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YHactp 1.
Oo6miue mpodjieMbl Teopuu
MHTEJIJIEKTYaJIbHBIX CHICTEM






ITocTpoenue nmosHOTO HabOpa TEM
BEPOSITHOCTHBIX TeMaTHUYeCKNX MojeJeii

Cyxapesa A.B., Boponnos K.B.

VnTeprpeTupyeMocTs, JIUHEHOe yBeINIeHNne CIIO?KHOCTH C POCTOM
JIAHHBIX, MAaCHITAOUPYeMOCTh CIETAJN TEeMATUIECKOe MOJETHPOBAHIE
OJTHIM W3 HanboJiee MOy IAPHBIX HHCTPYMEHTOB CTATUCTHIECKOTO aHa-
ju3a TekcToB. OIHAKO €CTh M P:AJ, HEIOCTATKOB, BLI3BAHHBIX 3aBHCH-
MOCTBIO DellleHHsI OT MHMIMam3anun. 3BecTHO, 4TO IOCTpOCHHUE Te-
MaTHYECKOIl MOJIEJIN CBOIUTCS K PEIICHUIO HEKOPPEKTHO I10CTABJICHHOI
3a/IaU HEOTPUIATEJIbHOIO MATPHYHOIO pa3JioxKeHns. MHoXecTBO eé
pereHuit B obmeM ciaydae GeckoHeuHO. Besxuil pas Mosens HaXOAuT
JIOKJIbHBIN SKCcTpeMyM. MHOTOKpaTHOe 00ydeHIe MOJIesN 10 OJHOMN 1
TOH K€ KOJUIEKIUH MOKET IPUBOJUTL K OOHAPYZKEHHIO BCE HOBBIX U
HOBBIX TeM. Ha npakTuke gacTo Tpebyercs OIpee/uTh BCe TeMbl KOp-
myca. [lj1a pemenus 3Tol 38,1841 B CTaThe IIPEJIJI0ZKEH U UCCIIe/I0BAH HO-
BbIiT aJITOPUTM HAXOXKJIEHHs IIOJTHOIO HabOoPpa TeM, KOTOPBI OCHOBaH Ha
IIOCTPOEHNH BBITYKJIOH 000TOUKH. DKCIEPUMEHTATBHO TTOKA3aHO, UTO
3a KOHEYHOE YUCJIO MOJeJiell MOZKHO HOCTpouTh Oasuc teM. IIpasmomo-
Jlobue 6a3mca TeM BbIIIE, YeM OJHOI MOJIEJN C aHAJOTMYHBIM YHCIIOM
rem. Cpasuenune 6asucos mozesieit LDA (latent Dirichlet allocation) n
ARTM (additive regularization for topic modeling) nossosser cuenars
BBIBOJI, YTO TeMBI HAOOPOB COBIIAIAIOT C BBICOKON TOYHOCTHIO.

KiroueBble cjioBa: BEpOATHOCTHOE TeMaTHYeCKOe MOJEIHNPOBa-
HU€, YCTONYNBOCTb TEeMATHIeCKUX MOJIejIeil, MOIHbIi Habop TeM TeMa-
TUYECKUX Mojesiell, jarentroe pasmertenue upuxie, LDA, perys-
puzarust, ARTM, BigARTM.

1. BBenenne

BepositHoCcTHBIE TEMaTHYEeCKHEe MOJETH SIBJISIOTCS CTATUCTUIECKUMU aJIrO-
pUTMaMU, TpeIHA3HAYEHHBIMU JJIsT OOHAPYKEeHUsT aOCTPAKTHBIX TE€M, KOTO-
pble cofiep:KaTcst B OOJIBIIIOM W HECTPYKTYPUPOBAHHOM HaOOpE JOKYMEHTOB.
TemaTndeckue Mojiesin HanboJiee M3BECTHBI KaK MHCTPYMEHT JIJIT MHTEIIEK-



TyaJIbHOIO aHajn3a Tekcta. OHU Tak>Ke MMEIOT NMPUJIOXKeHus B OuomHdop-
MaTHKe, aHaJIM3e N300parKeHuii U coluaabHbIX cereii [1].

[TocTpoenne TeMaTH4ueCcKOil MOJIEN CBOJUTCS K PEIICHUIO HEKOPPEKTHO
[IOCTABJIEHHOH 3a/1a9M HEOTPUIATEIbHOIO MATPUIHOIO pas3jioxkeHus. MHo-
2KeCTBO €€ peleHuil B obI1eM ciiydae 6ECKOHEYHO. DTO MPUBOIUT K HEYCTOM-
YUBOCTU BBIYUC/IMTEIbHBIX METOJIOB M 3aBUCUMOCTHU PEIIEHUsT OT CJIyIaitHOrO
Ha4YaJbHOTO HpubJKeHus. MHOroKpaTHoOe MOCTPOEHNE MOJIEJNH 110 OJHOU U
TOI K€ KOJJIEKIIMM MOXKET IPUBOJUTH K HAXOXKJIEHUIO BCE HOBBIX U HOBBIX
reMm. HecmoTpst Ha BaxKHOCTD TpeOOBAHUS YCTONYUBOCTHU B 33/[a9aX KOMIIbIO-
TEPHOI JIMHI'BUCTUKM U WH(MOPMAIMOHHOI'O MOWCKA, IIpobJjieMa 10 CUX IOP
OTHOCUTEJILHO MaJjio udydeHa. B jinreparype olpe/iesieHo OHATHE YCTOWIH-
BocTH 2|, mpemiaratorcst mepol ycroitunsoctu |3, 4, 5. Takxke B paborax
PaCCMaTPUBAIOTCsT MOJIEJIH, TIOBBINIAIOIINE YCTORIUBOCTS |6, 7).

B nannoii ctaTbe craBuTcst pobJieMa MOJTHOTHI: MOYKHO JI HAWTH BCE Te-
MBI KOPITyCa, CKOJIBKO 3aIlyCKOB MOJIEJTUPOBAHUsT HEOOXOMIMO JIJIsT HAXOXK e~
HUsl TIOJTHOTO HA0OPa TeM, BO3MOXKHO JIH COKPATUTD YUCJIO 3aIlyCKOB C IIOMO-
mpto peryispusanun. OnucarHasi TOCTAHOBKA B JINTEPAType He pacCMaTpH-
BaJIach. AKTYaJIbHOCTD IPOOIeMbI 00YCIOBIEH OOIBIIAM YUCIOM IPUKJIA-
HBIX 33/1a1 aHAJIN3a TEKCTOB, B KOTOPBIX TPeOyeTcsi Kak MOXKHO MOJTHEE OlIpe-
JIEJINTH TEMATUYIECKUI COCTAB KOJUIEKIINU JIOKYMEHTOB.

Cratbsi opraHm3oBaHa CJIeAyIOIMUM obpa3oM. B pasmese 2 Mbl BBOIUM
OCHOBHBIE 0003HAYEHNsI U TEPMUHOJIOIMIO, KPATKO OIMCHIBAEM TeMATHYECKIe
mogesn pLSA, LDA u monenu monxoma ARTM. B pasmene 3 ompenpesnser-
cs1 TIOHATHE Da3uca TeM MHOMXKECTBA MaTPHUIl TeMaTHIecKuX Mojeseit. Jlasee,
[PEeJIJIAraeTCsi AJITOPUTM JIJIst TIOCTPOEHUSI TOJIHOI'O Habopa TeM Ha OCHOBE
BBIMTYKJION OOOJIOYKY. DMIUPUIECKIE PE3YIbTAThl IOCTPOEHHS IOJTHOTO Ha-
6opa Tem obcy ) aat0Tcs B paseiie 4. Hakoner, B 3aK/II0U€HIN TPEICTABIICHBI
HAIIN BBIBOJIBI.

2. BeposiTHOCTHBIE TeMaTUYIEeCKNE MO/IeJIN

Beesiem creyromue obosnadenns: D = {di,...,d|p|} — Komieknus Tex-
cToBbIX Jokymentos, W = {wi,...,wy|} — cloBapb TePMOB, BCTPETHB-
mxess B mnx, T = {t1,...,t7|} — KoHewHOe MHOXKeCTBO TeM. B kadecTse

TEPMOB MOI'YT HCIIOJIB30BAaTLCA CJIOBa, M-I'paMMBbl, KOJIJIOKaIIuM, UMEHOBaH-
HbIEe CYyHNIHOCTH M T.JI. UHCJIO TeM sIBJISIETCsI TUIEPIAapaMeTpOM M 3aJaeTCst
zapanee (|T'| < |D|). Kaxmoe Bxoxaenue repma w € W B njokymenr d € D
CBSI3aHO € HEKOTOpOii Temoit ¢ € T. TepMbl U JOKYMEHTBI SIBJISIIOTCS Ha-
OIII0/IAeMBIMHE TIEPEMEHHBIMU, TeMbl — JIATeHTHBIMU (CKpBIThIME). Tpebyercs



OIIPEJIJINTD, K KAKUM TeMaM OTHOCUTCS KaKJbIil JIOKYMEHT U KaKue TePMbI
00pa3yIoT KaxKJIylo TEMY.

2.1. Mogaenp pLSA

[IycTh KOJIEKINS MOKYMEHTOB TPEICTABISET COOON TOC/IeI0BATEILHOCTD
nap «IoKyMeHT-c0Bo» (d,w). IToxxon pLSA (probabilistic latent semantic
analysis) [8] momemupyer BepositHOCTE p(w|d) HOSIBJICHHST TEPMOB W B JIO-
KyMeHTaX d KaK CMeCh YCJIOBHO HE3aBUCUMBIX MYJILTHUHOMUAIHLHBIX PACIIpe-
Jesiennii. KOMIIOHEHTBI CMecH MOXKHO PaccMaTpUBaATh KakK IPeJICTaBIeHUsI
«tem» t. Habmromaemble mapbl (d, w) BCTPEYAIOTCS] HE3aBUCHMO, YTO COOT-
BETCTBYET IIPEJICTABJIEHUIO JIOKYMEHTOB B BHJIE «MeIKa CJI0B». llosiBiieHue
TepMa W 3aBUCHAT TOJHKO OT TeMBI { U HE 3aBUCHUT OT JOKyMeHTa d. Kaxkmoe
CJIOBO T€HEPUPYETCsi U3 OJ[HOI TeMbl. B 3TOM ciydae TemMaTudeckasi MOJIE/Ib
TOSIBJICHUST CJIOB B JIOKYMEHTAX BBITJISJIAT CJIEIYIONIM 00pa3oM:

p(d, w) = p(d)p(w|d) = p(d) Y _ p(wlt)p(t|d),
teT
rje w — TepM, t — Tema, d — JOKYMEHT KOJUIEKIIUH.
ITpu nocTpoeHnn TeMaTuIecKoii MoJie/i TpedyeTcst OIEHUTD 110 U3BECTHOI
KoJITeKun D mapaMeTpsl MOJesn @y = p(w|t) u 0yg = p(t|d). Crasurcs
3aj1aua MAKCUMU3AIMH Jiorapudma mIpaBIonomnoomst:

L(®,0) =Y > ngwlogp(d,w) =Y Y ngwlog  duibrg — max

dED weW deD weW teT
(1)

Z Gwt = 1, Gut 2 0, Zatd =1,0i4 > 0,

weW teT
e ® = (Puwt)wxr, © = (01d)TxD, Naw — UUCIO BXOXKJEHUI TepMa w B
JIOKyMEHT d.

Sagaua pemaercs ¢ nomoupio EM-anmropurma. BeposTHOCTHBIE TeMa-
TUYIECKUE MOJEIN HAXOJAT JIOKAJBbHBI MaKCUMyM Jiorapudma mpaBIaonoao-
6ust (1). UsBectro, uro pLSA He MojempyeT mporecc BbI60pa JIOKYMEHTOB,
pactpegenerne p(d), 3T0 YACTUYHO T€HEPATUBHAS MOJETb. UTOOBI MOJIHO-
CTBIO Peaii30BaTh MeHepAaTUBHBIA POIECC Ha YPOBHE JOKYMEHTa U YCOBEp-
IMIEHCTBOBATD €0 JIJIsl TeM, ObLIO IIPEJJIOYKEHO CKPBITOEe pacupejesienne [lu-
puxie (latent Dirichlet allocation, LDA) [9].

Cnemyer ormeTuThb, 4TO MOjesb pLSA  jrlerko mepeobydaercst u3-
3a HEeOOXOIMMOCTH HACTPAWBATH OOJIBIIIOE UNCJIO ITapaMeTpoB. PereHnn-
eM JaHHOU mpobJjieMbl MOXKET CTaTh HeboJbIlas MomuduKalus E-mmara



EM-anropurma (Tempered EM) [8], koropasi Takzke MO3BOJISIET YCKOPHUTH
obyteHne MOIeIN.

Jpyrast TpyIHOCTD 3aK/II09aeTCs B TOM, YTO ajJI'OPUTM HE pase/isieT Te-
MaTudeckne u (GPOHOBBIE KOMIIOHEHTBI CMECH TEM, HE YUUTHIBAET MOJAIbHO-
CTH JIAHHBIX (ABTODbI, TE€rW, KAPTUHKM, CChUIKK u T.1.). Kpome Toro, mo-
nenb pLSA He mo3BoJIsIeT yupaBsaaTh paspeskenHocThio. JeiicTBuTensno, ec-
JI B HavaJsie paboTsl aaroputMa ¢, = 0 mm 0y = 0, To 1 nocIe 3aBepIIeHns
paboThl aJIrOPUTMa 3HAYEHUSI STUX MApAMETPOB OcTaHeTcs paBHbIM (. DTn
npoBJIeMbl MOT'YT ObITH PEIEeHbI ¢ TIOMOINBIO peryispusanyun Mojgean pLSA,
npejicTaBjaeHHoit B oomeM moaxoge ARTM, KoToperit 6yaeT onucan HUKe.

2.2. Moaeas LDA

Jlarentnoe pasmemienne dupuxie (latent Dirichlet allocation, LDA) [9] —
IIUPOKO U3BECTHAS TeHEPATUBHAS BEPOSITHOCTHAS TeMATHIECKast MOJIEJIb JIJIsT
JCKPETHBIX JJAHHBIX, B 9aCTHOCTU T€KCTOB. 110706HbIi 110X0/1] ¢X0K ¢ pLSA
¢ Toit pasuueii, uro B LDA HaK/1a/1bIBalOTCs JIOMOJHUTEIbHBIE OIDAHUYEHNUST
Ha BUJ pacupenesenuit ¢y ~ Dir(5) u 04 ~ Dir(a). 910 npuBoauT K pas-
amaHbIM Mozudukanusim M-mara. Camasi pocrast U IOMyJIsipDHAsT U3 HUX
CJIE Iy IOIIAsE:
Gwt X Nt + Pus  Ora X Nyg + Qs

9TO COBIAJAET C peryssipuzaropoM criaaxkusanus (4) B mogxogze ARTM. B
pesyJsbTaTe mosydaercs 6osee 3(ppeKTUBHAS MOJAE/b, YTO IOATBEPXKIACTCS
VCIHEINTHBIM IPUMEHEHHEM B 3aJadax KJacCupUKaIuu U KOJ1abopaTuBHOM
duabTpaImm.

2.3. IToaxon ARTM

Pacnpenenenust ¢, u 0yq, monydenubie Mojeabio pLSA, cirabo pasperKeHsl,
9TO HEXKEJATEJHHO Ha MPAKTUKE. XOTEJOCh Obl, YTOOBI B MOMEIN KaXKJIbIi
JMOKYMEHT d TIPEJICTABJISAJICST HEDOJBIITUM YUCJIOM TeM t ¢ OOJbIIUMU BEpo-
srHOCTsIME P(t|d) 1 Kaxkaast TeMa ¢ coCcTosia U3 HEOOJIBIIOrO YUCJIa CJIOB C
BbICOKUMHE BepositHocTsiMU p(w|t). Takast crparerust MOBBIIAET HHTEPIIPETH-
PYeMOCTh MOJIENH, 0becrieunBaeT 60Jiee KOMITAKTHOE TIPEICTABICHNE TAHHBIX.
OpHako HUYTO B MojeupoBannu pLSA He moompsieT Takoil MexaHu3M 00y-
gerust. B mocienee BpeMst TPEANPUHIMAIOCH HEMAJIO TOTBITOK TTOCTPOUTH
boJiee paspekeHHbIe paclpeesieHnsi. PaccMOTpUM OMH U3 TPEJIOKEHHBIX
[OJIXOJIOB — AJINTUBHYIO PEryJIsIPU3AIMIo TeMaTnaeckux mosesneii (additive
regularization for topic modeling, ARTM) [10].
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OcnoBHas uaess ARTM 3akiogaercss B TOM, 9YTOOBI 00ECIIEYNTH MMOKUA
criocob 0baBjIeHNsT HEKOTOPOH IOMOJTHUTEIbHON HHMOpMAuu 0O 3ajade K
onTuMusupyemoii dpyukimn npasgonoaobust (1). demaercs 910 ¢ mOMONIBIO
B3BEIIIEHHO! CyMMBI KPUTEPUEB perysspusanun R;:

R(®,0) = Z 7iRi(®,0), L(®,0)+ R(®,0) — mas, (2)

rae 7; > 0 — Ko3pDUIUEHTHI PEryIsapU3alil, PEryJIUPYIOT CUIy deificTBUs
peryJisipu3aTopa U HaCTPAUBAIOTCS SKCIIEPUMEHTAIBLHO.

Jist obyuennst TeMaTudeckoit mMojenn npumensiercss EM-agropurm. Ha
E-mare, kak u B mozenu pLSA, onenusaerca mo dopmyie Bailieca Bepost-
HOCTh P(t|d, w) 1 BBIpAXKAETCH Nygyy — TUCIO TPOEK, B KOTOPBIX TEPM W J10-
KyMeHTa d CBsI3aH C TeMOoii t:

wtd
i = map(td ), pltld,w) = <o

Bsenem omepaTop norm, KOTOPBI MpeobpasyeT IPOM3BOIBHBIN BEK-
TOp (Z;)ic] B BEKTOP BEPOSITHOCTEN JIMCKPETHOI'O PACIIPEJICJIEHHUSI:

max(0, z;) ,
norm(x;) = ———— cex 1 €1
iel (:) > max(0, z;)’ LI BECE ’
jel

ecam x; < 0 jyist Beex @ € I, To norm(x) = 0.
Jnsa pemenns cpoOpMyIMPOBAHHON 3aJa49l MHOIOKPUTEPUAJIBLHON OITH-
musarmu (2) gocrarouno moauduimposarh M-mmar:

OR OR
= norm | ny: + —— |, Oy =norm | nyg + Og=—— 3
¢wt werW wt ¢wt P ¢wt td ppacs td td 89td ( )
Nwt = Z Ntdw, Ttd = Z Ntdw,
deD wed

riae R(®,0) — menpepoiBHO Juddepeniupyemast HyHKIHs.

Paszyinunble peryiasipus3aTopbl [MO3BOJIAIOT HE TOJBKO PaspeKUBaThb pac-
npejiejieHud, HO U IIOBBINMIATH COTVIaCOBAHHOCTDb, PA3JIMIYHOCTL TEM, OT6I/IpaT])
TeMbI, JOKYMEHTHI U TEPMbI, CIJIAXKUBATL PACIPeIesIeHNs, €CJIU 9TO Heo0-
XOJIMMO, BBIITOJIHATH TEMaTHIECKYI0 CErMEHTAIINIO, CTPOUTh UEPAPXUIECKHE
Mozaenu u T.7. Iomaxon ARTM naeT BO3MOXKHOCTH KOMOMHUPOBATHL CAMOCTO-
ATeJIbHbIE MOJEJIN B OJIHY OOIIYIO MOIEJb IIyTeM IipeobpasoBanusi M-1mara.
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B mannoit crarbe paccMaTrpuBaeTCs MUHAMAJIBHBIN HAOOD Pery/isipu3aTopoB,
KOTOPLIi MOKpbIBaeT TpeboBanus OOILIIMHCTBA, 381a9 TEMATHIECKOIO MOJIE-
JIMPOBAHMUST: PETY/ISIPU3ATOPDI CIVIaYKUBAHUS, PA3PEKUBAHNSA U JIEKOPPEIIPO-
BaHUI.

Paspexxupaomuii u CIVIayKUBAIONUI  PEryJIIpU3aTOPbl  IIPEIIIoIara-
0T, 9YTO MOJeJbHbIE pacupenenlennss ¢; u Oy OIU3KH 10 JUBEp-
reanun  Kynpbaka-Jleiibiepa K HEKOTOPBIM 3aaHHBIM —PaCIpeIe/IeHH-

a3 = (Bw)weW no= (at)t€T~

o PazpexkuBaromuit peryasgpuzaTop:

R(®,0) ==} > Bulndur—ao} D arlnf — max.

teT weW deD teT

ITo dopmynam (3) Bbipazkenue jyist M-11ara 3aucbBAETCs CJ1e 1Y FOIIIM
obpazom:

Guwt = Izluoervll]/n(nwt - Boﬁw), Ot = Ht%rjm(ntd - Oéoat)-

o CryiaXXuBaoImuii peryaspu3aTop:

R(‘I),@) :BOZ Z 5w1n¢wt+0é022atln0td —)Igaé(

teT weW deD teT

[Tpumenenne dhopmyr (3) maer Toke BbIpaxkenue Jyisi M-mmara, 9To n
caMag mpocTtas Mogudukanusa mogean LDA:

Guwt = Iboervgl(nwt + Boﬂw), Ora = norm (ntd + 0400%), (4)

€cJIM B KaveCTBe BEKTOPOB THUIEPIAPAMETPOB B3STh JUCKPETHBIE pac-
npeneaeHust o U 3, yMHOYKeHHbIe Ha KO3(DQPUIMEHTHI PEryIspu3allin:

(BoBuw)wew, (coou)ier.

e Jlexoppesnusa TeM KaK MUHAMA3aIldsl KOBapHAIldii MEXKIy CTOJIOIa-
MH ¢y U ¢pg MaTPUIBI D:

R((I)) = _TZ Z Z ¢wt¢ws — mg'X,

teT seT\t weW

e 7 > 0 — ko3duImeHT peryasspusaiun.
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Dopmysbl (3) M-mara B JAaHHOM CJlydae MPUHUMAIOT BHI:

$wt = DOIM <nwt —Tut Y ¢ws)-

seT\t

Jexoppenupyonuit perysipu3aTop CTPEMUTC YMEHBIIUTh [epecede-
HUE MEXK/y PaCIpEeIeSTeHUTIMHI CJIOB 110 TeMaM (g, 9TO IOBBIIIAET Pa3-
JUYHOCTB TEM, YTO HOJIOXKHUTEIBLHO BJIHSAET HA HHTEPIPETHPYEMOCTD
mozenu [11].

3. Ilonnbrii HaOOP TEM

ITocTpoeHne BEpOSATHOCTHONW TEMaTHUYIECKON MOJIE/N SABJISETCsT HEKOPPEKTHO
ITOCTABJIEHHON 3a/1a9eil CTOXaCTHIECKOr0 MaTPUIHOTO Pas3yioKeHus . MHoxKe-
CTBO €e pelieHuii B obeM ciiydae 0eCKOHEYHO:

F ~ ®0 = (05)(S710),

rie S — Mpou3BOJIbHAS HEBBIPOXKJIEHHAS MATPUIlA, DU YCJIOBUU, UTO MAaT-
puter (©9), (S710) croxacrmeckue.

Kaxkprit pa3 Moje/ib HAXOMUT JOKAJIBHBIH 9KCTPEMYM, MOITOMY HeJIb-
351 TAPAHTUPOBaTh, YTO OBLIM HaieHbI BCce TeMbl Kopiyca. OJHAKO B 9TOM
IPOCTPAHCTBE MOYXKHO MOCTPOUTHL 0A3UMC BEKTOPOB TE€M TEMATHYECKUX MOJIE-
JIeH ¢y, COCTOAMMI U3 JIMHEHHO HE3ABUCUMBIX, XOPOIITO WHTEPIPETUPYEMbIX
TeM.

3.1. AaropuTM mOCTpPOEHHUS MOJIHOrO Habopa Tem

U3 meycroitaumBocTu TeM ciemyeT pobJieMa MOJHOTH Habopa TeM, HafileH-
HOT'O TEMaTHYeCKOI MOJIeJIblo. BO3HUKAIOT CJIeyoIue BOIIPOCHL:

° ,HefICTBI/ITGJH)HO JID T€Mbl HOBBIEC MJIN 3TO KOM6I/IH&HI/II/I OpeablLAy X,

® MOKHO JIM HAWTH BCe TEMBbI KOPILyCa, CKOJIbKO MOJesell A1 9TOTO Hy K-
HO TIOCTPOUTb.

Jljisi 0TBETOB Ha 5TH BOMPOCHI PACCMOTPUM aJrOPUTM IMOCTPOEHUs Oa-
3uca TeM MOjeJeil, OTJIMYAIONXCsl HHuInan3anueii. Bece onucannbie BbIine
mozenn — pLSA, ARTM u LDA — maxoasiT TeMbl B IIPOCTPAHCTBE pacipeie-
JieHn HaJj, cioBamu. KaxKjioe Takoe paclpeiesieHne MOYKHO pacCMaTpUBAThH
Kak TouKy B egunudHoM (|W| — 1)-cumiutekce cioB A.
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Oupepnenienne. Muoowcecmeo V- = {vy,..., vy} C A — 6asuc mem mmo-

orcecmea mampuy, memamudeckur modeset ®q,..., P, C A, ecau Vo € @;
BUIMONHACTCA:
min p(¢,v) <, (5)
vEconvV

m
coan:{U:Zaivl-’wEV, Z%‘:l, aiZO},
i=1 i

2de p(¢,v) — Pynruua paccmosnu.

s olpeaeJsjiecHus  cjaeayer, YTO bazuc V cocrour wus BEKTOPOB

TeM ¢ € ®;, j=1,n, JIa KOTOPBHIX e]nainv,o(gzﬁ,v) > &, UMEHHO OHU JIW-
veeconv

HellHO He3aBHCHMBI. Kpome Toro, perenne KaxXI0i#l OTIEIbHONW TeMaThde-
CKOI MOJIEJIN JIOKAJBHO OINTHUMAJIBHO, 8 3HAYUT €r0 MOXKHO Y/IYUIIUTh C I0-
MOIIBIO 3aMEHbl T€M Ha OJIM3KHE MM B CJIydae IMOBBIIMICHUS ITPABJIONO/I0-
6us (log-likelihood). Ha sToMm u ocHOBaH mpejyiaraeMblii »Ka HbIA aJrOPUTM
JIJIsT HAXOXKJIEHUS Da3nca TeM.

AJITOPUTM COCTOUT M3 UepeioBaHmst ABYX 3Tanos. Ha mepBom sTarme mpo-
HCXOJUT 3aMeHa TeM C IeJIbI0 PACIIUPEHUs UMEIONIEHCsl CUCTEMBI BEKTOPOB
TeM U MaKCHUMHU3AIUU [TPaBI0ONoA00ust. AJITOPUTM UTepaTUBHBIA, HA KarXK 0
UTEpaIuu JJjist TeM Habopa HAXOSATCS CXOXKHE ¢ HEKOTOPBIM OPOT'OM 7 U BbI-
MOJIHSIETCSl 3aMeHa, €CJIM OHA YJIydIlaeT IIPaBJIoNojo0ue Bcero Habopa TeMm.
Ha BropoMm sTalie mpoucxouT MOUCK TeMBbI Jijist J1o0aBjeHus B HAOOD:

® BKJIIOYAIOTCS JIMTHENHO HE3aBUCUMBbBIE TEMDI;

® HCKJIIOYAIOTCsT BBIOPOCH! (BBIOPOCAMH CUUTAJINCH TEMBI, KOTOPBIE MMe-
10T Gosiee jiByx Koabbuimentos «; > 0.15 B (5), uro coorBeTCTBOBAIO
HECOTJTACOBAHHBIM TeMaM, 3aBUCUMBIM HEJIMHEHHO OT TeM TOJTHOTO Ha-
6opa);

e BBLIOMpAETCs TeMa, MAKCUMAaJbHO ITOBBINIAIONIASA IPaBIoIoa00ne Habo-
pa TeM.

Takum 06pazoM, MBI JIOTIOJTHSAEM JIMHEHHO HE3aBUCUMYIO CUCTEMY BEKTOPOB
0 6asnca. OmmcaHHbIe MIATH TOBTOPSIIOTCS JI0 CXOAUMOCTH. Tak Kak aJ-
FOPUTM MTEPATUBHBIA, TO MOCE TOTO, KAK AJIOPUTM COIIEJICS, HY?KHO BbI-
HOJTHUTH [IPOIE/LyPY 3aMeHbl OJIM3KUX TeM, UCIOJIb3Ysl 00yIeHHbIe MOJIEN B
00paTHOM TOPSIJIKE.
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st pemenusi onTUMU3AIMOHHON 3ajadn  (5) HCIOJB30BAJICS AJTO-
purm SLSQP (Sequential Least SQuares Programming) [12], koropslii pe-
aJIM30BaH BO MHOIUX IOIYJISIPHBIX MaTEMAaTHIECCKUX [AKETaX, B TOM YHCJIE
u SciPy.

B pesynbprare sKcriepuMeHTOB OBLIO YCTAHOBJIEHO, YTO BCE TEMBI KOPITyCa
MOXKHO HaliTH 38 KOHEYHOE UUCJIO0 UTEPAIUI aJITOPUTMa, TOCTPOEHUST BBIITYK-
JIOI 0OOJIOUKM TeM TeMaTUYecKux Mmojeseil. PerysispusaTop jieKoppestsanuu,
[pUMeHsieMblit Tpu ocTpoernn Mojeseit ARTM, criocobeTByeT HaxXoXK IeHUIO
foJiee MEeJIKUX TE€M, ITI03TOMY B IIOJTHOM HADOPE COMEPKUTCs DOJIBIE TEM, IeM
B 6asuce momesteit LDA. Ha puc. 1, puc. 2 BuHO, 9TO HIpaBIOIOA00Ue I0JI-
HOTO HAOOpa TEM BBIIE, YeM OJIHOW MOJE/N C AHAJOTUYHBIM YUCJIOM TEM.
3aMeUeHO, UYTO YUCJIO TeM B IMOJTHOM HAOOpe 3aBUCHT OT CTEIEHU Pa3PerKeH-
vHoctu MmaTpull ®. Basuc Gosee pasperKeHHBIX MOIeIel COAEPKUT OOJIBIe
TEM.

4. dMnupudecKue pe3yabTaThbl

B srom paszmesie Mbl puBOAUM pe3y/IbTATHI PAOOTHI AJITOPUTMOB HA Peajib-
HBIX JTaHHBIX KOJIJIEKITIHI HOCTHayKal. Komnekmus ITocrHayka — me6osnb-
0¥ KopIryc TekcToB nnrepHer-kypuaJja [loctHayka, cocrosiuit u3 HayaHo-
MIOIYJIIPHBIX CTaTeil 0 coBpeMeHHO# dyHIaMeHTAJILHON HayKe U YIEHBIX, KO-
TOpBIE €€ CO3/IAI0T.

B skcrnepumMenTax, ONMMCAHHBIX HUYKE, MCIIOJB30BAJIMCH TETH K JIOKYMEH-
Tam kosutekiuu [loctHayka, pasmedenubie sxcriepramu. Beero 66110 930 Te-
OB, KOTOpbIe 0003HAYa N ODOIINe U YaCTHBIE TOHATHUsI, HAIIPUMED, ONOJIOTHs,
KJIETKA, 9BOJIIOIMOHHAsT OMOJIOT U, Te€H, 9YKAPUOTHI, KBaHTOBas (pusuka, Poc-
cust, JejoBeK U T.n. KaxKaplil JOKyYMEHT B CpeIHeM OIHUCHIBAJICA 6 Teramm.
Jlanmbie 66U CJIyYaiiHO pa31eseHbl Ha 00YYAIONLyI0 U KOHTPOJILHYIO BEIOOD-
ku B ornomenun 80% k 20%.

4.1. MoaeaupoBaHue JTOKYyMEHTOB

Jlnst moctpoenust mosHoro Habopa paccMmarpubasuch mogenn LDA Gibbs

sampling 1 ARTM ¢ 20 Temamu. LDA? ¢ napamerpamu 7 = 0.01, a = %

obyuanack 3500 mrepamnmuit. [Ipu nocrpoennn momeneit ARTM mcnonnzoBa-
JIACh CJIeJIyIONasl CTPAaTErnusl Perysspu3aluu: cHadaJa BKJIOYaJICs JeKoppe-

JUPYIOMNI PETYSIPU3aTOP JI0 CXOMMMOCTH MO/IEIN O EPIJIEKCUN, 3aTEM OH

"https://postnauka.ru/
2https://github.com/lda-project/lda
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mozesieit LDA (c ucnosbzoBannem Gibbs Sampling) na rerax
kosuteknuu [locrHayka, mapamerp § = 0.64, v = 0.43.
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OTKJIIOYAJICSI, ¥ IPUMEHSIIUCH PEryJIsipu3aTOpbl pa3peKUBaHusa MATPUIL O
u criaxkupanust marpuibl ©. Bo Beex ciydasix marpunpsl O, ¢ — ciryuaiiabie
croxacrudeckre Marpunnl. Momenu ARTM crpoumiuchk ¢ noMoriso 6ub/imo-
tekn BigARTM?.

4.2. IlonHoTa 1 MHTEPNPETUPYEMOCTh TEMATUYECKUX MO/IeJieit

TemaTuueckue MOIEIN HAXOIAT JIOKAJIBHO SKCTPEMAJIBHOE PellleHrne, KOTOPOoe
He SIBJIAETCA MOJTHBIM. [[pr 9TOM Ha IpaKTUKe YacTO BO3HUKAET 33189 HANTH
Bce TeMbl Kopityca. Jljisi perenust JaHHOM 329U B CTATHE OBbLI IIPEJJIOKEH
aJITOPUTM HAXOXKJIEHUsT OA3UCA TEM.

B Tabu1. 3, Tabs. 4 npuBOaATCA HEKOTOPBIE TEMBI, HANIEHHBIE C TIOMOIIIBIO
aJITOPUTMa TIOCTPOEHUSI IMOJTHOTO HAbOpa TeM. AJITOPUTM MPUMEHSIICS ISt
mogesteit LDA u ARTM. Ilponecc HakomeHust TeM 6a3uca MpOULIIOCTPUPO-
BaH Ha puc. 1 u puc. 2. Ha rpadukax BumHO, 9T0 HpaBonogobue dazuca
TeM BBIIIE, €M IPaBIOIoaobme oaHoi Momenn. KpoMe Toro, OBLIO TpoBeIe-
HO CpaBHEHME OJIHOM MOJIe/ i U Oa3uca TeM I10 JIOMOJHUTETbHBIM KPUTEPUIM
KadecTBa TeMarndeckux mogeseii (cm. tabi. 1, rabi. 2): kpurepuio P. Apy-
Ha [13], koreperTHOCTH (aBTOMATHYECKOI MepbI HHTEpIpeTUpyeMocTh) 14| u
kpurepuio [{ao Xyana [15]. Ha o6yuenun nosubiii Habop tem mozeseit LDA
JIy4Ille 1I0 BCEM KPHUTEpUsM, 9eM OJHa MOIejb. Ha KOHTpoJe yXyJlleHue
TOJIBKO 110 KorepeHTHOCTH. basuc mopeneit ARTM wummeer GoJiee BbICOKOE
IpaBIoIIo[00ne Ha 00yYEeHUN U KOHTPOJIE, 9€M OTHA MOJIEb.

[Monusrit Habop Tem ARTM moszBossier 6oJtee Mo IpoOHO OMHMCATEH KOPITYC,
geM 6asuc mozeneii LDA. Hampumep, TeMa 0 reHeruke B IIOJHOM Habope
mogesteii LDA comepzkuT TepMbl OMOJIOTHsI, T€H, IHK, P€HETHKA, a y MOZIe-
sgeii ARTM — wmoJsiekysisipHasi OHOJIOTHUsI, KJIETOUHAs OMOJIOrUsI, NeHETUKA,
rerHas umxkerepusi. Ogaako He Bce TeMbl ARTM corytacoBanHble, gazke B TO-
e COIEPKATCST CJIOBA, HE OTHOCSIINECS K JAHHOU Teme, HAllpUMep, PyCcCKast
dumocodust, bakrepun, HAPOAHAS KYyJIbTypa, Pych. Eme omun mHemocTaToK
6azuca ARTM szakjrouaercst B TOM, YTO MOT'YT ObITH TEMBI, KOTOPAasi HE BbI-
JIeJINJIACH B OTIEJIbHBIE, 8 OBLIN Pa3MBITHI 10 HECKOJIBKIM TeMaM Da3uca. DTh
HEJIOCTATKU MOXKHO HUCIPABUTH C MOMOIIBIO JAJBHEHIIEH PeryIsspu3allin.

B skcmepumenTax OBIJIO ITOCTPOEHO JBa IIOJHBIX HabOpa TeM MOoje-
seit LDA. B niepBom citydae MozeIn Cjie0Bad B IPSIMOM IOPSIIKE, BO BTO-
pom — B obparHOM. Tembl 6a3MCOB COOTHOCUJIUCH MEXKy CODO# C TIOMOIIBIO
BEHIE€PCKOI'O aJINOPUTMa. TeMbI COBITAIN C BBICOKOI TOUHOCTHIO. OIHAKO OJI-
HA TeMa B IepBOM Oasuce ObLja pasJe/ieHa Ha JBe BO BTOPOM: aCTPOHOMUS,

3https://github.com/bigartm /bigartm
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acTpodn3nKa, KOCMOJIOTHS, IPABATAIIASA Ha aCTPOHOMUIO, KOCMOC U (DUBUKY,
acrpodusuky. basuc mozmeneit ARTM Toxke paszessier 9T JIBe TEMBbI.

Ha puc. 3 u puc. 4 uzobpazkens! mwiockue npoexiun® 6azucos ARTM n
LDA. Bunno, aro B 6asuce mopeneit LDA Bce TeMbl KpyIIHBIE U pa3ieiv-
JINCh HA CJIEJYIOIIe KJlacTepbl: 6uosorus, GU3NKa, XUMUS, JTUHIBUCTUKA,
9KOHOMMUKA, TICUXOJIOTHSI, MaTEMATUKa, UCTOPHs, dpuytocodusi, KyJIbTypa, Co-
rmoJtorusi. B momrom mHabope Tem ARTM comepakaTcst Kak KpPYITHBIE TEMBI,
TaK U MeJIKUe, HallpUMeDP, pycckas (puiocodust, CyTOITPON3BOICTBO U UCKYC-
CTBOBEJIEHUE.

Kpurepun Ha o6y4uenun Ha xonTpoJie

Opna mozens | Basuc rem | Omna mojens | Basuc Tem
[leprutexcust 13132.6 12227.45 | 12835.1 12534.36
Kpurepuii Apyna | 52.15 56.90 9.95 12.96
KorepenTnocTn -7.89 -9.01 -13.50 -12.75
Kpurepnit Xyana | 0.01 0.02 0.01 0.02

Tabumma 1. CpaBaenue pesyibraros padborsl oguoil momesn ARTM ¢ 24 te-
Mamu (6paJioch cpejiHee 3HAYECHNUE T10 MSITH MOJIECJISIM) U [OJTHOTO Habopa TeM
ARTM. Mogenmn nabopa comepxkaju 20 Tem, B pe3yabraTe paboThl ajJropuT-
Ma 0110 0TOOpano 24 Tembl. 2KUPHBIM BBIIEIEHBI ONTUMAJILHBIE 3HATCHUST
B CPaBHEHWH.

Kpurepun Ha oby4uenun Ha xonTpoJie

Onna mouens | Basuc rem | Oana monens | Basuc rem
[Teprnekcust 37.36 36.39 44.91 43.55
Kpurepuit Apyna | 100.93 95.18 31.84 28.88
KorepenTnoctnb -3.01 -2.91 -5.70 -6.44
Kpurepnit Xyana | 0.07 0.06 0.07 0.06

Tabnuma 2. CpaBHeHre pe3yabTaToB paboThl oHON Mojenn LDA ¢ 23 Temamu
(6paJsiock cpejiHee 3HAUEHHME 110 TISITH MO/IeIsIM) U 110JHOro Habopa Tem LDA
¢ npumenennem Gibbs sampling.

“https://github.com/bmabey /pyLDAvis
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Puc. 3. Tlnockas mpoexnust mosrHoro Habopa tem mojeseir ARTM,
IOCTPOEHHOTo Ha Terax Kojuteknnu [loctHayka.

16

a7 1

Puc. 4. [lnockast npoexiust moHOro Habopa Tem mogeseit LDA,
IocTpoeHHoro Ha terax koJseknuu I[ToctHayxka.
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Basuc Tem, mosryueHnnsiiit B mopsiake

{®:}0_x

Baszuc Tem, mosyueHHblil B IOPSIIKe

{1,

HACTOPHUA, KYJIbTypa, PEJIUTUS, XPU-
CTHAHCTBO, BOCTOKOBeJEHHE, KUTa,
ncaaM

UCTOPHsI, KyJIbTypa, PEJIUTus, XPU-
CTHAHCTBO, BOCTOKOBE/IEHIEe, NCJIaM,
apxeoJIoTud

KyJIBTYpa, OOIIECTBO, KYyJIBTYPOJIO-
TUsl, MAacCoBasl KyJbTypa, (PUI0CO-
dusi, KHHO, UCKYCCTBO

KYJIbTYypa, KYJILTYPOJIOTUs, MacCO-
Basl KyJbTypa, dumocodus, KUHO,
00ITIeCTBO, UCKYCCTBO

OuoJiorusi, TeH, JTHK, T€HOM, KJIeTKA,

OuoJiorusi, reH, JIHK, TeHOM, TeHEeTHU-

I'eHeTuka, MI/IKpO6I/IOJIOFI/IH Ka, KJIeTKa, OeIKn

dusnka, KBaHTOBasi (pusmka, Tex- | PUIUKA, KBaHTOBAsI duznka,
HOJIOTHM, aTOM, KBAHTOBasl MEXaHU- | TEXHOJOIUM, OITHKA, KBAHTOBBIE
Ka, CBEPXIIPOBOJINUMOCTL, KBaAaHTOBbBIE TEXHOJIOTUMU, KBaHTOBasd MeEXaHHKa,
TEXHOJIOIU CBEPXIIPOBOIUMOCTD

MeIuIMHa, OWOJIOTHsI, TEeHETUKa, | MEIUIMHA, OHOJOTUs, TIEeHETUKA,
OmoMeUIIHa, OHKOJIOIUsI, KJEeTKa, | OMOMeIuIInHa, OHKOJIOTHSI, KJIETKA,
TEeXHOJIOI'nn CTBOJIOBBIE KJIETKHN

Tabauna 3. CpaBHeHHe IBYX IIOJHBIX HAOOpOB TeM Mojesieit LDA | mocTpoen-
HBIX Ha Terax Kosutekimu [loctHayka. B mepsom ciydae Mojenu ciemoBain
B 00OpATHOM IOPSIJIKE, BO BTOPOM — B IIPSIMOM.

5. 3akJrroueHue

ﬂaHHaH pa60Ta IIOCBAIIECHA U3YyY€HUIO BOIIPOCa ITOJIHOTBI TEMATUYICCKHUX MO-
nesteit. IIpoBemen cpapHUTENbHBIA aHaan3 momeeil pLSA, LDA u mome-
Jsteit mogxoma ARTM 110 kpurepusiM, CBSI3aHHBIM C UCCJIEIYEMOIl TTPODJIEMOIA.
Bo Bcex Mozensix TOJIBKO YacTh TeM OKasajach ycroiunpoit. Ilokazano, 1aTo
JEKOPPEIUPYIOMMI PEry/Isipu3aTop yXYAIIAaeT YCTONIMBOCTh MOJIEN U CIIO-
cOOCTBYeT HAXO0XKJICHHUIO 00JIee MEJIKUX TEM.

HeycroitunBocTh TeMaTUIeCKuX MOJIe/Iel sABISIETCS U3BECTHBIM (DaKTOM,
OJIHAKO CBA3aHHAas C Hell mpobjieMa MOJHOTHI J0 CHX IIOp B JINTEPAType He
nsydaJsiach. Jljist pereHust 3Toil 3aJa9u B CTAThe IPEII0XKEH HOBBIM aJIro-
PUTM HaXOXKJIEHUsI IIOJTHOTO HabOpa TeM, OCHOBAHHBIN Ha TOCTPOEHUN BBIILY K-
JIOM 0D0JIOUKHU BEKTOPOB TEM TEMATHUYIECKUX MOJIEeH, OTIMYIAIOIINXCS TOJTBKO
uHAnrar3anueii MaTpuibl ®. AJropuTM COCTOUT U3 ABYX IPOILEAYP — 3a-
MEHBI OJIM3KMX TeM M J00aBJIEHUs] HOBOH TEMbI — KOTOPbBIE BBIIOJIHSIIOTCS
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Basuc Tem, mosrydennsiii B mopsake

{2},

Baszuc Tem, mosyueHnblit B MOPsIKe

{30y

HUCTOpHsl, KyJIbTypa, PEeJIUTusi, Xpu-
CTHAHCTBO, BOCTOKOBEJIEHUE, UCIIaM,
apXeoJIoTns

UCTOPHUsI HAyKH, UCTOPUSI, PUMCKOe
IIpaBo, NIPaBO, PEJUTrHUsd, UCTOPUS

IIpaBa, COIMOJIOTHSI IIpaBa

KYJIbTYypa, KYJIbTYPOJIOTUs, MAaCCO-
Bas KyJbTypa, dumocodus, KUHO,
00ITeCTBO, UCKYCCTBO

KYyJbTypa, MaccoBasg KYJIbTypa,
KYJIBTYPOJIOTHSI, KWHO, HCKYCCTBO,

KuHeMaTorpad, dppeiis 3urMmyHI

6uoJiorusi, rel, JHK, PeHOM, PeHeTH-
Ka, KJIETKa, OEJIKI

MOJIEKYJISIPHAs OWOJIOTHUsI, KJITOU-
Hast 6uoJIorusi, OMOJIOTUsl, TEHETUKA,
PeHHasl MHXKEeHepUsl, TeH, JTHK

dusnka, KBaHTOBasi (PU3NKA, TEXHO-
JIOTWH, OITHKA, KBAHTOBBIE TEXHO-
JIOTMH, KBAHTOBAsI MEXAHUKA, CBEPX-
MIPOBOJINMOCTbD

pycckasi punocodus, bakTepuu, Ha-
pOIiHasI KyJIbTypa, KOpPEHHbIE HApO-
JIBI, MEPTOH POOEPT, PYCh, JTOKa3a-
TeJIbHAST MEeJIUITUHA

MeJIUIIMHA, OHOJIOTHS, T'eHEeTUKA,
OuoMeUITNHA, OHKOJIOTHUSI, KJIETKA,

CTBOJIOBBIE KJIETKHA

ME/IUIINHA, CTBOJIOBBIE KJIETKHU, OMO-
Jiorusi, OMOMEIWITNHA, MOJIEKYJIsIp-
Hast OHOJIOTWS, WHJIYIIUPOBAHHbBIE
ILUTIOPUIIOTEHTHBIE CTBOJIOBBIE KJIET-
KU, PEreHepaTuBHAS MeIUIIHA

Tabnumna 4. Cpasaenne mosinoro Habopa Tem mogeneit LDA u mosmoro na-
6opa tem mogesieit ARTM, nmoctpoennbix Ha Terax xosuteknuu [ToctHayka.

10 OYepear J0 CXOANMOCTH ajropuTMma. TakmMm oOpasoM, HPOMCXOIUT IIPH-
OJIMKEHHOE JIONOJIHEHNE JIMHEHHO He3aBUCUMOM cucTeMbl 10 6asuca. Ilo mo-
CTPOEHHIO B 6a3uc H00aBJISIIOTCA TOJIBKO T€ HOBBIE TEMBI, B 0-OKPECTHOCTH
KOTOPBIX HET BBIMYKJIBIX KOMOUHAII TeM Oas3uca.

3aMevueHO, UTO YUCI0 TeM U CKOPOCTb CXOJUMOCTU AJTOPUTMA 3aBUCHT
oT crerienn paspexkernnoctu marpuil ®. Bazuc 6osiee pazpexkeHHBIX MOjIeIel
cogiepkuT 6ostbitie TeMm. Cambrit MajieHbKui 6a3uc y mogeseit LDA. Ou comep-
KUT Hanbojiee KPYIHBIE U OOIHe TeMbI, YTO MOYKHO HAOIIOIATD Ha ILIOCKOIM
upoeknun 6asuca LDA.

[Ipasonoobue 6azuca Mojiesieil BBIIE, YeM OJIHON MOJIEN C aHAJIOTHY-
HBIM YUCJIOM TeM, Ha 0OydeHHN U KOHTpoJie. Kpome Toro, 6110 MPOBEIEHO
CpaBHEHUEe OJ[HOW MOJe/n 1 6a31ca TeM I10 JOTOTHUTEILHBIM KPUTEPUIM Ka-
YecTBa TEMATHIECKUX Mojeseit: kpureputo P. ApyHa, KOTepEeHTHOCTH U KPH-
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repuio [{ao Xyana. Ha obyguernun mosubiit Habop Tem mogeneit LDA jydrine
10 BCEM KPUTEPHUIM, UeM OJIHa MOje/ib. Ha KOHTpoJIe yXy/llleHne TOJIbKO 110
KOI€PEHTHOCTH.

B skcmepuMmenTax Tak»ke OBLIO IIPOBEIEHO CpaBHEHNE IIOJHBIX HAOOpPOB
rem mojieieit LDA u ARTM. B 6asucax LDA, mocTpoeHHBIX B IIPSIMOM 1 00-
PATHOM IIOP$JIKE CJIEIOBAHUS MOJIEJIEN, TEMBI COBIIAJIH C BBICOKOW TOYHOCTHIO.
OpiHako ojiHa TeMa B IIepBoM Oasuce ObLIa pas3jieieHa Ha JIBE BO BTOPOM: acT-
pOHOMUSI, aCTPO(PU3UKA, KOCMOJIOTHs, TPABUTAIUS Ha ACTPOHOMHUIO, KOCMOC
n pusnky, acrpopusnky. bazuc mogenmett ARTM Takke pasmenui 3TH JBe
TEMBL.
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Building a complete set of topics of probabilistic topic models
Sukhareva A.V., Vorontsov K.V.

Interpretability, linear increase in complexity with data growth,
scalability made topic modeling one of the most popular tools for
statistical text analysis. However, there are a number of disadvantages
caused by the dependence of the solution on the initialization. It is
known that the building of a topic model is reduced to solving an ill-
posed problem of the non-negative matrix factorization. The set of its
solutions in the general case is infinite. Every time the model finds a
local extremum. Repeated training of the model for the same collection
can lead to detection of more and more new topics. In practice, it is
often necessary to define all the topics of the corpus. To solve this
problem, the article proposed and investigated a new algorithm for
finding the complete set of topics based on the construction of a convex
hull. It was shown experimentally that it is possible to construct a
basis for the finite number of models. The likelihood of the basis
is higher than for a single model with a similar number of topics.
Compare of the basis of LDA models (latent Dirichlet allocation) and
ARTM models (additive regularization for topic modeling) suggests
that the topics of the sets coincide with high accuracy.

Keywords: probabilistic topic modeling, stability of topic models,
complete set of topics of topic models, latent Dirichlet allocation, LDA,
regularization, ARTM, BigARTM.
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YacTp 2.
CreruaJjibHbBIE BOIIPOCHI TEOPUN
MHTEJLJIEKTYaJIbHBIX CUCTEM






AnnapaTHasi KOHCTPYKIIUS JJIs pelleHust
MPOo0JIeMbI SKCIIOHEHITAJIBHOTO B3PbIBA AJIsI
OIHOT'0O KJIacCa PeryJsipHbIX SA3bIKOB

Bepragorr A., Tanarenko A.

AHHOTaNNSA

WsBectHO, 9TO A3BIK, 33aBAE€MBbIil PErYJISIPHBIM BBIPAYKEHHEM BUIA

n
Ui:l .k Q. k B .%, TIE @i, B; — CJ0Ba HaJ| HEKOTOPBIM ajiaBUTOM, B 00-

IEM CJIy4ae JJIsi PAcliO3HABaHUsI KOHEYHBIM JIETEPMUHHUPOBAHHBIM aB-
TOMAaTOM TPeOyeT IKCIOHEHIINAIBLHOE 10 11 YUCJI0 cocTostHuil. B pabore
[IPEe/JIATaeTCsi KOHCTPYKIUS CTPYKTYPHOTO aBTOMATA, PACIO3HAIOIIETO
SI3BIKM U3 JIAHHOTO KJIACCA W WMEIOMIEro MOJIMHOMUAILHYIO TPOCTPaH-
CTBEHHYIO CJIOYKHOCTb.

Kitouesbie cioBa: JIKA, cTpyKTypHBII aBTOMAT, peryJisipHbII
SI3BIK, 9KCIIOHEHIUAJIBHBII B3PbIB.

1. BBegenue

B nacrosiiee BpemMs ceTeBble yCTPOHCTBA MOT'YT IPOBEPSATDH COAEPIKUMOE 1A~
KeTa C IeJIbI0 YIIPaB/IeHUs] CeTeBhIM TPa(pUKOM U CKAHUPOBAHUS HA BPEJIO-
HOCHOCTb.

B anammse cereBoro tpaduka aKTyaJbHON sSIBJISIETCS CKOPOCTh aHAJIN3a,
TaK KaK HOCHeﬂHHﬁ MOZKET 3HAYUTEJIbHO CHUZKATDH IIPOITYCKHY IO CHOCO6HOCTB
ceTeBOro y3ia. [lo ckopocTu cKaHUPOBAHUS U 110 YPOBHEBOM MOJIE/IN PEAIn3a-
I[IUU MOYKHO BBIJIEJUTD J[Ba OCHOBHBIX KJIACCA aHAJIM3aTOPOB: 1) ceTeBble Ipo-
neccopbl (anrit. Network Processing Unit, NPU) — sro nporpammupyembie
MUKPOIIPOIIECCOPHI, ONITUMU3UPOBAHHBIE IJIsT PAOOTHI B CETEBBIX yCTPOHCTBAX
B pexkuMe obpaboTku makeToB (packet processing); 2) uHTErpasbHbIE CXEMBI
crienmasbHOro HasHadenus, (anri. Application-Specific Integrated Circuit,
ASIC) — 970 uHTErpaIbHBIE CXEMBI, 00JIATAIONTIE OrPAHUIEHHBIM (DYHKIHO-
HAJIOM, PeAJIM3yeMbIM TI0J] CTPOTO 3aJaHHYO0 3a1a4dy. Toraa Kak ceTeBoi mpo-
I[ECCOP ABJISIETCST TPOTPAMMEPYEMBIM YCTPOHCTBOM (B JAHHOM CTAThe YCTPOii-
CTBO TAKOTO BHJIA HE PACCMATPUBAETCsi), KOTOPOE 0DECIIeYMBAET BBICOKUIL
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ypoBenb mnactuanoct, ASIC obecredanBaeT BLICOKYIO TIPOU3BOIUTETHLHOCTD,
HO He 00eCIIeunBaeT CIOCOOHOCTH K PElpOrpaMMUPYEMOCTH.

O6a Turra ycTpoiicTBa MOI'YT UMETh WHTErPUPOBAHHBIE MO/YJIM BHENTHEI
U BCTPOEHHON naMsTu. KoJndIecTBO BCTPOEHHBIX MOJIyJell MaMsSTH C JOCTa-
TOYHON MPOIYCKHOI CrIoCcOOHOCTBIO (“ObICTpOii HaMsiTH”) OrpaHUYeHO 3Ha-
YUTETBbHO, & KOJIMIECTBO BHEITHUX JIEMEHTOB MaMSITH C HU3KOH MPOITyCKHOM
CIIOCOOHOCTBIO OTPAHUYEHO TOJBLKO Pa3MepoM ycrpoiicrsa. Kpuruyanoii sis-
JIgeTcd 1MpobsemMa o0beMa U JOCTYITHOCTH BCTPOEHHON HaMSITH.

O/H U3 OCHOBHBIX METOJIOB AHAJIN3a 3AK/IIOYAETCS B CJIEIYIOMEM. JKC-
IIePTHI 33JIaI0T CUTHATYPBI 3JI0YMBIIIJIEHHOTO TIOBEJIEHNS; aHAIN3ATOD IIPO-
CMATPUBAET CETEBbIE MMAKEThl U BBISABJISET COOTBETCTBHE ITAKETOB XOTS ObI
onHol curnarype. s 3amaHust CUTHATYD MCIOJIB3YeTC allllapaT PeryJisp-
HBIX BbIpaxkeHwmii. 1lo Teopeme Kimnu 3amatva mpoBepKH TpPUHAIIEIKHOCTH
CJIOBA COOTBETCTBYIOIIEMY PErY/ISPHOMY S3BIKY MOYKET OBITH PEIeHa C IIOMO-
IO KOHEYOI'0 JIETEPMUHUPOBAHHOI'O aBTOMAaTa C BPEMEHHON CJIO?KHOCTBIO,
JIMHEWHO# OT JiyinHbI cjioBa. OTHAKO YUCIO COCTOSTHUI aBTOMATa MOYKET PACTH
9KCIIOHEHIUAJIbHO C POCTOM JJIMHBI PEryJIAPHOI'O BhIparKeHUd, TO €CTh BO3MO-
2K€H 9KCIIOHEHIINAJBHBIN B3PBIB IPOCTPAHCTBEHHON CJIOXKHOCTHU. B pe3ysbra-
T€ BO3HUKAET 3ajladya IIOHUKEHUs IIPOCTPAHCTBEHHOH CJIO?KHOCTH Pacllo3Ha-
BaHus 0e3 CyIIECTBEHHOIO YXY/IIEHUs BPEeMEeHHOH cjokHocTu. Hekoropsbre
M3BECTHBIE TIOAXOJIbI K PENIEHUI0 U3JIaraloTcsd HUXKE.

MbI paccMaTpuBaeM KJIACC PErYJISPHBIX BbIpakeHUit Buja (Ji ;. % . *
Bi-x, e «;, B; — cioBa B HeKoTOpoM ajiasure, n € N. C omHoit cTOpO-
HBI, B OOITEM CJTy9ae PACTIO3HABAHIE TIPUHAJIEIKHOCTH CJIOBA, TAKOMY SI3BIKY
TpebyeT SKCIOHEHIINAIBLHOTO IO 1 YUCJIa COCTOSHUI; ¢ APYTOil CTOPOHBI, CHUT-
HATYPBI BUJIA . * (. * [3.% JACTO BCTPEUAIOTCST B IPAKTUIECKUX ITPUIOKEHUSIX.
Jlnst yMeHbITIeHnsT MPOCTPAHCTBEHHON CJIOYKHOCTH TPEJjIaraeTcsi pasIenThb
aBTOMAT-PACIIO3HABATEIb HA JIBA MOJABTOMAaTa — abCTPaKTHBIN, B KOTOPOM
GYHKITIY TIEPEXO/IOB M BBIXOOB 3a/aHbl TabJINYIHO, U CTPYKTYpHBIH. Joka-
3BIBAETCS, YTO BO3HUKAIOIIAsT KOHCTPYKIUsI KOPPEKTHO PEeIIaeT 3aady pac-
MO3HABAHUS W TO3BOJISIET N36€KATH FKCIOHEHITHATLHOTO B3PBIBA.

JlagbHeiiniee n3j10KeHNe MOCTPOEHO CjemayionmM obpasoMm. Bo BTopoMm
pa3iesie MPUBOMATCA OCHOBHBIE OIPENEJICHUSI U JIAaeTCsd KpaTKuii 0030p 110
mpobjieMe SKCIOHEHIMAJILHOTO B3phiBa. B TpeTbeMm pasjese ONUChIBACTCS
npejjiaraeMasi KOHCTpyKius. B gerBepToM pasiese poOpMyIupyoTcs U J10-
Ka3bIBAIOTCSI OCHOBHBIE YTBEPXKJIEHNU, B IISITOM PacCMaTPUBAETCST HECKOJIHKO
npumepoB. Hakower, mectoii pa3zes sBJsieTcsl 3aKII0UeHIEM.
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2. Onucanue HpOGJIeMbI 1N OCHOBHBIE oOolIpeaecJieHu:A

HanoMHIM OCHOBHBIE OLIPEJIeJIeHNsI B COOTBETCBUU € UCTOYHUKamu |1, 2].
Perynsipubiii s13bik (cobbITHe MM MHOXKeCTBO) HaJ[ asidasButoM A 3aa-
€TCsl PeKypPCUBHO:

1) 0,{\} u {a} — perynsipable s3bIKH, IJIe A\ — IIyCTOE CJIOBO, a € A;

2) ecoiu My u My — perynsipuble si3bIKu, TO o0benuuenust My U My u
koukarenarnus M- My azpikos M1 u Mo, a Taxke 3aes3ma Kunan M| —
peryJsipHble S3bIKH, TJIe

M; UMy = {Ckl U O¢2|051 € Mi,as € Mg},
My - My = {Oél . 042‘051 S Ml,OéQ S MQ},

F={tU{ar-...anlas € My,ie1l,n,ne N}

Perynsipaoe Boipaxkenune — si3blk Hajl asidasurom AU {U, (,), -, *}, 3a1a-
0N PEryJIIpHOE COOBITHE U ONPEIE/ISIEMbIN KaK:

1) 0, \,a — perynsipuble BbIpaxkenus, rje a € A;

2) eciim Ry, Ry — peryisipubie Bbipaxkenusi, 1o ciosa (R; U Rg), (Ry -
R»), (R1)* — peryiisipHble BbIDarKeHHUsI.

B masnbreiiniem MbI OyieM IpeInoararh, 9T0 OIePaIist * UMeeT MaKCUMAa/Ib-
HBIN IPUOPUTET, & omeparus U — MIHUMAJIbHBIN, 1 He MICATh CKOOKH, €CJIH
pe3yabTAT OlpeiesieH OHO3HaYHO. KpoMe Toro, cuMBOJI - OyIeT HHOTIA OITyC-
KaThbCd.

Perynsapubiii g3bIK, 3a/1aBacMblil PEryJIAPHBIM BBIPAYKEHUEM, OIPEIeJIs-
€TCsl eCTECTBEHHBIM 0OPa30M.

Ha npakTtuke, B Tounoctn, B 6azax Snort, Zeek, Cisco, peryJisipabie BbIpa-
JKeHUsl TIpeJICTaBysaioT ¢ uctnosib3osanneM nHoranuun PCRE (Perl Compatible
Regular Expressions) [3]. IIpusegem PCRE —o6o3nauenusi, kotopble Oymem
HCII0JIB30BaTh B paboTe:

“.” — MPOM3BOJILHBIN CUMBOJI U3 ajihaBuTa;
R{n} — crenenp n s3pika R OTHOCUTEIHHO KOHKATEHAIIUHN.

HpOBepKa IIPUHAJIJICZKHOCTHU CJIOBa PEryJIAPHOMY A3bIKY, B KJIIACCUICCKOM

BapuaHTe, OCYIIECTBIISETCS IPHHIMAIOMIM a0CTPAKTHBIM KOHEYHBIM ABTO-
marom (KA).
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AGCTpaKTHBIM KOHEYHBIM AaBTOMATOM Ha3biBaercss Habop V =
(A,Q,B,p,), rne A, ), B — KOHeuHBIe MHOXKeCTBa: BXOJIHOI asdasut, aj-
daBuUT cOCTOSTHUN U BBIXOJHOW ajdaBuT, ¢ — QYHKINUSA HEPEXONIOB,
Q x A — Q, Y — dyHKIWMS BBIXOIOB, ¥ : ) X A — B. Hunuaj bHbII KOHEU-
HBI{l AaBTOMAT UMeeT OT/IEIbHO BbIJEIEHHOE HAYAIBLHOE COCTOSTHIE, B KOTOPOM
HaunHaercs pabora asromara: V = (A, Q, B, ¢, %, qp), rie gy — HavaJbHOe
cocrosinue asromara [1|. Henerepmunuposanubiii koneunbiii asromar (H/I-
KA) nosBosisier oCcymecTB/IsATh Mepexoj] MO MyCTOMY CJIOBY W IIPEICTAB/IsI-
et coboit nabop V = (A,Q, B, ¢, V), tie A, Q, B — KOHEUHBIE MHOXKECTBA:
BXOJIHOM ajipaBuT, ajipaBUT COCTOSTHUI U BBIXOIHON ayiaBut,  — GyHKIINS
Iepexoion, ¢ : Q X AUX — 29, 9 — dyHKIus BBIXOIOB, 1 : Q X AUX — B.
Herepmunuposanublii koneunbiii apromar (JIKA) ne umeer A-tepexoios —
[IEPEXOJIOB TI0 IIYCTOMY CJIOBY, 1 Bce repexomnsl JIKA omnpeaeersl oHO3HAY-
Ho [1, 4].

ABTOMAT MOXKET MCIOJB30BATHCS [T MPEJICTABICHUST SI3BIKOB: BXOTHOE
CJIOBO (v CUMTAETCSI TPUHAJIEXKAIAM HEKOTOPOMY SI3BIKY L eCjiu U TOJIb-
KO €CJIH ITOCJIe/IHUH BBIJIAHHBI aBTOMATOM CHMBOJI JIEXKUAT B IIPUHUMAIONIEM
MHOXKecTBe By C B (pacrosHaBaHne BbIXOJAMHU) UM COCTOSIHEE, B KOTOPOE
[IEPEBOJIUT aBTOMAT CJIOBO (¥, COJEPXKUAT SJIEMEHT IIPUHUMAIONIETO MHOXKECTBA,
Qo C Q (pacnosnasanue cocrosinusimu). Coryiacuo reopeme Kinau, cobbirue
HaT andaBuTOM A TPECTABUMO KOHEYHBIM aBTOMATOM TOT/A U TOJBKO, KO-
rJIa sIBJISIETCsI PErYJIsiPHBIM si3bIKOM |1, 2.

KA, upejcrapisioniuii perysipHbIil S3bIK, MOYXKET ObITh HEJIETEPMUHU-
POBAHHBIM U JieTepMUHUPOBaHHBIM. COIJIACHO TeopeMe O SKBUBAJIEHTHOCTH
JIETEPMUHUPOBAHHBIX U HEJIETEPMUHUPOBAHHBIX KOHEYHBIX ABTOMATOB, BCS-
KUl s13bIK NpuHUMaeTcss HekoTopbiM HJIKA Torma m Tonbko Torma, Korja
9TOT #3bIK puHUMaeTcst HekoTopbiM JIKA [4]. Kpowme Toro, cymiectsyer aJ-
ropur™m nocrpoernst u3 HAKA sksusanentaoro emy JIKA [4, 5.

OCHOBHOE MPENMYIIECTBO HEJETEPMUHUPOBAHHOIO aBTOMATA — HU3KAS
[IPOCTPAHCTBEHHAs CJIO?KHOCTD, JIMHEHHAS 10 JIJINHE PEryJIsipDHOTO BbIParke-
HUsl; OCHOBHOI HEJIOCTATOK — BBICOKAsI BDEMEHHAsI CJIOXKHOCTD, TaK KaK Bpe-
MsT 0OPabOTKHU OIHOT'O CHMBOJIA BXOIHOTO CJ0BA BOOOIIE TOBOPS TaKXKe JIH-
HEIHO 10 JIJINHE PEryJISPHOIO BbIPAXKEHUSI.

[Ipu nepexo/ie OT HEIETEPMUHUPOBAHHOTO ABTOMATA K JE€TEPMUHUPOBAH-
HOMY BPEMEHHAas CJIOXKHOCTH 00PabOTKH BXOIHOI'O CUMBOJIA CTAHOBUTCST KOH-
CTAHTHOW; C JIPYToil CTOPOHBI, coryiacHo TeopeMme Jlynanosa, B ciiydae, ecin
BXOJTHOM aJI(paBUT COMEPIKUT XOTsI ObI JIBA CUMBOJIA, MOIITHOCTH MHOXKECTBA
cocTosiHMiT BOOGIIE TOBOPsI 9KCIIOHEHInAIbHO Bo3pacraer |1, 6]. B kadecrse
LpUMepa PACCMOTPHUM KJIACC PETYJIAPHBIX Bbipaxkenuil | Ji . % a;. % ;.%, rue
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«y, 3; — HekoTopbIe coBa B ajndasure A. VI3BecTHO, 9TO B 00IIIEM CITydae JIJIst
pacrio3HaBaHUE IPUHAJJIEZKOCTH CJIOBA COOTBETCTBYIONIEMY S3BIKY TpPeOyeT-
sl 9KCIIOHEHIINAIBHOE 110 N IUCI0 cocTosinmil [7]. B 6a3y curnaryp cucremsbr
BBbIsiBJIeHNsT BTOpxKeHuit Snort Ha 2019 rox comeprkurcst 3936 BbIpaykeHuUit Bu-
ma .ok ook Bk [8]; aBTOMAT, PACHOZHAIONINIT SI3bIK, TOPOKJICHHBI TAKIMI
BBIPAXKEHUAMU, 3aBEJIOMO HE ITOMEIAeTCs B TaMATh. [IpobiemMa SKCIoHeH -
AJILHO PACTYIIEro YMCJIa COCTOSHUN [TOJIYYrijIa HA3BAHUE SKCIIOHEHITHAIBHOTO
B3pbiBa |1, 9, 6].

[Tpobitemoii SKCIIOHEHITNAIBHOTO B3pbIBa 3aHnMat0Tcst bostee 20 jer. [o-
6aJIbHO MOKHO BBIJIEJIUTH BBIIEJNTH TPU IOJAX0a K €€ pemteHuto. llepBorii
[IOJIXOJ] CBSA3aH C OTpaHUYEHWEM HA CUTHATYDBI, 33jaBacMble IKCIIEPTAMHU.
O 1HaKO IPUBEIEHHBIN BBIIIE IIPUMED TOKA3bIBAET, UTO JaKe OU€Hb IIPOCTHIE,
3aBeJIOMO JIMTHEWHBIE 110 ITPOCTPAHCTBEHHON CJIOXKHOCTHU PEryJIsipHBIE BhIPaXKe-
HUsI TIpU O0'beIMHEHIH MOI'YT JIaBaTh 9KCIIOHEHIUAIBHBIN POCT.

Bropoit 1mojixos ocHOBaH Ha M3MEHEHHH DAaCIO3HABAEMOI'O $I3bIKa C Iie-
JIBIO YIIPOIIEHUS PACIO3HAONEro apromara. [Ipu 3ToM m3MeHeHHBIH S3bIK
OTJIMYAETCS OT MCXOJHOI'O, IIO9TOMY BO3HHUKAIOT OIMMOKM paclo3HaBaHUdA. B
KadgeCTBe TPUMepa MOYKHO TPUBECTH MPEJIOKEHAYIO AJIEKCAHIPOBBIM U0
onTuMHU3ANNN A3BIKOB Buua (J; .« Rj. * R;.* 3a CueT 3aMeHbI Maphl CJa-
raembix ma craraemoe (R |Ri,). * (R, 1\R;2). OrneHKa BBIUTPBINIA OT TaKOi
3aMeHbI puBejieHa B paborax [10, 11|, onenka norpemsocru — B pabore [12].

Tpernit mo/1X071, 3aKII0YAECTCH B MOAUMDUKAIINNA CTPYKTYPbI KOHEYHOTO aB-
t™ata. [IpuMmepamMu MoauduKaImii SBISIOTCS PACCMOTPEHNE HECKOJIbKUX aB-
TOMATOB, PabOTAIOIINII MapaJIeJIbHO, CXKaThue auarpaMmbl Mypa 3a cuer
J106aBJIeHUs] TIEPEXOJI0B 110 YMOJIYAHMIO, JI0OABJIEHUIO IIPOCTO YCTPOEHHBIX
HEJIETEPMUHUPOBAHHBIX MJIA CTPYKTYPHBIX KoMIoHeT. O030p Mojudukainii
npuBejieH, Hanpumep, B pabore Asiekcanaposa [7]. OTie/bHO OTMETUM KOH-
CTPYKIINIO, TPEJJIOKeHHYI0 KyMapoMm 1 3aKJIIOYaloniyiocs: B J00aBIeHNH K
abCTPAKTHOMY ABTOMATY CUETUYMKOB M OUTOBBIX MaCOK U HABEITUBAHUU J0-
[OJIHUTEJIbHBIX JIOPMYECKUX BbIpasKeHuil Ha pebpa JuarpaMMbl mepexoja |9).
Takoe perieHue O3BOJISIET PEIIATH 33/Ia9y PACIIO3HABAHUS BBIPAXKEHU BU-
na | Jiy - * oy x fB.%, u3berast 9KCIOHEHIMAILHOTO B3PbIBA IPOCTPAHCTBEHHOM
CJIOYKHOCTH.

B mannoii pabore npejjiaraeTcs pereHne, KOTopoe MOXKHO OTHECTH K TPe-
TheMy THITy. ABTOMAT JIEKOMIIO3UPYETCsl Ha J[Bé KOMIIOHEHTHI — “‘abCTpakT-
Hyl0” (3a7aBaeMyto TaOJIMIHO; HA IPAKTUKE TaOJIMIBI 3HAYCHUN 3aIChIBa-
I0TCsI B IAMSITh) U “CTPYKTYPHYIO' (KOHMDUTIYpUPYyeMyIO 33 CYeT HAYAJIBLHOIO
cocTostHUS 33JIepKeK). B ommame ot koncTpyknnn Kymapa, ucronb3yercs
HEMOIU(DUITUPOBAHHBIN ABTOMAT; OCHOBHOU BBIMTDBIII TOJIYYIAETCS 38 CUET
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[epexoia OT YUCTO abCTPAKTHOIO aBTOMATa K CTPYKTypHOMY. B jasibHeii-
IeM TIPEIIIoaraeTcs TPOBECTH HAKOIIEHNE CTPYKTYPHBIX KOMIIOHEHT, I103-
BOJISIIONIUX PEIIUTH MPOOJIEMY IKCIOHEHITUAJIBLHOTO B3PhIBA JIJIS MAKCUMAJIb-
HO TITUPOKOTO KJIACCa A3BIKOB.

3. AnnaparHas KOoHCTpyKIiiuss KA B KOHTeKcCTe Mpo-
0J1eMbl SKCMOHEHIINAJIbHOTO B3PhIBa

QukcupyeM KOHEUHBIN HemycToil BXOMHON apaBuT A W paccCMOTPHUM KJIacc
a3bIKOB | J;; . % 0. * (;.%, 1€ «y, ; — Hemycrble ciaosa B asndasure A. 13-
BECTHO, YTO B ODIIEM CJIydae Jjisl MPeICTABICHUs SI3bIKa U3 JAHHOTO KJIacca
TpebyeTcss SKCIIOHEHIMAJIBHOE 110 72 IUCJ0 COCTOAHHUI KOHEYHOI'O JIeTE€pPMU-
HUpoBaHHOrO aBromara |7]. Huxke omuceiBaeTcsi KOHCTPYKIMs, [TO3BOJISIIO-
masa n30ekKaTh YKCIOHEHIINAJIHLHOTO B3PBIBA MPOCTPAHCTBEHHON CJI0KHOCTH
3a CYeT JEKOMIIO3MIIMU PAaCIO3HAOIIEro aBTOMAaTa Ha, JIBE KOMIIOHEHTBI —
“abecrpakTHyo”’, (PYHKIIMOHNPOBAHNE KOTOPOW 3a/1aeTCsi TaDJINIHO, & CJIOXK-
HOCTB OIIPEIEsIeTCs KaK 00beM MaMsITH, TpeOyIomeics il XpaHeHusT Tad-
JIMIIBI 3HAYEHUH, W “‘CTPYKTYPHYIO , CJIO?KHOCTH KOTOPOM OIPEJIE/IAETCS KaK
YHCJIO 3JIEMEHTOB B CXEME. 3aMETUM, 9TO, C OJHON CTOPOHBI, y2Ke TPUBHAJIb-
Has CXeMa 13 k 9JIeMEHTOB 3aJepKKI 33JaeT aBToMar ¢ 2F cocrosmmsMm;
C Jpyroii CTOPOHBI, OYTH Bce Oy/IeBbl (DYHKINH OT k MEPEMEHHBIX MMEIOT
SKCIOHEHITUAIBHYIO CXEMHYIO CJI0YKHOCTD.

CuepBa oluineM U0 KOHCTPYKIIMK Ha cojepzKareibHoM yposHe. Ob1ast
cxeMa IMpejcTaBieHa Ha puc. 1. ABromar cocTrouT u3 Tpex 0J0KOB. 1lepBhlit
OJI0OK C TTOMOIIBIO BBIXOJIOB paciio3HaeT si3bik L1 U Lo, Tae L = U?:l Lk,
Ly = Ui, . * Bi. Boixounoit andasur upeacrasiser u3 cebsd MHOXKECTBO
JIBOUYHBIX BeKTOpPOB JUIMHBI 2n. [ns 1 < ¢ < n tast KOMIIOHEHTa BBIXOJIA
obparIaercss B eIMHUILy TOT/Ia W TOJBKO TOT/a, KOI/Ja BXOJHOE CJIOBO IMPHU-
HaJJIESKUAT SI3BIKY . % ;) ecy 2Ke 1+ 1 < 4 < 2 % n, TO PaBEHCTBO 10l KOM-
[IOHEHTBI BLIXO/A €IMHUIE SKBUBAJIEHTHO IPUHAIJIEIKHOCTA BXOJIHOIO CJIOBA
A3bIKY . * ;. [lepBble M KOMIIOHEHT BBIXO/1a, IIOJAAIOTCS Ha BXOJ BTOPOIO 6J10-
Ka W BKJIFOYAIOT CIETUYUKH, OTCIUTHIBAIOIIIE JJINHBI COOTBETCTBYOIINX CJIOB
Bi. Ecimm Tpebyemast mjimHa JOCTUTHYTA, €IUHAIHBIA CUTHAJ IepeIaeTca Ha
BX0/1, 0JI0KA, 3, BBIYHCJISIIONIEr0 KOH'BIOHKIIMHI BBIXOJIOB IIEPBOI0 OJIOKa ¢ HOME-
pamu oT n+ 1 70 21 ¢ COOTBETCTBYIONIUMHE BBIXOJAMU BTOPOTO 6/10Ka. BhIxo1
KOHBIOHKIIAN IIOIA€TCs Ha BXOJ, IIEPEKJIIOYATEe s, 3allOMUHAIONIEN0 €IMHIY-
HBIN curHas. TakuMm obpasoM, PaBEHCTBO BBIXO/A MEPEKII0YaTe s eINHATE
SKBHUBAJIEHTHO BBIIOJHEHHUIO CJEIYIONINX YCJIOBHIA:
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1) BO BXOJIHOM MOTOKE BCTPETHJIOCH CJIOBO (v}
2) He MeHee, UeM 4epes |[;| TaKTOB Toc/Ie STOro BO BXOJHOM IOTOKE BCTPe-
TUJIOCH CJIOBO [3;.

Hecnoxuo yBumernb, 9T0 3TH yCJIOBUS SKBUBAJECHTHBI TOMY, ITO BXOIHOE CJIO-
BO IPUHAJIEIKUT SI3BIKY . * (. * (3;.%.

Bxon
|
Baox 1
1 2 n n+ln+2 2n
c1 Co Cn

Baox 2

3‘7?’7 - ¥
|

GISHENG

Baok 3
~ ~ %7
R 9
1 2 o n HpI/ILHTO
Puc. 1. Anmaparsas KoucTpyKIms, t;, th, ¢/, ¢ — TpUrrepsr; ¢; — CAGTIMKIL

OmuiieM  armapaTHyo KOHCTPYKIuIO Oosiee mompobuo. Pacrosnarorias
armapaTHas KOHCTPYKIMsS COCTOMT u3 3—x 0JiokoB. Byiok 1 mpejcrasiisieT
coboit JIKA, npunumatomuit peryisipusiit s3bik (i - * o) U(Ui—; - * Bi),
KOTODBIA CTPOUTCs IyTéM npuMeHenus: anropurma Axo u Kopacuk [13]. B
manaoMm JIKA cioBam, OommchIBaeMBbIM Pa3HBIMU PETYJISIPHBIME BBIPAKEHUST-
MU BUJIA . * (; U . % 3, COOTBETCTBYIOT PA3JIUIHbIE IPUHUMAIOIIIE COCTOSHUS
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JIKA. Biok 1 umeer 1 Bxox u 2n Beixounos. Ilepeoie n BbIxomoB 6Ji0Ka 1
OTBEYAIOT 34 PACIO3HABAHUE SA3bIKa U?:l. * ;. To ecThb Ha i—bIfl BBIXOJ,
1=1,...,n, ©AET eANHUIHBI CUIHAJ TOTJA U TOJBHKO TOIIA, KOTIa Ha JaH-
HOM TakTe BXOJ, OjioKa 1 MpUHAIEXKUT COOTBETCTBYIOIIEMY CJIArAeMOMY W3
asbika (J; ) . * ;. Curmasn or 1,n Beixogos 6ioka 1 uaér B 610k 2 — Ha
BXOJIbI 71 CUETUYUKOB — BBIXOJI, COOTBETCTBYIOIUI HOMEPY CJIOBa . * ; U3
Ui~ - * a;, nuér Ha cY8TYNK, COOTBETCTBYIOIHIT HOMEDPY 9TOrO XKe CJIOBA B
6s0ke 2. Buixomwr 6sioka 1 ¢ HOMepaMmu 1 + 1, 2n oTBedaloT 3a pacro3HaBa-
HHe SI3bIKa, U?:l . ;. CurnaJt or 3Tux n + 1, 2n BBIXOJIOB UIET Ha OJIOK 3 —
Ha BTOPLIE BXOIBI COOTBETCTBYIOIINX N KoHblonknmii — &1, &n. Ha sropoi
BXO/I 1—Or'0 JIOTMYECKOI'O0 BEHTUJ/S “KOHBIOHKINS OT 70 + §—0r0 BBIXOJa 0JIO-
Ka 1 uer e JMHUYHBIA CUIHAJ TOT/IAa U TOJIBKO TOrIa, KOIIa Ha JTaHHOM TaKTe
BXOJ[ IIPUHAJIEXKUT COOTBETCTBYIOMIEMY CJIAraeMOMY — CJIOBO . * [3; IPUHMU-
MaeTcsi, nHade BbIxos paseH (.

Biok 2 — oTcunThIBAET JJIMHBI CJIOB SI3bIKA, IIPEJICTABJISIONIEr0 00be IH-
HEHMe BTOPBIX Hap cjoB: | J;- | f; HadaabHOro perysisipHoro si3bika i, ko %
Bi.*. BJIOK 2 cocTouT U3 psija 1 OJHOIOJIOCHBIX OJHOIO3UIIMOHHBIX ITEPEKJIIO-
qareseil, CAeyIONIM 38 HIM PsiJia 7 PETUCTPOBBIX CHETUYNKOB U CJIE LY IOTIIM
3a HUM TPETBUM PSIJIOM 7. OJTHOIIOJIFOCHBIX OJTHOTIO3UITMOHHBIX IEPeKJIIovaTe-
seit. Kaxkapiit CIETINK COOTBETCTBYET CBOEMY CJIOBY [3; M OCYIIECTBIISIET CUET
10 |5;]. Cuérunk npejcrapiser coboil KOMIOZUIIIO BKIIOYAIONIETO MY/TbTH-
IJIeKcopa, (PYHKIINK CJIOYKEHUsI ¢ KOHCTaHToi 1 m Kommaparopa. Bemuuanna,
JI0O KOTOPOM BeJIETCS CUET, 33 JIaeTC Yepe3 HadaaIbHOe cocTosiHue. BJIoK nMmeer
n BXOJIOB 1 N BbIX0H0B. Ha BxXombl 6Jioka 2 mOCTymaeT CUTHAJ OT IEPBBIX N
BBLIXOJIOB 0JI0Ka 1 — OT BBEIXOIOB ¢ HOMepaMu 1,n. CUTHAT OT COOTBETCTBYIO-
IIero 4—To Bxoja 60Ka 2 MOCTyHaeT Ha i—bli epeKadaTelb. [Ipu mocryire-
HUW €IUHUYIHOTO CUTHAJa Ha BXOJ {—TOTO IMEPEKTI0YATEIA, TePEKII0YaTeh
Pa3MBIKAETCA U TeHEPUPYET Ha CBOEM BBIXOJIE JIOTHYECKYIO equHuIly. B obpar-
HOM cJIydae, epPeK/IIo9aTesb HAXOIUTCSI B 3aMKHYTOM COCTOSIHUHU W TTOJAET
Ha BBIXOJ[ JIOTUYECKUX HOJIb. EJIMHUYHBINA CUTHAJ OT ¢—TO IEPEKJIoYaTesi
aKTUBHUPYET COOTBETCTBYIONIM {—blit cuéTunk. IlepeseieHHbIil B cunTaroliee
COCTOSIHUAE CUYETYMK yBEJIUUMBAET CBOE 3HAUYECHUE HA €IUHUILY KaXKJIbIH TaKT
10 JocTuKenus: 3Hadenust |5;]. JocTuzkeHne i—bIM CYETUYMKOM MaKCHMAJIb-
HOT'O 3HAYEHUS TOCBIIAET Ha, BXOJI 1—OT'0 OJIHOIOJIIOCHOTO OJHOIIO3UIIMOHHOTO
[EPEKJIIOYATENST U3 TPETHETO Psjia JIOTUYECKYIO €JIMHUILY U Pa3MBIKAET Iie-
pekodaresb. JlaHHble epekJrovaTen B COOTBETCTBUN CO CBOMM HOMEPOM
MIOCBLJIAIOT Ha BBIXOJIBI OJIOKA 2 CUTHAJIBI: HOJIb, €CJIU COOTBETCTBYIONIMIT TIe-
PEKJIIOYATE b 3aMKHYT, €JIMHUAILY — €CJIN OH PAa30oMKHYT. [lociie pasMbIikanms
IIePeKJII0YaTe/Ib He MOXKET IepeiiTu B 3aMKHYTO€ COCTOSTHUE U ITOCBLIAET JI0-
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FUYECKYIO €IMHUILy Ha BBIXOJ OJIOKA 2 KaKJbIi MOC/Ieayomui TakT. Takum
00pa3oM eJIMHUIHBIN CUTHAJI Ha BBIXOJ § OJI0Ka 2 HAYMHAET ITOCTYIaTh TOIa
U TOJIBKO TOIa, KOT1a 6JI0K 1 IToc/ia eJMHUIly Ha COOTBECTBYIONINI —bIil T1e-
PEKJTIOYIATE b, {—blif CIETUNK JIOCTUT MAKCUMAJIBLHOTO 3HAYEHNST 1 PA3OMKHYJI
1—bIl EPEKITIOIATENTD.

Biok 3 — 60K BBIXOAHBIX CHTHAJOB KOHCTPYKIHU. BJOK cocTo-
ur ciost n + 1 Jlormueckux BeHTWIeH (n JIOTMYeCKUX BEHTUJIEH Tura
“KOHBIOHKINS” 1 1 JIOTHYECKOrO BEHTHJIS THIA “AU3BIOHKIW’ ) U CJIEIy-
IOIIEro 3a HUM CJI0s 1 + 1 OIHOIIOJIIOCHBIX OJHOIO3MIIMOHHBIX IIEPEKII0Ya-
Teneit. Ha Bxom O6st0ka 3 mocTymaer curHas oT O/I0Ka 2 Ha IepPBbIe BXOJIbI
“kombloHKIMi” u 6Guoka 1, pacnosnatomero ciaosa |Ji ;. * (;, Ha BTOpbIE
BXOIbI “KOHBIOHKITHH .

Taxum obpazom, Ha BBIXOH OJI0KA 3 MIAET CUTHAJ O PACIO3HAHHOM CJIOBE
BUJIA . % (. * [; OT COOTBETCTBYIOIIETO i—TOTO JIOTMIECKOrO BEHTUISA (KOHDb-
IOHKITMH) TOIJIA U TOJBKO TOTJA, KOIJIa {—Thiii CUéTIMK 6JI0Ka 2 meperes B
dbunabHOE COCTOSIHUE U OTIPABIJI CHUTHAJ (JIOTHYECKYIO eJIUHUILY) Ha [ep-
BBIif BXO/[ 4—TOI'0 JIOTUYIECKOI'0 BEHTHJIsI OJI0Ka 3, U Ha BTOPOIl BXOJ JAHHOIO
JIOTHYECKOTO BEHTHJIsSI OJIOKa 3 HPUIIET CUTHA (JIOTHYecKasi eMHUIA) U3
6s10Kka 1 o pacnosnannoM ciioBe ;. CoOTBETCBYIONINI i—blil JJOTMYECKUIl BEH-
THIb “KOHBIOHKIMs ITOCHLIACT €IMHUIHBIN CUrHAJ Ha €JIUMHCTBEHHBIA COOT-
BETCBYIOIIHI cebe i—bIil OHOIIOIIOCHBIN OJHOIO3UIINOHHBIN TEPEKJIIOYATE b
U [IEPEBOJIUT €r0 B pPasoMKHyToe cocrostHre. C 9TOro TakTa Ha i—blil BBIXO/T
6/10Ka 3 i—bIil OJHOIOIIOCHBIN OJHOIO3UITMOHHBIN IepeKII09aTe/b IOChLIAeT
JIOTHIECKYIO €JIMHHUILY.

Jloruueckast eTUHATIA HA BBIXOAE “IM3BIOHKIUN OT BCEX “KOHBIOHKITHI’
CUIHAJIU3UPYeET eMHULEI O PACIO3HAHHOM CJIOBe U3 s3bIKa i | .x . % B;.% u
[IEPEBOJIUT COOTBETCBYIONIHUIT cebe n + 1—bIil IepeKIvIaTe/ b B PA30MKHYTOE
cocrostamre. C aroro Takra n + 1 BeIxox 6JI0Ka 3 CUTHAJMSUDPYET €IMHULIEH
0 PACHO3HAHHOM CJIOBE M3 u3blKa | J;_ . * a. * [B;.%, a COOTBETCTBYIOLIAS i
KOHBIOHKITHS C CBOMM IT€PEKJTI0UATEIEM — 00 OIIPeIeIeHHOM {—OM ITPUHSITOM
CJIOBE, COOTBETCTBYIOIIEMY PEryJISPHOMY BBIPAXKEHHIO . * ;. * [;.%.

OmnncanHasi KOHCTPYKIIMS PACIIO3HAET COOTBETCTBYIONMIMI SI3BIK M IO3BO-
JisteT mM30eXKaTh IKCIIOHEHITMAJBHOIO B3pbiBa umcya cocrosinuit KA, garo
[IEPCIIEKTUBHO IS PeAU3AIIMN Ha IPAKTUKE [IJId CKAHIPOBAHUS TpaduKa Ha
BPEJIOHOCHOCTB. B crity ¢Boeit TpoCcTOTH 1 MAJIOro 00beMa, JuarpaMmMa aBTo-
MaTa 06J10Ka 1 MOXKeT OBITH 3allicaHa B ITaMaTh, & KOHMUryparmus 0ioka 2 —
3a/]aHa HAYAJBHBIMU COCTOSTHUSIME 3aJiepkeK. Takum oOpa3soM, MOYXKHO pe-
AJIM30BBIBATEL CXEMBbI JJIsT KJIACCOB SI3bIKOB, OIPAHUYIEHHBIX HMapaMeTpaMu 7
um.
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4. OcHOBHBIE pPe3yJbTAaThI

Teopema 1 (O koppekrtHOCTH PabOTHI). IIpedcmasaennan KOHCMPYKUUA
Koppexmno npurumaem asvik | J; | . * a;. % Bi.x, 2de oy, B — crosa mad an-
pasumom A. IIpu smom i—viii 6vz00 Koncmpykuyuu paser 1 mozda u mosvko
moeada, Kozda 8X00HOE CA0BO AEHCUM 6 1—O0M CAA2AeMOM, a N + 1—biti 6vlz00
pasern 1 mozda ecau U MOALKO ECAU CAOBO AEHCUM 8 A3BIKE.

Joxasameavcmeo. Tlpeanomoxum, 9To cIoBO v € A* NpUHAIIEXKUT A3bI-
KY . * . * [3;.% JIJIg HEKOTOPOro i. 3Ha4uT, 7 umeer Buj da;d 3;0”, rue &
He COJEPXKUT IOJCJIOBO (v, a 0 — IOJCJIOBO [3;. 3HAYUT, MOC/e IOJaYU Ha
BXOJl dqy; OyeT 3aIlyIleH CYEeTINK HOMEpP i, U K MOMEHTY OKOHYAaHUS I0-
nauan da;d’ B;, BO-IEpPBLIX, iblil BLIXOH, 6JI0Ka 2 CTaHET paBHBIM eIUHUIE, H,
BO-BTOPBIX, 21 + iblii BBIXOJ OJ10Ka 1 craHer papabiM 1. CietoBaTeibHO, Ha
BBIXOJ 10l KOH'BIOHKIIUN OJIOKA 3 TaKzKe IOSBUTCS €IMHUIEA, KOTopas OyIeT
COXPaHEHA IbIM IIEPEKJII0YATEIIEM.

O6paTtHo, IIyCTh BBIXOJ HOMED ¢ TPEThero OJ0Ka paBHeH ejauHuIlE. Pac-
CMOTPHM MOMEHT, B KOTODPLIIl 3HaYeHHE B IEPBbI pa3 u3MeHmIoch ¢ 0 Ha
1. Torma B 3TOT MOMEHT 00a BXOJa KOHBIOHKIIMI HOMED i TPEThero OJIoKa
CTaJIi paBHLIMH €JUHHUIE, TO €CTh BXOJIHOE CJI0BO uMeeT Bui 0 3;, u He Me-
Hee |(3;| TakroB Haza c0BO uMeso B da;. CiieoBaTeIbHO, BXOIHOE CJIOBO
MOZKeT OBITh 3alMCHAHO B Buie da;d’[;, TO eCThb OHO NPUHAJICIKUT S3BIKY
.k . * B;.%. Ilocyie 3TOrO MOMEHTa BBIXOJI OCTAHETCsI PABHBIM 1, Ipu 3TOM
J060€e HaJICTIOBO CJIOBa, 0; 0 3; TaKzKe JIEXKUT B A3BIKE . * (. * [3;.%.

VTBepKIeHue Mmpo BLIXOJ HOMEDP 1 + 1 BbITEKAeT U3 YTBEPXKJICHUS PO
[IEPBBIE 7 BBHIXOIOB.

Teopema nokazana. O

Teopema 2 (O6 oTCyTCTBHU SKCIIOHEHIMAIBLHOIO B3pBIBA). /laa pacnosmna-
sanua asvika |J;_; . * a;. * Bi.% npedemasaennott Koncmpyrkyueld mpebyemcs
O(mnlog, (mn) + n) bum namamu das rparenus uazpammov, 6a0ka 1, u
O(nlogym) asnemenmos das peasusayuu 6a0k06 2 u 3, 2de m — makcu-
MAABHAA OAUHA CAO8 Oy U [3;.

Loxazameavcmeo. CuepBa paccMOpuM 1epBblii 6j10K. AsropurMm Axo u Ko-
PACHK CTPOUT aBTOMAT, YUCJIO COCTOSHUIT KOTOPOIO OIEHUBACTCS CBEPXY Kak
2mn. Jlyis XpaHeHus! JuarpaMMbl I1epexojioB tpedyercst |A| X |Q] staeexk -
ubl | log, |@Q|[. YaursiBas, 910 MOIHOCTL ayidaBUTa SIBJIAETCH KOHCTAHTOI,
sra Besmanaa umeer Buj O(mnlogy (mn)). Beixon umeer pasmepHOCTb 2n;
CJIeJIOBATEIILHO, JJIsl XpaHeHust (BDyHKINH BBIXOJOB JIOCTATOUHO |A| X |Q)| s1e-
eK JUIMHBL N, T0 ectb O(mn - n).
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Paccmorpum Bropoit 6siok. OH cOCTOUT M3 JIMHEHHOTO 110 7 IUCTIA TPUT-
repoB n CUETINKOB. TpI/II‘I‘ep nMeeT KOHCTaHTHYIO CJIO?KHOCTD, CUETIUK —
JorapudmMudeckyio o m. B pesysibrare nosydaem cioxkuoctb O(nlogs m).

Haxkomner, Tperunit 610K 0O49€BUIHBIM 0OpAa30M JIMHEEH 110 1 U KOHCTAHTEH
o m.

Teopema jokazana. O

3ameuanue 1. Koucmpyruus wmooicem Owvimb ecmecmseHHuM 00pa3om
0000ULEHa HA KAGCCHL A3DIKOS, 8 KOMOPHIT YUCAO CAOE-COMHOHCUMENET DOND-
we, uem 2.

3ameuanue 2. [Ipu udmeHeHulu Pacno3Hasaemozo A3vka He 00A3amesvHo
NEPECMPAUBAMb ABTNOMAM; 00HO YCMPOTCME0O CNOCOOHO 00PadaMBIBATD NPO-
UBBONLHVIT A3VIK U3 PACCMAMPUBAEMO20 KAACCA NPU YCAOBUU, YMO “HUCAO
CAQRACMBLT HE NPESHIUAE 1, JUGZPAMMA ABMOMAMa ba0ka 1 nomewaemcs
8 NAMAMD, G OAUHDBL CAOG-COMHONMCUmMenett — 6 cuémuyuxu. Ilepenacmpotixa
NPoOU3BOOUMCA 3G CHEM 3aNUCY 8 NAMAMD HOB0T JUADAMMDYL U SHICNABAE-
HUA COOMBEMCMBYIOULUL HAYANOHOLL COCTNOAHUL HaA CUEMUUKAT.

5. HekoTopble nmpuMepsbl

Pacemorpum s3bik ;- . * a;i{l}. * a;{l}, tne a; € A, | — dukcuposannas
mmHa ctoB. JJKA s namnoro sisbika tpebyer O(nl - 2™) cocrosnuit [7].
[Ipencrasiiennast B JaHHOI cTaThe alllapaTHasl KOHCTPYKIuUs Tpebyet [n co-
crostanit JIKA 6s10kxa 1, nl - logy 2nl 6ut na TabsmIly 1epexo/ 0B B HaMITH, N
cuérunkoB B 6s1oke 2 u O(n) ssemenToB Gsioka 3.

6. 3akJroyeHmne

B nmammoit crarbe paccMOTPEH KJIACC S3BIKOB C BBLICOKOM MPAKTUYECKON 3Ha-
YUMOCTBHIO, BBI3BIBAIOIINI SKCIIOHEHIINAIBHBIN B3PBIB pactoszHaroriero JIKA.
Jliist aTOr0 Kjacca SI3bIKOB IIPEJJIOXKEeHa KOHCTPYKIINS — KOMOMWHAIUs ab-
CTPAKTHOT'O U CTPYKTYPHOT'O aBTOMATa, PeIarolias IpodeMy B3PbIBa CJIOXK-
HOCTHU PACIIO3HAIOIIETO ycTpoiicTBa. JloKa3aHbl yTBEpKIEHUS O KOPPEKTHO-
¢ty pabOTHI MIPEJICTABIEHHON KOHCTPYKIIMKA U 00 OTCYTCTBUU SKCIIOHEHITHAI b-
HOT'O B3PbIBa YHCJIa 3JIEMEHTOB JIAHHON KOHCTDPYKIIUU.

Jlajee IraHUpyeTCs PACHIUPUTDL KOHCTPYKIIMIO C €TI0 BO3MOXKHOCTH
yX0/1a OT IIPOOJIEMbBI SKCIIOHEHITMAJIBHOIO B3PBIBA JIJIs PACIIO3HABAHUS MaK-
CHMaJIbHO IIMPOKOI'0 KJIacca MPaKTUYECKN UHTEPECHBIX A3BIKOB.
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Structural automaton design for solving the problem of

exponential blowup for one class of regular languages
Bernadotte A., Galatenko A.

AHHOTanMsA

It is well known that recognition of a language specified by a regular
expression of the form (J;_, . * a;. * B;.%, where o, 3; are words over
some alphabet, in the general case requires a deterministic automaton
with the number of states which is exponential in n. We propose a
design of a structural automaton of a polynomial spatial complexity
that recognizes languages from a given class.

Keywords: DFA| structural automaton, regular language, exponential
blowup.
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O moucke HATypaJIbHOTO KJIACCUYECKOTO
JIOTUY€CKOI'0 BbIBOJIA C MCIIOJIb30BAHUEM
YaCTUIHOMN CKYJIeMU3aluu

Oxorankos O.A.

PaccvaTpuBaeTcss MeTo T TONCKa BHIBOJAA B OJHOCYKIIEIEHTHOM Ce-
KBEHIINAJHHOM BapHAHTE KJIACCUYIECKOTO UCUUCIEHUS MPeIuKkaToB. B
9TOM aJrOPUTME UCHOJIb3YIOTCS MeTallepeMEHHbIE U YaCTUYHAs CKYJle-
muzanus. js paccMaTpuBaeMoro aJropuTMa, J0Ka3bIBAOTCs TeOpEeMbI
0 KOPPEKTHOCTH W TIOJTHOTE.

KimroueBble cjioBa: aBTOMaTHIECKOE J0Ka3aTeJIbCTBO T€OpeEM, I10-
HCK BbIBO/Ia, fAA3BIK II€PBOI'O IIOPAIKa, UCIUCJICHNE IIPpEINKaTOB, NCINC-
JieHue CeKBeHLLHﬁ, IPOAYKIIMOHHAs CUCTEMa, HCKyCCTBeHHBIﬁ HMHTeJI-
JIEKT.

Beenenue

B pabore [1] chopmymupoBan ajJropuTM aBTOMAaTHYECKOTO JIOKA3ATEIHCTBA
TeopeM, B KOTOPOM BIIEPBbIe ObLjIa MCIOJH30BAHA ACTUIHAS CKYJIEMU3AIIHS
JJIS peleHust 3aJa49n IIOMCKa HaTypasJbHOIO BBIBOJA. PaHbIlle CKy/IeMu3a-
IMsI MCIIOJIb30BAJIACH TOJIBKO B aJIFOPUTMAaX yCTAHOBJIEHHs BBIBOAUMOCTH [2],
HO He IOMCKa BBIBOJA. IIpaKkTuKa MCIIOIb30BaHUs 9TOI0 aJrOPUTMa ITOKa3a-
Ja, 9T0 ero 3(phEeKTUBHOCTD HE YCTyIaeT CyIiecTByoomuM anagoram (3], [4].
[Tocse crarbu [1] 70 cux mop He OBLIO TYyOIUKAIMIA, TIOCBSIIEHHBIX ITOMY aJl-
roput™my. B mannoii pabore perraercs 3a1ada TEOPETUIECKOTO 000CHOBAHMS
9TOr0 aJrOPUTMA.

Jliist mocTrakenust 3To# 1esim Mbl (DOPMYJIMPYEM YKA3aHHBIN aJITOPUTM B
BHUJE MPOMLYKIMOHHONW CHCTEMBI AeAYKTUBHBIX 3339 C YaCTHIHON CKyJIeMU-
3armeil. 9TO 03HAYALT, 9TO YKA3BIBAIOTCS MPUMUTUBHBIE 3aJ[aU0 U IIPABUJIA
CBeJIeHUs 33/1a49 K Io3aaadamM. [Ipr 9ToM mportece mOUCKa permeHust geayK-
TUBHOI 33J1a91 CONPSI?KEH ¢ [OCTpoeHneM Jiepesa noncka tura U/ TJIN. Ta-
Kasg POPMYIUPOBKA AJITOPUTMa, HAM IIPEICTABIIsIeTCsT Hanbosiee yaoOHOM fist
[IOCTPOEHUsI TOU TEOPUH.
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B nannoit pabore I0Ka3bIBAIOTCS TEOPEMBI O KOPPEKTHOCTH U IIOJHOTE
dopMyIIpyeMOoit TPOAYKIIMOHHOM CUCTEMBI CO CKYJIeMHU3aIneil. DTH JBE TEO-
peMbI 00€CIIETNBAIOT JIJIsi BCSIKOI BBIBOJMMON B MCUUCJIEHUN CEKBEHITHH BO3-
MOXKHOCTb HU3BJICHCHUS €€ JIOTMYECKOI'O BBbIBOJIA U3 JEPUBAIIMOHHOIO MOMJE-
peBa IOUCKOBOTO JlepeBa. 1eM caMbIM yCTaHABIMBAETCH B3aNMOCBS3b MEXK/Ty
IIOUCKOM PeIlIeHUd 381349 B IPOAYKIINOHHON CUCTEMEe CO CKYJIEMU3AINEN 1 II0-
HICKOM BBIBOJIa B KJIACCUYECKOM OJHOCYKIIEJICHTHOM MCYNUCICHUU CEKBEHIIMI
[5]. JokazaTenbcTBO KOPPEKTHOCTH CONEPKUT B cebe 3hDeKTUBHBIN aJro-
PUTM IOJIYy4YeHUsI BBIBOJA B OJHOCYKIICJICHTHOM HCYHUCJICHUN CEKBEHIMN U3
JIEpUBAIMOHHOI'O 110//IEpeBa ITOMCKOBOIO JIepeBa. B To ke BpeMsl CyIeCTBYET
3¢ deKkTUBHBINT aJrOpPUTM IOIyYeHNs] HATYPAJIbHOIO BBIBOJIA U3 OJHOCYKIIE-
JIEHTHOT'O CEKBEHITMAJIBHOIO BBIBOJIA. Bee 3T0 BMecTe maeT TOUHYIO HOpMy-
JINPOBKY U ODOCHOBAHME HOBOI IIPOIEYPHI IIOMCKA HATYPAJbHOI'O BBIBOJIA

[1].

CraThst COCTOUT W3 BBEJIEHUsI, TIITU Pa3/eJIOB U CIIUCKA MCIIOJIb30BAHHON
JiTeparypbl. B mepBoM pasjiesie onpeaesssioTCs UCIOIb3yEeMbIE B 9TO CTAThe
OCHOBHBIE TIOHATHUS U BBOJSITCS OOO3HAYCHUSI.

Bo BTOpOM pasjesie onuchiBaeTcs OJHOCYKIIEJIEHTHOE CEKBEHIHAJILHOE
KJIACCUYECKOE UCYUCIICHUEC IIPEAUKATOB, JJIsI KOTOPOT'O B CTAThE PEIIacTCs 3a-
Jlada Ioucka BeIBOAA. [l 711 9TOT0 (hOpMyIUpyeTCs CONpsizKeHHAsT UCIUCTEHUTO
[POJLYKIIMOHHAS] CUCTEMa C METAIIEPEMEHHBIMU. 3JIeCh Ke (DOPMYJIUPYIOTCS
TEOPEMBbI O KODPEKTHOCTHU U ITOJHOTE 3TOHN IIPOAYKIIMOHHON CUCTEMBI 110 OTHO-
MIEHNIO K UCYUCTIEHNIO. Y Ka3aHHAas MPOIYKIMOHHAS CUCTEMA CIIYKUT 3TAJIO-
HOM JIJId YCTaHOBJICHH Y KOPPEKTHOCTU U ITOJIHOTHI HpO,ZLyKL[I/IOHHOfI CHUCTEMbI
CO CKYJIEeMU3aIAe.

B rtperbem pazmese (opmysupyercsi MPOAYKIIMOHHAS CUCTEMA CO CKY-
sgemuzarueit. s sToro Jyia nceBnodopMys1 onpesessieTcsi CKyJIeMOBCKas
HOpMaJibHAast (hopMa, KOTOPas UCIOJb3yeTCsi B (POPMYJIUPOBKE JeYKTUBHBIX
3aga4d. Takas CKy/JeMOBCKash HOpMaJibHas opma IHO3BOJAeT 3DPEKTUBHO
peraTh 3aJady IMMONCKa JIOTHYECKOTO BBIBOJA B KJIACCHYECKOM OHOCYKIIE-
JEHTHOM MCYHCJICHUUN CeKBeHHHfI.

B uerBepTOoM pazjiesie JOKa3bIBAETCH TeOpPeMa O KOPPEKTHOCTU IIPOIYK-
IIMOHHON cUCTEeMBI cO cKyaemuzarueii. [ToaHoTa 3TOr0 MeTo/1a MONCKA BHIBO-
Jla ycTaHaB/IMBaeTCs B TeopeMe O IIOJIHOTe, KOTOpasd JIOKa3bIBAETCs B IISITOM
paziene.
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1. OcHoBHBbIE ITOHATUA 1 ODO3HAYECHUS

B kpatkoit ¢popme BBeJIEM UCIIOTB3YEMYIO B CTATHE TePMHUHOJIOTHIO. MBI cjie-
JIyeM olpejiesieHusiM 1 obo3nadenusim [5]. Kpome toro, Ham HEOOX0IMMO 110~
HSITHE TPOJLyKITMOHHO# cucTembl. [IpoyKiinonHasi cucremMa mpecTaBiser co-
6oit criocob perreHus 3a/1a4 B OT/E/IBHON 00JIACTH IIyTeM yKa3aHUs [IPUMH-
TUBHBIX 3a/1a9 U MPABIJI CBeJIeHUs 33,19 K nojzagadam [6]. dus sroro duk-
cupyercsi KoHeuHbIi ajipasur A u paspeniumoe moaMuokecTBo B C A* cjio
B 9TOM aJipaBHUTE, JEMEHTHI KOTOPOTO KOJAUPYIOT 3a/a9i B PACCMAaTpPUBae-
Moit obstactu. Cpein 3a/1a% BBIIIEsIETCs paspermumoe noamuokectso C C B
[PUMUTHUBHBIX 33/1a4, pPeIleHne KOTOPhIX u3BecTHO. Kpome Toro, 3asaercs
KOHEYHOE KOJIMYECTBO MIPABUJI CBEICHUS 33/1a4 K [10/133/1a9aM, KOTOPBIE ITPeJl-
cTaBJIAIOT c000#l paspemmmMble orHOenus na B: Ry C B™, ..., R, C B™k.
B pamMkax mpoyKITMOHHOM CHCTEMBI ITPOIIECC TIONCKA, PENTEHUsT 3aa1N COIPsI-
kel ¢ popmupoBanueM Jepesa noucka tuma U /TIJIV. Huxe B 9T0M pasmese
MBI B KPaTKOil (hopMe yTOUHSIeM, KAKUM 00pa3oM (hOpMUPYeTCsi TAKOE JTePEBO
ITOUCKA.

[Touckosoe gepeso Tuma 1 /WUJIN npeacrasisier coboii 1epeBo pepyKuuii
HCXOJIHOM 3aJiavu, KOTopas pasMmernaercss B Kopae [6]. Mexiy pebpamu je-
pesa cymiectByior ‘U7 u “UJIN” ornomenusi. B obiieM ciiydae u3 BepHIINHBI
MOT'YT BbIXOJUTh HeckoJibKO WJIU-anbreprarusubix V-cBs3ok pebep. Peb-
pa u3 oJHO# CBA3KU CBA3bIBAIOTC V-oTHOIEHNEM, a pedpa U3 Pa3HbIX CBs-
30k — WMJIU-ornomenunem. Bepimna, u3 KOTOPOH BBIXOJAT TOJBKO pedpa,
cBsizanHble V-oTHOIIEHNEM, HasbiBaeTcs V-BepinHoii. BepiuHa, u3 KoTopoit
BBIXOJIAT TOJIBKO pebpa, ceazannbie VJIM-orHomennem, masoiBaercsa WNJIN-
BepimHoil. Besikoe U /UJIN-aepeBo MOXKHO IIPUBECTU K BHJLY, KOTJIA KazKIast
BEpPINHA WMeeT JIOUepHUe BEPIIUHBI JUO0 TOAbKO Thma “U”, mmbo ToabKo
runa “VIJIN” [6]. ITogmepeso © nouckosoro 1 /MJIN-nepesa T' nasbiBaeTcst
JIEpUBAIMOHHBIM, ecii © 00J/1aaeT CIeIyIOIMMI CBORCTBAMMT:

® UCXOIHAs 3a/a49a — 9TO KOPEHb jiepesa O

e eciu 3amada S aBiserca WJIN-sepmunoii, To B © COMEpKUTCS TOJIHKO
OlHAa M3 €ee JIOYEPHMX BepInnH u3 1 BMecTe CO CBOMM COOCTBEHHBIM
JIEpUBAIIMOHHBIM JIEPEBOM;

e ecsm 3aja4a S siBjisiercst VI-BepIIMHOI, TO BCe ee TOUYEPHUE BEPIIHHBI
u3 T BMecTe CO CBOMMHU JEPUBAIMOHHBIME JEPEBBIIME COIEPXKATCA B O.
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Permennem ncxomHoit 3a/1a9u CIUTACTCS JEPUBAIMOHHOE TO/iepeBo O mouc-
kooro U /UJIN-nepesa T. JlepeBo O Bbicrymaer U-gaepeBoM, T. K. BCE €ro
BEPIIUHBI SBJISIOTCS BepinHaMu Tura .

ITo cyTu npomyKiuoHnHasi CUCTEMA IPEICTABIIAET cO00it POPMYIUPOBKY
HEKOTOPOT'O aJIfOPUTMa IIyTeM YKA3aHWUSA MPUMUTHUBHBIX 33189 U IIPABUI e~
KOMITO3UIUU 33JIa9 C TOYHOCTHIO JIO0 CTPATErUU ITOCTPOEHUs JIEPEBa ITOUC-
Ka. 3adUKCIPOBAB KOHKPETHYIO CTPATErnI0 IOCTPOEHHSI IOMCKOBOTO JIepeBa
MBI IIOJIyYUM HEKOTOPYIO PEAIU3AIMIO TaK CPOPMYIUPOBAHHOIO aJITOPUTMA.
Crparerust MOCTPOEHUsT JIepeBa IMOMCKa 3aKTF0UAeTCsl B METO/IMKE BEIOOPA JIU-
cra uig POPMHUPOBAHUS Y HErO BCEX JIOYEPHHUX CBA30K BepinuH. IIpm sToMm
poauTe/IbCKad BepHInHa W JOYEepPpHHE BEPHIINHBI U3 OILHOfI CBA3KHN CBA3aHBbI
OJIHUM W3 OTHOIIEHu’ jgexommosunuu R;. Ecin y jmcra Helb3st MOPOJNTD
JIOYEPHUE BEPIIUHDLI, TO €My IPUIINChIBaeTCs oneHka Yes wian No: Yes, ecin
JINCT TIPEJCTaBIAeT coDoi MpuMuTUBHYIO 3a1a4y u3 C'; onenka No, eciin Hu
O/THO U3 IIpaBUJI JEKOMIIO3UIIUN K HEMY HE IIPDUMEHUMO. q)Opl\/II/IpOBaHI/Ie OlleH-
KI y JIACTa IIPUBOJUT K IEPECcUYeTy BCEX OIEHOK BEPINWH Ha BETBU, BeLyIIeil
oT Jincra K KopHio. I1pu srom V-Beprimaa 1mojiyvaeT OleHKY Yes, ecjid Bce ee
JIOYEpHAE 3aJIa9N y2Ke UMEIOT OIEeHKY Yes; orneHka No dopMupyercs, eciu
xoTs OBl OJIHA JovYepHss yKke umeeT onenky No. Ecin ke 3agada siBiisieTcs
N JIN-Bepmunoit, To OHa MOJIyYaeT OIEHKY Yes, KOTJa XOTsi Obl O/IHA J0Uep-
Hslsl y»Ke MMeeT OIeHKY Yes; oleHka ke No popMHUpyeTcs, KOrja KarKIoi
nmodepHeit mpunucana ornenka No. B ocTasbHBIX ciiydasx y pOIUTEIHCKOIM
BepIIUHLI He (popMupyeTcs oneHka. OTCYyTCTBHE OIEHKHU Y 38189l NOBOPHUT
0 TOM, YTO BO3MOYKHOCTH €€ PEeIlleHnsI elle MoKa coxpaHsiercs. [Ipomecc mo-
CTPOEHUS JepeBa MTONCKa 3aBEPINAeTCs KAK TOJBKO KOPEHDb IOJIYIaeT OIEHKY
Yes uyim No. B mepBoMm ciyvae [jIst MCXOIHOM 3adadM B JIepeBe IOUCKa Cy-
IIECTBYEeT KOHEYHOE JIEPUBAIMOHHOE IOJIEPEBO. Takas 3a/ada HA3BIBACTCS
pa3pewumots B paMKaxX POy KIIMOHHON CUCTEMBI.

B kiracce Bcex MPOAYKIIMOHHBIX CHCTEM €CTECTBEHHLIM O0pPa30M BbIJie-
JIeTCA CODCTBEHHBIN IOJKJIACC TeX IPOAYKIMOHHBIX CHCTEM, KOTODPbIE CO-
MPsI?KEHbI OOBIYHBIM UCYUC/ICHUSM, IPEIHA3HATEHHBIM JJIsi BHIBOA IEIMIOYEK
CUMBOJIOB. B Takoii compsizkenHoit ucuncyiennio C IpoayKIMOHHONR CHCTEME
Pe NpUMHUTUBHBIME 33JIadaMU CIUTAIOTCS aKCUOMBI mcaucyenust C, a CIoco-
OBl CBeJeHUs 3aa9 K IT0A3a1a9aM II0Jy9IaloTCs B pe3yJbTaTe MPUMEHEHUS
MpaBUJI BbIBOJa ucuncieHuss C CHU3Y BBEpX, T. €. OT 3aKJIFOUEHUST K MOCHLI-
kaMm [7]. TIpu sToM nmajneko He Bcerja HPOYKIMOHHAS CHCTEMA COIPSIZKEHa
HEKOTOpOMY ucuucjeHuio. Jlego B ToM, 4TO mOpsAIoK HGOPMUPYEMBIX 110138~
a9 B OTJIEJTbHOIN CBSI3KE MOXKET UI'PATh MPUHINITNAIBLHYIO POJIb, B TO BpeMsI
KaK IOPSJIOK IOCBHIJIOK B IIPABUJIE BBIBOJIA POJIA HE UT'DAET.
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Nwmest s13pIk 3a1aHHOM cUrHATYPHI {1 B 00J1ACTH aBTOMATHIECKOTO JTOKA-
3aTe/IbCTBA TEOPEM PAaCCMaTPHUBAIOT MHOXKeCTBO H Bcex TePMOB, KOTOPBIE
MO2KHO TIOCTPOUTD U3 KOHCTAHT U (PYHKIIMOHAJIBHBIX CUMBOJIOB CUTHATYPBI §).
MuoxecrBo Hg HasbiBaioT spopaHoBckuM yHuBepcymoM [2]. ITpu sTom Tep-
MBI 9POPAHOBCKOTO YHUBEPCYMa MOT'YT COJIEPKaTh IPEIMETHbIE TIePEMEHHBIE,
KOTOPBIE B TAKOM KOHTEKCTE PACCMaTPHUBAIOTCH KAK KOHCTAHTHI.

C mporteccom moctpoenust jgepesa noucka Tg C 17 C Th ... cBA3aH mpo-
[ECC PACIIUPEHUs] UCXOJHOTO SI3bIKa. A MMEHHO, KOT/Ia B MPOIIELypPe MOCTPO-
eHus JIepeBa MOUCKa y JIUCTa Sy HMOPOXKJIAIOTC J0YEePHUE BEPIIUHBI, TPOUC-
xoauT oboraieHue CurHaTypsol {2, sizbika. B pesyibrare hpopMupyercsi HoBast
curnatypa (1,41, moaydaemas u3 2, m00aBIeHNEM HOBBIX CBOOOIHBIX MPEI-
METHBIX IIEPEMEHHBIX, BXOIANUX B (1,11 KaK KOHCTAHTHI. [Ipu 3TOM B TOM
caydae, KOTIa MojiydaeMast U3 UCXOMHON curHaTypsbl §) curHarypa g He co-
JIEPYKUT KOHCTAHT, Mbl UCKYCCTBEHHO n0baBiisieM B {)) HOBYIO HPEIMETHYIO
[IEPEMEHHYI0, UTI'PAIOIIYIO POJIb KOHCTAHTHI. B pe3y/ibrare B 00IIeM ciydae B
JIepeBe TIOUCKA T0JIydaeM DECKOHEUHYIO UEPAPXUIO S3bIKOB U YHUBEPCYMOB

To CTh C...CT, CTh41 C...
NC QPpCNHC...CR Sy C...
HyCH C...CH,CH,1 C...

Heobxonmumo oTMeTUTh, 9TO COIpPSI)KEHHBbIE TOMY WA UHOMY BapUAHTY
HCYUCJICHUSI TTPEIUKATOB MPOAYKIIMOHHBIE CHUCTEMbI (DOPMUPYIOT OeCKOoHed-
HO BeTBsiIuecst jepeBbs nowncka tuna V1 /MJIM. B npukiaaHoit mporpavme
TaKue JepeBbsl IPUBOIAT K KOMOMHATOPHOMY B3PBIBY. UTODOBI Clie/iaTh Jepe-
Bbsl [IOMCKA KOHEYHO BETBSIIUMUCS UCTIOIB3YIOTCsI MeTaliepeMennbie [3]. [Ipu
9TOM TIOJT METAIIEPEMEHHON MOHUMAETCsl CUHTAKCUYIeCKas NepeMeHHasl, MPU-
HUMAIOIIAas B KAYeCTBE CBOUX 3HAYEHUN TEPMbI A3bIKa [I€PBOIO MOPsiiKa. Mbl
He OyieM bOpPMYyJIMPOBATH METOJT METAIIEPEMEHHBIX B ODITEM BUJIE JIJIs ITHPO-
KOT'0O KJIaCCa MPOLYKIIMOHHBIX CHCTeM. B mocTpoenHoit Teopun Huxke Hopmy-
JINPYIOTCsI JIB€ KOHKPETHBIE TPOJIYKITHOHHBIE CHCTEMbI C METAIIEPEMEHHBIMU,
KOTOPBIE PEIAIOT TOT Ke 00beM JIeIYKTUBHBIX 3312, YTO U COIPSKEHHAS
JIOTHKO-MATEMATUIECKOMY UCUYUC/ICHUIO TTPOJIYKIIMOHHAST CHCTEMA.

TpagununoHHO METOIbl ABTOMATHYECKOIO JI0KA3ATE/ILCTBA TEOPEM IIOJI-
PA3MEJIAIOTCs HA JIBE KATETOPHUM: 3TO aJIOPUTMbI YCTAHOBJIEHUS] BBIBOJUMO-
CTH ¥ aJrOPUTMBI OKMCKa BbIBoja. Hampumep, meros pesosonuit [2] — sro
AJITOPUTM YCTAHOBJIEHUS] BBIBOJAUMOCTH, & IIporeaypa [3] — 910 aaropurm
ouCKa BBIBOJA. KaxKIbIil aJropuTM IOMCKA BBIBOJA €CTh aJrOPUTM YCTa-
HOBJIEHUSI BHIBOJMMOCTH, HO He Ha000pOoT. Tak pe30/I0IMOHHbBIN BBIBO/I HEJIb-
3¢ MMOJIMHOMHUAJILHBIM CIIOCOOOM ITPeoOPa30BaTh B HATYPAJbHBIN BhIBOM. Vc-
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[I0JIb3yeMble B METOJIe PE30JIIOIUN MeTallepeMeHHble MOYXKHO IIePENMEHOBATh
B paMKax OTJIEJbHOTO JIM3bIOHKTA — 3TO JIOKAJbHBIE MeTalepeMeHHble. B
npoueaype Ilpasuna |2 u nporenype |3| meranepemenubie riobanbabe. Vx
3HAYEHUS BBIYUCIAIOTCSA B XOJl€ BRIYUCIUTETHHOTO IIPOIECCa.

Hcmonb3oBanue MeTalepeMeHHBIX MPUBOAAT K U3MEHEHUIO sI3bIKa. 1e-
[I€Phb BBIPAYKEHUS sI3bIKA — ITO ICEBIOMOPMY/IBI U IICEBIOTEPMBI, KOTOPBIE
MOT'YT OBITH OOBIYHBIMU (POPMYJIAMHU U TEPMAMU, HO MOTYT U COJIEPXKaTh Me-
TallepeMeHHbIe, TeM CaMbIM OTJINYasCh OT mmocjeqHux. llosydeHnbie B pe-
3yJIbTaTe IPUMeEHEeHNS TIpaBWia JeKOMIIO3UIAN JIOYEePHUE 3a/1a91, KpOMe TJI0-
OaJIbHBIX METAIePEMEHHBIX POAUTEIHLCKON 3a8/1a9H, MOTYT COJIEPYKATH HOBBIE
r100aJIbHBIE MeTallepeEMEHHbIE, KOTOPBIM IIPUIMCHIBAETCS B Ka4eCTBe JIralia-
30HA 3HAYEHUIl TOT SPOPAHOBCKUIl YHUBEPCYM, KOTOPBLIN MMOCTPOEH K TEKY-
ImeMy MOMEHTY. B MoMCKOBOM JiepeBe ¢ MeTalepeMEeHHBIMU Y BEPIITUH BMECTO
OIIeHOK (POPMUPYIOTCsT KOHEYHBIE MHOYKECTBA JOIYCTUMBIX [TOJICTAHOBOK, KO-
TOpBIE YKA3bIBAIOT HA KAKWE TE€PMbI JIOJKHBI OBITh 3aMEHEHBI II00aIbHBIE
MeTanepeMeHHble. MeTo 1 BBIMUCIEHHUST JTOMYCTUMBIX IOJICTAHOBOK B Pa3HBIX
IIPOTYKITMOHHBIX CUCTEMAaX C MeTallepeEMEHHBIMU OIPEEISIeTCS 110 PA3HOMY.
Mebr B 910it crarbe ucnosbsyeM merox [3|. Tounsle ompejesieHust cBsi3aH-
HBIX C 9THM METOJIOM MOHSTHI OymayT maHbl B pazmaeste 2. IIporece mocTpoe-
HUS JIEPEBa ITOUCKa 3aBEPIIAETCsI, KOrga Habop JOIMYCTUMBIX II0JICTAHOBOK Y
KOpHsI CTaHOBHUTCS HerycTbIM. COOTBETCTBYIOIIEE IOIYCTUMOM TOJICTAHOBKE
0 — X7 ... X,

t1 ... i
KOBO, 4T0O ©F eCTb BBIBOJ, B JIOTMKO-MATEMATHIECKOM HCUHCIeHnu. [Ipu sToM
ec/Ii JUala30HOM 3HaUeHuit MeTanepeMennoit X; ssasiercss H,, To t; € H,.

JIEPUBAIMOHHOE IOJIAEPEBO O IOUCKOBOIO JEPEBaA, Ta-

Ucnop3oBanue 1€/ 1€0PUEHTHPOBAHHOTO [TOUCKA TIO3BOJISIET HEKOTOPHIM
Pa3syMHBIM 00pPa30M ONTHUMU3UPOBATH MOPSIOK TPUMEHEHUS ITPABUII JIEKOM-
nozunuu [5]. Tem He MeHee NpUMeHeHNE KBAHTOPHBIX [PABUJI IPUBOJIUT K 110
SIBJICHUIO KATAaCTPOPUIECKU OTPOMHOIO YHCJIa BAPDUAHTOB IIpU I1epebope Beex
BO3MOXKHBIX ajbrepHarus (8. Ilo Hamemy MHeHMIO JasbHeieii onTuMu3a-
[IUU TAKOTO T1epebopa MOXKHO JIOCTHYD 38 CUET UCHOJIH30BAHUS CKYJIEMOBCKUAX
HOpPMaJIbHBIX (hopM orpeseeHHoro Buma. [Ipegnaraemast B cTaTbe CKyJIEeMOB-
cKasl HOpMaJibHas (POpMa MO3BOJISIET SJIMMUHUPOBATH HEKOTOPbBIE KBAHTOPbI
U TEeM CaMbIM CHIeJIaTh MOucK Oosiee adpdexkTuBubIM. [Ipu 3TOM HCHOIB3YeET-
cst Takasg popMa JACTUIHON CKYJIEMU3AINK, KOTOPas IO3BOJISET HE TEPATH
CBSI3b C UCKOMBIM BBIBOJIOM B OJIHOCYKIIEJIEHTHOM HUCYHUCJIEHUU CEKBEHIIHIA.
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2. OagHOCYKIIeJ€eHTHOE MCYNCJIeHNe CEeKBEHIIUil

B srom pasgmese mbl, ciemyst [5], onuieM oJHOCYKIIEIEHTHOE CEKBEHIHAJIb-
HO€ KJIACCUIECKOE UCIUCIEHUE TTPEINKATOB, JIJIs KOTOPOI'O B CTATHE PENTaeTCst
3aja4a IIOMCKa BbIBoga. [lJist sToro smech ke OyaeT olnpeleeHa COMPsyKeH-
Hasl 9TOMY HCUYUCJEHUIO TPOJyKIMOHHAsI cucTeMa. Vlcauciienne CeKBeHIMi
BBIPOJIHO OTJIMYAETCS OT CHCTEMbl HATYpaJsbHOH segykiuu [1] ¢ Touku 3pe-
HUsT GOPMYJIMPOBKU METOIOB IMOUCKA BBIBOJA U UX obocHOBaHusi. [Ipu srom
cyiecTByeT 3MEKTUBHBIA aJrOPUTM IOJIYIEeHUsT HATYPAJIbHOIO BBIBOJA U3
OJTHOCYKIIEJIEHTHOI'O CEKBEHITHAJIBHOI'O BBIBOIA.

OcCHOBHBIE OIIpeJieJIeHNsT U 00O3HAYMEHUsI, CBA3AHHBIE C UCUUCIEHUEM Ce-
KBEHIWIi, MOYKHO HaiiTu B crarbe [5]. B 910ii crarbe onpejeneHbr Tpu ofHO-
CYKIIeJIeHTHBIX CEKBEHIINAJIbHBIX UCIUCJIEHUsI IIPEUKATOB: MUHUMAJIbHOE S,
MHTYHUIIMOHUCTCKOEe Sy 1 Kjaccudeckoe S3. Heobxomnmo oOpaTuTh BHIMAHKE
Ha TO, YTO B crarbe [5| mpu oupezesennn npasui BeiBoga (D—), (& —),
(V =), (V =) u (3 —) gomymena jocajHasi OIJIONIHOCTb. B 9Tux mpasu-
snax dopmyna G MoKeT ObITh HE TOJIBKO aTOMOM, JU3bIOHKIINEH wian L, HO
takxke dopmynoit Buga Jz C(x). Kpome 9T0r0, MBI 371€Ch HCHOIB3yeM JIPY-
I'YIO, HO 9KBUBAJIEHTHYO, (POPMYJIMPOBKY IpPaBUia BbIBOja (D—), KOTOpAast
oKazaJiach 0oJiee yIOOHON JIJTsT U3JIOXKEHUS STOW TEOPUN.

s popMyTupOBKI UCIUCTCHUS CEKBEHITNI S5 MPE¥XKIE BCETO MbI JIOJIK-
HBbI (PUKCHPOBATH HEKOTOPBIN JIOTHKO-MAaTEMATHIECKUI 31K ), OpMyJIBI
KOTOPOI'O BBIPaXKalOT CYXKJEHUsl M OTHOIIEHHS PacCMaTpUBaeMoii obJacTu
MaTeMaTuKu. MBI mpemoiaraeM, ITo CJI0KHbBIE (DOPMYIIBI sI3bIKa, {) CTPOSIT-
¢s1 U3 aTOMAPHBIX (POPMYJI 3TOIO SI3BIKA IIPU MOMOIIN JOMUIECKUX CBI30K &,
V, D, sormdyeckux KoHcTaHT |, T m xBanTopoB V, d. Orpuranue —A ecrb
o ompefesennio popmyna A O 1. Bxoxkmenust mpeIMeTHBIX TIEPEMEHHBIX B
dopMyITy OOBITHBIM 0OPA3OM JIEJISITCST HA CBODOHBIE U CBsi3aHHbBIe. [lepemen-
HbBIE, BXOdIIe B (pOPMyJIy CBODOIHO, HA3BIBAIOTCA ee mapaMerpamu. depes
A(z/t) obo3HauaeTcsi pe3yIbTaT MOJCTAHOBKYE TepMa ¢ BMECTO BCEX CBODOJI-
HBIX BXOKJeHUil rnepeMmentoit x B dopmyiay A. Ilpu srom mpemmosiaraercs,
YTO IPOU3BOLUTCS [IEPEUMEHOBAHNE CBA3AHHBIX IEPEeMEHHBIX (POpMyJIbl A,
ecj mapaMerphl t IomajaioT B obiacTb JeiicTBus KBanTopoB A. Bmecto
A(z/t) mbt 6ymem tcathb mpocto A(t), Korja KOHTEKCT T OYEBUJIEH.

Cexsenrueii |5| naspiBaercs ymnopsijjouenHast napa suga I' — A, re T
€CThb KOHEYHOE, B YACTHOCTU OBITH MOXKET IIyCTOE, MHOXKECTBO (POPMYJI sI3bIKA,
Q, a A ectb popmyiia 3Toro si3bika. [lpu arom ' Ha3bIBaeTCST aHTEIEIEHTOM,
a popmyna A — CYKIEIEHTOM CEeKBEHIU. TeopeTnKo-MHOXKECTBEHHBIE OIle-
paIy HaJ KOHEYHBIMA MHOXKECTBAMU (POPMYJI PACCMATPUBAIOTCS OOBITHBIM
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obpasom. Hanpumep, oobennnenne I' U A KoHeunbix MuoxkecTs dpopmyir I' u
A cocrout u3 Bcex dopmynt u3 I' u A. Kak obbrano, mbl mumrem ['A BMecTo
I'UA. Tak aro I'A u AI' 06o3Ha4aIOT OJHO U TO Ke€.

Ucuncienne S3 copepKuT akKCUOMBI cJieayromux aByX Bugos: I'C' — C u
A — T, tme C — aTtomapuast popmysta s3bika ) nan 1. [lepBoie gecaTs mpa-
BUJI BBIBOJIA, JICJIATCS Ha JBE IPYIIILI U BBOJAT JIOTUYECKUE CBSI3KU CJIEBA U
cupaBa. [locseamnee IpaBMIO BBIBO/Ia HA3LIBAETCS MTPABUJIOM IIPOTUBOPEUHSI.
IIpaBuiia BeIBOZa M300parkaloTCsl B BUJE JIBYX3TaKHON KoHCTpyKIimu. Har
9epPTOI MUY TCS CEKBEHITUH, SIBJISIIONINECS TOCHIIKAMY IIPABUJIA BBIBO/IA, KO-
TOpBIE OTIEJIAIOTCS TOYKON ¢ 3ansitoit. Ilox yeproil muimercss ero 3akJrode-
HIE, KOTOPOE SIBJISIETCS BBIBOAMMOI CEKBEHITNEH, €C/IN MOCHIIKHA BBIBOIUMBI.
Psmom ¢ geproit MBI yKa3bIBaeM CHUMBOJINYECKOe 0003HAUEHNE IIPaBUIIA;

(ADB)FK;;B)?S%’B’”G (0—), 425 (=D),
HEHISS (&), e (09,
A e T (v =), rHavE (Vi
A (), rveae (V)
e Go) a3,
CREEE (Lo

3neck B mpaBmwiax (G — aroM, AU3bIOHKIWs, | uaun ¢opMmysia BHIa

32 C(z) ssbika Q, A, B — mobbie dhopmyibl s3bika 2, a I' — jmoboe Ko-
HEYHOE MHOXKECTBO opMyJi si3biKa §2. B KBaHTOpHBIX NpaBujiax TepMm t u
nepeMeHHasi y JonycTuMbl Jyisi ¢ B A(x). B kBanTopHbIx npaBuiax (— V) u
(3—) nepemenHasi y He BXOAUT CBOOOHO B HIZKHIOIO CeKBeHI0. OnucaHHble
YCJIOBUST HA3BIBAIOTCSI OTPAHUYEHUSIMI KBAHTOPHBIX TTPABIL.

BroiBomoM cexkBeHnnyu S B UCUUC/IEHUN S3 HA3BIBAETCS KOHEYHASI [IOCTIEI0-
BaTEIbHOCTh CeKBeHnuit S1, ..., Sk, B KoTopoit S = Sj, u Kaxaaga S; mmdo
SIBJISIETCST aKCUOMOI HMcUmcyieHusi S3, JUOO TOJIYIAETCsT B Pe3ysIbTare IpH-
MEHEHWsT HEKOTOPOTO TPABHJIA BBIBOJA UCIUCTEHUS S3 M3 HEKOTOPBIX MPEJ-
IMIECTBYIOIIUX CEKBEHIUI B 9TOM 1mocjenoBaTe/ibHOCTA. BBIBOg B S3 yI00HO
oOPMIISITL B BHJIE JIEPEBa, ¥ KOTOPOTO K KarXKJIOMY Y3Jy MpHUIHCAHA Ce-
KBEHIUsA. [Ipy 95TOM aKCHOMBI MPUIUCAHBI K JINCTbAM STOTO JIEPEBa, & OT-
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HOIIIEHUE MeK/Iy POJUTEJILCKUM Y3JIOM U JIOYEePHUMU Y3J1aMU COOTBETCTBYET
OTHOHICHUIO MEXKIY CeKBeHHHeﬁ—3aKHIOquHeM 1 CEKBCHIUAMM-IIOChIJIKaAMU B
pe3yabTaTe TPpUMEHEHNS HEKOTOPOr'o IIpaBHJja BbIBOJIa. BbIcoTa BBIBOIA €CTh
10 OIIPEEeIeHNI0 KOJMIECTBO CEeKBEHIIMI B caMoil JJIMHHONW BeTBU. MBI He
OyaeM mesaTh Pasjmdus MeXKIy (POPMYJIaMU M CEKBEHITUSIMU, OTJIMYAIOIIH-
MUCs JIMITB ITIEPEMMEHOBaHUEM CBA3aHHBIX ITIEPEMEHHDbIX. TaKI/IM o6pa30M, ecC-
JIM UMEeTCs BBIBOJ, C HYMXKHEH ceKBeHImel S, TO 9TOT K€ BBIBOJ[ CIUTAETCS
aBTOMATHUYECKH ¥ BBIBOJOM JIIOOOM CEKBEHIMH, IOJIYYeHHONR nu3 S Iepenme-
HOBAHWEM CBA3aHHBIX IT€PEMEHBIX.

[Tocie craeaHHbBIX OLpee/IeHnit Telepb TOTHBIM 00PA30M OIUIIEM COIIPSI-
JKEHHYIO UCUUCICHUIO S3 IPOLYKIMOHHYIO CUCTEMY P3 ¢ MeTallepeMeHHbIMU.
B Heil BhIpaskeHUSIMU sI3bIKA SIBJISTFOTCS TICEBJOTEPMBI U IICEBIO(MOPMYJIBIL.
Ilcesdomepmvr KaKOTO-TO0 sI3bIKA {2 OmpeesIioTca HHAYKTUBHO. [Ipexae
BCEro, MpeJIMETHBIE KOHCTAHTHI sI3bIKa (), IIpe/IMETHBIE TIepeMeHHbIE U MeTa-
IIepeMeHHbIe CIUTAIOTCs IceBaoTepMamu. Ecan f ectb n-mecTHbI dyHKITH-
OHAJIbHBIN CUMBOJI si3bIKa () U t1, ..., t, CyTb IICEBIOTEPMBI si3bIKa {2, TO
nenouka Buga f(ty, ..., t,) ecThb HCEBIOTEPM. AHAIOIUYIHOE OIPE/ICJICHUE
ncesdodopmys sizbika, () BBIVIAIAT ciemyomuM obpasom. [pexie Beero, |
u T cyThb nceBaodopmysibl. Eciim P ecTb n-MeCTHBIN MPeIUNKATHBIN CUMBOJI
u ty, ..., t, CyTb nceBIOTEpMBI si3bika (2, To mnenouka P(ty, ..., t,) ecrb
ncesnodopmyrta. Ecim A u B cyrb ncespodopmyist, to (A& B), (AV B),
(A D B) cyrsb ncenodopmyiibl. Eciu A ects ncesmodopmyia u z ectb npe-
merHasi nepementast, 10 (Vo A) u (3x A) cyrb 1ceB1odOpMyIIbL.

BajagamMu 3TOi CHCTEMBI SBJISIIOTCS YIopsiodeHHbie napbl Buja (I, A),
rae I' ecThb KOHEUHOE MHOXKECTBO ICeBIOGOpMYyT 1 A ecThb IceBmodopmy-
Ja. IIpuMuUTHBHBIMEU 3aJa9aMU SIBJISIOTCS 3aJa9K CJIEIYIOMNX ABYX BUJIOB:
(ET, E), (A, T), tne E — arom win L. CozepxKariasi Meramnepemenubie X1,
..., X} JeIyKTUBHAs 3aJa9a T NPUMUMUCSUSUPYEMA, €CIIA CYIIECTBYET KOp-
X1 ... Xg
t ..t
..., X} Takasl, 9TO JeAyKTUBHas 3amada w0 sapisercs npuMmuruBHOM. [Ipu
9TOM Koppexmmocmsd 6 o3Hadaer, 9TO €CJIM JAUAlla30HOM 3HAYEHHI MeTrale-
peMennoii X; aBasercsa H,, To t; ecTb 1ncesaorepM si3bika §),. Koppekruas
IIOJICTAHOBKa 6 Ha3bIBaeTCa ocHoeHOt, ecan t; € H,,.

pPeKTHasl OJCTAHOBKa 0 = ( ) BMECTO MeTallepeMeHHBIX X1,

Mot yaudunupyembrx Boipazkenuii B u Ey uepes MGU(E, Ea) auxke
obosHavaercst ux Hanbosee obmuii yaudukarop (3|, . e. sro Takoil yrudbu-
KaTop 0 BeIpaxkenuit By u Fo, 9TO /I8 KaXKJI0TO UX YHU(PUKATOPA A BBIIOJI-
uasiercst A < 6. Ilpu srom A < 0 o3HaUaeT CymecTBOBaHUE MOICTAHOBKU [i

47



Takoit, 4ro A = 6 o u. Yepes 0 o p 0603HaATAETCS KOMIO3UITHS [I0JICTAHOBOK
[2].

Jl1s1 BBIMUCIIEHUS JJOMYCTUMBIX [TOJICTAHOBOK Y 3a/1a4, UMEIOIINX B JI€PEeBe
[IOKCKa JI0UepHIE 33/[a4, TpebyeTcst TIOHsITHe KOMOMHAIIMY [T0JICTAHOBOK [2],
KOTOPOE OIIpeJiesisteTcst coeyiomumM obpazom. [lycrs

01 i X11, X1n1
- )
t11, ... timg
0. — X1, oo Xep,
=
tri, .. trnT
cyThb nojgcranosku (r > 2). Ucxons us 6y, ..., 0., chopMupyeMm jBa BbIpa-
KEHUST
Elz(Xllv"'aXlnla"'7XT17"’7X7'TLT)5
E2:(t117"'7t1n17"'7t7“17"'at'rnr>-
Torma moxcranoBku 61, ..., 0, Ha3BIBAIOTCS COBMECTMUMDBLMU, €CJIA BbIpa-
xkeuust By u Ey yuudunupyemsbr. IIpu srom nogcranoeka MGU(E;, Es)
Ha3bIBAETCS KoMOUHAUUeT TIOICTAaHOBOK 01, ..., O,.

QopmynupyeMble HIKe MpaBmia 1 — 12 onpeessitoT MpaBuia JIeKOMIIO-
sunun Ps.

1. llycts E u E' — ynudunupyembrie arombl nau L. IlycTs nopcranos-
ka 0§ ectb MGU(E', E). Torma canraerca paspenmmoit 3anada (ET, E') u
HOJICTAHOBKa O cuuTaercst ee JOIMyCTUMOl OJICTaHOBKOI.

2. Ilycrb niceBiopopmysia C' ecTh aTOM, U3 BIOHKIINS, | W MMeeT BU/T
Jz D(zx). Torpa eciin ((A D B)T', A) u (B(A D B)T', C) cyrsb paspemumbie
3aJ1a491, ¥ KOTOPBIX CYNIECTBYIOT COBMECTUMBIE JIOMYCTUMBIE MOJCTAHOBKY 61
u 0, To Takke cunraercsa paspemumoii 3amada ((A O B)I', C) u ee momy-
CTHUMOM IIOJICTAHOBKOI cumTaercs koMOunaimsa 01 u 6s.

3. Ecin pazpemmma 3amada (AT, B) u § — ee gomycruMas o/ICTAHOBKA,
TO cunTaercs paspemnmoii 3agada (I, A D B) u 0 canraercs ee J0IyCcTUMOit
OJACTAHOBKOIA.

4. ITycre ncespodopmyna C' ecTh aToM, JIU3BIOHKIUS, | MM UMeeT BU/L
Jdx D(x). Torga econ paspemuma 3amada (AB(A& B)T', C) u 0 — ee jomy-
cruMasi mojicTaHoBKa, To 3agada ((A& B)I', C') takzke cunraercs: pa3pernin-
MOit 1 @ cuuTaercsi ee JOIMYCTUMON IOICTAHOBKOIA.

5. Ecmu (T', A) u (I, B) cyTh ABe paspenMble 3311, y KOTOPBIX CyIIe-
CTBYIOT COBMECTHMBIE JIOMYCTUMBIE MTOJICTAHOBKY 1 1 69, TO TOTIA pasperu-
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ma 3azada (I', A&B) u ee 1omycTiMO TIOICTAHOBKOI sIBJISIETCSI KOMOUHATIUST
01 n 92.

6. Ilycrs ncesmodopmysna C ectb aroMm, JU3bIOHKIMS, | nin nmeer Buj
Jdx D(z). Torma eciun (A (AV B)I, C) u (B(AV B)I', C) cyrb aBe pasperin-
MbI€ JIOYEPHUE 3aJIa49d, Y KOTOPHIX CYIIECTBYIOT COBMECTHMBbIE JIONYCTUMbIE
nojcraHoBKu 01 u 0y, To paspemmma takxke 3anada ((AV B)T, C) u ee no-
IIYCTUMOI ITOJCTAHOBKOI cumTaeTcss KoMonHarms 61 u 0.

7. Ecom st @ = 1 wim @ = 2 paspemnma 3aga4da (I, 4;) u 0 — ee jgomy-
cTuMast oJIcTanoBKa, 1o 3aada (I, A1V Ag) Takzke cumraeTcst pa3perumoii
u 0 cauraercs ee JOMyCTUMOM ITOJICTAHOBKOIA.

8. Ilycrs nceBnodopmyiia C ecTh aToM, NU3bIOHKINS, | MM MMEeT B
dx D(x). Torna zanava ((Vx A(z))I, C') moxkeT OBITH CBeseHA K HOBOIT 3a-
naue (A(X) (Vz A(x)) T, C), rme X — HoBasi ryiobaJibHAasT MeTaIllepEMEHHAsT B
norckoBoM zepese. IIpu sTom ecmu moguepnss 3amzaqda (A(X) (Vo A(x)) T, C)
paspermmMa u § — ee JOIyCTHMasl MOJACTAHOBKA, TO CUUTACTCS PA3PENIMMON
poiuresnbekas 3agada (Vo A(z)) T, C) u 0 canraercst ee jonycrumoii mos-
CTaHOBKOM.

9. Ecin paspemmmva 3agaqda (I', A(y)), rae ncesmodopmynst us I' ve co-
JiepKaT CBODOJIHO MEpEMEHHOi ¥y, a § — ee JoMycTUMAasi IOJICTAHOBKA, TO
paspentnmva 3anada (I, Vo A(x)) u 6 — ee nomycrumast oICTaHOBKA.

10. Ilycrs ncesgodopmyiia C' ecTb aToM, I3 bIOHKIUs, | nim nmeer Bu,
dx D(z). Torga eciu pouepnss 3amada (A(y) (Jx A(z)) T, C) paspemmnma,
ryie ncesnodopmysibl u3 I' He comep:kar cBOOOJIHO IepeMeHHoit y, a 6 — ee
JIOIyCTUMAst TOJCTaHOBKa, To 3aja4da ((Jz A(x)) T, C) paspemnmva u 6 — ee
JIOIIyCTUMAsT TIOJICTAHOBKA.

11. Bagauga (I', 3x A(x)) moxker ObiTh cBenena k 3amade (I, A(X)), rae
X — HoBas T06aJibHAsi MeTalepeMeHHas B IIOMCKOBOM jepese. [Ipu sTom
ecan godepuss 3amada (I, A(X)) paspemmmva u 0 — ee jgomycruMmast moji-
CTaHOBKA, TO CUUTAETCs paspermunmoii pojuresnbekas 3agada (I, 3z A(x)) u
0 cuuTaercst ee JOIYCTUMOI MOICTAHOBKOIA.

12. Tlycrs nceBmodopmysna C ecTb aroM, JU3bIOHKIUS WA UMEET B/
Jdz D(x). Torma ecom paspenmma 3aga4da ((—-C)I', L) n 6 — ee nomycrumast
noJjicTaHoBKa, 1o 3aja4a (I, C) Takake cuntaercs pa3penmmMoit u  canraercst
€e JIOIyCTUMOM II0JCTaHOBKOM.

DopMyIUPOBKaA IPOAYKIIMOHHON cucTtembl P3 3aBepiiena. [Ipomykimon-
Hast cucreMa Pg 3a/1aeT aJIrOPUTM [TOUCKA PEIIeHNs JIelyKTUBHON 3a/1a49K He
YTOUHsIsI CTPATETUIO TIOCTpoeHust jiepesa noucka tuna W /WUJIN. Badukcupo-
BaB KOHKPETHYIO CTPATErHIO MbI TIOJIY IMM HEKOTOPYIO PEAU3AIHIO TaK chOop-
MYJIUPOBaHHOTO ajroputMa. CTparerust HOCTPOEHUsI JIEPeBa MMOUCKA 3aKJII0-
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JaeTcss B METOJMKE BBIOOpa JIMCTa i (POPMUPOBAHUS Y HErO, BO-IIEPBBIX,
MHOKECTBa BCEX MPUMUTUBU3UPYIOIIUX ITOT JINCT IMOJACTAHOBOK, BO-BTOPBIX,
BCEX JOYEPHHUX CBA30K BEPIIUH, COOTBETCTBYIONINX IIPABUJIAM JIEKOMIIO3H-
MU, 3aTeM KaxKJas MPUMUTHBU3UPYIONIAs MMOICTAHOBKA “MOJHUMAETCsT TI0
BETBH, COCIUHSIONIEH JIICT ¢ KOPHEM, C IOMOIIBIO OllepaIlini KoMOnHAIWH |3].
Tem caMBbIM B X0J1e TIPOIIECca ITOCTPOEHUSI JIepeBa MIONCKA Y ero BepIuH (hop-
MUPYIOTCsT HADOPBI JTOIMYCTUMBIX IIOJICTAHOBOK. YKa3aHHAS POy KIIMOHHAS
CHCTEMAa CJIYKUT 3TAJOHOM /I YCTAHOBJIEHUSA KOPPEKTHOCTU U TIOJTHOTHI
MPOIYKITMOHHOM CHCTEMBI CO CKyJeMusalmeil, Koropas 0yaer cpopMyaInpo-
BaHa B CJIEAyIOIIEM paszese. B kadyecTBe CHUMBOINYECKUX Ha3BaHU chopmy-
JIMPOBAHHBIX ITPABUJT JEKOMIIO3UIUHN 2 — 12 6yaeM cOOTBETCTBEHHO HUCIIOJIb30-
BaTh cJejylone obosHadenust: (O—), (—D), (& =), (— &), (V. =), (= V),
(¥ =), (= V), (3=), (=), (Lo).

SamMernM, 9To ecyint O SBJISIETCST JOIMYCTUMOI MTOJICTAHOBKOI pa3pemnmMoi
3a/1a4d, TO €€ JIOIYCTUMON 110 OIIPEJICJICHUIO CUATACTCA TaKzKe BCAKad MOJI-
cranoBka A < 0. Eciu 7 ecTb paspemnMmast 3aada u § — ee JIONMyCTHMAsT
IIOJICTAHOBKA, TO UHAYKIMEN 110 BbICOTE JePUBAIMOHHOIO JIEPEBa yCTaHABJIU-
BaETCs, ITO BCsIKast MOJICTAHOBKA A < 6 sIBJIsTeTCsI JOITYCTUMOI TIOJCTAHOBKOM
BCEX MTOTOMKOB 3TOH 3aJladM T B JEPUBAIMOHHOM JE€pPEBE. JTO MO3BOJISIET II0
JIF00OI JIOITyCTUMOI TIOJICTAHOBKE § OJIHO3HATHO HAXOJUTH COOTBETCTBYIOIIEE
JIEpUBAIIOHHOE TTO/AePeBo O, KOTOpoe CUNTAeTCsI PelleHneM 3a1a9u. Takoe
mojiiepeBo © MmojiygaeTcs B pe3yJibraTe PeKypPCHBHOIO Iepedopa BCeX ajib-
TEePHATUBHBIX CBS30K JOYEPHUX MOI33/a9d W BBIOOpA Ha KaXKIOM IIMare Toi
CBSI3KH M3 HHUX, KOTOPasl COAEPKUT B Ka4eCTBE KOMOMHAIINU IIOICTAHOBKY 6.

IepuBanuonnoe nepeso © MO3BOJILET pellaTh 3aJa4y IOMCKA BLIBOLA B
cJIeyroIeM cMbicye. Eciu nepuBannorHoe moiepeso © B jiepeBe MOUCKa Co-
OTBETCTBYET HOIyCTUMOI IOACTAaHOBKE #, TO MHIAyKIUeil 110 BhicoTe © ycra-
HaBJIMBaeTcst, 910 6§ > X\ s j1060ii OCHOBHOI IOJCTAHOBKUA A TaKOi, 4TO
O\ ectb BbIBOJ B mcunciaennu ceksenimii S [3|. CrencrBuem mocsiesaero
YTBEPXKJIEHUsT SIBJISIETCST TEOPeMa O KOPPEKTHOCTH U ITOJTHOTE JJisi ChOpPMYy-
JIMPOBAHHON MPOLYKIIMOHHON CHCTEMBI P3 IO OTHOIIEHWIO K UCINCIEHNIO S3,
T. €. cekBennyst I' — A BuIiBoguMa B S3 TOT/Ia M TOJBLKO TOIJA, KOIJa 3a/1a9a
(T', A) paspemmma B P3. YKazaHHas CHCTEMa JEKOMIIO3UIUN JI€1yKTHBHBIX
3aJa9 YacTO CTAaBUTCs BO IJIABY yIJIa IIPpH pa3paboTKe KOMIILIOTEPHBIX CH-
crem asromarusaiun jgeaykunn (3], [8], [9]. Hegocrarku Ps 6b1mm oTMedeHbI
BO BBEIEHUU U IIEPBOM Pas3elie.
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3. llpoaykimonHas cucrtemMa AeyKTUBHBIX 3aJla4 CO
CKyJieMu3alumeii

[Ipu periennn 3a1a9 yCTAHOBJIEHUS BHIBOAUMOCTH HJIM ITOMCKA BHIBOIA C Ile-
JIBIO TOBBIIIEHUsT 3(OPEKTUBHOCTH 3TOT'O IIPOIECCA YACTO IPUMEHSIIOT T€ WJIN
WHbIE WHBAPUAHTHBIE MTpeobpasoBanust dopmyr. I[IpeobpaszoBanue, KOoTOpoOe
3J1eCh paccMaTpUBaeTCs, HasbiBaeTcs ckyaemusayuet [2], [10]. Crynemusa-
[IHsI TIO3BOJISIET YIIPOCTUTH aJITOPUTMHUUYECKYIO YaCTh IIPOIELYPhl YCTAHOBJIE-
HUs BBIBOOUMOCTH. VIMes B BULy KOHTEKCT METOIa MeTalePeMEHHbIX, MBI Oy-
JIeM 3aHUMaThCA peobpa3oBanuemM rceBaodopmyt. [Ipu srom Mol Oymem uc-
[I0JIb30BATh TAKON HOBBLII BapUAHT YACTUYHON CKYJIEMU3aIUd, KOTOPLIA 1103-
BOJIZET HE TEepATbhb CBA3b C MCKOMBIM OILHOCYKI_LQI[‘GHTHBIM CEeKBCHIIMAJILHBIM
BBIBOJOM, M TE€M CAMBIM C HATYPAJIbHLIM BBIBOIOM. DTO IO3BOJISIET UCIIOJb-
30BaThb CKYJIEMU3AIUIO B paMKaxX IIPOIEAYyPhI IIONCKa HATYPaJIbHOI'O BBIBOJIA
[1].

Honooicumenvrvle 1 oOMPUUAMEALHBIE SLodHCIeHUA TICEBIOMOPMYILI B
11ceBA0OPMYJTy OIPEeIe UM HWHIYKIMEH [0 YHCIY JOTUIeCKHX CBSI30K.
Bxox nenne mceBnodopMyibl B ce0s CIUTAETCS TOJIOXKUTEIbHBIM. Ecn rmces-
nodopMmysna B I0JI0KATEIBHO (OTPUIATEIBHO) BXOJAUT B IICEBIOMDOPMYILY
A, 10 B 10I0KUTEIHHO (OTPUIATENHEHO) BXOAUT B MCEBIOMOPMYJIbI BUIA:
A& A, A& A Ve A, AV A, A’V A e A A D A; u orpunarenisio (11oJio-
JKUTEJIbHO) BXOAUT B 1iceBnodopmysinl Buja: A D A’

Bxoxnenune ncesnodopmyibl C' B rceBnodopMyay [ HAa3bIBAETCA CMpPo-
20 MONOHCUMENLHDBIM, €CJTA OHO SIBJISIETCSI TIOJIOXKUTETBHBIM 1 HE HAXOIUTCS B
aHTele/ieHTe HeKoTopoil uMiumnkanuu B D. Bxoxaenne C' 8 D OyneM Ha3bI-
BaTh CMPO20 NOAOHCUMENLHBM GHAAUMULECKUM, €CTIU OHO SIBJISIETCST CTPOTO
TOJIO’KUTEILHBIM M HEe HAXOIUTCA B 00JIACTH AEHCTBUSI HEKOTOPOH N3 bIOHK-
muu B D.

Ilon sHaxom exostcienus ao2uMeckotll C6A3KYU B YKA3aHHYIO ICEBIOMOP-
MyJIy OylIeM IIOHMMAThb 3HAK TOIO BXOXKJIEHHUs IICEBIOMOPMYJIbI B yKa3aH-
HYIO TICeBI0(MOPMYILY, IJIABHON CBSIZKOH KOTOPOro OHO siBjisiercst. Ilom ahaxom
sxooiclenus npedukammoz2o cumeona OyIeM IMOHHMATL 3HAK COOTBETCTBYIO-
IIIET0 BXOXKJIEHUsT aToMa. byaem ropoputs, 9To mcesodopmysaa A obiamgaer
CBOTCMBOM “UCTOMDL NEPEMEHHDIL, €CJIA, BO-IIEPBLIX, BCE €€ CBA3aHHbIE IIe-
PEMEHHBIE OTJIUYHBI OT CBOOOMIHBIX U, BO-BTOPBIX, JIIOObIE Ba Pa3/IUIHBIC
BXOKJIE€HUS] KBAHTOPHBIX IIPUCTABOK CBS3BIBAIOT PA3JIMYHbIE IE€PEMEHHbIE.

IIycrs A — mpowusBosibHasI ICEBIO(MOPMYIa CO CBOMCTBOM YHUCTOTHI IIe-
PEMEHHBIX U JT — HEKOTOpasi CTPOro IMOJIOYKUTE/bHAST aHAJTUTHIECKAs K-
3uCTeHIMa bHas npucraska B A. Pasmeprocmoio nepemennoit ¥ 8 A 6ymem
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HA3BIBATH YMCJIO PA3JIMIHBIX KBAHTOPOB BCEOOITHOCTH, YIIPABJISIONINX Iepe-
MenHoit x. Ilycts k — pasmeprocTb mepemenHoit © B A u f — k-MecTHBIN
GYHKITMOHATBHBIN CUMBOJI, He BeTpedatormuiicss B A. CMCOK BCEX CBSI3aHHBIX
KBaHTOPaMM BCEODITHOCTHU MEPEMEHHBIX B IOPsIIKe BXOXKJieHUusi B A, ympas-
JISTIOIIUX TIepEeMEHHON © B A, 3amuineM B BUJE 21, - . . , 2k. Pe3yisvmamom npu-
menenus K nape (A, T) CKyaemosckozo memoda INUMUHAYUL KEAGHMOPA CY-

x
wecmeosarus OyneM Ha3bIBaTh 1ceBnodopmyry A~ , TIIe
f(z, 2k)

A~ ob6o3Ha"aeT pe3y/bTaT BhIUEPKHUBaHUsSI N3 A €IMHCTBEHHOI'O BXOXKJIEHUST
KBaHTOPHOM npuctaBku Jz. D1y ncesaodopmyity 6yiaem oboznadars S(A, ).

Cryaemosckots Hopmasvhot opmot iceBrodopmysibl A OyreM HA3BIBATH
nceBaodopmyity, obosnadaemyio Sk(A), KoTopasi onpee/IseTcst WHLYKIeit
110 9UCJIY JIOTTYECKUX CBA30K:

o Sk(B&C) = Sk(B) & Sk(C), Sk(B 5 C) = B S Sk(C), Sk(BV C) =
BVC,Sk(T)=T,Sk(L) = L.

e Ecim A nmeer Bun Jx B, o Sk(A) = B ( v )

C

e Eciu A umeer Buz Vz B, o npomnecc Berauciennst Sk(A) pasbusaercs
Ha JBa 3Tama. Ha mepBoM sTame Iocjie 3JMMUHAIMA CTPOTO MOJIOMKH-
TeJIbHBIX aHAJIUTUYECKUX KBAHTOPOB CYIIECTBOBAHMS U BBEJCHUS CKY-
JIEMOBCKIX (PyHKIHUI MOJIydaeM IceBaopopMyIy

A =S(...(S(S(A, 1), z2),...), 7).

Ha Bropom sTame mocne Bbraepkuanusg m3 A’ ¢Tporo mojoxuTens-
HBIX aHAJIMTUYCCKUX KBAHTOPOB BeeobmuocTu noayudaem A”. Hakonern,

TIocJie BBEJIEHNST HOBBIX JIOKAJTBHBIX METAIlePEMEHHBIX /1, ..., Ly TO-
JIydaeM MCKOMBII pe3yJIbTaT
I cee Zm
Sk(A) = A .
Zl coe Dm

Hanpumep, ckyneMoBcKoit HOpMaJibHON (hopmoii hopMyJIbI
Vavy ((3z (P(z, 2) & P(z, y))) D JuQ(z, u, y))
SABJISIETCs TICeBI0OpMYyIa

(32 (P(X, 2) & P(2,Y))) D Q(X, f(X,Y),Y),
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rie f — HOBast CKyJieMOBCKasi yHKIus, & X U Y — HOBBIE JIOKAJIbHBIE Me-
TanepeMeHHbIE.

[Iycte D ecTh CTPOro MOJIOXKUTE/IbHAST AHAJTUTUYIECKAsT TOJIICEBIOMOP-
Mmyita ticepiogopmysibl C' u D ectb aroMm, musbioakmus, | wm T. Ilycrs D
HAXOMUTCST B OOJIACTH JEHCTBUS TIOCTIEI0BATETHHOCTH KBAHTOPOB

V21 .. Vzp, 30iVzn, 41 .. Vo, J0aV2n, 41 - Van, 30pV2n, 41 - - . Van,4m. (1)

IIycTth B mporiecce cKyJieMH3aluu HPU SJIUMUHAIMKA KBAHTOPOB Jvup, ...,
Juy, BBOASITCA HOBBIE CKyJleMOBCKHe GyHKIHE @), ..., @p*, a npn -
MHUHAINA KBAHTOPOB V21, ..., VZy, 4y BBOIATCA JIOKAJIbHBIE MeTallepeMeH-
HBIC Z1, ..., Znu+m- Lorma npomoxosom cxysemusavyuu C ommuocumenv-
no D HasoBeM Iocje/loBaTeIbHOCTh Icesgodopmyn P, ..., P,, Kotopas
dopmupyercst u3 gacreit ncesmodopmysabl C U MOJEIUPYET IPOIECC CKY-
nemusaruu. Tounee rosops, A ncesgodopmyn P, ..., Py uvmeem Py = C,
21 [N Zni+m (%) ce Vi
P, =D k " n u
Z1 an+7n (pll(Zh...,an) @kk(Zl,...,an)
(Zi);
n; .
(QOZ 7'(Zla ey an))a

ecm P] = VZZ‘ B(Zi), TO Pj+1 =

B
ecm P = 3v; B(v;), 1o Pjy1 = B
e eciu Pj = By D By, To Pj11 = By;

e ccu Pj = B1 & By u D sxonut B B;, 10 Pj11 = B;.

Ommnoweruem nodobus OyjieM Ha3bIBATh pedJIEKCUBHO TPAH3UTUBHOE 3a-
MBIKAHIE OTHOIICHUS MEXKAY ICeBI0MOPMYIaMHU, KOIIa OQHA M3 HHAX IIOJIY-
Jaercst U3 APYyroil B pesyJbrare 3aMeHbl moucesodopmyist uga (M & N)
na (N & M).

C KaxKIpIM CTPOrO IOJOKHUTEIbHBIM AHAJIATHICCKAM BXOXKAcHneM D B
C cBsizana nogobnast C' cepaodpopMysia BUIa

Q11$11 cee erlmln (01 A1
Q21721 - - Q2ryT2r, (Ca X2 (... o)

Qslxsl ce ersxsrs (Cs As Qs+1,lxs+1,1 ce QS+177‘5+1:I;S+1,T5+1 D)) i ')7

Y KOTOPOH IIeII0YKa KBAHTOPOB

QllJUll cee ersajsrs Qs—l—l,lxs—i—l,l cee Qs+1,rs+1xs+1,rs+1 (3)

conajaer ¢ (1), A; € {&, D} u nporokos cKyjemuzanuu OTHOCHTENLHO D
COBIIQJIaeT € MPOTOKOJIOM cKysiemusaiuu C oTHocuTebHO D. Bymem Hazbl-
Barhb (2) nopmarvhot gopmot C' ommocumenrvro D.
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IIycre D ecTb CTPOro MOJIOXKHTEJbHAS aHAJUTUYECKas IIOAICEBI0odop-
Mmysta ticeBmodopmysasl C u D ects arom, musbonknus, | waun T. Torma
npenexcroti gopmoti C ommnocumenvro D HazoBeM 1ceBropOpMyILy, IOy 9a-
emyio n3 C' B pesy/abTaTe BBIHECEHHS B HAMAJIO NCEBAOMOPMYIIBI BCEX KBaH-
TOPOB, KoTOpble yupasisior D B C.

OueBnanHo, 9To ecau HopMasabHad ¢popMa C oTHOCHTENBHO D uMeeT BHL
(2) u C" ectb npenexcuas dopma C orHOCHTENLHO D, TO HOpMaBHAST hopMa
C' ornocurensHo D umeer BUL

Q111 - Qstlrg 1 Torlrsy (C1 A1 (C2 A2 (... (CsAs D)) ..). (4)

[Tcesnodopmyiy (4) Gymem HasblBATH npenekchol Hopmarvhot gopmots C
ommuocumenvro D. Dty ncesnodopmyny 6ygem obosnauars PNF(C, D).

[Tycrs F' = Sk(C') u Hopmasbhas dpopma C' orHOCTHTEBHO D nMeeT BuJy
(2). Torma pesysbrar cKysemusanuu 1nceBaoopMysibl (2) umeer Bu/L

Fid (FBada (e (Fs A Q) ..o, (5)
rue G= DC? E = CZCa
CI < 21 cee Znp+m (%] Vk )
Z1 Zn;ﬁ—m (qul(Zl,...,an) SOZk(Z177an) ’
G — C; eciu \; =D;
| Sk(Cy), ecmm \; = &.

Bynewm nasbiBats (5) nopmaavrot gopmot F omnocumenvro G. Tlcenodop-
myay (5) Oymem obosuatars NF(F, G). Amnaukarmot HOpMaIbHONH (DOPMBI
F orHOocuTeibHO G HA30BEM KPATHYIO KOHBIOHKITHIO

F &F,& ... &F;,,

rae Ay, = Aip = ... =\, = “D” — Bce nMmmmKanun cpeau \; € {&, D}.

Jledyxmusnoti sadauets nazosem napy Buja (Sk(I') 7 G), rae I' — xoneu-
HOE MHOXKECTBO IICEBI0MOPMYJI, KOTOPOe Ha3bIBaeTcs anmeyedenmom, a G
— 1ceB0dOpMyIIa, KOTOPAasi HA3BIBACTCST CYKUEJeHMOM ITON 116 lyKTUBHON
sagaqan. [Ipu sTom nceBmodopmymnt u3 I' u mcesnodopmyna G He comgepKar
JIOKAJIbHBIX METallepEMEHHBIX, HO, BO3MOXKHO, COJEp:KaT IiiobajbHble MeTa-
[epeMeHHbIE.

Cdopmynupyem Temepb MPOIyKIIMOHHYIO CUCTEMY JF3 C MeTalepeMeHHbI-
MM M CO CKyJeMu3alueil, B paMKax KOTOPOW OyIyT peraTbcs Je1yKTHBHBIE
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sagaqn. [lIpumumusnsie dedyxmusHvie 3a0dayuu STONH CUCTEMBI CYTh IIPOU3-
BOJIbHBIE 33JIa4N JIBYX BUJIOB

r?T u (&Z1'4;) T'?G,

rine G coBuajaer ¢ HekoTopoir A; u npu 3tom G — arom mim L.

Yro0B! permarh 1eyKTUBHBIE 3a0a91 TelePh ONPEIeIUM NPasu.ld C6Ede-
HUA 360a4 K nodzadavam IPOLYKIIMOHHON cucreMmbl F3. [IpaBuia mocTpoeHbl
BECbMa, €CTECTBEHHO U YIAJSIOT JIOTHIEeCKIe CBSI3KU CJIeBa U crpasa. [IpaBu-
JIa, JIEKOMITOZHUIINY M300ParKaloTcsl B BUJIE JIBYX3TayKHOM KoHCTpYKImu. 1o
YepTOil MBI IHUIIEM POIUTEIBLCKYIO 3a1ady. Hax geproil nuimeMm ee govepHne
nouzasadn. PsamoM ¢ 4epToil MBI yKa3blBAeM CHMBOJIMYECKOE OOO3HAUEHNE
[paBuIa.

1. Ectu I'?7 A1 u I'? Ay cyTb aBe paspelnmMble 3a1a4i, Y KOTOPLIX Cy-
[IECTBYIOT COBMECTHUMBIE JIOIYCTUMBbIE MOJICTAHOBKE 01 u f, TO Torma pas-
pemmMa 3agada ['? Ay & Ay 1 komOuHAIUS TOACTAHOBOK 01 1 fo cuumraercs
ee JIOIyCTUMOil moscTanoBKoit. CuMBoIMIecKn C(OOPMYTUPOBAHHOE TIPABHUIIO
JICKOMITOZUIUN 3AIIMCHLIBACTCS B BUJIC

F?Al; F?AQ
74, & A,

(?&)

U IoHuMaeTcs Tak: 3a1a9a Buga ' 7 Ay & Ag cBomurest Kk aByM 3agadam ' 7 Aq
nl'?7A,.

2. Ecim paspermmva 3agada Sk(A)I'? B u 6 — ee jonycrumasi mojcra-
HOBKA, TO CUMTaeTcs paspemumoii samada ['?7 A D B u 0 cuuraercs ee I0ILy-
cruMoii mogcranoBkoit. To ecTb, 3amada I'? A D B cBoauTcs K HOBOM 3a1a4e
Sk(A)I'? B:

Sk(A)T'?B =
r’A->B (7).

3. Ecnu paspemmmva xotst 661 ogHa u3 3aga4d 1I'7 A;, rae ¢ = 1 winm ¢ =
2, a 6 — ee gomycruMasl IMOACTAHOBKA, TO CUMTAETCS Pa3peIIMMOi 3a1ada
I'? A1V Ay u 0 cunraercst ee J0oImyCcTUMOI mojcranoBkoii. To ecrb, 3aja4a
['?7 Ay vV Ay moxer ObITH cBeieHa K moazagade I'? A; (ais ¢ = 1 wim 2):

I'?A;
I'?7A;1V Ay
4. Ecsn paspermma, 3a1ada I' 7 A(y), tae ncegodopmyiast u3 I' He comep-
JKaT CBODOIHO TIepeMeHHoi ¥, a § — ee JiomycTrMasi MOJCTAHOBKA, TO CUUTA~

ercst paspenmmoit 3a1ada I' 7V A(x) u 6 cauraercst ee J10IyCcTHMOI O/ICTa-
HoBKoil. Kparko rosops, 3anada I'? Vo A(x) cBomurcs nopzamade I'7? A(y),
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rae Yy — HOBasd CBO60,ILH&H npeaMeTHad IIepeMEeHHad B IIOMCKOBOM JI€pEBeE:

I'?7A(y) ()
r*ve A(z) © 7

5. Ecim paspemmmva 3amada I'? A(X), tie X — noast riiobasbHast Me-
TallepeMeHHasl B [IOMCKOBOM Jepese, a ) — ee HOoIycTHMasl MOJACTAHOBKA, TO
cunraercs paspemumoit 3agada I'? 3z A(x) u 6 cunraercs ee jomycTumoii
nozcranoBkoit. To ecrs, 3amaua I'? 3z A(x) Moxker ObITh CBejieHa K Jio4Uep-
ueit 3agaze I'? A(X):

r?7A(X) 3
7?3z A(x) (73).

6. llycrb G u G' — yuudurupyembie arombr mm L, NF(A, G') nmeer
Bug &=T'A; u A, = G Tlyers mopcraHoBKa 1) 3aMeliaeT Bee JIOKAJIbHBIE
Metanepementble B A HobiMu riobanbabivu u 6 = MGU(G, G'n). Toraa

cumTaeTcs paspermumoit 3agada AT 7 G u mogcranoska § cauTaeTcs ee J0My-
. o ) j=m
crumoit ojictanoBroit. O6o3nauuB yepes B; miceBmodopmyny & it

MOZKeM 3alliCaTb YKa3aHHOE IIPAaBUJIO B BHU/IE

Aj M

(&= Ai)n (Ain) (Bin) - .- (Am—1n) (Bm-1n) AT ?7G
AT 7G

(&?).

7. Ilycts G u G’ — yuudunupyemsle arombl wm L u G’ ecTb cTporo
[MO3UTHUBHASI aHAJIUTHIEeCKasT Mo ceBIodopmyaa ncesaopopmynsr A. ITycrs
[IOJICTAHOBKA 7) 3aMEIaeT BCe JIOKAJIbHbIE MeTallepeMeHHble B A HOBBIMU TJ10-
Gamueivu, 0 = MGU(G, G'n) u € = o o. Ilycrs HOpMmanbHast dopma A
orHocuTebHo G MMeeT BHL

A (A2 da (o (A M G .0,

rae A\ € {&, D}. Iycrs A;, & A, & ... & A;, — uMnmKanTa 9T0i HOpMAJIb-
ot popmbl. s kaxkmoro ¢ = 1, ..., n myctb B; obo3HadaeT mnceBaodop-
MYyJLy

Ai+1 >\i+1 (Ai+2 /\i+2 ( .. (An An G)) .. )

U i Kazkjaoro j = 1, ..., k mycts A obo3HadaeT MHOMKECTBO, 3a/aBaeMoe
paBeHCTBaMU

Al = {NF(A7 G,)a Ala Bla A27 B27 sy Ailfla Bhfl}?

Aj=A;_1U{B -y Ai1, By}

iGj-1)7 *-
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Torna ecim A§ AL'? A€, ..., ARE AT'? A;, € obpasyior k pa3penmmbIX 3a-
Jlad, Y KOTOPBIX CYIIECTBYIOT COOTBETCTBEHHO JIOIYCTUMbIE TIOJACTAHOBKA 01,
..., 0 Takme, UTO COBMECTUMBI MOJICTAHOBKU o, #1, ..., O, To cunraercs
paspermuMoii Takxke 3aga4a A7 G u kombunanus o, 01, ..., 0 cauraercs
ee JomycTUMO# mofcTaHoBKoOMW. CHUMBOTIYIECKN ¢(hOPMYIUPOBAHHOE TTPABIIIO
CBEJICHUS 3a/a9 K I0/[3a/[a9aM 3allUChIBAETCS CJIELYIONINM 00pa3oM:

AT?G

8. Ilyctb G ecTb aToM, mu3bioHKIMS, | mim niceBodopmyia Buga 3x B, a
takke D1V Dy ecTb CTPOro MO3UTHBHAA aHAJIUTHIECKAST TOICEBI0MOpMYIa
nceBodopmyasl A. Ilycrs HOpMasnbhaast dopma A oraocuresnbro D1 V Do
UMeeT BUT,

(D7).

A\ (A2 A2 ( .. (An An (Dl V Dg)) .. .),

rae A € {&, D}. Ilyers A;, & Aj, & ... & A;, — uMmIuEKanTa 3TOH HOP-
MaJIbHOI popMbl. IIycTh 1oJCTaHOBKA 1) 3aMeIIaeT BCe JIOKaJbHbIC MeTalle-
pemennble B A HOBBIMU ry106abHBIMU. Jljis Kaxkjoro ¢ = 1, ..., n nycrs B;
obozHataeT 1nceBnodOpPMyIy

Aiv1 Ai (Ai+2 Ait2 ( .. (An An (D1 V DQ)) .. )

u 1mycTh MHOzkecTBa A u Aj, mie j = 1, ..., k, 3375a10TCsl paBeHCTBaMNI

A = {NF(A, DV DQ), Ay, By, As, Bo, ..., Ailfl, Bilfl},

Aj = Aj—l U {Bi(jil), ey A’i]‘—].) Bij—l}v
A:AkU{Bik,...,An,Bn}, B, = D1V Ds.
Torpa ecmn (AnAT'? A;m), ..., (Agn AT'? A;.m), (Sk(D1n) (An) AT'?G),
(Sk(D2n) (An) AT ? G) obpasytor k + 2 paspermuMble 3a/1a49H, y KOTOPBIX CYy-
IMECTBYIOT COBMECTUMBIE JIOMYCTUMBIE MOJCTAHOBKY 61, ..., Ok, Or11, Ox1o,
TO CUMTAETCs paspelnnMoil Takxke 3anada AI'? G 1 ee momycTuMoil moacTa-
HOBKOI CYUTAETCA KOMOWHAINS TOJACTAHOBOK 01, ..., O, k11, Op1o. Takum

obpasom, 3agada Al'? G comuTes K cireayionuM k + 2 moazagadaM:
A AT'? A m; cees Apn AT’ 7 Ay ;s
Sk(Din) (An) AT'?G;  Sk(Dan) (An) AT?G
AT?7G (vV2).

9. Hakomner, Mbl nmeeM mpaBuiio nporuBopedns (L¢): ecmn G — atowm,
M3 BIOHKIUS 1K 1iceBaodopmydia Buga 3 B, paspemnma 3aja4a (—-G) 7 L
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u 6 — ee jomycruMasl MOJICTaHOBKa, TO pazpermmma 3ajgada ['7G u § —
ee JoIycTUMas IojcraHoBka. To ectb, 3agada ['?7 G cBoguTes K mOA3a1a-
qe (-G)I'7 L:
(-G)T'?L (L)
r?G o

DopMyIIPOBKA MPOLYKIIMOHHON CUCTEMBI J3 3aBepiiieHa. byieMm ee Ha3bI-
BaTb NPOJYKYUOHHOT CUCTNEMOUT IBPUCTIUYECKO20 Noucka 6bieoda. IIpomyKim-
OHHAsI CHCTEMa JF3 3aJ1aeT aJI'OPUTM ITOMCKA PENIeHUs] 3a1a9l ¢ TOUYHOCTHIO
JI0 cTpaTerny nocrpoenus jepesa noucka tumna U /MJIN. Sadukcuposas KoH-
KPETHYIO CTPATErH0 MbI IOJIyIUM HEKOTOPYIO PEAJIU3AIMI0 TaK CHOPMYJIH-
poBanHoro ajropurma. Hampumep, anroputm [1] ucrmosbsyer crpareruio me-
pebopa B TIyOUHYy.

Samernm, 4To ecyin 0 SABISETCS JOIYCTUMOI ITOJICTAHOBKON pa3pemnMoit
3a/1a9, TO ee JIOIYCTUMON CUYUTAETCsI TAK¥Ke BCsiKasi MOJCTAHOBKa A < 6.
Eciin 7 ectp paspemumas 3ajada u § — ee JIONYCTHMAasi MOJICTAHOBKA, TO
UHJIyKITHEH 110 BBICOTE JIEPUBAIMOHHOTO JIEPEBA YCTAHABIUBAETCS, ITO BCS-
Kas TOICTAHOBKA A < ) SIBJISIETCS TOMYCTUMOI TTOICTAHOBKOM BCEX TIOTOMKOB
9TOH 339U T B JEPUBAIIMOHHOM JIEPEBE.

Ou4eBuHO, YTO paccMaTpUBaeMble B 33 JaHHOM JEepeBe IIOWCKa Y HOP-
MaJtbHbIe (DOpMBI TiceBIodopMyJI 3aBucsT ot jepesa X: Sky (A), NFx (A, B),
PNFyx (A, B). Tem He MeHee Mbl 6yjieM B 9TUX 0003HAYEHHSIX YACTO OILyCKATh
HHJIEKC Y, KOIJIa [M0pa3yMeBaeMblil KOHTEKCT Y. OYEBU/JIEH.

B cireyrormux 1ByX pasjenax J0Ka3bIBAIOTCS TEOPEMBI O KOPPEKTHOCTH U
HOJTHOTE JIJIsi CPOPMYJIMPOBAHHON TPOJIyKIIMOHHON CUCTEMBI J3 110 OTHOIIe-
HUIO0 K UCYUCIeHnio S3. TeM caMbiM yCTaHABJIMBAETCST B3AUMOCBSI3b MEXKJTY
[IOMCKOM DeITeHus 3a/1a9 B J3 U [IONCKOM BBIBOJIA B KJIACCUYIECKOM UCYUCIE-
HUU cekBeHIuit S3. st 9TOr0 TAM yCTAaHABINBAETCS SKBUBAJIEHTHOCTH F3 1
P3 ¢ Touku 3peHust obbema perraeMbix 3ajad4. Vcrosmb3oBaHne CKyJleMu3a-
UU B F3 MPUBOJUT K JIMMUHAIIUU CTPOTO TOJIOXKUTETBHBIX AHAJTUTHIECKAX
KBAHTOPOB B aHTEIEeIeHTaX JIeIyKTUBHBIX 3a/1a9aX. DTO [T03BOJISET N30eKaTh
KOMOMHATOPHOT'O B3PhIBA IIPU IPUMEHEHUU KBAHTOPHBIX [IPABUJI, BOSHUKAO-
mero B Ps.

4. Teopema o0 KOppPEeKTHOCTH

Jloka3biBaemasi B 9TOM paz/iesie TeopeMa 0 KOPPEKTHOCTH IIPEJIOCTABIISAET 3-
deKTUBHLIN CII0COO U3BJIEUEHUSI JIOTUYIECKOTO BBIBOIA W3 JIE€PUBAIIMOHHOIO
I10/1JIEPEBA, TIOUCKOBOI'O JIEPEBA, PA3PEITNMOIl JIeIyKTUBHON 3a/a49u. Y Ka3aH-
Has TeopeMa, JIETKO JIOKA3BIBAETCH Jjis MPOIO3UITNOHAJILHON YACTU MPOIYK-
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LIUOHHOM CHUCTEMBI SBPUCTHUYECKOrO IOUCKa JF3. Pacrnpocrpanenne sToro mo-
Ka3aTeNbCTBA Ha BCIO JF3 CBA3AHO C ONPEAEIEHHBIMY TPYAHOCTSMU, KOTOPBIE,
TeM He MeHee, YIAeTCs YCIEIIHO IPeoioieTh. B 1oKa3aTebeTBe TEOPEMBI O
KOPPEKTHOCTU OyJIyT MCIOJIB30BAHbI JIBA IIPEIJIOKEHNsI, KOTOPbIe (hOPMYJIH-
PYIOTCSI HUXKE.

IMpeamoxenune 4.1. ITycmv D ecmv cmpozo NOAOKHCUMEALHAA AHA-
aumuneckas nooncesdogpopmyaa ncesdogopmyave C u C' ecmov npenexcras
gopma C' ommnocumenrvro D uau nodobnas C ncesdogopmyaa. Tozda ecau 6
Ps3 paspewuma 3adaua (C'CT, A) u 6 — ee donycmumas nodcmarosra, mo
3adaua (CT, A) maxorce asasemes pazpewumots u 0 asasemes ee donycmu-
MO NodcmaroeKot.

JloKkazaTeabCTBO MOXKET OLITD II0JIyYeHO TPUBHAILHON MHIYKIHeH 10 BbI-
COTE JEPUBAIMOHHOIO JEPeBa. JTO YTBEPKIACHHE, a TAKXKe CJIELYIONee Ode-
BUJIHOE CJIEICTBHE, HaM IIOTPEOYIOTCH HIUXKE B IOKA3aTEILCTBE IIPEIJIOXKe-
Hus 4.2.

Caencrue. [lycmo D ecmb cmpozo nosoHCUMEAbHAA GHAAUMULECKAA
nodncesdogpopmyna ncesdogopmyan, C. Tozda ecau e Ps paspewuma 3ada-
wa (PNF(C, D)CT, A) u 6§ — ee donycmumas nodcmarosra, mo 3adaua
(CT, A) maxorce asanemes pazpewumoti u 0 asasemes ee donycmumots noo-
cmanoskol.

[pennoxenue 4.1 u ero cieacTBue, MO CyTH, TIPEJICTABIAIOT coOOH dhop-
MYJIMPOBKH JOIYCTUMBIX IPABUJI JTEKOMIIO3UIUH, KOTOPbIE MBI OyJIEM COOT-
BETCTBEHHO cuMBosmdeckn oboznavars ([IP—) u (IIHO—). Yepes O|S 6y-
J1eM 0D03HAYaTh MOJIEPEBO epeBa ©, KOTOpoe COmepKUT y3ea S aepesa ©
B KauecTBe KOPHs, a TaKyKe Bce ero moroMku. Ha mumarpammax dpparmest

;" Byzer 0603HAYATE YacTh Jepesa. Hampumep, Gurypst

Si S Ss

S S

0003HATAIOT COOTBETCTBEHHO HEKOTOPOE JEPEBO ¢ KOpHEM S I HEKOTOPOE Jie-
peBo ¢ KopHeM S 1 ero rnmoroMkamu Si, So, S3.

IIpennoxenune 4.2. Ecau sadavwa (Sk(I') 7 A) paspewuma 6 npodykyu-
onnoti cucmeme Fs, mo 3adava (', A) paspewuma 6 npodyrkyuonmot cucme-
me Ps.

X ... X,
+ — IIOJCTaHOBKa M3 Ha-
.

t1
6opa JomycTuMbIx nojacraHoBok 3agadan mo = (Sk(I') 7 A). Mer npesnona-

Zoxazameavcmeo. Ilycts 0 = (
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raeM, 9TO IIOJCTAHOBKa 6 sIBJIgeTCS OCHOBHOH. B IpoTHBHOM ciydyae MbI
MOKEM 3aMEHHTh ‘HepelleHHble’ MeTallepeMeHHble Ha KOHCTaHTbI n3 Hy.
IIycrs © — cooTBeTcTByIOIIEe STOH MOJICTAHOBKE 6 JIepUBAIMOHHOE Iepe-
BO. HyKIueil 1o MOCTPOEHUIO JIEPUBAIIIOHHOIO JepeBa O MOKaXKeM, Kak B
pamkax Ps nocrpoutsb jgoiycrumyto st 3anadn (I, A) nopcranosky 6 =

X ... X,
< ...t
Pazobbem mporecc mocTpoenust gepera © Ha srambl. Bysem cumrarh, 9TO
Jutst (popmupoBaHusi fgepesa O,1 u3 jepeBa O, Ha TEKYIIEM JTale 1 BbIOU-
paeTcst HEKOTOPBI JINCT IMOCTPOEHHOTO MojAepesa O, C O u hopMupyTCcs
BCe €ro JouepHue BepIuHbl. [IycTh mporece pacimupenust S3bIKa, IPU IIOCTPO-
eHun Jiepesa © uMeeT B

’ > U COOTBETCTBYyIOIIee eii JgepuBallioHHOE Jepeso O

©CO;C...CO,C0,4,1C...C 0, =06,
QC QCHC...CQC Oy C...C, (6)
HyCH,C...CH,CH,1 C...C Hp.

[Ipexkme Bcero BBemeM caemyoine obosHadeHus. O6o3HaUNM depes3 Sy
MHOZKECTBO BCEX CKYJIEMOBCKHUX CHUMBOJIOB U IPEAMETHBIX HePEeMEHHBIX, I10-
ABUBIINXCSA B 3aJa9€ T, B pe3yJbTaTe JCKOMIIOZUINN €€ POIUTEILCKON 3a-
maun. OboszHaunm yepe3 1, C H, MHOXKeCTBO Bcex TepMmoB t € H, Buua
f™(11, <oy Tm), Tae f™ — HEKOTODBIi CKyJIEMOBCKUII CUMBOJI, KOTOpbIE Ha-
xogTcs B jepese (O|my,)0 u comeprkar CUMBOJIBL U3 S, .

ITokazkeM, Kak IJIsl KazKJIOrO JepeBa 6, MOXKHO IIOCTPOHUTDH IIOICTAHOB-
ku 0, u, u gepeso ©) Takume, uTO KOpHeM jepeBa O sBisiercs 3ajava
my = (I', A), 1ouepHre BEPIIMHBI HOJIYYAIOTCS U3 POJUTEIBCKIX O OJHOMY
U3 JIONYCTUMBIX PABHJI JEKOMIIO3UIME CUCTeMbl P3, a JucThbs nepesa O
GO TPUMHUTUBU3UPYIOTCS TIOJCTAHOBKOI 6, MO0 COOTBETCTBYIOT Hepac-
KpBITBIM JiucThaM 7, = (Sk(T',)?7A,,) aepea O, u sBjsiioTCS 3aJa49aMu T,
Buga 7, = (A, AL). Ilpu sT0M posb noacTaHoBoK ¢, u i, B 0603HA-
4aeMOM MITPUXOM (POPMUPYEMOM COOTBETCTBHH 3aKJIIOYAETCH B TOM, 9TO HAa
KaxKJIOM Imare n 6, cocrapjsier 4acTb UCKOMOii 6’ u cojepKuT cBOOO/IHBIE
peIMeTHBIE IepeMeHHbIe, BBOAUMBIE I yCTPAHEeHHA CKYJIeMOBCKUX (DYHK-
Wi, a [t, 3aMEeHSeT 3T IIPEJAMETHDbIC IePEMEHHbIEC Ha TEPMbI CO CKYJIEMOB-
ckumu pyurmusaMu. st 3Toro popMupyemMoe COOTBETCTBHE Oy/IeT TaKuM,
9TOOBI COOTIOIAMNCE CIEIYIOIINE CBOMCTBA:

e cciin IceBOBbIpazkeHne ' BXOAUT B 7], 1 COOTBETCTBYET IICEBOBbIPa-
x)euuto E, ro E0 = E'(0], o uy,); B wactaoctu, A0 = Al (0], 0 uy,) u
— T (0 .
L0 = T0(0), © un):
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e kaxjomy repmy t € Hy, suna f™ (11, ..., Tm) u3 gepesa (O|m, )0 rako-
My, urto t & Ty, conocTaBiseTcss HeKOTOPbIil TepM 1 6e3 CKy/I1eMOBCKIX
dbynkunit Takoit, uro t =t/ .

Bsenmem meckosibko HOBBIX ObOo3Havenwmit. [ljgs muOokecTtBa TepmoB T,
OIIPEJIETM TIOJCTAHOBKY Oy U Uy, KOTOPbIE Oy/IeM HA3bIBATL CONPAHCEHHbI-
mu qmcry m, = (AT, Al) nepesa ©),. Jljst 5TOr0 pacCMOTPHM IOCTIEI0-
BaTeJbHOCTD TceBodopmysn Fi, ..., Ej Takyio, 9To I KayKJI0ro TepMa
t = f(r1,...,7n) u3 T, B 9TOil 1I0CJIEIOBATEILHOCTH COJEPIKUTCS COOT-
BETCTBYIOIINI STOMyY TepMmy dparment Py, ..., Py, cocmasaenmbiil coeaacho
npomoxosy crysemusdanuu. Ilocneanee oznadaeT ciemyiomiee. I1ycTh ckyJie-
MOBCKUiI CUMBOJI f TIOSIBUJICSI B JIEPEBe MOUCKA B Pe3y/IbTare CKYJIeMU3alin
ncesgodopmyiasl C € Ty, Ilycrs PNF(C, D) umeer Bug (4). Ilycrs xkBan-
TopHas npuctaBka (3) mcesmodopmyssr C' umeer Bug (1). [Ipu sTom Gymem
CUHTATH, YTO CUMBOJIBL Y1, ..., ¢ BBOsTCS IpK cKy/temusaruu C' ¢ oMo~
IIBIO SJIMMUAHAIMN KBAHTOPOB Jvy, ..., v, u3 (1) u f ecTb 0uH U3 CHUMBOJIOB
@1, ..., ppF. BBeseM HOBbIE IPEAMETHBIE IIEPEMEHHBIE Y1, . .., Y U HOBBIE
rj100aJIbHBIE MeTalepeMeHHble Y71, ..., Y,, . CocraBuM nenouky mcesiodop-
Myt Py, ..., P, rakyio, uro P; = PNF(C’, D’),

Pq = VznkH . .Vznﬁm(C{ )\1 (Cé )\2 ( .. (C; )\3 D/)) .o .)"}/,

72(2’1 B O ’Uk>_
Y1 Ynk Yy - Yk ’
e eciu Pj =Vz B(z;), 10 Pjy1 = B(Y;);
e ccin P = 3v; B(v;), To P11 = B(y;).

IIycTh TepMbl 71, . . ., 7, COOTBETCTBYIOT TEPMAM T1, ..., T, € Hp, T €. 7; =
! o, Conpaorcennvimu mepmy t = f(11, ..., 75) € T), MBI OyJeM Ha3bIBATDH
CTIEIYTOTINE TIOICTAHOBKH:

i Y, ... Y, ... Y
(B0 T, )

/ /
T, Ty oo Tpy oo Ty

( Y1 Yk > . (8)
T, ooy Tny) e O (T s Tay)

O6beIuHIB BCe BLIUUC/IEHHBIC /IS KayKJ0ro TepMa u3 1), Takue COIpsizKeH-
HbIE UM TIOJICTAHOBKU (7) MBI U HOJIYIUM CONPANCEHHYIO 3a0a4e T, HOICTa~
HOBKY 0y,. AHAJIOTMYHO, 0OObEIMHUB BCE MOJCTAHOBKH (8) MBI TIOJTy9aeM MOJT-
CTAHOBKY Uj,.
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,HJIH TaK OIIpeAeJIECHHBIX ITOJCTaHOBOK (Sn n Vp, COIPA?KEHHDbIX 3a/ave

m, = (AT, A}), oupeemM IMOC/IeI0BATETEHOCTE KOHEYHBIX MHOMKECTB
ncesmodopmyn AL C A2 C ... C Al cuenyrommm obpasom: A}, = A, U
{E1, ..., Ej}, 5 =1, ..., 1. CieacrBueM HHIYKTHBHOIO IIPEJIIOIOKEHNS O

3ajiade m, OyIeT To, 9TO 3a/auu

/ / 1y / L /

(Anrn? An)? (Anrn7 An)’ o (Anrnv An) (9)
00pa3yIoT I0CJIeI0BATEILHOCTb, B KOTOPOW KazK/[as CJIe/LyIOIas 3aJ1a-
Ya SIBJISETCS PE3YJILTATOM IIPHMEHEHUsSI OJHOIO M3 MPABUJI JAE€KOMIIO3UIINH
(IIH®—), (V —) wm (3 —) k npeapiayineit. Ilpu sTom 0, u vy, GbLmm 110-
CTPOEHBI TaK, YTOOBI IEMoUKa 3a1a4 (9) 0bJ1aiaia e/ Ly onIMI CBOACTBAMIE:

e ccyu micessobbipakenne E' Bxomut B (ALTY | Al) m coorserctByer

ncesnoBbIpaxennio E, to 0 = E'((0), U d,) o (un Ury)); B gacTHO-

cru, A0 = AL ((0,Udy) 0 (unUrvy)) u T8 =T ((6),Udy) o (un Ury));

e kaxjomy Tepmy t € Hy, u3 nepesa (O |, )0 comocrasisiercst HEKOTOPBIi
TepMm t' 6e3 cKynmeMoBeKuX (DyHKIuUiA Takoil, uto t = t'(u, U 1y,).

B nauajie nporecca nocrpoenus jepesa ©' monoxum Ag = (0, T, = T,
o0 = A, m, = (Aly, Ap), ©f = {7}, 6 = € u py = €. Ouesnnno, Uro
aepeBo O 1o orHOuIeHHO K ©) 0bsanaer TpebyeMbIM CBOHCTBOM.

IokarkeM Kak HOJIy9HTH JepeBo O | u3 gepesa ©) B 3aBHCHMOCTH OT
IpaBu/Ia JIEKOMIIO3UIINN, KOTOPOE UCIOJIb3YeTCst pu (DOPMUPOBAHKN JIepeBa
Op11 u3 gepesa 0O,. Beero numeercs 10 mpaBuji, KOTOpble Mbl pACCMOTPHUM B
caeytomeit mocaenosaresnsaoctn: (7), (7T), (7Vy), (73), (7&), (7V), (Le),
(V?), (&7), (27).

1. Iyctb Oy 11 nostyuaercst u3 O, B pe3yJsibTare IPUMEHEHUs TPABUIIA e~
komnozunuu (7 D). Dro 3uauur, uro A, = (B1 D Bs), A0 = (B1 D By)f =
(Bi0) > (B) = (BY(#), o 1)) > (B30 o ) = (B} > B, 0 o) =
AL (0] 0 up), A, = (B} D B)), I'ny1 =T U{B1}, 441 = By n s3bIK
Q41 dABJIsieTcst pacIiIupeHueM s3biKa (), 3a cdyer ckyjaemusanuu Bi. [Tycrs
IOJICTAHOBKU 0y, U Uy COUpsiKeHbl jmcry m,. Iycers (AN, By D Bb),
(ALTY . B} > Bb), ..., (ALTY | B} D Bj) ecth mocTpoeHHas Tak, Kak yKa-
3aH0 BbIe (9), COOTBETCTBYIOIAs MOJCTAHOBKAM 0, U Uy, LENOYKa 3ajad,
B KOTODOH KaxK/[asl CJIeJIyolas 3ajada siBJIsieTCsl pe3yJIbTaToM IIPHMEeHEeHNUsI
onuoro u3 npasui Jekomnosuipn (ITHO—), (V —) wm (3 —) K upejsi-
aymeii. Homoxum 0], 1 = 0, Uy, g1 = pin Uy, I, = T, U{B},
i1 = Bym Apyy = Al epeso ©/, 41 chopmupyem u3 gepesa O, ¢ 1o0-
MOIIIBIO IPUMeHeHns cHadasa npasui u3 cuucka ([THO—), (V —), (3 —), a
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zareM npasuia (—D):
(B AL, B))

n-—n?’

(AT, B 5 BY)

n-n’

(AlT! | B, D Bj)

n-—nd

(AnT7, By D By)

(T, 4)

B pesymnbrare s smcra (Sk(T'yq1)? Any1) nmepeBa O,41 B Jepese
O, cdhopmuposan et Tpebyemoro Buja (A, 4117, ,4, Aj, ;) Takoii, aTo
Ap10=Al (0], 110 pny1) mTpy1@ =T (60,1 0 ping1). Taxum oGpasowm,
nepeso O 1 TI0 OTHOIIEHHIO K O, 1 CHOBa 00J1ajaeT TpebyeMbIM CBOICTBOM.

2. ycre guer m, = (Sk(I'y) 7 A,) nmepesa ©,, sBIsieTCS TPUMUATHBHOI
sajadeil, y koropoit A, = T. Dro 3nauur, aro A, (0l opu,) = A,0 =TO=T
u A), = T. B stom ciaydae Opy1 = Oy, Homoxum O, = 0O/, 0, =0, u
int1 = . IIpu sTOM HepeBo O ; BHOBB 00/1ajaeT TpeOyeMbIM CBOACTBOM

U UMEET BUI:
(A7, T)
T, A)
3. llyctp Oy 41 nostyuaercst u3 O, B pe3ysbrare IPUMEHEHUS TPOJLYKITUN
(?V;). Cuenosarensno nmeem A, = (By V By), A, = (B} V Bj). Ilycrs

n
TIOJICTAHOBKAM Jp, U Uy, COOTBETCTBYeT Temouxa 3aaad (ALT! BV BY), ...,

(ALTY,, B} v BY). Homnowum 0], = 60/, Uy, pins1 = py Uvy u A = BL.

n-n’
Hepeso ©;,,; chopmupyem u3 jgepesa O, ¢ MOMONILI0 IPUMEHEHHST TPABHT
(IH®—), (V =), (=) u (— V,):
(LT, B)

n-—n’

(AT, B[V B})

n-n’

(ALTY, B! v BY)

n-—n’

(AnT, By V By)

I, 4)
B pesysbrarte chopmuposanmbiit B O], 1 muct umeet Bug (Ap I, 1, A L),

Yro coorsercryer HoBoMmy ety (Sk(I'y41)?An11) B nepeBe Opyq.
4. Ilycts ©p41 nosydaercst u3 O, € MOMOIMIBIO IPHMEHEHUS IPABIIIA
nekomnosunuu (73). Dro suauut, uyro A, = (Jx B(z)), A, = (Fz B'(x)),

63



i1 = Ty, Appr = B(X), X = X, X5 € dom#@ s HeKoTOpOro
se{l,...,r}, ts € Hy, ts € (O|my)0. Ilycrs Tepm t, coorseTcTBYET TEp-
Xs
t/ 9
S
fnt1 = i Uvn u A; | = B'(X,). Orciona nmeem B'(X,) 0, | = B'(t,) 6, u
An10 = A} 1(0),11 © piny1). Taxum obpasom, uckomoe jgepeso O, | HOTy-
Jaercst u3 JepeBa ©) B pesysbrare IPUMEHEHUs CHAYAJA TIPABUJ U3 CIIICKA
(MIH®—), (V —), (3 —), a 3arem upasuia (— 3):

My ts, T.oe. ty(pn Uvyn) = ts. Torma nomoxum 6, = 6, U, U

(ALTY . B'(Xy))

n-—nd

(AIT? 32 B'(z))

n-n?

(ALT! | 32 B(2))

n-—n’

(AT, Jx B'(2))

(]:_‘.’ A)

5. Ilycte ©y,41 mosyuaercs u3 ©,, mo npasuiy (7&). Dro 3HaunT, 9TO
A, = (B1& By), A, = (B} & By). Ilonoxum 6), | = 0;,Udp 1 finy1 = finUlp.
Torma nckomoe fepeso O], | moiyudaercs u3 ©), B pe3yabTaTe IPHMEHEHHs
npaswi (ITHO—), (V =), (3 —) u (— &):

(ALTY, BY)  (ALD%, Bj)

n-n’ n-nd

(ALT7, Bl & BY)

n-n’

(ALY, B! & BY)

n-—n’

(Anly,, By & Bs)

T, )

B pesyspraTe Kaz bl chopMEPOBAHHbIL B ©), | | HOBEIl JIHCT HMEET BUJ
(AnJrJ‘;H_l, A;H_l), rie A;Z_H = B} wm A, = Bj. Yro coorBercrByer
kaxxgomy aHoBomy ety (Sk(Iy41)7An4+1) aepeBa Oy 4.

6. IMycts O,,1 momyvaerca u3 ©, ¢ IMOMONILIO IPUMEHEHUS TPABUIA
nekomnosuruu (7). Dro 3maunT, 9TO A7/L = (le B(x)), An+1 = Bla),
Qny1 = QU {a}, Ty =Ty Homozkum 6], = 6, U by, piny1 = pin Uy 1
Al 1 = B'(a). Hepeso ©;, | noryunm u3 aepesa O;, Kak Pe3y/IbTaT HECKO/Ib-
KUX IpuMeHeHuil cHavasa npaswi u3 cuucka (IIHO—), (V —), (3 —), a
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3areM npasuia (— V):
(ALY, B'(a))

n-—n’

(AIT?  Vx B'(z))

n-n?

(ALTY | Vz B(2))

n-—n?’

(AT, Vo B'(z))

(T, 4)

7. Ilycrb ©,,41 monyvaercs u3 ©,, no npasuiy (L¢). CienoBaresbHO nme-
em Iy =T, U{=4,}, Appr = L, 1,0 =T(0), 0 up) m A6 = Al (0], 0 ).
Homozxum 6], | = 0, U, piny1 = pn Uy, I =T U{=A)}u A | = L.
Hepeso O], | cchopmupyem u3 fepesa O], ¢ IOMOIIBIO IPUMEHEHNS CHAYAIIA
npasui (ITHO—), (V —), (3 —), a 3arem npasuia (Le):

((047) ALTY, L)

n-—n’

(ALL, A7)

n-n’

(AT, A7)

(AnT7, A7)

(T, 4)

B pesymbrare ps smcra (Sk(I'y41)7An41) gepesa O,41 B gepese O,

cchopmuposan et Tpedyemoro Buma (Ap 117, 1, A} 1) Taxoii, ato L'y 116 =
r1(On o) m App10 = L = Al (0,10 ftng1). Tem campiv pacemot-
penue ciaydas (L) 3aBepineHo.

Paccmorpenue mocsenanx tpex ciaydaes (V?), (&?) u (D?) npeasapum
orpejiesienneM HOBBIX moHsiTuil. [IycTs F ecThb mceBaodopMya u3 JeBoi Ja-
cru 3aza4n, HopmasibHast popma NF(F, () KoTopoii HCIIoIb3yeTcst B yKas3aH-
HbIX npasmitax jgexomnosunun. Ilycrs F = Sk(C) u coorsercrByiomast (5)
HOpMaJibHast (popma ricesodbopmysibl C' umeer Bu (2). IIpu srom Gyiem cun-
TaTh, ITO HpH cKyreMusarun C BBOASTCH k CKylIeMOBCKUX byHKIWmIT ¢!, ...,
©* ¢ IOMOIIBIO SIMMUHAIMN KBAHTOPOB Jv1, . .., Jug. CIHCOK BCex cTporo
MTOJIOYKUTETBHBIX aHATUTHICCKAX CBSI3aHHBIX KBAHTOPAMHI BCEOOITHOCTH TIe-
PEMEHHBIX B MOPsiJIKe BXOKJeHus B C 3amuineM B BUAE 21, ..., Zm. LlycTh
Y1, ..., Yy, cyTh riiobasibHBIE MeTalepeMeHHbIe TIOICTAHOBKH 7), KOTOPhIE BBO-
JISITCST BMECTO JIOKAJTBHBIX METANIEPEMEHHBIX 21, . . ., Ly TCeBIodopMyibl F.
Yi Y5 ... Y,

BosbmeMm gactnb
T1 T2 e Tm

) nojcranosku 6. I[Tycrs Tepmer 79, . . .
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/ _ !
T,, COOTBETCTBYIOT T€PMAM T1, ..., Tm € Hp, T. €. 73 = 7] (ptn, Uvy,). [omoxkum

s LY Ye o Y
n —vn / / !/ .
T T ... Th
BBenem nosble cBOGOAHDIE IPEJIMETHBLIC IIEPEMEHHBIC U1, . .., Yi W I0JIO-
SKUM
~ U1 e Yk
Up = Up U n1 n .
1Ty ooy Thy) - 0 (T, Tng)
Cocrasum crucok DY, ..., D\ Bcex cTporo IHoJIOKHTEILHLIX AHAJIUTH-
YecKuX BXOXKJeHuil aromos, musbionkimi, | u T B PNF(C’, D) raxoii,
yro D} = D’. Chopmupyem crucok 1cespodopmyn Py, ..., Py Takoii, 4ro

P, = PNF(C', D)) u xaxnas crenyiomast Pji 1 B 9TOM CIIICKe €CThb IPEHEKC-
o !/

Hasi chopma Ipeablayieit P oTHOCHTEeIbHO Dj 41- Hocrpoum sTOT CHUCOK,

J06aBuB HOBBIE HceB0MOpMyIEl Py 1, ..., P, Takue, uro P, He copepxKuT

CTPOIO IOJIOXKUTEJIbHBIX aHAJIUTHIECKUX KBAaHTOPOB U

e ecin Pj =Vz; B(2;), 10 Pjy1 = B(Y;);
e ecim Pj = Jv; B(v;), To Pjy1 = B(y;).

O6osuaunm C = PNF(C, D) u F = NF(F, G)n. Tlcesnobopmyst Py,
..., Py B wacrnocru Brinouator ncesnodopmyinst C' = Py u F' = Py, na
KOTOPBIX BBIOJTHAIOTCS PABEHCTBA

Co = C'((0, Uby) o (1n Uip)),

B9 = (6], Udn) o (1 U ). (10)

s copmuposannbix ncesjodopmyn Pi, P, ..., Py 1ocTpouM cooT-
BETCTB AL A2 Al I'=1
yiommue uM MHOKecTBa AT Artel AL e I = [ 4 ¢, corracuHo
CJIEJIYIONINM PABEHCTBAM:

AL AL u{P), A2 = AL u{p, P}, ., AL = AL U{P, . B

CiieicTBUEM MHJLYKTUBHOIO HPEJIIOJIOXKEHUs O 3aja4e 7, OyJeT TO, U4TO 3a-
Jagan

(AnTh, AL), (AT, AL), -, (AL, A7),
(ALFITY, AL, ..., (ALTY,, AL) (1)

00pa3yIoT II0C/IE/I0BATENbHOCTE, B KOTODOH KaxKiasl CJIeJyIoIas 3aJa-
4a sIBJISETCS PE3yJIbTATOM IIPUMEHEHUS OJIHOIO U3 IIPABHJI JIEKOMIIO3UIIHN
(MIH®—), (I1d—), (V —) wm (3 —) k npeapyaymeii. [Ipun sTom menouka
zazad (11) obsagaer cieayonmMu CBORCTBAMU:
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e ccm mcenopbipakerne B sxomnr B (ALTY | A') um coorsercrByer
ncesoBbipakennto £, o E = E'((6), U 0,,) o (in, U Iy,)); B 9acTHO-

cri, Apf = AL (0, Udn) 0 (jn Up)) m Tpb =T (0, Udn) © (jin Ubp));

e kaxjomy Tepmy t € Hy, u3 nepesa (O |, )0 conocrasisieTcst HEKOTOPBIi
TepM t' 6e3 ckyneMoBCKUX (DYHKIWH Takoit, 9to t = t/(u, U Iy,).

Dr1u croiicTBa ykaszaHHbIX 33729 (11) HAM TOTPEOYIOTCS HUXKE TIPU PACCMOT-
peHNM TeX Caydaen, Korjaa jepeBo 0,41 dopmupyercs u3 nepesa O, ¢ mo-
MonpIo paBu Jekommosurmn (V?), (&7) u (D7).

8. Ilyctb ©, 41 nonyuyaerca u3 O, B pe3yjbrare IPUMEHEHUs PaBUIa
nekomnosuruu (V7). Torma cymecrsyer ncespodopmyna F € Sk(T',,) ¢ Hop-
MaJIbHOM (OpMOi BHIA

Fi )\ (Fg Ao ( (FS A (Gl \/Gg)) )
TaKas, 9To p + 2 33/1a9u
((31n) Sk(I'n) 7 Fyym), -, ((Zpn) Sk(I'n) ? Fy,m),

(Sk(Gln) (277) Sk(Fn) ? An)7 (Sk(GQU) (277) Sk(Fn) ? An)

00pas3yIoT y 3aa9u T, BCe JoUepHue Bepiiuubl B fiepese O. [Ipu atom Oymem
cuntarh, 9To Iy & Fiy & ... & F; ) — nMmummkanTa 9T0i HOpMaIbHO# hopMBbl,
[OJICTAHOBKA 7) 3aMelaer Bee Jiokasbhble Meranepemennbie B NF(F, G1VGy)
HOBBIMU TJIOOAJIBHBIMU, & TaK>Ke

R = Fit1 Nip1 (Fi_;,_g Ait+2 ( .. (FS As (Gl vV Gg)) .. .), 1=1,...,s,

Y= {NF(Fa G1V G2)7 Fi, Ry, Fy, Ry, ..., F%lfb Rilfl}v
Z] = ijl U {Ri(j_1)7 R F%jfb Rijfl}v ] = 27 sy Dy
E:EPU{Rip,...,FS, Rs}, R, =GV Go.

Beenem o6oznavenusi. [lycrs F' = Sk(C') u coorsercrsytomas (5) HOp-
masibHast popma tcesgodopmynbl C' umeer sug (2). I[Tycrs KBanTOpHAST IPU-
craska (3) ncesrodopmyinst PNF(C, D1V Dy) umeer Bug (1). Ilycrs Y7, ...,
Y, cyTh riobanbHble MeTanepeMeHHble OACTaHOBKHY 7). [IycTh

(AL ALY, (ALTY ALY, o (AT ALY, (AT ALY, L (AT AY)

n-n’ n-n’ n-n’
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eCTh [OCTPOEHHAs TaK, KaK yKasaHo Bbiiie (11), coorBeTcTByIomas mojacra-
HOBKAM 0y, 1 7y, TIETTOYKA 33184, B KOTOPOH KazK Tast CJIe Iy TOITAsT 38,154, SBJIs-
eTCsl pe3yJIbTATOM ITPUMEHEHHs! O/IHOro u3 npasui Jekomnosumnun (ITHO—),
(IP—), (V —) nm (I —) k upenpiymeii. [Tomoxum

z i Y2 ...,
;LH:e;uénzagu(Snu(T{ _— TZ)

’

Pnt1 = i U Up, An—i—l = An

Brenem obosnadennsi: C' = PNF(C, Dy Vv Dy), F = NF(F, G1 V Ga2)n,
F, = Fin, R; = Rin, f]j =Ynu > = 3. Ilycrs ncespodopmynst F/| Fl R,
..., F!, R coorsercTryior ncesnodopnmynam F, Fy, Ry, ..., Fy, R,. Beegem
careryonye 0603HaYCHHA:

/1 - {F,a F{v ,17 Fé7 /27 RN 1',1—17 Rg‘l_l},
Z.’] :E;—lu{R;(]-_l)? M EZ’-I? Réj—l}? j :27 "'7p;
S =S U{R], ..., Fl, R}, R,=G\vGh

CuesicreueM (10) sIBJISIIOTCSE CJIEIyIOIIE DABEHCTBA:

Co = OI(H;L—H 0 fn+1), Fo = F/(e’/n—i-l O fn+1),

ie:ﬁi/(al—i-lo:unJrl)’ Rie:Ré(9;1+loMn+l)’ t=1,...,s,

SJH = 22(9;—1-1 0 MnJrl)? 29 = i:,(97,1—‘,-1 0 ,un+1)7 .] = 17 <oy D

Hepeso O], chopmupyem u3 jepesa O] KaK Pe3yJbTaT HECKOIbLKHX
npuMeHeHnit cHavasta npasmt u3 ciucka (IITHO—), (IId—), (V =), (3 —),
3areM u3 cuucka (O—), (& —), u B Konre KoHuos (V —):
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(GLS/ALT,, A) (G ALTY, Ay
(G) v Gl 7 AT, A7)

n-n’

N
i I ~ ~ = v
(A, T, F7) (B 5 AT, 4))
(3, AL T, A7)

(SL AL FL) (R SANT, A))
(S1AL T, A7)

(Ry Fy Ry F{ AL T, AL)

(R} F{ AL T, AL)
(AL T, A7)

n’

(AL T, A)
(A, T, A7)

n?

(I, 4)

B pesymbrare B sepese O/, | cdopmuposansl p + 2 HOBBIX smcTa. [Ipn
sroM st Kaxkoro Hosoro Jsincra (Sk(Ty41) 7 Any1) JepeBa ©,41 B jepese
O, 1 C(bOp/MI/IpOBaH HOBEIA stcT TpeGyemoro Buma (A,1I7, 1, Aj, ), rae

_ Al
Apy1 = AL

9. Ilycts O,41 nonyvaercs n3 O, B pe3yabrare NPUMEHEHUS IIPABU-

na gekommosunuu (&7). B srom ciydae nogcraHoBKa € NpUMUTHBU3HDY-

er zamaay m, = (Sk(I'y)?A,). D10 o3HavaeT HaimdHe MCEBIOMOPMYIIDI
F = Sk(C) € Sk(I',)) ¢ nHopmasbHOit dopmoii Bua

P& (P& (F&G)...)

Takoil, uTo mojcTaHoBKa O siBisiercsi yHuduraropom A, u Gn. Ilpu srom
7) — IIOJCTAHOBKA, KOTOpasl 3aMEHsIeT BCe JIOKAJIbHbIE MeTalepeMeHHbIE B
NF(F, G) na noble riiobaibuble. BeegeM cielyomue 0603HaAYCHUSI:

RZ:FZ+1&(FZ+2&((FS&G))7 izl,...,s; RSZG
ITycTh
(AT ALY, (ALDY ALY, o (AT ALY, (AT ALY, L (AT AY)

n-n’ n-n’ n-n’
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eCTh [OCTPOEHHAs TaK, KaK yKasaHo Bbiiie (11), coorBeTcTByIomas mojacra-
HOBKAM 0y, 1 7y, TIETTOYKA 33184, B KOTOPOH KazK Tast CJIe Iy TOITAsT 38,154, SBJIs-
eTCsl pe3yJIbTATOM ITPUMEHEHHs! O/IHOro u3 npasui Jekomnosumnun (ITHO—),
(IP—), (V —) nm (I —) k upenpiymeii. [Tomoxum

- i Y .. Y,
;m:e;lu(sn:e;uanu(ﬁ oo TZ)

MPnt+1 = p U ﬂn'

~ Bsenem obosnauenus: C = PNF(C, D), I = NF(F, G)n, Fy = = Fin,
R; = Rin, X = Xjn, Y= Xnu G = Gn. Ilycrs nceBpodopmyssl F' Fl,

Voo, FL R’ COOTBETCTBYIOT TICEBI0(MOPMYIaM F F1, Ri, .. , Fs, Rs.
CJIG,ZLCTBI/IGM (10) SIBJISTIOTCSI CJIEJIYTOIIE PABEHCTBA:

CO = OBy 0 pmsr),  FO = F'(6,1 0 pus),

F = Fl(0)1 0 pnt1), R = RO, 1 0pny1), i=1,...,s.

Takum obpazoM nMeeMm

AL (Ong10tnt1) = AL (Opopn) = And = (Gn)f = GO = R,0 = R;(‘%wloﬂn-&-l)v

!l ! n/ !
nYn+1 — L1 n+1_G n+1*

Hepeso O, chopmupyem u3 jepesa O] Kak DPe3yIbTaT HECKOIBKHX
npumeneHnii caadasa npasuwi u3 cuucka ([ITHO—), (IId—), (V —), (3 —),
a 3areM (& —):

(RUF, ... Ry Fy Ry F{ALT), A7)
(R’zﬁéﬁ’lﬁl’ﬂ I A3)

(R F{ AT, A’)
(A} F’n, A7)

(Al F’ A;)

n-n’

(An T, A7)

I, A)
B pesyisrare B gepese O 11 chbopmMEpOBaH JIUCT, KOTOPbI MPUMUTHBHU-
3UpPyeTCst IOACTAHOBKOIL 0], 11
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10. ITycrb ©,, 41 moayuaercst u3 6, no npasuiy (D?). Torga cymecrsyer
ncesnodopmysna F' € Sk(T',,) ¢ HopmasbHoii dbopmoii Bua

FM (B (... (FsAG)..)
TaKOM, 4TO p 3aj1a4

((Elg) Sk(rn)?F,ug)v SR ((Epg) Sk(].“n)‘?sz&)

0bpasyioT y 3aja4u 7T, BCE JOUEpHUE BepIIUHLI B jiepese O. [Tpu sToMm mnices-
nodopmyna Fy & Fy, & ... & Fj, ecTb ummmkanTa 3Tol HOpMasIbHO# hop-
MBI, TIOZICTAHOBKA 7] 3aMEIaeT BCe JIOKATbHbIE MeTallepeMeHHbIe B F' HOBBIMUI
riobasbhbivi, € = noo, 0 = MGU(A4,,, Gn), nojcranoeka  coBmecTuma ¢
0 W TakXe sBjsgercs yHudukaropom A, n Gn. Kpome Toro, nmeem

Rz‘ = Fi+1 )\2‘4_1 (Fi+2 )\Z‘+2 ( .. (Fs )\s G) N .), 1= 1, ey S,

21 = {NF(Fa G)7 F17 R17 F27 R27 ey El—h Ril—l}a
Z] - Zj—l U {Ri(j,1)7 ey Ej—l) Rij—l}v .7 - 27 -y Dy
Y =%,U{Ri, ..., Fo R}, R.=G.

Beenem obosnatenus. Ilycrs F' = Sk(C') u coorBercrByiomas (5) HOp-
masibHast popma ncegpodopmyisl C' umeer Bug (2). Ilycrs KBaHTOPHAST TPH-
craska (3) ncesgodopmynst PNF(C, D) nmeer Bug (1). Ilycrs Y, ..., Vi,
CyTh TJIODAJIbHBIE MeTallepeMeHHble o/icTaHoBKY 7). [lycTh

(AT ALY, (ALTY ALY, o (ALTY ALY, (AR ALY, ., (AT AL

n-n? n-n? n-n’

eCTh MOCTPOEHHAs TaK, KaK yKa3aHo Bbiie (11), coorBeTcTByIomas mojacra-
HOBKAM 0y, 1 7y, TIETTOYKA 33184, B KOTOPOH Kazk st CJIe Iy fOITAsT 38,154, SBJIs-
eTCsl pe3yJIbTATOM IIPUMEHEHHs OIHOro u3 npasui Jekomnosumnun (ITHO—),
(IP—), (V —) nm (3 —) k upenpiymeii. [Tomoxum

= Y1 V5 ... Y,
9;+1:9;u5n:a;uanu<7{ o T;,:),

Hng1l = fn U Dp, AnJrl = Aln

Kax 6p110 yeranossieno panee (10), ay1s ncesnodbopmyit C = PNF(C, D)
u F' = NF(F, G)n BBIIOTIHSIOTCS PABEHCTBA

Co = é,(O;H-l © [in+1), Fo = F,(H;H-l O fin+1)-
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Kpome Toro, nmeem ciemyromue paBercrsa: § = o o 6,

(NF(F, G)§)0 = (NF(F, G)(n o 0))d

:~(NF(F G)n)(oo8)
= (NF(F, G)n)d = F0.

Bgenem obosnauenus: F; = Fi¢, R, = R, f, =3 f, Y= Zf, G = G¢,
Fy = NF(F, G)¢. Iycrs nceB10OpMyJIBI F07 Fl, 15 - , R coor-
BETCTBYIOT IICEBIOMOPMYyIaM FO, Fl, Rl, .. FS, R;. BBe,ZleM cnegyloume
00O3HAUEHU S

S/ = A T A= VA VA 57
E1_{FO?Flv 17F27 2y 00 11 1) 01— 1}

2;' :E;‘flu{R;(j—m SR F 71, 71} J=2,...,p

S =S U(R,, ... FLR), R.=G

JlJIsi TIepevInC/IEHHBIX TICEBIIOBBIPAYKEHUN BBIIOJIHAIOTCS CJICIYIONINE Pa-
BCHCTBa

§

0 = E/(H;’L-i-l o :unJrl)’ Rle = R{L(H;’H-l o :unJrl)a t=1,...,s,

50 = X011 0 fing1), SO0 =010 pn1), J=1....p.

Taxum obpaszom nmeem

AL (01 0 ping1) = Ay (07, 0 pn) = Anf = (Gn)0 = (GE)0

o’
n
/
=GO = C'(0) 1 ° Hn),
! pnl / !
nYn+1 — 1 n+1 G n+1
,ZLepeBo @frH-l C(i)OpMprGM u3 Jgaepesa @;.L KaK pPe3yJ/IbTaT HECKOJIbKUX

npuMeHeHnit cHavasta npasmt u3 ciucka (IITHO—), (IId—), (V =), (3 —),
a 3areM n3 cuucka (O—), (& —):
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('S AT, AL

N
~ 4 ~ ~ =~ 4
(S, AL FL) (R, S, 80T, )
(S, AT, A7)

N
(SLALT, FL) (R SALT, A))
(S1ALT, A7)

(Ry Fy Ry F{ AL T, AL)
(Ry F{ AT, AL)
(AL T, AL)

(AL T, A)
(An Ty, A7)

(r, 4)

B pesymbrare B siepese O], | cdopmuposas p+ 1 JuCT, O/[UH U3 KOTOPBIX
IPUMHUTHBU3HPYETCA MOJACTAHOBKOM 6], 1, a OCTa/bHbBIE P JIICTHEB COOTBET-
CTBYIOT HOBBIM P JINCTHAM JiepeBa O, 1 1 uMeroT Tpebyembrit Bu. Tem caMbim
paccmoTpenue ciydas (D7) 3aBepiieHo.

st mocrpoenust O 41, a 3arem 6], 1 O] |, B COOTBETCTBHE C HPHUMe-
HseMOll crTpaTerueil Mbl BoOupasm juct 7, = (Sk(I',)?A4,) € ©,, y xoro-
POro TIOPOXKJIAIN JIOUEPHHE PA3PEIUMble BEPIIUHBI, COOTBETCTBYOIINE MO/~
craHoBKe 0 n obecreunBaioue paspenmMoCcTb BEPIINHbL T,. B pesysbrare
obta chopmupoBana nofcranoska ), suga 0 = 60, U0, U 3, a Tak-
2Ke GbII0 chOPMHEPOBAHO JepeBo O], , |, KOTOpoe IOJIydaeTcs U3 jepesa O
B pesysbrare 3amensl jucra m, = (AT, Al), COOTBETCTBYIONIETO JIUCTY Ty,
nepesa O,,, Ha HEKOTOPOE HOBOE IIOJIEPEBO ¢ KOpHeM 7. IIpu a1oM KaxKaast
BEPIIIHA p [OJIyYeHHOro fAepesa O, 0b/1aKaer CeyIonuM CBOHCTBOM: BO-
IEPBBIX, €C/IH p ABJISETCA JIACTOM JiepeBa O] |, KOTODBIH He COOTBETCTBYET
HEPACKPBITOMY JIICTY JepeBa Op 1, TO pf, | sBjIgeTCs IPUMATHBHON 3a/1a-
weif; BO-BTOPBIX, €C/IH 0], | SBIAETCS JOMyCTUMON JIsl BEPIIUH 1, . .., Pk,
BCEX JIOUEPHUX y BEPIIMHBI p B fepese O] 1, To 0] | ABjIseTcs TaKxKe [O0Iy-
crumoii u ust p. Ha 3aK/IH0UuTeIbHOM LIare 9TOro HMpoIecca Mbl II0JLyYaeM
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nepeso ©' = ©} u moxcranosky 0’ = ¢ Takue, uro ' sBiIETCA IOMYyCTH-
moii ojcranoBkoii 3agaun (I, A) u ©’ gBIAETCA COOTBETCTBYIOMMM 3TOI
nojcranoBke 6 gepuBanoHHbIM JiepeBoM. [Ipemoxkenne 4.2 nokazano. [

Teopema o koppekTHoctu. Ecau sadavwa (Sk(I') 7 A) paspewuma 6 Fs,
mo cexsenuyus I' — A evigoduma 6 Ss.

Jloxasamenvcmeo. Ilycrs 3amaua (Sk(I') 7 A) paspemunma B Fs3. Ilo npes-
qoxkenuto 4.2 orciona 3amada (I, A) paspemuma B Ps. Ilo Teopeme o Kop-
pekTHOCTH P3 Torna cekseniys I' — A BbiBoanMa B S3. YTo 1 TpeboBAIOCH
JTOKa3aTh. ]

JlokazaTeIbCcTBO KOPPEKTHOCTHU CONEPKUT B cede 3 eKTUBHBIN aJro-
PUTM IIOJIy9I€HUsT BBIBOJA B OJHOCYKIEACHTHOM HCUYUCICHUN CEKBEHIINN W3
JIEPUBAIMOHHOIO OJJIEpeBa TIOUCKOBOIO JilepeBa. B To »Ke BpeMst CyIIecTBy-
eT 3pPEKTUBHBIN AJITOPUTM Oy YeHUsT HATYPAJIBLHOIO BBIBO/IA U3 OHOCYK-
LIeJEHTHOI'O0 CEKBEHIMAJILHOIO BBIBOJA. Bce 9TO0 BMecTe gaeT 0OOCHOBAHUE
KOPPEKTHOCTH COPMYTUPOBAHHON B BHUJIE MPOIYKIIMOHHON CHCTEMBI TIPOIIe-
JIypbI IIOMCKa, HATYpPaJbHOr0 BbIBoJa. Io/IHOTa 9TOro MeToma MOMCKa BHIBOJIA
pacCMATPUBAETCA B CJIEIYIOMIEM pasielie.

5. Teopema o moJsiHOTE

Dopmysiupyemast B 9TOM pa3jiesie TeopeMa O MOJHOTE 00ECIIeTUBAET JIJIsT BCsI-
KOl BBIBOJAUMON B MCUHMCJIECHUU S3 CEKBEHIINM BLIYUC/IEHHE €€ JIOTMYECKOIO
BBIBOJIA B PAMKaX MPOJLYKIMOHHOM cucTeMbl F3. Byem o603nagaTs qepes P
IPOIYKITMOHHYIO CUCTEMY, KOTOpas IOJIydaeTcs u3 P3 B pe3ysbrare 00o0Ie-
HUS TIPABUJI JEKOMIIO3HUIINU CUCTEMBI P3 Ha IPOU3BOJIBHYIO IICEBI0(MOPMYIITY
C B cyknenenre. HaM yI06HO yCTAHOBHTBH NOJHOTY F3 B Ps3. DTO BiedeT
nonuoty F3 B Ps. IIpexkiie Bcero Mbl JIOJIZKHBI YCTAHOBUTD CIIPABE/IJINBOCTD
HECKOJIBKIX (DOPMYJINPYEMbBIX HUXKE IPEJJIOKEHHIT, B KOTOPbIX YCTaHABJIH-
BaeTCs JIONYCTHMOCTD B F3 MPABUJ JCKOMIIOZHITIE P3.

IIpennoxenue 5.1. Ecau 6 F3 paspewuma zadaua Sk(A)Sk(B)I'?G
u 6 — ee donycmumasn nodcmanoska, mo sadava Sk(A& B)I'?G maxorce
ABNAEMCA PA3PewUmMots u 0 asasemcs ee donycmumoti nodcmanoskod.

Jlokasamenvcmeo. YTBepKIeHNe JTOKasKeM HHIYKIHEl 110 BBICOTE JepHBa-
oHHOrO JiepeBa paspernnmoit 3agadu Sk(A) Sk(B)I'?G. Bo Beex ciaydasx
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CTPOEHHUsI ITOTO JEPUBAIIMOHHOIO JIEPEBa PACCY K JIEHUsI UMEIOT MTOI00HDIH Xa-
pakTep. B ¢Bsi3u ¢ 5TUM pacCMOTPUM JIHIIE Tpu ciydast. OcrajibHble TI0100HbI
PACCMOTPEHHBIM.

1. Pacemorpum ciy4aii, korjga 3agada Sk(A) Sk(B)'?G ssasiercs upu-
MUTUBU3UPYEMOI U  — ee NIPUMUTUBU3UPYIOIIAs TOJICTAHOBKA. ByjieM cuau-
tath, uro § = MGU(G, G'n), tie G' = Cp,, NF(C, G) = &Z7'C; u noji-
CTaHOBKA 1) 3aMeIaeT BCe JIOKaJIbHble MeTarepeMenbie B C' Ha HOBbIE IJIO-
6ampubie. Torga C € T', C = Sk(A) wm C = Sk(B). Ecim C € T, 1o
zanada Sk(A& B)I'?G rak:ke IpHMHTHBH3UPYETCs MOjcTaHOBKON 6. Ecin
ke C = Sk(A), to Sk(A& B) = Sk(A) & Sk(B), NF(Sk(A& B), G') =
&=mC; = Co&NF(C, ('), rae Cp = Sk(B). Takum 06pa3oM MOJICTAHOB-
Ka f Gyjer Takxke npumuTuBusuposarh 3agady Sk(A & B)I'?G. Ananoruauo
paccmarpusaercs ciydaii C' = Sk(B).

2. PaccmorpuM ciryqait, korja 3anada Sk(A) Sk(B)I'?G nomyuaercs B
JIEPUBAIMOHHOM JlepeBe 110 npasmiy (D7) u3 nojazaiad

Sk(A) Sk(B) (A1) I'7Cy&, ..., Sk(A) Sk(B) (Apg) I'? Cy, &,

rae C1A1(CoXa(. .. (CpAGY)) . ..) — HOpMasbHas dhopma ncesnodbopmysst C,
Ci, &Ci, & ..., C;, — ee nmmuukanTa, £ = noo u  — xkombunanus o, 61,
..., O. 31ech ciemyer paccMOTPETH HECKOJIBKO IMOJIC/TY aeR.

(a) Cayuait C' € I'. [To uHAYKTHBHOMY IIPEJIITOIOKEHUIO TOTJI Pa3PeIn-
MBI 3318491

Sk(A& B) (A1) T?7Cy¢, ..., Sk(A& B) (AT ?C;,. 6 (12)

u 01, ..., O sBIsIOTCS WX JOIMYCTUMBIMU TojcTaHoBKamu. [To npasuity (D
?) Torma paspenmMa 3ajgada Sk(A& B)I'?G u 6 sasisercs ee pomycrumoit
10JICTAHOBKOM.

(6) Tenepn ycrs C' = Sk(B). 1o uHAYKTHBHOMY ITPE/IIIOIOKEHIIO TOT/IA
paspemumMbl 3agaan (12) u 0y, ..., Ok CyThb UX JIONYCTUMBIE TIOJICTAHOBKH.
Torma paspermmMbl 3a1a1

Sk(A& B) (Ai&)T?Ci/6, ..., Sk(A& B) (A& T?Cy,¢,

rne A; = A; U{C, Cy}, C = NF(Sk(A&B), G'), Cy = Sk(A). o npasury
(D7) Torga rakxke paspemmma 3aada Sk(A & B) '?G, y koropoii 0 siBiisiercst
JOILyCTUMOM I10/ICTAHOBKOM.

(B) Cayuait C = Sk(A) paccmarpuBaercsi aHAJIOTHYIHO cirydato (6).

3. Pacemorpum caywait, korma G = C1 V Cy u 3amaga Sk(A) Sk(B) I'?G
[OJIy9aeTcs B JepuBaInoHHOM jepese 1o npasuiy (7V;) uz Sk(A) Sk(B) I'?7C;.
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ITo nH/yKTHBHOMY IIPE/IIIOJIOKEHUIO TOT/A JOJZKHA OBITH Pa3pEeIInMa 3a,/[ada
Sk(A & B)T'?C;, y koropoit § 6yzer jomycTumMoii mojgcranoBkoit. [To npasuiry
(?V;) Torma paspemnma 3a1aqa Sk(A & B) I'?G u 6 saBisiercst ee JomycTHMOi
10JICTAHOBKOM. O

IIpengoxkenne 5.2. Ecau sadaua Sk(A) Sk(B)Sk(A& B)T'?G paspe-
wuma 6 F3 u @ — ee donycmumas nodcmanosxa, mo sadaua Sk(A& B)I'?G
maxotce ABAAEMCA paspeutumots u 0 asasemcs ee donycmumoti nodcmanos-
KO

Joxasamenvcmeo. Ilycrs paspermmma 3amada Sk(A)Sk(B) Sk(A& B)I'?G
u # — ee monycrumasi nopcraHoBka. Ilo npemioxkenuio 5.1 Torma goJKHA
ObITh Takke paspermma 3a1a9a Sk(A & B) Sk(A& B)I'?G u 6 6yner ee no-
[yCTUMOI OJICTAaHOBKO#. UTO 1 TpeboBaIoCh JI0Ka3aTh. O

IIpennoxenue 5.3. Ecau Sk(A D B)I'?A u Sk(B)Sk(A D B)I'’G
cymob paspewumsvie 3a0avu 6 F3, Y KOMOPLIT CYULLCMBYIOM COBMECTNUMbLE
donycmumvie nodcmanosxu 61 u 0z, mo 3adawa Sk(A DO B)I'?G maxoice
ABAAEMCA Pasdpewumoti u xkombunauus 01 u Oy asasemes ee donycmumot
nodcmanosko.

Jlokazamesvcmeo. YTBep:KeHHUE JIOKAXKeM HHIYKIMel 110 BBICOTE JephBa-
MOHHOTO JiepeBa paspemunmoit 3agaan Sk(B) Sk(A D B) I'?G. Pas6op ciy-
JaeB uMmeeT MabJIOHHbI XapakTep. PaccMoTpuM TOIBKO JBa CIydasi CTpoe-
HUsI JIEPUBAIOHHOTIO JIEPEBa.

1. Pacemorpum citywaii, korma 3agada Sk(B) Sk(A D B)I'?G ssnsiercs
IPUMUTHBHU3UPYEMOI U f2 — ee IPUMUTHBU3UPYIOIIAs [IOJICTAHOBKA. Byiem
cautarh, uto o = MGU(G, G'n), rne G’ = Cy,,, NF(C, G') = &Z1C;
U II0JICTAHOBKA 1) 3aMellaeT Bce JIOKajbHble MeranepemenHble B C' Ha HO-
Bore robaspiee. Torga C € I wmm C = Sk(B). Ecm C € T, 1o 3amaua
Sk(A D B)T'?G rakke NpUMUTHBU3UPYETCsI TOJCTAHOBKON o U, ciejoBa-
TeJIbHO, MPUMUTHBU3UPYETCs KOMOMHAIMEH HMOoncTaHOBOK ¢ u 6. Ecin ke
C = Sk(B), to Sk(A D B) = AD>Sk(B)=AD>C,NFADCG) =
A D &EPC;, Anp = A, (A D &Z1Ci)n = A D &Z1(Cin) u xombuna-
IHsi TIOJICTAHOBOK 01 1 fy OyJeT He TOJBKO JIOMYCTHMON TOJCTAHOBKOM J1JIst
sagaun Sk(A D B)['?7 A6y, vo no upasuiay (D?) Oyuer TakKe JOIyCTHMOIL
nosicTaHoBKoi st 3aaun Sk(A D B)['7G.

2. Pacemorpum cityuait, korja 3agada Sk(B) Sk(A D B) I'?G nonyuaer-
csl B JIEPUBAIMOHHOM JiepeBe 1o npasuity (D7) u3 moazaiad

Sk(B)Sk(A D B) (A&)T7Cy.€, ..., Sk(B)Sk(A D B) (AyE)T7Cy, €,
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e Cp, & Ci, & ..., C;, — mvmuukanra NF(C, G), € = noo u 03 — kom-
OUHAILMS [IOJICTAHOBOK o, (31, ..., Ok. 3/1eCh BOSHUKAIOT JIBa BaPUAHTA.

(a) Ciyuait C € T wim C' = Sk(A D B). Ilo uHAYKTUBHOMY MPEJIIIOTIO-
JKEHUIO TOTJIA Pa3peNIuMbl 3aJ[adn

Sk(A D B) (AT ?2Ci€, ..., Sk(AD B) (AT ?2C;,.&  (13)

[To mpasmty (D7) Torma paspemnmma 3anada Sk(A D B) ['7G u kombunanus
ojicTaHoBoK 01, o, B, ..., B, KoTopas COBIaJaeT ¢ KombuHaiuei 61 u o,

SABJIACTCH €€ JTOILYCTUMON I10ACTaHOBKOM.

(6) Ciyuait C' = Sk(B). ITo uHyKTHBHOMY HPEJIIOTIOKEHUIO TOTIa Pa3-
permumbl 3aja4n (13). Ormerum, yro Sk(A D B) = AD Sk(B) = ADC,
An = A, A¢ = Ao, a takke kKoMmOuHanms 07 u Oy SIBISETCS JOMYCTHUMON
nozcranoBkoit st Sk(A D B)T'?7AL. Torga paspemumMbl 3a1a4u

(A D Sk(B))T?A¢, (A D Sk(B)) (A1E)I?C;E, ..., (A D Sk(B)) (AHT?C;,E,

e A; = A; U{C, Gy}, C = NF(A D Sk(B), G'), Cy = A. Tlo npasuy
(D7) Torgma paspermmma 3anada Sk(A D B)I'?G, y koropoii kombunams 6q
u Oy sIBJISIETCsT ee JIOMYCTUMOM TOACTAHOBKOIMA. ]

ITpengoxxenne 5.4. Ecau 3adavwa Sk(A(X)) Sk(Vr A(z)) I'?G paspewu-
ma 68 F3 u 0 — ee donycmumasn nodcmanosxa, 2de X — noeas 2a00a40MHGA
memanepementas, mo padpewuma maxotce 3adaua Sk(Ve A(x)) TG u 0 sas-
asemcs ee donycmumoti nodcmaroskod.

oxazamesvcmeo. YTBepkKIeHUEe TOKaXKEM HHJIYKIIMEH 110 BLICOTE JIePUBa-
[OHHOTO Jepesa paspentumoii 3aaun Sk(A(X)) Sk(Vx A(x)) I'?G. Mer ana-
JIM3UPYEM TOJILKO JIBa CJIydasl CTPOEHUsI ITOrO JEPUBAIMOHHOTO JIEPEBA.
OcrajbHble MOI0OHBI PACCMOTPEHHBIM.

1. Pacemorpum coryuait, korja 3amada Sk(A(X)) Sk(Ve A(x)) I'?G asus-
eTcs IPUMUTUBU3UPYEMOi 1 f — ee IPUMUTHBU3UPYIONIAs OJICTAHOBKA. By-
nem cuutath, uto § = MGU(G, G'n), tne G' = Cy,, NF(C, G') = &Z7°C;
U IIOJICTAHOBKA 1) 3aMEIAeT BCe JIOKAJbHBbIE MeTanepeMmennble B C' Ha HO-
Bele robaspubie. Torma C € T', C = Sk(A(X)) wm C = Sk(Vz A(z)).
Ecim C € T wmm C = Sk(Vz A(z)), To 3amaua Sk(Va A(x))7G rakxe
npumuTHBU3UpyeTcst nojcranoBkoii §. Teneps nycrs C' = Sk(A(X)) u npu
ckysnemusanuu Vo A(x) BMECTO IIpe/IMEeTHOl IIepeMEeHHOMN & BBOJUTCS JIOKAJIb-

Z >
x | IlomcranoBka 71 3ame-

Has MeTanepeMeHHas Z. llomoxxum 17 = 7o (

X
IaeT BCe JIOKAJIbHBIE MeTalepeMeHHbie B 1ceBiodopmyse C ( 7 | KOTO-
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pas cosrayaer ¢ Sk(Vz A(x)), na HoBbIe TyI0GaBHBIE U Cn = C' < )Z( ) 1.

Takum 06pa3oM mojcTaHoBKa ) GyJer Tak:ke MPUMUTHBAZUPOBATH 3a/ady
Sk(Vz A(z))I'?G.

2. Pacemorpum ciy4aii, korna 3anada Sk(A(X)) Sk(Ve A(x)) I'?G momy-
9aeTcsl B JIEPUBAIOHHOM JlepeBe 10 Hpasuity (D7) u3 mo/3a1ad

Sk(A(X)) Sk(Vz A(z)) (A1) T 7 Ci¢, ..., SK(A(X)) Sk(Vz A(z)) (Ar§) T'? T4, &,

e C;, & C, & ..., C;, — uMIuIKaHTa HOPMaJIbHON (DOPMBI TICEBI0GOD-
mysiel C, € = noo u 0 — KoMOMHAIUST TTOJICTAHOBOK O, (1, ..., Bg. 3/1€ch
CJIeyeT pacCMOTPETh JIBA TOCTydIast.

(a) Cayuait C € I' wm C' = Sk(Vx A(x)). Ilo nuyKTHBHOMY IIPEIIONIO-
JKEHHIO TOTJIa PA3PENTUMBI 311

Sk(Vz A(z)) (A1E) T2 CLE, ..., Sk(Ve A(z)) (AT 20,6 (14)

U COOTBETCTBEHHO f31, ..., () SBISIOTCA MX JOIYCTUMBIMU [IOJCTAHOBKAM.
ITo npasuiy (D7) Torga paspermmnma 3agaua Sk(Ve A(z)) '?G u 0 ssiasercs
ee JIOIYCTUMOH IIOJACTaHOBKOM.

(6) IIycrs C' = Sk(A(X)) n upu ckynemnzaiun Vr A(z) BMecTo mpe-
MEeTHOfi [IepeMeHHON = BBOJMTCs JIOKaJIbHAs MeTanepeMenHast Z. [losoxum

VA
N =mno < Y ) Torma nozcraHoBKa 7] 3aMelaeT BCe JIOKAJIbHBIE MeTalle-

X
pemennbie B ncesnodopmyie C ( P >, koropast conajaer ¢ Sk(Vz A(zx)),

Ha HOBBIe ryiobasbable. Torna £ ectrb MGU (G, G’ ( )Z( ) 771). ITo maAYK-

TUBHOMY IPEJINOJOKEHNIO TOTIa pa3pemuMbl 3agadu (14) u cooTBeTcTBEen-
HO [1, ..., B ABISAIOTCS WX JOIYCTUMBIMHU TIOJCTaHOBKamu. 110 mpasmiry
(D?) Torma M3 paspenmMOCTH THX 3aJa9 CJe/lyeT Pa3pernMOCTb 3a/1a49u
Sk(Vx A(z)) '?G, y xoropoii § siBjisiercst JIOMyCTUMOM T10ICTAHOBKOI. O

ITpensioxxenue 5.5. Ecau 3adawa Sk(A(y)) Sk(3z A(z)) '?G paspewu-
Mma 6 F3 u 0 asasemca ee donycmumoti nodcmanoskoti, 2de ncesdopopmy-
a0 T'U {(3z A(z)), G} ne codeporcam c60600n0 nepemeniol y, mo 3adaua
Sk(3z A(z)) '?7G maxorce asasemea paspewumots u 0 asasemea ee dony-
cmumoti nodcmaroeroti.

Jlokasamenvcmeo. YTBepKIeHNE JTOKayKeM HHIYKIHEl 10 BBICOTE JepHBa-
oHHOrO Jiepesa paspermmoii 3ajaan Sk(A(y)) Sk(3z A(z)) I'?G. Bo Beex

78



CJlydasiX PACcCyzKJIeHHsl HOCAT IabJIOHHBII XapakTep. PaceMoTpum Jiiib JiBa
cJlydad CTPOEHHs JIepHBaIMOHHOIO JsiepeBa. OcrajbHbIE AHAJIOIMYHBI Pac-
CMOTPEHHBIM.

1. Pacemorpum ciy4aii, korjga 3agada Sk(A(y)) Sk(Ix A(x)) I'?G spas-
eTcsi IPUMUTHBU3UPYEMOii 1 ) — ee IPIMUTUBU3UPYIOIIAs OCTAHOBKA. By-
nem cuutath, uto § = MGU(G, G'n), tne G' = Cy,, NF(C, G') = &Z7°C;
¥ TIOJICTAHOBKA 1) 3aMeIaeT Bee JIOKaJIbHbIe MeranepeMennble B C' Ha HOBBIE
rinobasnbuee. Torma C € T, C = Sk(A(y)) wm C = Sk(3z A(z)). Ecanm
C €T nm C = Sk(3z A(z)), o 3amata Sk(3x A(x)) '?G Taxxke npumvn-
rususupyercs nojacranokoit . Tenepb nycrs C' = Sk(A(y)). Torma npwu
ckysmemu3anun 3z A(x) i SIMMUHAIAN KBAHTOPHON IPHCTABKH JT BO3b-
MeM B KadecTBe CKYJIeMOBCKOIO cuMBoJIa Y. Takum o6pasom 1cesnodbopmysia
C 6yner cosuagars ¢ Sk(3x A(x)) u noacranoska 6 Gyuer TakzKe HPUMHUTHU-

Bu3upoBaTh 3a1a1y Sk(Jz A(z))I7G.
2. Pacemorpum ciyuait, korya s3agada Sk(A(y)) Sk(3z A(z)) I'?G nmomy-
9aeTCsl B JIEPUBAIIOHHOM JepeBe 110 HpaBmiy (D7) U3 moi3a1ad

Sk(A(y)) Sk(3z A(z)) (A1) T'?C5.¢, .., Sk(A(y)) Sk(3z A(z)) (Ax§) I'? C5, &,

e C;, & C, & ..., C;, — uMIUIMKaHTa HOPMaJIbHON (DOPMBI 1ICEBI0GOD-
mysibt C, € = noo u 0 — KoMOMHAIUS TTOJICTAHOBOK o, (1, ..., Pg. 3/1€Ch
CYIIECTBYET JIBA BO3MOXKHBIX BapHUAHTA.

(a) Cayuait C € I' i C = Sk(3x A(x)). Ilo uHyKTUBHOMY IIPEIIOIO-
JKEHWIO TOTJIa PA3PENTUMBI 38, TaTN

Sk(Fx A(x)) (AT 7Cy€, ..., Sk(Bx A(z)) (AT ?Cy, & (15)

U COOTBETCTBEHHO (31, ..., [ SIBJSIOTCS UX JIOMYCTUMBIME HOJCTAHOBKAM.
ITo npasuity (D7) Torga paspermmma 3aada Sk(3z A(z)) ['?7G n 0 asiasercs
ee JIOIyCTUMOM IOACTaHOBKO.

(6) Temneps mycrs C' = Sk(A(y)). Torma npu ckymemusarun 3z A(z) mis
SJIMMUHAINKE KBAHTOPHOI IIPUCTABKU JT B KadecTBe CKYJIEMOBCKOTO CHM-
BoJia Bo3bMeM y. Takum obpazom 1cespodopmysa C' Oyuer COBIAIATL C
Sk(3z A(z)). Torna paspemunmsl 3agaqdu (15) u coorBercrBeHHO f1, ..., [
SIBJISIIOTCS WX JIOIYCTUMBIMH TrojicTaHoBKamu. Ilo mpasuiay (D7) Torga Tax-
ke pazpermmma 3anada Sk(Jx A(x)) I'?7G, y koropoit 6 siisiercst 1omycTuMOi
II0JICTAHOBKOIA. ]

ITpengoxxenne 5.6. Ecau Sk(A) Sk(AVB)I'?C u Sk(B) Sk(AVB)I'?C
cymv dee paspewumovie 8 F3 3a0a4u, Y KOMOPHLL CYWECNBYIOM COBMECTU-
mute donycmumovie nodemarnosku 01 u Oy, mo paspewuma maxoce 3adava
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Sk(AV B)T?C u xombunayus 61 u 02 asasemca ee donycmumots nodcma-
HOGKOT.

Joxasamenvemeo. Ilycrs Sk(A) Sk(A v B)I'?C' u Sk(B)Sk(A v B)I'?C
CyTb JIBe pas3pertuMmbie B F3 3a7a4d, y KOTOPBIX CYIIECTBYIOT COBMECTUMbIE
JIOTIYCTUMBIE TIOJICTAHOBKY 61 m #o coorBercTBenHo. [Ipexke Bcero mmeem
Sk(AV B) = (AV B). Bosbmem n = ¢. Torma (AV B)n = (AV B) n Mox-
HO CUUTATDH, UTO TOJICTAHOBKA 1) 3aMEHsIET BCE JIOKAJbHBIE MeTalepeMeHHbIe
B AV B, KOTOpPBIX HET, Ha HOBBIe TJIOOAJIBbHBIE. TOT/Ia pa3speniuMbl 3aJa9n
Sk(An) (Av B)I'?C u Sk(Bn) (Av B)I'?C. Ilo npasuy (V?) Torma paspe-
muma 3aada (A V B)I'?7C u kombunaius 61 u o siBjisieTcs ee J0IyCTUMOI
MIOJCTAHOBKOM. UTO 1 TpeboBaIOCh TOKA3ATh. ]

IIpennoxenue 5.7. Ecau 3adavwa Sk(—(A& B))T'? C paspewuma 6 Fs
u 8 — ee donycmumasn nodcmarnosra, Mo Pa3pewumvs makdice obe 3adayu
Sk(-A)T'?C, T'Sk(—=B)?C u § — ux donycmumasn nodcmanoska.

Jlokasamenvcmeo. YTBepKIeHNe JTOKayKeM HHIYKIHE II0 BBICOTE JepHBa-
[MOHHOTO JjiepeBa paspermmoii 3ajgaun Sk(—(A& B))I'? C. Pacemorpum
JIUIIb JBa CJIydasi CTPOEHHsI 9TOTO JIEPUBAIMOHHOIO gepeBa. OcTaabHbIe mMo-
JOGHBI PACCMOTPEHHBIM.

1. Ecom Sk(=(A & B))I'? C' npumuTHBH3UpYETCS OACTAHOBKOI 6, TO 1
Sk(—=A)I'? C' noskHa TPUMUTHBIH3UPOBATLCS [OJICTAHOBKOI 6.

2. Pacemorpum cay4aii, korya 3agada Sk(—(A& B))T'? C' pasbusaercst
Ha II0/[33/Ia4N B JIEPUBAIMOHHOM JiepeBe 1o npasuity (D7?). 37ech aBa Bapu-
aHTa.

(a) IIycts C = L u Sk(=(A & B))I'? C cBonnrcs x 3amaqe Sk((A& B) D
1)T'? A& B. Torga mouepnsis jist Hee 3anada Sk(—(A& B))T'?7 A rakxke
paspernma u 0 — ee JormycrumMast HoacraHoBKa. [lo nugykTuBHOMY IIpeso-
JoxkeHnto rorya paspemunma 3agada Sk(—A)I'7? A. ITo npasuay (D7) Torga
pasperntnmva 3agada Sk(—A)T'7? L u 6 — ee momycrumasi mOJICTAHOBKA.

(6) ITycre 3amaua Sk(—(A & B)) ' 7 C pasbusaercs B epUBAIIOHHOM Ji€-
pese 110 npaBuity (D7) Ha IOA3aTAIH

SK(~(A& B) (A& T Fy€, .., Sk(~(A& B)) (A&)T? Fy€,

e F;, & Fi, & ..., F;, — uMIuINKaHTa HOPMAJIbHON (DOPMBI 1ICeBI0POPMY-
gaet F' € T', € = noo u § — xombuHaIus MOACTAaHOBOK 0, (1, ..., Bi. 1lo
UHIYKTABHOMY TTPEIOIOKEHNIO TOTIA, PA3PEITIMbI 3a A

Sk(~A) (ALE)T?F ¢, ..., Sk(-A) (Ap€)T 7 Fy €
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1 COOTBETCTBEHHO (31, ..., [Bf ABJSIOTCA UX JOIMYCTUMBIMHU ITOACTAHOBKAMI.
[To npasumiy (D7) rorma paspemunma 3agada Sk(—A)T'?C u 0 apisercs ee
JOILyCTUMOM II0JICTAHOBKOM. OJ

ITpenioxxenune 5.8. Ecau sadavwa Sk(—(A DO B))I'?C paspewuma 6
F3 u 0 — ee donycmumas nodcmaroska, mo padpetuma makotce 3adada
Sk(A)Sk(—=B)I'?7C w6 — ee donycmumasn nodcmanosxa.

Joxazamenvcmeo. YTBEpK/ICHHE JIOKayKeM HHJYKIWE 110 BBICOTE JiepuBa-
IMOHHOTO JiepeBa paspenmmoii 3agaun Sk(—(A D B))I'?C. Pacemorpum
JiBa CJlydasi CTPOEHUSI 9TOrO JEePHUBAIMOHHOTO jepesa. OcTajbHbIE CIydan
PaccMaTPUBAIOTCS AHAJIOTUIHO.

1. Ecom 3agata Sk(—(A D B))I'? C npuMuTHBH3UpYETCs IOACTAHOBKOI
0, To u 3amada Sk(A) Sk(—B)I'? C' nomkaa IPUMETHBI3UPOBATHCS IOICTa~
HOBKOI1 6.

2. Pacemorpum ciry4aii, xorja 3agada Sk(—(A D B))I'? C pasbusaercs
Ha [10/133/1a9H B JIEPUBAIOHHOM Jepese 1o npasuity (D7). Paccmorpum asa
BOBMOXKHBIX TIOJICITy Yasl.

(a) IIycrs C' = L u Sk(=(A D B))I'?C cBomures k 3amade Sk((A D
B) D 1)T'?A D B. Torma jpomxkHa ObITH paspeninMa J0YepHsist i Hee
sajiaga Sk(A)Sk(—(A D B))T'? B u 0§ nomkHa ObITH €e JIOMyCTUMOMN MOJI-
craHOBKOH. II0 MH/IyKTHBHOMY NPEIIOIOKEHHUIO TOIJa TAKXKe Daspermma
sazaga Sk(A)Sk(A)Sk(B D L)I'? B. Ilo upasuiy (D?) Torja paspermmma
zagada Sk(A) Sk(—-B)T'? L u 0 — ee jonycrumasi mMoJICTAHOBKA.

(6) Iycrs 3amaua Sk(—(A D B))I'?C pasbusaercst B JepUBAIMOHHOM
nepese 110 npasmiy (D7) Ha 1moa3anadu

Sk(~(A S B) (Ai6) T2 Ft, ..., Sk(~(A D B)) (M) T 7 Fy €.
rne F;, & Fi, & ..., F}, — UMIIIKaHTa HOPMAaJIbHOI (hOPMBI 1ceBI0bOpMY-
gaet F' € T', € = noo u § — KomOuUHAIUS [OJICTAHOBOK o, (1, ..., Bi. 1lo

NHAYKTUBHOMY IIPEAIIOJIO?KEHNIO TOr/Ia Pa3pelInMbl 3a1a491
Sk(A) Sk(—B) (A1) T 7 Fy &, ..., Sk(A)Sk(=B) (Ay&) T 7 F, &

1 COOTBETCTBEHHO 31, ..., [Bf ABJSIOTCA UX JOIMYCTUMBIMHU ITOICTAHOBKAMI.
ITo npasuiay (D7) Torma paspermnma 3ajgada Sk(A) Sk(-=B)I'?C u 0 sBis-
€TCd ee JIOIYCTUMON IIOJACTaHOBKOM. ]

ITpenioxxenue 5.9. Ecau sadawa Sk(—Vz A(x))T'? C paspewuma 6 Fs3
u 0 — ee donycmumasn nodecmanoska, 2de ncesdogpopmysv I' U {(Vx A(x))}
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ne codepatcam c60600ro nepemernot y, mo 3adawa Sk(— A(y))I'? C maxorce
paspewuma u 0 — ee donycmumas nodcmanoska.

oxazamesvcmeo. YTBepKIeHne TOKaXKeM HHIYKIMEH 110 BLICOTE IepPUBa-
IIMOHHOTO JiepeBa paspermmoii 3a1aau Sk(—Ve A(x)) ' ? C. Pacemorpum iBa
cilydasl CTPOEHUsI JIePUBAIMOHHOTO JiepeBa. OcTajibHble CIIydan PaccMaTpu-
BaIOTCA MTOMOOHBIM 00pPa30M.

1. Ecim 3amaga Sk(—=Vz A(z)) ' ? C' npuMuTHBH3NpYeTCS MOACTAHOBKOM
6, To u 3amaua Sk(— A(y)) ' ? C po/mKHA TPUMATHBU3UPOBATHLCSI TI0J[CTAHOB-
Koif 6.

2. Pacemorpum ciyuaii, korma 3agada Sk(—Vz A(z))['? C' pasbusaercs
Ha 110/[3/1a41 B JIEPUBAIMOHHOM Jiepese 1o npasuity (D7). 31ech MOryT ObITh
J[Ba BapuaHTa.

(a) IIycte C' = L u Sk(—Vz A(x))'? C' B nepuBanuoHHOM JepeBe CBO-
mures k 3anade Sk((Vx A(x)) D L)I'?Vz A(z). Torma paspermmma godep-
usst juis Hee 3ajada Sk(—Vz A(z))T'? A(y) u 6 — ee jpomycrumasi mojcra-
HoBKa. [T0 MHJIYyKTHBHOMY HPEIIIOJIOXKEHUIO TOrJa JIOJZKHA OBITh Paspern-
ma 3agada Sk(— A(y))I'? A(y). ITo npasuiy (D7) Torga paspemmma 3aada
Sk(—=A(y))I'? L u 0 — ee gomycrumast mOJICTAHOBKA.

(6) Ilycrs 3amaua Sk(—Vz A(z)) I' 7 C pasbusaercs B 1€PUBAIIIOHHOM Jie-
pese 1o npasuity (D7) Ha OI3a0a4K

Sk(—Vx A(z)) (A1€) T'? Fy\ &, ..., Sk(=Va A(z)) (Ar&) T'? Fi &,

e Fy, & Fi, & ..., F;, — uMILUIIKaHTa HOPMaJIbHON (hOpMBI 1IceBIOPOPMY-
gael ' € T, £ = noo u § — KoMOUHAIUS [TOACTAHOBOK o, (1, ..., Bi. 1lo
UHIyKTUBHOMY IIPEIIIOJIOXKEHUIO TOTIA Pa3PElIUMbl 38191

Sk(=A(y)) (M) T Fy&, ..., Sk(=A(y)) (Ar§) 7 Fy &

U COOTBETCTBEHHO [, ..., [k SABIAIOTCS UX JIONYCTHUMBIMU HOJICTAHOBKAMI.
ITo mpasuay (D7) Torma paspemnma 3agada Sk(—A(y))['?C u 0 asiasercs
ee JIOIYCTUMOI IOJACTaHOBKOM. ]

IIpennoxenue 5.10. Ecau ¢ F3 paspewuma 3zadava Sk(-C)I'?7 L wu
0 — ee donycmumasn nodcmanoska, mo paspewuma 3adavwa I'?7C u 0 — ee
donycmumas nodCmMaHoeKa.

Zoxazamesvcmeo. YTBepKIeHne JTOKAXKeM WUHIYKITHEH 110 KOJHYIECTBY JIO-
IUYECKHUX CBA30K M KBaHTOpOB B C.
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1. Eciim C' — arom, nusbronkius wim ncespodopmysia suga 3z D(x), To
YTBEPZKJIEHUE TIPOCTO COBIAAeT ¢ (hOPMYTUPOBKOil IIPABUIA, JEKOMIIO3UIAN
(Le). PacemoTpuM ocrasibHBIE CITy9ay WHLYKIHH.

2. llycrb C = D& E u paspemmma 3anaua Sk(—(D& E))T'?7 L. Tlo
[PEeJJIOKEHNIO 5.7 TOrJa JO/KHBL ObITh paspenuMbl 3agaqu Sk(—-D)I['7 L
u Sk(—FE)T'? L. ITo upe/io0KeHui0 NHJLYKIMH OTCIOJIA JOJIZKHBI OBbITH pas3-
permmmet 3agaau I'? D u I'? E. Hakonery o npasmiy (7&) Torma paspermma
samaua I'?7 C.

3. lIycto C = D D E u paspemnma 3agada Sk(—~(D D E))I'? L. Ilo
npeIozkeHnio 5.8 Torga paspermmmva 3ajgada Sk(D) Sk(-E)I'? L. Ilo un-
JYKTUBHOMY IIPEJITOJOKEHUIO OTCIoa paspemnma 3amada Sk(D)I'? E. B
pesysibrare 1o npasuiy (? D) rorma paspemuma 3aja4a 7 C.

4. Ilycte C' = Vo D(x) un paspemnmva 3amada Sk(—Vz D(z))I'? L. Ilo
peIozKeHnIo 5.9 Torya o/KHa ObITh paspernma 3aada Sk(— D(y))['? L.
[To 1penoNoKEHNI0 UHILYKIMKE OTCIO/IA JIOJIZKHA ObITh paspenmMa 3a1ada
I'? D(y). Hakonern no npasuiy (?V) torma paspemmma 3anada I'? C'. O

Bynem o603Ha4YaTh Yepe3 F3 HPOLYKIMOHHYIO CHCTEMY, KOTOPasl HOJIY-
qaeTcd u3 J3 B pe3ysibrare 100aB/IEHNUS MPABUI JCKOMIIO3UINH, ChOpMyITH-
POBAHHBIX B IIpeIokennsx 5.2, 5.3, 5.4, 5.5, 5.6, 5.10. OueBuuo, uro F3 u
JF3 3KBUBAJIEHTHBI C TOYKHU 3PEHUsI 00beMa pelaeMbIX 3a1a4.

IIpennoxenue 5.11. Ecau 3adava (', A) paspewuma 6 npodyruuonmnot
cucmeme P3, mo zadaua (Sk(I') ? A) paspewuma 6 npodyxuyuonoti cucmeme
Fis.

oxasamensvcmeo. Ilycrs 6 — moncranoska n3 Habopa JOIYCTUMBIX HOJICTa-
HOBOK 3aga4un 1o = (I'? A). Mbl npejiosaraem, 4To HOJCTAHOBKA O sBJIsi-
eTcs OCHOBHOW. B mpoTmBHOM cilydae MBI MOXKEM 3aMEHUTDH ‘HEPEIIeHHBIE
MeTalepeMeHHble Ha KOHCTaHTHI u3 Hy. Ilycrs © — coorBercTBytoIiee 3T0M
nojcTaHoBKe ¢ mepuBanmoHHOe nepeBo. IlycTes mpormecc pacmmpenns A3bIKa
IIDH IIOCTPOEHUN JiepeBa O mMeeT BH/I

©CO;C...CO,C0,4,1C...C0,=06,
QC QCUC...CQC Y1 C... Sy, (16)
HoCH C...CH,CHpy1 C...C Hy.

NuayKipeil o MOCTPOEHUIO JIEPUBAIIOHHOIO JepeBa O MOKaxKeM, Kak
JUIsT KAXKJI0ro JiepeBa ©, MOXKHO HOCTPOUTH JepeBo ©), Takoe, YTO KOPHEM
nepesa O], sBisiercst 3agada m, = (Sk(I') 7 A), movepHne BepIIMHLI MOy Ia-
IOTCSL U3 POJIUTELCKUX TI0 OJIHOMY W3 TIPABUJI JEKOMIIO3UIIUN CUCTeMbI JF 3,

83



a JmeThs Jepesa ©) 60 NPUMUATHBU3UPYIOTCS TIOACTAHOBKOI 6, jmbo co-
OTBETCTBYIOT HEPACKPBITHIM JIUCTbsIM T, = ('), Ay) nepesa O,, u sBisoTCS
sajagamu 7, Buga m, = (I, 7 Al). IIpu sTom oboznadaemoe mrpuxom Hhop-
MEPYEMOE COOTBETCTBHE OyeT 0basarh ciaeayomumM ceoiicteom: Al = A,
ul) = Sk(T),).

B mauase nponecca nocrpoennsi jgepesa ©' momoxum I, = Sk(T),

b = A,y = (Ty1TAL), 0y = {n}}. OueBuamno, uro aepeso Of obiaia-
eT TpedyeMbIM CBOMCTBOM.

ITokazkeM Kak HOJIy9dThb JiepeBo O) | u3 jepesa O] B 3aBHCHMOCTH OT
IpaBuIa JEKOMIIO3UIMU, KOTOPOE UCIIOIL3YeTCs Ipu (hOPMUPOBAHUU JiepeBa
Ont1 u3 gepesa O,.

1. Ecim A,, = T, 10 O441 = O,. B srom cayuae qmcry m, = (I'y, Ay)
coorsercreyer Juct 7, = (I, 7 T), rme I'), = Sk(T',,), KoTopslii TakKe sABJIs-
ercst IpUMUTUBHOI 3asa4eii. [Ipu stom samava m, = (I, 7 T) npumuTuBm-
3upyercs 1000t IoACTaHOBKOI, B ToM uncie §. Iomoxum O, = O),. Ipu
9TOM JiepeBo O, .| BHOBb 06s1aj1aeT TpeOyeMbIM CBOICTBOM ¥ HIMEET B[

(R7T)
(T'y 7 Ap)

2. Ilycrs A,, — aromapnas ncesgodopmyaa uwin L, gucr m, = (I'y, 4,)
NPUMUTHBU3UPYETC NoAcTanoBKoit 0, A,0 = F6, E € T, u jucr 7, =
/9 / /A /o
g " él@(lg ;)O:TBETCS?gIeo;; I;;;;]qgn%’rﬂze (jlil’n ?;/?T;I;II/H\I/I‘ICLITI;BI/ISBII;;I}‘IZ’)F.CE’IT ?11;;38:
‘ n n n
cranoBkoii . Ilonoxum O, | = ©),. IIpu sToM fepeso O, , | BHOBL 0b1ajaer
TpeOyeMbIM CBONCTBOM U UMEET BU/I:

(7,7 An)
(o 7 4p)

3. llycts O 41 mosyuaercsa u3 O, B pe3yJsbTare MPUMEHEHUs ITPABHUIIA
nekommnosuruu (— V;). Crenosarensuo nmeem A, = (B1 V Bs), A, = A,.
Homoxum Aj, | = Apy1 = Biu T =T Hepeso O, chopmupyem u3
nepesa O/ ¢ IOMOIIBIO IpuMeHeHus npasuia (?V;):

(T 7 Bi)
(T7. 7 B, V By)

(T 7 Ap)
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ITpu srom eciun 6 siysiercst porycTuMoii noacranoskoit s (I, 7 B;), o
6 sBseTcs momycTUMOl nojactanoBkoit s 3agaqm (I, 7 By V Ba).

4. Tlycrs O, 41 nmoydaercst u3 O, B pe3yjabTarTe MPUMEHEHUs [PABUIA
nekommosuruu (— 3). Dro 3maqur, yro A, = A, = (3z B(x)). Honoxum
A=A =BX)ulj , =T Hepeso O], | chopmupyem u3 aepesa
©!, ¢ momompo npuMeHeHust pasuia (73):

(I, ? B(X))
7. 732 B(z))

(T'y 7 4p)

OueBuHO, uTO eciu O sIBJIsIeTCsI JOIYCTUMOIT T10JICTAHOBKOIT JIJIsT 3818491
(I, ? B(X)), To 0 siBistercs nonycrumoii nojgcranoskoii juist (I, 7 3z B(x)).

5. Ilycts ©,,41 mosydaercs u3 O, B pe3yJbTare MPUMEHEHHUs ITPABUIA
aexomnosunun (— &). Do 3naunr, uro A, = A, = (B & Ba). epeso O,
copmupyem u3 jiepesa O, ¢ IOMOIIBIO IPUMEHEHHsT IIPABHJIA JeKOMIIO3UIIUH
(7&):

(I, ?7B1) (I, 7 B)
(I'5, 7 B1 & Ba)

(T 7 Ag)

I[Ipu 3TOM eciu f SIBJISIETCsT IOIyCTUMOIT TOJICTAHOBKOM Jj1s 06enx 3a71a4
(", ? By) u (T}, ? B), To § — nonycrumas nogacranoska mis (I, ? By & Bs).
6. Ilyctb ©,,41 noIyuaercs u3 ©,, B pe3ysbTaTe IPUMEHEHUs TIPOJTYKIUH
(—D). 10 sHaAuMT, uTo A], = A,, = (By D By). Homoxum A}, | = Apyq =
By, Bl =Sk(By) u T}, =T, U{B}} = Sk(T'41). Hepeso O/, | chopmu-

pyeMm u3 Jiepesa O/, ¢ MOMOIIBIO IIPUMEHeHUsT paBuiIa Jekommosumu (7 D):

(Sk(B1) T, 7 B)
T, 7B > By)

(T 7 Ap)

OueBuHO, UTO eciiu O sIBJIsleTCsl JOMYCTUMOIT T10/ICTAHOBKOII JIJIsT 3a/1a49u
(B{ T, 7 Ba), 10 0 sistercst jomycrumoit noacranoskoii mist (I, 7 By D Ba).
7. Illyctb ©p41 mosiyuaercst u3 ©, B pe3yjbraTe MPUMEHEHUS [TPaBUJIA
nekommnosuruu (— V). D1o snaqur, uro A, = A, = (Vz B(x)). Honoxum
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Al 1 =Apnp1 = B(y) u T, =T, Hdepeso O], chopmupyem u3 iepesa
©!, ¢ momopio nprMeHenust npasuia (7V):

(I, 7 B(y))
(T ?Vz B(x))

(T'y 7 Ap)

OueBuIHO, UTO €cyu § sIBJISIETCsT NOMYCTUMOI TIOJICTAHOBKOM JIJIsT 3a1a9n
(T, ? B(y)), o 0 siBisiercst pomycrumoii nopcranoskoii mist (I, 7V B(x)).

8. ITycrb ©,,41 mosy4daercs us Oy, B pe3yibrare IPUMEHEHHUs IPABAIIA JIe-
kommosuiun (& —). Dro suaunt, uro A, = A,, C = (B1&Bs) € 'y, I, =
Sk(I',), B! = Sk(B;), C' = Sk(C) = Sk(By & Bs) = Sk(B;) & Sk(Bs) =
(Bi & Bh) €T, T'py1 =T, U{B1, Ba}. Bamerum, 4ro pe3ysbraToM IIpHMe-
Henus K 3a1a4e (Sk(By & By) I, 7 Al)) chopMyInpOBAHHOIO B IPEJIOKEHUH
5.2 mpasmna jgekomnosuruu Oyaer (Sk(B;)Sk(Bz)Sk(B; & B)I7, 7 Al).
Homozxum I, | =T, U{By, By}, A, ., = A, = Ay. Hepeso ©),_ | chopmu-
pyeMm u3 jiepesa O/, ¢ HOMOIIBLIO IPUMEHEHUsI ITOrO MPABUIIA JEKOMIIO3UIIUN:

(Sk(B1) Sk(Bs) Sk(B1 & By) I}, 7 Ar)
(SK(B1 & By) T, T 4,)

(T 7 Ap)

ITo mpeytoxKeHuIo 5.2 3aKII09YAEM, ITO €CIIH § SIBJISIeTCS JOILyCTHMOM HO/I-
craHoBKOM st 3agaqu (B] BT, 7 Ay,), 1o 0 siBisieTcst IOIyCTUMOMN 1OJICTa~
HOBKOI Takzke u jyia samaan (I, 7 Ay,).

9. Ilyctp ©,,11 mosydaercs u3 O, B pe3yJbTare MPUMEHEHUs ITPABUIA
nekommnosuuu (D—). dro 3naunt, uro A}, = A,, C = (By D Bs) € Ty,
Il = Sk(T',), By = Bi, By = Sk(B2), ¢! = Sk(C) = Sk(B; D Bs) =
By D Sk(B2) = (B} D B)) € I'},. Torna sagaun (Sk(B; D B2)T'),?B1) u
(Sk(B2) Sk(B;1 D By) I, 7 Al)) siBastrorcst OYEPHUMHE JJ1st POJIUTEIILCKOM 32~
naan (Sk(By D By) T, 7 Al), ecam K nocsie/iHelt IPUMEHUTD IPABIIIO JIEKOM-
no3uIuu, opMyJIMPOBKA KOTOPOT'O COAEPXKUTCH B Ipeiyiozkennn 5.3. lepeso
©),,1 chopmupyem u3 gepesa O ¢ IOMOMIBIO IPUMEHEHHS STOIO HPABHIIA
JIEKOMIIO3UITHAN:

(Sk(B1 D By) T, 7 By) (Sk(B3) Sk(By D By) I}, 7 Ay)

(T 7 Ap)
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U3 npeozkenust 5.3 craejyer, 4To ecau @ SBJISIETCS OIMYCTUMOf MOJI-
craHoBKO# st 3agad (BLT] 7 A,) u (I, 7 By), To 6 siBsiercst 101y CTUMO
110/ICTaHOBKO Takzke u jyist 3agaun (I, 7 A,).

10. Ilycth O,,41 moayvaercs us O, B pe3ysibraTe MPUMEHEHUs IPABUIIA
nekomnosuuu (V —). Dro suaunt, uro A, = A,, C = (Vz B(z)) € Ty,
I = 8Sk(T,), C" = Sk(C) = Sk(Vx B(x)) € I}, I')y1 =T, U{B(X)}. To-
raa 3anada (Sk(B(X)) Sk(Va B(z)) I, 7 Al)) siBisiercst pe3y/ibraToM puMe-
uenust K 3aa4e (Sk(Va B(z)) T, 7 Al)) copMyinpoBaHHOTO B IPE/JIOKEHUH
5.4 npasuna gekomnosumun. Iomoxum I, | = I U {Sk(B(X))}. Hdepeso
©),,1 chopmupyem u3 gepesa O ¢ IOMOMIBIO IPUMEHEHHS STOIO HPABHIIA
JIEKOMITO3HIHH:

(Sk(B(X)) Sk(Vz B(x))T", 7 A,.)
(Sk(Vz B@) T, 7 Ay

(T 7 Ap)

ITo mpeyioxkennto 5.4 3aKII0UaEM, UTO eCJin ) SIBJISIETCsT JOITYCTUMOM 101
cranoBkoit s 3anaan (Sk(B(X)) I 7 Ay), To 0 siBasieTcst A0mycTUMOil MOJ1-
CTaHOBKOM Takzke u jyis 3amaun (I, 7 Ay,).

11. Ilyctb Oy monydaercs u3 O, B pe3ysibrare MIPUMEHEHUs IPABUIIA
nekomnosunuu (3 —). dro snauur, uro A, = A,, C = (3z B(z)) € T,
I = Sk(Iy), C' = Sk(C) = Sk(3z B(z)) € I, Tyt = Iy U{B(y)}. Toraa
sanada (Sk(B(y)) Sk(3x B(x)) I, 7 Al)) siBasiercst pe3yIbTaToOM IPUMEHEHHsI
K 3azade (Sk(3x B(x))T), 7 Al) chbopmynmuposantoro B upejoxesun 5.5
npasuia gekomnosurun. omoxum I, =T, U {Sk(B(y))}. depeso O,
IIOCTPONM 13 JiepeBa O, IPUMEHNB yKa3aHHOE [IPABHUJIO JIEKOMIIO3UIIUN:

(Sk(B(y)) Sk(3z B(x)) I}, ? An)
(Sk(3x B(x)) T, 7 Ay)

(T'y 7 4p)

U3 npeyroxkennst 5.5 ciefyer, 9ro ecin @ siBisieTcst JOIyCTUMOM I10/cTa
HoBKO# st 3azaun (Sk(B(y)) I, 7 Ay), 1o 6 sBisiercst 1oycTHMOIE OJCTa-
HOBKO# Takzke u jiyis samaun (I, 7 Ay,).

12. ITycrb O,41 nomyuaercst u3z O,, B pesysbrare IPUMEHEHHs IPABIIIA
nekommosuruu (V —). 9ro 3uauut, uro A = A, C = (B1VBy) €T, T, =
Sk(T'y), B, = Sk(B;), C' = Sk(C) = Sk(B1 V By) = (B1V By) =C €1,
Tora sazatn (Sk(By) Sk(B1 V By) I, 7 A" ) u (Sk(Bs) Sk(B1V B) T, 7 AL )
SIBJISTIOTCS jtodepHuME Jitst 3agauu (Sk(ByV By) I, 7 Al)) mocsie npuMeHeHust
cOpMYJIIPOBAHHOIO B IIpe/yIoxKeHnn 5.6 mnpasmia Jiekommosurnuu. Jlepeso
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/ /
©,,.1 chopmupyem u3 Jepesa O, ¢ HOMOIILIO IPUMEHEHUSA YKa3aHHOTO IIpa-
BUJIa JEKOMIIO3UIINU:

(Sk(B1)Sk(B1V Bo)T, 2 A,)  (Sk(Bs)Sk(By Vv By)T), 7 Ay,)
(Sk(By V B2) T, 7 4,,)

(T'y 7 4p)

U3 npepgioxkennst 5.6 cieayer, 94To ecin 6 siBjseTcst JOIyCTUMOMN 110/CTa-
HOBKOH Jitst 3aza4 (BT, 7 Ay) u (BYT] 7 Ay), 10 0 sBiisiercst 1oy cTUMOi
IIO/ICTAHOBKOI Takzxke n jyist 3anaqan (I, 7 A,,).

13. IIycrb ©,,41 nosyvaercs u3 ©,, B pe3y/brare IPUMEHEHUS [IPABILIIA
nekommnosuruu (Le). dro snaunt, uro A, = A,, B = (—=A4,) € I',, I, =
Sk(T'y), B' = Sk(B) = Sk(—A4,) = (—A4,) €I}, Tpy1 =T, U{(—4n)},
Apt1 = L. Torpa samaua ((—Ay,) ), 7 1) aBiasgercs pe3ylbTaToM NpUMEHe-
uus k 3anade (I, 7 Al) cdhopmynuposantoro B npeioxennu 5.10 npasuia
aexomnosumun. Homoxxum I =T U {(—A4,)}, A, = L. Hdepeso O,
copmupyem u3 gepesa O/, ¢ MOMOIIBIO IIPUMEHEHHsT TOTO [IPABUIIA JTEKOM-
HO3UIHN:

(24,1, 7 1)
(I, 7 An)

(T 7 Ap)

ITo npenyoxennto 5.10 3akaovuaeM, 9To eciau  sIBIsSIeTCsl JOIYCTUMOI
no/cTanoBKoi s 3agaun ((—Ap,) ), 7 L), o 0 siBasieTcs 1omycTuMoi noj-
craHOBKOI Takxke u s 3aaa4an (I, 7 A,,). Tem cambiM paccMoTpeHue cirydast
(Le) 3aBepimeno.

st mocTpoennst ©,41, a 3aTeM O], |, B COOTBETCTBHI C HPUMEHSIEMO
crparerueil Mbl Bbibupasu juct m, = (I'y, A,) € O,, y KOTOPOro mopox-
JlaJi ToYepHIe paspelnMble BepIIUHbBI, COOTBETCTBYIOIIIE TIOJCTAHOBKE 6 1
obecleunBaIoIIe Pa3spelIuMOCTb BepIIUHLL 7,. B pesyibrare ObLIO chop-
MEPOBaHO JiepeBo O], |, KOTOpOe IOIydaeTcs u3 jepesa O] B pesyibrare
samensl Jiucra m, = (I} 7 Al), coorBercrByomero gucry , gepesa ©,, Ha
HEKOTOPOE HOBOE IOJJIEPEBO ¢ KOPHEM 7,. IIpu 9TOM KaxK/ias BepIIMHa p 1Mo~
JyIeHHOTO Jepesa O, | 061a/aeT CIeIyIONIM CBOIICTBOM: BO-IIEPBBIX, €C/II
p SBJsIeTCS] JTUCTOM JlepeBa @;l 11, KOTOPBIl HE COOTBETCTBYET HEPACKPBITO-
My JIUCTY JepeBa O,11, TO pf sSBIsIeTCS TPUMUTUBHON 3ajadeil; BO-BTOPHIX,
ecyin 6 sIBISIETCs IOMYCTUMOM JIJIst BEPIIUH p1, - . ., Pk, BCEX JIOYEPHUX Y BEP-
IIMHBL p B Jepese O, TO O sB/sercs TakxKe jgomycTumoi u s p. Ha
3aKJIIOYUTEIHHOM IIare STOro Mpoliecca Mbl HOJLyduM Jepeso O = O} rtakoe,
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qro 6 sBisiercst gomycrumoit nozgcranoskoii 3anaau (Sk(IY) ? A) u ©' ssister-
€SI COOTBETCTBYIOIIUM 9TOI OICTAHOBKE § JIepUBAIMOHHBIM JEepEeBOM B F3.
IIpennoxenue 5.11 pokazaHo. OJ

Teopema o nmonuotre. Ecau cexsenyua I' — A swsoduma 6 ucvucaenuy
83, mo sadaua (Sk(I') 7 A) paspewuma 6 Fs.

oxaszameavemeso. Ilyctb cexsenrust ' — A BbIBOjMMAa B UCYUCTEHHH S3.
ITo Teopeme o nosnore P3 rorma 3amada (I, A) paspemmma B Ps. [Tpomyxk-
IIMOHHBIE CHCTEMBI P3 1 JF3 MOJIyYaloTCs COOTBETCTBEHHO U3 P3 1 F3 3a cuer
JI00aBJIEHUsT HEKOTOPBIX, IPUYEM JIOIYCTUMbIX, IPABUJI JEKOMIIOZUIMU. DTO
suaunT, uro samaqa (', A) paspenmma u B P3. ITo npeioxkennio 5.11 Tora
sagiaua (Sk(T') ? A) paspemmmva B F3, a sHauut u B F3. Y10 u TpeboBajioch
JIO0KA3aTh. ]

ABTOp BBIpazKaeT MCKPEHHIO Tpu3HaTebHOCTh mpod. B.FO. Tlomosy 3a
COBETBI, 3aMeUaHus 1 0OCYKJIEHIE BOIIPOCOB, KOTOPLIE BO3HUKAJIM IIPU I0-
CTPOEHUU ITOU TEOpUu.
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About proof-search in classical natural deduction calculus using
partial skolemization
Okhotnikov O.A.

Automated proof search in single-conclusion sequential variant
of classical predicate calculus is considered. In this algorithm,
metavariables and partial skolemization are used. Theorems of
soundness and completeness for the considered algorithm are proved.

Keywords: automated theorem proving, mechanical proof search,
first order language, predicate calculus, sequent calculus, production
system, artificial intelligence.
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Yactp 3.
MaTreMmaTn4ieckue MOJJIeINn






O dbyHKIMOHAIBHOII cCcTEME IIOJINHOMOB C
paIIOHAJIBHBIMHI KO3 dpunmenramMmmn

Anexkcunanuc H.®.

!B macrosmeif craThe HcclaeayeTcs mpobaeMa ITOMHOTH JJIs TOMH-
HOMMAJIHLHBIX (DYHKIHI C pAIMOHATBLHBIME KOI(DMDUITMEHTAMHI, 8 TaKKe
3371241 (PYHKIIMOHAIBLHOTO XapaKTepa, IOPOXKJIEHHBIE ee PEIleHneM, a
VMEHHO: U3y4YeHre CTPYKTYPbI 3aMKHYTBIX U IIPEJIIIOJHBIX KJIACCOB, 3a-
Jada, 0 6a3ncax MOJIHBIX cucTeM?. B uacTHOCTH, JOKA3aHO, UTO

1) cucrema dbyHKIWMI ABJIAETCS TOJHON TOLIA U TOJIBKO TOTA, KO-
IJIa OHA [EJUKOM He COJEPXKUTCS HU B OJTHOM IIPEJIIIOJIHOM KJIACCE;

2) MOIIHOCTH MHOYKECTBA BCEX IPEMNOJIHBIX KJIACCOB PABHA KOHTH-
HYYMY.

3) cylecTByeT IOJIHASI CUCTEMA, He UMeroIas 6asuca.

KuroueBbie ciioBa: nosmHoM, hyHKINOHAIbHAS CUCTEMA, TpODJTe-
Ma, TIOJTHOTHI, PAIMOHAIbHA (DYHKINS, 3aAMKHYThIE KJIACCHI.

1. IIpenBapuTeabHble CBeJIeHUS

C IEJIBIO ITOJTHOTBI U3JIOZKEHUA 1 HE3aBUCUMOCTU MaTepHraJia IIPpUBEJIEM HEKO-
TOpBIE CBEJIEHUST U3 TEOPUU (DYHKIUOHAIBHBIX CHCTEM, HEOOXOIUMBIE JIJIsT
JaJIbHEIero n3iozkeHns®. IIpi U3/I02KeHuH MaTepHaia B OCHOBHOM HCIIO/Ib-
3yercsi TepmuHOJI0rus KHur [4] u [5].

[Tycts G — HEKOTOPOE (KOHEYHOE MM HGECKOHETHOE) MHOYKECTBO, COJED-
JKalee He MEeHee JIByX JIeMEHTOB.

O6osHaunm vepe3 Fi MHOXKecTBO Beex dbyHkuuit f(x1,xo, ..., Ty ), Hepe-
MeHHbIE KOTOPBIX OIIpejleieHbl Ha MHOXKecTBe G 1 camMu (DYHKIMU IPUHEMA-
I0OT 3HAYECHUSA U3 3TOI'O K€ MHOZKeCTBa G HpeﬂHOHaFaQTCH, 9TO MHOXKECTBO

laleksiadis@yandex.ru

?Panee aBTOpOM 6bLIO HCCIIEIOBAHO (DYHKIMOHAJLHBIE CHCTEMBI TIOJIMHOMOB C HATY-
paJbHBIME ¥ 1eabiMu Koaddunmentamu (cm. [1] - [2])

3Yuraresu, 3HAKOMbIC C OCHOBHBIME MOHATHAME TEOPUH (DY HKIHOHATBHLIX CHCTEM, MO-
I'YT OPOIYCTUTB STOT pa3zell.
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F¢ conep)ut u Bce OYHKIUN OT HYJIEBOTO YHCJIA IEPEMEHHBIX, T.€. (DyHKIIH,
SIBJISIFOITIUECST [IPOCTO dJIeMeHTaMu (KOHCTaHTaMu) MHOXKecTBa G.

ITycrs Fén) MHOYKECTBO BCEX N-MeCTHBIX dbyHKuit u3 Fg (n=0,1,2,...).
0
OdgeBUIHO, YTO Fé) =Gu fFg = U;’LOZOFC(;Z).
ToBopat, aro gyrkuua f(T1, ..., Tim1, Tiy Tig1, vy Tn) CYWECMBEHHO 306U~
cum om nepemennoti T, €Cau CyIIeCTBYIOT TaKue JIBa Habopa

(Cl, cs Cim1, Ay Cit 15 -+ CTL) n (Cl7 s Ci—1, b? Ci+1, ...,Cn)

3HaYCHU NEPEMEHHDBIX L1, ..y Lj—15 Ly Lj41y+ee5 Lpy ITO

f(cl) cy Gi—1, @, Cit 1, "'7cn) 7é f(cl7 -0 Ci—1, @, bi+17 ...,Cn).

B stom ciiydae MBI TOBOPHUM, UTO ; SBJIAETCA CYWECMBEHHOT NEPEMEHHOl
ﬁy’“ﬂéuu f(xlv vy Li—1y Liy Lit1y -os .In)

Eciin x; He siBsieTcsl CyIECTBEHHON NepeMeHHON [ (X1, ..., Ty ..., Ty ), TO
OHa, HA3BIBAETCS Purmuenol nepemennots Pynruut f(T1, ..., Tiy ..., Tp).

Iycts f(21, o Tim1, Tiy Tidg1s ooy Tn) X G(T15 o0y Tim1, Tit1s -, Tny) J1BE TIPO-
n3BoJIbHBIE (byHKINEN U3 Fg n nmycth z; GUKTUBHAS TTepeMenHasi (OYHKITNN
f(x1, oy i1, @, Tig 1,y ey ). ECTU 17151 JHOOBIX €14 ...y Ci—1, Ciy Cig1y -+, Cry 3HA-
YEeHUN NEePEMEHHBIX X1, ..., Li—1, Lj, Lij41yeery Ty UMEEM

flcty oy Cim1, Gy Cig1y ooy €n) = g(C1y ooy Cim1, Cigy oy ),

TO TOBODPAT, 9T0 DYHKIUS (L1, ooy Xje1y Tif1y - vy L) HOIyUAETCS U3 DYHK-
n [ (L1, oy Tie1, Tiy Tig 1y -y L) YOanenuem (ussamuem) durmuerots ne-
pemennots x; 1, Hao060poT, GYHKIWA f (L1, ..., Ti—1, Ti, Tit1, ..., Tp) TOIyICHA
u3 OYHKIAU G(X1, ooy Tj1y Tig 1, vy Ty) QOOAGAEHUEM HUKMUESHOT NEPEMEH-
HOU ;.

e pyHKINN HABBIBAIOTCS PAGHbLMU, €CJIU OHA U3 HUX MOKET OBITH I10-
JIydeHa U3 JPYTroil myTeM H00aBIeHNsT U U3bATUST HEKOTOPBIX (DUKTUBHBIX
HepeMEeHHBIX.

3ameuanue 1. B daavHetiwem 6ydem cuumamo, 4mo emecme ¢ Gyrkuyu-
et f sadanvr u 6ce pasHvie el ynruuu, m.e. GYHKUUY PACCMAMPUBAEM C
MOYHOCDBIO 00 HUKMUBHBLL NEPEMEHHDIT.

Bameuanue 2. Ecau dana koneunas cucmema Gynkuuts fi, fo, ..., fm (20€
m > 1), Mo MOAHCHO CHUMAMb, MO 6CE OHU 3ABUCAM OM OONUT U MET dHCE
NEPEMEHHDBIL L1, X,y .oy Tpyy M.C. UMENOM 6UJ

fl(l'lyx% "'71"71)7 f2(x17332a mvxn)a ) fm(xlafv% a$n)
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3ameuanue 3. Fcau dana Gynkuus, omaudHaA OM KOHCMAHMGL, MO NY-
mem 0modcIeCmeAeHUA NEPEMERHBIT U3 HEE MONHCHO NOAYUUMD PAGHYIO el
PyrrywIo, 8CE NEpeMene KOMOPot AGAAIOMCA CYULLCTNEEHHHLMU.

Anrebpa Fg = (Fi,0), tne Fg — HekoTOpoe MHOXKeCTBO (DYyHKIW (He
obst3aresibio Bee) u3 G B G, a O — HEKOTOPOE MHOYKECTBO OIEpAIlHii, pH
9TOM THU OIlepaIlui 3aMKHYTBI OTHOCHTEJIBHO MHOXKeCcTBa F(;, HA3bIBAETCS
Pyrryuonasvonot cucmemots (P.c.) Fg.

st mpousBosbHOTO TI0IMHOXKecTBa M MHOXKecTBa Fii obozHadmM depes
Io(M) muO)ecTBO Beex dyukiwmii u3 F, Koropble mosydatores u3 M ¢ mo-
MOIIBIO KOHEYHOI'O 4Yuc/ia IpuMeHenus onepaiuii uz O. Muoxecrso Io(M)
HA3BIBACTCS 3aMuIKAHUEM MHodcecmaa M.

C 3aMBbIKaHHEM MHOYXKECTBA €CTECTBEHHBIM 00PA30M MOXKHO CBSI3aTh OIle-
pPATOD 3aMBIKAHUSI.

Omneparop, TEepeBOJISIIN TPOU3BOIHLHOE TOAMHOXKECTBO M MHOXKECTBa
F¢ na muoxkectBo Io(M), HasbIBaETCS 0NEPAmMoOpom 3amuikarus (0mHocu-
meavro onepayut uz O) n obosnadaercs depes [ (mam gepes ||, ecam MHO-
»kecTBO omneparnuii O M3BECTHO U U3 KOHTEKCTA MOHSITHO O KAKMX OIEPAITUsIX
ujeT pedb, T.e. BMecTo [o(M) numem [M]).

Jlerko 3amMeTuTh, UTO I JOOBIX mommuoXkecTB M, My, Mo MHOXKecTBa
Feo -

o M C Io(M);
o Io(Io(M)) = M;
e Ecau M1 g MQ, TO Io<M1) g Io(MQ)

Muoxkecrso M (M C Fg) nasbiBaercs ((PyHKUuoOHaAbHO) 3AMKEHYMBIM,
ecn Io(M) = M.

BaMKHyTOe MHOKECTBO IIPHHSITO HA3BIBATH 3AMKHYMBIM KAACCOM.

dcwo, uro

o Io(M) asasemea samrnymom xaaccom (VM C Fg);
® NYCMOE MHONCECTNEO ABAALTNCA 3AMEHYMBIM KAACCOM;
e nooicecmeo Fg makorce asasemes 3amxnymuvim Kaaccom.

[Iycts V' — mpousBosbHOE MOAMHOXKECTBO MHOXKecTBa . Obo3HAYMNM 1e-
pe3 U(V) muO)kecTBO Beex Takux dyHKImit f(xy, z2, ..., T,) u3 Fg, 1T0

fler,cay.0n) €V, ecmu ¢y, Co,y.oycp € V.
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B srom cayuae f(z1,x2,...,T,) Ha3bBaeTCs @Gynryuel, corpansowed
muoorcecmeo V, a U(V) — kaaccom, corpanarowum mroocecmso V.

3ameuanue 4. Jleexo samemumy, wmo 0as 100020 HENYCMO20 cOOCMEEH-
Ho20 nodmmooicecmea V- mmnoorcecmea G (m.e. V. # & u V # Fg) evinoanero:

o U(V) # o
e U(V) # Fas

V CU(V);

lo(U(V)) =U(V);

UO(V) =V, 20e UD(V) — mmoorcecmeo ecex myavmecmmvit: @ym-
yut, m.e. koncmarwm uz U(V).

boaee mozo, das mobvx deyx nodmmoscecme Vi u Vo mmoocecmsea G
BHINOAHEHO:

UMW) #U(Va), ecau Vi # Va.

[MonmuoxkectBo M mHOXkecTBa Fg HasbiBaercs (PyHKUUOHAALHO) NOA-
nom B Fa, ecomm Io(M) = Fg.

ITosIHOE MHOKECTBO IIPUHATO HA3LIBATEL NOAHOU cucmemot.

U3 zameuanus (4) ciiejyer ClpaBeiInBOCTh CJIELYIOMIETr0 YTBEP K IeHHsI.
Eciin muoxkecrBo M (M C G) comepkut nosnyto cucremy B Fg, 7o M Takxke
SIBJIIETCSI TIOJIHOM cucreMmoil B Fi.

Cucrema byukiuit B(B C Fg) nasbBaercsa bazucom ¢.c. Fg, ecim B
noyHa B F, HO Beakas ee coOCTBEHHAs IIOACUCTEMA He SIBJISETCS IIOJIHON B
Fe.

[MopmuoxkecTBo M MHOXNKecTBa F; HasbIBaeTCss npeonoanvim (Makcu-
manvnvim) kaaccom 6 Fa, ecmun Io(M) # Fg, no mius moboit dynkun f
u3 Fg \ M somonneno Io(M U{f}) = Fg.

O4eBuIHO, ITO NPEONOAHBIT KAACC ACAACTNCA 3AMKEHYMBIM KAACCOM.

Sameganue 5. Ommemum, wmo das doxazamesvcmea npednoirnomovs 6 F
mnootcecmea M (M C Fg) nyotcno nokazamv, 4mo

o M # 3 uM # Fg;
o M samxnymuil xaacc,

o daa mobozo f us Fg \ M cucmema M U{f} noana 6 Fg.
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Eciin T npousBosibHBII 3aMKHYTHII Kiacc B Fg, To aHaiornaabiM oOpa-
30M OIPEJIEIAIOTCA 3aMKHYTHIN Kjacc B 1, IpenoHbIi Kace B 1, moyHAdA
cucrema B 1’ u 6a3uc Mmuoxkecrsa 1.

Cucrema K 3aMKHYTBIX [TOJIMHOXKECTB MHOXKECTBa F(; Ha3bIBAETCS KpU-
mepuaavhoti cucmemot 6 F ¢, ecan moboe muoxkecrso M (M C Fg) sBisier-
cst mosiebiM B Fg Toria u TOTBKO TOT/IA, KOTJA OHO TEJTUKOM He COJEPIKUTCS
HU B OJHOM KJjacce cucrembl K.

B &.c. Fg xkpurepuaibHOil CUCTEMOI SABJISIETCS, HAIIPUMED, MHOXKECTBO
BCEX 3aMKHYTBIX KJIACCOB, OTJIMYIHBIX OT Becero F. B obmem ciydae moces-
Hsisl KpUTepuaJbHas CUCTEMa siBjisieTcsi "u30bITOUHOR". DTO MO3BOJISIET TIe-
peiiTH K paccMOTpeHHIo Oosiee "3KOHOMHBIX" KPUTEPUAILHBIX CUCTEM U C
9TOI TOYKU 3PEHUsT MOYKET OBITh YTOYHEHO CTPOEHUE KPUTEPHaJIbLHOM crucre-
MBI,

KpurepuaspbHas cucreMa Ha3bIBAETCS NPueederHotli, eCJIM OHa HE COMIep-
JKUAT COOCTBEHHBIX HOJICUCTEM, SIBJISIFOIIUXCS KPUTEPUAJIbHBIMHE.

3ameuanue 6. Caecdyem ommemums, wmo 6 Gyrkuuorasvrot cucmeme Fg
NPUBEICHHAA CUCTNEMA, ECAU OHG CYULLCMBYEM, ONPEOEAACCHA 00HOZHAYHO
u cocmoum u3 ecex npednoanu Kaaccos 6 Fg (em. [4].)

BamknyTeiii kiaace T'(T C F) HA3BIBAETCS KOHEUHO-NOPOACOCHH LM, ECITI
B 1’ cyImecTByeT KOHEYHAs IMOJIHAs CHCTEMA.

OyuknuonaabHas cuctema Fg sBiIsieTcs KOHEYHO-TIOPOXKICHHOW, €CsIn
F KOHETHO-TTOPOXKIEHHBII KJIacC.

F ¢ maswbiBaercss GgynkuyuoHaabHot cucmemoti CHemHot MOWHOCMA, €CIIN
Fo cuerHoe MHOXKECTBO.

B &.c. Fg muoxkectso M (M C F) Ha3bIBaeTCs IOJHON CHCTEMOiT OTHO-
cuTenbHO MHOXKecTBa, D, ecmm D C M u M monnast cucrema B Fg.

U, nakower, mpuBeieM OJIHO (Hy?KHOE B JIAJbHENIIEM) YTBEPXK/ICHHE.

Ecnu B pyHKIIMOHAILHOM crcTeMe KaXKIbIi 3aMKHYTHIN KJIACC COMEPKUT-
CsI B HEKOTOPOM IIPEIIIOJTHOM KJIacce, TO MHOXKECTBO BCEX IPEITOIHBIX KJIac-
coB obpasyer (IIPUBEJEHHYI0) KPUTEPUAJIbHYIO cucreMy (cM.[3]).

2. IlocTranoBka 3aga4n

O1HOI U3 OCHOBHBIX IPOOJIEM B T€OPUU (PYHKIIMOHAJILHBIX CUCTEM SBJISIETCSI
NPobAEMA NOAHOMDL, COCMOAULAA 8 ONUCAGHUL BCET NOOMHOHCECTNE JAHHO20
Mmuoorcecmea Fg, xomopwie asasromesa nosnvimu 6 Fa.

B teopun GpyHKIIMOHAIBHBIX CHCTEM BBIIEISIIOT JIBA MOIX0/Ia K PEIIEHUIO
IpO6JIEMBI IIOJIHOTBL: AJArOPUTMUYECKHU 1 ajredbpandeckuii. B mepBoM cirydae
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CTaBUTCS BOIIPOC O CYIIIECTBOBAHUM AJTOPUTMA, YCTAHABJIUBAIOIIETO ITOJIHO-
Ty WA HEMOJHOTY 3aJaHHBIX cucTeM (pyHKIui. Bo BropoMm ciydae 3amgatia
3aKJII0YAETCS B MOJIyYeHUH KpUTepuen (T.e. HEOOXOAMMBIX ¥ JIOCTATOYHBIX
YCJIOBUIT) TIOJIHOTHI.

N3zy4aenne 1mpobsieMbl MOJTHOTBI OCYIIECTBJISIOCH IIyTEM HKCC/IEIOBAHUS
KOHKPETHBIX (DYHKINOHAJIbLHBIX CHCTEM. BO MHOIMX 3THX KOHKDPETHBIX CH-
cTeMax perreHne MpodIeMbl TTIOJTHOTHI OBLIIO CBEIEHO K OMUCAHUIO BCEX IIPEI-
ITOJTHBIX KJIACCOB B HEli, CyTh KOTOPOI'O 3aKJII0YAETC B CACAYIONIEM: JTaHHAS
cucteMa PYHKIUN SIBJISIETCsT TTOJHON TOTJIa W TOJBKO TOTa, KOTda OHA Ie-
JIMKOM HE COJIEP’KHUTCSI HA B OJHOM M3 IPEIIIOJHBIX KJjaccoB. Mcropudaeckn
CJIOXKUJIOCH TaK, IYTO METOJI PEeIeHus TPOOJIEMbI TIOJTHOTHI B TEPMUHAX ITPEI-
MTOJTHBIX KJIACCOB CTAJI OJHUM U3 OCHOBHBIX It (DYHKIIMOHAJIBHBIX CHCTEM.

Henpro HacTosImeil paboThl ABJISIETCST UCCAEIOBAHUE TPOOIEMbBI ITOJTHOTHI
JIs1 (DYHKIIMOHAJIBHON CHUCTEMBI ITOJUHOMOB C PaIlMOHAIbHBIMU KO3 UIH-
entamn’; Gosiee TTOAPOOHO, peIIeHne CIeLYIONEro KPyTa 3a1axd.

1) Hoarnoma cucmem Pymnruyud:
® AGAACNCA AU MHOICECTNGO GCET NPEONOAHBIL KAACCOE KPUMEDU-
anvrol cucmemoti?
® HATMU YUCAO NPEONOAHBIT KAACCOS;

o Halimu npeonoanvie Kaacco, (MO 03MOACHOCTIU).
2) Badava o basucaz:

o umeem au 6a3uc Kanicoas NOAHAL cCucmema?

® MOoOWHOCMD basucos.

3. Onpenenenne pyHKIMOHAJIBHON CHCTEMbI
MMOJINHOMOB C pallMOHAJIbHBIMU KO3 duitmeHramMn

B sTom pazzerne Mbl mpuBoauM omnpeeaeHne (pyHKINOHAILHONR CHCTEMBI 10~
JIMTHOMHUAJIHLHBIX (DYHKIUI ¢ paruoHaJ bHbIMEI Kodddunnentamu. Ho caagasa
HECKOJIBKO CTaHIAPTHBIX 0003HAYUEHUIA.

N — MHOXKeCTBO BCEX HATypaJsbHbIX unces (Bkirodast qucyo 0).

Z — MHOXECTBO BCEX IIEJIbIX YUCEJT.

() — MHOXKECTBO BCEX PAIlMOHAJILHBIX YUCE]L.

4Qupejienenne 3Toi cHCTEMBI CM. HIXKe B paszeie 1.3.
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|A| — momHOCTH MHOXKECTBA A.

€o — MOIIIHOCTb CYETHOTO MHOYKECTBA.

¢ — MOIITHOCTH KOHTUHYYMA.

= — 0003HAYNM, 110 OIPEIEJIEHNI0, TOXKIECTBEHHO PABHO.

Tist yoobersa nsioxkennst nosaraeM, 14ro 00 = 1.

[0 — xBagpar 6ymeT 0ob03HAYATh "KOHEIl JT0Ka3aTeaIbCcTBa .

Bruipaxkenue Bujia cxlfleQ...fo", e n, ki, ks, ..., k, € N, a ¢ € () HA3BI-
BaETCS MOHOMOM C PAUUOHAALHbIM KOIPHUUUEHMOM, BABUCIIIUM OT 7, TIe-
PEMEHHBIX X1, T2, ..., Ty; UPU 3TOM, Korga n = 0, Torja 3a/JlaHHbIE MOHOM
SIBJISIETCST TIPOCTO KOHCTAHTOH ¢, T.€. MOHOMOM C PaIliOHAJIbHBIM K0P UI-
€HTOM, 3aBUCSIIMM OT 0-TO YHCjIa IepeMeHHbBIX.

Koneunast cymma MOHOMOB C paIrnoHAJIBHBIM KO3(MDMUITNEHTAMU HA3BIBA~
€TC NOAUHOMOM C PAUUOHAALHBIM KOIPPULUEHMOM.

Ob6oznaunm gepes Pgl) (n=0,1,2,...) MHOX)XeCTBO Bcex yHKIuit u3 Q" B
@, 33/1aBaeMbIX IOJIMHOMAMHE C PAIMOHAJIbHBIMEI KO3 DUIIMEHTAMET 1 3aBUCSI-
MUX OT N IIePeMeHHbIX, a Yepe3 Py MHOKecTBO Bcex (pyHKIuil, 3a/1aBaeMbIX

n
HOJIMHOMAMHU C PaIliOHAIbHbIME Ko dunuentamu, T.e. Py = U;’LOZOPCFQ ) Drm

GYHKIINKT HA30BEM NOAUHOMUAALHBIMU GYHKUUAMU € PAUUOHAALHOLMU KOIP-

duruenmamu NI IPOCTO Pn-PGyrKyuAMU®.

3ameuanue 7. Jlaa npocmomor emecmo ¢ppad "dynrxuus s3adasaeman
noauromom” u "nosuromuasvran Gynryua'mu 6ydem ynompebasmv npo-
cmo "noaurom”; m.e. mo, omoorcdecmenaem Gopmysy u GyrKyuo, 3adasa-
emy1o amoti Gopmyaot.

B kauecTBe MuOxkecTBa oneparuit O Mbl PACCMATPUBAEM OIEPAIUUA CY-
neprosunuu. Oneparuu Cynepuo3uIlny BKIIIOYAOT B ceOsl:

® JIEPECTaHOBKY II€PEMEHHBIX;

® OTOXKIECTBJICHHUS IIE€PEMEHHDBIX;

® IIeperMEHOBaHUY IIePEeMEeHHbIX (6e3 OTOH(;LeCTBJIeHI/IS{);
e BBeleHNe (DUKTUBHON IIEepPEMEHHOI;

e yrnajeHne (pUKTUBHON IepeMeHHOI];

® 1I0JICTAHOBKY OJHON (DYyHKIUU B JAPYTYIO.

SCumBoser 'p’ u ’n’ — 9TO TepBEle GyKBBI COOTBETCTBEHHO CJIOB "palMoHAIBHBIA"

"monmuaOM".
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ITockompKy /mobas cynepnosunus Gynknumii u3 Py apigerca ondaTsb GyHK-
nueit u3 Pg, To MBI BipaBe paccMorpeTs napy (FPg, ), rae O — MHOXKECTBO
oneparyii Cynepro3uIun HaJi HOJTMHOMHUAIBHBIMI pyHKmmamn u3 FPg; sTta
napa sIBjsieTcst (pyHKIIMOHAJBHON CHCTEMOMN, KOTOPYIO MbI HA30BEM (HYHKUU-
OHANDHOTL CUCTNEMOT NOAUHOMUAGAOHOLL GYHKUUT C PAUUOHAALHBLMU KOIPPU-
yuenmamu 1 0bozHaunM ee depes Fg.

Teopema 1. Fg sasasemcsa dynryuonarvnoti cucmemoti cuemmnoti mousHo-
cmu.

JokaszaTeabcTBO. ITO CIACAYET U3 TOTO, ITO CYNECTBYET BCETO
CYETHOE YHCJIO TIOJIMHOMOB C PAIlMOHAJbHBIMI KO3 durimenramu. [

Teopema 2. B ¢ynxuyuonanrvroti cucmeme Fg cucmema dynxuyud

1 1

B={z—y, 2y, — — .~ ..},
{x Y5 g0 }

—_

2de p — 0b0e NPOCMOoe YUCAO, ABAAECMCA NOAKOT cucmemoti; 6oaee mo2o ona
aeaaemcea u basucom @.c. Fg.

Hoxkaszarenbctso. Obo3naunm yepes f(x,y) = x—yu g(x,y) = xy.

0
CHavaJia MOJIyIuM BCe KOHCTAHTHI U3 Pé . Nmeem

f(o,2) = 0:ha() = £(0,) =
ol 0) = (. ha(0) = o+ el 5) = 1,
ha(1,1) = 2, ho(1,2) = 3, ha(1,3) = 4, ...
hi(1) = —1,h1(2) = —2, 71 (3) = —3, ...

CrenoBaresibHO, MBI IMEEM BCE IeJIble UUCIIA.

Jajee, mycTh ¢ — IIPOMU3BOJILHOE YUCIO U3 (), orauanoe or 0 u 1; Torma
¢ MOXKHO HPEJICTaBUTb B BUJE ¢ = 7¢, TJie M — HeKOTOpoe Iiejoe 4uciio,
orumaHoe or 0, a n — HEKOTOPOEe MEJIoe MOJOKHUTEIbHOE JHUC/I0, OosbIine 1
U IyCTh N = plfl pé”... kr. rae pi,po, ..., pr — HEKOTOPbIE HPOCTHIC HUMCIIA, &
r, k1, ko, ..., k, — HEKOTOpBIE TIEJIbIE TIOJIOXKUTE/IbHBIE YHC/IA.

OdeBugHO, 9TO

1 1 1 1 1 1 1 1 1
gl—, 7) = 779(7a 7) = 3> "'79(77 7_) = . (Z = 1727"'77ﬂ);
pi’pi P2 pd Pl pi’ phit T ph
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I 1 1 1 1 1 1 1

% B~ m w9t e ) T Y reard el
i p22 p11p22 p11p22 p33 p11p22p33 pllﬂ “'prr_ll ph
B 1 1
— el e
P p
PaccmorpuM aBa cirydast.
1. m > 0. Torna numeem
11 2 21 3 m—1 1 m
h2(*> *) = *>h2(*> *) = Tyt h2(77 *) = -
n'n n n'n n n 'n n

2. m < 0. Torma —m > 0 b crpoum uucao =™ TaK, Kak 3TO C/IeJaHO B

ciyqae (1). Hamee, mveem

—m -m m
M=
n n n
Urak, [B] 2 Q.
Tenepb OCTPONM BCe MOHOMBI C PaIMOHAJIBHBIME KO3 dUIeHTaMu, OT-

JIMIHBIE OT KOHCTAHTHI, T.€. PI-(PYHKINH BIIA c:clflngﬁn TJIe C - TIPOU3BOJIb-

HOE€ PALMOHAJILHOE YHUCJIO, OTJNIHOE OT HYJIs, 7 - IPOU3BOJILHOE OJIOKUTE/ b-

HOEe TIeJI0e JUC0, a ki, ko, ..., k, — IPOU3BOJIbHBIE HATYPAJIbHbIE UNUCJIA, [IPH

stoM k1 + k2 + ... + k,, # 0 (T.e. uMmeem XOTst OBl OJIHY CYIIECTBEHHYIO Ie-

pemennyi). O4eBuyiHO, 9T0 U3 QyHKIWUK ¢(Z,y) U KOHCTAHTHI 1 ¢ EON;COHLBIO
1

oneparyii CynepHo3uIui MOYKHO HOJIYyIUTh JTI000# MOHOM BHJQ T x2$ﬁ"

(B ToM wmcsie u ToxkaecTBenHyto dbyukmuio f(z) = x). Hasee, nojacrasiss

B byHKIWMO ¢(x,y) BMECTO & KOHCTAHTY €, & BMECTO Y — MOHOM xlfl x’;xfﬁ,

MBI ITOJIYYHUM PII-MOHOM cxlfl ZL‘S.Z‘]C"

n

fdcno, uro u3 dyukuuu f(r,y) ¢ MOMOIIBIO Onepanuii CynepHo3uIun
MOXKHO ITOJIY YU T JIOOYIO JINHEHHY 0 (DYHKIUIO BUAA T1+Ta+...+Tm(m > 2).

Jlajee, TOCKOIBKY JIIOOOM PI-IIOJTMHOM SIBJISIETCSI KOHEYHON CyMMOM pPII-
MOHOMOB, TO, €CJI B IOAXOJAIIeH JuHeliHo# PpyHKIMu BUga 1 + T2 + ... +
Ty BMECTO €€ IMEePEMEHHBIX IOJICTABUM COOTBETCTBYIOIIUE PI-MOHOMBI, TO
HOJIy YMM KeJIaeMyIo PII-TI0JIMHOM 13 Fq.

Takum obpazom, n3 PpyHKIUN MHOXKECTBA B ¢ IMOMOIIBIO Oneparuit cy-
IIEPIO3UINH MOYKHO IIOJIyduTh Bee dyHKImu u3 Py, nosromy [B] D Py. Ho,
C JIpyroii cTOpoHbl, HocKoabKy B C Pg, To B cujy cBoOiicTBa olepaTopa 3a-
mbikannst [B] C Pg. Cuenosarensho, [B] = Pg, r.e. B sBIsleTCsl MOJIHOM
cucremoit B Fg.

Hanee, noxkaxem, 4To nosnas cucrema B apiserca u 6asucom d.c. Fg.
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ECJII/I u3s B BI)I6pOCI/IT]) (byHKHI/HO T —1Y, TO IOJIyIUM CO6CTBeHHyIO II0ICH-
— 11 1
cTeMy B_ = {xy,i,g,...,g,

JIOBATEJIbHO, U3 ee (PYHKIUN € MOMOIIBIO OIEpPAIUil CYIEePIIO3UIMI MOYXKHO

...}, COCTOSIIIYIO TOJIBKO M3 PI-MOHOMOB H, CJIe-

IIOJIy9UTh TOJBKO PII-MOHOMH, osTomy [B] # Pg.

Ecnmu uz B BeIOpocuTh OYHKIIUIO XY, TO MOJYyUUM COOCTBEHHYIO IIOJICU-
cremy B, = {z — y, %, %, - %, ...}, COCTOSIIIYIO TOJIBKO W3 JIMHEHHBIX PII-
MIOJIMHOMOB U, CJIEJIOBATE/ILHO, U3 ee (PYHKIUN C MOMOIIBLIO OIepaluii cy-
[EPIO3UNIAA MOXKHO IIOJIyYUTb TOJBKO JIMHEHHDbIE DPII-ITOJMHOMBI, MOITOMY
[B] # Po.

Jlerko 3ameruThb, 9TO €cju u3 B BBIOPOCUTH KOHCTAHTY %, e p — Jio-
60e IPOCTOe YUC/IO0, TO U3 MOy IEHHON COOCTBEHHO IIOICUCTEMBI C ITOMOIIHIO
orieparuii Cynepro3uiu HEBO3MOXKHO MOy IUTh BCE PI-TIOJIMHOMBI, B 9aCT-
HOCTH KOHCTAHTY %, nosromy [B] # Pg.

Ecnu uz B Buidpocutsb 60s1ee 0HOM (DYHKIINN, TO SICHO, UTO IIOJIYICHHAS
cobcTBeHHas ToJicucTeMa cucTeMel B ne asigerca nosmoit B F.

WNrak, HU 01HA COOCTBEHHAST TIOICUCTEMA, TIOJTHON CUCTEMBI B He SIBJISIeTCS
nosnoit B F; 910 o3navaer, uyro B apngercs 6asucom ¢.c. Fg. [

@.c. Fg saBisgerca KOHETHO-IOPOXKJICHHOI.

4. BaMKHYTbIe n 1mmpeairoJiHbie KJIaCCbl

Teopema 3. B ¢.c. Fg cywecmeyrom moavko ciedyrousue Konewnvle 3a-
MEHYMBLE KAACCHL:

(0),

o (C, 2de C - npouseoavroe KOHEYHOE TOOMHOHCECTNEBO MHONCECTNEA Fo's
o ) ={x},Ir = {z;—x};
e CUIL,{%xcy, -+, e} Uls, 2de +cy,--- , £, € Q, a C, 11 u Iz onpe-

deasromesa coomeememseHHo 8 nPedvidyuwur NYHKMAL.

HJokasaTeabcTsBo. OUeBUIHO, UTO KAXKI0E U3 EPEUUCTEHHBIX
MHOZKECTB fIBJIseTCs KOHEYHBIM 3aMKHYThIM KjaccoM B Fg. Ilokaxkem, uro B
F¢ ne cymecTByeT JpyruxX KOHEYHBIX 3aMKHYTBIX KJIaCCOB, OTJIIMYHBIX OT IIe-
pevunc/IeHHbIX. [[JIst 9TOTO MOCTATOYHO MO0KA3aTh, UYTO €CJIU 3aMKHYTBII KJ1acC

M conepxut pru-dysrnuio f(x1, ..., Ty ), OIHIHYIO OT KOHCTAHTHI, ¢(T) =
u h(x) = —x, TO OH CONEPKUT BECKOHEYHOE YUCJIO TOIAPHO PA3TMIHBIX PII-
byHKITHII.

[Tycts M conmepxkur pu-dyaknuio f(z1, ..., y). Illockonbky f(x1,...,2Ty)
OTJINYHA OT KOHCTAHTBI, TO OHA MMEET CYIIECTBEHHYIO IIEPEMEHHYIO; He Orpa-
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HUYMBasi OOIIHOCTH, MOXKHO CUHTATh, YTO CYIIECTBEHHLIME IEPEMEHHBLIMU
dbyuximn f(x1, ..., xy,) SBISIOTCI EPEMEHHBIE 1, ..., Ty (n > 1).

Jlajiee, BOSMOXKHBI JIBA CJIydasd:

1. n =1, Te. f uMeer OHy CYIIECTBEHHYIO IEPEMEHHYIO.

Tak kak ¢yuknus f orimana or g(z) u h(zr), T0O OUYEBUIHO, YTO MOCTIE-
JIOBATEJILHOCTD (PYHKINT

f(@), f(f()), F(f(f(2))), -

COCTOUT M3 MONAPHO PA3JUIHBIX (DYHKIUN U BCe OHM MPUHAIIEKAT MHOXKE-
crBy M (nmockoibKy M - 3aMKHYTBIN KJ1acc).

2. n > 2, r.e. f uMmeer GoJiee OMHON CYIIECTBEHHON IepEMEHHOIA.

Torna oueBuHO, 4TO eciu B byHKIuu f(x1, ..., Tp) HA MECTO IEPEMEHHOI

21 noscrasus GYHKIEO F(y1, o Yn) (7€ {1, s Yk 0 {21, o2} = ), 70
noryduM (OyHKITAIO

f(f(yl’ "'7yn)a Z2..., :En)y

CYIIECTBEHHO 3aBHCAILYIO OT BCEX CBOMX 21 — 1 IIEePEeMEHHBIX; 3aTeM, €C-
au B dyakuun f(f(y1, ..., Yn), T2..., Tpn) HA MECTO HEPEMEHHON Y] HOJICTABUM

dyukmmio f(z1,...,2n) (tae {z1,..., 20} NV {y1, -, Yn, 1, ..., Tn} = &), TO MO-
JIyauM (PYHKITHIO

FUEf 21y ey 20) s Y2y ooy Un )y T2eeey T),

CYIIECTBEHHO 3aBUCAIIYIO OT BCEX CBOUX 3N — 2 MepeMeHHBIX ¥ T.J. MTak,
rMeeM OECKOHEYHYIO MOC/IeI0BATEILHOCTD (DYHKITHI

f@1, ey n), F(FW1y ey Yn)s ooy Tn)y F(F(F (215 0oy 20) s Y2y ooy Un )y T2eeey Ti) s oo

KOTOpasi COCTOUT U3 MOMAPHO PA3JUIHBIX (PYHKIMH ([IOCKOJIBKY YUCIa Cy-
IECTBEHHBIX [IEPEMEHHBIX 3THX (DYHKIHUII ONAPHO Pa3/IMYHbI) U BCE OHU
npuHaggiexkar MaoxkectBy M (1.K. M — 3amHyThIi Kiacc). CiieoBaTebHo,
M comepkuT GECKOHEYHOE YUCJIO MOMAPHO PAa3IUYIHbIX PyHKIUH. [

Sameuanue 8. Jamemum, wmo 6 Pynryuorarbroti cucmeme Fg
® YUCAO BCET KOHEUHVIT 3AMKHYMOIT KAGCCO8 PABHO Co;
® YUCAO BCET DECKOHEUHBIT 3AMKHYMBLT KAACCO8 PABHO C;

® YUCNO 6CEXL 3AMKHYMDBIT KAACCOB PAGHO C.
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3ameuanue 9. Ymo kxacaemcs bazucos 3AMKEHYMBLL KAGACCOE, 11O UMENM,
MECMO 6CE MPU CAYHAA:

e 6 b.c. Fg cywecmsyem samrnymoiti xaacc, umeroujuti xKorneunvli oa-
3uc;

o ¢ .c. Fg cywecmeyem samxnymoli xaacc, umerowuti deckornewmnvil
basuc;

o ¢ p.c. Fg cywecmeyem samrnymoiii xiace, ne umerouuts basuca.

Yr06b1 yOeIuThCst B 9TOM, JOCTATOYHO IIPUBECTU IIPUMEPHI COOTBETCTBY-
FOIIX 3aMKHYTBIX KJIACCOB.

[ycre M = {2,442, 8z, ...,2"x, ...}, rje n — 11060€ HOJI0KUTEIHLHOE [eJI0e
gucsio. fcHo, 4To MHOXKecTBO M sdABIIAeTCS 3aMKHYTBHIM Kjaccom B Fg, a
cucrema B = {2z} — ero 6asucom. CienoBaresnbno, M 3aMKHYTHINH Kiacc,
AMeEIOINI KOHEYHDIH 6a3uc.

[ycre M = {z,2x,3x,...,mx, ...}, 1€ m — 11060€ MOJOKUTEILHOE 1eJI0e
qucsto. fcHo, uro MHOXKecTBO M sABJIsfeTCA 3aMKHYTHIM KiaccoM B Fg, a cu-
crema B = {z,2z,3x,5x, ..., px, ...}, 11e p — 11060€ IPOCTOE UUCJIO, ABJIAETCS
ero 6azucom. CrenoBarebHo, M 3aMKHYTBIH KJIACC, UMEIOITIH OeCKOHETHBIT
bazuc.

Hycts M = Io(T), tne T = {1,272, 2323, 232323, ...}. Tlokaxewm, uro
3aMKHYTHII Kitacc M He umeer 6a3uca.

OdeBugnO, 9T0 M COCTONT M3 BCEX PI-TIOJMHOMOB Bua 1 1 xfkl Y
rae n — Jioboe MOJIOKUTEILHOE 1IeJI0e YUCO0, a ki, ..., k, — JiloOble HATYpaJIb-
HBIE YHCJIA.

HomyctuMm, uro kiaacc M umeer 6a3uc; obosnadum ero uepe3 B. fcmo,
qro 1 € B u B comep:KuT PyHKINIO, OTJIMYHYIO OT KOHCTAHTHI 1; 0003HAINM
ee uepes fi(x1,...,opn,), tae n1 > 0. IIycrs 4mcsio nepeMeHHbBIX, KOTOPbIE
coztepKuT 3ra GyHKIWs Bo 2-0it crenenu, pasHo mi(0 < m; < nj); He orpa-
HU4YnBad O6H_[HOCTb7 MO2KHO CUYHTATb, 9TO ITUMHU IIE€PEMEHHbBIMU ABJIAIOTCHA
[EPEMEHHBIE T, ..., Ty, . CitefoBaTesnbro, f1(xy, ..., Ty, ) IMeET BHI

9 2 2km1+1 anl
fi(@1, s @ny) = 2702, 2, Wy

rie k41, -+ kn, — HEKOTOPBIe HaTypaJbHbIE YnCIa OTINYHbE, oT 0 1 1.
OueBnHo, uro u3 dbyskuuit 1 u fi(zy,...,Ty,) € IOMONIBIO OHepanuii
CYTEPIIO3UIUN HEBO3MOXKHO TOJIYYUTH (DYHKITHIO

— .2 2 2
(X1, s Ty 1) = 2725, Ty g
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CrenoBareibio, B cofiepKuT (QyHKIUIO BUIA

_ 2 2 2 2 2lmgtr 2l
Jo(@1, oy Tpy) = Ty Ty g Ty Tng o ey

rJIe Ng, Mo — HEKOTOPBIE MOJOKUTEIbHBIC HEJIble YUC/Ia, IIPU 9TOM Ng > N U
ny < mg < N2, & lyytl, ey ln, — HEKOTOPBIE HATYPAJIbHbBIE YHUCJIA, OTIHMIHBIE
or Om 1.

OuesuHo, uro u3 dyukuwii 1, f1(z1, ..., Tn, ) 1 fo(21, ..., Tp,) ¢ TOMOIIBIO
olepanuii Cyrnepruo3uiuu HEBO3MOXKHO TOJIYIYUTh (DYHKIHIO

— .2 2 2
g(xl, '-->$m2+1) = T1 T Lmg+1-

CrenoBareibHo, B cofiepKuT (QyHKIUIO BUIA

2 2 2 2 2s'nL2+1 25n3
J3(T1, s Tng) = BT X, Ty 1 T T 1 T s

rJie N3, M3 — HEKOTOPBIE MOJIOYKUTETbHBIE TeIble YUCJIa, IIPH 9TOM Ng > No U
ng < ma < M3, & Smg+1, ..., Sng — HEKOTOPBIE HATYPaJIbHBIE YNCJIA, OTJIUIHbIE
orOu 1wuTnm

Taxum obpazom, B comepkuT 6€CKOHEYHOE YHCJIO MTOIMAPHO PA3JIMIHBIX
dyHKIIHT

1, fl(xl, ...,xnl), fg(i{]l, ...,xm), fg(:tl, --->$n3)7

Ho, ¢ gpyroit croponsl, eciu paccMoTpuM J00yI0 OECKOHETHYIO IOIIOCTIE-
JIOBATETBHOCTE (PYHKITHIH 3TON TOCTIETOBATETLHOCTH, COIEPKATITYIO KOHCTAH-
Ty 1, TO o4eBUAHO, 9TO U3 (PYHKIMIT STOH IOMAIIOCIEIOBATEILHOCTU C ITIOMO-
HIO OTIEPAINN CYTIEPIO3UINN MOYKHO TIOJYyUIUTh BCe (PYHKIMH MHOYKECTBA
T, crenoBarenbHo, n Bce MYHKINU 3aMKHyTOro kiacca M. CremnoBaresb-
HO, cOOCTBEeHHas mojcucTeMa basuca B sBisercs: mosaoir B M. Iomyanim
nporuBopedne. VTak, 3aMKHYThIN Kjaacc M He mMmeeT Oasuca.

Sameuanue 10. B dynryuonarvnoti cucmeme Fg
® YUCAO BCET 3AMKHYMBLT KAGCCOS, UMEIOUUT KOHEWHbIT 6a3UC, PaBHO Cq;

® YUCAO BCEX 3AMKHYMDBIT KAGCCO8, UMEIOUUT OeCKOHeunbitl ba3uc, pasHo
G

® YUCNO BCET 3AMKHYMDBIT KAACCOEB, HE UMENOUUT 6(13’&0(],, pascHo C.
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ITyuxrer (1)—(2) oueBumubl. YTo6b! yOEIUTHCS B CIPaBEINBOCTH [TOCJIEI-
HEro IIyHKTa, JOCTATOYHO 3aMETHTb, YTO MHOXKECTBO

MT - [{1 l’l,l'%l‘g,l‘%l'gl':;, } U T]

rae 1 - Tpon3BOJIbHOE OECKOHEYHOE TTOIMHOYKECTBO MHOYKECTBA, BCEX ITPOCTHIX
quces1, He umeet 6asuca u ecau 11 # Th, tie 11, Th — a100bIe TTOIMHOXKECTBA
MHOXKECTBa BCeX IPOCTBIX uuces, To My, # Mr,.

PaccMoTpuM HEKOTOPbIE KOHKPETHbIE 3aMKHYThIe Kaacchl B Fg, KoTopble
SIBJISIIOTCS TIPEIIIOTHBIMA KJIACCAMU U TEM CAMBIM MT'PAIOT BAXKHYIO POJIb IIPH
pelIeHnn IpodIeMbl TOJTHOTHI.

Teopema 4. Ecau W npouseosvbroe KOHEYHOE NOOMHOHCECTNEO MHOHCECTNEA
Q, mo xaacc U(W) asaaemes npednoavim xaaccom 6 Gynkuuonasbrot cu-
cmeme Fg.

Hoxkaszareuasbctso. llyctrb W = {c1,...,cn}, TOE €1, ...y Cm —
KOHCTAHTHI U3 ().

fAcuo, aro UW) # @, U(W) # Pg u Io(U(W)) =U(W).

Hamnee, mycts f(z1,...,2n) € Po\U(W); Torga it HEKOTOPBIX KOHCTAHT
Ciyy s Ciyy 13 W c 3 Q \ W Gyner Bemmonneno f(ciy, ..., ¢, ) = c.

O4eBUIHO, UTO PII-TIOJTUHOMBI

(t—c1) o (t—cm)

gi1(t,z,y) = (x—y—c1)+e,

c—c1) s (c—cm)
it ) = (= O ()
gs(t) = (t—c1) .- (t—cm) '(1_61)_’_01’

(c—c1) - (c—cm) 'p
rjie p — IPOU3BOJILHOE MIPOCTOE YUCIIO, TIpuHaIexkarh Kiaaccy U(W).
CrenoBaresibHO, PI-IIOJIMHOMBI

1
gi(e,z,y) = & =y, g2(c, z,y) = zy, 8=
npunajiexar kiaccy [U(W)U{f(x1,...,zn)}]; me. [UW)U{f(x1,...,2n)}]
COJIEPZKHT HOJICHCTEMY
11 1
B={z—y,2y, =, =yccey = -o- }»
lz=vey 55000000
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(p — y0Goe mpocToe 4mCII0), KoTopasi sBjstercs nosunoit B Fg (cm. Teopemy

(2)). Buaunr, [UW) ULf (@1, ... 20)}] = Pg). O

,HJIH JIIO60T0 MTOJIOXKUTETHLHOTO palnmnoHaJIbHOT'O 9YUCJIa C 0003HaAYUM qgepes

Qe+={q€Q:q9>c} nVep =U(Qey)

Teopema 5. Jlas w06020 payuonasvhozo wucaa ¢ > 1 mmoocecmeo Veg
AGAACMCA NPEINOANBIM KAGCCOM 6 Pyrkyuonarvrot cucmeme Fq.

Hdoxaszareuasncts o OueBumno, uro Vey # &, [Vey| = Vey n
[Vet] # Fo-

Ouesnyno Takxe, uro f(z,y) = x4y, 9(x,y) = zy, h(z) =2 —c € V4.

Iycrs f(z1,...,2n) € Pg\ Vet. Torma mist HEKOTOPBIX KOHCTAHT C1, ..., Cp
u3 Qer u k uz Q \ Qe Oyuer Boinosneno f(cy, ..., c,) = k.

Tak kak k € Q¢+, T0 k < ¢; HO Tora ncyo ki = h(k) = 2k — ¢, koropoe
npunajexnt kiaaccy [Veq U{f(x1,...,2,)}], Menbme uncna k; qucio kg =
h(k1) = 2k; —c, koropoe Takzxe npunasexut kiaccy [Ver U{f(z1, ..., zn)},
MeHblIe uncia ki; ancio ks = h(ke) = 2ko—c, KOTOpPOE IPUHAIJIEXKUT KJIACCY
Vet U{f (21, ..., 2n)}], MeHbIIE uncia ko u T.7. Yepe3 KOHEUHOE YUCIIO TIa-
IOB MBI TI0JIy9UM HEKOTOPOE OTPHUIATETHHOE YHCIO0, KOTOPOE MPUHAJIEIKHUT
kinaccy [Vey U{f(x1,...,2p)}]. OBo3naxmm ero wepes —I, rue |— mexkoTropoe
[OJIOZKUTELHOE PAIMOHATIBHOE YUCIO.

Hamee, ancia

F(=1,=1),= =21, f(—1,—21) = =31, f(—1, —31) = —4, ...

npunagexar kiaaccy [Vey J{f(z1,...,xn)}]. 3 31ux qncen BeibupaeM oHO
TaKOe YUCJIO, IIYCTh 9TUM YUCJIOM sBjsgeTcs —ml, uro ml u ml — 1 npunai-
qexkaT MHOXKeCTBY Wy (37€ch m— HEKOTOpOe Iiesioe 9nciio). Toraa Iucio
f(ml,ml — 1) = —1 npunamexur xiaaccy [Vey J{f(x1,....,zn)}].

Nmeem

f(=1,-1)= -2, f(—-1,-2) = =3, f(—1,-3) = —4,...

rakxke npunajgiexar kiaaccy [Ver J{f(z1,...,zn)}].

Canenosarensno, [Vey J{f(z1,...,2n)}] comepxur Bce orpunaresbHble
qucIa.

Tak Kak Jiis JI060r0 IPOCTOro Yuc/a p 9uciio [c+1] +% GosbIie ¢, T.e. [c+
1] +% HPUHAIJIEZKUT Ky1accy Vey (311ech [c+1] - nesast gacts gncia c+1), a or-
punarenbHoe nciao —[c+ 1] npunamnexnr kinaccy [Vey U{f(x1,...,2n)}], TO
ancio f([e+ 1]—1—%, —[e+1]) = % upunagieskut knacey [Ver U{f (21, ..., zn)}]-
Boutee toro, g(—1,z) = —y, u f(x,—y) =z —y.
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Uraxk, [Ves U{f(x1, ..., zn)}] comepxur nomcucremy

B:{x—y,lﬁy,

Wl

1
57 Yty }a
p

rJie p— MPOM3BOJILHOE [IPOCTOE YHCJI0, K KOTOPast SIBJISIeTCs TOJIHOM (Teopema
2)).

CremoBaTenbHO, MHOMXKECTBO Ve $BJISETCS TPEANOJHBIM KJIACCOM B
dynknmonansnoit cucreme Fg. [

st j1i060ro OTpUIATEIBHOIO TEJIOr0 9ucjia ¢ 0003HAUNM depe3 Q.- =
{geQ:q<ctuV._=U(Q.).

Amnamormano teopeme (5) MOKa3bIBACTCS CIIPABEIMBOCTD CJIEIYTOIIETO
YTBEP2KJICHUS.

Teopema 6. /[ra 1106020 payuorasvHozo vucsa ¢ < —1 mmoocecmeo Vo
ABAACMCA NPEONOANBIM KAGCCOM 6 PyrKyuonarvrot cucmeme Fq.

st moboro mpocroro umcsra p 0603HaUUM uepe3 (), MHOMKECTBO BCEX
HECOKPATHUMBIX PAIMOHAJBHBIX APobeii, 3SHaMeHATe b KOTOPBIX JEJIUTCS Ha P
U IyCTh

Ve ={f(z1,....,2n) € Py : f(c1,....cn) € Q\Qp 1DU 1, ...,cn € Q\Qp}.

Teopema 7. Jlas mobozo npocmozo wucaa p mroscecmeo Vi Asasemes npeo-
NOAHBIM KAACCOM 6 Pyrryuonarvroti cucmeme Fg.

HJoxkaszarensctso. Ouesnnno, uro V; # &, [V5] = Vp u [V;] # Pg.
OueBnnno Taxxe, uro f(x,y) = « — y,g9(z,y) = zy € V; u Bce uncia
BUJIA 1 rie g mo6oe mpocToe WHCIO, OTIIHYHOE OT P, IPUHAIEKATD V.
Iycrs f(x1,...,2,) ¢ Vp. D10 03HAdYaET, 4TO CyIIECTBYIOT TaKHe KOH-
CTAHTBHI C1, ...,¢p, € Q\Q)p 3HaueHne dynkimu f(cq,...,cp) € Qp, T.e. UMeerT
T

CJIEJTYIONINIT BUJ HECOKPATUMON Ipodu Eg» DAE T'— HEKOTOPOE IeJIoe “HCIO,
OTJINIHOE OT HyJIdA, & k— HEKOTOPOE IMOJOKUATEIBHOE TEI0€ IUCIIO, IIPU ITOM

|r| uk, a Takzke |r| u p B3aumuo npoctsie unciaa. Ho rorma [V U f(cq, ..., ¢p)]
T T T T
COZIEPXKUT UHCIO 71— + 72— + ...+ 7-(kpa3) = T.
Jep kp + kp + + kp( pas) P
Tak Kak |r| ¥ p B3aMMHO IPOCTBIE YHCIA, TO ypaBHeHHe pxr + ry = 1

UMeeT PEIleHne B IeIbIX YUCaax (370 OOIIEen3BeCTHO U3 KyPCOB ajredpbl u
reopun uncen). [lycts x = [ u y = $ ABIsgeTCS PElIeHneM 9TOTO ypaBHEHNS,
T.e. pl +rs =1, rae |l u s HEKOTOPBIE TEJIbIe YUCTIA, OTIHIHbIE 0T (.

Jlajiee, BOSMOYXKHBI JIBa CJIydasd:
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1. s > 0; Torma f(c1, ..., en] comepxur uncio l+ + k et

p

é(s pa3) _ pltrs _

Vs
1.
p’
2.5 < 0; rorga [V5U f(c1, ..., en] comepamt ameno — (55 + 75+ ...+ 15 —
[)(—s paz) = 2= = 1,
Crenosarensro, [V; U f(cq, ..., ¢p] comepxkur mopcucremy

B:{x_yvxya

OO\P—‘
\
[

1
2’
KOTOpasl aBJjseTcs moianoil. Teopema mokazana. [
I, nakoHer, pacCMOTPHUM eIlle OJHO CEMeUCTBO MPEITOTHBIX KIACCOB.
[TycTb S MHOXKECTBO BCeX MPOCTBIX YUCeN, & 1'— MPOU3BOJILHOE HEITYCTOE

[IOJMHOYKECTBO MHOXKECTBa S.
Beenem obozHatenmne

Mr=(UHU (L= U( Y Lltas2).
rae folt, 2,y 2) = [(t — ¢2°) (22 —yz + 2 + 1) + 1] (22 —yz + 2 + 1).

Paccmorpum kinace [Mr]— 3ambikanue MHOkecTBa M.

Jlerko jlokazath, 4To Kiaacc [My] He comep:KuT moamHoMoB Buja ¢z (g €
S\T).

C 9T0i1 1e/IBI0 IOCTPOUM HHIYKTHUBHO II0CJIE/I0BATEILHOCTH MHOXKECTB
Hy,Ho, ..., Hy,... pu-QpyHKINIA.

Basuc wunykowuu Honoxkum Hy = [Mr].

NWanykrtusub i mepexoa [lycrs yzke mocTpoeHbI MHOXKECTBA

Hy,Hs, ..., Hy; Torna Hyy1 onpejeisiercsds KaK MHOXKECTBO BCEBO3MOXKHBIX
cyneprosurmit Buga g(hi, ..., hy), tae g— byaxmus w3 My, a hy, ..., hyp—
Jibo niepemenubie, aubo dyukiun u3 Hi, Ho, ..., H.

Jlerko 3ameruTs, uTO .OleHi = [Mr].

Jamee, HETPYIHO HOK;B&TI: C TOMOITBHIO0 MATEMATUYECKON WHIYKIIUU IO
i, ITO HU OJJHO MHO¥KecTBO Hj; He cOflepKHUT MOJMHOMOB BHIa 25, Tie (g €
S\T'). Orciona cieayer, 9To

1) [Mr] ue siBisieTcst TIOJIHOM CHCTEMOIH;

2) ecau 11 u Th— TPOU3BOIBHbBIE HEITYCTHIE MOJAMHOXKECTBA MHOXKECTBA S
u MT1 a MTza TO [MTl] a [MTz]-

Ecin x muoxectBy [Mr] nobasum mobyio dbyukmmio Buga qz°, rae q €
S\T u 3aMKHEM IOJIyuYeHHOEe MHOXKECTBO, TO HOJLy4nuM (DYHKITHIO

f(x,y,z) = fq(qzs,x,y,z) =rz—yz+z+1,
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13 KOTOPOIi C IOMOIIBIO OIePalNy CYIEePHIO3UIIMI MOXKHO IOJIYIUTh BCE I10-
JIMTHOMHUAJIbHBIE (DYHKIINN C TEJIBIMUA KOI(PDUITMEHTAMHT, U B YaCTHOCTH, L — Y
u xy (em. [2]).

CnenoBare/ibHO, W3 HUMEOMUXCs (PYHKIMIA € [TOMOIIBIO  Olleparuii
CYIEPIO3UIMU  MOXKHO IOJIY4IUTh cucremy pr-byeknuit B = {z —
Y, TY, %, %, ceey %, ...}, KoTopas sBjstercst nojmHoit. osromy [[My] U {qz8}] as-
Jsercs noaHoit B Fo.

Orcroma cietyer, 9To:

1) mHOXKeCcTBO M7 MOXKHO PACHIUNPHUTD JI0 TIPEJIIOIHOTO Kiracca (paciiu-
peHne KOHeuHOe), T.e. My CONEPKUTCS B HEKOTOPOM HPEIIOJHOM KJIacCe;

2) ecoiu Ty u To— IPOU3BOJIbHBIE HEIIYCThIE MOJAMHOYXKECTBA MHOXKECTBA S
u Ty # Ty, To [Mr) U [Mrg,] sBasiercs nomnnoit cucremoit. CiieioBaTesibHO,
M7, u M, He MOTYT COIEP?KaTbCsI B OJJHOM IIPEJIIIOHOM KJIACCE.

Taxum 06pa3oM, MbI JIOKa3aJIl CIPABEIJIMBOCTD CJIEIYIOMIErO YTBEPIKIe-
HUS.

Ecmu T1 n Th— npon3BoJIbHBIE HEILyCThIE ITOAMHOXKECTBa, MHOXKECTBA S U
Ty # Ty, To [Mr,] u [Mr,] conep:Kurcsi B pa3HbIX [PEIOIHBIX KJIACCAX.

5. Iloanora cucrem byHKITIIA

Paccmorpum anrebpamveckuit BapuaHT TPOOJIEMBI MOJTHOTBI: HAUMU HE0b-
Todumoe u doCAMOUHOE YCAOBUE NOAHOMbL CUCTIEM PN-Pynkuul (Ha A3bi-
Ke NPeOnONHBLL KAACCOB); 4, UMEHHO: ABAAECMCHA AU MHOHCECTNBO BCET NPEO-
NOANBLE KAaccos (npusedernot) kpumepuasoroll cucmemot? Hatmu wucao
NPEINOAHIT KAACCOS.

Jlemma 1. B ¢ynxyuonarvroti cucmeme Fg xasrcovti samxnymond xiacce,
omauunotl om Py, moochno pacwupumsv do npednoanozo xKiacca.

JokaszaTeanbctTso. [Iycte M npoun3BobHBIN 3aMKHYTBIN KJ1acc,
orm4HbIl o1 FPg.

Paccmorpum muoxkecrso M* = M U{zx + 1,2 —y,zy} (3zecs x + 1 "10-
6aBun"'K MHOKecTBY M 13 coobparkenus, uro 3ambikanue [M*] comepkaiio
BCE IIeJIbIe YHCIIA).

Bo3MoxHBI JiBa cydas.

1) [M*] = Pg. Torna B cuy yrsepxaenus (1) ximacc M MOXKHO paciiu-
PUTD JIO TIPE/ITOJTHOTO KJIACCa.

2) [M*] # Pg; Torga cymecTByeT TaKoe IIPOCTOE YHUCJIO P, ITO % ¢ [M*]

(B nporusHOM citydae [M*] comepxkaio 6bl nosHyio nojcucremy B = {x —

Y, TY, %, %, ceey %, ...}, n, ciaenoBarespHo, [M*] = Pg, 9T0 IPOTUBOPEYNBO).
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T *
Honycrum, 1T0 HeKOTOpOE MCI0 3 u3 Q) conepxurca B [M*], rne k—
HEKOTOPOE IIOJIOKUTEJIBHOE IIEJI0e YUCJIO, '— HEKOTOPOE IEJI0e HHCJIO, IIPH
sToM |r| n k, a Takke |r| m p— B3amMHO mpocThle dnciaa. Kak msBecTHo n3

Kypca ajarebpbl U TEOPUM YHUCeJl ypaBHeHue pxr + ry = 1 mmeer perieHue
B IesblXx umcaax. Ilycrb & = | m y = S pelleHne 3TOro ypaBHEHHs, T.e.
pl +rs =1, tne [, s— HEKOTOpBIE MeJble TUCIA.
flcno, uro ecm 75 € [M*], 1o 5 + ... + 15 (k pas) = 7 € [M™];
CtetoBaTEIBHO,
r r l+rs 1
l+f+...+f(spa,3):pi:f6[M*]Hp1z18>0
kp kp p p
u
r r pl+rs 1 .
—(—+...+—(—spa3) =) =——=—€ [M*]upus < 0.
kp kp p p

[Mosyunin npornsopedne. 3HaunThb, [M*] He COIEPKUT HU OJHOTO IEMEHTA
MHOZKecTBa (). Bosee Toro, [M*] He comepKuT HI OAHOI TaKoil piI-DyHKIHHI
f(z1,...,2zy) u3 Py, koropas Ha MuoXkecTBe (Q\()p IPHHAMAET 3HAYCHIUE U3
Qp- Hosromy pr-dyuknun us [M*] coxpansor MHO)KecTBO Q\Q)p. CiresoBa-
TesbHO, [M*] comeprkurcst B mpeaosHoM kiacce Vy,; tem 6Gosee, M comep-
xures B Vp. Jlemma nokazana. [

Nrak, xaotcoviti 3amMEHymoil KAGCC COOEPHCUMCA 8 HEKOMOPOM NPEINON-
HOM K.aacce; OTCIONIA B CHJLYy yTBep:KeHus (1) mosydaeMm CHpaBe/IMBOCTD
CJIeJIYIOIIEeNl TeOpeEMBI.

Teopema 8. B ¢yrxyuoranrvroti cucmeme Fg mmrosicecmso ecex npednoa-
HOIT KAGCCO8 06PA3YIOM KPUMEPUAALHYIO CUCTIEMY.

Teopema 9. B dyrxyuonarvroti cucmeme Fg mowgrocms mroorcecmea ecex
NPEINOANDIT KAGCCO8 PABHG C.

JlokaszaTeabcTBo. PaccMOTpUM MHOXKECTBO 3aMKHYTBIX KJIACCOB
A = {Mr}rcs. C onmoit croponsl, B cuiy yTBepKiaenus (4) Jsobbie aBa
9JIEMEHTa, 3TOrO MHOXKECTBA COIEPKATCS B PA3HBIX IIPEINOIHBLIX KJIACCAX.
CrenoBaTe/bHO, YHCIO MPEIITOIHBIX KJIAccoB He MeHblne c¢. Ho, ¢ apyroii
CTOPOHBI, TaK Kak F(y cueTHas (byHKIHOHAJbHAs CHCTEMa, TO YHCJIO BCEX
MIPEITOHBIX KJIACCOB He MOXKeT ObITh Oombire c. CiiemoBaTebHO, NCKOMOE
YUCJIO PABHO KOHTHHYyMy. []
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6. Ba3uchl IOJHBIX CUCTEM

B dyuxumonansuoii cucreme Fg muoxecrso {x — y, zy, %, %, e %, ..}, TIE

Pp— TIPOU3BOJILHOE IIPOCTOE YHCIIO0, ABderca basmcom. Cienosarensno, Fg
CYETHO-TIOPOXKJICHHAsT (DYHKIIMOHAJIbHASI CUCTEMA M II09TOMY JII00AsT ITOTHAS
cucremMa uMmeer cyeTHbI 6asuc (ecsm, KoHeUHO, oH cyiecTByer). Ho Beskast
qm nosinag cucreMa B Fg nmeer 6asuc? orser Ha 9TOT BOIPOC JaeT clielyTo-
1iee yTBep2K/JieHNne.

Teopema 10. B dynryuonarvnoti cucmeme Fg cywecmsyem noanas cu-
cmema, He umerowan 6asuca.

JNokaszaTreasbcTso. ObosnayuMm depes ¢ = 0, q; = pil_l(z' =2,3,...)
rJie pi—1 €cThb (i—1)—o0e mpocToe YnucIIo B IOCIEI0BATETLHOCTU BCEX TIPOCTHIX
ancen 2,3,5,7,11,... . Iycre M = {z — y,zy, fi(z), fo(x),..., fu(z),...},

e fp(z) (n = 1,2,3,...)— po-bysrnus n — oii crenenn (r.e. dyHK-
1y, 3a7aBaeMast ITOJIMHOMOM OJHOM MEePEMEHHOl I, CTeleHb KOTOPOTO PaB-
Ha 1, a KO3 UIUEHTHI - palMoHAIbHBIE YUC/IA), IPUHIMAIONAsA B TOYKAX
41,92, - - - @n+1 COOTBETCTBEHHO 3HAYEHUS G2, 43, - - - , (n+2. CyIIECTByeT TaKkast
enuHCTBeHHAsT pr-pyHKIWs (moaunaoM Jlarpamxa).

Herpyauo 3ameruts, uto Kiace [M] cogepKut mnojcucreMmy

{33' - Y,y 5,

o peh

N
W =

KoTopas sBisiercs nosHoit B Fg. Cienosarensho, [M] = Pg.

Urak, M monnas cucrema.

Homycrum, uro M umeer 6a3uc; obo3HatuM ero depes B.

Tax kax Fg Geckoneuno-nopoxjiennas ¢.c., To B 6ecKOHeTHOe MHOKe-
CTBO.

Bo3moxkHBI coreryroniue ciaydan.

1. B= {$ _yaxyvfil(x)vfm(x)ﬂ' . 7f2n(x)7 '}7 rae
{il,’ig,...,in,...} c {1,2,...,n,...}.

Ho Torma jsrerko 3amMeTuTh, 9TO JTH00AsT MOICUCTEMA BUIA

{.CU - Yy, fjl (1’), sz (SC), SRR fjn(gc)v .- ‘}7

rjae
{jl?jQ)"‘?jﬂ?"‘} g {i17i27"'7in""}
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COAEPZKUT IIOACUCTEMY

1

1
{x_y7my7 757"'757"'}7

N

KOTOpasi siBiisiercst monHoit. CresoBarensro, [B] = Pg.

2. B=A{z—vy, fi,(x), fi,(x),..., fi, (x),...}, re
{il,’ig,...,in,...} - {1,2,...,n,...}.

Ho Torna mns KoneaHoro uunciia GyHKINH 3TON0 0a3Kuca ¢ ITOMOIIBIO OIIePaITun
CYTEPITO3UINNA MOXKHO IOJIYIUTh (DYHKINWIO TY; MYCTh ITUMHA (PYHKIUSIMU
ABJIAIOTCA (1, - . ., Jk- 1OTJIA SICHO, UTO JIFOOAsT TTOJCUCTEMA BUIA

{x_yagh'"7gk7fj1(x)vfj2($)?--'afjn(-x))-"}a

rjue
{41592y« s Jns - -} CHi1, 02,00 yin, ...}

COJIEP2KUT TIOJICUCTEMY

DN =

1 1
{il,‘ Y, 2y, 5> ga tey ];7 }a

KoTOpast sBisiercs nosnoit. Ciaenosaresnsuo, [B] = Pg.
3. B ={uy, fi,(x), fi,(x),..., fi,(x),...}, ooe
{il,ig,...,’in,...} - {1,2,...,n,...}.

Ho Torma uz xoreunoro dncia GyHKIN 3TOr0 6asuca ¢ IIOMOIIBIO OIEPAITAN
CYIEPIIO3UIINN MOXKHO MOy YUTh (PYHKIUIO £ — ¥; IMyCThb STUMU (PYHKIIUSIMH
ABIAIOTCA A1, ..., hy. Torma sicHO, UTO JTH00As MOACKCTEMA BUIA

{(L‘y, hl, ey hm, fjl (1‘), ij(x), . ,fjn(x), .. .},

rIie
{41592y« s Jns - -} S {1,802y« o yin, ...}

COJIEPYKHUT TIOCUCTEMY

DN |

1 1
{$ Y, Ty, 5, ga cey ;)7 }7

KoTOpasi saBisiercs nosHoit. CreoBarensro, [B] = Pg.
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4. B = {fll(x)7f12($)?7fln(m)7 "}7 rae
{il,ig,...,in,...} - {1,2,...,77,7...}.

Ho Torma B cocTouT TOMBKO M3 PI-DyHKIUN OIHON IMEepeMeHHOH, MO3TOMY
[B] # Fo.

Bo Bcex caydasx nmpuxomauMm K IPOTUBOPEUHIO Oasuca.

3HAYUT, UCXO/HAS [IOJIHAS CUCTeMa He uMeer Hazuca. [J

Aemop supasicaem e2aybokyro baazodaprocms npogpeccopy Mockosckozo 20-
cydapcmeenrozo ynusepcumema um. M.B. Jlomonocosa, 3asedyrouiemy ka-
Ppedpoti Mamemamuneckoth meopul UHMEALCKMYAAOHLL CUCTIEM METAHUKO-
mamemamuueckozo gaxysvmema MI'Y B.B. Kydpasuesy 3a nocmanosky 3a-
davu u nocmoArHY0 Nod0epIHcKy NPu BLINOAHEHUY daHHOT PaOOMbL.
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On a functional system of polynomials with rational coefficients
Aleksiadis N.Ph.

This article investigates the completeness problem for polynomial
functions with rational coefficients, as well as problems of a functional
nature generated by its solution, namely: studying the structure of
closed and precomplete classes, the problem of bases of complete
systems. In particular, it was proved that

1) the system of functions is complete if and only if it is not wholly
contained in any precomplete class;

2) the cardinality of the set of all precomplete classes is equal to
the continuum;

3) there is a complete system that does not have a basis.

Keywords: polynomial, functional system, problem completeness,
rational function, closed classes.
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3amnpochkl Ha CpaBHEHUE B 3aJiave
napameTpo-3pPpeKTuBHOI pacimnppoBKNI
OyJs1eBbIX PYyHKINII

Bercrpeirosa A.B.

B pabote paccmaTpuBaeTcs 3a/1aa TOIHOM TapaMeTpo-3hdeKTUBHOM
pacmudpoBKYu (GYHKIUNA U3 3aMKHYTBIX KJiaccoB llocra mpu momornu
3arpocoB Ha cpaBHeHue. [lokazaHo, 9TO CJIOKHOCTD pPacHIMMPOBKU C
ITOMOIIBIO TUX 3AMPOCOB HE XyIXKe, a IJIsi HEKOTOPBIX KJIACCOB IIO I0-
PSLIKY JIydIlie, UeM TaKOoBasl JJisd CJIydasi 3allpOCOB Ha 3HAYEHUE.

KuroueBsbie ciioBa: Tounas pacimmdpoBka, mapamMmeTpo-3hdeKTuBHAS
pacdpoBKa, 3aIPOCHl HA 3HAYEHNE, 3aIIPOCHl HA CPABHEHUE, 3aMKHY-
Thle Kjaccel [locra.

1. BBenenne

Hauunast ¢ gBamaToro Beka, OJHUM U3 TOIYJIsIPDHBIX HAIIPABJIEHUN MCCJIEIT0-
BaHUIl B JUCKPETHON MaTeMaTHKe OCTAETCs U3y YeHHe 3a0a4 10 paciindpPoBKe
dyHKIMIA. DTy 3819y MOXKHO MPEJCTABUTH KAK UIPY MEXKJY JIBYyMsl UT'DO-
KaMmu: ‘yanreseM” n ‘yIeHHKOM, B KOTOPOW yUIUTe/b BIOMpaeT PyHKIUIO, a
VUEHHK JIOJI?KEH KaK MOYKHO CKOpee y3HATh 3araJaHHyio yauTesieM (PyHKIIIIO,
3a/1aBasl OIpeieJIeHHbIe BOIPOCHL. [Ipu 95TOM yUeHUKY JIMIIb W3BECTHBI HEKO-
TOpBbIE APAMETPHI, OIIPEIeIAionue (PYHKIINIO: YUC/I0 IIEPEMEHHBIX, OT KOTO-
PBIX 3aBUCHUT (DYHKIIHS, KOJUIECTBO CYIECTBEHHBIX IEPEMEHHBIX, KaKOE-TO
CBOIICTBO, KOTOPBIM OHa 00siajiaeT (HAIPUMEDP, MOHOTOHHOCTD, KOJHYECTBO
eJIMHUIL B BEKTOpPE 3HaYeHuil (DYyHKIUN), U TaK Jajee.

Mmuoroobpasue 3ama4d B cdepe pacmudpoBKr (YHKIUNA JOCTUTAETCI 3
CYeT BapbUPOBAHUS MOJIEJN, B PAMKaX KOTOPOH MPOBOIUTCS pacingpoB-
Ka, KJIaCCOB (DYHKIHIl, KOTOPbIE SIBJISIIOTCS [EJbI0 paciinPOBKH, TUIIOB 3a-
MIPOCOB, C TIOMOIIBIO KOTOPBIX OCYIIECTBJIsIeTCst pacimdposka. K mpumepy,
B JAHHOI paboTe pacCMaTpUBAETCs JIBE BEPCHUU 3aJadd PaCIIn(OpPOBKU, KO-
TOpBIE OTJIMYAKTCS TUIIOM 3aIllPpOCOB K yuuTesro. B mepBoit Bepcuu yueHUK
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[POCUT YUIUTEJIsI PACKPBITH 3HAYEHUE BHIOPAHHON (DYHKIIMHM HA KAKOM-TO OJI-
HOM Habope 3HAYEHWIl [IepeMEeHHBIX (3aIpoC Ha 3HAUYEeHHE), & BO BTOPOIl Bep-
CUU 33Jla91 yYeHUK BhIOMpaeT jBa Habopa 3HAYCHUIl IIEPEMEHHBIX U IIPOCUT
yUUTeJs BEPHYTH 3HAK Pa3HOCTU 3HA4YEHUil 3arajaHHoil (bYHKIIMH Ha ITHX
Habopax (3ampoc Ha cpaBHeHHe). UTo Kacaercss MOJEIH pacmudpoBKH, TO
B O6GI/IX HCIIOJIB3YEeTCdA TOYHad MOJe/Ib, TO €CThb, YICHUK J0JI2KE€H ITOJTHOCTBIO
BOCCTAHOBUTH BEKTOP 3HAYEHUIl 3araJJaHHON QyHKIUN.

B pabore |[1] mnposemern 0630p pe3yJbTATOB TOYHOI Hapamerpo-
sddexkTuBHON pacind@poOBKU IPHU ITOMOIIN 3allpPOCOB Ha 3HAYTEHHUE IS BCEX
3aMKHYTBIX KJyiaccoB pererku [locra. Hackosibko 1ieecoobpas3to B 910l 3a-
Jlade 3allpOChl HA 3HAUEHUE 3aMEeHSITh Ha 3alIPOChl HA CPABHEHHE [T0Ka, HESICHO,
[IOCKOJIBKY B JINTEPATYyPE OHU CTAJU OCBENIATbCS OTHOCUTEJIHLHO HEJABHO, KO-
rja Oblin Brepsble BBeJeHbl B [2]. [Toxoxkuit Tum 3ampocoB paccMaTpuBacst
B 3aJlaue BOCCTAHOBJICHUSI YACTHIHOIO MOpsifika Ha MHOXKecTBe [3]. Ilpnme-
pPbL paboT, Te U3ydaeTCs CI0XKHOCTL paciindpPOoBKU (PYHKIUH C ITOMOIILIO
3aIpocoB Ha cpaBHeHUe, — [2, 4, 5, 6, 7|, HO Bce 9TH HCCIEOBAHNSI HE Kaca-
JINCHb 3aMKHYTBIX KJjiaccoB permrerku [locra.

JlamHas paboTa IOCBSIIEHA TPOSICHEHUTO CUTYAIINH, HACKOIBKO “‘CribHee"
3aIPOChl Ha, CPABHEHUE OTHOCUTEIBHO 3aIIPOCOB HA 3HAYCHUE B YIOMSHYTON
BBIIIIE 3a/1a4€.

2. OcHoBHBIe TIOHATHA W (POPMYJIUPOBKA Ppe3yJIbTa-
TOB

[Mycts F — nekoropsiit knace dyuknuii. [lox F(n, k) 6yjaeMm noHEMATH MHO-
2kecTBO DyHKIMI U3 F'; 3aBUCAIINX OT IEPEMEHHDIX X1, L3, . . . , Lpn, IPU ITOM
He 6osiee k U3 KOTOPBIX CYIIECTBEHHDIE.

3anpocom Ha cpashenue K pyHKIun f OygeM Ha3bBATH Mapy HAOOPOB
(a,b), a orBerom Ha Hero — gucio f(a) — f(b).

ITon sanpocom na snavernue K pyHkiuu f OymeMm MOHUMATL HAOOP a, a
OTBETOM Ha Hero Oyzaem cumtarh dncio f(a).

Nunexke ¢ B obo3HaveHnsix OyjieM HTPHUIUCHIBATH B CJIydae 3aIlpOCOB Ha
CpaBHEHHUE U WHJIEKC |y — B CJIyUae 3alIpOCOB Ha, 3HAMCHIE.

[ox, anzopummom pacwudposru sanpocamu wa cpasrenue OyIeM MOHU-
MaTb YCIOBHBII 9KCIIEPUMEHT, KOTOPBIH MOCIETOBATEILHO TEHEPUPYET 3AIIPO-
Cbl Ha CpaBHeHUEe K (DYHKIUU B 3aBUCHUMOCTH OT OTBETOB HA IPEJbIIYIINE
zanpocel. [oBopuM, 40 aszopumm pacwugposvwsaem gyrnxuyuro f € F(n, k),
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€CJI OTBETHI Ha 3aIIPOCHI, 33IAHHBIE AJITOPUTMOM, OJHOZHATHO OIPEIEISTIOT
BeKTOp 3Hadenuit gyukiun f € F(n, k).

Byzaem rosopurs, uro kaacc F(n,k) mootcno pacwugposams zanpoca-
MU HG CPaBHEHUEe, eCITA CYIIECTBYET aJrOPUTM PACITUMPOBKH 3aIpPOCaMU Ha,
cpaBHeHue, KOTopbiil jyisi jioboit dyukmuu f € F(n,k) pacumudposbiBaer
f. Ecam npo kiace F(n, k) Henb3s cKa3aTh, 9TO €ro MOYKHO PaciiimdpOBaTh
3aIpocaMyl Ha CpaBHEHUeE, TOr/a Oy/ieM, TOBOPUTD, 4To kaacc F'(n, k) neavds
PAcCUWUPGPOSaAMB 3ANPOCAMU HG CPABHEHUE.

Bynem ropoputh, uro kaacc F moorcro pacwugposams 3anpocamu Ha
cpasrenue, ecm Jyist JTOOBIX 1estbix n, k(k < n) MoxHO pacmmdpoBaTh 3a-
npocamu Ha cpasHenune kiacc F'(n,k). Ecau npo kiacc F Hesb3sl ckas3aTh,
ITO €r0 MOYKHO PACHIIMPOBATDH 3alIPOCAMH Ha CPaBHEHHE, TOT/a OyJIeM, To-
BOPUTL, 9TO KAGCC F' HEAb3A pacuudposams 3anpocamu Ha CPaEHEHUE.

[ox v (A, f) 6yaem moHUMATh YUCIO 3AIIPOCOB Ha CPaBHEHUE, TPebyeMoe
anropurmy (yuenuky) A, st pacumudposku f € F(n, k).

To(F,n, k) — MHOXKECTBO BCEX aJrOPUTMOB PACIIHMPOBKU 3a1IpocaMu Ha
cpasaenue QyHkiwii uz F(n, k).

Onpenemm wepes @c(F,n, k) = min ety (Fnk)MaT fepm i Po (A, f)
MHUHUMAJILHOE TUCJIO 3AlTPOCOB Ha CPABHEHWE, KOTOPOE 3aIaCT HAWIY I
AJrOPUTM Ha caMoil xyreit jyist cebst dyukun uz F(n, k).

AHAOTUYHO, ONPEIETAIOTCT  GA20PUMM  PACWUPPOSKU 3ANPOCAMU  HA,
sHaverue u SOV(Aa f): TV(Fa n, k)a SOV(Fa n, k)

Hastee OyjieM TOBOPUTH TOJBKO PO NaAPAMempo-ahhexmusnyro pacuug-
POBKY, OITOMY CUMTAEM, 4TO k MaJo [0 CPABHEHHIO C M, TO eCThb k = o(n).
Moy |a[ Gysem OHUMATH HAMMEHBIIIEE TieJ10e, GOJIbINe UM PABHOE a.

[Tox |A| 6ymem mOHUMATH MOITHOCTH MHOYKeCTBa, A.

Ilox, nabopom, chopmuposarrvim no muosxcecmsy A, OylaeM HOHHMATh
HabOP, ¥ KOTOPOro MepeMeHHble U3 MHOKeCTBa A ycTaHOBJIeHBI B 1, ocTa/ b-
uole — B 0. Ilox sanpocom Ha cpasnenue na nape mmoocecme A, B Oymem
MOHUMATH Tapy HabOPOB, chOPMUPOBAHHBIX 1O MHOXKecTBaM A, B.

Bynem nucars f 2 g, eciu cyIecTByer Takast MOJIOXKHUTEIbHAsT KOHCTaAHTa,
¢, 9TO, HaUYMHAasl C HEKOTOPOro HoMmepa ng, g(n) < c- f(n).

Jamee manmoMHIM 0GO3HAYEHMST 3aMKHYTHIX KjaaccoB llocrta, mpm sTom
kJ1accel 3 "mpaBoit" mostoBuHbI pererku [locTa 3aBeOMO OIyCTUM, B CHILY

TOrO, YTO OHU ABJISIOTCA JIBOMCTBEHHLIMU K KJiaccam u3 "jesoii"

HBI, CJIEJIOBATE/ILHO 3a1a9a PacIIndPOBKU KJIACCOB 13 "mpaBoil" MOIOBUHBI

CBOJUTCA K 3aJiade paciudpPoOBKU KJIaccoB u3 "jeBoit" HoIoBUHbL.

IIOJIOBU-

C1 — Bce QYHKIMK JIBY3HATHON JIOTUKH.
Cy — Bce dyHKIUH, coXpaHsitonue 1.
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Cs

Bce dyHKIMU, coxpanstoriue (.

Cy — nepeceuenne Cy, Cs.

A1 — BCce MOHOTOHHbBIE (DYHKIIUH.

Ay — BCce MOHOTOHHBIE (PYHKIIUU, COXPaHSIONIe 1.
A3 — Bce MOHOTOHHBIE (PYHKIUHU, coxpasioriue (.
Ay — nepeceuenne As, As.

FZ — wuace dbyHkuuii, Takux aro jyisi jodoro j (2 < j < i) BepHO, UTO
JiroObIe j HAOOPOB, Ha KOTOPBIX f obpamaercs B 0, UMEIOT ODIIYIO HYJIEBYIO
KOMIIOHEHTY.

F} — nepeceuenne kmacca Fj u As.

F! — nepeceuenne xmacca Fj u Cy.

F% — niepeceuenne kiacca Fj u Ay.

D3 — Bce camojiBoiicTBeHHbBIE (DYHKITUH.

Dy — Bce camojBoiicTBenHbIe (DyHKIUHU, coXpaHstoriue (.

Dy — nepeceuenue KiaccoB Ds, F22

S1 — BCe JIOTHYECKUEe CYMMBI BHJIA Tiy V iy V...V Ty,

S3 — S1 u KoucranTa 1.

S5 — 51 u koucranTa 0.

Sg — obbeanHeHnEe K1accoB S3, Ss.

L1 — Bce nuneiinbie QyHKINN.
L5 — nepeceuenne Lq, Ds.
Loy — nepeceuenne Lq, Cs.

L3 — nepeceuenne Ly, Cs.

L4 — nepeceuenne Lo, L3, Ls.
Og = {1, 0, z, .f'}

O¢ = {0,1,z}.

Oy = {:L',.f}

Os = {1,z}.

Og = {0, l‘}

01 = {l’}

Teopema 1. Kaacc F(n, k) pacwugposamsd sanpocamu na cpasrenue Heav3s
moeda u moavko mozda, kozda obe xoncmarwmnuie gynkyuu 0,1 € F(n, k).

HGHOCPQ,Z[CTBGHHO U3 3TOMI TeOpEeMBbI IToJIydaeM cJjeayroniee CjaeICcTBue.

CanencrBue 1. Ecau F € {Cy,A1,L1,56,09,06}, mo pacwugpo-
samov 3anpocamu Ha cpashenue Kaacc F o mesosmoorcno. Feau F o€
{Cg, Cs3,Cy, Ag, Ag, Ay, Fi, Fg, Fli, in, Dq,D5,51,855,S5, Lo, L3, L4} usu F e
{Os,05,01,04, D3, L5}, mo xaacc F' moorcho pacwudposams.
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Teopema 2. Caootcrocmd pacwudposky 3anpocamu Ha CPasHERUE GyHK-
yuit us xaaccos Co,C3,Cy, Az, Az, Ay, Fy, F3, F}, F3,D1,Dy u wxaaccos
51,853,535, Lo, Ls, Ly, Og, Os, D3, Ls ne xyoice, wem caoochocms pacuu@pos-
KU 3aNPOCAMU HA 3HANEHUE.

Teopema 3. Cnpagedausvs caedyroujue cOOMHOUWEHUA:
1) 900(01) n, 1) :] logs H[S] log; n[: QOV<017 Uz 1)7
2) ©c(04,n,1) <Jlogzn[+1 <Jlogyn[+1 = ¢y (O4,n,1).

Teopema 4. Ecau npu pacwu@poske 3anpocami, Ha CPAEHEHUE DA3DEULUTID
PO6HO 0duH 3anpoc Ha 3naverue, moada xaaccw, Cr, A1, L1, Sg, Og, Og M01CHO
PACUWUPPOSATID CO CAOAHCHOCTBIO He boaee, Yem Ha 00un 3anpoc boavuLe, wem
npu pacwudposke, 6 KomMopoti paspewweHs, MoAbKo 3anpocvl Ha 3HAMEHUE.

3. /lokazaTeJbCTBO Teopem

Jlajtee mpuBeieM JT0KA3aTE/IHLCTBO TEOPEMBI 1.

Zoxaszameavemeso. Hokaxkem jpoctarodHocTb. Obe KOHCTAHTHBIE (DYHKIMH
Ha J1I0OOM 3allpoce Ha CpaBHeHHe BO3BpamaloT 3Hadenue (), Mo3TOMY pac-
IIO3HaTh, KaKas N3 HUX 3ara/laHa HEeBO3MOXKHO.

Hokazkem HeoGxopumoctb. Ot nporusHoro. Ilycrs {0, 1} Z F(n, k).

[MockonbKy kiace F(n,k) pacimmdpoBarh Hesb3st, TO KaKOH Obl ajro-
purm pacumbposgn A € To(F,n,k) ve B3saTh, TO Haiimercs (yHKIUs
f € F(n,k), KOTOpyIO 3TOT aJropuT™M He CMOXKeT pacuiudpoBaTh, TO €CTh
HeJIB3s OTJIMIUTH ee OT Kakoii-To apyroit dyukimn u3 kiacca F(n, k). Pac-
CMOTPHUM cJieLylomuii aaropur™ (. B kauecTse 3a1pocoB Ha CpaBHEHHE BO3b-
MeM MHOXKecTBO Beex map (a,b),a,b € {0,1}". adukcupyem byt dHyHK-
nuio f € F(n,k).

1) Ecim f € {0,1}, To orBeTsl Ha Bee 3apockl Oy ayT paBHbl 0, 9TO OTIIH-
JaeT ee OT OCTAJIbHBIX HEKOHCTAHTHBIX (PYHKIINH, JIJIST KOTOPBIX CPen
OTBETOB Ha 3aIpPOChI 00s13aTEIHLHO BCTPETUTCS XOTsI Obl oaHa 1.

2) Eciu f ¢ {0,1}, To cpe/ir OTBETOB Ha 3alPOCHI BCTPEYAECTCS XOTs ObI
onHa 1, uro ormvaer 3Ty (DYHKIUIO OT KOHCTAHTHOW. Paccmorpum
mobyto ormuunyto ot f dyskuuio g € F(n,k),g ¢ {0,1}. Oynknun
f, g oTmmaaloTes, 3HAYNT, CyIIecTByeT Habop a Takoii, uto f(a) # g(a).
BosmoxkHbBI 1Ba cirydas:
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e cymiecrByer Habop b Takoit, uro f(b) = g(b), Torma Ha 3ampoce
(a,b) bysKIMU f, g BEpHYT pasHble OTBETHI;

e 151 0boro Habopa b Bepuo mepasencrso f(b) # g(b), Torma na
zanpoce (¢, d), rue f(c) = 0, f(d) = 1, byukuus f Bepher orser
-1, a dyukmusa g Bepuer orser 1.

CuenoBatenibHO, asropur™ () pacmmdposbiBaer kinace F(n, k), moiy-
YUJIA TTPOTUBOPEYNE.

O]

YrBepxkaenue 1. Ecau daa nexomopozo nabopa a, Hekomopozo wucaa b €
{0,1} daa mobou f € F(n,k) useecmmuo, wmo f(a) =0, u {0,1} € F(n,k),
moada oo (F,n, k) < oy (F,n,k).

Jlokazamenvcmeso. B cuny teopembr 1, kmace F(n, k) moxuo pacrmdpo-
BaTh 3allpOCAMU Ha CPaBHEHME, TI03TOMY JAJbHEHIIe pacCy K ICHIs UMEIOT
CMBIC/T.

Pacemorpum asropurm pacmudposku A 3ampocaMu Ha 3HaYEHUE, Ha KO-
TOPOM JIOCTUTAETCST MUHUMYM BBIDAYKEHUST MaAT f p(n k) PV (A, f). Tlo amro-
purmy A mocrpouM anaropur™ pacmmdpoBKu B 3ampocaMy Ha cpaBHEHUE
CJIEIYIONTM 00pa30M: IepBasi KOMIOHEHTa KayKJI0ro 3allpoca Ha CDaBHEHUe
ectb HaOOp M3 ajsropuTMa A, a BTOpas KOMIIOHEHTa 3alpoca Ha CpaBHe-
Hue — 310 Habop a. Torma mus moboit f € F(n,k) BepHO cOOTHOIIEHHE
wo(B, f) = ¢v(A, f). Orciona creiyer paBeHCTBO Mat fepm k) Pc (4, f) =
Maz fep(ni)Pv (A, f). Yauremag, uro B To(F,n, k) noMmMo anropurmos
paciudpoBKH, TPEJIOKEHHBIX BBIIIE, BO3MOKHO MMEIOTCS ellle KaKhue-To,
HOJIy4aeM HEPABEHCTBO U3 yTBEPKICHUS. O

YrBepxkaeuune 2. Ecau F(n,k) C  Ds(n,k), moeda pc(F,nk) <
(,DV(F,’I?;,]@)-

oxazameavcmeo. PacemorpuMm — ajnropurm  pacimgpoBku A 3ampoca-
MU Ha 3Ha4YeHHe, Ha KOTOPOM JOCTUIAeTCs MUHUMYM BbIParKeHUs
maz fep(nk)Pv (A, f). o anroputmy A mocTpomM ajqropuT™ pacmmgpos-
K B 3ampocamMu Ha cpaBHEHHE CJIEAYIOIIUM O0pas3oM: IepBast KOMIIOHEH-
Ta KarkJIOro 3allpoca Ha CpaBHEHHEe ecTh Habop u3 ajropurma A, a BTO-
pasi KOMIIOHEHTa 3allpoca Ha CpaBHEHHE — 3TO IPOTHBOIOJIOXKHBIA eMy Ha-
6op. OTBer Ha OO0 TaKOil 3alpoCc Ha CpaBHEHUE OJIHO3HAYHO BOCCTA-
HOBUT 3HadYeHHe (QYHKIUMU Ha 00OMX HAOOpax B CHJIy TOTO, 9TO HADOPBI
[IPOTHBOIIOJIOXKHBIE, & (PYHKIUsI caMoIBOicTBeHHas. [losToMy mjist J1r000ik
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f € F(n,k) Bepuo coornomenue (B, f) = ¢v(A, f). Orciona cienyer
Maz fep(nk)Pc (A, ) = maxrepmpev (A, f). Yanresas, aro 8 To(F,n, k)
HOMUMO aJIFOPUTMOB PacITiPOBKH, IIPEJJIOKEHHBIX BBIIIE, BOBMOKHO HMe-
I0TCsI ellle KaKhe-TO, MOJIy9aeM HEPABEHCTBO U3 yTBEPIKICHUS. O

VrBepxkaeune 3. (Huowcnas mownocmmuan oyenra) Ecau {0,1} € F(n, k),
mo SOC(F7 n, k) 2] 10g3 |F(na k)| [

Joxasamesvcmeo. B cuny teopembr 1, kmace F(n, k) moxkno pacimdpo-
BaTh 3allpOCaMU Ha CPaBHEHUE, II03TOMY JaJbHeHdIne pacCyKJAeHNs NMEIOT
CMBICJL.

JloKazaTe/IbCTBO aHAJIOTHYHO CIIydaio PAcn@pPOBKY 3alIPOCAMU Ha 3Ha-
YeHue.

ITycTs 3aaH0 = 3aIIpOCOB Ha CPaBHEHHE, Ha KarKJIbIH 3a1IPOC BO3ZMOXKHBI
3 BapHaHTa OTBETA, CJIe/IOBATEIHLHO, BCETO BO3MOXKHBIX BEKTOPOB OTBETOB He
6onee 3* (“me Gosee* B CHIIy TOro, ITO KaKHe-TO KOMOMHAIIMHM OTBETOB HA
3aIIPOCHI MOT'YT OBITH MeK/Ly cO0Oil HE COIJIACOBAHBI, TO €CTh HE OIPEJIEISIOT
dbyHKIMIO 13 38JAHHOTO KJ1acca).

Heobxoanmo 3a1aTh TaKOE KOJIUIECTBO 3aIIPOCOB, ITOOBI OTHO3HATHO BOC-
CTaHOBUTDH (DYHKIIMIO, IO9TOMY JOJIZKHO BBIIOJIHSTBCS CJIE/LyIOlIee HepaBeH-
crBo 3* > |F(n, k)|. Orciona cieyer HepaBeHCTBO YTBEPIKICHUSI. O

YrBepxkaeHue 4. Fcau udsecmho, 4wmo cpedu MHOMCECMEA NEPEMEHHBIL
A= {xil,miQ,...,xiq},l < <ig < ..o < iy <N, HEMETMHOE “UCAO CYWe-
cmeennuir nepemennux gynkyuy f(r1,x2, ..., oy) € Ls. Toeda 0dny cywe-
CMBENHYIO NEPEMENHYIO MONCHO natimu, 3adas ne boaee |logs q[ sanpocos na
cpasHerue.

Jloxasamenvemeo. ar 1. Ecam |A| = 1, Torga CTOIL, nepemennast us MHO-
JKECTBa U €CTh CyIeCTBeHHas. MHade, pa3nennTs MHOXKeCTBO A Ha Hermepe-
cekaronecst MHOXKecTBa A1, As, Ag, OTJIMIAIOIIMECS] IO MOIITHOCTHU He boJree,
JeM Ha OJIMH 3JjieMeHT. [lepeiiTn K mrary 2.

[MIar 2. Banpocurh 3HadeHue Ha cpaBHeHUe Ha MHoxKecTBax A1, As. Ec-
Jii 3HavYeHuwe paBHO 1, Torma mosoxkuth A = Aj, mepeiitn k mary 1. Ecin
3HAYEHHEe PaBHO -1, Toria HOJIOXKUTh A = Ao, mepeiitn kK mary 1. Nnade,
moJioxkuTh A = As, mepeiitu K mary 1.

Ecin Ha mare 2 orser Ha 3amnpoc pased 0, To 3HAYUT, 1160 B 0boux A1, Ao
HEYETHOE YUCJIO CYIIECTBEHHBIX M3 MHOXKecTBa A ¥ 3HadeHune QpyHKIMH HA
Habopax, c(POPMUPOBAHHBIX 110 KazKI0My U3 MHOXKecTB A1, Ay paBHo 1, b0
B 06oux Ay, As "eTHOe YHCJIO CYIIECTBEHHbIX W3 MHOXKecTBa A u 3HadYeHme

121



dyHKIIM Ha HAOOpax, cHOPMUPOBAHHBIX TI0 KaXKJIOMY U3 MHOXKECTB Aj, Ao
pasuo 0. B oboux ciayuax, cymmapuao B A1, As COmEpKUTCST I€THOE UUCTIO
CYIIECTBEHHBIX MMEPEMEHHBIX, 3HAYUT HEYETHOE UHUC/IO CYIECTBEHHBIX COJEP-
xures B As.

[Tocsie kaxkioro IMara 2 MOITHOCTH MHOYXKECTBA A YMEHBIITAeTCsT KAK MU-
HIMYM B 3 pa3a.

O
Jlaee mpuBeieM TOKA3aTeIHCTBO TEOPEMBI 2.

Joxkasamesvemeo. Ecrm F € {Cy,Cs,Cy, Ag, A3, Ay, F}, Fi Fi Fi} um
F € {Dy, D2, 51,85s,S5, La, L3, Ly, Og, 05}, T0 COrJIACHO yTBEPXKIEHUIO 1 110-
aydaeM HepaseHcTBO oo (Fyn, k) < oy (F,n, k).
Eciu F € {D3, L5}, T0o B cuily yrBepXkKJeHUs 2 HOJIy4aeM HEPABEHCTBO
vo(Fyn, k) < oy (F,n, k).
[

HpI/IBe,HeM A0Ka3aTE/JIbCTBO TE€OPEMbBI 3.

Joxasamenvcmeo. Coornomenue oo (01, n,1) =]logsn| cremgyer u3 yrsep-
xkuennit 3 u 4. YunreiBast coorrorenne @y (01, n, 1) =]logy n| us [8], mouy-
9aeM MepPBBIi IyHKT TeOpeMbl.
st mosrysenus Bepxueit onenku st oo (Og, 1, 1) peiaraeTcst cieyio-
muit aaropuTM pacimdpoBKE: y3HaeM 3Hadenue Ha 3ampoce (0...0,1...1),
ecau OTBeT paBeH -1, To 3aramana dyskmua x;,1 < ¢ < n, uHAYE 3a-
rajlana Gyakmusa T;, 1 < i < n. B ciaygae dyHKIuM x; npuMeHsieM aji-
ropuTM pacIudpPOBKU, ONUCAHHBIN B JIOKA3aTEJbCTBE yTBEPXKJeHUs 4, B
ciydae (DYHKIMU T; TPUMEHsIEM IIOXOXKUI ajroput™. B pesyibrare, 1mo-
aygaeM HepaBeHCTBO @ (Og,m,1) < 1+4]logsn|. YuurbiBas COOTHOIIEHHE
oy (O4,n,1) =]logy n[+1 ¢ [1]|, mosydaem BTOPOIit IIyHKT TEOPEMBL.
O

HaKOHeH, npuBeaeM J0Ka3aTeJIbCTBO T€OPEMbI 4.

Zoxasamesvcmeo. B camom Hadase pacimudpoBKHI CAEIAEM OIWH 3aIIPOC Ha,
3HaYEeHNe — 3aIpOCuM 3HadeHne PyHKIUN Ha J1I060M Habope q. Haiee B cuty
TOr0, YTO M3BECTHO 3HAYEHME 3aralaHHON (DYHKIIUN HA OJHOM Habope, BOC-
MOJIb3YEMCsI aHAJIOTOM JIOKA3aTe/IbCTBA yTBEpkKIeHus 1: 3adukcupyem “Hau-
JIYUIIAI aJIropuT™ pacmudpoBKu’ A COOTBETCTBYIOIIETO KJIACCa 3alIpOCaMu
HAa 3HAYEHWe, U BMECTO KaXKJO0ro ero 3ampoca t OyJeM IoiaBaTh 3aIlpoc Ha
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CpaBHEHUE (q,t), T€M CaMbIM MbI Y3Ha€M 3HaYC€HHE Ha BCEX Ha60an aJIiro-

purMa A, BeJlb TOTHO U3BECTHO 3HaUeHne PyHKIUK Ha Habope ¢. IlockombKy
asiroput™m A pacimdposbiBal (GYyHKIUIO, TO U HOJIYYEHHBIA aJlOPUTM pac-
mrPOBKA 3aIIpOCAMU Ha CPaBHEHHE W OJHUM 3alIPOCOM Ha 3HAYEHUE BOC-
CTAHABJINBAET €e. ]

4.

BaaromapaocTh

ABTOp BhIpazkaeT 61arogapHOCTb HAYIHOMY PYKOBOIUTEIO — II.(b-M.H., IIPO-
deccopy . . 'acaHOBY 3a IIOCTAHOBKY 3aJa4/ U IIOMOIIb B pabore.
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Using comparation queries in attribute-efficient learning of
Boolean functions
Bistrigova A.V.
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We consider the problem of exact attribute-efficient learning
functions of Post’s closed classes with the help of comparation queries.
Here, we show that the complexity of learning by comparation queries is
not worse than by membership queries. Particularly, for some classes, if
we use comparation queries, we get better value of complexity function.

Keywords: exact learning, attribute-efficient learning, membership
queries, comparation queries, Post’s closed classes.
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A-mojtHOTaA cucTeM c JJobaBKaMmM B KJacce
JINHEITHBIX aBTOMAaTOB HAaJ KOJIbIIOM
JABOUYIHO-PAINOHAJIBHBIX YICEJI

Pomxwun /1.B.

IIpencraBiieno KpaTKoe U3JI0KEHHUE PE3YILTATOB, MOy IEHHBIX ITPH
HCCIeI0BAaHUU IPOOJIEMBl A-IIOJIHOTHI CUCTEM JIMHEHHBIX aBTOMATOB,
GYHKIIMOHUPYIOMUX HAJL KOJBIOM IBOMIHO-PAIMOHAJIBLHBIX HHCE.
Onucanb! ycioBust A-IIOJIHOTHI CHCTEM, COJEPKAINKNX BCE OJHOMECTHBIE
JITHETHbIE aBTOMATHI M KOHEYHYIO JTO0ABKY, & TaK K€ KOHEUIHBIX CUCTEM,
coIepzKaIuX CyMMaTOP.

KuroueBple ciioBa: KOHEYHBIE aBTOMATHI,JIMHEHHbIE aBTOMATHI,
JIBONIHO-PAIMOHAIbHBIE YUCIa, A-TIOJTHOTA, TPEIIOJTHBIN KJIACC.

1. BBenenne

[Tpu nccsenoBanny 33,1891 MOJTHOTHI CHCTEM KOHEYHBIX aBTOMaTOB| 1|, Hepe-
KO paccMaTpuBaercss Bolpoc 06 A-mosHore|2| sTHX cucreMm, a TakzKe 3aja-
9a TOJIHOTHI CUCTEM, cojepKaiux j1o0asku(3]|. arepecHbiM 11t M3ydeHust
IO/IKJIACCOM KOHEYHBIX aBTOMATOB SIBJISIFOTCS JINHEIHbIE aBTOMaThI|4, 5|, st
KOTOPOI'0 OIIMCAaHbl yCJIOBUA IIOJHOTHI KOHEYHBIX CUCTEM B T€PMHUHAX IIPe/JI-
IIOJIHBIX KJIACCOB.

Hacrosimasi paboTa IIOCBSIIEHa HCCIEIOBAHUIO 3a1a49i A-ITOTHOTHI JIMHEl-
HBIX aBTOMATOB, aJ(aBUTbl COCTOSIHUM, BXOJIHBIE W BBIXOIHBIE aJI(MaBUTHI
KOTODPBIX SABJSIOTCS JeKapTOBBIMHU ITPOU3BEJIEHUSIMI MHOXKECTBA JTBOUIHO-
paIllMOHAJIBHBIX YHUCE. PaccMaTpUBalOTCsS CUCTEMBI COJEpIKAIIe BCE OJIHO-
MECTHBIE JTMHEHHbIE aBTOMATHI U KOHEIHYIO JTOOABKY, & TaKyKe KOHEUHDLIE CH-
cTeMBbl, cojepxkalue cymmaTop. PyHKIUNA IepeXo0B U BBIXOJOB aBTOMAa-
TOB B HACTOSINEH paboTe CUNTAIOTCS JIUHEHHBIMU HAJ KOJIBIIOM JTBONTHO-
PAIMOHAJILHBIX UHUCEJT.

B orinane ot CJIydasd aBTOMaTOB Ha/Jl IOJIEM PAIlMOHAJIBbHBIX LII/ICGJI[6], nccJie-
AyeMoe B HaCTOHHlefI pa60Te MHOYKECTBO aBTOMAaTOB UMeeT KOHEUYHLIN 6a3uc
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[0 omneparnusiM Kommosunuu [1|, aro npuBoauT K 3aja4de A-10JHOTHI KOHEY-
HBIX cucTeM. B Hacrosieit pabore chopMy/IMpOBaHbl OJYIeHHBIE YCIOBUS
A-TIOJTHOTBI B TEPMHUHAX TIPE/IMTOTHBIX KJIACCOB.

2. IlocranoBka 3aga4n

PaCCMOTpI/IM KOJIBIIO ABOUYHO-PAIMOHAJJIBbHBIX YUCEJI, KOTOPOE ABJIAECTCA IO~
KOJIBIIOM B I1O0JI€ PalliOHaJIbHBIX YHCEeJI:

QTn = {an|m € Z,n GN},

st 0603HAaYEHMSI TOrO, YTO HEKOTOpasl IIepeMeHHasl 4 IpoberaeT MoIMHOYKe-
cTBO HaTypaJbHbIX unces {1,2,...,k} Gyaem ucnosbp3oBarh 3anuch i € [1, k.

Vi, k € N 6ynem paccmaTpuBaTh KOHEUHbIE aBTOMATHI|1| ¢ BXOMHBIM ajidasu-
oM Q. , BBIXOZHBIM adaBuTOM Q% u asasuronm cocrostamii Q% | byHk-
on o

UV TI€PEXOJI0B U BBIXOJIOB sBJIsIOTCs JimHefinbivu|4, 5|. [Jannoe MHOXKeCTBO
Oy/1eM Ha3bIBATH MHOYKECTBOM JINHEHHBIX AaBTOMATOM HAJI KOJIBIIOM JIBOUTHO-
palonabHbIX 1ucel, i obosnauum L(Qm )[6].

Bamerny, wro Muoxkectso L(Qm ) mMeer xomewunsiit 6asuc 1o oneparusy
KoMmIosunuu|1|, a nMeHHO:

B= {V@(x,y),V(_%)(:c),gl(a:)}, rae

1) Vg(w,y) - cymmaTop ¢ aByMst BXOJAMH B KazKJIblil TAKT,

)(x) - YMHOXKHUTEb HA IO —% B KazK/Iblil TaKT,

2) V,

1
2

3) &1(x) - 3ajepKKa ¢ eJIMHIIHBIM HAYAIbHBIM COCTOSTHUEM.

OHpe,H,EJII/IM MHO2KEeCTBO (bOpMaJIbeIX CTEIIEHHBIX DAJIOB Ha/l @%

Q5O ={a=TZu ¢ |acQy |

Curozkenue n yMHOKeHHe 371eMeHToB 13 Q% (£) olpesesiercs: HIOKOMIIOHEHTHO,
on
aHaJIOrHIHO oneparmaM Has sementamu Qg [6].
Ananormano [6] 6ymem maspBath smement $71(€) € Q5 (€) obpaTHbIM K
an

B(€) € QZﬁn (€) eciu BBILOJIHSETCST CIIEJIYIONIEe COOTHOIIEHUE:
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BE) B =1

Hecnoxno BusieTh, 4T0 00paTUMBIMU OyIYT ABJAATHCS PIIbl, CBOOOTHBIN KO-
5 DUIIEHT KOTOPBIX SIB/ISETCS OOPATUMBIM 3JIEMEHTOM B QQﬂn (a umMeHHO -
CTEIeHbIO JIBONKM ), TO €CTh:

YA€) € Q% (€),387H(E) <= Tk e Z:p(0) =2"

KoJIbII0 MHOTO4YJICHOB HaJ Qan OyzmeM 0003HAYATD Qan[f], a 11 0003Ha-
denust Toro, uro muorowrensl P(£), Q(§) € Qu [¢] Bsaumuo npocrer 6yem
ucrosabp3oBaTh 3amuck ged (P (€),Q (§)) = 1.

Ananornano R(Q)[6] onpeesnnv MHOKeCTBO JPOOHO-pAIMOHAIBHBIX (DYHK-
nnit oT mepeMenHoit ¢ ¢ koaddurmeHTaMu u3 Q2ﬂn CJIEIYIONINM 0OPa3oM:

R(Qz) = {53 | P(£),Q(¢) € @z [, Q(0) = 1,ged (P(6), Q) = 1}

2

MokHO 3aMeTUTH, 9TO R(szn) SIBJISIETCS TOJKOJIBIIOM B KOJIbIlE @2%

ITpusesem GOPMYIUPOBKY CJIEAYIOUUX JIeMM 63 JOKa3aTeIbCTB, HOCKOIbKY
OHI AHAJIOTUYHBI JJOKA3aTe/ILCTBAM B paborel6]:

JIemma 1. YV (1, ...,x1) € L(Q%),HRO,Rl, R € R(QQﬂn), maxue 4mo:

V(.ﬁlfl, ...,.Cl;‘l) = Ry + Zi:l R; - x;.

JIemma 2. YV (21, ...,2): (Q‘ﬁn)l — Q‘ﬁn, MaKo20 4¥mo:
2 2

V(a:l, ...,le) =Ry + Zé:l R, x;
R € R(Qn),i€[0,]]

sepro, wmo V(x1,...,x;) € L(@an).

Muoxkurenmu Ry O6ymem Ha3bBaTh KOIMPUIIMEHTAMA 0TOOPaYKEHUSI.

B nacrosimeit pabore, 6e3 orpanndeHusi OOIMHOCTH, HEe OyIeM pa3andarhb aB-
TOMATEI U3 L(QQﬂn) 7 0TOOpaKeHnsl, KOTOPhIE OHM PEAIU3YIOT.

Pacemorpum 3asa1y A-110IHOTHI|2| cHCTEMBI JIMHEHBIX ABTOMATOB B L(Q% ).
Cucrema auHeiiHBIX apToMaToB M OyaeT Ha3bIBATLCs A-TIOJIHOI, eciu VV €
L(Q%) uVr € N, 8 K(M) cymecrsyer asromar V', coBnanamoomuii ¢ aBro-
MaToM V' Ha cjioBax JJIMHBL T. A - 3aMbIkaHue cucreMbl M OyaemM 0003HAYATH

gepe3 A(M).
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3. BcnomMmoraresbHbIe 0003HaAYEHUS

s mxo6oro R € R(szn), gepes R(t) 6yem o603HadaTh KO3 DUIEHT psija
npu &L

Va € Qm ,Vb € Z, 6ynem roBOPpUTH 9ITO @ : b, B cIydae eCcjid IUCIUTEIIb TUCIIa
27L

a KpaTeH b Kax Iejoe Iuc/io.

OnpenesmM HECKOJBKO BCIIOMOTATETHHBIX KJIACCOB, O KOTOPBIX majee OyIyT
chOpMyIUPOBAHBI Y TBEPKIECHUS.

)

SaduKrcupyeM KOHEYHOE MHOXKECTBO P ITPpOCTBIX YHCeJ, OTJIMYHBIX OT
JIBOMKM:

P = {pi|p; # 2 - mpocroe uucio, i € [1,k|}.

Byunem rosoputb, uro asromar V€ L(QQ%), TaKoil 49TO:

V(a;l, ..,:Cl) = Ro + z -1 R; - x;
Vi€ [0,1], Ri € R(Qz)

S, &~

obstagaer P-cBo#CTBOM, €C/Ii ¢ TOYHOCTDIO JI0 IEPENMEHOBAHNS BXOI0B
aBToMaTa V BBIIIOJIHEHO XOTsT OBI OJIHO U3 CJIEIYIONINX YCIOBUIL:

a) 3 € [1,k] : Rj(0) : p;,Vj € [1,1]

6) R;(0):p1-p2- .- pr, Vi€ [2,1]

Od4eBUIHO, YTO BCE KOHCTAHTHBIE U OJHOMECTHBIE aBTOMATHI 00J1a1aI0T
P-cBoiicTBoM.

OmupenennM MHOXKECTBO Vp ClIedyIonuM o0pa3oM:

Vp={V |V € L(Qmn),V— obmamaer P - cBoiicrBoMm }

m
on

Bynem rosoputs, uro aBromar V(zi,...,x;) € L(szn), KOTOPBIN pea-

JIn3yeT 0TOOparKeHue:



obstaziaer D-cBOCTBOM, €CJIM C TOYHOCTBIO JI0 IIEPENMEHOBAHNSA BXOIOB
aBToMaTa V BBIIOJHEHO XOTs Obl OHO U3 CJIELYIONIUX YCIOBUIA:

a) [ <1

6) Jp > 2 - mpocroe : R;(0) : p;
OnpenenuMm Kiaacc D clieayonmM 00pasoM:

D={V|VeLQmn),V— obnagaer D - cBoiicrBom }

m
an

3) Vp > 2, rme p - mpocToe WHCIIO, OUpeesnM Kiaacc M, Clieayronmm
obpazom:

My = {V(@r,.om) € L@Qp)IV (@1, ..20) = Ro(€) + Loy Bil€) - i
Ri(1) p,Vic [1,”}

4) Vp > 2, rie p - mpocToe 9YUCIIo, OIpeaenM Kiace 1), ciemyiommm 06-
pazom:

T, = {V(w1, ) € LQg )V (@1, 1) = Ro(€) + by Ril€) - i,
Ry (0) EP}

5) Onpenennm Kaacc Tip; CIEAYIONIM 06pPa30M:

Tyt = {V(;vl, x)) € LQu)|V(1, .o2) = Ro(€) + Xy Ri(€) - 2,
Ri(0) € Z,Vi € [1,z1}

6) Ompenesnm kinace T>g caemyomumM o6pasoM:

Tso = {V(% 1) € L(Qa)|V (@1, 1) = Ro() + iy Ril€) - i,
R;(0) > 0,Vi € [1,1]}
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4. OcHOBHBIE pPe3yJbTAaThI

MuozkecTpo JuHeiinbx apromaTos n3 L(Q ) aprocru < 1 o6osHatum Vi
Jlatee IPUBOISATCST OCHOBHBIE PE3YJIBTATHI O€3 JI0KA3aTEIbCTBA.

JIemma 3. Vk € N, VP = {p;|p; # 2 - npocmoe wucno, i € [1,k]}, ¥V npocmozo
P > 2, 8ePHO UMO:
Vp, D, M,, Ty, Tint, T>0 — A-npednoarvie xaaccoL.

Jlemma 4. ycmv M C L(Q%) - Konewnaa cucmema. EcauV P - konewnozo
NOOMHOHCECTNEA NPOCTBIT “ucen, He codepocautezo deotiky M € Vp, mo
M Z D.

Teopema 1. [lycmv M C L(Qan) - Koneunas cucmema. Beauw VP - woneu-
HO20 NOOMHOHCECTNBA NPOCMBIL “wucen, He codepacawezo deotliky M € Vp,

mo AIMUVY) =L(Qm).

an

Teopema 2. ITycmo M C L(QQ%) - xoneuwnas cucmema. Ecau Yp > 2 -
NPOCNO20, GLINONHAECMCA:

M Z Tp7 Mp7 Tz’m&; TZO;

mo AMM U{Vg(z,y)}) = L(Qz).

ABTOp BBIpaKaeT MPU3HATEIBHOCTH CBOEMY HAYIHOMY PYKOBOIUTETIO, JTO-
ety kadeaper MaTUC mexanuko-maremarudeckoro gakyiabrera MIY,
K.¢.-M.H., Hacopckux AHaToysmio AJIEKCAHIPOBUYY, 38 IOCTAHOBKY 3aJlaun
U TIOMOIIlh B IIPOBEJIEHUN UCCJICIOBAHUS.
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A-completeness of systems with additives of linear automata over
the ring of dyadic rationals
Ronzhin D.V.

A brief description of results of A-completeness problem for linear
finite state automata, functioning over the ring of dyadic rationals is
given. Conditions of A-completeness for systems, containing all one-
valued linear automata with finite additive and finite systems with a
summing automaton are stated.

Keywords: finite state automata, linear automata, dyadic rationals,
A-completeness, maximum subclasses.
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Joknajbl ceMuHapa «Teopust aBToMaToOB»

B tperbem m werBéprom kBaptasiax 2019 roma Ha HaydIHOM ceMuUHApE
«Teopust aBTOMATOB» O PYKOBOJACTBOM akKajeMuka Basepusa Bopucosutua
Kynpsasuesa cocrosiioch 9 10KJ1a10B.

25 cenTsabpst 2019 romza

3aaya 0 MONCKE OITUMAJIBHOI'O MOJIOXKEHNs Opyca
1 €€ NPUJIOXKEeHUsI

crynenT Hepcucsia C. A.

PaccmarpuBaercs 3ajia4a O IOKUCKE IIOJIOXKEHHSI MHOIOMEPHOI'O IIPSIMO-
YTOJIbHUKA, MMOKPBIBAIONIEr0 MAaKCUMAJIbLHOE KOJUIECTBO TOYEK M3 JAHHOIO
KOHEYHOI'O MHOXKeCcTBa. B Jokiazie OyaeT UBJI0XKEHO J10Ka3aTeabecTBO N P-
TPYAHOCTH 339N U MPHUOJINKEHHBIH MOJMHOMHUAJIBHBIN AJITOPUTM €€ perre-
Hus. B KadecTBe npuiioxkeHusi OyIeT pacCMOTPEH IIOAXOM K 3ajade KjacTe-
pusanuy JaHHLIX. Takke Oy/IeT paccka3aHo o mepedOpMyIUPOBKE Oy IeH-
HOI'O METOa KJIACTEPU3AIMU Ha A3bIK HEIPEPBIBHON CTATHMCTUKU, ITO3BOJISI-
IOH_Ieﬁ CyH_IeCTBeHHO yMeHbH_II/ITb BbILH/ICJII/ITeJIbHyIO CJIO2KHOCTDH pelIeHud IIpn
ucnosib3oBanuu K M-anropurMma.

2 okTs16ps 2019 roga

YeTobipe Buga moaaJjredp m CJIO0XKHOCTh 331291
Y/JI0OBJIETBOPEHUSI OI'PAHUYEHUSAM

c.H.c. 2Kyk /1. H.

B 2017 romy c/10KHOCTB 3aJ]a49u yJIOBJIETBOPEHUs] OTPAHUYCHUSM Ha KO-
HEYHOM MHOX>KeCTBe 6]:>I.Ha OoIlucaHa JJIsl .HIO6OI‘O A3bIKa JOIIyCTUMbBIX OI'DaHN-
YeHWit, a UMEHHO OBLIO MOKa3aHO, UTO 3Ta 3a7ada PEImaeTcst 3a MOJUHOMIE-
aJIbHOE BPEMsl TOJIBKO TOTJ[A, KOTJIA sI3bIK OTPAHUYEHUl JIOMYyCKAeT CIabyro
dyuknuo nourn egunoracus. OJIHO U3 Pelennii, oy YeHHOe aBTOPOM, OC-
HOBaHO Ha ciefyromnieil uaee. Jliobas HeTpuBmagbHas anredpa, CoaepKaIias
c1abyio (byHKIWIO TOYTH €IUHOTJIACHS, UMEET HEeTPUBUAJIBHYIO HOIaaredpy
OJIHOTO W3 YeThIPeX BUJIOB: IOIVIOMIAOILYIO, EHTPAJIbHYIO, JUHEHHYO, WIn
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[TOJIMHOMUAJIbHO-TIOJIHYIO. B 1oK/Iaie Mbl TIOCMOTPUM Ha 3TH HOIAIreOpbI C
ajredbpan<eckoil TOUKNA 3PEHUsT U PACCMOTPUM yIAMBUTEIbHBIC CBOHCTBA Ta-
Kux nojaarebp. Hampumep, Mbl OKazkeM, 9TO TOJIBKO IOAAIrNeOPhI OIHOIO
THUIA MOTYT JIABAThL B IIEPECEUEHUH IIyCTOE MHOXKECTBO. B KOHIE Mbl 00bsiC-
HIM, [I0YE€MY UMEHHO JIMHEHHbBIE O Are0phl IPEICTABIAIOT OCHOBHYTO CJIOXK-
HOCTb PU PENIeHUU 3a/1a49U yJIOBJIETBOPEHUS OIPAHUIEHULAM.

9 okTs6pst 2019 rona

O HEKOTOPbIX TeopeTn4deCKNX 1 IIPpUKJIaJAHbIX
3aJa9aX pacCllO3HaBaHUA O6pa3OB

c.H.c. Mazypenko U. JI.

B nmokmane O6ymer mpocyMMUPOBAH OIBIT KOJJIEKTHBA MPUKIQIHBIX Pas3-
pPabOTINKOB B OOJACTU CO3/IAHUSI ITPOMBIIIIIEHHBIX CHCTEM KOMITBIOTEPHOTO
S3peHusl ¢ TOYKW 3PEHUSI COCTABJIEHUSI CINCKA OTKPBITBIX MATEMATHIECKUX
3aJa4 B JIaHHOI obJjacTu.

16 oxTsiopst 2019 roma

O caoxkHocTu paszdopa cJIOB B
KOHTEKCTHO-CBODOJIHBIX I'PAMMAaTUKAX

nouenT bokos I'. B.

Konrekcrno-csoboausie rpammarukn (KCI') mmeror mmpokoe mpumvene-
HUE B 00JIACTH KOMITBIOTEPHBIX HayK. [[0CKOJIBKY IpaMMaTudecKue CTPyKTY-
Pbl MHOTHX $I3BIKOB IIPOIPAMMUPOBAHUS 3aJIAI0TCsI TAKIMHU I'PaMMaTHKaMHU,
apcepbl 9TUX S3BIKOB 3a4acTyio CBOAsATCA K pasdbopy cioB B KCI. B mo-
KJ1aJie Oy/1eT pacCcKa3aHo O CJIOXKHOCTU CYIIECTBYIOIINX AJITOPUTMOB pa3bopa
cioB B KCI', o cBsizu nipobitembl pazbopa ciioB B KCI' ¢ ppyrumu ajropurvu-
YeCKUMU TTPOOIeMaMy TaKUMU, HAIPUMED, KaK yMHOXKEHHUE [eJIOTUCTIEHHBIX
n OyneBbix MaTpuil. Kpome Toro, B J0KIa/1e OyAeT MpeIoyKeH HOBBIH airo-
purM pasbopa cioB B KCI.
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23 okTsibpst 2019 roga

Hekoropsbie cBoiicTBa JaTHHCKNX KBaJIPATOB,
MOPO2KI€HHBIX IIPAaBUJIbLHBIMU CEMeCTBaMM

dbysKOmii

c.H.c. ['amarenko A. B.

JlaruHCcKMe KBaJIpaThl U 33/laBaeMble C UX IOMOIIBIO KBA3UTPYIIIIBI sIBJIs-
IOTCS IEPCIIEKTUBHON CTPYKTYPOH Il peajin3aliui Pa3JInYHbIX KPUIITOIDa-
duaeckux mpuMUTHBOB. JJ151 yioBIeTBOpeHnst moTpebHOCTeH Kpuntorpadun
HeO6XO,HI/I1\JO CTPOUTH 60.HBI_HI/I€ ceMelicTBa JIATUHCKUX KBa/IpaTOB BBICOKUX
MOPSIKOB, C PSIJIOM JTOTTOJTHUTELHBIX CBOWCTB, TAKUX KAK OTPAHWYEHUE Ha
CTPYKTYPY MOJIKBA3UTPYII UJIH HA MAKCUMAJIBHYIO CTEIIeHb B IIOJIMHOMUA/Ib-
HoM mipescTaBiaennn. O IHO U3 BOZMOKHBIX PEITIEHNH — KOHCTPYKITHS Ha OCHO-
Be IIPABUJIbHBIX ceMeiicTB pyHKImit, BBeJeHHbX B. A. HocoBrim. B mokiasne
OyayT mpeacTaBaeHbl HoydeHHbIe coBMecTHO ¢ B. A. Hocosbim u A. E. Ilan-
KPATbEBBIM PE3YJIBTATHI O MOIKBA3UTPYIIAX U KBaJIPATHIHBIX KBA3UIPYII-
I1aX.

13 mos16ps 2019 roma

NuTennekTyajibHasg TPpaHCIOPTHasI CUCTEMAa: 3aJadu
1 MEeTOJbI

B.H.c. Annceiiuuk I1. A.

Jloka 1 mpencTaBsieT coboit 0030p CIeKTpa MaTeMaTHIeCKUX 3a1a4, BO3-
HUKAOIINX [IPU aHaIu3e HH(MOPMAIINN, ITOJIyYeHHOI ¢ KaMep HabJII0IeHNs 3a
JIOPOXKHBIM JABUYKEHUEM, 8 TaKyKe MHMOPMALNNA O IBUKEHUN TPAHCIOPTHBIX
CPEJICTB, TOJIYIEHHOW W3 JIPYrUX MCTOYHUKOB. B IepByio ouepeib BHUMAa-
HUE yIeasieTcs 3ajadaM, IpPU pPelleHHH KOTOPBLIX IPUMEHUMbBI METOIbI HC-
KyCCTBeHHOFO nHTEeJIJIEKTa: paClloOBHaBaHNE TPAaHCIIOPTHBIX CPEJICTB, TOYHOE
olIpeie/IeHIe UX IOJIOXKEHUS] U TPAEKTOPUl ABUKEHUSI, OTCJIEKUBAHNE JIBU-
2KCHHA Ha KapTe MEeCTHOCTHU, aHaJIU3 IIOBEJCHHA I'DYIIIT TPAHCIIOPTHBIX Cpe-
JICTB, XpaHeHne O60JIbIMNX 00bEeMOB BUIACO- U APYTOH MHMOOPMAIIH.
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20 wosiOpst 2019 roma

KOMHbIOTepHOe ModeJIMpoBaHUEe JIOT'MY9eCKUuX
IIponeccoB

npodeccop Ilogakomsun A. C.

B noxiane Gymer pacckazaHO O TOCHEIHUX JOCTHKEHUSX B pelraTresie
KOMIIBIOTEPHBIX 3aJIad ¥ IIpeJcTaBjcHa o0Inas cxeMa (QyHKIMOHUPOBAHUS
peraresisi. Bosiee 110/1pobHO Oy/ieT paccKa3aHo O JOTUYECKOM IIPOrPAMMUPY-
IOITIEM BBIBOJIE U €T'0 POJIM B periaresie.

27 mostopst 2019 roma
O 3a/Ja4de IIOJIHOTDBbI AJId aBTOMATOB.
npodeccop babun . H.

Cern aBTOMATHBIX (PYHKIUI - 9TO BO3MOKHAasl aJIbTepHATHBaA Heiipoce-
Teii. IlpensiTcTBIEM K MIUPOKOMY IIPUMEHEHUIO ABTOMATOB, SIBJISIETCS TO, 9TO
3aJa49a MOJHOTHI JJIs aBTOMATHBIX (DYHKIMI OTHOCHTENBLHO CYIIEPIIO3UIINN
1 0OpaTHOI cBsA3W O OOIEeM BHUE He peleHa. IMeercst qBa MOax01a K 3TOM
3agadqe. ITomgxom K mosHoTe abCTpaKTHBIX aBTOMATOB IOAPa3yMeBaeT HaJlu-
qne Bcex (yHKImiI 6e3 mamsaTu, odpazyomux uHTepdeicbl MeXKIY COOT-
BETCTBYIONNMH BBIXOJHBIMIA M BXOJIHBIMHU aJ(QaBUTAMU aBTOMATOB CXEMBbI.
A sToMm ciydae dyHKIny 6e3 namaTh U "3ajgep:Kka’obpa3yoT MOJIHYIO CH-
cremy. O6ob6menneM sroro dakra siBasercs: Teopema Jlermaesckoro (1961),
KOTOpAast sIBJISIETCsl KPUTEPUEM MTOJTHOTHI KOHEYHON CHUCTEMBbI aBTOMATOB MPU
HaIuInu BceX (PYHKINM 0e3 maMaTh U JPYTUX JOTMOJHUTETLHBIX YCIOBUIA.
IToxxom K OJIHOTE CTPYKTYPHBIX aBTOMATOB IIOAPA3yMEBAET HCIIOIb30BAHKE
[IPOM3BOJIBHBIX aBTOMATOB MUJIN, BXOJBI U BBIXOJ KOTOPBIX — CyTh JEKapTO-
BbI Tipou3BejieHnst Muoxkectsa {0, 1}. Dror ciyuail 1aéT OCHOBHBIE MAPAIOK-
CbI TEOPHMHU ABTOMATOB: KOHTHHYYM HpeanosHbix Kiaaccos (Kyapssues 1963),
AJrOpUTMHIYECKast HepaspemumMocTh 3a1adn moHoThl (Kparko 1964). Kowm-
[IPOMHUCCHBIM BapHAHTOM B 3TOU 3aJave sIBJISETCsI MOHSITHE A-IIOJTHOTHI UC-
caegopannoe Byesnuem B.A., Korma moaydaemMasi CXeMoil aBToMaTHast (PYHK-
[UsT COBIAJIAET C YKeJIaeMOil JIUIIb JI0 HAIlepE)T 38 JaHHOTO MOMEHTA BPEMEHHU.
B srom ciydae umcsio mpemamoSiHBIX KJIACCOB — CYETHO, a B Caydae (PHuK-
CUPOBAHHOTO CKOJIb YTOJIHO OOJIBITOTO MOMEHTA BPEMEHU — J1aKe KOHETHO.
st pemrenust aroil 3amaun B.A. ByeBuuy yaaJioch MEPEHECTH SI3BIK COXPa-
HEHUs IPEeIUKATOB, UCIOJB3YEMbI B 3aJiade MOJHOTHI OYyJIEBBIX (DYHKIIHIA,
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Ha MPEJIMKATHI, PacTsiHyThle BO BpeMeHu. HaydHoe Hacjeque ya6HOTO Upes-
BBIYAiHO OOIIMPHO U Pa3HOOOPA3HO 10 ITpobjieMaTuke. A-IIOJTHOTA U JApyTHe
pesynbraThl Byesnua B.A. BK/IIOUYeHBI B CIIENKYPCHI MHOTHX YHUBEPCUTETOB.
Ero pabory npomoskuiu ero yuenuku: boromosioB C.A., Kirounukos A.B.,
Jlssmmu U.B., Haceipos A.3., Haed M., Ilogkonsuna M.A., Poqua A.A. B
[IOCJIE/ICTBUU aBTOPY, MOJIb3YsCh METOJIOM ByeBuva, yJIajgoch OTIEIUTh B 3a-
Jlade MOJTHOTHI aJlOPUTMUYECKN Pa3pPENIuMbIil CIydail 0T Hepa3pelmMoro.
WckpeHHe coxKajiero 0 MOTepe BBIJIAIOIIEr0Cs YIEHOTO, JT0Opble BOCIIOMUHA-
HUsI O HEM ITIOMOT'YT HAM JIBUTATbCS JIAJIbIIE.

4 nexabpst 2019 roga

O BoccTaHOBJIEHHHN TPEXMEPHOI'O M300pakeHus I10
HEIOJIHBIM JaHHbIM O KOOPJMWHATaX IIPOEKIInii ero
TOYEeK

c.H.c. Anekcees /1. B.

PaccmarpuBaercsa cirydait, Korja y OHOM U3 MPOEKIINH TPUCYTCTBYET WH-
dopmarust ToJIBKO 00 oHON 3 KoopauHaT. [lokazaHo, 9TO IpU HEKOTOPHIX
JIOTIOJTHUTEIBHBIX YCIOBUSAX BO3MOXKHO BOCCTAHOBJIEHHE NCXOTHOTO TPEXMeEp-
HOTO M300paxKeHusi ¢ TOYHOCTBIO 110 adduHHON SKBUBajieHTHOCTH. Takas
3a/1a9a BOBHUKAET, KOT/a JJIsi BOCCTAHOBJIEHUA (POPMBI O0bEKTa UCIIOIb3yeT-
¢Sl CTPYKTypHasl JuHEHHO-OaxpoMuaTasi MojcBeTKa. TakxKe B JOKJIAJE pac-
CMaTPUBAETCST 3aJ1ata, MTOPOXKICHUs JTUHEHHO-0aXpPOMYIAaTON IMOACBETKH, 00-
Jamaromeil 3amannbiMu cBoiicTBamu. [lokasana cBa3b mociienHell 3alaqm C
noctpoenueM rpados me Bpéitna.
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Joknaabl ceMuHapa «Bompockl caoKHOCTH
AJICOPUTMOB IIOUCKA»

B ocennem cemectpe 2019 — 2020 yuebroro rojia Ha HAYYHOM CEMUHAPE
«Bompock! cnoXHOCTH AMITOPUTMOB MTOUCKAY TIOJ] PYKOBOACTBOM Mpodeccopa
Dabgapa Dabpaposuda [acanosa cocrosnoch 14 10KIa10B.

4 centabpsa 2019 roma
O mporHo3mpoBaHUM CBEPXCJOB aBTOMAaTaMU

acn. Benepaukos 1. K.

B noknane paccmaTpuBaeTcs 3agada TPOTHO3UPOBaHUS cBepxcyioB. Crep-
Ba BBOJATCH OCHOBHBIE KJIACCHI aBTOMATOB, TIOCJE YET0 JOKA3BIBAETCS, UTO
HaWIy4dlllasg CTeleHb MPOTrHO3UPOBAHUS JIOCTUTAETCS B KJacCe aBTOMATOB C
pa3sMedeHHBIME (DYHKITUAME BBIXOMA. 3aTEM MPUBOAATCI KPUTEPUNH UaCTHI-
HOT'O TIPOTHO3UPOBaHUS OOIEPErYJISPHBIX CBEPXCOOBITHI U KPUTEPH TOYTH
TTOJTHOTO TTPOTHO3UPOBAHUS OJHOIIEMEHTHBIX CBepxcoObITHit. B KoHIIE noK1a-
Jla pa3buparTcsd HEKOTOPbIE MPUMEPHI HJLTIOCTPUPYIOIIHE [EPEUNCTEHHBIE
BBIIIIE TEOPEMBL.

11 centabpa 2019 roxa
Onenku ’HepronoTpedjieHnst 00 bEMHBIX CXEM
aco. Edpumon A, A.

B psie pabor ucciesoBasiach CI0KHOCTD CXEM U3 (DYHKIMOHAIbHBIX /1€~
MEHTOB, PEAJU3YIONUX (PYHKIINH aareOphl JIOTHKHU OT N apryMeHToB. ABTOD
UCIOTB3YeT TAKOe MOHATUE CJAOKHOCTH CXeMbl, KaK morennuasn. OH paBeH
CpeaHeMy 3HAYCHUIO KOJIUYIECTBA €JUHNUIL Ha BCEX BHYTPEHHUX Y3JIaX CXEMBbI.
Hedopmaabao roBops, MOTEHITUAJ UTDAET POJIb CPETHEN «IHEPTUU» CXEMBI,
Heobxoaumoit mig eé pyurrnumonunposanngd. annaa pabora nocedriena Kyou-
YEeCKUM CXeMaM, KOTOPbIE OMPEIENSIOTCS AHAJOTHYHO TJIOCKUM CXeMaM, HO
B MAHXITTEHCKOM TIpocTpancTse. 1lesb moK/1aa COCTOUT B MOy I€HUN BEPX-
Hell OIEHKHU TOTEHNaIa O0BEMHBIX CXEM, Peau3yrommx OysieBbl PYyHKIUU
n OIIepaTOpPhbl M3 PAIJIUIHBIX KJIACCOB. TaK)Ke EJIBbI0 ABJIACTCA ITOJIYyYICeHUE
HUXKHEN OIEHKH MOTeHIaa 00bEMHBIX CXEM, M3 HEKOTOPOro KJjacca OyJie-
BBIX OIEPATOPOB.
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18 cenrsbpsa 2019 rona

O6 ogHOM aJIrOpUTMeE MEPEBOJIA TEKCTA IMTPABUJI
JOPO>KHOTO JIBMKEHNs B (pOpMaJJbHYIO MOJIeJTh

acrn. Mensxkun M. I.

IIpemmaraerca ouH U3 BO3MOXKHBIX TIOIX0J0B K aBTOMATH3UPOBAHHOMY
MIEPEBOIY TEKCTA IOPUIMIECKOr0 JOKYMEHTa B (DOPMAILHYIO MOIEIb HA IIPH-
Mmepe Ilocranosnenusa [Ipasurenberea "O mpaBuiax ZOPOXKHOTO JBUKeHU" .
[lepedncaenbl OCHOBHBIE CYITHOCTU IOPUANIECKOrO TOKYMEHTA, BBOAIATC II0-
maTtus rpada moporu, JOPOXKHON CHUTyaIwu, IMIabdI0Ha MPaBUIA, CHHTAKCH-
9eCcKOTO mabJ/IoHa, PA3PEIIUMOCTH JOPOKHON CUTYaIluN, B COBOKYIIHOCTH 00-
pasyrorue GOpMaATBEHYIO TeOPeTUKO-IPadoBy0 Moaeab. O603HAYEHBI OCHOB-
HbIE IPOTEeIyPhI AJTOPUTMA, [IEPEBO/Ia, TeKCTA IPABII JOPOKHOTO TBUKEHIA
B JAHHYI0 MOJe/b. [IpuBeieHbl ipuMepbl pa3bopa MpeioKeHuil, B KOTOPBIX
unér peub o Manéspe "Yerynuth gopory".

2 okTabpsa 2019 roxa

KombunraTopHO-TE€OMeTpUiecKne CBOMCTBA
MMOJIN3APOB 33aJ1a KOMOMHATOPHO ONTUMU3AIAA

r.d-m.u. Makcumenko A. H.

TIpumepamvu 3a7a9 KOMOMHATOPHON ONTUMHUBAINN C JUHEHHON I€I€BOM
dyHKITEN ABIIIOTCA 331a9a 0 KpaTJdailIeM OyTH, 33Ja49a KOMMUBOSKEPA,
3ajada O PIOK3ake W mMuorme apyrme. Kakmas Takasd 3amada MOYXKET OBIThH
€CTECTBEHHBIM 00pa3oM mepehopMyIMPOBaHa B BUIE 3a0a4N JIMHEHHOro Ipo-
rpaMMUPOBaHUS, 00/1aCTh AOMYCTUMBIX PEITeHUH KOTOPOU IIPEICTABIIIET CO-
6ol BBINyKJABIH MHOTOrpaHHHK. C OHONM CTOPOHBI, TaKasd WHTEPIPETAINAI
TO3BOJIAET UCIIOJIB30BATH JIJIsl PEMIEHN ITUX 33J1a4 TeOMEeTPUIeCKNe METOIbI.
C apyroit CTOpOHBI, 1 UMEHHO 00 9TOM W HUIET Pedb B JTOKJIAJIE, 3TOT MOIXO
ITO3BOJISIET BRIIBUTL KOMOMHATOPHO-TEOMETPHIECKIE CBONCTBA 303, XapaK-
TEPUIYIOIHe UX CJA0KHOCTH B PA3INYHBIX KJ/IACCAX aJropuTMOB. B mokjame
TaKzKe PaccMOTpeH MeTon apUHHON CBOTUMOCTH, MIO3BOJISIONINN CPABHHU-
BaTh 3TU CBOWCTBA.
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9 oxkTabpsa 2019 roga

PacnmdpoBka OyneBbix PyHKINI 13 3aMKHY ThIX
kJjaccoB IlocTa 3ampocaMu Ha 3HAUYeHUE U
3aIrpocaMy Ha CPaBHEHUE

acit. beicrpeirosa A. B.

B nmokmane paccmarpuBaeTcs 3ajaua TOUHON pacimudpoBKy PyHKINN 13
3aMKHYTBHIX K1accoB IlocTa mpu moMomum 3ampoCcoB Ha 3HAYEHUE W 3aITPOCOB
Ha cpapHenue. [IpuBoaurcs KpuTepuit BO3MOKHOCTH pacHindPOBKH 3aIpo-
camu Ha cpaBuenue. [lokazamno, ¥To J/ad KJIACCOB, KOTOPBIE BO3MOYKHO Pac-
mndpoBaTh 3aMpPOCAMU Ha CPaBHEHWE, CJIOXKHOCTb PAaCIIndpPOBKU HE XYyKe,
9eM TaKOBag IIPHU MCIIOIL30BAHNN 3AMIPOCOB HA 3HadeHue. TakKe NPUBOIAT-
Cd NPUMEPB! KJACCOB, JJisd KOTOPBIX CJOXKHOCTH PACHIN(POBKU 3alpocaMu
Ha CPaBHEHHUE CTPOr0 MEHBIIE CJIOKHOCTU PaciiudPOBKY 3aPOCAMU HA, 3HA-
qeHue.

16 oxkTsabpsa 2019 rona

O KOHCTPYMPOBAHUN KJIETOYHBIMU aBTOMATAMMU
JBYHAIIPABJIEHHOT'O JIBUKEHUA HA Jiy4de

cryn. Kysuenopa E. B.

B noxname paccmarpmBaercs BOMPOC YHUCAA COCTOSTHUM KJIETOYHOTO aB-
TOMATa, MOJEIUPYIONIEr0 ABHUKEHHE TOUKH Ha OJHOMEPHOM OeCKOHETHOM
skpane. [IpuBoanTCS BEPXHSIST M HUZKHSIST OIEHKA, KOJTMIECTBA, COCTOSTHUI TaH-
HOT'O KJE€TOYHOI'0 aBTOMATA.

23 okrsbpst 2019 roga

O6 ogHOM aJIropuTMe JOCTU>KEHNS KOHCEHCYCA B
KPHUIITOBAJIIOTAaX

a.b.-M.H., pod. Facanos 9.9, cryxn. Cyroubekosa M.B.

TIpeanaraerca HOBBI AJATOPUTM HOCTUKEHUS KOHCEHCYCA B KPUIITOBAJIIO-
TaX. AJITOpUTM OCHOBAH HA BBIPADOTKE MTPOKAMH COBMECTHOTO CIYyJIaitHOro
9UCIa, HA OCHOBE KOTOPOTO OIMPEIE/IAeTCH BEIMTPABIINN NTPOK. BepodaTHoCTh
BBIUTPHIIIA KAKJIOI0 UCPOKA 3aBUCHUT OT Pa3Mepa BJIOXKEHHBIX cpeacTs. [lpu
BBIPAOOTKE COBMECTHOI'O CAYyYaHOrO YHC/Ia KAXKJIbII UIPOK OOMEHWBAETCH
nHdopMaImeil ¢ HEKOTOPBIM YUCJIOM HUI'POKOB, U TO YUCJIO PAHO Jorapud-
My oT 0bmero gmcsiaa urpokos. Kazkipiit 0bmen nudopMamn OCHOBBIBAETCSH
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Ha mporokojie "llogbpaceiBanus MoueTsl o Tenedony"Manysns Bayva. B
OTJINYNU QJITOPUTMaA JOCTUZKEHNA KOHCEHCYCa, TPUHATOTO B 6I/ITKOI/IH, apesm-
JIOXKEHHBIH aJIr0PUTM He TpebyeT CYIECTBEHHBIX BIYUCIUTETHHBIX DECYPCOB.
[Tpennoxkena cxema opraHm3aruy OJOKIeHa TP JAHHOM AJTOPUTME JOCTH-
JKEHUST KOHCEHCYCA.

30 oxTsibpst 2019 roza

O1eHKN KOJ0OBOTO PACCTOSHUS JJId KJIACCUYECKUX U
KBAaHTOBBIX JIOKAJIbHBIX KOJIOB

K.d.-m.H. Kanaues . B.

B noknane paccmarpuBaioTcd CeMENCTBA JIOKAJIbHBIX KOJOB, UCIPABJIS-
omux omubru. CeMefcTBO JTOKAMLHLIX KOIOB — 3T0 CeMeHCTBO JIUHEHAHLIX
KOJIOB, 33IAHHBIX ITPOBEPOYHON MATPUIEH, ¥ KOTOPHIX OUTHI MOYXKHO pa3Me-
CTUTHb B D-MEpHOM MPOCTPAHCTBE TaKHM 00pa30oM, 9TOOBI BCe OUTHI, yIaCT-
BYIOIIIE B OJHOM ITPOBEPOTHOM COOTHOITIEHUHU, OBLIN PACIIOIOKEHBI B Iape
durcupoBanHoro pajuyca. 3BecTHa BEepXHsisl OIlEHKA HA KOJOBOE PACCTOs-
HIE M Pa3MepHOCTh d-MepHbIX JoKabHbX Koaos d = O((n/k)P).

B nmoknane paccMoTpen npumMep KoJOB, rie coobIeHe, 3aIaHHOe TT0C/Ie-
JOBATETBHOCTBIO M3 2! 6UT Koampyercss myTéM TpUMEHeHns K HeMmy OJiHO-
MEpHOTO JIHHEHHOro KaeTodHoro asromara Rule 60 2! pas. 3axoguposamn-
HOE CJIOBO COCTOUT K3 BCEX COCTOAHHUN KJAETOYHOTO ABTOMATA B MOMEHTHI
0,1,...,2" — 1. IlokazaHO, 9YTO KOJOBOE PACCTOAHUE TAKOT'O KO3 10 HOPAIKY
pasro 3¢, to ectb n(19823)/2 pre n =< 4! — aauma KOHOBOrO CiIOBA.

,D;J'[H AHAJIOTUYIHBIX KOJIO0B, 3aaBaC€MbIX JIPDYyTUMU JIMHEHBIMU KJIEeTOYHBI-
MHF aBTOMAaTaMU, TOPSI0K POCTa KOJIOBOTO PACCTOSIHUS HeM3BecTeH. ['umoresa
BaAK/I0YAETCA B TOM, ITO JJid JIIOO0TO JTUHEHHOTO KJIETOUHOTO aBTOMATA BO-
JIFOTIMS OTHOKJIETOTHON KOHMDUTYPAITUH COJEPYKUT MIHUMAIBHOE 0 MTOPSJIKY
KOJIMYECTBO KJETOK B cOCTOAHUN 1.

6 nosiOps 2019 roma

O1eHK1 KOJOBOTO PACCTOSHHUSA JJId HEKOTOPBIX
ceMeliCTB JIOKAJIbHBIX KBAaHTOBBIX KOJIOB

k.p.-m.u. Kamages I'. B.

B xBanTOBBIX KOMIBIOTEPAX BCE ONEPAIMH BBITOJHAIOTCA C ONPEIC/IEH-
HOiI BEPOATHOCTBIO OMNUOKY, U IO3TOMY J1J1si obecrieueHust HaJE2KHbIX KBAHTO-
BBIX BBIYHUC/ICHUN HEOOXOAMMO BaIUINAThG KBAHTOBOE cocrosiaue. Jjis aroro
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TPEIOIATAETCS UCIMOJB30BATH KBAHTOBBIE KOJIBI 7T KOPPEKITHU OmMuboK. B
JIOKJIaJIe pacCMaTpPUBAOTCs cTabuansaropubie CSS Kojbl, 3a/1aBaeMble JIBY-
M TIPOBepOUHBbIME Marpunamu H, u H, takmvu, ato HyH! = 0. Ocoberit
WHTEPEC MPEACTABIAIOT JOKAJIBHBIE KOMbI, ¥ KOTOPBIX KyOWTHI MOXKHO TaK
pasMecTuTh B D-MEpPHOM TPOCTPAHCTBE, ITOOBI BCe KyOUTHI, YIACTBYIOITHE
B OJIHOM TTPOBEPOTHOM COOTHOIIEHNH, OBLIN PACIIONO0KEHBI B Iape (DUKCHPO-
BaHHOTO pajnyca. s BEIMUCIeHNs CHHAPOMOB JOKATBHBIX KOIOB TPeOyIoT-
CsI JIUIITH JIOKAJIbHBIE B3aUMOJEHCTBUST KYOUTOB, TIO9TOMY TaKWe KOIbI Dosee
3 dEKTUBHBI ¢ TOYKH 3peHus (DU3UIECKONH Peau3aliiu.

Mg kBanrosbix LDPC KomoB u, B yacTHOCTH, AJisl JIOKAJIbHBIX KOJIIOB
JIydIliasi W3BECTHAs OIEHKa Ha KomoBoe paccogume O(y/n+/logn). Ussect-
HO HeckoibKO ceMeticts LDPC komoB, B ToM ducse, JJOKATBHBIX, ¥ KOTOPBIX
paccrosiane pasao O(y/n). s toro, 94robsl HailTh KOABI ¢ 60osiee BBICOKUM
paccrosiaueM, TpebyeTcs pacCMaTPUBATEL JAPYTHE KJIACCH KOMTOB, IS KOTO-
DBIX PACCTOSTHUE THIIOTETHIECKU MOXKET ObITh BbIE, 9eM 1/n. Ecrh rnnoresa,
9TO T 3-MepHBIX (PPAKTATBHBIX KOTOB MOMKET TOCTUTATHLCS KOJOBOE PAac-
CTOAHNE TIO TIOPAJIKY BBIIIEC \/’ﬁ, OMHAKO AJIA TaKWX KOJOB JIYyYINTNE U3BECTHBIE
mkHue orenku Q(/n). B moknane npusengn npumep Kouos ¢ (ppakTaib-
HOHl CTPYKTYPOIT OmubOK, /i KOTOPBIX YAAI0CH JI0KA3aTh HUXKHIOI OIEHKY
Q(n®), a = logy(2(v/5 — 1))/3 ~ 0.435. TaxsKe ONICAHBI 3a/1a4H, CBA3AH-
HBbIC C KJIETOYHBIMH aBTOMaTaMM, PDEIICHHE KOTOPBIX MOIJIO 6]:)1 YJ1ydHminThb
o1y omenky. Cpean HUX:

1) Or1eHKa CHU3Y YUCTIa eMHIT B 9BOJIIOIUN JTUHEHHOTO KJIETOIHOTO ABTO-
marta Rule 150 na nporarxenun speMent 2!, HauuHas ¢ IIPOU3BOILHOIO
HEHYJIEBOTO COCTOSTHUA.

2) PaccmarpuBaercs knerounbiit asromar Rule 150 co BxogoM: y Kazk 10
KJIETKH €CThb BXO/l, Ha KOTODbI MOKHO monaBarb (0 uiau 1. 3HaueHue
BXO/1a npubaBIgercd K COCTOAHUIO0 110 Mouyao 2. Kakoe nanMenbliee
quCa0 equanI (B CyMMe 32 BCE BPEMST SBOJIIONNM) HYKHO HYXKHO T10-
JTaTh Ha BXOMbI KJIETOUYHOTO ABTOMATa, YTOOBI HYJIEBOE COCTOSHUE Yepe3
HEKOTOPOEe BpeMs IMEpelLIo B COCTOdHme, Tae moapan 2! KIeTox B co-
crosiaun 17
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13 mos6ps 2019 rona

BepxHsig oneHKa MONIHOCTH IINIOCKHX CXEM,
peann3yoninx QyHKIIUNA ¢ OTPAHNYEHHBIM YHCJIOM
€ AMHUAII,

K.p.-m.u. Kamages I'. B.

Zoxaad cocmoancs 6 pamraxr nepeo2o 3ace0aHUA MEHCPHAKYALTNEMCKO20
HAYUHO20 cemunapa “Axmyanrvrvie Mamemamuseckue 36004, CEAIGHHBIE C
npoexmuposanuem CHEUCY nod pyxosodcmeom 3ae. xkadedpoii mamemamu-
wyeckol wubepnemuru paxysvmema BMK Jloowexuna C. A. u npodeccopa xa-
pedpor MaTHC mexanuro - mamemamuseckozo parxyavmema Lacanosa 3. 3.

PaccmarpuBaercs 3ajada CHHTE3a TUIOCKAX CXEM, PEATU3YIONUX Oy/IeBhl
GDYHKINN ¢ OTPAHUYEHHBIM YUCTOM €IUHUTL IJIOCKUMU CXEeMaMU. fé\] — KJIaCC
BCex OyJeBbIX (DYHKIWA OT 1 MEePEeMEHHBIX, IPUHUMAIONINX 3HadeHHe 1 He
6ostee, wem uHa [N mHabopax. 3 MOMHOCTHBIX COOOparkeHnit MOXKHO yOemnuThCs,
YTO TTOMIA/b CXeM JJisl IOYTH BeexX PyHKIUi He MOKeT ObITh Merbine N (n —
logy N) ipu N < 27~1 Kpowme miomaim cxeM HHTepeC NPeACTABIISET TAKKe
SHEPromoTpedIeHre, KOTOPOMY B MOJIE/TH [IJIOCKIX CXeM COOTBETCTBYET TaKast
Mepa CJIOZKHOCTH, KaK IIOTeHIUAJI. HOTQHHI/I&H CX€Mbl Ha BXOJAHOM Ha60pe
X — 9TO KOJMYECTBO EJMHMUI] B y3/Jax CXeMbl, KOrJa Ha BXOJ TOjgaH Habop
x. B nokyame paccMaTpUBaeTCss MaKCUMAJIBHBIN TOTEHIINAT CXeMbl, PABHBII
MaKCUMYyMy TOTEHIINAJJIA TTO0 BCEBO3MOXKHBIM BXOAHBIM Ha60paM.

[TpuBoaUTCST METOJ CHHTE3a MJIOCKUX CXEM, PEATU3YIOMUX (DYHKIINH 13
FN exemamu ¢ mromasio O(N (n—logy N)) i MAKCHMATBHBIM TIOTEHITHATOM
O(\/N(n —log, N)n/log, N). Cuauana paccmarpusaercs cirydaii N > 27/3,
u crpourcs cxema ¢ norernuanom O(y/N(n —logy N)). Barem paccmarpu-
Baercd caydait N < on/ 3 M OH CBOIMTCA K IOC/IEIOBATENBLHOMY BBIUHUC/ICHITIO
O(n/logy N) dyuxumii ot 3logy N mepeMeHHbIX, 17151 KOTOPBIX UCIIOIb3YEeTCs
cxeMa, MOCTPOEHHAs Ha MEPBOM Ilare, B UTOTE BCs CXeMa UMeeT TpebyeMblit

TOTEHITUAJ.
20 vosibpa 2019 rona
O ckopocTu pocTa OJIHOU KOJIOHMU »KYKOB
cryz. Boporaukos A. C.

Paccmorpum cieyroniyo JuHAMIIeCcKy CUCTEMY: JaHO OECKOHEUHOE T0JIe
C HEHYJIEBBIM O/[HOPOJIHO PACIIOJIOXKEHHBIM 3a11acoM e/ibl. Ha srom 1oJie 1oss-

JIeTCd JKYK, KOTODbIii IlepeMeliaeTcd 10 II0J0, eCT UMEIOIIYIOCs ey U pa3-
mHoxkaercsd. ose mojennpyercs 11€104nC/AeHHON PelérKoil Ha 11JI0CKOCTH,
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B KOTODPOIi KaXKJOMY y3JIy B HAYaJbHBINT MOMEHT COIIOCTABJIEHO HEKOTOPOE
O/IMHAKOBOE KOJIMUECTBO e1bl. DTy TEJOUNCIEHHYI0 PEIETKY B JTaJbHENIeM
OyaeM Ha3BIBATL KapToil. 2KyK JefCTBYeT M0 aJrOpuTMYy, KOTOPBIH YIIPOIIEH-
HO IPEACTaBIACTCS CXEeMOI: UCKATh €J1y -> €CThb, II0Ka He HACHITUIILCS (eC.)'[I/I
ellbl He XBATUJIO, CHOBA MCKaTh) -> pa3MHOXKaThcs. Ha Bee meficTBus pac-
XO4yeTCd SHEPrud, KOTOpad NOJIy4aeTCd XKXKYyKOM U3 e/bl, PACIIOJI0XKCHHON Ha
moste. Kcm 3amac sHeprun KyKa MaJlaeT HIXKe HOJIS, TO XKYK YMUPaeT — UC-
4qe3aer ¢ moJid. [loy pa3sMHOKEHWEM MOIPA3YyMEBACTCS JEICHUE XKYKA HA IBYX
O/INHAKOBBIX 2KYKOB, 00J1a/Ia0IUX [TOJIOBUHON 3aIiaca SHEPIUU POJUTEIIS.

JIJtst HEKOTOPOTO KJIACCA, TPAMBIX XOUETCS TTOCTPONTD KJIACC KOJIOHUH, Ta-
KOIA, 9TO JIJisi TPOU3BOJIbHOM IPSAMOIi HAMIETCs KOJIOHUS, Yeli TPadUK IUCIEH-
HOCTH DECKOHEUHOEe JHUCJI0 Pa3 mepecekaeT BhOpanuyto mpsMyio. [lonzagaua
— OIHUCATh TAKOM KJIACC IPAMBIX.

VKazaHHas cucTeMa MOJEINPYETCSI OJHOPOIHLIMU CcTPYKTypamu. IIpen-
JIaraeTcd UCIOJIb30BATh MOAX0M], ABTOMATHOTO MOIEJIMPOBAHNA.

Cuauasia, BRIOUpAETCs TATh YCJIOBUN, KOTOPBIM [IOJI2KHA YIOBJIETBOPATH
KOJIOHU, 3aTEM IMOKA3BIBACTCA, K KaKUM OT'DAHUYICHUAM ITPUBOIAT 3TN YyCJI0-
Bus. lajee cienyeT aHaan3 NOBeJeHUs YKYKOB Ha KapTe, W3 KOTOPOTO BHI-
TeKaeT HeOOXOAMMOCTH KOPPEKTUPOBKY HEKOTOPBIX yCjioBuil. B pesymbrare
HEIOCPEJICTBEHHOr0 pa3bopa MoBeJIeHNs BCeX KYKOB, YIAETCsd BBIITUCATH SB-
HYI0 (DYyHKIIUIO YUCJAEHHOCTU HOIYISAIMKU C HEKOTOPOI'O JJOCTATOYHO OOJIBIIOro
MoMmeHTa BpeMeHu. OKa3blBaeTCs, UTO OHA JIEXKUT B KOHYCE, OIDAHMYEHHOM
JIBYMsl IPAMBIME, IIPUYEM JOCTUTAET FPAHUIL KOHYCa OECKOHETHOE YMCJI0 Pa3.

Takum 06pa3oM yaaoCh i TPOU3BOJILHON MPSIMO U3 KJIacca

40
.A:{y:a:c+b|0<a<ﬁ,beR}

TTOCTPOUTD TAKYIO KOJOHUIO, 9TO €€ rpaduK UNCIEHHOCTH TOMYTAIIH DECKO-
HEYHOE YNCI0 Pa3 IePecedéT BRIOPAHHYIO MPIMYIO.

O6ozHaueHbl TPEOYIOITIE JAJTBHERTIIEr0 JeTaJBHOT0 Pasbopa crocobk pac-
MIAPEHUS KJIACCA MPSIMBIX 10 KJIaCCa

B={y=azx+bla>0,beR}.
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27 wosabpsa 2019 roma

MopenupoBaHUe a3pOAMHAMUKN KPbLIa
KJIETOYHBIMUA aBTOMAaTaMU

cryn. Fopaeesa A. C.

B pabore uccienyercs 3ajiada MOJAeUPOBAHUS JIBUKEHUs TI0JIETA KPbI-
Jla B BO3/yliHOM notoke. Ilpejyiaraercs jijist MOJE/IMPOBAHNS UCIIOIB30BATH
KJIETOUYHBIE aBTOMATHl. [IprudeMm cunTaercs, 9TO UMEIOTCA KJIETOUHbIE aBTO-
MaThl, MOJIEJUPYIOIINE IBUKEHUE BO3/IYXA, U UMEETCS aBTOMAT, MOJIETUPYIO-
mnit Kpouto. Kpoeuio nmeer HekoTopyio dopmy. Kirerounbie aBToMaThr m300-
PaKaOT TPAMOINHENHOEe TBUXKEHNE TACTUIL, HO TIPU CTOJKHOBEHUN C KPBIJIOM
«0DTEKAIOT» €ro, MPUYIEeM CKOPOCTh YACTHUIL, IBUKYIIUXCI 10 00J1ee JTHHHOMT
CTOPOHE KPbLIa, DOJIBIIE YeM Y YacTHIl ¢ APYroit croponsl. 3-3a 3T0r0 BO3HU-
KaeT MObeMHAs cuyia. ABTOMAT, MOAENUPYIONTHI KPBLIO, «BUIUTY KJIETOU-
HBIE aBTOMAThHI U3 HEKOTOPOH OKPECTHOCTH KPBLIA U BBICUUTHIBAET CKOPOCTH
YaCTHIL, WX IJIOTHOCTH. Ha 0CHOBE 9TOTO BBIUUCIIETCA BEKTOP MOIHLEMHON CH-
Jbl. B pesynbrare KpLbljio MeHSeT cBOM KOopawHATHI. Hamicana KoMmbioTep-
Hasg mporpamMma, KOTopag orodpakaeT PyHKITMOHWPOBAHWUE TP/ IJIOKEHHBIX
aBromMaToB. lIpoBesieHbl SKCIEPUMEHTHI C KPBLIBIMU Pa3HBIX (HOPM. DKCITe-
PHUMEHTBHI TOKA3A/IU AJIEKBATHOCTD MOJIE/IN.

4 nexabpsa 2019 roza

OO0 acUMITOTUYECKU TOYHBIX OI[€HKaX CJIOXKHOCTU
peaJjun3anumn OyjaeBbIX PYHKINI KJI€TOYHBIMU
cXeMaMM1 U MeTOJaX WX IOJTydeHUd.

n.d.-m.H., mpod. Jloxkun C. A.

Jloxnad cocmosanca 6 pamrar 6Mmopo2o 3aCedanus MENCHAKYALIMEMCKO20
HAYUH020 cemunapa “Axmyarvrve Mamemamuseckue 3a0a4u, CEAZGHHBIE C
npoexmuposanuem CBEHC“ nod pyxosodcmeom 3ae. xagedpoti mamemamu-
weckotll kubepremuruy gparxysvmema BMK Jloocxuna C. A. u npogeccopa xa-
pedpoe MaTUC mexarnuro - mamemamuueckozo garxyasvmema Lacanosa 3. 3.

B noknane mpescrasiien 0630p pe3yJbTaTOB W METOJOB, CBS3aHHBIX C
MOJTyIEHUEM ACUMIITOTUYECKHM TOYHBIX OIEHOK CJIOXKHOCTH peau3aimu Oy-
JIEBBIX (DYHKITHII U OMEPATOPOB B HEKOTOPBIX MOJEJIAX KJIETOUHBIX CXEM W3
GYHKIMOHAIBHBIX JIEMEHTOB ¥ KOHTAKTHBIX CXEM.
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11 mexabps 2019 roma

ITocTpoenmne kpar4yaiimmx myTeil KJI€TOYHBIMU
aBTOMATaMM C IXOM.

m.g.-M.H., npod. Tacaros 9. ., crya. Hpomaxkuua A. A.

B poxkiase BBOAUTCA HOBBII O0HEKT — KJICTOYHBINA aBTOMAT C 9X0M. Kak-
OB KJIETOUHBI aBTOMAT C 9XOM B KaXKIBIH TAKT MOXKET MOCIaTh B dQUP
HekoTOpbIi curnan. Andasur 3dupa ABIAETCA KOHEYHOH aJIuTUBHON KOM-
MYTATUBHON TIOJIyrPYIIION, a caMm 3¢bup npeacrapisier coboil MOTEHITHATBHO
OECKOHEUHBIN CYMMATOP CHUTHAJIOB KJIETOYHBIX ABTOMATOB, T/ B KaJ9eCTBE
CYMMBI BBICTYTIAeT OMpeesionias onepalnsd JaHHOW ToJyrpynmel. B ToT
K€ TAKT KaXKIbIfl KJIETOYHBIN aBTOMAT MOIydaeT u3 3dupa CyMMapHbBIH CUT-
HaJ W, YIUTbIBAad €ro, U3MeHsieT CBoe cocrtosinue. Brejenue sdupa u Bo3-
MOXKHOCTHU TIOCBLIATh B 3(UP CUrHAJIBI [TO3BOJISET MIHOBEHHO MEPEIaBaTh
CUI'HAJIbI HA JIIOOble PACCTOSIHUS, U TEM CAMBIM IIO3BOJISET OJHOMY KJIETOY-
HOMY aBTOMAaTy YIPaBIATh IOBEJCHUEM CKOJIL YIOJHO AAJIEKO YAAJICHHOTO
OT HEero JPYToro KJAeTOYHOTrO aBToMara. Paccmarpupaerca Takke MOIU(U-
Kalig KJIETOYHLIX aBTOMATOB C 9XOM, KOTOPbIe MOI'YT IOCLLIATL CUTHAJIDLI B
3¢up MO OUpeaeIeHHBIM HATPABICHUAM W MOJYyIaTh CUTHAILI 3 dhupa u3
ompeieIEHHbIX HampaBaeHnil. UHBIME cJoBaMHU, B 3TOM CJIydae yV KayKJIOTO
KJIETOYHOT'0 aBTOMATa UMEeTCHd HeCKOJIbKO JIOKATOPOB, HAIIPABJICHHDBIX B Pa3-
Hble CTOPOHLI, U OH MOXKeT € IIOMOIIBIO 3TUX JIOKATOPOB II0JIyYaTh CUTHAJIBI C
OIpEeEe/ICHHBIX HAIIPABJICHUN U ITOCHLIATH CUTHAJBL 110 9TAM HAIIPABJICHAAM.

Hcenenyerca 3amata moncKa KpaTdaifIero myTH MeK1y ABYMS TOUKAMHU
B cpeze ¢ mpensircTBusMu. [IpuBoguTcsa permrenne 3TOH 337491 C TOMOIIHIO
KJIETOTHBLIX aBTOMATOB ¢ 9X0M. lIpoBoamTcsa cpaBHeHNE CIOKHOCTU PENIeHnsT
9TOM 331391 C HOMOIIBIO KJIETOYHBIX aBTOMATOB C 9XOM U C IIOMOIIBIO O0bIY-
HBIX KJICTOYHBIX aBTOMATOB.
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K cBegeHuro aBTopoB myOJ/uKanuil B 2Ky pHAJIe
«HTennekTyasbHble cucTeMbl. Teopusi U IPUITIOXKEHUS»

B coorsercrBun ¢ rpeboBanusvMu BAK P® k uzganusiM, BXOISIIUM B Iepe-
YeHb BEIYIINX PEIEH3NPYEMbBIX HAYIHBIX XKYPHAJIOB M U3AaHU, B KOTOPBIX MOTYT
OBITH OIYOJIMKOBaHBI OCHOBHDBIE HAYYHbIE PE3Y/ILTATHI JUCCEPTAIUN HA COUCKAHUE
VUIEHOI CTelmeHn JOKTOPa M KaHANIaTa HAyK, CTATbU B KypHaJ «/HTemnekTya b-
HbI€ CUCTEMBI. Teopus U MPUI0KEHUsT> IPEIOCTABIISIOTCS aBTOPAMHY B CJIEIYIOIIEH
dopme:

1. Crarbu, nHabpannbie B nakere INTEX, mpenocTaBisiorces K 3arpyske uepe3 WEB-
dopmy http://intsysjournal.org/generator form .

2. K crarbe npumraraiorcs ¢aiijibl, cojepKaliue HaA3BaAHUE CTATbU HA PYCCKOM U
AHIVINIICKOM $I3bIKAX, AaHHOTAIMIO Ha PYCCKOM ¥ aHIIMIACKOM si3blkax (He Gostee 50
CJIOB), CIMCOK KJIIOUEBBIX CJIOB HA PYCCKOM U AHTJIMIACKOM si3blKax (He Gosee 20
csioB), uadopmaius 06 apropax: @.1.0. M0JIHOCTHIO, MECTO PABGOTHI, JIOJIZKHOCTb,
ydeHasl CTeleHb U/UIn 3BaHue (eC/Iii UMeeTcsi), KOHTAKTHBIE TestedOHbI (¢ KOJTOM
ropoJia U CTPaHbl), e-mail, MOYTOBBIN ajpec ¢ UHIEKCOM Topojia (JIoMaIIHuil uim
CJTy 2KEOHBIIT ).

3. Cumcok jurepaTypbl 0OPMIISIETCS B €IMHOM (OpMaTe, yCTAHOBJIEHHOM CHUCTE-
Moit Poccuiickoro nHekca Hay9IHOTO ITUTHPOBAHUSI.

4. 3a mybaukamuio crareil B XKypHaJse «VHTeteKTyaabHble cucTeMbl. Teopust u
[PUJIOYKEHUST» C aBTOPOB (B TOM YHUCJIe ACIIUPAHTOB BBICIINX yUeOHbIX 3aBeIeHuil)
craTel, pPEKOMEHIOBAHHBIX K IybO/jukanuu, miara He B3umaercs. OTTUCKY cTaTeit
aBTOpaM He IPEeIOCTAB/IAIOTC. 2K ypHAJI PACIPOCTPAHAETCS 10 HOINCKE, YK3EM-
IJISIPBI 2KYPHAJIA PACCHIIAIOTCS TOJINCINKAM HAJIOXKEHHDBIM ILJIATEXKOM. YCJIOBHS
noanucku myoaukyoores B katasore HTU «Pocnevyarsy, nngekc xypuasa 64559.
5. JocTyn K 9JIEKTPOHHO# BEPCHE TOCJIETHErO BBIIIEJIIIEr0 HOMePa, OCYIIeCTBIIs-
ercst uepes HObB «Poccuiickuii unjekc HayaHOro nurupopanusi». Homepa, BbI-
IIeIIIIe paHee, pa3MernanTcs Ha cajite http://intsysjournal.org, n goctym K HIM
becrnarupiit. Tam 2Ke OyIyT pa3MeIeHbl aHHOTAIUN BCeX MyOJIMKYeMbIX CTaTel.
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