NuTepriondaiinoHHo yIIopsiJiIo9YeHHbIE
ajrebpanmdeckKkne CUCTEMBI

A.B. Muxaznes!, E. E. Illupmosa?

PaccMaTpuBalOTCs aCTHYIHO YHOPSIIOUEHHBIE AJIre0pandecKue Cu-
CTEeMBI: JINHEHHBIE TIPOCTPAHCTBA HAJ| YACTUYIHO YIOPSOUCHHBIME Te-
JIAMH, TICEBI0YTIOPsITOIEHHbIE KOJIbIA W aJreOphl Hal TaCTHIHO YIODS-
JTOTEHHBIME TTOJISTMH.

Takoe ynopsaaovenne KoJern W anredp AHAJIOTMIHO TaCTHIHOMY
yropstaodenuio aaredp Jlu, onpesenennomy pamee. YacTUIHDBIN MOPSI-
JIOK aJIJITATUBHON I'PYIIIBI KOJIbIa (aiarebphbl) MHIYIMPYET JAHHBIH MO~
PAIOK HA HEACCONUATUBHBIX KOJbIax (anrebpax) (kosbiax (anrebpax)
JIu, HOpIAHOBBIX KOJIBITAX, HAITPUMED).

JIOKa3BIBAIOTCS BTOPAST W TPEThsI TEOPEMBI O MOPSITKOBBIX H30MOD-
buU3MaX UHTEPHONSIIIUOHHBIX YIIOPSZOUEHHBIX CHCTEM.

KuroueBbie cjioBa: 9acTUYHO YIOPsiTOYEHHBIE JIMHEHHBIE MTPO-
CTPAHCTBA, KOJIbIA U AJreOpbl, HHTEPIOIAIMOHHAS IPYIINa, TOPSTKO-
BBbI€ TOMOMOP(U3MHBI.

1. BBenenue

[Iycrb R =< R,+,- > — 1pousBoJIbHOE KOJIBIO (He 06s13aTebHO acCOIi-
arusHoe). Ecm < R, 4, <> sBisieTcss 9aCTUYHO YIOPSIOYEHHON TPYIIION,
TO KOJIBIIO R IPUHATO HA3BIBATDL “ACMUYHO YNOPAJOUEHHDBIM KOALYUOM, ECIIH
BBIMTOJIHsIETCST yemoBue: n3 a < b u 0 < ¢ ciaemayroT HepaBeHCTBa ac < bc u
ca < cb st Bcex a, b, c € R.

(1) Eciim < R, 4+, <> siBjisiercsi 9aCTUYHO YIIOPSIOYEHHON IPYIOii, TO
KOJIbIIO R HazbiBaeTCsl wacmuuhno ncesdoynopadouennvim koavyom (em. [1]),
ecan BoinostHseTcs yeosue: ecn 0 < a B < R+, <>, o0 ab < au ba < a
g Joboro b € R.

(2) Jlesoe smueitnoe npocrpancreo gV =< V,+ {a| a € F}, <> nHax
YACTUYHO YIIOPSIOYEHHBIM TeJIOM [’ HAasbIBAETCS 4acmuyHo ynopadoueHHvim

! Muzanes Anexcandp Bacuavesuy — 3aBemytommit kadezmpoit, mpodeccop, Mockos-
ckuit rocynapcrBennbiit yuusepcurer uM. M.B. JlomoHOCOBa, MeXaHNKO-MaTeMaTHIECKII
dakynbrer, e-mail: aamikhalev@mail.ru

Mikhalev Aleksander Vasil’evich — M. is the chairmen of the department, professor,
Lomonosov Moscow State University, Faculty of Mechanics and Mathematics

2 MTupwosa Eaena Eezenvesna — npodeccop Kadeapbl anrebpsr, gomnenT, MocKoBCKuit
[IEJIJArOTUYECK U TOCYJaPCTBEHHBIA YHUBEPCUTET, THCTUTYT MATEMATUKYA U UH(POPMATUKH,
e-mail: shirshova.elena@gmail.com

Shirshova Elena Evgen’evna — professor for the chair of algebra, associate professor,
Moscow Pedagogical State University, Institute of Mathematics and Informatics.

176



Aunetnvm npocmparcmeom (em. [2]), ecim < V4, <> — gacTudHO ymopsi-
JIOUEHHas T'pyIIia, yJAoBJeTBOpsionias ycaosuio: n3 0 < v cieayer 0 < av
gt Becex v € V u o > 0 us reja F.

(3) Anrebpa A =< A, +,{a] a € F},-, <> Haj 4aCTHIHO YIIOPSIO-
YeHHBIM ToJieM F' HasbIBaeTcs uwacmuuho ncesdoynopadouermoti arzedopod
(em. [3]), ecom BbmosHsitorest yenosusi: 1) < A, +,{a| a € F}, <> saB-
JIIETCSl JACTHYHO YIOPSIOYEHHBIM JIMHEHHBIM IIPOCTPAHCTBOM HAJ| MOJIEM
F; 2) < A, +,-, <> 9BIgETCA 9aCTUIHO TICEBIOYIOPSIOUYEHHBIM KOJIBIIOM.

Jannoe ymopsimodenue airebp COTIacyeTcs ¢ ONPEeAeJeHHEM YTaCTHIHO
ymopsiiouenHoit anrebpst Jlu, npunaexamnmv B.M. Konbrroy (cMm. [4]).

Peub noiifier o BAMAHUE HHTEPIOJISIIMOHHON YIIOPSIOY€HHOCTH Ha, CTPYK-
TYPHYIO TEOPHIO NEPEIUCIEHHBIX aIreOpamdecKiX CHCTEM.

2. OcHoBHBIE TIOHATHA U (POPMYJIUPOBKA pe3yJabTa-
TOB

IIycrb anrebpandeckasi cucreMa A yIoOBJIETBOPSIET OJHOMY U3 OIPEJEICHMI
(1) - (3).

O6o3naunM cuMBOjIOM AT MHOMXKECTBO BCeX MOJIOXKUTEIBLHBIX 3JIEMEHTOB
cucreMbl A.

Orobpazkenue f 9aCTUIHO YIOPSIOUEHHON cUCTeMbI A B 4aCTUYHO YIIO-
PsIIOUEHHYTO cucTeMy B Ha3bIBAETCs 0-20MOMOPPUSMOM (NOPATKOBBIM 20MO-
MOPPUIMOM), €CJIN BBITIOJIHSIOTCS YCIAOBUSI:

1) f saBasieTcss roMOMOPGMU3MOM COOTBETCTBYIONIUX AJrebpanvdecKux Ch-
cTeM;

2) f(A%) C B™.

IIpu sTOM, f HA3BLIBAETCS CMPOLUM O-20MOMOPPHUSMOM, €CJIH BHIIOJIHIET-
cs1 yCJIOBUE

1) F(A*) = B* 11 f(A).

Ecin nast o-romomopdusma f cymectByer o-romomopdusm f~ 1, o f
HA3BIBAETCSI 0-U30MOPPUSMOM.

Ormerum, 910 ecau f — 0-20MOMOPPUIM AA2EOPAUMECKUT CUCTNEM, AG-
ASOUWUGACA  USOMOPPUIMOM IMUL cucmem, mo oH He 00a3aH Oumyv 0-
U3OMOPPUSMOM.

Hanpumep, myets gV =< R2 + {a] a € R} > nag R. Paccmorpum
Y4acTUYHO yTlopsioueHHoe npocrpanctso Vi = gV, rue (a,b) € Vi1, ecim
a=b=0wma>0wub>0, " JACTUIHO YHOPIIOICHHOE ITPOCTPAHCTBO
Vo =RrV, e (a,b) € Vat,ecrma = b= 0um a > 0u b > 0. ToxkecTBennoe
orobpaxkenue f : Vo — Vi sBisiercss n30MOPMPUIMOM U 0-TOMOMOP(U3MOM.
C mpyroit croponsl, mapa (2,0) € V4F, mo (2,0)f~! || (0,0) B mpocTpamcTse
Va.
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Teopema 1. Ecau f : A — B — cmpozuti 0-20MOMOPPUIM 4ACNMUNHO YNO-

PACOUENHDIT AN2EOPAUNECKUT CUCTNEM, O CYUECTNEYEM 0-U30MOPHUSM
o : A/ker f — f(A), 2de o(r + ker f) = f(r) dan scex r € A.

Uneasn (mogmnpocTpancTBo) I 9acTHYHO YIIOPsIIOYEHHOM crucTeMbl A Ha3bI-
BAETCsl 6LNYKAVM (Hanpasaenmnvim), ecin abesea rpymmna < I, +, <> sBJsi-
eTcsl BBIIYKJIOH (HapasieHHoit) noarpymmnoii (em. [4]) rpymmsr < A, +, <>.

BamMeTuM, YTO st MPOU3BOJIBHBIX YACTUYHO YMOPSTOYEHHBIX CHCTEM
CIIPABEJJIUBBI HE BCE AHAJIOTU TeopeM 06 n30MOpdU3Max Jijisi COOTBETCTBYO-
IUX CHCTEM.

Hanpuwmep, nmycrts A — acconnarusHas ajarebpa CTPOro BEPXHETPEYTOJIb-
HBIX MATPHI[ HAJT JIMHEIHO YIOPs09IeHHbIM HosteM R.

0 a c
Byaem obosnagars marpuiy [0 0 b | = (a,b,c).
0 0 O

PaccMoTprM B 94aCTHYHO TICEBIOYIOPsIIOYeHHO airebpe B = A HaJ 110-
nem R, tae (a,b,¢) € BT, ecm 0 < 6,0 < bywma =b =0u 0 < ¢,
BBIIIYKJIBIE HJI€AJIBI

I ={(a,0,0c)}, J={0,b,¢)}, K=InJ.

ITpu srom, dakropanrebpa I /K naz nosem R ynopsiziouena TpuBHaJbHO,
a B/J — nuHeitHO nceBaoynopsijioueHHas aarebpa HaJ mojem R.

YunTbiBas BBINIECKA3aHHOE, MJISI J0KA3aTeIbCTBA HEKOTOPBIX CJIEICTBUM
u3 TeopeMbl 1 (BTOpOil U TpeTheii TeopeM 00 o-m3oMopdu3Max) HAM IIPH-
IJIOCh PACCMOTPETh OoJiee Y3KUil KJIACC YACTUIHO YIIOPSIOUEHHBIX CHCTEM.

HamoMunM, 9T0 9acTHIHO yIIOpsIIO9eHHas Ipyia G Ha3bIBAETCA UHMeEp-
noaAyuonnot epynnoti (em. [5]), ecim jijist TFOOBIX SJIEMEHTOB a1, ag, b1, by € G
13 HEPABEHCTB a1, as < b1, by ciemyer cymecTBoBaHue 3jeMenTa ¢ € G, miist
KOTOPOTO BEPHBI HEPABEHCTBA a1,a2 < ¢ < by, bo. Kiacc unaTepmossiumon-
HBIX T'PYHII BKJIIOYAET KJIACC PENIeTOYHO YIOPSIOYeHHBIX T'PYIII, COXPAaHSIs
MHOI'H€ BayKHbI€ CBONCTBA 9TUX I'PYIIIL.

Ecin abesreBa rpynmna < A, +, <> 9aCTUIHO YIIOPSIIOYEHHON cucTeMbl A
SIBJISIETCS UHTEPIIOJIIUOHHON IPYIIION, TO A HA3BIBAETCI UHMEPNOAAUUOH-
HOU YnopadoueHHOT cucmemot.

CupaBeJIUBbI CJIEIYIONIHE YTBEPIKIEHUS.

Teopema 2. I[Tycmv A — unmepnossayuonnas ynopadouernnas cucmema, I
u J — svnykavie nanpasaermvie udeasve 6 cucmeme A, I C J. Toeda cyue-
CMBYem 0-u30MoPPHU3M UHMEPNOAALUOHHOT Ynopadowernol cucmemv, A/ J
HA UHMEPNOAAUUOHHYIO Yynopadouenryto cucmemy A1/ J/1.

Teopema 3. [lycms A — uHmMePNOAAYUOHHAA YNnopadovenHas cucmema, 1 u
J - svinyxavie nanpasicHnvie udeav, 6 xoavue A. Tozda:
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1) cywecmeyem cmpoeuti 0-20MOMOPPHPUIM UHTMEPNOAAYUOHHOT YNOPA-
douennoti cucmemv, I(J) Ha UNMEPROAAYUOHHYIO YNOPAJOUEHHYIO CUCTIEMY
I+J/JI+J/I) c adpom INJ;

2) unmepnossyuonnas ynopadovennan cucmema I/INJ(J/INJ) o-
u3oMOpPHa uHMEPNoAAYUOHHOT Yynopadowennot cucmeme I + J/J(I + J/I).
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Interpolation ordered algebraic systems
Mikhalev A.V., Shirshova E.E.

Partially ordered algebraic systems such as linear spaces over
partially ordered skew fields, pseudo-ordered rings and algebras over
partially ordered fields are considered.

This order of a ring (an algebra) is similar to a partial order of
a Lie algebra, which was introduced by Kopytov. Those orders are
induced onto nonassociative rings (algebras) (Lie rings, Jordan rings,
for example) by partial orders of their additive groups.

Second and third theorems of order isomorphisms for interpolation
ordered systems are proved. Keywords: partially ordered linear spaces,

rings and algebras, interpolation groups, order homomorphisms.
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