HpI/IBeﬂeHHbIe KpurepmnaJjibHbl€ CUCTEMbI
IIpeaIloJIHbIX KJIaCCOB B KJlaCCaX JIMHEMHBIX
AaBTOMAaTOB Ha/Jl KOHCYHbIMMU ITIOJIAMMN

Yacosckux A.A.

Haﬁ,[[eHbI MHO2KeCTBa BCEX IIPEAIIOJIHBIX KJIaCCOB B KJjlaCcCaXx JIMHE-
HBIX aBTOMAaTOB HaJdQ KOHCIHBIMHU IIOJIAMU, ABJIAIOIMUECA IIPUBEACHHBIMA
KpurepuaJbHbIMI CUCTEMaMMt B 3TUX KJIaCCaX.

KiroueBble cjioBa: KOHEYHBII aBTOMAT, JUHEIHBI aBTOMAT, OIle-
paIy KOMIIO3UIIAN, OIEPaIlii CYIIEePIO3UIUn, 00paTHasl CBs3b, MPO-
6J1eMa, TTOJTHOTHI, PEIIOIHbIN KIacC, KpUTEepUaIbHas CUCTEMA, IIPUBe-
JleHHad KpUATEpUaJibHAasd CUCTEMa, CYMMATOD, 3aJIePKKa.

MbpI Gyj1eM HCHOIB30BATh IIOHATHS 1 0003HAYEHUS, BBEJICHHDbIE B paboTax
[1] — [3]. Koneunoe mose, cogepxkaiiee k = p™™ 3J1leMEHTOB, TJie P — IIPOCTOE
YHCJI0, a M — HATypaJbHOE 9HCI0, 0603HauuM Fj. Koabiio MHOro4YI€HOB 1e-
pemennoit { ¢ koadbdunuenravu uz Ej obosnauum Fy[{], a mose, mosyuen-
Hoe u3 Ej myTeMm TpaHCHEHIEHTHOTO paciIupeHnst epeMeHHoit £ 06o3HagaeM
Ex(&). D70 nose cocrout us JApobeii, dancauTesb U 3HaMEeHATe b KOTOPbIX B
JISTIOTCsT B3aUMHOIPOCTBIMU MHOTOWIeHaMu u3 Ey[£]. [oakombio noms E (&),
cocrosee u3 Apobeil, 3HaMeHATeIn KOTOPBIX He JeIATcsa Ha &, 0603HATNM
E}(€). Kombio ¢opManbHBIX CTENEHHBIX PSIIOB MEPEMEHHON & HaJ| II0IeM
Ej, 0603nauuM Rj (). DTO KOJIBIO COAEPKUT TIOJIKOJIBIO, COCTOSIINEE U3 Psi-
0B, KO3 DUIUEHTHI KOTOPHIX 06pa3yIoT MEPUOAMIECKYIO (C IIPEIIEPHOIOM )
II0CJIEI0BATEILHOCTD, H30MopdHoe Koibly E (£).

Bxomubie mepemMeHHble U IIepEeMeHHAsI, MPUIACAHHAS BBIXO/LY JTUHEHHOTO
aBroMaTa IPUHUMAIOT 3HavYeHusl u3 Kobla Ry (). Jluuneiitnbim aBromMaToMm

MBI HasbiBaeM orobpazkenue f (x1,T2,...,Ty), Al Koroporo B E (§) maii-
JIyTCsT TaKue 3JIeMEHTHI [, ¢ = 0,1,...,n, 910 mis Jobbx «;, o; € Ry (&),
t =1,2,...,n BBIIIOJHEHO PABEHCTBO:
n
f(alqua"'van) = E Hi0 + . (1)
=1
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ITepemenHasi ; 9TOro aBTOMAaTa HA3BIBAETCs CYIIECTBEHHOMH, ecan f; # 0,
9Ta IIepeMeHHasi Ha3bIBaeTcsl HerocpeacTBeHHoi, ecin f1;(0) # 0. Hepes U (f)
Oymem obosnavars { p; | i =1,2,...,n }, agepe3 C(f) bynem oboznadars
muOKecTBO ¢ oxuuM sstementom: C(f) ={ po }.

MHOKeCTBO BCeX JIMHEHHBIX aBTOMATOB HaJ moJjeM Fj obosHaunm L.
MuozkecTBO £f BMECTE € OIpEpAIlsiMU CYHEPIO3UIUE U OOPATHON CBSA3H
npeJicTaBiisieT coboii Kirace JIMHeHHbIX aBroMaros [4] Has nosem Ej, ¢ onepa-
[USIME KOMITO3HUIIIH.

s muOkecTBa M smHeitHbIX aBromaroB mnomaraem: U(M) =
UremU(f).

Hamra mesib HafiTu Bee npejnosiHble Kiaacchl [5] B Knacce L£f Jyist cirydast
m > 1, Tak Kak CJIydail IIpocToro mosist ObLI pacCMOTpeH paHee B pabote [6).

B jasbHeiineM HaM HOHAO0ATCS CJIeIyoIIne MOJIMHOYKECTBa JINHEeHHBIX
ABTOMATOB.

Ta:{ f(xl,flfQ,-..,:I;n) |n€N, fEQk, u3

n
[z, 2o, 2,) = Zuz‘xi + po ciemyer
i=1

> pi0)-a+po(0)=a ¢,
i=1
rue a € Fy.

Vi=A{ f(x1,ze,...,;2) | nEN, f €Ly,

f umMmeer He GoJiee OHOI HENMOCPEICTBEHHOM TePEMEHHOM } .

Vp:{ f(x17$2a---7$n) \TLGN, fe Ly, nus

n
f ($1,$2, s ,JUn) = Zuixi + lo crenyer
i=1

n
Z ni(0) =1
=1
Pas/io:KuM 9rcsIo m B IIPOU3BE/ICHIE Pa3IMIHBIX TPOCTBIX TUCEIT (s, § =
1,2...,L:
m=q"-q?...q" (2)
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Mg kaxkpgoro s, s =1,2...,1, B none Ej conepxxurca nonnose Ky us kg =

qﬁ ssieMeHTOB |7]. ITosroxmm:
S

Pi={ f(z1,29,...,2,) | nEN, feELy,

n
f(-’El,JJQ, cee 7'7:71) = Zulxl + wo,
=1

pi0) € By, i, i=1,2,....,n }.

Host jipobu p € B (§), p = %, Takoif, uro Bemoneno degu < degw,
HajijleTcsl IeJioe HeoTpHIaTe bHOe Yucjo r U Hajiayres a, a’, b, b/, o', v/,
seN, a,d € Eg bb e E\{0}, o v eEE, degu <s—1,
degv’ < s — 1, Takue, 9TO UMeET MECTO PABEHCTBO:

a+§u/+al§s

H= b+ & +bEs

Torma nomoxxum: Wo(u) = (%, Z—,/)

g kaxmporo aproMopdusma w 1oJisi Ey OnpesiesiuM CJIeLyoinme MHO-
2KEeCTBA:

)

M ={ | pe B, p=

degu < degv, Wo(u) = (u(0),w(p(0))) },

u
v

My={ f | e UMD}, 3)

MHuozkecTBO Bcex aBroMopdu3MoB ot Fy Oyiem obo3nadars ().
BaHyMepyeM BCe HEIPHUBOJVMMBIE [IPUBEJIEHHbIE MHOrOWIeHbl u3 Ei[¢]:
b1, p2,... TakK, 9TO p1 = 5
Ecim n1po6s p, p € E; (), p = % npejcraBieHa B HECOKPATUMOM BUJIE
’ k ’ v
U Jyist HeKoToporo j, j € {2,3,...}, u v He mesuTCA Ha Pj, TO HAWJETCS, U
npuToM oxnosHadno muoroditen v, degu’ < deg(p;), Takoii, 4o [Is HEKO-
Toporo ' u3 Ej(§), 3sHaMeHaTe b KOTOPOi He JIeJINTCs Ha Pj, NMEET MEeCTO
PABEHCTRO:
/ /
p=u +Epjp.
() — o
IIpu sTom momozkum: Wj(p) = '
B nanbHeiimeM 6y/1eM HCIOIB30BATh CJIELYIONIHEe MHOKECTBA JTMHEHHBIX
aBTOMATOB.

Mj:{ f(x17x2a'--7l'n) ‘ TLGN, fEQk,
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n
Fry,ma, . wn) =Y s + po,
i=1

\IJ]'(,ui)GEk, 1=1,2,...,n }

TTonoxkum naJiee:

My ={ f(x1,29,...,2,) | nEN, f € &,

n
flry,ma,. . mn) =Y i+ po,
i=1

BBG,ZLGM HEKOTOPbIE KJIaCChI O,ILHOMGCTHI)IXJII/IHGIL/'IHI)IX aBTOMaTOB:

Mél):{ wol MGE,’C(@, w=—, degugdegv},

u
v
i = { E =24 d

0 - M | ,U,G k(g)v ,U’_Ua egu< eguv ¢,
MY = { p| peBE), p—u0)ee Eye) ),

u
M ={ 5| EEO), =", (wv) =1, p; we mewnr v },

~ u
M(l):{ H | MGE]/g(f), M:;a (U,U):]., pj AedT U }’

j = 2’ 3’ )

n

Rj = { F1Fe8e [enme,. . mn) = pw:+ po,
=1

Vi,i=1,2,...,n, ecau r; — €IUHCTBEHHAs CYIIECTBEHHAS
nepeMeHHast pyHKIMA f, TO p; € M ](1)7
B IIPOTUBHOM CJIydae: [; € M ](1) } ,
n

R} = { flFese flana,. . zn)=> iz + po,

i=1
Vi,i=1,2,...,n, ecau T; — eIUHCTBEHHAS HEIIOCDPE/CTBEHHAS

nepemenHas dbyHkmun f, TO p; € M]Q),
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B IPOTUBHOM CJIydae: [; € M;l) } ,

j=0,2,3,....
Crenenpio npobu p, p = =, u3 Ep(§) Gymem nasbiBaTh, Kaxk IPHHATO,

qucso deg (), paBHOE MAKCHMYMY U3 CTEIEHEll ee IUCIUTe st U 3HAMEHATE IS,
TTomoxxumMm:

Q={ nl| peEE), deg(n)=1,}. (4)

ITocroe Tpamncrengentnoe pacumpenue nonst Fy , s € {1,2,...,1}, sme-
MEHTOM [ U3 MHOXKecTBa () oboznaunm Ej_(u). B manbHeiineMm Mbl uCIoIb-
3yeM MHOXKecTBa B,

n
B/.L,S: f ’ fe’gkv f($17m27"'7x’n):Z/’[’ixi—i_/ijv
i=1

Viyi=1,2,...,n, u; € Ex (1) }.

Hawm monagobuTcss MHOXKeCTBO Ji.,
Jk = { ‘/17‘/]J)PSaTa7MW7Mj7Rz€)R§)BM,S ‘

se{l,2,...,l},a€ Ex,we Q,j€{1,2,3,...},

i6{07273’-"}7N6Q}

Caremyrotiee yrBepK aeHne 6e3 Tpy/Ia JOKA3BIBATC s WHIYIIHEH 110 IIOCTPO-
€HUIO.

JlemMma 1. Mnoowcecmeso J, cocmoum u3s 3amknymur 6 £y KAaCC08, HE CO6-
nadarowux ¢ L.

€ T
HoxkazarenbcTBo. 3aMKHyTOCTD Kiaccos Vi, Vy,, Ty, M;, R;, R} noxasbl-
BaeTCsI TaKKe, KaK U JIJIT AHAJIOTUYIHBIX KJIACCOB B CJIyYae IMPOCTOTO TOJIs.
[ns noxkazarenbcTsa 3aMKHyTOCTH Kiaccos Ps, My, u B, s Oynem uc-
nosb3osarh saMbikanne K (Y mas nmogMHOKecTBAME 13 E;(€), xkoTopoe ompe-
nestero B [1]. Tam ke nokazano, aro jist jgo6oro M, M C £, BBIIOTHEHBI
COOTHOIIIEHUSI:

U (K(M)) € KD(UM)). ()

Herpymao BuIeTh, 9TO BCe TPHU ONEPAITNN OIEPATOpPa 3aMBIKaHUs @ co-

1
XpaHaioT MHOZKecTBa K (§) N M&Y u E}. (&) N Ey, (p). TosTomy mmuOMkKecTBa
M,, u By, s SIBJISIIOTCsI 3AMKHY TBIMU KJIACCAM.
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Paccmorpum knace Py. Ecn p; € Ej (§) n npu stom 1;(0) € By, i = 1,2,
TO
(11 + p2)(0) € Ej,,

(1112)(0) € Bk,

U B ciydae, ecau K mape (1, po) npumennMa oneparst "O6”, To ecTb, ecin
MQ(O) = 07 TO

06(11, 42)(0) = T2 —(0) = 11 (0) € B,
Taxum 06pa3oM, COrIaCHO coOTHOMIEHHIO (5), CBOGOHBIN WieH JIFOOro psijia
u3 U(K(Ps)) conepxkurcs B Ey,, To ectb Kitace Ps 3aMKHYT.

TaxuM 06pa3OM, BCe MHOYKECTBA, I3 .Jj; SIBIISIIOTSC 3AMKHY THIME KJIACCAMI.
J11st 3aBepIleHnst OKA3aTeIbCTBA JIEMMBbI J[JIsl KAXK/I0T0 KJIACCa U3 PACCMAaT-
PHUBAEMOI0 MHOXKECTBA [IPUBEJIEM IIPUMED JTMHEHHOrO aBTOMAaTa, He COJIePIKa-
IIErOCs B 9TOM KJIacce:

m+a g iuVu (RS u R,
1¢T07

g | | w|ulUMs)u UM,
w J

a,a#0

nycTb b — IPUMUTUBHBIN 3dj1emeT nosist Ey, Torma

b [P ) U | | Bus
s (1,5)

JlemMa JjoKa3aHa.

B jasbHeiimeM Mbl BbLIEJANM H3 MHOXKECTBa .Jj, HEKOTOPOE IIOIMHOZKE-
CTBO, SABJIAIOIIEECS] MMPUBEIEHHON KPUTEPUAJILHON cucTeMoit B £, KOTOpoe
TaK>Ke OKaXKeTCs MHOYKECTBOM BCEX IIPEIIOJIHBIE KJIACCH B L.

VIAIUB U3 MHOXKECTBa Jj, 3aMKHyThle KIACChI CeMeifcTBa { B, | q €
@ }, mosryunM MHOYKECTBO J.

JIemMma 2. s amobvix passuunvir xiaccos © u ©' uz mmoosrcecmea Jy, 6vi-
NOAHEHO!

0¢o. (6)
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Hokazarenbcrso. st kaxkaoro ©, © € J,, yKaxeM Takoe MHOYXKECTBO
O, aro

ece, (7)
Ho jutst oboro O, © € Ji, \ {©}, BemosmHeno:
6¢geo. (8)

IIycts b — npuMuTuBHBIN 37eMeHT 1ot Fy. [Tomoxxmm:
Vi={ o +&xa+1, bz},
Vo={ €x1+ a2+ 1, bry +brag+ -+ by +zp11 }.

O6o3naunM 4depes bg 3j1eMeHT 10y Fy,, SBIISIONMNACA IPUMUTHBHBIM dJjIe-
MEHTOM 3TOTO TI0JIs,

ps :{ bsx1 + bsxa, §x1+§x2, 1 },

s=1,2,...,1
Ta:{ (p— Dbz +bxa+a, Ex1+Ex2+a },
Mg =14 bxy+ a9 s x1 + 3 x2, 1
142 1+&27 ’
- b+ w(b)E b+ w(b)€ £ £
M"J: BT ) T, o942 1 )
{ 1+¢ T+ 1+¢ ) 1+€2$1+1+§2x2

ecm w € Q) {id}.

My ={ (b+&pj) a1+ (b+Epj) wa, Epjmr + Epjaa, 1},

j=12 ,
. ¢ b b }
Re: —T, T—Z +7$,1 )
0 {1+g S N
Rf:{ é-.CL', bel + pix2, 1 }’
pi(0)
1=2,3 ,
) ¢ b b }
R =4 —> 21 + bao, r1+ T2, 1 o,
0 {1+£21 P14 1+
R;.”:{ bry + Epire, pir1 +pize, 1},
1=2,3 ,
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Jlemma 3. ITycmo M C £i u das mobozo ©, © € Jy., 6vimonneno:

M ¢ ©. 9)
Torma ma moboro j, j = 0,1,2,... crupaBemiuBo:
U(K(M)) g M. (10)

JoxkazarenbcTBo. PaccmorpuMm moamuoxkecTBo M MHOXKecTBa £ Takoe,
aro V0,0 € J;, cupasemumso (9). Coornomenne (10) mist j = 1 BhITexaer
u3 omnpenenaeHns Kaacca M.

[Tosromy GyzeM paccMaTpuBaTh 3HadeHus: j u3 Muoxkecrsa {0,2,3,... }.
st 3ambikanust muoykectsa U (M) 1o omeparnusivM CJIOKEHUsT U yMHOKEHHsI
Gyem ucrombzosath obosnaderme S (U(M)). Tlo nemme 12 u3 paGorsr [1]
It Kaskaoro 7, j = 0,2,3 ... coornorienue (10) ciaeayer u3 cyIecTBOBaHMsI

pi, pj € SO(U(M)), Takoro, uro pij & MJO) u 1;(0) = 0.

Ecom U (M) € M ;1), to (10) BBIIOHEHO. B IpOTHBHOM Cilydae, MyCTh
j=0. U3 M ¢ R cnenyer,aro B U(M) Haiizercst i), He copeprKaInasicst B
Y.

st mekoropbix o' u b uz Ej umeem: Wo(u,) = (a/,0), b/ # 0. Ecin
a’ =0, To 1pobb i, nckomast u coorHomrernue (10) nmeer mecro. Econ a’ # 0,
10 06o3HauuM uepes ¢'(z) HemyseBoit MHOroWwIeH u3 Ep[z] ¢ MHHIMAILHOI
crenenbto, 1isi Koroporo ¢'(a’) = 0. Ecom npu srom ¢' (V') # 0, 10 nckombim
apsiercs snement g (p) s S (U(M)).

B nporusnoMm ciydae, uz coornormenuit M ¢ Ps, s = 1,2,...,1, cneny-
er, 9TO Jisi HEKOTOPOrO IPUMHUTUBHOrO 3jemenTa a nous Ei 8 U(K(M))
HafiIeTCs 3JIEMEHT fi TaKoil, 9TO Jyis HeKoToporo b, b € Ej, cipaBeiIuBo:
Uo(p) = (a,b). Eciin b = 0, To uepe3 r 0603HAYMM TAKOE HATYDATIBHOE JHC-
10, uro a” = a'. Torma apobb pu, — " — uckomasi. Eciu xxe b # 0 u b ne
CONPSIZKEHO C @, PACCMOTPUM HeHyJIeBOi MHOroWIeH ¢(z) Hax E, crenenn m
takoif, aro g(a) = 0. Ecom ¢(b) # 0, 1o apobn g(1) — nckomas. B mpo-
THUBHOM CJIy4ae, yepe3 w obo3naduM apromMopdusm noss Ej, nepeBojsiimii
9JIeMeHT @ B dseMenT b. W13 coornomennss M ¢ M, cnexyer, aro B U(M)
Haiijercs takoe p’, 94TO st HEKOTOPOTO HATYPAJIBHOIO 4 BLINOJTHEHO PABEH-
creo W (1) = (a',c) u ¢ # b'. Torna apobp p' — p siBIsIeTCS MCKOMO.
Taxum obpaszom, ciayqait j = 0 pazobpa.

IIycrs j € {2,3,...}. Muoxkecrso U(K(M)), kKak ObUIO CKa3aHO paHee,
COJIEPXKUT JIEMEHT [ Takoii, uro a = 1(0) sABJIseTcs MIPUMUTUBHBIM JIEMEH-

ToM nosist Ey. VIMeeM cooTHoIeHume: [ € M;l) \M;l). Iycts Vj(p) = u
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TaKoBO, UTO U = a. Beujy coornomennss M & M; B M conepKuTCs 37I€MEHT
p1; Taxoit, wro W;(p') = u', v’ € Ey. Ecm p/(0) = 0, To 1po6p p1' — mckomast.
B nporusnoM ciydae, HaiijieTcs HATYpasibHOe Yucio T Takoe, uro a’ = p’(0).
Torna npobn p — " aBasiercsa uckomoit. Ecam u # a, HO u AenuTcs Ha Dj, TO
paceMoTpuM pobs 41| Takyio, aro p’ € U(M)\ M ](1), KOTOpas CyIIECTBYET
BBUJIy cooTHorenust M & R;. Haiinerca marypasibaoe umcsio r’ Takoe, 4To
1" (0) = @ Torma uckomas apoGe: p” — i

Ocrajioch paccMOTPeTh Cydail, KOrJa MHOIOYIEH U HE SABJISIeTCS dJIe-
MeHTOM mojs Ej u He JeiuTcs Ha MHOrowlIeH p;. B arom ciaydae eciu Obl
MHOTOWIEHBI ¢ 1 uF 1aBajm GbI OIMHAKOBBIE OCTATKH OT JICJCHHs HA MHO-
rouiex § - pj, TO MHOTOYJIEH u®
SABJISIIONIEMCsT AJITe0OpamIecKUM paCIIupeHneM I0JIs By 97IeMEeHTOM Z TaKuM,
aro pj(z) = 0, Hamescs ObI SIEMEHT, He cojlepzKalnuiicss B 1oje Ej, mopsiiok
koroporo geaui dnciao k. Ho [7], B mose I'; BCce snmeMeHTEI, He CoAeprKaly-
ecst B Fj, nMeror nopsiiok 6osteine k. Orciona cieyer, 9To gpobb puF — p B

IIocCJIeIHEM paCCMaTpUBaEeMOM CJIyvdae ABJIAECTCA MCKOMOIA.

— u gemaica 6ol Ha pj. Torma B nome I';,

JlemMma 3 mokazama.

Jlemma 4. Ecau © — npednoansiti xaace 8 L, ne codeporcauyutica Hu 6 00HoMm
U3 3AMEHYMBLT KAACCO8 cucmemvt Jx, mo

Ex € B, (U(O)). (11)

HokazarescrBo. Paccmorpum mpesosubiii kiracc © B L£i, He cojepxKa-
IMUHCS HE B OJHOM U3 KJIACCOB MHOMKECTBA J). EC/IM cOOTHOITeHMe (11) me
BBIIIOJIHEHO, TO 110 Teopeme JIiopora 8] moste E,(U(©)) siBisiercst mpoCTbIM
pacmmpenueM tosisi Ey. Tlosromy naiinercs p € Eg(€), aro cupasemBo
PABEHCTBO:

E,(U(0©)) = Ex(p)- (12)

He orpanumumBasi oOIIHOCTH pacCyKJeHuii, OyjaeM IMpeanoararb, 9to f €
£ EL(&). Orcrona n n3 pasencrsa (12) caenyer, uro U(O) comepxurcs B
KW ({u, E}), rae oneparop sambikamms KD onpenenen s [1].
[peanonoxkum, uro degp > 1. Torma p = %, u,v € E[¢], (u,v) = 1.
Eciu degu > 1, To mist HekoToporo i, i € {1,2,...}, mojydaem BKJIIOUEHUE
© C M;, uro nporuBopednt npejnonoxkennto. Ecau u € Ey \ {0} u degv =
k' > 1, To ayusa mekoTopbix ai, by, by uz Ej \ {0} umeem: p = gm’
degv’ < k' —1. TTosromy Wo(p) = (0,0) u © C My, rie gepes Id obosnauen
TOXKIeCTBEHHBII aBToMopdusm nosst Ey. CHOBa 1mojrydaemM IpOTUBOpPEIHE.

123



Takum obpaszom, deg(pu) = 1, 1, Kak HETPYIHO BUJIETD,

By (1) = Ex(§).

Orciona, n3 temmMbl 3 u TeopeM 2 u 4 pabors! [1]| BoiTekaer mosnora © B £,
YTO MPOTUBOPEUUT IIPEJIIOJIOKEHIIO O TOM, UITO © — IPEJIIOJHBINA KJIacC B

£.

Jlemma 4 mokaszaHa.

Jlemma 5. Ilycmv © — npednoannti xkaacc 6 L, ne codepocawuiica Hu 6
00HOM U3 BAMKEHYMDBIL KAACCO8 cucmembt Ji, U nycmo

ko = max {Ey C Ep(U(0))}, (13)
ko = p™, m : mg = my1 u Ey(a) = Ei. Toeda das mexomopur w;, w; €
E,(U(©)),i=0,1,...,m; — 1, evnoaneno pasencmeo:

mi—1

£ = Z w; - a'. (14)
i=0

JoxkazarenbcTBo. Paccmorpum © — mpeanoninbit Kiace B Ly, TaKOi, 9TO
VO’ € Ji, Bomonneno: © # ©. Uz jeMMbl 4 ciemyer, 9To

KOu{a-x}) = L.

IToaTomy
Ep(U(©) U{a}) = Ex(§).

Cormacuo [9], Ej(§) siBsiercst mmneitnpiv npocrpancTsoM Hal £, (U(0©)), mo-

POYKICHHBIM 31eMenTamu MuoxkecTsa {a’, a,a?, ...,a™ ~1}. Orciona cremyer

pasercrso (14). Jlemma 5 jgokazana.

Jlemma 6. Ilycmos © — npednoansili xaacc 6 Ly, He COOEPAHCAUWUTCA MU 6
00HOM U3 3AMKHYMBLT KAacco6 cucmembv, Ji u evnoanero (13). Tozda naii-
demea p, p € U(O), maxoe, wmo

Bk (1) = Ep(U(0)), (15)

deg () =1 (16)

u Ey, — maxcumanvroe noonone 6 Ej.
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Hokazaresnscrso. Ilo memme 5 B E,(U(©)) maiinyrcs takue w;, § =
0,1 1 ot w - al =
,1,..., my — 1, aro muOrOUNEH 2 — ) [\ w; - a’ UMeeT KOpeHb z = &.
Ilycrs w; = §& — HecokpaTumble apobu, u; € Eg[¢], v; € B[], i =
0,1,...,m; — 1. Cpemu kosdpdurmenros w;, ¢ = 0,1,...,m; — 1 Hajigercs
Takoil wj,, KOTOPBI 3aBucuT or &, MHade Obl &, coriacHo paseHcTBy (14),

comepkajgack 06l B Fy.

Muorowren w;, - vi,(z) — u;,(2) HepeMeHHON z HMeeT Kopemp 2 = €.
Herpymao BHaeTb, 9TO OH JEJUTCS Ha MHOTOWIEH Z — » 7" w; - @', TaK
KaK B TMPOTHBHOM CIydae 3jeMeHTwl noyst a’, al,..., a™ 1, Gpumm mumeiino

saBucuMbI HaJ nosteM B, (U(0)).

Yepes © 0003HAYMM HamMeHbIIee o0lee KpaTHOe MHOTIOWJIEHOB g, U7,
covy Umq—1-

Muorouwren f(§), f(§) = wi - Viy — Wiy - Vi, NEPEMEHHOI & aeanuTest Ha
muorouweH g(&), g =0 (z — Z?ilo_l wj - ai> 910i1 ke nepemennoii [8]. [Tosro-
My dege(f(§)) > dege(g(€)). C apyroit croponsr dege(f(§)) < dege(g(§)).
Orcioma, dege(f(€)) = dege(g(€)). osToMy /TS HEKOTOPOTO MHOTOMICHA U3
h(z), h(z) € E[z], nomyqaaem:

Pazsenms muOrowieH w;y, - v(z) — u(z) nepemennoit z Ha h(z), nosyunm
MHOTOYWJIEH IIepBOii cremenn or z ¢ Kodbdunuentamu n3 Fj(w;,). Orcona

clIejlyer, 4To HafiyTcs Takue apodu w, wi € En,, (wiy), i =0,1,...,m3 — 1,
4TO
mi1—1
o ’ g
£ = w; - a
i=0

Takum obpazom,

(Ex(8) : Ep(U(0))) = (Ek(§) : Ery(wig)) = ma (17)

U IIPU 3TOM

Eo(wio) € Ep(U(O)).

Orciona s |1 = wj, caeayerpaBeHcTBO (15).
U3 pasencrsa (17), semmbl 4 1 paBeHCTB

(Ek(§) : Eky(pn) = (Ex(§) : Ex(1)) - (Ey @ Eky),

(Ek . Eko) = mi
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nmoJjgrydaem:
(Br(€) : By(w) = 1.

Jlajee, mpuHuMasi BO BHIMAHWE, 9TO

(Ek(§) : Ex(p)) = deg(p),

nosrygaem (16).
Ecin Ej, ne aBiadeTcs MaKCHMAaJbHBIM HOAIONAEM B Fj, TO /18 HEKOTO-
pPOro MakKCUMAaJILHOTO Hoamnos Fy mons By nmeem:

By (1) C By (1) C Eg(8),

By (1) # Err (1) # Ex(8),

O3TOMY O He SIBJISIETCSI TPEJIIIOJHBIM KJIACCOM B £, UTO TPOTUBOPEUUT YCJIO-
BUIO JIEMMHEL.
JlemMma 6 mokazama.

CnencrBue 1. Ecau © — npednoanwiii xaace 6 L, ne codeparcaujutica mu
6 00HOM U3 3AMKHYMBLIT KAACCOE cucmembvl Ji, Mo 0AA HEKOMOPHIT L U S,
peQ,se{l,2,...,1l}, swnoaneno: © = B, 5 .

Orcroa moJiyyaeM CJeyoliee yTBEPXK IeHHe.

Teopema 1. Muooicecmeo 3aMEnymuix kAaccos Jy, AGAACMCA KPUMEPUaD-
not cucmemots [5] 6 L, mo ecmv daa aobozo nodmmosicecmea M mroorce-
cmea Ly e20 noanoma 6 Ly PasHOCUALHA HEGKAOMEHUN 6 KANCOOT 3AMKHK-
Mt KAGCC MHODICECTNEa ).

HokazarenbcTBo. Ecim MHOKeCTBO JIMHEHHBIX aBToMaToB M He sIBJIsI-
ercsl TOJHBIM B £, U HE CONEPXKUTCS HU B OJHOM U3 3aMKHYTBIX KJIACCOB
MHOKECTBa J, To M COMepsKUTCS B HEKOTOPOM IIPE/IOIHOM KJacce, KOTO-
poe, COrJIacHO CJIeACTBHUIO 1, coBlagaeT ¢ HeKOTOPuIM B, . IlosTomy soboe
MHOKECTBO, HE sIBJISIONIEECs IIOJIHBIM, COJIEPKUTCHA B HEKOTOPOM KJIACCE MHO-
xKecrsa J.

C apyroit CTOpOHBI, MHOYKECTBO JIMHEHHBIX aBTOMATOB M, SIBJISIFOIIEECS]
IIOJIHBIM, HE MOKET COIEPIKATBCS HU B OHOM U3 KJIACCOB MHOXKECTBa .J, TaK
KaK Ka)K,HbeI KJIaCC 9TOI'O MHO>KeCTBa I10 JIEMME 1 3aMKHYT 1M HE COBIIa/lacT
C ,Qk

Teopema 1 mokazaHa.

JTajiee U3 MHOXKECTBA J BDLLIEINM IIOIMHOKECTBO, SIBJSIONICCCS IPUBE-
JIEHHOII KpHUTEpPUAIbHONI CHUCTEMOI, TO €CTh CHCTEMON 3aMKHYTBIX KJIACCOB,
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yJaJisis U3 KOTOPOii JII0OOH Kirace, moJrydaeM MHOMKECTBO KJIACCOB, HE sIBJIsi-
Ioleecs KpUTEPUuaJIbHON CUCTEMOM.

C yuerom pazioxenus (2), kKak usBectHo |7, B nose Ej, comepxurcs [
MaKCUMAJIBHBIX Ttojnogeit: By, ¢ =1,2,...,1, npu stom k; = %.

Asromopdusm w nons Ejy OyaeM Ha3bIBATh MUHUMAJIbHBIM, €CJIM OH HE
SIBJISIETCST TOYKJIECTBEHHBIM U COXPAHsieT HEKOTOPOe MAKCUMAJILHOE ITOJIOIE
oyt Ej,.

[Mapy (u,s), toe p € Q, s € {1,2,...,1l}, Gynem Ha3bIBATH JIOIyCTHUMOII,
ecin (1(0) € Ej,, a TakxKe, €CIH [ € Mél) u V(p) = (a,b), To w(a) # b qus
JIIO6Or0 MUHUMAJIBLHOTO aBToMOpdu3Ma w 1moJist Ey, COXpaHsIIonero momoJe
Ey..

Herpynuo Buers, UT0 1st J11000ii JOIyCTHMOI Taps (i, s) moe Ey, (1)
SIBJIsIeTCsT COOCTBEHHBIM To/(osieM 110Jist Fy ().

[Tooxkmm:

Ji,={ By | mapa (u,s) nomycrmma },
Ji = jk U J];

Teopema 2. Mnootcecmeo 3aMEHYMBLT KAGCCO8 Ji ABAAEMCA NPUBEIeHHol
KpUMEPUaAvLHol cucmemot 8 L.

st TokazaTe/bCcTBa ITOW TEOPEMBbI HAM IOHAIO0SITCS HEKOTOPBIE BCITO-
MoTaTeIbHbIEe yTBEPKIEHUSI.

JIemma 7. Jlas a106020 3amkrymozo kaacca © us muoorcecmsa Ji \ Jy nati-
demea maxoti ©' uz Jy, wmo 6vinosneno exAueHUe:

©Cceo.

JlokazaTeabCcTBO JEMMBI 7.

Pacemorpum ©, © € Ji \ Ji. Torga st HEKOTOPBIX U S, 4 € Q, § €
{1,2,...,1}, BBIIOJIHEHO:

© =B, ;.

IIpu sTOM MMeeT MeCTO OIUH U3 CJIEAYIOIMINX JIBYX CJIYYaeB.

Coywait 1. p(0) € E,.

. 1

Cayuait 2. u € Mé ) u JIJIsI HEKOTOPOT0 MUHUMAJILHOIO aBTOMOpdu3Ma

w nosst Ej, coxpaHsomero sjaeMeHTsl moanoss Ey, , semomneno: W(p) =

(a,w(a)).
Bamernm, 4ro B ciaydae 1 BbinosHeHo BKouenue {u, By } C Py, mostomy
B, s C Ps, a B ciiydae 2 UMeeT MeCTo: {p, By} C M, nosromy B, s C M,.
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Jlemma 7 mokazama.
N3 nocneaueit tIeMMBbI BBITEKAET CJIEIYIONIEe YTBEPXK ICHUE.

Caencreue 2. Mnoowcecmso Ji AGAAEMCA KPUMEPUAALHOT CUCTNEMOT 30-
MEHYMBLT KAACCO8 6 L.

Hagee mpoioKuM 000CHOBaHUE ITPUBEIEHHOCTH KPUTEPUAIbHON crucTe-
MBI Jp.

JIemma 8. Ecau napv (p,s) u (i, s") asasomes donyemumvimu u

Ey, (1) C Ex, (1), (18)
s=+¢, (19)
Ey, (1) = By, (1) (20)

u das nexkomopuix bj, b; € By, j =1,2,3,4, svinosnens, coomnowerus:

; br+bap

= . 21
bz + bap (21

Hoxkazarenscrso. [Iyers st gomycrumbix nap (u, s) u (@', s') numeer me-
cro skmodenne (18). Torma Ey , C Ey,, a m3 MakcuMaIbHOCTH Hofnonett By,
u By, B By, cnepyer, uro By, = Ey,. Ilosromy pasencrso (19) crpaseiuso.

Orciona, U3 paBeHCTBa

(Ex(€) : By, (1) = (Ex(§) : Br, (1) = gs

u BR/oveHns (18) momyduaem pasenctso (20).
[l HEKOTOPBIX B3aMMHONIPOCTHIX MHOrouaeHOB u(§) u v(§) u3 Ej, [¢]
BBIIIOJIHEHO:

Eciu crenens n1pobs n(§) = zgg paBHa T, TO

(Br, (1) : Br (1)) = (B, : Eg,) -1,
oTKyza u u3 paserctsa (20) mosydaem r = 1, 109TOMY BBIIOJHEHO PABEHCTBO

(21).

JlemMma 8 mokazama.
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CaencrBue 3. Mnooicecmeo 3aMKHYMBT KAGCCOE J;, AGAAEMCA NpUBEdeH-
HDIM.

I/I3 9TOI'0 CJCJACTBUA M JIEMMDbI 2 HonyqaeM IIPUBEICHHOCTDb KazKJI0I'0O U3
MHOXKECTB J,’g u Ji. Tenepb HyKHO HOKa3aThb MPUBEIECHHOCTH O0bEINHEHUS
9TUX MHOXKECTB.

Jlemma 9. Jlas moboz0 ©, © € Ji, u aobozo0 ©', © € Jy,, 6vinoaneno:

0ge

o' ¢Zo.

HokazarenbcTBo. Pacemorpum knace By, s 11t JOIyCTHMOI apbl (,uA, s).
Yepes b 0b03HaYMM IPUMUTHBHBII 371eMenT nosd Ly . Ina muoxkecrsa By, s,

~

Bus={ px, bxy +bxy ,1 }

A Y] 7 . R /

mveem: B, s C B, ,, no nna moboro ©', © € J;, semonneno: B,  ©'.
AKIM a30M, 3aMKHYTBIA KJacc HE COJIEPXKUTCS HU B KAKOM KJIACCe

T obpaszoM, B, s 0, (o)

13 MHOXKECTBa, J}.

C npyroit cTopoHbl, 0003HAYIUB Yepe3 b MPUMUTUBHBIN /IeMEHT 1Mot Fj,,
3aMeTHM, 4TO Kjacc B, s He COmep:KUT HU OAHY U3 (PYHKIUIl CJIeLyIONHX
dyHKIMii:

bx,

bri + (1 — b)ZL‘Q,
(= p(0))x +a, Vae Eg,

A
1_'_&.21 1+£2 1,

bépix1 + Epixa, 1=1,2,...,
bp;x1 +pix+2, i=1,2,....
s 06ocHOBaHUST 9TOrO JOCTATOYHO JIBYX CBOMCTB Kiacca B,
1) E, ,@ U (Bu,s)Q

2) Ecm pi € U(Bys), 1 € U(Bys) n £ € Ei(§), 1o 47 € U (Bys).
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IIpu sTOM,

bx € Vq,
br1 + (1 —b)xs € V),
(b—p(0)z € P, Vs,se€{l,2,...,1},
(u—p(0)z+a€T, ackE,

b xr1 + ¢
1re 1y e
bépixy + Epixe € M, Vi€ {1,2,...},
bpiz1 +pixa € RENR;, Vie{2,3,...}.

x1 € My, N RGN Ry, VYw € Q,

Taxum obpazom, jgemma 9 mokazaHa.
Ucnonb3yst npuBeieHHOCTh MHOXKeCTBa Ji, U ee KPUTEPUAILHOCTH, CO-
IVIACHO CJIEJICTBUIO 2, HETPYJHO MOJYYUTh CJIEIYIONTUN PE3YIIbTaT.

Teopema 3. Mnoowcecmso Jicocmoum us npednoinvr 6 Ly KAaCCO8 U KaHc-
duiti npednoanoili 6 L Kkaacc codeporcumcs 6 muoocecmse Jy.

Pertenue 3aaun HaXOXKJIEHUS BCEX IMPEIOJHBIX KJIACCOB B L) IMMO3BO-
JISIET TIOCTPOUTH TTOJIMHOMUAJIBHBIN AJITOPUTM ITPOBEPKH MOJTHOTHI KOHETHBIX
CUCTeM JIMHEHHBIX aBTOMATOB HaJ moJieM Fy.

[Tycts umeercst muoxkecrso M, M C £, |M| < oo, npudyeMm KazKiplii
aromar f w3 M 3aman HabopoMm KOI(MDUIMEHTOB IPU IMEPEMEHHDBIX U KOH-
cranTHoil yacrbio C(f).

Iar 1. IIpoBepsieM BKJIIOUEHUSI:

M c W,
M C 'V,
McCP, s=1,2,...1,
McCT,, ackE.

Eciin x01si-Ob1 0JIHO W3 WX BKJIIOUEHUI BBIIIOJIHEHO, TO MHOXKecTBO M He
SABJISIETCH TOJIHBIM B £k, aJI'OPUTM 3aKaH4YMBaeT pabdoTy.
[MTar 2. IIpoBepsieM, BEPHO JIN BKJIIOUEHUE:

UM) c MV,

Ecnu mer, To nepexomuMm K 1mary 4.
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[lar 3. Haxogum MHOXKECTBO

Uo(M) = { Wo(u) | peUM) }.

IIycrs @ — Kakoit-imbo NPpUMUTHUBHBIN d/1eMeHT nossa Fy. Kaxmerit conpsi-
2KEHHBIHN K a 3jieMenT b oyt Ej, nopoxkiaet aBroMopdusM w 1oJjist Ky Takoii,
910 w(a) = b. Ilpn 5TOM CcompszKeHHBIE K @ 9JEMEHTBHI UIYTCS KAK KOPHH
MUHUMAJIBHOIO MHOTOYJIEHA, KOPHEM KOTOPOIO SBJISETCA G. 1aKuM 00pa3oM,
KOJIMYECTBO PACCMATPUBAEMbIX aBTOMOP(MHU3MOB OIPaHUYeH0 ducjaom m (8.
Jlnst kaxk10ro aBToMopdu3Ma W IIPOBEPSIEM BKJIFOUEHUE

Wo(M) C M,,.

Ecim xorst 661 0JIHO U3 BKJIIOYEHU BBIIOJIHEHO, TO M He SBJIFeTCA MOJIHBIM
B £}, aJITOPUTM 3aKAHIUBAET PabOTY.

[MTar 4. Haxomum naunboabmmit obmumit gesmmrens D aunciuresneit apobeit
u3 MHoxkectsa U’

U'={p—p0)| petUM) }.

Ecsn deg(D1) > 1, To MmHO)KecTBO M He sIBJISIETCsl IOJIHBIM B £f U aJTOPUTM
3aKaH4YUBaeT paboTy.

[MTar 5. Haxomum Haumboabmmii obmumii gesmrens Do ancimresneit apobeit
n3 MHOXKecTBa U¢,

U={ p | B M comepxur aBromar, Jyist paszjioxkenust (1) koroporo

HaliIeTcsd % TakKoe, YTO ; = (i U
x; He SIBJISIeTCsl €IMHCTBEHHON CyIIeCTBEHHOl riepeMeHHoi f} .

Haxomum namboabmmit obmuit gqeaurens Dy qucanreseil npobeit nu3 MHO-
Kecta UT,

U'={ n | B M comepxur aBromar, Jijisi pasJjoxenusi (1) KoToporo

HaleTcda ¢ Takoe, YTO [ = (i
U T; He SABJSIeTCs eJMHCTBEHHOI HEIOCPEeJICTBEHHON 1epeMeHHoi [} .

Hammenbinee obiee kpaTHoe 3namenareseil 1pobeit uz U (M) oboznadnm
K. dnst ¢ = 2, 3 waubosibinnmii ootuit gesurens D; u K1 o6o3HaduM D;. Ecim
xoTst 6Bl [y1st ofHOrO 4, @ € {2,3}, Bomonueno: D; /D) & Ej, 1o K(M) # £
U aJITOPUTM 3aKaH4uBaeT padory.
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[ITar 6. DToT mIAr BBIIOJHSETCS IIyTeM I1epebopa BeexX HOIyCTUMBIX Iap
(, 8). KomudaecTo Taknx Tap orpaHUdeHo ceepxy wuciom [ - k3. JIpe mapsr
(1, 8) u (1, s) HA3OBEM SKBHBAJICHTHBIME, ecii By, s = By ;.

Hastee, BbIOUpasi M0 OJHOMY MPEACTABUTEIIO ([, S) M3 KaXKJOr0 KJacca
SKBUBAJICHTHOCTH, BBIIOJIHSEM NPoBepKy BKmodenns M C B, ;. 9Ta npo-
BEpKa MOXKET OBITh BBINIOJIHEHA CjleayomumM obpa3om. CHadasia BeipaxkaeM &
HECOKPATHMOi1 JIPOOLIO &, TJie % M v — MHOTOWJICHDI U3 KOJIbIa [ [ju], To ecTnb
MHOTOYJICHBI TIepeMeHHoil 1 ¢ koaddunmentamu u3 Ey. damee, nusa ' ns M
IPOBEPKa BKIOUCHNs 1| € By, s 3K/II0YAETCS B IIOJCTAHOBKE JIPOOH * BMECTO
& B 1/, IPUBEEHUIO TIOJIyYeHHOIO BLIPAYKeHHs K BUJLY fj—:, e v, v € Egly]
u v'(0) = 1. Ecau upu sTrom okazainoch, uro Bce Kodbburmentsr v’ u v’
coepxkatrcst B By, To umeem: pi' € By, .

[ToHsITHO, YTO NMpH peau3alyy AJTOPUTMa ITPOBEPKY Ha SKBHUBAJIEHT-
HOCTB TIap MOXKHO HE IPOBO/IUTH.

Ecnn namurach Takas JoiycruMas napa (i, s), aro U(M) C By, s, To M
HE SIBJISIETCsI MTOJIHBIM B Lf. AJITOpUTM 3aKaHIMBaeT PabOTy C OTPUIATE/b-
HBIM pPe3yJIbTaTOM. B MPOTUBHOM Cilydae, ajJropuTM 3aKaHdIUBaeT pPaboTy C
[IOJIOYKUTEJIbHBIM PE3YJIBTATOM.

st yIporteHust peaju3alun aJrOpUT™Ma U ONTUMUBAINNA BPEMEHH ee pa-
60TBI TPOMHIAEKCUPYEM J1eMeHThI oJist Fy, auciaamu 0, 1, ..., k—1. s sme-
MEHTOB T0Jis1 FJ,, UCIO/Ib3Ysi MHIEKCHI, COCTABUM TAOJIUIBI CJIOKEHUSI, YMHO-
JKeHUsl, BO3BEJIEHUs B CTENeHb JI0 crereHu k — 1.

BuibepeMm HeKOTODBII a71eMeHT b 1omst Ej, SIBISIONINAICS IPUMATHBHBIM
JUTsT TOrO ToJist. JlJist yIpOIeHnst peajiu3anu aJIrOPUTMa, U ONTHMU3AIAN
BPEMEHHU €ro pabOThI IPOUHIEKCUPYEM SJIEMEHTHI 11071 Fy: ssteMenT 0 MHIEK-
cupyeMm gucjiom 0, KaxkJIblif HEHYJIEBOH 2JIEMEHT @ WHJIEKCUPYEM CTEIEHBIO §
raxoit, uto 1 < i < k —1 u b’ = a. s snementos nosst Ej, HCHOIb3ys
UHJIEKChI, COCTABUM TabJIUIIBI CJIOXKEHUsI, YMHOXKEHUsI, BO3BEJIEHUS B CTEIICHDb
no crenenu k — 1, Tabyniy TpUHAJIEZKHOCTH MAKCUMAJILHBIM OO AM Py,
s=1,2,...,1. Ina Ka>X7a0ro sJ1eMeHTa CONPSI?KEHHOTO ¢ b COCTaBUM TaK¥Ke
TabIUIly UHIEKCOB CTeleHeit 3Toro ajmeMmenTa oT 1 10 k — 1.

Tak>ke 3apaHee 3aroToBUM BbIpakeHus: £ Uepe3 KaxKIyio u3 apobeit u
IIEPBO# CTelleHu, Jjisd KOTOPOH Haiiiercd S, 4TO [ BXOAUT B JIOIyCTUMYIO
napy (i, s).

B kadecTBe mapaMerpoB Jiisi OIIEHKH BpeMeHH pabOThl 3TOr0 ajropuT™Ma
BBIOEpEM CJIE/IYIOIIHE:

7 — KOJIMIeCTBO (DYHKIIMII B MHOXKeCTBe M, IpOBEpPSIeMOM Ha MTOJTHOTY;
N — MAKCUMAJIbHOE KOJIMYECTBO IIEPEMEHHBIX B DYHKIUAX MHOxKecTBa M
d — MakcumasbHas creneHb Japobeit u3 muoxkectsa U(M), npu sroM, Kak
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upuHATo, deg (%) = max(degu, degv);
k — Kak u paHee, KOJIMIECTBO JIEMEHTOB KOHETHOTO TIOJIST;
[ — KOJIMYECTBO MaKCUMAJIbHBIX TIO/II10JIeli B 1101 F .

Hecnoxublit anayins npuBOAuT K CJIELYIOIIEH Teopeme.

Teopema 4. [oayuenHoili ai20pumma NPoSEPKU NOAHOMDL KOHEYHDBIL NO0-
MHOHCECNE AUHETHLT ABTNOMAINOE MOHCEM, ObIMb PEAAUZOBAH C BPEMEHHOT
caootcnocmavio O (rnd2k3l).

JokazaTenbeTBo.
Herpymao Bugersb, uTo marn 1-3 ajaropurMma MOTYT OBITH pean30BaHBI C

BpeMeHHOM cyioxkHOCThIO O(rnk), maru 4 u 5 — ¢ BPEMEHHOHN CJIOXKHOCTHIO
@) (rnd2), a mar 6, ¢ BpeMeHHOI CJIOXKHOCTBIO O (rnd2k31).

Teopema 4 nokaszaHa.
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Reduced criterial system of are precomplete classes in linear
automata classes over finite fields
Chasovskikh A.A.

The sets of all precomplete classes in the classes of linear automata
over finite fields are found, which are reduced criteria systems in these
classes.

Keywords: finite automaton, linear automaton, composition
operations, superposition operations, feedback, completeness problem,
precomplete class, criterial system, reduced criterial system, adder,
delay.
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