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OrmpenenisieTcss ceMaHTUKA apU(PMETHIECKON pPeam3yeMOCTH [IJIst
dopMyIT S3bIKA TEOPUHM MHOYXKECTB, OCHOBAHHA: HA TUIEPApUMOMETH-
qeckux BuAax. JlokaspiBaeTcss KOPPEKTHOCTh KOHCTPYKTHUBHOM Teopuu
MHOKECTB 0€3 aKCHOMBI 00 bEMHOCTH OTHOCUTEILHOI TOH CEMAaHTUKU.

KurogyeBbie ciioBa: KOHCTPYKTUBHASI CEMAHTHKA, PEAIN3YEMOCTD,
apudmeTndecKass Pean3yeMOCTh, AKCHOMATHIECKasli TeOpUsi MHO-
JKECTB, runepapudMeTuIecKue BUIbI.

B vHTYMIIMOHUCTCKONW MATEMATUKE OJIHUM U3 aHAJIOIOB MOHSATUS MHOYKE-
CTBa sIBJIAETCS 6Ud KAK TOYHO c(DOPMYJIUPOBAHHOE YCJIOBHE, KOTOPOMY MOLYT
YJOBJIETBOPSTH HEKOTOPbIe MaTeMaThuecKe 06 beKThl (cM. [1]), HasbiBaeMbIe
B 9TOM CJIy4ae wienamu Buja. B pabore |2] Mbl onpeesnim KOHCTPYKTUBHY IO
CEMAHTUKY JIJIsl SI3bIKA TEOPUU MHOYKECTB, OCHOBAHHYIO Ha rurepapudMeTn-
JeCcKUX BHUIaX. B HacTosiIell craTbe MBI PACCMOTPUM MOMU(DUKAIIAIO ITOM
CEMAHTHUKHU, B KOTOPOIl POJIb BBIYUCIUMBIX (DYHKIHI UIDAIOT apudMeTnde-
ckue OyHKIIH.

Bynem cunrarh, dro s13bIK (bopmasibHOl apudmeruku LA comepxKut
bYyHKIIMOHAJILHBIE CUMBOJIBI JIJIsI BCEX TPUMHUTUBHO-PEKYPCUBHBIX (DYHKITHIA,
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a TaKKe KOHCTAHTBI JJjIs BCEX HATypaJbHBIX 4ucel. ATomapHble (pOpPMYJIbI
(arombr) si3bika LA cyTb Bblpaykenusi t; = to, rje t; u ty — mepMbl. BoJee
ca0KHBIE (POPMYJIBI A3bIKa LA CcTposTcsa 0OBIYHBIM 00pa3oM U3 aTOMOB IIpU
ITOMOIIK JIOTUIECKAX CBSI30K A, V, —, = 1 KBaHTOPOB 1, V.

[TycTs dbukcupoBano HaTypasibHoe ducio n > 1. Ynudopmusayuet dop-
myasibl @ (1, ..., Ty, y) a3bika LA, He cozepzKalleii mapaMeTpoB, OTJINIHBIX OT
T1,...,Tn, Y, OyIeM Ha3BIBATH (POPMYITY

D(x1,..., 20, y) N (V2 <y)P(z1,...,2n,2),

oboznauaemyio tax: OV (zq,...,T,,y). Kaxmas takas dopmyia 3amaer 4a-
cruunyio dyukuuio f: N* — N, rue f(ki,...,k,) = k, ecam u TOsIbKO eciu
N ®Y(ky, ..., kn, k), 7. e. bopmyna ®Y(ky,. .., ky, k) ucrunna B cranmapt-
Hoii maTepuperanuu. Ilycts dbukcupoBana refeseBa HyMmepamus Bcex Hop-
My s3bika, LA. @opmyiny ¢ regeeBbIM HOMEpPoM z obosHadaeMm ®,. Yepes I,
0b03HaTaeM MHOXKECTBO T€JIeJIEBBIX HOMEPOB (POPMYJI sI3bIKa L, He cojeprKa-
[UX TaPAMETPOB OTJIMYHBIX OT X1, ...,Tyn,Y. Bciau z € I, To mocpeacTBoM
©? 0003HAYUM N-MECTHYIO HaCTUYHYIO (QYHKIIUIO, 3aJaBacMylo (OpMyJIoit
®Y. Ormernm, 4To BCsSKAsk N-MECTHAs YACTHUHAs (DYHKIS, ONpEIeIIMas
B a3blke LA, umeer Buz ¢ Jjs HeKoToporo z € I,. Eciu ¢ — n-mecrnas
qactuaHas GyHKIusd, u ki, ..., Kk, — HaTypaJbHbIe YUCJIA, TO TOT (PaKT, 9TO
oupegeneno o(ki, ..., ky), obosnauaem tak: lo(ki, ..., ky).

OTHOmEHUs Ha MHOXKECTBE HATYPAJIBHBIX THCEN, TPUHAICKAIINE KJIac-
cy H% aHasmTudeckoit wmepapxuu |3, §16.1|, HazoBem H%—Hpe,ﬂI/IKaTaMI/I.
Uz [3, §16.1, Teopema V| cremyer, uto maiimerca Taxoii I13-mpemmkat
U(z,x1,T2), KOTOPBI SIBJISIETCS YHUBEPCAJIBHBIM JIJIsi KJIACCa BCEX 2-MEeCTHBIX
H%—HpeLLI/IKaTOB. Harypasibrnoe ducio z HazoBeM H%—I/IH,ZLGKCOM OTHOIIIEHU I
P(x1,x9), ecim umeer mecro P(xy,z9) <= U(z,x1,x2). Byaem roso-
puTh, 4TO OTHOIIEHUE P(Z1,. .., Ty) SBIsSETCs rUnepapiudMeTnIecKuM, eCim
P(z1,...,2,) m =P(z1,...,2,) cyts Il}-pepukarer. Harypambmoe aucio z
nazopem Al-mmiexcom ormomenus P(x1,22), ecim z = c(21, 22), Tae 21 —
[}-unnexc orontennss —P(z1,12), a 22 — Ii-unjexc orromennst P(x1, o).
[lycts J — MHOXKecTBO Beex Al-mmiekcor Becex 2-MecTHBIX TumepapudMe-
TudecKux oTHomenuit, a D,(x1,x9) — runepapudmeTrndeckoe OTHOIICHHE,
Al-ungexc xoroporo ectb z.
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ITocpemcrBoM TpaHCOUHUTHON HHIAYKIMH JJIsT KarKIOTO OPIMHAJA
OIIPEIEJIUM MHOXKECTBO A, CJIEIYIONIM 00pa30M:

Ay ={z€ J|—-3s3x D,(s,x)}, ecoim ov = 0O
Ay ={z€J|Vs,x(D,(s,x) >z € Ag)}, ecm v = 3+ 1;

Ay, = U Ag, ecnu o — TpeJIebHBII OpIUHAI.
B<a

Yepes A obozHaINM 00beMHEHNE BCEX MHOXKECTB A, 7SI KOTOPBIX OPIUHAT
¢ KOHEeYeH JInbO CYeTeH.

QopMyJIbl S3bIKA TEOPUU MHOXKECTB CTPOSITCS U3 IPEIMETHBIX ePEeMeH-
HBIX, KOHCTAHT 3/IEMEHTOB MHOXKeCTBa A, JTBYXMECTHBIX ITPEJIUKATHBIX CUM-
BOJIOB = U €, JIOTUYECKUX KOHCTAHT L, T, JIOTMYeCKUX CBA3OK A, V, —, KBaH-
TopoB V,d u ckOOOK 110 OObIYHBIM TpaBujam. [lpu 3anucu dopmys Oyaem
UCIIOJIB30BATH CJIE/YIOIIIe COKPAIEHUSI:

o b= — |;

o dzet ®(z) = Az(zet A B(2));

o Vret (x) = Va(zet — &(x));

o Var,...,zn(® & V) = Vo, 20 (P = V) AV, .2 (U — D).

DOPMYAGMU € 02PAHUMEHHBLMU KEAHMOPAMU OyJIeM HAa3bIBaTh Takue hopMy-
JIbI A3BIKA fA3BbIKa TEOPHUN MHOXKECTB, B KOTOPBIX BCE€ BXOXKJ/ICHHA KBaHTOPa V
umeior By Vet ®, a kpanTopa 3 — Jxet O.

QPukcrpyeM TPUMHUTUBHO PEKYPCUBHYIO B3aMMHO-OJHO3HAYHYIO (DYHK-
U0 C, KOJUPYIOIILYIO Tapbl HATYPAJbHBIX YUCE] HATYPATbHBIMU YUC/IAMH.
Torma oxHOMecTHBIE OOpaTHble (YHKIWME p; U Pg, rae pi(x) u po(z) cyrb
mepBasi U BTOpasi KOMIIOHEHTBI IIapbl ¢ KogoM x, T. e. ¢(p1(z), p2(x)) = =,
TaKKe MPUMUTUBHO PEKYPCUBHBI.

JLJ1s1 BCIKOTO HATYPAJJIBLHOIO 9HC/Ia € U IPOU3BOJILHON 3aMKHYTOM (hopMy-
Jibl @ sI3bIKA TEOPUHM MHOYKECTB OIIPEE/]UM OTHOIIEHUE «e apuMeTUIeCKH
peasmzyer ®» (obos3Hauenue: e r P) cieyOMUM HHIYKTUBHBIM 006pa30M:

ecr(a=b)=a="b

a € b) = Dy(e,a);

er(
ecr (PAV)=pier ® upser ¥;
er (

®VVU)= (pe=0wupger ®) wm (pre=1u peer V);
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e er dz ®(z) = pre € A u pee r ®(pre);

ecr Vo, ...,y (P(x1,...,2) = V(x1,...,2y)) = e € In41 u quis
Beex! HATYDAJIBHBIX YHCET S U a1, . ..,0, € A, ecmu s T ®(aq, ..., ay),
1 1
to 1" (ay, ... an,s) u Bepuo 2 Hay,... an,8) v ¥(ay,...,a,)l,
[PU 9TOM CHHUCOK [EPEMEHHBIX 1, . . ., Ty MOMKET OBIThH IIyCThIM;
e er Ve, ...,z ®(z1,...,2p) = [er Var, ..., 25 (T = (z1,...,25))],
eC/IM CIMCOK IePEMEHHBIX I1,...,T, HemycT, dopmyiaa P(zq,...,x,)

He HAYMHAETCs ¢ KBaHTOpa V, U JIOTWYEeCKas CBs3Ka — He SIBJISETCS
riiaBHOl B @ (21, ..., 2p).

Bynem roeoputsk, uro 3aMrHyTast (hopmyna ® si3bika TEOPUM MHOYKECTB siB-
JISIETCST  APUPBMEMUYECKY PEAAUSYeMOt, eCTTH HAHIeTCs TaKoe HATypPaTbHOE
YUCJIO €, YTO UMeeT MecTo e T D.

B pa6ore [4] II. Anens onpezernit naryunuonucTckyto reopuio CZF. Ak-
cuoMbl U cxeMbl akcuoMm Teopun CZF cyTh ciemyrorue:

Ve,y(Vz(z€x < z€y) >z =1y); (Ext)
Vo (v € z — 1); (2)
Vz 3z (z € z AVuez W ezVy (y € v < y = u)); (Inf)
Ve,y3zVu(u €z (u=zVu=y)); (Pair)
VeIzVu(u €z Jy (y €ExAu € y)); (Un)
Ve (Vuex ®(u) — &(x)) — Vo &(x), (Ind)
Vo [Vver Ju®(v,u) — Jy (Voexr Juey P(v,u) AVuey Jvex ®(v,u))];
(StrColl)

Vx,y 3z Vw [Vver Juey @ (v, u, w) —
— '€z (Vvezr Juey ®(v,u, w) AVuey Jvex ®(v,u,w))]; (SubsetColl)
Ve IyVu (u € y <> u € x A P(u)). (BoundSep)

[Tpu sToM B cxeme akcuoMm (BoundSep) npennomnaraercs, aro ®(u)— dopmyta
C O'paHNYCHHBIMU KBaHTOPpaMU.

[Tycts i — wHaTypajbHOE HYHUCJO, YJIOBJIETBOPSIONIEE COOTHONIEHUIO
(pi2 (x,8) ~ s, M ycTh @ U b CyTh pa3IUIHbIE A%—I/IHJ:LGKCBI IIyCTOT'O 2-MECTHOTO
ornorrerusi. Toryma a, b € Ay u HarypaabHoe ducio c(i,i) apudmernaecku

L Opmako, eciiu B CIHCKE X1, ..., &L, HA HEKOTOPHIX HO3ULHUAX § M j CTOAT ONXHHAKO-
Bble IIEpEMEHHbIE X; U Xj, TO MBI HE JJOIyCKAEM DACCMOTPEHUE TEX CIMCKOB Ql,...,G0n, B
KOTODBIX G; 7# aj.
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peasuzyer dopmyiy Vz (z € a <> z € b). Ilpu srom dopmyna (a = b) ne
siBsisiercsi apudmerndecku peasnusyemoii. Takum obpazom, akcuoma (Ext) me
sBjsieTcs apudmerndeckn peasusyemoii. Oboznauum uepes CZF~ Teopuio
CZF 6e3 akcuombl (Ext). Bepna ciueyromnast Teopema.

Teopema 1. Bce axcuomv, meopuu CZF™ asasomes apudmemuvecku pea-
AUYEMBLMU.
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The non-extensional constructive set theory is sound with respect
to the sematics of the arithmetic realizability based on
hyperarithmetic sorts
Konovalov A.Yu.

A semantics of the arithmetical realizability based on hyperarithmetical
sorts for formulas of the language of set theory is introduced. It is
proved that constructive set theory without the extensionality axiom
is sound with this semantics.

Keywords: constructive semantics, realizability, arithmetical
realizability, axiomatic set theory, hyperarithmetical sorts.
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