ITpobsema TumnoBoii BcTpeuu AJd aBTOMATOB
B JIAOMpUHTAX

. JI. Kumubapmal

B crarpe paccmaTpuBaeTcs ONMH CHEIUAJBHBIA THUII B3anMOIEi-
CTBUS KOJUIEKTUBOB aBTOMAaTOB B Jsabupunrax. ms mannoro kiacca
JIAOUPUHTOB PEIaeTcsd, OTHOCHUTEIBHO BCEX THUIIOB KOJUIEKTHBOB aB-
TOMAaTOB, CJIe/YIONas IpobjeMa: JJisi KaKUX [1ap TUIOB CYIIECTBYIOT
KOJIEKTHUB IIEPBOTO TUIA U KOJJIEKTUB BTOPOI'O THIIA TAKHE, UTO €CJIN
WX B HAYAJBHBIII MOMEHT IIOMECTUTH B JIIOOBIE JIBE BEPIIUHBI JTFOOO0-
ro ylabupuHTa U3 JAHHOTO KJacca JIAOMPUHTOB, TO OHU ODSI3aTEIHHO
KOIJIa~-TO BCTPETATCsI. DTy MpoOJIEMy Ha3biBaeM MPOOJIeMOil TUIIOBOIA
Berpeun (type meeting) /it aBTOMATOB B JIAHHOM KJjlacce JIAOUPUHTOB.
31ech 3Ta 3ajlada MOJHOCTHIO DEIleHa KaK JUIsl CJIydasl KJacca BCex
KOHEUYHBIX IJIOCKUX MO3AWYHBIX JIAOMPUHTOB, TaK M JIJIsl CIydasl KJiac-
ca BCEX KOHEYHBIX ILIOCKHUX IIPSIMOYTOJIBHBIX JIAOMPUHTOB. B ciryuae
Kjacca Bcex (KOHEUHBIX U OECKOHEYHDIX) IIOCKAX MO3AUYHBIX JIabu-
PUHTOB JjIsi HEKOTOPBIX I1ap TUIOB KOJIJIEKTUBOB IIPODJIEMa TUIIOBON
BCTPEYH II0KA OCTAETCsl OTKPBITON, & B CIydae KJIacca BCEX ILIOCKHUX
[IPSIMOYTOJIBHBIX JIAOUPUHTOB OHA BCE €IIle sIBJISETCsI TIOJTHOCTHIO HEUC-
CJIETOBAHHOM.

KurogyeBble ciioBa: KOJUIEKTHB aBTOMATOB, THII KOJUIEKTHBA aBTO-
MAaTOB, IJIOCKUIl MPsIMOYTOJIbHBIN JIAOUPUHT, IJIOCKUIT MO3AMIHBIN Jia-
OUPUHT, TUIIOBasl BCTPEYa.

1. BBenenne

PaccmarpuBaembie B HacToOsAIIEH CTaThe JJAOUPUHTHI JIEXKAT B ILIOCKOCTH, U
JI0001 M3 UX “KOPUI0POB’ MapaJsiie/leH WU T-OCH, WIN 3-OCH; HA30BEM ITH
JIAOUPUHTHI IJIOCKUMHE [TPSIMOYTOJIBHBIME JIabupuHTaMu. B epBoit qactu cra-
TbU PACCMATPHUBAIOTCS IIJIOCKHE TIPSIMOYTOJIbHBIE JJAOUPUHTDI, ¥ KOTOPBIX BCE
“kopuziopbl” (pebpa) eJMHIUYHOI JIVINHBL, 9TU JAOUPUHTHI HA30BEM [IJIOCKUMU
MO3AMIHLIMU JAbupuHTAMU. B jrabupuHTax 3TUX TUIOB OyaeM paccMaTpH-
BaTh KOJIJIEKTUBBI aBTOMATOB ¢ KAMHSIMU.

Kavuau sBigroTcs crenuajbHbIM THIIOM HEPa3pyIIUMbIX ‘‘MOOUIbHBIX
BEPIINHHBIX MapKepoB. Kaxkiplil aBTOMAT KOJIJIEKTUBA BUJIUT TOJHKO KAMHH,
pacnoJiararoliyecs B BEPIIMHE, B KOTOPOU OH OKa3aJICd B TEKYIIWl MOMEHT
BPEMEHU; OH MOXKET B35ATh HEKOTOPBIE U3 3TUX KAMHEH U OJIOXKUTh UX B Bep-
IINHY, B KOTOPOIl OH OKA3bIBAETCS B CJIEIYIONINI MOMEHT JIUCKPETHOTO BpeMe-
un. Konedno, rakoe moBejienne aBroMara (TO €CTh, CO CKOJBKIMI U KAKAMHU

! Kuaubapda Topar — DOKTOp MaTeMaTHdecKux Hayk, npodeccop Pakynprera Gusneca
n upasa «MB» yrusepcurera, e-mail: gkilibar@gmail.com.
Kilibarda Goran — professor, “MB” University, Faculty of Business and Law, Belgrade.
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KaMHSIMU OH MPOJIETIBIBAET 9TY OIEPAIMIO) 3aBICAT OT €ro “BXOJHON nH(bOD-
Marmn’. Mbl Tak2Ke IIpeogaraeM, ITo caMu 110 cebe KaMHU He JIBUTAIOTCS U
YTO B JIAHHBII MOMEHT JIIO00I KaMeHb MOYKET ObITh HEPEJIBUHYT TOJBKO OJI-
HUM U3 BUAAIMUX €ro apromMaToB. KosmmdaecTBo KaMHell B TAKOM KOJLJIEKTUBE
KOHEYHO U B TedeHue BPEMEHU He MeHsieTcs. B Hacrosineil crarbe KaMeHb
MOJIEJIUPYEM CIENUATbHBIM THIIOM aBTOMATA C OJHUM COCTOsdHMEM. JlaHHbI
KOJIJICKTUB ABTOMATOB SIBJISIETCS KOJUICKTHBOM aBTOMATOB THIA (7, S), €CIIH
COJIEPKUT T aBTOMATOB U § KaMHel.

JI10601t aBTOMAT TAKOTO KOJIJIEKTHBA, OKA3aBIIUCH B MOMEHT t B BEPIIIUHE
T HEKOTOPOT'O IPSIMOYTOJILHOIO JTaDUPUHTA U HAXOJSCh B COCTOSIHUH (¢, JIBU-
raeTcsl B HAIIPABJIEHUU W BJIOJb OJHOIO U3 “KOPUIOPOB’, BBIXOISIINX U3 T
(oueBHIHO, JJIsT W BO3MOYKHBI TOJIBKO 4 DA3JINIHBIX 3HAYEHUS), © B MOMEHT
t + 1 nepexonuT B cocrosHre ¢ U B BepIIMHY X', KOTOpas ABJIAETCS KOHIIOM
BBIOpaHHOrO “Kopuopa” (Kak BBIIIE CKA3aHO, OH TaKyKe MOXKeT [IePeJIBUHYThH
n > 0 kamueii u3 z B 2'). Suavenue w, ¢’ 1 NPoJIETAHHAS OTIEPAIHS] C KAMHSIME
3aBUCHUT OT ¢ U OT “BXOJIHON mHPOPMAIINK B MOMEHT t JIJISI pACCMAaTPHUBAEMO-
ro aBTOMaTa, KOTOpasi BKJII0YaeT B celst CJIeIY oIy HH(MOPMAIUIO: KAKUE U3
JPYTUX aBTOMATOB JAHHOI'O KOJLUIEKTUBA OKA3aJINCh B & B MOMEHT { U KaKHe
y HHUX COCTOSIHHSI B TOT MOMEHT; KaKue KaMHU (MJIM KaK BapUAHT — TOJIKO
KOJIMYECTBO KAMHElT) pacCMaTpUBAEMBbLil aBTOMAT BUIUT B MOMEHT ¢ U KaKoe
€CTh MHOXKECTBO HallpaBJIEHUI ‘KOPHUIOPOB”, BBIXOIAIINX U3 .

B obriem ciiyuae, oqus u3 BapuaHTOB IPOOJIEMbBI, KOTOPYIO MbI 3/16Ch PAC-
CMAaTpPUBaEM, MOXKET OBbITH oImcaH cieyionmm criocobom. [lycrs £ — kitace
JIABUPUHTOB, U (I, $) — HEKOTOPBINA THIl KOJJIEKTHBA aBTOMATOB. [OBOpHM,
4710 THN (7, ) pemaeT mpobeMy THIIOBOW BCTPEYN [IJIs ABTOMATOB B KJIacce
L, eciu CymIeCTBYIOT KOJIJIEKTUBBI aBTroMaroB A u Ag tuna (r, §) Takue, 4ro
Jutst Jioboro L € £ u nro0bIX BEPINUH T U T, L1 7 X2, JabupuHTa L, KOJ-
sektuBbl A1 n Ag, mosiozkeHHbIe B MOMEHT () COOTBETCTBEHHO B BEPIIUHBI 1
u xo (r.e., B MoMmenT 0, s1060ii 13 aBTOMATOB KOJIEKTHBA A1 TI0OMemaercs B
BEPINHY T1, & JI0O0H U3 ABTOMATOB KOJUIEKTUBA Aj B BEPIIMHY T2), BCTPe-
9aloTCsl B KAKOH-TO MOMEHT t (T.e., B MOMEHT ¢ XOTsi Obl OJIUH M3 aBTOMATOB
KOJIIEKTUBa A1 M XOTs ObI OJINH M3 aBTOMATOB KOJIIEKTUBA Ao OKAa3bIBAIOT-
st B OJIHOM U Toii 2Ke BepnHe jiabupunTa L). Hama 3aaua cocrour B ToM,
9TOOBI JIJIsT HEKOTOPBIX KJIACCOB TPSIMOYTOJIBHBIX JTAOMPUHTOB BHIYUC/IUTE Ka-
Kue TUIIbI KOJIJIEKTUBOB aBTOMATOB PEIIAaiOT HpO6.HeMy TUIIOBOI BCTpeYN JIJId
ABTOMATOB B 9THUX KJIACCOB JIAOMPUHTOB.

ITpobGiiema THIIOBOIT BCTpedn JjIsi aBTOMATOB, TaK KakK OHA 3/[eCh OINCAHA,
BrepBble npejcraiena B [1]. OpHaKO AHOHCHPOBAHHBIN TaM, a IOTOM U B
crarbsx [2| u [3], pe3y/ibrar sSIBISETCS HE COBCEM TOUHBIM.

84



2. HekoTopble OCHOBHBIE MOHATHNS, OO0O3HAYEHUA 1
pe3yJIbTaThbl TEOPUKN ABTOMATOB B JIAOMPUHTAX

Cragaja yTOYHUM, KaK MbI OygeM yroTpebJsiTh HEKOTOPble 0003HAUEHUS U
TEPMUHBI, KOTOPBIMA OyJIEM ITOJIB30BATHC.

MHOKeCTBO BCeX MOJMHOXKECTB [HEILyCTBIX IIOJMHOXKECTB| MHOXKecTBa, X
oboznagaeMm uepes P(X) [Po(X)]. Hycrs X1, ..., X, — HeKOTOpBIE MHOXKE-
crBa. s mobbix 1 < ¢ < n, depe3 pr; 0003HAYNM IPOEKIUIO IIPSIMOI'O
npousBeneHust X1 X --- X X, Ha Xj.

Yepes A* 0603HaYMM MHOXKECTBO Beex ¢IoB B aindasure A, gepes AT —
MHOZKECTBO BCEX HEIYCTBIX CI0B u3 A* m 4epes A — mycroe CJoBo.

[Tpocteim oprpadom HazoBeMm oprpad 0e3 mereb U KparHbIX Jayr. Jls
Joboit ayru (x,y) manHoro mpocroro oprpada, ayra (y,x), eciu oHa cyie-
CTBYET, HA3BIBAETCSI TPOTUBOIOJIOXKHOI st yTu (,Yy), a napa (MHOKECTBO)
ayr (x,y) u (y, ), B obo3Havenun (T, y), HA3BIBAETCSI TAPON TPOTUBOIIOJIOXK-
HBIX JyT Wian pebpoM jgaHHoro mpocroro oprpada. IIpocroit oprpad Hazbi-
BAETCs CUMMETPUIHBIM, €CJIU JIJIst JII00O0M €ro Jiyr'm CymecTByeT MpPOTUBOIIO-
JIOYKHAS.

[Tycrn

e1 = (1,0,...,0),e0 = (0,1,...,0),...,e, = (0,0,...,1)

— OPTOHOPMUPOBAHHKII Oa3MC N-MEPHOTO eBKINI0Ba mpocTpancTsa R™. Tlo-
JIOXKUM, 9TO

On={—¢€1,-..,—€ns€1,--,En}.

B ciyuae, xorma n = 2, BMecTo 0003HAYEHUN €1, €9, —€1] U —E9 UCIIOJIb3YEM,
COOTBETCTBEHHO, 0003HAUEHHUSI €, N, W U S (9JIEMEHTHI €, N, W 1 S MHOYKECTBA
®9 MHTEPIPETHPYEM TaKxKe KaK JacTH CBeTa: BOCTOK, CEBEep, 3alaj U IoT

COOTBETCTBEHHO).

Onpenenium Ha D, YHAPHYIO OIEPAIUIO -’1, TaKyH 4TO wl=w=—-w
st 06010 w € ©,,. PacmmpuM 061acTh ompemesieHns Onepanu - Ha
MHOKECTBO B CJIEIAYIOMIUM CIIOCOOOM: €C/IH O = W1 ... Wy € @; .10 oL =
wit.. .wl_l, a TakuKe TOJIOKUM, aTo A~1 = A.

CBsi3HBIIT CHMMETPHYHBINA mpocToii oprpad ¢ pasmerkoit ayr (L, f),
L = (V,E), tne V. — MHOXKeCTBO ero BepiinH, F — MHOMKECTBO €ro Jyr

u f: £ — %, — pa3merka jyr oprpada L, HazsiBaercs n-mepHvim AGOUPUH-
mom (mu pocto n-aabupunmonm), eciu fl(y,x)] = (fl(z,y)]) "t mis moboit
myru (z,y) € E, u ecim f(u) # f(v) pms mobbix ayr u,v € E, u # v,
YZOBJIETBOPSIIOIUX ycsioBuio pry(u) = pry(v).

[ycrs |u|p = f(u) mus aoboro w € E. Takxke, jjisi 1060 BEPUIHMHBI
z €V, nycrs [z]r = {|u|r |u € E npry(u) = z}. Korga sicno n3 KoHTEKCTA,
0 KakoM n-jabupunre L njer peub, BMecTo |u|r, u [z|r Mbl mumem |u| u [z]
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cooTBeTcTBeHHO. [l06aBuM K ©,, HOBBII 3JIEMEHT, KOTOPBI 0003HAUNM Yepe3
0, u pacmmpum 00JIaCTb OIpeJIeJIeHUsT 0TOOpaXkeHusi [ Ha yIOpPsiIOUeHHbIE
napsl (z,z), x € V, Takum obpaszom, uto |(z,z)| = 0 misa goboro z € V.

Hasee, Beerja omyckaem cuMBoj f B obosHavenun n-jpabupunra (L, f)
npeJosaras, 9To B JIOOOM KOHKDETHOM CJydae pa3Merka f olpejeseHa.
WHora MHOYKECTBO BEPIIUH M MHOXKECTBO JIyT n-jabupunra L ob6o3Hadaem
gyepe3 V(L) u E(L) coorBercrento. Eciu muoxkectso V(L) KoHEUHO, TO N~
JabUpUHT L HA3BIBAETCS KOHEwHbLM; B IIPOTUBOIIOIOXKHOM ciiydae L HasbIBa-
ercs beckoneunvim. B maapreiiem Bce n-1abupUHTHL SABASIOTCS KOHETHBIMU,
ec/Ii He CKa3aHO WHave.

[Iycts L — mexotopsiit n-yrabupunt. g goboro mapiipyTa p B L, oripe-
JIEJTAM CJIOBO |p| CJIEIIYIOIIUM CIIOCOBOM: €CIIHL P = X, €1, L1, - - -, €, Ty JJISI
Hekoroporo n > 1, rorma |p| = lei|...|e,|; ecim p — mynab-maprpyr (co-
JIep2KAIAil TOJILKO OJIHY Bepriuhy ), Toraa |p| = A. s mobeix € V(L) n
o €95, eciu B L cyliecTByeT MapiipyT p, y KOTOPOI'O & HadajbHas BEPIIU-
Ha ¥ |p| = «a, Torma depes (xa)r wam depes xa (KOrjga M3 KOHTEKCTA SICHO,
0 KakoM n-jabupunre L ujer pedb) 0603HAYUM KOHEUHYIO BEPIIMHY OT p.
Buaunt, A = x s moboro x € V(L).

Eciu p1 = o, €1, %1, « -+, €my T U P2 = Y0, €1, Y1, + -+, €y Yr — JIBA MAPIII-
pyra B L u yo = Xy, TO Yepe3 p1 + pa 0003HAUUM MAPIIPYT

/ /
L0, €1,L1y-+-5Cmy Tm, €1, YLy -+, €, Yn-

[Iycts L — HEKOTOPBIH N-IaOUPUHT U T — HEKOTOpad ero Bepiuna. Jis
JIIOOBIX CJIOB (1, € D, ecau CyNeCTBYeT BepHIMHA Ty U CYIIECTBYET
sepmuHa ' € V(L) takas, uro © = z'aq, Torga vepes aqraz 0603HAUNM
MAapIIpyT p, Y KOTOporo =’ HadaabHasi BEPIIMHA U |p| = aqag.

SaMeHsisi JTIOOYIO ITapy MPOTUBOIIOJIOXKHBIX JIyT n-jabupunata L HA COOT-
BeTcTBYyIOIIee pebpo, nosxyunMm rpad G(L); pebpo B G(L), coorBercTByIOIIEe
nape IpOTUBONOJIOKHBIX Jayr (z,y) u (y,x) u3 L, obo3nadnm uepes (x,y)
wm (Y, ). n-nabupunt L ssiasercs depesom, ecim rpad G(L) — nepeso.
n-nabupunT L HasbBaeTcs ameesudnvim, ecau rpad G(L) — nepeso, y Ko-
TOPOTO BCE BEPIIUHBI CTENeHN < 2. n-Ja0UPUHT L HA3BIBAETCS UUKAULECKUM,
ecin G(L) — rpad, y KOTOPOro Bce BEpIINHBI CTEIeHH 2.

IIycts p — mapmipyT B n-jgabupuaTe L. Mapmpyr p HasbiBaeTcs dpe-
sosudnbim, ecau noarpad rpada G(L), onpesesneHHbIl BCeMU BEPITHHAMI
sapupunTta L, depe3 KOTOpbIE MPOXOIUT ITOT MAPIIPYT, U BCeMu pedpamu
(x,y) Takumu, 91O XOTs OBI OfHA U3 AyT (x,Yy) U (Y, T) IPUHAJICIKUT MapII-
PYTY p, SBJISIETCS JIEPEBOM.

B n-nabupunre L MOXKeM BBIIEIUTH BepIIMHY ' [1Be pasiuunbie Bep-
munbl © u 2”] B posu 6xoda [B ponm 6xoda m 6vixoda COOTBETCTBEHHO.
O6o3znaunm dakr, uro L siBisiercs n-aabupuHTOM ¢ BXoJoM =’ [¢ BxogoM '
u BbixogoM x| wepes (L;2') (wm uwepes (V(L), E(L);2")) [(L;2',2") (wmm
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gepes (V(L), E(L); ', 2"))]. Hazoem n-iaGupuHT ¢ BXOIOM (M BO3MOXKHO C
BBIXOJIOM) 1-unuyuanvrowm n-sabupurmom. Ecaun L — l-uHUNUAIBHBIA 1-
JaBGUPHHT ¢ BXOJIOM &' n BhixozoM x| Torma depe3 L' oBosnadmm ToT ke
caMblit JIAOMPUHT, HO ¢ BXOAOM I 1 BBIXOIOM .

O60b6muM 1oHATHE 1-HHUIIMAIBHOTO n-jtabupuHTa. DUKCHpyeM IejI0e

quciaio m > 1. Ilycre L — HEKOTOpBIA N-JaDUPUHT, IyCTh Ty =
(xﬁo),...,xfﬁ)) e [V(L)]™, n nycrb 1 € V(L) — Bepumnua B L Taxas,

(0)

gro x1 # x,  Jug Beex 1 < 4 < m. Ynopsajpodennas napa (L;Zp) |Tpoii-
ka (L; T, x1)| Ha3BIBAETCS M-UHUUUAALHOM N-aabupunmom L ¢ éxodom Ty
|[6z0dom Ty n ewixodom x1|. B ciryuae, ocobeHHO Korjia He BasKHO TOYHO yKa-
3aTb Ha BXO/I ﬂa6I/IpHHTa L 1 ecjJin U3 KOHTEKCTa ¢CHO, KaKoOil TOYHO BXO/,
y L, MBI HHOIZI@ IPOCTO TOBOPHUM, 4TO L — uHuyuasvhoili n-nabupunt (n-
JAOUPUHT, UMEIONUH BXO) Wil L — uhuyuasvivili n-JAOUPUHT C GAAEHIN-
HOCTBIO M, TIE M — JJIMHA KOPTErKa, ABJIAIONIErocs BXoIoM. M3-3a KpaTko-
cru nHorga obosuadaeM (L;Zo) depes Lgz,.

B m-unuimanisaoM n-nabupunaTte L BXOJ 1 BBIXO/ (€C/IM CYIIECTBYeT) HHO-
rja obosnavdaeM depes rs(L) n x¢(L) coOOTBETCTBEHHO.

IIycte M u N, M # N, — Hekoropble ToUKH IpocTpancTBa R™. Yepes
MN 0603HaYNM OTPE30K, KOHI[AMU KOTOPOI'O SIBJISIOTCH JIAHHBIC TOYKH,
gepes |MN| — myumy sToro orpeska. Bektop MN udem 6 nanpasaenuu €;
[—ei] (1 <i<n), eciu MN = ag; |[MN = —ag;| nnsa vekoroporo o > 0.

MmuozkecTBo oTpeskoB 1’ B miockoctu R™ HasbiBaercs: konpuayparuet
(ompeskos), ecau Jyist JHOOBIX JBYX OTPE3KOB U3 T MOXKET CyIIeCTBOBATD
TOJIBKO OJ[Ha 00INasi TOYKa, U IIPU STOM €CJIM OHA CYIIECTBYET, TO OHA SBJIs-
eTcsl KOHIEBOil JJ1s1 0O0UX OTPE3KOB.

n-nabupuar L = (V, E), V C R", Ha3bIBA€TCS NPAMOY20AOHHIM , ECIIH:

1) muoxecrso T' = {Zy | (z,y) € E} asunsercsa konduryparmei;
2) BekTOp ZY Her B Hanpasienun |(x,y)| ais moGoit xyru (z,y) € E;
3) |IBNV| < +oo mus moboro orkpeiroro mapa B B R™.

Eciu L npsiMoyroJibHbLil n-1abupuHT U 11pu 3roM |Ty| = 1 juist so6oii
ayru (z,y) € E(L), To L Ha3bIBAETCA MO3aUWHLLM N-TabupHHTOM. Bolee
TOr0, MO3AUIHBIA N-1abupuuT M ABIAETCT WATMAMHBM N-AGOUPUHMOM,
ecan Jyts JobbIx z,y € V(M) u3 |Ty| = 1 crneayer, aro (z,y) € E(M).

B cinyuae, korma n = 2, IpAMOYTOJbHBIN, MO3AMYIHBIN WU MIAXMATHDIN
N-TabUPUHT HA3BIBAEM COOTBETCTBEHHO NAOCKUM NPAMOY2ONLHHM, NAOCKUM
MO3QUHHBLM AT NAOCKUM WATMAMHbLM JTAOUPUHTOM.

1t 11000T0 TPSIMOYTOJIBHOTO N-Ia0upuHTa L, MHOKECTBO

I= |J =

(z.y)€E(L)
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sIBJIsIETCS ero (2eomempuueckotl) peasusavyued. IIpsMoyronbHbIi n-1abupuHT
L nasbiBaercst ozparusernsim, ecian diam L < +00; B IPOTHBHOM CJIydae, OH
Ha3bIBaETCS HeozparuverHbim. OUIeBUIHO, 9TO MPIMOYTOJIbHBINA N-TaOUPUHT
L gBiisieTcst HEOTPAHUYIEHHBIM TOTJa W TOJBKO TOTJA, KOTJA OH SIBJISETCSI
OECKOHETHBIM.

n-1abupuHThl L1 u Lo Ha3bIBaloTCA u3omopdhoimu, Ly = Lo, ecian cyie-
creyer omexrust g: V(Ly) — V(Lg), Takas, 4T0:

(1) g sBastercss msomopdusmom L; u Lo Kak TpocThIX oprpados ¢
pasmerkamu ayr, T.e. (x,y) € FE(L;) Torma u TOJBKO TOIJA, KOIJIA
(9(x),9(y)) € E(L2) ansa mobeix z,y € V(L1), n korma |(x,y)|r,
[(9(x), 9(y))|L, Azt mobex (z,y) € E(L1);

(2) ecm y 0THOTO U3 N-JTAGUPHUHTOB BXOJ [BXOJ U BBIXOJI|, TO U Y JIPYroOro
u3 HuX BXOJ (Bxox u Bbixon) u xs(L2) = (g(z1),...,9(xn)) [xs(L2) =
(g(l‘l), oo ,g(:cn)) u SUf(L2) = g[SUf(Ll)”v rae xS(Ll) = ('7:17332’ s 7$n)~

OyHKIUS ¢ HA3BIBACTCH U30MOpPuamom aadbupuaToB L1 u Lo. MuoxecTBo
BCeX N-1abUPUHTOB n30MOPMhHBIX n-jabupunry L obosnavaercs: yepes [L].
[IpsiMoyrosIbHBIN [MO3audHbL| M-uHUIMATBHDI n-n1abupuat L, m > 1,
¢ BbIxogioM X1 € V(L) Ha3bIBAETCS pe2YAapHuLM [npasuavhvim|, eciu cyie-
CTBYeT HEOIDaHUYEHHBIN ITPAMOYIOJIbHBIA [Mo3aI/IquH71] n-nabupuaT L1 Ta-
Koit, uto LN Ly = {z1} u 1 € V(L1). Puc. 1 gaer peanusaiyo HEKOTOPOrO
MPABUILHOTO MO3AMYIHOTO 2-1a0UPUHTA C BXOJOM X() U BBIXOIOM I71.

——

{—o—o
!
=

=

OsusOunOnnsdn

Puc. 1.

ITockoabKy B IOCIEIYIOIIEM MbI B OCHOBHOM OyIeM HMeThb HeJIo C 2-
JIADUPUHTAMU, TO M3-338 KPATKOCTU B M3JI0YKEHUU, O], JAOUPUHTOM, IIPIMO-
YLOJIBHBIM JIAOMPUHTOM, MO3AUIHBIM JIAOUPUHTOM M IMaXMATHBIM JIaOHPUH-
TOM MBI IIOAPa3yMeBaeM 2-Ja0UPUHT, IPIMOYTOJbHBIN 2-TabUPUHT, MO3aMd-
HBIM 2-7TaOUPUHT U IMAXMATHBIN 2-TaOMPUHT COOTBETCTBEHHO. Tak:ke depes
® 0603HAYNM MHOXKECTBO Do. 3aMETHUM, YTO HEKOTOPbIE IOHATHUSI, KOTOPHIE
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B TIOCJIETYTOIIEM BBOJIUM JIJTsI 2-MEPHBIX JJADMPUHTOB TOJBKO UTO YKA3AHHBIX
THUIIOB, MOXKHO JIEIKO ODOOIIUTDL HA CIyYail pasMepHOCTH 7.

[Tox (koHeuHBIM) aBTOMATOM IHOjpasyMeBaeM Habop 2A = (A4, Q, B, v, ),
Jie KOHEYHBIE HEIYCThle MHOXKeCTBa A, (Q 1 B SIBIISIIOTCS MHOXKECTBAME BXO-
JIOB, COCTOSIHUII U BBIXOJOB aBTOMaTa 2 COOTBETCTBEHHO; ¥: Q X A — B —
ero (pyHKITAST BBIXOJIOB U ¢: (Q X A — () ero QpyHKIHS TepexonoB. Fein BoI-
JIeJIIM KaKOe-TO cocTosinue ¢ apromara A, 1o Habop Ay, = (4, Q, B, ¢, ¥, qo)
HA30BEM HHUIHATIBLHBIM aBTOMATOM. J7151 MTAHHOTO MHUTMATEHOTO WJTH HEMHI-
nuabHOrO apromara A uepes Ag, Qg, By, Y 1 pg 0003HATaEM MHOXKECTBA
€r0 BXOJIOB, COCTOSTHUI M BBIXOJIOB, & TAKYKe €r0 (DYHKIINN BBIXOJIOB U TT€pe-
XOJIOB COOTBETCTBEHHO.

Apromar (MHUIUATLHBII WM HeMHUIUAJIBHBIH) 2 Ha3bIBaeTCST donycmu-
moim, ecin Ay = P(D), By = D U {0} u ¥y(g,a) € a U {0} s Becex
q € Quuac Ay Ecm 2 [,| — momycrumslii aBromMat, TO 1jIsi KPATKOCTH
mumeM 2A = (Q, ¢, ¥) [Uqy = (Q, ¥, ¥, qo)| BMecTo A = (A, Q, B, ,) [Uqy =
(Aa Q7 Ba @, 1;[)7 QO)]

Homycrumblii (MHUIAIBHBIN WM HEMHUIUAJIBHBIN) aBToMaT 2 Ha3bIBa-
eTcs MPueuUaAvLHoM, ecin Py (q,a) = 0 1y mobbix ¢ € Qg u a € P(D).

[Tycts A — HEKOTOpOE HEIyCcToe MHOXKECTBO, MyCTh (aq,...,q,) € A"
— HEKOTOPBI yIIOPSIIOUEHHBIH HAOOD 9JEMEHTOB MHOXKECTBA A JUIMHBI N 1
nycts S € A — mekoropsiil asmement u3 A. s moboro 1 < ¢ < n depes
(a1, ... an) ) (B51) obosHatumm ynopsouenHblii Habop (af,...,al) Takoi,
q9ro o = [ u a;- = o Jua goboro 1 < j < n, j # i. Hua mobeix 1 <
i <j<mn,uepes (aq,... ,an)|g 0b03HAYNM yIOPSAJIOYEeHHbIH j — 4 + 1-Habop
(Cki, ey Oéj).

B nambmeiimem mpemosiaraeM, 9TO HA OJTHO COCTOSTHUE aBTOMATOB, O KO-
TOPBIX UJIET Pedb, He 0603HaYeHO cuMBOJIOM 0.

Yuopsiouennbiit n-aabop A = (Aq,...,2Ay), rae A; = (A4, Q4 B,y @i, 1)
— aBromar s woboro 1 < ¢ < n, HA3BIBAECTCS JONYCMUMBLM KOAAEKMUBOM
a6momamos (W HPOCTO KOAAEKMUGBOM GEMOMAMOS ), €CJIH Jijist JTI6oro 1 <
1 <n,

A;={acP(®) x Ql XX Qn‘priJrl(a) = 0},

rie Qj = Q; U {0} mrs moboro 1 < j < n, B; = D U {0} u ¢i(q,a) €
pry(a) U {0} mist mo6bix ¢ € Q; u a € A;. O6o3HAYNM YUCIO aBTOMATOB B
komtekruse A, Te., ancio n, gepes |A|. Taxxke, mycts Q4 = Q1 X - -+ X Q.

Eciin qist mexkoropeix 1 < i < n,a € A; uq € Q; umeer mecto p;(q,a) = q
[i(g,a) = 0], Torma rosopuM, uro dyHKIW @; [¢;] sBIsieTcss mpusuasvro
onpedesennoti B Touke (q,a).

ITockosbky MuOKecTBa Qj, 1 < j < mn,u By = --- = B, = © U {0}
eIMHCTBEHHBIM 0Opa30M OonpeesaioT Maoxkectsa A;, 1 < i < n,, To as Jro-
6oro 1 < i < n B 0603HAYEHUAX JIJIT ABTOMATOB 13 A JyIsl KPaTKOCTH IIHIIEM
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(Qi, pi, Vi) Bmecro (Aj, Qi, By, i, ¥i). Takke, mist moboro 1 < i < n gepe3
Ag(; 0603HAUNM MHOXKECTBO A;.

MuoxkecTBO Q4 = Q1 X + -+ X (), €CTh MHOHCECTNEO COCTNOAHUL KOJIIEK-
tuBa A, 1 J11000ii ero 3JeMeHT Ha3bIBAETCsA cocmoanuem Koektusa A. Ec-
JIM BBIJIEJIEHHO HeKoTopoe ¢ = (q1,...,qn) € Q4, TO MOIYIACM KOANEKMUE
UHUYUGAOHOLT A6TNOMAMOE Ag; 9TO COCTOSHUE § HA3BIBACTCS UHUUUAALHBLM
cocmoanuem xoinektusa A. Vrorna smecro Ag mamrenm ((A1)gy, - -, (An)gn)-
Jst moGoro 1 < i < n, yepes AW o6ozmaumm asromar ;.

Kosutekrus apromaros A = (A1, ..., 2y,), tae A; = (Qi, vi, ;) s jio-
6oro 1 < i < n, HA3BIBAETCS MPUBUAALHUM ecan P;(q,a) = 0 mist JTIOBIX
qEQi,GGAQ[Z.I/IIS’L'Sn.

[Tyrs L — nabupunr u A = (24,...,2,) — xonekrus aBromaToB. s
MOObIX T = (21,...,2n) € [V(D)]™, §=(q1,---,qn) € Quu 1 < i < n, uepes
a;(q, ) oboznaunm ynopsiodenusiii n + 1-uabop ([z;]r, agz) ey agf )), rie

NON { gj, €CIU T; = T; U J # i;
J 0, ecmz; #x;ummj=1

mist moboro 1 < j < n. BamernM, 4ro Beerna a;(q, ) € Agy,.
( (1) (1) (wf) (2))

Ty, ., Ty) U Ty = , Tpy

(1) a ))

Ilycrs 21 = — JIBa yIOpPSIIOYI€eH-

— 2 2
HbIx n-Habopa u3 [V(L)]", a ¢1 = (¢4 ’,...,qn ) W = (qg ),...,qg))
— JIBa yNOpPSIJIOYEHHBIX n-Habopa u3 Q4. umem (q1,71) E (Go, &), ecin
(xl(-l) acg ) € E(L) nim m( ) .iC( ),

2 1 S 1 S 1) (2
0 = pila” i@, 7)) w il aildn, ) = (2 2]

Ilycrb Lz, — n-uHUNUAILHbBIA JTAOUPUHT 1 -Aqo KOJIJIEKTHUB U3 1 UHU-
IMaJIBHEIX aBTOMaTOB. [losedenuem komnekrusa Ag B nabupunrte Lz, Ha3bI-
BaETCs TOCJIEI0BATEILHOCTD

7T('A(YO’ Lfo) = ((TO?fO)v sy ((Z‘,aft)y cee

7
7

st goboro 1 < ¢ < n mMeeT MeCTo:

~

Takas, 4To §; = (qgt),...,qg)) € Qu, Ty = (a:gt),...,a:g)) e [V(D)]" n
(@, Z¢) = (Gi1, Teg1) aurst mobeix t > 0. [ocneposarensrocts 7(Ag,, Lz,) =
70,71, ... HasbIBaeTCHa mpaexmopueti KomnekTusa Ag B mabupunre Lz, .
Iycrs 7;(Agy, Lz,) = &5 u mi(Ag,, Lz,) = (¢, Z;) ns moboro i > 0. Takxe,

aust moboro 1 <4 < n, mycrs Int;(Ag,, Lz,) = {xl(j) |j>0}u

n
Int(Ag, Lz,) = | ) Inti(Ag, Lz, ).

i=1

B nocieyionieM 1o/, oBeleHueM KOJUICKTHBa NHUIMAILHBIX aBTOMATOB
A B l-ununnansaom snabupunre Ly, 9 € V(L), Mbl HoApasyMeBaeM HOBe-
nenue Koutektusa A B | Al-ununuanbaom nabupunre Lz | rie ¢y ABJIseTCs
yuopsiiouenubiM | Al-aabopom (g, g, - . ., o).

Yoo
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[Mycrs A = (A1,...,2y), tae A; = (Qi, @4, ¥;) ms moboro 1 < i <n, —
KOJIJIEKTUB (I/IHI/IHI/IaJIbeIX nJjim HeI/IHI/I]_[I/Ia.HbeIX) aBTOMATOB.

s npounssoabhoro 1 < ¢ < n, BosbMeM Jo6oe q¢ € Q;, a TakzKe JIOObIe
a=(ap,a1,...,an) € Ay, ul <j<n,j#i. Ilycrs

1npz—>](q7 a:) = [(a()aala s 7a'n)\l/(Q7Z+ 1)]\1/(07,7 + 1)

Bamernm, 9TO mpiﬁj(q, a) € Ay,
Muozxkecrso aromaroB K = {2;,,...,2;, },ome 1 <ip <...<ip, <nmn
1 < m < n, HA3BIBAETCSA MHOIHCECTNEOM KamHel Just A, eciu:

1) |Qi;| = 1 ms moGoro 1 < j < m;

—

2) must mobeix 1 < j < mwua = (ag,a1,...,a,) € Aglij VIOBJIETBOPSI-
IONIX yCIoBmIO 5, (¢j,d) = w # 0, re §; eMHCTBEHHOe COCTOAHME
asromata ;. , cymecrsyer k € {1,...,n}\{i1,...,in} Takoe, 4TO O} F
0 m Yy (ag, inpij%k(‘jj’a)) =w.

DjieMeHTBI MHOXKecTBa K Ha3BIBAIOTCA KaMHAMU. TakuM oOpasoMm, ecju
HEKOTOPBIN ABTOMAT KOJIEKTUBA, A sIBJISIETCS KAMHEM U €CJIH B KAKOH-TO MO-
MEHT OH IlepeMeNaeTcsi B HEKOTOPOM HallpaBJIEHUM U3 TeKYIeit BEPIINHBI,
TO CyLIeCTByeT II0 KpalHeld Mepe OAUH aBTOMAT He SABJIAIONIUANCA KaMHEM,
KOTOprﬁ B TOT K€ MOMEHT M3 TOIl Ke BEpHINHBI IIEepeMeIlIacTCda B TOM 2Ke
HAITPABJIEHUH.

ITycrs ({q}, ¢, ) — Kamensb HekoToporo Kosnekrusa A. B nanbreiiimem
€ro eJIMHCTBEHHOE COCTOSTHUE ¢ OOO3HAYUM CHMBOJIOM 1, & MOCKOJIbKY (DYHK-
us @ OIpeesseTcsd “TPUBHAJILHBIM 00Pa3oM, TO TaKOH aBTOMAaT-KaMEHb
6yaem obosradarh depes (). Takke, /yist 1106010 BXOJa @ 9TOrO KAMHs 3HA-
genue (g, a), T.e., (1, a), 0bo3Haunm Kopoue depes 1(a).

[Iycts A = (4,...,2l,) — KojutekTuB aBromaToB u K — HekoTopoe
MHOKecTBO KaMHeil jiist A. Yuopsizouennyio napy (A, K) HasbiBaeM koasex-
MUBOM GEMOMAMOE € 6bldeAeHNbLM MHOdCEcmEom Kamuel. Ecm || = m,
To napy (A, K) HasbiBaeM KOJUIEKTHBOM aBTOMATOB muna (n — m,m); 1o-
[yCKaeM U ciydaii, korga m = 0, © B TAKOM CJIydae CUUTAEM, 9TO MHOYKe-
CTBO KaMHell He BbIJe/IeHO. fIcHO, uTO 6e3 OrpaHWYeHHUs] OOITHOCTH, MOXK-
HO TIPE/IIOJIOKHUTD, YTO STUMU BBIJIEJIEHHBIMU M KAMHSIMHU SIBJISIOTCS KaMHU
Ap—mt1y -« -, Ap, TAK ITO B MIOCJIEYIONIEM KOJUIEKTUB aBTOMATOB C BBIJIEJICH-
HBIM MHOKecTBOM Kamueil (A, K) tuna (n — m, m) obo3nadnm qepes

(9'[17 e 7Q(n—m ’ an—m+17 cee 7an)7

e K = {A—m+1,...,2A,}; 9acTb B 9TOM HabOpE /10 3HAKA | HA3BIBAETCS
axmueHot wacmso KojuleKTusa A, a 11000 U3 [EepBLIX N — M aBTOMATOB
Ha3BbIBAETCS NPEICasumMeseM aKTUBHON JaCTH.
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Iyers A = (A1,..., 2% [KR,..., Rs), e A = (Qi, i, i) ana Jmo-
ooro 1 < ¢ < ru R = (¢¥j) g moboro 1 < j < s, — KOJIeK-
TUB (MHUIUATIBHBIX WM HEHHWINAJIBHBIX) aBToMaros tuma (r,s). Ilycrs,
rakxe, Ko = {8j,,...,R;,} Hekoropoe moIMHOXKECTBO MHOXkKecTBa K =
{R1,.. ., R} 1 < j1 < ... < jr < s. Hauee, nycrs 7 = (a;gl),...,a;gs) u
Ty = (x§2), . 7:1:'5‘325) — JIBa yHODsIJIOUeHHbIX 7'+ s-Habopa u3 [V (L)]" 7%, a ¢ n
G2 — JABa YHOPsI0YeHHbIX (r+s)-Habopa u3 @ 4. [Tumem (q1, Z1) ~x, (G2, T2),
ecu 1 = (o, U ecau k-BEIOOPKU D ,:Eg-i) u a:g), e ,xji ABJSIOTCA OJIU-

J10
VL) w2 — @
HAaKOBBIMU COYETAHUAMU SJIEMEHTOB U3 MHOXKECTBA ( ) n 113] = CCJ JJIA

sioboro 1 < j < 7+ s Takoro, 4to j # j jyist Beex 1 <t < k.
Tosopum, uto K ABIseTcs MHOXKECTBOM KaMHEH OIHOIO IBETA, /I KOJI-
nekrusa A, eciu st mo6bix (1, Z1), (G2, T2) € Qa X [V(L)]"** usz

((Tlafl) ~Ko (‘72752) CHEAYET, 9TO (51*7ff) ~Ko (62*755)7

vae (G, 31) b (@ #) u (@0 3) b= (35, 35).

Ecisin B KoJ171eKTHBE aBTOMATOB € BblieaeHHbIME Kamuaami (A, ) maoKe-
ctBO K sIBJISIeTCST MHOYXKECTBOM KaMHE OJHOTO I[BETA, TO TAKON KOJIEKTUB
Ha3bIBACTCsA KOJIJIEKTUBOM aBTOMAaTOB C KAMHAMM OJTHOI'O IIB€Ta; B IPOTUBHOM
cilydae, OH Ha3bIBAETCS KOJIJIEKTUBOM aBTOMATOB C KAMHSIMH PAa3HOT'O IIBETA.
B nocnemyromeM, eciau He CKa3aHO MHAYE, KaXK bl KOJUIEKTUB aBTOMATOB C
KaAMHSAME OyJeT KOJIJIEKTUBOM C KAMHSIMHU OJTHOTO I[BETA.

HexoTopetit n-ununuanbubiil 1abupuHT Lz, HasblBaeTca A0GYWKOT J1Is
KOJUICKTHBA U3 7 MHUIHAIBHBIX aBTOMATOB Ag, , €C/II IMeeT MecTo

Int(Affov Li"o) # V(L)~

B nasbueiiiem HaM oTpeOyIOTCS He JII0OBIE JIOBYIITKY JJIS JJAHHOT'O KOJIIEK-
TUBa, HO JIOBYHIKHU CIIeUaJIbHOI'O THIIA.

[TpaBr/IbHBI MO3AMIHBIN N-UHUHAIBHBL J1abupuuT (L; T, 1) Ha3bIBa-
eTcs MPasusbHOTl AO0BYWKOT JIJI JTAHHOTO KOJIIEKTUBA U3 7 WHUIMAJBHBIX
asromaros Ag , ecin x1 & Int(Ag,, (L; Zo, x1)).

B mocriemyromeM BBelleM HEKOTOPBIE YACTUYHO OIPEJIEIEHHbIE OMHAD-
HBIE OITepaIy Ha JIAOUPUHTAX, KOTOPhIe OYIIyT YIOBJIETBOPSITH CJIEAYIOMEMY
YCJIOBHIO: €CJIN * — OJIHA U3 TeX onepanuii, a L u Ly — HEKOTOpbIE JTaDUPUH-
ThI, TOrA JabupuaT [oprpad ¢ pasmerkoii mayr| L x L', ecsim on onpesenes,
IPUHAJJIEXKUT OJTHOMY U TOMY Ke KJIacCy M30MOPGhHBIX JaGUPUHTOB |oprpa-
dos ¢ pasmerkoit ayr| [Ly * Lo] aust mobbix L € [Li] u L' € [Ly]. Ha camom
Jiejie, Mbl CMOTPHUM Ha 3TH OIEPAINU KaK Ha ONEePallli, KOTOPLIE OIpPe/Iesie-
HBI HA MHOXKECTBE KJIaCCOB M30MOPMHBIX JIAOUPUHTOB, U KOT/Ia MBI TOBOPUM,
aro ‘nan jgabupunT [oprpad ¢ pasmerkoii ayr| Li x Ly’ Mbl Ha caMoMm Jiesie
cauTaeM, 4To JaH HEKOTODPbIi j1abupuHT [oprpad ¢ pasmerkoii ayr| kiac-
ca [L1 % Ly, u, ciiesoBarebHO, Pe3yJIbTaT IPUMEHEHUsT OLEePAIUU % MOXKeT
CYIIECTBOBATH JIayke B TOM cJjy4ae, Korja Li * Lo He CyIIecTByerT.
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Eciu nipu npuMeHeHUr HEKOTOPOI ONEpaluu HaJl JIAOMPUHTAMU HE I10-
SIBJISTIOTCSI HOBBIE JIyI'M M Mbl HE MEHsIeM METKHU OCTABIIMXCS JIyT, Mbl, U3-3a
KPATKOCTH, HE OIMCBHIBAEM Pa3MeTKy JyT Jabupunta [oprpada ¢ pasmerkoii
JIyT|, KOTOpPBIil [OJIydeH B pe3ysbrare IPUMEHEHHs STOi oleparyu, cauTasi,
9TO OTMETKH YT OCTAJIUCH [TPEXKHUM.

[Iycrs Ly = (V4, E1) u Ly = (Va, E2) — npousBoJibHasI TIapa JIAOUPUHTOB
takas, aro V4 NV = 0. Yepes Ly U Ly obosnaunm (dussronxmmoe) 06zedu-
nenue JabupuaTos Ly u Lo, Te., L1 ULy = (V3 U Vo, By U Ey).

ITycrs L — naGupuHT, U IyCTh T U Y, T 7 Y, — JIBE €ro BepiinHb! (Heobsi-
3aresibHO cMexxHble). Yepes L — (z,y) obosnaunm oprpad ¢ pasMerkoil 1yr
(V(L), BN, ), (5, 2)}).

Hycts ¢ n y, x # Yy, — HeCMEKHBIE BEPIUHLI JabupuaTa L, KOTOpBIe
YZIOBJIETBOPSIOT yesoBusiM, 4To [2]N[y] = 0 u 2wy # yws s m0bbx wy € [x]
u wsy € [y]. Yepes vi(L, z,y) 0603HaIMM JIaGUPUHT

(V\{w} [E\(({g} x V) U(V x )] U B (x,9) U E (2,y)),

rjae
Ba,y) = {yw2)|lwe ), Ey) = {(@mw)|we b}

u |(z,yw)| = w u |(yw, )| = @ masa moboro w € [y| (MeTKH OCTATBHBIX JyT
HE MEHSIEM).
Iycrs (Ly;a), 2f) n (Lo; xh, 24) — nabupunrsl Takue, 9ro

V(Ll) N V(Lg) =0 = [xlll]Ll N [$/2]L2 = 0.

O6osznaunm abupunt (vi(Ly U Lo, xf, 24); 2, %) wepes Ly L. Jlast qaHHBIX
nabupunros (L;;xf,xY), 1 < i < n, uepe3 Lj...L, 0603HauNM JTaGUPHHT
(...((L1L2)L3) ... Ly—1)Ly,. O603HaunM B0 2 [BBIXOA 2| 9TOrO STabUpHH-
ta depe3 (Li...Lyp;0) [(L1...Ly;n)|, n gusa moboro 1 < i < n — 1, gepes
(L1 ...Ly;i) obosuaunm, renepb B Ly ... Ly, sepumny z;. Ecan L = ... =
L, = L, to numem L™ Bmecto L1 ... Ly,.

[Tycth L — npsiMOYTOJIbHBII JIAOUDPUHT, (T, Y) — €ro HeKOTOpast Jyra i 2 —
NPOM3BOJIbHAS BHYTPEHsIsI TOUKa oTpeska Ty. Torma vepes L & z ob6o3HaInM
IPSIMOYTOJIBHBIA J1abupuHT Takoii, uro V(L & z) = V(L — <z,y>) U {z},
BL®2) = B(L - <a,5>) U {(#2), (5:3), (59, (5 0)}, |5 e =
@ Wlzor = 1@l 1 2)les = |5 Dlies = 1 )]s (raoxe, Kax
U BBIIIE, TIPeIosaraeM, uro |e|rq, = |e|r) aus Beex e € E(L <z, y>)).

Nnmeer mecro ciepyromee GpyHIaMEHTATBHOE YTBEPKICHAE B TEOPUH aB-
TOMATOB B JJAOUPUHTAX.

Teopema 1. Jlaa mobozo koarekmusa muna (1,1) cywecmeyem npasusvras
AOBYULKA.
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Cuagamna B [4] (cM. Takzke [5]) mokasaHo, ITO st JIIOOOTO KOJJIEKTHBA
tuna (1,0) cymnecTByer npaBuIbHas! JOBYIIKA, a moToM B [6] (cMm. Takxke |7])
JIOKA3aHO, YTO TO YK€ CaMOe UMeeT MeCTO Jils Koytekrusa Tuna (1,1).

KoJiiexTiB NHUNIAIBHBIX aBTOMATOB Ag HA3BIBACTCS YHUBEPCANDHDLM
0bxodwurom s MHOXKecTBa nabupunTos £, eciu Int(Ag), Ly) = V(L) nna
mobeix L € Lux e V(L).

[TycTtb 04 u 0_ — NUKINYIECKHE TIEPECTAHOBKY (€ NW S) U (€S W n) MHO-
xkectBa D coorsercrienno. st mobbix w € D u a € Po(D), nyers w (a)
~ LIepBBIii 3/IEMEHT B 10C/I610BaTeIbHOCTH 04 (w), 0% (w), 0% (w), o} (w) npu-
Ha IexKamumiit MHoKecTBY a. [TonobHbIM 06pa3oM, onpeesnM w™ (a) s Beex
weDuac Py(D).

Bamerum, uro j06oit KosuiekTus tuna (1,0) MOXKHO paccMaTpuBaTh Kak
(oI cTHMBIi) aBTOMAT M, HA0OOPOT, JIF0O0I aBTOMAT MOXKHO PACCMATPUBATH
kak KosutekTus tuna (1,0). Umeer mecro ciemyroree yrBep:K/aeHue (HAIIPH-
Mep, cM. [8]).

Teopema 2. Cywecmeyem yrusepcasohvili 06xodwur muna (1,0) das xaac-
€O BCET KOHCUHHT AGOUPUHMOG, ACAAIOUWULCA 0EPESLAMU.

Jlokasamenvcmeo. Oupenesum jjomyctumble apromarel A~ = (Q, ¢ ,17)
u At = (Q,o",¢"), e Q = {qe, qn; Gw, gs}, caeayromum obpazom. st
mobbIX w € D u a € Po(D), nyctb ¢ (qu,a) = Gg(a) ¥ (qu,a) = &~ (a),
0" (¢, @) = qot (o) 1 T (qu,a) = 0T (a); Taxxke mycTs

© (0 0) =0 (g, V) =qo 1 ¥ (¢, 0) =v"(qu,0) =0

Juisg Jjnoboro w € ©. Herpyano yBuziers, 4To Ajist jaoboro g € (), aBToMa-
ol 2, u Ql;r SABJISIOTCS YHUBEPCAJIbHBIMUA OOXOTYMKAMU ISl KJIacca BCEX
KOHEYHBIX JIAOUPHUHTOB, SIBJISIIOIINXCS JIEPEBbSIMU. O

[Tycrs A = (Q, ¢, 1) — ponycrumerit apromar. st sio6oro n > 2 onpe-
JesuM KoJutekTu aromaroB A(A;n) = (A" | Ry, ..., Rp—1) muna (1,n — 1)
crepytonM obpazom. Ilyers A* = (Q, ™, ¢v*) u K, = (1) mnsa moboro
1<i<n-—1 s nobbix ¢ € Q, a € P(D) ul < i < n, gepes a;(q,a)
o6ozuaanm (n+1)-nabop (a,q,1,...,1) ] (0;i4+1). Torma, mist m006IX ¢ € Q U
a € P(D) nonoxum, uro ¢*(g, a1(q,a)) = ¢(q,a) n¥*(q, a1(g, a)) = (g, a),
u uro ¥;(ai+1(q,a)) = ¥(gq,a) musa moboro 1 < i < n — 1; byukuun ¢* u
*, a Takke 1; aa moboro 1 < i < n — 1, TPUBHAJILHO OIPE/IEIEHELI BO BCEX
OCTaJIbHBIX TOYKaX. B jmajbHelmeM, st Jiroboro ¢ € (), depe3 § 0603HAUNM
cocrostaue (g, 1,...,1) xomnekrusa A(2;n). Herpyano yBujers, 9to mmveer
MECTO CJIeIYIONIee YTBEPIK ICHHE.

Teopema 3. Ecau 20y, — nexomopuiii ynusepcasvrovili 06x00uuk 0as Kiac-
ca aabupurmos £, mo daa abozo n > 2, xoarexmue [A(A;n)]g, maxorce
ABAAECMCA YHUBEPCANOHBIM 00L00UUKOM OAA L.
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QurcnupyeM nesble yncaa r > 1 u s > 0. Ilycrs
Ap=@® o a® g™ a®y 1<k <,

— HEKOTODPbIE KOJUIEKTUBBI Tuta (7, s), rje Qll(k) = (ng), @Ek), wz(k)) JUIST JTIO-
opix 1 < i< rml < kgn,ﬂﬁgk) = (KZJ](-’C)),ILJIHJHO6BIX1 <j<s
nl < k < n. He tepasa obmuocTn, MpesoJIOKIM, 9TO ngl) N Qgh) =10
st mobbix 1 <4 < rwul <k < ke <n (3amernm, 9T0 jJazxe KOrJa 31O
YCJIOBHE HE BBITIOJTHEHO, MBI BCETJIA MOKEM B3ATh MOJXOAIINE KOJIIEKTUBBI,
u30MOPGHBIE JAHHBIM, M TAKUM CIIOCOOOM 0OECIEYUTDH €ro BBIIOJHEHHUE).

Mysbruoprpad (6e3 neresn) G nopsijika n Ha3bIBAETCS KOMOUHUPYIOWeT
Juaepammoti Ijist JaHHBIX KOJIJIEKTHBOB aBTOMATOB, €CJIM:

1) ero Bepmmnbl momedensl cumBosamu A;, 1 < i < n, TakuMm ob6pazoMm,
9TO METKU JIIOOBIX JIBYX PA3/IMIHBIX BEPIIUH PA3JIHIHBIE,;

2) ero Jyru moMedeHbl YHOpsI0YeHHbIME 3-Habopamu ({1, ¢z, A) Takum
00pa3oM, 9TO ecIu MeTKa HaYaJIbHOI BEepIINHBI HEKOTOpOil ayru A;, a
MeTKa ee KoHewuHoit sepumnbl Aj, Torma ¢ € Qa,, @2 € Qa; u A C

P(D);
3) (¢, 3, A u (¢, q, A”) — meTKu ayT, MMEIOIUX B KAueCTBe HAYaJIbHO
OJIHY U Ty K€ CaMylo BEpIIHHY, TO ¢] # qf.

[Iycte D — mexkoTOpasi KOMOMHUPYIOIIAs AAATPAMMA I KOJJIEKTHBOB
Ai, 1 < i < n, umetormag m ayr, u nycrs (K1, 53, A1), ..., (KT KD, Am) —
MeTKE 3tux Jayr. Oupenennm D-komnosunyuto JTaAHHBIX KOJJIEKTHBOB

,efalAi/D: (A, 2[R, Ry),

e A; = (Qi, pi, i) mis moboro 1 < ¢ < ru R = (1%) aJs J11060ro

1 <j <s, crenyrommum obpazom. Ilyctb t =r+s+1u Q; = U;-LZIQ?) TSt

goboro 1 <4 <7, U mMycThb

pri(k3), ecom @lyl)(q;i) = k] upr (@) € Aj naa
"exkoToporo 1 < 7 < m;

vi(q,a@) = gogj)(q, @), €cJIH He UMEeeT MECTO IIPE/IbIIYIIee yCIOBUE U

alb|(g;i) € Q.A; st HEeKoToporo j € 1,n;

q B IPOTUBHOM CJIy4ae;

0, ecmn ally | (q;i) = &) and pry (@) € Aj s
Hekoroporo 1 < 7 < m;

I
<
T
\M_/.
—~
=
Q
~—

ec/I He MMeeT MeCTO Ipe/IblIylee yCIoBHhe 1
a4 (q;i) € Q. syt HeKoToporo j € 1,n;

0 B IIPOTUBHOM CJIytae
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JUIs JOOBIX q € Q;, @ € Ay, n 1 < i <r. Taxkke mycTb

(0, ecm alb | (1;7r +14) = /4;{ and prq(d) € A; ma

aexkoToporo 1 < 7 < m;
vi(a) = 1%3 )(Ei), €CJIM He UMEET MECTO IPEILLIyIIee YCIOBUE 1
abd(L;r+1i) e Q.4; st Hexoroporo j € 1,n;

0 B IIPOTUBHOM CJIyvae

Jutst JobbIx @ € Ag, m1 <14 <s.

B mocsieyrorem, Korga MpUBOJIUM HEKOTOPYIO KOMOWHUPYIOIILYIO A~
rpaMMy, MBI 9acTO OCTaBJISIEM JIYTH, OMPEIEISIONINe TePexXoIbl U3 OTHOTO
“pexkmma paboThl” KOJUIGKTHUBA B JIPYroil, 63 OTMETOK, a TOJILKO UX HyMepy-
eM, OOBSICHSIST B COMYyTCTBYIOIEM TEKCTE CMBICT COOTBETCTBYIONIUX EPEXO-
J10B. Takske, ecjii B HEKOTOPO KOMOMHUPYIOIIEH auarpaMmmMe OTMETKa, JIyTH,
CBA3BIBAIONIEH BEPIINHY ¢ OTMETKOil A; ¢ BepmmuHOi ¢ oTMeTKoi A;, mveer
Buz (41, q2, A), TO B TOC/IEYONIEM, KOT/Ia UIIEM TaKyr 0TMeTKy, A Oymem
omyckarb, eciin A = P(D), a ¢z OyaeM OImyCcKaTh, eCIl ¢a sABISETCS HATAb-
HBIM cocTosiHEeM KojulekTusa A;. Takum 06pa3oM, B 9aCTHBEIX CIydasX 5Ta
oTMeTKa MoxKeT npuobpecru Buj (q1,G2), (Gi, A), nam naxe (qi).

[Mycts A = (Q,p,¥) — aBromar u W C Q. Oupenennm npocmoe
W -pacwupenue aBromara 2, B obozuatdenuu AT W, ciemyommum o6pasoMm.
[Tycrs W° — MHOXKeCTBO yjoBierBopsifomiee yciaoBusam |W°| = |W| u
WenQ =0, unycrs f: W — W° — mexoropas 6uexiusa. Yepes ¢° o603Ha-
quM f(q) auist moboro g € W. Teneps onpeaenum AT W = (Q UW?®, p°, 4°)
Tak, uro ¢°(q,a) = ¢(q,a) n ¥°(q,a) = (g, a) mis moboro (q,a) € Q X Ag,
u ©°(¢°, a) = p(q,a) u Y°(¢°,a) = 1(q,a) ps awoboro (q,a) € W x Ag.

[Iycts L — HEKOTOPBIH TPAMOYTOIbHBIN JabupunT. Jliobas KoMIIOHEHTa
ceazrocTn MHOXKecTBa R2\ L HaspiBaercs 2panvro mabupunta L. Ecimu L xo-
HeueH (a MbI BCErJIa IIPEJIIIoJIaraeM, YTo 9TO TaK, €CJIM He OTOBOPEHO UHOE), TO
OH UMEET TOJIBKO OJHY HE02PaHUYEeHNYI0 2pab (KOTOpas HA3BIBACTCS TAKIKe
u ero snewnels epanvio) u k > 0 oepanuvennoir (WM 6HYMPENHUT) 2pa-
neti. Yepes foo(L) 0603HAUMM BHENIHIOIO TpaHb jadbupunta L. Ilycrs f —
HEKOTOpasi I'paHb (OrpaHUYeHHAsT WM HeorpaHmdeHHasi) jabupunata L. Muo-
xectso b(f) = f NV (L) masosem sepuiunoti 2panuyeti rpanu f (31ech f —
3aMBIKaHHe MHOYKECTBa f OTHOCHTEILHO CTaHIapTHOI Tomomoruu B R?).

Brenem rHa R? oTHOmeHHE HOpsika < CJEIYIOMINM 00PA3OM:

def
(z1,91) < (T2,92) <> y1 <ya V (y1 = y2 A a1 < 1)

s mo6BIX (21, Y1), (22, y2) € R2. Iockombky aa mobwix (11, y1), (22, y2) €
R? muveer mecto (z1,71) < (w2,92) wmm (22,%2) < (71,%1), TO cymecTByer

max b( f) st mo6oit rpaHn f KOHEIHOTO MPSIMOYTOIBHOTO JabupuaTa Lj j1ist
nanHol rpanu f BeprimHa max b( f) HasbIBaETCsI €10 CuHYAAPHOT 6EPUUHOL.
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IIycts Ag, — KOIIEKTHB MHUITHAIBHBIX aBUTOMATOB, 1 7# (o ¥ (2 7# (o —
JIB& PA3JIMIHBIX COCTOSIHUST KoJltekTuBa A, L, — HEKOTOPDIl JJAOUPUHT H P
— HEKOTOpoe JIAOMPUHTHOE CBOWCTBO (CBOMCTBO, KOTOPBHIM B OOIIEM CJIydae
MOzKeT 00J1a/1aTh HEKOTOPBbIit 1abupunT). Yepes (zo; n) 0603HAINM yIIOPSIIO0-
YeHHBIN N-HAOOP, y KOTOPOro BCe KOOPJMHATHI PAaBHLI To. ['oBopuM, uro Ag,
CUABHO PAcnosHaem CBONCTBO P B Ly, ecam cymecryer ¢ > 1 takoe, 9TO
pry(mi(Agy, Lz,y)) # @ mnst mobpix 0 < i <t —1n 1< j <2, u rakoe, 9T0:

w7 (Agy, L) = (41, (20, ]Al])) ans moboro i > ¢, ecitu Ly, obragaer

CBOICTBOM P,
umn 7i(Ag,, L) = (G2, (o, |A])) mis moboro i > t, ectn Ly, He obia-
JaeT CBOMCTBOM J.
O6oznaunm cocrosuusd ¢ u g2 4epes ¢1(Ag) 1 ¢1(Ag ) cooTBeTCTBEHHO.

[Tycrs L — KOHEUHBIH NpsMOYTroJibHBIH jabupunt. Bepmuna v € V(L)
SIBJIACTCS KBA3UCUH2YAAPHOT 6epuiunol Tpanu foo (L), eciim v € b(foo(L))
u ecim wn [v] = {w,s} u foo(L) nexur cieBa or MapupyTa €US, WK
[v] € {{w}, {s}}. Bepumna v € V(L) sBisiercst ¥6a3ucun2ysaphoti eepuiu-
Hol orpanuyeHHoil rpanu f sabupunra L, ecom v € b(f), {w,s} C [v] u f
JIEXKUT CIIPABO OT MapHIpyTa €us. VIMeIoT MecTo CJie/lyionme YeThipe yTBep-
jenust (cM., Hanpumep, 8] u [9]).

Teopema 4. Cywecmeyem KOALEKMUS UHUUUGADHHLT a8momamos Bs muna
(1,2), xomopwii 6 mobom mosauurom aabupurme Ly, cuavro pacnoswaem
€80TUCMBO, ABAAEMCA AU SEPULUHA T( KBA3UCUHRYAAPHOU SEPUUHOT 2PaHU

Joo(L).

Teopema 5. Cywecmsyem Koarekmus UHUUUAALYHLLT asmomamos By muna
(1,2), komopwii 6 amobom mosauunom aabupurme Ly, cuavrio pacnoswaem
€80T CMBO, ABAAEMCA AU BEPULUHA T KEA3UCUHLYAAPHOT BEPULUHOT HEKOTO-
poti oeparuderHol epany [ aabupurma L.

Teopema 6. Cywecmeyem KOAEKMUE UHUUUANGHLLT agmomamos Bz muna
(1,2), komopwiti 6 a0b6om mo3auswnom sabupurme Ly, 2de xy — Keasucum-
2YAAPHAA BEPUUNHG 2panl [oo (L), cuavro pacnosnaem c60Ucmeo, AGAACMCHA
AU T CUHRYAAPHOT 8epuunoli epan foo(L).

Teopema 7. Cywecmeyem KoALEKMUE UHULUANOHLLT a8momamos Bs muna
(1,2), xomopwuti 6 at06om mosaurom sabupurme Ly, 2de xg — Keasucunzy-
AAPHAA BePUUHA 02paruvennol epany [ aabupunma L, cuavro pacnosnaem
€80UCMB0, ABAACNCA M L) CUHRYAAPHOU SEPWUHOT 2paHu, f.

3. IIpobisiema TUIIOBOIT BCTpedYH Jijisi aBTOMAaTOB

IIycts Ag, — KOJLIEKTHB HMHUIHAILHBIX aBTOMATOB U L) — HEKOTOPHIl 1abu-
punT. Takxke myctb W — (ukcupoBaHHOE MHOXKECTBO COCTOSIHUI KOJLIIEKTHUBA,
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A; HazoBeM 3J1eMeHTBl MHOKecTBa W dunuwHbsmu cocmoanuamu. Ilpemamo-
JIOXKWM, 9TO JIAHO HEKOTOPOE CBOMCTBO P, KOTOPBIM MOTYT 00J1aJ1aTh HEKOTO-
pble BEPIIUHGL JJabupuHTa L; HA30BEM TaKue BEPIITHBL P- 6ePULUHAMU U Tepe3
Vo (L) 0bo3HaunM MHOXKECTBO BCeX P-BepiinH jgabupunta L. ['oBopum, 4ro
Ag, cuavro rnavodum p-sepmmHbl B Ly, ecm:

WA CYIIeCTBYIOT MOMeHT ¢t > 0, cocrositue ¢ € W, u Bepiuna x € V(L)
raxue, 9t0 7;(Ag , Lay) = (¢, (x;|A])) s moboro i > t,
wm Vy(L) = 0 u pry(mi(Agy, Lay)) € W st mmoGoro i > 0.
Nmeer mecro ciepytomiast Teopema (cm., Hanpumep, [8] u [9]).

Teopema 8. Cywecmeyem kKosrekmus UHUYUAADHOT agmomamos A mu-
na (1,2), Komopuil 6 A1060M KOHEUHOM MO3aUYHOM Aabupurme Ly, cusvno
HATOOUM CUNYAAPHYIO 8ePUUNY 2pant foo(L).

oxazameavcmeo. PaccmorpuMm KOMOMHUDYIOIIYIO guarpamMmy D, JTaHHYIO
Ha puc. 2 (Ho 6e3 ayr ¢ merkamu 4° u 13°, 1 6€3 UX COOTBETCTBYIONINX KO-
neunbix Bepimn), te By = A (A1 1 {qe, qn }; 3), xomrextuser B;, 2 < i < 5,
SIBJISTIOTCST  KOJIJIEKTHBAMIE, OTPEIEJICHHBIMIA B TMOCTETHUX YETBIPEX Teope-
Max, 1 Bg — KOJUIEKTUB m3oMopdHbil B; mas smoboro 2 < ¢ < 5. Tak-
JKe, BBeJIeM MHOXKECTBa AY = {w}} U A®) g AP = {{s}} U A®) | rre
AP = {a € P(®)|{w,s} C a}. BHadgenus METOK JTHATPAMMBI OIPEICIM
HUKe.

Puc. 2.

Teneps ompeennm A Kak D-KOMIIO3UIIHAIO TAHHBIX KOJIEKTUBOB aBTOMA~
toB. IlycTh B HavaJbHBI MOMEHT BCE aBTOMATHI KOJIJIEKTHBa A HAXOIATCS
B HEKOTOPOU BEPIIUHE & KOHETHOI'O MO3aUIHOIO JIAOMPUHTA L, U KOJIEKTUB
A HaxoAuTCs B HEKOTOPOM cocTosinum ¢ € Qp, . B nesmom kosutektus A Oy/ier
“pectu cebst” Kak apromar AT, HO mpH 3TOM OH “paboTaer” WO Cieylomieil
“iporpamme’:

1: Ecm ¢ = ge u [z] € Ag), to A mepexomur K mary 2 (mepexos
1°: (q’e,A.g,l))); ecn ¢ = gn ¥ [z] € AD 10 A nepexomnt x mary 6 (mepe-

xox 10°: (q‘n,Ag))); B IPOTUBHOM CJIydae, UCIOJIb3ys “mporpammy’ mjist By,

98



KOJIJIEKTUB A NepexoJuT B COCTOSHHE ¢, W BCE aBTOMATHI KOJUIeKTHBa A
nepexonaT B Bepmuny x’. Ilyers o := 2’ u ¢ := ¢, u nycrs Kostekrus A
IIepexoInT CHOBa K mmary 1.

2: HUcnosbsys “uporpammy” miist Bo, KoJuteKTuB A IpOBEPSIET, sIBJISIETCSI
JIV BEPIIIUHA T KBA3UCHHIYJISIPDHON BepIuHOil rpanu foo(L). Eciin A okazker-
cst B cocrositnu ¢ (B2), To o nepexomur K mary 3 (mepexof 2°: (¢t (Bz))), a
ecan A okaxkercst B cocrosinnn ¢ (B2), To oH nepexonutT K mary 4 (mepexos
3°:(71L(B2)))-

3: MUcmosbsys “mporpammy” miist B3, KOJIeKTUB A MpoBeEpsieT, siBJISIETCS
JIM BepIIUHA T CUHIYJISPHON BepInuHON rpaHu foo(L). Ecin A okaxercs B
cocrostauu ¢1(B3), TO OH OKa3aJCcst B cBOeM (DUHUIITHOM COCTOSIHUE (II€PEXO/]
4°), a ecsim A okaxercst B cocrosiauu ¢| (Bs)), To oH nepexoaur K mary 4
(mepexon 5°: (¢'L(B3))).

4: Hcnonbsyst “nporpammy’” mist By, KojaeKTus A IpoBepsieT, sIBJISeTCsT
JIM BEPIINHA & KBA3UCUHIYJISIPHON BEPIIMHONW HEKOTOPOIl OIrpaHUYeHHON Irpa-
uu f nabupunra L. Ecin A okaxercst B cocrosinuu ¢1(By), TO OH epexour
K mary 5 (mepexox 7°: (¢T(B4)), a eciim A okaxkercs B cocrosunn ¢ (By)),
TO IycThb § := ¢35, u nycrb A nepexour K mary 1 (nepexon 6°: (¢’ (Bs),qs))-

5: HUcnonwssyst “nporpammy” myst Bs, KoiiekTus A mpoBepsieT, siBJIsIeT-
cs1 JIM BepINWHA X CHUHTYJISIPHON BepInHOM orpanunyentoil rparu f. Ecim A
okaxkercst B cocrostuu ¢ (Bs), To mycTh ¢ := G, U mycTb A mepexoauT K
mary 1 (nepexon 9°: (¢7(Bs), Gy)), a ecin A okaxercst B cocrosituu ¢ (Bs)),
TO IycTh ¢ := ¢J, u myctb A nepexogur K mary 1 (mepexos 8°: (¢ (Bs), 43))-

6: Vcnosssys “nporpammy” st B, kostektus A npoBepsier, sB/IsieTcst
JIV BEPIIIUHA T KBA3UCHHIYJISIPDHON BepIuHOiil rpann foo(L). Eciin A okazker-
cs1 B cocrostHuu ¢ (B5), To on nepexoaut k mary 7 (nepexox 11°: (¢1(B5))), a
eciim A okaxercst B cocrosituu ¢ (BS), To on nepexoaut K mary 8 (mepexos
12°:(q.(B3)))-

7: Hcnons3yst “nporpammy” mist B, kosekrus A nposepsier, siBIIsleTCst
JI BEpIINHA & CHHTYJISPHON BepIIHHON rpaHn foo(L). Ecim A oxkaxkercs B
cocrosiauu ¢1(Bj5), To OH OKazacs B cBOeM (DUHUIIIHOM COCTOSIHHE (IEPEXO/
13°), a ecsm A okazkercst B cocrosHuu ¢ (B%), To oH mepexoqut K mary 8
(mepexox 14°: (¢, (B5))).

8: Ucnons3ys “nporpammy” juist B, KojuteKTus A IpoBepsiet, sBiIseTcs
JIX BEpINUHA & KBA3UCUHTYJISPHOM BEPIIUHON HEKOTOPOH OrpaHnYeHHO Tpa-
un f nabupunra L. Ecin A okaxercs B cocrosianu ¢ (B)), T0 oH nepexoaut
K mary 9 (nepexon 16°: (¢7(B}))), a eciin A okazkercs B cocrosuuu ¢ (BY)),
TO IyCTh ¢ := Gy, 1 1ycThb A nepexoaut K mary 1 (nepexoz 15%: (¢ (B)),d3)).

9: Hcnoub3ys “nporpammy” st B, kosuiekrus A npoBepsier, siBIIsieTcst
JIN BepIIUHA X CHHIYJISIPHON BepIInHO# orpannydenHoil rpanu f. Eciau A oka-
xKercst B cocrostuuu ¢ (BE), To mycrsb ¢ := g3, u mycrb A mepexoquT K mary
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1 (mepexon 17°: (¢ (B5), Gy )), a ecim A okazkercst B cocrostnun ¢ (Bf), To
1ycThb G := Gy, u nycrsb A nepexonur k mary 1 (nepexon 18°: (¢1(B5), 4S))-

o o

e
T

0 S ) G

ol
L.

Puc. 3.

ITokaxkeMm, 9TO TaKUM 0OPA30OM OIPEJIETIEHHbIH KOJJIEKTUB aBTOMAaTOB A
VIOBJIETBOPSIET YCIOBUIO TaHHOI TeopeMmbl. biaromaps maram 1, 4, 5, 8 u 9,
U TIOCKOJIbKY “Tobanbro” KoanekTus A Bejer cebst Kak KonekTus Aq, To
JIADUPUHT, KOTOPHIH OH “BUINT’, SIBISIETCS JEPEBOM: JIFOOOM MPOCTON ITUKJI
rpada G(L) comep:KuT Kak CUHTYJISPHYIO BepiiuHy x(f), TaK U BEPIIMHBI
z(f)e n x(f)s xorss 6bl ofHOI BHyTpeHHel rpanu f sabupunra L, u 3T0T
UK “cpe3aercst” BbIIeIaHHO mporpammoii xorst 661 o pebpy (z(f), x(f)s).
Hamnpumep, cieBa na puc. 3 JaH MO3aWMYHBINA JIADUPUHT, B KOTOPOM C IIO-
MOIIBI0 CHUMBOJIa, ® 0003HAYEHBI CUHTYJISIPHBIE BEPITUHBI €0 OTPAHUYEHHBIX
rpaHeil, a ¢ MOMOIIBIO CUMBOJIA O ODO3HAYEHA CHHIYJISIDHAS BEPIIMHA €ro
BHEITHEN TpaHW; CIpaBa Ha PUC. 3 TaHO JEPEBO, TOTYIeHHOE COOTBETCTBYIO-
meit Tpancdopmanueit u3 mannoro Jyiabupunra. V3 yrBepKaeHus 3 cienyer,
aro A obxoauT L m TakmM 06pasoM 00sI3aTeNbHO MOCEITaeT CUHTYISIPHYIO
BepIKMHY BHelHel rpann foo (L), a 6iaromaps maram 1, 3 u 7 1epexoaur B
MUHUIITHOE COCTOSTHUE. ]

BaMensisi B HOCJEIHUX [ATH TeopeMax THUll KoJutekTusa (1,2) Ha Tun
(2,0), mory4aroTcst ONsATh TOYHBIE yTBEP:K AeHus. Takke, ¢ MOMOIIbIO HEGO b=
ol Mo uKanIuy “mporpaMMbl’ Ijisl KOJUIEKTHBa A, 13 IpeablayInei Teo-
PeMBI TI0JIyIaeM CJIe/Iyolee yTBep:KieHne (Bluepsble JoKasanHoe B [9], cmoT-
pu Takzxe [8]).

Teopema 9. Cywecmeyrom ynusepcanvrvie obxodwury munos (1,2) u (2,0)
ONS KAACCA BCET KOMEUHBIT MO3AUYHBLE AAOUPUHMOE.

ITycts L — HEKOTOPWI JIAOUPUHT, U IIYCThb Tg U Yo, Lo 7 Yo, — JIBE pas3-
JmgHble BepmuHbl nabupunta L. ITpeanonoxum, uro A; u Ay — aBa KoJ-
JIEKTUBA UHUIMAJbHBIX aBroMaroB. [lapa (A1, A2) umeer (g, yo)-6cmpeuy B
L, ecrm cymectsyet t > 0, Takoe 1o pr;(7¢ (A1, Ls,)) = prj(1e(Az, Ly,)) s
HekoTopbix 1 < i < |Ajlul < j < |Ag|. Ipyrumu ciaosamu, napa (Aj, As)
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umeet (T, Yo )-BCTpedy B L, ecyin CyIecTByIOT aBTOMAT KOJUIeKTHBa A1 1 aB-
TOMAaT KOJLIeKTHBa Ag, KOTOpbIE OKA3BIBAIOTCS B HEKOTOPOM MOMenTe t > 0,
[OCJIe TOTO KaK B HAYAJbHBI MOMEHT BCe aBTOMATHI KOJLIEKTHBA Ap 110J10-
JKEHBI B () U BCE ABTOMATHI KOJIEKTHBA A9 MOJIOKEHBI B Yo, B OJHOI 1 TOM
JKe BepimHe jJabupunTa L.

Kpowme mpusesentnoro BapuaHTa BCTPEUH IS IBYX KOJIIEKTHBOB aBTO-
MaTOB BO3MOXKHBI U JIpDyrue BapuaHThl. B ciydae, Korga oba KOJJIEKTHUBA
HUMEIOT BBIJIeJIEHHbIE aKTHBHBIE JaCTHU, OIUCAHHBINA BBIIE BApUAHT BCTPEUN
[IPOUCXOUT, €CJIU CYIIECTBYET IIPEJICTABUTE/ b AKTUBHON 9aCTU OJHOTO KOJI-
JIEKTUBA, KOTOPBIH BCTPEIAETCS ¢ XOTs ObI OJHUM U3 ABTOMATOB (B TOM THCJIE
U ¢ KaMHEM) JIDyroro KOJUIeKTHBa. TakKe BO3MOXKEH BapUAHT, KOTJIa BCTPe-
Ya KOJUIEKTHUBOB OCYIIECTBJISIETCSI TOJIBKO IIPHU YCJOBHUE, €CJIA BCTPETUJIUCH
MpeCTABUTETN AKTUBHBIX YacTeil JAHHBIX KOJJIEKTHBOB. BO3ZMOXKHBI M Ta-
KU€e BapUaHThI, KOTJIa OJINH UJn 00a KOJUIEKTHBA HE PACIIO3HAIOT IMPABUJIBHO
HEKOTOPBIE 9JIEMEHTHI JIPDYTOrO KOJIJIEKTHBA: OHU WJIM WX HE BUISAT, WJIH WX
HE OTJIMYAKOT OT AaBTOMATOB CBOEro KOJUIEKTHBa. Kak u BBIIE, BCTpeda B
TAKUX CJIYIasgx OCYIIECTBIISIETCS, €CJIN B KAKOW-TO BEPINUHE UMEET MECTO CO-
OBITHE, KOTOPOE “HE MIPElyCMATPUBAETCsT XOTs ObI OMHON U3 “IporpamMm’ Jist
JTAHHDBIX KOJIJIEKTHBOB.

[Tycts £ — mekoTophIit Kitace TadbupuuToB. 15 /TI00BIX IBYX TUIIOB KOJI-
JIeKTuBOB (i1, 1), (i2,j2) € N x Ng npobaema munosot ecmpeuu B Kiacce £
COCTOUT B OIIPEJIeJIEHIN TOTO, CYIIECTBYIOT JIM KOJUIEKTUBbL A1 Tuna (i1, j1)
u Ay tuna (i, jo) Takume, uro s Jjioboro L € £ u mobbix xg,yo € V(L),
xo # Yo, mapa (Ay, As) umeer (zo,yo)-Bcrpeuy B L. Oupemennm coorser-
CTBYIOINN TIPEINKAT MO2 Ha mHOXKecTBe (N X Ng)2 CJIEIYIONIAM 0Opa30M:
MO (i1, j1,i2,42) = 1, ecin takue kosnexktussl A; u Ap cymecrsyior, u
M%(il, Ji,12,7J2) = 0, ecau Takue KOJUIEKTUBBI HE CYIIECTBYIOT.

[TomobubiM 06pazoM, st J00Oro Kjacca JabDUPUHTOB £ U JII000TO Th-
na KoyiekTuBoB (i,j) € N x Ny npobaema munosoti ecmpeuu B Kiacce £
COCTOWUT B OIPEIEIEHUN TOTO, CYIIEeCTBYIOT U KOJIeKTuBbl A n As Tuma
(i,7) makue, yro s jgwoboro L € £ u mobbix xo,y0 € V(L), xo # Yo,
napa (A1, A2) umeer (xg,yo)-Bcrpedy B L. OupejennmM cooTBeTCTBYOIINU
peJuKaT M}: una muOkecTBe N X Ny caemyromum obpazom: M}:(z, j) =1,
ecau Takne KoJutleKTuBbl A1 u Ao CyIIecTBytoT, u M}z(z, j) = 0, eciin Takue
KOJJIEKTHBBI HE CYIIECTBYIOT.

Taxxke, mjist 1106010 Kaacca JaOUPUHTOB £ U JI0O0T0 TUIA KOJLUIEKTHBOB
(i,7) € N x Ng npobaema cusvroti munosoti 6cmpewu B Kiacce £ COCTOUT B
OIIPEJIEJICHUN TOTO, CYIIECTBYIOT i KOJIIeKTuBbl A; 1 A Tuna (i, j) Takue,
YTO OHU SIBJISIFOTCsI JIBYMsi KOIUSIMUA OJTHOTO M TOTO K€ KOJIJIEKTUBA, W JJIsT
moboro L € £ n mobsix g, yo € V(L), zo # yo, mapa (Aj, Az) mmeer (20, Yo)-
Berpeuy B L. OupeneuM COOTBETCTBYIONIUH MIPEIUKAT M% HA MHOYKECTBE
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N x Ny caemytomum o6pazoM: M%(z, j) =1, ecnin Takue KojuteKTUBbLI A 1
As cymecrsytor, 1 M2 (4, j) = 0, ec/n Takue KOJUIEKTHBBI He CyIIECTBYIOT.

Kaxk y:ke ckazano, BIepBble IPobJIeMa BCTPEUN KOJIEKTUBOB aBTOMATOB
B M3JI0KEHHOM 3J1eCh BHJIe Obliia IpejicraBieHa B pabore [1], HO HeKOTOpbIE
JacTHBIE Pe3y/IbTaThl 110 3TOi MpobJieMe UMeINCh U paHbIiine. Hampumep, ec-
m L = {Z%}, tne Z? — 6ecKoHeuHbIil MAXMATHDIH JTaGUPUHT, UMEIOIIHil B
KaJecTBe CBOUX BEPIINNH MHOXKECTBO BCEX IEJIOTMCJIEHHBIX TOUEK ILJIOCKOCTH,
torza MA(1,2) =1 ([10]).

Ilycte Z2 = Z1 X ... X Zpy, e Z; € Ng gaa jgoboro 1 < ¢ < m.
OnpenenuM YaCTUYHBIN HOPIIoK < Ha Z CAELYIOIIMM 00pa3oM: JIJIs JIOObIX
YIOPSIZIOUEHHBIX M-HA00POB Z = (21,...,2m) U W = (W1, .. ., Wy, ) MHOXKECTBA
Z umeer Mecto Z < W0, ecan z; < w; aust sioboro 1 < ¢ < m. Ipenuxars M&,
M}:’ u M)% MOHOTOHHBI IIO OTHOIIIEHUIO K BBG,ZLGHHOMy ‘IaCTI/ILIHOMy HOpH,ZLKy
Ha COOTBETCTBYIONMX nM poMenam. CiieoBaTebHo, npeankarsl M4, M}Q
n M% MOryT 6bIT]:: OIIMCaHbl C IIOMOIIBIO MHOXKECTB UX HH>KHHNX €IMHHUIIL. B
JaJbHeRIeM JIJisi MOHOTOHHOrO IpeauKaTa IM cooTBeTCTBYIOIIee MHOXKECTBO
ero HIKHUX euHuIl 06o3uadnM depe3 U(M).

Yepes L, 0003HAIMM KJIACC BCEX KOHETHBLIX MO3AUIHBIX JIAOUPUHTOB,
yepes £m — KJIACC BCEX MO3aUYHLIX JIAOUPUHTOB, 4Yepe3 L — KJAacC BCex
KOHEYHBbIX HpHMoyFOHBHbIX JIa.6I/IpI/IHTOB n 4Jepes ,81- — KJIaCC BCe€X IIPAMO-
YIOJILHBIX JIa0UPUHTOB. VIMeeT MecTo ciielyIomnas TeopeMa.

Teopema 10. UMY, ) = {(1,2,1,0),(2,0,1,0),(1,0,1,2),(1,0,2,0)} u
UMy, ) = UM, ) ={(1,2),(2,0)}.

Jloxasameavcmeo. CHadasla paccCMOTPUM HPEIUKAT M%fm u Haiijem 3Have-
HIE M%fm(l, 2). U3 Teopembl 8 ciiejyer, 9TO CyNMIECTByeT KOJUIeKTuB A Tuma
(1,2), cubHO HAXOJISAIIMI CUHTY/ISPHYIO BEPIIUHY IPaHi foo (L) B JTH000M KO-
HeYHOM Mo3am4HoM jadupunte L. BosbmeMm ape komuu A; u Ag KOLIeKTUBA,
A.

[Iycts L — npous3BOJIbHBIN KOHEUHBIH MO3AWYHbIN JAOUPUHT, U IIYCTh X1
U T9, 1 # To, — NPOU3BOJIbHBIE BepiiuHbl jadupunTa L. [Tockonbky A B
Ly, n Ay B Ly, CHIIBHO HAXOJST CHHIYJISIDHYIO BEPIINHY I'paHi foo(L), TO
koJutekTuBbl A1 u Ay umeror (21, x2)-Berpedy B L (Ha puc. 4 cupasa, ¢ IoMo-
IBIO CUMBOJIA © 0O03HAYEHA CUHIYJISIPHAS BEPIINHA BHEITHEN TpaHu JIAHHOTO
nabupunTa). [TocKoIbKY 1 U T3 — JiBe IPOU3BOJIbHbBIE BEPIIUHBI JaOUPHH-
ta L, TO moJydaem M%fm(l, 2) = 1. [TomobubIM 06pa30M MOXKHO IIOKA3aTh,
9TO M%fm(Q,O) = 1. ZdcHo, 9TO U3 MOJyYEHHOI'O PEe3y/IbTaTa CJEILYeT, 9TO
Mg, (1,2) = Mg (2,0) = 1.

Jlanee mokazkeM, 9TO Jiisl JIIOOBIX JBYX KOJLIEKTHBOB A1 m Ay Tumna
(1,1) MOXKHO HAfiTH KOHEUHBI MO3AMYHBIN JAGUPUHT L W €ro BepIIUHbBI
1 W T2, T1 # xo Takue, uro napa (A, As) me nmeer (x1,x)-BCTpedy B
L. U3 reopembr 1 ciemyer, uro ajs Ap CyliecTByeT NpaBujibHAs JIOBYIIKA
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Puc. 4.

(L1;20,21) n s Ay cymecrByer npasuiabHast jJoByiika (Leo;yo,y1). Ode-
BUJIHO, YTO CYINECTBYET MO3AaWYHBIA 3MeeBUIHBIN JabupuaT L3 Takoil, 9To
JTabUpUHT L1L3L2_1 ompegesen. Ha puc. 4 cuesa, (Li;xo,21) u (L2;yo, Y1)
PACIIOJIOKEHbI BHYTPH NPSAMOYTOJIBHUKOB Q1 U Qo COOTBETCTBEHHO, W JIjIs
L3 enuucrBennsie e Bepuinnbl, nmeiomune B G(L3) crenens 1, BHIOpaHbI
B Ka4eCTBe ero BXOJa M BBIXOJA. 3aMeTHUM, UTO JIOOOH MnapaJliesbHbIA 1e-
PEHOC NPAaBUILHON JIOBYIIKHM JIJIsi JAHHOTO KOJIIEKTHBA OLSATH IOPOXKIAET
IPaBWIBHYIO JIOBYIIKY jyist Hero. Ouesmuno, uro napa (Aj, A2) He mmveer
(zo,yo)-BcTpeuy B L. CremoBarenHo, M}gfm(l,l) = M%fm(l,l) = 0, uro
BMeCTe ¢ Méfm(l, 2) = M}:fm(2,0) =1lum M%fm(l,Q) = M%fm(2,0) =1 naer
U(M}:fm) = U(M%fm) = {(17 2),(2, 0)}

Tenepsb MOKazKeM, 9TO M%fm(l,Q,r, s) = 1 mag mobbix r > 1 u s > 0.
U3 Teopembr 9 ciiepyer, uro cymiecrByer Kojutektus A tuma (1,2), KoTopbiii
0bxoanT 1000 KOHEUHBI MO3aM4HBIN JTaOUpUHT. Takke, BO3bBMEM TPUBHU-
aJIbHBIN KosutekTuB By(r, s) tuna (r, s). [lycrs L — npon3BoJIbHBL KOHETHbII
MO3aMYHBIA JIAOUPHUHT, U IIyCTh L1 U L9, L1 7 L2, — ABE PAJINIHBIC BEPIIUHDBI
nabupunra L. 13 Teopemsbr 9 ciegyer, uro kosutekTusbl A u By(r, s) numeror
(1, x2)-BcTpedy B L. ITocKOJIBKY 1 U X2 — HPOU3BOJIbHBIE BEPIIUHBI Jia-
6upunTa L, mogydaemM, 9TO M%fm(l,Q,r, s) = 1. Ho, u3 M%fm(l,Q,r, s) =1
cJIeyeT, 9To M%fm(l, 2,1,0) = 1, a Takxke, 9TO 1\/1()&,[11(1,()7 1,2) = 1. Ilomo6-
HBIM 00Pa30M TIOJIYYaeM, 9TO M%fm (2,0,1,0) = M%fm(l, 0,2,0) = 1. Takxe,
u3 Mll:fm(l, 1) = 0 mostyaaem, 4ro M%fm(l, 1,1,1) = 0, u HaIIe yTBepXKIeHUE
OTHOCUTEJILHO MPEJINKATA, M%fm BEPHO. O

Temepb npeanKaTh! M%fm, M}:fm 151 M%fm TOJTHOCTBIO onmcanbl. Ha puc. 5
CHMBOJIOM ® OTMEYEeHbl TOYKHU (IeJOUMCIIEHHBIE), B KOTOPBIX IPEIUKATHI
M}:fm u M%fm npunumaior 3uadenue (0, a cepast 3aKpbITasi HeOrPDAHUYEHHAS
00J1aCTh COMEP’KUT TOUYKHU, B KOTOPBIX OHM [IPUHUMAIOT 3HavUeHue 1.
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Puc. 5.

[Ipobaema omucanus npeankatos M4  u ML orkpeira. Ha puc. 6a)
Lm Lm

JIAHHO BCE, YTO MBI 3HAEM O M%m, a Ha puc. 66) — Bce, YTO MbI 3HAEM O

Mim (Cc TOMOITIHIO ® OTMEUEHBI BCE BEPITUHBI, B KOTOPBIX JTAHHBIE [TPE/THKATHI

npuHuMaioT 3Haderune 0, ¢ MOMOIIBI0 0 — BCe TOYKU, B KOTOPBIX 3HAYEHUE

9TUX TPEINKATOB HEM3BECTHO, 8 cepasl 3aKPbITasg HEOTPAHUUIEHHAs 06J1aCTh

COJIEPYKUT BCE TOUKH, B KOTOPBIX OHU IPUHUMAIOT 3HaUeHue 1).

l
)

Puc. 6.

Kpome sToro, Mbl HEe MOXKEM ITOJHOCTHIO OIHMCATH IPEIUKAT Mogm. Mgt
3HaEM, 9TO M%m(Tl,Sl,TQ,SQ) =1, wm ecau 1 = 1 u 81 > 5, win ecau
r1 > 2ur; + s, > 5. Takske, MBI 3HaeM, 4TO M%m(rl,sl,rg,SQ) =0, ecu
r+s51<3ury+ s <3

Bce npuBe/ieHHbIE PE3YIIBTATHL JJIst IPeInKaToB M4, M}3 u M2, korga £
SIBJISIETCST KJIACCOM BCEX MO3aWIHBIX JIADMPUHTOB, CIACAYIOT U3 PE3YJIbTaTOB,
npejicTaBIeHHbIX B paborax [11, 12, 13|. Takzke 3ameTum, 4T0 BCe IPUBE/ICH-
HbIE Pe3yIbTaThl (KaK B KOHEYHOM, TaK U B IPOM3BOJILHOM CJIyUae) OCTAIOTCS
B CHJIE, €CJIK BMECTO MO3AaHMYHBIX PACCMATPUBAEM MIaxXMaTHbBIE JIAOUPUHTHI.

WNaTepecto 3aMeTUTD, 9TO €CJIM IEPEXOIUM U3 JIBYXMEPHOTO B TPEXMEp-
HOe eBKJIMJIOBOE IIPOCTPAHCTBO, TOIIAa MOJIOYKEHNE JIeJT PAIUKAIBHO MEHsIeT-
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csa. B [14] nokazano, 9To He CyliecTByeT KOJIJICKTUB aBTOMATOB, KOTODBIil
ABJIFAETCA YHUBEPCaJIbHBIM O6XO,ZLLII/IKOM JJId KJlaCCa BCEX KOHEYHBIX MO3al4-
HBIX 3-JJA0UPUHTOB TOJIIUHBI 2. 371€Ch IO, MOAUUHOT KOHETHOTO MO3AMI-
HOro 3-ylabupunra L moapasyMeBaeM MUHUMAJIbHOE YHCJIO TOPU30HTAILHBIX
IJTOCKOCTE, cofieprKarmux Bece MHOKecTBO V' (L). ViMest B pacriopsizKeHUN 3TOT
pe3yJIbTaT, MOXKHO, ITOZ00HO TOMY KaK MM 3TO JeJIajd IIPHU J0KA3aTeIbCTBE
TeopeMbl 10, TOCTPOUTB, JJIsI JIOOBIX ABYX KOJIJIEKTUBOB ABTOMATOB, KOHEY-
HBIII MO3aWYHBINA 3-Ja0UPUHT, B KOTOPOM 3TH KOJIJIEKTHBBI HE PEIIafoT Ipo-
6siemy Becrpeun. Crie0BaTeIbHO, HMEET MECTO CJIEJYIOINee YTBEPKICHHE.

Teopema 11. Fcau £ — Kaac 6Cer KOHEUHBIT MO3AUUHDT 3-AAOUPUHOS,
mo M4 = 0 daa ar06020 0 < ¢ < 2.

4. IIpobiema THUMOBOII BCTpeYM B IMPAMOYTOJIbHBIX
JIaOMPUHTAX

WuTepecHo Takke UCCIEIOBATD IPEIUKATHI MOE7 M}: u M2, korjia £ sBiister-
CsI KJIACCOM BCEX KOHEYHBIX IMPAMOYTOJIbHBIX JAOUPUHTOB WM KJIACCOM BCEX
IPSIMOYTOJIBHBIX JJAOUPUHTOB, T.€. KOTJIa Mbl OTOPACHIBAEM YCJIOBUE OIIMTHAKO-
BOI JyTHBI Beex pebep. I1ockobKy MHOXKECTBO BCEX KOHETHBIX MO3aWTHBIX
JIAOUPUHTOB Ly, SIBJISETCSI TOJIMHOXKECTBOM MHOYKECTBA BCEX KOHETHBIX ITPsi-
MOYTOJIbHBIX JJADUPUHTOB Ly, TPETUKATEI M%fr, M}:fr u M%ﬁ OepyT 3HATEHTE
0 Tam, T/1e COOTBETCTBEHHO TIPEIUKATHI M%fm, M}:fm u M%fm OepyT 3HaUEHUE
0. Taxxke, B [15] mokazaHo, 4To CyIIecTBYyeT YHUBEPCAIbHBIN 0OXOMIMK TUIIA
(1,2) m yHuBepcanbHblii 00xoqunK Tuna (2,0) /s Kiacca BCeX KOHETHBIX
[PSIMOYTOJIBHBIX JIabUupuHTOB. OTCIOIA CJIEIYET, 9TO UMEET MECTO YTBEPIKIe-
HUE aHAJIOTUIHOE TeopeMe 9 U Jyisi cIydasi BCeX KOHEUHBIX IPAMOYTOJIbHBIX
JIaOUPUHTOB.

Teopema 12. U(M%ﬁ) = {(1,2,1,0),(2,0,1,0),(1,0,1,2),(1,2,1,0)} w
UM, ) =U(MZ,) = {(1,2),(2,0)}.

JlokazaTebCcTBO 9TOH TEOpEeMbl MOXKEM IIPOBECTU TAKUM YK€ CIIOCODOM,
KaK U B CIydae KOHEYHBIX MO3aMYHbIX JIabupuuToB (cM. Teopemy 10). Ou-
HAKO, KOTIA PACCMATPUBACM IIPEINKATEI M}:ﬁ n M%ﬁ B Toukax (1,2) u
(2,0), m060it U3 IBYX COOTBETCTBYIOIINX KOJJIEKTHBOB aBTOMATOB BeJIeT ceOst
CJIeIyIOmuUM 00pa3oM: CHadaja OH paboTaeT KaK yHUBEPCAJBHBIN OOXOTINK
KJIacCa BCEX KOHEYHBIX IPSIMOYIOJIbHBIX JAOUPUHTOB, IOKA HE OKAXKeTCsl B
BEpIIMHE, KOTOpas MPUHAJJICXKUT TPAHUIE BHENIHeH T'DaHu JTAHHOTO JIabu-
PUHTa, a IIOTOM BCE €ro aBTOMAaTbl KPOME TOr'O, KOTOPBII IBUKETCS BIOJIb
[IOJIO>KHUTEJILHOM IPaHUIIbl BHEIIHEH IpaHM, OCTAIOTCsS B 3TOH BepIIUHE.

[Tycts £ — HEKOTOPBIN KJIACC MPAMOYTOIbHBIX Ja0upuaToB. Keanm M —
OJIVH U3 IPEIUKATOB M}: u M%, U 3HaueHue ero B Touke (i,j) paBHo 1, TO
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TOBOPHUM, 9TO CA02cHocmb tpeaukara M B Touke (i,7) ects O(f(n)), rae
f: N — N rnannas HarypajbHas (DyHKIUS HATYPAJbHOI'O TEPEMEHHOTO,
€CJIN CYIIECTBYeT HOJIOKNTeIbHast KoncranTa C' U CyIecTBYIOT COOTBETCTBY-
IOIIIe KOJIJIEKTHUBBI THIIA (I, J), KOTOPBIE PEIIAIOT IPOOJIEMY BCTPEUH B JIOOOM
nabupunTe N3 £, IMEIOIIEM N BEPIIIH 33 BPEM:I, He IPEBBIIIAIONIee 3HATEHNS
C f(n). IlonoGHbIM 06pPa30M MOKHO BBECTH CJIOKHOCTD IIpeukara M.

N3 Toro, KaK Mbl YCTAHABIWBAJIN 3HAYEHUS IPETUKATOB Mi u Mi B
ciydae, Korja £ — KJIacC KOHEYHbIX MO3AUYIHBIX JIAOUPUHTOB, U U3 OIEHKU
CJIOZKHOCTU COOTBETCTBYIOIIETO AJTOPUTMa 00X0O/a 3TOr0 Kjacca JIaOupuH-
TOB, JIAHHOI B padore [9], HerpyaHO y6euTbest, 4To B TouKe (1,2) citoxKHOCTD
sTux npegukaTos ecth O(n3) a B Touxe (2,0) — O(n?).

Tak:ke U3 TOro, Kak Mbl yCTAHABJIMBAJIM 3HaUeHHs! Ipejukaros My u
M? B ciyuae, Korja £ — KJIace KOHEYHBIX NPSAMOYTOJIbHBIX JAOHPHHTOB, 1
U3 OIEHKU CJIOXKHOCTH COOTBETCTBYIOIIETO AJrOPUTMa 00X0ja ITOrO KJjacca
JabMpPUHTOB, NaHHOH B pabore [15], nerpyano y6eaurbest, aro B Touke (1,2)
CJIOKHOCTD 3THX 1pemukaros ecth O(nt), a B Touke (2,0) — O(n?).

JlaHHble OIEHKN CJIO2KHOCTU MOYKHO YIIYUIIUTD, JaXKe CIAeJaTh UX Ha I0-
psamok gydrie. [lokaxkem 3To Ha npuMepe KOHEIHBIX IPAMOYTOJbHBIX JIAOU-
PUHTOB.

Cummerpuunbiit oprpad G = (V. E) sBusiercss npamosuHeTHbM
naockum, ecmm V- C R? u muokectso T = {77 | (x,y) € F} asnsercsa kon-
urypanueit (HaroMHIM, YTO CyIIECTBYeT TaK HasbiBaeMast Teopema Papu o
pacupsiMIeHnH rpada, COrJIACHO KOTOPOIi JIi000ii IIpOCTOoil IIaHapHBIN rpad
UMeeT IJIOCKOe IIPEJICTaBJIEHHE, B KOTOPOM BCe pebpa M300parkeHbl B BH/IE
OTPE3KOB MPSIMBIX).

[Iycte G — HEKOTOPBIH HPSIMOJMHEHHBIN IIJIOCKUII CUMMETPUYIHBINA Op-
rpad U p = g, €1, L1, - - -, €n, Tp, TIE Ty = T, — HEKOTOPBIH €0 3aMKHYTHIH
MapIIpyT.

Koneunyio 1ocjes0BaTe/IbHOCTh Tj, Tit, 1, - - -, %; BEPIIMH MapIIpyTa p,
rme 0 < i < nwuj =1+, Kk maa sekoroporo 0 < k < n, HazoBeM
p-UHMEPEANOM ¥ ODO3HAUUM HYepe3 [T, L;|; BEPIIMHBI X; U T; HA3BIBAIOT-
CsI KOHUGMU ITOTO p-UHTEPBAJIa, & BCE OCTAJbHBIE €0 BEPIIUHBI SIBJISIOTCS
ero 6HYMpPEHHUMU 6epuiuramu (depes —, U +, 0603HAIAEM COOTBETCTBEHHO
ollepaluy BbIYUTAHWS U CyMMHUPOBaHUsI 110 MOJYJIO n). Eciu Bce BepHIMHBI
p-UHTEpPBAJA [T, T;| PA3IUTIHBIE, TO HA30BEM €0 NPOCNOLM P-UHMEPEANOM.

ycrs [zk,, x| 1 |2y, 21,] — ABa p-uHTEpBasa, U MycTh a1 U az, 0 <
ai,as < n, — Takue 4uciaa, 91o | = k1 4+, a1 u lo = ko 4, as.

[Mumtenm [z, , 1, N [k, , 21,] = ) 1 roBOPUM, UTO p-UHTEPBAIDI (X, , X1, | U
[Tk, , T1,] dussronkmNbE, €CITI CYIIECTBYET HATYPAJIbHOE YUCIO b Takoe, 9To
ke =l +pbu 0 < ar +b+ax < n. Hummewm [vg,, z,] C [Tk, 21,], ecin
ko = k1 4+, b1 u l1 = ls 4+, by s HekoTopwix 0 < by, by < aq.
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['oBOpHM, YITO IPOCTBIE P-HMHTEPBATIBL [Tk, , L1y | U [Tk, , Ti,| ABISIOTCS NPo-
MUBONOAOHCHOILMU, U THTIEM [Tk, , Ty, T [Tky, T1,], e 1 < a3 = ag = a <
n/2 necom nwin Iy = ko U Tj,—,m = Thytms WA lo = K1 U Tly— m = Thy+,m
st moboro 0 < m < a. Bes orpannvenus o0nHOCTH, B OyIyIeM, KOTJIa TH-
meM [Ty, , 21, | T [Tk, T1y], cauTaem, uro l; = ko; Bepumny x;, = T, Ha30BeM
nuxosol nyist p. [lukoBasi BepInHa y MapuIpyTa p Ha3bIBAETC HACTNOAUWET,
€CJIN CYINECTBYIOT LIPOCTBIE pP-UHTEPBAIBI [Tk, L1, ] U [Tk,, X, Takue, 9TO
[':kal“!‘nl’mll] i [$k2’$12_7L1]7 Ty, = Thy = Y, Thy F Ty U L Thy Thy +,1%0, > 0,
rjae T, Tk, 4,121, — TOT U3 JIByX BO3MOXKHBIX YIVIOB, KOTODbIi HE comep-
JKUT BEPUIMHY Tk, 4,2. P-UHTEPBAJBL [Tk, T, ] U [Tky,Tl,] HA3BIBAIOTCS p-
UHTEPBAIAMHE, 0NPEIEAAIOULUMU HACTOAILYIO TMKOBOIO BEPIINHY Y.

Mumem [zx,, 2y | T [Ty, Tiy] [[Thy s @1y ] T [Thy, T1,]], ecotm p-umTepBaIDI
[Tk, x1,] 1 [Thy, X1,] TU3BIOHKTHBIE, 4] = a2 = a U

xk1+nm = xk2+nm [wkl‘i’nm = le*nm]

nyg smoboro 0 < m < a.

[Tyctb x, ¥, 2 1 W — YeTbIpe TOUYKU ILIOCKOCTH TAKUe, YTO BEKTOPHI I/,
L% ¥ TW SABJISIOTCS HEHYJEBBIMHU U BEKTOPBI L2 U LW SIBJISIIOTCS HEKOJLJIIHE-
apabivu. Torga nycrs —27 < a3 < 0 [—-27 < ag < 0] — orpunarenbHbIii
yTOJI TIOBOPOTa BOKPYT TOYKH I, KOTOPBIA MEPEBOIUT BEKTOP IY B BEKTOP
KOJIMHeAPHbI BekTOopy X2 |xW]. Ilycrs oy (y, 2, w) = ag — aj.

Mummem [xg,, ] 1 [Tky, T1,] T TOBOPUM, UTO U3 BIOHKTHbIE p-HHTEPBAJIBI
[Tk, 1) 1 [Ty, T1,] HAXOIATCS B NPAGUALHOM COOMHOWLENUL, €CITH ] = Ay =
a > 2 1 eCaM YAOBIETBOPEHO OJHO U3 CJIELYIONHUX TPEX yCIOBHUIi:

1) @ = 2 u HE OnHA U3 BEPIINH T, W X, HE COBIAIAET HU C OIHON u3
BEpIINH Tk, U T}, (caydaii 1);

2) a 2 37 u 1Ipu 3TOM [xk1+n17$l17n1] T\L [mk2+n17xl27n1]7 Ty 7é T, U Ty 7é
T, (caywait 2);

3) a Z 3) 1 1IpA 3TOM [':Uk‘l-‘rnla xll—nl] TT [mk’g-f—nl? xlz—,ﬂ]? Ty ?é Lo U Ty ;é
xy, (cyuait 3).

O6osnaunm uwepes a[zk, , Ty, |, [Th,, T1,]) 3HATEHRE

Owpy 1 (Thy 4025 Thy 5 xl2)a$zlfn1 (Tl =02, Tty s Thy )
€CJIM UMeeT MeCTO CJIydail 2, mim 3HAIeHne

Qg 01 (xk1+n27 Tkys xkz)aﬂﬁll_nl (xl1*n27 Liy, 3312)

€CJIN MMeeT MECTO CJIydait 3.

[Tapy Bepummu (x;,2;), 0 < i < j < n, MapIIpyTa p Ha3BIBAEM €I0O K6a-
sunepecevenuem, ecan x; = x;. Kpasunepecedenue (z;, ;) HA30BEM HACMO-
AULUM, €CJTH CYIIECTBYIOT p~-UHTEPBAJbL [Tk, , Ly, ] U [Tky, 1] TaKue, 4TO:
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1) BepumHa x; sIBIsIeTCS BHYTPEHHEl BEPIINHON p-wHTepBasa [Tk, , Xy, |,
2) BepIIMHA T SIBJSAETCS BHYTPEHHEH BEPIINHOI p-HHTEPBAIA [Tk, , L1, ),

3) WiIn p-MHTEpBAJbI [T, , Ty, | U [Tky, T1,] ONPEIENSIOT HACTOSIILYIO [THKO-
BYIO BEDIIHHY, WK OHU HAXOJATCS B IPABUIBHOM COOTHOIICHUH.

Hacrostiee kBasumepecedeHme (xi,a:j) ABJIAETCA KacaHUuem, €CJIIA UMeeT Me-
CTO OJHO U3 CJIEAYIOIMNX YCJIOBUM:

1) p-uuTepBANBI [Tk, X1, | U [Tky, T1,] ONPEAEITAIOT HACTOSILYIO IHKOBYIO
BEPIIUHY;

2) mMeer MeCTO WM Caydail 2, wiau ciaydaii 3, u a(xg,, Ty, ; Thy, T1,) < 0;

3) mmeer MecTO ciaydail 1 u yrom Zag, Tk, 4,121, (11000it 13 1BYX BO3MOK-
HBIX) HJIH COJIEPXKUT 00€ BEPIIUHBL L), U T],, WJIH He COJIEPIKUT HU OJIHY
N3 HUX.

Ecnn nacrosiiee kBasuriepecevdenne (mi,a:j) He ABJIFeTC KacaHuem, TO ero
Ha30BEM CAMONEPECEUEHUEM.

ITycte G — HEKOTOPBI TPSIMOJIMHEHHBIN IIJIOCKUII CUMMETPUYIHBINA Op-
rpad. HerpuBnasbHblil 3aMKHYTBI MapmipyT oprpada G Ha3bIBaeTCs peay-
AAPHBIM, €CJIV BCE €r0 KBa3UIIepeceueHns HacTosdIue. PeryiapHbiii 3aMKHY-
TBIf MapmipyT oprpada G Ha3BIBAETCS KGA3UNPOCTIbIM KOHMYPOM, ECITH BCE
€ro KBa3uIlepeCcedeHns sBJISIOTCH KaCAaHUAMMU.

IIycte G — HEKOTOPBIN MPSIMOJUHEHHBIN [JIOCKUNH CHMMETPUYIHBIN Op-
rpad u p = xg,€1,T1,-..,En, Ly — HEKOTOPBII €r0 HETPUBHUAJBHBIN pEry-
JIAPHBIA 3aMKHYTHI MapmpyT. Kaxxmoit Beprmuae x;, 1 < ¢ < n, MapipyTa
p UpucoeuHUM ducyio «(x;) caepyomum cnocobom. Eciam x; — Hacrosimast
[MKOBasi BEpIIMHA Mapuipyra p, To a(x;) = —7/2; B IPOTUBHOM CJlydae
repesBesieM TOYKY Tj—,1 B TOYKY ngnl C IIOMOIIIBIO IIEHTPAJBbHONA CHUMMeET-
pueii OTHOCHTEJIbHO TOYKH T, W IOJOXKHUM, 4TO «(T;) — yIJOoBas Mepa co
3HAKOM yILJjla 4$;_n1$i$i+nl (MEHBIIIEro U3 JIByX BO3MOXKHBIX ); MOJIOXKUTEIb-
HBIM HallpaBJICHUEM OTCYeTa yIVIOB CUMTACTCA HAIIpABJICHUE IIPOTUB YaCOBOMH
crpesnku (em. puc. 7). ITosopomom BIOIb MApIIPyTa p HA3BIBAEM UHCJIO

n
as(p) =Y alw:).
i=1
flcHO, 9TO MOBOPOTHI BAOJIb ABYX IMUKINIECKH OJMHAKOBLIX HETPUBUAIbLHBIX
PEryasipHbIX 3aMKHYTBIX MapIIPYyTOB OJNHAKOBBIE.

IIycts p = xp,€1,%1,...,€6pn,Tn, n > 3, — upocroii koatyp B G. Ilo-
CKOJILKY TOTJIa 3aMKHYyTasl JIOMaHas JUHUA 0€3 caMOoIepecedeHus ToL] - . - Tn
SIBJISIETCST KOHTYPOM MHOTOYTOJIbHUKA (B OOIIEM CJIydae HEBBIIMYKJIOTO), TO
UMeeT MECTO CJIeJIyIolee yTBEepXKIeHUE.
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Puc. 7.

Teopema 13. Ilycmv G — Hexomopvil NPAMOAUHETHBLT NAOCKULT CUMME -
PUMHLI opepad u p — HeKomopwl e20 npocmots xowmyp daunvs > 3. Toada
as(p) = =21 uau as(p) = 2.

[Tycrs G = (V, E) — HEKOTODBIi IPSMOJIUHEHHbIH TJIOCKUN CHUMMETPHY-
HbIil oprpad, u p = xg, €1, 21, . . ., €y, Tn, — HEKOTOPDIN €0 3aMKHY ThIil MapIII-
pyT.

Mapuipyr p nporodum 1o HekoTropomy pebpy (yi,y2) oprpada G, ec-
au wia [y, ye|, wim [ys,y1] siBasiercss p-marepsasioMm. MapipyT p npozo-
dum 4Yepes HEKOTOPYIO BepiinHy y oprpada G, ecin y = x; JJIsl HEKOTOPOTO
0<1<n—1.

[Tycts y1 m y2 — JBe cMexxkHble BepimHbl oprpada G (cMexHBIE B CO-
OTBETCTBYIOIEM IIPOCTOM T'pade), U MOJOKHUM, YTO MAPIIPYT pH IPOXOUT
o pebpy (y1,y2). Ilyctb €;,,€4y,... €5, tne 1 < iy < ip < -+ < i < n,
— BCe BXOXKJEHHs JyT (y1,y2) U (Y2,¥Y1) B MapmpyT p; mobyio u3 Jyr €;;,
1 < j < k, nazoBem ezxoorcderuem pebpa (yi,y2) B p. HaszoBem umcio k
KPAMHOCMBI0 mapupyma p 6doas pebpa (Y1, ys2).

st Tr00BIX IBYX CMEXKHBIX BEPIINUH YY1 U Y oprpada G BBEIEM UUC/IO
101l 1y, ,y0) cnemyrommiv o6pasom. Ilyets |[p]] iy, 4.
IPOXOJHT 10 PeOPY (Y1,Y2), U ||pll(y o) = k — 1, ecotn MapmpyT p mpoxomT
o pebpy (yi1,y2), ¥ €ro KpaTHOCTb BIOJb pebpa (yi,y2) paBHa k. Mepoi
dybaruposarus no dysam MapuipyTta p B oprpade G Ha30BEM THCIIO

1
lell =5 > llollwa)-

(z,y)EE

y = 0, ecimn MapmpyT p He

[Tycts y — Bepmuna oprpada G, 1 HOJOKUM, YTO MAPIIPYT P MPOXOIUT
4yepe3 Bepmmny y. Ilycrs @, 24y, ..., 2, 1 < k < n, — Bce sxoorcdenua
BepIIMHLL i B MapimpyT p. Hazosem umciio k xpammnocmvio mapwpyma p 6
BEpIIUHE Y.

s moboit Bepumubl y oprpada G BBegeMm uucio ||p||, ciaemyrormmm
obpaszom. ITycrs ||p||y = 0, ecit MapIIpyT p HEe IPOXOIUT Yepe3 BEPIINHY Y,
u ||p||y = k—1, ecitt MapIIPYT p IPOXOUT YePe3 BEPIINHY Y, U €10 KPATHOCTD
B Bepumne y pasHa k. Mepoti dybauposarus no epuiunam MapimpyTa p B
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oprpade G HA30BEM YHCIIO

llollo =" llolle-

veV

Teopema 14. [Tyemv G = (V, E) — nexomopuili npamosuneinvil niockud
CUMMEMPUUHDIT 0P2PaPp U P = T, €1, T1,- -, Epn, Ty — HEKOMOPLIT €20 KGaG-
aunpocmoti konwmyp. Tozda, a(p) = £27.

Hoxasamenvemso. Ilycrs o = xf), ey, xy, ... e, xl,

Y mo
ThIE MapmipyT oprpada (G, TPOXOALAINUl IO HEKOTOPOMY pPebpy <yi,yo>
oprpada G (cM. puc. 8), U IPEANOTIOKHM, 4YTO ||0||<y; yo> = 0. Ilycrs €]
— eJMHCTBEHHOE BXOXKJeHHue pebpa <yi,y2> B 0. fcHo, uro K oprpady G
MOYKHO J100aBHTH TOUKy z € R? B KadecTBe ero HOBOH BEPIIHHBI, U IAPBI
(z,11), (y1,2), (2,92) u (y2,2) B KaIeCTBE €ro HOBBIX JIyT, 9TOOBI TAKUM 00-
pa3oM moJiydeHHblii oprpad G’ ABJIAICS TaKyKe NPAMOMHERHBIM ILJIOCKUM

CUMMETPHUIHBIM OprpadoM. 3aMKHYTBIA MapIIpyT

— HEKOTODBLII 3aMKHY-

! / / / . /
g =..., eiiml,xiim:h (l‘i*ml’ Z), z, (Z, $7,); €i+m17 -

OYEBH/IHO YJIOBJIETBOPSIET CBOHCTBY v(0’) = as(o) (em. puc. 8). To, uro
napa (G’,0’) takum obpasom nosydena us napbl (G, o), 0603HAYMM Yepes3

(G, o) =% (G, ).

Y |- —> Y2

<

Puc. 8.

Ceituac MpeaIooKuM, 4TO JIJIsi HEKOTOPOro pebpa <y, yo> oprpada G
nMeeT MecTo ||p||<y, yo> = k —1 > 1 (Ha puc. 9 nsobparken ciydaii, Koraa
||p]l<y1,ys> = 2; HA 9TOM pHCYHKe IPEJICTABIEHa TOJIBKO Ta 4acTh oprpada G,
KOTOPas COIEPKUT Pedpo <Y1, y2>, U T€ JAaCTU MAPIIPYTa P, KOTOPHIE IIPO-
XOJISAT BJIOJIb 3TOr0 pebpa, IpUYeM 3TU YacTH, U3-3a HAIJIAIHOCTH, HEMHOTO

OT;LeJIeHbI). [Iycrs €i15€igy -+ -5 €5, — BCE BXOXKJICHUA pebpa <y1,y2> B p.

IIycrn Tif Lyt - -, Tif — BEPIIMHBI COOTBETCBEHHO [T €y, €y, . . . ; €y TAKHE,
1 ) g gt

qTO Ty = Liy JUIA moboro 1 < j < k (3uauwr, i = i W i = ij —p 1

st gioboro 1 < 5 < k). Tlockosbky jyist siiobeix 1 < j1 < jo < k mapa

(x4 ,xy ) ABISETCSA KACAHHEM, OYEBUIHO, UTO CYIIECTBYIOT TOYKH IJIOCKO-
J1 J2

cru zj, 1 < j < k, rakue, 4ro nocienosaresnbaocts map (Gj,p;), 1 < j <k,

yzaosiersopsier yciaosusaM (Gj_1, pj—1) '—>Zj (Gj, pj) nas moboro 1 < j <k,
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rae (Go,po) = (G, p). Torna napa (G', p') = (G, pr) sBISIeTCs TAKOi, ITO
G’ — npsaMosMHeHbI TI0CKKIT cuMMeTpuYHbIil oprpad, a p/ — KBasunpo-
croii kouTyp oprpada G’ (ma puc. 9 k G jobaBiisieM TPU BEPIIMHBI 21, 22
u z3). dcHo, aro an(p’) = as(p) u ||p'|| < |lp||. Creposarenbuo MoxHO
IPeIOIOKATE, 1T ||p|| = 0.

M Y2 ___)__9___

e
— AN \ZZ/ o

Puc. 9.

Iycrs ||p||ly > 1 nas mexoTopoit Bepimusl y oprpada G, u MycTh T; 1
zj, 0 <14 < j < n, 1Ba pa3/JIMYHBIX BXOXKJIEHUs BEPIIUHLI i B p. ZIcHO, 4TO
MOYKHO B KadeCTBe BEPIINH T00aBUTH TOUKU Y, %, Yj, 25 € V(G), n yopars
BEpIIUHLI X; U T j, IPOJE/IbIBas ¢ JaHHBIM oprpacdoM G U JaHHBIM MapIIpy-
TOM p TO, 9TO yKazaHo Ha puc. 10, W TPU ITOM MOJYIUTH MPSIMOTHHEHHBIN
IJIOCKHIT cuMMeTpuaHblii oprpad G’ u MmapmpyT p’, ABISIOMMIiCS KBa3UIIPO-
cThiM KOHTYpoM. SlcHo, uto avs(p’) = ai(p) u ||0’|lo < |Ip]lo-

[IponesbiBast ONUCAHHYIO OIEPAIINIO TIOKA 9TO BOZMOYKHO, MBI MOYKEM OP-
rpad G U KBa3UIIPOCTONW KOHTYD p “NPEBPATUTH B HPAMOJUHEHHBIN 1JIOC-
Kuit cuMMmerpuuHblii oprpacd G’ m KBazumpocroit KoHTYp p' Takoif, UTOo
acs(p) = as(p) u[|p'llo = 0.

3HAYNT, MBI MOYKEM MPEITIOJIOKUTE, ITO /T JTAHHOTO MAPIIPYTa ) UMEET
mecto ||p|]| = 0 u ||p|lo = 0. Ho Torga, oueBnao, u3 reopemsl 13 ciejyer,
ITO JAHHOE YTBEPIKIEHUE BEPHO. O

Puc. 10.

Bepuemcst Terepb K HIpPAMOYTOJIBHBIM JIAOUPUHTAM KM CHadYaja BBEJEM
HEKOTOPBIE HEOOXOUMbIC ITOHSITHUS U 0003HAYUEHUS.

[Mycth @ = wy...w, € DT — npoussosbhoe cioso uz DT. Yepes f(a)
u 1(a) 0603HAYMM COOTBETCTBEHHO TIEPBYIO U IOCIEIHIO ero OyKBy, T.e.,
f(a) = w1 u (@) = wy. Tepes afl, rae 1 < i < j < n, 0603HATUM HOACTIOBO
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wj . ..w;j cioBa c. I'oBopuM, 4ro c10BO [ € D* sAB/sSETCA HAYATIOM |KOHIIOM|
CJIOBA (v, €CJIU CYIIECTBYET CJIOBO 7y € D% Takoe, uyro o = [ [a = vS]; B s1B-
JISIeTCsT CODCTBEHHBIM HAYAJIOM [KOHIIOM| cjI0Ba (v, eciin 3 BJISIeTCS HAUYaJIoM
[koHmoM| ciioBa v 1 8 # .

Hns soboro cioBa o € D* uepes v(a) 0603HAYNM CIIOBO, IIOJIYIEHHOE
U3 (, KOrJla B HEM 3aMEHHM, MOKa 3TO BO3MOYKHO, JIH000e BXOKICHHUE MOJI-

CJIOB ww !

, w € D, Ha mycroe cjIoBo A, WM, Kak MbI emle 0y/ieM TOBOPHUTD,
V(@) TOMy9aeTCss U3 (v UCHEPNLIBAIOUUM NPUMEHENUEM TPABII PELYKIHN
wwl = A, w € D (manpumep, eciim o = wwnsesnn, o v(a) = wn). Jlerko
yOeInThCs, YTO HEB3UPasi HA HOPSIOK BBINOJIHEHHS STUX IIPABUI PELyKIHH
HaJT CJIOBOM (¥, PE3Y/IBTATOM UX NCUYEPIBIBAIOIIETO IPHMEHEHNUS SIBIISICTCS TO
JKe camoe CJIOBO, KOTopoe Mbl u obosHadaeMm depe3 v(a). Hemycroe cioBo
a € D1 asngercs npocmoim caosom Han D, ecin o = v(a); gepes Sim(D)

0003HAYNM MHOXKECTBO BCEX IIPOCTBIX CJIOB HAI D).

Tenepsb Ha| ciroBamMu MHOXKecTBa Sim (D) GyjieM IPUMeHsITh IIPaBIJIa Pe-
OYKIN wWw — w 1 ww'w — w, e w 1 W', w # w', — Npou3BOJIbHbIC
9JIeMeHTbl MHOXKecTBa ®. HeTpymHo yaocTOBEpUTHCS, 9TO UCUEPIIHIBAIOIIEE
IPUMEHEHNE 3TUX MPABUII PELyKIUH, B JIIOOOM TIOPSIIKE, HAJL JIIOOBIM CJIOBOM
a € Sim(®) maer B KavuecTBe pe3ysbraTa BCerjia OJHO M TO YK€ CJIOBO, KOTO-
poe MbI 0603HaYNM Yepe3 [a (9TO0 MOXKHO CJIeJIaTh, HAIPUMED, IPUMEHEHHEM
MaTeMaTUu4ecKoit NHAYKIOUN K JJINHE CJIOBaA Oé)

Beenem nognvuozkecTBo Simg(D) C Sim (D) cueayronmm o6pasoM: CI0BO
a=wi...w, € Sim(D) npunajyiexkur Simg(D) Tora u TOJILKO TOT/A, KOTIa
wy # wy b

Ha muoxecrse Simg(®) BBeseM OTHOIICHHE SKBHBAJICHTHOCTH ~ CJIELy-
fomuM obpasoM: Jyist Jobbix o, € Simg(D), umeer mecto o ~ «, eciau
cymecTByloT cioBa 3,3 € ©* rakue, uro a = S u o = B'B. Kiaccer
SKBUBAJICHTHOCTH OTHOIIEHUsI ~ HA3BIBAIOTCS (NPOCTMOMU) YUKAUYECKUMU
caosamu Ha 2 ; KayKIbIH 13 9TUX KJIAaCOB Oy/ieM 0003HaYIaTh IPOCTO JTIOOBIM
ero mpejcrasuTeneM ¢ (9 B upgexce. Yepes KT 00603HAMNM IMUKINIECKOE
CJIOBO €NWSy, a depe3 K~ 0003HAYUM MUKJINIECKOE CJIOBO €SWI(5.

Bosbmem npoussosibHOe ci1oBo a € Sim(D). Ouesuuno, uro f([a]) = f(a)
u 1([o]) = (o). B [16] mokazano (B weMm HeTpyAHO yOeAUTHCs), UTO CyIIe-
creytor 3 € K~ UK™, n € Ny u HekoTopoe cobcTsenHoe Hauaso 3 ciosa 3
takue, aTo [a] = "3; 3mech momaraem, ato Y = A.

[ycth o = wy...w, € DT — npoussosibHOoe cioBo. IlpumenHnMm Ha
s wo (ww™ w e D.
[Monyuennoe cimoBo obosuadnMm depe3 |al. Ogesnamno, uro f(la]) = f(a) n
1(1a]) = (). O6ozmaunm wepes Ja|® cmoso lalo_(wy), ecm wy = w1
IPOTHBHOM CJIydae MOJIOoXKuM, 9To |a]® = Ja]. Bamernm, aro Ja| € Sim(D)
u la)® € Simy(D) ans moboro o € DT

CJIOBOM (¢ BCEBO3MOXKHLIEC 3aMEHLI BBUJA WW

B
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[Mycrs My, ..., M, — pa3nudHble TOYKH ILJIOCKOCTH, Takwe urto M; #
M1 g gwoboro 1 < i < n — 1. Jlomanotd M ... M, Gynem cuutaThb opu-
E€HTUPOBAHHYIO KPUBYIO, JIJIA KOTOPOH Cmandapmmvim npedcmasieHueMm SB-
nstercst HempepbisHas dynkuust 7 : [0,1] — R?, ymmeiino orobparkaiomast
KaK/Iblit oTpesok [i/n, (i + 1)/n] (0 < i < n — 1) na orpesok M;M;y;1. O1-
pesku M; M;11, 1 < i < n—1, HazbIBAIOTCA 36eHbAMU JOMaHOi. 3 mannoro
OIIpEJICJIEHUS CJIELYET, 9TO JBa 3BEHA JIOMAHONH MOTYT II€PECEKATHCS, MOTYT
COJEepzKaThC OIHO B APYIOM U JIaXKe COBIAJATD.

IMycrs L — NpsAMOyTOIBHBIN JaOUPUAT, [ — HEKOTOpAs €ro rpaHb U

Zo,€1,21,€2,T2,...,€n,Tn (]‘)

~— HEKOTOPBIii €ro MapimpyT. JIOMaHyIo £oT1Z2 . . . Tn, ONPEICTCHHYIO BEPIITH-
Hamu MapmpyTa (1), HazoBeM ero npamoyzosvhvim caedom. Maprmpyr (1)
HasbIBaeTCs f-mapwpymom, eciu x; € b( f) mis moboro 0 < ¢ < n. Maprpyr
(1) HasbIBaeTCS NOAOHCUMENLHBM [ompuyamenbroim| f-MapIIpyTOM, eciiu
OH SIBJIAETCS f-MapHIPyTOM, €CJIH

e = (el ™) 7 ([za))  leira] = (Jesl =) * ([wi])]

qutst yioboro 0 < 4 < m — 1 n ecsim f HAXOXUTCS CJleBa [crpaBal OT Jyru ej.
Bamernm, 9T ecsm MapiipyT (1) sIBJISIETCSI OJIOKUTEIBHBIM [OTPUIATE b
HbIM| f-MapuIpyToM, TO TpaHb f HAXOIUTCH CJeBa [crpasal oT ayru e; JJis
aroboro 1 < i < n.

MapmpyT (1) HasbiBaercs O-gpanuyets rpanu f (¢ sepuwunoll npueasky
x(), €CcJIN OH IMOJIOKUTEJIbHBIN f-MapIIPyT, €CJM OH 3aMKHYT, T.e. T) = Tp,
u ecnt |e1| = (len| 1)~ ([2n]). Ouesmano, aro Bee O-rpaHuIBI rpany f “IuK-
JIMYECKU OJIMHAKOBBI U OTJINYAIOTCSI TOJIBKO CBOMMHU TOYKAMHE IIPHBSII3KH.

[Tycrs L — upsimoyrosibHblii jabupunt. s moboro z € V(L) mapy
(2, 0) [(z, @)] nasosem &-mouxoti [&-mouxoti| naGupunra L, ecin @ € [x]
[w € [z]]. Bepmmna x massisaercs nocumenem 0-rouxu (z, ) [&-Touku
(z, )| nmabupunra L. B nansreiimewm, napy (z, ) [(z, @)] o6osmadmm yepes
x| |z|g] u, ecom He akmenTupyem ee THII, HA30BEM 0pmoukol JTaOUPUHTA
L. Oprouky nabupunra L Ha30BeM sHymperHet, ecau JabupuHT L KOHeYeH
U HOCHUTEJIb 9TOI OPTOYKU HE HPUHAIJIEKUT MHOKECTBY b( foo(L)).

[IycTs L — npsiMOYTOJIBHBIIN JJAOUPHUHT U f — HEKOTOpast ero rpatb. Ilycrs
mapupyT (1) sBisiercss O-rpanuneii rpaau f. Oprouky (z, ﬁ) [(x,ﬁ)] Ja-
6upunTa L HazoBeM W -moukoli [&-mowrot| rpanu f, eciu x = z; |x = x;_1]
U w = |ej| wis mekoroporo 1 < i < n. feno, uro ecin (x, W) [(x, )] 8-
nstercs {0 -TOuKOi [ﬁ—TOqKoﬁ] rpaHu f, TO OHa fBJIFAETCS TaKOM IIPH JI0O0M
BBIOOPE BEPIINHBI IPUBSA3KY JJIst O-TPAHUIBI TPAHU f, U CYIIECTBYET TOJIBKO
OJIHO 3HAYEHHUE i, YJIOBJIETBOPSsIOIIee BepxHeMy yciosuio. V3-3a npeapuiye-

ro 3aMevaHus BEPUIMHY T; [T;—1| Oy/JeM HHOr/a Ha3bIBATD |e;|-moukot ||e;|-
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mouwkoti| rpann f. Takxke sicHO, 9TO HekoTOpas BepimHa x € b(f) Moxker
GbITH HOCHTEJIEM HECKOJIBKIX 0-ToueK [W-Touek| rpamu f.

[Ipemnosnokum onsith, uro Mapmpyt (1) ssiaserca O-rpanuneil rpanu
f. Boigenum n todexk x(), ), ...z, MHOXKecTBa f, a Takxke, Jyist JI06GOrO
0 < ¢ < n—1, BoIgeINM TOUKY ] MHOMKECTBa f, €C/IH x; SBJISETCS BUCS-
yeii BepmmHoii B L. Bee 9Tu TOUKM BbIOMpaeM Tak, 4TOObI OHU MeKLy coboil
paziuyasuch. HecsoxkHo ybeaurbest (eM. puc. 11), 9T0 9T TOYKH MOYXKHO
BLIOPATH TaKUM OGPa30M, UYTO OHH GYyT ONpPEJeIATh IPSIMOYTOJbLHBIN IIIK-
JIMTIeCKuil TabupuHT, B KoTOpoM st jiroboro 0 < i < n — 1:

€CJIN T SIBJISIETCSL BUCSUEN BEPINUHOI B L, TO BEPIIUHDI T} U X, a TaKKe

BEDIIMHBL X W Tj, |, ABIAIOTCH CMEXKHBIMY, |(x}, 7y |
! / — . . .
(@, iy )| = [0, i 1) |5

€CJIl T; He sIBJISIETCs BHCseil BepIINHONH B L, TO BEpIIUHBI T, U I 1

= o_le| n

ABIAIOTCA CMeKHBIMI 1 |(2], 25, 1)| = [(@4, Tiy,1)]-

Hdcno (em. puc. 11), aro s moboro dncaa € > 0 MOXKHO TIPEIITOJIo-
JKUTb, YTO PACCTOSIHUE (B €BKJIMIOBOI [IOCKOCTU) MEXKJLy TOUKAMU T; U T,
a TakxKe MEXKJy TOUYKAMU X; U X, (eciu Takue [mapbl CyLIIECTBYIOT) MEHbIIe
e. O6osnaunm vepe3 L (f) sabupunt Takoro tuna. Takxke MycTb xj = x;
u 937’ = x; (ecan onpeJesIeHO x;’) nyst gioboro 0 < ¢ < nm — 1. Ha puc. 11
[IPEePBIBUCTON JTMHUEH TpeICTaBIeH JJAOUPUHT LE( f ) JIJT BBLJICJICHHON rpanu
f m306pazkeHHOTO IPSMOYTOJIBHOrO JabupunTa L.

r

O
O

Puec. 11.

(9-IpaHMILy €MHCTBEHHON OrpanndenHol rpany f- nabupunra L. (f) Ha-
30BeM pacwupennol O-zparuyed, rpanu f; nyru 9roii rpanuusl Tuna (), x))
HA30BEM GUPMYAAOHBIMU, & OCTAJIbLHBIE — PeasbhvuMu dyzamu Tpanu f. Ty-
ra rpamn f, coomeememeyiowas peanbubiv gyram (g, xi, 1) u (x, wi, ),
ectb nyra (x;, Tit,1). BEcmum mapmpyr (1) siBasiercst O-rpanurneit rpanu f ¢
BEPINIUHON TIPUBA3KH XL, TO CONPAAHCEHHOT C Hell pacmmpeHHoit O-rpaHuieit
SIBJISIETCSL pacIupennas (O-rpaHulia Ipaiu f ¢ BEePIIUHON IPUBI3KHI Ty, €CIII
To ABJACTCA BUCAYCH BEPIINHON, WM C BEPIINHON IIPUBA3KHI :U6, ecJil xg He
SABJIACTCH BUCAYCH BEpPIINHOM.

Bcee oprouku rpann f- B Le(f) SIBISIOTCS GUPMYGALHOMU OPTNOMKAMU
rpaau f B L. PeaavHvim Hocumesem BEPTYATBHON OPTOYKU JIFOOOTO THUIIA C
HOCUTEJIEM T WK T}, ecu ! cylecTByer Jyist JAHHOIO 4, HA30BEM BEPIIHHY
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zi; 0 < ¢ < n— 1. B nociemaytorieMm, BUPTYyaabHYIO OPTOYKY Beeria OyjieM
IIPEACTABIATL B BUJIC IIapbI, IIEPBLIII KOMIIOHEHT Y KOTOPOH — €€ peaJsbHbIN
HOCHTEJb, & BTOPOH — €€ THUII, MOCKOJILKY 9TH JIBa 3JIEMEHTA, TIOJIHOCTIO OIIpe-
JEJISTIOT JIAHHYI0 BUPTYasbHyo Touky. C yi060ii oproukoil x| [x|4] rpanu
[ conpsotcena BupryanbHas oprouka x| [x|4| rpanu f.

[Iycrn L — npaMoyroibHbiil 1abupuuT, f — HEeKOTOpas ero rpatb, 1 v1 |5
¥ Vg|g; — JBE OPTOUKHM [BUpTyasbHbie opTouku| rpanu f. Ilycrs

Z0,€1,T1,€2,...,En,Tn

ectb ()-rpamuna [pacumpennas O-rpannial rpann f Taxas, 4To vilg =
xo\m [vilz = Eo\m]. Torna va|g; = xz‘\(e_zl [va|g; = @\r@—z'] JIJIsL HEKOTOPOI'O

0 < ¢ < n. ObozHaUUM Yepes

pr(vilgsvale;)  [or(vilgr v2ls;)]

MapIIPYT Lo, €1, L1, €2, - . - , €, Ti U HA30BEM €r0 4acmuio O-2panuyvl |pacusu-
pennot O-epanuys] rpann f B L MexK1y OPTOUYKAME [BUPTYAIbHBIME OPTOU-
Kamu| v1 |5 1 valg;, a depes

af(vlgyv2le)  [ap(vilg, valgs)]

0603HaYNM CJIOBO |e1]|ea] . . . |e;| u HABOBeM ero cioBOM, coomseememeyousuM
sroit wacru. CitoBoM coomeememeyoujum O-rpaHuIe [pacimpentoi (O-rpa-
uute| rpann f (¢ BEpINUHON HPUBS3KU X() SIBIAETCS CIOBO |e1l|lea]. .. |ep]
[Healleal .- leall].

[Iycrs L — npsMOyTo/IbHBIA 1abupuuT, f — HEKOTOpAs €ro IpaHb, V1|5
M Va|g; — JBe OpTOYKM rpamm f, U Tg,e1,T1,€2,...,€n, Ty — O-TPaHUIA
rpann f Takas, 4To V1|5 = xo\m. Torma, xKak u BeINIe, Vol = xl||<e—l‘ TSt

Hekoroporo 0 < 7 < n. Ilycrs

af(vilgy, v2ls;) = ledllea] . . - leil .

o A ,
Bamernym, aro o (vilgr, valg;) = Qr(vilgy, volg;), Korma @ < n (cMm. Bbie-
JIAHHBIA JIOrOBOP O HAIIMCAHUY BUPTYAIbHBIX OPTOYEK).

Hucno kp(vi|g, v2|g;) HazoBeM Kpyuenuem O-TPaHUIEI IPAHE [ MEXKIY
OPTOYKaMU V1|5 U V2lg;, ecim

[a?(vl‘mavﬂfg)] _ /Bﬁf(vl\w—1>7”2|&;—2)5/

Juist HekoToporo cjoba 3 € K~ U KT u HeKoTOporo HacToOsIIIero HadaJja
B' cnosa (. 3 BBINIECKA3AHHOTO CJIELYeT, YTO KPyYeHHe TPaHUIbI JaHHOM
IpaHU MeK/Iy JIIOOBIME e OPTOYKAMU BCEryla OpeJe/IeHO.

IIycrs o € Simg(®)/ ~ — mpom3BOIbHOE IUKJINIECKOe CI0BO. Paccmo-
TPUM HIPaBUIa PEAYKINA Ww — w 1 ww'w — w, rae w u W', w # w', —
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POM3BOJIBHBIE 3JIEMEHTHI MHOXKECTBa ), & TaKzKe MPaBUJIO IMUKITIECKOTO
casura of3 — Ba, rie a u [ npousBosbHBIE c1oBa u3 DT . Herpyano ynocro-
BEPUTHCA, UTO NPUMEHsIST 3TH IPaBUIa, B OO0 MOC/IEI0BATELHOCTH, JI0
TeX MOp, MOKa MOXKHO MOJIYYUTH HOBBIH PE3YJIbTAT, U3 CJIOBA Oy MOJIYUUM
OJIHO U TO ¥Ke IUKJIMYECKOE CJIOBO, KOTOPOe 0603HAYMM 4epe3 [a.

IIycte L — mpssMOYTOJIbHBIN JIAOUPHUHT, f — HEKOTOpasi ero rpaHb U
X0y €1, L1y - ., En, Ty — O-rpanuna rpanu f. [ycrs [f] = [1]e1]lez] - - - |en]]]s-
U3 pesysnbraros pabor [16] u [17] umeem ciejyroiee yTBepK/IeHue.

Teopema 15. IIycmv L — npamoyzoarvhoill sabupurm v f — Hexomopas
e20 epanv. Tozda [f] = enws, ecau f — enympennasn epans aabupunma L
u [f] = eswnys, ecau f — e20 snewnas 2pans.

Jl1st 1I060T0 3aMKHYTOTO MapIpyTa p IPSMOYTOIbHEIN TabupuaT L 060-
saaunM depes [p] cioso [1|p|l°]. Herpymaao y6emuresi, uro rtakxke nmeer
MECTO CJIeIyIoliee yTBepKaeHue (cM. Teopemy 14).

Teopema 16. [Tas 1106020 HEMPUBUANLHOZ0 KEAZUNPOCTNO20 KOHMYPA P
npAMOY20avH020 Aabupunma L umeem mecmo, wmo [p] = enwss [[p] =
eswns| mozda u moavko moezda, kozda a(p) = 2w [as(p) = —27].

IIycrs L — npsiMOyTOJIBHBIN JIAOUPHUHT, U IIYCTh P — HEKOTOPas IpsiMas.
ToBopuM, 4TO TIpsiMasi p lepeceKkaeTcsi ¢ HEKOTOPOit Jyroii (z,y) nabupunra
L, ecnu p colepKUT TOJMBKO OJIHY BHYTPEHHIOI TOYKY OTPE3KA TY.

B mociemytommem TekcTe, I JTIOOBIX IEAbIX YUCeT ¢ U j, ¢ < j, HHOTIA
Oy/ieM 00O3HAYATH Uepes ¢, ] MHOXKECTBO BCEX IEJIBIX UHCEN N, YIOBIETBOPSI-
foImuxX yeaoBuio ¢ < n < j.

[Tycrs L — upsiMOyroJsibHBIH JIAGUPUHT, v|5 — €ro IpOU3BOJIbHAS -

TouKa, f — rpasb Jjabupunra L, HaXojdIiascs cjaeBa oT BekTopa v(vs), u

b (f) — MHOXKECTBO Beex T -Touek rpamu f. MHOKECTBO BCeX OPTOUEK | €
o] J—

b (f) maknx, uro a}(v|g,zlg) = sen nasosem 0-kaaccom oprouxu v|g.

VMeror MecTo CJIeJyIOoIye yTBEePIK IeHNUSI.

Teopema 17. 0-kaacc 41000U 6HymMpPerHet OPMOUKU NPAMOY20A5HO20 AAOU-
DUHNA ABAACTNCA HENYCTIVbLM.

Joxasamenvemeo. Ilycrb L — npsiMOyrosibHBIN JIAGUPUHT, V|5 — €ro npous-
BOJIbHAsI BHYTPEHHSIS S -Touxka, f — BHyTpeHHsist rpaHb JiabupuHTa, L, Haxo-
JISIIIAsICSL CJIeBa OT BEKTOpa v (VS ), U T, €1, L1, . - . , €n, Tn, U1 (To, l€1]) = v|7,
— O-rpanuna rpann f.

[IponozkuM HIpsIMyIO p HapaIe/IbHyI0 T-OCH Yepe3 HEKOTOPYIO BHYTPEH-
HIOIO TOYKY w1 OTpe3ka v(vs) Tak, 9ToObl OHA HE COJIepKasIa HU OJIHY BEPIITH-
ny jgabupuaTa L. fcHO, 9TO MOXKHO BBIOpATh J0CTAaTOYHO MaJjoe € > (0 Tak,
YTO IpsIMasg P He IePEeceKaeTcs HU ¢ OJHOM BHUPTyasbHON jyroi rpanu f.
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ITycts T — mepBasd, Jexkalast Ha OPsIMOIL p clipaBa OT w1, TOYKA MHOYKECTBA
L.(f), nu nyctb e — peasibHas Jyra rpaHu f, MepeceKaroasich ¢ MpsiMoii p
nmvento B touke 1. Ogesnano, uro |e] = n. Ilycrs (z-1,2;) (0 < i < n)
Jyra gabupunTa L cOOTBETCTBYIONMAs ee peasbHoii xyre e. OboszHaunM yepes
wWg TOYKY TepecedeHus MPsIMOit P ¢ OTPE3KOM T;_1&;. PaccMoTpuM JTabUPUHT
(L ® wy) ® we u 106aBUM K HEMy B KadeCTBe HOBBIX JyI mapbl (wi,ws) U
(wa,w1). Tomoxkum, uro (w1, w2) = € u (wy,w1) = w. O6GO3HAYUM TAKUM
C110co60M TOJIydeHHbH jtabupunT depes L'. Torma mapmpyT

wi, (W1, 1), T1, €2, T2, - - -, Tim2, €i—1, Ti—1, (Ti—1, W2), w2, (w2, w1 ), w1
o I I ! /
ABagercsa ()-rpaHulieil HEKOTOpoil orpanndennoii rpanu f madupunta L. TTo-
ckonbKy [f'] = senw (cm. Teopemy 15), a TakKe BEPIIMHBI W1 U Wa SIBJISTFOTCS
BEPIIMHAMU CTEIeHH 2, TO

[1(wr, z1)le2] ... [eim1||(zi—1, w2)||] = sen.

Orcroza ciiefryer, 9To OpTovuKa T |4 npuHauiekut 0-KJaccy OpTouku v|g, u
Hallla TeopeMa BepHa. ]

Teopema 18. [lycmv L — npamoyzorvHud sabupurm, [ — Hexomopas e2o

BHYMPEHHAA 2PAHD, V|5 — S -mouxa epanu f u xg,€1,T1,...,€En, Ty — PAC-
wupennas O-2panuya epany f, 2de f0]|e—>| — BUPMYAAOHAA OPMOYKA, KO-
1

MOPas coNpANcena ¢ opmourol v|z. Ecau iy — MUHUMAGADHOE YUCAO Cpedu
wucea 1,m maxoe, wmo [|e1]lea|...|ei,|] = sen, mo e;, — peaavnas dyea
epary f, u, caedosamenvro, Ti,|4q Acaaemcea opmouwkol epanu f, xomopas
npunadaesicum 0-kaaccy opmouru vl .

Hoxazamensvemeso. 3ameTum cHadasia, YTO U3 TeOpeMbl 17 cjIeyeT, 9To yIio-
MSHYTO€ B YCJIOBUSIX T€OPEMBI INCIIO i CYIIECTBYET.
[TpenmosozkuM, 9TO MMeeT MecTo oOpaTHoOe, T.e. JyTa €;, ABJAeTCS BHUP-

TyasbHOM Jyroii rpann f. Ho rorma [|ei||ez|...|ei,—1]] =s... W u, ciemoa-
TesIbHO, [|er||ea] . .. |ei,—1|] = senw. 3uaunt, iy He ABIAETCH MUHIMAJIBLHBIM
YUCJIOM cpeju dncest 1, n taknMm, 9to [|e1|lez| . .. |e;,|] = sen. U3 momyvenno-
'O IIPOTUBOPEYNUST CJIeJyeT YTBEPKIEHHE TeOPEMBbI. O

o =
ITycrs L — npsiMOyroJsibHBII JTAOMPUHT, v|g — HEKOTOpast ero s -TOdYKa,

f — rpanb sabupunTa L, HAXOAAIMAsCS CieBa OT BeKTopa v(vs), n
X0, €1, L1y --+5€n,Tn,

—
rae (zo,|e1]) = v|g — O-rpanuna rpann f. [IpeanosoxuM, 94T0 CyIIECTBY-
er 1 < iy < m TaKoe, YTO OPTOUKA T;, |4 HpUHAIEKUT 0-KIaccy OpTOYKH
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vl = mo|g, a mia moboro 1 < i < iy oprouka (z;, |<:21—|) He IIpHHA/JIe-
KUt eMy. OpToUKy ;|4 HazoBeM douepred opmoyukol opTouku v|z. Mapru-
PYT 0, €1, X1, - - -, €igs Tiy HAZ0BEM wazom (f-wazom) ¢ HAUAAOM U T KOHYOM
Ti,; BEPIIUHBI L1, X2, . . . , Ti;—1 HASBIBAIOTCA 6HYMPEHHUMU BEPUUHAMU ITO-
ro mara. VI3 teopemsr 18 ciremyer, 9ro B ciaydae, Korja f — orpaHHYeHHast
rpanb jgabupunra L, To f-IIar ¢ Ha4ajaoM v U, CJIeJI0BATEIBHO, COOTBETCTBY-
IOIast JI0YEePHsIsi OPTOUKA OPTOUKU ¥|g BCErJa CYNIIECTBYIOT.

ITycrs L — KOHEUHBIH IPSIMOYTOJILHBII JIAGUPUHT, V1|5 — HEKOTOPasi €ro

?—Tqua, f1 — rpanb nabupunTa L, HAXOAIIAsICH CJieBa 0T BeKTopa v1(v1S).
Ecmu fi # foo(L), TO IycTh 2|45 — JOUEPHSIA OPTOUKA OPTOUKH V1 |z, & fa —

Ipalb, KOTOpas HAXOJWUTCS CHPaBa OT BEKTOpa v2(veS) (He MCKIIIOUaeM CJIy-
qaii, korpa fo = f1). [lycrs p; = ,0’1 — fi-Imar ¢ HaYajoM vp U C KOHIIOM V3.
Eciu fo # foo(L), TO ycThb v3|45 — I0UYEpHsis OPTOUKA S -TOuKH valz, a fs
— I'paHb, KOTOpasi HAXOJIUTCs ClpaBa oT BeKTopa v3(vss). Ilycrs pl, — fo-miar
C HAYAJIOM U U C KOHIIOM U3 U IYCThb py = p1 + ph. IIpogoskaem sty mpo-
LHeIyPy OYeBUIHLIM 00pa30M [0 TeX IOp, HOKa IJIs HEKOTOPOro J0CTATOYHO
Gosbimoro k > 1 oprovka viy1|4 He craHer OpTOUKOil rpamu foo(L). Ecin
Takoe k CyIIeCTBYeT, TO MapIIPYT pi = Pi—1 + P}, HA3BIBAETCS MAPUWPYMOM
€60600b 13 OPTOUKHU V1|3 . VI3 onpeesiennst sicHO, 9T0 MapIIpyTOM CBOOO/IBI
MOXKET OBITH U HYJIb-MapIIPYT.

Bsenennie 3/1ech MOHATHU IIara U MapIIpyTa cBOOOALI IPAKTUIECKH OT-
BEYAIOT MOHATHUSAM, KOTOpble B [15] Ha3BaHBI COOTBETCTBEHHO DeryJIsipHBbII
B3Max (regular swing) u pery/sipHast BojiHa (regular wave), u KOTopbie ObLIH
BrepBble onpejesensl B [18]. daauM HOBOe 10Ka3aTeIbCTBO TEOPEMbI, KO-
Topast BIepBble Oblia JoKasaHa B [18] B dopMyIMpoBKe, HECYIECTBEHHBIM
00pa3oM OTJIMYAIONIEHCST OT JTAHHON HIXKE.

Teopema 19. Ecau L — xoneunviti npamoy2osvhviti AabUpunm, mo oA A10-
60t S -mouru v|g aabupurnma L cywecmeyem mapwpym c60600v, us ree.

Zoxazamesvcmeo. Bynem cBOOOIHO MOIB30BAThCSA BBHIIIE JTaHHBIME 0003HA-
YEeHUSAMU HE MEHsisl NX cMbIC/a. [1peanoIoKuM IpoTUBHOE — IIPEJIIOJIOXKIM,
4TO BBILIEONUCAHHAS LPOLEypa HUKOIJa He 3akaHunpaercs. MapmpyT pf
HA30BeM i-ImaroM (M3 oprouku vi|g = v|g) s moboro i > 1. Yepes y; u
z; 0003HAYNM, COOTBETCTBEHHO, HAYAJIO U KOHEI] -IIara.

O4eBUIHO, YTO CYLIECTBYET MUHUMAJLHOE to > 1, IJIsI KOTOPOI'O CYIIe-
crByeT t1 > 1 Takoe, uTo t1 < to M YTO KOHEIL to-IIara TOXKJIECTBEHHO PaBeH
Havasy ti-mara. depes p 0603HAMMM 3aMKHYTBIH MapmpyT pj =+ --- =+ pf,.
Eciu p siBiisieTcst peBOBUJIHBIM, TO HETPY/HO YJIOCTOBEPHUTHCS, 9TO [p] =
(swne?)s, rie A > 1. C 1pyroii CTOPOHBI, HOCKOIbKY

[p] = [Isensen...sen|°|s = sex,
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9TOT CJIy4ail HeBO3MOXKeH. Takum 06pa3oM, MOXKEM MPEIIIONIOKUTD, YTO ) He
ABJIFAETCA TPEBOBUIHDBIM. HOKa)KeM, 9TO p AdBJIACTCA KBASUIIPOCTBIM KOHTY-
poMm.

Ilycte p = zo,€1,%1,...,€n,Tpn; 30ECH To = Y, = 2, = Tp. llpenno-
JIOYKHM, 9TO MapIIpyT p HE SIBJISETC KBA3UIPOCTHIM KOHTYpoM. Torya cy-
mectByer 4 < j < m Takoe, 9TO j SIBIASETCS MEPBLIM TaKUM YUCJIOM CPEJIN
ancest 4,n — 1, 1 Koroporo cymecrsyer 0 < ¢ < j Takoe, 4To 1apa (;, ;)
SIBJISICTCST CAMOIIEPECEUCHUEM U YACTh € = Tj, €j41, Tifl,- - -, €5, Lj MapPIIPy-
Ta P ABJSETCS KBA3UIIPOCTHIM KOHTYypoM. IlycTh x; npuHaijie:kuT m1-mary,
a Tj TPUHAJJIEKHUT Mo-MIArYy, U IYyCThb Lif = Ym,, T = Zmy, Tjf = Ymy U
Tjn = Zm,. HeTpymao yOeuThest, 9TO JOCTATOYHO PACCMOTPETDH CJIE/yIOIIIe
nBa caydas (puc. 12):

Puc. 12.

1) T ABJILETCA BHYTPEHHEH BEPIIUMHON mo-1uara, T; = Iy ABJIAeTCd Ha-
gajoM mi-mara (cM. puc. 12a)), o, (it 1, Ti—,1,2j—,1) < 0, a Takxe cy-
mecTByeT m > 1 Takoe, 9TO Tjtpn = Titpn A m060ro 1 < n < m, Bepmuna
Zj4m SBJSETCS BHYTPEHHEH BEPIIUHON M -THara U Tjym,m = Xj.

HYCTB o = “rj’a €j/ 41,5 7€j7‘rj‘7 ﬁ = ’x’ia Citls---s ei-‘rm)xi-‘rm’ nry =
|Titms €itmtts - - s €11, T o |. 3amernm, 9TO 3AMKHYTBII MapIIpyT
Titms Citm+1, -5 €5/, T/

SIBJISIETCS KBA3UIIPOCTBIM KOHTYPOM. BO3MOXKHBI JIBa TOJICIYdasi.

[Ipennosnoxkum cHavasa, 9ro [|7|°] = swne|eswn |neswn |wneswn
(3ameruM, [9ro 1(y) = n); 37€Ch ¢ HOMOIIBIO CHMBOJIA | Pa3jessieM BCe
Bo3MOXKHbIe 3HaueHust s [|y]°]. Iockoabky [16v]°] = se u f(8) = s, 1o
[18]] = sen... Orciona ciemyer, 9T0 mq-IIar KOpode, 9eM IIPeJIIToIarajoch,
U MBI TIOJIy9aeM [IPOTUBOPEUHE.

[Ipeanonoxkum ceitaac, aro [|7]°] = wsen |senwse | enwsen | nwsen.
[Mockonbky [187]°] = se, {(8) =s ul(B) = n, 1o [|f]] = swn, u, cieacrsen-
Ho, [la]] = sen..., tak kak [|af|] = sen. Orciona ciejyer, 9TO Mo-mIAT
KOpOUe, 4eM HPeJII0JIarajgoCh, 1 Mbl [OJIy4aeM IPOTHBOPEYHE.
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2) z; = Zjn W X; ABIAETCA BHYTPEHHEH BEPIIMHON 71-11ara (cm. puc.
126)) u oy, (Tigp1, Tiep1, j—,1) > 0. OueBnzano, uTO CcymectByer m > 1
TaKOE, 9TO Tjip = Titpn g 000r0 1 < n < m, U WA Tjim = Zmotke U
BEPIIUHA T4y, ABJISIETCS BHYTPEHHEN BEPITUHON 1M1 -Tara, WIN Tjyy = Tir 1
BEDIIHHA X j4y, ABJISETCS BHyTPeHHell BepiuHoii (mg + ko )-mara. Ilycrs oo =

|x’i/7 Ei' 15 - - - 7ei7$i|7 B = ’$i7 S PRI ZL‘1'”| nry = ‘xia €itly---s €]7$]’
BosMozkHBI ciiemytomue Caydan.
[Ipeanosnoxkum cuavana, aro [|v|°] = swne (3amernm, uro f(vy) = s u

1(y) = n). ockombky [lay|°] = se u f(a) = s, To [la]] = sen... Cienosa-
TEJILHO, M1-TIAr KOPoUde, YeM IIPEJIIOIAraJ0Ch, U MbI OJIy9aeM IIPOTUBOPe-
que.

[Ipeanonoxum ceituac, aro [|v]°] = senwse. Ilockosbky [lay]°] = se
u f(a) = s, 10 [la|] = swn..., u, ciencrenso, [|f]] = senw ..., rak Kak
[laB|] = sen (3amernm, uro f(5) = s). Orciona cieyer, 9T0 Tjtm = Zmotko
U BEpIIMHA Tji,, SBISIETCS BHYTpEeHHeHl BepmmHON mq-trara. Ho torma
lejtm+1| = 8 1 |€itme1| # S, u mapa (x4, ;) He sABIAETCS caMoIlepecede-
HUEM.

Bnaunt, B JIIOO0OM CiIydae IHOJIydaeM, 49TO (Z;,&;) He SBJIAETCS CaMO-
nepecevenneM. V3 TOy9IeHHOrO NPOTUBOPEUNUST CJEILYET, UTO MAPIIPYT p
ABJISIETCST KBAa3UIIPOCTHIM KOHTYpoM. U3 Teopem 14 m 16 mosmydaem, |TO
[p] = enwsy | eswny. [TocKoIbKY 9TO HEBO3MOXKHO, TO TeopeMa BepHa. [

[Iycrs L - mpaMoyrobHbBIM JIaOUPUHT, f — HEKOTOpas €ro rpatb u
p = 1’0, 61,1'1, 6271.27 cet enw%'n

— O-rpanuna |pacumpentas O-rpanunal rpanu f. Takke 1mosokum, 910 B
TeKyIuii MOMEHT aBroMar 2 HAXOAUTC B OPTOUYKE [BHPTYAJbHON OpTOUKE|
(i, ®;) rpanu f; 1 < i < n. 3amerum, 4T0 B JAEHCTBATEIHHOCTH 9TO 3HA-
9UT, YTO aBTOMAT HAXOAUTCS B BepluuHe jabupunrta L, KOTOpas siBJIS€TCS
HOCHTEJIEM [peajbHbIM HOCHTEIeM| JaHHON OPTOUKM [BUPTYaIbHOI OpTOU-
ku|. Aromar A nepedsuzaemcs eneped BIOJIb p Ha OJHY INO3UIUIO, €CIIH
B CJIEJLYIONUIT MOMEHT OH OKa3bIBAETCsl B OPTOUYKE [BUPTYaJLHON OpTOUKE]
(Ziy,1,¢i1.1)- ABTOMaT A nepedsuzaemca nazad BIOIL p HA OIHY TIOSHIIIO,
€CJIU B CJIEJIYIOIINI MOMEHT OH OKa3bIBAECTCsI B OPTOYKE [BUPTYAIBHOI OPTOU-
Ke| (Ti—, 1, &-.1). Caedyroweti opmouroti [supmyanvroti opmoukoti] oraOCH-
TeJILHO OPTOYKH [BUPTYasbHOI oprouku| (x;, E) rpanu f ABJISETCS OPTOYKA
[BupTyambHas oproukal (T, 1, 1)

Haua ruiaBHast 3a/1aua ceifyac — IIOCTPOUTD KOJUIEKTUB aBTOMATOB, KOTO-
pBIit U3 J1I000i S -Toukn J1060it BHYTpPEHHEeHl Ipanu JIFo00ro KOHETHOTO IIPsi-
MOYTOJIHOTO JIabMpuHTa L, IBUrasich 110 MapIipyTy cBOOO/IbI 9TOH OPTOUKH,
BBIXOJIUT HA TPAHUILy rpaHd foo(L) (T.e. Bce aBTOMATHI 9TOrO KOJUIEKTHBA
B HEKOTODbIi MOMEHT OKA3BIBAIOTCSI B HEKOTODOH §-TOUKe Ipasi foo(L)).
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Yrob6bI 9TO clles1aTh, MOCTPONM CHadasa Koytektus B = (2 | Ry, Ra), 3a-
Jlava KOTOPOro — OpraHu30BaTh paboTy cBoeobpasHoro cuyerdynka C, Ha3HA-
YeHre KOTOPOro OObLSICHUM HMKe. B HeMm OyieT XpaHUThCA HEOTPHUIATE b
HOE YHCJIO, TIPeJCTaBJIeHHOe KaK ‘paccTosiHme’ MexKIy KaMHsMu R # Ko
BIIOJIb PACIIHPEHHON (O-TpaHUIbl TeKyIneil rpanun f manHoro jgabupwaTa L.
WNupivu cjioBaMu, guciio, xpasnsiieecsi B C' B TEKyIIUi MOMEHT, €CTb IUCJIO
&y (v(8R1)|z1, v(R2)|g;)], rae mrs moboro 1 <4 < 2 wepes v(K;)|5; 0bosHa-
9aeM BUPTYAJBHYIO OPTOYKY I'paHu f, B KOTOPOW B TEKYIIUHA MOMEHT OKa-
3aJjicsa KaMenb R;. Kosnexkrus B1 nepensuraer cueruuk C' Brepe BIOIL Pac-
mpeHHol O-TpaHuUIlbl TpaHu f, a TakyKe YBEJUINBAET W YMEHBIIAET ero
3HadeHus Ha 1, Korjga 9To Tpedyercs “pekuMomM”’ pabOThI ITOr0 KOJJIECKTHBA
(pexkuM onpe/iesisteTcsi 3HaYeHueM TIeJI0IUCIEHHOl TIePEMEeHHOI 7).

OnwmieM porpaMmy, o KoTopoit “paboraer” KojutekTus B B JIIOOOM KO-
HEYHOM TIpsSIMOyTOoJIbHOM JabupunTe L. Mecrom nHaxoxaenus (6a30601 mo-
koti) caerunka C' caMTaeM BUPTYAIbHYIO TOUKY IpaHu f, B KOTOPOH HAXOIUT-
cs1 KaMeHb R1. [lomoxkuM, 9T0 B HATaIBHBIN MOMEHT mMeeT MecTo —1 < r < 1,
u 1pu 3ToM: cuerdnk C' IepeaBUraeTcs U yMeHbINaeTcsa Ha 1, ecan 7 = —1;
cueryuk C ToJibKO nepejpuraercs, ecau r = 0; cueruuk C' nepeaBUraeTcs u
yBesmunBaercsd Ha 1, eciu r = 1. Takoke [MOJI0KUM, 9YTO B HA9aIbHBI MOMEHT
aBroMar ) ¥ KaMeHb K] HAXOJSITC B OHON U TOM Ke BUPTYAJIbHON OPTOUKE
HekoTopoii rpanu f nabupwaTta L. KoHer BbITOIHEHNST ITPOIPAMMbl OTMEYa-
eM IIPUCBOEHUEM IIePEMEHHO T 3HadeHus] —2. BLINOJHUB HEKOTOPBIHA IHIar
IpOrpaMMBbI, KOJIJIEKTUB 31 Beerya MepexoquT K CJIeAyIomeMy IIary, eciu He
ckazano uHave. Torya BeioHsAEM ciiejytorue maru (nporpamma I1y):

1: Ecsiu C' = 0 (Bce aBroMaThl KOJIEKTUBA 3] HAXOJASITCS B OJHOM U TOIi
JKe BUPTYaJIbHON OpTOUKe rpanu f), To aBTroMar 2 nepeasuraerT 06a KaMHsI
BIOJIb paciupeHHoi OO - rpaHullbl I'paHd f Ha OJHY ITO3UIIAIO BIEPE].

2: Ecm r = 0 (cuerank C' TOJBKO MEPEJBUTACTCS ), TO TPOIEIyPa 3aKaH-
quBaercs (r := —2); B IPOTUBHOM cjiydae, ecyin r = 1 (cuerunk C' nepesipu-
raeTcs U yBesmauBaercs Ha 1), To aBromar 2[; mepeaBUraeT TOJIHKO KAMEHb
Ko BIOJBL pacmuperHoit () - TpaHuIlbl rpaHu f Ha OJHY MTO3UINIO BIIEPE/I.

3: Eciu Bce aBTOMaThl KOJIIeKTHBa [B] OKa3aJiuCh B OJHOW U TOH XKe
BepIIUHE, TO T := —2, a eCcJu HeT, TO aBToMar 2 IepeBUraeTcs BJIOJb
O-rpanunpl rpanu f Ha OJHY MO3UIUIO HA3AJ U T := —2.

4: Ecau C # 0, o aBroMat 2|1 nepeasuraeT KaMeHb R Ha OJIHY HO3UIUIO
BIIEpE], BIOJIb paciiupeHHoil OO - rpaHuibl rpanu f; ecau r = —1, To r := —2.

5: Asromar 2| TpoBepsieT, HAXOINTCS JIN KaMeHb Ko B TEKYIIEH BepIITIHE
(B BepImHe, B KOTOPOI OH OKA3aJjICs B JIAHHBI MOMEHT) TPaHu f; ecjiu HeT,
OH MEPEXOJIUT K CJIEAYIONIEMY IAry IPOIPAMMBI, & €CJIU Jia, TO HEPEXOJIUT K
mary 7.
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6: Asromar 2l; mepegBUraeTcs Ha OJHY MMO3UIMIO BIEPe BIOJbL (- Ipa-
HUIIBI TPaHU f U [IEPEXOJUT K Iary .

7: Ecnu r = 0, To aBTomar 2l mepeasuraer kaMeHb Ry Ha OJIHY MTO3UIIIIO
BIIepe.l BIOJb paciiupeHHoil (- rpaHulbl rpanu f; ecan r = 1, To aBTOMAT
2, mepeiBUraeT KaMeHb Ko JBa pa3a MOPsiJL Ha OJIHY MTO3UIIAIO BIIEPE/T BIIOJIb
pacmupenHoit () - 'paHUIBl TpaHu f.

8: AsToMmat 2{; MpOBEPSIET, HAXOIUTCS JIN KaMeHb K] B BEPINHHE, B KOTO-
poit OH OKazaJics; ecJM HeT, OH IepeXoJIUT K 1mary 9, a ecau jia, 1o r = —2.

9: Asromar 2l mepeaBuraercs Ha OIHYy IIO3UIUIO HA3aJ BHOAL O-
PPAHUIBI TPAHU f U MEepexXoIuT K mary 8.

Omuniem ceituac 6ostee oapo6Ho KostekTus B = (A | Ry, K2). CHauamna
BBEJIEM HEKOTOPBIE HOBbIE OOO3HAYECHUS.

Hnst moboro w € ® u a € Py(D) nycrs v (w,a) = a*(w,a) = (@) (a),
ecmn a # {W}, u nycrs v*(w,a) = w (D) u a*(w,a) = 0, ecin a = {w}.
CMbICJI IaHHBIX 0003HAYEHNH COCTOUT B cieytomeM. Ecmu (z, 0, ) — HEeKOTO-
pasi BUpTyasbHasi opTouka rpanu f, 1o napa (ra*(wg, [z]), v*(wy, [x])) aBis-
eTcsl CeIyIoNeil BUPTyaJ bHOIT OPTOYKOM BJIOJIb pacimperHoit OO - TPaHUTIbI
rpanu f orHOCHTENBHO (2, g ).

Taxxke, 1151 06010 a € Po(D) nycrs Y(a) = {w|w € a}, ecom |a| > 1, n
nycrb ¥(a) = {@, (@) (D)}, ecin a = {w} misa wekoroporo w € D. Cmbic
JIAHHOTO OOO3HAYEHUsI COCTOMT B ciejayiomeM. Ecaum L — IpsMOyTobHBIIT
JabUPUHT, & — HEKOTOPasi ero BepiuHa, u eciau w € J([x]) st HeKoTOPOro
w € D, 10 mapa (z, W) sBasercss BUPTYaIbHOH OpTOUKOil rpanu f, e f

rpanb JlabupunaTa L, KoTopasi HaxXouTcs cyeBa oT BekTopa x(z(w)™ ([z])).

IIycrs A = (1| Ry,...,Rs) — xourekTus aBromaros tuma (1,s). Obo-
saaanM depe3 Ai (R, ..., R, )—w—, mmew € DU{0} ul < j; < ... <
Jr < s, TOT (pakT, ITO B JAHHBI MOMEHT B JaHHOM Jabupuare L aBTOMAT
20; HaxoJuTCS B TeKylleil BepmmHe I XoTsd Obl ¢ KamMHaAMU Rj,..., R, U
B CJIEIYIONIUIT MOMEHT OKAa3bIBAETCSl B BEPIIUHE XW, IIEPEIBUTast B 9Ty Bep-
ITHHY TOJIBKO KaMHH 8, ..., R;, (ecim w = 0, T0 B geiicrBuresnsHoCTH g
OCTaeTCsl Ha MeCTe W HU OJMH KaMeHb He nepensuraer). Ecin w € © u Ay
[EPEXOAUT U3 BEPIIMHLI & B BEPIIMHY ZW U IPU 3TOM HE IEPEeIBUraeT HU
OIMH M3 KaMHel, HaXOISIIINXCsS B T, TO MUIIEM TOJBKO A —w—.

Ecnu B Tekymuit MOMeHT B Bepiiune T jabupunTta L OKa3aJiMCh TOJBHKO
aproMar 2y u KamMuu Kj,,..., R, e 1 < j; < ... < jp <8, TO 3TOT hakT
obosHauuM 4epes Ay Kj <> ... >R, . Ecm B Texynyit MOMEHT B BepIIMHe
x JlabupunTa L, B KOTOpOi oKazaJicst aBToMaT 21, He HaXOIUTCs KaMeHb R
(1 <i<s), 1o s10T dhakT obozHadnM depe3 Aq 45 K;.

[Tamsire aBromara 20 nana B Buje “perucrpa’ (W, ws, ws, ), TIe mEpe-
MeHHbIe W;, 1 < ¢ < 3, IpUHUMAIOT JIIOObIe 3HAYEHUST W3 MHOXKECTBa 2, a
HepeMeHHasd 7 — J110060e 3HAUYeHHe U3 MHOXKECTBA —3, 7. SHAYeHUs IepeMeH-
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HOI 7 OLPEIEISIOT PEXKUM PabOThl JAHHOIO KOJUIEKTHBA U, KPOME 3HAYEHUS
—3, UMEIOT ONMCaHHBIH BbImIe cMbIc. Hepes Aj (w1, wa, w3, ) 0603HAINM aB-
Tomar 20, y KoToporo (wi,ws,ws,r) — 3HadeHne “perucrpa’ MaMsTH, T.e.
aBroMar 201, y KOTOPOro cocrosinue (wi,ws,ws, ). Cocrosaue (wy,ws,ws, )
“roBoput” aBromary i (wi,ws,ws, ), ITO KAMEHb 8] HAXOINUTCS B BUPTYalb-
HOH {7-TOuKe TeKylueil rpann f, a KameHb Ry — B BHUPTYAJIbHON (z-TOUKe
9TOi ke rpann. HadaJabHBIM cOCTOsSTHHEM aBToMaTra 2| SIBJISIETCS YIIOPSIIO-
yeHHbIil HAGOD (W, W, W, —3).

Torma, eciin Ha BXOJ, aBroMara 2Aq (w1, ws, ws, r) MOCTYHAET BXOJIHON CUM-
BoI a € Py(D), “peaxius’ KOMIEKTHBA “BBIYUCIACTCS C MTOMOIIBIO CIIE/TY-
IOIUX PaBUJI (BBIIOJHSIETCSI TO MPABUJIO M3 HUXKE JIAHHBIX, I KOTOPOI'O
YZIOBJIETBOPEHO YCJIOBHE JIJIsi IPUMEHEHHUS ):

1) Ecim Ay (w1, w2, ws, 1) 81 Re, (w1, wa,ws,7) = (W,w,w,—3) us €
a, TO (2)1 = (;.)2 = (.1)3 = U*(wl,a), 7:=-2mu ml(ﬁl,ﬁg)—s—).

2) Ecmn A (wy,wa,ws, 7)R13R2, w1 = wo, r = 0 u wy € ¥(a), 10
(2}1 = @2 = v*(wl,a), Fi:=-2mu Qll(ﬁl,ﬁg)—a*(wl,a)%.

3) Ecmu A (wy,wa,ws, 7)R13Re, w1 = wo, r = 1 u wy € ¥(a), 0
(211 = (,:)2 = U*(wl,a), r:=5mu ﬂl(ﬁl,ﬁg)—a*(wl,a)%.

4) Ecim Qll(wl,WQ,w;z,,T)Hﬁl(—)ﬁg, W1 = we, ' = 5umw € ﬁ(a), TO
W 1= w3 := v (wi,a), 7 =6 u Ay (Re)—a* (w1, a)—.

5) Ecin 24 (w1, wa, w3, )RR ur =6, o 7 = —2.

6) Eciu A; (w1, ws,ws, 7)>Ra, r =6 mwsz € J(a), o7 = —2 u Ay —w3—.

7) Ecom win Aq (w1, wa, ws, 7)< R1, win Aq (w1, wa, ws, )RR uwy #
wo, mecsim v = —1 u wy € Ya), 0 &1 = v¥(w1,a) u ¥ = —2, a TaKKe,
A1 (R1)—a*(wi,a)—.

8) Ecau nim Qll (wl, w9, w3, T)Hﬁl, njain Q[l (wl, w2, W3, 7")(—>ﬁ1H.ﬁ2 u w1 7é
wo, mecau r = 0 uwy € ¥a), To & := w3 = v*(wr1,a) u T := 3, a TaKKe,
Qll(ﬁl)—a*(wl,a)%.

9) Ecam mmm Ay (w1, wa, ws, 7)< 81, win A (wy, wa, ws, 1) R >Ry 1wy #
wo, mecau r = 1 uwy € ¥a), To &1 := @3 = v*(w1,a) u 7 := 4, a TakKe,
21 (R1)—a*(wi,a)—.

10) Ecim 2 (w1, wa,ws, 7)#Re, mecim 3 < r < 4 u ws € ¥(a), To W3 :=
(@3)7(60 71 Qll—(wg)*(a)—%

11) Ecim 244 (w1, ws,ws,r)>Re, 7 = 3 1 wy € ¥(a), To We := v*(we,a),
W3 = 0_(v*(w2,a)), 7 := 2 u Ay (R2)—a™* (w2, a)—.

12) Ecim 24 (w1, w2, ws,r)>Re, 7 = 4 1 wy € ¥(a), To We 1= v*(we,a),
r:=7mu Q[l(ﬁg)—a*(wQ, a)—>.

13) Ecmn 24 (w1, w2, ws,r)Re, 7 =7 u wy € J(a), 10 we 1= v*(w2,a),
Wy = o_(v*(wg,a)), 7:= 2 u Ay (Re)—a*(we, a)—.
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14) Ecmm Ay (wy, wa, w3, 7)>R) u 7 := 2, 10 7 1= —2.

15) Ecom 20 (w1, we, w3, 7)$>R1 u ecim mpu 3TOM 7 = 2, TO W3 =
(@3)*(a) n A1 —(@3) " (a)—

16) Bo Bcex ocTasbHBIX CIy4asx KOJUIEKTHB [3] ompe iesieH TpUBHAIbHBIM
CII0COOOM.

Herpyuano y6enurhbes, 9To ecji B Ha4ajIbHbI MOMEHT BPEMEHH aBTOMAT
21 (w1, w2, w3, r) BMecTe ¢ KaMHEM K] MMOMEIIEH B IIPOU3BOJILHYIO BHPTYaJIb-
HYIO OPTOYKY (:no,(ﬁl), a KaMeHb £y — B IIPOU3BOJILHYIO BHPTYAJLHYIO Op-
TOYKY (yo,cvg) HEKOTOPO# rpadu f HEKOTOPOIO IPSMOYTOJBHOIO JTAOUPUHTA
L, to xonmnekTus B 6yner Bectu cebd 10 BhIIE TaHHOM mporpaMme I1j.

[Tycrb @ — mpoussosibHoe cioo u3 D1 rakoe, uro f(a) = s. Takke,
nycTh o] = wiws...wp, 1 OycTb 1 = i1 < 9 < -+ < 1 < N — Bce
quCTa Takue, uTo w;; = s Jyuig joboro 1 < j < k. [anee, mycrb oD =
swnes, 600 = s u §(tY) = senws. [lns moboro 1 < j < k, mycrs a; —
auciio Takoe, o [a||;7™] = §(%). Moncroso 1a[;7
OMPUYATNENLHDLM s—su;rmom, HYAEBHIM S-6UMKOM “wn NOAOAHCUMENLHDIM S-
GUMKOM CJIOBA (v, €CJIA, COOTBETCTBEHHO, [1@HZH] =601, HOéHZ“] =60

cJioBa ]| HA3KIBAETCA

wm [MHE;H] = 6(+1). O6oznaumm wepes a(a) wncio ay + ag + - -+ + ap_1,
ecan k > 1, u nosoxkum, uro a(a) = 0, eczm k = 1. Hazosem uuciio a(«)
anzebpauneckoti cymmoti BCex S-BUTKOB ¢JIoBa . HeTpyIHo yI0CTOBEPUTHCS,
YTO UMeeT MeCTO CJIeJyIoliee yTBepK IeHue.

Teopema 20. Ecau o — npoussoavhoe caoso us D1 maroe, wmo f(a) = s
ul(a) =n, mo a(a) =0 mozada u moavko moezda, xozda [|a|] = sen |swn.

Onwuinem Ternepb CJIEAYIONLYIO IIPOIELYPy. BX0I0oM Jijist iporey pbl Oy1eT
IPOM3BOJILHOE CJI0BO 13 DT HaunHalomeecs Ha OYKBY S, a ee e IMHCTBeHHbIME
nepeMeHHbIME OyayT a, ¢ u 3. IIpu atom, eciim @ = wiwy ... Wy, 1 > 1, —
IPOM3BOJILHOE €JI0BO U3 D1 Takoe, YTO Wy = S, TO BHIIOIHSIEM CJIeyIONIIe
maru (mporpamma Ils):

1: [lyctb a :=0,¢:=2u [ :=w;. Ecin ¢ < n, To nepexoaum K ciieyio-
[IeMy IIary, a ecjii HeT, TO OCTaHABJIUBaeMCs (BBIXO 1).

2: Ecrm w; = [1(B)]7! m 1(B) # e, To nycts 8 := [Bo_(w;)] n nepexomum
K mary 4, a ecjii HeT, TO IIEPEXOIUM K CJIEIYIONIEMY IIary.

3: Ecm w; = [1I(3)] "' ul(B) = e, u ecim b € —1, 1 Takoe, uaro [Bs] = ),
TO @ :=a+bu [ : =S, U MBI TIEPEXOUM K CJIEYIOMIEMY IIary, a eCJu HeT,
TO cpasdy MePEeXOoUM K CJIEYIONEMY IIary.

4: Ecin w; # s, To nycrs [ := [fw;] m i := i+ 1, u nepexoaum K mary 6,
a ecJIi HeT, TO MEPEXOIUM K CJIEIYIONIEMY IIary.

5: Ecnnwi:sm[ﬁs]zé(b),w:ge —1<b<1l,Toa:=a+b,B:=sui:=
1+ 1. Ecim i < n, To mepexoanM K Iary 2, a €Ccjau HeT, TO OCTAHABINBAEMCS
(BbIxOT 1).
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6: Eciu a = 0 u 5 = sen, 1o ocranaBinBaeMcs (BBIXOJ, 2), & ecyd i > 1,
TO OCTaHABIUBAEMCsl (BbIXOJ 1); B IIPOTUBHOM CJIydae IIEePEeXOiM K Inary 2.

Braromapst maram 2 u 3 maHHasi Ipolleaypa mepepabaThiBaeT He CJIOBO
a, a caoBo |a|. HeTpymHo ymocToBepuThCs, 9TO 3aK/II0UATEILHOE 3HATECHIE
HepeMeHHol a ecthb 3Havdenue a(jwiws ... w;—1]). Ilpu arom, eciiu npouemypa
3aKaHYMBAETCS Yepe3 BBIXOJ 1, TO IieJoe BXOJ/HOE CJIOBO SIBJISETCH ‘liepepa-
6oTaHHBIM”, & €CJIM Yepe3 BBIXOJ 2, TO TPOoIeypa ‘“mepepabaTbiBaeT’ TOTBKO
€ro 9acCTh, & UMEHHO CJIOBO WiW3 . . . W;, TJIe  TIePBOE TAKOe TUCJIO CPEIU THCET
1,n, nias koroporo w; = n u [Jwiws . ..w;|] = sen.

[TocTponm ceitaac aBroMat 2o, KOTOPBI B COYETAHUH € KOJUIEKTHBOM B
OyeT BBIIOJIHATE porpaMmy [l 110 OTHOIIEHUTO K JII060MY CJIOBY (v, KOTOPOE
COOTBETCTBYET, HAUNHAIOIIEHCsI ¢ HEKOTOPOH S-TOUKH, () - 'paHuIle HEKOTOPOit
BHYTpPeHHE TpaHu [ HEKOTOPOro IPsAMOYTOJbHOrO Jiabupunra L. DTOT HO-
BBIil KOJUIEKTUB OYIET, IO CYIIECTBY, IepepadaThiBaTh JII0O0E TAKOE “BXOIHOE
CJI0BO” & B CJIOBO ||, COOTBETCTBYyIOIEE pacIiIupeHHoil (O - rpaHuIle Compsi-
JKeHHOI ¢ (O - TpaHuIieil, onpeesisitoreil ¢jioBo a. Teneps posb aBTomara 2o
B 9TOM COYETAHUU COCTOUT B TOM, YTOOBI PEArupoOBATH HA KaXKJIbI O4Yepeji-
HO 3HAYUMBIN S-BUTOK CJIOBa |(|: Ha BBIXOJle aBTOMaTa 2o “IpakTHIecKd
Beerna’ Haxoxures unciao 0, a ecim mossisercs ducyao —1 [1], To Tosbko
4710 “3aBepIIUBIIUiics” S-BUTOK OBLI OTPUIATEJBHBIM [[IOJOKUTEILHBIM|, a
poJtb KoJLteKTHBa B, KOTOpBIi yipasisier paboroil cuerunka C, COCTOUT B
[OJICYUeTe ITUX S-BUTKOB. B Hamell peanuzanun C' XpaHUT 3HAYEHUE, ITPOTH-
BOIIOJIOXKHOE 3HAYEHUIO [IEPEMEHHON a, T.e. Bcerna C = —a.

Ommummem aBromar 2o 60s1€e moapobHo. CocrosiHusiMu aBToMaTa Ao STBJIA-
forcst Bee ayeMenTsl Muoxkectsa Wy(s) U {A}, rae

Way(s) = {a € SiIm(D) | [a] = a, o] < 4 u f(a) = s},

€ro BXOJIOM sIBJISIETCsI JTI0boe w € B, a BBIXOJI0M — Jitoboe ducio b € —1, +1.
Torna, ecsim Ha BXOK aBTOoMara 2fs MOCTYIIAeT BXOIHOW CHMBOJ w € 3, ero
“peakiins BBITUCISIETCS C IMOMOIIBIO CAEIYIONINX IPABILIL:

1) Ecm =Anw=s,10B:=s5ub:=0.

2) Ecru f=Aunw#s, 10 :=Aub:=0.

3) Bern § £ A w = ((8)~" n 1(8) £ e, 10 nyers B = [fo_(w)] n
b:=0.

4) Ecm B # A, w = (1(8))71, 1(8) = e u [Bs] = 6®)s musr mexoroporo
—1<¥ <1, Tonyers B:=sub:=10.

5) Ecrm B # A, w # (1(B8)) ™! m w # s, T0 mycts 3 := [fw] u b := 0.

6) Ecmt B # A, w # (1(8)7!, w = s u [Bs] = 6®)s aust mexkoroporo
—1<¥ <1, Tonyers B:=sub:=10.

[Iycts By = (A1 | R, R2), e 2y = (Q1,01,¢1) u R = (1) s moboro
1 <4 < 2, — onucannslii Bbime KoekTuB, U Ao = (A, Q2, B2, p2,12) —
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ONMCAHHBIA Bhie apromar. IlocTtponmM HOBBIH Ko/utekTHB By = (As | &Y, RS)
runa (1,2), ne Az = (Qs, 03,%3) 1 & = () s moboro 1 < i < 2, cie-
ayromuM obpaszoM. MHOXKecTBOM cocTosinnit aBToMaTa A3 OyIeT MHOXKECTBO
Q2 X Q1, T.e. cocrosinme apromara 23 ecTb jobast 5-Ka (5w, wa,ws, 1), TIe
B € Wy(s) U{A}, snauenns w;, 1 < i < 3, ABIAIOTC JIIOOBIME 9JIEMEHTAMHE
MHOZKECTBa D), a 1 sIBJIseTCs JTI0ObIM YUCI0OM U3 MHOXKECTBa —3, 7. 110J102KuM,
YTO HAYATBHOE COCTOsIHME KOoJuteKTuBa By Oyner 5-ka (A;w, w,w, —3). Ha-
JIee MOJIOZKKM, 9TO Jyist JIIOObIX (3 w1, w2, ws,T) € Q3 u (a,0, a1, as) € Ag,
UMEeT MeCTO:

1) o3

((A;Wawaw7_3)7(avovalon)) (S 58,8, )7
¢3((A;W7W7W7_3)7 (CL,0,0[l,Oég)) S

n
QZJ{[((aa (A7 W, W, w, _3)7 07 OéQ)) == 12}/2(((17 (A7 W, W, W, _3)7 aq, O)) =S5,

ecmm s € a m o] = ag = 1;

@3((/8;(*}17‘*‘]270‘)377“)7 (a707a17a2)) -
= (B;p1((w1, w2, w3, 1), (a,0, a1, a2)))
nu
¢3((B;W1,UJ2,W3,T), (CL, Oa aq, 012)) = ¢1((W1,&)2,W3, T)a (CL, 07 aq, QQ)),
a TaK>Ke

V1((a, (B; w1, w2,ws,7),0,2)) = ¥1((a, (w1, w2,ws,7),0,02))

zﬁé((aa (,8;(,(}1,(,0270.)377”), 061,0)) = 1;2(((1, (O.)l,(,dg,w,j;,r), aq, 0))7

ecoiu 7 £ —2 u r # —3 (ApyruMu cjIoBaMH, 10 TeX IOP, IMOKa yCJIO-
BUE T # —2 BBIMOJHEHO, W TPU ITOM KOJUIEKTUB By He HAXOIUTCS B
HAYAJBHOM COCTOSIHHU, TO OH BejleT cebsl Kak KoJuleKTus Bi);

e3((B; w1, w2, w3, 1), (a,0, a1, a2)) = (p2(B, (W1) " (a));
¢1((w1, w2, w3, —1P2(B, (1)~ (a))), (a, 0, a1, a2))),
Y3((B;w1,we, w3, 1), (a,0,a1,az2)) =
:¢1((w17w27w3a_¢2(6’ (wl)_(a)))v(avoaalaaQ))v
121/1(((17 (wl,(/.)z,w3,7’)10,a2)) =
= Y1((a, (wi,w2,ws, —Y2(B, (01)"(a))),0, az))

n

¢/2(( (w1?w2aw3a )104170)):
= 2 ((a, (w1, w2, w3, —P2(B, (W1)~(a))), a1,0)),

eciu r = —2 1u a1 — 1 (B TOT MOMEHT, KOI'Jla BBIIIOJTHEHO YCJIOBHE

126



r = —2, CHavYaJa, C IIOMOIIBIO IPOTPaMMBbI aBTOMAaTa 2y, OIpeaessieTcs
OCHOBHOM peXXuUM paboThI, T.e. KaKoe 3HaUeHWe 13 MHoxKecTBa —1, 1
IPUHUMAET [IepEeMeHHas 7, a IMOTOM KOJIEKTUB By memaer “xom’ Kak
KOJLIEKTHB B );

4) nepexon apromara A3 B dbuHmMIHOE cocTosiHUE ¢, ecom o = g = 1,
f=sen,wi=wy=nur=-—2;

5) BO BCeX OCTAJIBHBIX CJIydasiX KOJUIEKTHB By OIpeseseH TPUBHAIbHBIM
CIIOCOOOM.

(KOHe‘—IHO7 OIINCBhIBagd BBIIIE KOJIJIEKTUB 82, MBI KaK BCerJa IIoJpa3yMeBaeM,
4TO JII000I KaMeHb 3TOTO KOJUIEKTHBA BCEIJIa OCTAETCS Ha MeCTe, eCJId B
BepIKHE, B KOTOPOil OH HAXOAUTCs, HEeT aBromaTa 2As).

[Ipeamooykum ceiivac, ITO B HA9aIbHBI MOMEHT KOJUIEKTHB [Bo TIOMEIeH
B HEKOTOPYIO OPTOYKY Z|g HEKOTOPOi BHYTPEHHEi rpaHn f mpon3BOIBHOIO
PSIMOYTOJILHOTO JiabupuHTa L (BCe aBTOMATHI KOJUIEKTHBA B2 TIOMEIIEHbI B
Bepimny x sabupunTta L). VI3 onpeesenns kosutekTusa Ba, ciemyer, 9To Ha-
30Bas ToUKa cueT4dnka C' 3a BpeMsi MEXKJIy JBYMsl [TOC/IEIYIOIUMA MOMEHTa~
MU, B KOTOPBIX BBIIIOJTHEHO YCJIOBHE ' = —2, IEPEBUTAETCSI HA, OJIHY TO3UIIUIO
BIIEpPE/T BJIOJIb pacCIIupeHHol (O - TPAHUIbI TpaHu f, HAUUHASA C BUPTYAJIHHON
oprouku x|z rpann f. Takxke u3 oupejesenus u reopemsl 18 ciemyer, 4To
KOJIJIEKTHUB By mepexoauT o0s13aTeIbHO B (PUHHUIITHOE COCTOSTHUE W 9TO TOTA
BCE aBTOMATBhI 3TOI'O KOJIJIEKTHUBa OKAa3bIBAIOTCIA B ,ZLO‘{epHeﬁ OPpTOYKE OPTOY-
K1 x|g. 3amernm, 4ro Beerna C' = —a, rie a — anarebpandeckas CyMMa BCexX
S-BUTKOB TIOJICJIOBA CJIOBA, KOTOPOE COOTBETCTBYET PACIIUPEHHO (O - TPAHUIIE
rpasu f: OT BUPTYaJbHON OPTOYKN a:|§> J0 BUPTYaJIbHOII OPTOYKHU 3TOH 2Ke
paHu, B KOTOPOU OKa3aJ/iach B JIAHHBI MOMEHT H6a30Bast Touka cuerdnka C'.
W3 Teopemsr 18 ciemyer, uto uncio —a, xpansieecst 8 C, Bcerma > 0.

3HaunT, HA3HAUEHNE KOJIEKTHBA By ciemytoriee: HAWTH JOYEPHIO Op-
TOYKY JIAHHOW OPTOYKH T|g JaHHOII BHYTpeHHeH rpaHu f JaHHOIO KOHEd-
HOT'O IPAMOyTrojbHOro jabupuara L. MoxkHO moKa3aTh, m0I00HO TOMY Kak
MBI 9TO CJI€JIAJIU BBIIIE, UYTO CYIIECTBYeT U KoJIeKTuB Tuna (2,0), KOTopbIii
CIIPABJICTCA C ITOU 3ajia4eil.

O6osnaunm uepes B3 kosiekTus apromMaToB tuna (1,2), KOTOpbIi B JI0-
O60M KOHEYHOM HIPAMOYTOJILHOM JabupuHTe Lg, IpoBepseT YCIOBUE Lo €
b(foo(L)). Herpyano ybemurbesi, 4TO CyIIECTBYIOT KOJUIEKTUBBI aBTOMATOB
kak tuna (2,0), rak u tuna (1, 1), KOTOPBIE CIPABIISIIOTCS € 9TOM 3aateit.

O6osznaunm vepes B4 KoIeKTHB aBTOMATOB THIA (1,2), KOTOPLIl B JII0-
OOM KOHEYHOM IIPSIMOYT'OJIBHOM J1abupuntre Ly, Juisd rpanu f, HaxoJsiencs

B L ciesa ot BekTopa 2o(zow), rie w = e~ ([z0]), naxoaut nepsyo N-touky
rpaHn f, KOTOpasi HaXOJUTCs BJOJbL ()- PDAHUIBL I'PaHu f 1I0CJIe ee OpTOU-
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KN To|g, JIerko ybeamThest, 9TO ¢ 9TOH 3ajateil CHPABISETCS Jazke OJIUH
aBTOMAT.

ITycty L, — IpOM3BOJIbHBIII KOHEYHBIN MPSMOYIOIbHBIN JJAOUPUHT Ta-
KOit, 9T0 o € b(foo(L)). O6o3HauNM yepes Bs = (As | Ry, R2) KoueKTHB aB-
tomaToB Tuna (1, 2), Koropslit B L, BeieT cebst cJie /Ly IonumM 00pa3oM: KaMHH
R1 u Ky ocrarorcs Bce BPeMsl B BEPIIHHE T, & aBToMaT 25 3a KayKIblil MO-
MEHT BPEMEHN IIepeIBUTacTCd Ha OJHY IIO3UIUIO BIepe] BIAOIbL (O - TPAHUIIBI
rpain foo(L). TlosobHOE 110BeIeHNe KOUIEKTHBA B TAKOM JIAOMPUHTE MOYKHO
OCYIIECTBUTDH U C HOMOIIBIO KoJuteKTuBa Tuna (2,0), a NMEHHO: OJUH U3 aB-
TOMATOB TaKOI'O KOJUIEKTHBA OCTAaeTCs B BEPIIUHE X, a4 BTOPOU BexeT cebs
Kak aBToMaT 2Us.

Teopema 21. ITycmov £ — Kaacc 8Cex KOHEUHBIT NPAMOYZONOHHLL AAOUPUH-
mos. Tozda caoocrocmo npeduxamos Mh u M2 6 mouxe (1,2) [(2,0)] ecmo

O(n?) [O(n?)].

Hoxazamenavemeo. OUeBUIHO, ITO YTBEPKIEHUE BEPHO, €CJIN OHO BEPHO IS
IIpeJInKaTa, M% [Tokazkem, 9TO yTBEPKIEHUE JJIsT STOIO IMPEINKATA B TOUKE

N 2
(1,2) Bepuo (amasormunbiM 06pa3oM pasbupaercs U ciIydail npegukara Mg
B Touke (2,0)).

Paccmorpum koMmOuuupytomniywo nuarpavmmy D, manHyio Ha puc. 13, riae
KOJUIEKTUBBI By, B3, B4 1 By sIBJISIOTCS TOJBKO ITO OIPEIeIeHHBIME KOJLIEK-
TuBaMu, a B — KOJUIEKTHB n30MOPGhHbIHA B3. 3HAYECHUS METOK JHArpaMMBbI
D 6yayT ciemoBaTh HESIBHO M3 HUXKE JTAHHOTO OIMCAHUS.

Puc. 13.

Ounpenenum kosnekTus A Kak D-KOMIIO3UIUIO JTAHHBIX KOJIJIEKTUBOB aB-
TOMATOB; B Ka4eCcTBe HAYaJIbHOIO COCTOsHUs KOJIIeKTuBa A BbIOepeM Ha-
JaJIbHOE cocTostHue KojnekTusa By. Konnektus A Oyier “Bectu cebst” B po-
M3BOJILHOM KOHEYHOM IIPSIMOYTOJILHOM Jiabupuure Ly, B COOTBETCTBHU CO
cJeLyIoIeil mporpaMMoOi:

1: Kounektup A paboraer 1o nporpaMme KoJieKTuBa B3, a UMEHHO
[POBEPsIeT, IPUHAJIEXKUT UM HET BEPIIUHA T( IPAHUIE rpaHn [ (L): eciu
Jla, TO MEPeXoAnT K mmary 5 (mepexon 1°), a ecm HET HEPEXOIUT K CJIeLyTo-
memy mary (mepexog 2°).
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2: Komnektus A paboraer 1mo mporpamme KoJuleKTuBa B4, a MMEHHO
B L, HaXoOuT LEPBYIO ﬁ—TOqu rpann f, KOTOpasi HaXOJUTCsT BIOJIb O-
IPaHUIBl TpaHu f mocse ee OPTOYKU To|g, riae w = e ([zg]) u f — rpanb
nabupuHaTa L HaXOJSIAsICh cjieBa OT BeKTopa To(zow). Obo3HaunM tepes
x HOCHUTEJb TOl oprouku (x Oyuer e MHCTBEHHON “‘lepeMeHHON” Jisi 1po-
rpammbl). Kommektus A nepexour K ciaefyiomiemy mary (mepexos 3°).

3: Kosutekrus A paboraer 1mo mporpaMme KoJUIeKTHBa [, & UMEHHO
[POBEPSIET, MPHHAJICIKUT WM HET BEPIIHHA & TPAHUIE rpaHn foo(L): ecin
Jla, TO mepexoAuT K mary 5 (mepexos 4°), a ecjiu HeT HepPexOJUT K CJIeLyTo-
memy mary (mepexof 5°).

4: Kounekrus A paboraer 1o mporpamme KoyiekTusa Ba, T.e. HaXoanT
JIOYEPHIOI0 OPTOUKY JIst |5, 6epeT ee HOCHTEb KaK HOBOE 3HAUCHUE JIJIS L,
U IIepexoanT K mary 3 (mepexos 6°).

5: Koumektus A paboraer mo mporpamMme KoJuIeKTuBa B, T.e. BeseT
cebs1 ciemyronuM obpasoM: oba KaMmHs K1 U Ko “MOKOATCS BCe BpeMs B Bep-
muHe , a aproMar 2As “HENMpPepbIBHO” JBUTAETCA BIEPE BIOJb () - IPAHUIIGI
rpanu foo(L).

Tenepsb HETPYAHO yOeIUTHCsT, uTO ecain Aq 1 A9 — JiBe KOTIMY KOJIJIEKTHBA
A, L — npousBOIbHBII KOHEUHBIN MPSMOYTOJBHBIA JTAOUPUHT, U Tog U Yo,
xo # Yo, — JiBe MPO3BOJIbHBIE ero BepiuHbl, To napa (Aj, As) umeer (xq, yo)-
Bcrpedy B L. Cienoarensho, M%(1,2) = 1.

JlanHast B TeopeMe OleHKa, CJIOXKHOCTH TIPEINKATA M% B Touke (1,2) cie-
nyer u3 gaxTa, 9TO JJIst JI00oi rpann f gabupuHTa L 9HCTIO S -Touek rpaHu
f ue 6ostee, gem |b(f)|, a 4TOOBI HANWTH JOYEPHIO OPTOUKY JEOOOI S -Toukn
rpann f xomnektus Ay “rpatut’ He Gosee, wem 3|b(f)|? MomenTOB Bpeme-
HO. O

Hanomuanm, 910 B 0OCHOBE ajiropurma 06X01a KOHEIHBIX ITPAMOYTOJIbHBIX
nabupuntos ([15]) mexur Teopema 19 (Buepsble nokasanuas B [18]) u uzio-
JKeHHbI B [18] aqropur™m BIXO/@ aBromMara (B IMIMPOKOM ITOHUMAHUH 9TOIO
cJ10Ba) 13 J11000i BHY TPEHHE}! BEPIINHbI JII0O0I0 KOHEYHOTO IIPSIMOYT0JIBHOTO
JIabUpUHTA Ha TPAHUILY €ro BHelrHel rpanu. Takum o0pa3oM KOJIJIEKTUB aB-
TOMATOB, JlazKe 110 aJIFOPUTMY, U3JI0XKEHHOMY B |15], OKa3biBaeTCst 3HAUNTE b
HO ObICTPEe Ha I'PAHUIIE BHEITHEH I'PAHU JAHHOI'O KOHEYHOT'O IPSMOYTOJIBHOIO
JIADWPUHTA, YeM 9TO KaKeTcs Ha repBblit B3rga. Ho He BaaBasich B moapob-
HOCTH aJropuT™Ma 00X0Ja KOHEYHBIX [PSIMOYTOJIbHBIX JaOUpUHTOB 13 [15], u
UCIIOJIB3Ysi TeopeMy 19, MbI jtokazasin Teopemy 21 u gocTuriim HamMu 0OO3HA-
YEHYIO I1eJIb.

B zaksiouenue 3aMeTuM, UTO IpobieMa ONMUCAHUS IPEINKATOB M%, ME u
M?Z, koryia £ sBJISIeTCs KJIACCOM BCEX IIPSAMOYTOIBHBIX JAOUPHHTOB, OCTAETCS
[IOJTHOCTBIO OTKPBITOM.

129



Crmmcok aurepaTyphbl

(1]
2]

131

4]
5]

6]
17
8]
9]

10]

11

12]

13]

14]

[15]

16]

17]

[18]

Kudryavtsev V.B., Uséumli¢ S.M., Kilibarda G., “On behaviour of automata
in labyrinths”, Discrete Math. Appl., 3:1 (1993), 1-28.

Kumubapna I., Kynpsisues B.B., Yuraymma II1.M., “Cucrembl aBroMaToB B
snabupuaTax”’, Maremarndyeckue Borpocsl Kubepaeruku, 14, ed. Jlymanos O.B,
Puzmariut, Mocksa, 2005, 93-160.

Kilibarda G., Kudryavtsev V.B., Uséumli¢ S.M., “Collectives of automata in
labyrinths”, Discrete Math. Appl., 13:5 (2003), 429-466.

Budach L., “Automata and labirinths”, Math. Nachrichten, 86 (1978), 195-282.
Kynpssnes B.B., Iloakomsun A.C., Yuraymaua [II.M., Beedenue 6 meopuro
abcmpaxmunx asmomamos, Isp-so MI'Y, Mocksa, 1985.

Hoffmann F., “One pebble does not suffice to search plane labyrinths”, Lecture
Notes in Computer Science, 117, 1981, 433-444.

Hoffman F., 1-Kiesel-Automaten in Labyrinthen, Report R-Math-06/82, AdW
der DDR, Berlin, 1982.

Kunubapma I'., “O6 06xome KOHEYHBIX JIADMPUHTOB CHCTEMAMU aBTOMATOB’,
Juckpemmuasn mamemamurka, 2:2 (1990), 71-81.

Blum M., Kozen D., “On the power of the compass”, Proc. 19th IEEE FOCS
Conf. (Ann Arbor), 1978, 132-142.

Pultr A., Ulehla J., “On two problems of mice”, Rend. Circ. Mat. di Palermo,
31:2 (1982), 249-262.

Szepietowski A., “A finite 5-pebble-automaton can search every maze”,
Information Processing Letters, 15:5 (1982), 199-204.

Kilibarda G., “On the minimum universal collectives of automata for plane
labyrinths”, Discrete Math. Appl., 3:6 (1993), 555-586.

Kilibarda G., “On Reduction of Automata in Labyrinths”, Publ. Inst. Math.,
Nouw. Sér., 101 (115) (2017), 47-63.

Hemmerling A., “Normed two-plane traps for finite systems of cooperating
compass automata”, J. Inf. Process. Cybern.: EIK, 28:8/9 (1987), 453-470.
Hemmerling, A., “Remark on the power of compas”, Lecture Notes in Computer
Science, 233 (1986), 405-413.

Vijayan G., Wigderson A., “Rectilinear graphs and their embeddings”, SIAM
J. Comput., 14 (1985), 355-372.

Hoffman F., Kriegel K., Quasiplane labyrinths, Preprint P-Math-20/83, AdW
der DDR, Berlin, 1983.

Asser G., “Bemerkungen zum Labyrinth-Problem”, J. Inf. Process. Cybern.:
FEIK, 13:4/5 (1977), 203-216.

Type meeting problem for automata in labyrinths
Kilibarda G.
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