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YHacts 1.
OO61e npobJieMbl TEOPUN
MHTEJLJIEKTyaJbHbIX CUCTEM






Anamu3 aTpuOyTUBHOI TTOJINTUKA
6€e3011aCHOCTU C MCII0JIb30BAHEM METO/IOB
aBTOMATUYECKOI'O IJIAHUPOBAHULA

Adonun C.Al, Bonomxkuna A.JO.?

B pabore paccmarpuBaercst 3a/iaua IIPOBEPKU BO3MOXKHOCTHU TIOJLY-
YeHNs I0JIb30BaTeIeM NH(MOPMAITMOHHOM CHCTEMBI JJOCTYIIA K BBIJIEJIEH-
HOMY OOBEKTY IIPU 3aJ[aHHON ATPUOYTHBHON HOJUTHKE OE30IIACHOCTH.
ITokasbiBaeTcst, YTO IPU HEKOTOPHIX OIPAHUYIEHHUAX HA MOJIeIb HHMOP-
MaIMOHHO} CUCTEMBI U IIPAaBUJIa ITOJIUTHKH 3Ta 33/a9a CBOJIUTCS K 3a-
Jlatie NHTEJUIEKTYAIbHOrO Iiannposannst. OnpenesseTcs APeBOBH,IHAS
CTPYKTYPa, IIOCTPOEHHEe KOTOPOil COOTBETCTBYET IIJIAHUPOBAHUIO B IIPO-
CTPAHCTBE IJIAHOB U II03BOJISIET YIUTHIBATH CHEIIMUKY PeraeMoil 3a-
Jady IPU IOCTPOCHUH SBPUCTUYECKUX aJITOPATMOB IIPOBEPKH JOCTYIIA.
Jloka3bIBaeTCs, 9TO CyIECTBOBAHUE TAKON CTPYKTYDBI SIBJISE€TCS HEOD-
XOJIMMBIM H JIOCTATOYHBIM yCJIOBHEM BO3MOYKHOCTH IIOJIYyY€HHSI JOCTYIIa
K IIeJIEBOMY 00beKTy.!?

Pabora Bemmosinena npu nojep:kke rpaata POUU 18-07-01055.

KuroueBbie ciioBa: ABAC, nposepka J0CTyTa, HHTEIIEKTYATb-
HOE TIJIAHUPOBAHMUE.

1. BBegenue

Vupasiienue npaBaMu JOCTYIA SBJISETCS BayKHOM cocrasJisiionieil nudopma-
[IMOHHBIX cUCTeM. B MHOIOI0/Ib30BATEIbCKAX CUCTEMAX HEOOXOIMMO OI'DAHU-
YMBATH BO3MOYKHOCTD BBIMTOJHEHUS CYOBEKmMamy TOCTyIa (I0JIb30BATEIAMI
WJIM IpOrpaMMaMM) TeX WJIM WHBIX olepaluii ¢ obsexmamu jpocryna. B ob-
IEM CJIydae JIOCTYI 3aBUCUT OT CBOHCTB 00beKTa U CyO'bekTa JIOCTyIIa, BUIA
omnepanuu u xowmexcma. [IppuMepoM KOHTEKCTa SBJISIETCS BPEMsI BBIITOTHEHUST
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oIepaIy, TeKylee (GPU3NIECKOE TOJIOXKEHIE TOIb30BATE ST WK JPyTrue IIo-
nobuble maHHbE. JJoCTyn cyObeKTOB K 0O0BbEKTaM OIpeIesIsseTcss TpaBuIaMn
0 JIOIYCTUMBIX OIlepalIlusix CyObeKTa HaJl o0beKToM. Hampumep, B mpaBuiie
«CoTpyIHUK OT/ie/1a KQJIPOB UMEET MPABO U3MEHSTH KAPTOUKY PabOTHUKA, C
10 o 17 acoB» 0OBEKTOM JIOCTYIA SIBJIAETCS KapTOouKa pabOTHHKa (3aInch
B 6a3e JaHHBIX), CyOBEKTOM — COTPYJHHUK OTJe/a KAJIPOB, Olepalus — pe-
MaKTUpoBaHue 3amnuch. [Ipun 9ToM HAKIaIBIBAETCS JIOMOJHATEILHOE OrPaHNU-
JeHre Ha KOHTEKCT — BPeMsi BBIIOJIHEeHHs onepannn. Habop npasui gocryia
TAKOIr'0 BUJIa HA3BIBAETCS NOAUMUKOU 0E30NACHOCT.

Ha npakTuke nmojuTrka 6€301MacHOCTH ONUCHIBAETCS JOKYMEHTOM Ha eCTe-
CTBEHHOM s3bIKe. JIs peam3anny moJuTHKU Oe30ITaCHOCTH B KOJIE CHCTEMBI
[paBuUja JOCTYIa IIPEICTaB/ISIOTCS B TEPMUHAX HEKOTOPOI Mmodeau docmy-
na. Vcnosp3oBarune (popMaabHONR MOIEIN MO3BOJISET IPOBOJIUTH aHAIN3 IO~
JINTUKYU Ha [IPEJIMET BBINOJHEHUSI HEKOTOPBIX cBoiicTB. Hampuwmep, paccmar-
PUBAIOTCS TaKUEe CBONCTBA KAaK HEIIPOTUBOPEINBOCTD IIPABUJI MIOJIUTUKA JIPYT
JPYTY, JOCTYIIHOCTH OOBEKTOB JOCTYIa OIPEIEJIEHHLIM [TOJIb30BATE/IAM, K-
BUBAJIEHTHOCTD IIOJIUTHK U Apyrue [4, 3|.

AutropuTMuYecKasi PaspermMOCTh U CJI0YKHOCTD 3aJ1a aHAJI38, TOJTUTH-
KN JOCTYIa 3aBUCUT OT BBIPA3UTEJBHON CHJIBI MOJEJH JOCTyla. B jmrepa-
Type OIHUCHIBAETCSI MHOXKECTBO Mojlesieii joctyna. K unciy HanboJiee n3Bect-
HBIX U PACIPOCTPAHEHHBIX Mojesteil otHocsaTest quckpermontas (DAC), man-
naras (MAC) u ponesas (RBAC) mozens jmocryna. B mocsennee Bpemst
SHAYUTEJIbHYIO MOIYJISPHOCTL tpuobperator mogean tuna ABAC 8], koro-
pble TI03BOJISIIOT MCIIOJIb30BAaTh CBOHCTBA (aTpubyThl) O0BEKTOB U CyOHLEKTOB
JIOCTyTIa TIPYA OUPEIEJEHNN MPABUJI JOCTYIA, UTO IO3BOJISIETCS PACIIUPUTD
CIIEKTP BO3MOKHBIX IPABHUJI [0 CPABHEHHUIO C POJIEBOI Mopeabio. IIpu srom
aTpuUOYTUBHBIE MOJIEJIM BKJIFOYAIOT HEKOTOPBIE KJIACCUIECKUE MOIENH JIOCTY-
na [1].

B nmammHoit paboTe MBI paccMaTpUBaeM 3aJady TPOBEPKU BO3MOXKHOCTH
IIoJiydeHusd I10JIb30BaTesJIieM JIOCTYIIa K BbIJICJICHHOMY O6’beKTy B pe3yJjibTaTte
BBITIOJTHEHUS TTOCIEI0BATE/THHOCTH OIEPAINii, PA3PEIIEHHBIX €My MTOJTNTUKOM
CBAC. Msbr cunTaeMm, 9T0 B WH(MOPMAIMOHHON CHCTEMe, COCTOSINEN u3 Ha-
6opa B3aMMOCBSI3aHHBIX 0ObEKTOB, paboTaeT OJIMH HOJIb30BATEIb (3/10YMbIIII-
JICHHVIK ), KOTOPBIH IIBITACTCS TIOJIyYUTh JIOCTYII K BbIIEJIEHHOMY OO'bEKTY, BbI-
IIOJIHAA TOJIBKO Ppa3pe€lI€eHHbIEe €My OIlepalluu.

Cdopmynupyem 3a1ady 6osiee popmabho. [lycTh 3a1aH0 MHOXKECTBO ne-
pemernur (Wi 06sexmos nHMOPMAIMOHHON cucTeMbl) {X1, ..., Xy . [lepe-
MEHHbIC IIPUHUMAaIOT 3HaAYCHUA N3 MHO2KECTBa X CocmOﬂHueM CUCMEMDBL AB-
JisgeTcss BeKTop & € X N 3pavenmii nepeMeHHbIX. C KaxKJI0il 1epeMeHHoil X;
cBsizaHO Mmmodcecmeo docmynnocmu A; € XN xKoropoe ompenenser ycio-
BUSI Ha 3HAYEHUST IEPEMEHHBIX, IIPA KOTOPBIX 3HATEHNE ITIEPEMEHHON X; MOYKET
OBITH W3MeHeHO. Fcyim Tekylnee COCTOsIHUE T TPUHAJJIEXRKUT A;, TO MOJB30-



BaTe/Ib MOXKET IEePEBECTH CUCTEMYy B COCTOSHHE T, KOTOPOe OTJIMYAeTCs OT
T TOJILKO B 1-Oif KOMIIOHEHTe. Takoe JieiicTBHEe Ha30BeM JONYCmumMbvim 1 Oy-
neM 0603HaYaTh KaK T —; o', 3a O/IHy OIlepaIio MOKHO M3MEHATH TOJIBKO
OZIHy IepeMeHHYI0. 3ajada COCTOUT B cieayliomeM. s 3a1aHHOll CHCTeMBbI
muOKecTB P = (A1, Ag, ..., AN), unzekca t € {1,..., N} (oupezesstioriero
[EPEMEHHYI0, K KOTOPOH MBI XOTHM MHOJIyYUTH JIOCTYI) M HAYAIBHOIO CO-
crosiamst 20 € XN rpebyercss MpOBEPUTD, UTO CYIIECTBYET KOHEUHASI TTOCTIE-
JIOBATEIBHOCTD JOMYCTHMBIX JefiCTBHUIA, KOTOPas IIepeBOAUT cocTosHme ¥ B
HeKoTopoe coctosinue T’ € A;. JIpyrumMu cjloBaMé MOYKHO CKa3aTh, UYTO B Ie-
PEXOMIHOI cucTeMe, 3aJaHHOl CHCTeMOll MHOXKeCTB P, TpebyeTcs IIpOBepUTh
JOCTUZKMMOCTD MHOZKECTBa At N3 HAYaJIBHOI'O COCTOAHUA xo

OueBuiHO, 9TO ec/iu MHOXKecTBa A; IPOM3BOJLHLI, TO 3a7a4a IIPOBep-
KM JOCTyIa HEe UMeeT aJrOPpUTMUIECKOro perrenus. Hampumep, myctsb 3a-
JaHbl 1epeMeHHble {u, v, w} U JBa PEKYPCUBHO MEPEYUCIUMBIX MHOXKECTBA
U = {u,ug,...} n V = {v1,v9,...}. Oupenesum MHOXKeCTBa JOCTYIHOCTH
HEePEMEHHBIX CJICIYIOIIUM O0Pa30M:

Au = {(UZ’,’Ui,O) | P> 0}’
Ay = {(ui+17vi?0) ’ P> 0}7
Ay = {u*,v*,0}.

[pu magamsom coctosamu x° = (u1,v1,0) eMHCTBEHHO BO3MOYKHAS GECKO-
HeYHAasl [I0CJIeJI0BATEIbBHOCTD COCTOSTHUIN cucTeMbl uMeer B (11, v1,0) 5y,
(u2,v1,0) >y (ug,v2,0) —y (us,v2,0) =y ... JocTyn K nepemeHHON w BO3-
MOKEH TOTZIa M TOJIBKO Torna, Korma jubo u* € U, mubo v* € V. B cuy
HepeKypcuBHOCTA MHOKeCTB U 1 V' BBITOTHUMOCTD 9TUX YCJIOBUM HE MOXKET
OBITH ITPOBEPEHA.

O/1HO U3 BO3MOYKHBIX OMPAHUYEHUN HA CTPYKTYPY MHOXKECTB JOCTYITHO-
CTH paccMaTpuBaercsi B pabore [2], rje 9T MHOXKeCTBa NPeJICTABIAIOTCS B
BHUJIE KOHEYHOIO OObEIUHEHNS JIEKAPTOBBLIX IPOU3BEICHUI HEKOTOPHIX MHO-
2KecTB. B 9TOM ciiydae MHOXKECTBO COCTOSIHUI CHCTEMBI Pa3IesisieTCst Ha KO-
HEYHOE YHCJIO KJIACCOB SKBHBAJEHTHOCTH U 3aJa49a IIPOBEPKU JOCTYIA CBO-
JIATCST K MOUCKY IIyTH B KOHEYHOM rpade. TOT pe3yabTaT MOKa3bIBaeT pas-
PEIINMOCTD 3aJIa9K, HO YMCJIO BEPIIUH 3TOro rpada OrpaHmIeHO 22N, 9TO He
II03BOJIAET UCIIOJIB30BaTh ﬂaHHbIﬁ METO/I Ha IMpaKTHUKe.

Henpro mamHO pabOTHI ABJISIETCS PEIIeHHE 3aJa9d IIPOBEPKHU JIOCTYIIA
B yCJIOBUSIX [2] MeTojiaMu MHTEJUIEKTYaabHOro Iutanuposanus [7]. dus cu-
CTeM C KOHEYHBIM YHCJIOM COCTOSHUIl yHUBEPCAJBbHBIE aJITOPUTMBI KJIACCH-
4Jeckoro IuranupoBanusi, Takne Kak STRIPS, rakske cBojsrcss K mepebopy
BO3MOZKHBIX IIOCJICJIOBATEJIbHOCTEN NEeCTBUIA U MMEIOT SKCIOHEHIINAJIbHYIO
cJI0KHOCTD [6]. Bo3MOXKHOCTD paspaboOTKU HMPUKJIATHBIX DEIeHuil CBs3aHa
0O C PaCCMOTPEHMEM CIEIHAIbHBIX MTOIKIACCOB MCXOMHON 3a1a49u, JIHOO C
YYETOM Pa3JIMIHbIX S3BPUCTUK U IIAHUPOBAHUEM B IIPOCTPAHCTBE YaCTHIHBIX



nesieii [5]. B mamnoit pabore mpeiaraeTcss alropuTM MOCTPOEHHUSI TIAHA, KO-
TOPBII UCHOJIB3YET CBOMCTBA 33/1a4M HPOBEPKU JOCTYIIA.

B cirenyromem pasmesie MpuBOAUTCS OCHOBHBIE OIPEIEIEHUS U (DOPMaIb-
Hasl TOCTAHOBKa 3aJa4dM IPOBEPKH KOPPEKTHOCTH IOJUTUKU. B pasmene 3
OIMCBHIBACTCST MHTEPIPETAINS 38191 B BUIE I'Pada 3aBUCUMOCTEN U TOKa3bI-
BAIOTCsI HEKOTOPBIE €r0 cBoficTBa. MeTos IPOBEPKU KOPPEKTHOCTHU TTOJIUTHKU
IIyTEM BBIJICJICHAS IIPOMEXKYTOYHBIX [IeJIell U ero CBA3b C 3a7a9eil MHTEJJICK-
TyaJIbHOT'O IIJIAHUPOBAHUS ONUCHIBaeTCs B pazjiene 4. B passerne 5 BBoguTCS
MOHSATHE JepeBa IMOPAAKOB U JIOKA3bIBaE€TCsl OCHOBHAs TeOpeMa — KPUTepuit
BO3MOZKHOCTHU II0OJIYYEHUS JIOCTYHA.

2. OHpe,ZLeJIeHI/IH 1 IIOCTAHOBKa 3aJa4n

[Tycrb 3amana cucrema uz N nepemennvir (OyneM TakyKe Ha3bIBaTh UX 005-
exmamu)

x ={x1,..., XN}
ITepemennble MOryT IpHHEMATh 3Hadenust u3 muoxecrsa X. Cocmoanuem
cucmemdl ABIsteTCst BEKTOp « = (11, ..., 2x) € X 3HadeHnit mepeMeHHbIX.

C KaxK 10l MIepeMEeHHOIT X; CBSI3aHO HEITYCTOE MHONHCECTEO JOCTYNHOCT
A; € XN koropoe ompesenser yeioBus Ha BCe MepeMeHHbIe, IIPU KOTOPBIX
3HAUYEHUE MMEPEMEHHON X; MOXKeT OBITh U3MEHEHO: €CJIU TEKYIee COCTOsSHUE
T NPUHAJICIKAT A;, TO CHCTEMy MOYKHO HMEPEBECTH B COCTOSHHE I, N3MEHUB
3HaYEHUE NIEPEMEHHON X;:

= (21,...,%...,2N), ¥ = (T1,...,%}, ..., TN),
IpHUYEM Ha €€ HOBOE 3HAUCHHE I He HAKJIA/IbIBACTCS HUKAKIX OrPAHUICHUH.
B oaua MOMEHT BpeMeHn MOXKHO M3MEHSTDb OHy nepemennyio. Hosoe cocro-
saane &' HA30BEM Henocpedcmeento 00CTUNCUMbLM U3 .

YesoBue «x € A;» Ha3BIBAETCST YCa08uem JoCmyna K TEepPeMeHHON X;, U
€CJI OHO BBITIOJTHSETCS, TO U3MEHEeHne 3HAYeHUsT TIepeMeHHON X; donycmu-
Mo (K TIEpEMEHHOI eCcTh JIOCTYII), U TaKoe M3MEHEHUe Ha3bIBaeTCss JoCmyn-
HOU onepayuet. YCIoBue A0CTyTa OyIeM 3alichiBaTh depe3 NWHIMKATOPHYTO
dyHKIUIO MHOXKECTBa A;:

1, ecmux € A;
IA. (X) =
2
0, wuHaue.

Takum obpazom, cucTeMa HEIyCTHIX MHOXKECTB P = (Az‘z =1,...,N) omnpe-

JIeJIsIeT TMOJIMTUKY ITOCTYIIa K IIePEMEHHBIM JJIsl OIepallii N3MEHEHMS.
Hocryn K x; cywecmeento 3a6ucum OT IEPEMEHHOM X, €CJIH CyIIeCTBYeT
mapa cocrosiunit ¢ = (x1,...,%j,...,en) 1 &' = (1,... ,x;, ..., TN ), OTJIH-
JAIOMUXCs TOJIBKO B j-if KoopauHare, Takue 910 - € A;, ' ¢ A;. Eciu rakux

10



COCTOSTHUHI He CYIECTBYET, TO 3aBUCUMOCTD durxmuenas. VI3 memyctorsr A;
clleJlyeT, 9TO MHOXKECTBO A; comepKuT Bce 3Hadenus ¢pukTusHoit X;. Cymie-
CTBEHHBIE JIJIsT IOCTYIA K X; [TepeMeHHbIe (00bEeKThI) HA30BEM 100005eKMamu
X;.

JlocTynHyI0 onepanyio n3MeHEeHHsT COCTOSHUS 0003HAMNM T —; X' COCTO-
sIHME T IIePEeXOUT B COCTOSTHUE &’ M3MEHEeHHeM B i-Toil KoMmoHenTe. Eciu u3
KOHTEKCTa $ICHO, KaKas IlepeMeHHas MeHseT 3HaYeHue, WM 9TO He BaXKHO,
nepexoJl B JAPyroe cocTosgHue Oyaem ob6o3HavaTh Kak T — &',

Cocrosmme 1’ HazoseM docmusicumuvim 13 coctosans ¥, ecin cymecTsy-

eT KOHedHas HOCJeI0BATEBHOCT cocrosauil x!, ..., 2% = !, rakux 4ro
2T Vi € {0,1,2,...,k — 1}. 3aech KaxKI0€e COCTOSHHE OTIMYAETCST
OT HPEeJBIIYIIero B O1HO# nepemennoii. IToguepKHeM, 4TO Bce M3MEHEHUsI
B IIEII0YKe JIOJIKHBI OBITH JIOCTYIIHBI (TO €CTh KAXKJI0€ COCTOSHUE TIPUHAIJIe-
JKUT MHOYXKECTBY JIOCTYITHOCTH IIepeMeHHOi, KOTopas MeHsieTcsl /IS IIepexo/ia
K CJIeJIyIOIIeMy COCTOSIHUIO). Ilepexo/| B JIOCTUKUMOE COCTOSTHUE 0DO3HAUUM
x—=*a.

MmuozkecTBo S Ha30BeM JOCTUINCUMDLM U3 COCTOSHUA T, €CJIU CYIIeCTBYeT
cocrosaue o' € S, noctmxxumoe u3 x: ¥’ € S 1 x —* 2/, obosnauenne x —* S.

Bamevarnuve. Ecim XN — 310 addunHOEe HPOCTPAHCTBO, KayKIas Iepe-
MeHHasl — KOOPJMHATA, a COCTOSHUE — 3TO TOYKA, TO HEIOCPEJICTBEHHO JI0-
CTHZKIMOE U3 & COCTOsHUe X', oTyimdalomieecs B i-TOi KOOpIMHATE II0JIydeHO
«CIBUI'OM II0 IIPSIMOI BIOJIb 4-TOH KOOpAMHATHI». MHOXKecTBO A; siBJIsIeTCs
IUJIMHIPIYECKOH TTOBEPXHOCTBIO BJI0JIb (DPUKTUBHOM JJIs X; IepeMeHHOI.

3amaya mpoBepKu OJOCTyHa bByjem cunTarh, 9T0 y KaxKI0i IepeMeHHOM
X; ecTb kj; CyImecTBEHHBIX HEPEeMEHHBIX Xji ,. . . ,xjkj, a MHOXKECTBO JOCTYII-
HOCTH Aj 3a71aeTCA WHINKATOPHON DyHKIEH BUIA

IA]' (X) = HIAj,ji (in)v (1)

rie Ajj;, € X ecTb MHOXKECTBO 3HAYCHHUIT MEePeMEHHON Xj,, IPU KOTOPBIX
BO3MOXKEH JIOCTYII K X ;. DTO O3HAYAET, YTO yCJIOBUS JIOCTYIA X, IIPOBEPAIOTCS
«HE3aBHCUMO» [T KayKJI0# U3 €€ CyIeCTBeHHBIX IePeMEeHHbBIX U JIOCTYII K X
eCTb, eCJIM BBINOJIHSIETCs Kaxkoe u3 yciaosuii cipasa B (1). Takue ycioBust
1 (DYHKIUU HA30BEM Pa30eAUMBLMU.

MuozxkecrBa A; ; MOryT OBITH HPOM3BOJILHBIMHU. [l peanmsanuy ajro-
pUTMOB TIOTpedyeM, ITOObI OHM ObLTH «3(PEKTUBHO ONPEIC/ICHBI», TO €CTh
U3BECTHBI AJITOPUTMBIL:

1) mpoepkn 1ycToThl nepecedenns A;; co Bcemn Ay j;

2) BbI60pa npeacraBuTe Id 9TOro 1nepecevdenud, eCjii OHO He IIyCTO.
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To ecTb MBI JIOJIKHBI 3HATH, KaKHe YCJIOBUSI Ha X; MOIYT OBITH BBIIOIHEHDI
OJITHOBPEMEHHO ¥ yMEeTh IPHCBANBATD X; TaKne 3HadeHus. [y mpocToTsl Oy-
JIEM CYMTATD, 9TO 9Ta nH(OPMAIA U3BECTHA W HAM He HaJI0 TPATUTL BPEMsI
HA IPOBEPKY U MOUCK IIPEJICTABUTEIS.

Sagada cocrouT B cieaytomieM. s 3amaHHoil cucTeMbl «3pPEKTUBHO
OlIPEJIEJIEHHBIX» MHOXKECTB P, yjoBjerBopsitorux ycaosuio (1), unjgekca t €
0 ¢ XN rpebyercst mpoBepUTH, UTO
x —* Ay TlepeMennyio x; 1 MHOKeCTBO Ay OyjieM Ha3bIBATH COOTBETCTBEHHO
UYEAEG60T IEPEMEHHON W 1UeAE6blM MHOKECTBOM.

Mt ynobersa obosmaumm I j(x) = 4, (X;), moapasymesas, 9TO yc/o-
BH€ IIPUHA/JIEKHOCTH MHOXKeCTBY A;; HAK/aJbIBaeTCs TOJBKO Ha X;. Bes

{1,..., N} u HaYaJIbHOIO COCTOSIHUSI X

OrpaHrYeHus OOITHOCTU MOXKHO CUATATH, UTO IIEJIEBOM IIepEeMEHHON SBJIsTeT-
cd TlepeMeHHast Xg.

Taxum oOpa3oM, ecu TOJIb30BATENI0 HYXKHO IOJYYIUTH JIOCTYII K X,
HEOOXO0UMO, ITOOBI BBITIOJHSIINCH NHINKATOPHBIE YCJIOBUSI HA €r0 MOJ00beK-
Tol. Ecin Kakme-To u3 mo100beKTOB X He YIOBIECTBOPAIOT YCJIOBUSIM, HOIb-
30BaTeNb JIOJPKEH M3MEHUTHh WX 3HavdeHus Ha Tpebytomiuecs. st atoro y
HEro J0/I2KEeH OBITH JOCTYI K 9TUM 00beKTaM, KOTOPBIN TAKKe OIPEIeIAeTCS
WHIMKATOPHBIMHI YCJIOBUAMHI Ha UX IOIOOBEKTHI, M TaK JaJjee.

3. I'padugeckoe npejcraBieHne

COBOKYIIHOCTb IEPEMEHHBIX C YCJAOBUSIMM JIOCTYIIa K HUM MOYKHO IIPEICTa-
BHUTH OPHEHTHPOBAHHBIM I'paOM, KOTOPBI MBI HA30BEM 2pPapom 3a6UCUMO-
cmedl.

Omnpegenenne 1. IlomabiM rpadoM 3aBUCHMOCTEH IJISI COCTOSTHUAS T Ha-
awisaemes opuenmuposarnud 2pad G(x) = (x, E,1(P), 1u) ¢ nomeuwerrvimu
pebpamu, Komopoili ydoeAemeopAem CACOYIOULUM YCAOCUAM.:

o sepwunamu G asasomes nepemennoie X = {X1,...,XN};

e napa sepwun (X;,X;) obpasyem opuenmuposarroe pebpo e; ; € E, ecau
X AGAACMCA CYUcmeentoli nepemennoti OAl X;;

e 3adar Habop mroocecmes docmynnocmu P, nepecewenus Komopoixr Mot
YMEEM NPOBEPAMD MG Henycmomy u bpams npedcmasumenrs. 3adan
coomeememeyowuts emy Habop paddesumur Gynxyut docmyna 1 =

{Lij(x)};

® Da3METKOW noaH020 2pagda 3a6ucumocmeti no MeKYULeMly COCTOAHUIO
r € XV wasosem gymxuuro p 2 E x XN — {0,1}, mawyro, wmo
wleij,x) = I j(x). das onpedeaennocmu 6ydem cuumamo, 4mo ec-
2 pebpa e;; me cywecmsyem, mo (((x;,%;5),2) = 1 Vo (mo ecmo
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ycaosue docmyna 6cezda GbINOAHEHO, 4Mo U caedyem u3 GUKMUGHOU
3ABUCUMOCTNU MENACIY IMUMU BEPUUHAMU,).

B ciydae, Korga MOHSITHO, KAKOE COCTOSIHEE TeKyliee, OyaeM 0603Ha4aTh
MeTKy pebpa B HeM fi(€; j, x) = (€4 ).

Puc. 1. I[locTtpoenne rpada 3aBUCUMOCTEN METOIOM ITOUCKA B IIMUPUHY.

Hutst ymobersa 0bo3HaumM uepes out(X;) MHOKECTBO BCEX CYIIECTBEHHBIX
[IepeMEHHBIX 00bEKTa X;, a 1(X;) — MHOXKECTBO [IEPEMEHHBIX, /sl KOTOPBIX
X; SIBJISIETCS CYIIECTBEHHBIM. TakuM 00pasoM JIOCTYI K X; 3aBHCUT TOJIHKO
0T 00'BEKTOB M3 MHOXKeCTBa out(X;), & caM X; BJMsieT TOJBKO Ha JOCTYI K
[EPEMEHHBIM MHOYKECTBa, i1(X; ).

B dbukcupoBanHOM COCTOSTHUN & MHAUKATOPHBIC (DYyHKIINKA Ha pedpax mpu-
HrMatoT 3Hadenus 0 uian 1, 910 cooTBeTCTBYET OyeBoil pasmerke rpada. M3-
MeHEHUe 3HAYEHHIT 00BEKTOB He MEHSIIOT CTPYKTYDPY rpada, H3MeHssl TOJIBKO
pasMerKy.

JlJist TIpOBEpKHU JIOCTYIIa BAyKHO HE TO, KAKME UMEHHO 3HAYEHUs [IPUHU-
MAIOT TI€PEMEHHbBIE, — & TOJIBKO, BBIIIOJIHSIIOTCS JIU 3aBUCSIIAE OT HUX WHIU-
karopuble dyukun. [losTomy s yao6cTBa OyjieM paccMaTpuBaTh He 3Ha-
qYeHuA O6'beKTOB, a KJIacChl SKBUBAJIECHTHOCTH UX 3HAYEHUN gepe3 pasMeTKYy:
Vx; 3aHyMepyeM 3JIeMeHThI MHOXKecTBa in(X;) = {1,..., k} u 3HaYeHue x; 3a-
nuireM k-pa3psiiHbIM YUCIOM B JBOUYHON CUCTEME CUUCJICHUH, T/Ie B j-TOM
paspsiie croutr 3Hadenue [;;(x). Takum o6pa3oM B JIBOMYHON 3alUCH IIpeJ-
CTaBJICHO, KaKHe YCJIOBUsA HA O6’beKT BBITIOJIHAIOTCHA, & KaKnue HeT. 9TO YqUCJIO
oboznaunm val.in(x;). O6osuatnM val.in(xX;)|, 9T0 3HAEHE B COCTOSHAN .
Ecam 110 KOHTEKCTY MOHSTHO, 9TO PACCMATPUBAECTCS TEKYIIee COCTOsTHUE, TO
«|z» OyZeM oIycKaTh.

AHAJIOMMYHO TOCTYHUM C UCXOMSIUMHI pebpaMu 00beKTa: IMepeHyMepo-
BaB UX, 3alMIIeM HATYpPaJbHOE YUC/IO B JIBOMYHON 3AITUCH, KazKIOMY Pa3psijLy
KOTOPOI'O0 COOTBETCTBYET 3HAYEHHE, IPUIHCAHHOE HEKOTOPOMY HCXOJISIIEMY
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() o\ ]
s‘ ‘,'
val.in(x;) = 1...0...1

Puc. 2. KogupoBanue pazMerpku pédbep 3HaUCHUEM BEPIIUHEI.

pebpy. Dro uucno obosuatuum val.out(-). Obosmadum val.out(-)|, 310 3HA-
YeHne B COCTOAHHMM Z. Ecim 10 KOHTEKCTy HMOHSATHO, YTO PAacCMaTpPUBAETCH
TEKYIIEe COCTOSIHUE, TO «|z» Oy/IeM OILyCKATh.

Hoctym K 06beKTY €CTh, TOJBKO ec/Iu ero val.out() COCTONT U3 OHUX €U~
Hurl (0603HAMMM TaKoe 3HaYeHue 1) , M TOr/Ia Mbl MOXKEM MeHSATH ero val.in().
[Tpu 3TOM BIIOJIHE BO3MOXKHO, YTO JIAJEKO He Bce 3HaueHust val.in() MOXKHO
HOJIyYUTh: TO €CTh, HE BCErJla MOXKHO IOI00paTh TaKoe 3HadeHHe, KOTOPOe
yuossersopsier BeeM ycaosusam I ;() (aro coorsercrsyer val.in() = 1), no-
STOMYy 3a/Ja4a u cjaoxkna). Habop 3navennii, KOTopble MbI MOYKEM IIOJIyIUTh,
HaIIPAMYIO CBfA3aH C HEIyCTOTOI Ilepecedenust MHoxecTs A; ;. s permre-
HHsI HaM BayKHO 3HATH, KaKne 3HadeHUsl MOryT ObIThb y Bcex val.in(). s
STOr0 HY?KHO 3HaTh, He IIyCTO JIH IlepecedeHue JII0OOro KOHEYHOIO YHCIa
A;j,x; € in(X;), 1 yMeTb OpaTh HPEJICTABUTEJIsI ITOTO II€PECedeHns, 9TO-
Obl IPHCBAMBATL €ro 3HAYCHHE IePeMEeHHON X ;.

st ynobersa OyJieM HasbBaTh peOpa, HOMEUYCHHBIE €IMHUIEH, 3e4eHbl-
MU, & HyTeM — uepHoimy. OPHeHTHPOBAHHBIN IIyTh, KOTOPBIH ABJIAETCH II0-
CJIEZIOBATEJIBHOCTBIO YePHBIX pebep, Ha30BEM uepHuim nymem. OpHeHTHPO-
BaHHBII IIUKJI U3 YEPHBIX PeOep HA30BEM “ePHbIM UUKAOM.

3amMmeTuM, 4TO I HAIMKUX LeJIell — IPOBEPUTH, MOXKHO JIHM IIOJIyIUTh J10-
CTYII K X() — BEChb IOJIHBII Ipad 3aBUCUMOCTEH ¢ Pa3METKON He HyKeH. MbI
OyZeM paccMaTpHBaTh Takoil noarpad moiaHoro rpada 3aBHCHMOCTE, B KO-
TOPBIA BXOUT IeJieBasl BEPIINHA X(; BCE BEPIINHBI, B KOTOPDIE BEJICT YePHBINA
Iy Thb U3 X(; BCe pedpa, KOTOPbIe COEINHSIOT STU BEPIINHBI (1 UepHBIE, U 3eJe-
uble). Cunraem, 9TO YnCJIO BepIIMH B 9T0oM Ipade pasHo n. [lomyuupmmiics
rpacd D OyzneM Ha3BIBaTh IPOCTO 2paghom 3asucumocmets JId TOCTyIa K X.

3.1. CaoiicTBa rpada 3aBuCUMOCTEMN

IIepBoe, uT0 MBI TOHUMaeM O rpade 3aBUCAMOCTell, — 9TO TO, IYTO OH HE CO-
JIepKuT JIMITHUX pédbep. Ecim nocTyn K neieBoit BepiimHe MOXKHO TOJIYIUTD,
TO Kaxk0e pebpo rpada 3aBUCHMOCTEH Ha HEKOTOPOM IIare IPoIecca MmoJIy-
YeHUs JIOCTYIIA JIOJIXKHO TPUHATH METKY 1. AHAJIOTMYHO U KaXKJasi BEPIIHA
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Ha, HEKOTOPOM IIare JIOJIXKHA CTaTh JOCTyIHOH. B mporuBHOM cirydae moy-
YUTCsI, ITO K BEPIINHAM, KOTOPbIE TPEOOBAIOCH UBMEHUTD, He OBLJIO IOy I€HO
JIOCTyTIa, & 3HAYUT U3MEHUTb WX He YJIaJ0Ch, U JOCTYII K IeJIeBOil BepIinHe
HE MOI' OBITH IOJIy4eH. DTO HabJrogeHne (bOPMaIbLHO 3alIMCAHO HIXKE.

YrBepxkaenue 1. [lycmov cocmosanue ™ € Ag docmudicumo no yenowke
cocmoanut z°, ', ..., ™. Toeda:

(1) das wasicdoeo pebpa e;; epaga D cywecmeyem k € {0,...,m}, maxoe
wmo p(e;;, z%) =1;

(2) dns moboti eepuuno, X5 epadia D cywecmeyem k, marxoe 4mo
val.out(x;)|q, = 1.

Zoxazamenvemeo. Cremyer u3 mocTpoenns: rpada 3aBUCHMOCTEH. O

YrBepxkaeHue 2. Fcau 6 epage 3asgucumocmets 6 COCMOAHUY T ECTND UUKA
U3 YEPHLLT pebep, Mo JOCYN K UEAEBOT BEPUUHE NOAYHUND HEBOSMOHCHO.

Jloxasameavcmeo. YepHBIl MK — 3TO MOCJIEI0BATEJILHOCTL BEPIIMH X1,
ey Xk, 9TO Xp1 = X1 4 p((Xi,Xi41),2) = 0,0 =1,...,k (puc.3 (a)). Jdna
HOJIyYeHHs TOCTYIIa K JII0OO0H BepIInHe IUKJIa HeOOXOINMO H3MEHNTH 3HAYe-
HUS €e MOJ00BEKTOB, JJIs HOJYUeHHs JOCTYIa K MOJ00DbEKTY HYKHO H3Me-
HUTH €ro MOoJOOBEKTHI, U Tak jgasee. IIpuxoauM K TOMyY, 9TO JJIsl OJIy IeHIS
JIOCTyIIa K BEpLIMHE ee caMy HeoOXOAMMO M3MEHHTh, YTO HEBO3MOYXKHO, TaK
Kak jocTyna Het. Jlajee 3aMeTuM, 9TO U3 yTBEPKACHUS 1 CJIELyeT, 9TO €CJIn
IeJIeBOe MHOXKECTBO JIOCTUZKHMO, TO KarKJasl BePIIUHA JIOJKHA 110 KpaiiHeit
Mepe OJIMH Pa3 U3MEeHUTh 3HavYeHre (IIOCKOJIbKY B Ipade B KaxK/[yI0 BepIIn-
HY BEJIET XOTsI ObI OJIHO YepHOe pebpo, KOTOPOe JIOJIKHO Ha HEKOTOPOM IIare
BBIIIOJIHUTBCSI, & 3HAYUT 9Ty BEPIINHY HPUIETCST MEHSTB). O

[Tosmy4gaercs, B ciydae ¢ 9epHBIM IUKJIOM MBI 3HAEM, YTO y 3aJa9M HET
perieHusi (JIOCTYI TIOJIyYuTh HeJib3s1). Huzke jokazaHo, 9To eciu B rpade
3aBHCUMOCTEH I HAYAJIBHOTO COCTOSIHUS HET YepHBIX IUKJIOB, TO OHU He
MOI'YT MOSIBUTHCS IIPU BBIIIOJHEHUH JOITyCTUMBIX OIEepAIHil.

Vreepxkaenue 3. [Tycmv cocmoanue ™ docmusicumo us cocmoanus x°.

Ecau 6 epagpe sasucumocmeti D(x°) nem wepnoix yuraos, mo u epag D(x™)
HE COOEPHCUM, YEPHBIT UUKAOS.

Jloxazamenvcmeo. Tak Kak B OJMH MOMEHT BPEMEHH MOYKHO M3MEHUTH 3Ha-
JYeHue TOJIbLKO B O,[[HOIU/I BepHainHe, JOCTaTOYHO IIOKa3aThb, IYTO HEJIb34d BbIIIOJI-
HUTDH OJMH IIOCJIETHU IIar, ITo0b! 3aMKHYTh 1K (puc.3 (b)).

[Iycth ecThb nenovka TpoOHYMEPOBAHHBIX BEpIIUH 1,...,7N, COCTUHEHHDBIX
pebpamu (i,7 + 1modn), i = 1,..n, npudeM Bce yKa3aHHBbIE pebpa, KpoMme
(n,1) gepnbie, a (n,1) — zesenoe. Torya ero Hesib3sl ¢jieIaTH YEPHBIM, TAK
KaK JIJIsl 3TOr0 HEOOXOMMO U3MEHUTD 3HAYeHNe B BepiimHe 1 Ha Takoe 9TOObI
p(n,1) = 0. A 1y1s1 3TOro0 Hy2KeH JO0CTYIl K BepiuHe 1, a Jijist TOro 4Tobbl €ro
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(a) IMuka u3 4épHBIX pebep. ,HononHeHI/Ie JI0 LIMKJIA.

Puc. 3. Hukuibl yepHbix pebep B rpade 3aBUCUMOCTEN.

IOJTyYUTh, HY?KHO 4T06bI val.out(1) = 1, B Tom uucie p(1,2) = 1. Insa sToro
Hy>KeH JIOCTYI K BEpIIUHE 2, U T.JI., Hy?KEH JOCTYI K BEPIIUHE 7, JOIYCTHM,
9TO OH €CTh, TOrJa m3MeHsieM ee Tak 4ro pu(n — 1,n) = 1..., u(l,2) =
1, Tenepb MOXKHO 1OJIOKUTD (1, 1) = 0 (Tenepb BepiiuHa N HEJOCTYIIHA),
HO JIayKe €CJIU IOCJIe0BATENIbHO CeaaTh depHbiMu pebpa u(1,2) = 0,...,
u(n—2,n—1) = 0, rorma u(n—1,n) U3MEHUTD HEJIB3sI, TAK KAK 7 HEJIOCTYIIHA,
OHO OCTAHETCs 3€JIEHbIM, ¥ CUTYAIUs Ta YKe, 4TO Obljla N3HAYAIBHO: OCTAJICS
nuKJ 6e3 omgHOro pebpa. O

Ilopsimok BepinuH rpadga 3aBuCUMOCTEN

Temepp MBI 3HAEM, ITO KOTJIa B rpade 3aBUCHMOCTEl €CTh YePHBIN UK, J10-
CTYII MOJIyYUTh HEJIb3s, U YTO €CJAU B HAaYaJIbHOM COCTOSHMHU YE€PHOI'O IUKJIA
HET, TO MOSIBUTHCsI OH He MO2KeT. [osToMy mpeioiaraem, YTo Mbl yMeeM IIPo-
BEpSTH HAJIMYHE YEPHOIrO IMUKJIA B HAYAJIbHOM COCTOSHUH Ipada U Jajiee Mbl
OyaeM paccMaTpUBATh TOJBKO Ipadbl 6e3 YepHBIX MUKJIOB. DTO MO3BOJISIET
YIOPSIOYUTb BEPIIUHBI €CTECTBEHHBIM 0bpa3oM. Pacnosioxkum Bepiiuabl D
110 YPOBHAM, BBEJlsl YaCTUYHBIN NOPsI0K =, HOPOXK/IEHHBI!l OPHEHTUPOBAH-
HBIM YE€PHBIM IIyTE€M IIPW HAYAJIbHOI pa3MeTKe: eCJI €CTh YEPHBIA IIyTh U3
X; B Xj, To X; = X;. IIpu arom ymobas sepmuna = X, KOTOpas HAXOQUTCs Ha
YPOBHE C MAKCUMaJIbHBIM HOMEPOM, & Ha CaMOM HUZKHEM YPOBHE HaXOJIATCA
BEPIINHBI, JJOCTYIIHbIE B HAYAJIbHOM COCTOsHUU.

Jlajgee Mbl 6e3 OorpaHWYEHHsl OOIIHOCTH OYIeM CYATAThL, U9TO BEPIINHBI
rpada 3aBUCUMOCTEN 3aHyMEPOBAaHBI B COOTBETCTBUU C OTHOIIEHHEM =, TO
ecTb U3 X; = Xj clleflyeT cTporoe HepaseHCTBO ¢ < j. HecpaBHumble Bepmim-
HBI, HAXOSIIINECd Ha OJHOM YPOBHE, TPOHYMEPYEM MEYK Ty CODOI CITydaiiHbIM
00pa3oM, HO B COOTBETCTBHUH C YACTUIHBIM MOPSIIKOM OTHOCUTEIHHO BEPIINH
APYTUX ypPOBHEH.
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Hmxe nmokazana KOppeKTHOCTh TaKO! HyMepaIllnl B CMBICIE OTCYTCTBUS
YEPHBIX PEDEp, BEIYIUX HA YPOBEHDL € OOJIBIITUM HOMEPOM.

YrBepxkaenue 4. [lycmov sepwurnv epada 3asucumocmeti D sanymeposarol
6 COOMBEMCMEUL ¢ OMHoweruem =<, u napa eepuiun (X;,X;) obpasyem pebpo.
Tozda p(eij,2°) =0 = i < j.

oxazameavcmeo. IlporuBopetune ¢ TeM, UTO IIYTh 0 BEPIIMHBI, B KOTOPYIO
BeZeT obpaTHoe pedpo, CaMBblil JIJINHHBIIA. ]

CaenctBue 1. Ilpu makxom nopadke sepuiun < 0AL NOAYUEHUA JOCTYNG K
KaotcAol 8epuLUME U3 HAYAABHOZ0 COCTNOAHUA MONCEM NOMPEOOBAMBCA Me-
HAMD MOADKO BEPULUNHDL € MEHDULUM HOMEPOM (HENOCpedcmeento caedyem
U3 omeymemeus 06pamHLLT wepruLx pebep).

[IpuBesennbie BhIlIe CBOMCTBA I'Pada 3aBUCHMOCTEH 0O0CHOBBIBAIOT KOP-
PEKTHOCTB €ero mocrpoenusi u3 mojaoro rpada G. [lo mocrpoeruto D Mbl He
B3sJIM B HETO T€ BEPIIUHBI, B KOTOPbIE HE BeJyT YepHble pebpa n3 BEPIIUH,
y2Ke BXOASAIMX B D). DTO BEPIIUHBI, B KOTOPbIE BXOJSIT TOJIBKO 3ejIeHbIe Ped-
pa u3 D win He BXOJAT HUKaKue (MOryT ObITh BXosiue pebpa u3 G, HO He
D). Ecim B Bepmmny X; He BXoAaT pebpa u3 D, To apyrue BepuimHbl u3 D
OT Hee He 3aBUCAT, U U3MEHEHHe X; He HOBIHAeT Ha JOCTYIl K HUM, a 3HAYHUT
HET NPUYUH IOJIyYaTh K Heil JIOCTyl W 3HAThb, OT Yero OHa 3aBUCHUT. Kcin
B BEpIIMHY X; BXOJAT TOJIBKO 3ejIeHble peOpa u3 D, 3HaYUT BCe yCJIOBUS,
3aBUCHAIINE OT HEE, YK€ BBIINOJIHEHBI, U €€ TaKXKe He3a4eM MEHsITh. 1aKuMm
00pa30oM, BCe BePIIUHbI, KOTOPbIE He OBLIN BKJIIOYEHBI B Ipad 3aBUCUMOCTEIl
[IEJIEBOH BEPIITUHBI, OT/IEJIEHBI OT HET'O OPUEHTUPOBAHHBIMU 3€JIEHBIMEU Pebpa-
MM, KOTOPbIE HUKOTJIA HE MOHAI00UTCI MEHSITh.

Tereps MBI TMeeM rpad 3aBUCHMOCTEl, B KOTOPOM IIOCJIEI0BATE/HHO Oy-
JIEM MEHSATH 3HAYEHUS BEPIINH, IIOIyTHO U3MEHss 1IBET Pedep U JOCTYIHOCTD
BEPIIMH. A 3HAYUT MOPSIJIOK, CBA3AHHBIN C JJIMHON YE€PHOTO IyTH JIO BEPIITH-
HBI, Oy/1eT MeHIThCs. TeM He MeHee, MOKAXKeM, ITO IIPU HEKOTOPBIX YC/IOBUAX
MOXKHO UCIIOJIb30BATh HAYAJbHBI IOPsIOK (U CBOMCTBO, UTO Jisi JOCTYyIA K
BEPIIUHE HYKHBI TOJIBKO BEPIIUHBI ¢ MEHBIIUM HOMEPOM B 3TOM MOPSsIJIKE)
JI0 MOMEHTA ITOJIYYeHUsT JOCTYIIA.

[Ipex e Bcero 3ameTnm, 4TO JI0OAsT MENOYKA JOIYCTUMBIX JIEHCTBUN 00-
paTuma:

Vreepxkaenue 5. Ecau cocmosnue T’ 6via0 docmuenymo u3 HauaabHo20
cocmosanus x° uenoukoli donycmumoir deticmsutl u coomsememeyrowed et
UENnouKotl COCMoANUL, MO CUCTIEMY MOJNCHO 6epHymb 6 cocmoanue ¥ ye-
nowkoti obpammolr deticmeudi.

Zoxazamesvcmeo. TIocKoIBKY JTOCTYIT K BePITUHE HE 3aBUCUT OT HEe CaMoOii,
a KaxkJioe JieficTBUe — U3MeHeHUe 3HAYeHUs OJTHON BEPIIUHBI, HE MEHSIONIee
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ee JIOCTYIIHOCTb, TO KaKJ0e JeHCTBUE B OTHEJIbHOCTH MOXKET ObITh obparre-
HO, TO €CTh COCTOsIHHE IePEeBEIEHO B IPEIbIayIee, B KOTOPOM MOXKET OBITh
obpallieH y7Ke IpeIblIyIIHii mar, 1 TaK jgajee g0 V. L]

CBoiicTBO 00paTMMOCTH BEPHO I JIIODOM IEIMOYKU JOMYCTUMBIX J1eii-
cruii. CrupaBeiuBo u 6ojiee CUILHOE YTBEPXKIEHUE: B OIPEIEICHHBIX CIIy-
JasgX CHCTEMY MOXKHO IIEPEBECTH B COCTOSIHHE, KOTOPOE OTIMYAETCS OT Ha-
JaJIbHOIO 3HAYEHUEM OJIHON BEPIIUHDI.

VrBepxkaenue 6. I[Tycmo cocmosnue &' = (x),..., 2, Tpi1,...,TN) 2pa-
da sasucumocmets D 6vi0 00CIMULHYMO U3 HAUAALHOZ0 COCMOAHUA L0 =
(x(l],...,:cg,xnﬂ,...,x]v) uenoukolt donycmumulr deticmeuti u coomeems-
cmeyrowet et Uenoukot cocmosHull, 6 KOmopol MEHAIMUCH 0e3 02paHU-
YeHUA 00UHOCTIU MOADKO MEPEbLE N BEPWUH X1, . . .,Xyn. Ilycmov cocmo-
anue =’ maxoso, wmo 6 wem cywecmsyem eepwuna X;,i € {1,...,n},
npuruMaIOwWas 3navenue i, makoe wmo p((xj,x;),x;) = 1, j €
{1,...,n},j # i. Toeda cucmemy MOHCHO NEPEBECTNU 8 COCTNOAHUE ¥ =
(.’L‘?,...,l’{i,...,$9L,I'n+1,...$]\[), OMAUYAIOWEECH OM HAUAALHO20 6 00HOTU

sepwune, Uenoukot oopammunr deticmeud.

Yenosue p((x4,%;),2;) = 1, j € {1,...,n},j # i 3HaUUT, 9T0 B 3TOM
COCTOSIHMU BBILOJIHSIIOTCSL yCJIOBUSI JIOCTYIIA JJIsl BEPIIUH, 3aBUCSIIUX OT X; U
U3MEHSIOIMMNXCSA B JaHHOU HENOYKe IeiiCTBUIA.

oxazamesvcmeo. 1o yeloBHIO MBI MEHSITH TOJIHKO BEPIMUHBI IoArpada D,
U3 1epBbIx N BepiuH rpada sasucumocreii D. Hosoe 3Havenue ) yiosie-
TBOPSIET YCJIOBHSAM JOCTYIIa KO BceM BeprmHaMm Dp,. 3HAYNT IPUCBAMBAHUE
BEPIINHE 3TOI'O 3HAYCHHNA HE ITOBJINAJIO Ha JOCTYITHOCTD JAPYTIUX BepPIINH Dn.
SHaYUT, 38 UCKJIOYEHNEM HOBOI'O 3HAYEHUs X;, Mbl MOXKEM O0PATUTh BCE U3-
MEHEHUSsI JIJIsT STUX BEPIIUH K HAYAJIBHOMY COCTOSTHUTO, BBIITOJTHUB B 0OPATHOM
MOPSIIKE BCe COBEPITIEHHDIE JI0 CUX TIOp n3MeHenus Beprma. Ha kaxkmom mra-
re eINHCTBEHHOE, YTO OTJIMIAETCS OT COCTOSIHUSI, Iepe3 KOTOPOE IPOXO/IMJI
MPSIMOIf TIPOTIECC — 9TO 3HAUEHUE X;, HO ero U3MEHEHHe He MOBJIUSIIO Ha JI0-
CTYT K BEPIIUHAM, KOTOPBIE U3MEHSIOTCSI, TTO3TOMY OOPATHBIN IAr MOYKHO
CIIe/IATD. ]

CaencrBue 2. Ouesudno, wmo nopadox =< HG 6CET BEPUUHAL 30 UCKAIO-
/

uenuem X;, 6 cocmoanuu 0 «me ucnopmumca» 6 cpaenenuu ¢ ¥, 6 mom

CMBICAE YMO OAf KAAHCOOT BEPUUNDL MHONCECE0 Gepuium {Xj|X; = X;} 6

HOBOM COCTMOAHUU, HE YBEAUHUAOCD.

Zoxazamesvcmeo. 11ocko/IbKY 3HAUEHUS BEPIINH BEPHYJINCH K MIPEXKHUM, a
3HAYUT METKH BCeX pebep, KpoMe TeX, YTO BXOIST B X;, OCTAJIUCDH IIPEXKHUMH.
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Morsn n06aBUTbCS TOJILKO YepHBIE pebpa, BXOISINNE B X;, HO 9Ta BEPIINHA
He pacCMaTpUuBaeTCs. O

’
CJ'Ie,IICTBI/Ie 3. AHaA02uMHO MOJICHO U3 COCTNOAHUSN .TO CHOBQ BEPHYMDBCA 6

cocmosaHrue ZEO, USMEHUB 6 SL', GEPUWUHY X; HA NMPEHCHEE 3HAYEHUE.

4. IIpoBepka gocTyna Kak 33a/iada IIJIAaHUPOBAHUS

Koporko onuinem 3azady Kiaaccudeckoro miaanuposanus [7]. Ilycrs 3anana
nepexonHas cucremMa L = {S, A,v}, nme S — KOHEYHOE MHOXKECTBO COCTO-
sTHM, A — KOHEYHOe MHOXKEeCTBO JeiictBuii, v : S X A — S — dyHKIUS
[IEPEXOJIOB COCTOSIHUIA.

IIycTs Takke (PUKCHPOBAHO HAYAJIBHOE COCTOSTHME Sy € S W MHOXKe-
CTBO HeJieBbIX cocToguuit S, € S. 3ajada KIACCHYECKOro ILJIAHUPOBAHUS
3aKJIFOUAeTCA B TOM, YTOOBI HAMTH IIOC/IE€MOBATEIHHOCTD IeHCTBUM (HJ‘[&H)
(a1,a2,...,ar) U COOTBETCTBYIOIIYIO €My IIOCJEI0BATEILHOCT COCTOSTHUI
(S0, S1, - -, Sk), TAKYIO 9TO S1 € Y(S0,a1), S2 € Y(s1,a2), ...Sk € Y(Sk—1,ax),
u s, € Sg. JeiicTBIAM MOTYT JIOTOTHATEIHHO CTAaBUTHCS B COOTBETCTBHE CTO-
MMOCTh UX peayim3aiuu. B 3ToM ciiydae TpedyeTcss HAlTHU IJIAH MUHUMAJIb-
HOro (MJIM MaKCHMAJIBHOTO) Beca.

Hecnoxuo 3amMeTnuTs, 9T0 3a/1a9a IMIPOBEPKHU JIOCTYIIa B TOYHOCTHU SABJISIET-
¢ 3a7a9el KJTaCCHIeCKOr0 INIAHNPOBAHNSA: COCTOSTHUS CUCTEMBI — 9TO BEKTOP
3HAYEHUN BepIUH Tpada 3aBUCUMOCTEH Jijist Xg B CMBICJIE KJIacca dKBUBa-
aenraocreit {val.in(Xg), ..., val.in(xy,)}. Koandecrso kiiaccoB sKkBUBaJIEHT-
HOCTH KOHEYHO, IIOCKOJIbKY 3TO BEKTOP U3 7 + 1 BEpPIIMHBI, y KayKIOW W3
KOTOPBIX He Oosiee 2" BO3MOXKHBIX 3Hadenuil. JleificrBuem OyaeT m3mMeHeHme
3HaYEHUsI JJOCTYIIHON BEPIIMHBI, IIEPEX0J] B JIPYTOil KJIACC, TO €CTh U3MEHEHHE
val.in() 9TOi BepIIMHBI HA JAPYroe BO3MOXKHOe 3HaueHue. DyHKIUs 1epexo-
JIOB COCTOSIHUIA 110 COCTOSIHUIO U JEHCTBUIO OIIPeIesisieT HOBOE COCTOSTHIE — C
HOBBIM 3HAUYEHUEM N3MEHEHHOI BEPIINHLIL.

JLJ1st TIOMCKa ONTUMAJIBHOIO IIJIAHA MCIIOJIB3YIOTCSI METOIBI NAGHUPOSAHUSA
8 MPOCMPAHCMEE COCMOAHULT U 8 NPocmpaHcmee naaros. B mepBoM cirydae
Ha, KaskKJIOM Iare ajJropuTM BbIOMpaeT KOHKpeTHoe jefictBue. Bo BTopoMm —
CHava/a CTPOUTCST MHOXKECTBO IMPOMEXKYTOUHBIX Iejiefl, TOC/IeI0BaTeIbHOE
JIOCTIKEHIE KOTOPBIX IIPUBOIUT K JIOCTUKEHHUIO COCTOSTHUST U3 TIEJIEBOI'O MHO-
JKecTBa Sy, a HOTOM IIPOM3BOAUTCS HOMCK JEHCTBHI, IePeBOJANIIX CHCTEMY
OT OJIHOH ITPOMEKyTOYHOM 1IN K JPYTroii.

[LranupoBanue B IPOCTPAHCTBE IJIAHOB JOIYCKAET HAJIMYINE JOCTATOTHO
9P PEKTUBHBIX IBPUCTUIECKAX AJTOPUTMOB ITOMCKA pelreHust. s nemoanb-
30BaHME ITONO METOJa TPEOYETCs OIPEIE/Ib IPOMEXKYTOUHBIE TIeJIN PEIIeHUST
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sagaqan. g sToro paszbepemcsi, KaKue yCJIOBHUSI Ha 3HAYEHUST BEPIIMH JTOJIK-
HBI BBITIOJIHSITHCS B IIPOIIECCe TOJIYyUIeHUsT JJOCTyIIA.

ITpeanooKumM, 9TO CyIIECTBYET IIOC/IEI0BATEILHOCTE S IEPEMEHHBIX X;,
Takasg ITO M3MEHEHWE 3HAYEHUI BEPIMUH B 3TOH IMOCIEI0BATEIHLHOCTH IIPHU-
BOJUT K IOJIYYEHHUIO JOCTYIIa K IieJieBoil BepimuHe. OHa KOHEYIHA, ITOCKOJIbKY
3aBEPITAETCS C MOJIyIeHneM JocTyia. [1oaToMy B 9TO# mOC/I€10BATEIBHOCTH
KaxK7as BEPIINHA Ha KAKOM-TO IIIare BCTPETUTCS B ITOCAEIHUNA pa3. DTO 3Ha-
9UT, YTO Ha 3TOM Ilare OHA B MOCJeIHHI pa3 MOMEHsIeT 3HAYeHNe U OHO
«pukcupyercst». [TopsiloK BepInH, B KOTOPOM OHU IIPUHUMAIOT OKOHYIATE b
HOe 3Ha4YeHUe, HA30BeM nopadkom @ukcayuu (STO MOIOCIIE0BATEILHOCTD
S). Homep BepIIUHBI B 9TOM TIOPSIJIKE HA30BEM HOMEPOM PUKCAUUL.

Jltst KaXKa0# BEPIIUHBI X; B IIOCIEIOBATEIBHOCTH S MOXKHO BBIIE/UTD
dparMenT ¢ Havajga MOCJIEIOBATEILHOCTH IO MOMEHTA, KOTJIa 9Ta BEpPIIu-
Ha, BCTpedaeTcd BIepBble. Takoit pparMeHT S COOTBETCTBYET <ITOJIyIEHUIO
JIOCTYIIa K HEIEJIEBOI BEPIIUHE X;» M OIPEIe/isieT HEKOTOPBIN «JI0KAIbHBI»
MOPSAI0K (DUKCAIMH, KOTOPBIN MOYXKET OTJINYIATLCA OT MOPSIKA (PUKCAIIAN JIJTsT
BCeil II0CJIeI0BATEILHOCTH S BEPIINHBI, KOTOPbIe (PUKCUPYIOTCS B 9TOM I10-
psiZiKe, MOTYT OBITh UCIIOJIB30BAHBI TO3KE.

st miostyeHust 1OCTyIa K HEKOTOPO# BepIInHe M3 HAYAJLHOIO COCTOSI-
HUS C €ro MOPSIAKOM Ha BEPIIMHAX MOTPedyeTcss MEHATH TOJBKO BEPIIUHBI,
KOTOpBIE MEHbBIIE JTAHHOI B BBEIEHHOM JacTUIHOM mopsiake <. ITosTomy mo-
PsTOK (PUKCAIME U JJOCTYIIA K HEIeJIeBOi BEPINHE X; HAYAILHOIO pasMe-
qeHHOTO Tpada 3aBucuMocTeit D — 3To mopsifok dbukcannu Ha mnoarpade,
JIJIST KOTOPOTO X; SBJISIETCST KOPHEBOIA.

Caenyrolnye yTBEPKICHUSI OIIPEIENISIOT YCAOBHSI, KOTOPBIM JOJIXKHBI YII0-
BJIETBOPSITH IIOCJIETHIE 3HAYEHUsT BEPIIHUH.

YrBepxkaenne 7. Ecau Xy, ...,X;, — nopadox gurcayuyu sepuiun epaga
3a6UCUMOCTU 0AA JOCTYNA K UEAEBO0Tl epuumne Xg, Mo nocie Gurcauul 6
cocmoanuu &7 eepuiunsl Xi;,j < n nepurcuposannvie sepuunvt X,k > j

docmusicumvl NO HEPHOMY NYMU 0M YEAEBOT.

n

To ectb HeUKCHPOBAHHBIE BEPIINHBI HE MOTJIN OKAa3aThCs HEHYKHBIMU
15T TaIbHEHUTIIero mporiecca MOJIyIeHnsT IOCTYIIA.

Jlokaszamenvemeso. IlycTb B He(bUKCHPOBAHHYIO BEpIINHY k B COCTOSHUU 27
HET YepHBIX IyTell M3 Xg. SHAYUT, OHA y2Ke He IMOHAJ00UTCS JJIsi MOJIyde-
HUsI JIOCTyTIa K IeJIeBO BepInHe. 3HAYUT, HAM He HoTpebyeTcsi MeHSTh ee
3HadYeHne. SHAYNAT, €€ 3HAUYCHHUE CTAJIO (PUKCHPOBAHHBIM IIPH OCJIETHEM U3~
MEHEHWU, ITPOTUBOPEYINE C TeM, YTO OHA He(DUKCUPOBAHHAS. O

JIemma 1 (Kpurepuit npo depubie myTn). ITycmo Xiy, Xiy,. .., Xi, — NO-
padox Purcayun sepusun, NPusodAawutl K docmyny K ueaesol sepuiume, @
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xl, .. 2" — cocmoanua 6 momenm durcayun snavenuli smus sepuwun. To-

2da dan mobozo k < n u j > k 6 epage D(z¥) nem wepnoixr nymet us
GEPUUNDL Xj; 6 GEPUUNY X, .

Zoxazameavcmeo. YTBepXKIeHNE O3HAYaeT, 9TO IOCeIHee ITPUHUMAEMOE
BEPIINHON 3HAYEeHME JIOJXKHO BBIOMPATHCS TaKUM 00pasoM, ITOOBI HE BO3-
HUKAJI0 YEPHBIX IIyTell M3 BepIIuH ¢ OOJbIINM HOMEPOM (DUKCAIIHH.

[Iycrs y Beprmuabl f (hUKCHPOBAHO 3HAYEHUE U €CTh YEPHBIN IIyTh B HEE U3
HeUKCUPOBAHHOM BEPIUHLI ¢. TaK KaK 3HadYeHue ¢ emné He puKCUpoBaHO, eé
eré Halo OYIeT MEHATD, & JJIs 9TOTO K Hell Hy»KHO OyIeT MOIYyIUTh JOCTYII.
Buauur eé val.out(g) 10aKeH OyIeT COCTOITH TOJBKO U3 €JIUHUII, B TOM YUCJIE
epBoe pebpPo YEPHOTO Iy TH U3 Heé B f JOJIKHO OyIeT cTaTh 3eJIEHBIM. A 1J1st
9TOr0 HY»KHO M3MEHUTH COOTBETCTBYIOMINI TOMO0BEKT, & JIJIsi 9TOI0 K HEMY
HaJI0 MOJIyunTh jocTyl. U Tak najee, Bce pebpa UepHOro IMyTd u3 g B f
[PHUIETCSI BBIIOJIHUTE, B TOM YHCJIEe BXOoJgdIee B f, a 3T0 3HAYUT, 9TO f HaI0
OyIeT U3MEHNUTH, YTO IPOTHUBOPEUUT TOMY, UTO €€ 3HavdeHue (PUKCHPOBAHO.

O

JIemma 2 (O Bbibope dbukcupoBaHHOrO 3HauYeHUs ). B ycao6uax npedvdy-
Wetl AeMMDL OMCYMCMEUE YePHLLT NYMeT U3 HePhUKCUPOSAHHBIT SEPULUH 6
sepuuny X;, 6 cocmoanuu TF — amo 6 mounocmu ycaosue, wmo dan A106020
J>k N((Xipxik)vx]) =1.

To ecTb Bce pebpa, HEIOCPEICTBEHHO BEIYIINE U3 BEPIINH, HAXOATIINMCS
cIpaBa OT JAHHOI B HOpsike (PUKCALNN, JOJKHLI OLIThH 3€JIeHBIMH, U Bep-
IINHE X;, JIOJIKHO OBITH IIPHCBOEHO 3HAYECHUE, Y/IOBJICTBOPSIONIEE yCIOBHAM,
[IPUIIACAHHBIM 3TUM pebpaM.

Hoxazameavemeo. Ilpoepum 1o kputepuio. PazmemM MHOXKECTBO BCeX
BEPIINH, U3 KOTOPBIX €CTh pebpa B X;, HEIOCPEJICTBEHHO, Ha (DUKCUPOBAHHbBIE
(mHOXKeCcTBO fiz(X;, )) 1 HeduxcupoBanubie (not fix(x;,)).

CymecTBymotue pedbpa HEIOCPeICTBEHHO 13 He(DUKCUPOBAHHBIX BEPIITHH
B BEPIIMHY X;, 3€JIeHble, TaK KaK He JOJ2KHO ObITh YepHBIX IIyTeill B X;,
u3 HePUKCUPOBAHHDLIX BepiuH. EcTh jin depuble yTn n3 HeUKCUPOBAHHBIX
BEPIINH B X;, 7 Ecsm takoit myTs npoxoaut depes not fix(x;, ), To 6imxkaiiiee
K X;j, Pebpo (Mex/y HeUKCUPOBAHHOII BEPIINHON 1 X;, ) 3€JI€HOE, IIPOTUBO-
petne.

Eciu Takoit myTs mpoxoaut 4depe3 fiz(x;, ), TO Ha 3TOM IIyTu (OH KOHe-
4eH) Oyger pebpo u3 HeUKCHPOBAHHOI BEpIIMHBI B (DUKCUPOBAHHYIO, OHO
3€JIEHOE IO IIPEJIITOJIOKEHHUIO JIjIst 3TON (DUKCUPOBAHHON BEPIIUHBI, 3HAYUT
IIyTh TaKKe HE YEePHBIN. O

[Tosryaaercs, mepBas (pUKCHpOBaHHas BEPINWHA JIOZKHA MPUHSITH TaKOe
3HAYEHWE, YTO BCE BO3MOXKHBIE YCJIOBUSI, 3aBUCHIINE OT HEE, BBIIOJIHIIOTCS.
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[ToaTomy mocite pukcanum 10CTyI K Helt He monagobuTces. MoXHO paccMat-
puBaTh moArpad 3aBUCUMOCTEN 0e3 Heé M y»Ke B HEM HCKaTh BEpINUHY, HA
KOTOPYIO BCe yCJIOBHs (Ha MeHbIeM rpade) MOryT ObITh BBINOTHEHBI. 110
CyTH, UMEHHO 5TUM MbI U OyJIeM 3aHUMATHCS JJIsl Oy IEHHUST TOCTyIa K Iie-
JIEBOM BepIUHE: TOC/IEIOBATEILHO «BBIKAIBIBATEY U3 Tpada 3aBUCHMOCTEH
BEPIIUHBI, Y KOTOPBIX €CTh «XOPOIllee» 3HAUYEHUE, TIOKa He OCTAHETCS TOJBKO
TeJIeBast BEpITHA.

[Tocsie dpukcaruu BepIIUHBI ¥ U BO3BPAIIEHUS OCTAJILHBIX BEPINUH K Ha-
JqaJIbHBIM 3HadeHusiM Ha noarpade D\ {v} Bosnukaer MHyIHpPOBAHHBLIL 110-
PAIOK = fi5, ABJIAIOMMIICS IIOAIIOPAIKOM HaYaIbHOIO IOPSIIKA = B TOM CMbIC-
J1e, 9To ecam p =iz k, To m p < k (10 ToMy ke uepHOMY 1yTn). 31ech fix —
MHOKECTBO (PUKCUPOBAHHBIX BEPIIIH, COCTOSINEE TOKA W3 OJIHOM BEPIIMHDI
v, fix = {v}.

[To HAYATLHOMY COCTOSTHUIO MBI MOYKEM BBITHC/IUTH KAKON MOPSIIOK =gy
OyzmeT Ha JiroboMm noarpade D u o ciencTBuo u3 YTBep:KAeHus 6 oH OyeT
COBIIQJIATH C HMOPSAJKOM =i, Ha mojarpade D\ fix mocne dbukcarmu coor-
BETCTBYIOIUX BEPIIUH W BO3BPAIIEHUs] OCTAJbHBIX BEPIIUH K HAYAJIbHBIM
snadenusiM. [losTomy myst gocryma K Ji000il Bepiuue moiarpada HyKHBI B
TOYHOCTH T€ BEPIIUHBI, KOTOPBIE MEHBINE Hee B WHJIYyITHPOBAHHOM MOPSIIKE
(TO Te BEepIIUHBI, B KOTOPBIE BEJYT YePHbIe IIyTH U3 JAHHOI).

CaencrBue 4. I[locae guxcauuu nepsotli sepwurs, v epagd 3asucumocmerl
MONHCHO BEPHYMB 6 COCTNOAHUE, 8 KOMOPOM A JOCMYNa K HeuKkcupo8aHHo
sepuiure k HYsHCHDL MOAVKO Sepuiundl P = fix k.

Hoxaszameavemeo. Crenyer uz YrBepxkiaeaust 6 u Jlemmbr 2. O

To ecTb mocsie pukcauu BEPIIUHBI, TTOCKOJIbKY BCE OCTABIITHECS «XOPO-
III0» 3aBUCAT OT Hee, MBI MCK/IIOUAEM €€ U3 PACCMOTPEHUS U MEPEXOINM K
noarpady.

ITo YTBepxKaeHMIO 7 MBI 3HAEM, ITO B MOMEHT (DUKCAIINU HEKOTOPOI Bep-
IINHBI BCe HE(PUKCUPOBAHHDBIE BEPIIUHBL eIlle OyAyT HYyKHbI JIJjIs JOCTYIIa K
nesieBoit. OIHAKO MTOCjIe BO3BpallleHnsT He(pUKCHUPOBAHHBIX BEPIITUH K HAYAJIb-
HBIM 3HAYEHHAM OPATOK = i, Ha HUX MOXKET OBITH TAaKUM, YTO IoArpad 3a-
BUCHMOCTH JIJIsI IIEJIEBOM BEPIMUHBI IO UePHBIM pebpaM He COIEP:KUT Te Bep-
IIAHBI, KOTOPBIE PAHBIIE OBLIN JOCTUKUMBI TI0 Y€PHOMY IIYTH, IIPOXOIAIIEMY
gepe3 (PUKCUPOBAHHYIO BEPIIUHY. DTO 3HAUNAT, YTO ITU BEPIIUHBI HA CAMOM
Jesie ObL (PUKCHPOBAHDBI B XOJ€E BBIMOJHEHNA 0OPATHOH IoC/Ie10BaTe IbHO-
cru sefictBuii (Bo3BpaieHns HebUKCUPOBAHHBIX BEPIIMH K HAYAIbLHBIM 3HA-
JenusiM). PaccMorpum Bepiuny p, KOTOpast IpU BO3BPAIEHUN K HAYAIHHBIM
3HAYEHUSIM OKAYKETCsl HEJOCTUXKUMON 10 IePHOMY IIyTH OT IIeJIEBO BEPIITHU-
HBI Xg. B X01e BoImtoiHEHNST 0OpATHON MEMOYKH AeHCTBUit Oy/IeT COCTOSHIE, B
KOTOPOM OH& IIOMEHsIET 3HAaYeHNE B IOCJIEIHMI pa3, 1 OHO OCTAHETCS TaKUM
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7K€ B COCTOSIHUN C HAYAJbHBIMU 3HAYEHUSIMUA HE(OUKCHPOBAHHDLIX BEPIINH, B
KOTOPOM MBI BHJIMM, YTO MEHSITH ee OoJibllle He HoTpedyercs. 3Ha4uT, 110
JlemMe 2 3TO 3HaUYEHUE YIOBJIETBOPSIET BCEM YCJIOBHUAM HEPUKCHPOBAHHBIX
BEPIIUH ¥ P HEOOXOAUMO HOOABUTH B MHOXKECTBO (PUKCHPOBAHHBIX BEPIINH
fiz. To ecTh Ha 0OpaTHOM XOJ€ HAM HY2KHO COOPATh BCE BEPIINHBI, KOTOPHIE
NPUHAMAIOT 3HAYEHUs], YI0BIETBOPAIOIINE BCEM YCJIOBHUSI OT He(PUKCHPOBAH-
HBIX BEPIIUH U OHU BOHIYT B MOPSIOK (DUKCAIIHH.

Teneps MHOX)KeCTBO fir NEHCTBUTENBHO CONEP:KUT BCe (PUKCUPOBAHHBIE
BEPIIUHBI, a B IHoArpade n3 HePUKCUPOBAHHBIX BEPIINH BCE CPABHUMbBI B
[EeJIEeBON B MOPSIIIKE = £y

5. llepeBo MoOpsiJIKOB

[lo 9TOro MOMeHTa MBI IIPe/IIIoJIaraJn, 9T0 H3BECTHA [I0CIe0BATEIbHOCTD U3-
MeHeHUIl 3HaueHnll llepeMeHHBIX, KOTopas fABJIdAeTCd PellleHueM 3a1a4u IPo-
BEPKHU JIOCTyNa. DBIIN BbISICHEHBI HEOOXO/IMMbBIE YCJIOBUS IOJIYyYEHUs JIOCTY-
I1a, KOTOPble Mbl UCHOJB3YEM I HAXOXKIEHUs 3TOI I10CJIeI0BATEIbHOCTH.
DByneM ucnoip3oBaTh CJIELYIONYI0 CTPYKTYDY.

Onpenenenne 2. JlepeBoM nopsakos mo rpady D wasosem ynopsadouermoe
depeso, ydosaemeopaoulee CACOYIOULUM YCAOCUSAM.:

o y3namu Jepesa ABAAOMCA YNOPAJOUEHHBLE NOOMHOMNCECTNGA BEPUIUH
epagha 3asucumocmeti D;

® CCAU Y3A0M 0EPEBA ABAACMCA HAOOD DAUMHDL TV, MO IMOM Y3EN UMEE,
n — 1 douweprut yaea, xaxHcooili U3 KOMOPLIL CEA3AH CO CEOUM INEMEH-
mMoM U3 nepswvix n — 1 asemenmos dannozo yaaa;

® nocaednum anemenmom wabopa k-ozo douwepnezo ysaa asasemcsa k-1
aNEMEHM. HAOOPA POOUMEABCKO20 Y3AA;

® NOCAETHUM BAEMEHMOM HAOOPA KOPHESOT BEPULUHDL JEPESA ABAACTNCA
UENEBAA BEPULUHGA T.

CxeMaTU4IHO y3eJI JilepeBa MOPsJIKOB IIPejICTaBJIeH Ha puc. 4.

Yr006bI n36€2KATHh TEPMUHOJOTUIECKOTO 3aMENIATEIbCTBA, OyIeM BEPIIH-
HBI JIepeBa OPsIKOB HA3BIBATL y3JaMU UM HAOOPaMU, a8 CJI0BO «BEPIIIHAY
HCIIOJIB30BaTh TOJILKO JIJIsi SJIEMEHTOB X BepIuH rpada 3apucumocteit. JIu-
CThsl JIepeBa MOPSIIKOB — HAOOPbI, COCTOsAIIME 13 ofaHoM Bepiunbl. [locaes-
HIOIO BepIINHY Habopa OyaeM Ha3bIBaTh UeAeGoli BEPIINHON 3TOro Habopa.
Yuopsiiouennsiii Habop N = (X1, ...,XNk) BepumH D peasusyem, ecin
Jutst JTI000# €ro BEPIIUHBI X N CYIIECTBYET JOIYCTUMOE 3HAYEHNE, TAKOe 9TO
p(XNj, Xni) = 1 gt Beex j > i. [pedkamu y3ma N gepeBa HOPsIKOB OyeM
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HA3BIBATH BCE JIEMEHTHI TIOCTIEIOBATEILHOCTH POJUTENBCKAX Y3JIOB BILIOTH
JI0 KOpHs (y KazKJIOrO y3Jjia TOJIBKO OJUH POJIUTEIb).

Durcuposarrovimy sepuuramy yaaa N das eeo doueprezo ysaa Ni Hazo-
BEM BCe BEpPIINHBI Xy, j < © y37a IN. Qukcuposanivmu 6epuunamu 0epesa
nopadkos das yssa N Ha30BeM Bce (DUKCHUPOBAHHBIE BEPIITUHBI BCEX MTPEIKOB
N. 910 muO)ecTBO 0603HaqdMM F'(N). Ecam mo KOHTEKCTY HMOHATHO, KaKoii
y3eJ1 TeKynuit, 0bo3HaYMM pocTo F.

Ve jiepeBa MOPSIIIKOB CO2AGCO6GH, €CTA HE COIEPIKUT (PUKCUPOBAHHDIE
BEPIIMHBI JIEPEBa TOPSIKOB. JlepeBo MOpsiIKOB HA30BEM CO2AACO8GHHHIM, €C-
JIN BCE €ro y3JIbl COTJIACOBAHBLL. Y3iy N JepeBa MOPSIIKOB COOTBETCTBYET
TeKYIIUil MOPAJLOK BEPIINH = p(y), HHAYIUPOBAHHBIN MOPSIKOM = Ha IOJ-
rpade D\ F(N).

Habop N nepeBa HOPSIKOB 603pacmaiowutl, ecian g joboro ¢ < k
BEPHO Xj Jp(N) Xk (BCe BEPIIMHBI B MH/YIUPOBAHHOM IMOPSIJIKE MEHbIIIE TI0-
CTIeJTHel) W OH COJICPIKUT BCe BEPIIMHDI X; =X p(N) Xk-

ik

Xip | - Xi_1

_/

v

B BO3pacCTalOIleM y3jle BePIINHBL X; = X;,

Puc. 4. Cxemaruunoe OpejacTaB/JI€eHUEe y3Jjia JepeBa IOPAJIKOB.

Hosacnernue. Kaxknpiit y3es gepeBa MOPSIKOB — 9TO MOPAIOK (DUKCAITIH
JUTSL JIOCTYHA K TOCJIEJHEN BepINUHE 3TOr0 y3ja. YCJIOBHE PEAn3yeMOCTH
Habopa — 9TO B TOYHOCTHU YCJIOBHE BBIOOpaA (DUKCHPOBAHHOTO 3HAUEHUS 110
Jlemme 2 B TepMuHax JiepeBa MOpsjiKa: 3HaUYeHHEe (DUKCUPYEMO BEepPINUHBI
JIOJIZKHO OBITH BBLIOPAHO TaKUM 00pa30M, ITOOBI YC/IOBUA JOCTyIA K HeUK-
CHPOBAHHBIM BEPIIMHAM BBINOJHSINCH (BCe HEPUKCHPOBAHHBIE BEPIIUHBI B
y3Jie HaXOJsTCsl crpaBa oT Tekyineii). CoracoBaHHOCTb Hy»KHA, YTOOBI HE
HBITATHCS M3MEHUTD T€ BEPINUHBI, KOTOPBIE y2ke hukcupoBanbl panee. Habop
BO3PACTAIOININH, TOCKOJIBKY rpad 3aBUCUMOCTEH YIIOPSIOUCH U JJIs MOy de-
HUsl JIOCTYIIa K BepInuHe kK MOT'YT [TOHAIO0UTHCH TOJHKO BEPIITUHBI MEHBIIIETO
MOPsiJIKA B TEKYIIEM rpade 3aBucuMocTeil. JImcToBbie BEPITUHBI COOTBETCTBY-
0T TeM BepIrHaM rpada 3aBUCHUMOCTEN, KOTOPbIE JOCTYIIHBI B HAYAJILHOM
COCTOSTHUH.
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Ounpenenenne 3. Jlepeso nopadkos na306em KOPPEKTHBIM, ecau (1) das
Kaotcdo20 €20 Yyaaa Habop eepuiun peasudyem u (2) dan a106020 ysia Habop
€20 GePWUH 803PACMAIOULUT.

5.1. Kpurepuii KOppeKTHOCTH JepeBa IOPsiIKOB

Teopema 1. Koppexmmnoe u cozaacosarnoe 0epeso nopadkos, nocmpoeHHoe
no epagpy D(z°), cywecmeyem moada u moavko moada, xozda docmyn % ye-
AEBOT NepPeMenHots Xg MONACEM ObiMb NOAYUEH U3 HAYANDHO20 COCTNOAHUSL

20,

Jloxasamenvcmeo. Tlycrb 3a1aHO0 KOPPEKTHOE COMIACOBAHHOE JIEPEBO MOPSJI-
KOB. I_IOKa)KeM7 Y9TO B 9TOM CJIy4dae IieJjieBasd IIepeMeHHasd JOCTHU2KUMa. CHa—
JaJjia ONHUIIEM [ENOYKY U3MEHEHUH BEPIINUH, KOTOPYIO Mbl CTPOUM IO JIEPEBY
MOPSIIKOB, a HUYKE TOKAYKEM, 4TO BCE JIEHCTBUSI B HEl JIOTYCTUMBI.

Yepes v OymeMm obo3HaYaTh y3ei jepeBa HopsiakoB. O603HAYMM BEKTOD
JouepHuX y3710B ya1a v depes d(v) = (d(v)o, . .., d(v) N(v))- B y31e v mu co-
OTBETCTBYIOT BEPIIHbI (Vg, ..., Vj, .. UN(yp)). 1epe3 v.t obosHAuMM TOCIe -
Hioio (1esieByIo) BepiuHy Habopa v, a depe3 val(v.t) — eé 3nauenue. s
scroBoro y3na v d(v) = &, a Habop v cocTouT TOJNbKO u3 v.t. Yepes F
0003HAYIAETCA TEKYIEe MHOKECTBO (PUKCUPOBAHHBIX BEPIITHH.

Becnb nporecc onncsiBaercst pekypcusabiM anropurMom GAESBR (Ausro-
purm 5.1). Hazsanue siByisiercst ab6pesuarypoit Get Access, Edit the Subject,
get Back the Rest.

Algorithm 5.1 Ionydenue jocTyna K IOCjeHell BEPIIMHE y3J1a U JIEpeBa
ropsiJikos 1.
function GAESBR(T, v, newvalue)
Hsmernenue snanenus sepuwunst v.t na newvalue.
history < @
if d(v) # @ then
for i < 0 to N(v) do
BBIOpATH HOBOE 3HAUEHUE newval; IJIs i-0if BepIuHbl coriacHo Jlemme 2

106aBUTH B cTeK history tpoiiky (v, i, val(v;))
GAESBR(T, d(v);, newval;)
val(v.t) < newvalue
Ommernums 6ce 0CmaibHbie WAL
while history # @ do
u3BJIeYb U3 CTEKa T0c/eHee Jelictsue (v, i, oldval)
val(v;) < oldval
return
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Bynem mpucsamBaTh BepIIMHAM 3HAYEHUsI B MOPsIKe 00Xoma JepeBa B
ryOuHY: ITOXOMUM JI0 JOCTYIHOW BEPIIMHBI U MPUCBAUBaEM €if Takoe 3Ha-
JeHrne, KOTOPOe HYKHO B TEKYIIEM y3Je nepeBa MopsakoB. [locie sToro Bce
JIeficTBUS, COBEPIIIEHHBIE JJIs TIOJIyYeHHUsl JOCTYIIa K 9TON BEPIINHE, OTMEHSI-
I0TCsi: 3HAYEHNUsT B OOPATHOM IOPsiJIKE BO3BPAIIAIOTCH HA IPEIbIIYIIHIE.

Ecin v — smcrooit y3ses, To d(v) mycTo u Mbl Cpa3y NpUCBAMBaEM Bep-
muHe v.t 3HaYeHUe, HY?KHOE B POJUTEILCKOM y3Jie — Takoe, OJarojaps Ko-
TOpoMy HaOOP POJAUTEHCKOIO Yy3Jia Peau3yeM: YTO eCJid PedpPo U3 KarxKJon
BEPIIINHBI, KOTOpas B POJUTEHLCKOM HabOpe HAXOIUTCI CIpaBa OT v.t, Cy-
IECTBYET, TO COOTBETCTBYIOIIAS €My METKA JOJKHA BBIIOIHATHCS (UMETh
suauenue 1). To ecTb Bce yc/i0BUsI HA 9TY BEPIIMHY JIOJXKHBI BBITIOJHATHCS, U
ee 3HaYeHUe JIOKAJILHO (PUKCUPYETCs: JI0 KOHIA STOTO POJAUTETHCKOIO y3JIa.

Ecnu v He MuCTOBOiI y3es1, ToO MBI IOC/IE0BATEILHO TPUCBANBAEM HelleIe-
BBIM BepIIIMHAM HabOpa HOBBIE 3HAYUEHUS] B COOTBETCTBHUU C PEAN3YEMOCTHIO
nabopa v. Korjga MbI JOXOIUM 10 TeJI€BOI BEPIUHBI y3J1a, Y HAC €CTh K Heil
noctyi. [TogeMy: paccMOTpUM BCe BEPIIUHBI, OT KOTOPBIX OHA 3aBUCHUT.

st ostydenust TOCTyIa K BepiinHe v.t 0 ONPeIe/ICHUI0 UHIYIIUDYEMO-
IO TIOP#AJIKa HyKHBI TOJbKO BEPIIMHBL = (,) v.t. Bee aTn Bepmmubl BXOAAT B
y3€eJI ¥ U B XOJI¢ BBIIIOJIHEHNS aJITOPUTMA JJIs Y3J1a ¥ TPUHUMAJIN 3HAYEHUS
COIVIACHO peajin3yeMocTu Habopa v, a 3HA4YUT OT HUX V.t 3aBUCUT C METKON
1. BuauuT, v.t gocrynna. llpucBanBaem eit 3HaUeHUE B COOTBETCTBUU C Pea-
JIN3YEMOCTDBIO POJUTEJILCKOI'O y3JIa.

A Temepb HaM HY?KHO BEPHYTH BCE OCTAJbHBbIE BEPIIUHLI Y3718 U K TeM
3HAYEHUSIM, KOTOPhIE Y HUX OBLIM B HAYAJBHOM COCTOSIHUU. B ponuTesbckoM
yaJie v.t — mepBasi PUKCUPOBAHHAS BepIInHa Ha moarpade ns v.t u Hedpuk-
CHPOBaHHBIX BEPIINH 3TOIO y3JIa C WHAYIUPOBAHHLIM Ha HUX IOPsIAKOM. Ilo
CJIeICTBUIO 4 crCTeMy MOYKHO IIPUBECTU B TAKOE COCTOsIHUE, UTO HOPSIOK Ha
He(PUKCHPOBAHHBIX BEPIINHAX = TAKOB, YTO JJIsI IOy IYE€HUs JTOCTYIIA K JIFO-
6011 HeUKCUPOBAHHOM BEPIINHE ITOHAI00ATCS TOJTBKO BEPIITNHBI MEHbIIIE Hee
B IOpsike =g Ha mnoarpade 6e3 v.t.

3HAYNT, [TOCJIE KazKI0ro BO3BpAaIeHUs 3HaYeHnil He(pUKCUPOBAHHBIX BEp-
IIIH K HAYAJbHBIM JOCTYI K KaXKI0M M3 HUX CHOBA 3aBUCUT TOJLKO OT Bep-
IIAH C MEHBIIUM IOPSAJIKOM Ha TEKYyIeM Ioiarpade, 9To SBJISeTCHA IPEeIIo-
JIOXKEHUEM JIjIsl HavaJsia JefcTBus (PYHKIUHN.

Taxum 06pazoM, C MOMOIIBIO OMUCAHHON (DYHKIINKM MO KOPPEKTHOMY CO-
[JIACOBAHHOMY JEPEBY IOPSAIKOB MbI IIOJIyYUM JIOCTYII K II€/I€BOI BEPIIIHE.

[IycTs Temepsb n3BeCTHO, UTO HejIeBas IepeMeHHast JocTmkuMa. Torma cy-
IIECTBYET MOPSI0K (PUKCAIHI, TPUBOJAIIII K JOCTYIy K II€/I€BOI BEPIINHE.
DTOT MOPSIIOK U OyIeT HaOOPOM KOPHEBOI BEPINHWHBL JepeBa. SHAUEHUS, KO-
TOpbIE BEPIIMHBI PUHUMAIOT B MOMEHT (PUKCAIMH, COOTBETCTBYIOT DeaJsiu-
3yeMoMy HaOOPy 110 JieMMe 2. AHAJOTUYHO, U JJIsd KaXK 10l BEPIIUHBI rpada
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CYIIECTBYET TOPSIOK (DUKCAINN, IPUBOJAIIII K JOCTYyIy K Heil. Bompoc B
TOM, KaKne BEePHINHBI UCIIOJIB3YIOTCA B 9TOM ITOPsIKE.

[To yrBepxkaennto 6 mMocie MOSyUYeHUsT JOCTYHA K HEKOTOPOU BEpIIIHE
KOPHEBOT'O HabOpa OCTAJIbHBIE BEPINUHBI MOXKHO OTKATBIBATH B HAYAJILHOE
COCTOsIHME, TaK YTO YACTHIHBINA MOPsIOK Ha He(DUKCHPOBAHHBIX BEPITHHAX
SIBJISIETCS TTOJIIIOPSIIKOM HAYaJIbHOTO Topsifika. [losromy mocsie mosydeHust
JIOCTyTa K KakKJOi W3 BepIInH Habopa KOPHS MOXKHO IIPOM3BECTH 00paT-
HYIO [OCJIEJIOBATEIbHOCTD JIEWCTBUI [IJIsi BO3BpAIEeHUs] He(DUKCUPOBAHHBIX
BEpIUH K HAaYaJbHBIM 3HadYeHusM. U mocje 3Toro mjig J0CTyna K KaXKIoi
BepIMHe HabOpa KOPHEBOTO y3J1a TIOHATIO0ATCS TOTHKO BEPIIMHBI HHTYTIUPO-
BaHHBIM ITOPSIJIKOM MEHBIIIe Hee. DTO YCJIOBUE 03HAYAET, UTO JIOUEPHUE Y3JIbI
KOPHSI BO3paCTaIOIIHe.

OHO Ke 3HAYUT, YTO y3JIbl COTJIACOBAHBI: B HUX HCIIOJB3YIOTCS TOJIBKO
He(PUKCUPOBAHHBIE BEPIIIHEL.

Bce 310 BepHO, eciim K KaxKJIOMY y3Jy JepeBa OTHOCHTBCS KaK K KOp-
HEBOMY Ha moirpade, comepKalieM BepIIUHbI 9TOro y3Jja. TakuMm oOpasoM,
JIEPEBO TOPSITKOB JOCTPANBAECTCS JIO JINCTOB ¥ SIBJISIETCS KOPPEKTHBIM M CO-
[JIACOBAHHDIM. O

5.2. IlocTpoeHue ngepeBa NOPSIIKOB

3a/1aH0 MHOXKECTBO BEPIIUH X = {X1,...,X,} U JJIs KaxXKJIOH BEPIINHBI X; €
x 3ajan Habop Si1, Si2,. .., Sk, nogmuoxkects X. [lopagkom na x HazoBeM
B3aMMHO-0/IHO3HAYHOTO oTobpaxkenue f : x — {1,...,n}. Yepes succy(x;)
00603HAYMM MHOXKECTBO BEPIIUH, KOTOPBIE HAXOAATCS IIPaBee X; B IOpsAIKe f,
To ecTh succs(x;) = {x; € x| f(x;) > f(x;)}. Tpebyercs HaitT nopsiok f
IpU KOTOPOM BBIIOJIHSIETCS CICAYIONEE YCIOBHE:

Vi <n3dm <k succy(x;) C S, (2)

To ectb i Kaxk0#f BepIIUHBI X; Haitmercs Habop S, COAepKaInii Bce
BEPIIUHBI, KOTOPBIE B MOC/IEI0BATEIbHOCTH f HAXOAsTCs mocie X;. [lopsimok
f, ynoBaerBopsomuii ycaosuio (2) 6yeM HA3BIBATH KOPPEKMHBIM.

31ech MHOXKECTBA, Sij COOTBETCTBYIOT BO3MOXKHBIM 3HadYeHusIM val.in(X;),
rjie eIMHAIBI CTOAT B pa3pdax, OTBeYaloluX BepllinHaM, BXOIAIIUM B Sij.

YrBepxkaeuune 8 (Cuasur Bieso). [Tycms 3adaro koppexmmoe omobpasice-
nue f. Feau cywecmsyem sepuuna X;, 08 xomopot:

1) f(xi) > 1 (x; umeem aesozo coceda 6 nopadre f) u

2) natidemea mabop Sim, marot wmo { f~H(f(x;) — 1)} U succs(x;) C Sim
(1abop Sim, codeporcum ae6020 coceda X; U 6Ce EPULUNDL, KOMOPBLE CINO-
AM cnpasa om X; ), mo
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nopadok ', omaunarowuiica nepecmanoskoti X; ¢ €20 A€6bM COCCOOM, ABAA-
eMCA KOPPEKMHBIM.

Horazamenvcmeso. MuoxecTsa succy (X;) Jiis BCeX BEPIINH ¢ HOMEPaMH j €
(1,..., f(xi) — 2, f(x4) + 1,...n) ocTaanch NPEKHUML.

Muozxecrso succy (X;) C Sip 1O YCIOBHIO, 3HAYUT JIJIA X; BBINOJIHACTCS
ycsoBre Koppekraoctu f.

Host sucep (f71(f(x;) — 1)) MOKHO B3sITb TO 2Ke MHOXKeCTBO S, KOTOpoe
HCIIOJIB30BAJIOCH B f: OHO IMOKPBIBAET BCE BEPIIMHDI, HAXO/SIINEC [IpaBee B
HOBOM TIOPSIJIKE. ]

AJroputM HaxoXXJeHUs KOPPEKTHOI'O MOpAAKa Fcin julsd KazkJoro §
3a/1aHO €JIMHCTBEHHOE MHOXKECTBO S;1, TO ecTh k(i) = 1, T0 3a/1a4a B TOTHOCTH
ABJIAETCS 33 1a49eil TOIOJIOIMYeCKOil COPTUPOBKY OpUEHTUPOBaHHOIo Ipada u
peraeTcst 3a JnHefinoe Bpems [9)].

1 mpon3BOILHOrO HAbOpa MHOXKECTB HPUMEHSEM AHAJOIMYHBIA aJIro-
purM. HaxomuMm Bce BEPIUHBI X;, JIJIsi KOTOPBIX CYIIECTBYeT HAOOP S, Ta-
koit uto (x\ {x;}) C Sip. Onu OynyT EpBBIME B HCKOMOM TIOpsiyike f. «Yia-
JideM UX U3 PaCCMOTPEHUA» M PeEIlacM aHaJIOTUIHYIO 3a/lavy Ha MeHbIIeM
MHOXKECTBE BEPIIMUH. TakKmM 00pa3oM CTPOUTCS KOPHEBOM MOPSIOK (pUKCa-
nuu BepmuH. ITocse sToro Hamo mepeiitu Ha noarpad JJis JOCTYIA K KarK-
JI0¥ BEPINUHE STOTO IMOPAIKA U HAWTH NOPSAJOK (pUKCAIIMKA Ha HEM, IPOBEPUB
aHAJIOTMYHBIE ycjIoBus. IIpomenars 3T0 ¢ KayKIbIM IIOPAIKOM.

Ecnan BXoaHBIMEU JAHHBIMU 3aJIa90 CIUTATH MHOXKECTBO BEPIIUH X W Ha-
OOpBI MHOXKECTB S;;, U TPEJIIOJIOKATE, YTO MHOXKECTBO S;; IIPOBepAeTCs Ha
nosiory 3a O(1), TO CJI0KHOCTD AJTOPUTMA JIJisl HAXOXKJEHUs TOPSIIKA OJl-

n
soro y3ma O | (D2 kz)2> — KBaJpaTUIHAs OT KOJMIECTBA MOIMHOKECTB Sjj.
i=1
BosbmeM onny ];eme/IHy, HPOBEPHUM BCe ee MHOYKeCTBa Ha IIOJIHOTY, Iepeiiiem
n
K JIpyroii. B Xy/umem ciyvae HaM IpPUJIETCsT TIPOBEPUTH BCe » |, k; MHOXKECTB.
=1
Eciu onna Beprinna mogioiijier, To ee 6epem 1epsoit (6e3 or;aHquHHH ob1I-

HOCTH OHa UMeeT HOMep 1) M Ha BTOPOE MECTO HaM HaJ0 IPOBEPUTH yiKe
n

> ki, u Tak nasiee. Beero nposepok Oyzer He 6oJiblile KBaJpara OT UUC/IA
%i)?ZLMHO}KeCTB.

TpyaHocTs B TOM, YTO MOAMHOXKECTB S;j MOXKeT OLITH MHOro. Ecmm ot
BePIINHBI X; 3aBUCAT BCE OCTAJIbHDIE BEPIINHDI, TO MHOKECTB S;; MOXKeT ObITh
2N riae N+1 — umciio Bepimms (€C/im ecTh Bee BO3MOMKHDIC IEPECEUCHI MHO-
JKECTB, YIOBJIETBOPAIONX yCA0BUsAM Bepinu). OHAKO BOOOIIE TOBOPsT HAM

He Tpe6yIOTCH BC€ MHOXKeCTBa: €CJIN JaCTUIHO YIIOPAJOYUTHL BCE€ MHOXKECTBa
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JIJTs1 OJTHOM BEPIIHMHBI 110 BJIOYKEHUIO, JIOCTATOUHO U3 KaXKJION [N B3ATh MaK-
CUMAJILHBIA 3J1eMEHT (TaKOe MHOXKECTBO, OYEBH/IHO, MOYKHO WCIOJIb30BATh B
Habope BMECTO BJIOXKEHHOTo B Hero). Toryia ux He GoJiblile, 4eM JJIMHA MaK-
CUMAJILHOl aHTHIeIN C][\],V/ 2], 4YTO BCE ellle KCIIOHEHIMAIbHO MHOIO.

HamoMuuM, 9TO MBI CUNTAEM, YTO CAMH MHOYKeCTBa, Sjj yKe IIOCTPOEHHI,
HO BOOOINE IOBOPsl MX MOCTPOEHUE MOXKET BHECTH JONOJHUTEbHYIO CJIOXK-
HOCTh. Bompoc B TOM, KaK CTPOSTCS MHOXKECTBa Sjj, HAC J0 CHX IOD HE HH-
TepecoBal. BCHOMHUM, UTO OHU CBSI3aHBI C IEPECEYEHUEM MHOYKECTB JOCTYII-
HoCTH A;j, KOTOPbIE KaK-TO 33JaI0TCsl, I CJIOKHOCTD 3aJaHIsT STHX MHOKECTB
BJIUSAET Ha KOJIMYECTBO S;j M HA CIIOZKHOCTD BBIIIOJIHEHH AJTOPUTMA: IOCTPO-
eHHUe TIepecevenHnii MHOYKECTB JIOCTYITHOCTH U MOUCK 3HAYEHUST, TPUHAIEKA-
IIEr0 [IEPECEUEHNIO HECKOJIBKUX MHOYKECTB JIOCTYITHOCTH, MOYKET OBbITH TPYI0-
eMKOIi [TpOIIe 1y POii IIPU HEKOTOPBIX CIIOCODAX 3a/IaHMsi MHOYKECTB (HALPUMED,
eCJI MHOXKECTBA 3aJIaHbl KaK PeIleHNne YPABHEHUN MM KaK yJIOBJIETBODSIIO-
1ye HeKOTOPOMY IIPEJIUKATY ).

5.3. C/02KHOCTH IIOCTPOEHUS JepeBa IOPSAKOB B YAaCTHBIX
ciryvyasx rpadga 3aBucuMocTeit

Ecmu muOMX)ecTBa A;; — OTPE3KN, TO JazKe B IPENOIOKEHAN, YTO X; 3aBUCHT
OT BCEeX OCTAJIbHBIX BEPIINH, 9KCIOHEHTHI B KOJIIdecTse S;; He BO3HUKAET, 110~
CKOJIbKY KJIACCOB IT€pECeveHnst 1 OTPE3KOB Ha IpsIMOil He OoJiee 2n, 3HAYUT
KOJIMYeCTBO MHOXKeCTB S;; He Oosbme 2N, rae N — uucio seprmuH. Taxum
00pa3oM, SKCIIOHEHITUAJIBHAS CJIOZKHOCTD aJITOPUTMa, [IOCTPOEHUsI JIEPeBa, I0-
PSIIKOB MOXKET He ABJIATHCS HPEISITCTBUEM JIJTsT IPAKTHIECKOTO IIPUMEHEHMS.

Ecmm MaoxecTBa A;j B NICXOJHBIX JaHHBIX 33/1aI0TCS, HAIPUMEP IPeInKa-
TaMH, TO Ha «CJIOXKHOCTh» MHOXKECTB BJIUSIET CJIOXKHOCTH (opmyit. OTpe3ok
3asiaercst mpocroit dopmyioit (x; > a)&(x; < b). Ho ecim npemuxarsr Mo-
YT OBITh KAKUME YT'OJIHO, TIOHSITHO, UTO (POPMYJIa MOXKET ObITh CJI0XKHOU U
aJropuT™M ¢ Hell OyneT paboTaTh 0XKHUIAEMO JTOJITO.

BxoiHble TaHHBIE MOTYT OKAa3aThCs IIPOCTHIMU U B JIPYTOM cMbICe. Ecan
rpad 3aBucumocTeit D sBJIsSIeTCsS AlUKINIeCKIM OPUEHTHPOBAHHBIM rpadoM
(TO ecThb YIOPsIIOYMBAETCsI TAK, YTO 06pATHBIX pebep BOOOIIE HeT), TO JIOCTYIL
K KOPHEBOI Bcerja MOXKHO IHOJIydIuTh. lIpeamnomoxkum, aTo rpad — mosHoe
JIEPEBO, TO €CTh COJIEPIKUT BCe BO3MOXKHBIE pebpa (eciim B mCcxomHoM rpade
OTCYyTCTBOBAJIO HEKOTOpPOe pebpo, To m00aBuM (GUKTUBHOE PEeOPO, METKA KO-
TOpOro ToxaecrBeHHo pasHa 1). Torma Bepmuabt Hymepytores 1 <2... < N.
MoxkHO BBIOpATH TMOPSIIOK (DUKCAITAN JIJIsT KAXKJI0H BEPIIMHBI k CJIETyOIIIM
obpazom: k— 1,k —2,...,2,1, k. B aTOM nopsijike €IMHCTBEHHOE CYIIECTBY-
foree pebpo, Beylllee U3 BEPIIUHBI ClIpaBa — PeOpOo W3 BEPIIUHBI K, a 3Ha-
9UT BCETJIA CYIIECTBYET 3HAYEHUE, Y/IOBJIETBOPSIIONIEE YCIOBUAIO 9TOTO pebpa.
Hecjio:xHO TpoBEpUTD, ITO KOJIUIECTBO AEHCTBUN B TOCIEOBATEIBHOCTH U3~
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MEHEHU 3HAUYCHUN BEPIIUH HE IIPEBOCXOAUT O(2N ), rie N — 91csio BepInuH,
U 3Ta OlleHKAa SBJIIETCSA TOYHOM.

6. 3akJrodeHUue

B pabore paccmorpena 3ajata IPOBEPKH HEBO3MOXKHOCTH IOJIYUEHUS [0-
CTyIIa K BBIJICJICHHOMY O0bEKTY NH(MOPMAITMOHHONW CHCTEMbI C aTPUOYTUBHOIM
nosinTukoi 6ezonacuoctu. [lokazano, 9To IPU HEKOTOPBIX OrPAHUYEHUSIX HA
CTPYKTYPY NPaBUJI JOCTYIIA, 33a/[a9a CBOJUTCA K 33/1a49e HHTEJIEKTYaTIbHOIO
[JIAHUPOBAHUS, YTO JIAET BO3MOXKHOCTD IPUMEHSTDH JIJIsl €€ PENIeHus N3BeCT-
Hble 3(DDEKTUBHBIE METOJIbI INIAHUPOBAHUS C UCIOJIB30BAHUEM SBPUCTHIE-
CKHUX XapaKTePUCTHK 3aja4n [7].

B manHoit pabote j1oKa3aH KPUTEPUl BO3MOXKHOCTH [TOJIYY€HUS JTOCTYIIA B
3aBUCHMOCTH OT BXOIHBIX JAHHBIX 38[a9H. BBOINTCS MOHITHE I€PEBa MOPSII-
KOB — CTPYKTYPBI, C IIOMOIIBIO KOTOPOil TPOBEPSETCs BBIIOJIHEHIE KPUTEPHUSI.
IIpeioken ajropuT™M HOJIyYEHUS JIOCTYIa C IIOMOIILIO JIEPEBA IIOPSIIKOB.

[Ipe tozkeH ajiropuT™, OTBEYAIONINIT HA BOIPOC «BO3MOXKHO JIM IIOJTyde-
HUE JIOCTYNa K 3aJIAHHOMY OODLEKTY». DTOT AJTOPUTM HMEET IKCIOHEHITH-
AJILHYIO OIEHKY CJIOKHOCTHU B 3aBHCUMOCTU OT YHCJIa O0bEKTOB HHGMOPMAIIH-
OHHO# cucTeMbl. 1Ipn 9TOM MOKa3aHO, YTO IPH BBHIIOJHEHUU HEKOTODPBIX J0-
[OJTHUTEJIbHBIX YCJIOBHUIl Ha CTPYKTYPY rpada 3aBUCUMOCTEN UM MHOYKECTB
JIOCTYITHOCTH OO'bEKTOB, KOTOPbIE COOTBETCTBYIOT IIPaBHUJIaM IIOJIUTUKH Oe3-
OIacHOCTH MHGMOPMAIIMOHHONW CUCTEMBI, CJIOYKHOCTD 3TOIO AJIFOPUTMA MOXKET
OBITH YMEHbBIIIEHA 10 TOJUHOMHUAJILHON.

BosMmoxkHBIMI HATIPABICHUSAMA JATLHEAIINX UCCIETOBAHUN MOTYT OBITD:
MOMCK KpaTJYalIeil moc/ie0BaTeIbHOCTU ACHCTBUN TIPU 33/ IAHHOM KOPPEKT-
HOM JIePEeBe OPSAIKOB, IOUCK OINTHMAJILHOIO ITOPSJIKA BEPIINH B y3JI€ JIepeBa
MOPSAJIKOB B MIPOIIECCE TOCTPOCHUST KOPPEKTHOTO JIEPEBA, OICHKA AJITOPUTMHU-
YeCKOH CJIOZKHOCTU IIPOBEPKHU KOPPEKTHOCTH JIePEBa MTOPSJIKOB.
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Attribute-based access control policy analysis using automated
planning technique
Afonin S.A., Bonushkina A. Yu.

The paper considers the problem of testing the possibility of a user
of an information system gaining access to the selected object with
a given attribute-based security policy. It is shown that under some
restrictions on information system model and policy rules, this task is
reduced to the task of automated planning. There is a tree structure
determined, the construction of which corresponds to planning in the
space of plans and allows to take into account the specifics of the
problem when constructing heuristic algorithms for checking access.
It is proved that the existence of such a structure is a necessary and
sufficient condition for the possibility of getting an access to the target.
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«BoraucnurenpbHas MaInHa ¥ MO3T», KOTOPbIe BO3HUKJ/IN Ha 3ape CTa-
HOBJIeHUsI KubepHeTHKY Kak Hayku. C Tex mop Juckyccuu a remy «Mo-
2KeT JI MallliHa MBICJIUTh» TO BO3HUKAJIU, TO 3aTyXaJIl U B IOHUMaHUU
9TOr0 BOIIPOCa 0CODOM SICHOCTU OHU HE BHOCHJIMA. B 10Cje/iHue rojpl, B
CBSI3U C MOIIIHBIM PAa3BUTUEM TEXHOJOTUIECKOH OA3bI BBIUUCIUTEIBHBIX
CHCTEM, TEMATUKA CTaJjia BHOBb aKTyaJbHON. Bmecre ¢ Hay4anoit 6a30ii,
HapabOTAHHON B TEOPUU HCKYCCTBEHHOI'O MHTEJIJIEKTA M IIPUKJIAHBIX
IIPOrPaMM B 3TOI 06/1aCTH, BOSHUKJIO MHOYKECTBO PabOT CIIEKYIATHBHO-
r'0 THUIIa, TOTOBBIX O0bSIBUTH JIFOO0E YCTPONCTBO CO BCTPOEHHBIMU B €r0
CHCTEMY YIIPaBJI€HUsS] TPUBUAJIBHBIMU AJTOPUTMUIECKUME JT00ABKAMU
«CHCTEMOIl MCKYCCTBEHHOT'O MHTEJUIEKTa». B pabore J1e1aeTcs mombIT-
Ka OTJIeJIUTD «3€PHa OT IJIEeBes», U3JI02KUB HECKOJIbKO TOYEK 3PEHU 110
9TOMY BOIIPOCY.

KarodeBble cjioBa: MCKYyCCTBEHHBIN WHTE/NIEKT, MAITUHHOE 00Y-
JeHue, HepOHHBIE CETH.

ITpodeccop, a.¢dp.-m.H. Koznos B. H.

B JAUCKYCCHUH 51 3aHUMAaJI ITO3UINUIO CKEIITUKa B OTHOIIEHUN HGprOHHbIX ceTell.
IIpu sTOM 51 OCO3HAIO BAXKHOCTH U 3HAYMMOCTD ITOW MOJIEJN JJIsT MHOTOIHUC-
JIHHBIX Tipujioykenuii. VI, TeM He MeHee, I0OJIarai, 9TO 3TO TYIUKOBBIH IIyTh
KaK JJIsl MOJIeJIMPOBaHNdA HEPBHOI CHUCTEMBI, TaK U JIJId PACIIO3HAIOIINX CH-
creM. B obocHoBanue cBoeil TOUKM 3peHus sI IPUBELY HEKOTOPbIe COObparKe-
HUA IO 3TUM JIBYM IIYHKTaM.

1) Heitponnble cern Kak MOJEJb JIJIs peajbHONW HEPBHON CHCTEMBI. DTO
HallpaBJIEHE€ OCHOBBIBACTCs Ha ITPUMEPHO TaKoOil JIOTUKe: HEpBHagd CUCTEeMa —
KOHEYHOE MHOXKECTBO HEMpPOHOB. Ecim MBI 110 BOBMOYXKHOCTU TOYHEE BOCITPO-
U3BEJIEM B HEKOTOPO# popMabHON MOJenn CBOHCTBa peasibHOIO HelpoHa,
a 3aTeM HCCJIEIyeM BCE BO3MOXKHBIE COCIMHEHUsT 9TUX (POPMAIbHBIX HEHpO-
HOB B CETHU, TO B UX CBOWCTBaX UyJIECHBIM 0OPA30M IPOSBATCA UHTEPECHBIE
1 3araJI0YHble CBOMCTBA pEAJIbHOI HEPBHON CHCTEMBI. 31€Ch CTPAJIAeT cama
JIOTUKa TIOJXOJA: BBIAECAUTh «KUPHUYUK» , OCHOBHOI 3JIEMEHT, T.€. HEHPOH,
U3 KOTOPBIX COCTOUT OOBEKT (HepBHaH CHCTeMa), 1 3aTeM, OTHPABJIASICE OT
«KUPIUYINKA», COCJIUHsISI UX B PA3HBIX KOMOMHAIMAX, IBITATHCS MPUATH K
MIPOSIBJIEHUIO CBOMCTB Mozra. JlaBaiiTe MOBTOPUM 3TY JIOTUKY B HECKOJIBKO
WHOM BapHUaHTe: BO3bMEM B KA4eCTBE «KHPIIMYNKA» He HEHPOH, a MOJIEKYJTY.
Benp Bce meitponbl, a 3HAYAT U HEPBHAS CHUCTEMA, COCTOSAT U3 MOJIEKYJI, U
UX KOHEYHOEe MHOXKeCTBO. Bocmpoussenem B (popMasbHONI MOIE/HN CBOHCTBA
MOJIEKYJT KaK MOXKHO TO4YHee, n 6y,ZLeM COCIMHATDL 3TU MOJEJIN MOJIEKYJI B
cBOeoOpa3HbIe «MOJIEKYJ/IsIPHBIE CETU» BMECTO HeHpoHHBIX ceTeil. [Tomyuanm ,
fICHO, B JIYUIIIEM CJIyYae MOJIEKYJISIPHYIO (PU3UKY, HO He CBoiicTBa Mo3ra. To
€CThb «MOJICKYJIAPHBIA ypOBEHb» , CKOpPee BCEro, He TOT YPOBEHb, KOTOPBIN
Tpebyercs i U3yUeHus , HallpUMep, aJIrOPUTMOB Mo3ra. Ho MOXKHO 1Ipeji-
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ITOJIOXKUTDH TAKOE YK€ U ITPO «HEHPOHHBIN ypOBEeHb». EIlle 0Ha aHAJIOTHS: €CIn
BBIJIC/IUTH «KHPIIWXYUK» KaK 9JIEMEHT, U3 KOTOPBLIX CTPOAT 3JaHnA, TO, ACHO,
APXUTEKTYPHBIN 00K 31aHus (aHATIOT (PYHKIMOHAIBHBIX MEXAHI3MOB MO3-
ra) orpeJesisiercsl UjesiMi UCKycCTBa, ucropuu, dpunocodun u mnp., U JHIIb
B MAaJION CTENEHW CBOMCTBAMHU KUPIIWYA.

2) Heiiponnble ceTn Kak pacio3naorue cucreMbl. Ha Mot B3riisi, pabo-
Ta HEPOHHBIX ceTel 0 OOJIBIIIOMY CUEeTy UMEET XapakTep mepebopa, co Bce-
MU U3/IepKKaMU TaKIX aJTOPUTMOB. ¢l TIOSICHIO CBOIO MBICIIb Ha CJIEYIONIEM
npumepe. Ilycrh MBI XOTHM UCHOJIB30BATH HEKOTOPYIO byHKImO f(2), onpe-
JleJisisi ee 3HAYEeHUs JIJIs HEKOTOPBIX 3HadeHuil aprymenToB. K coxkasenuio,
y Hac HeT (POPMYJIbL JjIs 3aJlaHusl (DYHKIUU, HO €CThb JOCTATOYHO OOJIBIIOE
MHOKECTBO NIPUMEPOB ee 3HAUeHUI PU HEKOTOPBIX 3HAUEHUIX apryMeHTOB
(sT0 cBOCOGpa3HOE 00y YarOIIee MHOXKECTBO). MOYKHO IIPeICTaBUThL ITU 3HAYUE-
HUA KaK MHOZKECTBO TOYEK B HeKOTOpOI;,I cucremMe KOopJauHaT. MbI JOIIOJIHAEM
9TO 0DyUaroIIee MHOXKECTBO CHCTEMOI OTPE3KOB MPSIMBIX MEXKJIY COCETHUMU
TOYKAMU, MOJIyYIas , TEM CAMBIM , €e IIPeIII0JI0KUTEeIbHbIH rpaduk. Tenepnb
JUtst JIIO00TO 3HAYEHUS apryMEHTa MOYKHO TOJIYIUTh «3HAaueHue» (DYHKIINU,
U, HETPY/IHO BUIETDH, IO CyTH, epedbopoMm u mnreprosiueii. Pazymeercs, B
HEHPOHHBIX CETSIX BCE U CJIOXKHEE, U Hojiee TPOMO3JIKO: HE IIOCKOCTb, & MHO-
FOMEPHOE MPOCTPAHCTBO, HHTEPIIOJISIINN TOXKE TOPa3/10 3aMbIC/IOBaTee, U IIp.
Ho, Bce ke, oueBnmHO, ObLI0 ObI Jyurre numerb (n uckarb!) dbopmymny s
dyHKIUN.

Kpowme Toro, xorjga roBopsaT 0 MOpa3UTEIbHBIX yCIIeXaX HEHPOHHBIX Ce-
Tell, HAIIpUMeEpP, B PACIIO3HABAHUU M300parKeHuii, OOJIbIell 4acThbio 3a KaJl-
POM OCTaeTCsl BOIIPOC O TOM, IIPU KAKHUX YCJIOBUAX 3TU YCII€XU JOCTUIHYTHI.
[Tosicuro ckazannoe na npumepe neprentpona «Mapk-1» @ .Pozenbiarra. 4
quTaJl OIIMCaHre dKCIIEPUMEHTOB C IIEPUEIITPOHOM , TaM I'OBOPUJIOCH, 9YTO IIO-
cJie IPeIbABICHNN B O0OYyYEHUN C aJITOPUTMOM «C yaureaem» 20-40 Hagepra-
HUM KaXX10# OyKBBI , MPABUJILHOCTH PACIO3HABAHUA OYKB JIOCTUTAJIA TTOUYTH
100%. Iomy4gaercs, aro eme B KoHne 50-x - Hagasae 60-x romoB mpobiema
pacrosHaBaHus, 10 KpaitHeit Mepe, ¢puryp 6su1a pertena ?! Ho apyroe Bbisic-
HAETCsA, €CJIN HaYNHaACIIb BIYUTBIBATHCA B T€ YCJIOBHUA, B KOTOPBIX ITPOXOJINJIN
9KCIIEPUMEHTHI 110 pacio3HaBanuio. Ha KBajpaTHblil siaencTolii 9kpan («cer-
anKa») IPOEIUpPOBaJIach GUrypa Tak, ITo0bl MOJTHOCTHIO €r0 3AI0JIHUATD, 110
KpaiiHeil Mepe , 110 BbICOTe (TO eCThb, HOJIydaeTcsi , bUrypbl IPUBOAMINCH K
«KaHOHMYECKOMY» pasmepy). Purypa Ha 9KpaHe pacrojaraaach Tak, 4To0bl
ee Bepx ObLI BBEpXy, HU3 — BHU3Y, IIPaBoe — CIIpaBa, JeBoe — cjieBa. Ho ¢
KaKOIl CTATU IIPEJIIOJIAraeTCsi, 9TO 9T0 m3BecTHO! MBI ere He pacro3HAJN
durypy, HO yKe 3HaeM, Ijie y Hee Bepx, rje uu3, u T.J. llojgckaszka «m100-
poro jgsiau»? llopounbrii kpyr? Fcim ke caumrarh, 9TO «IIOJCKA30K» HET,
TO TAKUX 3aMEYATENbHBIX PE3YIbTATOB YiKe JIaJeKo He Oy/eT. DTUM XKe B
HEMAJION Mepe T'peliaT U HbIHEITHue HefipoHHble ceTu. B Kakoli TO Mepe K
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HEJIOCTATKAM HEHPOHHBIX CeTeil MOXKHO OTHECTH W MAaJIOUHUC/JIEHHOCTh MaTe-
MaTUIECKUX PEe3YJILTATOB JIjIs HUX, T.e . 3TO 3BpucTuka. Ha MOt B3TJIS,
IJIABHBIX PE3yJIbTaToB - JABa: TeopeMa KoaMoroposa, KOTOPYIO ceifyac Tpax-
TYIOT KaK «HaKpBIBAIOILYIO» CBEPXY BCIO 3Ty MOJEJb, U TeopeMa HoBukosa
upo neprentpor. Ho cam A.H.Kommoropos, mokassiBasi TeopeMy (cepennua
50-roz10B), BpsiJl Jin BOOOIIE 3HAJI O CYIIECTBOBAHUE IIEPIEITPOHOB, OHU TOIJIA
TOJIBKO HAUUHAJIUCE.

[IpencraBeHHbBI TEKCT BHICTYIIEHHSI MECTAME, MOXKET OBITh, KaTeropu-
veH u nosemuder. He cunraro 310 6e/10if, B IUCKYCCUU, TTOJIATAI0 9TO IPUEM-
JIEMO.

ITpodeccop, a.1.H., K.dp.-Mm.H. PbizkoB A. II.

Hac modemy-10 He yauBIIsieT, 9TO KAJbKY/ISTOP CIUTAET OBICTpEE U TOUTHEe
JeI0BeKA, KOMIILIOTED — OBICTPee W TOUHee pelraeT, Hampumep, auddepeH-
[UAJTbHbIE YPABHEHUS W MHOIOE JAPYroe, K 9eMy MbI IIPUBBIKJIN U IIPOCTO HE
3amedaeM. BOT Temepb CHEIIpoIeccop B BUJIe HCKYCCTBEHHON HelipoceTn pac-
mo3HaéT Jinna ObicTpee u TouHee desioBeka. Hy u uro? Kakoe 310 oTHOIIEHNE
nMeeT K nHTesIeKTy? HaBepHo, yIst HouTH JII000# 381891 MOYKHO IPULy MATh
aJIropuTM, paboTaroniuii ObicTpee U TOUHee YesioBeka. Jlake HayIUBIINCH pe-
maThb COTHU TaKHUX 3aJda4, Mbl U3 IIOJIYIECHHBIX 9JIEMEHTOB HE CO6epel\I I1a3J1
non wazsanneM M. Tlosromy Bce aTm «jtocTmzkenust» (6e€3yCJIOBHO, OY€Hb
BaKHble U MHTEPECHbIC JIJIsd KOFO—TO) K TeMe Halleit JAUCKYyCCHUH HE€ UMEIOT
[IOYTU HUKAKOT'O OTHOIIEHUS.

K coxasenuto, Bokpyr MU ceitdac BOZHUKJIO MHOTO Xaiilla U IIAJbHBIX
JeHer (HO Pa3HbBIM OI€HKaM, MHBECTUIIUU B I/II/I yKe CcOoCTaBAT COTHU MUJI-
JIMAPJIOB JI0JIIAPOB! ). DTO MPUTATHBAET MHOKECTBO IPOXOJNMIIEE, HE OYCHb
YMHBIX, HO IIIYMHBIX, CO3Ja0IINX JIO?2KHBIEC O2KUTAHN . BCG 60.HI:>H_Ie I104BJId€T-
cst MEHeHni, uro I — s1o obman. Hanpumep, «Al heading back to the trough.
The expectations over artificial intelligence (AI) are becoming too inflated.
Al will indeed change everything, but not any time soon»? mmu «Inflated
Expectations: Artificial Intelligence Still Depends on Humans» 3. Kommanmum —
JINEPHI PBIHKA, MEHSIOT CBOIO nosnTuky B ornomenun VIU: Facebook cokpa-
T nogpasaeienue M, sannvaronuecst U4, IBM Watson health coxparun

70% corpynankos®, Cambridge Analytica o6bsBuza o 6ankporcrsed; MmHOrO

1https://hightech.plus/2020/01/15/investicii—v—ii—startapi—ssha—dostigli—
rekordnih-visot

2https://www.networkworld.com/article/3206313/internet—
of-things/ai-heading-back-to-the-trough.html

3https://techonomy.com/2016/07/27222/

4https://www.theverge.com/2018/1/8/16856654/facebook—m—shutdown—bots—ai

5https://www.theregister.co.uk/AMP/2018/05/25/ibms_watson_layoffs/
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aHaJIOrNYHBIX (hakTOB 6e3 Tpyma MOXKHO HaiiTu B mHTepHEeT. O3HAYaET Jin
9TO, YTO HacTymnaer Hosas 3uMma V7?7 He xorenoch ObI.

B takme MOMEHTHI MPABWJILHO OOPATUTHCS HE K MHEHHIO HE Pa3rOBOD-
YUBBIX OJIONEPOB, IOPUCTOB U OyXraJTepPOB, & K BUICHUIO OTIIOB-OCHOBATEJIEH
NUN. A onun mHukorma He nucayun o6 VI Kak 0 caMOI0CTATOTHOM CAMOJLY MA0-
meM YEPHOM SINMUKE ¢ COOCTBEHHBIM CO3HAHUEM. Tak, DIbu paccyxiaji 0o
YCHJICHUN NHTEJIEKTYAJIbHON CHiIbl desioBeka (1], Jlukiaiiaep mmcas o cumbu-
03€ YeJIOBEYECKOI0 U KOMITBIOTEPHOro MHTeLeKTOB |2]|. Kommannu-smiepor
PBIHKa HAYMHAIOT FOBOPUTH B mOM00HBIX TepMmuuax: IBM BBomuT moustue
nonosnuenuoro uHTeiekTa (Augmented Intelligence [3]) 6imskoe K nornMa-
o Dmbu; McKinsey BBesto monsarue Automation of knowledge work [4],
61msKoe K moHnMaHuo JInkaaiimepa.

Takne 4eI0BEKO-KOMIILIOTEPHBIE CHCTEMBI THOPUIHOINO HUHTEJIEKTA, CKO-
pee BCero, M ecThb BBIXOJ M3 CKJajbiBaorerocs kKpusuca VU, Jlns paspa-
OOTYNKOB 9TO O3HAYAET IMPEXKJEe BCEero IepeocMmbicienne 3amad. C Takumu
[IOCTAHOBKAMHM 33184 U CIIEHAPUSIMUI HCIIOJb30BAHUSA CUCTEM I'HOPUIHOIO MH-
TeJIJIEKTa MOYKHO O3HAKOMHTBCS B HEJIABHO BbIIIe/ el Kuure [5].

Xo4eTcst OTMETUTh, UTO 9TO HAIIPABJIEHNE BKJIIOYAETCS B JOPOXKHBIE Kap-
THI BEIyIUX SKCIEPTHBIX U I'PaHTooOpas3yromux opranu3arnuii. Tak, Haru-
onasbueli nayunbii dong CIHA Beigemun 10 IpOPLIBHBIX HAIDPABJICHMUI'
1IepBOe U3 KOTOPLIX — IIPO THOPHIHBII MHTE/UIEKTS; YIpaBJIeHHE IIepPCIeK-
TUBHBIX HccienoBanuii Munucrepcra oboponnsl CIIIA ompenesnio Tperbio
soiny VI (Al Next Campaign? kax rubpumbii unreekt (Towards this
end, DARPA research and development in human-machine symbiosis sets
a goal to partner with machines) u yxke mHBecTMpyeT B 9TO HalpasJe-
Hue 2 MuuHapia 10/aposl’; B yTBEPIKIEHHOM HEJIABHO CTPATEIHYECKOM
mwrane pazsurus VU CIIAM crparermst Ne2 — mpo ruGpuuHblil HHTEIIEKT
(Strategy 2: Develop effective methods for human-Al collaboration. Increase
understanding of how to create Al systems that effectively complement and

augment human capabilities).

6https://ca—commercial.com/news/cambridge—analytica—and—scl—
elections-commence-insolvency-proceedings-and-release-results-3
7https://www.nsf.gov/news/special_reports/big_ideas/index.jsp
8https://www.nsf.gov/news/special_reports/big_ideas/human_tech.jsp
9https://www.darpa.mil/work—with—us/ai—next—campaign
10https://www.darpa.mil/news-events/2018—09—07
11https://www.whitehouse.gov/wp-content/uploads/2019/06/Nationa1-AI-Research-
and-Development-Strategic-Plan-2019-Update-June-2019.pdf
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Crapinii HayJYHbIIA COTPYIHUK,
K.d.-m.H. Mazypenko U. JI.

Eme ma py6exke 50-60 romos 20 Beka BBIIAIONIMMUCA COBETCKUME yUIECHBIMU
A. H. Kommvoropossim [6] u B. . Aprosbiom [7] Gbuia jrokasana yHUBEp-
caJibHasi TeopeMa MPEJCTABUMOCTH JIJIs HEIPEPBIBHBIX (DYHKIINN, & UMEHHO,
9TO JII0Dasi MHOTOMECTHAsT HelpepbIBHAST (DYHKIUSI HA KOMIIAKTHOM HOCHTE-
Jie MOKeT ObITh IIPEJICTaB/IEHA B BHUJE KOHEYHOH KOMIIO3UIUN HEITPEPHIBHBIX
dbyHKINN 0/IHOI TIepeMEHHON U OMHAPHOI OlepaIluy CJIOXKECHUSI.

Dra Teopema TecHO cBs3aHa ¢ 13-oit nmpobsemoit 'minbepra [8] u Moxer
paccMaTpUBATBhCA KaK (PyHIAMEHTAJbHBIN TEOpeTHIeCKuil 0asuc Jjisi Beei
TEOPUN HEWMPOHHBIX CETEH.

B 1989 JI. LlpibeHKo j10Ka3aj yHUBEPCAJILHYIO TEOPEMY AIIPOKCHMAa-
tun [9] 1u1st MHOTOC/IONHBIX HelipoceTeil nmpsiMoii cBsi3u (6€3 IUKJIIOB), & MMeH-
HO, 9TO JitoDasi HellpepbIBHAsT (DYHKITNS MHOTUX IIEPEMEHHBIX HA KOMIIAKTHOM
HOCHTEJIE MOXKET OBITH IMpHOJIIKeHa, ¢ 000t 3apaHee 33 aHHON TOTHOCTHIO
2-X CJIOMHBIM MEpPHENTPOHOM (IIOJTHOCBSI3HON CETBIO ¢ OJIHUM CKPBITBIM CJIO-
eM) ¢ MOHOTOHHO BO3pacTalolleil orpannyeHHoll ¢yHKnueil akrupamun. Ta
JKe TeopeMa Obla He3aBHCHMO JoKazana B [10].

HenuneiinocTu B cOBpeMEHHBIX HEHpOCETAX, KaK IMPABUJIO, IPEICTaABIIe-
HBI Kycouno-juneiinoit ¢ynknueii akrtuBanmmn ReLU=max(0,x) [11]. Tem
CaMBbIM, COBPEMEHHbIE HEHPOCETH - ITO BCEro Jnihb 3(hPEeKTUBHBIN CI10COO
[IPEJICTABJIEHIS HEIPEPBIBHBIX (DYHKIUN ITyTeM UX HMPUOJIMAKEHUST KYCOUHO-
JINHEWHBIMU (DYHKIMSAME ODIIEro BHUJIA, & UX IMUPOKOE ITPUMEHEHHUE CBSI3aHO
UCKJIIOYUTEHLHO C HAJIMYUEM OOJIBIIOr0 00beMa JIAHHBIX JJ1d 00yYeHus STUX
HEHPOCETEBBIX HHTEPIIOIATOPOB U OOIBITUMU BHIUUCIUTE/TbHBIMEI PECYPCAM,
[peJICTaBIIsIeMbIMI COBpeMeHHbIMU rpadudeckumu yckopuressivu (GPU).
WaTepnosisinnoHHbie CBOMCTBA HelipoceTeil 006/1a1at0T PsAIOM DyHIAMEHTAb-
HBIX IIPOGJIEM, CBSI3QHHBIX € X YCTONYUBOCTBIO K AHOMAJIbHBIM JIAHHBIM [12],
0600IIaoIIell CIIOCOOHOCTHIO U TPObIEMaMu TIePeody IeH s /OTCY TCTBUST CXO-
mumocru [13].

Hukakoit mpsiMoil CBsI3M JaHHBIX "HeHpoceTeBBIX" aIllPOKCHMATOPOB C
6uosiorueii Mo3ra u Tem 6ojiee ¢ T.H. "HCKYCCTBEHHBIM MHTEJLIEKTOM' (BO3-
MO2KHOCTD CYIIECTBOBAHUSI KOTOPOT'O HUKAK HE CBsdA3aHa ¢ Teopueil HeiipoH-
HBIX ceTeli), aBTOPOM He yCMATPUBAETCSI.

Honent, K.¢dp.-m.H. BokoB I'. B.

Ycuexu B pa3sBuTHUN TEXHOJOTHUNA HUCKYCCTBEHHOI'O MHTEJIJIEKTa CMECTUJIN Ce-
ToaHs BEKTOD Pa3BUTHUA HCKYCCTBEHHOI'O MHTEJIJICKTa B CTOPOHY aJI'OPUT-
MOB pemieHHusdA OTICJLHBIX W YaCTHBIX 3a/a4v. CJ102KHOCTD permaeMbIX 3a1a9
1 OI'PaHUYE€HHOCTDH BBIYHCJ/IMTE/IbHBIX PECYPCOB 3aCTaBJIAIOT JI€TaJIU3UPOBATH
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¥ MOJICTPANBATh aJITOPUTMBI, 3aTa4NBas UX HE TOJBKO I0J, KOHKPETHYIO 3a-
Jadqy, HO M II0J KOHKPETHBI THI BXOJIHBIX JAHHBIX. Kak 3T0, HAIpuUMep,
MIPOUCXOJIUT CETOJHs C 3aJadaMi paclo3HaBaHust m3obpakenmit. Takas ys3-
Kasg 3aTOYEHHOCTH U T'OHKA 32 IMPOU3BOJUTEILHOCTHIO B UTOTE YIIYCKAIOT U3
BU/Ia, YHUBEPCAJIBHOCTD — OJIHO U3 INTABHBIX OTJINIUTETbHBIX CBOMCTB YeI0Be-
YeCKOro MHTeJIJIEKTa. BOompoc o ToM, cjieyeT Jin OTHOCUTD YHUBEPCAJIHHOCTD
K 0a30BBIM ITPUHITUIIAM UCKYCCTBEHHOI'O MHTEJ/JIEKTA, SIBJISIETCS CIOPHBIM. B
TO K€ BpeMsi, HEKOTOPbIE CBOMCTBA YHUBEPCAJIHLHOCTHU OIPEIECIEHHO JIOJI2KHBI
3aKJIQIbIBATHCA B CUCTEMbI HCKYCCTBEHHOI'O NHTEJIJIEKTA. B 3TOH CBA3U npema-
CTaBJISIETCS YMECTHBIM PaCCMOTPETH MOHATHE UCKYCCTBEHHOT'O MHTEJLIIEKTa B
6oJiee IMIUPOKOM CMBICJIE.

NckyccTBEHHBIN MHTEJJIEKT ABJIAETCS TMPEIMETOM MEXKIUCITUIIIMHAPHBIX
I/ICC.)'Ie,ZLOBa.HI/H';'I7 KaK (1)}7HIL&MGHT&.HI)HBIX7 B KOTOPbLIX yYaCTBYIOT MaTeMaTu-
KaMi, OMOJIOTH, IICUXOJIOTH, JUHIBUCTBHI, (PUI0COMDBI, TaK U MPUKJIAIHBIX,
IIe TEXHOJIOTUU UCKYCCTBEHHOTO MHTE/IJICKTa pa3pabaThbiBAIOT CIIEIAAIUCTI
B obstacTy WHMOPMATUKH, BLIYUCIUTEILHON TEXHUKHU, POIPAMMUPOBAHMUS,
pobororexuuku u Tak jgajee. Co Bpemen [lxxona ¢ou Heitmana B OCHOBBI
peJicTaBaeHnst 00 MCKYCCTBEHHOM HWHTEJJIEKTE 3aKJIabIBAINCH TPUHIIAIIGI
pabOThI eCTECTBEHHBIX KOTHUTUBHBIX CUCTEM U YejioBedeckoro mosra. CoBpe-
MEHHbBIE JOCTUKEHUsI B 00JIACTU CKAHUPOBAHMS MO3Ta IO3BOJIAIOT CErOIHS
YIEHBIM B 00JIaCTH HEPOHAYK MCCJIEIOBaTh paboTy MO3ra B PEXKHME PeaJib-
HOI'O BPEMEHU. DTO JAET OCHOBAHUE HAJIESATHCS, YTO IOHUMAHUE IIPUHIIAIIOB
paboThl MO3ra YejoBeKa IOCIY:KHT TOJYKOM K CO3IaHUI0 HCKYCCTBEHHOIO
MHTEJIJIEKTa, CJIEIYIOMIErO MTOKOIEHUS.

Bcee, uTo cBsA3aHO ¢ U3yYEHHEM YEJTOBEYECKOT'O MO3Ta, SIBJISIETCS OJITHUM
n3 06e3yCJOBHBIX IIPUOPUTETOB COBpeMeHHON Hayku. Bce Bemyimue nHayd-
HBIE CTPaHbI CO3IAI0T CBOM COOCTBEHHBIE POIPAMMBI HCCIEIOBAHUNA MO3-
ra. EBpomneiinpr paboTaroT HalL JecsaTuiieTHUM MeranpoekTom «Human Brain
Project» 2. EBporeiickuii coro3 Bblie/ I 60/1ee MILIHAD/IA J0JIAPOB Ha Pa3-
pabOTKy KOMIBIOTEPHON Mojesn desiopedeckoro mosra. B 2013 romy mpesu-
nent CIIA oyt mpoekT «Brain Initiatives '3, koTopsrit on Ha3BaT BesH-
qaiimuM BeI3oBoM X XI Beka. IlepBonadaibHoe (pruHaAHCHPOBaHUE STOIO IPO-
ekTa cocrasiseT 6ostee 100 MutrnonoB foutapoB. Kurail, Mexk 1y TeM, BK/1a-
JIBIBAET B CBOIO IIPOrPaMMy B HECKOJIBLKO pa3 6osbire, yem CIIIA. U Takme
nporpaMMbl CymieCTBYIOT BO MHOTUX CTpaHaX MHUDPa. CeI‘O,Z[HH MHBECTUIINU B
HayKy O MO3Te TaK K€ BaKHbI, KK U MHBECTHUIIUU B siJIEPHYIO SHEPTETUKY,
KOCMUYIEeCKHNEe HCCJIeJO0BaHNsA, aJIbTEPpHATUBHBIE MCTOYHUKU IHEPTUHU U pPacC-
mudpoBky renoma. Hobenesckuit saypear Ixkeiimc YOTCOH CKa3as: «MO3TD
— 9TO MOCJEIHUI U CAMBII TPAHAMO3HBIN PyOexK, caMasi CJIOYKHAs Belllb, KO-
TOPYIO MBI KOT/Ia~TMO0 OTKPBLIBAJIN B HaIlleil BCEIEHHOM».

12https ://www.humanbrainproject.eu
Bhttps://braininitiative.nih.gov
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B mae 2013 roma [mobasibabiit macturyT McKinsey omybankoBas Jokian
«HpOprBHI)Ie TEeXHOJIOTUU: JJOCTU2KCHHSA, KOTOPbIEe M3MEHAT 2KU3HDb, 6I/I3HeC
¥ MHUPOBYIO 9KOHOMHUKY». B mokstase mpemjioxkeno 12 TeXHOJIOTHH, KOTOPBIE
MOTYT HPUBECTU K MAaCIITAOHBIM SKOHOMHUYECKUM ITPEOOPA30BAHUAM B OJIH-
JKajimme roabl. [loTeHImaabHbIN SKOHOMIYIECKN 3 @EKT OT BHEIPEHNST ITUX
TEXHOJIOTUIl OlleHnBaeTcsd B pa3Mepe or 14 510 33 TPWLIMOHOB JI0J/JIAPOB B
rog K 2025 romy. Cpenn 3THUX TEXHOJIOTHI BbIIEJEHA aBTOMATHU3AIMS YM-
CTBEHHOI'O TPYyJa KaK OJHa U3 HanboJjee BasKHBIX IHPOPBLIBHBIX TEXHOJIOTHIA.
ZLOCTI/I)KGHI/IH B O6J'IaCTI/I METO/IOB MCKYCCTBEHHOI'O MHTEJIJIEKTA, MaIllMHHOI'O
00y JeHns 1 aBTOMATU3UPOBAHHOIO JOKA3aTEIbCTBA TEOPEM IIO3BOJIAIOT aBTO-
MaTU3UPOBATh MHOTUE IIPOIIECCHI, CBA3aHHbIE C YMCTBEHHBIM TPY/JIOM Ye€JjI0OBE-
K&, KOTOPBIE JI0JIN0€ BPEMSI CINTAINCH HEBOZMOXKHBIMU MJIN HEITPAKTHIHBIMH
Ijis KoMIIbioTepHoit peanuzaruu. K 2025 romay cpelicTBa aBTOMATH3AINNA Y M-
CTBEHHOI'O TPYa MOTYT UMETh SKOHOMWYEeCKuit 3¢pdeKT B pasMepe oT 5,2 10
6,7 TPUIIMOHOB JOJIIAPOB B TOJI.

ABroMaru3alnsg YMCTBEHHOIO TPYIa B IMHPOKOM CMBICJIE O3HAYAeT HC-
IIOJIb30OBaHNE€ KOMIIBIOTEPOB /IJIsgl BBIIIOJTHEHU S 3a/1a9, KOTOPBLIE OIINPaIOTCA Ha
KOMILJIEKCHBII aHaJIN3, TOHKHE PacCyKIEHUsI U TBOPYECKHUI IIOIX0/1 K pelle-
Huto 3a1a49. OHa BKJIIOUaeT B cebsi Takne 00JIacTh, Kak:

o InmepaxmueHvie CuCmemd, PEUEHUA UHMEANLCKMYAALHBLT 36004, CU-
CMeMbL ABMOMAMUYECK020 OKAZAMENCNEA U 00YUAIOULUECH CUCTNEMDL
JaI0T KOMIIbIOTepaAM BO3MOXKHOCTH PeMaTh WHTEJJIEKTyaJ bHbIE 3a/1a-
9H, UCIOJIb3Ys CJIOXKHBIN aHAJN3, CJI0XKHBIE JIOTUIECKUE PACCYKIEHUS
W TBOPUYECKUI TOJIXOM, K PENIEHUIO.

o Memodv, pacno3nasarus 00pa3os U MAWUHHO20 00YUEHUS, BKAIOUAIO-
wue Hetupontvie Cemu u eayboroe 06yuerue, TAI0T KOMIBIOTEPaAM BO3-
MOKHOCTD JIeJIaTh 3aKJII0YeHHsI U3 Mab/JI0HOB, PACIIO3HABAEMbIX B Mac-
CHUBaX BXOJHBIX JAHHBIX.

o [loavsosamennvcrue UHmepgSeﬁcm u cucmemast 06pa60m7€u ecmecmeet-
HO20 A3bIKaA Jal0T KOMIIbIOTEpAaM BO3MOXKHOCTD HaIIPAMYIO pearupoBaTb
Ha KOMaHJIbI 1 3allPOChI YeJIOBEKa.

[} HHmG/L/LG%mya/le’bLﬁ AHAAU3 OGHHBLT U MHO20A2EHMHBLE CUCTIEMDbL a-
IOT KOMIIbIOTEpaM BO3MOXKHOCTb O6Hapy}KI/IBaTb 3aKOHOMEPHOCTHU B
OOJILINX MaCCUBaX JaHHBIX 1 CJIOZKHBIX MHOT'OAI'€HTHbBIX CUCTEMaX.

OTH 006/1aCTHU ceifuac OnpeIe/AoT TeHACHIINA B PA3BUTHN TEXHOJIOTHI UCKYC-
CTBEHHOT'O MHTEJLJIEKTA W BBIYUCJUTEIbHON TEXHUKH.

IlepBble TOMBITKU CO3MATh TaK HA3BIBAEMBIE <«IyMAalOIIUE» CUCTEMbI U
nepBbie GyHIaMEHTAIbHbIE MATEMATHIECKIE TEOPUH, IIPEIHA3HATEHHbBIE JIJIsT
UX OIHUCAHWSsI, HOosABUINCH B KoHIE 30-x romoB XX Beka Oiaromaps Ajamy
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Troiopunry, Kmony lennony, Hopbepry Bumepy, Hxony don Heitmany u
JPYTUM. DTU CUCTEMbI OLLIN HEOOXOIMMBI JIjIsI PEIIeHNs TaKUX 3aJa4d, KakK
pacudpoBKa COODIIEHNH, CIeXKEHNe 3a JIBMKYITUMUCS IEJIsIME, ObICTPBIE
BBIUUCJIEHUsT U TaK JaJiee. Jlaxke TEPMUH «MCKYCCTBEHHBIN MHTEJIJIEKTS OBLI
npujiyman Tosbko 20 jer cinycrst Jxkonmom Makkapru. B nociemnyromue ro-
JIBl PA3BUTHE BBIYUCIUTEIBHON TEXHUKHU ITPUBEJIO K CO3AHUIO IIPOI'PAMM JIJIsT
peIeHnsT NHTEIIEKTYAIBHBIX 33/1a9 B PA3INIHbIX 001acTax. OHU UMUTHPO-
BaJin JIEMCTBUsT 9KCIIEPTAa B COOTBETCTBYIOIIEH OOJACTH M, COOTBETCTBEHHO,
Ha3bIBAJIMCH IKCIIEPTHBIMU CUCTEeMaMM. Ta.KI/IX CUCTEM OYEHDb MHOTI'O. HeKOTO—
pble U3 HUX MOTYT YCIEIIHO KOHKYPHUPOBATH C YEJTOBEKOM, HAIIPUMED, KOM-
IBIOTEPHbIC ITaXMaTbI. TaKI/Ie CUCTEMbI JTOCTUTAIOT BIECHATJIAIOINIUX PE3YJIb-
TATOB HE 3a CUeT IPOHUKHOBEHUS B JIOTMKY UY€JIOBEYECKUX JefCTBUIA, a, Tak
CKa3aTh, METOJOM «TPYOOil CHJIbI», 38 CIET OIPOMHOI IPOU3BOIUTETHHOCTH
KOMITBIOTEPOB. B HacTosiee BpeMs 3a/la4i CTaJM HACTOJIHKO OTPDOMHBIMU,
YTO KOMIIBIOTEPBI MHOT'Ia HE MOI'yT HX PEHIIUTD. :[{OHG‘{HO7 €CJ/IN IIOABATCHA
foJtee MOIIHBIE KOMIIBIOTEPHI, OVIyT pemreHsl u 3Tu mpobsembl. Ho passe
YeJIOBEK MEHsIeT CBOil 00pa3 MbINLJIEHHUs], OJICTPANBASICh 110J] KOHKPETHYIO
3a/1adqy, HAIIPUMep, JJIs UTPHI B maxmarsl! HabmomaeMbre pa3nndans B CIo-
cobe pelrreHust 33/1a9 YeJI0BEKOM U KOMITBIOTEPOM ITPUBOJST K BBIBOILY O TOM,
9TO I'OBOPUTH 06 HUCKYCCTBEHHOM MHTEJIJIEKTE KaK O TEXHOJIOT'NAX, CHOCO6HBIX
3aMEHUTb UHTEJUIEKT YeJIOBEKA, TOKA MPEXKIECBPEMEHHO.

Bomrycknauk kadeqapsoi, k.d.-m.H. Iletromko A. A.

HecmoTpst Ha oTcyTCTBUE CBSI3M MEXKJY KJIACCHICCKUM MOHATHEM 'CHIBHO-
0 ICKYCCTBeHHOro nHTesIeKkTa" !4 1 MCKyCCTBEeHHBIMI HEHPOHHBIMHI CETSIMH,
[OCJIeTHIE TIOJIY IUJIN O0JIBIIIOE PACIIPOCTPAHEHIE B COBPEMEHHBIX UCCIIEI0Ba-
Hugx. Hanpumep, Ha JaHHBI MOMEHT IIPOTPecC B 00/IaCTU IPUMEHEHUsT Heli-
POHHBIX CceTeli K IPaKTHYECKUM 3a1adaM, B 0COOEHHOCTH B Pa3pe3e KOMIIbIO-
TEPHOIr0 3peHwus, MpocTo mopazkaeT. OCHOBHBIE KJIACCUIECKHUE 33Ul KOM-
IBIOTEPHOTO 3peHusi, a umenHo: 1) Kiaccudukanus (mo BxogHOMY n300pa-
KEHUIO HEOOXOIUMO TPEIbIBUTL METKY KJIacca 00beKTa, HaXOIAIIErocs Ha
n3obpazkennn), 2) ObHapykenne (M0 BXOTHOMY H300PasKEHHUIO HEOOXOIMO
HE MPOCTO MPEIbIBUTH METKY KJIacca 00beKTa, HAXOISIIErocsi Ha n300parke-
HUH, HO U 0OBECTH MECTOHAXOXKIEHIE 3TOr0 00beKTa Ha M300parkKeHNH IIpsi-
MOYTOJBHUKOM ), 3) CermenTtaiust (Kaskblil MIKCEIb BXOJIHOIO H300parKeHUst
JIOJI?KEH OBITH OTHECEH K HEKOTOPOMY KJIACCY - TAKHUM 00Pa30M, MOXKET pac-
CMATPUBATHCS KaK YTOUYHEHHUE 3a/1a491 OOHADYKEHUsI Ha TUKCEILHOM YPOBHE )
- Ha ILaHHI)II‘/JI MOMEHT peIIaiTCdAd B COBPEMEHHBIX CUCTEeMaX MCKJIIOYUTE/JIHBHO C
[OMOIILIO CBEPTOYHLIX HeifipoceTeil, IIepBoe YCIEIIHOe IPUMEeHEeHNe KOTOPhIX

14https ://en.wikipedia.org/wiki/Artificial_general_intelligence
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JIUIsL PACIO3HABAHUS PYKOIMUCHBIX Iudp ObLIO ocyiecTBIeHO ere B 1989 ro-
ay [14]. Ceituac, Hanpumep, CyIeCTBYIOT HefipoceTeBble PEIeHUs-KOMOARHBI,
KOTODbIE COBMEINAIOT B cebe BCe TPH BBIIIENEPEUNC/IeHHbIe acleKkTa (Kiac-
cucdukanus, obHapy»KeHne n cermenranys), nanpumep, Mask R-CNN [15].
Bosbmem, k mpumepy, 3a/1a4y KIacCuMOUKAIIAN JJI KOMIIBIOTEPHOT'O 3PEHUS.
O6bI1HO KJ1acCUDUKATOPBI TPOBEPSIOT Ha OrPOMHOM (Hopsiyika 1.5 MJtH u306-
paykenmit) 6ase JaHHLIX m300parKkenui, Hassannoit ImageNet!d [16], B koTo-
poii poro 1000 KJ1accoB 00HEKTOB (PA3JIMIHbBIE BUJIbI }KUBOTHBIX, [IPEJIMETHI
WHTEephepa, TeXHuKa n T.IL). Beuio mposeeno nccienosanme'® B koTopom
YPOBEHb OMIMOKH YeJI0BEYECKOrO PACIIO3HABaHUs (IPU JOJXKHON TPEHUPOB-
ke) b1 orened B 5.1%. Ilpu sToM Ha JaHHBI MOMEHT BeJIyIlHe CHCTEMbI
KJaccuUKaIuu, OCHOBAHHBIE HA CBEPTOYHBIX HEMPOCETSX, JIAIOT OIMMUOKY Io-
paszio MenbIne - 2% u nmke [17]. Ilpensapsis BO3MOKHBIE BO3PasKEHUsI O TOM,
YTO YEJIOBEKY, JaXKe MOJINOTOBJICHHOMY, CJIO2KHO OPHEHTUPOBATHCS CPEJIN Jie-
CSITKOB BUJIOB CODAK WJIN KOIIIEK, TTOJ00HOE UCCIeOBaHNE OBLIO MPOBEIEHO B
obJtacTn CpaBHEHUsT PACIIO3HABAHMS TAKOT0, KAa3aJ0Ch ObI, OJIM3KOTO JTI0O0MY
YeJIOBEKY 00bEKTa, KaK JIUIO, KOTOPOE JIFJI HAYMHAIOT PACIIO3HABATDH eIlle
JIO TO/Ia, U Y2K€ C POXKJEHHs MJIaJIEHel] CII0CODeH paclio3HaBaTh 110 KpaiiHei
Mepe 3 pa3mvHbIX Bbipaxkenus juna [18|. st TectupoBaHus MCIOIb30BaA-
Jach u3BecTHasi 6a3a jganHbix Jui Labeled Faces in the Wild (http://vis-
www.cs.umass.edu/lfw/) [19], conepxkamias nmopsiika 13 THICAY JIUIL OT IPH-
MepHO 6 ThICSY Pa3HbIX Jiojiel. Tak BOT, ObLIO yCTAHOBJIEHO, UTO OIMIMOKA pac-
[O3HABAHUS JIUIL YeJIOBeKOM cocrasisier 2.47% [20], B To BpeMst Kak coBpe-
MeHHI)IeCHCTGMpraCHOSHaBaHHﬂ,OCHOBaHHI)IeHa,CBepTOquD(HeﬁpOCGTHX7
Ha 9Toit 6a3e jorycKaloT omuoKy He 6o0sbire 0.17% [21]. Takxke MoxkHO OTMe-
TUTh, YTO U B sI3bIKOBBIX 33J[adaX (TaKUX KakK, HAIIPUMED, HEePEBOJL C OIHOIO
€CTeCTBEHHOTO $I3bIKA HA JIPYTOIl) CYIIECTBYIOT 3aMeYaTeIbHble COBDEMEHHBIE
perenust [22], KOTOpbIE CIIOCOOHBI PEIIATh Ha JIOJXKHOM YPOBHE OOJIBIIOE KO-
JITIECTBO MPODJIEM, CBSISAHHBIX C CEMAHTHIECKON 00pabOTKOI eCTeCTBEHHOIO
SI3BIKA.
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Artificial intelligence: problems and prospects
Kudryavtsev V.B., Kozlov V.N., Ryjov A.P.,
Mazurenko I.L., Bokov G.V., Petyushko A.A.

In this article we present the results of a discussion on the
problems and prospects of artificial intelligence, held at the Chair of
Mathematical Theory of Intelligent Systems on October 14, 2020. The
topic of the discussion goes back to the classic works of Alan Turing
“Can machines think?” and John von Neumann “The Computer and the
Brain”, which emerged at the dawn of Cybernetics as a science. Since
then, the discussion on the topic “Can machines think?” appeared and
faded, but they did not bring much clarity in the understanding of this
issue. In recent years, due to the development of the technological base
of computing systems, the topic has become relevant again. Together
with the scientific base developed in the theory of artificial intelligence
and applications in this area, a lot of speculative works have emerged
that are ready to declare any device with trivial algorithmic additions
“an artificial intelligence system”. This paper attempts to separate the
wheat from the chaff by presenting several points of view on this issue.

Keywords: artificial intelligence, machine learning, neural networks.
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YHacTp 2.
CrenmajbHbIE BOIIPOCHI TEOPUN
MHTEJLJIEKTyaJbHbIX CUCTEM






3aMedyaHua K olpeae/JIeHnio KJeTOIHOIr'o
aBTOMaTa C JIOKaTOopaMH

Kanaues I.B.!

B pa6ore [1] naso onpejeseHne KI€TOUHOTO ABTOMATA € JIOKATOPA-
vu. B jmamHOil paboTe yKazaHbl HEKOTOPbIE HETOYHOCTH U HEJOCTATKU
9TOrO ONPEJIEJIEHUsT U MPEJJIAralOTCsl YTOTHEHNs, TO3BOJIAONE n30a-
BUTBCSI OT ITUX HEIOCTATKOB. TakK»Ke MPUBOIAATCS MPUMEPHI KJIACCOB
KJIETOYHBIX aBTOMATOB C JIOKATOPAMU, O0JIAIAIONINX B OMPEICJIEHHOM
CMBbICJIE XOpOIHI/H\II/I CBOICTBaMU.

KuroueBble ciioBa: KJI€TOUHBIE ABTOMATHI, OJTHOPOJIHBIE CTPYKTY-
pHIL.

1. BBenenue

B crarbe [1| BBOmuTCH moHsTHE Kieroynoro asromara (KA) ¢ uo-
karopamu. KJeTodHBIE aBTOMAT C JIOKATOpAMHU 33JaéTcs HADOpOM
(Z™,Q,V,E,+,L,p,v). BKA c sokaropamn 1o cpaBaennio ¢ o6nraubiv KA
(Z™,Q,V, ) nobasysiercst 3pup, B KOTOPbIil pa3InIHbIE JIEMEHTAPHbBIE AB-
TOMATBhl MOTYT OTIPABJATH CUTHAJIBI U3 MHOXKECTBA CUZHAA08 sewarus I,
BBIUUC/IIEMbIE (hyHKyuet sewanus P, a TaKyKe TPUHUMATDL CUTHAJBI C 3a-
JMaHHbIX HanpasiaeHuil. [Ipu sTom ornpasiennbie B 3pUp CUTHAJIBI CYyMMUPY-
I0TCA C IIOMOUIBIO ITOJIYTI'PYIIIIOBO KOMMYTATUBHON Ollepaluu +, U JIOKATOPbI
HPUHUMAIOT CYMMY CUTHAJIOB U3 3pUpa C HAIIPABJIEHUN, 38/]aBAEMbIX TeJiec-
HBIME yryiamMu u3 MHOKecTBa L. KA ¢ jokaTopamMu MOXKHO pacCMaTpUBATH,
KaK MaTeMaTH4YeCKyIOo MOJleJb yCTPOICTBa, B KOTOPOM €CTh KaK JIOKaJIbHbIE
B3aUMOJIENCTBUA MeXKJy COCeTHUMHU dJIeMEeHTaMU, TaK U HeJIOKaJIbHble B3au-
MoJIelicTBUS depe3 3DUP, KOTOPHIN MOXKET OBITh Peajin30BaH B BUJIE HEKOTO-
pOii MOJJIOYKKH, CYMMUPYIOIIEN CUTHAJIBI OT JIEMEHTOB 33 CUYET HEKOTOPOT'O
(bI/I3I/I‘{eCKOI‘O IOIPpUHITAIIA. TaKI/Ie yCTpOfICTBa MOr'yT HNOTEHIIMAJIbHO DPeEIllaTb
HEKOTODBIE 331241 H0Jiee eCTECTBEHHBIM 00Pa30M, YeM OOBbIYHbIE KJIETOYHbBIE

! Kanaues The6 Bauecaasosud — K.b.-M.H., M.H.C. J1aG0OPATOpPUM IIPOBIEM TeOpeTHHe-
cKoit kubepHeTnkn Mex.-MatT. d-ta MI'Y, e-mail: gleb.kalachev@yandex.ru.

Kalachev Gleb Vyacheslavovich — Candidate of Physical and Mathematical Sciences,
Junior Researcher, Lomonosov Moscow State University, Faculty of Mechanics and
Mathematics, Problems of Theorecical Cybernetics Lab.
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AaBTOMATDBI, I'I€ MHOT'a HNPUXOAUTCA IIPUAYMBIBATHL CJIOKHBIEC aJITOPUTMBI, B
TOM YHCJIE, 4TOOBI nepeaaBaThb YIIpaBJIAOIIINE CUT'HAJIbBI.

2. OmnpenesieHne KJIETOYHOTO aBTOMAaTa C JIOKATOpa-
mu no l'acaHoBy

Hamomuaum moHsTHE KJIETOYHOTO aBTOMATa C JIOKATOPAMHU, BBEICHHOE I.J.
TacanoBbiM B [1].

[ox menechoim yeaom B R Gynem nonmmars dactsb mpocrpancrsa RF,
KOTOpas fABJIsIeTCs 00beINHEHNEeM BCeX JIydeil, BhIXOMAIMNX U3 JAHHOU TOU-
Ki (6epuuiol y2a) M HEPECEKAIONX HEKOTOPYIO THIEPIOBEpXHOCTh B RF.
ITo ompenenenuio OynemM cauTaTh, IYTO BEPIIUHA TEJIECCHOTO YIJIA HE BXOIUT
B TejlecHBIN yros. B wacrHocTu, B qanHoit pabore Mbl Oy/1eM pacCMaTPUBATD
JBa BBIPOXKJCHHBIX CJIydasd: IIOJIHBINA TEJICCHBIA yIoJl, COBIIAIAIONINN C R Ges
BEPIIUHBI yTIJIa, KOTOPBIA OyaeM 0603HaIaTh depe3 ), 1 TeJecHbIe YTJIbl, PaB-
HBI€ OJIHOMY JIydy, TAKHe TeJIeCHbIE YIJIbl OyaeM 0003HAYaTh Yepe3 BEeKTOpa,
SABJISTIONITINECS HAITPABJISIONIAMHY JIy 9€ii.

Kaemourvim as8momamom ¢ A0KaGMOPpamy HA3SBIBAETCA BOCbBMEPKA 0 =
(ZF, E,, V,Eq,+,L,¢,), tae ZF — MHOXKeCTBO k-MEPHBIX BEKTOPOB C Iie-
abiMu KoopguHatamu, B, = {0,1,....,n — 1}, V = (a1,...,ap-1) — ymuo-
PSIOYEHHBI HAGOP MOMAPHO PA3INYHBIX HEHYIEBBIX BeKTOpoB n3 ZF, E, =
{0,1,...,¢ — 1}, + — KOMMyTaTHBHAasl OJyTPYIIIOBasi OIEPAINs, 3a/aH-
Hast Ha Eg, L = (v1,...,Vy) — YUOPsJOYEHHDIH HAOOD HMONAPHO PA3IAIHBIX
TeslecHbIX yrioB B RF ¢ BeprmHoil B Hawase KoOpAnHAT, ¢ — (QYHKIWS, 3a-
BUCATIAS OT TMEPEMEHHBIX T, L1,y LTh_1y21s--+s2m, P : Ef{ X Eg” — FE,,
©(0,...,0) =0, ¥ — dbyHKIWs, 3aBUCSAIIAS OT TEPEMEHHBIX X0, L1, - -« Lh—1,
Zly ey Zm, W EZ X Bt — E4. DemMenTsbl MHOKECTBa 7ZF naspiBatorcs Aveti-
KaMU KJIETOYHOTO ABTOMATA 0; 3JIEMEHTHI MHOXKECTBA F), HA3BIBAIOTCS COCMO-
AHUAMYU AYEUKU KIETOTHOTO aBTOMAaTa o; Habop V Ha3bIBaeTCst wWabA0HOM
cocedcmea KJIeTOYHOIO aBTOMaTa 0; 3JeMEeHThl MHOXKecTBa [, HaspIBaroTCs
cugHaramu 6ewanus; Hadbop L HasbIBaeTCd wabaon A0KAMOPOE KIETOTHOTO
aBToMaTa 0; QGYHKIWS © HA3BIBAETCS A0KAAHOU PyHKyUet neperodos aBTo-
MaTa ¢; QYHKIIUs ¢ HA3BIBAETCH PYHKUUET SEWaHUA ABTOMATA 0; TIePEeMeH-
HBIE€ X(,T1,...,TH_1 IPUHUMAIOT 3HaYeHUs u3 F,, mepeMeHnnnie 2i,...,Zm
npuHEMaloT 3HadeHud u3 F,. Cocrosune 0 MHTEpIpPETHPYeTCHd KaK COCMOA-
nue nokos, a yciosue (0, ...,0) = 0 — Kak ycJI0BHE COXPAHEHUST COCTOSTHUS
ITOKOSI.

31ech HaM HYKHO OBLIO BBOJAWTDL YIOpsigodeHue IabjioHa COCEICTBa
V' u mabaon sokaropoB L st TOro, 4ToObl YCTAHOBUTL B3AUMHO OJHO-
3HAYHOE COOTBETCTBHE MEXKJy BEKTOpaMu u3 V U TeJeCHBbIMH yIJIAMHU W3
L u mepeMeHHBIMU JIOKAJIbHOU (DYHKIIUU TEPEXOJ0B ¢ U (DYHKIIMH Bela-
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HUS P COOTBETCTBEHHO XLy L1y -« -y Th1 A 21,y .+ ., Zm. DTO COOTBETCTBUE MOXK-
HO cJiesiaTh OoJiee sIBHBIM, €CJIM WHJIEKCHPOBATDH MepeMeHHbIe (DYHKIWIA ¢ 1
1) caMMMU BEKTOPAMH W TEJECHBIMU YIJIAMH, T.e. CUUTATh, YTO JIOKAJIbHAs
dyHKIMS TIEpexo/I0B ¢ U (DYHKIMs BElaHUs 1) 3aBHCAT OT MEPEMEHHbBIX
L0y Taqy -y Lagy_1r 201y~ -+ 3 Zupm, 3MMECH UHIEKC IEPBOI IIEPEMEHHON eCTh Hy-
sepoit Bektop 0 = (0,...,0) € 7ZF. Ecin 10roBopuThesi TaK HHIEKCHPOBATH
HepeMeHHble JIOKAJIbHOM (DYHKIUU Mepexo 0B U (DYHKIMU BEIAHUsI, TO UX
MOYKHO 3aIliChIBATD B JIIOOOM HOPSJIKE, U TOIJI@ MOXKHO BOCIPUHUMATD I1a0-
JIOH COCEJICTBa U MAabJIOH JIOKATOPOB MIPOCTO KAK MHOYKECTBO, & HE yIOPSIIO-
JeHHBII HabOP.

B nmanbueiinem Mbl Tak ¥ Oy/ieM MOCTYIATH: BOCIPUHUMATH Ia0JI0H CO-
CeJICTBA KAaK MHOYKECTBO BEKTOPOB, a IMMabJIOH JIOKATOPOB KaK MHOYKECTBO
TEJIECHBIX YIVIOB W MHJIEKCUPOBATH ME€PEMEHHbIE JIOKAJIbHONW (DYyHKIIUU TIepe-
XOJI0B ¥ (DYHKITMU BEIAHWsI BEKTOPAMU U3 MAOJIOHA COCEJICTBA M TEJIECHBIMU
yraaMu u3 mabsoHa JJoKaTopos. [Ipu 9roM Mbl 9acTo OyjieM omycKaTh B UH-
JIeKcax BHEITHUE KPYTJIble CKOOKU y BekTopoB. Hanpumep, eciiu k = 2, n = 2,
g=2uV ={(-1,0),(1,0)}, L ={Q,(0,1)}, To npumep soKabHOi DYHK-
IIUU [IEPEXOJI0B MOKET BBINVIANETH TakK: ¢ = =_10&2q V x1,0&20,1.

Eciu o € ZF, v — TestecHblit yros ¢ BEpIIMHON B Hada/Ie KOODIMHAT, TO
gepe3 V() 0603HAYNM TEJIECHBIH yTOJI, MOJIYYCHHBIN MapasilebHBIM Iepe-
HOCOM yTJI& V B TOUKY (.

Ecin « € ZF — sueiika xiierounoro aBromara o, To MHOMKecTBO V () =
{a,a+aq,...,atap_1} HA3BIBAETCS OKPECMHOCTBIO AMETKU (v, & MHOYKECTBO
L(a) = {vi(a),...,vm(cmy)} HA3BIBaETCH A0KAMOPAMU AMETKY O

Cocmoanuem KAEMOwWH020 ABMOMAMA € AOKAMOPAMU T HA30BEM IApy
(e, f), Te e — npousBobHAA (BYHKIHS, OlpeIe/eHHas Ha MHOKecTBe ZF,
IpUHEMAIOIast 3HadeHns u3 F,, naspiBaeMast cocmoanuem sgupa, f — mpo-
u3BOsIbHAs (DYHKII, OIpe/eIeHHast Ha MHOXKecTBe ZF, nmpunmMaromias 3ma-
yeHust u3 F, u HazblBaeMas pacnpedeicHuem coCmOAHUL KAEMOUHO20 G8MO-
mama ¢ aokamopamu o. Takyio OYyHKINIO MOXKHO MHTEPIPETUPOBATL KaK
HEKYIO MO3aMKy, BO3HUKAIOILYIO B Kk-MEpHOM IIPOCTPAHCTBE B PE3YJbTare
IPUITUCHIBAHUS KAXKJOH TOYKE € TEJOUUCTeHHBIMU KOODMHATAME HEKOTO-
POrO COCTOSIHHSI U3 MHOYKeCTBa F;, I HEKOTOPOIO CUTHAJIA U3 MHOXKeCTBa F.
MHO0KeCTBO BCEBO3MOYKHBIX COCTOSIHUIT KJIETOYHOI'O ABTOMATA C JIOKATOPAMHU
00o3HaYUM ..

Ecmu o € ZF, (e, f) — cocrosimme KJIeTOYHOrO aBTOMATA C JIOKATOPAMH
0, TO 3HaUeHUE €((r) HA3BIBAEM CUZHAAOM A4EUKU O, ONPEOEAAEMbIM COCTNO-
anuem (e, f), a snadenue f(a) — cocmoanuem Avelku o, onpedessemvim
cocmosnuem (e, ). dust kaxkmoro ¢ € {1,..., m} 3Hauenne

sif@)= Y. eB) (1)

Bev;(a)NZk
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Ha3BIBAEM 3HAUEHUEM A0KAMOpA Vi, onpedeasemvim cocmosnuem (e, f).
31ech CyMMUPOBaHHIE CUTHAJIOB OCYIIECTBISIETCS ¢ ITIOMOIIBIO OIPeIe/ISIOIeit
omepanuu + moIyrpymnst Fy.

Ha muoxkecrBe Y onpenenuM 2406aavnyio @gyrkyuio neperodos ® Kie-
TOYHOrO aBromaTa ¢ Jokaropamu o, mogaras P(e, f) = (€, f"), tue
(e, f), (e, f) € X u mua mroboit sueiiku o € ZF Bemonnsiores ToXK IeCTBA

(@) =p(f(a), flat+ar),..., flat+ap-1),s1(a),...,sm(a), (2)
() =yv(f(a), fla+ar),..., fla+ap1),s1(q),...,sm(a)). (3)

CopepzkaTenbHas HHTEPIpPETanns orobpaskennss ® TakoBa, 9TO CHTHAJ
KaKJ0il s9eliKl U COCTOAHUE KaxKJIoil ddeilku “rocie mepexona’’ ompenes-
€TCs 110 COCTOSHUIO YIIOPAJOYECHHON OKPECTHOCTU AYeHKU U 110 3HAYECHUIM
JIOKATOPOB ‘10 1epexoia”’ ¢ MOMOIIBIO 3aKOHOB 1) U (0 OJMHAKOBO JIJIsi BCEX
AYeeK.

IHosederuamu KAEMOUNH020 AEMOMAMA C AOKAMOPAMU O HA3BIBAEM TAKHE
nocseoBareasaoctu (eg, fo), (e1, f1), (€2, f2), ... ero cocrosiumit, st KOTO-
PBIX BBIIOTHACTCS (€541, fit1) = P(e;, fi) mus Beex ¢ = 0,1,2, ..., npudem
(€5, fi) HA3BIBAETCSI COCTNOAHUEM KAEMOUHOZ0 ABMOMAMA C AOKAMOPAMU T 6
momenm i, a (eg, fo) TAKKE HABBIBACTCS HAUAALHOIM COCTNOANUEM KALTOYU-
HO20 ABMOMAMA C AOKATOPAMU O

CocrosiHue KJIeTOYHOrO aBTOMATa, Y KOTOPOT'O JIUIIb KOHEIHOE THUCII0 sS9e-
€K HAXOAUTCH B OTJIMYIHOM OT () COCTOSIHIM M CATHAJIBI BCEX A9€eK PABHBI Hy-
JII0, Ha30BeM KoHPpuzypayueti. MHOXKecTBO KOHMUTYpaIuii OyaeM 0003HAIATH
yepes Y.

Ecim 3aan0 HEKOTOpOE COCTOSIHME KJIETOYHOIO aBTOMATa, TO sS9eiKH,
Haxo#dAmmecs B oTmaHoM oT 0 cocTosHnm, OyIeM Ha3BIBATD AKIMUGHbLMUL

3. llonpaBKu K omnpeaesieHUIO

3.1. OI‘paHI/I"IeHI/IH Ha TeJieCHbIe YTJIbI

CoryiacHO ompejie/IeHHIO B pasjiesie 2, TeJIECHBI yroja — 3TO0 O0beIuHeHne
JIydeil, IepeceKarolmX HEeKOTOPYI0 THMIEPIIOBEPXHOCTH. OJHAKO Jjaxe B 2-
MEPHOM CJIydae yroJ 3aJaéTcCsd BEIEeCTBEHHBIM YHMCJIOM, U 9TO IO3BOJIAET 3a-
KOJINPOBATH B yroJl GecKoHevuHoe KoJjimiecTBo nndopmaruu. s 2-mepHoro
cJIydasl IpeIaraercsi OrPAHMINTD MHOYKECTBO TEIECHBIX YIJIOB MHOYKECTBOM
yFJIOB, OI'PaHUYI€HHbIM JIyLIaMI/I, IPOXOAAINMUMHU Iepe3 TOYKU C palluOHAJIbHbI-
MM KOODIMHATAMU.

JJ1st MHOrOMEPHOTO ciIydast 371ech eIé OoJibiiie cBoboga BBIOOPA sl Te-
JIECHOTO yIJjia. 371eCh MOXKHO TaKyKe HAJOXKUTh OUpaHMYeHHe, UTO TPaHUIA
TEJIECHOI'O YIJIa JIOJI?KHA COCTOSITH M3 MUIIEPILIOCKOCTEN, HATSHY THIX Ha TOYKH
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C TEJIOYMCIIEHHBIMUA KOOPUHATAMU. 3aMETUM, UTO JIOIYCKAIOTCS BBIPOXK ICH-
HBIE TeJIECHBIE YTJIBI, TIOJIHOCTBIO COJEPIKAIINECS B IOIPOCTPAHCTBE MEHb-
meit pasmepHocTr. Ha Takme yriIbl Tak»Ke MOYKHO HAJOXKUTH OTPAHUIEHUST,
YTO WX I'PAHUIBI B 9TOM IOJIIPOCTPAHCTBE JOJIZKHBI OBITH YACTSIMU THIIEP-
IIJTIOCKOCTEH 9TOTO TMOAMPOCTPAHCTBA, 38IABACMBIX JTHHEHHBIMU YPABHEHUSIMI
¢ 1eJibiMu KO3 DUITUEHTAMH.

3.2. OrpaHuyeHuss Ha NOJYTPYIILYy U (DYHKIINIO BEIAHUS

[ToCKOIBKY B OIpeJIeJIeHNI CAMOT0 KJIETOYHOIO aBTOMAaTa TpeOyeTcst HAJInIue
HYJIEBOTO COCTOSIHUSI, KOTOPOE COoXpaHsieTcsi (byHKIMEH epexo/ia, To BIOJIHE
€CTECTBEHHO MOTPEeDOBATDH TO 2Ke camoe u Jijis ajihaBurta 3dpupa. PopmasbHO,
B [1] camo muoxectBo E Bcerya nmeer Buf {0, ..,q — 1}, u Bcerna cogepkur
0, HO orcyTcTByeT TpeboBanue, uro 0 + x = 0. [Ipemmaraercst He TpebOOBATH,
arobbl F Beerpa umesio sug {0,...,¢ — 1}, a MOIJIO comepKaTh 3J€MEeHTbI
POU3BOJILHOMN TIPUPOJIBI (KPOME YUCEsT 4acTo OBIBAET YJIO0OHO MCIIOJIb30BATH
Hapbl UM HaboPkI YKces), Ho HoTpeboBaTh, 4ToObl nosyrpyiia (E, +) 6buia
MOHOUJIOM, TO €CTh, 4TO0BI ObLIT HeHTpaabublii sgement 0 € E, 0 + x = x.

B |1] nakmanbiBaercs orpanndenue Ha dynkiuio nepexoga: ¢(0,0) = 0.
Brosne ecrecTBeHHO HAJIOXKUTL AHAJIOIUYIHOE OTPAHUYCHUE U HA (DYHKIIAIO
sdupa:

¢(07 v ) =0,

TO €CThb HeaKTHBHas sf4eiika, y KOTOPOIl HeT aKTHUBHBIX cOceJleil, He MOXKeT
[IOCBLJIATH CUTHAJIBI B 3Up.

3.3. YacTtuuHas onpeaesiEHHOCTh IJI00abHOI (byHKIINH TIepe-
XoJ1a

B dopmyute (1) onpeensiercs 3uadenue J0KaTopa s;(ar), KOTOpoe paBHO CyM-
Me HECKOHETHOTO KOJTMIECTBA, CJAraeMbIX IO TEeTOUUCICHHBIM TOYUKAM TeJIeC-
HOTO yTJIa, TJIe B KAUeCTBE CJIOXKEHWST UCIOJIb3YeTCsI TOMYTPYIIIOBas omepa-
musi. BeckoHeuHast cyMMa 3/1€Ch IOHUMAETCsT B OOBIMHOM CMBbIC/IEe (KaK IIpejiest
YACTUIHBIX CYMM) C YTOYHEHHUEM, 9TO HA MHOXKECTBE F BBEJICHA TUCKPETHAS
TomoJIOrus. B aHHOM cydae, 4TO6bI paj] CXOIMUIICS, HYKHO, YTOOBI HAYHHAST
C HEKOTOPOT'O MOMEHTa YaCTUIHBbIE CYyMMbI 6bI.HI/I PaBHBI KOHCTaHTe, KOTOpasd
U SBJISETCS CyMMOH psifia.

DTa cymMMa MOXKET ObITh He OIpEJIesIeHa, eCii B CyMME y4YacTByeT Oec-
KOHETHOE YUCJIO HEHYJIEBBIX CjaraeMbiX. B obIemM ciydae 3HatdeHune JOKaTo-
pa OyjeT 4acTUIHO OmpeAeaeéHHoi (byHKImel, BC/IeICTBIE Yero IyiobabHas
dyHKIIUS Mepexoa aBToMaTa ¢ JIOKATOpaMu Oy1eT Tak»Ke YaCTHIHO OIpee-
méunoit. OHaKo Jaxke 37ech TpebyeTcss 000CHOBAHIE KOPPEKTHOCTH, & TMEH-
HO, 4TO CXOJUMOCTD Psijia (1) u 3HAUEHME CYyMMBI He 3aBUCHUT OT [OPSIKA CJIa-
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raeMbIX (B CJIydae YUCIOBBIX PSIJIOB 9TO BBIIOJHIAETCS TOJIBKO JJist aBCOIIOTHO
CXOJISAIIUXCS PSIJIOB).

YrBepxkaenue 1. [Tycmo (E,+) — KoMMYymMamuenas noiyzpynna ¢ ouc-
kpemmnoli mononozuet. Ilyemo {2172, — nocaedosameavriocmo anemenmos
E, {y]}J 1 — €€ nepecmanoska (y; = x;;). Tozda ecau odun us pados

C1T5 U Z] 1Yj cwodumcs, mo cxodumc;z U 6MOPOT U UL CYMMDL COG-
na&amm.

Jloxasameavcmeo. Bynem mokasblBaTh OT NpOTHBHOro. Be3 orpanmyenus
00 _ 00 )
OBIIHOCTHU [IPEIIONOXKIM, YTO » i21Yj = a, a pan > =1 Tj mMbO pacxoauT-
¢, OO ero cyMMa He paBHA @. JTO O3HAYAET, YTO B MOCJIEI0BATEILHOCTH
00 — n )
qacTHIHBIX cyMM (X))o, X, =) j—1T; GECKOHEHOE I1C/I0 Pa3 BCTpe'a-
IOTCS 3JIEMEHTBI OTJIMIHBIE OT @. II0CKOIbKY NMEPBBIN P CXOIUTCS, TO CyTIe-
n

creyer Ny Taxoe, 4To Juts Beex n > N Bee aCTHIHBIC CyMMBI Yy, = > 0% y;
PaBHBI @. DTO O3HAYAET, YTO @ + Yj = a Jjid Beex j > Ny.

O6osnaunm K, = {j | i; < n}. Bospmém takoe N > maxj<n, i, 9T0
Xy = b # a. Ilo nocrpoennto 1,2, ..., Ng € Ky. Saaqur

b—XN—Zw]—Zyk—ZyJ Z yj =a+ Z yj = a.

keKn k=1 J>No,jeKN J>No,jeKn

Ho mo mpenmonioxkenuio b # a — mpoTUBOpedne. 3HAUUT Z;’il Ty = @, 9TO
1 TpebOBAIOChH. O

OTmMeTnM, 9TO ¢ YIETOM IIPE/IBLYIIIX OIPABOK JJIsl KOHbuUryparwmii (co-
CTOSTHW, TJIe JIWIIb KOHEYHOE KOJMYECTBO aKTHBHBIX sSU€EK), II0OAIbHAs
byHKIUS OmpeseeHa, MOCKOJIbKY JUIIb KJIETKA B oTJimdHOoM oT () cocros-
HOU MOTYT MOCHLIATH B 3¢up curHaabl. OgHako paccMoTpuM Takoit KA ¢
JIOKaTOpaMU:

o= (2,{0,1},2,{0,1},{Q}, max, max),

re {2 COOTBETCTBYET JIOKATOPY, IPUHUMAOIIEMY CUTHAJIBI CO BCEX HAIIPaB-
JICHUI.

[Iycts BHAYaJIE POBHO OfHA sideiiKa HAXOMUTCS B COCTOSHUM 1, M TAKUM
obpa3oM cocrosiine sBjsieTcst KoHdurypanueii. Torna B adupe Oyaer CUraa
max(0,1) = 1, u Bce siueiiku B cJie/[yonmit TakT HoJIydar curnas 1 us sdupa,
U IepeijiyT B COCTOsiHUE 1, B PE3yJIbTaTe Yero IMOJIy9YeHHOE COCTOSHHUE yIKe
e Oyner kouduryparmeii. Eciu ke B KadecTBe MOJyTPYIIIOBOI orepaluu
B34Th @ BMeCTO max, TO PYHKINOHUPOBAHUE B HEPBBIH TaKT OyJET TaKUM
2Ke, a BO BTOPOil TakT y»Ke (pyHKIUsI Iepexoia Oy/IerT He OlpeesieHa.
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4. Kaaccelt KA c jjokaTopamu, mpecTaB/IsgIONIe MH-
Tepec

4.1. Kuaaccel, pemarorque npobdJjieMy 4aCTUYHOI orpeaeeHHO-
cTu (PYHKIIUU mepexoa

YuaurbiBas npuMep u3 pasjiesa 3.3, BaKHO BbLIAEUTD Kiacchl KA ¢ jjokaropa-
mu (Z,Q,V,E,+,L,p,1)), Korja rapaHTHPYeTcsl OUPEIeIEHHOCTD TI100a/Ib-
HOI (DYHKIMK [epexojia B JIIOOOH MOMEHT BPEMEHU JIJIsi HEKOTOPOI'O KJIacca
HaYaJIbHBIX YCJIOBUA.

4.1.1. NpeMnoTeHTHBIIT MOHOU,

Pacecmorpum cityuaii, korga mouous (F,+) uaeMnoTeHTHbI (sIBIsieTCsI 110-
JIypeméTKoii), To ectb ays aoboro z € E Beimosnneno x + x = x. B sTom
ciydae cyMMa GECKOHETHOrO YUCJIa 3JIEMEHTOB 3aBUCHT JIMIIL OT MHOYKECTBA
CJIATa€MBIX, IIPUCYTCTBYIOIINX B CyMMe, I TAKUM 0OpPa30M CBOJINTCSA K KOHEY-
HOIT cyMMe. I103TOMY BBIIIOJIHEHO CJIEAYIOIIee YTBePKICHHE.

Vreepxkaenue 2. Ecau monoud (E,+) udemnomenmmoiii, mo 2a06a10mai
Pyrryua nepexoda KA ¢ aokamopamu o = (Z,Q,V,E,+,L,¢,1) ecrody
onpedenena.

Hampumep, ecoim E — JuHEHHO yHOOPSIIOUEeHHOE MHOXKECTBO, TO
(E, max) — ujeMIOTeHTHBI MOHOUJI C HefiTpabHBIM 3j1eMeHTOM min E.

4.1.2. PunutrHbie KA c jsokaTopamu

Ecin nrobast kordurypanun S KA ¢ jokatropamMu ¢ mepeBOInUTCsT NI00aIb-
Hoit dpyukumeii nepexonos ® B Koudurypalmo, 06yaeM aBToMaT ¢ Ha3bIBATDH
PUHUMHDLM.

Vreepxkaenue 3 (docrarounoe ycaosue dunnrnoctn KA ¢ jiokaropamm).
ITyemwv dan KA ¢ aokamopamu o = (Z",Q,V, E, +,{vi,....Um}, ¢, 1) 6vinoa-
HEHO:
ecau @(6, (e1y...rem)) # 0, mo ﬂ v, = .
i:;7#0

Toeda 0 — unummoi.
B dopmynupoBke 3TOr0 yTBEPKIACHUS BAXKHO, UTO MbI HCKJIIOYaEM U3

TEJIECHOT'O yIJIa €ro BEPUINHY, MHa4Ye IepecedeHne TeJIE€CHbIX YIJIOB V; BCErAa
coaepzKaJIio OBl Ha4aJIO KOOpAUHAT.
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oxaszameavemeo. PaccMOTpuM IPOU3BOJIBHYIO KOH(MUIYpauio s, A — MHO-
2KECTBO aKTUBHBIX SU€EK, U s49€eK, Y KOTOPhIX €CTh aKTUBHBLIC COCEIH, I —
MaKCHMAaJIbHOE €BKJIMI0BO PACCTOSIHAE MEXKIY dJIeMeHTaMu A.

Homycrum, aro ®(s) ne siBsiercst koudurypanueii. B arom ciydae ecthb
beckoHevuHOe MHOXKECTBO M sideek, y KOTOPBIX B KOH(MUIYPAIMH S HE OBLIO
AKTUBHBIX COCellell, U KOTOpbIe CTajll aKTUBHbIMU B KOHpurypamuu P(s).
Jlnst kaxkmoit staeiiku x w3 M paccMOTPUM MHOXKECTBO €€ aKTUBHBIX JIO-
KaropoB a(x) u BbIGEpEM Takoe MHOXKeCcTBO Jiokaropos L' C L, xoro-
poe BCcTpedaercs: GeckoHedHoe uuciao pas cpeau a(z) npu x € M. Ilycrs
M ={x e M:a(x)=L"}.

Bes orpanndenus obmHocTu 6yieM cuuTaTh, uro L' = vy, ..., vg. 3 yeio-
BUSI YTBEPKIEHUS CJIEYET, 9TO U§:1 Vi = 2.

[Tycrs S — equununas cdepa B R, P = H?:I(Vij N .S). okaxkem, aro

d:= inf max P — D 0 4
inf max |lp; - pyl >0, (4)
rie || - || — eBkimzoBa HOpMA.

3aMeTHM, UTO KaxKJ0€ MHOMKECTBO Vj; (1S KOMIIAKTHO, MOTOMY KOM-
[MAKTHO W WX Ipou3BejeHme P, 1MosToMy Ha HEM HelpepbiBHAS (DyHKIIU
d(p) := max;.j ||p; — pj|| Aocruraer coero mummmyma. Jomycrum, dro
sror MunumyM pasen 0. Torma cymecrsyer p € P, p; € v; u p; = pj s

Y o _ k —

Becex 1 < 4,5 < k, T0 ectb p1 = .... = pi € ﬂj:1 vj = & — UPOTUBOpEYHe.
Buauur (4) BBIIOIHEHO.

[TockosbKy MHOXKecTBO M’ Geckonedno, To Haiinércs snement r € M/,
Haxo/smuiicst Ha paccrosiuun D > r/d or mHOXKecTBa A. ITocKosbKy y stueii-

KU X JIOKATOPBI V1, ..., Vj, QKTHUBHBI, TO CYIIECTBYIOT 3JIEMEHTHI Y1, ..., Yp € A
Takue, 4T0 v; = y; — x € v;. llomoxum p; = ”ZJ:”. Torma st JIrOOBIX
J
1 <4,7 < k BbIIOJIHEHO:
(vi, v5)
i = pj1* = llpil® + o |1* = 2(pi, pj) = 2 = 272 <
[[vil[llv;]
losll Mgl (visv) o — gl
Tyl Ml il esllflosl] T
lvi = vl _ Iy =yl _ r* <
= D2 - D2 = D2 :

Taknm obpasoM, maxi<; j<k ||pi — pj|| < d. C npyroii croponsr, p; € v; NS,
TO ectb p = (p1,...,px) € P — uporusopeune c (4). 3HAUUT IpeIOIOKEHNE
HeBepHo, u P(s) sBasgeTcss Koudurypanueii. Y TBep:KIeHIe T0KA3aHO. O

4.2. Kiacc ¢ npoctoii ¢pusndeckoii peanunsariueii

Haubosiee ecrecTBeHHO IIPEACTABIATE peausanuio KA ¢ jokaropaMu B BUjIe
qnma. B kadecrBe 3dpupa J0/KHA ObITH HEKOTOPOE YCTPOMCTBO, «CyMMUPY-
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fOIllee» HEOrPAHUIEHHOE KOJUIECTBO IJEKTPUIECKUX CHTHAJIOB. B KadecTBe
TAKOI'0 YCTPOMCTBA MOYKET BBICTYIIATH ITPOBOJIHUK, ITOJIKJIIOUEHHBI KO BCEM
BBIXO/IAM SJIEMEHTOB, KOTOPbIE HYKHO CYMMHUPOBAThL, W ITOJAKJIIOYEHHBIA K
YCHJTUTEJTIO, BBIXOJ[ KOTOPOTO TOJKIIOUEH KO BXOJAM-JIOKATOPAM BCEX 3JIe-
MeHTOB. TakmM obpa3oM, ecan OIWH U3 3JEMEHTOB IOCTal B 3PUP CUTHAJ,
9TOT CUTI'HAJI YCUJIMTCS U Ha JIOKATOPBI BCEX 9JIEMEHTOB MPUAET curaas 1. Ec-
I 2Ke Bce 3meMeHThl Bbimaan 0, To m u3 adupa npugér 0. Takum obpaszom
MO>KHO peajin30BaTh Ollepalliio max OT HEOIPAaHHYEHHOI'O YHCJIa apryMeH-
TOB, IPUHUMAIONIMX 3HaUeHust U3 MHO)KecTBa {0, 1}.

Omnaxo ma KA ¢ jokaTopamu Tpebyercs yMeTh BEIMHCIATH MaX;4; d;
st Beex ¢ = 1, ..., m. MoxXHO 3aMeTUTh, UTO

m
maxa; = min(z aj, 1> = min(min(z aj, 2> — ag, 1).
77 i#i j=1
Ounepario Ma(ay, ..., an) = min(Z;”:1
HO CJIOXKHee, YeM OIeparuio max. Hampumep, 3T0 MOXKHO CAENATh CJIEYIO-
muM obpazomM. Kaxkbiit BXoJ1, MpeacTaBISIONINI apryMeHT OIepallun, paB-
HBIH 1, BBIIAET OrpaHUYEHHBIR TOK Ha IPOBOJI, COEJUHSIONINI BCe apryMeH-
ThI, U TIOJIKJIIOYEHHDIN K HYJI€BOMY IIPOBOJLY Wepe3 pe3ucTop. B 3aBucumocTu
OT YHUCJIa BXOJIOB, PABHBIX 1, HA COEIMHHAIONIEM IIPOBOIHUAKE OYyJIeT PA3IUIHOE
Hanpsizkeare. CaM ITPOBOJHUK MOXKHO IOJKJIIOUUATE K JBYM KOMIIAPATOPAM,
U3 KOTOPBIX OJIUH CPabATHIBAET IIPU HAIIPSZKEHUH, KOIJIa XOTsI Obl OJIIH BXO/T
aKTUBEH, a BTOPOIl cpabaThIBaeT MPU HAIPSI>KEHUH, KOIJia XOTs Obl 2 BXO/a
akKTUBHBI. VCo/IB3ysT pe3ysIbTaThl CPABHEHUS ¢ KOMIIAPATOPOB, JIETKO MTOJIY-
qnTh 3HavdeHue (yHkiun Ms. 3aTem 1o 0b6IEeMy TPOBOY MOYXKHO IOIBECTU
pesysnbrar s = May(aq, ..., ay) OOPATHO KO BCeM siuelikam, U i-ii siaeiike BbI-
qUCUTh Min(s — a;, 1), moayduM TakuMm obpa3oM B i-i sueiike Tpebyembiii
pesysIbTaT max;-£; a;.
Ncnonp3yss n TaKuX cxeM MOXKHO peajin30BaTh omeparmio Max Ha MHO-
xkecrse {0,1}", koropas npejcrapisier coboii ITOKOMIIOHEHTHYIO OIEPAIUIO
max:

aj, 2) TaKKe BO3MOXKHO Peait30BaTh,

Max((ai,...,al),---, (a,...,a™)) = (max(a},...,a),--- ,max(al, ...,a™)).

Ucnonb3ys Takyio oneparuio Max m obbluHble (DYHKIIMOHAJIBHBIE 3JI€-
MEHTBI peasin3yeM IPOU3BOJIbHbINA MIEMIIOTEHTHBIH KOMMYTATUBHbIH MOHO-
un (E,+), toe |E|] = n < oo. Hus sroro 3akojupyeMm HeHyJIeBble 3Jie-
mentel E mabopavu (1,0, ...,0), (0,1,0,...,0), ..., (0,...,0,1) € {0,1}*1
a 0 € FE 3akomupyem Habopom u3 Bcex Hyseil. Ilycts v — omnumcanHast
dbyukius komuposku. st muoxkecrsa E' = {e1,...,e;} C E onpenennm
0(E") = Maxeecpr v(e). B mabope 0(E’) equHuUIpBl CTOST Ha MO3UIUAX, COOT-
BETCTBYIOIIUX HEHYJIEBbIM dj1eMeHTaM MHOXKecTBa F’'. Peanmusyem Gyses ore-
parop F : 0(E') = v(3_,cpr €) 0bbranoii CPI. Vcnob3ys nIeMIOTeHTHOCT
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MOHOH &, OJIgA IIPOU3BOJILHOI'O YHCJIa aPr'yMEHTOB IIOJIYYUM

U(Z ei) - v( 3 e) = F(o({e; | i € 1)) = F(Maxv(e:)).

icl ec{e;liel}

Nrak, MBI IOIYYIUIIN, 9TO JIJIsI JTIOOOTN0 KOHEUHOT'O UIEMIIOTEHTHOTO MOHO-
112 MOXKHO PeaJII30BaTh €ro MOJIyI'PYIIIOBYIO Ollepalliio OT HeOrPaHUYeHHO-
ro YUCJIa 3JIEMEHTOB, UCTOJIb3ys (hukcupoBarHyio CPD U HECKOJIBKO IIPOBOJI-
HUKOB, IIOIKJIIOYEHHDBIX KO BCEM 3JIEMEHTaM, BbIXOIbI KOTOPBIX CYMMUPYIOTCH.

DT0 Kak pa3 KjIacc MOHOUJOB u3 myHKTa 4.1.1, 77 KOTOPBIX IJ00asib-
Hast (DyHKIUSI [TEPEXOJIOB BCIOY ompeesieHa. C peanusaliieii JJOKATOPOB BCE
obcrout xyxke. [IpOBOHUK TPOBOIUT OJIMHAKOBO BO BCE CTOPOHBI. Kcium ke
HCITOJIb30BaTh JUOJIbI, IIPOITYCKAIONINE TOK TOJBKO B OJIHY CTOPOHY, IIyOUHA
CXeMBbl TYT K€ CTAaHeT JIMHEHHOI 110 Yucjly apryMeHTOB, U 3/€Chb yrKe HeJlb-
351 TOBOPUTH, UTO CUTHAJ 10 I(PUPY PACIPOCTPAHIETCS MTHOBEHHO, TaKUM
00pa3oM TepsieTcs CMBIC/I UCIIOJIL30BaHUs JaHHON Mojen. [losTomy onucan-
HBIM CIIOCOOOM MOYKHO PEAU30BATDH JIUIIb TEJIECHbIE YIJIbI, COBIAIAIONINE C
noripocrpancreamu. Harpumep, () peanusyercs, ecjii COEIMHUTH IJIACTH-
HOH BBIXONBI BCeX dvueek. MOXKHO cliesiaTh €10l ¢ MHOXKECTBOM ITPOBO/JIOB,
UJIyIIUX B OJIHOM HAalPaBJIEHUM, U TaKUM 00pa3oM OyIeT peaim30BbIBATHCH
Jokatop {v, —v}, TJe v — HalpaBJieHue IPOBOJIOB B JIAHHOM CJIOE.

Jlist peasimsarun Apyrux JIOKATOPOB TPeOyeTCs UCIIOIb30BATh KAKUE-TO
npyrue Gbu3nIecKue MPUHINIBL, BBIXOJANINE 38 PAMKH OOBITHON CXEMOTEX-
HUKWU.

Crmncok aurepaTypbl

[1] Tacaror 9.3., “Kiierounble aBTOMATHI ¢ JoKaTopaMu’, Hrmeasekmyaivhoe cu-
cmemor. Teopus u npuaoocenua, 22:2 (2020), 119-132.

Remarks on the definition of cellular automaton with locators
Kalachev G.V.

In [1], a cellular automaton with locators is defined. In this paper
we indicate some inaccuracies and issues of this definition and clarify
it to get rid of these issues. We also give examples of cellular automata
classes with locators that have good properties in a certain sense.

Keywords: cellular automata, homogeneous structures.
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Knaccel KycodHo-nIapaJjieIbHbIX (PYHKIINIIA,
cojiepzKallie Bce OJITHOMECTHbIEe

A. Orporenko!

st Kacca KyCOYHO-TIAPAJIICIbHBIX (DYHKIHI, PEaTiH3yeMbIX CXe-
MaMU U3 JIMHEHHBIX 3JIeMeHTOB U (PyHKIMiT XsBHcaiijga, MOJydeH aj-
TOPUTM IIPOBEPKU IIOJHOTHI KOHEYHBIX MOIMHOXKECTB, JIOTIOJTHEHHBIX
OJTHOMECTHBIMU (DYHKIIUAMA. TAKUM 00Pa30M, IJis PacCCMATPUBAEMO-
ro Kjacca perreHa 3ajada CIIymerkoro.

KuaroueBbie ciooBa: Kycouno-nuneitnas GyHKIHMA, KyCOTHO-
napaJuiejibHast PYHKIMs, IpobJieMa MOJHOTHI, Kpurepuit Ciryenkoro.

1. Ompenenenne KycovHO MapaJjjieibHOM
dbyHKIUN

B coorsercrBuu ¢ [2], Mbl paccmarpusaeM kiace PP KycodHO-TIapasiiesbHbIX

GYHKINHE, KOTOPbIE CTPOSTCS U3 JUHEWHBIX (DYHKIWH a1T1 + ... + GnTy +

ag : R - Rya; € R, = 0,1,...,n,n € 0,1,... u byuknuu X3Bucaiiga
1,z>0

O(x) = C UCIOJB30BaHUEM omeparwii cymeprnosunun. Kak mo-
0,r <0

kazaHo B [2|, dynkuus f uz PP Moxer ObITb [IPEJCTABIEHA B CJIEYIOIEM

suzne: f = fr+ fpc, roe fr -nuneiinast pyHKnys, a fpo - KyCOYHO-IIOCTOSTHHAST

cbyliKImﬂ. Byakm obosnavars @ = (ai,asz,...,an), b = (b1,b2,...,by),

<6, b) = Z?:l albz

B coorBercrBun ¢ [1], Kycouno-napasuiesnbHas GOyHKIUS UMEET BUJL

k

F(@) = (o, @) + Y did(Y_ x(sgn((@j, @) + ¢j) = 0i5) = k). (1)
=1

J=1

L Ompowenko Anexcandp Jmumpuesurn — acmupanT Kad. MATEMATHUECKOR TEOPHH HH-
TEJIIEKTYAJIBHBIX cucTeM MeX.-marT. d-ta MI'Y, e-mail: iskander.aka@mail.ru.

Otroschenko Alexander Dmitrievich — graduate student, Lomonosov Moscow State
University, Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of
Intellectual Systems.
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1, ycoBue A BBITIOJTHEHO

rae oi; € {_1707 1}7 X(A) = {

B janbueiimenm, BMecTo Y o di9(2§:1 X(sgn((d;, &) + ¢j) = 045) — k) MbrI
oynem nucars N Ly (Z).

Bymem naspiBaTh MHOXKECTBO 3HAUEHUN apTyMeHTa COOTBETCTBYIOILYIO OIIPe-
JeJIeHHOMY d; B JajbHEHIIeM HOCHUTEJEM CUTHATYPHI 1, & caM d; - CABUIOM.
Hocurenb curnarypbl, HEOrpaHUIEHHBINH XOTsI OBl ¢ OHON CTOPOHBI IT0 KaXK-
JIoif U3 KoopauHaT, OyJaeM Ha3blBaTh HOpaHWYeHHBIM. Il1ockocTu pasmierisi-
IOIle HOCUTEJIU CUTHATYPBI OyleM Has3biBaTh paspesamu. Mbr Oymem pac-
CMaTpPHUBaTh JIAJIbIIEe KyCOTHO-TIApaJLIeIbHbIE (DYHKIIMH C KOHEYHBIM 9HCIOM
casurop. O6o3raunM U MHOXKECTBO KyCOYHO-TIAPAJIIEbHBIX (DYHKIMI, 3a-
MBIKaHIE KOTOPOI'O COMEPKUAT BCE OIHOMECTHBIE.

0, ycioBrue A He BBIIOIHEHO

2. Ilpeamnoanora u 3aMKHYTOCTh KJIacca
dbyHKOnii ¢ JuHEeTHOI YacThlo, 3aBUCSIIE OT He
OoJiee YeM OJHOII MepeMeHHOl

ObozHauM MHOXKECTBO (DYHKIMIA ¢ JIMHEHHOW YaCThIO, 3aBUCSIIEH OT He DO-
Jiee geM omHO# mepemennoit N L.

Teopema 1. NLL; - npednoanwiti xaacc 6 PP.

Jlokazamensvecmeo. 3aMKHYTOCTH ero ouesujHa. 1lycrs ects f ¢ NLL;.
f={f,)+NL #(Z) m B f Gosbie oxuoil HenyneBoil KomnonenTs. BozbpMmem
9(y,2) =y — NL#(Z), g€ NLL;y. Torna

g(f(#),&) = (fi, &) + NLy(%) — NL(%) = (fi,)

rie y fi, 6osbie oHON HEHyJIeBON KOMIIOHEHTBI. OYeBUHO, UYTO MOXKHO C
ITOMOIITHIO OJHOMECTHBIX (DYHKIINI JaJiee MOIyIUTh CYMMATOP, & 3aTeM U BCe
KyCOYHO-TIapaJljie/ibHbIe (DYHKIIUH. O

3. Kpurepnit Ciynekoro Jjisi HpOCTPAHCTBA KyCOYTHO-
napaJiieJibHbIX PYHKIIN

3.1. ®opmyaupoBKa KpUTepus W OOMIUii MJiaH
JOKa3aTeJIbCTBa

Teopema 2. Samvikanue U cognadaem ¢ KAaGCCOM KYCOUHO-NAPAAACALHOLT
Ppynxyut moeada, u moavko moezda, xkoeda U € NLIL4
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Harra niesib - mostydenue cymmaropa, T.K. IIPH J00ABJIEHUH €r0 K OJIHO-
MECTHBIM, MBI ITOJIy9IUM HA3UC TPOCTPAHCTBA KYCOTHO-ITAPAJIIEbHBIX (DYHK-
muit. Jlyist mokasaresberBa Mbl cHadasa moayanM dynknuio x4+ 0(y). Ha-
Jiee, MbI JIQJIUM OIpejleJIeHre yIJIOBOH (DYHKIUU, U TOJyIUM 3Ty (PYHKIHIO.
Barem, ¢ moMoOImbo yriaoBoit dbyHKImE u GyHKImA = + 6(y) MBI mMOKarKeM
nostydenue byukiuii F(z,y) = 0(ax + by + ¢), nocse dero uzdbaBuMcsi or
HEJIMHEHHOW 9acT y ABYXMECTHOU (DYHKITAN.

3.2. IIpoBOmHUK C HE3aBUCUMOI CTYNEHBIO

Hazosem dyuknmio x + 6(y) NPOBOJHUKOM € HE3ABUCHMOIli CTYTICHBIO.
Teopema 3. IIycmo U € NLL;. Tozda g € [U], 20e g(z,y) =z + 6(y)

Jlokazamenvcmso. Ilycrs f € U/NLL;.

S, b f(7) = (d0,7) + Doy dO(S_ x(59n((@5, ) + ¢5) = o35) — )
JINHEAHAS 9aCTh 3aBUCAT OT HE MEHEE YeM JIBYX IIEPEMEHHBIX, IO3TOMY Yy g
€CTb JIBe HEeHyJIeBble KOMIIOHEHTEL. 11yCTh 3T KOMIIOHEHTHI 110 IIEPBOIl  BTO-
poii mepemennoii. JI1s1 IpOCTOTEI, OJACTABAM BO BCE OCTAJBHLIC IICPEMCHHBIC
HOJIb, B T1 = Z/ag1, T2 = y/ap2 u noayuum fo1 (z,y). Urax

k

four(zy) =z +y+ Y _did(> X(Sgn(%ﬂf + %y +¢j) =0ij) — k) =
i—1 =1

k

=zr+y+ Z diO(Z X(sgn(Ajx + Bjy + ¢j) = 0i5) — k).
i=1 j=1

Hanee onpenenum xoucrtautel C; > 0, Cy > 0 u 0 < € < 1. Paccmorpum

foo(x,y) = for(z + 2C10(z) — C1,el(y) + Csy).
f02(x,y) =x+ 2010(1’) - C1+ EH(y) + Co+

k

+ Z dlﬂ(z X(sgn(A;j(x+2C10(x)—C1)+Bj(eb(y)+C2)+c¢;) = 0i5)—k) =
=1 j=1

=z +€ed(y) +2C10(z)+

s k
+ Z dlﬂ(z X(sgn(Aj(x+2C10(x)—Ch)+€eB;jl(y)+BjCo+cj) = 0i5) —k)+
=1 j=1
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+Cy — C].

Teneps nogbepem C1 u Co, Tak ITOOBI V7, €, BRIpAXKEHUE

W (j,z,y) = sgn(Aj(z +2C160(z) — C1) + eB;0(y) + B;Ca + ¢;)

He 3asuceno or y. Cuemaem sro Tak. Eciu Vj, B; = 0, ro W (j,z,y) =e
3aBucut or y. Torma mosioxkum Cy = 0. B mporuBHOM cilydae, MOJIOKUM
Cy = e+ max \lg"l + 1.
j:ijo J
— . . . _ V+1
[Iycrs V = mjax(\eB]| + |B;Ca| + |¢;|). Homoxum Cy = i AT
3 A

Teneps 3aMernm, 9TO ecim Jyig Kakoro-1o j, A; = 0, To wim

Bj(CQ +€) +¢ >0
BjCQ +c5 > 0,
i
Bj(CQ +€) +¢; < 0
B;Cy +c¢j <0,
re. B srom ciaydae W(j,z,y) He z3aBucur or y. Ilycts B sTOM Cityuae
W(j,z,y) =Gj.
Ecmn A # 0, To

W(j,z,y) = sgn(A;(xz +2C16(x) — C1) + eB;j0(y) + BjCa + ¢;) =

2V +1) V+1  eBif(y) + B;Co+¢;
— A AT pig) — J j A
sgn( J(x+ min |4,] T min 4] Aj ))
20V +1 V41 B0 B.C: ,
:sgnAjsgn(erggxf .+ 4 i0(y) + B; 2+c])
min |A;| min |A;| A;
1:A; 70 i:A; 70
Tenepb 3aMeTHM, UTO m‘i;1+\1A<| > ’EBje(y)';JBjCQ—i_cj |, & smaamT, npE 2 > 0,
A0 "
M@(x) _ Y‘i‘ 1 eB;0(y) + B;Ca + ¢ N
min | A;| min | 4] A,

V+1 ijH(y) + BjCQ + ¢4

. —|
A, A
iﬁlfio‘ il j

| >0,
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anpu x < 0,

(VA1) VL B+ BCt e
min |A;| min |A;| Aj
1:A;#0 1:A;#0

V+1 ijG(y) —|—Bj02+6j

 min |4 +| A; |
1:A;7#0
a 3HAYNT,
W(j,zy) =
(V + 1) V+1 ijH(y) + BjCQ + Cj
sgndjsgn(z + min |A4; ]9 7) min |4, A; )
1:A;7#0 i:A;7#0

= (20(x) — 1)sgnA;,

u ipu HateM Boibope C1, Cy, He 3aBucuT OT y. OCYIIECTBUM 3Ty HOJICTAHOBKY,
[IOKa, He OIPEeJIEJIss €.

foz2(z,y) = = + €f(y) + 2C10(x)+

k s
+ Z dlﬂ(z X(sgn(A;(x+2C10(x)—C1)+€eB;0(y)+B;jCa+c;j) = 0i5) —k)+
; —

+Cy — Cy =z + €0(y) + 2C16(x)+

k s s
+D 0 Y x(sgnA;(20(x)-1) = oy;) +Zd0 Y X(Gy=o0y)—k)+
i=1 j=1,A;#0 i=1 j=1,A;=0
+Cy — O

IIpu = > 0 nmeewm,

k s s
dodib( Y x(sgnd;(20(x)—1) = oy +Zd 6( X(Gj = aij)—k) =
i j=1,A;#0 j=1,A;=0
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k s k s
=) dif( x(sgnd; = Uz’j)“‘Z dif( X(Gj = 0ij) —k) = Tpos,
i=1 j=1,4,#0 i=1 j=1,4,;=0
a npn x < 0 mmeeM,
k s k s
S dib( > x(sgnA;(20(x)—1) = 0ij)+>_ dif)( X(Gj = 0i5)—k) =
i=1 j=1,A;#0 i=1 j=1,4;=0
k s k s
= Zdle( Z X(—sgnAj = Uij)"‘z d;0( X(G]’ = O'l'j)—ki) = Theg-
i=1 j=1,A4;#0 i=1 j=1,A;=0

Torna
fo2(z,y) = x + €0(y) + 2C10(x) + (Tpos + Theg)0(x) — Theg + Co — C1,

TO €CTb

foe(z,y) = x + €b(y) + A0(z) — B

Ecmn A <0, To paccMoTpum

fo3(x,y) = foa(x—Ab(2), y)+B = 2—Ab(x)+€0(y)+Ab(x— Af(x)) - B+ B =

= — A0(x) + e0(y) + Ab(z) = z + e0(y),

a 3aTeM MOJIOXKUM € = 1 u nosxy4dnm uckomyio dbyuknuio fo3(x,y) = z+0(y).
Eciu A > 0, To nogcrasum foo(z,y) + B — A/2 B q(2) = 2 — Af(2) + A/2:

f13(z,y) = q(foe(z,y) + B) =

=x+ Ab(x)+eb(y) — A0(x+ Ab(x) +€b(y) — A/2) —B+B—-A/2+ A/2 =

=x+ Af(x) + e(y) — AB(x + AB(x) + eb(y) — A/2).
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Teneps BoiGepem € = A/4. Torna, eciim x > 0, To
r+ Af(x) + A0(y)/4— AJ2 > A—AJ2=A/2 >0,
aecou x < 0, TO
r+ Af(x) + AB(y) /4 — AJ2 < AJ4— AJ2 =—A/2 <0,
To ectb sgn(z + Ab(z) + ef(y) — A/2) = 26(x) — 1. Teneps

fis(z,y) =x + Ab(z) + AO(y)/4 — AbO(x + AB(x) + Ab(y)/4 — A/2) =

=x+ Af(x) + Ab(y)/4 — AO(sgn(z + AO(x) + AO(y) /4 — A/2)) =

=x+ Af(x) + A0(y)/4 — AG(20(x) — 1) =
=x+ Af(x) + Ab(y)/4 — Ab(z) = = + Ab(y) /4.

Buauwnr, 4 fi3(Az/4,y)/A =z + 6(y) - nuckomass. Teopema nokazana. O
B ycioBusix reopemst 3 x4y, dif(y;) € [U]

Joxasamenvcmeo. Slcno, uro gy(z,y) = x + bO(y) = b((32) + 0(y)).
Torja dysknNIA

gd,, (gdnfl (gdn,2(~ -+ 9ds (gdl (:L‘a yl)a yQ)a .. ')a ynf2)7 ynfl)v yn) =

n
=z+ Y dif(y:)
i=1
TakzKe npuHajexur [U]. O

3.3. ®dysKOuga ’yroJyox’

Hazosem ‘yroskom' dynknmio 0(0(y — x) + 6(x) — 2). Vmeer mecTo:

Teopema 4. IIycmv U ¢ NLL;. Tozda samvikanue U codeporcum 0(0(y —
x)+6(x) —2).
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ZLoxasameavcmeo. B mokazarenbcTBe TeopeMbl 2.1 ObLIO MOKA3aHO, ITO IIPHU
YCJIOBUU TEOPEMBI, 3aMbIKAHIE COAEPKUT (DYHKITHIO

k

fle,y)=z+y+ Z diﬁ(z X(sgn(Ajxz + By + ¢j) = 0i5) — k).
i=1 j=1

Paccmorpum teneps byHKITHIO

k

h(w,y) = f(—z,y) =y—z+Y_ dib(Y_ x(sgn(—Ajz+ Bjy+c;) = 0i) k).
i=1 =1

MHOKECTBO COCTOSAIIEE U3 BCEX TOUEK MEPECeUeHns] MHOKECTBA TPSIMBIX
) ) . — Ok U
{-Ajz+ Bjy+c¢; = O}j:h IIyCTb 9TO OyeT MHOMKECTBO TOUeK {Zj, Y }iq
Jlo6aBuM Tyna U MHOXKECTBO TOYEK IIePeCeYeHUs] STUX HPAMBIX C OCAMU X U
y.
Paccmorpum
1 1
h1<$7y) = h([B + Cxu Yy + Cy)7

e O} = max |z;| +1, C; = max |y;| + 1. Bepumusr obracreit Toxxe CABHHYT-
(2 (2

ca1,  nepeiinyT B {z; — CL,y; — C'; % ,. BaMeTHM, UTO KaxKJasl KOOPIHHATA
STHX TOYeK MeHbIIe HyndA. Tenmepsb paccmorpum Te, —A;x + Bjy +¢; = 0,
y koropeix A; = 1, B; = 1. Ilycts Cper = max || + 1, ecom ke
L —1
J =
{A; =1,B; =1} =0, 10 momozkum Cpgyr = 1.
Paccmorpum

H(m,y) = h1($7y+ Cpar) -V

3aMeTHM, 9TO TOYKH [IePeCeIeHNiT pa3pe30B MO-IPEsKHEMY JICIKAT JIEBee 0CU
y u mke ocu x. Bosemem V' = max |d;| + Cpgr. Boimmenm H (x,y).

s k
H(z,y) = y+Cpar —x+ Y _ di(>_ x(sgn(—Ajz+Bjy+c;) = 0i5) — k) - V.
i=1 j=1
Bamerum, uro B obsactu x > 0, y > 0, H(z,y) uMeer TOJbKO HEOIDAHUIEH-
HbIe HOCUTEJIM CUTHATYD, T.K. BCE TOYKHU IepeceUYeHud IPAMBIX, Ha KOTOPBIX
JIexKaT TpaHullbl HocuTe el Haxomarcs B obiaactu x < 0, y < 0. Takxke, npu
x >y, GyHKIUA

k s
H(z,y) = (y=2)+y_ dif(Y_ x(sgn(—Aja+Bjy+c;) = 05j)—8)+Cpar—V =
i=1 j=1

k s
= (y—a)+ Y difd(>_ x(sgn(—Ajz + Bjy + ¢;) = 0ij) — 5) — max|d;| <
i=1 j=1
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<y—xz<0.
Tenepb paccMOTPUM CJIEIYIONTYIO CUCTEMY HEPABEHCTB

H(z,y) >0
x>0
y > 0.

Paccmorpum paspesnst —Aj;x + By + c;- = 0. Bce npsmpie ¢ A; = 0, nmm
B; = 0 nexar nim nmxe, nian npasee obsmactu x > 0,y > 0 u mosoxkenne
OTHOCHUTEJILHO HUX He OyJIeT BIUATH Ha pelenue cucteMbr npu x > 0, y > 0.
3HAUUT MBI MOXKEM CUHTaTh, YTO BCE IPAMbIE UMEIOT BUI Y — kjx —rj = 0.
OtrcopTupyem ux 1o kj, 110 yOBIBaHHIO, IIPU PABHBIX kj OTCOPHPYEM IO yObl-
Banuio ;. Tenepb 3ameTuM, uTo ecam A j > i, kj < k;, Tou rj < 1, T.K. y
JIMHUN C HOMEPAMU j U ¢ y TOYKU IIepeCceueHns KOOPANHATA & = Z;:’,;JZ, a pa3
.%'<01/ij—ki<0,TO7“i—T'j>0.

SHaYUT pas3pe3bl IPU HAIllell HyMepaIui PACIOJIATaIOTCS 110 TOPSJIKY ITPOTHB
4acoBoil crpesiku 11pu 06xo/1e oTHOCcHTeIbHO Toukn (0,0) B obnactu x > 0 u
T.K. OHH He UMeIOT Iepecevennii B ¢ > 0,y > 0, To mpu = > 0,y > 0,

y—x+Wyiy—kixz—c >0
y—a:—i—Wll:y—/{:la:—cl:O

y—x+Wo:iy—kizx—c1 <0,y —kox —co >0
yf:E+W2,:yfk:2x702:0

Hry) = e
y—x+W;iy—ki_1x—ci—1 <0,y —kix —¢; >0
y—:U—I—WiI:y—kix—ci:O

y—x+Weiy—kix—cg >0
y—m—i—WtI:y—ktﬂc—Ct:O.
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Torna cucrema 2 SKBUBAJIEHTHA CJIEIYIONEH COBOKYITHOCTH:

[ (y—ax+Wi >0 (y—ax+W; >0
y—kizr—c1 >0 |y—kiz—c1 =0
z >0 x>0
y >0, \ y =0,

—xz+ Wy >0
Y 2= y—x+Wy>0
y—kix—c <0
k; -0 y—koxr —co=0
—koz — ¢
Yy 2 2 2> 0
x>0 >0
y >0, =0
3
y—x+W; >0 3)
y—x+W; >0
y—ki—1x —ci—1 <0
f 0 y—kir—c; =0
y—Rr— o> x>0
220 > 0
y >0, ="
y—x+W;>0
y—kix—c <0
x>0
L y > 0.

Tenepn:

1)H(z,y) < 0 mpu = < y. 3HAYUT MOKHO HE YUUTHIBATH DEIleHUs B 00Ja-
CTAX, Y KOTOPBIX JIJIsi 00enX OrpaHuIUBAIONUX MPAMBIX k; < 1.

2)YenoBust y —ki—1x —ci—1 < 0,y —kjx — ¢y > 0 onpenesisiioT KOHCTAHTY ISt
H(z,y)
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PacnumeMm cucremy 3 nasee:

((y>z-Wi [y>2z-W,
y>kiz+c |y=kx+ac
x>0 x>0
y =0, y >0,
y=r- y>z—W,
y<kizr+ca
y > kox + c2 Y= ket +o (4)
x>0 z20
>0, y =0,
y>x—W
Yy < ki1x+ciq
x>0
L y >0,

rie k;—1 = mink;. PaccMoTpuM Bce TOUYKM Ie€pecevdeHns: map MpsAMBIX § =
k;i>1

x— Wiy =2x— Wl/ uy = k;xz + ¢; (mapbl 6epemM y4aBCTBYIOIIUE B OJHUX
U TeX JKe CHCTeMax), a Takke y = ¢ — W; u y = kj—1x + ¢;—1 (au1s nap
COJIEPKAIIMXCS B OJIHUX M TeX Ke cucremax). IlycTb 910 TOUKM {X;,YZ-I}.
IIycts G = max X; + 1. PaccMoTpuM, Kak BBITJISIST PEIICHUsT CUCTEMbI IIPU
x > (. 3ameTumM, 9TO JJIs 9TUX T BBIIOJIHEHO cienyioiiee: y > x — Wy, Torma
U TOJIbKO Torja, Korya H(z,y) > 0.

OTO OYEBUIHO U3 T'€OMETPUUECKUX COOOPAKEHUM, HO MMOKaXKeM 3TO CTPOTO.

[Mycrs (X,Y) - perenue cieyonmeii cucreMpl

([ y>z-W;
y<kic1z+ciq
y > kix + ¢ (5)
x>0
y =0,

nX=0+X,0= 71057:11%, rie X0, Yo, PellleHre CUCTEMBbI
y=x—W;
Yy = kix + Ci,
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ad > 0. Barom cayuae, k. Y > kX +¢; = ki(Xio+96) +¢; = ki X0+ 0k; +
C; = (5(/%—1)+(5+XZ'0—W¢ = X—Wri—&(k‘i—l), ak;,>1,0Y > X—W,;. 910

3HAYUT, 9YTO B pacCMaTpUBaEMOM CJIydae CUCTEMa b5} PaBHOCHUJIbHA CUCTEME

y<kisiz+ciq
y > kix + ¢
T > Xjo
y > 0.

HOBTOpI/Il\I Te K€ pacCCyKJ/IeHUd IJid CUCTEMbI

yzx—W;

y=kjr+c;
x>0
y=>0

" IIOJIyYUM, 9YTO OHa PaBHOCHUJIbHA CHUCTEME
Yy =kjr+co
!
x> X
y > 0.

Mps1 paccMmaTpuBaeM, COBOKYITHOCTE cucteM 4 npu & > G, U Jlajiee 1moJjiy9aemM
13 COBOKYIITHOCTHU

(y>ax—W; yZm—Wl/
y>kix+c y=kix + ¢
x> mazx(G,0) | x > max(G,0)

\ y=>0 y=>0

>Q}—W ’
v= ’ y=ao—W,
y<kir+c
y = kox + co
Yy > kox + co
x > max(G,0)
x > max(G,0)
y=>0
y=>0
y>x—W

y < ki—1x 4+ ci—1
x > max(G,0)
y =0,
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COBOKYIITHOCTDb

[ y>kiz+a y=Fkx+c
x > max(G,0) < x > max(G,0)
y=>0 y=>0

(y < kixz+c

y>k‘1 N ! y=kox + co
x+c

v i x > maz(G,0)

x > max(G,0)
y=>0
y=>0
y=>x—W
y<ki1x+c1
x > maz(G,0)
i y > 0.

Tenepn 3aMeTnM, 9TO 3Ta COBOKYITHOCTH IIEPEXOIUT B CJIELYIONLYIO

[y = k17 + i
x > maz(G,0)
y =0,
y=>x—W; (6)
y < k12 +ci
x > maz(G,0)
y =0,

u (X,Y) - onro u3 ee perrennit. Teneps, mycts (Xo, Yy) perienne cucremsr:

y=z—-W,
y=ki_1x+ci—1.
Bnagur, X = _Ztt‘%l:‘l% Nmeem, X = Xo+6,0 > 0. Ilyers Y > ki 1 X+ 1.
Torna
Y >k 1(Xo+6)+e—1=(kie1 — )Xo+ (k1 — )0+ Xo+ 0+ -1 =
= —Ct,1—Wt+(k‘t71—1)5—|—X0—|—5—|—Ct,1 = X—Wt+(k‘t,1—1)6 > X —W;.
Orcrona cireflyer, 9T0 COBOKYIHOCTE 6, Ipu = > (3, S9KBUBAJIEHTHA CHCTEME

y>ax—W
x > max(G,0)
y > 0.
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y—ﬂ?+WtZO

IIycte maz(G,0) = Cygj, @ Wy = D. Torma cucremsr x > Cpaj u
y=>0
H(z,y) >0
x > Cpqj 9KBUBAJICHTHBI.
y=>0

Orcrona cieyer, 910
0(0(H (2, y))+0(x—Chma;)+0(y)—3) = 0(0(y—2+D)+0(x—Chma;)+0(y)—3).
(1

Oyukuuo ¢(l,m,n) = 0(0(1) + 0(m) + 6(n) — 3) HECIOKHO NOIYIUTH
¢ TOMOIIBIO (QPYHKINN g(:c,y) = = + 0(y) U OJHOMECTHBIX, 3aMETUB UTO
¢(l,m,n) = g(0,9(9(9(=3,n),m),1). ‘
Hozncrasum B @, * = ¢ + D, u nyetb R = D — Cppqj. Torma 0(0(H(x +
D,y)) +0(z +R)+6(y) —3) =0(0(y —2') + 6(z' + R) + 6(y) — 3).
BamerumMm, uro, eciin R < 0, To

00y —z' ) +0(x +R)+0(y) —3) =0(0(y — ') +0(z + R) — 2),

o 1" ’ "
U MBI TIOJIyIaeM HYXKHYIO (DYHKIMIO TMOJICTaHOBKO y =y + R,z =z — R.
Ecm R > 0, to

000y — ') +0(x + R) +0(y) —3) +0(x) —2) = 0(0(y — x) + 0(x) — 2).
Teopema mokazana. ]

Temnepnb moiyuuM CJIeAYIOMIUI Pe3yabTaT.

Teopema 5. Ilycmo U ¢ NLLy. Toeda Ya,b,c € R samvkanue U codep-
orcum Fyp o(z,y) = 0(ax + by + ¢).

ﬂo%asamem)cmeo, B OpeablAYIIUX TeoOpeMax MbI ITOKa3aJid, ITO

{h(x,y) = 0(0(y — 2) +6(x) - 2),9(x,y) =2 +0(y)} C [U]

. Terepn nokaxkem, aro §(y — x) € [U]. Paccmorpum ciiefyromyio dyHKIuio:
forot(z,y) = 0(h(z,y) + h(—y, —z) + 6(6(—z) + 0(y) — 2) — 0.5).

fcno, uro h(z,y) pasua O(y—x), upux > 0, h(—y, —z) = 0(0(y—z)+0(—y)—
2) paBua O(y —z), npu < 0, y < 0, a (0(—x) + 6(y) — 2) pasna 6(y — x)
npu x < 0, y > 0. Ipu srom, eciu 6(y — ) = 0, o u h(x,y), h(—y, —x),
0(6(—z)+6(y) —2) Taxrke paBHBI HYIIO, & IPU ITOM 00beUHEHIE MHOKECTB,
rje 51u GYHKIUU €MHIYHBI, Jal0T MHOXKECTBO Ha Koropom 6(y — z) = 1.
Teneppb HECIOKHO YBUIETD, YTO fyrot(2,y) = O(y — ). Ocranoch 3ameTuTh,
qTo
fprot(_ax7 by + C) - 0(@1‘ + by + C) = Fa,b,c<w7 y)

Teopema nmokazana. O
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3.4. 3aBepIiieHne JOKa3aTeJIbCTBA KPUTEPUs
Ciynenkoro

Urak, B yc/I0BUSX TEOPEMbI 2 3aMbIKAHUIO puHaiekut = + y + NL(z,y).
[Mocrpoum u — N L(x,y). Ilycrs

k

NL(z,y) = _did(>_ x(sgn(A;z + Bjy + C;) = 03;) — k).
i=1 j=1

Crenys [1],
k Vi
NL(z,y) = Z die(z qj0(A;;x + By + Cyj) — 1i).
-1 =1

C nomormpio dyuknuu x+0(y) nocrpom v;(p, d) = p—I—Z?:l q;0(0; —0.5) —r;.
Teneps moscrasum o = Fyr o v (2,y), a p = 1. [loce sToro, momyamm
R Y R ¥}

Blu,2) = u— S, dif(z0), m moncramm v 2 = viris (Fy oo (2,9)')

[Tosyanm dyuxmmo

k Vi
plu,z,y) =u—Y did(> q;0(0(Ayz + By + Cyy) — 0.5) — 1) =
i=1 j=1

k v;
=u— Z diﬁ(z qu(A;jw + B;jy + C’;j) — 7).
i=1 j=1
Teneps p(z +y+ NL(z,y),x,y) =z +y.
Mbl  mosiyduam  CyMMAToOp, a B3HAUYAT 0a3uC IPOCTPAHCTBA KYCOIHO-
napaJulesbHbIX GyHKuuii npunagexur [U], a nostomy [U] coBnasgaer co
MHOXKecTBOM PP.

4. 3akJo4eHue

Taxkum obpazom B HacTosteit pabote perntera 3aaatda CIymenkoro Iiist Kiaac-
ca KyCOYHO-TIApaJUIETbHBIX (DYHKINH. ABTOD BBIpaskaeT 6J1aroapHOCTb CBO-
eMy HaydHOMY pykopogureto A.A. YacoBckux.

Crmucok aurepaTypbl

[1] B. C. Iososaukos, “O 3ajaue IpoBepKu (HYHKIMOHAIBHON MOJIHOTHI B KJIACCe
KyCOYHO-TIapaJjiebHbix Gyuknuii’, Becmu. Mock. yu-ma. Cep. 1. Mamem.,
mex., 2008, Ne6, 31-35.

71



[2] HonoBunkos B.C., “O HesuHeHHOH CIOKHOCTH HEHPOHHBIX cxeM Maxk-
Kamnoka-Ilurrca.”, M., Humearexmyanrvhoe cucmemot., 2007, Ne11, 261-275.

Classes of piecewise parallel functions containing all single
functions

A. Otroschenko

For a class of piecewise-parallel functions implemented by schemes
of linear elements and Heaviside functions, an algorithm for checking
the completeness of finite subsets supplemented by single functions
is obtained. Thus, for this class solved the Slupetski problem
Keyword: The piecewise-linear function piecewise-parallel function,

the completeness problem, the Slupetski criterion.
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O1enka KoJmYecTBa pa3MeToK rpadosB
rPyINOBBIX aBTOMATOB

Umenko P.Al

Ecmu B qmarpamme Mypa aBromara 6€3 BbIX00B yopaTh nHMOpMa-
U0 O BXOJHBIX OYKBaX, TO MOJYUHUTCs OpUEHTHPOBaHHBIN rpad. O6-
paTHasl omeparysi, Korja 3ra nHMOPMAIUS BOCCTAHABINBAETCS, HA3bI-
BaeTcsl pa3sMeTKoil rpada aBromara. B 9T0ii cTaThe IPUBOIATCS OIEHKI
quc/ia pa3sMeTok IpadoB, MIPUBOJLANINX K IPYIIIOBBIM aABTOMATAM.

KuroueBbie cioBa: rpymmoBoii aBroMat, Tpad IIepexojioB, JTHa-
rpamma Mypa, mepMaHeHT MaTPHITLI, (DAKTOPUBAITHSI.

1. BBegenue

I'pynnoseie aBromarsl 6e3 Beixoga V = (A, @), @) TAKOBBI, 9TO JJIs JIIOOOTO
a € A* orobpaxkenue pq(q) = ¢(q, @) €cTb epecTaHOBKa HA MHOXKECTBE ().
Bnecb A — BxonHO# ajdasut, () — MHOXKECTBO COCTOSIHUM, ¢ : Q X A — QQ —
dbyukuus nepexomnos asromara V [1]. Kiace rpynmnosbix aBromaTos o6Jiaia-
eT psiJIOM UHTEPECHBIX 0COOEHHOCTE, 4TO OBLIIO OTMeueHO B paborax [2, 3.
[Tycrs muOKeCTBO E = {(¢, (9, 0)) | € Q, v € A} 0bpaszyer pebpa OpueHTH-
posanHoro rpada G = (Q, E). ABrop paccMaTpuBaeT 3ajady BOCCTAHOBJIE-
Husi rpynmnoBoro apromara Vo= (A, Q, ¢) no 3agannomy rpady G = (Q, F).
Kpurepuit BOSMOXKHOCTH TAKOI'O BOCCTAHOBJIEHUSI OBLJI PACCMOTPEH aBTOPOM
B pabore [4]. B nmanHoii craThe M3ydeH BOMPOC OIEHKH KOJIMYIECTBA TAKHUX
BOCCTaHOBJICHUH.

st cmygast aBTOMAaTa € BXOIHBIM aihaBUTOM U3 JIBYX 2JIEMEHTOB Haiile-
Ha ToYHasA (popMyJia Yucsa BoccTaHoBgenuit. Kpome Toro, mpuBoauTcs Kpu-
Tepuil CyMecTBOBAHUS €IMHCTBEHHOTO BOCCTAHOBJICHUSI.

BrejieM He0OX0IUMBbIE TIOHSITHST U OMPEIC/ICHUSI.

Oupenesnienne 1. 'pagom asmomama V = (A, Q, p) Ha3bIBaeTCS pas-
MeueHHBIN opueHTHpoBaHHbIl rpad G = (Q, W, f), BepumHbl KOTOPOro Co-
OTBETCTBYIOT COCTOAHUAM aBTOMaTa, IIPU 3TOM

! Muenxo Poman Andpeesuw — acrmpanT Kad. MATEMATHYECKOR TEOPHH MHTEIIEKTY-
aJbHBIX cucTeM Mex.-matT. b-ta MI'Y, e-mail: ishchenko.roman1@gmail.com.

Ishchenko Roman Andreevich— graduate student, Lomonosov Moscow State University,
Faculty of Mechanics and Mathematics, Chair of Mathematical Theory of Intellectual
Systems.
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e=(qi,q) €W, fle) = a < ¢(q,a) = gj,
e f: W — A, a € A.

Onpenenenue 2. I'pynnosvim epagom OyaeM Ha3LIBATL OPUEHTUPOBAH-
HBIlT Tpad, pedpa KOTOPOro MOryT ObIThH pasMedeHbl TAKUM 00Pa3oM, 9TO
obpasoBaHHbIi I'pad sBigeTcs rpadoM HEKOTOPOIO IPYIIIOBOIO ABTOMATA.
Takyio pasmeTky OyaeM HA3bBIBATL I'—pPA3MEMKOU WA MPOCTO PA3MEMKOU.
Kak 6bu10 m0Ka3ano B [4]:

YrBepxkaenue 1. I'pap G(Q, W) — epynnosoti mozda u moavko moeda,
K0204 CYULECMBYem MaKoe YUCA0 M, Mo daf 410001 sepwunst ¢ € Q) 68xT0-
OAWAA U UCTOOAWAA CTNENEHY, BEPUUHBL PaBHYL M (KOAUNECTNEY INEMEHMOE
6 aaasume coOMBEMCMEYIOULE20 ABMOMAMG,).

Huxxe paccmarpuBaeTcs: wucao pazmemorx epynnosozo epaga G. Ilpu sTom
MbI Oy/IeM pa3/indaTh PasMeTKU ¢ TOYHOCTBIO JI0 3aMeHbl OyKB U /UM KpPaT-
HbIX pebep. K mpumepy, ABe HMXKENPUBEIEHHBIE PA3METKU OyIyT OIUHAKO-
seivu (Puc.1).

Puc. 1. /IBe omunakoBbie pa3MeTKu I'PYIIIOBOTO I'pada.

Mo2KHO OKa3aTh, 9TO YUCJIO PA3IUIHBIX PA3METOK I'pada paBHO UUCIIY
Pa3IUYIHBIX PA3JIOKEHUH COOTBETCTBYIOMIEl Ipady MATPUIIBI HHIIUACHTHOCTH
B CYMMY MAaTPHIL II€PECTAHOBOK.

Onpenenenue 3. Mampuuye uHyudenmmocmu A 0pUEHMUPOBAHHO20
epagpa G ¢ aucsioM BepiuH 1 (B JajbHeiineM npocto «mampuua 2paga G ») —
9TO KBaJpaTHas MaTPUIa MOPsIKa N, IJe 3HaYeHHe dJIeMeHTa ¢;; PABHO YUC-
JIy pébep m3 i-0il BepIIMHBI B j-yiO BepmuHy rpada G.

Onpenenenue 4. Mampuuetd nepecmanoskxu P, Ha30BeM MaTpHUIly pas-
Mepa n X n BUIA

€o(1)
P, = <e‘T @ > , TJIe e; — BEKTOP JUINHBI 1, 1-If 9JIEeMEHT KOTOPOTO paBeH 1,

€o(n)
a ocTaJibHBIE paBHBI ().

3aMeTnM, 9TO yTBEpXKAeHNEe | MOXKET ObITH mepeOpMyIHpPOBAHO B TEP-
MUHAX MATPUIL CJIeIyomM obpazoM: epad G — epynnogoti mozda u mMoavKo
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moeda, xo2da Hatidemcsa maxoe YUCAO M, YMO CYMMA “uces 8 A10b0t cmpo-
Ke U A000M cmorbue e2o mMampuuyb, pasHa m. TaKyr MaTPHUIy MbI Oyaem
Ha3bIBATH 2PYNNoGot, a IUCJIO M — CMENEHBIO MATNPUUDL.

ITo onpenenenuto rpymmnoBoro rpada Kax e noarpad rpada rpymnmnoBo-
ro aBTOMAaTa U3 pebep ¢ 3aJaHHoil OyKBO OyIeT UMETh MaTPHUILy MHIIAICHT-
HOCTH, SIBJIAIONICHCS MATpUIlell HEKOTOPOil nepectanoBku. MHOXKecTBO Bcex
MAaTPHIL I€PECTAHOBOK, SABJSIONUXCA moaMaTpuiiamu Marpunbl A (B maib-
HeHIIeM HHOT/IA «nodMampuy, nepecmanosoks ) oyaem obosnauars P(A). Ha-
TypaJibHOE YuCI0 k OyeM Ha3bIBaTh KPAMHOCMBIO NOOMAMPUUDBL NEPECMi-
noexu P, eciu P* C A, rne P* =P x...x P, a PPl ¢ A,

k
Kpamnocmwio k matpuiel A 6yjieM Ha3bIBATH MAKCUMAJIBHYIO KPATHOCTh

eé IOAMAaTPHIIbI IEPECTAHOBKHU.
Onpenenenue 5. [lepmareHmom mampuyv, A HA3BIBAETCS IUCTIO

n
Per(A) = g Hami = g 17,0279 - - Ao s

mTESy i=1 TESH

rje cymMma 6epeTcst o BCeM IepecTaHOBKaM 7 {IHCces1 OT 1 J0 7.

O6oznaunm Per(n, k) MakCHMaJIbHO BO3MOXKHOE 3HAYCHHE HEPMAHEHTA
JTst OMHAPHBIX (COCTOAIMX TOIBKO U3 0 U 1) rpyIIOBBIX MATPUIL HOPSIIKA 1
creniern k. MHoxKecTBO Beex pazmeTok Marpuilbl A Gyaem oboznauars C(A),
KOJIMIECTBO pa3MeToK Marpunsl A obosnaunm g (A), g(A4) = |C (A4)|.

O6o3HaUMM MHOXKECTBO Ppa3MeToK Marpuibl A cremenu m, couep-
amux nogmarpuity B crenenn k, kak C (A|B), me. C(A|B) =
{{PL P2 Py € C(A) i, i ULy Py = BY.

O6osnaanm taxxke g (A|B) = |C(A|B)|.

ITepej; TeMm, Kak mepeiiTu K OCHOBHBIM Pe3yJIbTaTaM, JI0KazxKeM HECKOJIbKO
CBOWCTB TDYIIIOBBIX MaTPHII.

2. CsoiicTBa IpyHIIOBBIX MaTPHI],

YrBepxkaeune 2. /s epynnosot mampuyvt A cmenenu m u epynnogot
noomampuus, B cmenenu k cnpasediuso:

9(A|B) = g(A - B) - g(B).

Jlokasamenvcmeo. YTBepKIeHNe OUEBUIHO Cieayer u3 toro, uro C(A|B) =
C(A— B) x C(B), rae X — JIeKapTOBO IIPOM3BE/ICHIE MHOKECTB. O
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VYrBepxkaenue 3. /s 410601 epynnosoti mampuyst A u epynnosoti nod-
mampuyse B cnpasedauso g(B) < g(A).

Jloxasamenvemeo. g (B) < g(A— B)-g(B) = g(A|B) < g(A4). O

YrBepxkaenue 4. [Ipu nepecmarnogke cmpokx uau cmoabyo8 epynnogoli
MAMPUUDBL KOAUMECTNEBO PASMEMOK HE MEHAECTNCA.

Jloxasamenvcmeo. Bes orpanmyuenns obmHOCTH, mycTh MaTpuna A’ mosy-
YyeHa M3 MaTpUIlbl A cTemeHu m IIyTeM IepecTaHOBKM cTpok ¢ u j. Torma
MHOYKECTBO IePMaHeHTHLIX oaMaTpull Mmarpun, Py, Ps, . .., Py, asisercs pas-
MeTKOI MaTpuIsl A Toryia u ToJbKO TOrJIa, KOIJa MHOXKECTBO IIePMaHEHTHDIX
noamarpur, Pf, Py, ..., P} — npasuibHasi pasmerka marpuisl A riae s
moboro i P! mosyuena u3 Marpuisl P; nepecTaHOBKO CTPOK @ 1 J. O

3. OI_[eHKI/I KOJIn49eCTBa pa3dMeTOK

JList OIeHKM KOJIMYECTBA PA3METOK BBIBEIEM B sIBHOM BuIe (HOpMyJy 3a-
BUCHMOCTH KOJIMYECTBA PA3METOK MATPHUIBI A OT KOJMYIECTBA PA3ZMETOK €&

IO IMaTPUIL.
Teopema 1. Ilycmv P (A) = P1,..., Ps — muooicecmeo nodmampuy, nepe-
CManosox mampuys, A cmenenu m, npu amom oan awbozo i € {1,...,s}

xpamuocms nodmampuus, Py pasna k;, moada:

S Y g(A—jP)

m

9(4) =
!
Loxazameavcmeo. Tlocrasum marpunie A B coorBercrsue runeprpad G cie-
JYIOIIIM 00pa30M:

o Karkioil mogmarTpuiie mepectaHoBKU FP; mocraBUM B cooTBeTcTBHE kj
k-.
BepIuH rpada Pl-l, Piz, P

e J/lna xaxkjoro pasnoxenuss A Ha Mmarpunbl nepecraHoBkum A =
> iy jiP; coorBercrBytomeit pasmerke { Py, ..., Pi,..., Ps, ..., Ps} no-

J1 Js
CTaBUM B
cooTseTcTBHE pebpo n3 m sepmun { Pl P2 ..., Pljl, PP sts}.
Bamerum, uro g (A) paBHO KosmuecTBY pebep runeprpada G'. Tak kak
KaxkJoe pebpo coenmHsier poBHO m BepuimH, TOo ¢ (A) = W =
s k; j s Ky . ]
=1 Zjn%l dee P/ _ Ziny Zj%ég(A_jPi) , Tak KaKk deg P/ paBHO KOJIMUeCTBY pa3-

MeTOK MarpuIpl A, cofeprkamux posHO j noamarpur P (nasee nmpnMemsiem
Y18 1). Teopema Jokazana. O
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Craencrsue 1. /[as 2pynnogoti 6unapHoti mampuyb, A cmeneny m cnpa-

6€0AUB0
> pep(c) 9(A — P)

m

g(A) =

Teopema 2. Jlaa epynnosoti mampuust A cmenenu m nopadka n 8bnoAHEHO

< H Per(n,i).
i=1

Zloxazameavcmeo. Jlokaxkem OIEHKY WHIYKITHEH 110 M.

Baza maaykuuu (m = 1). I'pynnosas marpura crenenu 1 siBisieTcs
MaTpuUIel epecTaHOBKU M OYEBUIHBIM 00Pa30M UMeEeT €IUHCTBEHHYIO pas-
MmeTKy. [Ipu srom, nojcrasisst B popmyiay m = 1, mojrydaem:

HPer (n,i) = Per (n,1) = 1.

Nunykrusnueiii nepexon (m —1 — m). Ilpeamonoxum, 410 yTBEp-
JKJIEHUE CIIPABEJINBO JUIsl BCeX IPYNIOBBIX Marpul crenenun m — 1. Pac-
cMoTpuM rpymnoByio marpuny A = (a;;) cremenn m. Ilycrs P(A) =
{P1,...,Ps} — MHOXeCTBO HOJMATPUI] I€PECTAHOBOK MaTpuipl A cremenn
m, upu 9ToM Jyist Jioboro ¢ € {1,...,s} kparHOCTH mOAMaTpuIbl P; paBHa

ki, kparHocTh A paBHa k = max k;.
i€{1,...,s}
Paccmorpum Gunapryio marpuiy A’ = (@) ;) nopsijaka n, B KOTopoii

i,
, 1, ecmma;; #0,
@i =

rae 4,j € 1{1,...n}.
0, ecmm a;j =0, 7 ed J

Bamernm, uro Per (A') = s.

[Tosb3ysick coorBeTcTBeHHO Teopemoii 1, YTBepK IeHneM 2, IIpe/IIosiozxKe-
HUeM MHIYKIMH, OlpejieleHneM KPaTHOCTH MaTPUIlbl, HEDABEHCTBOM k < m
u omnpejesienuem Per(n, m), mosydaem:

S S g(A=GP) S ki-g(A-P)

g9(4) = < == <
m m
-1 - _

_ Yoy (kz 17, Per (7%.7)) _ H;n:ll Per(n,j)->7 1 ki -
k m—1 P m
5 HPer (n,7) < 67“ HPer n,j) <HPer(n,j).

7=1 j=1

Teopema j10Ka3aHa. O
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3aMeTnM, UTO JIs CIydas OMHAPHBIX MATPUIL OIIEHKA 1€0peMbl 2 MOYXKET
OBITH yJIydIlIeHA:

Teopema 2.1. Jlas epynnosoti bunaproti mampuus, A cmenerwu m no-
DAOKG N GHNOAHENHO

1 4 ,
g(A) < — HPer(n,z).
=1

JlJ1st IOKa3aTeIbLCTBA TEOPEMbI JIOCTATOYHO TOBTOPHUT IIArd JOKA3ATE b=
crBa Teopemsl 2, yaursiBasi, 4To st joboro i € {1,...,s} k; =k = 1.

[TpuseieM BepxXHEE OIEHKU EePMAaHEHTa MATPUIILI U BHIBEIEM € UX IOMO-
IbIO CJIeACTBUS n3 Teopem 2 u 3.

VYrBepxkaenue 5 (|5, 6]). IIyemv A = (a;;) — Ounapras mampuya
nopadka n. O603HAMUM CYMMY “HUCEA 6 1-0T CMPOKE KAK T3 = Z?Zl ajj, i =
1,2,...,n. Toeda

r, +1

Per(A) <] [ ) < ]I~

Caencrue 2. /s epynnosoti mampuyst A cmeneru m nopadka n 6bi-

o g(4) < ﬁ )7 < ((m“)')

om
=1

Hoxazameavcmeo. Ucnonb3ys Teopemy 2 u mojcraBigsa Ijist JIIOOOTO & =
1,2,...,n B HepaBeHCTBa YTBepXKIEHUS 3 BMECTO CYMM CTPOK 7; CTell€Hb
COOTBETCTBYIOIIEH MaTPUIIBLL, II0JIYYaeM:

CiencTBue JTOKa3aHO. O

AHAJIOrTYIHO IOJIyYaeM
Caencreue 2.1. /Jlas epynnosoti bunapHol mampuuyve A cmenenu m
nopAdKa N 8LINOAHEHO
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JlokaxkeM HUKHIOIO OIEHKY KOJIMYECTBA Pa3METOK OMHAPHON MaTpPHILBI
[IPU TIOMOTITY HUXKHEN OIEHKHU IIepMaHEeHTA.

Vreepxaenue 6 ([7]). ITyemv A — 6Gunapnas mampuya nopaoka
n ¢ Per(A) > 0. Ilycmv sexkmop R cymm cmpox mampuyw, A, R =
(ri,7mo,...,mn) — Hesospacmarowyut. Tozda

Per(A) > H max{l,7; —n+1i}.
i=1

Caenctsue 3. Ilepmanenm aoboti mampuys, A cmenenu m cocmaéas-
em ne menee m!

Zloxazamenvcmeo.

n

Per(A)}Hmax{l,m—n—i—i}: H 1- H (m —n+1i) =m!
i=1 i=1

i=n—m+1
O]

Teopema 3. /Jlia epynnosoti bunaproti mampuys, A cmenenu m nopadka n
6BINONHENHO

g(A)

V
—
=

Zoxazameavcmeo. JokaxkeM ONEHKY HWHIYKIIAEH 110 M.

Baza unaykumu (m = 1). JTiobast rpynnosasi MaTpuia crernenu 1 sipJisi-
eTCdA lVIanI/IHeﬁ IIepeCTaHOBKHU 1 UMeeT e,I[I/IHCTBeHHyIO pa3MeTKy. HpI/I 9TOM,
OJCTaBJIsIsI B popMyay m = 1, moydaem

m—1
H k' =0! = 1.
k=0

Munyxkrusueiii nepexon (m —1 — m). Ilpeanosnoxum, aro yreep-
JKJIEHUE CIIPABE/IJIUBO JIJIsl BCEX TPYTIIOBBIX OMHAPHBIX MATPUIL CTEeHN m— 1.
Paccmorpum rpymmnosyto marpuiy A = (a; ;) crenesn m.

[Iycrs P (A) = {P,...,Ps} — MHOXKeCTBO NOJMATPHI] [I€PECTAHOBOK
marpuisl A, Tora

1 1
g(4)=— Z;g(A Pi)> —FPer(A)- min g(A-P)>
1=
1 m—2 m—1
> a m! H k' = H k'
k=0 k=0
Teopema mokazana. O
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B kagecTBe HIzKHENR OIIEHKU MaKCHMaJIbHOI'O KOJIMYEeCTBa Pa3METOK IJId
MaTpHUIlbl C 3a/JaHHBIMHA IIOPAJKOM M KPATHOCTbBIO OIEHUM YUCJIO PA3SMETOK

JIJIsT MQTPUIL, OITPEIEJIEHHOTO BUJIa B CJIydae 1 : M.

Teopema 4. /Jlaa 410060 HAMYPAALHBIT T U T MAKUT, 4MO N M, Cyuwie-

CNBYEM MaKas 2pYnnosas Mampuya cmeneru m nopadka n, wmo g (A) =
n

1 (mIli—ok\m

m! 3 :

Zoxazameavcmeo. Ilycts n = ml. PaccmoTrpuM rpynmoByio MaTpuily , Ha

JIMAroHaJIM KOTOPOI PaCIIOIOXKEHDI OJIHBIE TOAMATPULLI CTEIICHU 11:

1 1
|
——
m
1 --- 1
1 --- 1
b\,—/

m

1 .- 1
1 --- 1
N—_——

m

Hokaxkem, ITO
!

g(A) = (m)'"" (g (Kpm))". (1)

Kaxknoii mogmarpuie nepecTaHoBKI MaTPUIbl A MOXKHO IIOCTaBUTb B CO-
orBercTBUE CTPOKY U3 | Marput (P, P, ..., P), tae P; — nepMmaHeHTHAast
nogmaTpuna K,,. Tak Kak Kakmas u3 «KJIeToK» K, MOXKeT ObITh Pa3/IoKeHa
Ha ImoaMaTpHUIbl IIEPECTaAaHOBKHU HE3aBHUCUMO OT JIPYIUX «KJIETOK», TO 3a/a4a
[TOMCKa KOJUIECTBA PA3METOK MaTPHILI MOXKET OBITH HepedOpMyInpoBa-
Ha KaK OIpeJieIeHne KOJTUIEeCTBa PA3INIHbIX C TOYHOCTHIO JI0 IIEPECTAHOBKU
CTPOK TabJnI] pasMepa [ X m, B stuefikaX KOTOPBIX PACIOJI0KEHBI TOAMATPH-
1Bl IIepecTaHOBKU K, a 00beauHeHne MaTpUIL B JiIoboM cTosibie maer K,,.
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Pl P} . P!
P? P N P?
P P! N P

Tabusmma 1. IIpeacrasiienne pas3iioXKeHuss MaTpulbl A B BHje TaOJIULbL U3
IIepMaHEHTHBIX ITOIMATPUIIE.
B rabjmme 1:

e UL, Plj = K, st smoboro i € {1,...,1},
° Ui:l Pij — nmepManenTHas moamarpura A st moboro j € {1,...,m},

® Ui‘:l Uzﬂﬂ Pij = A

KonudaecTBo pasinyHbIX MEPECTAHOBOK U3 1M 9JEMEHTOB paBHO m!, mo-
9TOMY KOJIMYECTBO PA3JIMIHBIX BO3MOXKHBIX CTOJIOIOB TaOJIHUIBI paBHO m! -
9(K ), ce1oBaTebHO, KOJTMIECTBO PA3InIHbIX HAOOPOB U3 [ cTOJIOIOB paB-

(m!~g(Km))l _

l
HO (m! . g(Km)) , & C TOYHOCTBIO JI0 IEPECTAHOBKHU 1M CTPOK — p—

(m))! =1 (g (Kn))".

JlokazkeMm, 9TO
m |
k,:0 k .

3(m—1)I 2)

9 (Kp) 2

g m = 1,2 yrBepxjienue o4ueBuiHO, paccmorpum m > 3. CorjacHo

Teopewme 1, g([(m) _ ZPGP(Kmn)lg(Km*P)

HeHTHOIT Marpursl P € P (K,;,) u3 marpuiisl K, — P MOXKeT ObITh 10Ty YeHa
marpuna K, — E (rae E — ejjuHuYHAasi MATPUIIA) IIyTeM II€PECTAHOBKU COOT-
BETCTBYIOIINX CTPOK: JTOCTATOYHO CIEJIaTh N IIaroB, TlIe Ha i-M Iare CTpoKa
C HyJeM B i-M CTOJIOIE TIpU HEOOXOANMOCTHU IIEPECTABISIETCS C -0l CTPOKOIA.

. BamerumM, 4TO JJIs1 J1I0OOI TIepMa-

101 1 01 1 1
1110T1(—>T31110T2<—>T3
01 1 1 1011 | (3)
1101 1101
01 11 01 1 1
2473 1011 34274 1011
1110 71101 (4)
1101 1110
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C yueroMm YTBep:KieHUs 4 TOJTydaeM:

_ > pep(Kp) I Em — P) _ Per (Kn) - g(Kpm — E)

9 (Km) m m =
B Per (Kmn) - ZPGP(Kme) 9(Km — E — P)
m(m — 1) -

- Per (Ky,) - Per (Kp, — E) - minpep(,,—g) 9 (Km — E — P) N
- m(m —1) -
. Per(Kn) - Per (K — E) - |

- m(m — 1)

Bamerum, uro Per (K,,) paBeH YuCIy BCEBO3MOXKHBIX II€PECTAHOBOK U3
m asemenTos, T.e. Per (K,,) = m!. Sagaua noucka Per (K,, — F) skBuBa-
JIEHTHA 3aJlade Olpe/Ie/IeHusl KOJMIeCTBa IepeCTAaHOBOK Ha MHOKECTBE U3 1M
9JIEMEHTOB, KOTODbIE He OCTABJISIFOT HU OJIHOTO 3JIeMEeHTa (DPUKCUPOBAHHBIM.

(=D*

Mozkro mOKasaTh [8], 9T0 UMCIO TAKHX MEPECTAHOBOK paBHO !y )" ) .

—1k .
Jlerko y6equThest, 4ro y ot % > %, U TI0CJIe Psijia Ipeodpa30BaHuil Mbl
[IOJIy9aeM BbIpaKeHue 2.
[Toncrasisas BeIpazkeHnre 2 B BhIpaKeHUe 1, TOJIydaeM:

g(4) > (mt) " (W)ll <W>l_1 (wY

3(m—1)!)  m!'\ 3(m—1)! m! 3

Honcrapnsas -- BMecto [, ToJTydaeM JOKa3aTelbeTBo Teopembl. O

4. Cayuait m = 2

Jlns rpynnoBeiX rpadoB B asidaBuTe U3 ABYX DJIEMEHTOB KOJUYECTBO IIPa-
BUJILHBIX PA3METOK MOYKET ObITh B SIBHOM BHJIE BBIPAYKEHO Yepe3 IMepMaHEHT
COOTBETCTBYIOIIEH et GMHAPHONW MATPUIIHI.

Teopema 5. ITycmo A = (a; ;) — epynnosas mampuya cmenenu 2 nopadka
n. Pacemompum 6unapryro mampuuy A’ = (ag’j) nopadka m, 6 KomMopot
1, ecrua;j#0

a; ;= “edei,j €{l,...n}. Toeda xoauuecmeo pasmemor
’ 0, ecaua;;=0,

MaAMpPuYs, PasHo:

N PETQ(A/), ecau A # 2F,
g9(A) =
1, ecau A =2F.

Hoxaszameavemeo. Cayuaait A = 2E odeBunen. 3ameruM, uto eciu A # 2K,
TO KPATHOCTH BCEX HEPMaHEHTHBIX rmojmarpull pasubl 1. ITosbsysics Teope-
Moit 1 m rem, uro st soboit nogmarpunst P € P(A) crenens g(A — P)
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paBHa 1, mosrygaem:

_ > pep(ay9(A—P) _ Per (A’)'

9(4) 2 2

O]

Teopema 6. Koauuecmeso padmemor epynnogoti mampuyv, A cmenenu 2 He
n
2

npesviwaem g(A) < ol J_l, U 9MaA OYeNHKa JOCTUNCUMA.

Jlokasamenvcmeo. MoxkHO 1oKa3arh 9], 4T0 IepMaHEeHT IPyNIOBOii MaTpH-

bl A crereHn 2 He IPEBBIIIAET 2|.%J, 9TO ¢ yaeToM TeopeMbl 5 TOKA3bIBAET
BEPXHIOIO OIIEHKY.

B kadecTBe mpuMepoB MATPUIL, HA KOTOPBIX 3T OIEHKA JOCTUXKUMA, IIJIsi
ciIydas IeTHOTO 1 PACCMOTPUM T'PYIIMOBYIO MATPUILY, Y KOTOPOIl HA AMAro-
HaJIA PACIIOJIOXKEHBI IMOJHBIE TOJIMATPHITBI CTEIIEHU 2, JJIsd CIydas HeYeTHOTO
N — ee HE3HAYUTEJbHYIO MOIUMDUKAIUIO.

YyeTHOE N HEYEeTHOE N

—
—_ =
—_ =
—_
— =
— =
—
—_ =

—_ =
—_ =

1 10
1 01
01 1

n
()‘IGBI/I,ZLHO7 Y9TO IIepMaHEeHT JaHHBIX MaTpPHUIl paBE€H COOTBETCTBEHHO 22 n

n—1 n|_
272 |, IO3TOMY KOJIMYECTBO PA3METOK B 0DOMX CJAydasX PaBHO 2L2J L Teo-
b
pema JIoKa3aHa. ]

5. Kpurepuit es7MHCTBEHHOCTU PAa3JI02KEHMSI

Teopema 7. Ilycmv A — epynnosas mampuya cmenenu m, P(A) =
{P1,..., Ps} — mmHootcecmeo nodmampuiy, nepecmanosok, npu 3mom OAs A10-
6oeo i € {1,...,s} xpamuocmv nodmampuyw, P; pasna k;, mozda mam-

puya A umeem edurcmeeHHyo pazmemxy mozda u moavko moezda, Ko2da
S J—
i1 ki =m.

Zoxazamesvcmeo. HeobxomaumocTs. [lycts maTpuria A nMeeT eIMHCTBEH-
HYIO IIPaBUIbHYIO pasmMeTrky A = p1 P + ... + psPs, p; € Ny — KomdyecTBo
marpur, P; B pasioxenun marpunsl A, > 7| p; = m. 3aMeTuM, 4TO TOIjA

Zf:l ki > 2;1 bi=m
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Ipeamonoxum, aro y ;. k; > m, Torga cymecrsyer takoe | € {1,..., s},
uto k; > p;. Pacemorpum marpuny A = A—k P,. I'pad A’ asngercs rpymo-
BBIM CTEIEeHU M — kj 1 MOXKeT ObITh pasioxken B cymmy A’ = p) Py +. . .+l Ps,
npu stoM p; = 0. Torga pasnoxenue A = pi Py + ... + kP + ...+ p,Ps o1-
JITYAETCsT OT UCXOHOTO BBH/LY TOTO, 9TO k; > pj, IIPOTUBOPEYNE.

Hocrarounocts. Ilycrs Y 7 k; = m. Ilpeanonoxum, aro rpad G ume-
eT He MeHee JIByX Pa3/IMIHbIX IIPABUIHHBIX PA3METOK:

A=p1P+ -+ psPs
AP+t alP,

Cymecrsyer takoe | € {1,...,n}, aro p; # p;, Ge3 orpanudenus oouI-
mocrn py > pr. Torma 357y ki > 3io max(pi, i) = Yieq, . syuPi + P >
Zle p; = m. [IporuBopeune. Teopema goka3aHa. O]
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Estimation of the number of labelings of group automata graphs
Ishchenko R.A.

If we remove symbols of a state diagram, then we get a directed
graph. The inverse operation, when this information is restored, is
called graph labeling. This article estimates the number of graph
labelings that lead to a group automata.

Keywords: group automata, transition graph, state diagram,
permanent, matrix decomposition.
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O KOmOBOM paCCTOSHUHN B OJHOM KJacce
KBaHTOBBIX LDPC kKonoB

Kasmages I'B., Ilantenees I1.A 2

B pabotre paccmarpuBaercs ogHo cemeiictBo KBanTOBBIX LDPC KO-
JI0B € BecoM crabmimsaropa 6 U IByMsl JIOTWYECKUMU KyOHUTaMu, riae
nMeeTcst (hpakTajdbHas CTPYKTYypPa HEKOTOPBIX JIOTHYECKUX OIEePATO-
POB. DTHU KOJIbI MOKHO IIPEJICTABUTH B BUJIE JIOKAJbHBIX KOJOB Ha TPEX-
MepHoil pemérke L X L X L ¢ mepruogudecKuMu rpaHuIHBIMEU YCIAOBU-
simu. ytst 9TOTO cemeiicTBa KOJIOB JIOKA3aHA HUYKHSIS OIIEHKA KOJOBOTO

paccrosmms Q(LY), tie o = logy (2(v/5 — 1)) ~ 1.306.

Kurouesbie cioBa: kpantosblii LDPC ko, JIOKaIbHbBIN KBAHTO-
BBII KOJI, KOJIOBOE PACCTOSHIE, JUHEHHDBIN K/IeTOIHBIN aBTOMAT, (DpaK-
TajJbHas Pa3MepPHOCTb.

1. BBenenne

O/IHUM U3 OCHOBHBIX IPEISITCTBUN HA IIYTH K CO3JIAHUIO TTOJHOIIEHHOI'O YHU-
BEPCAILHOTO KBAHTOBOTO KOMITBIOTEPA SIBJISIETCST TOCTATOYHO BBICOKAST HEHA-
JIEKHOCTb €ro KOMIIOHEHT. JlaHHOEe 00CTOSITEIbCTBO TPEXKJIE BCEro CBsI3a-
HO C HEBO3MOYKHOCTBIO B ITPOIECCE BBIMKMCJIEHUsST HA KBAHTOBOM KOMITBIOTEpE
UJI€AJIBHO M30JIUPOBATH OT OKPY2KAOIIEH CPeJIbl dJIeMEHTAPHBIE sTIefKU €ro
MaMsITH — KyOoumol, XpaHsIIUe TEeKyIllee cocTosiHue. Vaest KBAHTOBBIX KO-
noB, npepioxkennast [1. Ilopom [1], Teoperndeckn mo3BossIOT PEMIUTD JTaH-
HYIO TpobJjieMy 3a CUYET KOAMPOBaHUS abCTPAKTHOIO k-KyOWTHOTO COCTOSI-
HIsI KBAHTOBOIO KOMIIbIOTEpa (s02uveckue KyOouThbl) (hU3NUecKn peajnsye-
MBIM N-KyOUTHBIM cocTostHueM (gusuueckue Kyoursr). Ilpu srom mapamerp
R = k/n < 1, nassiBaeMbIil cKOpocmb10 KOJA, XapaAKTEpU3yeT n30bITOIHOCTD

! Kanraues I'ne6 Bauecragosuy — K..-M.H., M.H.C. JaGOPaTOpHN IpoBIeM TeopeTHye-
ckoil kubepueruku Mex.-matT. d-ta MI'Y, e-mail: gleb.kalachev@yandex.ru.

Kalachev Gleb Vyacheslavovich — Candidate of Physical and Mathematical Sciences,
Junior Researcher, Lomonosov Moscow State University, Faculty of Mechanics and
Mathematics, Problems of Theorecical Cybernetics Lab.

2 [Tawmenees Iasen Anamorvesun — K.db.-M.H., H.C. Kad. MaTeMATHIECKO TEOPHH HH-
TEJUIEKTYAJIBHBIX cucTeM MeX.-mar. d-ta MIY, e-mail: panpavel@yandex.ru.

Panteleev Pavel Anatolyevich — Candidate of Physical and Mathematical Sciences,
Researcher, Lomonosov Moscow State University, Faculty of Mechanics and Mathematics,
Chair of Mathematical Theory of Intellectual Systems.
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TaKOTO KOJWpoBaHus. pyroit BayKHOU XapaKTEPUCTUKON KBaAHTOBOT'O KOJIa,
[TOKA3BbIBAIOIIEH €ro CIIOCOOHOCTD UCIPABJIATH OIIUOKM, BOHUKAIONINE B (hU-
3UYeCKUX KyOUTax, sBJIseTCsT x¥00080oe paccmosnue. AHATOTHIHO KTacCude-
CKUM KOJIaM, K00060€ (MUHUMAABHOE) PACCMOAHUE KBAHTOBOTO KOJIa MOYKHO
OIpPEIEINTh KaK MaKCUMAaJIbHOE YNCJIo d Takoe, 4TO Jobas ommnbKa, m3Me-
HSIIOITAsi KBAHTOBOE COCTOSIHUE W 3aTPAruBarorias MeHee deM d (hU3MIeCKux
KyOHTOB, MOXKeT ObITH OOHAPYKEHA.

B kBaHTOBOIT MeXaHUKe COCTOSTHUE N-KyOUTHOI KBAHTOBOW CHCTEMBI MO-
KeT OBbITh OIKMCAHO BEKTOPOM U3 2''-MEepHOT0 KOMILIEKCHOIO THJILOEPTOBA
npocrpancrsa C2" u, B 0bImeM ciyuae, KBAHTOBBIH KoJ olpee/saercsa (hop-
MasTbHO Kak 2F-Meproe mojmpocTpancrso () mpocrpancrsa C2) e mapa-
MEeTPBI N U Kk HA3BIBAIOTCS €r0 JAUHHOU U PA3MEPHOCMHI0, COOTBETCTBEHHO.
IIpu nmeanbuoM DYHKIIMOHUPOBAHNN KBAHTOBOTO KOMITLIOTEPA, 3AITUIIEHHO-
ro KoJIoM (), ero coCTOsTHUE JOJIZKHO OBITH OJHUM U3 3JIEMEHTOB (), KOTOPBIE
10 AaHAJIOTUH C KJIACCUUIECKUME KOJIAMU HA3BIBAIOT (K6AHMOGHIMU) KOOOEbIMU
caosamu. OHAKO, BCIEICTBUAE OMMUOOK, BOZHUKAIONINX B KYOUTaX, COCTOSI-
HUEM KBaHTOBOI'O KOMIIBIOTEPA SIBJISIIOTCS MCKAXKEHHBIE KBAHTOBBIE KOJOBBIE
cI0Ba, W 3ajada JeKomepa /it () COCTOUT B TEPUOINIECKOM OOHAPYKEHUN
U UCIIPABJIEHUN STUX ONIUOOK.

Jlerko BUIETH, YTO MPUBEIEHHOE BHINIE ONPEIeIeHNe KBAHTOBOTO KOJA
OvYeHb 0011ee, U, BOOOIE IOBOPsi, HE SIBJISETCS KOHCTPYKTHUBHBIM, TaK KakK
JJIA CbI/IKCI/IpOBaHHbIX nu k CYIIECTBYET KOHTUHYYM PA3JIMIHbBIX KBaAHTOBBIX
kKoJ10B. [losTOMy, Kak IpaBUjIO, PACCMATPUBAIOTCS KAKUE-TO CIEIUAJIbHbIE
KJIaCCbl KBaAHTOBBIX KOJ/IOB, KOTOPbIE MOXKHO 3a/1aThb KOHCTPYKTHUBHO. O,[[I/IH
u3 Hambojiee M3BECTHLIX TAKUX KJACCOB — 3TO KJACC CMAOUAUSUPYIOWUT
weanmosuir Kodos! (amr. stabilizer codes) [2], sBsOnIXCS, B HEKOTOPOM
CMBICJIE, KBAHTOBBIM aHAJIOI'OM KJIACCUYECKUX JIMHEHHBIX KOJOB. B nanHON
paboTe MBI pacCMATPUBAEM YaCTHBIN CIydail cTabMIM3UPYIONINX KOJIOB, Ha-
sbiBaeMbIx Kogamn Kasbaepbanka-ITlopa-Cruna (CSS kozpr) [3, 4].

Baxkubim gocronncTBoM CSS KOJIOB, BBIIEISIONINM UX B KJlacce cTabu-
JIN3UPYIOIIUX KOJIOB, SIBJISIETCS IIPOCTOTA UX 3a/IaHUS U €CTeCTBEHHAs CBIA3b
€ KJIACCUIECKUMU JINHEHHbIMU KoJlaMu. PakTHIeCKH, MOXKHO PaCCMATPUBATH
CSS koj Kak mapy KJIacCHYeCKUX JIBOMYHBIX JIMHEHHBIX KOJOB OJIMHAKOBOI
JUIMHBL 1, 33JIAHHBIX TPOBepOYHbIMU MaTputiamu Hx u Hy Takumu, 910 JIIO-
6ast crpoka Hy oproronasbaa’ mo6oit crpoke Hy. B manbHemmM mos ciio-
BOM KBAHTOBBLII KOJI MBI Becerga Oymem mnoapasymeBarb CSS Ko,

Co crpokamu IpoBepodHbIX MaTpull H x u H 7 CBSI3BIBAIOT SPMHUTOBBI OIle-
pPATOPBI, HA3BIBAEMBIE CMAOUAUIAMOPAMU, OIUCHIBAIOIINE KBAHTOBBIE HM3Me-

!B smrepaType 9TH KOJBI TAKIKE €Ie HAZLIBAIOTCH CUMNACKMUNECKUMY WTH a00umue-
HOLMU.

20pTOroHa bLHOCTD JBOMHYHBIX BEKTOPOB (Ut, ..., Un) U (V1,...,V,) TOHAMAETCA KAK
BBITIOJIHEHNE TOXKIECTBa y -, w;v; =0 (mod 2).
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penus wHag n dusndeckumu Kydouramu. CiydaliHbI BEKTOD S, ABJSIONUICH
pPe3YAbTATOM STHX M3MEDPEHMIi, MpeJICTaBisgeT coboil aHaIor CHHIPOMA JIJIsd
KJIACCUYECKUX JIMHEHHbIX KOJoB. OH 1OJAéTCst Ha BXOJI JEKOJEDY, KOTOPbIN
MBITAETCST ONPEJIETUTh U UCIPABUTH OMUOKY B NM-KyOUTHOM KBAHTOBOM CO-
crostaum. OTMETHM, 9TO YCIIOBHE OPTOTOHATBLHOCTH CTPOK Matputt Hx n Hyz
SKBUBAJIEHTHO TOIMAPHON KOMMYTATHBHOCTH CTabMJIN3aTOPOB, T.€. BO3MOXK-
HOCTHU COBMECTHOI'O M3MEPEHUS BCEX KOMIIOHEHT BEKTODA S.

ITo ompenenenuro, gecom crabuamsaTropa OyIeM Ha3BIBATH UUCJO HEHY-
JIEBBIX KOMIIOHEHT B COOTBETCTBYIOIEH CTPOKe MpOBepOUHOil Marpuipl. C
dusnveckoil TOUYKM 3pEHUsi BeC CTabmIn3aTopa — 3TO YUCTIO (PU3MIECKUX
KyOUTOB ¢ KOTOPBIMU HAJI0 IPOB3aUMOJIEHCTBOBATE JIJIsT BBIIOJHEHUST COOT-
BETCTBYIOIIET0 KBAHTOBOTO u3MepeHus. [loaroMy ¢ mpakTudeckoit Touku 3pe-
HUsi 0COOBIN uHTEepec npejcrapisitor kautosble LDPC koapt (QLDPC ko-
IIbI), Y KOTOPBIX 00e mpoBepounble Marpuiibl Hx u Hy paspexenst. [lpn
9TOM Pa3PEeKEHHOCTH OOBITHO ITOHUMAETCH KAK CYIIECTBOBAHUE KOHCTAHTBI
w, OrPAHMYUBAIOINIEN CBEPXY Beca CTPOK u crojibnos matpul, Hx u Hy upn
pocte nnuHBI Koga n. Ilociaennee yciaoBue 3KBHBaJIEHTHO TOMY, YTO B KaXK-
JIOM KBaHTOBOM HM3MEPEHUN yIacTByeT He OoJsiee w PpU3MIECKUX KyOUTOB, U
KaXK/JIplil KyOuT ydacTByeT He 6ojiee ueM B 2w m3MepeHusix. B ormaunm ot
KJIACCUYECKOI0 CJIydasi, OJ00HbIe OrpaHUYEHUS YPE3BbIYAfiHO BarKHBI JIJId
KBaHTOBBIX KOJIOB, TaK KaK B IPOIECCE M3MEPEHUsI MbI B3aUMOJIEHCTBYEM C
KyOUTaMU, U TeM CaMbIM BHOCUM B HUX OIITHOKH.

Ha nannbiit MOMEHT HEM3BECTHO, cyiiecTByIOT Jjin cemeiictBa QLDPC ko-
JIOB, MMEIOINEe JIMHEHHO pacTyIiee KOI0BOe paccrosHue d jaxke mpu (Huk-
cUpoBaHHO# paszmepHOCTH Koja k. OJHAKO UMEIOTCS HEKOTOPbIE O0IIue KOH-
crpykiuu [6], nossousitonre crpoutb QLDPC kozpl ¢ paccrosinueM, pacTy-
M, Kak O (y/n) u GuxkcnpoBanHoii cKOpocThIo Koja k/n. OnHO U3 rydmnmx
cemeiicts QLDPC komoB, /i KOTOPBIX U3BECTHBI OIEHKU KOJIOBOTO PACCTO-
sIHUs, OCHOBAHO HA CIIENMAJIbHOM CEMENCTBE METPHUK HA HEKOTOPOM MHOTO-
obpazun [7]. Y 9THX KOJOB KOJIOBOE PACCTOAHHE HMEET HOpaIoKS \/n+/logn.
OrmeruM, uTo B HeaBHUX paborax [8, 9] maHubIi pe3ysnbTaT ObLI HECKOJILKO
yaryuaties u nostyaeno cemeiictso QLDPC koioB ¢ paccrosinueM, pacTymnmM,
kak Q(y/nlogh n) as moGoro k.

Taxxke st pU3NIECKON peau3aliun OUeHb BaXKHO ITOOBI KyOUTHI MOXK-
HO OBLIO PaCIoIOXKUTL B D-MepHOM mpocTpaHcTBe, riae D < 3, Tak, YTOOBI
CBSI3aHHBIE OBIIUM IIPOBEPOYHBIM COOTHOINEHHEM? KyGHTBI GBLIH GBI PACIIO-
JIOXKEHBI JIOKAJBHO, T.€. PACCTOSHUE MEXKJ/y HUMHU OTPAHUYEHO KOHCTAHTOM
pu yBeJmdeHun JanHbl Koaa n. Kanrosele LDPC kompl, 11t KOTOPBIX Ta-
KO€ PaCIIOJIOKEHNE BO3MOXKHO, HA3BIBAIOTCH D -40KaAAbHMYU WA TIPOCTO A0-

B opurunaibuoii pabore [7] 9TOT MOPAIOK OMHUGOYHO yKasaH Kak /1 log n.
“TIposepountie coornommenns CSS Koma — 9TO IPOBEPOUHBIE COOTHOIIEHUS IBYX COOT-
BETCTBYIONIUX KJIACCUIECKUX KOJOB.
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KAAOHBLMU, €CJIN U3 KOHTEKCTa siCHO 0 KakoM D waeT peub. [ljist joKaIbHBIX
KozoB m3BectHa [10] Bepxmsas onenka d = O(nP~Y/P) xoropas npu D = 2
JIOCTUraeTCst Ha TopudeckoM koze [16, c. 97|[17]. s D > 2 memsBecTHO
KOJIOB, Ha KOTOPBIX 3Ta olleHka gocruraercd. [Ipu D = 3 ecTb HECKOJIBKO
cemeiicT ko108 |11, 14, 15|, 1y1st KOTOPBIX HOTEHIUATIBHO PACCTOSTHUE MOXKET
ACUMIITOTUIECKH PACTU OBICTpee 9eM /7, OJIHAKO BCE U3BECTHBIE HUXKHUE
OIIEHKH Ha KOJIOBOE PACCTOSIHUE STUX KOJIOB HE IIPEBOCXO/IST Q(n%) YV Takux
KOJIOB HEKOTOPBIE JIOTUIECKHE ONEPATOPDI (HEJIETeKTUPYEMble OIUOKH, H3Me-
HSAIOIINE KBAHTOBOE COCTOSIHWE) MMEIOT (DPAKTAIBHYIO CTPYKTYDY, HOITOMY
MX MHOTJIA HA3BIBAIOT (BPAKMANbHBMUS.

B pabote paccmarpuBaercs onuo cemeiicteo QLDPC komoB ¢ Becom cra-
6unmzaropa 6 u gByMst Jorndeckumu Kyburamu (T.e., kK = 2), rje Takxe
uMeeTcs ppakTATbHAST CTPYKTYPa HEKOTOPBIX JIOTHYECKUX OIePaTOPOB. DTU
KOJIbI MOYKHO IIPEJICTABUTD B BHJIE JIOKAJIBHBIX KOJIOB HA TPEXMEPHO PeIIéTKe
73 ¢ 1epuoIIMecKNMI TPAHITHBIME YCJOBUAME, T/ie Zf, — KOJIBIO BHIYETOB
o momysito L. IIpu aToM B KaK/I0M y3Jie PEriéTKr Z% HAaXOJIUTCH TI0 JIBA KY-
6uTa, 1 TEeM caMbIM obiree dnciio Kyouros n = 2L3. Jjist 9T0ro ceMeiicTBa, KO-
JIOB JIOKa3aHa HUYKHsIs OIleHKa KOJI0BOro paccrosiuust d = Q(LY) = Q(n%a),

e o = logy(2(v/5 — 1)) =~ 1.306.

2. Omnpenesenust 1 0003HAYEHUS

2.1. Kiiaccudyeckue u KBaHTOBBIE KOJbI

Ob6oznaunm 4epes Fy kKomednoe mosie 3 JIByX 37I1€MeHTOB, a depe3 F§ —
n-MepHOe KOOPJMHATHOE BEKTOPHOE IPOCTPAHCTBO HAJl [Fg, 3JIeMEHTBI KOTO-
POro MBI 6yJeM TOHHMATH KaK JBOMYHBIC BEKTOPHI-CTOMONBI (v, ..., vp) .
Becom BexTopa v € [y OyjeMm Ha3bpIBaTh KOJMYECTBO €ro HEHYJIEBBIX 3JIe-
MeHTOB 1 0bo3HavaTh |v|. Ecim y mac umeercss m x n marpuna A na Fo,
10 4epe3 (A) OyjeM 0603HAUATD JIMHENHYI0 000I0YKY CTPOK MaTpUIbl A, a
gepes ker A spo JiMHERHOrO omeparopa v — Awv.

HamomumM, 9T0 KIaCCHIeCKIM JTBOMIHBIM TUHEHHBIM C KOTOM JAUHbL T 1
pazmeprocmu k HA3BIBAIOT ITPOU3BOIbLHOE k-MepPHOE JIMHEITHOe MOAIPOCTPaH-
CTBO N-MEPHOI'0 BEKTOPHOI'O IIPOCTPAHCTBA [y, 9/1leMeHTBI KOTOPOIo Ha3bIBa-
I0TCs K0006bLMU CA06aMU. BarxKHON XapaKTEepUCTHKON KOJia, KOTOPast OIIChI-
BAE€T €ro CHOCOOHOCTD UCIIPABIIATH OMIMOKY, SIBISACTCS K00060€ (MUHUMAND-
Hoe) paccmosnue d, paBHOE, B CJIydae JIMHEHHBIX KOJIOB, MUHUMAJILHOMY BECY
HEHY/IeBOrO KOJIOBOTO CJIoBa, T.e. d = minyec (o} [v]. Tax xak C apmser-
csl k-MepHBIM JIMHEHHBIM HOAIpOCTpaHCTBOM B FY, ero MOXKHO 3aJaTh Kak
C = (G), r.e. Kak JnHejiHble KOMOMHAIMKM CTPOK HEKOTOpOil Marpuipl G,

STaxke MUPOKO HUCIONB3YeTCs HA3BAHUE KGAHMOGAA PParmasvHas Hcudxkocms (amr.
quantum fractal liquid).
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Ha3bIBaeMoil noposicdarouieti. Jlnueitnoe mogmpocrpanctso C C F§ moxHO
TakKe 3a7aTh Kak C' = ker H, T.e. KAK MHOYKECTBO PEIIEHUII CUCTEMBI JIV-
HEeHBIX OTHOPOIHBIX YPABHEHNUH, T7e MaTpulia H Ha3BIBAETCS NposepouHotl.
[Ipu 3TOM CTPOKM TPOBEPOUHON MATPUILI H COOTBETCTBYIOT YpaBHEHUSIM
JTAHHOM CHCTEMBI, KOTOPBIE MBI OyJIeM Ha3BbIBATD NPOGEPOUHLMU COOMHOULE-
nuamu 1jst koga C.

OO6BIMHO KOJIOBBIE CJIOBA KJjaccuieckKoro jmHeiiHoro xoma C' C [y, 3a-
JIAHHOTO TIPOBEPOYHON Marpuiieil H, MOHMMAIOTCS Kak JBOWYHBIE N-OUTHBIE
[IOCJIETIOBATEJILHOCTH, KOTOPBIe MBI IepeaéM 1o KaHajy ¢ ommbkamu. Og1-
HAKO KOJIOBBIE cy1oBa n3 C' MOXKHO TakyKe MHTEPIPETUPOBATH U KaK BEKTOPA
omubok x € F, BO3HUKAIOIIHUE C [TePEIaBAEMbIMU 1 OUTAMU, KOTOPBIE MbI HE
MOKeM JETEKTUPOBATH IPH TIOMOIIN MPOBEPOYHON MaTpuisl H, T.e. Korma
Hz = 0. Ilpu sTOM camuM BEeKTOpPaM OIMUOOK & €CTECTBEHHO COOTBETCTBYIOT
orepaTopsbl OMboK Fy: v — v + x JeficTBYIONNE HA MHOXKECTBE N-OUTHBIX
BekTopos. Eciin ¢ = E.(c), tne ¢ € C, ecThb UCKaxKEHHOE KOJIOBOE CJIOBO
¢ KOTOPBIM HPOM3O0IILIA OMHUOKa T, TO BeKTOp s = H(' maspBaior cundpo-
mom. TTockonbky s = H(c+ x) = Hx Mbl BUAUM, 9TO CUHJIPOM HE 3aBUCHT
OT CAMOTO KOJIOBOTO CJIOBA C, & 3aBUCHUT TOJBKO OT MPOM3OIIEIITeHl ¢ HUM
omubku x. [losToMy TPOBEPOUYHBIE COOTHOIIEHHUSI, COOTBETCTBYIONIUE CTPO-
KaM HpOBequHOﬁ MaTPUIIBI H, MOZKHO TaK2Ke ITOHMMaTb KaK «3JIECMeHTapHbIC
U3MEPEHHsI», KOTOPbIE Mbl IIPOU3BOIUM HaJl HCKAKEHHBIM KOJOBBIM CJIOBOM ¢’
JIJIsI BBISIBJIGHUY WHMOPMAIINN O IPOU3O0Ieeil ¢ HuM orubdke x. Pe3ynbra-
TOM TaKOTO U3MEPEHUs JIJIsT i~ CTPOKM SIBJISIETCST 3HAYEHUE - KOMITOHEHTHI
cubgpoma. [Ipu 9TOM OUE€BUIHO BBIIOIHSIIOTCS CJIEIYIONINAE YCJIOBUSI:

® DE3YJ/IbTAaT BCEX IJIEMEHTAPHDbIX H3M€p€HHI71 PaB€H HYJIO B TOTYHOCTHU JIJI
KOJ/IOBBIX CJIOB;

® JIIsI KOJOBBIX CJIOB, UCKAYKEHHBIX OIEPATOPOM OIMUOKU F,, Pe3ysibTar
U3MEPEHUl OIUCHIBAETCH CHHIPOMOM s = Hz.

B xyburax, B oT/InunnM OT OMTOB, MOXKET BO3ZHUKATH KOHTUHYYM Pa3JInd-
HBIX omu60KS. OHAKO MOXKHO MOKA3aTh [5, Timasa 10], 9o mjist n-KyOGUTHOTO
COCTOSTHUS BaIUIMIEHHOIO KBAHTOBBLIM KOJIOM 3HAYEHHE HUMEIOT TOJIHKO BbI-
JIeJIEHHOE KOHEYHOE HOIMHOXKECTBO OIIHOOK &y, cocTosimee u3 22" ommbok
E, ., mapaMeTpn30BaHHBIX BCEBO3MOXKHBIMI X, 2 € F5. Hamomuum, 4To KBaH-
TOBBIM KOz1oM C' HA3BIBAIOT IIPOM3BOJILHOE 2F-MepHOe moxmpocTpancrso 27-
MEpPHOTO KOMILIEKCHOTO IiiibbepTosa mpoctparcTsa C2 | s1eMeHThI KOTOpOro
MBI Ha3bIBaEM (KEAHMOBHIMU) KOOBHLMU CAOBAMU.

OcnoBHas uaes kpanrosoro CSS komga C cocrouT B TOM, 4TOOBI IIape
aBowdHbIX MaTpull Hyx u Hy ¢ 9ucioM cToOIoB 1, UT'PAIOIIIX POJIb IIPOBe-

5C ToukM 3peHmsT KBAHTOBOII MEXAHWKH OIMIHMGKAM HaJ| N-KyOUTHBIM COCTOSIHHEM COOT-
n
BETCTBYIOT yHHTApHbIE OIePATOPHI AeiicTyiomue na C2 .
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POYHBIX MATPHI], COITOCTABUTE MTOCIEIOBATEILHOCTD JIEMEHTAPHBIX KBAHTO-
BBIX I/IBMepeHI/Iﬁ7 HaJl N-KyOUTHBIM COCTOSTHHEM (Ho OJTHOMY MU3MEPEHUIO JIJIS
Kaxx10it crpokn Hx u Hy) Tak, 9To6bl:

® De3yabTaT BCEX JIEMEHTAPHBIX KBAHTOBBIX M3MEPEHUH JIeTEPMUHUPO-
BaHHBII 1 paBeH HYJIIO B TOYHOCTH JJIA KBAHTOBBIX KOJIOBBIX CJIOB;

® ISl KBAHTOBBIX KOJIOBBIX CJIOB, NCKaXKEHHBIX OIIEPATOPOM OIMHOKY Fy
pe3y/IbTaT M3MEPEHUIl TakKKe JIeTePMUHHPOBAHHBINA, M OIMCHLIBAETCS
BekTOpamu sy = Hxz, s; = Hzx, KOTOpbIE, KAK U B CJIydae KJIACCHU-
YEeCKHUX JIMHEHHBIX KOJIOB, HA3BIBAIOTCA CUHOPOMAMU.

Kak BumHO cuHApPOM Sx (COOTBETCTBEHHO Syz) COJAECPXKUT WHMOPMAIIUIO
0 KOMIIOHeHTe z (COOTBeTCTBeHHO ) ommbku E, . € &, npousomesureii ¢
N-KyOUTHBIM KBAHTOBBIM COCTOsiHMEeM. Ha ocHOBaHuW MaHHON WHQOPMAIIAN
nekozaep g kBanToBoro CSS Kozga IbITaeTCs HAWTH HamboJiee BEPOSITHYIO
omuoky F, . € £, u ucnpasuth ee.

Kaxk xoporio u3BecTHO, B KBAHTOBOM MEXAHUKE B CUJIy IIPUHITUIIA HEOIIPEe-
nenéarocru leitzenbepra He JoOble IBa M3MEPEHUsI MOT'YT IaBaThb IIOJIHO-
CTBIO ﬂeTeprIHHHpOB&HHbeI pe3yﬂbTaT O/THOBPEMEHHO. rHOCTa.TOLIHbIM yCJIOBI/I—
eM JIJIsl 9TOr0 SIBJISIETCS KOMMYTHPYEMOCTb CaMOCOIPSI?KEHHBIX OIIEPaTOPOB,
COOTBETCTBYIOIMUX 3THUM MU3MEPECHUAM. HO 3TOI IIpuanHe I BO3MOXKHOCTU
OJTHOBPEMEHHOI'O U3MEPEeHHUs BCeX KOMIIOHEHT CHHIPOMOB Sx U Sz Tpebyercs,
‘{TO6bI orepaTopbl, COOTBETCTBYIOIIHNE dJICMEHTAPHBIM U3MEPEHUAM JIJId MaT-
puny Hx u Hyz, 6bun onapao koMMmyTarusHbl. MoxHO 10Ka3arh [5, ¢. 561],
YTO IOCJIEJHEE yCJIOBUE SKBUBAJIEHTHO TOMY, YTO JII0Oasi CTPOKA B MaTpH-
e Hyx oproronanabHa J000it cTpoke B Hy; ¢ TOUKH 3pEHUsT CTAHIAPTHOTO
CKaJISIPHOT'O IIPOM3BEJIeHUsI B BeKTopHOM IpocrpancTse Fy. Jlannoe yciioBue
MOYKHO KOMITAKTHO C(hOPMYJIUPOBATH B MATPUIHOM BHUJE KaK:

HxHL =o0. (1)

B nmanbmeitmmem CSS kon C, samamnblii mapoit marpun, Hy n Hy nan
nojieM Fy ¢ OIMHAKOBBIM YUCJIOM CTOJIOTIOB M, Y/IOBJIETBOPSIFONINX COOTHOIIIE-
unio (1), 6ynem obosnadars depes CSS(Hx, Hz) 1 OTOXKIECTBIATD C Mapoii
(Cz,Cx) kimaccudaeckux JBOMYHLIX JnHeHHbIX K0j0B Cyz, Cx C F3, 3anan-
HBIX TpoBepodHbIMU MaTputiamu Hy, Hz, cOOTBEeTCTBEHHO. 3aMeTHM, 9TO
onmbku Buna Fo ., n E, o, tie z € Cz, x € C'x He 6yayT 0OHAPY KEHbI KBaH-
TOBBIM KOJIOM, ITOCKOJIbKY B 9TOoM ciaydae sx = Sz = 0. Ilo sToit mpuanme
nasnee kozosbie cioa u3 Cy (coorsercrBenHo Cx) Mbl Oyj1eM Ha3bIBATH Z -
owubramu (coorsercrBerHno X -owubramu) koma CSS(Hx, Hyz).

7Pe3yJIBTaTOM KazKJI0I'o 39JIEMEHTAPHOT'O KBAHTOBOI'O U3MEPEHUsA sABJIACTCA OJUH 6I/IT,
HpI/I(IéM B 0611161\1 clIydae 9TOT pPe3yJ/IbTaT He ABJIAeTCA JeTEePMUHUPOBAHHBIM.
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OTMeTnM, 9T0 HOCKOJIBKY, B cuity ycsosus (1), crpoku marpun, Hx u Hy
[IOIIAPHO OPTOrOHAJILHBI APYT APYTY, KaxKast CTpoKa MaTpuilbl H y sBJisgeTcs
X-omubkoit, a marpursl Hy — Z-ommubkoit. Crenosarensuo (Hx) C Cx u
(Hz) C Cy.

Koria Mbl paccMaTpuBaJ/Iy KJIACCHYECKUe KOJIbI MbI II0JIMEUaJIH, YTO MHO-
2KECTBO KOJOBBIX CJIOB B TOYHOCTH COBIIAJAET CO MHOXKECTBOM BCEX OHIMOOK
x € FJ KoTopble MbI HE MOMKEM JICTEKTHPOBATH IIPH BBIYUCICHUH CHHIPO-
ma. OJHaKo, HYJIEBOMY KOJIOBOMY CJIOBY COOTBETCTBYET OIIEPATOD ONIMOKN
Ey : x — x, He N3MEHSIOMUII IepesaBaeMble 110 KaHaJy KOJOBbLIE CJIOBA.
OxkasbIBaeTcsd, 94TO B KBAHTOBOM CJIydae IOJOOHAd CHTYyalldsl BCTPEYAETCs
SHAYUTEJILHO Yallle ¥ MOXKHO 1okasarh |5, Iiasa 10|, 4ro so6oii oneparop
Buga E, ., tne x € (Hx) u z € (Hz) TOXIECTBEHHO IEHCTBYeT Ha MHO-
JKeCTBe KBaHTOBBLIX KOJIOBBIX cJI0B. IIpu sToMm m06oit apyroit oneparop E, .
y7Ke JeHCTByeT HeTOXKICCTBEHHO Ha 3TOM MHOxKecTBe. Jlamnoe o6cTosaTe b
CTBO MOTHUBHUPYET IIPUBEJIEHHOE HUXKE OIIPEJIeJICHNE.

Ounpenenenne 1. X-ommubka z € C'x (coorBercrBenHo, Z-ommubka z € Cy)
Ha3bIBACTCS 6bipodicdennot, ecim x € (Hx) (coorBercrsenno, z € (Hyz)).

Bamerum, uro gse X-ommbku x,x’ € Cy, oramyalomuyecs Ha BBIPOXK-
nennyio X-onmbky (re. x — 2’ € (Hy)), 3amaor oneparopsl Ey g n Ey o,
JIeICTBYIOIINE OJINHAKOBOI'O Ha MHOYKECTBE KBAHTOBBIX KOJIOBBIX CJIOB. AHa-
JIOTUYHOE yTBEPXKIEHUE CIIPABEIJINBO M st Z-0mubok. 1lomobHbie ommb-
KU, JIeHCTBYIOIINE OJIMHAKOBO HAa MHOYKECTBE KBAHTOBBIX KOJIOBBIX CJIOB, MbI
OymeM Ha3bIBATH 9KEUSAAEHMHbLMY. COOTBETCTBYIONINE JAHHOMY OTHOIIIE-
HUIO KJIACCHI 9KBUBAJEHTHOCTH OOBIYHO HA3BIBAIOT A02UYECKUMU OWUOKG-
mu. Iosromy stormueckme X-ommOku (COOTBETCTBEHHO Z-OMMOKM) IIpeI-
CTaBJISIIOT co00i sstemenTsI (hakToprpocrpanctsa Cx / (Hy) (coorBercTBeH-

HO, Cz/ <Hz>>

Onpenenenne 2. Pasmeprocmovio CSS Kola Ha3bIBAETCsl PA3MEPHOCTD IIPO-
CTPAHCTBA, €r0 JOIMIeCKIX OIMMHUOOK.

Yobeaumcst, 9TO ompeesieHne KOPPEKTHO, T.e. PA3MEPHOCTH ITPOCTPAHCTB
Jiormdeckux X- u Z-omuboK coBnaaroT. elicrBuTe/ibHO:

dim(Cx/ (Hx)) = dim(ker Hz) — dim (Hy) = n —rank Hz —rank Hy,
dim(Cz/ (Hz)) = dim(ker Hx) — dim (Hz) = n — rank Hx — rank Hy.
Takum obpasom, dopmyra st pasmepaoctu CSS Koja uMeeT BUT
dim @) = n —rank Hy — rank H. (2)

Moxxuo nokasars [5, ¢. 553|, 9r0 BBeIEHHOE Cefvac IOHATHE PAa3MEPHOCTH
CSS kojia coryiacyeTcst ¢ BBEJIEHHBIM paHee MOHSITHEM Pa3MEPHOCTU KBAHTO-
BOI'O KOJa ODIIEro Bujia, T.€. MHOXKECTBO KBAHTOBBIX KOJIOBLIX c10B CSS Koza
obpasyer 2F-meproe mompocrpancrso B C2".
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Onpepenenne 3. Kodosvim (murnumanvusm) paccrosiamem CSS Koma Ha-
3bIBAETCS MUHUMAJIbHBIN BEC HEBBLIPOKIACHHON X- min Z-OmubOKH.

B nannoii pabore pacemarpubatorest CSS Kojibl crieruaibHoro suja [21],
a mMeHHo, Korma marpuibl Hx m Hyz cocrodar m3 AByX KBaJpaTHBIX OJ10-
KOB OJMHAKOBOI'O pasMepa. Biiounble MaTpUIbl OyaeM IUCaTh B KBaAPaTHBIX
ckobKax. Ecim MmaTpuiia coctouT u3 Byx 0J0KOB A u B, OyeMm Jijist Harsi-
HOCTH Pa3/esisaTh UX BEPTHKAIbHOI deproii: [A | B]. B stux obosnadenusx
paccMaTpUBAEMOE CEMENRCTBO KOJIOB 3aJa6TCs MaTPUIIAMU

HX:[A|B]a
Hy = [B" | AT]

rae Marpunbl A u B kommyTtupyior, T.e. AB = BA. Ilokaxem, 4ro B Ta-
KoM ciy4dae marpunibl Hx u Hy 3amaior CSS kox. s aToro jocrarodHo
ybeuTcst, 9To BbImosHsIeTCst paBeHcTBo (1). [eiicTBuTesibHO, nMeeMm:

HxHY = ABBNT + B(AT)T = AB+ BA =0.

Ky06urs! mosryeHHOro KBaHTOBOI'O KOJIa €CTECTBEHHO Pa30UBAIOTCS HA JBE
IPYIIIBI OJJMHAKOBOIO pa3Mepa — JIEBYIO U IIPABYIO, B 3aBUCUMOCTH OT TOT'O,
K KakoMy 0Jioky (sieBomy mu npasomy) marpuil Hx u Hz OHM OTHOCSITCSI.
B caygasx korma KyOuThl Oy/IyT pasMemarhbcsd B y3/1ax KaKoi-umbo reoMer-
PUYECKON peméTKr Mbl OyJeM pa3MelaTh JIEBBI U COOTBETCTBYIOIIUI eMy
[IPaBBIil KYOUT B OJHOM y3JI€.

2.2. 3ajaHue KOAOB Yepe3 rpynnoBbie ajaredopsol

BaxxHpril vacTHBIN c1ydail KOJOB U3 OIMMMCAHHOTO BBINIE CEMEUCTBA Oy YaeT-
¢ ecain MaTpuIibl A 1 B MOTYT OBITEH 3a/IaHBI 9JIEMEHTAMU HEKOTOPOM TPyTI-
noBoii anrebper |11, 14]|. B cBsa3u ¢ 91iM BBeéM eIié HeCKOJIbKO 0603HAYEHUIA.

Hukaudeckyo rpymiy mopsiaka £, MOpOXIAEHHYIO 3JEMEHTOM T OyaeMm
obosHauaTH (T),.

I[Iycte G — rpymnmna. Yepes FQG OymeM o0O3HAYATL TPYIIOBYIO aJ-
rebpy rpymnbl G Hag mosem [Fo. 3amernm, uro ecim G — abesieBa,
TO €€ MOXKHO TPEJCTABUTHL B BUJE MPOU3BEICHUS MUKIAYECKUX TPYIIIT
(T1)g, X =+ X (Tn),, . B aTom ciydae rpynmosas anreGpa F$' wsomopdma
daxropkosbity momuHoMOB Fo[x1, ..., 2]/ (2 + 1, ..., 28" 4+ 1).

Yepes M (FFy) obosnauum anrebpy marpur |G| X |G|, y KOTOPBIX CTPOKH
U CTOJIOIBI WHIEKCUPYIOTCs djieMeHTaMu Tpynnbl G. OnpeenM BiIoKeHTe
FS < Mq(Fq), koTopoe ompeiesum na Gasuce (s/mementax rpymbt G):

1, ecmu i = gy,

9€G — Ma(g) ={aij}; jec € Ma(F2), rae ai; = { 0, wuHaue.
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Janee 6GyjeM OTOXIECTBIATH 3jeMenT g € FY ¢ cooTeTcTByIOmei Mat-
punieii Mg(g) B Tex ciaydasx, rje rpynmna G 0JHO3HAYHO OIPEJIE/ISIeTCs U3
KOHTEKCTA.

TakzKe HAM [TOHA/I00UTCSI CTABUTH B COOTBETCTBHE 3JIEMEHTAM I'DYIIIOBOIL
anre6per FY sexrops aymmnt |G|. Onpepenum Vg : FS — F‘f', riae Va(g) —
nepsblii crosber marpunbl Mg (g). 3amernm, 4To IpPU TAKOM OIIpEJeJIeHUH
BhIIOsTHEHO cBOMicTBO Vi (gh) = Ma(9)Va(h). OrmernM, 4T0 B OTiIMYHE OT
Mg, orobpazkenne Vg — OnexIus.

Beesém oneparymo —: FY — FY, cooTBeTcTByIONyI0 TPAHCTIOHIPOBAHTIO

MaTPHUIIBL:
g = ana — E:anofl.
acG aeG

Tora Ma(9) = (Mca(9))"

Kraccuueckuii jimHelHbI Koy ¢ mpoBepounoii marputeit Mg (g) Gymem
oboznavars epes C (G, g).

Eciu G — rpynna u siementst g, h € FY KoMMyTHDPYIOT, TO KBAHTOBBIA
CSS koj, 3a/1aBaeMblii MaTPUIIAMU

Hx = [Ma(g)| Ma(h)],
Hy; = [Mq(h)| Ma(g)]
6yaem obosnadars depes Q (G, g, h).

IIpumep 1. Q ((z); x (y),,1+z,1+y) upexncrasisier coboit TopuaecKuii
ko [16, 17] ¢ MunuMAaIBHBIM paccTostHueM L.

IIpumep 2. CemeiicTBO ppaKkTaAJIBHBIX KOJIOB

Q(<$>L X <y>L X <Z)L,y+r(x),z+q(a:)),

€ p U ¢ — HEKOTOPbIe MHOTOWIEHDI, GBLIN UCCIEI0BAHbI B padore Momu-
abl [14, 15], oHAKO /I HUX HEM3BECTHO HUXKHUX OIEHOK 10 HOPSJIKY Bbi-
e L, HoO HecMOTpsI Ha 9TO ecThb runoresa |14, 15], 4ro paccrosiaue 3Tux Kojuos
MozkeT GbiTh Boimte L3/2 = Q(y/n).

IIpumep 3. Kybuueckuii kog Xaaxa [11] 3amaéres coemyromum obpasom:
Haah(L) = O (), X {5}y X {2}y, 1+ 2+ + 21+ 2y + 2 +y2)

Topuueckuit kox 1 ppakTaIbHbIE KOIbI IPEICTABIISIIOT CODOM IBa Kpaii-
HUX CJjiy4dasd: Yy TOPpUIECKUX KOJOB BCE€ JIOTUYIECKUE OH_II/I6KI/I ABJIAIOTCA IEITA-
Mu B rpade Tanuepa, u Jijisi HUX JIETKO HAXOJUTCH TOYHOE 3HAYEHUE MHUHU-
MaJILHOT'O PACCTOSTHUS, a YV (PPAKTAJIHHLIX KOJOB JIOTUYECKNUE OMUOKNA MUHU-
MaJIbHOT'O Beca BCe MMEIOT (PPAKTAJIBLHYIO CTPYKTYDPY, U U3BECTHbIE HUKHSSA
U BEpXHs OLEHKA OYCHb CUJIBbHO PACXOMATCL.

95



B nmammoit paboTe paccMaTpuBaeTCs MPOMEXKYTOIHBIN BapuaHT KOIOB, y
KOTOPBIX YaCTh €CTh JOTUUIECKIe OINOKN B BU/IE TIeTeil, a ecTh omuOKu hpak-
TaJbHOrO Buma. it 9TMX KOMOB Tak ke, Kak U s (ppaKkTaJbHBIX KOJIOB
BEpXHssl OIEHKA Ha KOJOBOE PACCTOSIHUE BBIIIE /N, a HWKHsSA — HUKE /T,
e m — JJINHa KOJOBOTO CJIOBA, HO MbI IOKAXKEM, UTO I HUX BO3MOXK-
HO J0Ka3aTh HUXKHIOK OIEHKY, KOTOPasl CYIIEeCTBEHHO BBIIIE, YeM HU3BECTHAasI
OTIeHKA JJIsT (PPAKTAIBHBIX KOIOB.

IIpumep 4. CemeiicTBO KOIOB, PACCMATPUBAEMBIX B IaHHON paboTe, a NMeH-
HO:

SF(r,t) = Q (<$>L2 XYy 1+z,y+ r(xL)) . rtme L =2%

Bumso, 9T0 B HAHHOM HpUMEpE IEPBBIM MOJMHOM, KAK B TOPUIECKOM
KOJIe, BTOPOIl — KakK BO (pparTayjbHOM Koje. [1o9ToMy Ha30BEM 3TH KOJBI
NOAYPPAKMANDHBLMU.

~ OrmeTuM, 4TO 3/1€MEHTBI YIB! ()2 X (Y); UMEIOT BHJL iyl =
2 2yk tne z = ol 0 < 4,4,k < L. Tlosromy my1si (bHKCHPOBAHHOTO MHOTO-
wjieHa r ceMeiicTBo KojoB SF (7, t) npu ¢t — oo, 3a/1aHHOEe MHOTOUYIeHAME 1 +
u y + r(2), sBJIsleTCst JOKAIBHBIM IIPH PACIOJIOKEHNH KyOUTOB Ha TpEXMep-
HOI penéTke Z3 ¢ IepHOITMECKIMI TPAHITHBIMHI yeIoBusaMU (Y3/1bl JTAHHOR
PEIIETKY MOXKHO PACIIOJIOKUTH Ha TPEXMEPHOM TODE).

Ecim C — kox (kjmaccuveckuil mim KBaHTOBBI), TO uepe3 d(C') Gymem
0003Ha49aTh €ro KOJ0BOE PACCTOsIHUE.

[TocmoTpuMm, Kak BBINISAAT KOmoBble cioBa Koga Q (G, g, h). YpaBuenue
Hxv =0 B TepMuUHAX I'PYNIIIOBOI ajarebpbl MOYXKHO MEPEIUCATh, KaK

gs+ht=0, rtaev= [ 1%%3 ] . (3)

Taxum 06pa3oM, KaxK10il Z-0mubKe v MOXKHO [IOCTaBUThH B COOTBETCTBUE I1a-
py (s,t), yaoBierBopsitolnyo coorHommenuto (3). Anamorndno, kaxaoii X-
omubKe 14 MOYKHO [IOCTABUTH B COOTBETCTBUE Napy (v, W), YIOBIETBOPSIOILY IO
cooTnomenuio hv + gw = 0.

Veaoeue Boipoxkaentoctn v € (Hz) = ([Mg(h) | M(g)]) osnauaer, uro

cymiecrByer BekTop Vg (a) € F |2G‘ Takoit, uro v = Vg (a)” Hz, smaunr

-[ el ]

a 9TO 3HAYUT, YTO BEKTOPY v coorBercrByeT napa (ha,ga). Takum obpazom,

v = HyVg(a) = [ Mo(h V(@) }

Mg (9)"Va(a)

MHOYKECTBY BBIPOXKJIEHHBIX Z-0mmn60K (Hz) COOTBETCTBYET MHOMKECTBO Iap
{(ha,ga) | a € F§'}. Anajornuno, MHOKECTBY BBIPOKICHHBIX X -OIMHGOK CO-
OTBETCTBYeT MHOXKeCTBO nap: {(ga, ha) | a € Fg}
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B nannoit pabore nac OyjeT HHTEpECOBaTh ciyuaii, korga rpymmna G abe-
JieBa. B 9TOM cjydae BBIIIOJIHEHO

G5 + ht = sg + th = gs + ht,

nosroMy orobpaxkenue (s,t) — (t,5) 3a1aéT n30MOPGU3M MEXK Ly IPOCTPAH-
cTBOM X-0IMUOGOK M IIPOCTPAHCTBOM Z-OMIMOOK U COXPaHAEeT BEC U BLIPOK-
nennocthb omuOku. [loyyaum ciiemyrornee yTBepK/IeHAE.

YrBepxkaenue 1. [fycmov epynna G abenesa. Tozda drs kearnmosozo xo-
da Q (G, g,h) murumanrvrod ec nesupostcdennots X -owubky paser MuHU-
MAABHOMY 8ECY HEBuPodHCIeHHol Z -owubku, o makoice rank Hy = rank H.

Jlannoe yTBep2KIeHIe TIO3BOJISET HECKOIBKO YIIPOCTUTDH BLIYUCICHUE Pa3-
mepaoctu CSS kojia, KoTopoe naérest popmyioii (2). Ho 6ostee BaykHbIM citei-
CTBHEM JTAHHOI'O yTBEPXKJICHUS SBJISETCS BO3MOXKHOCTBL B HajbHeiImeM Ipu
HOJIyYeHUN OICHOK Ha KOJOBOE PACCTOSHUE M3YYaTh TOJBLKO BEC HEBBIPOK-
JIeHHBIX Z-omubok. ITosroMy majiee moj C/I0BOM OMIMOKa MBI OyZeM HUMEThb
BBUJLy Z-OININOKA.

3. ®opMyJIMPOBKA OCHOBHBIX PE3yJILTATOB

C(bopMmepyeM YTBep}K,ILGHI/Ies, BbIpazKalollee pasMEPHOCTb KBaAHTOBBIX KO-

JIOB, 3aJlaHHBIX 3jeMeHTaMU (HDaKTOPKOJIbIA MHOTOUYJIEHOB, Uepe3 pa3Mep-
HOCTH (PAKTOPKOJIbIIA MHOTOYJIEHOB, KaK BEKTOPHOI'O IIpOCTpaHcTBa Hal [Fo.

Yreepxkaeune 2. [Tycmv Q = Q (<x1>a1 X oo X (Tn)y oD, q). Tozda

dim Q = 2dim (Fo[z1, ..., z,) /(2" + 1, ..., zp" +1,p,q)) .

[Tpu JoKa3aTeIbCTBE OCHOBHOTO Pe3y/IbTaTa BayKHON YaCThIO J0KA3aTe b
CTBa ABJIAETCA JIEMMAa O BBIDABHUBAHNU OIMMUOOK, KOTOPAs MOYKET IIPECTAB-
JATh He3aBUCHMbI nHTepec. Pacemorpum kon @ = Q ((x),. x H,1+ x,9),
rne g € FS') G’ = (2°) x H. TIocKOMBKY & KOMMYTHDYET CO BCEMH SJIEMEH-
TaMU IPYIIILI, B 9aCTHOCTH, ¢ (G, TO KBAHTOBBIN KO/ () 3aJlaH KOppeKTHO. B
JIleMMe JTIOKa3aHO, YTO JJIsT KaXKI0H JIOTMIeCcKoi OIMMOKN MIHIMAJIBLHOTO Beca
CYIIeCTBYET SKBUBaJIEHTHAsI €if OMnOKa MUHUMAJIBLHOTO BeCa, HO B HEKOTOPOM
CMBbIC/Ie BLIDOBHEHHAs 110 3jieMeHnTaM noarpymmb G

Onpegenenne 4. Oumbka ez = [p,q] kKoma () Ha3BIBAETCS 6bLLPOSHEHHOU,
eciu (1 +2)p € FS' u g € FS'.

8 Anajiornunoe yTBepyKICHEE B 3HAYHTEILHO 60jlee OBMIEM BHJIC MOYKET OBITh HaiieHo
B pabore [12, Cnencraue 4.5].
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3aMeTnM, 9TO BRIPOBHEHHAs OIMINOKa Koja () BCcerma MMeeT BUI,
c—1
E ' J G’
€z = |Po 7, qo|, e po,qo € ]FQ .
Jj=0

Jlemma 1 (O BoipaBHEBaHuE onmbok). I[lyemov G = (z), x H, { = ac > 2
ug € FQG,, 2de G' = (z°) x H C G. Paccmompum xeanmoswil xod QQ =
Q(G,1+x,9). Jas 110600 nozuveckol owubky ez cpedu IKEUBANEHMHOIT
ell OWUBOK MUHUMANDHOZ0 6ECA CYULELCMBYEM 6UPOSHENHAA OUUOKA €.

OtHuM U3 TPUMEHEHUH 9TOH JIEMMBI MOXKET OBITH MOMCK MPOCTBIX HUK-
HUX OIIEHOK JIJIsl KBAHTOBBIX KOJIOB, OIMCBHIBAEMBIX B 9TOI jJeMMe. B KadecTBe
OJIHOTO M3 IMPUMEPOB IMPUMEHEHUS ITOH JIEMMBI OY/IeT JI0KA3aHO CJIeIyIoIee
YTBEPK/ICHHE.

VrBepxkaenne 3. [lycmv G = (x),. x H, ac > 2, G' = (z°) x H C G,
g € FS' wmeem wémmniii sec, U MUMUMAAHOE PACCMOANUE KAACCUMECKOZ0
xoda C (G', g) pasno d.

Tozda Q (G,1+ x,g) — K6aMMOGVLT KOO ¢ Pa3MEPHOCTIBIO, OMAUNHOT OM
0 U MUHUMAADHbM DACCOsHUEM He menvwe min(d, c).

OCHOBHBIM PE3yJIBTATOM JIAHHOU PabOTHI SIBJISETCS HUXKHSIS OIEHKA KO-
JIOBOTO PACCTOSTHUS I IOy paKTaIbHBIX KOJIOB, CPOPMYJIUPOBAHHASA B
CJIEIYTONIEN TeopeMe.

Teopema 1. Ecau L = 2¢, mo munumanrvnoe paccmosanue noydpaxmans-
H020 K00a

SF(1+x+2%t) = Q ((x) 2 x W), 1 +x,y+1+zb +2?h)

ozpanueno cnusy seaununot Q(LY), ede o = logy(2(v/5 — 1)) ~ 1.306.

4. Jloka3aTeJbCTBO

JIJ1s1 OLIEHKM KOJIOBOTO DPACCTOsIHUs 10JydhpakTaibHbix KojoB SF(r, t) Ham
HOHAI00ATCS BCIIOMOTaTeIbHbIE BEJTMINHbL:

20-1
Do)=Y [ ()],
§=0

201
Dit)=  min_  |p(z) Y (r(x)/y) mod (& —1y* —1)|,
pEF2[z]/(2* 1), §=0
[p|=1 mod 2
D,(t)= min {|h(z,y)| | hMz,r(z)=1+x+ ..+ 221 mod 2% — 1}.
heFa(z,y]
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a) Dyypip-1(4) =128 (b) DI+z+z 1(4) =80 (c) El+z+z*1(4) =4

Puc. 1. Narepuperarus seanann D, D* u D B TepMuHAX KJIETOIHBIX aBTO-
MaTOB.

Besmanner Dy, Df 1 D, MOXHO WHTEPIPETHPOBATH B TEPMUHAX OJHO-
MEPHOI0 JIMHEHHOTO KJIETOYHOTO aBTOMaTa A, ¢ dyHKIMeN mepexoia, 3a1a-
BaeMoit MHOTO4UIeHOM 7 (). MBI He Oy/1eM HCI0JIB30BATH 9TY HHTEPIIPETAIINIO
B OpPMAaJIbHBIX PACCYKJIEHUSIX, OJHAKO UHOT/IA YIOOHO €€ UMETH B BULY, ITO-
OBl yoOHee MPeACTaBIATh cebe 00bEKThI, O KOTOPBIX OymerT maru pedb. Ha
pucyHke 4 NpOMJUIIOCTPUPOBAHA TaKasd MHTEPIPETAINS Ha IPUMEPEe MHOTO-
wiena r(x) = 14+ x + xil, KOTODPBI COOTBETCTBYET 3JI€MEHTapPHOMY KJIeTOY-
nomy apromary Rule 150 [19]. Ormerum, uto ¢ sesuuunst Dy, D D, nis
muorowrenoB 1 + 2 + 7! u 1 + x + 2 coBmajaoT, HO B TEPMHHAX KJIe-
TOYHBIX ABTOMATOB MHOTOWIEH 1 + 2 + 7~ GoJjlee ecTeCTBEHHDIH, HOCKOIBKY
COOTBETCTBYET CHUMMETPUYHON OKPECTHOCTH pajuyca 1.

Bemmuuny D, (t) MOXKHO OHUMATD, KAK KOJIMYIECTBO €AWHUIL B SBOJIOIUI
OJIHOMEPHOI'O JINHEHOro KjerodHoro apromara [18, 19|, ¢ dyukuumeii nepe-
Xo/1a, 3a/1aBaeMoit MHorousienom r(z), B Tedenue 2¢ Takron (pucymnok 1(a)).
st TMHEAHBIX KJIETOYHBIX aBTOMATOB OIPeeseHO TOHSATHE ITPEeIeIbHOrO
MHO2KECTBA U €CTh AJITOPUTM BBIYUCJIEHNS (DPAKTAIBHON PA3MEPHOCTU ITOTO
muozkectsa [20]. Ecmu a, — dbpaxTanbaas pazmepHocTb, To D,.(t) < 29t

Bemuaunna D} () — MEHUMAIBHOE YUC/IO0 KJIETOK B 9BOJIOIUI KJIETOYHOTO
aBToMaTa A, B mojoce mMupHHBI 2! ¢ HEPUOIMYECKUMU TPAHUYHBIMU YCJIO-
BUAMHI, Ha TPOTAKeHHH 2! TaKTOB, HAUMHAS ¢ KOH(PUIYPAIUN C HEYSTHBIM
qucaoM Kietok (pucynok 1(b)).

YTo6bI MHTEPHPETHPOBATL BeMauny D;.(1), Hy’KHO PacCMOTPETh aBToO-
MaT A, ¢ BOBMOXKHOCTHIO TIOJABATH HA HETO YIPaBJIsIoNne curuaabl. OmH
YIIPaBJIAIONNA CUTHAJ [EPEKJII0YaeT COCTOSAHUE OJJHON AYelKU Ha IIPOTUBO-
nostoxnoe. D,.(t) — MIUHIMAIBHOE YHC/I0 YIPAB/ISAIONIAX CATHAJIOB, KOTOPHIE
HeoOX0o MO 1o1aTh, 4T00bI 1epepectu cocrostaue 00...00 B cocrosnme 11...11
B nosioce mmpuHoit 2¢. Ha pucynxke 1(c) Kpy»KKamMn OTMedeHbI MeCTa, I/Ie To-
JAIOTCA YIIPABJSIONIAE CUTHAJLI. JIJ1s1 TOI0Chl MUPUHLI 16 TO0CTATOYHO BCErO
4 curHaJioB, YTOOBI IOJIyYUTh KOH(MUI'YPAIUIO U3 BCEX €JIMHUIL.
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1. Beruucienne pa3sMepHOCTH KBAHTOBBIX KOIOB

(YTBepx(,zLeHme 2 — obuwmit cioco6 uckars dim Q (G, p, qD
v
@’IeMMa 2:|r|=1 mod 2 = dimSF(r,t) = 2)

II. Bugpr sormaeckux oneparopos st SF(r,t) u ux Bec
Jlemma o Beongarcs L- u R-ommbku
BBIDABHUBAHUN (;emma 7)

! —— !

Jlemma 8: Bec L-ormubku Jlemmbr 9, 10: Bec R-ommubku
> 2'D,.(t) > maxy, 28 min(2!, D (t — k))

JIrobast jiormaeckasi omubdbra — Jjnbo L-,
6o R-ommbka (emma 11)

1. Ouenku D,, D, u D} nna r(z) = 14 x + 22

Jlemma 12: D*(t)D(t) > T ae
[ﬂeMMa 13: D(t) < 2“/21 - D(t) > 212 ¢

@’[eMMa 14: D(t)D(t) > 4¢ ):> D(t) = (V5 - 1) @@

Puc. 2. Crpykrypa nokazareyibcTBa T€OpEMbI 1

100



[TpuBeném obmmit maaH 10Ka3aTE/IHCTBA TEOPEMBI 1.

1) YrBepxkaeHuss 0 pa3sMEpPHOCTH KBAHTOBBIX KOJIOB, 3aJAHHBIX Yepe3
PYIIIOBBIE aareOpbl

a) O6ree yrBepxK/IeHne 2, 0 KOJOBOM PACCTOSTHUU KBAHTOBOIO KOJIA
Q (G, p,q) n1st KOMMyTaTUBHOl Tpymbl G.

6) it mosrydbpakTaabHOrO KoJIa JOKA3bIBAEM, 9TO €r0 PA3MEPHOCTD
pasHa 2 (JIemma 2 ¢ ucniosib3oBanuem yreepzkienus 2). Kak cies-
CTBUE TIOJIy9aeM, 9TO Y TAKOrO KOJa eCTh 3 KJIacCa SKBUBAJIEHT-
HOCTHU HEBBIPOXKJIEHHBIX OIMTHOOK.

2) SBHbI Bu JIormdecKuX OMmMuOOK Moy GpaKTaJIbHbIX KOJIOB U HUXKHUE
OIIEHKU HX Beca 4epe3 BeuwduHbl D, u D).

a) Jlemma o BBIpABHUBAHUU, OIIUCHIBAET KJIACC, B KOTOPOM COJIEPZKAT-
cs OMUOKN MUHUMAJILHOTO BECA.

6) Beomsitess ommbku L1,L2,L3, u Bce ommbKu messitcst Ha L-
ormubKu n R-omubKu: B jieMMe 7, JTOKA3bIBACTCsI, UTO OHU SIBJIS-
IOTCs JIOTUIECKUMU OITUOKAMH.

B) B iiemme 8 nokazano, uro L-omubku umeior sec ne mMenee 28D, (t).

r) B nemmax 9, 10 nokasano, uro Bec 1060t R-ommnbKn He MeHbIIe
maxy, 2% min(2¢, D} (t — k)).

1) B memme 11 mokazano, aro L1, L2, L3 monapHO HEIKBUBAJICHTHBI
U HEBBIPOXK/ICHHBIE. Y UUTBIBAs, YTO y KOJIa BCETO 3 HEIKBUBAJICHT-
HBIX HEBBIPOXKJIEHHBIX OIMUOKH, MmoJiydaeM, 9o kpome L1, L2, L3

APYTUX HEBBIPOXKJICHHBLIX OIMHMOOK HET, 3HAYMUT JIi00as OIMOKa —
6o L-ommbka, aubo R-ommbKa.

e) U3 2B, 2r, 271 mosryvaeM HUYKHIOIO OICHKY Ha KOJOBOE PACCTOSHIE

mindist(SF(r, t)) > min(2'D,(t), max 2k min(2!, D} (t — k))).

3) HeckombKO JIeMM TIPO COOTHOIICHHST MEK Ly BesauanHamu D, D, u Dr:
a) D,(t)D,(t) = D}(t)D,(t) > 4! (nemmbr 12 u 14);
6) Diypige(t) <22 (enma 13);
B) Dyyyip2(t) < (14 +/5)! (usBectnbiit pesyssrar [19, 20]).

4) Coennnsist Bce onenkn s r(x) = 14+ + z2, IIOJTyaeM OIEHKY KOJI0-
BOT'O PACCTOsIHUS B TeopeMme 1.

OHa u3 IPUYKH, IO KOTOPOi OBLIO BHIOPAHO CEMEICTBO KOJIIOB pa3Mep-
HOCTH 2 — TO, 9YTO MOYKHO B sIBHOM BHJI€ BBIIINCATH BHUJ] JIOTHIECKUX OIMTNOOK
U3 KaXKJIOro KJIacca YKBUBAJIEHTHOCTH W U3YYaTh UX 110 OJIMHOYKE.
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4.1. JleMMbI 0 pa3MepHOCTU

Zoxazamenvemeo ymeepoicdenusn 2. Ilyers m = ajag - - - @, — pasMepHOCTD
PYIIOBOil ajrebpbl, m30MOP(MHON COOTBETCTBYIOIIEH (hakTOpasredpe MHO-
TOYJIEHOB

R =TFsx1,....;zp)/(z{* + 1, ...,z + 1).

Jnura komoBoro ciaosa koja () pasua 2m. [locunraem pasMepHOCTDL ¢ UC-
nosib3oBanueM gopmyiibl (2). Yunrsisasi, uro rank Hx = rank Hz 1o yTBep-
xaennto 1, umeem dim Q) = 2m — 2rank Hx.

rank Hy = dim (Hy) = dim {sp + tq | s,t € R} = dim(p, q),

e 1o (p, ¢) IIOHUMAETCsT UJieall, TIOPOXK IEHHBII dJleMeHTaMu P 1 ¢ B (hbaKkTo-
pasrebpe R. Torga dim(g, h) = dim R —dim(R/(g, h)) = m—dim(R/(g, h)).
Orcrona

dim @ = 2m — 2(m — dim(R/(p, q))) = 2dim(R/(p,q)) =
= 2dim(IF2[x1, coxpl /(2P + 1,2 + 1) /(p, Q)) =
= 2dim(Fa[z1, ..., z,) /(27" + 1, ..., 28" + 1,p,q)).

YTBep:KIeHUE JIOKA3AHO. ]

C uCroIb30BaHUEM JIOKA3aHHOTO YTBEPXKJIEHUsT TIOCIUTaEM Pa3MEPHOCTh
1oty hpaKkTaIbHBIX KOJOB.

JIemma 2. Ecau sec mmozousena v neuémnwid, mo dim SF(r,t) = 2.
Zoxazameavcmeo. U3 yrBepxkaenus: 2 nmeem

dim SF(r, t) = 2 dim (Fa[z, 4] /(" + 1,5" + 1,1 + 2,y + ("))
Bec r neuérnerii, snaunt 7(r”) = r(1) =1 mod (1 + ), nosromy
(1+x,y—|—r(ajL),xL2+1,yL—|—1) = (1+=, 1—|—y,mL2—|—1,yL—i—1) =14z, 1+y).
Orcrona

Falz,y]/(z" +1,yF + 1,1+ 2,y + r(z")) = Fofz,y]/(1 + v) /(1 + z) ~
~ Folz]/(1 + ) ~ Fa.

Buaunr dim SF(r,t) = 2dim Fy = 2. Jlemma nokasama. O

4.2. JlemMa o BBIpDABHUBAHUM U €€ CJIEACTBUS

B sTom paszene mbl paccmarpuBaeM ko Q = Q ((x),. x H,1+ x, g) u3 nem-
MBI O BbIpaBHUBaHHU. Takxke ucnosibdyem obosnavenus: G = (x)_ . X H,

G' = (z°) x H.

ac
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Unesi mokazaTeabcTBa. DeMeHThl F MOMKHO OTOXKIECTBHTD C TIOMHO-
JKecTBaMu sjieMeHToB rpynubl (. HamomuuMm, uro ommbka [p, ¢] siBiisercs
BbIPDOBHEHHOI, ecsin (1 + z)p u q nexar B G'.

Iz ciosa [p, q] € (FS)? snement (1 + 2)p HA30BEM A€6bM CUNIPOMOM,
a JIEMEHT gq Ha30BEM npasvim cundpomom. Eciu [p, g — omubka, 1o jieBblit
CHHJIPOM JIOJIKEH COBIIACTH C IPaBBIM, JaBas B cymMme 0, M B 9TOM cirydae
JeBbIi (1 IpaBbIil) CHHIPOMBI HA30BEM NOAYCUHIPOMAMU. JIETKO BUETH, YTO
OImMOKa ABJISAETCST BBIPOBHEHHOI TOTJIa M TOJBKO TOT/IA, KOTJa COOTBETCTBY-
oIt TIOJTyCHEApOM JeskuT B F .

Cpesom MuOkecTBa X C G Ha30BéM MHOKeCTBO BiIa ' G'NX . BameTny,
YTO Cpe3 IPAaBOro CHHJIPOMA, Jeskamui B 'G’, MOPOXKIAETCS 3JIeMEHTOM
q €'

OcHoBHas ujiest COCTOUT B TOM, 4TO cpe3 X = gqx MOJyCHHIApOMa S = gq
MOKHO «CIBHUTaTb», IOCTEIIEHHO IPUOABJIsisi K KOIOBOMY CJIOBY BBIPOXKIEH-
HbIe KOJIOBbIE CJI0Ba BUJIA [gqx, (1+2)gx ] Taknm o6pasom, 410 KoMIIOHEHTa X
YMHOYKA€TCsl Ha . 32 4 IAroB MOYKHO «CABUHYTh» X Ha i HO3UIMii (IIpU 9TOM
X samenutca Ha 2°X). U 1o Tex mop, moka B S \ X me mepecekaerca ¢ ¢ X,
C U3MEHEHUEM 1 KyCOK IpaHuIbl X JIEBOH YacTu KOJOBOTO CJIOBA OYJIET CJIBU-
raTbCs Ha | MO3UITUI, TOTOMY BEC JIEBON YACTU ONMIMOKN MEHSETCS JIMHEHHO
1o i (Imycrb OH paBeH wy + (Aw), a Bec IpaBoii YacTu OMMOKN HE MEHSETCSI.
B Touxe, rje 2'X mepecraér mepecexarnes ¢ S\ X, Bec JeBoil HacTu KoJo-
BOTO CJIOBA TO-TIPEsKHEMY paBeH wq + 1Aw, a Bec MpaBoil 4aCTH MOXKET OBIThH
TaKOM 2Ke, KaK y UCXOJIHOrO CJIOBA, & MOXKET ObITh MEHDIIIE.

Taxum 06pa3om, y HaAC HOJIYyIaeTCs CEMEHCTBO YKBUBAJIEHTHBIX KOJOBLIX
CJIOB, IAPaMETPU30BAHHBIX LEJbIM YHCJIOM ¢, U3MEHSIONIMMCS B IIpelesiax
HEKOTOPOro oTpe3ka. IIpm 9ToM Bec KOIOBOrO CJIOBa B Ipejesax 9TOro OT-
pe3Ka JIMHEHO 3aBUCUT OT 4, a Ha KpasX 3HAUYEeHHEe MeHbIIe WX PABHO 3TOM
JmHeitHo# dyHKkmmr. OTCio/a MOYXKHO 3aK/II0UYUTh, YTO BCErIA MOXKHO B3SThb
1 Ha OTHOM U3 KOHIIOB OTPE3Ka TakK, YTOOBLI BeC OIINOKY HE YBEJIHMIHIICS.

To, aT0 MBI B35 7 W3 Kpas OTPe3Ka, O3HAYAeT, UTO Y HAC JBa CPE3a
MOJIYCUHIPOMA, «CKJIEUJIUCHY, U YUCJIO0 TAKUX KOMIIOHEHT yMEHBIIUIOCH Ha 1.
[ToBTOpsis 3Ty mpoIEaypPy MOYKHO JOOUTLCs, ITOOBI OBLI JIMIIL OIUH HEIy-
cToil cpe3 B nosrycunipome. Ha mocsieiaem 1mare ciieflyer Tak CJIBUHYTH CPE3,
4yT06LI OH nonas B G'. Bec Ha KaxkJIoM Iare He yBeJIMUUBAETCS, U B PE3YJlb-
TaTe MbI MOJYYUM HCKOMOE BBIPOBHEHHOE KOJIOBOE CJIOBO C MEHBIIUM WJIN
PaBHBIM Be€COM.

Beeném obozHateHmne
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Puc. 3. BoipaBauBanmne jormveckoii ommbku [p(x,y),q(z,y)] s xoxa
SF(1+x+27%2), L = 4. Kaxkiasg KapTHHKa U300paskaeT MHOTOUJIEH Ta-
KUM 06pa30oM: Y6pHas KJIeTKa ¢ KOODIUHATAMU (%, j) COOTBETCTBYET cJjiarae-
momy 2'y’. Touka ¢ KoopamHatamu (i, j) COOTBETCTByeT ciaraemMomy x'y’ B
[OJLyCHHIPOME.

I(a,b) obiagaeT CIeAyIONMMI CBOHCTBAME:

I(l+a,r+a)=aI(,r), Iy + I, r") (L1 + I(r,7"),
(1+2)I(l,r) =z + 2, I(1,1) =0.

Ecim 0 < a <b<le, 1o |I(a,b)]=b—a.
[Iycts 3agan wabop v jymHbl ¢, v[i] € Z. Beném omeparop capura
S([p, q],v) mias oumbku [p, q]. [Tycrs ¢ = Ef;é ¢;x*, Torma

c—1
S(p,q,v) = [p,d) + (9,1 + 2] > _ il (i, v[i]).
=0

JIemma 3. Ecau [p, q] — owubka, mo S([p,ql,v) — sxeusarenmnasn et owub-
Ka.

Jlokasamenvcmeo. YTBepKieHue cieiyer u3 Toro, 9ro [p, q|+ S([p, q], v]) =
9,1+ zla nmst a = Y25-, qi1 (i, v[i]) € FS. O

st ynobersa BBeIEM T00IPEIe/IEHHBIN BeKTODp v*[i] := v[a]+cb, ecrm i =
a+cb, 0 <a < c—1. Cremyromnas JeMMa yTBEPKIAET, 9TO B IIPEICTABICHAN
p B Buje cCyMMbl «uHTepBasoB» h;l(l;,r;) mociae npumMenenus: oneparopa S
KOHI[bI MHTEPBAJIOB CABUIAIOTCS I0J, IeiCTBHEM OTOOparKeHus v*.

JIemma 4. ITycmo [p,q] — owubka u

N
p:ZhiI(li,Ti), 20e hiEH, O<Zi<ri<€c. (4)
=1
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Toz0a . )
= [Z hiI(’U* [ll], U*[Ti]), Z C]ifL‘Um] .
=1 =0

Joxasameavcmeo. lyers [p/,q'] = S([p, q],v). Torma

1+=zx qu i, vt qum —I—qum%—w Zqz

YT06bI IPOBEPUTH KOMIOHEHTY p’, HOHaJ00MTCS HECKOJILKO 0DO03HAYeHMIl.
IIpeacrasum I; u r; B Buie

l; = agi—1 + cbai—1, Ti = ag; + cba; rie 0 <a; <c—1, 0<b; <L
Onpenesm muoxecrsa M; = {i | a; = j}. Ilycrs Takxke hy, = hly, = h;.

Torna

(I1+x)p= hi(L+z)I(l;,r;) =

i1

I
.MZ

N
I
—

2N c—1
hi(zh + 2") = g Rz = g i g Rlaebi.
i=1

j=0  ieM;
C spyroit cTOpOHBI, HOCKOJIBKY [p, ] — KOJ0BOE CJIOBO, MMeEeM

c—1
(I+2)p=gq=> gg’.
7=0
Yuursisasg, 9T0 gq; € Fg’w u hl, zbi € FQGI, TO gq; = Zz‘eMj h;xd’i. Borauciimm
Ap=p'+p:
N

Ap = Zh (L) + I(0*[l;], v*[re])) = Zhi(I(liyv*UiD + I(ry,v*[ri])) =
2N 2N

= Z Rl I(a; + cbi,vla;] + cb;) = Zh;beil(ai, vl[a;)) =

=1 i=1

c—1
=Y 1(,0l) Y = ZI (G, vl gig-
j=0

i€M!}
JlemMma JoKazaHa. OJ
[Tokaxkem, uro npu ycsosuu 0 < v[i] < ¢ orobpaxkenue v — v* coxpaser

MOHOTOHHOCTbD.
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Jlemma 5. ITycmo

0=v[0] <v[l]<v]2] < - <v[fe—-1] <e (5)
Tozda v* monomonro Ha 7.
Hoxaszameavcmso. Ilycts a < b. Paccmorpum 2 ciyyast.

1) Ecin a < et < b jggist HekoToporo t € Z, 1o

via] <e(t—1)+c=ct < v bl

2) Nnaue ct < a < b < c¢(t+1). Torna

v*a] = ct +vla — ct] < ct +v[b — ct] = v*[b].

Urak, B 0oboux caydasx v*[a] < v*[b]. Jlemma nokazana. O

Zloxazamenvemeo aemmol 1 0 svipasrusanuy owubok. 3abuKCHpyeM  Tpo-
U3BOJIbHYIO OmHUOKY w = [p,q]. CHavasa nmocMorpuM, Kak JefdcTByer ore-
paTop cIaBUTa Ha €€ JIEBYIO IacTb P.

[IpeacraBum p B Buje cymmbl (4) Takum obpasom, arobst supp hil (l;, 7;)
ne nepecekamich. Torma |p| = SN (r; — ;).

[Tonbepém Taxoit BeKTOp v, YTOOBI MUHUMUBUPOBATEH BEJIMIUHY

npu orpanndenun (5). 3amernm, uro v* JuHEHHO 110 v, a nejaeBas GyHKIUS
JIMHEIHA 110 v, & 3HAYUT U 110 .
st HagabHBIX 3HAYEHUIT vg[i] = ¢ mo mocTpoenuto L(vg) = [p|.
MuozkecTBO, 3a/jaBaemoe HepaseHcTBamu (5), siBisiercst (¢ — 1)-MepHBIM
cummuiekcom ¢ Beprmnamu (0,0,0,...,0,¢,...,¢), k = 0,...,c — 1. Tlosromy
—_——— ——
k c—k—1
MUHUMYM JuHeliHoil dyukuun L(z) npu orpanndenun (5) mocruraercs B
HEKOTOPOI BepimHe v 9Toro cumiutekca, npuaém vfi] € {0, ¢}, snaanr v[i] —
neJioe u JeJIUTCs Ha C.
onoxum [p', ¢'] = S([p, q], v). Hockombky v*[l;], v*[ri] nensires na ¢, To
I(v*[li], v*[r;]) nemmres na 1(0,c¢), a snauur u p’ JICIATCS Ha 1(0, ¢); Takxke
n0CKOIBKY (i) nemmnres na ¢, o 2Vl € G/, smaunr ¢ € FS$", mosromy ommbka
[P/, ¢'] sBAsieTcs BBIPOBHEHHOIA, a 110 JleMMe 3 OHA SKBUBAJEHTHA [p, q].
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Ocrasocs onenuts Bec [p', ¢']. Tlockosbky (5) BBIIOIHEHO, TO U MOHOTOH-
HO 110 JieMMe b5, 3uaqut |I(v*[l;], v*[r;])| = v*[ri] — v*[l;]. Orciona, ucnonb3ys
JeMMy 4, TTOJTyIuM

N N
rmﬂmemmmm S BT (0 ], v* ]| =

=1

N
= 20"l = V) = 1) < L) = I

q'| = ‘czq o [”]‘ Zlqgl = ql.

Orcrona |[p', ¢']| < |[p, ql|- Jlemma noxazana. O

Jlemma 6. Ilyemo G = (x), x H, g € Fg, as mozo, wmobby pazmepHocmy
k6anmosozo koda Q (G,1 + x,g) 6viaa omauuna om 0, docmamoywro, wmobol
gec g OviA YEMHBIM.

Hoxazameavcmeso. Ilycrs g = Z?ﬁl gi, gi € G'. Torna
2k 2k
(Cv)a= D= =) =3 S v/ =23 v =0
veG =1 veG i=1veG v'eEG

Amnayornamo, TOCKOIBKY 1 + 2 — 9€THOTO Beca, TO

(Zv)(l—kx)zO.

veG
Buaunt mMarpmnl Hy = [1 + x,9] w Hy = [g,1 + x7!] soipoxkaennbe u
rank[g, 1 + 27 !] = rank[l + z,g] < |G| — 1, sHauuT pasmepHOCTHL KOIA >
2|G| —2(|G|] — 1) = 2. Jlemma jokazana. O

Zoxazamenvemeo ymesepoicdenus 3. VI3 Toro, 9To Bec g I€THBIHN 0 teMMme 6
nojtygaeM, 4to pazmepHocts kojga Q (G, 1+ x, g) ormmana or 0.
Paccmorpum ommubky Munumasiboro Beca. Ilo jiemme 1 Mbl MOXKEM BbI-
1 s ’
6parb OIMMOKY BHIA € = [po 25:0 x?, qo|, roe po,qo € IF2G . PacemorpuMm 2
cydas:

1) Ecau pg = 0, To ggo = 0, 3HAIUT gy — KOJOBOE CJIOBO KJIACCHIECKOTO
KOJIa, 3a/1aBaeMOro jeMeHToM (7, a IO YCJOBUIO €ro paccrosHue d.
Buauur |qo| > d.

2) Ecau po # 0, rorga |e| = |polc + [qo| = ¢
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JlemMa JoKazaHa. ]

Ha camom nieste, B caygae G = H, to ectb, £ = 1, kox Q (G, 1+ x,g) siB-
nsiercst [6] eunepzpagosvim kKodom-npoussederiuem (aHr. hypergraph product
code) kmaccuueckux kouoB C ((x).,1+z) u C(H,g), u onenka, naBaemast
yTBEpPKJIEHUEM 3, COBIIAJIAET C OLEHKOIT u3 [6].

IIpumep 5. Tomoxkum G' = H = (y), y* =1, g = 1 + y. [onyuum Topude-
ckmii Koy ¢ marpuneit Hx = [1 4 x,1 4+ y| u kogoBbM paccrosinuem c. Jlerko
BUJETH, 9TO KJIACCHYECKHUI KOJ, 3a/aBaeMblii sjieMeHTOM 1 + ¥, SIBJISETCS
[e, 1, c]-komoM, Tae Komupyemblii GuT TPOCTO TOBTOpsieTcst ¢ pa3. laBaemast
JIEMMOM HUZKHSISI OIIEHKa, KOJIOBOI'O PACCTOSHMS € B JAHHOM CJIy4ae SIBJISAETCS
TOYHOM.

YT06BI OTYYUTh KOJbI, OTJIMYHbIE OT KOJOB U3 [6], Hy»KHO GpaTh £ > 2

4.3. Bugpr sornveckux omubok SF(r 1) u ux Bec

Jagee 6ymeM paccMaTPUBATD MOJIY(DpaKTATIbHBIE KOJIbI
SF(T7 t) = Q <<x>4t X <y>2t ) 1 + z,y + T(l'Qt)) )

B oToM ciydae H = (y),, G = (x);2 x H, G' = (2') x H, rne L = 2"
2
Vunresast coornomennsi ¥ = y = 1, Gymem mcmonpzoBaTh 1/z =
-l = L1y 1)y = -1 _ ,L-1
= y=y =y .
B semme 2 Mbr mokazasm, 9to pasmeprocTs Koga SF(r, t) pasna 2. Takum
obpaszoMm, cyiecTByeT 4 JIOTHIeCKuX OIMMUOKYU, BKJOUas HyseByoo. Haitném 3

HEBBIPOXK/IEHHBIE OITHOKK. BBeaém ciemayiomue ommnoKu:

L?—1
[Z 2, 0}, (L1)
j=0
o, > (r=")/y)’]: (L2)
j=0
(L1) + (L2) = [Zgﬂ Lzl )/y)} (L3).
7=0

31ech ommMOKHU 3aJaHbl BEKTOPOM W3 MHOTO'WIeHOB. IloapasymeBaercst, 1To
KaykJIOMY MHOT'OUJIEHY CTABUTCSI B COOTBETCTBHE OITNOKA, B KOTOPOI Ha I10-
3UMUSTX, COOTBETCTBYIONINX HEHY/IEBBIM KO3(MPUITmEeHTaM MHOTOMIEHA CTOUT
1, na ocraBmuxcsa nozurusax — 0.

JIemma 7. (L1), (L2) u (L3) asasmomea owubkamu oan koda SF(r,t).
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Loxasameavcmeo. Tlposepum, aro ommbku Hx L1 = Hx L2 = HxL3 = 0.
YuuTbiBas, 9TO § U @ — CTENEeHU 2, MOy IUM

L2-1

HyLl=(1+z) ) =142 =0.
1=0

HxL2 = (r Z

L .
=y @) fy+ 1) (@) /) =y ((r@h)/y) " +1) =0,

J

I
—

I
o

2
Bnech Mbl yamn, uro y =1, 21" =1n
2
rl@?) =r@!) =r(1) =|r| mod2=1,
[OCKOJIBKY B 7 — HEYETHOE YHCJIO HEHYJIEBBIX CIATAeMbIX. O

Omnbku, skBuBaJieHTHBIE L1 Oy1eM Ha3bIBATh Ae6bLMU WIH L-0wubkamis,
a sxBuBajenTuoie L2 unu L3 — npasvimu unn R-owubkamu. Huxe, B temme
11, MBI OKaXKeM, UTO WX KJIACChI SKBUBAJCHTHOCTH PA3JIUIHBLI, HO yI00OHEe
CHAvaJIa OJIyYUTh OIeHKN CHU3y Ha Beca L- u R-omubok.

Jlemma 8. Bec ao6oti L-owubxu ne menvue LD,.(t).

Zoxazamesvcmeo. BozbméMm L-omubKy MUHUMAJIBLHOIO BECa BHIA

e = [pet, y) (1 + 2+ ..+ 257, gt y)

(110 emme 1 Takas cymecTByeT) n mokaxkem, 4to |p| = D (t).
[TockonbKy e sxBuBasentHa L1, To cymecrsyer takoit fo(x,y) € Faolx, 1],
970

L-1
paf ) A +z+ . 2l + folz,y) (y+r(zh)) = Z g1+ x4 a2t
=0

3uech paenctso B konbe Falz, y]/(z2” —1,y~ — 1). Tlockomsky r(zF)E = 1,
TO MBI MOZKeM ToficTaBuTh y = 7(xl), Torma momyama

P(xL,r(xL))(l + x4+ ...+ fol) = i xiL(l o4t fol).

OTCI0/1a, OCTABISAS I KO3 MUIIEHTH IPU CTeNeHsx 77 n nemast 3aMeny
z = ¥, nomyamm

p(z,m(2) =142+ ...+ 2271
snaunt D, (t) < |p|, orciona |w| = L|p| = LD,(t), uto u Tpe6oBaioch. O
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JIemma 9. Jlaa aoboti R-owubku (p,q) das ecex j = 0,...,L — 1 sec g;
HeUEMMHbLY.
Aoxasamenvcmeo. ns moboit Bepoz nernoit o6k [p', ¢'] Bec ¢ uérnbri,

nockonbky ¢' = (14 z)s(x,y) ans nekoroporo s € Falz, yl/(y~ — 1, 2" —1).
W3 moboit R-omubku npubaBieHneM BBIPOXKIEHHON OMMOKA MOXKHO ITOJIY-

9UTH OO [p”, q"l = L2, mbo [p”,¢"] = L1 + L2. B oboux ciayvasax
q¢j (1) =r(1)) =1, To ectb gj mMeeT HeUETHLIN Bec. A 3HAIHT U ¢; = ¢} + ¢
UMeeT HEeUETHBINH Bec, 4TO U TpeboBaJIOCh. O

Caencrue 1. Jlas 060t R-owubku [p,q| dan ecex j =1,...,L—1 swnoa-
neno qj # 0.

JIemma 10. Bec a0b60t R-owubku He menvue

max 28 min(L, D} (t — k)).

1<kt

Hoxaszamesvcmeo. PaccmorpuMm R-ommbKy
w = [p(a®,y)(L+a+ ...+ 271, q(z",y)]

MUHUMAJIBHOTO Beca, (R-ommbKa Takoro Buja CyIecTByer 1o jgemMme 1).

Sadukcupyem mpousdBosibHOE k € 1, 1 pa3aenuM JEeBYIO U MPABYIO TaCTH
omm6kn Ha 2F ropusonTanbHBIX MONOC BBICOTH 2%, The u = t — k. CoorBet-
CTBYIOIIlEE TIPEJICTaB/IEHNE B BUJE ITIOJIUHOMOB:

2k_1 2k_1
p(x) = Z pi(a?,y), Q(w) = Z qi(x7y)7
i=0 i=0

rie pi(x,y) n ¢;(x,y) conepxkar numb crenenun y ot 2% + 1 mo (i 4 1)2%.
[Tokazkem, 9T0 B KaxK10ii 1ostoce oo |g;| = Djf(u), mubo |p;| # 0. Ilpen-
nosioxkuM, uto |p;| = 0. Torma cunapom

si = qi(,y)(y + (@) + pi(z,y)(1 + 2) = ¢i(2,y)(y + r(2))

X3 y u
MO2KET COZepzKaThb JIUIIb Y B CTCIICHAX yZQ u y(z+1)2 s 9TOOLI COKPATUTBCA C
Si+1 1 S§;—1. HyCTb

2% —1

gi(z,y) =y TN " gl (@) /)
=0

Torpa mpu 0 < j < 2F umeem qf(a:) + r(x)qg_l = 0, orcooaa qfﬂ(x) =
gl (z)r(z), sHaunt

2% -1

gi(x,y) =y @) Y (r(x) /y),

J=0
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[TockombKy MBI paccMmaTpuBaeM R-omubKy, To 1o jemme 9 Bec Beex qf- HEYET-
HBIH, B YACTHOCTH, HEYETHBIN BEC UMEET q0 Torma

2v—1 -
ai(z, )] = |g(z) Y - (J Z 1)| > D (u).
=0 Y j=0

Urak, nockonbky |g;| = D} (t — k), mmbo |p;| # 0, To
Llpi| + || 2 min(L, D (t — k)).

Cymmupys 110 Beem i = 0, ..., 2% — 1, momyumm |w| > 2% min(L, D (t — k)).
[Tockosbky k Mbl Gpasin HpOI/IBBOJIbeIM, TO M3 9TON OLEHKU CPa3y CJeyeT
YTBEP2KJICHUE JIEMMBI. O

JIemma 11. Kod SF(r,t) umeem pasmeprocmv 2, u owubru (L1), (L2),
(L3) ABAAOMCA PASAUHHDMU HEBVPOHCOEHHBIMU AO2UMECKUMY OUUOKAMU.

Jlokasamenvcmeo. st Bcex nap ommbok us {0, L1, L2, L3} nokazkem, 410
OHU Pa3JIMYHBI.

1) Ilo nemme 9 y s060it R-ommbku [p, g npu KaxKI0fl CTeneHu y B ¢
MHOTOYJIEH OT  uMeeT HeuéTHbId Bec. A st 0-ommubku u (L1) npasas
9acTh HyseBasd, mostomy L2, L3 4 0, L1.

2) L1 # 0 caeayer u3 JeMMBI 8, MOCKOJIBKY MUHIMAJIBHBIN Bec L-0mubKn
6osbIe 0.

3) L3+ L2 = L1, snaunr L2 n L3 — Takke pas/IHIHbL.

JlemMa mokazaHa. ]

N3 nemmbr 11 ciemyer, uro Jiobast HEBBIPOXKIEHHAS OIMMOKA SBJISIETCS
6o L-ommbkoii, jmbo R-ommbkoii. [losromy obbemumusiss jiemmbl 8 u 10,
[IOJTY UM

CaeacrBue 2. Ecau mrozounen v € Fo[z] umeem newémnwt sec, mo

mindist SF(r, t) > min(2"D,(t), 1rgl?§t2 min(2', DX (t — k)).

4.4. CootHomieHust Mmexxjay D, D m D* m noka3aTejbCTBO OC-
HOBHOI1 T€eOpeMbI

Jlemma 12. DX (t)D,(t) > 4t
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Joxazameavcmso. Tlo ompenenenuio D,.(t) cymectyer muorouien p(z,y)
takoit, uro |p| = Dp(t) u 1+ + ... + 2271 = p(z,r(x)) B baxropkombie
Falz] /(2 —1).

O6osnaunm co(z,y) = 22 _1( ( )/y)’. Hanee Bce neficTBUS TPOU3BO-

nares B dbakropkombue Folz,y] /(22 — 1,52 —1).
Paccmorpum muOrousnen ¢ € Fo[x] HeuérHOrO Beca Takoil, 4To BEC MHO-
roanena w(x,y) = q(x)co(z,y) pasen D (t). Bamernm, 9TO €Ciam pasiio-

»KuTh Muorownen p(x,y)co(z,y) mo cremensm y, To npu y° Gymer MHOKH-
_ 2t—1 _

resb p(x,r(z)) = 1+ 2+ ...+ 2° . Iockomsky co(x,y)r(z)/y = co(x,y)

B 3moM bakTopkobie, To upu Yy~ Gyner muoxurens 1 (z)p(z,r(z)) =

l+x+..+ xzt_l, 3HAYUT

2t 1 2t_—1
playeo(@,y) = > (L+a+..+a* D@/ = 2l
i=0 i,j=0

TO ecThb |pco| = 4'. Orciona

2t—1 2t—1
pla,y)w(z,y) = q(z)co(, y)p(x x) Yyl =g Y 'yl =
4,j=0 4,J=0
2t—1
i,j=0

ITOCKOJIbKY BeC q HeYETHBI. Ternepb MOXKeM OIEHUTDH BEC w:

D;(t)Dy(t) = |wllp| = |pw| = 4,
9TO U TPebOBAJIOCH. O
Jlemma 13. Dy, 2 (t) < 2/t/21

,ﬂonasameﬂbcmso. OHpeﬂeJH/IM mocje 10BaTe/JIbHOCTL MHOI'OYJICHOB ht(l’,y)
NH/IYKTUBHO:

hO(xay) =1, (6)
t it
hesi(,y) = (5% +2%%) ho(a, ). (7)
Jlerko BuzeThb, 9ro |hryq| < 2|ht| snauut |hy| < 2. Tlposepum unyKIumeit

o t, aro hy(z, 1+ x + 2?) = Zf e
Baza unaykmum: t = 0. ho(z, 1+ 2 +2%) =1= Zf ot
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HTar vaaykouu ¢t — t+ 1. IlockosibKy BCE MPOUCXOIUT B MIOJIE XapaKTepH-

t t t
cruxn 2, To (142 +22)Y =1+ 2% + 224 spaunr

hip1(z, 1+ x4 2%) = ((1 +x+ x2)4t + x3'4t> he(z,1+z + 2%) =

4t—1 g+l

_ <1+x4t +x2.4t +x3.4t> Z = Z Z
i=0 i=0

Otciona cpasy caeayer, 9o Dy, ,2(2t) < |h| < 2°. TockobKy

22t+1 22t

Dol = (et et = (e, ),
i=0 1=0

10 Dy pya2 (2t + 1) < 2|hy| < 2071 Jlemma jokasana.

Jlemma 14. D,(t)D,(t) > 4%

Joxasamenvcmeo. B onpenenennn D (t) noncrasum p(z) = 1, nosxyanm

2t—1 2t—1

i) < |3 #(a) /o mod (#% — 1,y* —1)| < 3 1 (@)| = D, (0)
j=0

j=0

Ucnonmbays gemmy 12 nomyaum D, (t) D, (t) = DX (t)D,(t) > 4t

Joxasamesvcmeo meopemw, 1. Nzsecrno [19, 20|, aro
Dy () =< (14 V5),

OTCIO/Ia 110 jJeMMe 14

Difotar(t) = <1+4\/5>t = (\/5— 1)t-

Ilo memMme 13 nmeem
El-l—x-i—ac? (t) < 2[t/217

OTCIOJIa TI0 JieMMe 12 mojrydaem

e (t) > 21972,

ITo nemme 8, yunteBast (9), Bec y1i000ii L-ONMOKYN He MEHBIIeE

2D a2 (t) = 28 (V5 — 1)F = 20%,
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YunteBast (11) u noxcrasinas k = [t/3] B memmy 10, mosydmm, 91O Bec
Jo0oit R-o1mmbKN He MeHbIIIe

2L/3) min (2!, D7 ([2t/3])) > 2//3~! min (22 2@@”) — 25071 = 290 (13)

HOCJIE,ILHGG ACUMIITOTUYIECKOE HEPaBEHCTBO CJIEAYET M3 YHUCJIOBOI'O HEPaBEH-

crBa o < 4/3.
YunreBast (12) u (13), mosydaem, 9To Bec 060 JTOMMIECKON OMUOKN
110 TIOPSAIKY He MeHbITe 2°Y. 410 1 TpeGoBaIoCh. O

5. 3akJ/roueHue

B nannoii pabore BBEIEH KJIacc MOJyPPaAKTAIBHBIX KBAHTOBBIX KOJIOB, JIJIsi
KOTOPBIX JIOKA3aHa HUXKHSST OIEHKa KOJOBOIO paccrostHusl. MBI 371ech He
[PUBOJIUM BepXHell OIEHKH, HO OHA BBIIIE /T, U €CTh OCHOBAHUSI MOJIAIaTh,
YTO KOJIOBOE PACCTOSIHUE TTOJIY (DPAKTAIbHBIX KOJOB MOXKET OKA3aThCsI BBIIIE,
qeM +/n.

s mosty yeHust HU2KHe OIeHKH UCIIOIb30BAJINCH IIPOCTHIE COOTHOIIEHUS
Mexkty Bestmaunamu D, D u D*. TloTeHuaabHo HIKHSIS OLCHKA MOYKET GBITh
yITyHIITeHa, ecyim GyIyT yaydiieHbl OleHK: Ha emansasl D(t) u D*(t).

Uurepec npeicraBiisieT TakyKe PACCMOTPEHHE JPYIUX MHOTMOYJIEHOB T (1),
oTmuHbIX ot 1 + = + 2.

st paccMoTpenus 6oJiee MHUPOKUX KJIACCOB KOIOB HEOOXOAUMO 0000-
IIUTH JIEMMY O BhIpaBHUBaHUU Ha ciaydail konos Q (G, p, q), KOrjia MHOTOUWIEH
p orsindeH ot 1 + x.

Jlajiee mepevnc MM HEKOTOPBIE THIIOTE3bI U COODParXKeHUs, KAK MOXKHO
YIIYUIIUTH [IOJIy9eHHYIO B CTAThe OIEHKY, a TaKKe HEKOTOPbIE IMIIOTE3BI.

OnuH U3 IpocTefiux CIIocOO0B YIIYUIIATE ONEHKY — PACCMOTPETH KOJT
SF'(r,t,L') = Q ((a;>LL, X (y)p,1 —i—a:,y—i—r(xL/)), L = 2!, na pemérke B
Bujie napastenenunena L' x L x L BMecTo Kybudeckoit pemérku. Bee onen-
KI Gy/IyT OYeHb MOXOXKHME, a UMeHHO, Bec L-ommbku > L'D,.(t), a Bec R-
ommbku > maxy 28 min(L/, D (t—k)). TIpu dbukcupoBamHoii A/THIe KOJOBOro
cioBa L'L? uzmensist cooTHOmeHne Mexk1y L' 1 L MOYKHO MAKCHMHU3UPOBATD
HUZKHIOIO OIIEHKY KOJIOBOT'O PACCTOSIHUS.

JpyruM ecTecTBEHHBIM IIATOM SIBJISIETCS YIIydIlieHue OreHoK Ha D*(t) u
D(t). Tlpuseném 371ech HECKOIBLKO I'HIIOTE3 OTHOCHTENBHO HOBEICHHS ITHX
BEJIMYWH.

I'mooreza 1. D}(t) < D,(t).

Bamernm, 9TO JyIst BeNInuHbl D) €CTh AJrOPUTM BBITHUCJIEHUST ACHMIITO-
tukn |20, Teopema 5.5], a mus D(t) acuMnToTnKa HEM3BECTHA JazKe JIsI
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KoHKpeTHOTo caydad r(z) = 1+ x + 2. CooTsercTByIOmasn 3a1a4a Gbla, AB-
HO copmynupoBana B crarbe [13], e uccieoBanroch KojoBoe paccTosiHue
KJIACCHYECKUX (PPAKTAIBLHBIX KOJIOB.

OTI\/[eTI/IM7 qTo HpOBe,ZLéHHbIe HaMM KOMIIBIOTEPHbBIE 3KCIIEPpUMEHTBI ITO/-
TBEpPKJAIOT MPABIONOI0GHOCTD JAHHO MUIIOTE3bI JJIsi MHOIUX MHOTOYJICHOB
r(x) u mapamerpa t < 5. E€ takxke enié MoxKHO 1epedopMyIMpoBaTh B TEp-
MHHAX JINTHEHBIX KJIETOUHBIX aBTOMATOB.

I'unoresa 2 (nepedopmysnuposka runoressl 1). Jlas 406020 dsouunozo au-
HEUH020 KACTNOYHO20 ABMOMAMG C NEPUOOUHECKUMU ePAHUYHDIMU YCAOBUA-
MU NAOMHOCTND Y30PA, NOPOAHCAAEMO20 IGOMOUUET, OOHOKAEMOUHOT HAYAND-
HOT KOHPUYPAUUL, MUHUMAALHG N0 NOPAIKY.

Chemyrolnast TUIioTe3a siBJI€TCsi B HEKOTOPOM CMbICJIE HHUKATOPOM IIep-
CIIEKTUBHOCTU PpaCCMOTPpEHUA HO.Hy(bpaKTa.HbeIX KO/IOB, KaK KaHINJaTOB Ha
npeojiosieHne 6apbepa KoJ0BOro paccrosuus /n polylogn.

Tunoresa 3. Dy, (t) = 2[t/2].
WNnu B 6omee cmaboit popme:

TNunoresza 4. Cywecmeyem mmnozounen v € Fo[x] neuémmozo seca u e > 0
makue, 4mo
Do (t)D,(t) = 41079 pput — 0.

['ummoreza 3 ocHoBaHa JUITL Ha BEPXHEH OIEHKE U PE3YJIbTATAX KOMITHIO-
TEPHBIX SKCIEPUMEHTOB i ¢ < 4. DTy I'MIOTE3y MOXKHO IBITATHCS OIPO-
BEPIrHYTDH, HA/Is SKCIIEPUMEHTAILHO KOHTPIPUMEp st t > 5, b0, eciu He
[TOJTy YUTCsI, MCKATH IOJIXObI K €e JI0Ka3aTeIbCTBY. B cilydae, eciin rumnoresa
BepHAa, OYIyT y2Ke BECKIEe OCHOBAHUSI MIOJIAraTh, ITO KOJOBOE PACCTOSHUE KO-
ma SF(1+x + xZ, t) mpeBocxomuT N7, T N = 8¢ — mmHA KomoBoOro cJoBa,
v > 1/2. Ecau ke runoresa 4 HeBepHa, TO KOJOBOE PACCTOsIHUE TOJIyhpaK-
TaJIbHBIX KOJIOB OyjieT He Bbille /n polylogn.

3aJia4a IPOBEPKM TUIIOTE3 3 U 4 IPEJCTAB/SETCS KJIOYEBO U caMoi
CJIOKHOU YaCTBIO MCCJIEOBAHNA, CBSI3AHHOIO C KOIOBBIM PaCCTOTHHEM I10-
JIyOPaKTATBHBIX KOJOB.
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We consider a family of quantum LDPC codes with weight-
6 stabilizer generators and two logical qubits, where some logical
operators have a fractal structure. These codes can be considered as
local quantum codes on the L x L x L cubic lattice with periodic
boundary conditions. We prove that the minimum distance of codes
from this family is bounded below by Q(L%), where a = log,(2(v/5 —
1)) ~ 1.306.

Keywords: quantum LDPC code, local quantum code, minimum
distance, linear cellular automaton, fractal dimension.
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O mopsgakax JUHENHBIX HA/J M0oJIeM
PalMOHAJILHBIX YMCeJI aBTOMAaTOB

Mypasses H.B.!

PaccmarpuBaerca 3amata ompezesieHnsl MOPsiIKa HWHUMIAATIHLHOTO
JIMHEHHOT'O HaJI IIOJIeM PallMOHAJIBHBIX YHCes aBTOMaTa OTHOCUTEIHLHO
OIlepaIuu CyIepIOo3ulii. BriBeieHa BEPXHsA OIEHKA Ha IIOPHAJIOK aB-
TOMaTa, 3aBUCAINAs OT PA3MEPHOCTH.

KurouyeBbie ciioBa: jinHeHbIE ABTOMATHI, IIOPSIO0K B HOJIYTPYIIIIE.

1. BBenenne

Ecisin Bxo/1H0# 1 BBIXOIHON ajidaBUThl MHUIINATIHLHOTO aBTOMATA COBIIAJIAIOT,
TO YHCJI0 PA3JUYIHBIX ABTOMATOB, MOJIYUAEMbBIX CYIEPIIO3UIINEN MCXOHOTO
¢ caMuM €000, MOXKeT ObITh KaK KOHEYHLIM, TaK U OECKOHEYHBLIM. 3ajia-
1a OlpeIe/IeHUs MOPsiJIKa KOHETHOTO HHUIUAJIBHOTO ABTOMATA OTHOCUTEJIHHO
CYIIEPIIO3UIMU AJIOPUTMUYECKH Hepaspermuma B obiieMm ciaydae [1]. Ho s
HEKOTOPBIX KJIACCOB ABTOMATOB Y/IAETCS HANTH AJITOPUTMBbI OIIPEJIEC/IEHUST 110~
psizika. Hanpumep, Asnemmu C.B. mokaszan [3], 4ro B rpyIie oHOMEpHBIX
(BXOJT M BBIXOJI - 9JIEMEHTBI T10Jis1) JIMHEHHBIX aBTOMATOB HAJ[ IOJIEM U3 JIBYX
9JIEMEHTOB AaBTOMAT WMeeT KOHEUHBIN IMOPSIOK TOrJA W TOJBKO TOTIa, KO-
/18 €ro Mepexo/ibl 0E3yCJAOBHBI. DTOT PE3YILTAT 000DIIAETCs Ha OJJHOMEPHbBIE
aBTOMATHI HAJI JIFOOBIM TIOJIEM.

Panee aBropoMm Obli1a JoKa3aHa BepXHss I'PAHUIA HA TOPII0K JIMHEHHOTO
aBTOMATA HaJ[ KOHEYHBIM I10JIeM |7], 94TO MO3BOJIMIIO MOJIYUYUTH AJTOPUTM Pe-
MEHUS 3812491 JIJIsi aBTOMATOB IIPOU3BOJILHON PA3MEPHOCTHU HaJ KOHEYHBIMU
nosisiMu. B maHHOI paboTe 3TOT pe3ysbTar OyAeT pacipoCTpaHeH Ha CIydail
[IOJIST PAIMOHAJIBHBIX YHCes. A UMEHHO, Oy/JIeT BbIBEJIEHA BEPXHSST OIEHKa Ha
OPsiJIOK JinHelHOTo Ha Q aBTOMAaTa, 3aBUCHINAS OT €r0 PA3MEPHOCTH.

Pabora cyIecTBeHHO HUCHOJIB3YEeT M3BECTHBIC PE3YJILTATHI B TEOPUU JIU-
HeHHBIX aBTOMaToB (2, 3, 4, 5, 6], B yacTHOCTH METO/I IepeaTOUHbIX (DYHK-
U,

! Mypasves Huxuma Basepvesuy — crymeHT Kad. MATEMATHIECKOH TEOPHN HHTELTEK-
TyaJIbHBIX cucTeM Mex.-MaT. db-ta MI'Y, e-mail: ne-ki-tos@yandex.ru .

Muravev Nikita Valerevich — student, Lomonosov Moscow State University, Faculty
of Mechanics and Mathematics, The Department of Mathematical Theory of Intellectual
Systems.
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2. OcHoBHBIE omnpeaejicHnd N yTBEP2KACHUA

Onpenenenne 2.1. JIluneliHbIM aBTOMATOM HaJ IOJIEM PAIIMOHAILHBIX Y-
cen Q masbIBaeTCs MHUNUATBHBIN abcTpakTHBI aBromar (X, Q, 2, ¢, 9, qo),
YbU MHOXKECTBO COCTOsIHMII (), BXOJIHOI Y M BBIXOmHON {2 ajipaBUTBHI €CThb
[TOIMHOYKECTBA KOHETHOMEPHBIX BEKTOPHBIX IPOCTpaHcTB Hald (@, a KaHOHM-
YeCKHe ypPaBHEHUS MMEIOT CJICIYIOMINA BUI:

q(t+ 1) Aq(t) + Bx(t)

y(t) = Dq(t) + Lx(t)
4(0) = qo,

rie q(t) € Q,z(t) € ¥,y(t) € Q; A, B, D, L - nuneiinble onepaTopbl MeXK Ly

COOTBETCTBYIOIMUMU IITPOCTPaHCTBaAMMU.

Bes orpanntenust obIHOCTH Be3/e gaIee CINTAEM, 9TO PA3MEPHOCTH JIU-
HEWHBIX 000JI09eK aipaBUTOB U JIMHEHHBIX 000JI0YEK MHOMKECTB COCTOSTHIIA
COBIIQJAIOT C PA3MEPHOCTSAMU COOTBETCTBYIOIINX BEKTOPHBIX IIPOCTPAHCTB,
MTOJTMHOYKECTBAMHU KOTOPBIX OHU SIBJISTIOTCS.

Onpenenenune 2.2. PazmepHocTbio JIMHETHOTO aBTOoMara OyaeM Ha3bIBATH
pPa3MepHOCTh JTUHEHHOH 000I0YUKH er0 BXOIHOI'0-BBIXOIHOTO ajidaBuTA.

Bynem 0603Ha1aTh 110JIe 9aCTHBIX KOJIbIla MHOTOYIeHOB Haj Q oT mepe-
MeHHOiT 2z Kak Frac(Q[z]).

Cueyroniasi jjeMMa ecTh 0000IIeHIe U3BECTHBIX pe3ysbTaTtoB (2, 6, 7).
Mpbl npuBoiuM ee 6e3 J0Ka3aTe/IbCTBA.

Jlemma 1. Conocmasum kasncdomy caosy r = xgrirars... € 2°° dopmanv-

oLt pAad
(o]
= g Tp2",
v=0

A xastcdomy caosy Yy = Yoyi1y2ys... € Q% - dopmarvrvii paod

0
= E yvzv
v=0

Toeda Oan a06020 n-meprozo aunetinozo asmomama G cywecmesyrom
nepedamounan dynkyus Ma(z) € (Frac(Q[z])™™ u cdeue Sg(z) €
(Frac(Q[z]))™, maxue wmo das aobwix x € L0,y € Q=

y=G(z) & y(z) = Ma(2)z(2) + Sa(2).

Omnpenenenne 2.3. Ilopsinkom aBromaTa Oy/ieM Ha3bIBATH MTOPSIIOK €TI0 aB-
TOMATHONH (PYHKIIUA OTHOCUTE/IHLHO CYIEPIIO3UIINANL.
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3. OcHoBHBIE pPeE3yJIbTaThbl

Bsenewm ciemyrorue obozunadeHus:

d(m) - dyrkums Ditrepa, canTaOmast KOJTMIECTBO HATYPAJTBHBIX YUCEIT
MEHBIIUX 11, KOTOPbIe B3aUMHOIIPOCTHI C 17;

HOK - nammenbitiee o0Iiiee KpaTHOE;

P(n) := max{m € N: ¢(m) < n}.

Teopema 1. Ecau nopadokx n-meprozo aunetinozo wad Q asmomama xore-
yeH, Mo OH He NPesocrodum

max HOK(v1, ..., vp).
1<v1<...<vn <t (n)

Jloxasameavcmeo. Tlycrh mopsanok n-mepHoro juHeiinoro Hag Q aromara
G xoneuen. Torja KoHe4YeH TOPsJIOK ero nepegarounoii dyuxmun Meg(z).
[To nemme 1 nepenarounas dyukims Mqg(z) ecTh JTuHEHHBIT oepaTop HaJ
nosteM Frac(Q[z]), a 3HauuT oHa eCTh JIMHEHHBIH omepaTrop W HaJl IOJIeM
Frac(Clz]). Topsisiok oneparopa KOHEY€eH, a 3HAYUT KOHEYHbI U [IOPSIJIKH 110
YMHOXKEHUIO €r0 COOCTBEHHBIX 3HAYEHUi (Bejb NPU BO3BEJCHUN MATPUIBI B
crereHb COOCTBEHHbIE 3HAUEHUST TOKE BO3BOJATCsl B crenenb). CiieioBaresib-
HO COOCTBEHHBLIC 3HAYEHMs, JIezKalllde B aare0parmdecKoM 3aMbIKAHUU I10JIs
Frac(Clz]), nmeror koneunsle nopsiziku. Ho Torja onn smbo Hysu, 1160 Kop-
HY U3 eIMHUIBL. Bee KOpHU U3 eIMHUILI B aIreGpandecKoM 3aMbIKAHIU 101
Frac(Clz]) nexar B C, rak kak C C Frac(C|z]) anrebpandecku 3aMKHYTO,
U IPH €ro pacilipeHnd HOBLIX KOpHell 100aBUThLCA He MOXKeT. To ecTh Koad-
unMeHTH XapaKTepucTHIeCKOro MHOTOYJIeHA ¢ OJIHOH cTOPOHLI JexkaT B C
(Tak Kak IOJIydaloTCsl CJIOXKEHHEM U YMHOYKEHHEeM COOCTBEHHBIX 3HAYEHWIH),
a ¢ zpyroii croponsr Jjexkar B Frac(Q[z]) (Tak Kak MOIydaloTCsl CIOKEHH-
eM U yMHOXKEHHEeM 3JIEMEHTOB MATDPUIIbl [epeIaTouHOi (byHKImN). SHAIUT
kosdburmentsl npunaiexar CN Frac(Q[z]) = Q.

[Mosyunmm, 910 K03DDUIMEHTH XapaKTePUCTHIECKOTO MHOTOUIEH], I1e-
pesaTounoil pyHKIUM ecTh KOHCTaHThl u3 (Q, a KOpHH 3TOro MHOIOYJIEHA
€CTh KOMILIEKCHBIC KOPHU U3 €IMHUIIBI U, BO3MOXKHO, HOJIb. HO MUHHMAJIb-
HbIl MHOrO4YwIeH Haj Q /Ui KOpHS U3 eIUHHMILI k-ii CTEIleHH 3TO KPYIroBoii

H ()\ _ eQiﬂm/k)

1<m<k

HO(m,k)=1

MHOT'OYJIeH

nopsizika ¢(k), rime HOJ osnauaer nanbGosbrumii obmmuii gesinrens. To ects,
ecJiu COOCTBEHHOE 3HAUEHHUE TIePeIaTOIHON (DYHKIUH N-MepHOTO apToMara (G
eCTb KOPEeHb U3 euHuIbl crernenn k, 1o ¢p(k) < n. A 3naqur

k <(n):=max{m € N: ¢(m) <n}.
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TakuMm o6pazoM, TOIyYeHA BEPXHsIA OIEHKA Ha TMOPSIIOK COOCTBEH-
HBIX 3HAYCHUN TepeaTOvIHOl (YHKIMU aBTOMaTa. Tenepb paccMOTPUM
7KoppianoBy HopMmauibHyto (opmy nepenaTodHoit dbyHKIuu. ITO OI0UHO-
JIMaroHaJIbHAST MATPHUIA C KJIETKAMU BUJIA

A1 0 O
0 A 1 0
0 X 1
0 0

Ha, JTUArOHAJIH.

Ecimu A = 0, nopsiiok KJIeTKK paBeH ee pa3MepHocTH. Ecin \ ecrb KopeHb
k-ii cTereHW M3 €IUHUIIGI, TOPSIOK KJIETKNA KOHEYEH TOrJA M TOJBKO TOIJIA,
KOI'lla, ee pa3MepHOCTh paBHa eIuHuIE, U paBeH k. ITopsmok mepenaTodHoit
GYHKIINN eCcTh HauMeHbIee 00Iee KPaTHOE MOPSIIKOB KJIETOK.

W3 BbIIECKA3aHHOIO CJIEAYyeT, 9TO HOPSIOK IepelaTOIHoNl (hyHKIMN He
MIPEBOCXOINUT

max HOK(v1, ..., vy).
1<v1<...<vn <th(n)

OHaKO aBTOMAT OIIPEJIEJIsIeTCs] He TOJBKO CBOeH MepeaaTovHol (PyHK-
nueit, 7o u capurom. Cusur aBromarta G™ umeeT BUI

(ME(2) + ... + Mg(2) + I)Sc(z).

Eciu  k,I HauMeHblime HaTypaJbHble 9HCJIA, Ui KOTOPBIX
ME(z) = ML(2), k<, to smubo (Méfl(z) + i+ ME(2))Sa(2) =0 n
HOPSIJIOK aBTOMaTa COBIIQJ@AET C YHCJIOM DA3JIMYHBIX CTEleHell ero Iepe-
JarouHoil dyuknuu, 60 (Mlel(z) + o+ ME(2))Sc(2) #0 n mopamox
aBromara 6eckoHedeH (Tak Kak Q ecrb mosie xapakrepuctuku 0).

To ecrb, ecsiu OPsIIOK N-MepHOro JinHeitHoro Haj Q aBromara KoHeueH,
TO OH HE IIPEBOCXOJIUT

max HOK(v1, ..., vy).
1<vi<...<v <tP(n)

O]

[To/ly9eHHYIO OIEHKY MOXKHO OIpyOUTH, YTOOBI IOJIydUTb OoJiee Ja-
KOHWYHOEe HepaseHcTBO. V3BectHo |[8], uro Vn > 6 ¢(n) > /n. 3Buauur
Vn > 6 ¢(n) < n?. Torma Vn > 6

max HOK(v1,...,v,) < max HOK(v1,...,v,) <

1<v1<...<v, <P (n) T 1< <...<vp<n?

VA

2 2 _ (n®)!
<n“-..-(n"—(n-1)= CET
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To ectb mopsimoK n-MepHoro juHeitnoro nax (Q aBromara Jimbo GeckoHe-
(n?)!
YeH, JTU00 He IIPEBBIIIaeT (nZ—ny1 IPH 1 > 6.
s n < 6 BEPXHIO IPAHUILY HA MOPSIOK MOXKHO BBIYUCHUTD 110 TEOpe-
me. O6oznauns 3a L(n) MaKCUMAJbHBIN TIOPSIOK N-MEPHBIX JIMHEHHBIX HaJ|

Q aBTOMATOB, TIOJyYIAEM CIEAYIONEE CJIEICTBAE U3 TEOPEMBI 1:

Caeacrsue 1.1.

n?)!
L(n) < (ng—)'n)!’ n > 6.

Samernm, 9T0 00OOIIEHNE TOJTYIEHHBIX PE3YJIbTATOB HA CJIydail aBTOMa-
TOB HAJI MOJISIMU BEIIECTBEHHBIX U KOMIIJICKCHBIX YHUCEJI HEBO3MOXKHO. YIKe
cpey JABYMEPHBIX aBTOMAaTOB C OJHUM COCTOdHMEM HaJ[ II0JIEM BeIleCTBEH-
HBIX YUCEJI UMEIOTCSI aBTOMATHI CKOJIb YTOIMHO OOJIBINNX MTOPSIIKOB.

B camom pente, BO3bMEM IPUMUTUBHBIN KOPEHDb N-il CTEIIEHN U3 €IUHUIIBI
a + b B 1moJIe KOMIIJIEKCHBIX uncesi. PaccMoTpuM IBYMEpHBIH JIMHEHHBIN HaT
R aBTOMAT C OJHUM COCTOSIHUEM:

() = (2 D) ().

Od4eBUIHO, TOPSAJLOK STOr0 aBTOMATA, PABEH IOPSIJIKY MaTpPHUIbI
a b
—b a

Ee 2Kopnanosa HOpMabHas dpopMa mMeeT BHT

a—+1ib 0
0 a—1b)’

To ecTb OPSAMOK MaTPHUITHI PABEH 7.

IO YMHOXKEHUIO.

Taxum 0bpazoM MOKA3aHO, YTO JJIsl JUHEHHBIX aBTOMaTOB HaJl R He cy-
IIECTBYET BEPXHEH I'PAHUIbI Ha HOPSIIOK, 3aBUCIINEH 0T PasMEPHOCTH.

ABrop BbIpaxkaer 6J1aroIapHOCTH CBOEMY HaydIHOMY PyKOBoIMTEIIO Ba-
ouny /I.H. 3a momomp Ha Bcex 3Tamrax MOJATOTOBKU W HAITUCAHUS JAHHOM
paboThI.
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About orders of linear over rationals automata
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We consider the order problem with respect to the superposition
operation for linear automata over rational numbers. An upper bound
of automata orders is proved.

Keywords: linear automata, order in semigroup.
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YHacts 4.
MaTepuaJjbl ceMuHaApOB Kadeapbl

MaTUC






Jlokaabl ceMuHapa «Teopus aBToMaTOB»

C xonra 2019 roga Ha HayuyHOM ceMuHAape «leopus aBTOMATOBY IO PY-
KOBOJACTBOM akajemmka Bajepus Bopmcosuvua KympssiieBa cocrtosioch 13
JIOKJIa/10B.

4 nexabpsa 2019 roga

PdopMaJsibHBIE MOJIeJI1 0€30MaCHOCTH U CKPBITHIE
KaHAJIbI

c.u.c. [asmarenko A. B.

Hanuuune dhopmasnbHoil Moes i u 10Ka3aTesIbCTBa HE30IIACHOCTH SIBJISET-
Ccqa O6H3aTeﬂbeIM Tpe6OBaHI/IeM K cuCTeMaM C BBICOKHMM KJIACCOM 3aIlIUTHI.
B kaugectBe KJraccuydeckoro npumepa BepudunupyemMoi 6e301acHOCTH MOXK-
HO npuBecTu Mojesb beyura-Jlanamysa. Teopembr, o3BoIIsIOMIME CBECTH IPO-
BepKy T106aIbHOM 6€30MACHOCTH K MTPOBEPKE JIOKAJIHHBIX YCIOBUM, TTOJTY IH/IH
HazBaHme TeopeM packpyTku. B 1976 roay Xappucon, Py33o0 u Yabman moka-
3aJIn, 9TO TIPpU AOCTATOYHO €CTCCTBCHHBIX ITPEAITOJIOKEHUAX 3a/a9ad ITPOBEP-
K1 HEe30TacHOCTH CTAHOBUTCH AJTOPUTMUYECKH Hepazpermumoi. Kak cien-
CTBHE, aKTYAJIbHON CTAHOBUTCA 3a/1a49a BBIABICHUA MOAeJeH ¢ pa3pemmMon
6ezonacHocThio. C APYyroit CTOPOHBI, IPU MHTErPAIUU PAZHOPOJHBIX CUCTEM
JKeJIaTe/TbHO YMETh BhIPAXKATh OJHU MOJMEJN B TEPMUHAX APYTruX. B meppoii
JacTu JoKIaa Oyner cueian ob630p pe3ysabTaToB O mpobJjeMe PacKpPYyTKU U
B3alMHOMN BBIPDA3UMOCTH MOILeJ'[efI, TTOJIY9IE€HHBIX COBMECTHO C YYC€HUKAMMU.

IIpu mepexose oT peasibHON cHCTeMBI K MaTeMaTHYECKOH abcrTpakiuu
Hen30EXKHO TEPLAIOTCS KAKWe-TO CBOWCTBA. B pe3yibrare ja)ke npu Hajiu-
qnn HOPMAJIBHOIO JIOKA3ATE]bCTBA 0E30IACHOCTH B PEAJIbHON CUCTEME MO-
YT BO3HUKATH WHMOPMAIIMOHHBIE TIOTOKU, HAPYIIAoNue 6€301macHoCTb. Ta-
KUE MOTOKU TMOJIY9IUJIN Ha3BaHNE CKPBHITHIX KaHAJIOB MTepeaavun I/IH(bOpMaL[I/H/I.
Bo Bropoit vactu noxsaga 6yaeT pacCMOTPEH psifi IPUMEDPOB CKPBITHIX KaHa-
JIOB, TTPOAHATM3UPOBAHA BOZMOXKHOCTH 0DECIIeUeHUs 3, IaHHON HAMEKHOCTH
U MAaKCHMU3AIUU CKOPOCTHU TIePeIad.
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18 mexabpst 2019 roga

O meTomax m ajJropurMax (PyHKIIMOHAJILHOTO
IMOCTPOEHMUS MOJACTAHOBOK 3JIEMEHTAPHBIX abejieBbIX
TPynn U nX KOMOMHATOPHBIX, aJiredpandecKnx u
anddpepeHnmaIbHbBIX CBOMCTBAX

B.H.c. Hocos B. A.

B noknane paccmarpuBaioTcs pe3ysibTaThl, CBI3aHHBIE C PYHKIIMOHAIb-
HBIM ITIOCTPOEHHMEM IIOJICTAHOBOK 3JEMEHTAPHLIX abesIeBbIX I'DYIII C IEIBIO
obecriedeHrsi y HUX ONPEAETEHHBIX KOMOMHATOPHBIX, aarebpandecKux WIn
muddepentmanbabix cBOcTB. K maHHOMYy HapPaBJIEHWIO OTHOCATCI KJIACCH-
geckue pabotsl lennona K., Xonna M., Kmocca B. M. u apyrux aBTopos.

B noxsmame mpuBoggaTcs pe3ysbTaThl, yCTAHABIWBAIONINE CBIA3U MEYKTY
PA3IUIHBIMU pa3jesaMu TuckpeTHo# mMaTeMaTnku. Kputepun cymectBoBa-
HYST BAXKHBIX T TIPUIOKEHTI KOMOMHATOPHBIX, aaredbpamdecknx n gudde-
PEHIUANBHLIX CBOHCTB KOHCTPYUPYEMBIX MOJACTAHOBOK OMPEIETAIOTCS KPH-
TEPUAMU HAJIUUNS Y KOOPAUHATHBIX (DYHKIINI TabJIMIHBIX, aHATHTHIECKITX
(ycnosus Ha koabdurmenTsr Pypbe) wim anrebpandeckux (yeJI0BUs Ha TPYTI-
bl MHEPIMK UCTIOIb3yeMbIX (hyHKIW). JJaHHBIE PE3YJILTATHI TIPEJCTABIAIOT
MHTEPeC JJIsd CUHTe3a KOJIUPYIOIUX aBTOMATOB.

19 deppads 2020 roga

O630p MaTeMaTnYeCcKUX pe3yJIbTaTOB B
reoMeTpPUYEeCKOM MOJIX0Jie K PACIIO3HABAHUIO
BU3yaJIbHBIX 00pa30B

npoceccop Kozmos B. H.

B noxnane mamaraercss teopema 0 Kojax M300paxkeHnii (KOABI JAByMeEp-
HBIX, TPEXMEPHBIX U DOJIbINEN PA3MEPHOCTH M300paXKEHUN, FJLUIUIIC-KOIBI U
IPOTOPIMOHAIBHBIE n300pazkenud ). [[puBoAATCS PE3YILTATEL, OGECIETNBAIO-
e ONTUMAJIbHOE HAJIOXKeHHe n300parKeHnil (MUHUMHI3UPYIOIIEe «CTEIeHb»
WX HECOBNAJEHUS) Jisi IPEOOPa30BaHUil NAPA/IETHFHOTO MEPEHOCA, M30MET-
pudecknx, momobua u adPpuHHLIX. PacckasbiBaeTcss 00 3CKM3aX W OCTOBAX
n300paKeHUil, UX ONTUMAJBLHOM B3auMOpacioiokenun. CyMMUPYIOTCS pe-
3yJIBTATHL [JIsi BOCCTAHOBJIEHUS TPEXMEPHBIX M300PaKEHUI 110 UX JBYyMEp-
HBIM TIPOEKIUsIM. B 3aK/I0UeHNN PacCKa3bIBAETCS O TJIAHUPYEMBIX HATPAB-
JIEHUSTX TIPOIOJIKEeHI 1 06001IeHnit moaxo/1a.
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26 despans 2020 roma

O cBoiicTBax JIOTMYECKOI'O BLIBOJIa B
MPOIO3UIMOHAJIBHBIX NCYNCJIECHUIX

noment bokos I'. B.

B noknaze 6yayT M3/102KeHbI PE3YJILTATH NCCIIEI0BAHNS CBOMCTB JOrnye-
CKOT'O BBIBOJIA B IPOTNO3UINOHAIBHBIX HcUucaennsax. [Ipu atom akienT 6yaer
crenan HA (PYHKIUOHATBHBIX, AJITOPUTMAIECKUX U CIOKHOCTHBIX ACIIEKTAX
JIOTUYECKOT'0 BBIBO/JIA!

o Dynxyuonasvrutl acnexm. C GYHKIINOHAJILHON TOYKH 3PEHHST IPOIIO-
BUIMOHAJIbHBIE UCINCICHUS IPEACTABIIAIOT cOb0it MHOXKECTBA (DOPMYJI,
3aMKHYTBIEe OTHOCHTE/ILHO IPAaBUI BbIBoJA. CTPYKTYypa TaKUX 3aMKHY-
TBIX KJIACCOB IO BJIOXKEHHOCTH 33aET PEIIETKY MPOIO3AIHOHATILHBIX
ucuncjaennii. Jlanaoe mpecTaBIeHue MopoXK aeT KOPITyC TPodIeM, CBs-
3aHHBIX C OMMCAHUEM CBOMCTB 3TOi peméTku u 6a3UCHOCTH €€ 3JIeMeH-
TOB.

o Asneopummuneckud acnexm. Jlormdaeckuii BBIBOJ B IIPOMO3UIIMOHAJb-
HBIX MCUYUCJCHUSIX MPEJICTABSIET COOO IPOIeaypy MOLYUIeHHs OIHIX
GopMyJT gdepe3 Jpyrue ¢ MOMOIIBI npaBu BeBoga. CyIecTByIOT He-
paspermMble HCINCICHN, /I KOTOPBIX JaHHas IIPOIeIypa He MOXKET
OBITH BBIIIOJTHEHA aJrOPUTMUYECKH. B mokaame 6yaeT pacckasaHo, IpH
KaKnux HeO6XO,Z[I/IMLIX n JO0CTATOYHBIX yCJ’[OBHHX 9TO BO3SMOXKHO.

o Crooicnocmuot acnexm. B mocieamme mecaTuieTs TPOIEAY Pl pertie-
HUA 33/a4, U3BJIEKaeMble U3 JIOTUYECKOI'0 BBIBO/IA B KJIACCUUYECKUX UC-
YUCTEHUSX, TTOBCEMECTHO UCIIOIB3YIOTCH BO MHOTHX KOMITBIOTEPHBIX CH-
cremax. [lpu aTOM mepBocTeneHHOE 3HAYEHUE MPUOOPETAET TPOCTOTA
marHbixX nporeayp. C 370l TOYKY 3pEHUs TTPEJICTAB/ISIETCS NHTEPECHBIM
olucaHre CBOMCTB MUHUMAJIBLHOI'O JIOTMYECKOI'0 BBIBO/IA.
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4 mapta 2020 roma

O nmpuMeHeHUU AJITOPUTMOB O0OPAOOTKU OOJIBIIINX
JAaHHBIX B 3aJiaYe IIPOrHO3MPOBAHUA PHUCKA
HeObJIarONPUATHOTO KJIMHUIECKOTO MCXO0a

npodeccop Kyapasies B. B., mpodeccop Peixxor A. 11,
monieat Crporamos A. C., 2Kypasnes A. A, [lleprun 1. A.

B coBpeMeHHBIX BBICOKOTEXHOJOTHYHBIX KJAMHHKAX, Ojaromapd BHEIpe-
HUO MeauIuHCKUX nHphopManunornbix cucrem (MUC) dukcupyercs n makarn-
JUBaeTcs 60JBINON 06beM JAHHBIX O KayKJOM TanuenTe (aeMorpaduaeckue,
KJIMHAYECKUE JAHHBIE, PE3YABTATE TADOPATOPHBIX ¥ HHCTPYMEHTAIBHBIX Me-
TOJIOB IMATHOCTUKM, XapAKTeP OMEPATHBHOIO JIEUeHHsI U TIp. ). JacTh JTaHHBIX
0 TaIlWeHTe MOTYT ObITH TPEJCTABIEHBl B JAUHAMUKE. Y UATHIBAsT PA3ZHOPOJI-
HOCTH HMH(MODPMAIMH, €6 HEeIEeTKOCTb M, IOPOil, HEIIOJHOTY, HeOOXOAUMO HC-
cJTeJlOBaHNE BO3MOXKHOCTH ITPOTHO3a PUCKA HEOJAronpusaTHOrO KJIMHUIECKO-
0 MCXO/Ja HA OCHOBE HMEIONINXCA JAHHBIX M ONpee/eHHe KadeCTBa TaKOoro
IIPOTHO3A.

11 mapra 2020 roga
ABTOMa,TbI n BbIYUCJIEHUA B Ha6HpHHTaX
u.c. Bonkos H. 1O.

ABTOMaTBHl M BbIYMCIEHUA B jgabupunrax. Annoramnus: B gokiane pac-
CMaTPHUBAIOTCS JIBA IOIX0/1a K OIMNCAHUIO aBTOMATHBIX CHCTEM B JJAOHPHHTAX
(HE3aBUCHMBIE CUCTEMBI, KOJIJIEKTUBBI ABTOMATOB M aBTOMAThI ¢ KPACKAMH):
Yepe3 UX TPACKTOPUHU W 9Uepe3 BbIUYMCsieMble uMu GYHKIUN (UM TOCTe10-
BarebHOCTH ). BBOagTCH noHsaTre nabupuHTHOro arenta (0000ImakIee aB-
TOMATHBIE CHCTEMBI B jTabupunTe). OUpeaensiorcs onepannuyu Ha I areHTaMu:
cyMMa M obparHas eil omepalys IpOelupOBaHus. AHAJOIMYHLIE OIEPAIIUU
OTIPENIEISTIOTCS HaJl aBTOMAaTaMK B JIADUPWHTAX. YCTAHABIMBASTCS B3aNMO-
CBA3b 3THX omepaiuii. PaccMaTprBaioTcd caydan, KOraa NPUMEHEHNE ITHX
omeparuit mO3BOIIET PEIUTh 33139y PeC/eI0BaHusd. TaK XKe OMpe/Ie/IgeTcs
MTOHSITHE BLIYHCICHHUS IETOIUCICHHBIX (DYHKIINNA aBTOMATHBIMHE CHCTEMAaMI.
Hasee mamaraeTcss moaxos, MPH KOTOPOM KOJIIEKTHUBRI aBTOMATOB XapaKTe-
PHU3YIOTCsT (PYHKITUSIME, KOTOPBIE OHM BRIYUCISIIOT. [IpuBoasTCa pesyabrarsl,
MOJTyI€HHBIE aBTOPOM coBMecTHO ¢ B.B.YimakoBoit u rumore3nl 0 Kiraccudu-
Kallui BBIYUCIUMBIX (DYHKIINHM Yepe3 YnuCI0 aBTOMATOB, HEOOXOANMOE JIJId X
BbIYKCAEHUS. [IpUBOASTCS TTPUIOKEHHST K 33/1a9€ MTPECIeIOBAHMSI.
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14 oxTabpsa 2020 roma

nckyccus Ha TeMy
«AcKyccTBEeHHBINT MHTEJIEKT — MTPOOJIEMBI 1
MMEPCIIEKTUBHI»

TemaTnka AUCKYCCUU BOCXOAWT K KjaccudeckuM paboram A.Twropunra
"Moxet i Mmamnaa MbicanTs" u k. don Heitmana "BoruncanrenbHast Ma-
muHA ¥ MO3T" | KOTOphIe BOZHUKJIN HA 3ape CTAHOBJIEHUST KNOEPHETHKHU KakK
vayku. C mex mop muckyccuu Ha TeMy "MoKeT Jin MAalnHA MBICJUTH' TO
BO3HUKAJIU, TO 3aTyXaJId ¥ B TOHUMAHUN YTOTO BOIIPOCA 0COO0# sICHOCTY OHM
He BHOCWJIM. B mocsieinue 1ojpl, B CBS3U ¢ MOIIHBIM DA3BUTHEM TEXHOJIOTH-
9ecKoil 6a3bl KOMIIBIOTEPOCTPOCHNS, TEMATHKA CTA/Id BHOBDL aKTYaJbHON, HO
BMECTE ¢ HayuHOU H6a30il, HapaboTaHHOI B TEOPUU UCKYCCTBEHHOTO MHTEJIIEK-
Ta, ¥ OPUKJIAIHBIX POTPAMM B 3TOH 0OJaCTH, BO3HUKJIO MHOXKECTBO paboT
CHEKYJIATUBHOIO TUNA, POTOBLIX OOBbABUTH JII0D0E YCTPOHCTBO CO BCTPOEHHBI-
MU B €10 CUCTEMY YIIDpaBJACHUA TPUBUAJIbHBIMU AJITOPUTMUYICCKUMU ,ZI;O6&BK&-
mu "cucTemoit mckyccrsentoro natemaerTa’. Ha mam B3riam Hactamo BpeMst
OTAeIUTD "3epHa OT maeBen" u 0BCYIUTh 3TY TEMATHKY C PA3HBIX TOUYEK 3pe-
HUAg. Ba}KHO OTMETUTH CYIIECTBEHHBIE TIEepeCcevIeHUst 110 /IaHHOfI TEMATUKE B
MaTeMaTHuKe, HHPOpMATHKe U KHOepHETHKE.

21 oxTabpa 2020 roga

Koapr n3obpakennii, vHBapuaHTHbIe K aPPUHHBIM
npeoOpa30BaHUAM

npodeccop Kynpasies B. B., npodeccop Koznos B. H.

N306paxkeHnst TPAKTYIOTCA KaK KOHEUHbIe (HEMyCThIE) MHOKECTBA TOYEK
B eBKJIHI0BBIX TTPOCTPAHCTBAX PA3HOI pazMepHocTH. Yale pacCcMaTpUBarT-
cs IByMepHBbIe W300parKeHUsi, XOTs BO3MOXKHO PACCMOTPEHNE U TPEXMEPHBIX
(06 beMHBIX M300pAKEHMIT), U JETBIPEXMEPHBIX (0ObEeMHbIE M300paKeHus B
muaaMuke). Kom nBymMepHOro n300pazkeHus MOYKHO MPEJICTABISITE KaK COBO-
KYITHOCTBH BCEX HUCEJI, TTOJIY9dEMbIX OTHOIIIECHUEM H.HOH_La,Z[eI?I TPEYTOJILHUKOB C
BepIMHAMEU B TOYKaX u300pazkenusi. JucjaM NpUITHCAHBI UHAEKCHI, KOTOPBI-
MW TTOMEYeHbl TOUKHM M300parkenns. Takoil Ko, KaK JOKA3aHO, ONpeerdaeT
n300pazkeHne ¢ TOYHOCTHIO M0 adpUHHBIX npeobpasoBamnii. [lo3xke Bo3HUK
BapUaHT KOJla, B KOTOPOM YHCJA I[MOJYYAIOTCs HE OTHOIIEHWEM ILIOIIAJIei
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TPEYrOJIFHUKOB, & OTHOIIEHNEM ILJIOMAEH S/TUICOB HANMEHBIEH ILI01a-
IV, BKJIIOYAIONINX DTH TPEYTrOJbHUKH. Tako# KOI TOXKe Ompemesser m300-
pakeHme ¢ TOYHOCTHIO 10 adduuHBIX mpeobpasosannii. Hakonern, Tperbs
Bapuanud BO3HUKACT U3 JOKA3aAHHOT'O YTBEDP2KJICHUA O TOM, €CJAU AJId JIBYX
n306pazkeHnit, B paMKax HEKOTOPOH OMEKIINN Ha TOYKAX STHX M300parKeHnii,
OTHOIIIEHU A H.HOH.[&,Z[QI?I COTTIOCTABJIAAEMBIX TPEYTOJBHUKOB C BEPIMWMHAMUA B TOY-
Kax m300pazkKeHnii ecTh KOHCTAHTa, TO 3TH u30bpaxkennda addpruHHO SKBUBaA-
JieHTHBI. EcTh 60/1ee 9acTHBIE BUIBI KOJOB, OMPEIEISIONINEe N300PaXKeHUsT C
TOYHOCTBIO JI0 U30METPUYECKUX TPeobpa3oBaHuil, u j10 npeobpaszoBanuii mo-
100usI.

21 oxTabpa 2020 roma
O cymecTBOBaHNY M300pakeHNd C 33/JAHHBIM KOJIOM

c.u.c. Anexcees /1. B.

Beoaurcs kopupyromast pyHKIMS, MHBAPUAHTHAT OTHOCUTETHHO adpPpuH-
HBIX OTOOpazKeHuii, 1 MCCAeAYIOTCs ee cBoiicTBa. Haiimensl HeoOXommMble u
JIIOCTATOYHBIE YCIOBUS TOIO, YTO JaHHBIN HAOOD 9mMCesI sIBJASETCI KOIOM HEBbI-
POKIEHHOTO M300paXKEeHHSI.

28 okrsibps 2020 roga
BBe,Z[eHI/Ie B TEOpPHUIO aBTOMATOB

npodeccop Honkomsuna A. C.

B nmoknane npencrasier KpaTkuii 0030p pe3y/IbTAaTOB [0 TEOPUN aBTOMA~
TOB, IIOJIYYCHHBIN 3a JJIATE/IbHBIN 1IePUOo/ IPYIIION ucciaenosareseil moa py-
KOBOJIcTBOM akKajtemuka B.B. Kynapsasresa. Teopusa aBToMaTOB IIpecTaBIIET
HUCKJIOUNTEIBHBIN MHTEpeC KaK TUCKPETHRIN aHAIOT KJIACCUIECKUX MOJIeselt,
OTIMCBHIBAIOINX HEITPEPBIBHBIE TTPOIECCHI. B YaCTHOCTH, OHa HaXOAWUT THTUPO-
KO€ TPUMEHEHNE B TPOEKTHPOBAHNN COBPEMEHHBIX BEIUNCIUTENBLHBIX CPEJICTB
7 pazpaboTKe TPOrPaAMMHOTO 00EeCIIeTeHHSI.
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28 okTsibpst 2020 roma

O kJjaccax aBTOMAaTOB C OIepalyeil Cynepro3ulium,
pPaCHINPLAIONIAXCI 0 MAKCUMAJIbHBIX

npodeccop Babun 1. H.

Perrenve 3a7aun BRIPA3UMOCTH aBTOMATOB C Omeparueil Cynepro3uiinu
HaTaJKUBAETCsd Ha CYIIeCTBeHHBIE TpyAHocTu. Kak mokazan Bagepmit Bo-
pucoBwy KynpgBies, TPeamoHLIX KJIACCOB aBTOMATOB — KOHTUHYYM. Bosee
Toro, kak nmokazaj Kparko M.U., cama 3ajadya BBIpa3suMOCTH B caMmoil 06-
el TOCTAHOBKE SIBASTECS aJTOPUTMUYECKr Hepazpammmoii. zsectHo, 910
cucreMa 6ECKOHEYHO TTOPOKieHHAsd. OCTaBaJICs OTKPBITHIM BOIIPOC O PACIIH-
PA€eMOCTH 3aMKHYTBIX KJIACCOB A0 IPEANTOJIHBIX.

ABTOp mOKA3aJI, ITO JJIST ABTOMATOB ¢ CYTEPIO3UITHSIME €CTh KJIACCHI, He
pacIInpLIONIMecs /10 IPeALoIHbIX. B j10K/1a/e ucciie[0BaHbl KJIacChl aBTOMar
TOB, PACHINPAIONNECS 0 IPEATOJHBIX. [aKuX KJIacCOB — KOHTHHYYM. B mx
qmCaIe 0Ka3aJNCh BCe KOHETHOOPOXKIEHHbIE KIACCHl aBTOMATOB.

11 woabpa 2020 roxga

BBeieHVe B YCTPOICTBO MO3ra U €CTECTBEHHBIX
HelIpOHHBIX ceTeii!

Mm.H.c. UBamkuna O. U.
(MuCcTHTYT MepCneKTuBHBIX uccaepoBanuii mosra MIT'Y)

Joxnam 6ymer mocBsineH Hauboiee BaXKHBIM KOHIISIITUAM W IPUHITAIIAM
coBpeMenHol Hefipobuoornu. f pacckarky mpo OCHOBHYIO (PYHKITMOHAJIb-
HYIO €UHUILy MO3Ta — HEHpPOH, O NpHHIUIAX paboThl HEAPOHOB HA Pa3HBIX
VPOBHSX: 3JEKTPUIECKOM, OHOXMMUYIECKOM U T€HOMHOM. Takxke Mbl 00CYInM
3aKOHOMEPHOCTH, MO KOTOPBIM M3 OTIEIbHBIX KJIETOK (hOPMUPYIOTCA HEil-
POHHBIE CETH W CTPYKTYPBI MO3Ta, a TaKXKe KOCHEMCS 3BOJIIONNNA U PA3BUTHS
mo3ra. Ocoboe BHUMAHWE S V€10 (PYHIAMEHTATHLHOMY CBOMCTBY MO3Ta;: TIJ1a-
CTUYIHOCTH B HEHPOHHBIX CETSIX.

' Buneozammch cemmmapa m0CTyTHA MO CCBITKE
https://drive.google.com/file/d/1JeuCXR4pOrKI-4-1M5f jNqQxehThJHHh
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25 Hosibps m 2 gexabps 2020 roma

BBe,Z[eHI/Ie B KOTHUTHUBHBIC HeﬁpOCGTH n
€CTEeCTBEHHBIN I/IHTeJI.TIeKT2

akagemuk Anoxun K. B.
(MucTHTYT nepcnekTuBHbIX uccaemoBanuii mosra MI'Y)

Ha TPOTAZKEHNN MUJIJIMOHOB JIET HEKOTOPBHIC TTPUPOAHBIE CHUCTEMbBI pa3-
BUJIH B cebe CBONCTBO MHTEIEKTA — CIIOCOOHOCTH BHIPAOATHIBATE U YCIEIITHO
JOCTUTATHh MHOXKECTBEHHBIC IEJIN B IMMUPOKOM JHUAIla30HE YC.HOBI/Iﬁ OKpYyXKa-
romieit cpenbl. Bee Takue cucTeMbl 00J1a1a10T TUIYOOKONH KOTHUTUBHON CEThIO,
BePIMUHBI 1 pedpa KOTOPOil KOMUPYIOT 3HAYNMBIE JI/Id areHTa COOTHOITEHU C
ero cpenoit. B nokaase 6yayT pazobpaHbl IPUMEPHI UHTE/LIEKTYAJBHOTO T10-
BeICHNA TaKNX €CTECCTBEHHBIX CUCTEM W IIPUHITUIIBI OPTaHU3AINN CTOAINNX Ha
TUM KOTHUTUBHBIX Helipocereit. Ocoboe BHUMaHME OYIET yIe/JIeHO CBOHCTBaM
" CTPYKTYpPaM, OTCYTCTBYIOIIUM TIOKa B CUCTEMaX UCKYCCTBEHHOI'O MHTEJIJICK-
Ta ¥ UCKYCCTBEHHBIX HEHPOCETIX.

2 Bu/Ie03anmcy CeMUHAPOB OCTYITHBI TI0 CCHLTKAM
https://drive.google.com/file/d/1yPOSDVDPvMRxsabhp-p_lQA7-bPrh83W u
https://drive.google.com/file/d/1DVnWaA3cyeqle_22AHBmt jOH_zq13e_L
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Joknaabl ceMuHapa «Bompockl caoKHOCTH
AJICOPUTMOB IIOUCKA»

B ocennem cemectpe 2020 — 2021 yuebroro rojia Ha HAYYHOM CEMUHAPE
«Bompock! cnoXHOCTH AMITOPUTMOB MTOUCKAY TIOJ] PYKOBOACTBOM Mpodeccopa
Dabgapa Dabmaposuda [acanosa cocrosioch 11 10KIa740B.

9 cenTsops 2020 roxa

O BepxHeli OIEHKE CJIOXKHOCTU PacIInpoOBKN
dbyukiuii pukcupoBaHHOTO BeEca 3arrpocaMu Ha
cCpaBHeHUEe

acm. beicrpeirosa A.B.

JloKa,1 MOCBAIIIEH 3a4a4€e TOYHOM pacindpoBKy (DYyHKIINHN (DUKCHPOBAH-
HOTO Beca 3aIpocaM¥ Ha CPaBHEHWE: paccMaTpWBAETCS K/aacC PYHKIWA, y
KOTOPOTO B BEKTOpE 3HAYEHUH POBHO k €TWHUIL, KAXKbIM 3aMpoc, HCIOMb-
3yeMmbIil pu pacimudpoBKe, MpeacTaBaser coboil mapy HaOOPOB, OTBET HA
3aITpOC — 3HAK PA3HOCTH 3HAUeHuit (byHKIHME Ha 3THX Habopax, 1mejab — BOC-
CTaHOBUTDL BEKTOD 3HAYEHUNA (byHK]_[I/H/I IIpu IIOMOIIMN KaK MOXKHO MEHBIIIeTro
4qucsia 3amnpocoB. B loksajie mpesicTaBieH aJrOPUTM HAXOXKJIEHUs! €UHUIL

QYHKIINN, 8 TaK¥Ke MPUBOIATCI TOUYHBIE OMEHKH CJAOXKHOCTH PACITU(pPOBKU
ma k=1,2,3.

16 cenrsbpsa 2020 rona

ITouck Gamxkaiitero cocega Ha MPAMOI C TIOMOIIBIO
KJIETOYHOTO aBTOMATa C JIOKATOPaMU

nnxkeHep-paspaborank HKB «HUP» Bacuaves J1.U.

B nokaze paccmaTpuBaeTcs TpuMeHEHNE MOJIETH KJIETOTHOTO aBTOMATA
C JIOKATOPaMu’ K 33/1a49e MOUCKa OJTUKANIITEr0 COCeqa Ha MPAMOIL.

Mopent xmeTodHOTrO aBTOMAaTa C JOKATOPAMHU MOAPA3YMEBAET BO3MOXK-
HOCTh KaXKJI0M a9eifiky aBToMaTa mepenaBaTh dyepe3 3(hUp CUTHAT HA CKOJIb
yrojuo OoJibiline paccrosinus. B jokJiaje 1eMOHCTPpUDPYETCs, 9TO 3Ta BO3-
MOZKHOCTB ITO3BOJIACT YMEHBINUTH CJIO02KHOCTD paCCManI/IBaeMOfI 3aga4yu C
JINHENHOH 10 JIorapu@MUIecKoil IO CPABHEHUIO € KJIACCUYECKOW MOJEIBIO
KJICTOYHOI'O0 aBTOMATA.
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23 centsibpa 2020 roma

CemanTuyeckmnit anaan3 IIpaBma mopo>kHOTO
JABUKEHU A

naxenep-pazpadborunk HKB «HUP» Menskun M. U.

JlokmaT TIOCBATIEH CEMAHTHIECKOMY AHAIN3Y TEKCTa [OPHUINIECKOTO JOKY-
menTa Ha npumepe [locranosnenus IlpaBurenscrsa "O npaBuiax 10pPoOXKHO-
ro npuxkenua". BBoauTcs Mofe b CEMAHTHKY IPABUIT TOPOKHOTO TBUKEHU S,
a UMEHHO TeOpPeTUKO-rpaoBast MOJETh JOPOKHON CUTYAITNH, STBJISIOIIASICS
OCHOBO# J1jIs MOJIETUPOBAHUS TTpAaBUJ JABuxKenus. [IpuBoasgrcs cuaTakcue-
ckue MmabJ/JIoHBI TEKCTa, JOKYMeHTa st Mauéspa, "Yeryouts jgopory". Takxke
OTIPENIEISIIOTCS TITAbJIOHBI TIPABUJ KaK PE3yJIbTaT OTOOPasKeHUs OTAeTbHBIX
MPABUJI U3 TEKCTA B MOIENb JOPOXKHOM CUTYAIINHN.

30 centsiobps 2020 roma

BepxHue orieHkn sHepronoTped/ieHns B KJIACCE
00BLEMHBIX CXEM

nuxenep-paspaborunk OO0 «CTIly Edumos A. A.

Emé B cepenmuue XX BeKa B CBSI3M C MHTEHCUBHBIM PAa3BUTUEM BBIYUCTUTEb-
HO¥ TeXHUKN BO3HUKJIA 3aJla9a CUHTE3a CXeM, BBIYUCIATOITNX 6yﬂeBbI beHK-
nuu 1 oneparopbl. OgHOM M3 OCHOBHBIX M HamboJiee MOAPOOHO MCCIeT0BAH-
HBIX MOJIEJIEH CXeM ABJIeTCs cxema n3 (DyHKIHOHATbHBIX 3meMeHToB (CDD).
B kauectBe xapakrepucrtuku ontuMasibHocTH CPD MOXKHO paccMaTpuBaTh
TINOTEHINAJI — MEPpa MOIIHOCTH, PaBHAA KOJUYICCTBY IJIEMEHTOB CXEMbI, BbI-
JIAIONINX eJUHUILY Ha JIAHHOM BXOJIHOM Habope.

IIpu sTOM YacTo paccMaTpUBAJINUCHL CXEMbI, B KOTOPBIX HE YUUTHIBAJIUCH
BIIOJIHE €CTECTBCHHBIC OI'PDAHUYICHNA Ha Pa3MeIleHre 3JICMEHTOB CXEeMbI B I1JIOC-
KOCTH HUJU TPOCTPAHCTBE, CIIOCOOBI MX COEJMHEHWUs, PA3BOJKA IPOBOJIOB U
1.1. B peiicrBurespHOCTH, JTF0DAs CXeMa COCTOUT U3 OT/AEJbHBIX 3JIEMEHTAp-
HBIX JacTell (DYHKIMOHATBHBIX 9JIEMEHTOB ), KOTOPbIE HMEIOT OIPEIeTCHHY 0
AJIMHY, HIMPUHY U COCAUHHAIOTCH IIPOBOJHUKAMU, PA3MePbl KOTOPBIX CJAeLyeT
YUUTHIBATh.

Taxke o/iHO# W3 MOfesell CXeM, VIUTBIBAIOIINX JAHHbIE OUDAHUYEHUS,
SIBJIAFOTCS TLIOCKHUE cxeMbl, KoTopbie ObLu BBeAerbl C.C. Kpasoseim B 1967
rojny. B jaHHOM JIOKJIaJle paccMaTpuBatoTcs OOBEMHBIE CXEMbI, SIBJISIOIIH-
ecst 0000IIeHNEM TIJIOCKMX CXEM B IPOCTPAHCTBE. Dblia MOoydYeHa BepXHHAL
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orenka morennuasaa. OTAeabHO OLLT paccMoTpeH Kijace 1] cxeMm, rae -
Ha JI€peBa BBLIXOIOB MUHUMAJIbHA. B JTaHHOM KJ/ACCE IMOJyJIeHbl BEepPXHUE U
HUXKHUE OTEHKH, COBIAIAOININAE TI0 TTOPSIKY.

7 oxkTsbpsa 2020 roma

HuxnHda4 oreHKa CJO0XKHOCTU 3aJ1a4i MONCKA
bommakaiiniero cocena, ¢ IPUMEHEHNEM MOJIEIN
KJIETOYHOTO aBTOMAaTa C JIOKaToOpamMu

nrxxenep-pazpadborank HKB «HUP» Bacuanes J1.1.

PaccmarpuBaercsa npuMeHeHHe MOJIEM KJIETOYHOI'O aBTOMAaTa C JIOKATO-
paMu K 3ajade MONCKa O/ImKaiimero cocema Ha MPSIMOI.

Mogens KaeTodHOro aBTOMaTa € JIOKATOPAMH IIOPAa3yMEBAET BO3MOXK-
HOCTH KaXKIO# Sd9efiKi aBTOMATA MeperaBaTh depe3 3pUp CUTHAJ Ha CKOJb
yroauo 6osbime paccrosaus. [lokazano, 9To 9Ta BO3MOKHOCTH HE TO3BOJIIET
VMEHBIIATD CA0KHOCTH PACCMaTPUBAEMOH 3aJadn 10 MeHee deM Jiorapud-
MHAYECKOT.

14 oxTsabpsa 2020 romxa

Teopema 0 mepcuUCTEHTHBIX TOMOJIOTUAX TpadoB
BHUMAaHUS MOJiejn MamuHHOTOo 00ydenus BERT

nHKeHep-pazpaboTank MOCKOBCKOTO MCC/IEIOBATEILCKOTO TIEHTPA XyaBdit
Kymmapesa JI. 11

B nmammbeiit MmoMeHT B cepe 00paboOTKM TEKCTOB HA €CTECTBEHHOM SI3BI-
K€ IIUPOKO MCIOJIb3YIOTCSI MOJIEJU MAIIUHHOTO O0y4YeHUsi, OCHOBaHHbIE HA
MEXQHU3ME «BHUMAHUSTY. JTOT MEXAHU3M IIOMOTAET MOJIEIN yIUTHIBATH BJIU-
SIHIME KOHTEKCTa HA CEMaHTHKY CJIOB B TEKCTE, UTO ABJISIETCS BAsKHBIM YCJIO-
BUEM JIjIs PEIeHus 3aJad MAITUHHOTO MEPEBOIa, TETEKITHU TTPEI0KEeHNH,
HAITMCAHHBIX CO CMBICJOBBIMI OMMOKAMHF, COCTAB/IEHUSI OTBETOB HA BOMPO-
cbl, chopMyIMpPOBAHHBIE HA €CTECTBEHHOM s3blKe u T.11. Korma mekoropoe
IpeCcTaBIeHre KOHKPETHOTO TEKCTa, TMOJAETCd Ha BXOJ TAKON MOIENW, OHA
CTPOUT B3BEIIEHHBIE HAIIPABJIEHHBIE TDadbl, BEPIITUHAMU KOTOPBIX SBJISIOTCS
«TOKEHBI» (CJI0Ba/YacTy CJIOB U 3HAKHU [IPEIUHAHUS, U3 KOTOPBIX COCTABJIEH
rekct). Bec kaxgoro pebpa (A, B) mexay asyms tokenamu A u B B Ta-
KOM rpadpe mpeicTas/iser co00i HEKYIO YMCIOBYIO OIEHKY TOr0, HACKOJIbKO
CMBICJOBOE 3HAYUEHWE TOKEHA A «BJIMET» HA CEMAHTHUKY 3HAUCHUS TOKEHA
B B ganHOM KOHTEKCTE. DTH Tpadbl U HA3BIBAIOTCS IpadaMiu «BHUMAHUS»
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(attention graphs). B c¢Bsi3u ¢ 5TUM BO3HUKAET €CTECTBEHHBIN WHTEPEC K TI0-
CTPOEHNIO MaTeMaTHIeCKAX MOjlesIelt STHX rpad 0B, NCCACTOBAHIIO BOTIPOCA O
TOM, KaKWe UX CBOMCTBA MOXKHO BBIIEIUThL B pPAMKaX JAHHLIX MOJeIeH, YeMy
U IOCBAILIEHO JAHHOE MCCIEA0BAHKE.

B nansoM nokmaze Beca rpadoB BHIMAHAA CMOAETUPOBAHBI CIIy JaifHBIMI
BEJIMIMHAMHY, ¥, COOTBETCTBEHHO, IIOKA3AHa SMIMPUICCKAA OLCHKA IIapaMeT-
POB MOPOKIAIOIIETO UX BEPOATHOCTHOIO pacupefeseHnd. C MOMOIIBIO IPO-
CTBIX METOJ0B TeOpHUuHn Cﬂy‘{aﬁHbIX FpaCbOB JaHa aCHMIITOTHYCCKad OLCHKA
BEPOATHOCTH IIOABJICHUA NUKJIOB W IyTeil namHbl k B Taknx rpadax. Tak-
2K€ JJaHO KPAaTKO€ BBCACHNE B [ICPCUCTCHTHBIC TOMOJIOT UM — TOIOJOTUYECKUHT
MHBAPUAHT, KOTOPHIA IMUPOKO HCIOJL3YETCA B COBPEMEHHOM aHAIN3€e TAH-
HBIX KaK MHCTPYMEHT [ BBIIEJIEHUS CBOMCTB rpadoB U KOMILIEKCOB, IO-
CTPOEHHBIX Ha OCHOBE JaHHBIX BEPOSTHOCTHOH Tpmpoabl. [Tokazamo, Kak m3
OIIEHKH KOJUIECTBa IMYTel JIETKO CIeIyeT aCAMITOTHYIECKasI OIeHKa pasMep-
HOCTH TPYII TEPCUCTEHTHBIX TOMOJIOTHH 9TuX TPadpoB, KaK eIre OTHON U3 WX
OIMCATENBLHBIX XaPaKTEPUCTHK.

11 moabpa 2020 roxga

PacnmdpoBka dyHKIMiT OrpaHNTYEHHOTO BECa
3aIIpocaMy Ha CpaBHEHUE

acr. beicrpeirosa A.B.

B mokmame paccMaTpuBaeTcd 3a1a4Ua TOYHONW pacmudpoBKu PyHKIHI orpa-
HUYEHHOTO BECa 3aIpocaMu Ha cpaBHenue. Kiurace GpyHKIME OrpaHTIeHHOr0
Beca F'(n, k, i) — MHOX)KeCTBO OyJieBbIX DyHKINH apHOCTH 1, Y KOTOPbIX YHCIIO
eJIMHUTT B BEKTOPE 3HAUEHUH OTPAHUIEHO CHU3Y YHCIOM i, a CBEPXY — UHC-
gom k. B noxsame mpuBOAMTCA TOYHAS OIEHKA CAO0KHOCTH PACIIA(POBKA
kiacca F(n, k,0), a Takzke HUXKHsIsSI OIIEHKA CJIOKHOCTH PAcIindPOBKY KJIac-
ca F(n,k,k). Obe 9Tu ONEHKH TO3BOJIAIOT MIOJYIUTh BEPXHIOI U HUKHIOO
oneHky st Kiacca F'(n, k, i), copmamatomue mo nopsiaky — 2.
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18 mos6ps 2020 roga

BepxHsasa ommeHKa YmcJjia COCTOSHUI KJIETOYHOTO
aBTOMATAa, PEaJIM3YIOIIEro JBYHAITPABJIEHHOE
JBU>K€HNE Ha JIyde C MOJIOBUHHOIN CKOPOCTBIO

JBUKEHUS BIIEPE]T

couckaresnb Kysuernosa E.B.

B nokjage paccMarpuBaercs JBUXKEHHE TOUKHU HA SKPAHE, KOTOPBIN peasiu-
30BaH, KaK KJIETOUYHBIH aBTOMAT HA OECKOHEYHO! B IIPABYI0 CTOPOHY T0OJIOCE
MIUPUHON B OJ[HY KJETKY. 3aKOHOM JIBXKEHUST HA30BEM [TOCJIEI0BATETbHOCTD,
cocrostyto u3 cuMBosios f, s, b (f-forward, s-stop, b-back), komupyrontux e-
peMmenieHrne TO4YKU B Ka)KﬂbeI MOMEHT BPEMCHH. EC.HI/I B MOMECHT BPCME€HU t
TOYKA, CMECTUJIACH Ha OJHY KJETKY BIIPABO, TO t-bIif WIEH MOCTIETOBATENb-
HOCTH TIpuMeT 3Hadenwue f, ecin BeBo, To b, ecinm HUKYyJa HE CMECTUIACH —
S.

WN3yuaerca kjiace 3aKOHOB IBUKEHUS HTOT0 aBTOMATA, /I KOTOPBIX JIBH-
JKEHIe BIIEPE] BO3MOXKHO CO CKOPOCTHIO, He Gouibinedi, yem 1/2. TIpu nBnxe-
HUM BIEPE] Ha OJIHY KJIETKY Oyner XoTd Obl OJHAa 11ay3a, TO eCTh B 3aKOHE
nBmKenust mepen f obazarenbHo cTouT 8. TakKe BO3MOXKHO JIBIKEHUE HA3A,T
€O CKOpPOCTHIO 1.

Tloctpoen keTOYHBIN aBTOMAT C IATHIO COCTOTHUAMU, PEATUIYIONTUI 3a-
KOHBI JIBU2KEHUS U3 PACCMAaTPUBAEMOTO KJIACCa.

25 vosbpga 2020 rona

Huxaa9a oneHKa 4mncja COCTOIHUI KJIETOYHOTO
aBTOMAaTa, PeaJu3YIOIIero JABYyHaIIpaBJIeHHOE
JABUXKEHNE Ha JIyde C MOJIOBUHHOM CKOPOCTHIO

JBU>KEHUS BIIEPE

couckaTess Kyznernosa E.B.

B nmoknage paccMaTpuBaeTcs IBHXKCHHE TOYKH Ha SKpPaHe, KOTOPBIA peasin-
30BaH, KaK KJCTOYHbIA aBToMaT Ha 0eCKOHeYHOH B IpaByld CTOPOHY MOJI0CE
IMAPUHOA B OHY KJIETKY. 3aKOHOM ABUZKEHIS HA30BEM HOCIEI0BATEILHOCTD,
cocrosmtyto u3 cuMBosios f, s, b (f-forward, s-stop, b-back), komupytommx me-
peMellenne TOYKN B KayK/blii MOMEHT BpeMeHHU. /i B MOMEHT BpeMeHH t
TOYKa CMECTHJIACh Ha OJHY KJIETKy BIPaBO, TO t-blii WIeH [0C/eJ0BaTe b-
HOCTH IIpAMeET 3Hadenue f, ecim BIeBo, TO b, €M HUKyma HE CMECTHJIACH —
s.
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M3ywaerca kiacc 3aKOHOB JBUKEHUS ITOTO aBTOMATA, /I KOTOPBIX JBU-
JKEHMe BIIEpE] BOZMOYKHO CO CKOPOCTBIO, He GobIeii, aem 1/2. [lpn neuxe-
HUM BUEPE] Ha OAHY KJeTKy OymeT xoTd OBl OfHA 11ay3a, TO €CTh B 3aKOHE
nprzkennst mepen f o6s:3aTebHO ¢cTOUT 8. Takske BOBMOXKHO JBUKEHUE HA3AI
co ckopocThio 1.

Jloka3aHo, UTO HEBO3MOXKHO TIOCTPOUTH KJETOUHBIH aBTOMAT € KOJIHUE-
CTBOM COCTOS{HI/II‘/'I7 MEHBIIUM TTATH, peam/l:ayfomﬂﬁ 3aKOHBI IBUXKEHUA N3 PacC-
CMaTPUBAEMOTO KJIACCA.

2 mexabps 2020 roga

O xapakKTepuCTHKaX JUHENHBIX KJIETOYHBIX
aBTOMATOB, CBA3aHHBIX C OMEHKAMU MUHUMAJBHOTO
paccTogHus (pPaKTAJIbHBIX KBAHTOBBIX KOI0OB

K.¢.-m.H. Kanaues ['.B.

PaccmarpuBatorcst muHeltHble KiaeTounsle apromars! (JIKA) ¢ mByms cocto-
auusgmvu. Jlokaaeayo dyrkimio mepexoma JIKA B k-meprOM mpocTpaHCcTBe
MOZKHO 3aJaTh MHOTOWIECHOM OT Kk IIepeMEHHBIX HaJ IOoJIeM U3 ABYX dJIeMeH-
ToB Fy. Kondmurypanuio k/1eTo9H0ro aBroMaTa Tak»Ke MOYKHO 330aTh MHOTO-
YJIeHOM, U TOTJIa II00arbHad QYHKITUSA epexo/a COOTBETCTBYET YMHOMKEHHIO
HA MHOI'OY/IEH JIOKAJIbHON (DYHKIIUYU [1E€PEXO0B.

Mg smHefiHOrO KJIeTOYHOTO aBTOMaTa A,, 33aBaeMOT0 MHOTOUYJIEHOM
(), paccMaTpUBaIOTCA 3 XapaKTePUCTUKH, CBSI3aHHBIE CO CKOPOCTHIO POCTA
unca emuaun B Koudurypamun: D,.(t), D(t) u D,(t). Hike npusegens
onpefiesIeHUsI STUX BEJIUUUH B TEPMHHAX MHOI'OUJIEHOB.

u mEn mEn mEN
e | W] ] N
mE N BN EEEEEEE EEEEEEE
mn mEm mEm e
ull Bn miin uf = el ™
I.E.I I.E.I I.E.I l? ? ?l o]
HE B BN BN B BN BN B BN --?-- .l==n.
I=I I=I I=I I=I l=l .?. || ||
[ | =l l= =l l= = =l l= =l I= [ | HE B Em DIEII=II=II=II=I
(@) Dyypyp-1(4) =128 (b) DY ,1p-1(4) =80 (c) Difpy,—1(4) =4

Puc. 1. Narepuperanus Besuaunn D, D* u D B TepMuHAX KJIETOYHBIX aBTO-
MaTOB.
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1) D.(t) = 23;—01 |79 ()| — amcio euHAT, B 9BOTOMAN KIETOTHOTO aBTO-

MaTa Ha IPOTsSKeHnH BpeMenn 2!, HaunHas ¢ O/IHO# e IMHIYHON KJIeTKN

(puc. 1(a)).

2) Di() = wmin, [p(e) SE5 (@) fy) mod (¥~ 1,* 1)
peF2[z]/(2* 1),
|[p|=1 mod 2

— MUHAMAJIHHOE YHUCI0 KJIETOK B 3BOJTIONUE KJIETOYHOTO aBToMaTa A,
B [0JI0CE MHPHHLI 2! ¢ IePHOINYeCKIME TPAHNYHBIMI YCIOBHAMM, Ha,
npoTsKennn 2! TaKTOB, HaunHAS ¢ KOHMDUTYPAITHH ¢ HeISTHBIM THCI0M
eJIMHWATI.

3) Dy(t)= min {|h(z,y)||h(z,r(z))= 1+z+..+22~1 mod th—l}.

heFa([z,y]

Y1068 HHTEPTIPETHPOBATE Bemanny D, (t), Hy”KHO pacCcMOTPeTh aBTo-
MaT A, ¢ BO3MOXKHOCTBIO TTOIABATH HA HETO YIPABJISIONINE CHTHAJIHI.
OauH yIpaBAgiOMINil CUTHAJI MEPEKTIOYAET COCTOSHUE OJHON ddeiiku
Ha IIPOTHBONONOKHOE. D, (t) — MEHHMAIBHOE YHCJI0 yHPaB/AIOIIAX
CUTHAJIOB, KOTOPbIE HEOOXOAMMO MMOAThH, ITOOBI IEPEBECTH COCTOSTHUE
00...00 B cocrogmme 11...11 B mosoce mupunoit 2'. Ha pucynxe 1(c)
KPYy2KKaMy OTMEYEHBI MECTa, € IOJaI0TCH yIPABIAIONINE CUTHAJIBI.
g mostocer mwupusbl 16 goctaTouHo 4 CUrHAJJIOB, YTOOBI IOJIYYUTH
KOH(UTYPAIUIO U3 BCEX €INHUIL.

Bynyr nmokazambl CBA3u MEXK Ty ITUMU BEJIUYUHAMY U JOKA3AHBI OIEHKH I
cirydag r(z) = 1+2+22, a TakzKe HpuBeIeHb HEKOTOPHIE THIOTE3E!. B Komntie
JMOKJIa/1a OYIET PaccKa3aHO O CBA3U STUX BEJIUUYHH C KBAHTOBBIMU KOJAMU.

9 mekabps 2020 roga

Hwu>xnume onenkm 3HEepronorpedseHns 00 beMHBIX
cXeM

nmxkenep-paspaborunk 000 «CTIly Edpumon A. A.

Emé B cepenmue XX Beka B CBSI3W C MHTEHCUBHBIM PA3BUTUEM BBIIUCINTEh-
HOI TeXHUKH BO3HUKJIA 331398 CHHTE3a CXEM, BBITHCISIONINX Oy/IeBhI (DyHK-
uuu u oneparopnl. OQHOM U3 OCHOBHBLIX U HamboJiee MOAPOOHO HCC/IeI0BaH-
HBIX MOJIeJIeli CXeM sIBJISIeTCs cXeMa U3 GyHKINOHAIBHBIX 3/1eMeHToB (CDD).
B kauectBe xapakrepucrtuku onTuMagbHOCTH CPD MOKHO paccMaTpuBaTh
CJIOYKHOCTh — KOJINYeCTBO (DYHKIIMOHAJBHBIX IJIEMEHTOB, COIEPIKAIIUXCS B
cxeme. Takum 0Opazom, o CJI0KHOCTHIO OYI€BON (DYHKIIMYU WM OLIEPATOPA
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OymeM TOHUMATh MUHUMAJBHYIO CJOXKHOCTH CXEMbI, PEATU3YIONIYI0 JAHHYIO
bYHKITHUIO UJIM OTIEPaATOP.

IIpu sTOM YacTo paccMaTpUBAINChL CXEMbI, B KOTOPBIX HE YUUTHIBAJIUCH
BIIOJIHE €CTECTBCHHBIC OI'PDAHUYICHNA Ha Pa3MeIleHne 3JICMEHTOB CXEeMbI B I1JIOC-
KOCTH WM IMPOCTPAHCTBE, CIIOCOOLI UX COETMHEHHs, PA3BOIKA IIPOBOJIOB H
1.1. B pelicrBurespHOCTH, TI00AS CXeMa COCTOUT U3 OT/AEJbHBIX 3JIEMEHTAp-
HBIX JacTell (QyHKIMOHATBHBIX 9JIEMEHTOB ), KOTOPBIE HMEIOT OIPEIeTCHHY 0
OJIMHY, HIMPUHY U COCAUHAIOTCA IIPOBOJHUKAMY, PA3MePbl KOTOPBIX CAELyeT
VINTHIBATD.

JlokJtar MOCBSIIIIEH OOBEMHBIM CXeMaM, KOTOPBIE OMPEIEISIIOTCS aHaJI0-
PUYHO IIJIOCKUM CXeMaM, HO B MaHXITTEHCKOM rpocTtpancTse. o obbémuoi
CXeMOil TIOHUMAETCs YKIAIKa CXeMbl 13 (DYHKITHOHATBHBIX JIEMEHTOB B TIPO-
crparcTBe. OO0bEMHAS CXeMa COCTOUT W3 KYyOMUIeCKUX 31eMeHTOB. Kask abrit
Kybudeckuii jeMeHT peaju3yeT OyjeB olepaTop, ¥ KOTOPOTO B CYyMMe He
Bosiee 6 BXOJOB W BBIXOZOB. TaKiKe WCIOJB3YyETCsS TaKas Mepa CJIOXKHOCTH
cxeMbl, Kak norennuas. OH paBeH CpeJHeMY 3HAUYEHUI0 KOJIUIeCTBA €TUHUIL
Ha BCEX BHYTPEHHUX y3JIaX CXEMbI. He(bOpMaﬂbHO TOBOPHA, TOTEHIIHUAJ UT'PaCT
pOJIb cpejiHeli “aHeprun’ CXeMbl, HEOOXOTUMOM 71t €€ (DYHKIIMOHUPOBAHUS.

B nmokmame nmpuBoanTca HUMKHAS OIMEHKA TOTEHIIMAIA B KJIACCE DYIEBBIX
JaCTUIHBLIX OIIEPATOPOB, KOTOPAs COBIIAIAET C BEPXHEIl OIEHKOMN 110 IOPAIKY.
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Hoxnanel cemunapa «Teopnsi IUCKPETHRIX
byHKIUII 1 TPUIOXKEHTA>

B ocennem cemectpe 2020 — 2021 yuebHoro rojia Ha HAYYHOM CEMUHAPE
«Teopusi auckperabix QYHKIUNE ¥ NPUIOKEHUS» 10 PYKOBOICTBOM IIPO-
deccopa Amurpua Hukonaesuyua Babuua u c.u.c. Bana Jleonugosuyua Ma-
BYPEHKO COCTOSIICA CJACYIONINN TOKJIAT.

O kJaccax g3bIKOB, COCTOAINMNX M3 KOJIOB OYJIEBBIX
byHKIMi

crya. cuenasurera Hyxkkos H.IO.

Komom 6ymesoit dbyuKIMM, KaK ODBIYHO, HA3BIBAETCS BEKTOD U3 HyJei
¥ eIWHUIL, COCTOAIINN U3 3HaYeHUN (QyHKINM HA JEKCUKOTPaDUIECKN YII0-
PSZIOYEHHBIX 3HAUEHUSX apryMeHToB. Ecau hyHKIun 100aBUTh (PUKTUBHYIO
MEPEMEHHYTO CJIeBA, TO KO (DYHKIINK yJIBAMBAECTCA (J[BAYKJIBI MOBTOPSETCH ).
Ecyiu 106aBuTh nepeMEHHYIO CIIPaBa, TO yABAUBAETCS KaXKJIbIH U3 CUMBOJIOB
koma. Takum 00pa3oM, BOBHUKAIOT HOBBIE OMEPAIUN HAJ CIOBAMMU: YIBOCHUE
CJIOB U YJBOEHUE KaXKI0T0 cuMBoJia. COXPAHSIOT JIM PEIYJSPHBIE S3bIKA STH
OTIepATTHIH.

ABTOp MOKa3aJ1, YTO 3aMBIKAHIE OTHOCHTEIBHO 9TOW OMEPAITHH PETYIsIp-
HbIX 1 KOHTeKCTHO—CBO60ﬂHbIX SI3BIKOB, BBIBOAUT PE3IYJIbTAT 3a PAMKWU DEry-
JISPHBIX U KOHTEKCTHO CBODOJHBIX A3bIKOB. S13BIKM, BBIJIEDKUBAIOIINE YKa-
3aHHbIC Oll€paluu, CyThb KOHTCKCTHO-3aBUCUMbBIC A3bIKW WJIU A3bIKWU BbIY1UC-
JIMMBIE HA JIMHEHHO-OTPAHWYeHHON Maruie ThIopuHTa.

Badurcupyem kaacce Ilocra u paccMOTpuM MHOXKECTBO KOI0B (DYHKITHH 13
9TOTO KJacca. ABTOp TOKA3aT, 9T0 mJist mroboro knacca [locra 910 MHOKECTBO
PaCIO3HAETCS AUHEHHO-OrpaHndeHHol MammHo#N ThIoprHTA.

Knaccsr e [Tocra pacmo3rnaBaeMbie KOHETHBIMY @BTOMATAMHI — CYTh KJI1aCC
COXPaHEHUs HYJIE, KJIACC COXpAaHEHUS eJIMHUI 1 KJIACChl, COCTOSIINE U3 KOH-
CTAHT.

Taxum 06pa3oM, BOZHUK €CTECTBEHHBIHN U ITPOCTOI IIPUMED SI3bIKa, HE pac-
II03HABAEMOI'0 KOHEYHbIMU aBTOMAaTaMM M aBTOMAaTaMU C Mara3vMHHON mmamMd-
TBIO.
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Hokapl cemMuHapa «ABTOMATHI U aJrOPUTMbBI»

C mauaia 2020 roja Ha HAYIHOM CeMUHApe «ABTOMATBHI U AJITOPUTMBI»
10/, PYKOBOJCTBOM K.(.-M.H., H.c. BosikoBa H.}O. u acnmpantkn YurakoBoii
B.B. cocrogiock 15 noKi1a,108B.

23 guBapga 2020 roma

HOBe,Z[eHI/Ie KOJIJIEKTHUNBA aBTOMATOB CO CBA3bIO Ha
OeJIO4YnCJIEHHOM Jiy4e

Crynent 6akanaspuata [lysraTos 9.

B xome mokjama ObLIM 03BYYEeHBI OCHOBHBIE OIIpPEJEJIeHNsT CBI3aHHBIE C
KOJIJIEKTHBOM aBTOMATOB CO CBsI3bIO. [IOHATHST KOJIIEKTHBOB aBTOMATOB CO
CB3bIO U “JTADUPUHTHOTO MOHCTPA SBJISIOTCS CHHOHUMAMU.

B masnbHeiimemM JaOUpUHTHBIA MOHCTP C 1 TOJIOBKAMHU U PaIyCcoM 0030pa
R u ckopoctbio nepemertienust V 6yer obosnavarbest M = (Wy, .. W, ) (R, V).
CraBuTca 3a1a4a peaau3alii TAaKIM MOHCTPOM BBIYHC/IEHUN Ha JIyde IeI0-
YUCJIEHHBIX (PYHKIUNA. ApPryMeHTbl 3aJIal0TCsl HAYAIbHBIMU KOOPIMHATAMU
OIPEJIESIEHHBIX TOJIOBOK, & PE3yJIbTAT BBIUNC/IEHUS — KOODAMHATON OIpese-
JIEBHHOI TOJIOBKM B MOMEHT OCTAHOBKH MOHCTDA.

B zaBucumMocTr oT BpeMeHu BBIYHUCIeHU PYHKIAN, OIPEeIesIsiioTCa ObICT-
pble U CBEPXOBICTPbIE BLIYKUCJICHUS (DYHKIUA JTaOUPUHTHBIM MOHCTPOM. Jlo-
Ka3aHa JIeMMa O TOM, YUTO IOCJIEI0BATEILHOCTb BBIXOIHBIX CHMBOJIOB MOH-
CTpa C JABYyMsl NOJIOBKAMH Ha IEJIOYUCACHHON LpPSIMOIi, sIBJISIETCS IE€PUOIH-
geckoii. Jlokazana mapyrasi cxoxkas JIEMMa O TOM, UTO IOCJIEI0BATE/HHOCTD
BBIXOJIHBIX CHMBOJIOB JIAOMPUHTHOTO MOHCTPa C OJHON TI'OJIOBKOH Ha Jiyde -
IIEPUOINIHA.

6 deppass 2020 roza

HOBG,Z[GHI/IQ B KBa/JIpaHTe HeIlepuoAn1eCKnux
aBTOMaTOB

Crynentka bakaaBpuata Xerait FO.
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Jlokuta | IOCBSIIEH U3y YEHHUIO TIEPEMEIEeHUs B JTJAODUPUHTE, [IPEICTABIISIO-
IeM KBaJIPAHT, aBTOMATOB, UMEIOIINX B 9TOM JIADMPUHTE HEIEPUOIUIECKYIO
[IOCJIE/IOBATEIBHOCTD BBIXOIHBIX CUMBOJIOB. DTOT THII ABTOMATHBIX TPACKTO-
puii ObLT paHee MpakTUIECKU He u3ydeH. s n3ydenus O6bLIO BBEIEHO TTOHSI-
THe MaHEBPA, KaK JIOKAJIbHO-TIEPUOUIECKOTO JIBUKEHUS aBTOMaTa. PasHbIM
TUIIAM JIBUXKEHUS B JIOKAJHLHOM IIEPUOJIE COOTBETCTBYIOT Pa3HbIE MaHEBPLI.
Hesbio mpojiesiannoit paboThl SBJISETCS IPOBEPKA I'MIIOTE3bI O TOM, YTO JIIO-
6ol aBTOMAT B KBaJ[PAHTE C HEIIEPUOIUIECKON MTOCTETOBATETHHOCTHIO BBIXOI-
HBIX CUMBOJIOB UMEET HEPUOIUIECKYIO [TOCJIE/I0BATETLHOCTh MaHEBPOB. Bbliin
BBEJIEHBI TIOHSATUS X- U Y- BHIYUCJIUMOCTU aBTOMATOM IIOCJIEI0OBATETLHOCTEI.
Viasoch BBISBUTH JiBa KJIACCA ABTOMATOB, UMEIONINX B KBAJIPAHTE HEPUOH-
YeCKYIO MOCJe0BATEILHOCTL MaHEBPOB.

3a BpeMsi U3ydYeHHUsI JAHHOTO BOIPOCA CTAJIO sICHO, UTO 3TO CBOHCTBO
MMeeT MECTO JJIsi aBTOMATOB, KOTOPBIE X- M Y-BBIUHUC/SIOT ITOCTIEI0BATE b
HOCTHU, SIBJISIOINIHECT apU(PMETUICCKUMU MPOTPECCUSIMU C MPOU3BOJIHHBIMU
pasnoctssmu pl u p2. Takxke ymajaoch J0Ka3aTh, YTO €CJIM aBTOMAT X- U Y-
BBIYUC/ISIET TOCTIEI0BATEILHOCTH, PA3HOCTH COCEIHUX TJEHOB KOTOPBIX $iB-
JIATIOTCs] TIEPUOJIUIECKUMU TIOCIEIOBATEILHOCTSIME, TO MOCJIEI0BATEIHHOCTD
MaHEBPOB aBTOMATA SIBJISIETCS IIEPUOIUICCKOI.

JlokazaHo, 9TO CyNIIECTBYET aBTOMAT, KOTOPBIil X- BBIYUCJISIET JIIOOYIO 110~
CJIEJIOBATEJIbHOCTD, SBJISIIONIYIOCS apudMeTUIecKoil mporpeccueii ¢ pasHo-
CTBIO , U IPU 9TOM y-BBIYHUCJISET HEKOTOPYIO HOCJIEIOBATEILHOCTD, SBJISIONLY-
10Cs1 apupMeTHIeCKOil Imporpeccueii ¢ Toi »Ke PasHoCThIO p. Takke yIaJIoch
BBISICHUTH, YTO CYIIECTBYET aBTOMAT, KOTODPBIH X- U Y- BBIYUCJIISAET JIOObIE J[BE
[IOCJIEIOBATEILHOCTU, KOTOPBIE SIBIASIOTCS T€OMETPUIECKUMU ITPOTPECCUSIMU
C OJIMHAKOBBLIM HATYPAJIbHBIM IIOKA3ATEIEeM (.

19 mapra 2020 roga

O BbIUMCJIMMOCTU (PYHKIINN KOJJIEKTUBAMU U3 ABYX
aBTOMAaTOB

AcnupanTka Yirakosa B.
B pabore paccmarpuBaercss HOHATHE BBIYUCIMMOCTH OJHOMECTHBIX Ya-
cruunblx byuknuit f @ N) — No(N) € Np) KO/UIEKTUBOM aBTOMATOB Ha

[EJIOYHUCJIEHHOM MpsiMOil. 3HAUEHNE apryMeHTa 3a1a6TCs PACCTOSTHIEM MeXK-
JIy OIpeJIeIEHHBIMU aBTOMAaTaMI KOJLJIEKTUBA B €I0 HAYaJIbHOW pacCTaHOBKE,
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a pe3yJIbTaT PABEH PACCTOSHUIO MEXKJIy OIPEIeJIEHHBIMU aBTOMATAME KOJI-
JIEKTHBA B €ro (PUHAJIBHON PACCTAHOBKE, IIPU YCJIOBUU, 9TO KOJIJIEKTUB OCTa-
HABJIMBAETCSA. AHAJOTUYHO OIPEIESIETCST BHIYUCIUMOCTh JYACTUIHBIX MHO-
TOMECTHBIX (DYHKITHII: 3HAUYEHNE KAaXK0I0 apryMeHTa 3a/1aeTCsl PACCTOSTHUEM
ME2K/1y OIPEIEJEHHBIMU ABTOMATAMU KOJUIEKTUBA B €r0 HAYaJbHON paccra-
HOBKe, & Pe3yJIbTaT PABEH PACCTOSIHUIO MEXKJTY OlPEeIEIEHHBIMU ABTOMATAMI
KOJUIEKTHBA B ero (bUHAJHLHONH PACCTAHOBKE, IIPU YCJIOBUHU, YTO KOJIEKTUB
OCTaHABJIUBAETCSI.

Mauible KOJIJIEKTUBBI aBTOMATOB MMEIOT 0oJjiee OrpaHUYeHHbIE BBIYUCIIH-
TeJIbHbIE BO3MOXKHOCTU, YeM MaruHbl Thiopuara. CooTBETCTBEHHO, KJIACCHI
GYHKIMIA, BEIYACIUMBIE KOJUJIEKTUBAMHU aBTOMATOB, SIBJISIIOTCSI ITOJIKJ/IACCAMU
BBIYUC/IUMBIX (DYHKITHI.

Pabora natenena Ha paccjioeHre BCEX OJHOMECTHBIX BBIUUC/IUMBIX (DYHK-
UH Ha MOJIKJIACCHI [0 MUHUMAJILHOMY YHCJIY 72 aBTOMATOB B KOJUIEKTHBE,
HEOOXOIMMOM sl BbIYUC/IeHus JanHoi dbyuknuun. Knace qactuanbix (MuO-
TOMECTHBIX) (DYHKITHUIT, BBIIHCIUMBI KOJJIEKTHBAME M3 1 ABTOMATOB, 060-
3HadaeTcsd, kKak Fy,. Haunaas ¢ HEKOTOPOro m, KOJJIEKTUB U3 1 aBTOMATOB
MO2KET MOJIEJIMPOBATH JIIOOYIO, B TOM YHCJIE€ YHUBEPCAJIbHYIO Mamuny Tbio-
pUHTA, T.e. COOTBETCTBYIONIUI TOJKJIACC (PYHKIUN F),, CTAHOBUTCS DaBHBIM
KJIACCY BCeX BBIYUCIUMBIX dyHKIUI F'. Moxkem cantaTrh, 910 DYHKIUI TEM
CJIOYKHEE, YeM OOJIbIIe aBTOMATOB TPEOYETCs JIJisi €€ BBIYUC/IEHUS.

Haiinen xiacc yHKIU, BBIYUCIUMBIX KOJUIEKTHBAMHU W3 JIBYX ABTO-
MaTOB. DTO lepuoandeckne (GyHKIUU U IIPOCTEiIne JnHelHble (DyHKINN,
KOTOpBIE, HAUWHAS C HEKOTOPOI'O 3HAYEHUsl apTyMeHTa & BedyT cebsi, Kak

flz)=z+C.

9 ampensa 2020 roza
O KOHCTPpYUpPYEMbIX MHO2KE€CTBaX

Crynent 6akasiaBpuata Musayina M.

B noxmaze paccMaTpuBaeTcs mepeMenienne KOHETHOTO MHUIINAIBHOTO aB-
TOMAaTa C KPAacKoil Ha IIocKocTH. PyHKIMOHUPOBAHUE aBTOMATa BOCIPOU3-
BOJIUT HA HEll IBETHYIO KOH(MDUTYPAIINIO, BKIIOYAIONLYIO B ceDsi Te KJIETKH, KO-
TOpBbIe, HAUWHAS C OIPEIeJEHHOIO0 MOMEHTA, IPUOOPETAIOT IBET, OTJIUYIHbIMA
or 0 (6e70r0), U He BKJIIOYAIONIYIO KJIETKHU, OCTAIOIINECS OeIBIMI BCera, a
TaKKe CTAHOBAIINECsS OeJIBIMU CKOJIb YT'OJIHO YaCTO.
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MHO2KeCTBO KOHCTPYHUPYEMO, €CJIM CYIIECTBYeT aBTOMAT C KPacKOM, ero
KoHCTpyupytomuit. CTaBUTCs 3a/1a9a MCCIEI0BATh KOHCTPYUPYEMOCTD pas3-
JINYHBIX KJIACCOB MHOXKECTB.

[IpuBeneHo K0Ka3aTENBCTBO KOHCTPYUPYEMOCTH IIyCTONO MHOYKECTBA, BCeii
IJIOCKOCTH, BCEX KOHEYHBIX MHOYKECTB, & TaKyKe MX ajredpamdecKux JIOI0JI-
Henuit. JIoKa3aHO, YTO 9TH MHOMKECTBA 06PA3yIOT ajirebpy MHOXKECTB n3 Z2.
Tax>ke JoKa3aHa KOHCTPYUPYEMOCTh Gop ropa, (MHOMKECTBa Ha Z 2, IMEIOIIEro
IPYIILY CAMOCOBMEIIEHUI, COMEePIKAIIYIO apaJslIeJIbHBIN IIepeHOC Ha HeHyJIe-
BOII BEKTOpP, IIPUYEM BCE BEKTOPBI IAPaJLIEJHLHOIO IEePeHOca B 9TOM IpyIie
KOJIJIMHEAPHBI ) TIPU YCJIOBUHM KOHETHOCTH €r0 IPUMUTUBHOMN stiaeiiku (110 MHO-
JKecTBa, 6opiopa, 00pa3yIoIIero BeCh DOPAIOP IPU BCEBO3MOMKHBIX CAMOCOB-
MeEIIeHuAgX U3 prHHbI, npuaeM JIJjis CO6CTB€HHBIX IIOAMHOZKEeCTB SIYEeKN 3TO
HeBepHO). Bo Becex ciydasix olleHeHa CJIOXKHOCTH KOHCTPYMPOBAHUST yKa3aH-
HBIX MHO?KECTB aBTOMAaTOM C KpaCKaMH.

16 ampemnsa 2020 roga
Onepam/m Ha/JZ aBTOMAaTaMM 1M areiTaMmn

Crynentka maructparypbl Mamernusizosa H.

B nmokmnane paccmarpuBaercsa cymMMma aBToMaroB, Beménnast H.FO. Bour-
KOBBIM, JIJIsI PEIIEHUs 33141 [IPEC/IeIOBaHNs Ha IIockocTH. Vcmoib3oBanme
cyMMbl aBroMmaros romorsio H.FO. BoakoBy cBectn 3asiady momMKN IpOU3-
BOJIBHOI »KEPTBBI C IEPUONIECKOI I10C/I€/I0BATEIHbHOCTHIO BBIXOIHBIX CUMBO-
JIOB Ha, IIJIOCKOCTH K 3ajade obxoma jgabupuaTa. OgHAKO, JaHHAsT KOHCTPYK-
1us, B 00IIEeM ciiydae, HEIPUMEHUMA, JijIsT OECKOHEYHOMN MTOJIOCH.

B xome msydenusi criocoboB CyMMHPOBAHHSI TPAEKTOPHI B JIaOMpPUHTAX
OBLIIO BBEIEHO MOHATHE JAOMPUHTHOTO areHTa. Tak»ke OBLIN ITOKA3aHBI CBOM-
CcTBa JIADMPUHTHBIX areHTOB U CBA3b 3TUX CBOMCTB C aHAJIOTMYHBIMHU CBOIi-
CTBAMHU aBTOMATOB, IIEPEMEMIAIONINXCA B JTaOUPUHTAX. BbLIN IpeICcTaB/IeHb
CBOIICTBa ollepaluii aBTOMATHON U areHTHO CyMMbl, aBTOMATHON U areHTHOHN
NPOEKIIUNA U JOKA3aHbl CBOHCTBA OIEPAIIUA.

8 mas 2020 roma
CBepx0ObICTpbIe BbIYUCIeHUA (PYHKIM

CrynenT 6akasappuara Ilyaaros 9.
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B xoze nokitajia ObLIN IpeIcTaBaeHbl IpUMePhl CBEPXOBICTPOrO BHIYHCIIE-
HUs IBYX dJIeMeHTapHbIX dyuKIimit. /lokazana Teopema o ToM, 9TO QyHKITHS
CYMMBI JIBYX IEPEMEHHBIX BBHIUYNCINMA JAOUPUHTHBIM MOHCTPOM C JIBYMsI I'O-
JIOBKaMu 3a cBepXObIcTpoe BpeMsi. Takrke ObLia J0oKa3aHa TeOpeMa O TOM,
970 PYHKIMS ITPOU3BEIEHNS JIBYX IMEPEMEHHBIX BBIYUCINMA JTAOUPUHTHBIM
MOHCTPOM C Y€TBIPbMSI I'OJIOBKAMH 33 CBEPXOLICTPOE BPEMsI.

21 mas 2020 romga
OgHOpOHBIE JTAOUPUHTHI

Crynentka maructparypbl Mamernusizosa H.

B nokiiaje paccMaTpuBarOTCs IIPOCTERIINE §—MEpPHBIE Ar€HTHI, IJle THCJIO
¢ paBuo 1 mwiu 2. O HOMEpHBIE areHThl — 9TO Ar€HThI, Y KOTOPBIX BCE BBIXOJI-
HbIe CHMBOJIbI KOJIMHEAPHBbI. /IByMepHbBIE areHThl — 3TO areHThbl, ¥ KOTOPbIX
CYIITECTBYIOT HEKOJMHEAPHBIE BBIXOTHBIE CUMBOJIBI.

Bt BBeIEHBI TTOHSITHST 4 —MEPHOTO OTHOPOIHOTO JAOUPUHTA, KAK Jia-
OUpWHTA, JOMYCTUMOTO JJIsi HEKOTOPOTO {—MEPHOI'O MPOCTEHINEro areuTa u
OIIepAIH CYXKeHUs areHTa Ha jiadupuut. [Tokazan crocob mosrydenus J1adbu-
PUHTa, MOPOXKJIEHHOTO IPOCTEHINUM areHToM. Takke OBbLIU IPEICTABJICHBI
IpUMepPbl HEKOTOPHIX {—MEPHBIX areHTOB.

28 mas 2020 roma

KomibroTepHbIii cuMyasiTOp aBTOMAaTOB B
nabupuHTax. PegakTop aBTomara.

Crynent bakasiaBpuaTa 3usieB A.

B xo1e nok1a1a 6611 paccMoTpeH (byHKIIMOHA CHMYJIATOPa HHUAIIHAILHO-
o KOHEYHOr0 aBTOMAaTa B IMaxMaTHOM JabupuaTe. B nmporpamme cumyupy-
eTcsl TIOBeJIeHNEe aBTOMAaTa Ha IJIOCKOCTH, 3a1aBAeMOr0 TabJIHIEH IepexoIoB.
Brina paccMoTpena peasmsalins pelakTopa aBToOMaTa, a TaKyKe IPOBOIUINCH
00Cy2KIeHHs 110 €ro MOJIL30BaTeIbCKOMY HHTepdeiicy. Peanuszanus pegakTo-
pa OCYIIECTBIISLIACH BO3MOXKHOCTAMY sA3bIKa CH.

DTa mporpaMma IMO3BOJISIET CO3IaBaTh JaOUPUHTHI, KOTOPBIE B JAJIbHEl-
meM OyIyT HMCIOJIb30BATHCA I 00X0Ja 3aaHHbIM aBTOMaToM. Paboras
B aBTOHOMHOM PEXKHMe, IPOrpaMMa IIO3BOJISIET PUCOBATH JIAOUPHUHT JIIO0OI
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CJIOYKHOCTH, HAXOJIUTh KPATIANIIUI IyTh MEXKIY JIBYMs TOYKAMU, 33/IaBATH
aBTOMAT, KOTOPBI B JaJibHeHIeM cMoXKeT OOONTH JAaHHBIM TadbupuHT. st
[IPOM3BOJIBHO 3aJ[@HHOTO JIAOUPUHTA 00ECIIEINBACTCS BU3yaJbHOE HAOJIIOIE-
HUe 3a [ToBeJIeHNeM aBToMara B HeM. [Iporpamma MoxKeT ObITH UCIIOJIb30BaHA
B KadecTBe yA00HOro "BCIOMOraTeIbHONO MHCTPYMEHTA" JJIst PeIeHust Ipo-
6J1eM, CBSI3aHHBIX C [TOBEJEHUEM aBTOMATOB B JIADUPUHTAX.

24 centsiopst 2020 roga

O BbrancmMocTun PYHKIA KOMJIEKTUBAMEU U3 TPEX
aBTOMATOB

AcnmpanTtka Ymrakosa B.

B pabore paccMarpuBaeTcs HOHATHE BLIYUCIMMOCTH OZHOMECTHBIX Ya-
cruanbix bynknuit f @ N) — No(N) € Ny) KOIEKTHBOM aBTOMATOB Ha
HeJI09rcIeHHol psimoit. Kimace yacTuaHbix (MHOrOMECTHBIX ) (DYHKIUIA, BbI-
YUCJIMMBII KOJUIEKTUBAMU U3 7. aBTOMAaTOB, 0003Ha4YaeTcs, Kak [),.

Panee 6bL1 Haiinen Kiacc GyHKINI, BBIYUCIUMBIX KOJJIEKTUBAMU U3 IBYX
aBTOMATOB. DTO NepuoandecKue PYHKIUU U IpocTeiiime TuHeiHbe QyHK-
UM, KOTOPbIe, HAUMHAasl ¢ HEKOTOPOrO 3HAYEHUs] apryMeHTa T BeayT ceds,
kak f(z) = x + C. OueBUIHO, KOJUIEKTUB U3 TPEX ABTOMATOB MOJIEIUPYET
KOJIJTEKTHB U3 JIByX aBTOMATOB, TO ecTb Fy C Fj.

YCTaHOBJIEHO TaK»Ke, 9TO KOJJIEKTUBAMH M3 TPEX aBTOMATOB BBbIYMCJISI-
torest dyuknun suga f(x) = [(Cr x x 4+ Cq)/Cs].

1 oxTsi6pst 2020 roga

KomiibroTepHbiii cuMyJasaTOp aBTOMaTOB B
nabupuHTax. PegakTop aBTOoMara.

Crynent 6akasiaBpuata 3usieB A.

B xome moxknama ObL1 0OCyX)IIeH NaJbHEHNIN IIaH AEHCTBU 110 yJIyd-
[IEHNIO IPOorpaMMbl. A HMEHHO, BbICKa3aHbI TpeOOBaHUsS K (PYHKIHOHAb-
HOCTH CHUMYJISITOPa aBTOMATOB, TPeOOBAHUS 10 YJIYYIIEHHUIO OJIH30BATE b
ckoro uHTepdeiica u Koma. BhIIO cocTaBlIeHO KpaTKoe TEXHIUIECKOe 3aJaH1e
o jopaborke cumysaTopa. CiryiareasMu ObLIO IPEIIOXKEHO J00aBJICHME
OIIPEIEJIEHHOTO Psijia (PYHKIIMOHAJIBHBIX OCODEHHOCTEH, a MMEHHO peasin3a-
s HE3ABUCUMOI CUCTEMBI aBTOMATOB U KOJJIEKTUBA aBTOMATOB.
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8 okTsiopst 2020 roma

O B3aMMHO O/THO3HAYHOM COOTBETCTBHUU
KOHUTypalumn Ha IIJIOCKOCTH COCTOSHUIO JIEHTHI
MaIuHbl ThlOpUHTA

Crynent 6akasiaspuata Mumayann M.

PaccmarpuBaerca mycrast jienta MamumHbl Tbiopunra. Kaxkmas sdeiika
JIEHTBI HYMEPYETCs CJIeAyomumM oopa3om. fuelike, B KOTOPOH HAXOIUTCH TO-
JIOBKa, B HYJIEBOII MOMEHT Bpemenu, npucBanBaercs nomep 0. Kierxku, pacmo-
JIOXKeHHBIE TTpaBee KJIeTKH ¢ HoMepoM (), HyMepyIoTCs HeUYeTHBIMU HATyPaJThb-
HBIMU YHUCJIAMU, 8 PACIIOJIOKEHHBIE JIeBee — YeTHBIMU.

lanee paccmaTrpuBaeTcsl HeOKpallleHHAs IIJIOCKOCTh. KJieTke, B KOTOPOIf
HaXOJIUTCS aBTOMAT C KpPacKaMU B HYJIEBOMI MOMEHT BPEMEHU, IIPUCBaNBa-
ercst Homep 0. OcTaBImecst KJIETKU MIOCKOCTH HYMEPYIOTCsT HATYPATbHBIMA
YHUCJIAMU 110 CIIUPAJIH.

IIpu sToM Kaxkjasi KjaeTKa IIJIOCKOCTH IIOJIyYaeT CBOW yHUKAJbHBIA HO-
Mep, KOTOPBIl COOTBETCTBYET YHUKAJIBLHOMY HOMEPY HEKOTOPOU sS4eilKu JIeH-
ThI MAIUHBI T BIOPUHTA.

CorrocTaBuB KaxKJIOMy CHMBOJIY BXOIHOIO ajiaBUTa MaIlnHbl ThIOPUHTA
HEKOTODBI CHMBOJI U3 BXOJIHOrO ajiaBuTa aBTOMaTa ¢ KpackaMu (ILycToMy
CUMBOJIy COIIOCTaBUM OEJIYIO KPACKY, & OCTAJbHBIM CHUMBOJIAM — IIBETA C CO-
OTBETCTBYIOIIUM HOMEPOM ), MOJIyYaeM B3aUMHO OJTHO3BHAYHOE COOTBETCTBUE
JIIOOOTO COCTOSIHUA JIEHTBI MaluHbl ThIOpUHra HEKOTOPOH KoHbUTrypaiun
ILIOCKOCTH.

16 okTabps 2020 roma
O peanmzalusax 3JIeMEHTAPHBIX OMepaIuii

Crynent creruasimrera Xaipyaana A.

PaccMaTpuBaeTcst MHOXKECTBO (4aCTUIHO-ONPEIeEHHbIX ) QYHKIHUI CI6T-
Ho3Ha4HOIT jorukn Py,. Orobpaxkenus ¢(n) : E, — Py, tne E, C Py, X
... X Py, Ha30BEM 3J1eMeHTAPHBIMU ollepanusamu. Kajas Takasi olnepanusi 1mo
N 9aCTUYHBLIM CYETHO-3HAYHBIM (DYHKIUSM CTPOUT HOBYIO (PYHKIMIO. JHAYE-
HUS CAaMOIi OIlepalIiy OIIpee/eHbl Ha HeKOTOPBIX Habopax u3 n dpyHmii. Pe-
aJm3anueil Ha30BeM IIPOU3BOJILHOE IOIMHOXKECTBO 3JIEMEHTAPHLIX OIlePALil.
[TokazaHbI IpECTABICHUS KIACCAICCKIX OIIEPAIil CyePIO3UINN, MAHAME-
3alMU ¥ IPUMUTUBHOI PeKypCUH B BUJE PeAJIN3aLuUii.
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Kazknas peanmsanus nopoxiaeT Ha MHOXKeCTBax GyHKuuit n3 Py, cBoit
orrepaTop 3aMbIKaHMA, II0 aHaJOT'HHU C TeM, KaK KJIaCCUYIeCKOE€ 3aMbIKaHNe
MOPOXKIAETCS OTEPAIUSIMU CYIIEPIIO3UIIAN, TPUMUTHBHON PEKYPCUN U MUHU-
mu3anuu. [lokazamno, 4TO omeparop 3aMbIKAHUsS, MOPOXKIAEHHBIN JIIO00H He
boJtee YeM CUETHOU peau3alifeil, Ipu IPUMEHEHNH K JIIoOoMy He DoJiee deM
cYeTHOM IoJMHOXKecTBY Py, JlacT MHOXKecTBO, He pasHoe FPy,. T.e. moka-
3aHa HEIOJIHOTA JIIOObIX CYETHBIX CHCTEeM (DYHKIMI OTHOCHTEILHO JII0OOrO
KOHETHO-ITOPOXKJAEHHOTO UJIN CUETHO-TIOPOXKIEHHOTO 3aMbIKAHUSI.

29 okTsabpsa 2020 roga

JoKkJia 1 1o pe3yJibTaTaM KypPCOBOI padOThI
"KoMIIbIOoTepHbII CUMYJISTOP aBTOMAaTa B
nabupuHrte. I'padudeckass yactn".

CrynenTka 6axanaBpuara A6aysiaesa K.

B nokiajie 66U POJIEMOHCTPUPOBAHBI BO3MOXKHOCTU KOMITBIOTEPHOTO
CUMYJISITOPA aBTOMAaTa B JJAOUPUHTE, & IMEHHO ero rpaduydeckas IacTb. BoI-
Jin OOCYKJIEHbBI TJIAHBI JIAJIbHENINEr0 PA3BUTUS TPOTIPAMMBI JIJIs HAIUCAHUS
JUIJIOMHO#M paboThI, 8 UMEHHO CO3/IaHle HOBOTO I'paduIeckoro nHrepdeiica
¢ nobaByleHUEM JOTTOJTHUTENHHOTO PYHKIIMOHAJA JIAOUPUHTA U OIITUMUBUPO-
BaHUE yYKe MMEIOIIEr0Cs.

12 mosibpsa 2020 roma
O KOHCTPYHUPYEMOCTHN ABYMEPHOI'O OpHaMeEeHTa

Crynenr 6akaigappuara Mungyamua M.

B 110K/Ia/1e PacCMaTPUBAETCS IBYMEPHbIH OPHAMEHT — MHOMKECTBO Ha 22,
UMeEIOIee I'PYIIY CaMOCOBMEIIEHUH, COJIEPKAIILYIO TapaJIe/IbHBIN TIEPEHOC
Ha HEHYJIEBOHM BEKTOD, MPUYEM B TOI IPYIIIE COJEPKUTCS JIBA HEKOJIJTUHEAD-
HBIX BEKTOpa MapaJLiebHOro mepeHoca. Jlokazana KOHCTPYUPYEMOCTH BCEX
JIBYMEPHBIX OPHAMEHTOB aBTOMATOM C KpacKaMu. AJICOPUTM IPEICTABJISIET
¢ coboit MomMMUKAIUIO AJITOPUTMa, 00X0JIa TIOCKOCTU aBTOMATOM TI0 CIUPa-
JTU, TJIe TIepeMEITEHNs] Ha € IMHIIHbIE BEKTOPHI 3aMEHEHBI TT0C/IEI0BATETHHBI-
MU IIEPEMENIEHUSIMA Ha BEKTOPBI IIapaJljIe/IbHOI'O IIEPEHOCA, & OKPAIlliBAHUE
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KJIETKH IIJIOCKOCTU — Ha KOHCTPYHUPOBaHUE MaKpOS4YelKH, coleprKalleil mpu-
MUTHBHYIO si4eifiKy JBYMEDHOTO opHaMeHTa. lIpuBesieHa OleHKa CJI02KHOCTU
KOHCTPYUPOBaHUs OpHAMEHTa aBTOMAaTOM C KpPacKaMHu.

26 mos1O6ps 2020 roma

Pacmupenue BbIYUCINTEIbHBIX BO3MOXKHOCTEM
mainuabl Thiopunra. Ilpocreiiinas u yHuBepcajibHas
MOJI€JIb CBEPXThIOPUHIOBBIX BbIYMCJIEHUN

Hayunsrit corpyaauk Boskos H.1O.

Kiraccnaeckas mamuna Triopunra 3aaéTcst IPOrpaMMOil KOHEYHOT'O aB-
TOMATa, SIBJISIOIIEroCs €€ TOJIOBKOM, 1 paboTaeT ¢ M3HAYAJIBLHO IIYCTOU JIeH-
roit. [losb30BaTess 1epes; TpUMEHEHNEM HAHOCUT Ha JIEHTY KOHEYHYIO HH-
dopmanuio (Kkak npaBuIO, HENOCPEJICTBEHHO IIPABee HAYAJBHOIO PACIIOJIO-
JKEHUsI TOJIOBKM Ha JIEHTE), 3allyCKaeT MallluHy THIOPHHIA U, B CIydae eé
OCTaHOBKH, CUUTBIBAET C JIEHTHI KOHEUHYIO MHMOPMAIIUIO, KOTOPYIO UHTEP-
[IPETUpPYyeT, KaK Pe3yJIbTAT BHIYUC/ICHUIA.

B kiaccuueckoit Teopun ajaropuTMOoB aJropUTMOM CHUTAETCS UMEHHO [IPO-
rpaMma Jijist MaruHbl ThIOPUHTA, & BBIYUCIUMOCTH JIFOOOUH (DYHKIUU [TOHU-
MaeTcsl, KaK BO3MOXKHOCTH €€ BBbIUMCJEeHUs Ha HeKo#l Maruie ThiopuHra.

N3BecTHO, YTO MHOXKECTBO YACTHUYHBIX CYETHOZHAYHBIX (DYHKITHIT
f : (Ng)™ — Np, BBIYUCIUMBIX 110 THIOPUHTY, €CTh MHOXKECTBO YaCTHUIHO-
PEKyPCUBHBIX (DYHKIIHIA.

BoJiee Toro, HeC/I02KHO TIOKA3aTh, 9TO [IJIsi JIIODOIO OIPEJIEJIEHUS AJIN0-
purma (He 00si3aTe/IbHO MOHMMAEMOro, KaK IIPOrpaMMa MalluHbl ThropuH-
ra), MOJPa3yMEBAIOIIEro, 9TO KOHKPETHBIH aJrOpUTM 3aaéTCs KOHETHBIM
CJIOBOM B KOHEYHOM aJI(DABUTE, MHOYKECTBO (PYHKITUH, BLIYUCIUMBIX IIPU 10~
MOIIN AJTOPUTMOB TAKOTO BUjA, OyIeT He 6ojee, UeM CUETHO. A, 3HAYTWT,
60JIbIIAST YACTh YACTUIHBIX CUETHOZHAUHBIX (DYHKIUI OYIET HEBBIUYUCIUMA.

DT0 03HAYAET, ITO JIFOOO0H BHITUCIUTE b, YHUBEPCAJIBHBIN I KIACCa Ta-
CTHYHBIX CU€THO3HAUHBIX yHKmit f : (No)™ — Ny, J0IKEH UMETh IpPo-
rpaMmy OECKOHEUHOI JIJIMHBL.

[Tpenaraercs npocTeiiiiast MOJIE/Ib YHUBEPCAJIHLHOT'O BHIYUC/IUTEIST B BU-
e Mammibl ThIOpUHTA ¢ JIGHTOM, IpaBasi MOJIOBUHA KOTOPOi (0T HavaIb-
HOT'O PACIIOJIOZKEHMsI TOJIOBKHU ) N3HAYAJBHO 3aII0JIHEHA IPOU3BOJILHOI T10C/Ie-
JIOBATEJILHOCTHIO B KOHEYHOM aJidaBuTe. ByjieM Ha3bIBATH TaKWe MAIUHbBI
MammHaMu ThIOpUHIra ¢ Helrycroil (m3Ha4daiabHO) jJgeHTOi. Kak n B
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KJIACCUYIECKOM CJIydae, II0JIb30BaTe/ b Ilepe]l IPUMeHeHneM HAHOCUT Ha JIEHTY
KOHEeUHYyI0 MHGPOPMaIHO (Teleph, HElOCPEeICTBEHHO JieBee HAYAJIbHOIO Pac-
[OJIO’KEHUsT TOJIOBKU Ha JIEHTE), 3allyCKaeT MallnHy ThIOpUHTa U, B CIydae
€€ OCTAHOBKU, CUUTBHIBAET C JIEHTHI KOHEUHYIO MH(MOPMAINIO, HAXOIIIILYIOCS
B KJIETKE, I'Jie OCTAHOBMJIACh I'OJIOBKA U B KJIETKAX, JeBee €€, KOTOPYIO HHTep-
IIpeTUpPyeT, KaK Pe3yabTaT BbIUUCIEHUIL.

Takum 06pazoM, Tenepb aJrOPUTM 3aJaETCsI KOHEYHOH IIPOrPpaMMOi 1o-
JIOBKM 1 OECKOHEYHOIl TOJIYJIEHTOM’, CoJleprKallleil 110cjIe10BaTeIbHOCTb OyKB
koHewaHOTO asidasuta. OmpemeIéHHOe TAKIM 00pa30M MHOYKECTBO AJITOPUT-
MOB — KOHTHUHYaJIbHO.

ITokazano, 4T0 B JMaHHOW BBIMUCJIUTEIHHON MOJENH SABJISIOTCS BBIYHCIIH-
MBIMHU BCe YacTHYHBbIE cuéTHO3HAa4UHBIE dyHkmu Buga f : (No)™ — Ny, Bce
caoBapuble dyukimn Buja f : (A™)* — A* u, BoobIe, Bce KOHCTPYKTUBHbIE
OO'bEKTHI.

[TokazaHo, 9TO CyIIECTBYeT Kjaccuieckasi MamuHa Thopunra (T.e. Ma-
[IMHA ¢ U3HAYATIBHO IIYCTOll JIEHTOM ), KOTOpast [0 JIIOOMY HAOOPY BXOIHBIX
JMAHHBIX U JTI00O0 TporpaMme JIjisd MaImuHbl ThIOPUHTA ¢ HEITYCTOM JIGHTOM MO-
JleJiupyeT paboTy ITOW MAIIMHBI HA STUX BXOJHBIX JAHHBIX, T.€. CYIIECTBYET
KJIaccuueckasi Mainna ThiopuHra, yHIBepCcaabHas JJid Kjaacca MarmuH Tbio-
PHUHIa C HEIILYCTON JICHTOM.
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K cBenmenunro aBTOpoOB ImyOJauKaluyii B >KypHaJie
«NuTennekryasibHbie cucTeMbl. Teopus U MPUJIOXKEHUSI»

B coorBercrBuum ¢ Tpebopanusivu BAK P® k uznanusim, BXOJSIMM B I1€pe-
YeHb BEJIYIIUX PEIEH3UPYEMbIX HAYYHBIX XKYPHAJIOB U U3/IAHUI, B KOTOPHIX MOI'YT
OBITH OIyOJIMKOBAHBI OCHOBHBIE HAyIHBIE PE3YJIbTATHI IUCCEPTAINI HA COUCKAHUE
YUEHOI CTEIeH! JIOKTOPA U KaH/IM1aTa HayK, CTAThU B 2KypHas «VHTeeKkTyanb-
HbIe cucTeMbl. Teopus v MPUIOKEHUS» [IPEIOCTABIISIOTCS ABTOPAMU B CJIEJLYIOITIEH
dopwme:

1. Crarbu, nHabpannbie B makere IXTEX, npenocrapisiores K 3arpy3ke uyepe3 WEB-
dopmy http://intsysjournal.org/generator form .

2. K crarpe npuiiaraorcs ailyibl, cojepKaliue HA3BaHUE CTATbU HA PYCCKOM U
AHTJTMHCKOM $I3bIKAX, AaHHOTAIMIO HAa PYCCKOM M aHIJIMIICKOM si3bikax (He Gosiee 50
CJIOB), CIMCOK KJIIOUEBBIX CJIOB HA PYCCKOM U AHTJIMICKOM si3bIKax (He Gosee 20
csioB), urdopmaius 06 apropax: @.1.0. 0JHOCTHIO, MECTO PABGOTHI, JIOJIZKHOCTb,
ydeHasl CTeleHb U/WIn 3BaHue (eC/ii NMeeTcst), KOHTAKTHBIE TeTedOHBI (¢ KOIOM
ropoJia U CTPaHbl), e-mail, MOYTOBBII ajpec ¢ WHIEKCOM Topoja (JIOMAIIHU niiu
CJLy2KeOHBIIA ).

3. Cuumcok jaureparypbl 0bOPMIISIETCS B €IMHOM (hOpMaTe, yCTAHOBJIEHHOM CUCTE-
Moit Poccuiickoro nHekca Hay4HOTO IUTHPOBAHUS.

4. 3a mybaukanuio crareil B xKypHase «Hre/iekryajbibie cucreMbl. Teopust u
[PUJIOYKEHUST» C aBTOPOB (B TOM YHUCJIE ACIUPAHTOB BBICIINX yUeOHbIX 3aBe/IeHuil)
craTel, PEKOMEHIOBAHHBIX K IyOJjukaiuu, nara ne B3umaercs. OTTUCKE cTaTeit
aBTOpaM He IpeocTaBigoTcs. 2KypHail pacpocTpaHsIeTcs 10 OJINCKE, IK3eM-
IJISIPBI 2KyPHAJA PACCHLIIAIOTCS TOJIIINCINKAM HAJIOXKEHHBIM IIJIATEXKOM. YCJIOBUS
noanucku nyoaukyores: B katagore HTU «Pocneuarsy, nHaeke xKypHaJsa 64559,
5. JocTyn K 9JIEKTPOHHO# BEPCUU IIOCJIETHErO BBIIIEJIIEr0 HOMEPa OCYIIEeCTBIIs-
ercs uepes HOB «Poccuiickuit ungekc HayaHoro nuruposanusi». Homepa, BbI-
IIeJiIne paHee, pa3MernaoTcs Ha caiite http://intsysjournal.org, u gocryn K HUM
6ecriaTHbIil. TaMm ke Oy/IyT pa3MelneHbl aHHOTAIUN BCEX MyOJIMKYeMbIX CTaTeil.

155






ITonmucano B mevarn: 11.12.2020
Hara Berxoma: 21.12.2020
Tupax: 200 3k3.
Ilena cBobomHAS
CaugerenbcTo o perucrparuu CMU: TIN Ne ®C77-58444 or 25 urons 2014 r.,
Beiano PeepaabHON CIyKO0M IO HAI30PY B cepe CBA3U, NHMOOPMAITMOHHBIX
TEXHOJIOIUi U MaccoBbIX KoMMyHuKaiwii( PockoMuaizop).

157



