCJETHUX CEMU
OCJIEIHAX OIEPAIHil, IPUMEHEHHBIX K KOTOPOMY (& TakK’Ke K €ro JIOHOJIHE-
HUIO) OY/IyT COAEPIKATH UK 06a STUX YKUCJIA, NI HU OJHOTO, & CeJlbMast Oy1er
COZIEPKATH POBHO OJIHO 9TO UHCIIO.

IIpumep 1 Paccmorpum B = {2,4,8,9} u wuumcaa 2,4. Torma
int(B), sidiv(B), ud(B),
um(B) comepxkat 0b6a sTux uncia, cd(B), cm(B) — Hi 0HOrO U3 STUX THCE,
a simod(B) copepxur 2, Ho He 4. Takxke sidiv(N\B),ud(N\B),um(N\B)
comepxkar oba srux unciaa, a cd(N\B),em(N\B),int(N\B) — wner. Ilpn
npuMeHeHnn 3TuX onepamuit Kk N uw & Takxke pe3yaprar wim 0Oy-
et cojepxkarb u 2, m 4, wam He OyneT COAEPKATbH HU OJHOIO U3
ancesn. CuenoBaresibHo, simod(B) ne Boipaxkaercs Hajg {N\,|J,a =2
@,int(B), sidiv(B), cd(B),cm(B), ud(B),um(B)} TepMOM, B KOTOPOM IIECTh
IOCJIEIHUX OllepAalnii He BJIOXKEHbI JIPYT B JAPyTa.
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IIpumep 2 Ananorumussiii npumep ¢ B = {2,4,8,9} u BbIOpaHHBIME
gyncsiamu 8, 4 oKasblBaet, dro onepaius sidiv(B) He BbIpayKaeTcs Ha/l

{N\,U, a =2 @, int(B), simod(B), cd(B),cm(B),ud(B),um(B)}

TEPMOM, B KOTOPOM IIIECTh TIOCJIETHUX OllePaIlnii He BJIOXKEHBI JAPYT B JIPY-
ra.

IIpumep 3 Pacemorpum B = {2,3,12} u umcna 4, 6. Torma
sidiv(B), simod(B),
ud(B),um(B) comepxkar oba srtux ugucia, cd(B),em(B) — Hn on-

HOrO W3 9TUX uncen, a int(B) comepxur 6, HO He 4. Takxe
sidiv(N\B), simod(N\ B), ud(N\ B),
um(N\B) coxepzxkar oba srux ancia, a cd(N\B), em(N\B) — uer. Ilpu npun-
MeHeHnH THX onepanuii K N u @ rakzke pesysnbrar uim Gyuer cojepKarh 1
6, u 4, win He OyzeT cojepxKaTh HU ofHOrO U3 unces. Cienosaresbro, int(B)
He Beipazkaercs Hag {N\, ], a =2 &, simod(B), sidiv(B),
cd(B),cm(B),ud(B),um(B)} TepmMoM, B KOTOPOM IIECTh IIOCIEHUX Ollepa-
it He BJIOXKEHBI JAPYT B JAPyTa.

HaityiéM Bee mpetukaThl, 2-Bhipasumbie na Maoxkectse {N | J 2V} mas mmo-
JKECTBOM IpeanKaToB { €, |}.

Teopema 8. Bce 2-evipasumvie 6 N npedurxamol svipasumv, wad {N\,J,

div(a),mod(a),a =7 &,int(B),sidiv(B), simod(B),a = @}, npuuém
MPU NOCACOHUL ONEPAUUL 6 GHIPANCAIOULEM TNEPME HE GAONCEHDL OPY2 6 OPY-
2a.

JokazareabcTBO: AHAJIOTMYHO CiIyvaio ¢ ajrebpamdeckoil cucremoil R,
nockosbky Vr((z < z) — (A1 -V An)) = setz(A1V -\ Ayn), mocra-
TOYHO PACCMOTPETh BBIPA3UMOCTH IPEAUKATOB, 3aIaI0MUX CyIIECTBOBAHUE
YZIOBJIETBOPSIIOIIErO YCJIOBUIO MHOYKeCTBa X (He uncia). To ecTh 3a/1aBaeMbIxX
dopwmyoit Bua

Ve((-mx < z) — (A1V- -V An)), tie A, — 1-BeIpasuMblil IpeauKar,
BHEIIHsIsI Olepalysi KOTOporo — = & (IOCKOJIbKY TO €JMHCTBEHHBIN Mpe-
quKaT u3 6asuca 1-BHIPA3MMBIX IIPEIUKATOB U OIEpaluii), U UpU 9TOM BCe
A; comepxkar x. Kpome TOro, MOXKHO CYATATh, 9TO X HE BXOJUT B Olepa-
i mul(x) u div(x), a TakKe 9TO B HUX BXOJSAT TOJBKO IE€PEMEHHBIE (TO
ectb mul u div He uMerOT BIOKEHHBIX oneparnuii). O6o3HAUUB JaHHbIE Olle-
parun HaJT CBOOOIHBIMI IIEPEMEHHBIMU 33 HOBBIE TIepeMenubie (y; = mul(z;),
z; = div(x;)), noayauM KBaHTOpHBIN npeaukar was [, |J, €, N\.

[To nokasanHomy B crarbe [1] st U; yTBEPXKJIEHUIO B TOM CJlydae
nannas dopmysia Beipasuma depes onepanun [, |J, €, N\ u npemuxar 1-
ssmemenTHocTr. [Ipu obpaTHO# 3aMmeHe HOBBIX IEPEMEHHBIX ¥; U 2; Ha HX
3HAYCHUST K 9TOMY CIIUCKY JI06aBsITCst IpeaukaTsl y; = mul(x;), z; = div(x;).

CrieioBaTeIbo, K CUCTEME, BBIPAYKaIOIIe Bee 2-BbIpa3uMble IIPeKATHI
u 1-BbIpasuMble IPeIUKaThl U OIlePAlldH J00ABIAETCA TOJLKO IIPEIUKAT O-
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HosstemenTHoctu. Ho on 1-Beipasum dopmysoit (z\int(z) = &

Lint(x)\z = @&z sidiv(z) = @&z()simul(x) = &), He comepKa-
el BJIOYKEHHBIX JIPYT B JApyra oneparuit simul, sidiv, int. CiaenoBaTebHO,
YTBEP2K/ICHIE TEOPEMBI JTI0KA3aHO.

5. BeckBaHTOpHAsi BBIPA3UMOCTh HA MHOXKECTBE
n .-
B"|J28" ¢ curnarypoii {€, <}

IIycrs B™ — n-mepublit OysieB Ky0, Ha 371eMEHTaX KOTOPOTO €CTEeCTBEHHBIM
06pazoM 3aan nopsaaok <=. Paccmorpum muoxkectso B=B" | J28". Kax u
pamee, OyjieM onpe/iensaThb set, (P) Kak MHOXKeCTBO 3j1eMeHTOB OyseBa Kyba,
VJIOBJIETBOPSIOINIUX yCJIOBUIO P.

EC.HI/I CHUTATH IUCJIO N USBECTHBLIM, TO BBUJ/Iy KOHEYHOCTU MHO2KECTBaA 3a-
Jlava BBIPA3UMOCTHU TPUBHAJbHA — (DOPMYJIBHO BBIPA3UMBI T€ U TOJBKO T€
IpeJIMKATHl U Ollepallii, IIPUHUMAIOIINE 3HAYEHUSI-MHOXKECTBA, KOTOPBIE CO-
XpaHAIOTCs IpH JII000M aBToMopdu3Me Kyba. ([leficTBUTEIEHO, PACCMOTPUM
dopmyny Buma dai, ..., Apyon

(Bce coorHOMmEHnsT TPUHAIEXKHOCTH 1 HEPABEHCTBA, BEPHBIE JJIsi OyJIeBa

kyba & Bce Bo3aMOXKHBIE 3HAUEHUS CBODOJIHBIX TIEPEMEHHBIX,
yaoBsieTBopsiommue dhopmyiie). AHAJOIHIHOE TTIOCTPOEHNE MOYKHO COBEDPIIUTD
JUUTs TIPEJINKATOB, UCIOJIB3YSl BBIPAZUMOCTD JIJIst onepaiuu p(ay, . . . a,) bop-
myaet p'(ay, ..., ap,b), ICTHHHON B TOM M TOJILKO TOM CJIydae, eCjm

beplal,...an))

OiHaKko 3ac/IyKUBAIONIEH PACCMOTPEHUST SIBISICTCS 3a/1a4a, TOUCKA, Ipe-
JINKATOB W OIepaIuil, ONpeJeJIEHHBIX U BBIPA3UMBIX OJHON (HOpMYJIOi min
OJIHUM TE€pMOM 115t OyJieBa Kyba 000l pa3sMepPHOCTH.

[Tockosbky OyieB KyO ¢ OTHOIIEHHEM IOPSAIKA M30MOPMQEH MMOIMHOXKE-
CTBY HATyDPAJbHBIX YHCEJ (& MMEHHO, €CJIM PACCMOTPETh N MPOCTHIX YUCE]T
P1-..Pn, TO N-MepHOMY OyJIeBY KyOy M30MOP(HO MOIMHOYKECTBO BCEX YUCET,
KaxKJIplil B crerieHn He Gosiee 1), IpeuKaThl U OlepAIii, N-BbIPA3UMbIE HAJL
MHO2KECTBOM HATYPAJBLHBIX YUCES, Oy/IyT TAKKe BBIPA3UMbBI U HaJI OYJIEBbIM
KybOOM.

OnpenennM Ha TouKax OysaeBa Kyba M MX MHOXKECTBaxX Olepanuu “a, a*,
**a, a**, int(a). 3mech 3HaYEHUE OIEpaluy *a — MHOXKECTBO TOUYCK, MEHb-
HIMX 2, ollepaluy a* — MHOKEeCTBO TOYeK, OOJILIIUX a, %% — MHOKECTBO TO-
Y€K, MEHBIIUX XOThb OJIHOTO 3JIEMEHTa &, a** — MHOXKECTBO TOYEK, OOJIbINNX
XOTb OJIHOTO 3JIeMeHTa a, int(a) — MHOKECTBO TOYEK, CDABHUMBIX C KaZK/IbIM
9JIEMEHTOM MHOXKecTBa a. i Tex a, Jijis KOTOPBIX 3HAYEHUE Olepaluii He
OTIPEJICIEHO KOPPEKTHO, 3HAMEHIE OMEPAIUN PABHO .

[TomHOCTHIO AHAJIOIMYHO CJIYyYai0 HATYyPAJbHBIX YHCEJ JTOKA3BIBAIOTCS
CTIEIYIOIINE YTBEPIKICHUA:
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Teopema 9. sce 1-6upasumvie 8 B onepayuu svipasumov wepes { B™\, |, (a €7
b)?* a’ a*7 = ®7 }'

, oae *a = sety(x < a),a* = sety(x > a)

Teopema 10. Bce 2-supasumvie 6 B npedukxamo u onepayuy 6vipasumvs Had
n
{B"\,U,
*T, x¥,x =7 &, x = &, int(x),* z, ™}, npuwém mpu nocaednuzr onepa-
YUY 8 SHIPANCAIOWEM MEPME UMY HOPMYAE He 8A00CEHDL Ipye 6 dpyea.

Teopema 11. sce 2-6vipasumvie 6 B onepayuu evipasumv, nad {B™\, |,
*a,a*,a =7 @, int(x),*x, 2"}

Jokaxkem BTOpOe yTBepxKieHue. Paccmorpum omepaiiun, 2-BbIpa3uMbIe
HaJ 0003HAaYEHHBIM HAOOpOM oreparuii. Tak Kak Bce OyJieBbl (DYHKIUU BbI-
pazkarorcst Hagt {—, \/}, 1 BepHBI paBeHCTBA:

sety(—a) = B\sety(a) n

sety(a'\/ b) = sety(b) | sety(a), To Takue oneparyn 66CKBAHTOPHO BbIpa-
)karores uepe3 B™\, | J u onepanuu Bumga:

set,(A), rne A — dopmyia, seipaxkennast Hag {B\,J, (a €7 b),* a,a*,=
@, }, He comepxaias Oy/ieBbix onepanuii. Tak Kak = & — eJIUHCTBEHHBbII
IpEJUKAT B YKA3aHHOM MHOXKECTBE, TO JIOCTATOYHO PACCMATPUBATH IIPEIH-
KaThl, BbIpasuMbie (hopmysioit Buja sety(A = &)

Eciu A He comep:kuT x, TO JaHHBIA TepM 3aJaéT Ty »Ke OlEePAIUIO, ITO
u repMm A =9 &

Takzke aHAJIOMUYHO BBIPA3UMOCTH B R MOXKHO cuuTaTh, 4TO A HE cojep-
JKUAT YCJIOBHBIX orepanuii u B ¢popmyse A omeparuu *a u a* NPUMEHSTIOTCS
TOJILKO K TIEPEMEHHBIM, TaK KAK BXOXKJIEHHs TeX U3 HUX, KOTOPbIE IPUMEHEHbBI
HE K TIEPEMEHHBIM MOYKHO 3aMEHUTDL Ha &, He MEHAS 3HAYCHUS (DOPMYJIBI.

CiresloBaTe/IbHO, MOXKHO PACCMATPUBATH ITPEIUKATHI M ONEPAIUU, Bbi-
pasuMble C MOMOIIBI0 TepMOB Buja Sely(A = &), rme A — mepm Haj
B\,U, z, z;,* x,* x;,* z,* x;. Kak 6bu10 110Ka3aH0 B pasjene npo R, ero Mmox-
HO BBIpasuTh Hag B\, J,(), z, x;, div(x), div(z;), mul(z), mul(x;) Takum 06-
pa3oM, YTo HapyxKHOii onepanumeii Gymer |J, 3arem Oymer miaru (), 3arem
— B\, u npuMeHATHCS TH onepanuu OyAyT K ,z;," x,* z;, 2%, x} (mekoro-
pble ollepaluu B IENOYKe BJIOXKEHHOCTel MOryT orcyTcTBoBaTh). Tak Kak
sety,(A1U--UAn = @) = setz(A1 = @)\ setz(A, = D), MOKHO
paccMaTpuBaTh T€ TEPMBbI, /Il KOTOPBIX BHEIIHss oepanus | orcyrcrsyer.

Tak xak B" = (z"\o)JzU(z\z)J(B"\*z\z*), 10 setz(A =
@) moxHO 3ameHutb Ha Ssetz(A(B\*z\z*) = @)setz(AN(x) =
) NAN 2\z) N(ANz*\x), rne A — Tepm vax =, x;,* ,* x;, 2, ¥ Kax me-
pPEeMeHHbIMU ¢ BHelHeit oneparueii (| u BuyTpenteit BN \. Ilycts ona mveer

By C1 () Ch
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Anasormyno caygao N, npo Bce Cj, comeprkaiume X, MOXKHO CKa3aTb,
BKJIOUAIOT JIN OHU B cebsi Pe3yJIbTaT COOTBETCTBYIONIEH OIepaluy Haj X:
(((™)\x), z, ((z)\z), (B\(*z)\(x*))), a 0bbeguenue C;, He COAEPIKAITIX
x, 0bo3naunTh Kak D. Ciie/oBaTe/IbHO, HCXOIHBIN TepM GECKBAHTOPHO BbIPa-
JKaercst HaJl repmamu Buga set, (A p(x) = @), riae p(x) — onun U3 TEpMOB
((x*)N\x), z, ((Fz)\z), B\(**z)\(z*)), a A — 1-BbIpasumslii TepMm HaJ CBO-
OOJIHBIMU TIEPEMEHHBIMH.

Umeem: setz(ANz = &) = A setz(A(z*)\z) = @) = B"\*™A.
sety,(AN(*z\z) = @) = B"\A. set,(AN(B"\*z\z*) = @)=int(A).

Anasormano ciayqao N (a €7 b) BbIpasuma HaJ OCTAJBHBIMU ONEpAIi-
SIMU, ¥ €€ MOYKHO HCKJIIOUUTH U3 MHOXKECTBA ONepaIil, HEOOXOIUMbIX st
BECKBAHTOPHOI'O BBIPAYKEHUS BCEX 2-BBIPA3UMBIX OLEPAIIHIi.

CuaejioBaTesibHO, BCe 2-BbIpasuMble onepanuu Beipasumbl Ha {B™\,J,
*a,a*,a =7 @,int(x),*z, z**}. Teopema mokazana.

6. BeckBaHTOpHAas BHIPA3MMOCTH HA MHOXKecTBe Us ¢
curnarypoii {€}

Pacemorpum muoxectsa Ug = Z, Up=Uy | 2%, Us=U; |J2V'. Ha snemen-
Tax MHOXkKecTBa Us ecTecTBeHHBIM 00pa30M OIpejeseHa omepamus a € b.
st nansOro MHOXKecTBa Oyjiem uHTepenperuposarh set,(P), kak {y € Uy :
P(y) =1}.

BynmeMm mocsioiino usydarb OIpeIuKaThl U OIIEPALIAN, 1. — BBIPA3UMBIE HAJI
Us.

PaccmorpruM onepanyuy, BhIpasuMbIe Ha IEPBOM CJIOE, TO €CTh T€PMaMIN
Busa set,(P), tne P — GecKBaHTOPHO BBIPA3WM Hajl €. AHAJIOIMYHO pas3o-
OpaHHBIM CJIydasM, OIEpPALd, 33 aHHAd JAHHBIM TEPMOM, OECKBAHTOPHO BhI-
pasuma HaJ[ TepMamu Buja sety(A;) u oneparusvu | J n Up\, tiae A; — Gec-
KBaHTOPHBIIA TEpM.

Paccmorpum omnepanum, BeipasuMbie Tepmamu set, (A;):

sety(a € b) = (a €7 b) — ycnoBHas onepanus, pasaas Uy, ecian a € b, u
< nHaye.

sety(x € a) = a. [lomy1uaercss TOXKIECTBEHHAST OLEPAITHS, CYIIEPIIO3UIIUST
KOTOPOIl HU4ero He J06aABJISET.

sety(a € ) — 9TO MHOXKECTBO Bcex MHOXkKecTB u3 Uj, copepKalux a.
O6o3naqmnM 31y onepanuio depes a*. B ciyuae, eciin —(a € Z), eé 3HaueHue
IpuMeM PaBHBIM .

CremoBaresIbHO, BCE OIEpPAIMH, BbIpasuMble Ha IIEPBOM ypoBHE Hag Us
HaJ1 omepayeii €, 6eckBanTopHo BbIpazkatorces Hajx {U\,lJ, (a €7 b),a*}.
IIpm 3TOM B JAHHOM CIydae HE BCE ONEpalud, GECKBAHTOPHO BLIPA3HMBIC
4depe3 JaHHble, 1-BbIDA3UMBI.

81



Hamnwmep, pacemorpum onepamumio ((Up\b) €2 ¢). Ona ssisierca 1-
BBIPA3UMOi, HO HE paBHA TOXKJIECTBEHHO &, TAK KAK MHOXKECTBA MOTYT OBITDH
sjieMeHTaMu MHOxKecTB. Hanpumep, pesysbrar 9710ii onepanun pasen Us B
ciyuae, ecin b = Uy, ¢ = {@}.

Cre10BaTeNIBHO, JIOKA3AHO YTBEPIKICHHE:

Teopema 12. sce I-supasumvie 6 Uz onepauyuu 8wupasumv, “epe3

{1\, U, (@ €2 b),a*}.

PaccmorpuM 1-BbIpasuMbie MpeuKaThl. AHAJOIMIHO Pa300PAHHBIM BbI-
me ciydasiM, MOXKHO paccMarpuBarh npeaukarsl Buga Vz(((x € Up) —
(A1 -V A)) &z ((—x € U) — (A1V -V Ap))). lpenukar, 3amaBa-
emblit dopmyioit Va(((z € Uy) — (A1 -V Apn)) paBHOCHIEH IpeinKa-
Ty, 3agaBaeMomy dopmynoit —(set, (A1 '\ -\ A,) = ). Bropoii npenukar
€CTh MPEJINKAT CYMIECTBOBAHUS MHOYKECTB, COJEPYKAINIX HEKOTOPBIH HabOp
9JIEMEHTOB, U He COJEePXKAIUX HEKUil JPYroii Habop 3JIEMEHTOB, U BbIPAXKa-
ercsa depes = u € Uj. Iockonmbry z = y = ((2%)\(v*) = 9&(y*)\(z*) =
o&y\r = F&y\r = @, 10Ka3aHO yTBEPKICHUE:

Teopema 13. sce 1-supasumvie 6 Us mpedukamov, U onepayuy 6ovipasumol

wepes {U1\,J,
(a €7 b),a*, = T}.

Onumiem Bce 2-BuIpasuMble B Uy IpeauKaThl. AHAJIOIMYHO Pa3oOpaHHBIM
paHee CﬂyqaﬂM, MO2KHO CYHUTaTb, 9TO * OpUMEHEHa TOJIBKO K II€pEMCEHHBIM.
Kak u panee, or BxoxJenuii oneparun (a € by) MOXKHO M30ABUTHCS, HO B
9TOM CJIydae HeoOXOAUMO JOOABUTH OIEPAINIO €:

sety(P), comepxkammii a €7 b MoxkHO 3ameHuTb Ha set;(Q)&a €
b\ sety(R)&—(a € b), rue Q moiydeHO IyTEM 3aMEHbI BCEX BXOXKJICHUI
a € b ua Up, R nomydeno myTém 3ameHbl BCeX BXOXKJIEHHH a € b Ha O.
[To muayKIMU TakKUM 0O6pPa3oM MOYKHO YCTPAHUTL BCE YCJIOBHBIE TPEINKATHI.
Taknm 06pa3oM, UCXOIHBIN TepM OECKBAHTOPHO BBIPA3WM HAaJ MHOXKECTBOM
1-BbIpasumocTu, TepMamu Buja set,(a € be) u Buga set,(a = &), rjue a u
b — 1-Beipasumbie oneparuu. PaccMoTpuM omepariun. BhIPa3uMble TEPMaMU
epBOro BUJA.

st 9THX TepMOB paccMOTpHM clejytolee pasiioxkenue: setp(A) =
sety(z* € Ur&A)Jsety(—(z* € Up)&A), rae upennkar z* € b pasen 1
TOTIa U TOJBKO TOrda, Korma —x € Uj.

Pacemorpum onepanuio, Beipazumyto tepmom set,(—(x* € Up)&A). Bee
BXOXK/IEHUSI T B JIAHHBII TepM, KPOMe BXOXKJIEHUI B BUJE T, MOYKHO 3aMEHUTH
Ha &, coxpaHdas 3Hadenne onepannu. ClemoBaTesbHo, IPeauKaT A BeIpasuM
wag |J,Ui(),= @ u 2%, x;, 2. Anajgorudno npeapiiyiieMy, A nMeer BUj
a = O, TIe a MOXKHO IpuBecTH K PopMe, IJIe CHAPYXKU HJIYT Oepanuu 06b-
eJIMHEHMsI, 3aTeM IIepeCeYeHNsl, U 3aTeM JIONOoJHeHus 10 Uy, 1 3aTeM BbIHECTH
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onepanuio o0beJMHEHNs 3a TIPEeIUKAT PABEHCTBA, CBEJS NPEJIUKAT K KOHb-
foukIun npegukaros suga B (\(Ui\(z*)), B, B(\(z*), BN\ (z*) (Ui \(z*)),
rie B me comepxkur x.

setyz(B(Ui\(z*)) = @) = ((B) — uepeceueHne Bcex 3JEMEHTOB MHO-
»xecTBa B.

sety(B = @) = (B =7 @) (4epe3 910T npeUKaT U IpeUKar [ | BhIparka-
ercs mpeuKaT =7)

sety(B()(x*) (U1\(2")) = @) = U1 = Uy

set,(B(z*) = @) = U1\ U(B), rue J(B) — obbeaunenne Bcex MHO-
JKECTB — 3JIEMEHTOB B.

CuejloBaTesibHO, K HAOODY, BBIPAXKAOIIEMY 1-BbIpA3UMbIE [IPEUKATHI U
onepaiu, jobasisitorcst oneparuu [ |(a), |J(a) u Z.

Paccmorpum onepaiun, BIpasuMble TepMaMu Buga sety(x* € Ui &A).
AHaOrnvHO MpeBIyIeMy TIOJYYUM, YTO BCE OHU BBIPAXKAIOTCs depes 1-
BLIPA3UMBIE OTIEPAIMN U OIEPAIUU JBYX BUJIOB:

seto(B(U1\(z)) = 2) n

sety(B()(x) = @) = Ur\U(B).

setz(BN(x) = @) = Ui\ U(B) ectb muoxecrBo nopmuoxkects U\ B, To
ccts 2V\B | set, (BN(Ui\(z)) = @) — MmHOKeCTBO Beex MHOMecTB 13 Uj,
KOTOpbIe BKJIO4Ya0T B. O6o3Ha4YnM 3Ty oneparuio depe3 B 1.

PaccMorpuM onepaiuu, BbpasuMble TepMamu Buja set;(a € b), vae a
u b Beipasumbl Hag U\, *. AHAJOTIYHO HpEIbIIyIeMy MOXKHO OTJE/Ib-
HO pPacCMaTpUBAThL CJIydad, KOTJIa X IPUHAJJIEKAT U HE NPUHAJJIEKUT Z.
IMockomsky a € (b|Jc) = a € b\Va € ¢, a € (b(¢c) = a € b\ a € ¢,
a € (U\b) = a € U1&—a € b, TO J0CTATOYHO PACCMATPUBATDH CJIy9an,KOTIa
BbIpasKeHue b umeer BUJ| X*, T WK a, IJIe @ HE COJEPIKUT .

[Tepsblil ke omepanj| MyTEéM NPUBEIEHUS ero K HOpMasbHON ¢dhopme u
HCIOJIB3YS CIIEYIOIINE YIPOIICHNUSI:

xUi\z =2

aUi\z = a\x

c=cNzUc\z

a\z|Jb\z = (a|Jb)\z

aNzUbNz=(aUb)Nx

MOKHO TpuBectd K Buiy af |z |Jb\z (B ciydae, Korja X NpUHAJICKAT
Z, x Bugy a[)z*Jb\z*).

Ciie1oBaTEILHO, JIOCTATOYHO PACCMATPUBATH TEPMbI CJIEJLYIONIUX BUIOB:

sety(a € x),sety(a € b),sety(a € z*) = sety(a € U1&x € a) — 1-
BbIpa3UMBbIe.

setz(a(NxzUb\z) € ¢ — mnoBas onepanmsi. O6Go3HaumM €€ wepes
trans(a, b, c)

sety(aNzJb\x) € © = &, Tak kKak x € U; U HE MOMKET COJEPKATH
asieMeHToB Uj.
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setz(a(NxUb\z) € Ui\x = U; anasnorudso.

setz(aNz*Jb\z*) € z* = setyz(az* = @)[)sety(b\z*) € z*
sety(a(z* = @) (b setz(D\Z\x* = &) — BbIpasuM yepe3 yxKe BEIOpAHHbBIE
JIsT BBIPAZKAIOIIEHT CHCTEMBI [IPEIUKATHI.

setyz(aNa*Jb\z*) € U\z* = setyz(az* = @) set(b\z*) € Up\z*
= setz(a(z" = @) b[)setz(b\Z[)z* = &). — TakKe BBIPA3UM Uepe3 yxKe
MIMEIOIHECs [IPEJINKATHL.

Teopema 14. sce 2-6vipasumvie 6 Uy onepauuu, 6upasumvl uepes
{Ui\a,alJb,a*,a =2 @,a 1,U(a),N(a),2% trans(a,b,c)}, 2de nocaeo-

HUE NAMG oNepayull ne 8A00CeENDL Ipye 6 dpyea.
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Quantifier expressibility in predicate logic
1.S. Kapustin

New mathematical concepts are often introduced with some
quantifier definitions. If we have a sufficiently large stock of such
notions, it can allow to reformulate the new quantifier definitions
in a quantifier-free form. This makes the problem of finding basic
concepts, which make further quantifiable definition redundant, worth
considering. Creating computer programs that automatically introduce
such bases is also worth considering.

The present paper considers the quantifier expressibility in 4
algebraic systems. This paper provides bases of quantifier expressibility
of small depth.
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MaremaTudeckasi MOJIeJIb 1 METO/IbI
BepuduKanun KpunrorpadpniecKnx
ITPOTOKOJIOB

A. M. Muponos!

B macrosiieit pabore m3siaraercs HOBas MaTeMaTHIeCKas MOJIEIh
KpunTorpaduIecKuX MPOTOKOJIOB, U IIPUBOJATCS IPUMEDPHI IIPUMEHE-
HOS 9TOIl MOJIeNN JJIs PellleHns 3aJ1ad Bepudukaiun Kpunrorpadu-
9ecKuX IMPOTOKOJIOB. Kpunrorpaduueckue MpoOTOKOJIBI — 9TO pacipe-
JIeJIEHHBIE AJITOPUTMBI, [IPEIHA3HAYEHHBIE JJIsi 00ECIIeUeHus IepeTadn
KOHMUIEHITNAIbHON nHpOpManun B Hebe3onacHoit cpee. OHI UCIOb-
3YIOTCsl, HAIIPUMED, B 3JIEKTPOHHBIX IIJIATEXKAX, SJIEKTPOHHBIX TIPOTIE Ty~
pax TOJIOCOBAHUsI, CUCTEMAX JIOCTYIIA K KOH(MDHUIEHITUAIBHBIM JIAHHBIM,
u 1.7. Omubku B KpunTorpadpuuecKux IIPOTOKOJAX MOI'YT IPUBECTU
K 0OJIBITIOMY yIIIepOy, TOITOMY HEODXOIUMO HCIOJIb30BATH MATEMATH-
9eCcKue MEeTOIbI Jjis OOOCHOBAHUS PA3IMIHBIX CBOWCTB KOPPEKTHOCTH
1 6e30IMacHOCTH KPUNTOrpaduIecKuX MPOTOKOJIOB. B pabore m3iara-
IOTCSI HOBBIE METO/IbI (POPMAILHOM BeprMpUKAIINN KPUITOrpaAPUIECKIX
IIPOTOKOJIOB.

KuroueBbie cioBa: kpunrorpaduieckue TpoTOKOJIBI, TOCIET0BA~
TeJIbHBIE ITPOIIECCHI, PACIIPE/IEJIEHHBIE TIPOIECChI, BEPUMDUKAIIHSI.

1. BBenenune

1.1. Ilousitue kpurnrTorpadmvecKoro NpoToKoJia

Kpunrorpaduydeckuii nporokost (KII) mpeacrasisier coboit pacipe/ie-
JIEHHBIIl aJITOPUTM, OMUCHIBAIOIINI TTOPSIOK OOMEHA COOOIIMEHUSIMUA MEXK Ty
HECKOJIbKUMU areHTaMu. [IpuMepsl TAKUX areHTOB — KOMITBIOTEPHBIE CHCTE-
MbI, ODAHKOBCKHE KApPTOYKH, JIIOIM, U T.1.

Mg obecnievennst cBoiictB 6e3omacHoctn KII (Takmx nampumep Kak
KOHMDUIEHIIMAJIBLHOCTD nepeiaBaeMbix Janubix) B KII mMoryT ucmnosib3oBarhb-
cst kpunrorpadudeckue nmpeobpasopanusi (mmdpoBaHue, 3JIeKTPOHHAST OJI-
[HCh, X3M-DYHKIUKN, U T.00.). MbI npejmnosaraem, 9To Kpunrorpadudeckue
npeobpazoBanus, ucrojblyemblie B KII, siBiisitoTcs uieaabHbIMU, T.€. YIO0BJIE-
TBOPAIOT HEKOTOPBIM aKCHOMAaM, BBIPAYKAIOIINM, HAIIPAMED, HEBO3MOXKHOCTD

! Muponos Andpeti Muzatirosus — TONEHT Kad. MATEMATHUECKON TEOPHH MHTELIEKTY-
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Intellectual Systems.

85



U3BJIEYEHUs] OTKPBITHIX TEKCTOB U3 MIU(PPTEKCTOB 0€3 3HAHUST COOTBETCTBY-
IONMNUX KPUNTOTPADUIECKUX KJTIOUei.

1.2. Va3zBuMocTH B KpunTorpadmudecKux IIPOTOKOJIAX

Mmuorue yaspumoctu B KII cBs3aHbl He ¢ IJIOXUMH KPUITOrPpapUICCKAMU
Ka4ueCcTBaMU UCIOJ/Ib3YEMbBIX B HUX KPUIITOIPAMDUIECCKUX IIPUMUTHABOB, & C JIO-
rugecknmu omubkamu B KII. Haubosee sspkum nmpumepom ysassumoctu B KIIT
sieysiercst ysispumocth B KIT ayrenrudukamuu Hupxsma-ITIpenepa [7T8NS],
KOTOPBIi ObL1 omybsmkoBaH B 1978 I., U MCHOJIB30BAJICST B KPUTUIECKHUX II0
6ezomacHocTH nHAMOPMAIMOHHBIX cucTemax. Cycrs 6ostee 16 Jier mociie Ha-
yaJia ucriosib3oBanus sroro KII B Hem obnapy»Kkusach jornyeckas OIMOKa
[95L], cBsizaHHAsT ¢ BOBMOYKHOCTBIO HENIPELyCMOTPEHHOTO HEYECTHOTO TIOBE e~
HUs OHOTO U3 yaacTHUKOB 3Toro KII u moapeiBarorias 6e30macHOCTb 9TOr0
KII. OcobennocTh 9T0i OMIMOKHN 3aK/I09aeTcst B ToM, 9To manubiii KII siBiis-
eTCsl TIPeJIeJIBHO MTPOCTBIM PACIPEIEJIEHHBIM aJTOPUTMOM, COCTOSIIIIAM BCETO
13 Tpex AefCTBUii, U IIpu BulyaabHOM aHajause 3toro KII orcyrcrBue B HeMm
omubOK He BBI3bIBAJIO HUKAKUX coMHeHmit. Omubka Obliia 0OHApYKeHa JIUIITh
[IpY ITOMOIIM WHCTPYMeHTa aBToMaTu3npoBannoil Bepudukamumn KII.

Hpyroit npumep norndeckoii omubkn B KIT (B3sT u3 crarsn [14CK]): B
KII Bxoma B nopran Google, O3BOJISIONIEM TI0JIB30BATEN0 UIEHTHMOUIIIPO-
BaTh ce0st TOJILKO OJIUH pa3, a 3aTeM 00pAIaTbCsl K PA3JIMIHBIM [TPUIOYKEHY-
am (Taknm, Hanpumep, Kak Gmail nian xkanengaps Google), obHapy»kena Jjro-
rUYecKas OIMIMOKa, MO3BOJISIIONIAasl HeYECTHOMY IIOCTABIIMKY YCIYT BBIIABATD
cebs 3a J1000ro M3 CBOUX II0JIb30BaTENEl JJIsd JPYToro HOCTABIIUKA YCIYT.

CymecrByer muoro jpyrux npumepos KIT (em. manpumep [81DS], [87NS],
[95AN] [08CISTW]), B KOTOPBIX OOHAPYKHUJINCH YS3BUMOCTU CJIEJLYIOIIEro
BHUJIA:

e yuactauku 5Tux KII mMoryT mosydars mckaskeHHBIE cOOOIIEHUsT (TN
BOOOIIE TEPSATH MX) B pe3y/bTaTe IepexBaTa, yAAJeHUs WJIN UCKAYKe-
HUsI TPOTUBHUKOM TIEPETaBAEMBIX COOOIIEHN, ITO HAPYIIIaeT CBONCTBO
[IEJIOCTHOCTH TI€PEJABAEMBIX COODIITEHNIA,

® IPOTHUBHUK MOXKET Y3HATH CEKPETHYIO HH(MOPMAIMIO, COAEPKALLYIOCS B
IIepexBadIeHHBIX COODIEHUSIX, B PE3YJIbTATe Yer0 HapyIIaeTcs: CBONCTBO
KOHMUIEHITNAILHOCTH IT€PEIaBAEMbIX COODIIEHMIA.

Taxxke ects npumepst ysassumocteit B KII, ncrmonb3yeMbix jist ayTeHTH-
durarmu mnepe IpoBaitiepaMu MOOMIBHON Te/IeDOHHON CBA3U, I CHITUS
nerHer B 6baHkomaTe, Jjig pabOThI C 9JIEKTPOHHBIMU HACIIOPTAMU, ITPOBE/ICHUS
SJIEKTPOHHBIX BBIOOPOB, U T.JI.
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Bce aTu npumMeps ABASIOTCS 000CHOBAHUEM TOTO, YTO B KPUTHIECKUX I10
6€e3011aCHOCTH CUCTEMAX HEJIOCTATOYHO HepOpMaJIbHOIO aHaIM3a TPeOyeMbIX
cBoiicTB be3omacHoCTH ncob3yeMbix B Hux KII, nHeobxomumo

® IIOCTPOEHIE MaTeMaTUdeCcKux MopeJsieil anaausupyeMorx KII,

e onucanue coiicTB anasmsupyembix KII B Bujie MaTtemaTnyeckux o6b-
€KTOB, Ha3bIBaeMbIX crienudukanusamu cpoiicts 3tux KII, u

e 10cTpoeHUE (DOPMAJIbHBIX JIOKA3aTEJbCTB YTBEPXKJIEHUNH O TOM, UTO
anasmsupyemble KII yioBieTBopsitor (Wiim He yJIOBIETBOPSIIOT) CBOUM
cueruduKaIusM, IPOIELypa MOCTPOECHUsT TAKUX JIOKA3ATE/ILCTB HA3bI-
Baercs Bepudukanueit ananunsupyembrx KII.

B macrositiieit pabore crpouTcs HOBast Maremarmdeckas mojesnb KII, B
TepMUHaX KOTOPOH MOXKHO BBIpaXkaTh Takme cBoiicTBa KoppekTHocTu KII,
KaK HaIIPUMEP IIEeJIOCTHOCTh U KOH(MUIEHINAJIHHOCTD IIEPeIaBaeMbIX COODIIE-
Huit (T.e. 060CHOBaHME CIIEYIONUX CBOHCTB anasmsupyemoro KII: coobmie-
HU¢, ITOCJAHHBIE OAHUM ydacTHHKOM 3rtoro KII mapyromy ydacTHHKY 9TOro
KII, noxomar mo mosydare/ss B HEMCKAXKEHHOM BUJIE, U COJEPIKAHUE ITUX
coobreHuit He 6yJIeT M3BECTHO TPOTUBHUKY ), WK ayTeHTHdUKarms (T.e. J10-
Ka3aTesIbCTBO nojnuaocTn) yuaactaukos KII.

1.3. OcHoBHBIE MeTOAbl MOJEJMPOBAHUA U BepuduUKaiau
Kpunrorpadundeckux IIpoOTOKOJIOB

O630pb!I HauboJIEE MUPOKO UCIIOJIb3YEMBIX METOIOB MOJIE/TUPOBAHNUSA U BEPU-
dbuxanun KII conepxkarcs B kunrax [11CK| u [12CM]. OcHoBHbIe Ki1acch
momeneit KII u moaxonos k¥ Bepudukanuu KII nmeror ciremyommuit Bu.

1) Jlormyeckue mopeJin.

JlaHHbIi KJTacc MoJiesiei ObLT CAMBIM ITEPBBIM ITOAX0I0M K MOJIEJIMPOBA-
auio u Bepudukarnun KII. Ha ocroBe gammoro kaacca Momeneit mpobae-
ma Bepuduranuu KII cBogurcst K mpobjieMe OCTpOeHUsT B HEKOTOPOM
JIOTUI€CKOM HCYHUCJIEHUN JI0KA3aTEILCTBA TEOPEMBI O TOM, YTO AHAJIU-
supyembiit KIT obsanaer 3amanabivu csoiicrBamu. B paGore [90BAN]
OblLa U3J/I02KeHa IepBas MaTeMaTudecKkas mojenb KII, nazpisaemast j1o-
rukoii BAN (HasBanume 5TOil JIOTUKH COOTBETCTBYET (haMUIHIM €e
coznaresneii — Bappoysa, Abaju u Hugaxsma). JlanHast Mozens umeer
6oJIbINIE OIPAHUYEHUSI: B HEll IPEIIoIaraeTcs, YT0 YIaCTHUKNA aHAJIM-
supyemoro KII saBjstioTcst 4eCTHBIME, T.€. TOYHO BBIIIOJIHAIOT MIPEJIIIICA-
nusa KII. Takoe orpannvenne He MO3BOIUIO0 OOHAPYKUTH YIIOMSIHYTYIO
poime ysizpumocTb B KIT Huaxama-IIpenepa. Kpome Toro, nanaas Mo-
JieJib He 1103BovisgeT aHasm3npoBaTh Kl ¢ HeorpanndeHHbIM TOPOXK 1e-
HueM ceancos. Anmnapar joruku BAN 6611 passut B paborax [90GNY],

87



[91AT], [93vO] [93SM], [94KMM], [96SvO], [02SW]. Baxxubim Kraccom
JIOTUYECKUX UCUUC/ICHI JJId MOJACJINPOBaHUA U aHaJIN3a KII ABJIAETCA
KOMITO3UIIMOHHAs JIoruKa 1IpoTokosaoB (Protocol Composition Logic),
koTopoit nocssensl paborst [01DMP], [07DDMR], [08C], [I1IDMRS].

OmauM u3 KiaaccoB jorndeckux Mozeneit KII ceszan ¢ Jjrormyeckum
IporpaMMHUPOBaHUEM. B MaHHBIX MOJIENISIX AU IIPOTOKOJIA IIPEICTAB-
JIAOTCA B BUJAe IIPpaBUJI IEePCIINCbIBaHUA TEPMOB. ﬂﬂﬂ MO/ INPOBAaHUA
KII ucrionp3yiores Kiaay3bl XopHa W CUCTEMBI YPABHEHUN C OTpaHU-
genusiMu (constraint systems). lasnbiit noxxos u3naraercst B paborax

[01B], [05AB], [14CK]| u xp.

BaxxHBIM KJ1aCCOM JIOTHIECKIX METOA0B MojAenpoBanus n anam3a KII
siBJIsteTCsl MHLyKTUBHBIN Meroj [Tayinscona: [97P], [98P], [99P], [00B].

Moytesu, ocHOBaHHBIE Ha ajiredbpe IMPOoIEeccosB.

NcrounnkoM JTaHHOTO KJIacca MOJIeJIel SIBJISIETCST OCHOBOIIOJIATaIOIIAsI
pabora P.Mwumnepa [80M|. B manmnoii pabore crpoutcst Mojenab B3a-
UMOJIEHCTBYIOIIUX IIPOIECCOB, B KOTOPOI IPOIECCHI MPEJICTABIISIIOTCS
Tepmamu. Ha 3Tux TepMax BBOJUTCS OTHOIIEHHE HAOJIOIAEMON K-
BUBAJIEHTHOCTH, KOTOPOE MO3BOJIsIeT 3(Ph(HEKTUBHO BBIPAKATH PA3JIMYI-
HBbIE CBOICTBA IPOIECCOB, CBS3aHHBIC ¢ OE30MACHOCTBHIO (B 9aCTHOCTH
CBOIICTBA CEKPETHOCTH M aHOHMUMHOCTH). IlepBoii paboroii, B KoTOpOIt
n3naraercst momenb KII Ha 6aze momxoma P.Mumnepa, siBistercst cra-
Tbst M.A6aau u A.Topiona [99AG|. Cpeau npyrux paboT, OTHOCSIIIX-
Csl K 9TOMY HAIpaBJIeHHIO, MOKHO oTMeTuTh padorst [00RS|, [01AF],

[05KR], [07TABF], [11RS], [L6ABF], [16B], [17CW], [21CDS|.

Mogenu, ocuoBanubie Ha CSP.

CSP (Communicating Sequential Processes) — 510 maremarnye-
ckuii anmapar, pazpaboranublii A.Xoapom [85H| u npejHasHaueHHBIN
JUTST MOJIC/TUPOBAHUST W AHAJIN3a PACIPEJICTEHHBIX BBIYHUCIUTETHHBIX
mporieccoB. Ha 6ase aToro ammapara IOCTPOEH METOI MOIECJTUPOBAHUST 1
sepudukanun KII, nanbosree nosmo ussnoxkennseiii B kuure [JORSGLR].
Henyxkrtusaas Bepudukanus KII Ha ocHOBe JTaHHOTO MOXOA UCIOTIb-
gyer nousitue panr-dpyHKuu. Cpeiu paboT, OTHOCAIIUXCH K JAHHOMY
HAIIPABJICHHIO, MOXKHO OTMeTHTH pabors [96SS], [96S], [97LR], [97DS],
[98S], [21RCSSS].

Mopenu, ocHoBaHHbIe HA MpOCTpPaHCTBax HuUTell (strand spaces).

[IpocTpancTBa HUTEN MTO3BOJIAIOT HMPEJACTABIATH IIPOIECCHI, BXOMIAIINE
B KII, B Busie rpaduueckux 00beKTOB (HA3bIBAEMBIX HUTSIMHE), B KOTO-
PBIX YKa3aHbl 3aBUCUMOCTHU MKy JeHCTBUSMU, OTHOCIIIUMUCS K Pa3-
JimaHbIM TIporieccaM. Cpenu paboT, OTHOCSIIAXCST K METO/IAM MOJIEJIH-
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posanust 1 Bepuduraun KIT Ha 0CHOBe IIOHSATHSI IIPOCTPAHCTBA HUTEI],
MozkHO orMeTuTh paborsl [98THGL]|, [98THG2|, [99THG1|, [99THG2],
[00GT2], [02GT], [05CDLMS], [07DGT1], [07DGT2], [07TDGT3], [12G],
[L3LP], [L6YEMM].

1.4. CpaBHeHMe npeaJjaraeMoil MoaeJn KPUIITOrpaduiecKnux
IIPOTOKOJIOB C JIPYTUMU MOJIEJISIMU

Mogens KII, uzmaraemast B HacTosiieit pabore, yHac/e10Baa HanboJee cy-
IIeCTBEHHBIC Ka4deCTBa Mo,zgeﬂeﬁ KazKJIOoT0 M3 IepeYrC/IEHHBbIX BbBIIIE YEThbI-
pex kJaccoB. B sroit momenu KII npencrapisiiores B Bule pacipeieeHHbIX
nporeccos (PIT), B3amMojeiicTByOIUX IyTeM acCUHXPOHHOI Iepejadn co-
obmennit gepes Kanasnl. Kaxxaprit PI1, coorBercTBytomuit kakomy-au6o KII,
pejicTaB/isieT coboii COBOKYITHOCTD HOc/IeioBaTe/bHbIX mporeccos (ITIT), mo-
nenumpytomux paboty yaactaukos storo KII. Kak mpasuiio,

e stu 111 mpeacTaBisitoT OO0 MOCIET0BATEILHOCTH IEHCTBIM, KOTOPHIE
rpadudecKn MOXKHO N300pa3uTh B BUJE HUTEH, 1

e poinosrenne Beero KIT MOKHO HpesicTaBuTh B B/ IPOCTPAHCTBA HI-
Teil, TOUKH Ha KOTOPBIX CBsI3aHbI pebpaMi, N300parkarouMy IIepe/iady
u npueM coobiennii, cM. Hanpumep (68) u (95).

Csoiicta KII mMoryT mnpejicraBisiTbCsi B BUJE JIOTUIECKUX (DOPMYJI, JIJIst
000CHOBaHMSI KOTOPBIX MOI'YT HCIIOJIB30BATHCS CTAHAPTHBIE aJIlOPUTMBI JIO-
rudeckoro BbiBoja. Kpome roro, mekoropsie cpoiictsa KII (Hanpumep ano-
HUMHOCTH) M.6. BBIPAsKE€HBI B BUJI€ OTHOIIEHUsT HAOJIIOIAeMOil SKBUBAJICHTHO-
ctu Mexk 1y coorBercTByomuMmu PII, anasorndno ToMy, Kak 3TO JIe/IaeTcs B
Mogzesnstx KII ocHOBaHHBIX Ha IPOIIECCHOM aaredpe.

[Tepedncaum OCHOBHBIE JOCTOMHCTBA IPEJJIOKEHHONW MOIEIN.

1) HoxkazaresnbcrBa coiicrs koppektHoctn KII Ha 6a3e mannoil moeinn,
CYIIECTBEHHO KOPOUe, YeM J0Ka3aTe/IbCTBa 9TUX CBOWCTB Ha Oa3e Jpy-
rux mojeneit KII. JIjgst 060cHOBAHUST 9TOTO YTBEPKICHUST MBI TIPUBO-
M npumepsl Bepudukarun asyx KII: Yahalom [00RSGLR]| n KII
nepenadn coobiennii, B3aToii 13 [99AG|. Bepudurarnums stux KII B
BBITICIIPUBC/ICHHBIX NCTOYHUKaX 3aHUMaCT HECKOJIbBKO JeCATKOB CTpa-
HUIL, B TO BpeMs Kak Bepudukanust KII Yahalom ma 6asze npemamoxen-
Hoit Mosiesn (myHkThI 3.2.3, 3.2.4, 3.2.5) 3aHMMaeT MeHee 4 CTpaHUIl, a
sepudukanus sroporo KII (mynkr 3.3.2) — menee 3 crpamui. Kpowme
TOrO, aHAJIN3 JIOKA3ATEIhCTB KoppekTHOocTH jaHHbix KII mokasbiBaer,
UTO 9TH JJOKA3ATEIbCTBA TIPOU3BOIATCS TI0 MMAOIOHHON METOINKE U M.H.
MTOPOYKIEHBI ABTOMATHIECKH.

89



2) Ecmu anammsupyembie KIT cocTosT n3 KOHETHOrO 9nc/ia KOMIOHEHTOB
6e3 nukI0B, TO Bepudukarus Takux KII MmoxkeT ObITh TpoOBeIeHa TTOJI-
HOCTBIO aBTOMATUYECKH, HA OCHOBE BBEJEHHOI'O B HACTOsiIIell pabore
MOHATHS T'pada IEePexo0B, UTO MOKA3aHO Ha YeThipex npumepax KII
(mysxrer 3.1.4, 3.1.5, 3.1.7, 3.1.8), B3areix u3 padorsl [99AG|. B sroii
pabore Bepudukarnusi ganabix KII mpegcrasisier coboii HETpUBHAJIB-
Hble MaTeMaTU4eCKne PacCy2KJIeHUsi, B TO BPEMs KaK B HACTOIIEH pa-
6ore mauubie KII Bepudurnupyrorcs myrem BbraucaeHust pOpMyJI, UC-
TUHHDBIX B BepIIMHAX I'PA(OB IEPEXOIOB.

3) Beegnennsiit B HacTosimieit pabore s3bik onucanus PII mossosisier ¢Tpo-
nTh Takue Mojenu KII, Koropble mMEIOT CyIecTBEHHOE CXOJICTBO C HC-
xoaHbIME onucaHuaMu KII. D9To o6cTosITe/IbeTBO SBJISIeTCs CYIIEeCTBEH-
HBIM B TOM cjydae, Korjga B ananusupyemoMm KII B pesynbrare Bepu-
durarmu oOHApPYKEHA OIMMUOKA, U HEOOXOAMMO Tak MOIU(PUITPOBATH
anaymsupyembrit KII, aTobbr yerpanuTs o1y omubdky. Eciu momens KII
cxoxKa ¢ onmcanneM roro KII #Ha mcxoaHoM si3bIke, TO U1 YCTPAHEHHS
obnapyxxennoit omubku B KII cnadasa mMoxker ObITh BBIIIOJHEHA KOP-
pekmust mogenun 3roro KII, koropas 3aTeM HECJI0:KHO IIpeodbpasyeTcs B
Koppekimo anajgusupyemoro KII mHa mcxomaoM s3bike.

OTMeTuM, 9TO M3JI0KEHHDIA B HacTosIIell pabore si3bIk omucanus PII
HAMeeT CaMOCTOSITEIbHYIO IEHHOCTh, M MOYKET PAacCMaTPUBATHCA KaK HO-
BBI SI3BIK OIIMCAHUI paciupeaesieHHbIX aJI'OPUTMOB.

2. IlociemoBarebHBIE U paclpee/iIeHHbIE
MIPOIECCHI

B sTom maparpade Mbl n3siaraem IMOHSTHS [OCJIEIOBATEILHOTO U Pacipeie-

JieHHOTO TporieccoB. 1locite/toBaTeIbHBIN IPOIECC ABJISAETCH MOJIEJBIO YYacT-

mnka KII, a pacnpenenennsrii mpoiecc saBaserca mojiebio Bcero KII. ITpes-

JIO’KEHHAsT MOJIE/Ib SABJISETCSI TEOPETUIECKON OCHOBOH /I METOI0B Bepuu-
karun KII, m3naraembix B maparpade 3.

2.1. BcooMmorarejabHbIE IOHATUA

2.1.1.Tunbl, KOHCTAHTBI, MepeMeHHbIe, (PYHKIIMOHAJIbHbIE CUMBOJIbI

[Ipenmonaraem, aro 3asansl MHOXKecTBa 1T'ypes, Con, Var u Fun, 3jieMeHTHI
KOTOPBIX HA3BIBAIOTCS TUMAMU, KOHCTAHTAMU, EPEMEHHBIMU, 1 PYyHK-
nmoHabHbIMHU cuMBosiamu (P C), cooTBETCTBEHHO.
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Kaxaomy snementy x muoxkects Con, Var u F'un comocraBiieH HEKOTO-
poiit Tun 7(x) € Types, upuuem ecim x € Fun, to 7(x) nmeer Buj

(T1y.oyTn) = T, THE T1,...,Tn, T € Types.

2.1.2. Tepmbrl

B sToMm nymnkTe orpeiesnisieTcss MHOXKeCTBO 1T'm T€PMOB, KOTOPbIE IIPeHA3HA-
Y€eHBI JIJIs OIIUCAHUS COODINEHUIT, TIePeCchlIaeMbIX BO BpeMsi BouiroHeHust KII.
MpmuozkecTBo T'm onpejiensercs nuiykTusHo. Kak/1oMy TepMy e corocTaBiien
HekoTopbiil Tun 7(e) € Types. Oupesiesienne TepMa UMeeT CJIeY oMU BUJT:

e Va € ConU Var x smisiercs repmoM tumna 7(x),

e ecciiu f € Fun, ey,...,e, —tepybl, u 7(f) = (7(e1),...,7(en)) — 7, TO
sanuch f(e,...,ey,) sIBISIETCS TEPMOM THUIIA T.

ByneMm ucrnosib3oBarh cieyomnme 0003HaYeHnsI:

e VecTm Var(e) ={x € Var | x Bxogur B e},

o VX C Var Tm(X)={ecTm| Var(e) C X},

e VECTm Ex=EnNVar,uVr € Types E; ={ec E|7(e) =7}

[Tyctsb e, ¢’ € T'm. Tepm e HasbiBaeTcsa HOATEPMOM TepMa, €', ecn e = €,
wm € umveer Bug f(eq,...,e,), tae f € Fun,u 3i € {1,...,n}: e — noxrepm
tepma e;. 3amuch e C €, tie e,/ € Tm, o3nagaer, uro e — noarepm €.
Bamuck e C €/, tae e, e’ € Tm, oznavaer, uro e C €’ u e # €.

Wupyknueit mo crpykrype TepMa € € T'm HeTpyJHO J0Ka3aTh, UTO

eClIN €] U €y — Pa3InIHbIe TTOATEPMBI TEPMa €, TO Judo e C €3,

(1)

b0 ey C e1, OO €1 U ey He UMEIOT OOIINX KOMIIOHEHTOB.

Bamuce x € e, rie x € Var, e € T'm obosnavaer yrBepxKiaeHue r C e.
Huxke s kaxkioit paccMarpubaeMoit dynknun suga f : E — E') rue
E,E' C Tm, 6ynem npennonarars, uro Ve € E 7(f(e)) = 7(e).
2.1.3. Ilpumepsl TUNIOB
Bynem caurars, uto Types COAEPHKUT CJIELYIONTNE THUIIBL:

e Tun A, TepMBI 3TOTO TUIA HA3BIBAIOTCS areHTaMM,

e Ty C, TepMBbI 9TOTO TUITA HA3BIBAIOTCS KaHaJIaMU, OHU ODO03HATAOT
KaHaJIbl CBSI3U, IIPU IIOMOIIM KOTOPBIX areHThbl B3aUMOJCHCTBYIOT IPYT
C JIPYTOM IIyTeM Iepesiadin COODIIEeHNUIA,
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tun K, TepMBbl 9TOro THUIa Ha3BIBAIOTCS KJIIOYAMM, OHH 0003HAYA-
0T KpUITOrpaduIeckue KJIFIH, KOTOPbIe Ar€HTHI MOTYT UCIO/Ih30BaTh
JJIst P pOBaHUsT WK A€ POBAHUS COOOIIEHNUI,

Tu M, TepMBbI 3TOr0 THUIIA HA3BIBAIOTCS COOOIMEHUSIMM, OHI 0DO3HA-
qaioT COOOIIEHUsI, KOTOPbIE areHThl MOI'YT IIEPEChLIATh IPYT JAPYTry BO
BpeMsi CBOell pPaboThI,

Tun N, TepMbl 9TOr0 THUIA HA3BIBAIOTCI HOHCAMM, OHU O0DO3HAYAIOT
IepeMeHHble ¢ YHUKAJIbHbIMU 3HAYEHUAMU,

Tun P, TepMbl 9TOro Tua Ha3bIBAIOTCs ITPOIECCAMU.

Samucu Agents, Channels, Keys, Messages, Nonces u Processes obo3Ha-
JaloT MHOXKECTBA BCEX areHTOB, KAHAJIOB, KJOYed, COOOIIEHUH, HOHCOB U

ITPOIIECCOB, COOTBETCTBEHHO.
Bymem mcrionb3oBaTh CaeayIoniue COrJIAIEHNsT U 0003HATEHUS:

MHOXKecTBO Channels comepKUT IepeMeHHy0, 0003HaATaeMyI0 CHMBO-
JIOM O, ¥ Ha3bIBAEMYIO OTKPBITHIM KAHAJIOM,

T M BKJIIOYaeT Bce Jpyrue TUIbI u3 1ypes, T.e. TepM JIF0O0ro TUIIA
SIBJISIETCS TaKKe TepMoM Tura M,

Vn > 1,V7 € Types muoxkecTBO T'ypes CONEPKUT THUII T, SHATCHUSI
KOTOPOTO — KOPTEXKHU JJIMHBI 1, COCTOATINE N3 3HAYEHUN TUTIA T.

2.1.4. ITpumepsbl DYyHKIIMOHAJIBHBIX CUMBOJIOB

Bynem mpennonarars, uro Fun comepxut cienyomme OC.

DC tupley,, rne n > 1 u 7(tuple,) = (M,...,M ) - M,,.
—_———
n
st kaxkgoro cnucka (eq, .. ., €,) TepMoB TepM tupley(eq, . .., e,) Oy-
JieT 0603HaUATHCs 60JIee KOPOTKOM 3aIHCEIO (€1, . . ., €p).

DC pryi,taen>1, 1€ {1,...,n}, u 7(prp;) = M,, — M.

Ve € T'mm, TepM pry i(e) siBasercs i—if KOMIOHEHTOH KOPTeXKa €, 1
ByseT 0603HAIATHCST 3AIUCHIO (€);.

o OC hash_ function (Bo3moxio ¢ unjgexkcamu) tuna M — M.

Tepm Buga hash__function(e) obosHauaer 3HaveHHE XII-DYHKIAN
COODIIEHUS €.
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o OC encrypt u decrypt tuna (K, M) — M.

Tepmbl Buza encrypt(k, e) u decrypt(k, e) obozHauaoT coobIIEHMsI, T10-
aydaemble mdposarueM (1 JemudpoBaHueM, COOTBETCTBEHHO) CO00-
HIEHHs € Ha KJode k.

o OC public_key tuna A — K.
Tepm public _key(A) nHaspiBaeTcsi OTKPBITBIM KJIFOYOM areHra A.

Tepmbl Buga encrypt(k,e) u encrypt(public_key(A), e) 6yaer obosua-
vyaThbes 3anucsmu k(e) u A(e) cooTBEeTCTBEHHO, JAHHBIE TEPMbI HA3bI-
Batorcs mndpoBanabiMu coobireHusivu (IIIC).

o OC shared key tuma A,, — K, rne n > 2 (T.e. 01HO 1 TO Ke 0603HA-
gyenue shared key ucnonnsyercs nst cemeiicrea OC).
Tepm Buma shared key(Ai,...,A,) Ha3biBaeTcsi pasaeasieMbIM
KJIFO4YOM arentoB Aj, ..., A, n Oymer 0603HaIaTHCS 3AIUCHIO KA, A, -

e OC shared channel tuna A, — C, tae n > 2 (T.e. OIHO U TO ¥)Ke
obosnavenne shared channel ucnonbsyercs st cemeiicra OC).
Tepm Busa shared _channel(Aq, ..., A,) Ha3bIBaeTCsl pa3aeasieMbIM
KaHaJIoM arenToB Aj, ..., A, u Oyjer 0003HAYATHCH 3AIHCHIO CA, . A, -

o OC digital signature tuna (M, A) — M.

Tepm Buna digital _signature(e, A) oboznadaer i POBYIO MOJINCH
COOOIIEHHS e, CIEJaHHYIO areHToM A.

Tpoiika (e, A, digital _signature(e, A)) Gymer obo3HadaThCst (€) 4.
Byzem ucnonbzosars ciepyiomue obosuadenus: Ve € T'm

VarEncKeys(e) ={keVark|3e €Tm:k(e)C e},
OpenEncKeys(e) ={A € Vara|3e € Tm: A(e) Ce}.

2.1.5. Beipaxkenust

B stom myHkTe ompenessercs MHOXKECTBO Fxrpr BbIpa*KeHUIi, KOTOPBIE
[peIHA3HAYEHbI J/IsT ONMMCAHUsI MHOXKECTB TepMoB. Hampumep, B KadecTBe
TAKOTO MHOKECTBA MOXKET BBICTYIIATH COBOKYITHOCTH TEPMOB, JOCTYITHBIX B
TEKYIIIi MOMEHT KAKOMY-JIH00 IIPOIIECCY, W COBOKYITHOCTH COOOIEHN, Ha~
XOISAIINXCA B TEKYIIUI MOMEHT B KaKOM-JIMOO KaHAJIE.

BeipakeHneM Ha3bIBAETCs 3AIUCH OTHOTO U3 CJIEIYIONINX BHUIOB:

o K rne FE CTm,

e [P| u[c], tne P € Processes, ¢ € Channels,
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o k"Y(E), rne k € Keys, u E € Expr,
e ENE',EUFE', -E, tne E,E' € Expr.

VE € Expr Var(E)={x € Var | z sBxonur B E}.

Buipazkenus suga k= ([P]) u k~!([¢]) obosnaqatorca k~1[P] u k~![c] co-
oTBeTCTBeHHO. Boipaxkenust Buja {e}, rue e € T'm, obosnavatorcs 6e3 bu-
I'YPHBIX CKODOK.

Huzke KaK/[I0My BBIParXKEHHIO COIOCTABIISIETCsSI 3HAYEHHE 9TOI0 BbIpazke-
HUSI B TEKYIUI MOMEHT BPEMEHHU, KOTOPOE SIBJISAETCS MHOXKECTBOM TEPMOB.

2.1.6. ®opmyibl

B srom nynkTe onpemnensiercs: monaTne POPMYJIbI, KOTOPOE IIPeTHASHAYEHO
JIJIsT OIIMCAHUSI CBOMCTB MHOXKECTB TepMOB. B ollpesiesieHnu JTaHHOTO TOHATHS
HCIIOJIb3YeTCsl TIOHsTHE d1eMeHTapHoi dopmynbl (DP), koropast npe-
CTaBJIAET COOOM 3AIMCH OIHOIO U3 CJIAEIYIINX BUIOB:

l)ee E,E=FE ,ECFE EDFE tneeecTm, E,E € Expr,
2) ElcPuFE1lgP,tne ECTm,P € Processes,
3) atp =i, rue P € Processes.

D@ BBIpaXKAIOT CBONCTBA 3HAUEHU BXOJSIIUX B HUX BBIPDAXKEHU B TEKY-
Uit MOMEeHT BpeMeHu. 9P M3 mepBOro IMyHKTa BBIPAXKAIOT CBOWCTBA, COOT-
BETCTBYIOIIUE BXOJSIIAM B HUX T€OPETUKO-MHOYKECTBEHHBIM CHUMBOJIaM. DD
13 BTOPOTO IIyHKTa BHIPAsKalOT CBOCTBA, M3JI0XKEHHBIE B IyHKTE 2.2.4, DO
U3 TPETHETO MYHKTAa BBIPAXKAIOT CBONCTBA TEKYIIETO COCTOSHUS ITOCIETIOBaA~
TEJBLHOTO IIpoliecca, moapobuee cM. B myHkTe 2.2.3.

[Mpumepsr DO:

decrypt(k,k(e)) =e, taek € Vark,e € Tm @)
proi(er,....en) =€, tmen>0,0€{l,...,n}e1,...,e, € Tm.

®opmysoii Ha3bIBaeTcd NMPOU3BOIbHAA COBOKyMHOCTh O®. Kaxkmas
dopmyna p = {p; | i € I} BbIpazkaer yTBepKIeHUE, IPEICTABIISIONIEe COOOIT
KOH'BIOHKIINIO YTBEPXK/IeHNil, BbipakaeMbix DD ¢; (i € I).

MmuozkecTBO Beex GopMyst obo3HaUaeTcst 3amucbio F'm. Vo € F'm 3amuck
Var(yp) obo3HagaeT MHOXKECTBO BCEX NEPEMEHHBIX, BXOJSIIUX B (.

Jnst kaxoro crnmcka GopMyaI ¢1, - .., o, € Fm dopmyna o1 U...Up,
Oyzier 0603HAYATHCST 3AMUCHIO {P1, .. ., ©n ).

Dopmysbl Buga (e € F) 6yayT 0603HaYaAThCs 3anucsaMu Buja € ¢ F.

Samucek Buga Fop1F1 ... pnEn, Tie Ey, ..., E, — BoIpaxkeHust, u p1, ...,
pn — cumBosibl u3 {=, C}, obosnauaer dbopmyny {Fop1E1, ..., En_1pnEn}.
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2.1.7. CBa3bpIBaHus

Caa3pIiBaHMEM Ha3biBaeTcs IpousBosbHas dyukius 6 : Var — Tm. Byaem
TOBOPUTD, UTO CBsI3bIBaHUE f CBsA3BIBAET epeMentyto x € Var ¢ repmom 6(x).
Bynem mcrionb3oBarh cieayionime 0003HAYCHUS:

® MHOKECTBO BCEX CBSI3bIBAHUII 0003HAYAETCS CUMBOJIOM O,
e id obo3HavYaeT TOXKeCTBEHHOE CBsi3biBanue: V. € Var id(x) = x,
e VX CVar O(X)={0cO|Vze Var\X 0(x) =z},

e cBa3bIBaHUE € © MoxKeT 0003HAYATHCA 3AIUCIMUI
x—0(x) wm (0(z1)/x1,...,0(x)/2y), (3)

BrOpasi 3amuck B (3) ucnosbsyercs, korga 6 € O({z1,...,z,}),

e V0 € O, Ve € T'm 3ammuch €’ o6o3nagaer TepM, HOTydaeMblii U3 €
samenoit V. € Var(e) KaxKioro BXOXKJeHusl © B e Ha TepM 0(x), repm
e Ha3LIBAETCs MIAGIOHOM TepMa, ¢! OTHOCHTENIBHO CBA3BIBAHIS 6,

e V0 €O, VE C Tm zamucsy EY oboznagaer muoxectso {ef | e € E},
e V0,0 € © samuch 00 obosmauaer cessbanme & — (7).

IIycrs X C X' C Var, 0 € ©(X), 0 € ©(X'). Ceassisanue 0’ nasnipa-
ercsl MpoAoJIzKeHneM cps3biBanus 0, ecoim Vo € X 0(x) = 6'(x).

2.2. TlocienoBarejbHBIE ITPOIIECCHI
2.2.1. [eiicTBusi
leiicTBue — 310 3aIUCh OJHOTO U3 CJICYIONINX BUJIOB:

cle, c?e, e:=¢€, ruece Channels, e,e € Tm,

KOTOpPLIE HA3LIBAIOTCS MOCBLIKONM COOOIIEHNS € B KaHAJ ¢, IIPUEMOM CO00-
IICHNA € U3 KaHaJa ¢, 1 IPUCBAMBAHNEM, COOTBETCTBEHHO.

MHuozkecTBO Beex JieficTBuii obozHadaercs 3anucbio Act. Vo € Act muo-
JKECTBO BCEX MEPEMEHHBIX, BXOJAIMNX B (v, 0003HaTaeTCst 3anuceio Var(a).

Ecin 6 € © u a € Act, 1o 3amucs o obosmauaer neiicrsue ?le?, ?7¢f u
e == (¢)?, ecim a = cle, c?e u e := €/, COOTBETCTBEHHO.

B mekoTopbIX ciydasx, Ay 00/1erdeHusl BU3yalbHOrO BOCIPUSTHUS, JIeii-
CTBUA MOFyT 3alIUChIBATHCA B prFHBIX CKO6K&X, T.€., HaIIpuMep, BMECTO 3a-
mucH cle MOYKeT MCIOJIb30BaThCst 3amuch (cle), u ..
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2.2.2. TlousaTue mocJjenoBaTe ILHOTO MpoIiecca

ITocienoBaresnbhueiii nporecc (IIIT) — sro gyersepka (P, A, X, X), kom-
IOHEHTHI KOTOPOil MMEIOT CJICAYIOMIIA CMBIC/I:

e P — rpad ¢ BbuiesieHHOI BepinHOi (Ha3bIBaeMOl HAYaJIBLHON Bep-
IIMHOM, 1 0603HaYaeMoii 3anuceio Init(P)), kax oMy pebpy KOTOporo
corocTraBJieHa MeTKa o € Act,

e A — areHr, cBazanubiii ¢ sruMm I111,
e X C Var — uHMIIMAJIN3UPOBAHHLIC IIePEeMEHHbBIE,

e X C X — cKpbITBbIE TIEPEMEHHbBIE, OHI 0003HAYAIOT CEKPETHBIE KJIIO-
M, CKPBIThIE KAHAJIbI, MJIM HOHCHI, 3TU IePEMEHHbIE HHUITUAJIN3NPOBA-
Hbl YHUKAJIbHBIMU 3HAYMEHUSIMU.

11 siBnsteTcst popMATBLHBIM OIMUCAHUEM TTOBEJICHUST JIMTHAMUYIECKON CHCTe-
MBI, paboTa KOTOPO 3aKJII0YaeTCsS B IIOCJIEJIOBATEILHOM BBIIIOJHEHUN Jeii-
CTBUil, CBA3aHHBIX C MOCBLJIKOW UJIU IIPUEMOM COODIIEHUN, a TAKXKe ¢ WHUIIH-
aJu3aleil HeMHUITNAJIU3NPOBAHHBIX TEPEMEHHBIX.

Jna xasxoro ITT (P, A, X, X)

o manmbiit 1111 moxkeT coxkpaleHHO 0603HAYATHCS TEM YKe CUMBOJIOM P,
YTO M COOTBETCTBYIOLINI eMy rpad, MHOXKECTBO BepiuuH rpaca P rax-
JKe 0003HavIaeTCst CUMBOJIOM P,

e HadasjbHad BepimnHa P obo3Ha"aeTcst CUMBOJIOM (O; T€ BepIiuHbl P, u3
KOTOPBIX HE BBIXOJUT HU OJTHOTO pebpa, 0603HAUAIOTCST CUMBOJIOM &),

e Agent(P), X(P), X(P) 0603Ha9aI0T COOTBETCTBYIOIIIE KOMIIOHEHTHI
P, Var(P) obo3HauaeT MHOXKECTBO BCEX IEPEMEHHBIX, BXOJSNMX B P,

o X(P) oboznauaer muoxkectBo X (P)\ X (P) nHAIMAIN3NPOBAHHBIX HE-
CKPBITBIX TIEDEMEHHBIX Hporecca P,

o X (P) obosnauaer muozkectso Var(P)\ X (P) HedHUIHATH3HPOBAHHBIX
IepeMeHHbIX mpolecca P.

C kaxapiM I111 cBsi3ana mepementast u3 MHOXKeCTBa, Processes, Ha3bIBae-
Masi umeHeM storo [II1. Byxem oboznadars umena III1 Temu ke 3anumcsmu,
KOTOpbIMHU 0bo3Hadarorcs camu T111.

Ecnu P ne umeer pebep u X (P) = (), To P obo3nadaercs: cumsosom 0.

HeiictBust Buja ole u o?e OyayT 6ojiee KOPOTKO 0DO3HATATHCS 3aITUCSME
le 1 7e COOTBETCTBEHHO.
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2.2.3. CocrosiHue mocJ/ieJ0BaTeJILHOTO IIPOoIlecca

Cocrosiame IIII P — 310 narepka s = (at,a, [P],0,{[c] | ¢ € Channels}),
e

e at € P — Bepmuna rpada P B cocrosguuu s,
e « € {init} U Act — neiicTBue nepes mepPexoiOM B S,

e [P] C Var — MHOXeCTBO MHUIMAJIN3NPOBAHHBIX [IEDEMEHHBIX B S,

6 € O([P]) — cBs3bIBaHEE B S,
e V¢ € Channels [c] C Tm — coiep:KuMoe KaHaja C B S.

KomroneHTsl cocTosiHus § 0003HAUAIOTCS 3aUCAME ats, o, [Pls, Os, [c]s
cooTBeTCTBEeHHO. Byem obosnadars 3amuceio (P)s muoxecrso T'm([Ps).

Cocrostaue ITIT P nasbiBaercs HavaJdbHBbIM (1 obosnavaercs Op), ecin
ono umeet Bug (Init(P),init, X (P),id, {0 | ¢ € Channels}).

2.2.4. 3HaveHus BbIpaKeHUiT 1 POPMYJI B COCTOSTHUAX MOCJIEeI0Ba-
TeJIbHBIX ITPOIECCOB

[Iycts 3amanst 11T P, cocrosinue s 1111 P, Beipaxkenune F, u dpopmyiia .
Samuce E® 0b03HavYaeT MHOXKECTBO TEPMOB, Ha3blBaeMoe 3HaYeHueM F
B S, U ONIPEJIeNISTEMOE CJIEYIONIAM 0OpPA30M:

e VECTm E*={e%|eccE},
Ve € T'm muO)kecTBO Bujia {€}®, a TakKe € IMHCTBEHHBII 3JIEMEHT 3TOr0
MHOXKeCTBa, OyJaeM 0003HAYATDh 3AIUCHIO e°,

o [PI® = ([Pls)%, (P)* = ((P)s)®, [c]® = [¢’]s, tue P € Processes,
¢ € Channels,

o kY E))={ecTm|3e € E5:k%(e) C €},
o (ENE) = E*N(E), (EUE') = ESU(E), (~E)* = Tm \ E®.

Bamuceh s = ¢ 0603HaUaeT yTBEpXKIEHNE ‘@ UCTHUHHA B S”. DTO yTBEp-
)KJierne BepHo, eci Var(p)p C {P}, 1 BBIIOJIHEHO OJHO U3 YCJIOBHIA:

e p=(ecE),(E=F),(ECFE), wm (EDE), tneecTm,
E,E' € Expr, n

e’ € E°, E* = (E')®, E° C (E')*, E®* 2 (E')®, coorBeTcTBEeHHO
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e p=(ELlcP), Veec E® Agent(P) ¢ e, u

Ve e Ex,Vye[Pls v &y° )
Vo e E%,Vce Channels ecnmu Je € [c]s:x €e, To c € E®

(4) MOYKHO MHTEPIIPETHPOBATH KaK CJICYIONIEe YTBEPKICHNE: KaxK Iast
nepeMeHHad U3 Ey He BXOJUT B T€PMbI, JOCTyIHbIe npoueccy P B co-
CTOSTHUM S, M BXOUT B TEPMBI U3 COJEPAKNMOTO TOJHKO TAaKNX KaHAJIOB,
KOTOpbIE HEJOCTYITHBI JJisi P,

o p=(ELlgP),Veec E® Agent(P) € e,

Ve E‘)g(, Vy S [P]s IJ_K’EyS
Va e Fx,Vee Channels,Ve € [c]s x Lk pe

rae x Lk g e, 03Ha9aeT, 9TOo

KarKJI0€ BXOXKJICHUE I B € COICPKUTCS (6)
B noxarepme k(...) Ce, rue k € B

(5) MO’KHO MHTEPIIPETUPOBATH KaK CJIEJYIOIIEe YTBEPK ICHHE: IePEeMEH-
Hble u3 F§ BXOAAT B TepMBI, JOCTYIHBIE Iporeccy P B cOCTOSHUE s,
a TaKzKe B TEPMbI U3 COIEPXKUMOrO IIPOM3BOJILHOIO KaHasa, B “3ally-
meéxHHoM’ BUJie, T.e. BXOAAT B moarepmbl Buga k(.. .), e k € Ef,

e p=(atp =1), u ats =1,

o o ={pi|ie€l} - coBokymnocts DD, uViel s k= ;.

2.2.5. BbInosHeHMe mocJjieI0BaTeJILHOTO MpoIlecca

Breinosinenue 111 P moxHO moHMMaTh Kak 00Xoxd BepiiuH P, HaduHas C
Init(P), c BblIOJHEHHEM JIEHCTBUIA, SBJISAIONMXCI METKAMU IIPOXOJAUMBIX Pé-
6ep. C kaxipiM 1rarom BoinostHenus 11 P ¢BsizaHO HEKOTOpPOE COCTOsTHUE
s IIT P, naspiBaemoe TeKymmm cocrosinuem III1 P ua stom mare (Ha
[IEPBOM IIIare TEKYIIUM COCTOsiHIEM siBjisieTcst Op).

Ecnu texymuit mar eimosinenus 111 P He aBiisieTcs 3aK/II0UATEIbHBIM,
TO HA TOM IIIare IIPOUCXOJUT 3aMEHA TEKYIIEro COCTOSHUS § Ha COCTOSHUE
s', KoTopoe Oy/IeT TEeKyIUM COCTOSHUEM Ha CJICJLYIOIEM IIare, Jijis 3TOro

1) nmbo BeIGUpaeTcs BuIXOIsIIEE U3 ats pedbpo rpada P, Merka o KOTOPOro
00181aeT CIETYIOMNMI CBONCTBAMIE:

e cc ofs conmeprxuT BXOXK enue TepMa Buja shared key(...), nin

shared channel(...), To Agent(P) upucyTcTByeT B 9TOM BXOXK-
JIeHNH,

98



® BBIIIOJIHECHO OJHO U3 yCJIOBHfIZ

(a) a=cle, c,e € (P)g

(b) a=c?e, c € (P)s,
VarEncKeys(e®) C [P]s,
OpenEncKeys(e
360 € ©(Var(e) \ |

(c) a=(e:=¢€), e e
VarEncKeys(e®)
OpenEncKeys(e®) C {Agent(P)},
30 € ©(Var(e) \ [P)s) : e =e

M KOMIIOHEHTBI COCTOSIHUS 8’ MMEIOT CJIeyIOIuil BU; aty — KOHEIl BbI-
O6panHOrO pebpa, gy = «, U

e ccom BepHO () B (7), 10 [Ply = [Pls, 0y = 05, [¢*]s = [¢®]s U{e®},
V' € Channels\ {c¢°} [d]s = [c]s,
[

e ecsm BepHo (b) wm (¢) B (7), To [Ply = [P]s U Var(e), 0y = 605,
V' € Channels [d]y = [c]s,

(By/1eM TOBOPUTD, YTO IIPU LEPEXOIe OT § K §' Kark/1ast llepeMeHHast
x € Var(e) \ [P]s unumumammsnpyercs smauenmeM x¥s', koTopoe

CTAHOBHUTCs JIOCTYIHBIM P),

2) 6O BCe KOMIIOHEHTBI COCTOsIHHsI §', KPOMe IOCJIeHEH, COBIAIAIT C
COOTBETCTBYIOMUMH KOMIIOHEHTaMU coctosinust §, u Ve € Channels
MHOKECTBO [c|y nbo coBnajaer ¢ [c]s, mbo nosydaercs myreM Jobas-
JICHUSI TepMa K MHOXKECTBY [¢|s B pe3yJibrare BBIIOJIHEHHS TEKYIIErO
mrara jpyrum 111

Ecsin mmeer mecro mepBasi (Bropasi) M3 yKa3aHHBIX BBIIIE CUTYaIUii, TO
OyJ/1eM TOBOPHUTD, UTO §' MOJIydaeTcss aKTUBHBIM (COOTBETCTBEHHO, MACCUB-

P
HbBIM) II€PEXOJIOM 13 §. 3amuch s — s (s — §') obosmauaer, aro s’ mosyua-

€TCsl aKTUBHBIM (COOTBETCTBEHHO, IIACCUBHBIM) IIEPEXO/IOM U3 S.
Bo Bpemst kax1oro Boinosaennst kaxxaoro 1111 P nepemennsie u3 Var(P)
uMeroT creytomne ocobennocru: ¥V € Var(P)

1) ecsiim € X(P), 10 B HAYaJIbHBIII MOMEHT Kak10ro BbinosiHenus 1111
P nepevennast r He WHUIHAJIN3UPOBAHA, T.€. €l HE COMOCTABIEHO HU-
KaKOT0 3HAUYEHNUS,

2) ecsim x € X(P), To 9TO 03HAYAET, YTO B HAYAJBHbBI MOMEHT KaXKI0-
ro einosHerust Fxec 1111 P namuast mepeMeHHasT MHUITHAII3HPOBAHA,
YHUKAJIBHBIM 3Ha4YE€HUEM, T.e. 3HaYeHUEM, KOTOPOE OTIMYAETCS
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® OT 3HQYCHU, CONOCTAaBJICHHBIX JPYTUM HHUANAJIU3NPOBAHHBIM IIe-
PEeMeHHBIM Ipu BhinosiHeHuun Frec, u

® OT 3HAYECHUH, COMOCTABJICHHBIX WHUIIMAJIA3UPOBAHHBIM II€PEMEH-
HBIM IpH J1060M Bbinonnenun Ered # Exec mo6oro II1.
Unreprperanust ycjaoBuil, onucanubix B (7), UMeer CJieyonuii Bu.
e YcioBHE B IIyHKTE (&) CBSI3aHO C BBIIOJIHEHHEM IIOCBLIKU COOBIEHUS:
— uMsd ¢° KaHaJa, B KOTOPLIN ITOCHLIACTCS COOOIIEeHNe, T0IZKHO OBbITD
JIOCTYIHO Tiporieccy P B COCTOSIHUU S, U
— rochburaemMoe cooOIenne e JIOKHO OBITh TEPMOM, KOMIIOHEHTBI
KOTOPOTr'0 TaK2Ke JIOCTYIHBI IpoIieccy P B COCTOSHUU S.
e YcioBue B myHkre (b) CBA3aHO ¢ BBIIOJHEHHEM NPUEMA COOOIIECHSI:
— uMs ¢® KaHaJla, U3 KOTOPOTO IPUHUMAETCS COODINEHUE, JTOJIZKHO
OBITH JOCTYITHO Ipolieccy P B cOCTOSHUU S,
— Bce IIIC B mpuHIMAEMOM COOOITIEHNH, KOTOPBIE

* JIemudpyoTesa BO BpeMsl IPUEMa 3TOr0 COOOIIEHNs, U
* 3amudpoBaHbl HE HA OTKPBITOM WX Pa3Ae/seMOM KJIkoue,
umeror Buj k(. . .), rjie 3HavMeHue Kirova k JI0JI2KHO ObITh JIOCTYIIHO

nporieccy P B COCTOSHUE S, 9TO CBOWCTBO BBIPAXKAETCS BO BTOPOI
crpoke nyHkTa (b) B (7),
— Bce IIIC B mpuHUMAaEMOM COOOITIEHNH, KOTOPBIE
* J1emundpPyIoTcsa BO BpeMs IIPUEMa 3TOr0 COOOITIEHUSI, 1
% 3amu@pPOBaHbl HA OTKPLITOM KJIIOUE,

umeror Buy, Agent(P)(e), 970 CBOWCTBO BbIpayKaeTcsi B TPETbeil
crpoke nyHukra (b) B (7),

— TepM e sIBJIsleTcsl M1abJIOHOM HEKOTOPOro TepMma u3 [c]® oTHOCH-
TEJILHO HEKOTOPOTO MPOJIOJIKEHUsI CBA3bIBaHus O, TaHHOe CBOM-
CTBO BbIpazKkaerTcs B mocJiejiteit crpoke nynkra (b) B (7).

e YcioBHe B IIyHKTE (C) CBSI3aHO C BBIIIOJHEHUEM [IPUCBAMBAHMS:

— KaxkJas komionenTa Tepma (€')® momkua GeTh jgoctynHa P B S,

— CMBICJI CBOWCTB BO BTODOIl U TpeThbeil crpokax myHKTa (¢) B (7)
COBIIAJIAET CO CMBICJIOM COOTBETCTBYIOIIMX CBOHCTB B myHKTE (b):
kaxzoe IIIC B (¢/)%, koTopoe Mo/KHO ObITH AemudpOBAHO BO BPe-
M1 BBINOJIHEHHSI 9TOTO [PUCBAMBAHUS, JOJKHO UMETh B k(. . .)
wm Agent(P)(...), upuuem
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% 00 k pas3mesgeMblil Ko,

*x ubo k € Varg un 3nadenune kytoda k M0JI2KHO OBITH TOCTYITHO
P B cocTosnum s,

— TepM e ABgeTcs mabIoHOM TepMa € OTHOCHTEIBHO HEKOTOPOIO
ces3piBanust 0 € ©O(Var(e) \ [Pls).
2.2.6. IlIporiecc mpoTuBHUKA

ITpouecc nporuBamka — sro 111, oboznavaemblii sanmcpio P;, u 0bJiajaro-
U CIeYIOIUMU CBOMCTBAMMU:

e rpacd IIII P; cocTout U3 eMHCTBEHHO BEPIINHBI,

e V7 € Types muoxecrsa X (P;), n X(PT)T CYETHBI,

e Va € Act rpad P; conep:KuT pebpo ¢ METKOM o

Huzke Oyznem mpejmonaraTh, 9To P — eJIMHCTBEHHbIH U3 BCEX paccMar-
puBaembix 111, rpad KoTOpPOro MMEET IUKIIBI.

2.2.7. IlepeumeHOBaHUE MEPEMEHHBIX

ITepenMmeHOBaHMEe MmepPEMEHHBIX (HA3BIBAEMOE TAK¥Ke IPOCTO MepenMe-
HOBaHMeM) — 3T0 nabekTuBHag bynkimus 7: X — X' rne X, X' C Var.
Jnst kazkoro nepenmenoBanust 1 @ X — X', kaxkgoro e € T'm u Kax-
noro IITII P samucu e’ u P" obosnawator TepMm mau IIII coorBercTBeHHO,
nostygaemble u3 e wian P 3amenoit Vo € X KaxK10ro BXoXK/IeHust T Ha 1)(x).
Ecii nepenvenopanme 7 uveer Buz 1) : X (P) U X (P) — Var \ X (P), 1o
IIIT P u P" 6ymem paccMaTpuBaTh KakK paBHBIE.

2.3. PacnpeaesieHHble Ipoecchl

B sTOoM myHKTE BBOAUTCS MOHSATHE PACIPEIETEHHOrO MIPOIECCa, KOTOPOE siB-
ngerca moaenanio KII. Bee KII, paccmarpuBaeMble B 9TOM TEKCTE, MBI Oy1eM
OTO2K/IECTBJIATHL C COOTBETCTBYIOIIIUMHU UM pacCIlIpele/JIEHHBIMU IIpOoIecCcaMM.

2.3.1. TlousiTue pacmpejiejieHHOTO Ipoliecca
Pacnpenenennsiit nporecc (PII) - sto cemeiicrso 11T
P={P|icl}

(HekoTOpBIE M3 KOTOPBIX MOryT coBnaarh). C kaxapim PII cBsizana nepe-
MeHHas Tuna P, HasbiBaemas mMmeneM storo PII.
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PII P aBnsgercsa MOAeIbIo pacipeie;IEHHOTO aJlOPUTMa, KOMIIOHEHTAMU
KOTOPOro sIBJIsAtOTCs Bxosmue B Hero [1I1, B3anmoneiicTByo1me apyr ¢ apy-
TOM IIyTeM IIepeIadu COOOIEHnI Yepe3 KaHabl.

IIycts 3aman PII P. Bynem ncmoib30BaTh CaeAyroIne 0OO3HAUEHUS U
MIPE/ITIOJTOXKEHIST:

o Var(P) = Upep Var(P), muoxecrsa X(P), X(P), X(P), X (P) oupe-

ACJIAI0TCA aHaJIO'MYIHO,

e OyJieM IpeJIoJiaraTb, 4To

KoMIOHeHThl cemeiicrsa {X (P) U X (P) | P € P}
JIM3bIOHKTHBI U He Tepecekatorcs ¢ X (P)

(8)

(ecam 9TO HE TaK, TO 3AMEHNM KasKJIblii 13 KOMIOHEHTOB P cemeiicTBa
P Ha paBHBIl eMy B TOM CMBICJIe, KOTODBIN yKa3aH B KOHIIE IyHKTa
2.2.7, Tax, 9T00OBI CBOMCTBO (8) BBIIOJIHAIOCH),

o PII P mMmoxkeTr 0003HaUATHCA 3AINCHIO

—A{Py,..., Py}, eciu I = {1,...,n} (B ciiyuae n = 1 ckobku Mm.0.
ouyIensl, T.e. BMecto { Py} numercs Py), wim

— P*, eciiu I — MHOXKeCTBO HaTypasbHbIX uucesi, u Bece [11, Bxoms-
mue B P, coBuaaior ¢ P,

e zamuce P; obosuauaer PII {P, P;},

e ccu {P; | i € I} — cemeiicto PIL, u Vi € I PII P; aBasiercs cemeii-
creom IIIT Buga {Py | ¢ € I;}, rae muoxkecTBa uniekcos I; (i € I)
JIU3BIOHKTHBI (€CJIM 9TO He TaK, TO 3aMEHHM UX Ha COOTBETCTBYIOIINE
JII3BIOHKTHBIE Komn), To 3amuch {P; | i € I} obosnagaer rakxke PIT

-/
{Py " € | ier Ii}-
ByﬂeM HNCITIOJIL30BaTh C,He,H,yIOH_[ee COIvVIallleHue:

® eci B KaKOM-JIMOO paccyzkaennu, cBs3arnHoMm ¢ PII Buma P*, HekoTo-
portit II1 sBiistercst mepBbiM u3 paccmarpuBaembrx 1111, Bxosiiux B P*,
To 370T IIIl 1 Bce ero mepeMeHHBIE OOO3HATAIOTCST TEMU YK€ 3AINCIMHA,
KoTOpBIe ucnoJibdyiores B I111 P,

e ccyim kpome storo IIIT pacemarpusaercs apyroit 111, Bxoasmuit B P*,
TO OH yrKe 0BO3HAMACTCS 3AIUCHIO P, M B 0BO3HAMEHHSIX TEX €ro Iie-
DEMEHHBIX, KOTOPBIE COOTBETCTBYIOT mepeMeHHbiM u3 X (P) U X (P),
HCTOJIBL3YIOTCS OOPATHBIC TTPUXHU, U T./I.
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2.3.2. IloHsaTHUE COCTOSAHUSI PACHPEIEJIEHHOTO IIPOIecca

[Iycts 3aman PII P.

Cocrosinuem PII P nassiBaercs cemeiicrBo s = {sp | P € P} cocrosiHuii
[T, Bxomgamux B P, Takoe, uro V¢ € Channels Bce MHOXKeCTBA B ceMeificTBe
{[c]sp | P € P} onunakossr (Oy/1eM 0003HAYATH UX 3AIHCHIO [C]s).

IIycrs s = {sp | P € P} — cocrosuue PII P. Torma

® s HazbIBaeTCsd HadaJbHBIM cocroguueM PII P, u obosmauaercs Op,
ecim VP e€P sp=0p,

L4 ats = {atSp ‘ P S P}) [,P}s = UPGP[P}S’ <P>5 = Tm([P]S)7

e O, obosnauaer ces3biBanue u3 O([P]s), Takoe, uTo
VPeP,Vae [Py 0s.(x)=0sx)
(cymiecTBOBaHKE TAKOTO CBSA3BIBAHUS CJIEAyeT U3 Ipeosoxenus (8)).

[TousaTus 3HaveHus BbIpakeHUs U 3HadeHus GpopMysabl B coctogaun PIT
OIIPEIEJIAIOTCST AHAJIOTUIHO COOTBETCTBYIONUM ToHsATHsM Jijist [TT1.

V@, € F'm 3anuch ¢ < 1 o3HadaeT, uTo 11 Kaxkoro PII P u kaxmoro
cocrostuust s PII P Bepna nMmmumkanus s = ¢ = s = 1.

Ecnmu dopmymnsr ¢, € Fm takoBbl, uto ¢ < ¥ u ¥ < @, TO byaeMm
paccMaTpuBaTh Takue (OPMYJIbl Kak ofuHakoBble. Fcimm dopmysbr ¢ u ¢
OJIMHAKOBLI, TO OyeM 0003HaYaTh 3TOT (DAKT 3AIUCHIO (p = 1.

[Tpumepb!r onMHAKOBBIX (hOPMY.T:

o {fler,...,en) = f(e),...,e0)},vne f € Fun,u{e; =¢€),...,e, =€},

o {[d={e}, ¢ eld} m{lc]={e},e=¢}.

2.3.3. BeinosiHeHUEe pacHpeieJIEHHOTO Ipoliecca

IIycrs 3aman PII P. Bemosanenme PII P npeacrasiser coboit memerep-
MHUHIPOBaHHOE 1uepenoBanne BoimosHeHnit 1111, Bxomsmux B P. Ha kaxmom
mrare Boinosnenus PIT P

e T0JibKO oauH 111 u3 P BhINONHSIET aKTUBHBIN HIEPEXOs, U
e ocrasbuble [II1 u3 P BHIIOIHSAIOT MACCUBHBIE TIEPEXOIBI.

Broimosirenne PII P MmoxKHO onpeeinTh Kak MOPOXKISHUE TIOCTIEI0BATE b=
HocTH cocrosinmii aroro PII (mauunasi ¢ HauasibHOro cocrositusi Op), B KOTO-
POt KaxKJI0€ COCTOSIHUE S, HE SIBJISIFOIIEECsT TIOCETHUM B 9TOI IMOC/Ie10BaTE b=
HOCTH, CBS3aHO CO CJIELYIOIUM COCTOSIHUEM ' OTHOIIIEHUEM MepexXoa, 4To
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o3HauvaeT ciaenymomee: 4 P € P:

P
sp— sp, VP € P\{P} sp — s’p, 9)
rne s ={sp| P e P}, s ={sp|PecP}

CaoiicTBo (9) 0603HAUAETCSI 3AIUCHIO S 2Py ¢ e a = oy,

MmuoxkectBo Becex cocrosamuit PII P MmoxkHO paccmaTpuBaTh Kak rpad, B
KOTOPOM CyIIEeCTByeT pebpo u3 s B 8’ ¢ METKOil ap TOrJa M TOJILKO TOTJA
KOIJIa, § 2Py ¢ O6oznauenue [111 P B MeTke P MOXKHO OIIyCKATbh.

Jnst Kaxk1oit mapbl cocrostnuii s, s’ PIT P 3amucek s — s’ oznagaer, 9o
s cBA3aHO ¢ s OTHOIIEHHeM Iepexoja, M 3aluch § = s’ o3Ha4YaeT, 4To Cy-
IIECTBYET IIOCJIEI0BATEIbHOCTD S1,...,S, COCTOSHUMN, Takas, 9TO S| = S,
Sn:SI,HVizl,...,n—l S; — Si+1-

Cocrosinne s PII P nasbiBaercs goctukuMbiM, eciaun Op = s. Muoxe-
CTBO JOCTHXKUMBIX cocTostHuit PII P obosHauaeTcst 3ammchbo Yp.

Ecmm zagan nyts m u3 Op B s, m 8/ — Kakoe-11b0 COCTOSTHUE, BXOIAIICE
B T, TO MBI OysieM 0003HauaTh 3TOT (akT 3amucbio s <. s. 3amuch s’ <, s
obosnagaer, uto s <; s m s # s. Ecim myTh T fCeH M3 KOHTEKCTa, TO
0003HaYEHNE 9TOr0 MYTH B 3aIUCIAX <, U <, M.0. OIYIIEHO.

2.3.4. Habuarogaemasi 9KBUBAJIEHTHOCTDb

[Tousatue wHabsromaemoit skpuBasienTHOCcTH PII mmeer ciemyronuit Hedop-
MaJIbHBI cMbics: PIT P u P’ HabmionaeMo 9KBUBAJEHTHBI, €CJIM JIJIs KazK-
Joro HabJogaTe s, KOTopblil ananmusupyer sbiosnenue PIT Py u PJF Iy TeM
HAOJIIONIEHNST 38 COJIEPKUMBIM KaHasa o, 3ru PII OyayT Hepa3munauMsbl.
[Tycts P, P’ — PII, s € Xp,, s’ e Zp%, nun:X — X' — nepenmenosanue.

Banuck s~ s’ oznauaer, uro [o]s C Tm(X) u [o]y = {e" | e € [0]s}
n
Byzaem rosoputs, uro PII P u P’ nabarogaeMo 3KBUBAJEHTHBI, eC/I1

CYIIECTBYeT MHO2KECTBO {1 TPOeK BuJa (s, s',1), rie s € Xp,, 8’ € EP?’ s~ g,
n
TaKoe, YTO BBIIOJHEHbI CJICAYIONIE YCIOBHIA:

. (OpT,Oﬂ ,0) € p (tme 0 - dyuknus ¢ mwycToii 061aCTHIO ONPEJIEsIeHs ),

o V(s,s',m) € pecmn s — swm s — §, 1o 3(8,8,7) € p: 7 — upomo-
>kenue 1, u s = § mam s = §, COOTBETCTBEHHO.

OTMeTuM, 9TO JaHHOE OIpeje/eHne HabJI0IaeMOil SKBUBAJIEHTHOCTH He
SABJISETCS € IMHCTBEHHO BOBMOYKHBIM, 1 M.0. MOAMMUITIPOBAHO B 3aBUCHUMOCTH
OT pelaeMoii 3aja49n. B HeKOTOpBIX 3aadax 0oJiee MOAXOMSIIIM OIIpeaesie-
HEeM HaOJII0IaeMOil SKBUBAJEHTHOCTH SIBJISIETCS TaKOe OrpyOJeHne OmIpejie-
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JIECHHOI'O BbIII€ OTHOIIIEHN A, OTHOCHUTE/ILHOI'O KOTOPOI'O 6y,£LyT 9KBHUBAJICHTHBI-

vu PIT P = {P}, P' ={P'}, rue

k(e) '(¢)

P=c"e, P = 0" %Y, ke X (P, K e X(P)k.

2.4. TeopeMmbl 0 coxpaHeHUMW 3Ha4YeHU (PoOpPMYyJI IpU IIEpPeXo-
Jax pacnpe/ieJIeHHbIX IIPOIeCCOB

B srom maparpade dhopMymupyoTcs u TOKa3bIBAIOTCS TEOPEMBI O COXPaHe-
HAW 3HAYEHUN HEKOTOPLIX ¢opmys mnpu mepexomax PII. Jlammble TeopeMbr
UCIIOJIB3YIOTCS TpH perieHnn 3aj1a4 sepucdukanun PII. B uznaraempix mimke
IpUMepax MPUMEHEHUsT STUX TeOPeM

e IIII P, ynomunaemplil B 3Tux Teopemax — 3t1o IIII nporusnuka Pr, n
® roBOPs He(OPMAJILHO, JTAHHBIE TEOPEMbBI YTBEPXKIAIOT UTO

— eCJII MMEHaA KaKHX-JIn00 KaHaJIoB 3alIUIICHbI OT IIPOTUBHUKA, TO
COIEPZKNMOE 3TUX KaHaJIOB He M.0. U3MEHEHO IIPOTUBHUKOM, 1

— ecJu Kakue-ubo Kpunrorpaduieckue KII0YU 3aIUIIEHbl OT PO-
TUBHUKA, TO cojiepkumoe IIIC, 3ammudpoBaHHbIX HA STUX KJTIOYAX,
HEJOCTYITHO ITPOTUBHUKY.

2.4.1. Teopembl O 3aIUIEHHBIX KaHaJIaX

[TepBast Teopema CBsI3aHa ¢ COXpaHeHHEM 3HadeHuii hopMys1 BuIa
ElcP, tne ECTm,n P —TIII (10)

[IpH TIepexoax MexK Iy cocrtogausMmu. Jlammas Teopema M.06. MHTEPIIPETUPO-
BaHa KaK CJIeIyIONee yTBEPXKIEHNE: eCJIn

e kakomy-ub6o u3 IIII, Bxomsmux B Hekoropsiit PII, HemocTymHbl cO00-
IIIEeHUs, BhIPaXKaeMble TEPMaMU U3 HEKOTOPOrO MHOXKecTBa F, u

e B TekyIleM cocrogauu 5roro PII HH B KaKOM U3 KaHAJIOB, HOCTYIIHLIX
sromy IIII, Her coobienuit, COOTBETCTBYIOMIX TepMaM u3 F,

TO HUKaKasl coOCTBeHHAast akTUBHOCTHL dToro IIII me mpuBemer K ToMmy, 9TO
COODIIEHNSI, BbIpAXKAEMbIX TepMaMu u3 F, cranyT gocTynubl sTomy [1I1.

Kanasbl, umeHa KOTOPBIX BXOAAT B F, MOTYT MHTEPIPETUPOBATHLCS KakK
3aIMMINEHHbIe KaHajbl oTHocuTeabHo aeiicrsuit 1111 P.

Teopema 1.
Iycrs PIT P, IIII P € P, u cocrosinus S, s’ € Yp, TAKOBBL, UT0 § — .
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Torma V E C (P)p BepHa MMILTHKAIHS
S ):EJ_Cp = 5 ’:EJ_Cp.

JlokazaTesbCTBO.
Hanomuunwm, uro s = E L P o3nauaer, uro Ve € E Agent(P) € e, u

Ve e Ex,Vye[Pls v &y° (1)
Vo € Ex,Vc € Channels ecim Je € [c]s:x €e, Toc € E

Hokaxewm, uro u3 (11) crenyer s’ = E L¢ P, Te.

Ve Ex,Vye[Ply zdy* (12)
Va € Ex,Vc € Channels ecim Je € [c]y :x €e, Toc € E

1) Ilycrs meBepuo nepsoe yreepxkienue B (12). Torpa us nepsoro yrsep-
xkuenus B (11) ciemyer, uro [Pls # [Py, 1 uMeeT MecTo OJMH U3 JIByX
[EPEUUC/IEHHBIX HUXKE CJIyYaes.

e [lepBrblii ciryyaii:

o = cle, rae ¢ € (P)g, e € [cf]s (13)
[Ply = [P]s U Var(e),3z € Ex,Jy € Var(e) : ¢ € y°.

U3 coorromenuii z € y° C ¥ € [¢*]s u BTOPOro yTBepIKIeHns B
(11) cnenyer, uro ¢® € E.

Ecmu ¢® ¢ Ex, 10 ¢ nmeer Bujg shared channel(...), u B 3Tom
ciydae u3 onpe/ieneHus noustus soinosnenus 111 B mynkre 2.2.5
cienyer, uro Agent(P) € ¢°. Onnako 10 u yrBepxkienue ¢® € E
nporusopedar npejanosoxennto Ve € E Agent(P) ¢ e.

Takum obpasom, ¢® € Ex. Orciona ciemnyer, aro ¢ € [Pls.

CorsnacHo nepBoMy yrBepzKiennto B (11) (B KoTopoMm B KadecTse
x u y 6epeM ¢® U ¢ COOTBETCTBEHHO), JIOJI?KHO OBITH BEPHO yTBEP-
KieHne ¢® & ¢, KOTOpoe SIBJISIETCSI JIOZKHBIM.

e Bropoit ciyuaii:

o umeer Bug e := ¢, e € € (P)g, e’ = (€)°,

/ 14

[Plss = [P]sU Var(e),3x € Ex,3y € Var(e) : x € y* } (14)

U3 coornomennii x € y¥ C ¥ = (¢/)* € (P)* caemyer, uto
dze[Pls:z €2’ (15)

Opnako (15) nporusopeduT nepBomy yrBepKaeHuto B (11).

106



2) Ilycrs HeBepHO BTOpOE yTBepKIeHue B (12), T.e.
do € Ex,3¢ € Channels,3e’ €[]y :x €€, nod ¢ E.
Torga u3 Broporo yreepxienus B (11) caenyer, uro [y # [¢]s, n

a umeet Buj cle, tae ¢, e € (P)g,x € ¢ = €°.

Us x € e® cnenyer, uro 3y € [Pl : € y®, 9T0 NIPOTUBOPEUUT IEPBOMY
yrBepxeHnio B (11). W

Cremyrortast TeopeMa, sIBJIsIeTCsI ycuieHneM teopembl 1. B Heit yTBepx)1a-
eTcsd, 4YTO B YCJIOBUSX TeOpeMbl 1 HUXKHAA U BePXHss I'PDAHUIIBI HA COJIEPIKU-
MO€ 3alUIIEHHBIX KAHAJO0B HE M3MEHSIOTCS IIPY BBIIOJTHEHUN JeficTBuil P.

Teopema 2.
Hycrs PII P, IIII P € P, u cocrosiuus s,s' € Yp, TAKOBbL, UTO 5 —5 §'.
Torna VE C (P)g, VE',E" C Tm, V¢ € Ec BepHa UMILTUKAIIUS

sEe=5kFE¢p, tnep={ELlcPE ClcCE"}.

dokazaTeabcTBo.

Coruacuo Teopeme 1, uz s = E Lc P cuenyer s = E Lc P. Kpome
Toro, [c]s C [c]s. Takum 06pazom, 1ist JOKa3aTEIBCTBA TEOPEMbI JJOCTATOTHO
JTOKA3aTh UMILTAKAIIAIO

sEe = sE[]JCE". (16)

Ecin 3akmovenne nviumkaiun (16) meBepno, 1o [c]s # [¢]y.

T.x. mo npexnonoxennio ¢ € Ec C (P)g, T0 HepaBeHCTBO [c|s # [c]y
BO3MOXKHO TOJILKO ecain @ umeer Bug e, rye (¢/)® = c.

Eciu ¢ He s1BiIsIeTCsl IepeMeHHOi, TO ¢ SIBJISIeTCsI Pa3/IeJIsieMbIM KaHAJIOM,
¥ 110 OIIPE/ICJICHUIO BHIIOJIHEHHs JIeHCTBUs BHJia 'le, B 9TOM CiIydae JIOKHO
ObIT BBIIOIHEHO ycioBue Agent(P) € ¢, 9T0 HPOTHBOPEYHT IPEJIIOJIOKE-
oo s = E Lo P (T.K. B 9aCTHOCTH J0JIKHO ObITH BepHO, uro Agent(P) He
xomuT B TepMmbl u3 E). Crenosarensno, ¢ € Var, nosromy ¢ € Var, u
d € [Ps.

Tx. ¢ € Ex u ¢ € [P]s, 10 cornacuo upenosnoxennio s = E L¢P,
JIOJIZKHO OBITH BEPHO yTBEPXKIEHUE ¢ & ¢, KOTOPOe sIBJIseTCsl JTOKHbIM. W

2.4.2. TeopeMbl 0 3aUUINEHHBIX KJIOYaX

B sToMm myHKTe 0OKa3bIBAIOTCS TEOPEMbI, aHAJOTHYIHbIE Teopemam 1 u 2. B
HUX BMECTO 3aIlUIICHHBIX KAHAJIOB PACCMATPUBAIOTCS 3aIIUIIICHHBIC KITIOYH.
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ITepBast Teopema CBsi3aHA C COXpAHEHUEM 3HadeHHi (POpMyJI BHIA
ElxP, thne ECTm,u P —1IIII (17)

[IpU [EPEX0/IaxX MeXKJIy cocTosHusiMu. lanHasi Teopema M.6. HHTEPIPETUPO-
BaHa KaK CJeIyIolliee YTBEPIK/IeHNE: eCIN

o kakomy-ubo u3 I, Bxomsmux B Hekoropsiit PII, HemocTyubl c0006-
IIEHNUs, BhIPakaeMble TEPMaMU U3 HEKOTOPOro MHOXKecTBa F, u

e B TekymeM cocTosgHuu 3roro PII BBLIIOJIHEHO yCIoBHe, BhIparkKaemoe
dbopmyioit (17),

TO HUKakasi coOCTBeHHasi akTuBHOCTH dToro III1 He mpuBemer Kk TOMy, 9TO
KJIIOYHU, MMEHA KOTOPBIX BXOIAT B F, KOrma-HuOYIb CTAHYT JOCTYIIHBI 3TOMY
[ITI. Jlanmable KJIIOYX MOTYT MHTEPIPETUPOBATHCA KaK 3aIUMIEHHBIE KJIIO-
49U OTHOCUTEIbHO geiicTsuii 1111 P.

Teopema 3.
Iycrs PII P, IIII P € P, u cocrosiuust s,s' € Yp, TAKOBDL, UTO § —3 s
Torna V E C (P)o BepHA HMILIHKAIHST

S)ZEJ_KP:>S,):EJ_KP.

JlokazaTeJibCTBO.
Hanomunwm, uro s = E Lk P o3nagaer, uro Ve € E Agent(P) € e, n

Ve e Ex,Vy€[Pls v Lk py° (18)
Vo € Ex, Ve e Channels,Ve € [c]s x Lx e
Hokazxewm, uro u3 (18) crenyer s’ = E Lke, re. Vo € Ex
\V/y € [P]8/ S/ ): QEJ_K’E ySl (19)
Ve e Channels,Ve € [y s Exlkpe

1) Ecou nepsoe yreepxienne B (19) HeBepHO, TO U3 MEPBOTO yTBEPIK JIe-
g B (18) caenyer, uro [Pls # [Py, U UMeeT MeCTO OJMH W3 JBYX
CILyIaeB:

o IlepBolil cmyvail: BEPHO yTBEPXKICHIE

o mveer Bug c?e, ¢ € (P)g,e¥ € [¢]s,
[Pl = [P]s U Var(e),3y € Var(e) : (20)

3 BxoxkaeHne T B y° , KOTOPOE HE COIEPIKUTCS
HU B KakoM mojrepme Buja k(. ..) C y®, rne k € Fk.
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[TockonbKy ynomsinyToe B (20) BXOXKICHUE T COJEPIKUTCS B TEPME
y* Ce e [¢®]s, TO u3 BTOpPOTrO yTBepXKIeHUs B (18) ciesyer, uTo
9TO BXOXK/IEHUE X coAepzKuTcs B nogrepme k(é) C e’ rne k € Fx.
U3 (20) caemyer, uro k(€) me M.6. mogrepmom Tepma y° . Ilo-
CKOMIbKY TepMbl k(€) 1 4° uMmeror Hemycroe mepecedenue (06a co-
JlepzKaT BBINIEYIIOMSIHYTOe BXOXK/IeHue x), To u3 (1) ciesyer, 1ro
y* C k(&). Takmm o6paszon,

y® C k(e) Ce. (21)

HokaxkeMm uHyKImeii o crpykrype Tepma e, uro u3 (21) ciaemnyer
yTBEpPXK/JIeHNE

3z e Var(e): k(@) Cz* Ce. (22)
Eciu e € Con U Var, To yreep:xkaenue (22) BepHO.

Ecin e umeer Bug f(eq,...,ey,), tae f € Fun, To

— eciu f = encrypt, T.e. e umeer Buj ki(ey), To k1 € Keys(e),
corsacto (7)(b) nmeercs Bkimodenne Keys(e) C [Pls, oTKyna
caenyer, 9ro ki € [P, 1 BO3MOXKHBI CJIEJLYIOINIIE CJIyYan:

x k(e) =e® =k (e¥), B orom ciyuae k = ki’ = k% € [P]*,
OJIHAKO TIOCKOJIBKY k € EK, TO 110 IepBOMY YTBEPKIEHHIO
B (18) BxoxkieHue k B k JI0JIZKHO COJIEPIKATHCS B TIOTEPME
suga k/'(...) C k, 910 HEBO3MOXKHO,

x k(e) C kf/, JIaHHBII CJIydail HEBO3MOZKEH 110 OILIpeJIeJIEHUIO
TepMoB Tuna K,

x k(&) C ef, B mamHOM ciyuae yTepraenue (22) crremyer
U3 UHJyKTUBHOIO [PEJIIOJIOKEHNUS,

— eciu f # encrypt, o i € {1,...,n} : k(é) C ef/, " yTBep-

xkienne (22) cielyer U3 UHIYKTHUBHOTO IIPE/IIOJIOKEHUS.
U3 (21) u (22) creayer, aTo
y* Ck(e) C2¥ Ce. (23)
Takum 06pa3oM, TEPM € COJEPIKUT BXOXKJICHUS [EPEMEHHBIX Y U
z, obJIaJIatoIue CJIEIYIONNM CBOMCTBOM: ysl - zsl, OTKYIa JIJIsI
JIAHHBIX BXOXKJIEHUIT ciiejyer BKIoueHue iy C z, YTO HEBO3MOXKHO.

e Bropoii ciryuaii: BepHO yTBEpKIeHTE

o nveer Bug e =€, tue € € (P)g, e’ = (¢/),
[Pls¢ = [P]s U Var(e),3y € Var(e) : (24)

3 BxoxeHne T B y° , KOTOpOe He COJEePKUTCS
HU B KakOoM mojrepme Buja k(...) C y®, rne k € Fk.
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[TockonbKy ynomsiHyTOE B (24) BXOXKIEHUE T COJEPIKUTCH B TEPME
y* C e = (€)%, T0 9TO BXONKJICHHE T COUEPIKUTCS B MOLTEPME
(2)* C (€)%, tme 2/ € Var(e).

ITo upennonoxkenuto, € € (P)g, nosromy Var(e') C [Pls, u, cue-
nosaresbio, 2’ € [Pls. I3 nepBoro yreepxkenust B (18) cienyer,
910 ynomsiHyTOe B (24) BXOxKAeHUE T B (2')° comepKuTCs B HEKO-
ropom nogrepme k(€) C (2)°, tne k € Ex.

3 (24) caemyer, uro k(€) me M.6. mogrepMonM TepMa, 4 .
[Tockosibky Tepmbl k(€) n y® UMeIoT HelycToe mepeceueHme (0ba
coziepKar ynomsinyroe B (24) Bxoxienue z), To u3z (1) cremyer,
aro y* C k(é).

U3 pasencrsa € = e” caenyer, uro 3z € Var(e): BbleynoMsiHy-
toe Bxoxkenue 2 B ¢ Bxomur B mogrepum ¥ C e = ¢/, Cremosa-
rebho, (2)° C (29)% = 2% C e

Taxum obpa3om, MmosyIaem:

0

/

y¥ Ck(e)C ()P C 2 Ce. (25)

Kak u B mpeplayineM MyHKTe, Ha OCHOBaHWU (25) 3aKjodae,
9TO TEPM € COACPXKUT BXOXKIEHUS IEePEMEHHBIX Y U 2, 00713210~
e CJIeyIONNM CBOMCTBOM: ysl - zsl, OTKY/a JJTIsT JAHHBIX BXOXK-
JEHU ciielyeT BKJoYeHne y C 2, 9TO HEBO3MOXKHO.

2) Eciu Bropoe yrBepK/ienue B (19) HeBepHO, TO U3 BTOPOIO yTBEPIKJIE-
uus B (18) ciemyer, aro

a umeer BuJ cle, tie e € (P)g,
3 BxoxkieHne 2 B €°, KOTOPOe He COIEPIKUTCSI (26)
HE B KakoM nogrepme Buya k(...) C e®, e k € Fk.

[MockonbKy e € (P)s, To ynoMmsinyToe B (26) BXOXKJIeHUE T B € couep-
JKUTCSI B TToATepMe Buja y° TepMma e, rie y — HeKoTopas IepeMeHHast
u3 [P]s. Cornacuo nepsomy yTBepxKieHuto B (18), aro BXoXKjeHue T B
y® comepxkurcst B nogrepme Buga k(...) C y® C e’ rue k € Ex. Ho aro
nporusopednt (26). M

Teopema 4.
ITycrs 3amansr PII P rakoit, uro Var(P)c = {o}, IIIT P € P, cocrosinus

5,5 € Yp, Takue, uro s — ', u mogmHOKecTBO E C (P))).
Torna Vk € Fx : k # public_key(...) BepHa NMIJIMKAIIUST

sEp=>sEyp, rtaep={ELlkgPk'[P]Ck o]}
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JlokazaTeabCTBO.
ITo reopeme 3, u3 s = E Lk P cienyer s’ | E Lk P. Takum obpasom,
JUTS JIOKA3aTebCTBA TeOPEeMbI 4 JI0CTATOYHO JOKA3aTh MMILTHKAIIO

sEe = §EEPCEk ] (27)

Ecsu (27) meBepHoO, TO (v — He 10ChUIKa, [Py umeer sun [Pls U Var(e),
— / o
u 1 HekoToporo TepMa e € k~[P]® BuimosmHstercst cBoficTBO

e & ko], re. Iz € [Ply 1 k(e) Ca¥ Ve € [o]s kle) Zé.  (28)

U3 npeamosnoxenust s = ¢ u u3 (28) caenyer, uyro x € Var(e'), orkyna
/ ’
nosygaem: k(e) C 2% C ().
PaccMOTpUM 10 OTJEIBLHOCTH KaXK bl U3 JIBYX BOSMOXKHBIX BUJIOB (V.

)

2)

o =?€¢/, B srom cayuae k(e) C (¢/)* € [o]s. Tlomaras B (28) Tepm é
pasupv (€)' | mosrygaem mporuBopedme.

/ /

a = (e :=¢"), Barom cayuae €’ € (P)s, (¢)* = (€”)°, nosromy

k(e) C (&), (29)

Hoxkaxem, uro k € ¢’ nu k € Ex.

[Tpeanonoxkum, uro k € €”. Ilo ycnoeuio Tteopembl, k  #
public_key(...). Ecin k = shared key(...), To, 1O OUpe/IETIEHUIO
pomosnenus [T B mynkTe 2.2.5, J0MKHO OBITH BEPHO COOTHOIICHHE
Agent(P) € k € Fx, KOTOpoe IPOTUBOPEUUT II€PBOMY YCJIOBHUIO CBOIi-
crBa s = E lg P. HamomHuM, 9TO JaHHOE CBOWCTBO WMMEET BHI:
Vée E Agent(P) ¢ é, n

VIEEEx,VyG[P]S a:J_K’EyS } (30)

Vx e Ex,Vee [O]S QZLKJ_:;é

Crenosarensho, k € Ex, nosromy us k € ¢’ € (P)g cnenyer k € [P)s.
Onnaxo, nosarast B nepgoM coornomernnu B (30) z u y pasabivu k, 1mo-
gaydaeM yrBepxkenne k Lk gk, KOTOpoe sIBJIsIeTCs JTOXKHBIM, COIVIACHO
onpeenenuio (6).

Anajornuno gokasarenbcTBy nMmnkanun (21) = (22) B reopeme 3,
MOXKHO JIOKa3aTh, 4To u3 cBoicTB k & ¢’ u (29) ciemyer, uro

Jy € Var(e”) C [Ps : k(e) C y°. (31)
o npeanonoxkenmio, s = k7[P] C k~'[o], me. k~1[P]® C k~![o]s.

s (31) ciemyer, ato e € k~1[P]*. Cnenosarensno, e € k~![o],, uro
IPOTUBOPEUNT Mpe/oJiozkenuio (28). M

111



Chenyrotast TeopeMa BJIsIeTC ycuieHueM teopembl 4. B Heit yTBepx)1a-
eTcsl, YTO B YCJAOBUSAX TeOpeMbI 4 HUYKHSSI U BEPXHsIsl TPAHUITBI Ha MHOXKECTBO
HIC, comepzkamuxcss B OTKPLITOM KaHaJie, 1 3andPOBAHHBIX HA 3AIUIIEH-
HBIX KJIIOYaX, He U3MEHSIOTCA npu BhinosHenun Aeficteuit 111 P.

Teopema 5.

ITycrs 3amansr PII P rakoit, uro Var(P)c = {o}, IIIT P € P, cocrostnus
s,s' € Yp, Takue, uT0 § —5 ¢, u nogmuoxecrsa B C (P)g, E',E" C Tm.

Torna Vk € Fx : k # public_key(...) BepHa UMIUIHKAIINST

/ _ [ E1x Pk[P) C kY]
S):‘Pz>3):SO7FIL€SD—{E/QI{;—1[O]§E// : (32)
JlokazaTeJibCTBO.
ITo reopeme 4, nist goKazaTeabCTBa (32) JOCTATOYHO T0KA3aTh, ITO
ske = & F{E ko) k0] C B), (3)

e Vreepaenne s' = E' C k~1[o] ciemyer m3 Toro, uro [o]s C [o].

e Jlokaxem yreeprkaenue s' = k~![o] C E”. Eciu 651 oHO 6bLIO HEBED-
HBIM, TO ObLIO ObI BEPHO HEPABEHCTBO [0]s # [0]gr. DTO BOZMOXKHO TONIb-
KO ecyin o umeer Bu le, tyie e € (P)g, un

[o]s = [0]s U{e®}, mpuuem Je’ & (E")* D kto]s: k(e/) Ce’. (34)

Tax ke, Kak u B Teopeme 4, jjokasbiBaeM, 4o k € Ex, nurous e € (P);
caemyer cooTHorenne k ¢ e.

Anasiornvno JokazarenabcrBy uMmiuimkanuu (21) = (22) B Teopeme 3,
MOKHO JIoKa3aTh, uto u3 k € e u k(e’) C e® caenyer, uro

Jz € Var(e) C [Pls: k(e') C 2°,

nostomy € € k71[P]*. OTciona, ucronb3ys Npearonokenne s = o,
CJIeICTBUEM KOTOPOTO siBasgercs BKmodenne k[P]* C k~1[o]s, momy-
qaem: e € k™1[o]s, uro mporusopeunt (34). W

2.5.Teopema /11 JOKa3aTeJIbCTBA CBONCTBA COOTBETCTBUSA

Teopema, nznaraemast B 3ToM maparpade, MOXKeT UCIOIb30BATHCS It JTOKa-
3aTe/IbCTBA CBOWCTBA COOTBETCTBUS IIPOTOKOJIOB ayTeHTU(MUKAIIUN, KOTO-
PO€ UMEET CJIEIYIONIUI CMBICJI: €CJIU OJIUH U3 YIACTHUKOB IIPOTOKOJIA ayTeH-
TI/I(bI/IKaL[I/II/I IIOCJI€ BBIIIOJIHEHUA I3TOI'O0 IIPOTOKOJIa HIpUIllesT K BBIBOJAY, YTO
JIPYTOii yYaCTHUK TOrO IIPOTOKOJIA SIBJISETCS MOJJIUHHBIM (T.€. 00bsIBJICH-
Hble UM CBOE UMsI U TapaMeTPbl COBIAJIAIOT C €r0 PEeaJLHBIMA UMEHEM U
napameTpaMi), TO 9TO jeificTBuTesbHO Tak. JloKaspiBaeMas HIZKE Teopema
[PUMEHSIETCS JIjisi 0OOCHOBAHUS TOTO, UTO €CJIU

112



o PII P mcnonb3yeT Aj1s1 B3aMMOIEHCTBUS TOJIBKO OTKPBITHIN KaHAT O, U

® B HEKOTOPOM COCTOSIHUU S € Xp B 9TOM KaHAJIE COJACPIKUTCS COODIIE-
HUe, cojepzkaiiee nojrepM Buja k(e), rjue ka4 k HEJIOCTYIIEH B 3TOM
cocrostann Ajst Hekoroporo 1111 P, Bxomsimero B P,

TO B HEKOTOpOM cocroguun s <, s apyroit IIII P # P uz P mocnan B
OTKDBITHII KaHaJ o COODIIEHNe, CofleprKallee TOT Ke caMblil mojrepM k(e).

B maparpadax 3.2 u 3.3 Mbl paccMaTpuBaeM IpUMEPhI IPUMEHEHUST JTaH-
noit Teopembl i Bepudukanun KII Yahalom un KII nepenaun IIIC mex ity
HECKOJIbKUMU are€HTaMU.

Teopema 6.

ITycrs 3amanst PIT P, rakoit, uro Var(P)c = {o}, IIIl P € P, mHOKe-
crBo E C (P)g, He comeprKalee OTKPBITBIX KJIIOUYeH, I COCTOSIHIE § € Lp,
puyeM

® S ': E J_K F)7 n
e [o]s comepxkuT Tepm ¢ noarepmoM k(e), e k € Fik.

Torna jys KaxkJI0ro myTH T M3 HadajabHoro cocrosinug 0 PII P B co-
crogame s cymecrsyer 11 P' € P\ {P}, rakoii, uro m comepKut pebpo
BUJIA

5 =5 5, rme k(e) Cé°. (35)

JlokazaTeabCTBO.
O6osnaunm 3anuceio s’ mepBoe COCTOsiHME Ha MYTH T, TAKOE, 9TO [o]y
cozmepxxut TepM €’ ¢ nogrepmom k(e). T.k. [o]g = (), To s" # 0.
OCP/
IIycth pebpo Ha 1myTn 7 ¢ KoHIoM B §' nmeer Bug § — s Tik. € & [o]g,
10 @ =lé, rmie é° = €/. Eciiu P’ # P, To TeopeMa 10Ka3aHa.
JokaxkeM, 9T0 Jpyroif BOBMOXKHBIH ciaydail (P’ = P) HeBO3MOXKeH.

. (&p
[Tpeanonoxum, uro P’ = P, r.e. § — s,

Jokazkem, uro k € Fx.

Eciu 910 HEBepHO, T.€. k — pasesisieMblil KJII04, TO, COIVIACHO OIpe/iesie-
unio Boinosinenus: I1I1 B mymukre 2.2.5, goskno 6pite Agent(P) € k € Fk,
9TO MPOTUBOPEYUT Ipemoioxkenuto Ve € E Agent(P) ¢ é.

Us s E E Lk P caenyer, uro § = E Lk P, orkyna nonyuaem k & [P,
T.K. ecn k € [Plg, To, cormacno (5), Bxoxenue k B k* = k j0/KHO comep-
KaTbCs B ogrepme Buga k'(...), 970 HEBO3MOKHO.

Uz k ¢ [P]; u n3 ycaoBus é € (P);, koropoe BepHO corsacuo (7)(a),
caeyer, uto k & é.
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Ananornvno JokazaTeabcTBy MMIUmMKarun (21) = (22) B Teopeme 3,
MOKHO JI0Ka3aTh, 4To u3 cBoiicTs k(e) C ¢/ = é° u k ¢ é cuenyer, uro

3z € Var(é) C [Pls : k(e) C z° € [P]°. (36)

1"
O6o3naunm 3anuceio s’ nepBoe cocrosHUe Ha IyTH T, Takoe, 9ro [P]°

COJIEPZKUT TepM C T1orepmMoM k(e), T.e.
Iz € [Plgr : k(e) C 2% (37)
U3 (36) caenyer, aro s” naxopures ua nytu 7 jiesee s'. Herpyano Bujers,

.. Qprn
yto " # 0, H09TOMY Ha IIyTH T cyllecTByeT pebpo Buja 5 — s”. 113 Boibopa
s" cnenyer, uro z & [Pz, nosromy P’ = P, u BO3MOXKHBI J[Ba CJLy4ast:

1) a=%%,z¢cVar(e),é" € o]z,

1k k(e) C 2% Cé" € [o]g, To nomyuaem nporuBopeune ¢ BHGOPOM s’
KaK CaMoro II€PBOr0 COCTOSHUS HA IyTH T, TAKOTO, UTO [0]y COMEPIKUT
Tepm €' ¢ mojgrepmoM k(e): cocTostHUE § UMeeT aHAJIOTUYHOE CBOHCTEO,
U HaxXoJuTCs Jesee s,

"

2) a=(é:=¢),x € Var(é),e e (P); é& =eé°,
IOCKOJIbKY
" iy ~3
o kle)Ca® Cé% =é°u
e ¢ He cozuepXkuT k, T.K. Bbllle ObUIO ycraHoBieHO, uTo k & [P,
[OSTOMY, YIUTBIBasl CBOMCTBO 5§ < §, U3 KOTOPOI'O CJIEIyeT BKJIIO-

genue [Pz C [P];, monyuaem: k ¢ [Pls, u, cienoBaTebHo, TepM
€ € (P);s Toxe He cojepKut k,

TO, AHAJIOIUIHO JOKA3aTeIbCTBY NMIUmKaimn (21) = (22) B Teopeme
3, MOXKHO JoKa3arb, uro 3y € [Pls : k(e) C y°, uro mporuBopednt
BbIOOPY s’ KAk caMoOro HepBOrO COCTOSIHUSI HA IIyTH T CO CBOHCTBOM
(37): § umeeT aHAJIOTMYIHOE CBOICTBO, 1 Haxomurcs Jjiesee s’ . W

2.6. Cxembl pacripejieJIEHHBIX ITPOIIECCOB

2.6.1. IIpedukcHbIe mocjemoBaTebHbIE IIPOIECCHI

Bymem rosopurs, uro 111 P aBasercsa mpedUKCHBIM, €C/Ii OH UMEET BHJT

T.e. B P nMeercst COBOKYIHOCTH BEPINUH, 3aHYMEPOBAHHBIX HATYPAJIbLHBIMU
quciaamu 0,1,...,n (n > 1), upuuem Init(P) = 0, Vi = 0,...,n — 1 u3

(38)
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BEPIIMHBI § BBIXOIUT POBHO OJTHO PeOPO ¢ KOHIOM 7 + 1 1 MeTKo# ;. 3amuch
P’ 5 (38) obosnauaer noarpad rpada P, cocrosmuii u3 Bepmmu u pebep
rpada P, 3a uckioyenuem Bepiiud 0, ...,n — 1 u CBI3aHHBIX ¢ HUME pebep.
[e%} a9 on

[Momrpader 0— 1— ...— n u P’ rpada (38) Gymem HazbiBaThL Tpe-
dbukcom n mocrdpukcom IIII P coorBeTcTBEHHO, N 0DO3HATAIOTCS 3aIlN-
csmu Pref (P) u Post(P) coorsercrsenno. Ilociennss sepmuna B Pref (P)
HA3bIBAETCsl KOHEYHOM BepinHoil sroro npedukca. Eciau Post(P) cocrour
U3 OJTHOI BEPIIUHBI, TO OH 0bo3HAUYaeTCsT cuMBOJIOM 0.

Eciu IIIT P umeer Bug (38), To Gyjiem 0603HaYaTh 9TOT (DAKT 3AIHUCHIO

P=a;...;0n P (39)

2.6.2. TlousiTue cxeMbl pacrpeaeieHHOrO IIpoliecca

IIycrs 3aman PII P, u V P € P IIII P — upedukcHblil, mpuieM st KaXK a0
nocbukn (Kaxkgoro npuema) B Pref (P)

® [pe/IIosIaraeMbIM oIy daTesneM (OTIpaBUTEIeM) TOrO COODIIEHNs, KO-
TOpOE TOCHLIAETCsl (IPUHUMAETCsI) IPU BbIIIOJHEHUN 3TOrO JIeHCTBUS,
apnsgercs onpenenennsiit 1111 P’ us P, u

e sieiicreue I1IT P, coorBercTBytomee npuemy (IOCHLIKE) 3TOrO COO0IIe-
Husi, Haxoaures B Pref (P').

OTU 3aBUCUMOCTH MEXKJIy JEHCTBUAMEI MOYKHO BBIPA3UTh B BUJE CXE€MBbI
PII P, koTopas umeeT caeyionuii BUI;:

o kaxpiii [II1 P € P upejcrapisiercd B 9TO# cxeMe HUTBIO, T.€. BEP-
TUKAJILHON JIMHUEH, Ha KOTOPOU BBIJEJIEHbl TOYKU, COOTBETCTBYIOIINE
BepiHaMm u3 Pref (P), Bepxussi Touka coorercrByer Init(P), npudem

— y KaXXJI0ll TOYKHM YKa3aH HOMEDP COOTBETCTBYIOINIEN BEPITUHBI,

— pAJIOM ¢ BepxXHell TOUKoi ykasbiBaercd nms [IIT P,

— eciu Post(P) = P’ # 0, to y mmkuaeit Toukn ykazano P/,

— PSJIOM C KaXKJIbIM OTPE3KOM [, COEIMHAONINM COCETHIE TOUKU HU-

TH, yKazaHa MeTKa «; pebpa u3 Pref(P;), coorBeTcTBYIOIMIETO I,

® I KaXXJI0r0 OTPe3Ka [, COeJUHSIOINIEr0 COCEJIHNE TOYKU HUTHU, €CJIH
Q — TIOCBLJIKA COOOIIEHNSI, TO B CXeMe IPUCYTCTBYET CTPeJIKa, HAUAJIO
KOTOpOIi JIE2KUT Ha [, a KoHell — Ha oTpe3ke [/, TaKoM, 4To oy — JeiicTBre
coorBercrBytomero 1111 Py mo npuemy 5TOro cooOIIeHus.
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Hampumep ecmtu P, = a5 ... Qy; Pi’ , TJle (1 — TOCBLIKA, & (v — IPUEM,

TO TIporieccy P; cooTBeTCTByeT HUTH

Oe P

¥

1

n—1
o,
n P/
i (40)
OTMeTnM, 9TO CTPEJIKHU OT TOCHIJIOK K IIPHeMaM COODIEHUI n300paskatoT
JINIIb 2KEJIAEMYIO CBHA3b MEXKJIy STUMH JIEHCTBUSIMU, HO OTHIO/b HE PEAJib-
HYIO CBSI3b: BO3MOXKHO UTO TIOCJIAHHOE COODINeHNe OyIeT MPUHATO U3 KaHAA
COBCEM HE TeM IIPOIIECCOM, JIJIsi KOTOPOI'O OHO OBLIO IIPeHA3HAYEHO.
B nestsix Gostbiiieft HATJISIHOCTH OY/IeM HCIIOIB30BATD CJIEIYIOINIee COra-
menre B 0003HAYEHUAX IIEPEMEHHDIX.

e DyjieM yKa3blBaTh M'OPU30HTAIBHYIO YePTY HaJl JIOOBIM 0003HAYEHHEM
KaKOIi-7T00 IIepeMeHHOil X, eC/IM OHA PACCMATPHUBACTCH KaK JEMEHT
muokecTBa Buga X (P) (r.e. ara nepemennasi 0603Havdaercs T ).

e Ecom P — TIII Buga (39), u nepemennas = € X (P) BXOZUT B METKY (v
i—ro orpeska uuru IIT1 P, npuuem i — nepsast MeTka B (39), B KOTOPYIO
Bxoqur x (re. Vi’ = 1,...,4 — 1 & He BXOHUT B ), TO HAJ ITUM
BXOKJICHIEM T YKa3bIBACTCS YTOJIOK (T.€. 9TO BXOXKJICHIE 0003HATACTCS
3anuchio ). Jlanuble 0603HAYEHNUST IEPEMEHHBIX UCIIOIB3YIOTCS TAKIKe
B 3anucsx Buga (39).

2.6.3. Ilpumepnbl cxeM pacIpeieJIEHHBIX ITPOIIECCOB

1) Tlepswriii mpumep — s1o PIT P; = { A, B}, sBistomuiicsi MOJIeJIbIO Tiepe-
gaqn or A K B cooblennst T 1o KaHaly CAp, Te TOJIbKo A u B 3Haior
UMsl 9TOrO KaHaja, T.e. cop = shared _channel(A, B).

Hanuwrit PII pabotaer ciiemyrommum o6pasom:

e A nocbliaer B coobIIeHne T 0 KaHaILy CApR,

e B npuHUMaeT U3 KaHaJIa C4p COODINEHNE U 3aIlChIBAET €ro B Ie-
PEMEHHYIO Y, TTOCe Yero BeaeT cebs Tak ke, Kak mporecc P.

IIIT A u B nmeror caenyromuit Bug: A = caplx; 0, B = cap?y; P.
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Cxema PII P; umeer ciemytommuit BUI;:

O[A OIB

caplr cap’y
1 l 1 i P

(41)

Bropoit npumep — 1o PII Py = {A, B}, aBisironuiicsi MOJIEJIBbIO Tie-
penaun or A k B IIIC kap(z) no orkpsitomy Kanasy o. [Tpesmosa-
raercs, 9T0 A u B umeroT o6yt ceKpeTHbIH K04 k4p, Ha KOTOPOM
OHU MOTyT MudPOBATh U AEMUMPOBATH COODIIEHNUSI, UCIOJIb3Ysd CHM-
METPUYHYIO CUCTeMY g poBanus, mpudeM Toabko A u B 3uator kap,

re. kap = shared key(A, B).

Hamuwrit PII pabotaer ciremyrommum o6pasom:

e A nocetnaer B IIIC kap(z) no xanasy o,

e B npuHumaer u3 Kanaja o coobmenue kap(x), pemudpyer ero,
3alMCBIBACT M3BJIEYEHHOEe COODIIEHNe T B HepeMeHHYIO 1, HOcje
Jero BejieT cebs Tak ¥Ke, Kak mporecc P.

ITIT A u B nmeror caenyromuit Bug: A =lkap(x);0, B =7kap(9); P.
Cxema PII Py umeer ciempyrommuit Bu;:

Oe A OeB
!kAB(IJ L11‘43(.5’)

R 1ep

(42)

Tperuit npumep — 3ro PII P3 = {A, B, J}, aBisironuiicsi MOJIEJIBIO Tie-
penaun or A K B omHOro cooOIleHus & M0 CKPBITOMY KaHaJy C IpU
nomornu goBepeHHoro mocpemuuka J, rae A u J (B u J) B3an-
MOJIEHCTBYIOT 110 CKPBITOMY KaHasly c4j (cpj), npudeM Tosibko A n
J (B u J) snator nms cay (cpy), 1.e. caj = shared_channel(A,J),
cpg = shared_channel(B, J).

Hanuwrit PII pabotaer ciiemyrommum o6pasom:
e A nocbuiaer J UMsi CKPBITOrO KaHaja ¢ (KOTOpoe CHavajia 3HaeT
TOJIKO OH OJIFH) TT0 KAHAIY CAJ,
e J nocwuiaer B rosydennoe nMs KaHaJsa ¢ 10 KaHaJlLy Cp.J,
e A mocwutaer B coobieHne T 1Mo KaHasy C,

e B mpuHMMaeT M3 KaHaJa ¢ COOOIMEHNe W 3aIlUChHIBAET €0 B Iepe-
MEHHYIO ¥, IIOCJIe Yero BejeT cebsl Tak ke, Kak Iporecc P.
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[T A, B u J onpenensiioTcst CaeIyIomuM obpa3oM:

A=ai;a9;0, toe a1 =cajle, a9 =_clz,
J =j1;J2;0, e j1 =caj?U, jo=cpjlu, (43)
B = p1;62; P, tiie 1 = cpy?h, B2 =0v77.

Cxema PII P3 umeer ciemyromuii Bu:

0,4 0,J 0,8
aq J1
le
le Jo 53y
1e
%) 32
De Qe Qe P

(44)

4) Yerseprsiii upumep —sro PII Py = {A, B, J} (Ha3biBaeMblii HPOTOKO-
aom Wide-Mouth Frog (WMF)), seasiomuiicst MOeIbo Tiepeiadn
or A x B IIIC k(x) 110 OTKPHITOMY KaHATy O MPH TOMOIIM JTOBEPEH-
HOIO MOCPeIHUKa J, ¢ KOTOPbIM A u B B3auMOJEHiCTBYIOT 1O OTKPbI-
TOMYy KaHasy. A co3jaeT ceKpeTHbIH Kiod k, moceuiaeT B 3ToT Ko

B 3aimudpPOBAHHOM BHUJIe Yepe/| JOBEPEHHOIO TIOCPeJHnKa J, 1 3aTeM
noceutaer B IIC k(z).

[Ipeanonaraercst, uro A u J (B u J) umeror obumii ceKpeTHbIi K04
kas (kpj), Ha KOTOpOM OHEH MOryT mHdpoBaTh u JemudpoBaTh CO-
00OIIEeHNs, UCIOJIL3YSl CUMMETPHYHYIO CHCTeMY MH(POBaHUA, HIPUYEM
troibko A n J (B u J) suator kay (kpy), r.e. kay = shared _key(A,J),
kpj = shared key(B,J).

Hanuwrit PII pabotaer ciiemyromum o6pasoMm.

e A coszaer cekpeTHblii K04 k (CHadama TOJBKO A 3HAET TOT

KJIt04) U nocbutaer jgoepenromy nocpennnky J IIC kqy(k) mo
kaHasy o, nocsie yero A noceinaer B IIC k(x) no kanaiy o,

e J npurmMaeTr coobierune oT A, memudpyer ero, 3areM mu@pyer

U3BJIeUeHHbI K04 k Ha Kiode kg, u nocsutaer B IIC kp (k)
110 KAHAJLy O,

e B m3BjieKaeT n3 MOJYYeHHOTo coobmenus oT J Kiod k, n 3aTeM
HCHOJIB3YeT 3TOT KJIIOY JIJIsl U3BJIeUYEHUs] U3 II0JIy9€HHOI0 coo0IIIe-
Hust 0T A cOOOIIEHNs &, 3AIICHIBAET €ro B IIEPEMEHHYIO Y, II0CJIe
1ero BejeT cebs Tak Ke, Kak nporecc P.
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[T A, B u J onpenensiioTcst CaeIyomuM obpa3oM:

A=oa1;00;0, e ay =lkas(k), a2 =lk(z),
J =71;72;0, tae j1 ="kaj(a), jo=lkps(u), (45)
B = p1;82; P, tne (1 ="kp;(0), [2="v(y).

Cxema PII Py umeer Bup (44).

2.7. I'padbl 11epexo/10B pacnpeeieHHbIX TPOIeCcCOB

B sTom maparpade paccmarpusatorcsi PII) cocrosiiiye n3 KOHEUHOro dmc-
na IIII. nst HarasioHOrO mpeacTaBieHusT BhimoaHeHns: Takux PII BBomuTcs
nousitre rpada mepexogos PII. Bemmoanenne PII m.6. nmpemcrasieno kak
obxoy1 BepinuH I'I1; coorBercrBytomiero stomy PII.

Huzke B 3TOM naparpade cumposn P oboznadaer PII, cocrosimuit u3 ko-
neqrnoro uucia I, Kax/plit 13 KOTOPBIX OT/In4eH OT F;.

2.7.1. IlonsaTue rpada mepexo 0B pacnpeieJIEHHOTO IIPoIlecca
I'pacdbom nepexomos (I'Il) PII P ={P,..., P,} naswiBaercs rpad Gp,
® KayKJ[as BEPIINHA KOTOPOI'O IIPEJICTABIISIET COOOM CIIMCOK

at = (aty,...,aty), tHeVi=1,...,n at; € P;,

e Kaykzoe pebpo KOTOPOro MMeeT BUI

ap.

(aty,...,aty) —> (at),...,at,) (G €{l,...,n}), (46)

(0%
e Pj comepuxur peGpo at; — at}, u aty = atl, upu i’ # i.

Bepmuna (Init(P), ..., Init(P,)) I'll Gp nasbiBaercss HA4aJIBHOI Bep-
munoit I'Tl Gp, u obosnauaercs 3anucwio Init(Gp).

Herpynao mokazatnb, uro eciau rpadnl Beex I, Bxomammx B P, anuk-
JUIHBL, TO Gp TOXKE aIUKJINYeH.

JIst KaXk70ro cocToAHUs S € Yp KOMIIOHEHTA Gtg COCTOSIHASL S MOYKET
paccmarpuBaThes Kak Bepmmaa [T Gp.

ITycts 3amano mekoropoe Boiosinenue PII P. Eciau npu 3ToM BbIIOIHE-
HUU TIOPOXKTAETCS TIOCTIETOBATEIBHOCTD COCTOSTHU Sq, S1, . - - , Sp, TO U3 OMpe-
JleJIeHVsI OTHOIIeHus nepexojia (9) cieiyer, 4ro 1ol MOCIIe/0BATEIbHOCTH
coorBeTcTBYeT TIyTh B ['II Gp, KOTOPBII MOKHO paccMaTpuBaTh KaK HATJISI-
Hoe TipejcTaBieHne Boinoanerust PIT P:

(a1)p, (a2)p,, (an) P

at s, o “>af

Init(Gp) = ats,

Sn
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Hanomunm, aro P = {P, P;}. I'll G'p, MOXKHO pacCMaTpUBaTh KaK rpad,

ap

moJtydaeMblit jobasiierneM K Gp pébep at —4 at, roe at € Gp, a € Act.
Bepmuna at € Gp Ha3bIBaeTCsa JOCTUXKUMOI, eciit 35 € E’])TZ at = ats.
Pebpo I'll Gp HaswiBaercst peaansyeMbIM, €CJIH OHO JIEXKUT Ha IyTH,

COOTBETCTBYIOMIEM KaKoMy-/1160 Bbinosnenuio PIT Py

B uzobpaxkenuu I'll Gp 6yayT HCIIOIB30BATLCS CASIYIONINE COTJIAIICHIS:

Kaxas BepmmHa at = (aty,...,at,) I'Il Gp obosnauaercst oBajioM,
BHYTPH KOTOPOTO YKAa3aH CIUCOK at] ... at, KOMIIOHCHTOB at,

HavasbHas Bepiuna Init(Gp) n3obpazkaercst IBOMHBIM OBAJIOM,

YepHBIl Kpy>KoueK Ha KakoM—iaubo peope I'll Gp osmadaer mepeasn-
3yeMOCTb 3TOro pebpa (0boCHOBaHME HEPEATN3YEMOCTH PEOEP JTOIKHO
IPOBOJIUTHCS CHEIUAIBHBIMU PACCY 2K ICHUSIMH ),

. ap
B Ile/IX COKpalleHus obo3Hadenuii, Merka pebpa at — at’ I'll Gp
MOZKeT 0603HAUATHCs IIPOCTO JeficTBrueM « B 910l MeTKe (6e3 yKasaHus
[IIT P, BBINOJIHSIONIErO JIEHiCTBIE (v TIPU JTAHHOM TI€PEXO/IE).

2.7.2. Ilpumeps! rpacdoB MEPExX0/I0B pacnpeieJI€eHHbIX MPOIECCOB

B sTrom nyakTe nipuBojisaTes npumeps! ' pisa PII, npepcraBiieHHBIX cxeMaMu
u3 nyakra 2.6.3. Bymem umcnosib3oBaTh cienyroliee corjiairenue: eciam A —
nms 11, Bxomsimero B Kakoii-nmn6o u3 srux PII, u ¢ — Homep Touku Ha HUTH,
coorBercTByomeit aTomy I1I1, To BepimuHa rpada A, COOTBETCTBYOIIAST 3TOM
TouKe, obo3HavaeTcs 3amuchio A’

)

I'lT gzt PIT Py, onmcsiBaemoro cxemoit (41):

(47)

rJle HaKJIOHHBIE cTpesiku obozunaudaror pebpa ', Bbixomsmnme u3 coor-
BETCTBYIONINX BePINuH, a Takxke dactu ['I1, mocTukumblie ocie mpoxo-
JIa, 110 9TUM pebpaM, KOTOPhIE He MIPEJICTABICHBI B JAHHOM H300parKeHUn
I'TI, sTo cornarierne OyAET HCIOJIH30BATHCI TAKXKE U B HIKECJICTYIO-
mux mpumepax ['1.
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2) I'll gz PIT P, onmcsiBaemoro cxemoit (42):

(49)

2.7.3. UctunHoctb ¢hopMysI B BeprimHaxX rpadoB mepexosioB pac-
npeJieJIEHHBIX IIPOIIECCOB

[Iycts 3aman PII P. Ilna kaxkmoit Bepmuabl at € Gp 1 KaxkI0il GOpMyJIbl
¢ € Fm 3anuce at = ¢ obo3HaYaeT yTBEPXKICHUE

@ HUCTUHHa B BEPHIINHE at

KOTOpOe CUMTAeTCs BEPHbIM, ec/iu Vs € Yp, ats = at = s = .
Herpynuo nokasars, uro I'll Gp,, tne P; (i = 1,...,4) — PII, ompege-
JIEHHBIE B IIyHKTe 2.6.3, 00/IaaI0T CJICLyIOIIUMU CBOMCTBAMME:

Init(Gp,) E {¢1, [cap] = 0}

(
Init(Gp,) E {2, kyplo] = 0} (50)
Init(Gp,) E {ps: [cas] = 0, [cps] = 0, [] = 0}
Init(Gp,) | {pa, kajlo] = 0,kpyle] = 0,k [o] = 0}

121



rIe

o1 ={cap} Lc P}
¢2 = {{kan} Lx P, kyp[Pi] C kyplo]}
w3 ={cas,cps,c} Lc P;

P4 = { {k/l“]’ k8., E}lLK By 1 1 T T }
ks Py C kyblo] kb [Py € kgblol A7 [Py € B'[o]

Heiicreurensno, ps moboro PIT P cocrosrme s € Yp, obnanaer cBoii-
crBoM ats = Init(Gp), ecu s = 0, wiu cymecrByeT 1myTh 13 0 B § ¢ METKaAMU

pebep BHJA ap,, U /15 KazKjol us dopmyit 1 = {¢i,...} B (50)

® UCTUHHOCTG 1); B HauaipHOM coctosaun PII (P;) ciemyer us ompese-
JIeHuii MOHATUA HadaabHOro cocrognud u 1111 P;, n

® VICTUHHOCTH 1; B COCTOSIHMH S, B KOTOPOE CYIIECTBYET 1yTh u3 0 ¢ MeT-
KaMu pebep Busia ap,, 0GOCHOBBIBAETCsI y TBEPZKICHUEM

ap,
Vs s" € Yp, 15 5 (SEY = S E) (51)
KoTOpOe cJieiyer u3 reopemsl 2 (i = 1,3), win teopemst 5 (i = 2,4).

Mpg1 Gyziem ucnosb3oBaTh cooTHomenus (50) B u3araeMoM HUXKe perlie-
HUY 33/1a9u BeprduKanun HeKoTopbix cBoiicts PIT P; (i = 1,...,4).

3. Metoapl Bepudukaliuu KpunrorpadmniecKnx mpo-
TOKOJIOB

Wsaraembie B 3ToM mnaparpade merojbl Bepudukainuu KII ocHoBanbl Ha
npencrasiaennu KII B sume PII. s mokasarenbcrsa cpoitcts PII ncmoss-
3YIOTCS TEOPEMbBI U3 IpEeJbLIyIero naparpada. IlepBolit u3 nsaraeMbix H-
Ke MeTonoB uctosb3yer nousatue ['Tl, a Bropoit ocHoBan Ha Teopeme 6 u
Haubosee moaxoaut st Bepudukamnun KII ayrenrudukarmn.

B stom maparpade npempmnosaraercss uro cumBosi P obosunadaer PII, me
conepzkamuii 111 nporusnuka P;.

3.1. Bepudukanusa Ha ocHOBe rpadoB Iepexoa0B
3.1.1. Onucanue Mmerosa

Hexkoropoie cBoiicrBa PII mMoryT BbIpazkaTbcsi pOPMyJIaMu, CBS3aHBIMHU C
JOCTKUMBIMHU  BepimmHaMmu coorBercTByomux ['1I. Hampumep, omao wu3

122



coiicts PII P; (i = 1,...,4), onpesenenusix B myHkre 2.6.3, nMeer Takoii
BUJI:

ecyi JocrukuMasi Bepunnaa at = (ata, atp) wm (ata,aty, atp)
I'll Gp, TakoBa, uro atp =1 (i = 1,2) wm atp = 2 (i = 3,4), (52)
To at = x =y.

,HaHHOG CBOIICTBO Ha3bIBAETCSI IIeJIOCTHOCTbIO 1 HUMeEET CJIG,ZLYIOH_[I/IP'I
CMBICJI:

o eciu Bemonnenue PII (P;)y = {A, B, P;} wm {A, J, B, P;} nocrurio
cocrosaus, rae npuauMmaonmii I1I1 B 3akagIMBaeT 4aCTh CBOETO BbI-
[IOJIHEHNS, CBA3AHHYIO C IPHUEMOM CoobIeHust oT nepejaroriero 1111 A,

e TO IIpH J1I060M IIPOTHBOJEHCTBUN HPOTUBHUKA P neperasaeMoe coo0-
menne ¢ B nepenatomem 1111 A coBuajaer ¢ TeM 3HaYEHHEM, KOTOPOE
Oyzer nMeTh mepemMenHast y B npuauMaromeM [111 B.

Ecsu cpoiicrBo PII P umeer Bun at = ¢, rae at — HEKOTOpasi JTOCTUKNI-
Mas Bepmuta I'Il Gp, To omun 3 MeTOH0B BepuUKAIMH 3TOrO CBOHCTBA
3aKJIF0UAETCS B CJIELYIOIIEM:

® JId KaXKJION JOCTUKUMOUN BEPIITNHDBI at’ , Haxoadmeiicss Ha KaKOM-JII00
nyru uz Init(Gp) B at, Beraucisiercst GOpMyIa pqy, MCTUHHAA B at’, u

® IIPOBEpAETCA CBONCTBO Yut < .

Heobxo1nMocTh BBIMUC/IEHNST BBIIEYITOMSIHYTBIX (DOPMYJI IJIsT BCEX BEp-
muH Ha 1wyTax u3 Init(Gp) B at cBsg3aHa ¢ TeM, YTO /ISl BBIYUCICHUS Qg
HEO0OXOMMO 3HATH (POPMYJIbI Qg JJIs KasKJ0il JTOCTUKUMOI BepIIuHbl at’,
13 KOTOPOil CYIIECTBYyeT peajudyemoe pedbpo B at, U T.II.

Merton Boraucieruss (GOPMYJIbL (Pq¢ UMEET CJICYIONINi BUT:

® eCJIU BBIUUCICHA (POPMYIIA (P IJIsl KAKOH-TMO0 TOCTMXKUMOM BEPITUHBI

(0%
at’, Taxoit, uro cymecrsyer pebpo I'Il Gp Buga at’ — at, To BbIUUC-

asiercst popmydia o(Pqy ), CMBICIT KOTOPOI 3aKJIFOUAETCST B CJIELY FOIIEM:

o
€C/IM B TEKYIeM COCTOSIHUE § Oblta BepHa hbopMysIa pq, U 8§ — s, TO

dbopmymna apq) BepHa B COCTOSTHIN S, & TaKyKe B KazKI0M COCTOSTHUH,
B KOTOPOE CYIIECTBYET MyTh U3 8’ ¢ MeTKamu pebep Buia ap;,

e nckomast pOPMyJIa Qg¢ ONPENEIIeTCs KaK aHaJoOr JU3BLIOHKIIUA BCEX
dbopmyir Buga a(pa).
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Jna naganbroit Bepmmabt at’ = Init(Gp) coorercTByiomas hopMyiIa
Pg0 TIpeamoaraercst 3agannoi. Hanpumep, st kaxgoro uz PIT P; (i =
1,...,4), onpeeseHHbIX B yHKTE 2.6.3, B KauecTBe Takoit (hopMyIIbl MOXKHO
B35Tb (DOPMYJIYy M3 COOTBETCTBYIOIIETo cooTHomenus B (50).

Huxe nznaraiorcest mpuMepbl TPUMEHEHHUS JAHHOTI'O METO/A JIJI PENIeHns
3ajad Bepudukanuu PII, B KOTOPBIX UCHOJIB3YIOTCsT 3AIUIICHHBIE KAHAJIBI
(P1 u P3), nin 3amurmiennsle kimoun (P u Py). Ilepen pemenuem 3ajad
Bepudukaiuu JaHHbX PII MBI U3/710)KUM TeOpeMbl, KOTOPbIE OYIYT UCIIOJIb-
30BaTbCA IJIgd PpEHICHNA 9TUX 3ajlad.

3.1.2. Teopembl, ucnoJib3yeMble JIJisi BepuduKaIluu pacupegesieH-
HBIX ITPOIECCOB C 3aIlUINEHHBIMUA KAaHAJIAMU

B srom nyrkTe Oy/ieM UCIOJIB30BATDH CJEIyIOlIee 0DO3HAUCHHE:

VE CTm,Va e Act,Vc € Channels

EC,O( - E U {e}, eCcJin &x = C!e, n EC,O{ = E‘7 nHa4de. (53)

Teopema 7.
[Tycrs 3agansr PIT P, nonmuoxkecrso E C (P)g, cocrosinus s, s’ € Ep,

ap. Y
Takue, 9ro § — ', rae P € P, u eciin o« = cle, TO BepHA MMILIHKAIHSE
¢ E = Var(e’)NE={. (54)

Torna VE', E"” C Tm, V¢ € Ec BepHa UMILIIKAIUS

ElcP .. [ ElcP
S):{ E/Q[C]QE” }:>S ):{ Eévagfc]gEga

JdokazaTeabCcTBO.
Cornacro (4), snauenue opmynsl E Lc Py B s 3aBHCHT TOJIBKO OT MHO-
xkects [Pi)® u [c]® (Ve € Channels), u

e eciau o uMeeT BUJL c?e uan e = €/, To Ipu Hepexoje OT § K s JaHHbIe
MHOYKECTBa He U3MEHSIOTCH, 1

e eciim o MMeeT BuJ, cle, TO IpH mepexose OT § K S8 MOKeT U3MEHUTLCS
JIMIIb MHOXKECTBO [¢]® myTem sobaBiieHnst K HeMy Tepma e®,

nosromy u3 (54) caenyer ummnkaius s = E Llc Py = s = FE Lc P;.
Mvmmkamus s = E' C [c] € E" = §' = E,, C [c] C E, cienyer u3
oupenesernst (53). M

Teopema 8.
IIycTh 3amaHbI
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e PIT P, mommuoxkectBo E C (P)g, BepumHa at € Gp,

a;
e vuoxkectBO {at; — at | ¢ € I} pébep I'll Gp (c obmum KoHIOM at),

(03
npudeM ecau Gp comepKuT pebpo Buma at’ — at, He BXOIAIIEE B 9TO

MHOKECTBO, TO BeplinHa at’ HeJoCTHKuMAa,

e muOXKecTBO {@; | i € I} dbopmys1, COOTBETCTBYIONMX BBIIIEYIOMSIHY-
TbIM pebpam, tie Vi € I at; = ¢, 1 ; coctout u3 ciaemyomux P:

ElcP
Ez{,c Clel C E{fc (Ve e Eg), tae E;C,EZC CTm, n
paBeHCTBa BUjla € = €', rie e, e’ € T'm.

Torma at = ¢, tae ¢ cocrout u3 cieayomux D:

ElcP:
ﬂieI(Ez{,c)Cyai CldC UieI(EZC)C,ai (Vce Ec), n
paBeHcTBa Buja e = €', ve e, ¢’ € T'm,

BXOJIsIIIMe B KaxKyto u3 dbopmya ¢; (i € I).

JlokazaTeJibCTBO.
JlanHas TeopeMa ABJseTCS ciiencTBreM TeopeMm 7 1 2. W

Teopema 9.

ITycts 3amans PII P, u cocrosinus s, s’ € Sp,, TaKHe, U9TO g
Torna BepHa UMILIMKAIUS S = {[c’] = {e},c= c’} Y = {z=e).

JlokazaTeJibCTBO.
Jlannast TeopeMa HEMOCPENCTBEHHO BBITEKACT U3 OIPEICICHU BBIIIOJIHE-
Hust geficrBus Buja c?Z (cm. nyskr 2.2.5). W

3.1.3. Peaykuusa rpadoB Iepexo/ioB

Ecin anammsupyembie cpoiictBa I'll Gp cBsI3aHBI TOJIBLKO C €I0 JOCTUKAMbBI-
MH BEPITHHAMW, TO TMPHU PEIIEHNN 3a/ad aHaji3a TAKUX CBONCTB HEIOCTH-
JKUMbIE€ BEPIIUHBI U CBsi3aHHBIE ¢ HUMU pebpa M.0. ymajensr u3 storo ['TI.
Bymem maspiBaTh Takyoo omnepanuio ynajenust peaykmwueit ['I1. ITomyaus-
IUiics MOcje TaKOro yiaJjieHust rpad OyaeM Ha3blBaTh PEAyIIMPOBAHHBIM
I'TI, u obosnauark ero Toit ke 3anuckio Gp. Ecim B pexynuposarnsom ['TI
oOHapy»KaTCs HeyIaJeHHbIe HEJOCTHKUMbIE BepiuHbl, TO 3T0T 'l MoxkHO
eIre pas peaynupoBaTh, U T.I.
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Haxoxk menne HepeasmsyeMbix pebep n HeaocTm:KuMbIX BepmnH ['TI Mmoxk-
HO IIPOM3BO/IUTH C MOMOIIBIO CJIEYIOIINX TEOPEM.

Teopema 10.
[Tycrs 3aman PII P. Eciu Bepruna at € Gp TakoBa, 94TO

e at = {[c] =0,c =}, tue ¢, € Channels, nm
o at ={k'[o] =0,k =k}, tue k, k' € Keys,

1 u3 at BeIXOAUT Pebpo ¢ MeTkoi ¢'?e miam 7k'(e) coorBeTcTBEHHO, TO ITO
pebpo mepeauzyemo. W

Teopema 11.
[Tycres 3aman PII P. Vat € Gp BepHBI cienyonue yTBEPKICHUS:

e ecyin Bce PEOpa ¢ KOHIOM at HepeaJm3yeMbl, TO at HEJOCTHKUMA, U

e eciu at HETOCTUKUMA, TO Bce PEOpa ¢ HadgasioM at HepeaymnsyeMbl. W

3.1.4. Bepudukaiiuga paciipegejeHHOro mmpoiiecca P;

[TpumeHuM J10Ka3aHHBIE BbIIE TEOPEMBI JIJIsI JOKA3aTeIbCTBA CBOiicTBa (52)
PII Py, onuceiBaemoro cxemoii (41). I'll Gp, nmeer Bu (47).
Teopema 10 u nepsoe coorHomenue B (50), KOTOpoe uMeeT BHJL

A"BY = {¢1,[caB] = 0} (55)

000CHOBBIBAIOT HEPEAJNIYEMOCTH OTMEUEHHOIO YEPHBIM KPY2KOYKOM pebpa B
I'II (47). TTo Teopenme 11, orciona ciaemyer nenocTmzkumMocTsb Beprunnt ACBL.

[Tocne pexykiun I'TT (47) myTeMm yuaieHusl HEJOCTUKUMBIX BEDINUH U
CBSIBAHHBIX C HUMH pebep mnoJryuaeMm rpad

CAB'T ony  can’y T
(11 B%) AB

(56)

B (56) CYIIECTBYET €JMHCTBEHHAsd BEpIINHA (AlB 1), YIOBJIETBOPAIOIIASL
yerosuio B (52). Takum o6pasom, Tpebyercs nokazaTh, uto A'Bl =z = y.

U3 (55) mo Teopeme 8 ciemyer, uto A'BY = {1, [cap] = {z}}, orxyna
o TeopeMaM 8 1 9 ciremyer xKesaemoe ceoiictso A'B! = 2 = y.
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3.1.5. Bepudukaiius pacrpeejieHHOro mpoiiecca Ps

PaccmorpuM Teneps 3a/1ady mokazaTesaberBa cBoiictBa (52) st PIT Py, omnm-
CBIBAEMOIo cxeMoil (44), B KOTOpPOii JeficTBUs ONPeesIoTCst coriacHo (43).
I'll Gp, umeer Buj (49).

Teopema 10 u Tperbe coorHomenue B (50), KOTOpOE UMeET BH/I

A JOBO = {5, [eas] = 0, [cns] = 0, [¢] = 0} (57)

000CHOBBIBAIOT HEPEAIN3YEMOCTh OTMEUEHHBIX YePHBIMU KPY2KOUIKAMU pedbep
B I'IT (49). Ilo Teopeme 11, orcrofa ciaeyeT HETOCTUAKUMOCTH BCEX BEPINUH
BepxHero sipyca B I'I1 (49) 3a uck/roueHneM BepIUHBI A JOBo,

[Tocse pepykiu I'IT (49) myrem yajeHust HeJIOCTUKUMBIX BEPIITHH BEPX-
HEro sIpyca M CBA3aHHBIX C HUMHU pebep mosydaem peayrumpoBaHubiit ['T]

AL BY) By (a12B1) B2 {at2p2 <
j a1 j% _ ,

Bi

AL JoBY

(58)

Jlasee MBI IPUBOJAMM CIIMCOK COOTHOIIEHUI, KAXKJI0€ M3 KOTOPBIX CJIEIYET W3
upeapLaymux (mepsoe cieayer u3 (57)) mo reopemam 8 u 9:

AVJOBY = {3, [cas] = {c} [cs] = 0, [c] = O}

A2JOBY |= {3, [cas]) = {c} [cps] = 0,[c] = {}} (59)
AVIBY = {3, [cas] = {e}, [eps] = 0,[c] = 0,u = ¢}

A2J'BY = { e, [eas] = {e}, [ens] = 0.[c] = {2}, u =}

IIo Teopeme 10, U3 JTaHHBIX COOTHOIIEHU CIeAYeT HEPEATUIYEMOCTH OTMEYEH-
HBIX YepHbIME Kpy:koukamu pebep B I'IT (59). Viuangas stu pebpa u cooTBETCTBYIO-
ue HeJOCTHKUMbBIE BEPITUHBI (UCHONB3yst TeopeMy 11), mosydaeM pegynupoBaH-

127



moiit I'TT

W3 nocnennero coorromenust B (59) npu momornu TeopeM 8 u 9 mosrydaeM:

A'J*B° = {3, [cas] = ?;}}» [cps] = {u},[e] =0,

AV B = {3, [eas] = (61)

ITo reopeme 10, u3 mocsensero coorHomenust B (61) ciemxyer HepeaIn3yeMoCTh
OTMEUYEHHOIO 4YepHBIM KpyzKo4ukoMm peGpa B I'II (60). Vmauss 310 peGpo n coor-
BETCTBYIOIIUE HEJIOCTUKUMbBIE BEPUIMHBI (JJI HAXOXKIEHUS KOTOPBIX UCIOJIb3yeM
reopemy 11), nosyuaem peayruposanubiii I'T1

A0 70 p0)— "L (41 oo 2 200
A A

(62)

ITpumensist Teopembt 8 1 9, BeraucsieM (GOPMYJIbl, COOTBETCTBYIOIIUE OCTABIITAM-
csl BepIIMHAM:

A2J?BO = {ps, [cas) = {c}, [eBs) = {u}, [d] = {z},u = ¢}
A?2J?B? ': {9037 [CAJ} = {5}7 [CBJ} = {u}a [5} = {SU}, uU=Ccv= u} (63)
A*J?B? = {z =y}

TTockonbKy

e 5 I'TI (62) Bepmuna A?J?B? gpnsercs eIMHCTBEHHOI BEPIINHOM, YIOBIETBO-
psitornieii yenosuio B (52), u
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® COIVIACHO IIOCJIEIHEMY COOTHOIIEHHIO B (63), 1151 9TOl BEPIIMHBI BEPHO yTBED-
xKuenue B (52),

TO 3aj1a4a JloKasaresnbersa ceoiictsa (52) quist PII P pemiena.

3.1.6. Teopembl, ucnojibdyeMmbie Jjisi BepuduKaluu pacapegeieH-
HBIX IPOLIECCOB C 3aUIUIIEHHbIMU KJIIOUaMU

B srom nynrkTe Oy/IeM MCIOIB30BATE CieyIoliee 0003HATEHNTE:

VECTm,Va € Act,Vk € Keys

Epo = EU{e}, ecn a =k(e), u Ey o = E, nnade. (64)

Teopema 12.
ITycrs sagannt PII P, rae Var(P)c = {o}, nonmuoxectso E C (P)g, cocTosHust
s,s' € ¥p,, Takue, 4TO0 S 2P s, rne P € P, u ecan o =le, TO

Vx e Ex l’J_KyE e’. (65)
Torna VE',E" CTm,Vk € Fx : k # public_key(...) BepHa uMIiMkaust

FElkg PT,k_l[PT] - k‘_l[o} ’ FElx PT,kfl[PT] - kil[o]
*F {E C ko] C B =B\ B, ch bl C B,

loka3zaTesbCTBO.
Bnavennst popmyn E Lx P u k71[P;] C k~'[o] B s 3aBucur Toanko oT MHO-
xecTB [P4]® u [o]s (mna E Lk Py sTo BepHo coriacuo (5)), u

e eci (v UMeeT BUJ Te Wiu e := €/, To IpH Iepexose OT § K §' JJaHHbIe MHOKe-
CTBa HE U3MEHSIOTCS, 1

® eC/IM (v UMEET BUJ !e, TO IpH MEePeXoje OT § K 8 MOMXKET U3MEHUTHCS JIUIIb
MHOKECTBO [0]s IIyTeM jlobaBIeHnst K HeMy TepMa e,

osroMmy u3 (65) creyer NMITHKAIHS
S ): {EJ_K PT,k‘il[PT] - kil[O]} = ): {EJ_K PT,k‘il[PT] - kil[o]}.

Mvnmakanus s = B C k7'o] C E” = ' = E} , C k™ '[o] C E}, cenyer u3
onpenenenns (64). W

Kpome Toro, BepHbl anajoru TeopeMsr 8, ¢ 3aMeHOM
e FlcP;na {EJ_K PT,kfl[PT] - kil[o]},
b [C] Ha k_l[oL Ez}c Ha Ei,/w (Ei,c>c,ai Ha (Ei7k)k:,ai7

u Teopembl 9, ¢ 3amenoit ¢?3 na ?k(2), [¢] na (K')7L[o], c= ¢ na k =k’
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3.1.7. Bepudukaiius pacrpeejieHHOro mpoiiecca Ps

Hokazaresberso coiicTsa (52) muis PII Py, onmcbiBaemoro cxemoii (42), npooauTcest
AHAJIOIMYHO JIOKAa3aTeJIbCTBY 3T0ro cpoiictsa nug PII P; B mynkre 3.1.4. T'Il G'p,
nmeer B (48). Tak ke 06OCHOBBIBAETCH HEPEAIH3YEMOCTh OTMEYEHHOIO YEPHBIM
kpy2koukoM pebpa B I'IT (48). ITo reopeme 11, orcioma cieryer HEAOCTUKUMOCTD
sepimmabsr AY B, Tlocste pexykrum I'IT (48) mosywaem rpad

——\\ kap(z) N Thas(d) oo

(66)

B (66) cymecrsyer equncrsennas sepmuna (AlBl), ynosnersopsromasn yciosuio
B (52). Takum obpasom, TpebyeTcs mokazaTh, uro A'B' = x = y. D10 cBoiicTBO
crenyer w3 coornomenns A'BO f= {9,k 5[0] = {z}}.

3.1.8. Bepudwukariusi pacrpeieJieHHOTO Iporiecca Py

Hokazarenbcrso coiicrsa (52) mias PII Py, onnceiBaemoro cxemoii (44), rue nei-
crBus o, fi,J; (i = 1,2) oupenensiiorcst corsiacHo (45), IPOBOAUTCH AHAJIOIUIHO
JIOKa3aTeIbcTBy roro csoiicrBa miag PII Ps; B mynkre 3.1.5. I'll Gp, umeer Buz
(49). Tak ke 0BOCHOBBIBAETCSI HEPEANU3YEMOCTb OTMEUEHHBIX YEPHBIMU KDPYZKOU-
kamu pebep B [T (49). Iocne pexykimu T'IT (49) monygaem takue xe I'IT (58),
(60), (62), xak u B cayuae Bepuduxaruu PII Ps. Ml ve 6yuem usiararh JeTajbHO
pemenne 3anaan Bepudukanun PII Py, npusegem JIMIIb COOTHONIEHUS, CBA3AHHBIE
¢ Beprmuamu I'TI (62) miist maHHOrO Ciryvast.

ALPPBY E {on, k3 lo) = (R}, khlo] = 0,5~o] = 0}

A2JOB° = {pa, Ky ylo] = {k}. ko] = 0.k~ o] = {a}}

ALTBY = g, kblo] = {Rb kipblo] = 0.F1e] = 0.u = F}

AT 1 (i, ki blo] = (R kpblo] = 0.5 o] = {a},u = B}

ALJ?B° = {9047 kAJ[O] {If}’ kl;}l[o] = {u}» ]f_l[o] =0,u= ]f}

Al B! ): {(P4, AJ[O] {]f}’ kg}][O] = {u},]j;_l[o] =0,u= k’,’li = u}
A2P2B0 b= (ki ble] = (R} Kph o) = {u} B[] = {a}ou=F}
A2P2BY = {p, ko] = (B}, kblo] = {u}, k=[] = {z}h,u= v = u}

A2J2B? E {z = y}.

3.2. Bepudwukarnusa mporokosa Yahalom

B srom m cremyromem maparpade paccMaTpuBaeTcs IPYroi METOJT BEPUPUKAIMN
KII, ocroBamHbBI Ha UCIOIB30BaHUA TeOpeMbI 6. J[aHHBI METOM HE OMUCHIBACTCS
SIBHO, T.K. €ro COJepKaHie MOYKHO MOHSTH IT0 TPUBOJUMBIM HUKE IIPUMEPAM €ro
npuMeHeHns B 3ajade Bepuduranuu KIT ayrenrudukanun Yahalom (8 aTom mapa-
rpace) u KII nepegaan ITIC mex iy HeckosbKumu arentamu (B naparpade 3.3).
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3.2.1. Omnucanme mporokoJjia Yahalom

KII Yahalom npesnasHauen jisi ayreHTudukanyuu (T.e. IPOBEPKU MOJJIMHHOCTH)
areHTOB, B3AMMOJIEHCTBYIONINX O OTKPBITOMY KaHAJIY O, U TEPEeJIavl CEAHCOBBIX
KJTIOUel MEXKJTy ITUMU areHTaMM.

IIpeamonaraercs aro

® 3aJlaHbl MHOYKECTBO areHToB Ag, a TakxKe areHT .J, HA3BIBAEMbI JOBEPEH-
HBIM MOCPETHUKOM, JIAHHBIE ar€HTHI MOT'YT B3aUMOJIEHCTBOBATD JIPYT C JIPY-
TOM I10 OTKPBITOMY KaHAJy O,

e KaxJplil areHT A € Ag mmeer OOIMIT CEKPETHBIN KIIOY k4 C JIOBEPEHHBIM
nocpegaukoM J, Ha Kotopom A u J moryr mudpoBarh u JemudpoBaTh Co-
OOIIEHNST, UCIIOIb3YsI CUMMETPUYIHYIO CUCTEMY IIHMPOBAHUS, IPUYEM TOJIHKO
A u J 3Ha10T K109 K 47.

B kaxxmom ceance KII Yahalom npuaumaror yyactue cieayroimne areHThbl: MHA-
muaTtop A € Ag, nosepennslit nocpennuk J, u pecnoHzaep B € Ag. Kaxprii
aredT u3 Ag B oiHUX ceaHcax M.0. HHUIIMATOPOM, a B JIPYyTrux — pecrongepom. Oaun
U TOT Ke areHT M.O6. M MHUIMATOPOM H PECIOHJEPOM B OJIHOM U TOM K€ CeaHce
(t.e. BO3MOXKHO, uT0 A = B). Boimosnnenne ceanca KII Yahalom ¢ nannmaropom A,
pecrioriepoM B 1 I0BEpEHHBIM TOCPEIHUKOM J IpecTaBisieT coboil COBOKYITHOCTh
YeThIPEX TIEPECHLIOK COODIIEHMIA:

A— B : A7nA

B—J B, kBJ(A,nA7nB)

J—A k}AJ(B,/{i,’I’LA,nB),kJBJ(A,kJ)
A— B : kBJ(A, k),k(nB)

Ll

Iepecoiiku B (67) UMEIOT CIIEAYIOMUIT CMBICIT:

1) A noceuiaer B 3anpoc Ha ayTeHTH(MUKAIUIO U TEHEPAIMIO CeAHCOBOIO KIIIOYa
k, TOT 3ampoc coOCTOUT U3 MMeHU areHTa A u HOHca N4,

2) B nocbuiaer J 3ampoc Ha MeHEPAIUIO CEaHCOBOIO KJioua k, B CBOI 3a1poc oH
BKJIIOYAET CBOE MMsl, UMsI arenTa A, Jijisi CBSI3U C KOTOPBIM HY’KEeH 9TOT KJII0Y,
OJIYyYECHHBI HOHC 14, U CBOI HOHC N p,

3) J remepupyer ceaHCOBbI K04 k u mocouiaer A mapy coobieHuii,

® U3 1IepBOro coobIeHnst A MOXKET U3BJIEYb CEAHCOBBINM KJIOY k,
® a BTOPOE IIpeIHAa3HAYEHO /I TOro, 9Tobbl A mepecian ero B,
4) A nmocbutaer B mapy cooluieHmii,
® II€PBOE U3 KOTOPBIX OBLIO HOJIy4ueHO uM oT J, areHT B MOXKeT n3Bjedb
73 9TOTO COOOIEHNUST CEAHCOBBIH KIII0Y K, U

® UCIONIB3ysl KJI0o4 k, areHT B nemmdpyer BTOpoe cOOOINEHNe, ecjid pe-
3yabTar JemudpOBaHUs COBIAIAET C €ro HOHCOM N, TO 9TO SIBJISIETCS
JIJTsl HEro JIOKA3aTeJbCTBOM TOTO, ITO OTIPABUTEIEM 3TOTO COODIEHUsI
ObLIT UMEHHO A.
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®opmannuoe omucanne ceanca KII Yahalom m3obpazkaercs cxemoit

T4 J R

o) o) Oe ) )
A, nY) - 7(aly, i)
) lll_ 1e ) S
2(aly, kang(aly nt, fzf,))“l 2“](3. kpi(aly, niy, i)
Nkay(ay ]:‘4 n'y,n'y) i‘)“Q (kafﬂ(( J‘/’:‘J nY n}).la‘arjj(af]./::]))
N, Ky (nh)) A (kpslay. k). ki(n))
e3 *) 3e

(68)

B s10it cxeme steBast u nmpaBast HuTH cooTBeTCTBYIOT 1111 I 4 1 Rp, ONUCHIBAIOIITIM
[oBeJIeHre nHUImaTopa A u pecronjepa B cOOTBETCTBEHHO, CPEIHSIS HUTh COOTBET-
creyer 1111, onuceiBaroremy moseenue nocpeauuka J, sror 111 obosragaercs Tem
ke cumBojioM J. Cumbics iepementbix B atux 111 yemarpusaercst u3 comocrasiieHust
nedicreuit B atux IIII ¢ coorBercTBytonmMu aeiicteusayu B (67). Bepxuuit uxmexc 4
WIN T TIPU KaKOH-Inb0 TIepeMeHHOI O3Ha9aeT, 9TO OHA MPEIIIOJIOKUTETHHO COIEP-
kuT nHbOpMaImo 06 nHUIMATOpe (i) WIn pecnoHepe (1) JAHHOTO CEaHCA.

Ipeanomnaraem, uro Agent(14) = A, Agent(Rp) = B, Agent(J) = J.

PII P, coorsercraytomumit KII Yahalom, nmeer Bu

P={{I1 | Aec Ag} {Rp | B € Ag},J"}. (69)

Huzke mMb1 Oy/1eM BCIOIB30BATD CIEAYIONINE OOO3HATEHMS:

«
,,,
e ccu P — PII, u 7 — myrs B ¥p,, To 3amucy 7 > P"* : s — s’ osmauaer, 4ro

ap
T conepuT pebpo s — ', u ats, =1, aty, =1,

e 3amuch s = E Lk e obosmataer yreepxkaenue Vi € Ex x Lk ge®.

Herpynmo mokazats, aTo

sEFlk(e,e)esEElke n sEFELke. (70)

3.2.2. CgoiicrBa npoTokoJja Yahalom

Ceoiicrsa PII (69), koropsie 6yayT BepuduIupoBaHbl:

® CEeKPEeTHOCTb KJII0Ueil 1 HOHCOB n'y:
VSEZPT S}ZEJ_KPT, e E ={kps,kj,ny | B € Ag} (71)

e ayTeHTUdUKAIINS UHULIATOPA MEePe PECIIOHIEePOM: 15T IOOLIX Ry €
P,s € Xp,, ecmn s = atr, =3, 10 3[4 € P:

S ': {atIA = 3,&7:4 = BaaiB = Av”i} = TLZB,TLZ = an’kaX = k%}, (72)

e ayTeHTUdUKAIUS PECHOHAEepa Iepe/] MHUIMATOPOM: I JIIOObIX [4 €
P, s € Xp,, ecma s = atr, =2, 10 IR € P:

s = {atr, =2,a"y = B,aly = A,nYy = nl,n’y =n}. (73)
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3.2.3. CekpeTHOCTb KJIIOYeil 1 HOHCOB n'p

Hokaxkem (71) oT HpOTUBHOTO.

peanomnoxunm, uro S = {s € Xp, | s = ¢} # 0, nne ¢ — dopmyna B (71).

Vs € S 0603HAUNM 3aIUCHIO Ty IIyTh MUHUMAJIBLHON JymHbl u3 0 B s. IlycTb s —
cocrosinue u3 S ¢ HauMeHblnel ol . T.K. 0 = ¢, To s # 0.

ap

Iycrs s’ — s — pebpo u3 Ts ¢ KOHIOM B §.

U3 ompenenenus s caenyet, uro s’ = ¢, s = ¢. Ecan 661 651710 Bepro P = P,
TO W3 TEOPEMBI 3 CJIEIYET, UTO S = (, T.e. UMEeM MPOTUBODPEYHE.

Tostomy P € {I4,Rp,J | A,B € Ag}, n
ap =le, [0]s = [o]s U{e}, Fy € Ex : ~(y Lk ge’). (74)

ap
ITepe6opom Bcex BapuaHTOB 0OOCHOBAHUS CYIIECTBOBAHUS pebpa s’ — § co CBOIi-
crBamu (74) HAXOJUM €IMHCTBEHHOE BO3MOXKHOE 0BGOCHOBaHUE:

le
T3 I3 s = s, tae e = (x, k% (n7)). (75)

Tk. s Eat;, =2, 10 381 <, 5"

?61 . .
T 3 Iy s = s1, tae ey = (kay(aly, Ky, 'y, 1Y), ). (76)

Tk. s1 <z, s s = ¢, 10 851 E ¢. B uacrnocru, s; = E Lk ep. o (70),
orciofa ciepyer, uro s = E Lk x.
ITo Teopeme 6, u3 s1 = ¢, €5 € [0]s, m kay € FE caenyer, aro I sy <, si: 75

; (le2)p
COJIEPIKUT pebpo sh —> Sg, Tae P € P u nepBasi KOMIOHEHTa kay(...) TepMa
e] BxomuT B e5. Ilepebopom Bcex BapuaHTOB OOOCHOBAaHMS CYIIECTBOBAaHUs Pebpa ¢
TaKWMW CBOHCTBAME HAXOJWM €IMHCTBEHHOE 0DOCHOBAHUE:

162 _ .
s D J2 i sh— 89, TUIE €9 = (kaiJJ(aG,kJ,nf],nT,), o) (77)

Ky s (@) Ky ) = kas(aly, (K%, )

(muOroToume B (77) M HuKe 0GO3HAYAET KOMIIOHEHTY Iapbl, HE INPEJCTABIISIO-
myio uHTepec jyuisi pacemorpenus). Us (77) caenyer, uto (k%)® = kj, mostomy
s E E 1k kY (n). YuuTsBag ycraHoBjeHHOe BbIie cBoiicTBo s1 = F Lk x, Ha
ocuoBaunu (70) momyvaem: s = E Lk (x,k4(n"y)), Te. s = E Lk e, 9410 mIpoTHBO-
peunt npemnosnokennto s = F 1ge. W

Jokazammnoe cBoiicTBO Vs € Yp, s |= ¢ Oy/IeT HCIOMB30BATHCS HIKE.

B uznaraembix HUXKe JIOKA3aTEbCTBAX MPU KAXKJIOM [PUMEHEHUU TeopeMbl 6
UMeeTCsl eJIMHCTBEHHBIA BapuanT 000CHOBaHUs cyllecTBoBaHus pebpa (35) B rpade
Yp,, ¥ MBI OyjieM cpasy OyjieM uzjarath 3T0 000CHOBaHUE, 6€3 YIIOMUHAHUS O €/[1H-
CTBEHHOCTU BapUAHTA TAKOI'O OOOCHOBAaHMS. IJTA €JIMHCTBEHHOCTH 00ECIEUNBAECTCS
MOJIXOIANIMM onpesienieaneM Jeiictsuil Buga le B 1111, Bxomgammx B paccMaTpuBae-
wmbrit PII.
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3.2.4. AyrenTudukaiyus MHUIUATOPA IEpPeJ PECIIOHIEPOM

IIycts IIIT Rp € P u cocrosnue s € Yp, TAKOBbI, 9TO S |= atpr, = 3.
Joxraxem, uro 314 € P: soimosneno (72).
Hycrs 7 — nyrs u3 0 B 8. U3 s = atg, = 3 caeayer, uro Is; <, s:

e o N
=) Rég 18— s1, tie e = (kps(alg, k), kiz(n)).

ITo reopeme 6, u3 s1 = ¢, €5 € [o]s, u kpy € E caexyer, uro 3 sy <, $):

leo B
x> Jh2. 5’2 — S2, The ey = (..., ka;J(a37kJ)) (78)
k(aryss((aly)®s ky) = kps((ag)®, (k5)°)

U3 Broporo pasencrsa B (78) ciemyer, 4ro
(a})* = B, (a})® = (a)*, ks = (k). (79)
Us s, = aty =1 cenyer, aro Js3 < sh:

Tes . .
73 J% s — s3, e e3 = (..., kar (@Y, 2Y, 2Y)). (80)

U3 (79) u (80) crenyer, aro kps(3 repma) C e € [o]s,, OTKy/a 10 Teopeme 6, ¢
yuaeroM s3 = ¢ u kg € FE nonyuaem: 3s4 < sh:

!64

wBR}l; 8y — S4, THE 64:(...,kBJ(a%,n%,ﬁ%)) (81)

ki ((a}y), (nf)% nly) = kps((al)®, (nh)*, (n)*)
U3 Broporo pasencrsa B (81) ciemyer, uro
B = B,(nj)* = (n})*,nf = (n))*. (82)

Io Teopeme 6, u3 51 = o, (k5 (n%))* Cef € [o]s,, u (k) =k; € E
caemyer, uTo 385 <, $i:

!85
ﬂ?]i’g D 55— 55, nae e5 = (..., kly(n’y)) (83)
(ka(n4))® = ks(np)

U3 Broporo pasencrsa B (83) ciemyer, 4To

(K4)® = kg, (n3)° = ni. (84)
U3 s5 = aty, = 2 caenyer, aro Js¢ <, sk:

?eg . .
) Ii’2 1 56— 8¢, tae eg = (kay(aly, kYy,n'y,7%),...). (85)
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U3 (84) u (85) caeayer, 9to
kAJ(aZl? (kil)sv nih (n;l)s) = kAJ(arf-lv ]%17 nfél? n%’) Cege [0]56' (86)
TTo reopeme 6, u3 sg = ¢, kay € E, u (86) cienyer, uro Js7 <, sg:

167

71,2 . — ; ks nt
w3 JY? sl — s, e er = (kaijJ(a}v ky,mh,n%),...) (87)

K(aiye ((a5)% kg, (n5)*, (n5)%) = ka(aly, by, niy, i)

U3 Broporo pasencTsa B (87) cyemyer, 4To

(a%)* = A, (a5)* = aly,J = J,(n})* = nly, (n})* = n. (88)

Caoiictso (72) caenyer u3z (79), (82), (84), (88). W

3.2.5. AyrenTudukanusa peclioHAepa Iepen NHUAIIUATOPOM

IIycts IIIT 14 € P u cocrosinme s € Yp, TaKOBBI, 4TO 5 = aty, = 2.
Hokazkem, uro 3 Rp € P: Beinonseso (73).
IIycrs m — myte u3 0 B 8. U3 s |= aty, = 2 caenyer, uro Is1 <, s:

761 . X
T™> Ii’z 18— s1, e ep = (kag(a'y, kYy,ny, 7%),...). (89)

ITo reopeme 6, u3 s1 = ¢, kaj(4 repma) C €] € [o]s, u kay € E, ciegyer, aro
Js9 < s):

!62 _ .
73 J2 8, — 52, TJIe €3 = (k;aijj(ag,k‘;,nfz,ng),‘. ) (90)
k(af])sJ((a?})i ks, (n.Z])S7 (nTJ)S) = kAJ(a;D (1%4)87 n'y; (nZ)S)

U3 sroporo pasenctsa B (90) ciemyer, uTo
(a5) = A, (a})® = aly, ks = (k})*, (n})* = niy, (n])* = (n)*. (91)
U3z s9 = aty =1 caenyer, uro 53 <, sh:

?63 .
73 J% i sh— s3, e es = (..., kar (@Y, 2Y, AY)). (92)
U3 (91) 1 (92) cieayer, aro kqr (A, n’y, (n7y)*) C e € [o]s,, OTKyma 110 Teopeme
6, yuurbiBas S3 = @, u kar, s € E, nomyqaem: Js4 < Sh:

!64
T3 Rg? v sy — sa, vae es = (..., kpy(ap,np, 7)) (93)
kBJ((a%’)Sv (n%)g7ﬁ%) = ka’;‘J(A’ana (ng)g)

Bropoe pasenctso B (93) BieuéT paBeHCTBa, U3 KOTOPBIX caepyer (73):

B =dly,(ap)® = A, (np)" =njy, i = (n})*. W



3.3. Bepudukanus mnporokoJia nepeaadu mmdpPOBaHHBIX CO-
OOIIIEeHNT MeXK /Iy HECKOJIbKUMH areHTaMu

B stom mynkTe paccmarpuBaercs npumep Bepudukarun KII, mpemgnasnadeHHOTO
s tepegadu [IC mo oTKpeITOMY KaHAJY MEXKJIy HECKOJIBKUMU areHTaMu. JlaHHbIi
KII siBisiercst 06061mennem paccmorpersoro B myrkre 2.6.3 KII Wide-Mouth Prog,
npescrasisiemoro PII Py.

3.3.1. OmnucaHue MPOTOKOJIA

V4acTHUKHU 3TOrO MPOTOKOJIA — areHThl U3 MHOXKecTBa Ag C Agents u joBepeHHbI
nocpegauk J. Kaxkpnii arenr A € Ag ucnonn3yer st cBsasu ¢ J K09 kg, 10-
crymnubiit Toabko A u J. Ceanc nepejadn cooOIIEHNsT T B 3alNPOBAHHOM BHJIE OT
areata A € Ag arenty B € Ag BkimodaeT B cebs ciierytomue neficTBUs:

e oOMmeH coobrenusiMu Mexkty A u J, B pesyabrare dero J y3Haer ums A oT-
npaBuTesis, UMs B mosryuaresis, u Kiiro4 k, Ha KOTOPOM OyieT 3armudpoBaHO
coobrenune x or A mist mosygaresst B,

e oOMeH coobrmienusimu Mexy J u B, B pe3yiabrare dero B y3maer ums A
OTIIpaBUTEJIsI COOOIEeHns, KoTopoe B mojyunt or A, u K04 k, Ha KOTOPOM
OyzeT 3aImdpoBaHO 9TO COODIEHNE,

e nepecsuika I1IC k(x) or A k B.

Brimosnenne ceanca nqanaoro KIT ¢ ununuaropom A, peciongepoM B 1 qoBepeH-
HBIM [IOCPEJHUKOM J TpeJicTaBiIsieT cobOi CIIEYIONYI0 COBOKYITHOCTD IEPECHIIOK
COODIIEHMIA:

1. A—=J kAJ(A TLA)

2. J—A kAJ(nA,nJ)

3. A—~J kA](TL], )

5. B—>J kBJ(nA,nB, )
6. J—>B : kBJ(A ng, )

7. A—B : k(z)

JlaHHBII ceaHC TPEeJICTAB/ISIETCS CJIEIYIONIEH CXeMOI:

Ia J Rp
~¢0 Os. e
eas(aly, my) - Pk gl )
, Y o] l.'k ( ) —j)
K YLy wi g,
-U(J A ’:1)"2 2“? by ,{;‘ A_]
Veay () KLY Pk g (0 F )
o3 [ 3] Oe
Ver g (n'y) ——— Tkpa(n]
]ia.JJ(]l])“_l ! B.]( B)
Pk (g, 2, a'y) s Vg (0, Ay, B)
[ 15} Qe .
Ky (@ 15 K)o P (il . K
(16} 3e
1/11 ! )]il iz
(2 4).4 " Pj( B) -
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PII P, coorsercrByionuii 3romy KII, umeer sug (69).
CsoiictBa 3roro KII, koTopble J0JI2KHBI OBITH BepUUITTPOBAHBI:

® CEKPEeTHOCTb KJIIOYE, IepeaBaeMbIX COOOIIEHNA U HOHCOB:
Vs€Xp sk ELgP;, tae E={kay,kiy,a%,n'y | A€ Ag} (96)

® I[EJIOCTHOCTD I€PEJABAEMBIX COOOITCHUIL:

VRp € P,Vs € Xp,, ecn s Eatr, =4, 103 14 eP: A (97)
s ):{atIA :470’2} :BvalB :Aanfél :nZBakjél:k%vxhzsz}

3.3.2. Bepudukaiiusa mpoToKoJa

JlokazarenncTBo cBoiicTBa cekperHocTu (96) IOCIOBHO IOBTOPSiET HAYAJO Pac-
CyKJIeHUII B TMyHKTe 3.2.3 10 JOKa3aTeIbCTBY aHAJOTHIHOTO CBOWCTBA IIPOTOKOJIA
Yahalom, ¢ Tem Jumis oTiMdreM 9TO HE CYIIECTBYET HUA OJHOTO BapHAHTa 0DOCHO-
ap

BaHWsI CyIECTBOBaHMs pebpa s’ — s co croiicTBamu (74).

Hokaxxem cBoiicro nesocraoctu (97). Bysem ucnosb3oBarh B 9TOM J[0Ka3a-
TEeJILCTBE JIOKA3AHHOE Bhlle cBoiicTBO (96) (He ynomuHas 06 3TOM).

[Iycrs IIT Rp € P u cocTosinme s € Yp, TAKOBBI, 4TO0 5 = alr, = 4. Jlokazxken,
qro 314 € P: BBIIOJHEHO YTBEPXKIEHUE BO BTOPOi crpouke (97).

Hycrs 7 — uyrs u3 0 B 8. U3 s = atr, = 4 caexyer, uro

761
ds1 <, s WBR%A:SIl—) s1, tae e; = ki (%) (98)
23 ; 2
dsy <z 81 : T2 Ry :sh— s, r1e eg = kpy(aly, g, k)
ITo reopeme 6, u3 Bropoii crpoku B (98), €5 € [o]s,, kps € E, cueayer:
163 .
Js3 <psh:mD J0 sk — s3, THIE €3 = kor y(al,n’y, k) (99)

karysa((a%)®, ()%, (k)®) = kpy(al, 7, k)
U3 Bropoit crpoku B (99) ciemyer, 910

(a})* = B, (a}y)® = (ap)®, (n})* =0}, (ks)° = (k)" (100)
W3 nepsoit crpoku B (99), ¢ yaerom (100), nosygaem:

764
Js4 <y sh:m> I 18— 54, vae eq = kpy(n',nly, B). (101)

ITo Teopeme 6, u3 (101), u Toro, uro € € [ols,, ks € E, cuenyer:
!65

Is5 Sﬂ‘sﬁl = \31,2 D sk — S5, LI €5 = kBJ(n%,ﬁ%,B) (102)
kBJ((nZB)SvﬁTBaB) = kBJ((n?])SvﬁTBvB)
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U3 Bropoii crpoku B (102) caemyer, uro
%y =g, B =B, (np)° = (nj)".
13 (101) caemyet, uto

?66 .
Js6 <p sy :mD J¥3:sh— s6, Tie €6 = kqi (0%, k).

Io reopene 6, u3 (104), i Toro, ato €f € [0]sy, k(ai)ey € E, cenyer:

!67 . _
Is7 <qsg:m> A3 1 sh = s7, Te er = kay(n’y, kYy)

kas((nfy)®, kYy) = k(af])sJ(ﬁ?]v (ks)?)
U3 Bropoit crpoku B (105) nosydaem:
A= (ah)*, (nh)° =7y, Ky = (ks)°
U3 nepgoii crpoku B (105) nosydaem:

?eg
1,2 i A
dsg <psp:m D17 s5— ss, tae eg = kay(n'y,n)y).

ITo reopeme 6, u3 (107), u Toro, 4o €f € [0]s,, kas € E, cnenyer:

!eg .
Jsg <psp:m D JH2:sh— s9, TaE €9 = kam(nfj,ﬁ?j)

o ()7, 70) = B (i, (1))
U3 sropoit crpoku B (108) mosmywaem:

(afj)s = A, (an)s = ﬁfé‘, nl = (nJA)S

U3 (106) u (109) mosyaaem:
’ﬁ‘?] = ﬁ?f = (nf4>s> J = J, (d})s =4, (nfl)g = ﬁi&

W13 (100) u (106) mosyuaem:

(kp)® = (k)" =k} € E,

osToMy 1o teopeme 6, u3 neppoit crpoku B (98) u e € [o],, caemyer:

legr
811 < 82 A3 18] — 511, Tae e = ki\x(:ﬁ\)

—. . . . A
k(@) = (Kp)*((2)°)
W3 sropoit crpoku B (112) u (111) momyuaem:

K= (k) = Ry, A= A, iy = ()"
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W3 nepsoit crpoku B (108) u (110) momydaaem:

7e10
/ 0,1 . o/ _ ) AT G
Js10 Sx 8o ™D I sy > S10, 1€ €10 = kg (@, 1Y) (114)

s (100) u (110) caemyet, uro €y = kay(B,niYy).
ITo Teopeme 6, uz (114), 3, € [0]s,y, kas € E, cremxyer:

!612
. 10,1 . _ i
519 <y shg w2 AV 18], — 519, THE €12 = kAJ(a;i’anx) (115)

kg (aty, nYy) = kas(B, )
U3 sropoit crpokn B (115) momyvaem:
=y, A=A, dy = B. (116)
Yreepxkaenue (97) 060CHOBBIBAETCS CJIEILYIOMIUM 0OPA30OM:

e sk at;, =4 cuenyer us (112), (113): 511 =aty =4, A= A, 511 <r s
': A ALy ( ) A ) 9 9

s E a’y = B crenyer u3 (116),
s aly = A crenyer uz (100) u (106),

s = nYy = n'y caenyer u3 (103) u (110),

s = ki = k% crenyer uz (111),

s 2!y = 2% cnenyer uz (113). W

4. 3akKJro4eHune

B nacrosimeit pabore 6bL1a moctpoena HoBast Moaeab KII, u mokazanbl mpuMepsl ee
HCIIOJIB30BaHUsI JJIsi PEIleHns] 3a/a4 BepuUKaIUU CBONCTB IEJIOCTHOCTH, CEKPeT-
HOCTU U COOTBETCTBUSI.

s nanbHeimeit 1eaTeIbHOCTH 0 PA3BUTHIO JAHHON MOIEJN W OCHOBAHHBIX
Ha Hell MeTOI0B BEpU(MUKAIIMN MOYKHO HA3BATDH CJICIYIONINE 3 a<IN:

e pazBuUTHE A3BIKOB crerudukanuii cBoiicts KII, mo3Bosisgomux BbIpazkaTh Ha-
npumMep cBoiicTBa HyseBoro pasriamenus B KII ayrenrudukanum, cBoiicta
meorciexkuBaemoctu B KII 3/1eKTpOHHBIX I1aTeXKEl, CBOCTBA AHOHUMHOCTHU
u mpaBmwibHOCTH TIo7icYeTa rojtocoB B KII aekTporHOro rosiocoBanus, u pas-
paboTKa METOJI0B BepU(MDUKAINKA CBONCTB, BHIPAYKAEMBIX HA STUX SI3BIKAX,

® [IOCTpoeHue MeTOA0B aBTOMATU3UPOBAHHOI'O CHHTE3a KII mo omnwmcanuio
CBOfICTB, KOTOPBIM OHU JIOJI2KHBI YIOBJIETBOPATL.
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Mathematical model and methods of verification of cryptographic
protocols
Mironov A.M.

In this paper, a new mathematical model of cryptographic protocols
is presented, and examples of the application of this model for
solving problems of verification of cryptographic protocols are given.
Cryptographic protocols are distributed algorithms designed to enable
the transmission of confidential information in an insecure environment.
They are used, for example, in electronic payments, electronic voting
procedures, systems for accessing confidential data, etc. Errors in
cryptographic protocols can lead to great damage, therefore it is
necessary to use mathematical methods to substantiate the various
properties of correctness and security of cryptographic protocols. The
paper outlines new methods for formal verification of cryptographic
protocols. Keywords: cryptographic protocols, sequential processes,

distributed processes, verification.
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O BbIpa3MMOCTH KYyCOYHO-IIOCTOSHHBIX
dbyHKIMiT B IIpOCTPaHCTBE
KYyCOYHO-TIapaJlJIeJIbHbIX

A. JI. Orpomienxo!

151 KOHEIHO CHCTEMBI KYCOYHO-TIAPAJIIEIbHBIX (DYHKITHI, peaJin-
3yEeMBIX CX€MaMU U3 JIMHEHHDBIX 9JIeMEHTOB U DYHKII XIBucaiiia, /10-
[TOJTHEHHON BCEMH OJIHOMECTHBIMHU JIMHENHBIMUA (DYHKITUSIMU ITOJIYYeH
KPUTEPHH BEIPA3NMOCTHU KYCOYHO-IIOCTOSHHBIX DyHKIMiL. TakuMm obpa-
30M TIOJIy9€H KPUTEPHUil BHIPA3UMOCTH OMHAPHOrO Kyraccudukaropa, pe-
aJn30BaHHOTO HeipoHHo# cxemoit MakKasnoka-ITurrca.

KuaroueBbie caoBa: Kycoumo-nocrostHHass —QYHKINS, KyCOIHO-

napaJjiiesabHas (QYyHKIH, MpodjeMa IOJHOTHI, MpobJjieMa BBIPA3UMO-
ctu, HeiiponHble-cxeMbl MakKaisutoka-ITurTca.

1. Ompenenenne KycovHO-TIapaJlieIbHOMN
dbyukIIm
B coorsercrBuu ¢ [2], Mbl pacemarpusaeM kiace PP KycodHO-TIapasuIesbHbIX

GYHKINH, KOTOPBIE CTPOSITCA U3 JTUHEHHBIX PYHKITHI
a1x1 + ...+ apxy +ag : R* — R,a; € Rt =0,1,...,n,n € N u pyuknun

XsBucaiiaa
1,z >0 .
0(x) = 0 0 C UCIIOIB30BaHUEM Oleparyii cyneprosuun. Kak moka-
, T <

3aHo B [2], dynkuus f uz PP MoxKeT ObITh IpeJcTaBIeHa B CJIeyOMeM BU-
ne: f = fo+ fpc, tne fr -nuneiinast GyHKIWS, & fpo - KYCOUHO-ITOCTOSTHHAST
beEKHHﬂ. Byzaem obosnavars @ = (ai,asz,...,an),

(CL b) (a bl,bg,...,bn),

<CL b) Zz 1 aZbZ’

e =1(0,...,0,1,...,0), & = (1,1,1,...,1,1)

O0A rpanua MHOXKecTBa A

B coorsercrBum ¢ [1], Kycouno-napaJsuiesbaasi GyHKIHsST UMEET BH/T

k

f(&) = (do, & +Zd9 > x(sgn((d@;, ) + ¢;) = 0i5) — k). (1)
j=1

L Ompowenko Anexcandp Jmumpuesurn — aciupanT Kad. MATEMATHYECKONR TEOPHH HH-
TEJIIEKTYAJIBHBIX cucTeM MeX.-marT. d-ta MIY, e-mail: iskander.aka@mail.ru.

Otroschenko Alexander Dmitrievich — graduate student, Lomonosov Moscow State
University, Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of
Intellectual Systems.
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1, yciioBue A BBIIIOJIHEHO
riae oi; € {_1707 1}7 X(A) = ’
0, ycioBrue A He BBIIOIHEHO

B nasnbueiinienm, BMeCTO Y ;4 diQ(Z;?:l X(sgn({(dj, ©)+c;j) = 0i;) —k) MbI Oy-
aem nucarb N Ly (Z). Ilyers | = max|d;|. sorma, Me1 GyeM mucarhb NL?C(JE’).
Huxunit mimeke Mbl TaK»Ke MHOTIa OyIeM OIlycKaTh, 0003Hadas TaKuM 00-
pa30M IMPOU3BBOJIbHYIO KYCOYHO-IIOCTOSTHHYIO (DYHKITMIO, MAKCUMYM MO/TYJIst
KOTODOit He bosbire . Takxke Oymem Ternepsb 0603HadaTh fo(T) = €f (% ).
ByneMm HazbiBaTh MHOXKECTBO 3HAYEHUN apTyMEHTa COOTBETCTBYIOILYIO OMpe-
JIeJICHHOMY d; B JAJbHENIIeM HOCUTEIeM CUTHATYPHI 1, a caM d; - CIIBUTOM.
Hocurenb curnaTypbl, HeOTpaHUYEHHBIH XOTs ObI ¢ OHON CTOPOHBI MO KarK-
JION M3 KOODJMHAT, OyjieM Ha3blBaTh HOIPpAHUYEHHBIM. [locKoCTH pas/iess-
OIe HOCUTENN CUTHATYPHI OyJeM Ha3blBaTh paspesamu. Mbl Oyaem pac-
CMaTPHUBATD JIAJIbIle KYCOTHO-IIapAJIIeIbHbIE (DYHKIUHN ¢ KOHEYHBIM IHCJIOM
CJIBUTOB.

O6o3HaYNM MHOXKECTBO (DYHKIIUNA C JIMHEHHOH YacTbiO, 3aBUCAINEH OT He
6osee 1em onmoit nmepemennoit NLL;. B coorsercrsun ¢ [3], 910 3aMKmHy-
THI TPeAnoHbI Kiaace Gyakiuit. C-puHUTHO-/IMHEHBIE (DYHKIUA B CO-
orsercreun ¢ B. C. IlomoBuukossiM [1], Gymem obosnadars kax F'L. Ha-
nomuuM:  Kycouno-napasiensnaast dyukuust f(x1,xa,...,%,), Takas, 9ro
Ya;, b;3C, A, B, takue, aro upu |t| > C : f(a1t + by, ast +ba, ..., ant +b,) =
At + B naswiBaerca C-dpunurHo-muueiinoit. Kiace C-puHUTHO-TMHEAHBIX
dyHKIMIT 3aMKHYT U 1pearnoon. CaMo yTBepKIAeHHe, KOTOPOe OyIeT JOoKa-
34HO, 3BYYHT CJIEAYIONIM 06pa3oM:

Teopema 1. Ilycmo U = L1 U Uyqyg, 2de Ly - 6ce aunetinvie odnomecmmvie
dyrxuuu, a Uggqg - KOHEUHOE MHONCECTNBO KYCOUYHO-NAPAANCALHBIL. 3aAMbl-
xarnue U codeporcum ece xycouno-nocmosrmsie Gyrukyuu moada, U Mmoavko
moeda, xkoeda U € NLL, F'L

2. /loka3aTeabCTBO JOCTATOYHOCTHU

2.1. ITpunanaexkHOCTh MPYHKINU XIBUCAKIA U CyMMbI X3BHU-
caiiIoB 3aMbIKAHUIO CUCTEMbI

B cnenyromem sokazarenbcTBe, Mbl PaKTHIECKH MTOBTOPUM YaCTb JIOKA3a-
TEJILCTBA IIOJHOTHI U3 2], HpaB/a, Jyist 9TOro HaM HYZKHO OyJIeT ero HEMHOTO
TIOAIIPABUTD.

Teopema 2. [Tycmo U € NLLy, FL. Tozda 6(x) € [U]

Jlokazamenvemso. Ilyers f € U/NLL;.

- S k -
Buaunt, B f(Z) = (do, ) + 227y dif(325_1 x(sgn((d;, &) + ¢;) = 035) — k)
JINHEHHAasI YacThb 3aBUCUT OT He MeHee 4eM JBYX IepPeMEeHHBIX, IIO3TOMY Y dg
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€CThb JBe HEHYJIeBble KOMIIOHEHTEL. I1yCTh 3TH KOMIIOHEHTEI 110 IIEPBOil U BTO-
poii mepemenHoii. s IPOCTOTEL, IIOJICTABUM BO BCE OCTAJILHLIE IIepEMEHHbIe
HOJIb, B 1 = Z/ap1, T2 = y/ape u monyanm fo1(z,y). Urak

k

foley) =z +y+Y dio(> x(sgn(%x + sz +oj) =o0y) — k)=
i=1 j=1

s k
= a:+y+Zdiﬁ(Zx(sgn(Aj:c—FBjy—i-cj) =0i;) — k) :a:+y+NLJ€.
i=1 j=1

Ilycts g € U/FL. llycts g = (G}, 9) + NL?@)
Paccmorpum

h(g) = fOle(g(g)vg(S(_g)) =

= (G, §) + NLG () + (G, —5) + ON LG (— 5)+ENLf((g) 95(=9)

= NLE(f) + NLOF ()

Tak xkak g ¢ FL, o 3d,¢, R,Cy # C_, uro upu t > R, g(dt + ¢) =
(gi,a)t+ Cy, anpu t < —R,g(at+¢c) = (g,d)t+ C_, re. NLg(d’t) =Cy
upu t > R, u NLgc(&'t) = C_ upu t < —R. Torna, mogbepem § > 0,¢ > 0
TaK, YTOOLI

|Cy — C_| > 2(0G + €F),

OO S = 1C+—C—| _ |C+—C_] 6
TOHIYT 0g = — g, €0 = — 5, TAKAM 00pa3oM,

Ci—C . |Ci—C|
G
5G + 5F
Teneps 3amerum, uro h(dt + ¢) = NLg(d't + &) + NLOGHoF (gt + @), Tlyers

npu t > Ry, h(a@t + &) = C.,, aupu t < —Ra, h(at + &) = C_, Torma cunras
t1 > max(R, Ry), a ta < —max(R, Ry) pacuuiiem

4
2(00G +eoF') = 2( F)= |0 - C-[ <|Cy = C-|.

ICy — C| = |h(aty + &) — h(aty + &) =
= |NL (Gt1+8)+ NLO“ T Gty +8) — N LS (Gto+2) — NLOCHoF Gty +¢)| =
=|Cy — C_ + NLYG+oF (gt 4 &) — NLOoG+oF (g, 4 &) >
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> |Cy — C_| — |[NLOG+eoF (Gt 4 @) — NLOGHoF Gty 4+ @) >
> |Cy = C| = [NLPCHOF Gty + &) — [NLOFT0 (Gt + )| >

1
> |C4 = C-| = 2(00G + eoF) = £|C = C—| > 0

O6oznaunm p(t) = h(at + ¢). Takum obpasom, nosyuwmiu, uro p € [U],p €
PC,p ¢ FL.

[Mycrs p(t) = p—, upu t < —R, p(t) = py, upu t > R. p; # p_ 10 JoKa-
3aHHOMY BBIIIE. t, - KaKasg-JIu0b0 TOYKa B KOTOPOil (DYHKIUS IPUHUMAET
MUHHMAJILHOE 3HAYCHUE Prnin. Lmaz - KAKasg-TMO0 TOYKA B KOTOPOil (DyHKIHS
[PUHAMAET MAKCUMAJIBHOE 3HAYEHUE Pimaz- Pmaz 7 Pmin TAK, KaK

Pmax > max(p+,p_) > min(p+7p—) > Pmin-

Orcrona ke ciaenyer, 9T0 tmar 7 tmin. 1€l€pb PACCMOTPUM CJIEAYIONLYIO

bYHKITHIO. %
’ o P — pP—
(1) =pZ

Bamerum, 4To npu t < —R, TO

tmax - tmln) + tmin)

p(t) = pP =P

mar — tmin) + tmin) -

P+ —p-
b— —D-—
= (p D (tmam - tmin) + 75min) = p(tmin) = Pmin,
+ - —
amnput > R,
/ p(t) —p—
D (t) = p(pi_)_p(tmax - tmin) + tmin) =
b+ — p—
- (ﬁ(tmax - tmin) + tmin) = p(tmax — tmin + tmin) = Pmax-
+ - —
Teneps pacemorpum p”(t) = PO =Pmin_ Scno, uro

Pmaz —Pmin

1,t>14
p(t) =130t <t 7
0,1],t, >t >t_

Takxke zamerum, uto y p”(f) ecTbh KOHEYHOEe YHMC/IO HEyCTPAHUMBIX TOUEK
paspbiBa. PaccMOTpUM caMylo IpaByio(MaKCUMAJIbHYIO 10 X) M3 HUX - fg.
Bamernm, aro p’(tg+€') =1, tae € > 0 BbIOpana 10CcTATOUHO MAJIOH, YTOOLI
p” GbL1a mocrosHHON B mATepBatax (tg — €', to) u (tg,to+€'). Dro BepHO, T.K.
MBI pacCMaTpHUBaeM caMylo IpaByIo HeyCTPAHUMYIO TOYKY paspbiBa. IlycTh
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P (to) = pi, ap’(to—€') = p” . p” < 1, n.k. paccmaTpuBaeMasi TOUKa pa3pbiBa
- HeyCTpaHHMa, a 1 - MakcuMaJibHOe 3Hadenue p’.
Paccemorpum v(z,y) = forr(2,y) = x +y+ NL™F (2, 1), noka ne onpeneenss
7. Teneps onpenenum a > 0,b, G > 0 Tax, 9T0ObBI

q(t) = v(a(@"(t +to) +0), %) =a(p’(t+to) +b) + % + NLTF(t)

npu t > 0 OBLIO TTOJIOXKUTEIBHO, a pu t < 0 OTpUIaTeIbHO.
[Tonoxkum noka b > —1. Ilpu e > ¢ >0

Gt Gt
q(t) = a(p”(t+to)+b)+7+NLTF(t) = a(1+b)+7+NLTF(t) > a(1+b)—7F

Ternepb HaJIOXXUM OrpaHWYEHUE, YTO a > e Torma mpu ¢ > ¢t > 0

1+b°
q(t) >a(l+b) —7F =q4 > 0.
I[put >e€

Gt
q(t) = a(p”(t +to) + b) + -+ NLE(t) > a(p"(t +to) +b) + G —7F

Teneps HaTOXKNM orpanndenue, uro G > 7F —a(mingsg p” (t+1t9) +b). Torma
upu t > € q(t) > a(p’(t+to) +b) +G—T7F = Q4 > 0.

Hanee p” < 1, a smaunr wunrepsan (—1,—p”) memycr. Ilycrs b €
(—=1,=p"). Tlpu —¢’ <t <0

alt) = alp(t +10) + )+ O + NI (1) =

Gt
=a(p” +b) + = T NLTE@#) < a(p” +b) +7F
TF
pl4b
Torpa npu € > ¢t > 0 umeem, uro ¢(t) < a(p” +b) —7F =q_ < 0.

Tenepsb yurst, aro p” + b < 0 HAJIOKKUM OrpaHUYEHUE, YTO G >

Ipu t < —¢€
'’ Gt TF
a(t) = a(p"(t +to) +b) + = + NLT(t) =
Gt
=a(p"(t+to) +b) + — T NLTE@) <a(@'(t +to) +b) — G+ 7F
Tenepb HasoxkuM orpanndenue, uro G > 7F + max,<o a(p”(t + to) + b).
Torya npu t < —e umeeM, uro q(t) < maxi<ga(p”(t +to) +b) — G+ 7F =
Q- <0.
[Tycrs ¢(0) = qo.
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—-1-p” ¢
—3 T = 9m

3areM a > max(f—fb, (p’z}ib)) +1= Hﬁ” + 1, 3aTem

G > max(TF — a(mingo p” (t + to) + b), 7F + maxs<o a(p”(t + to) + b)).
IIycTb

Bribepem, b =

M = mazx

(Gl e e ey,
. b 9 Q_ b Q+ b .

Torna

1—p"(t- —1/2+ M(q(t) +1/M)),q0 <0

O]

Teopema 3. Ilycmov U € NLLy, FL. To2da ¥Yn,d; : 1 < i < n dynxyus
Ody do,..id (L) = D111 dibl(w;) € [U]

Jlokazameavcmso. Tlo Teopeme 2 mbl umeeM, uro 0(x) € [U]. Baduxcupyem
n u d;. lycrs f € U/NLLy, T0 ecTb UMeeT JIMHEHHYIO YaCTh, 3aBUCSIILYTO
xoTs 6Bl OT JABYX BX0/0B. ITofcTaBuM KOHCTAHTBI BO BCE BXOJIbI, TAK YTOOBI
dbyHKIMS 3aBUCEIA TOJBKO OT JABYX MEPEMEHHBIX OT KOTOPBIX ObI U 3aBUCE]IA
JmuHelinas dactb, T.e. f'(z,y) =z +y+ NL(z,y). Tenepn

F@&) = f(@n, f(@2, f@s, o f (@neg, f(@no1,20)) ) = D @i+ NL(E).
=1

[Moncrasum z; = ed;0(y;) + C; u pacemorpum h(y) = f((ed;0(y;) + C;)), noka
me onpenensis € u C;. Torma

n

W) = 3 (edib(yi) + Ci)+

=0
s k
+ Y dif() x(sgn((d), (edib(ys) + Ci)izy) + ¢j) = 0ij) — k) =
i=1 j=1
=€ Zn: dif(y:) + Zn: Ci+
=0 1=0
s k n
+dib (Y x(sgn(D_ aji(edif(ys) + Ci) + ¢;) = 0ij) — k) =
i=1 j=1 i=0

=€ Z d;0(y;) + Z Ci+
1=0 1=0
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k

D dib(Y x(sgn(e Y audif(y:) + ) a;iCi+ ¢j) = 0j) — k)
=1

j=1 i=0 i=0

/ - n el
BameTnm, 9T0 MBI MOZKeM BbIOpaTh C; Tak, aTobs1 Vj @ Y 1" a;;Ci # 0. Ilycrs
max ¢ [|+1
T Tming [[ 325 a5 G
Torma Vj numeem:

rorga M = 2 u BbibepeM ; = MCl, a e =

1
2max; Y i [lajidi||

" max flejf +1 &
1> ajiCi+ ¢l = 12— ! 3" a;iClt ¢l >
=0 min; || Y31 a;: Cj Pt ’

max ;] + 1

n
> 12 T e 2 il = sl > 2malesl + 11 = les) >
> 2maxlej| — s +2 > 2
C OJIHOIl CTOPOHBI, U
1

2max; Y i [lag;

||€Zajidi9(yi)” = al Zajidie(yz’)ﬂ > 1/2.
i=0 t =0

Orcrona cieayer, uro Vj : sgn(ey i ajidi0(y;) + Y i a;iCi + ¢j) =
= sgn(>_1 5 ajC; + ¢;j) U He 3aBUCAT OT ¥, & 3HAYAT

s k n n
Z dla(z x(sgn(e Z aﬂdﬂ(y@) + Z ajZCi + Cj) = O‘ij) — k‘) =S
i=1 J=1 i=0 i=0
u He 3aBucutT or §. Torma
B 1 B n n
O ds....sdn (§) = ~(R() — D Ci—8) =Y dif(y).
=0 =0

3. Pa3iamuynble BcnmoMoraTeJbHbIe yYTBEpXKIAeHnuA

Jemma 1. Iyems Ly U {Og, a,.. 4. (7)|Vk € N,d € R¥} C U. Toeda [U]
codepotcum, 6ce 0OHOMECTHBLE KYCOUHO-TLOCTIOAHHDIE PYHKUUL.

Joxazamenvcmeo. Tax xak x(sgn(ax+c) =1) = 1-0(—azx—c), x(sgn(az+
c)=-1)=1—-0(ax+c), x(sgn(ax +¢c) =0) =1—0(ax + ¢) — (—ax — ¢),
TO OUeBHHO, ITO ).y X(sgn(a;z + ¢j) = 04j) = O(z) BHIpazKaeTcs Tepes
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© u ofHOMECTHBIE JIMHEHHbIE. 3aMETHM Teleph, 9TO

s k
> dib(>  x(sgn(azatc;) = 0i5)—k) = O, dy...a, (01 (), O5(2), ..., O}(x)).

i=1 j=1
OJ

Teopema 4. I[Tycmov U € NLLy, FL. Tozda x + 0(x) € [U]

Joxazamenavcmeo. Kax 6b1710 TOKa3aHO TIPU TOKA3ATETHCTBE MPOIIBIX TEO-
peMm, fT($7y) =r+y+ NLT($7y) € [U]
Hycre g¢ = fo(z,CO(x)) — C/2, npu oM ¢, 7, C onpesiesum 1oz Hee. Pac-
cmorpum Tenepb h(x) = fr(g¢(x), NL,(z) — M), ommomecTnyio KycouHO-
OCTOAHHYTO (byuKImio N LE () MBI OLIPEJIEINM TaKKe II03/IHee, TaK KakK HaM
sro Oymer ymobrno. Pacrmiem moapobHee:

h(z) =+ CO(x) + NLc(z) — C/2 + NL] (z) — M + NL"(x),

e
NL"z) = ngdi@(i x(sgn(aj(z 4+ CO(x) — C/2 + NL(x))+
+bj(NLf (z) = M) + ¢;) = 045) — k) =
= zs;di@(zk; X(sgn(aj(@+CO(x)—C/2)+N Leg, + b, (x)—bjM+c;) = 0ij) k)

Tax kak, NL"(z) = NL,(g¢ (z), NL,(x) — M), To sicro, uro | NL"(x)|| < 7.
Homozum M = max;.q;=o HZ—;H + 1, € < min(ming; o Hﬁ”, 1/4),

llea I+ 1lb; 11 +[1b; MIl+ I
0 llasll

< min(ming, 4o H%bj||,l/2), C = 2maxg, . Torza

HoJIy4uM, 4To upu a; = 0,
sgn(aj(x + CO(x) — C/2) + N Lea; 1 pub; (x) — bjM + ¢j) =
= Sgn(N Lea;pb,; (x) — bj M + ¢;) =
= 59N Loy un, (2) = by masx [+ 1 ) =1

7 He 3aBUCHT oT N Lﬁ , a1pu a; # 0, 1o BEIOOPY KOHCTAHT
[N Lea+ub,; (x) — ;M + ¢j|| < [la;C/2||. Torna

sgn(aj(x+CO(x)—C/2)+N Leq, 4 u; (€) —bj M +c;) = sgn(a;(z+C0(x)—C/2))
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U CHOBa He 3aBUCHT OT BbIGOpa N LE (x). Temepn
h(z) =2+ CO(x) + NLeyr(x) — C/2+ NLf (z) — M

U TIOJIOZKUB 1 = min(ming; o HﬁjH,l/él,minbﬁéo Hﬁ“), e =71 = /3, no-

JIYIHM, YTO MOYKHO B3SITb NLE(.QC) = —NLc,(z), u torna tx. C > 0
H(x) =h(Cx)/C+ M =z + 6(z). O

[Iycrs U € NLLy, FL. Torna [U] comepKuT Bce OJHOMECTHBIE KyCOYHO-
HOCTOSHHBIE (DYHKIIUH.

Zoxazameavcmeo. Jlerko ciaenyer u3 3 u 1. O

JIemma 2. IIyemo Ly U {Og, 4,4, (§)|Vk € N,JE RF} C U. Toeda ec-
au 0370 ;) € [U], mo u ece n-mecmumvie KYcowHo-nocmosnmoe GyHKyuL
npunadaescam [U].

Hokazamenvemeso. 3amernm, uro pas 0(d 1 x;) € [U], To u 0(>1" | a;x; +
ci) € [U],Vai, c. Takxe no poxasammomy Beime O {4) = > i, dif(y;) € [U]
TeHepb OCTa€TCd 3aMETUTDh, 9TO IIPOU3BOJIbHAA KYCOTHO-IIOCTOSAHHAL beHK—
s umeer Bug y i d; G(ZJ L X(sgn((@;, T) + ¢;) = 045) — k). O

IMycrs U ¢ NLLy, FL. Torna ecou 0(> " | x;) € [U], To 1 Bce n-MecTHBIE
KyCOUHO-TIOCTOsIHHBIe (DyHKIMHU puHaexar [U].

Zoxazameavcmeo. Jlerko ciaenyer u3 3 u 1. O

JIemma 3. ITycmv L1U{0(x)+0(y)} CU, G; C RP,1 <i <k - muooicecmsa
anauenuli n-meprozo napamempa, maxue, wmo X (T € G;) € [U]. Toeda x (¥ €

Uk, Gy) € [U], x(Z € Nk, Gy) € [U], x(Z € R"/G;) € [U].

Hoxazameavcmeo. OueBuHO:

1) x(Z € R"/G;) =1—x(Z € Gy)

3\ (F € G1 N Ga) = 0(O(x(Z € G1) — 0.5) + O(x (7 € )
IX(T e GLUGy) =0(0(x(¥ € G1) —0.5) +0(x(F €

BoJiee Toro, MbI MOXKEM 3aMETUTH, ITO ( () = x(Z: f(Z) > 0),
L= 0(=f(#) = x(Z : f() > 0), a x(T € N,Gy) = [ x(& € Gy). Ta-
kum obpaszom, ecau 0(f(x)) € [U],0(g(x)) € [U], ou 0(f(x))0(g(y)) € [U].
Orcroma sierko caegyer, uro eciu f(x) € [U] N PC,g(y) € |
f(x)g(y) € [UIN PC.

Takoke 3aMeTuM, 4TO:

6(6(a —0.5)+6(b—0.5) —2) =aAb,
0(0(a—0.5)+60(b—0.5)—0.5)=aVb,

1—6(a—0.5) = —a ara a,b € {0,1}. Haszosem muokectso G C R* Bripa-
3uMbIM B 1, eciin

Af - fe[T], f(7) = x(T € G).
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JIemma 4. [Tycmo Ly U{0(z) +60(y)} C U,al <i < k,G; - svpasumovie
MHOMHCECTNBA 3Haverutl n-meprozo napamempa. Tozda ecau F € [A\ B, AU
B, AN BJ, mo x(Z € F(G1,Ga,...,Gg)) € [U]

Hoxazameavecmeo. O4UeBUIHO ClleAyeT U3 JIEMMBI 3. O

Hycrs U € NLLy, FL, G;,1 < i < k - BbIpa3uMble MHOKECTBA 3HAYCHU
n-mepHoro napamerpa. Torma ecsin F' € [A\ B,
AUB,ANBJ, ro x(Z € F(G1,Ga,...,Gg)) € [U]

Jlemma 5. Ilycmo gyrxuua [ npurnumaem beckoneumoe KOAUNECNEO 3HA-
wenut, a pynwyus g - vonewnoe Cy,Co,Cs, ..., Cp. Tozda

P

O(f +g) = _0(f+Ci)(g — C)O(C; — g)

=1

Hoxaszameavemeo. O4UeBUIHO, ITO

D 0(f +Ci)lg — CO(Ci — g) = > _0(f + Ci)x(g = Ci) = 6(f +g)
i=1 1=1

O

Jlemma 6. Qyuruyua (@, T)+ Y ;4 d; 9(2] 1 x(sgn({(a@;, Z) + ¢j) = 045) — k)
mootcem Ovmos 3anucana 6 maxol gopme, wmo aij € {0,1}.
Zloxazameavcmeo. PaCCMOTpHM caestyiomee npeobpasosanue: Vi @ Bj > 0
nosoxuM Vi, t : A = Ayi/Bj, ;= ¢j/B;jB; =1, uVj: B; <0:0}; = —0jj,
VBj > 0: 0 = 0j;, B citydae ke Bj = 0 nosoxum Vi, t : A;j = Atj,B§- =
0, c;- = ¢j, al’-j = 0j;. 3aMeTHM, YTO HOCJIe TAKOro IpeobpasoBanus, h(Z,y) He
nomensiercd. Vrak, Oygem canrars, 9To Bee Bj > 0.

O
JIemma 7. Iyemv n u k mecmuvie f(Z), g(y) umeerom eexmopv, nopmanet
K pasiesanuum niockocmam cuenamyp dj,b; coomeemcmeenno, u

k

f(Z) = {(dp, % Zd 0 ZX sgn({d;, @) + ¢j) = 045) — k),
j=1

g(ij) = (bo. & +sz szgn b, ) + &) = o) — k),

Tozda Yy h($1,$2, e = f(‘rla L2,. .. a$n—1ag(l'n7xn+1, s 7$n+k‘—1)) MHO-
HCECTNBO BEKMOPOS HOPMANET K DPA3OEAANOULUM NAOCKOCTAM CULHATNYD -
{(a1z,a2j, - - s an_1)j; anjbo)¥j # 0} U {(0,0,...,0,b;), Vi # 0} u aunetinoi

uacmw1o (@10, a20; - - - 5 A(n—1)05 Anobo)
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Iloxazameavcmeo. Pacaumrem h:

h(z1,x2,...= f(x1,22,. .., Zn-1,9(Tn, Tnt1y .- s Tpik—1)) =

n—1 k
= aioi + ano Y _ bioTisn_1+

=1 =1

s’ K k

+> wif(Y x(s9n(Y_ byjien— + &) = af;) = K)+
i=1 j=1 =1
s k n—1
+ Z dze(z Sgn Z a5 + Qnj Z blelJrn 1+
=1 7j=1 =1 =1

+Cj+zpl ZX Sgnzbljxl+n 1+C)_Uz3) k))_gij)_k)

C yuerom b nmeem:

s k n—1
NLa(w1,22,. ., Tnik-1) = Zdzﬁ(Zx sgn Zalﬂz + anj szol‘Hn 1+
; =1 =1 =1

s’ K k
e+ ) pe0(Y_x(sgn(Y biyziin— + ) = 0fy) — K)) = 03j) — k) =
i'=1 j=1 =1

—Zd@ ZZX sgn Zal]$l+am2bmxl+n 1+ ¢+

j=14=1

+pir) = 0ij) szganljxl+n1+c)—0) K — k),

OTCIOIL& cjeayer, 94To HeJINHEeTHada 9aCTh gB HEJIMHEHON YacTu f He co3jgaeT
IJIOCKOCTEH CUTr'HaTyp C HOpMaJIdMU KaKUMU-1100 €Ile HOPpMaJIsIMHU K HUM.

O]

Jlemma 8. ITyemov U € NLLy. Tozda ¥n > 2

Afi(x1,xe, ... xn), falx1, 22, ..., Tp), -« fno1(z1, T2, ..., @), makue, wmo
uzx aunetinvie wacmu L(Z) = (€, Z), a éexmopv, Hopmaaet we codeporcausue
HYAECEHLT KOMNOHENM, K PA30CAAIOULUM NAOCKOCTAM CUZHAMYD [; uMeIom 6ud

7 n—i
N

(1,1,1,...,1, b, by, b, . .., br,)

das nexomopozo nabopa by # 0(603Mm00tcH0 NYcmMozo).
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Jlokazamenavcmeo. Wrak, tak kak U € NLLj, To mo 6 3h € [U] :

hiw,y) = z+y+ 305, dif(C5L) x(sgn(aat Bjy+e;) = o) —k), aj € {0, 1}.
Joxazkem MHIyKITHeil 110 KOJIMIECTBY BXOJI0B . Bosbmem nabopom by, = B; :
Qa;j 7'5 0, bj 75 0

[Tpu n = 2 yrBepxkaenne gokazano (fi(z1,z2) = h(z1,z2)).

[Tycrb yTBEp:KAeHue jnokazano upu n = k. Torga iy n = k+1, pacemorpum

9i(T, 2pp1) = filwr, 22, .. 21, M(@p, Tpg1)),i=1...n =1
9@, wpy1) = fo—1(h(21, 22), 23, . .., Tp—1, Tk, Tpt1)
Jluneitusle acTn srux Gynknuit mo 7 OymxyT umers Bun L(Z) = (€, T), a

BEKTOPbI HOpMaJIel He cojlepzKalllue HYJIEBBIX KOMIIOHEHT K Pa3JesIsdIoNiuM

IJIOCKOCTSAM CUTHATYD 10 7 OyIyT UMeTh BUJ JJisd gt = 1...n — 1:
i n—i

(L, 1,1,...,1,bg, b, bi, - . ., by, b,

a IS g:
k
——
(L, 1,1,...,1,bg). ]

4. 3aBepilieHne J0Ka3aTeJIbCTBA JOCTATOYHOCTH

Teopema 5. ITyemv U ¢ NLLy, FL. Tozda PC C [U]

Zoxazameavcmeo. Bynem BecTn 10Ka3aTeIbCTBO TEOPEMBI IO MHYKIIUN 10
KosmgyecTBy BX0onoB. Ilycte U ¢ NLL,, FL.

Jist n=1 mokaszano B 1.

st n=2 yrBepxkienue cieayer u3 reopeM 4 u 5 mybsmkanuu (3] (ee pe-
3yJIbTAT OYEBHJIHBIM O0PA30M MOXKHO ITOBTOPUTH IOJIB3YsICh (DYHKIUSIMA

SF L dif(xi) mx+60(x)) u 2.

[Tycts mocrpoeno st Beex k < n. fcuo, aro H(y, &) =y — Z?;ll i +

+ 220 i (2 X(sgn(— 15 Ay + By + ¢) = 0yj) — k) € [U).

B coorsercrBun ¢ 6 cunraem, uro B; € {0, 1}. Baduxcupyem €y > 0.
Baduxcupyem Ty eIUHHYHOI JUIMHBI, Takoil uTo Vj : B; # 0 Bblmomeno
|(Zo, €0) — <fo,ﬁj>\ > €, ecan /Tj # €p. Tax MBI 3adpUKCHPOBAIN KOMIIAKT
K¢,. DTOT KOMIIAKT - TOBEPXHOCTD ChEPDI, ¢ BBIPE3AHHBIME [OJIOCAMH BJIOJIb
KOHe'1HOro Habopa JmHuii Ha cdepe. Bynem pacemarpusars & = 1(Zy + 5)
[Z0 +6lli, = 1, [[0]l, < 7, [|2]l1, > Xo.

Bamimen ycnnenne yemosnsi E = H(Zo +0) , |Zo + 0], = 1, 0], < T rax,
9TOOBI MOYKHO OBbLIO BBIOPATH HOBYIO T YCHJIMBAIOILYIO Hallle ycujeHue. Pac-
cMoTpuM Habop u3 2n — 2 BEKTOPOB Veon = (Zo + Y€1, Zo + V€2, . . -,
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o + Y€n—1, %o — Y€1, Lo — V€2, ..., Ty — V€p—1) U "HaTaHEM"HA HUX TTHPAMIU-
1y 6e3 oCHOBaHMs. 3aMETUM, 9TO YCIOBUE NPUHALICXKHOCTH 3TONH IUPAMUJIE
yepes3 xap-PyHKIUI MOXKET ObITH 3aIMCAHO C IIOMOIIBIO OIPEJICIUTENEH, KaK

z Zo
n—1 1% 1%
Y (F) = san con,u — san con,u c U,
X2, (%) ul;[lx(g( Voot D =sgn( o)) € U]
chon,qunfS chon,u+n73

cauTad, ITo ecan g > 2n — 2, 10 Veon,g = Veon,g mod (2n—1)+1-
st yenosus ||Z]];, > X 3ammch ero ycuaeHusi B BUjie XapaKTePUCTHICCKOIT
dbyHKIMT TpUMeT BUJ,

n—1
X|Xo|(Z) = H X(xirx; < —Xo Va; > Xo) € [U].
i=1

Banumem H (y,¥) B caenyromeii dpopme:
s k
H(y, %) =y — t(Ro+ (5,8)) + > di [ [ xis(Bjy — t(R; + (4;,6)) + ¢;),
=1 j=1
rie Ry = (20, €0), R; = (w0, A7), & xi5(f) = x(sgn(f) = 035).
Mg j : Bj = 0 nonoxum

n—1

X; &) = x(= D Awi + ¢; < 0) € [U],
t=1

n—1

XJ(@) = x(— ZAtsz‘ +¢;=0) € [U],
=1
n—1

X&) = x(= > Ayjwi +¢; > 0) € [U].

t=1

Bamernm, UTO ecim JYIs MHOKECTBa & BBIOJIHEHO, 1To X;(F) = 1, To na

ueM Xij(Bjy — t(R; + (ffj, d)) + ¢;) = Vij, T.e. KOHCTaHTe.

Ilycts B; # 0.
Hna j: 30 Ajj = 0 momoxknm
n—1
X (@) =x(= ) Aymi+c; <0) €U,
t=1,ti
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n—1
XJ(E) =x(= Y Ayai+c¢;=0)€[U],
t=1,t#i
n—1
Xj (@) = x(— Z Agjxi +c¢; > 0) € [U].
t=1,t#i
3aMeTuM, 9TO eCJIU JIJIsi MHOXKECTBa & BBIIIOJTHEHO, ITO XJS(:Z"’) =1, To Ha
HeM
Xij(Bjy —t(R; + ([l}-, 5)) + ¢;j) = Vij, T.e. KOHCTaHTe.
HyCTb Bj 75 07 Aij 75 0.
ITo orpanmuenmio na Ty R; # Ry. Torma:
1)Ecm Rj > Ry, To 31 > 0 : Rj — ([1},5) > Ry + <g, €o), a Jtj, uTo upH
t > t;, u3 Toro, uro y — t(R; + (6,8)) < D, Gyzer cienoarh,
Vi:y —t(Ro+ (0,6)) +d; < D. 3naunr, upn ¢ > tj, korgma X;i(y — t(R; +
(4, g>)+cj) mensteT ¢Boé 3nadenne, X(H (y,t(Zo+0)) > D) cBoero 3nadennst
He MenseT. 3uaduT 3V;;, uro upu t > t;

X(H (y, t(Zo + 8)) > D) = x(y — t(Ro + (5, &)+

s k
+ Z diVij H Xi(Byy — t(Ry + (A1,0)) + 1))
i=1 I=1,1j

—

2)Ecn Rj < Rg, 10 31 > 0 : Rj — (A;,0) < (& + 5,8), a suaunt
npu t > tj. w3 roro, uro y — t(&y + 6, A;) > D, Gyser caeposats, Vi :
y — t(Zo + 0,€p) +d; > D, , asuaunr x(H(y,t(Zo +6)) > D) upu t > t;,Vi
He 3aBHCHT OT X;j. SHa4IWT, upu t > t;, korga X;;(y — t(R; + (ffj, 5)) + ¢j)
MensieT cBoé 3uadenue, X(H (y,t(Zo + 0)) > D) cBoero 3uaveHus He MEHSET.
Buauur 3V;;, 9To npu t > t;

X(H (y, t(Zo + 8)) > D) = x(y — t(Ro + (5, &))+

s k
+> diVi [ xa(Biy —t(Ri+ (A1,8)) + 1))
i=1 I=1,1j

3) OTie/bHO PACCMOTPUM CJIydail, KOria ffj = ¢y. [losmoxkum B 3TOM Cily4dae
D > —min; ¢; + max; d; + 1. Torga us H(y,Z) > D, Gyzer cieoBaTh, 4TO
Yy — Z?:_ll x; + NLg,(y,Z) > —min; ¢; + max; d; + 1, a 3Haunr

y —t(Rj + (A;,0)) 4+ ¢j > (¢; — minj ¢;) 4+ (max; d; — NLg,(y, T)) + 1 Te.

y — t(R; + (A;,8)) +¢; > 0.

Torma xi;(Bjy — t(R; + (A}-, ) + ¢;j) = Vij, T.e. KOHCTaHTe.
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TOI‘,ZI,& 110 BbINIECKA3aHHOMY, IIPU HAJIO2KECHHBIX HaAMMU OI'DAHUYICHHUAX

s k
> di [T xis(Biy — (R + (4;,8)) + ¢) =
i=1 j=1

s k
=3 d; I1 Xij (Bjy = t(R; + (45, 0)) + ¢j)x
=1 (BJZOVHtAtJZO)]:l
k
x 11 Xij (Bjy — t(R; + (A;j,0)) +¢;) =

(Bj;ﬁO/\Vt:Atj;ﬁO),jZ].

= idi H Vij*

i=1  (B;=0V3t:A;;=0),j=1

k
% 11 Xij(Bjy — t(R;j + (4;,6)) + ¢;) =
(Bj#O/\VtZAthﬁO),j:l
s k
=> d; 11 Xij(Bjy — (R + (4;,0)) + ¢;) =
i=1 (Bj;éO/\VtZAtj#O),jzl
s k
=1 (Bj£0AV#:Ay;#0),R;<Ro,j=1
k
* H Xij(Bjy — t(R; + (Aj,0)) +¢j) =
(Bj#0/\vt2AU§£0),R‘j>R07j:1
k
* H Xij(Bjy — t(R; + (4;,0)) +¢j) =

(B;#0,4;=&)),j=1

k k

S S| (R ) (N O

i=1  (Bj#0AVt:A;j#0),R;<Ro,j=1 (Bj#0AVt: Ay #0),R;>Ro,j=1
k
* H Vij = Const
(B;j#0,4;=¢0),j=1

,ZLO6&BI/IM Ha4daJIbHbIC OFp&HI/I‘JeHI/IH Ha M&HOCTB 1 0003HaAYNM

Gy = (T Xseet (T)X x| (F) [Thoy Xa" (F) = 1}

() = Xy — (@0, @) + diy e > D)
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*Xzo (T) X[ x| (L qu T) €

a 3Ha4uUT

g;:o(yv‘f) = X(‘f € {fEI(slv 82y 7316) : ;;SQV",Sk(y + dfgtys%m’Sk? _') = 1}) =
= X(y — (Zo, €0) > D)X(T € Us; 59,...,5, G ™ 7*) =
= X(y — (%o, €0) > D)Xao (T)X|x,|(F) € [U]

Torma nycrs gz (y — D, %) = g, (y + D, Z) =
= X(y — (Zo, €0) > 0)Xao (L)X x| (Z)-

Tenepb 3aMeTHM, 9TO IIPU MPOEKIMN Ha eIUHUYHYIO chepy ¢ MEeHTPOM
B Hysle MHOXKeCTB {I' : Xauo(Z)X|x,|(F) = 1} MBI Moxem BHIGpATL BHYTPH
9TUX IpoeKnuit Ha cdepe Masble okpecTHOCTH, O (L)), 1 9TH OKPECTHOCTH
06pasyroT OTKpbITOE NOKpbITHE K (). BHIGEpEM KOHEUHOE [O/IIOKPBITHE ITOIO

koMmakTa (Og, (21), O, (732), - .., 04, (73)). Obosnaumm Xo(gy,) KOHCTAHTY,
KOTOPO OrpaHUYeH MOJY/Ib apryMeHTa (DYHKIUH g, . Toraa mosydnM, 9To

Wy, 7) = x(& € {Z] Uyzy X(, (T) = 1)})x (& > max Xo(gz,)) =

ZX ga:u = 1) - OS)X(f > mgXXO(gxa)) =

a

= 00> x(y — () > 0)xar, (F)X|x, () — 0.5)x([|#]s, > max Xo(gz,)) =

u=1

= x(y— (¥, ) > 0)0 Zxxu D)x|x,| ()~ 0.5)x(|Z]ly, > max Xo(ga,)) € [U],

HO TaK KaK IIPOeKINH OeCKOHEYHBIX KOHYCOB HOKpbLIN K¢, TO

Wy, &) = x(y — (%, &) > 0)0 me ) — 0.5)x(| |y, > max Xo(gz,)) =
u=1
= X(y - <a_c” 50> > O)Xmaxa Xo(gza)(f)*
x(T : |(Zo, @) — (To, Aj)| > €0, Aij # 0, &; # &).
Wrak, Mbl HAy 9UJIUCH CTPOUTS 15t ipon3BosibHON H (y, Z) dbyuknuto W (y, I).

O6osnaanm Xy = max, Xo(gz, ). [Hoctponm takum obpaszom Wi, mist kax-
goit f; u3 8.
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Ecmu npu sToMm Habop coorsercrByomux b; mycr mwiun {b;} = {1}, To Vi muO-
ZKUTEJIb

—

X(@ : |(Zo, €0) — (Zo, Aj)| > €0, Aij # O,ffj # €p) y coorsercrBylomeii W;

paB€H €JIMHUIIC (TaK KaK beHKHI/IH 13 KOTOPbIX OHa CTPpOMJIaChb HE HMeeT

HOpMaJielf K CUTHATYpaM ¢ HEHYJIEBHIMI KOMIIOHEHTAMH W MPHU ITOM TaKWX,
aro Aj # €.

Nuave o6beguHIM MHOXKECTBa, Ha KOTOpLIX W; = 1, U JOMHOXKKM Ha
7)) TO ecTb PACCMOTPUM
Xmaxyy, XWi( ) p P

W (y, ) = (Vi Wiy, £) A Xmasw, Xw, (£)) =
= X(y — (@, €0) > D)Xmaxw, Xw, (T))*
« VIS X( < [(Fo, @o) — (To, A)7)| > e, A} # 0, A1 # &) =
= x(y — (T, €) > D)Xmaxw, xw, ())*
(1= NI (E : [(To, 80 — A77)| < e, A} # 0, AV £ &))
ITo 8 m Tak Kak A}/Vl £ €y, TO A}/Vl Yy UMEIOT BU/,
i—1
(oL, o1 bis bes b5 b, by & {0, 1)

HaiijeM & jyIsl KOTOPBIX BBIIOJHEHO

n-1._/=2.1/7. = AW; W; AW, N\
N X (@ [(Zo, € — Aj D < 607Aljl % O,Aj i £ ¢y) = 1. s sroro nepe-
HnuieM B BUje HaOopa HepaBeHCTB BHUJA!

bi1_1abi1_1>bi1_17""bi1_1
0,0, — 1,0, — 1,0, —1,..., b5, — 1 21
0,0,bi5 — 1,bs — 1,... by — 1 2
r3
- e o Al<eo @
0,0,0,...,O,bik—1,bik—1,bik—1,.-.,bik_1 Tk
0,0,0,...,0,bi , —1 ot

BameTnM, 9TO MAaTpHIA KBaJIpaTHAs, BEPXHETPEYTOJIbHAS U HEBBIPOXK ICHHAS
(b; # 1). Buauur ||Zo| < Jeo, ans nekoroporo J > 0. Bosbmem €g = 5.
Torna ||Zo|| < 1/2 . Ho ||Zp]| = 1. Buauur HeT T(, yIOBIETBOPSIONIUX XOTh
Kakoi-immbo u3 tux cucrem. Orcozia ciejyer, 9To

NX(E < [(Eo, 0 — AL < €0, A))7 # 0, AVi 5 &) = 0.

Temepb paccMOTPUM XapaKTEPUCTUIECKYIO (DYHKIMIO OT 00beIMHUHEHNST
MHOKeCTBa, Ik KoToporo W, - xapakrepucrudyeckas: PYHKIIUsI, U ITONO XKe
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MHO}KGCTBa [IOJIy Y€HHOTO CJIBUTOM BJIOJIb KAKOIO-HUOY/Ib BEKTOPA, JIEZKAIIETO
BY— Zl 1 «; = 0, HaIpuMep BIOJIb (1, €p). 3aMETHM TOTJIA, YTO JJIs JIF0O0To
7w x(||Z]);, > maxw, Xw,) = 1 wm x(||& — Aépl;, > maxw, Xw,) = 1,
rae A = maxyy, Xw,. Torma

n—1

L=0(y =Y i) = 0(W,(y, &) + We(y + An, ¥ — Acj) — 0.5)
i=1

Jajee u3 2 cjefyer, 4T0 U BCe N-MECTHBIC KYCOYHO-IOCTOSHHBIC IPHHAJLIE-
xar [U].
O

5. /loka3aTeabCTBO HEOOXOJIMMOCTH

Ob6oznauum PC), - Bce KyCOUHO-IIOCTOSTHHBIE (DYHKIIAN 3aBUCSIIIE OT 1l BXO-
JIOB.

Teopema 6. IIycmo U = L1 U PCy. Tozda H(ZZ]\Hl1 z;) & [U]

ﬂonasame,/wcmeo, Bamernm, uro PCyx C  [L1 U Up{>.;"dif(z;)} U
{H(ZZ 1 i) }]. IIpenmomnoxum, aro 6( Z]\Ql'l x;) NPUHAJIEKUT 3aMbIKAHMIIO.
Torna BossMeM dopmyity Hax L1 U {U, Y 7 0(z;), G(Ef\il x;)}, n IpoBoOJIs B
Heil npeobpazoBaHust 5 ¢ KaxK/bIM BbIpaskeHueM Buja » . a;x; + »_ d;0( fi(Z)
HOJIy UM, 9TO

N+1 N

0( Z Z )\lz] -Tz] +Cl Z )\2z] 13132 +C2 Z )\pzj xlj +Cp))7

=1 i=1 =1

T.K. KOJIMYECTBO HENPEPBIHBIX CJIArAeMbIX B CyMMATOpax MPH IPUMEHEHUU
9TOro Npeobpa30BaHUs HE BBIPACTAET, a KOJUYECTBO CYMM BHUIA Y a;T; +
> di0(fi(Z) mocie KaxKIOro Takoro mpeobpasoBaHHsi BHYTPH (DOPMYJIbI
YMEHBINAETCS, a BCETO MX KOHETHO.

[Iycrs I(Z) = H(Zfil Akiz, Ti;, + cx). Tak Kak jumua KazxJioii nocuieioba-
TeJIbHOCTH 45, pasha N, to Vk3l € {1,2,...,N,N + 1} : i;, # l. Bamernm,
rorga aro toryua Iy (%) = Ii(¥ + Reép). Obosnaunm Gy = {Z|Gr(Z) = 1}.
Bamernm, uro jyia OGy Bepuo, uto ecin T € Gy, To u T + Rejy) € 0Gy.
BameruM, uro F' nNpHHUMAaeT Ha BXOJ €JIMHHILI U HYJIM, U €¢ 3HaYCHUE €JIU-
HUIQ WA HOJIb, ¥ MbI €fi MOXKEM COIIOCTABUTHL JIOTUIECKYIO (DYHKIMIO, TO

€CThb
N+1

0(>  wi) = F(x(¥ € G1),X(Z € Ga),...,X(F € Gy))

=1

162



Temepnb mpeobpaszyem Jiorndeckoe BhIpakKeHne B BhIparKeHue '"mepecedeHuil u
06beuuenuit" s coorsercTBUN C 4.

N+1
0> x:) = x(E € Fyun(G1, G, ..., Gp))

i=1

BameTnm, 9To st IouTH Beex Touek OF , A(G1,Ge, ..., Gy), Kpome MHO-
JKECTBA TOYEK HyJIEBOH Mepbl(OTHOCUTEIBHO Mephl ji Ha N-MEPHBIX 00be-
Max, T.e. MBI Ha TPaHMIle), BBINOIHEHO, uTo 37 € OF) | ~(G1, G, ..., Gp),
Takoif, uro Je > 0,0 : T+ Re; € OF,,n(G1,Ga,...,Gp), VIR < e
DTO CBOMCTBO BBINOJHEHO, JJIs HAYaJIbHBIX (G, KOTOPBIE SIBJIAIOTCA 0Oec-
KOHEYHBIMHA MHOTOIDAHHUKAME M IPOJIOJIZKAET BBINOJHATHCH, MPH KOHEY-
HOM OObEMHEHUH, IEPECeYCHUN U B3ATHU JIONOJHEHHS 3THX MHOIOI'DAaH-
HUKOB, TaK KaK TPAHM IOJIyYaIOIUXCs MPU TAKOM IPONECCe MHOTOIDAHHIU-
KOB - KOHEYHBbIE OOLEIMHEHHUS W IepecedeHrs MoJMHoXKecTB OG; ¢ rpaHu-
HaMH B BHJIE JIOMAHBIX, U KazKJas I'PaHb IIOJIyYalOMEerocss MHOTOIDAHHY-
Ka - KaKoe-TO MOJMHOXKECTBO OJIHON u3 rpaHeii (G, IIpU 3TOM, €C/IM Mepa
w(0Gy N OF) ,A(G1, G, ...,Gp)) > 0, TO CBOHCTBO BBITIE BHITIOIHEHO JIJIsl
Beex T € 0GR NOF) |, ~(G1, G, .., Gp) KpoMe TOUeK TPAHUIIBI 9TOTO Mepece-
venns (B cmpicyie rpauipl Ha OF) | (G, G, . . ., Gp)). Mepa Takux Touex
OTHOCHTEJIBHO fi - HyJeBas. Ho CBONCTBO BbIle, OYEBUIHO, HE BBIIOJHEHO
s H{Z|O( N ;) = 1}, mak xak ecom st &0 SN = (6, ) = 0, o
VR # 0,1 : (éy, T + Reé;) = (€p, T) + (€v, Ré;) = R{éy,€;) = R # 0, a 3Hauur
VR #0,1: %+ Re; ¢ d{F|0(3 1" 2;) = 1}. Tporusopeune. O

O6osuauum NLLy , = [L1 U{z + NL(z,7), NL(z,y) € PCyp}].
Teopema 7. ITycmo U = Ly UNLLy,,. Tozda (3 N4" ;) ¢ [U]

oxaszamesvemeo. 3amerum, 910 (PYHKIUS C JIMHEHBIM BXOJIOM B (bopMy.Ie,
JOJIKHA JIeXKaTh BHyTpHu 6 1ociie dero paboraeT HMpeIbIayIee JT0Ka3aTe/b-
CTBO. I

5.1. OcHoBHOIi pe3yJibTaT

Teopema 8. [lycmv U codeporcum ece odnomecmmvie AuHelUHblE U EULE
KOHEUHOE YUCAO KYCOUYHO-NAPAALEALHOLL . Samwkanue U  codeporcum ece
KYCOUHO-NOCMOAHHbIE Mo2da, U moavko mozda, xoeda U € NLLy, FL

Hoxaszameavemso. Hocrarounocrs mokaszana B 5. C JApyroil ¢cTOpoHBI, ode-
BUJIHO, YTO €CTh KYCOYHO-TIOCTOSTHHBIE (DYyHKIMK He Jjexamue B F L, Hanpu-
mep O(x). Kpome roro, ecim U C NLLq, to 3k : U C NLLj j, T.K. Komde-
cTBO (DYHKIHH KOTOpBIE HE OIHOMeCTHBIe-TuHelHbe B U koreuno. Ho Tora
110 7 HE BCE€ KYCOYHO-TIOCTOAHHbBIEC BbIPpazKarOTCs. D
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5.2. 3akJjiroueHue

Takum obpaszom, B HacTosImeil paboTe HaiileH KPUTEPHil BBIPASUMOCTHU
KYCOYHO-TIOCTOSIHHBIX (PYHKIUI depe3 OJNHOMECTHBIE JIMHEHHbIE ¢ KOHEIHOM
CcUCTEMOI KyCOUHO-TIApaJIIeIbHBIX B BHJE J00aBKU. ABTOD BbIparkaeT OJia-
rOJAPHOCTL CBOEMY HaydHoMy pykopomurenio A.A. Hacosckux.
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On the expressibility of piecewise constant functions in the space
of piecewise parallel
Otroschenko A.D.

For a finite system of piecewise parallel functions implemented
by schemes of linear elements and Heaviside functions, the criterion
for the expressiveness of piecewise constant functions is obtained,
supplemented by all single linear functions. Thus, the criterion of
expressiveness of the binary classifier implemented by the McCulloch-
Pitts neural scheme is obtained.

Keyword: Piecewise constant function, piecewise parallel function,
completeness problem, expressibility problem, McCulloch-Pitts neural
circuits.
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K cBenmenunro aBTOpoB mmybauKaluii B >KypHaJie
«uTennekTyasibHble cucTeMbl. Teopusi u IIPUIOKEHUSI»

B coorBercTBun ¢ Tpebopanusivu BAK PO k uzmanusM, BXOISIIUM B Iepe-
YeHb BeJIYIIUX PEleH3UPyeMbIX HAYIHBIX XKYPHAJIOB U U3/IaHU, B KOTOPHIX MOI'YT
OBITH OIyOJIMKOBAHBI OCHOBHBIE HAYIHBIE PE3YJIBTATHI JIMCCEPTAII HA COUCKAHUE
YUI€HOH CTeleHn JOKTOPa U KaHINIaTa HAYK, CTAThbU B KypHaJ «VHTe/IeKTya b
HbIe cucTeMbl. Teopust ¥ IPUJIOKEHUST» [TPEIOCTABIIAIOTCS ABTOPAMU B CJIELYIOIIEH
dopwme:

1. Crarbu, nabpanubie B makere INTFX, mpeocrapisiiorest K 3arpyske depe3 WEB-
dopmy http://intsysjournal.org/generator form .

2. K crarpe npuiaraorcs aityibl, cojepkaliiue Ha3BaHUE CTATbU HA PYCCKOM W
AHTJIMHCKOM $I3bIKAX, AaHHOTAIIUIO HA PYCCKOM U aHTJIMHACKOM si3bIKax (He 6osiee 50
CJIOB), CIMCOK KJIIOUEBBIX CJIOB HA PYCCKOM W AHTJIMICKOM si3bIKax (He Gosee 20
csioB), uadopmaius 06 apropax: @.1.0. moHOCTHIO, MECTO PABOTHI, JIOJIZKHOCTD,
ydeHasi CTelleHb U/WIn 3BaHue (eC/In NMeeTCsl ), KOHTAKTHBIE TesteOHBI (¢ KOIOM
ropoJia U CTPaHbI), e-mail, MOYTOBLII ajpec ¢ UHIEKCOM ropoja (JIOMAIHU nin
CI1y 2KeOHBbIiT).

3. Cumcok sureparypbl 0hOpPMIIIETCS B €IMHOM (bOpMATE, YCTAHOBJIEHHOM CUCTE-
moit Poccuiickoro nnekca HayIHOTO ITUTHPOBAHUSI.

4. 3a nybaukainuio crareil B xKypHaje «uresuiekryanbHble cucrembl. Teopus u
LPUJIOKEHNUST» C ABTOPOB (B TOM YHCJIE ACIIUPAHTOB BBICIINX yIeOHbBIX 3aBeleHuil )
craTeil, pPEKOMEHIOBAHHBIX K IyOJIMKAINY, TIJ1aTa He B3uMaeTcs. OTTucku crareit
aBTOpaM He IIPeJOCTaBIAI0TCs. 2KypHaJ pacipoCTPaHAeTCs 110 ITOIIICKE, IK3EM-
IISIPBI 2KYPHAJA PACCHLIAIOTCSA MOJIITNCINKAM HAJIOXKEHHBIM ILJIATEXKOM. YCJIOBUS
noanucku nyoaukymores B katajgore HTU «Pocnevuarss», naaeke KypHasia 64559,
5. HocTym K 9/IeKTPOHHOI BEPCUU TIOCJIETHETO BBIIIEJIIEr0 HOMEPa OCYIIEeCTBIIs-
ercs uepes HOB «Poccuiickuii nnmekc Hayunoro nurupoBanusi». Homepa, BbI-
IIeIIIIe paHee, pa3MeIaioTes Ha caiite http://intsysjournal.org, u moctym K HIM
OecruraTHbIil. TaMm ke Oy/IyT pa3MelneHbl AaHHOTAIUU BCEX MyOJIMKYEMBbIX CTaTell.
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