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Kaszakos U.B.

CraThst OCBSIIIEHA U3y Y€HUIO CTPYKTYPhI Ipada, OpOoXK IaeMOii Ha
MHOKECTBE TIePECTAHOBOK MOJIEJIBIO OIMUOKYM KAHAJIA TEPECTAHOBKH I1a-
KeToB, BBemeHHoi B pabore U.B. Kazakosa “KomupoBanue B CKpBITOM
KaHaJle TIePEeCTAHOBKHU MMaKeTOB” . YCTAaHOBJIEHO, ITO Tpad MOKHO pa3-
JIEJINTH Ha, CJIOU, SIBJISIIOIIIECs] HE3aBUCUMbIMU MHOXKeCTBaMu. BBejieHo
MIOHSITHE XaPaKTEPUCTUIECKOTO rpada MePecTAaHOBKHU U JIOKA3AHO, ITO
HOMED CJIOS OTIPe e IsiTcs aucyioM ero pebep. [lomyaen pesymnbrar o cre-
TeHsaX BepmnH cios B (S, )%, 1 Ha OCHOBAHNM €To JaHa OTEeHKa MOTIHO-
€T KOHCTPYHUPYEMOTO IOCJIONHOTO KOsa. Pa3paboran MHCTYyMeHTapHii
JIJISI TIOJIyY€eHUsI BEPXHUX OIIEHOK MOIITHOCTH KOJIOB. BBe/IeHBI TTOHSATHS
CUMMETPHUYECKOTO CJiosi U pa3dbuenus rpada. [IpuBenerbl KOHKpeTHBIE
npuMepbl pa30bueHus S, HA TPU3MBI, & TaKXKe HA ITPOU3BENIECHUs] IPa-
doB — 00001IeHEe OHSTHs pu3MbL. [locTpoeno Biioxkenune B F CICE

Sy, OKa3bIBaeTcs orpaHudenneM Fnm-_1 . [Homxyduen moboanbrit pesyiib-
2

TaT aJredOpamvIecKoro xapakTepa, CBS3BIBAIONINN pa3Mep IOJTPYIIIbI
H C S,, u conep:anue B Heil N-IIaroBbIX MIePEeCTaHOBOK.

KuroueBbie ciioBa: nepectanoBKH, rpadoBasi CTPYKTYPa, KOJT, UC-
MIPABJISIONTNN OMTHOKM

1. BBenenne

B pabore usydaercst cTpyKTypa MHOYKECTBa [IEPECTAHOBOK Sy, & TAK¥Ke BEPX-
HUE ¥ HUXKHUE 9BPUCTUIECKUE OLEHKU MOITHOCTU KOJIOB, UCIPABJISIIONINX OJI-
oy ommbKy. Cama maHHas 3aJada BO3HHUKJIA U3 33240 Iepeaadn mHOOp-
MAaIMU [0 CKPBITOMY KaHaJly repectanoBku nakeros ([1]). ComepkarenbHo
PacCMaTpPUBAETCsI CJIe/lyOINasl [IOCTAHOBKA: 110 HEKOEMY KAHAJLY CBSI3U Iepe-
JIAeTCsl TPYIIA U3 N [AKETOB, IPUYEM B HOPSJIKE WX HePeIadn COJEPIKUTCSI



JIOTIOJTHUTE/TbHAST WH(MOPMAIIUs; B IIPOIECCE MEPEJIAtN STOT MOPSIOK MOXKET
MEHSIThCSI CAMOITPOU3BOJIBHO, HAIIPUMED MOI'YT CAMOIIPOU3BOJIBHO TOMEHSITH-
CsI MECTAMU JIBA COCEJIHUX TTaKeTa. DTO CO3MAET OMMUOKN JIJIsi KOJA, 33JAHHOTO
[IePECTAHOBKAMH.

ToBopst Gosiee popmasibHO, paccMaTpUBAETCs Sy, — MHOYXKECTBO II€PECTa-
HOBOK 7 3JIeMeHTOB. llepecraHoBKa o € S, NPEJICTABJISIETCS KaK IOCJIEI0-
BaTEJLHOCTH U3 N HENOBTOpsioiuxcs duces or 1 jgo n. Ha muoxkectse Sy,
BBeJIeHAa CTPYKTYpa rpada: JiBe MePEeCTAHOBKH TOJIATAI0TCS CMEXKHBIMU, €CJIN
OHM MOT'YT OBITB IIOJIyYeHbI JIPYT U3 JpyTa IPUMEeHEHHEeM TPAHCIO3UIINN JIBYX
CBOUX COCEJIHUX 3jieMeHTOB. Hampuwmep, B Sy, nepectanoBke 1234 cMmexkHBI
2134, 1243, 1324. B Trepmunax, BBeJeHHbIX B [1], 9T0 cooTBETCTBYET 1IEPBOIi
Mogiesin omubku. lasee sTor rpad Oymer 0603HATIATHCST TAK 2Ke, KAK U MHO-
JKECTBO MEPECTAHOBOK: Sy, U MbI Oy/IeM OTOXKJIECTBJISITh BEPIIUHBI I'pada ¢
COOTBETCTBYIONUMU EPECTAHOBKAMU.

Bropoit crenennio rpada, manee obosHataemoii Kak (S,)%, masbBaercs
rpad HaJI TEMU Ke [I€PECTAHOBKAME KaK BEPIITHHAME CO CJIC/LYIOIUM OTHO-
TTeHUeM CMeyKHOCTH: JiBe BepIHBL B (S,,)? cMeXKHBI TOT/Ia U TOJIBKO TOTJIA,
KOIJ[a OHU WJIM HEIOCPEJICTBEHHO CMEXKHBI B Sy, WK XKe B S, €CTh eII¢ 0JI-
Ha BepINHA, C KOTOPO 3TU JiBe CMEXKHBI. 10 ecThb, eciiu B S, MeXKJy HUMU
nmeeTcs myTh aauHbl 1w 2. Kogowm, ncnpasigomuym ogHy omubky, (gatee
IPOCTO KOJIOM ), HA3BIBAETCsI TaKoe MOMHOKecTBO K C S),, KOTOpOe sIBJIsieT-
csl He3aBUCHMBIM MHOYKECTBOM OTHOCHTETHLHO CTPYKTYphI Tpada (S,)2.

[naBHbBIl pe3yabTaT paboThl — 3TO ODHAPYKEHUE CJIOUCTOH CTPYKTYPBI
Sy, MO3BOJISIONIEH CTPOUTH IBPUCTUYECKUN IIOCJOWHBIA KO, U TEM CAMBIM
OIIEHUBATH CHU3Y MOIHOCTh MaKCUMAJbHOI'O KOJa. Bo-BTOpBIX, HA OCHOBE
BBICOKOIl CTelleHn CUMMeTpHUH S, MPEeJIOXKEHO MMOoHsSTHEe pa3bueHuii rpada,
KOTODBIE JIAI0OT METO/, IOJIyIeHUs BEpXHUX OIeHOK. [losryuennr Takake mobou-
Hble Pe3yJIbTaThl O BJIOXKEHHU paccMarpuaemoro rpada B F, (MHOXKecTBa
nocsieoBareabHocreil u3 0 u 1), a Takxke jgemMma o noarpynmnax H C Sy,.

2. Cioucrag cTrpykKrypa S,

Bouiennm B S, euandnyto mepectanoBky € = [1,2,3,...,n], u ckaxeMm, 9TO
OHA JIE?KUT B HYJIEBOM CJIOE.

Onpenenenune 2.1. Ilycmv o € S,. Ecau diuna MUHUMAADHO20 NYMU
medcdy e u o pasra k, mo crastcem, ¥mo o aedxcum 6 k-om caoe Sy .

Taxmm obpaszom, Sy, = Sy ol Sy L. ..
YeTaHoBUM Psill IPOCTBIX CBOWCTB rpada Sp:



YrBepxkaenue 2.1. B S, nem samxnymux nymet Hewémnot daurot.

oxaszamesvemeo. OUeBUIHO, T.K. KAyKJbII Al IIyTH 3TO YMHOXKEHUE I1epe-
CTAHOBKH Ha TPAHCIO3UIUIO COCEJHNX ITO3UINNI, TO Ha KaKJOM IIare Iepe-
CTAHOBKAa MEHSET CBOIO YETHOCTb U IIO3TOMY UYepe3 HEUYETHOE YHUCJO I1aroB
BCPHYTBHCA Ha IPEKHEE MECTO HEJIb34. O

VYrepxkaenue 2.2. Ilycmv 01,09 € Sy k. Toeda onu ne mozym 6Gvimo
CMENCHDL.

Joxasamenvcmso.
1. IIpeamosoxkum, aro onu cmexkubl. CocraBuM myTh u3 3-x dacreii: e — o1(k
maros), o1 — oa(1 mar), oo — e(k maros).
2. Beero nosyuniics 3aMKHYTBIH myTh n3 2k+1 maros, 9TO HPOTHBOPEYUT
IPEJIBILYIIEMY Y TBEPKJICHUIO.

O

VYreepxaenue 2.3. [lycmv o1 € Sy, 02 cmesicro ¢ o1. Tozda uau oo €
Snk+1, WAl 02 € Sy 1.

Jlokazamenvcmso.

1. e — o1(k maros), 01 — o2(1 mar) = e — oa(k+1 mar) = oy JgexKuT B
k+1-oM cj10e min Bbie(T.e. B CJIOSX ¢ MEHBIITMMHU HOMEDAMH ).

2. IIpennonozkum, 910 09 & Sy j—1 U Sy y1.

3. Torna, Tak kKak Takke u 09 ¢ Sy, , TO 09 J€XKUT BbiIe cyost k — 1. A 510
O3HAYAET, ITO CYIIECTBYET IMyTh [ : e — 0y, Takoii uro |I| < k — 1.

4. TTocrpoum nyte ' : e — o9(|l| maros), o9 — o1(1 mar). Uroro |I'| < k.

5. A ciieioBaTesIbHO, 01 JIEXKUT BhIe K-oro cjiost. UTo IMpOTHBOPEYUT yCiI0-
BUIO.

6. Ecu o1 1exkuT B HyJI€BOM €J10€, TO 3a OJJMH IIAT MOXKHO MOIACTH TOJBKO
B 1-BlIil CJI0i1, TaK Kak HET ImyTeil, Kopode, 9eM IMyTh JJIMHBI 1.

7. Ecu o1 neskut B 1-0M cJioe, TO 0y MOXKET JIEXKATh JUIIb B 0-OM MIu 2-0M
CJIOAX, W U3 1.3 TPOTUBOpPEYNE TOJTyIaeTCsl HEOCPEJICTBEHHO.

8. Ecim o1 neXuT B MOCTETHEM CJIOE, TO IPOCTO MOYXKHO CUATATH, HTO
Snk+1 =0, n majbHeinMe PacCy K ICHNs AaHATOTTIHBL.

O]

Takum obpazom, TpHu JIIOOOM IIPOXOJIE IYTH MbI HA KaXKJIOM ero Iare
UIEM WU Ha CJIOW BHU3, WM Ha cJI0i BBepx. ObIIee e X KOJUIECTBO B Sy,
YCTaHOBHUM JIaJIee.



3. XapakTepuctuieckue rpadbl

Beenennoe pasbumenne rpada Ha CJI0OM MOKa 9TO BeCbMa TPUBHAJBbHO. [lirs
MOJTYYIeHUsT COZEPYKATEIbHBIX PE3YIbTATOB HY?KHO BBECTH MHOYKECTBO BCIIO-
MOTaTEeJIbHBIX MOHATUN W CBA3aTh UX C BBEJIEHHbIM pas3buenHueM. llepBbiM
TAKUM BCIIOMOTATEJbHBIM TOHSATHEM OyIeT XapaKTepuCcTuaecKuit rpad, co-
OTBETCTBYIOITHUI mepecTaHoBke. Takoe cooTBeTCTBHE HaeT pas3buenue S, Ha
MHOYXKECTBa II0 YUCIy pebep B xapakrepuctudekoM rpade. Kak 6ymer mo-
Ka3aHo Jlajiee, 3TO pa30MeHue COBIAJIAET C BBEJEHHBIM BBIIe pa3bueHueM
o CJI0sIM. DTOT (HaKT MO3BOJUT MEPEUTH K TIIyOOKOMY aHAIU3Y CJIOMCTOMN
CTPYKTYPBI Sp,.

Il OTHOIIEHUST CMEXKHOCTH TIapbl BEPIIUH 01,02 € S, MbI OyjeM uc-
II0JIb30BaTh 00O3HAYEHHE 01 ~ 09.

[lepecranoBka ¢ € S, mpejcTaBUMa KaK MOCTIEIOBATEIHHOCTD
[0[1]...0[n]], Kak 6BLIO yKA3AHHO B BBEJ/ICHUH.

Onpenenenune 3.1. Ilycmo o € S,. Xapaxmepucmuyeckum epapom Ha3o-
6ém G, = (V,E), ede V = {1,2,3,...,n}, a (i,7),(j,i) € E (epadp nena-
npasaen) < uau i < j, u o =[...,J,...,1,...](m.e. 3navernue j udém panee
BHAMEHUA 1), uau orce T > F, u o = [, 0y ...y 0.

To ectb B G, MEX Ty BEPIIMHAMU § U j €CTh PeOpO, TOTA U TOJBKO TOIJIA,
KOTJIa B 0 OHU CTOSIT B MOPSITIKE YOBIBAHUSI.
Kommuecrso pebép B G, Oyiem obosnadars yepes s(o). Heciioxkrao ysu-
-1
JeTh, 9TO 3Havenne (o) Mensiercsa B npejenax or 0 1o %
Jlemma 3.1. IlTycmo oo noayuera u3d o1 nepecmanoskoti nosuyut k, k + 1.
Tozda G4, codeporcum me otce pebpa, wmo u Gy, , maxsce 8KA04aA PeOPO
(o1[k], 1]k +1]), ecau ezo mam(e Gy, ) He 6viA0, U UCKAIOUAA, ECAU OHO TAM
OvLA0.

oxaszameavcmeo.

1. Obparmenne nopsizika o1k], o1[k + 1] B nocienoBaTebHOCTH 0 €CTh IO
OIIPEIeJIEHIIO XapPaKTePUCTHIECKOro Ipada MHBEPCUsI HAJMIHS 3aIaHHOIO B
yesosun pebpa. Hy»kHo s mokasars, 9To Bee OCTaIbHbIe pé0pa, KaK U UX
OTCYTCTBUSI OCTAJIUCH HA MECTE.

2. BHavenust Bcex mosuimii, Kpome k, k+ 1, He uamenmianch. CieaoBaTeIbHO,
pébpa(kak u ux orcyrsue) Buna (o[ri],o[ra]), rue ri,r2 # k, k + 1 ocranuce
Ha MecTe.

3. Ilyctb s — Hekast mogunus, s # k, k+ 1. Torna, wim s < k, win s > k+ 1.



4. B ciywae s < k [...,o01[s],...,01lk],01]k + 1],...] neperwio B

[...,o01[s],...,01]k + 1], 01[K], .. .], me. KaK o1[s] crosino mepe oboumu o1 k]
u o1k + 1], TaK OHO M OCTAJIOCH CTOATH.

5.B ciuyqae s > k+1[...,01[k],01[k+1],...,0[s],...] nepermno s [...,o1[k+
1],01[k],...,0[s],...], me. kak o1[s] crosino mocie oboux oilk] u o1k + 1],

TaK OHO M OCTAJIOCh CTOSTh.
6.0Tkyza  cuemyer, 9ro u  pébpa(n WX  OTCTYTCTBHE)  BHUJIA
(o[s],alk]), (o[s], o[k + 1]), tme s # k, k + 1 ocramucs Ha MecTe.

0

JlemMma 3.2.
Buinoanenv, caedyrousue umMniukayu:
a) o1 ~ oo = |s(o1) — s(o2)| =1
b) s(o1) # 0= Fog |01 ~ 02| s(o2) = s(01) — 1
c) s(o1) # @ = Jog |01 ~ 02| s(o2) = s(o1) + 1

Jlokazamenocmso.
1. IIyHKT a) HEMOCPEICTBEHHO CJIEJyeT U3 JIEMMBI 1, 10 KOTOPOi XapaKTepu-
cTudecKre rpadbl CMEXKHBIX BEPIIUH PA3JINIalOTCsl POBHO Ha OJIHO pebpo.
2. s(01) # 0 = 01 He sIBJIsIETCS] MOHOTOHHO BO3PACTAIOIIEH OCJIEI0BATE b
Hocreio. = Jk o1[k] > o1[k + 1] = B G4, ecrb pebpo (o1[k], o1[k + 1]).
3. Homyunm oy nepecranoskoit nozunuit k,k + 1,09 ~ 01. B G4, pebpo us
HpeJIbLILYIIero MyHKTa ucuesio, u s(og) = s(o1) — 1.
4. s(o1) # @ = 0] He SBJISIETCs] MOHOTOHHO yOBIBaIOIIEl IOCJ/IeI0Ba-
resibHOCTBIO. = Jk 01[k] < 01[k + 1] = B G4, Her pebpa (o1 k], o1[k + 1]).
5. Illonyuum oy nepecranoBkoil nozunuii k, k + 1,09 ~ o1. B G4, pebpo u3
IPeJIbIYINero IIyHKTa BO3HUKIIO, 1 s(02) = s(o1) + 1.

O

Takum obpazomM, Ha KayKIOM Iare JIFodoro myTu B S, MbI JIHOO YBEJIHIH-
BaeM s(0) Ha 1, OO ymeHbIaeM ero ke Ha 1.

CaexncrBue 3.1. Om e do o ecmv nyms daunv (o).

Hoxazameavemeo. eilcTBUTEIBHO, BO3BMEM 0 U OYJIEM IEPEXOIUTH K CMEXK-
HBIM BEPIMHAM € MEHBIIMM Ha 1 3HadenneM $(0), MOKy/ia Mbl HE JOCTUTHEM
e, Jyisi KOTOporo eauHcTBeHHoro s(e) = 0.

0

CaencrBue 3.2. Meostcdy e u o nem nukarxozo nymu xopoye daunv s(o).



Zloxazamenvcmeo.

1. B custy BBINIEN3/102K€HHOTO, JIJIMHA JIIOOOT0 Iy TH MEXKJTy € U 0 PaBHA S1+S2,
rje §1 — KOJIMYECTBO INAroB IyTH, HA KOTOPBLIX $(0) yBeIMYnUBAIOCH Ha 1, a
$2 — KOJIMYECTBO IaroB, Ha KOTOPBIX OHO YMEHBIAJJIOCh Ha 1.

2. I rorpa s(o) = s; — s2. Ho $1 + $3 > s1 — S2, NIpHUIéM PABEHCTBO JOCTHU-
raercs Juib npu sg = 0.

O

BoiBon. o € S, 45), mo ecmv mnosicecmsa euda {o|s(o) = k} 6 moumno-

n(n—1)
2

cmu cosnadarom co croamu Sy . U ecezo 6 Sy, umeemcs 1 + cA0és

n(n—1)
coomeemcmeeno snavenuam s(o) =0,..., =5,

JlokaxkeM TakKe OJ[HO3HAYHOCTH BOCCTAHOBJICHHUS MEPECTAHOBKHU IO €€
XapaKTePUCTUIECKOMY I'pady.

JIemma 3.3. (0 eduncmsennocmu) Gy, = Goy, = 01 = 09

Zoxazameavcmao.
1. BcnoMorareabHble TOHATHSI.
1. V={1,2,...,n} — muO)kecTBO Bepimut G,-.

2. llycrp v € V. Torma

LY = {olk]|o[k] crour neBee v B mocenoBaTeIbHOCTH O }

3. Ilycts v € V. Torma
RS = {ok]|o[k] crour npaBee v B mOCJIEI0BATEILHOCTH O }

4113 srux onpejenenuit ouepuno caeayer V = LIL{v} RS, Tak Kak j106oe
w € V crouT min JieBee v, WM IIpaBee, WU €CTb CaMO v, IPUIEM BCE TPU
BO3MO2KHOCTH B3aMMOUCKJTIOTATOII.

II. Opao3HauHOE BoccTaHoBIeHue Ly, R, mo G, .

1. ITycTh maHBI IEPECTAHOBKU 01, 02, Takue 4To Gy, = Gqy.

2. Badukcupyem v € V. 1 Beibepem Hekoe w € LIL.

3. BosmoxkHbI JiBa ciydasi: w > v WM v < w.(BEPIIUHBI, B3sTble KAK UX
HOMEpa)

4. Paccmorpum ciaygait w > v. Torga mo onpeiesieHuio OKa3bIBAETCs, UTO
(v,w) — pebpo Gy, , a 3HAIUT, OHO pebpo u Gy, .

5. U Tak:Ke 110 OILIPEJIETIEHIIO OKA3BIBAETCsI, 9TO U B 02 w € LI2 (ipy w > v)
6. Paccmorpum ciygait w < v. Torma mo ompeneeHnio OKa3bIBAETCs, 9TO
(v,w) — He pebpo G, a 3HAIUT, OHO He PeOPo u Gy, .



7. U TakzKe 110 OILIPEJIETICHUIO OKA3BIBAETCsI, 9TO U B 02 w € LI2 (ipn w < v)
8. Taxum obpazom L' C LJ2. IlepectaBus 01, 02 MeCTaMU, U JJOKazKeM TaKIKe

a2 g1 g2 __ g1
u LJ? C Lg'. Takum obpasom LJ? = LJ*.
9. U, crenosarensno, Takke n RJ? = RJ' (em.1.4)
III. Hokazarenscrso Ly = Ly, = v1 = va.
1. Ilpemmookum vy # vg, IPU UCTHUHHON ITOCHLIKE.

— g g __ g loa (o loa

2.1Io 1.4V = Lv1 (| {’Ul} I—le1 = ng (| {’Ug} |_|Rv2 = {’Ul} |—|va = {1}2} Llf%v2
3. I rak xkak vy # v, TOo v1 € R, va € Ry .

v
4. U1 310 O3HAUAET, UTO B nocnegéBaTeanOCTH o v 1paBee Vg, U Vg IIpaBee
v1. IIporuBopeune.

IV. ToxmecTBO nepBbIX 4aeHOB. (6a3a WHIYKIINH)

1. Iycre v1 = 01[1], vo = oa[1].

2. Torma Ll = L? =0, LI} = LJ2 = ().(cM. opsosradHocTs 10 11.)

3. ITo III nosmyuaem, uro v1 = vy, T.e. o1[1] = oa[1].

V. Illar naaykiun.

1. Ilycrs upu Vi < k o1[i] = o2]i].

2. Ionoxum vy = o1[k], va = o9[k].

3. Torma L} = L2 = {o1[1],...,01[k — 1]} = {o2[1],. .., 02[k — 1]}.

4. Tlo IL5 L92 = L9 = L92 = L7).

5. ITo III orciona cienyer vy = va, T.€. 01[k] = o2[k].

4. IIpocTtbie 1IepecTaHOBKU

It m3ydenus: oTHOIIEHUs cMexkHocTH B (S,)? cemyer paccMoTpers myTn
qumnbl 1 u 2 B Sy, Takum 1myTsaM, HE3ABUCUMO OT HAYaJIa IyTH B CHJIy CHM-
MeTpun(KOHKPETHO: aBTOMOpGU3MbI Haiero rpada Sy, KOTOpbIe SIBJISIIOTCSE
YMHOKEHUEM Ha HEKYIO [IePECTAHOBKY) COOTBETCTBYIOT TPAHCIIO3UIINHU JIBYX
COCEJTHUX DJIEMEHTOB WJIM K€ Mpou3BejicHue JABYyX coceaHux. Crtajio ObITh,
MAJILHEHIITIM HaIlPaBJIEHHEM UCC/IeI0BAHUS OyIeT pacCMOTPEHNE CBOMCTB I1e-
PECTaHOBOK Takoro Buja. lIpm sroM OylieT UCIOJb30BAH BBINIECBBEICHHBIN
MHCTPYMEHT XapaKTePUCTUIECKuil rpad.

Ilpumeuanune. Ilepecmarnosxa o € S, omooscdecmsasemes ¢ nociedosa-
meavnocmoto [o(1), ..., o(n)]. Hanommum smo ewé pas. IIpumenenue dpyeoti
nepecmanosky, x 0annot amo deticmeue Ha 0MOHCOECMEAEHHYIO ¢ Hel No-
caedosamenvrocmo. Tak Kak cama makas nociedosamesbnocms — 9mo pe-
ayavmam 0elicmsus Nepecmanosky ha nociedosamesvrocms [1, ... . nl, mo



deticmeue Ha Heé eulé 00HoT NePecmarosrYy PABHOCUALHO YMHONCEHUI CAECEA
HA 9MY 6MOPYI0 NEPECTNAHOCKY.

Onpenenenune 4.1. IIpocmoimu nepecmanoskamu OYydem Ha3veams nepe-
CMAHOBKY CACOYIOWUT 2-T MUNO0S:

Omnpenenenune 4.2. O0Houaz206a4 NePecMaHoska — MPAHCNOZUUUA 2-T CO-
cedHuT no3uyul.

Onpenenenune 4.3. Jlsywazosan nepecmarosra — npoudsederue 2-x 00Ho-
wazo06vix. Mrootcecmeo deywazo6vir nepecmarosor 0603uavum xax O.

,HBYIHaFOBI)IG IIEepEeCTaHOBKU TaK2>Ke€ pa3Ie/JIMM Ha JIBa BU1a: KOMMYTaTUB-
HbI€ 1 HEKOMMYTaTUBHBIEC.

Omnpenenenne 4.4. /[6ywazo06a4 KOMMYMAMUGHAA NEPECTNAHOCKA — MO
nepecmarosra suda (i,i+1)(j,j+1), ede i,i+1 # j,j+ 1. Hx mnoorcecmeo
o6osnavum xax O

YrBepxkaenue 4.1. Xapaxmepucmuueckutli 2pad 08ywa2080t KOMMYMA-
mueHol nepecmanosky, codepotcum deéa pebpa 6e3 obwur epwun, (U MOALKO
amu pébpa) (i,i+1) u (j,7+ 1)

Jloxasamenvcmeo. [leficTBUTEILHO, TaKas TIEPECTAHOBKA B3sATasi KK MOCTIe-
JIOBATEJLHOCTD BBINISIUT Kak [1,...,i—1,i+1,4,i+2,...,7—1,7+1,4,j+
2,...,n|, B yObIBAIOIIEM MOPsIIKE CTOAT HOJIIOCTIEI0BATETBHOCTH U3 2-X dJIe-
MeHTOB [i+1,4] u [j+1, 7], u npuaém TosIbKO OHE. UTO U COOTBETCTBYET STHM
pébpaM XapaKTepUCTUIECKOro rpada. ]

,ZLBYIHaFOBaH IIepeCTaHOBKa — 3TO IIPpOU3BEACHHE ABYX OJHOIIIAI'OBBLIX.
Moo i mo ,ZLaHHOIjI ,ILByH_IaI‘OBOIU/I BOCCTaHOBUTDH OJJTHOSHAYHO OHOIIaIroBbIEC,
KaK IIpOonu3BeIeHNne KOTOPBLIX OHA HO.Hy‘IeHa? IToxkazkem JaJjiee, 9TO OTBET Ha
9TOT BOIIPOC ITOJIO2KHUTEJICH.

Omnpenenenne 4.5. Ecau no dsywaeo6otl nepecmanoske 00HO3HAYWHO 60C-
CTNAHABAUBLETNCA NAPA 0OHOUWALOBHLT (6MECTME € NOPATKOM NEPEMHONCEHUA,
ECAU OH BHAYUM), NEPEMHOHCEHUEM KOMOPULL OHA NOAYHAETNCH, MO MAKYIO
J6YWa206Y10 NEPECMAHOBKY HA308EM 0OHO3HAUHOT.

Craencrue 4.1. Beaxaa 08ywaz08aa KOMMYMAMUBHAA NEPECTNAHOEKE 00-
HOZHAUHA.



Jloxazamenvemso.

1. Iyers 0 = (i,i+1)(4,7+1) = (¢, +1)(j’, 7/ +1) — pasnoxenns Ha 0jHO-
IIArOBbIE TIEPECTAHOBKHU, IIPHYEM €CJIM KOMMYTUDPYIOT [E€PBbIe [I€PECTAHOBKH
(TO MBI Ipe/IoaaraeM), TO KOMMYHUTUPYIOT U BTOPbIE. DTO Tak, MO0 eCJin
OBl BTOpbIE [EPECTAHOBKU Obl HE KOMMYTHPOBAJIM, TO MHOMXKECTBO MOJIBUZK-
HBIX TOYEK 0 ObLIO Obl paBHO 4 (IpoW3BeJeHNe 2-X HE3ABUCBHIX TPAHCIIO3U-
it nMeeT 4 MOJBUKHBIX TOUKH), a ¢ Apyroii 3 (mosydnsicst Gbl IUKJI U3 TPEX
HO3MIMI, €C/M y JBYX [EPEMHOKAEMbBIX OJIHONIATOBBIX UMEETCsl 00Iast Mo-
3UIMs), YTO IPOTUBOPEUNBO. VIHAYE rOBODSI, MHOKECTBA KOMMYTATUBHBIX U
HEKOMMYTaTHBHBIX J[BYIIATOBBIX [IEPECTAHOBOK (KaK OHU Oy/LyT ONpPEIesIeHbI
Jlajiee) He [epeceKaloTCsl.

2. Paccmorpum xapakrepucrudeckuii rpad G, = (V, E). Torna no yrsep-
weenmo B = {(i,i +1), (7,4 + 1)} = {(#, 7 + 1), (74 + 1))

3. Orkyma 6o (i, + 1) = (', +1) u (j,j +1) = (5,7 + 1), mmbo
(i,i+ 1) =G5+ ) u(j,j+1) = (i, 4+1). B oboux ciyuasix o okasbiBa-
eTCsl PA3JIOKEHHON Ha OJIHY M Ty K€ HEYIOPsJIOIeHHYIO T1apy OJHOIIATOBBIX
I€PECTAHOBOK.

O

Onpenenenne 4.6. /J6ywazosvie HEKOMMYMAMUGHBIE NEPECTNAHOCKY —
MO 8CE OCMANLHBIE (KPOME KOMMYMAMUEHHIT), NPUUEM UL UMEEMCHA 06
nodsuda: euda (i,i+1)(i+1,i+2) = (i,i+1,i+2) u suda (i+1,i4+2)(i,i+1) =
(1,14 2,1+ 1). Uz mnoocecmso obosnauum xax Os.

Yreepxaenue 4.2. G140 = (V, E), ede E = {(i,i+ 1), (4,5 +2)}.

Jlokasamesvcmeo. 3anmiiem Kak Hocjae0BaTebHOCTD (1, ... i — 1,04+ 1,7+
2,4,i + 3,...,n], B yObIBamoIeM HOPsiJKE CTOAT 2-X JIEMEHTHBIE IOJIOCTIe-
noBaTesbHOCTH [i + 1,4, [ + 2,4], 1 HPUTOM TOJIBKO OHH. O

Yreepxaenue 4.3. G(; ;211 = (V, E), ede E = {(i +2,4), (i +2,i+1)}

Jlokasameavcmeo. Banmiiem mnociaenosaresbHocts [1,...,4 — 1,4 + 1,4 +
2,4,i + 3,...,n], B yObIBamomEeM HOPsiIKE CTOAT 2-X JIEMEHTHBIE IOJIOCTIe
noBaTesbHOCTH [i + 2,1, [ + 2,4 + 1], 1 IpUTOM TOJBKO OHU.

O]

HemocpecrBenno paccMarpuBast Ba CIydast MOABUIO0B, U OO0 beIUHsIsT 3TH
YTBEPAKIECHUS, TIOJTyIaeM:



Caencreue 4.2. Xapaxmepucmuueckutll 2pad 06ywazo60t HEKOMMYMA-
MUBHOU Nepecmanosky, codepocum ecezda dea pebpa ¢ 0dnoli 0bwet eep-
WUHOT U MOABKO UL, NPUMEM BBINOAHEHO caedyroulee:

a) dmum pébpam unyudenmo, mpu BePUUHDL ¢ NOOPAD UOYUUMYU HOME-
pamu i, 1+ 1, 14 2.

b) Obweti sepuuroti asasemes uau i, uau i+ 2. IIpu smom, ecau obwan
BEPWUNHG T (KAK MUHUMAADHAA U3 IMUT MPET NO HOMEDY) — MO IMa nepe-
cmanosra umeem nodsud (i,i+1,i+2), a ecau i+ 2 (Kakx makcumaivras u3
amux mpéx no nomepy) — mo nodeud (i,i+ 2,i+ 1). U3 eduncmeennocmu
nepecmanosky 3a0anHo2o Tapaxmepucmuieckozo apada caedyem, 4mo ami
n0deudsl He NEePecerarOmc.

CanencrBue 4.3. /J[6ywazo6vie HEKOMMYMAMUSHBIE NEPECNAHOEKY 00HO-
3HAYHDL.

Jloxasamenvcmeo.

1. UsBecTHO, 9TO OHA HE MOXKET OBITh PA3JIOKEHA B IIPOU3BEIEHNE KOMMYTH-
PYIOIIUX OJHOMIArOBLIX. 110 IpeabIAyIIeMy CJIeJICTBUIO 10 ABYIIArOBOI Iepe-
CTAHOBKE OJJHOZHATHO OIPEJIEJISIeTCst €6 B, CyJIsl 110 TOMY, KaKas BepIInHa
B €€ XapaKTepUCTHIECKOM Trpade MHIUICHTHA ABYM PEOPaM.

I. Iepecranoska Buga o = (i, + 1,1 + 2).

1. Ilpennonoxkum, aro 0 = (4,9 + 1)(i +1,i+2) = (i,i+ 1,i+2) = (5,5 +
1,7+2)=(,j+1)(j+ 1,74+ 2) — nBa pasjIuvHbIX PA3JIOKEHUs], | 7 j.

2. Torza, ¢ oxuoit croponsr G, = G(Z it1,i42) = (Vi@ +1),(i,i+2)}), ac
apyroit Go = G(j 41542 = (V. {(4.J + 1), (J i+2)})

3. Orkya caemyer, aro 6o (i,i+1) = (j,j+1) u (4,i4+2) = (4, j+2)(orkyna
i = j, nporusopeyuwne), 6o (i, +1) = (4,7 +2) u (j,5 + 1) = (4,7 + 2)(aro
ovYeBMIHBIN abcypy Buma 1 = 2, ¢M. MOJY/Ib PA3HOCTH MEXKJy HOMEpaMU
BEpIIUH, UHIUJIEHTHBIX PEOPY).

II. Tlepecranoeka Buga o = (4,7 + 2,7 + 1).

1. Ipeamomnoxkum, uro o = (1 + 1,1+ 2)(i,i + 1) = (4,1 + 2,i+ 1) = (5,5 +
2,j+1)=0(+1,74+2)(J,j+1) — aBa pasinuIHbIX PA3IOKEHUs, i # j.

2. Torpa, ¢ ommoii croponst Go = G041y = (Vo {(i +2,1), (i +2,i+1)}),
¢ ApyTolt Go = Gy iy = (VAU £2.9),G 42,74 1))

3. Orkyzma cienyer, uro jmbo (i +2,i) = (j+2,7) u (1 +2,i+1) = (j +
2,7 + 1)(orkyna i = j, nuporusopeune), qubo (i + 2,i) = (j+2,j+ 1) u
(j+2,j) = (i+2,i+ 1)(uaro oueBuanblii abcypa Buga 2 = 1, cM. MO/
Pa3HOCTU MeKJly HOMEepaMU BEpIIUH, HHIUIEHTHBIX pebpy ).

O



COBOKYHHO JOKa3aHa:

Teopema 4.1. Beakas 06yuia206a4 Nepecmanoska 00HOZHANHA, UAU UHAME
BUPAHCAACD, ECAU O, 02,01, 0 — 00HOWAZOBVIE U 6BINONHEHO 0109 = 00,
mo o1 = 04 u o9 = o) uAu orce modcem buims o1 = 0, 09 = 0], ecau oy,
09 KOMMYMUPYIOM.

VkakeM Terepb KOJUIECTBO JBYIIArOBLIX [I€PECTAHOBOK 000UX KJIACCOB.

Jemma 4.1. (0] = |0y + |0s], 2de |0y = U= 110, — 2(n — 2).
Omxyda ecezo |O] = eréﬁ

Lloxazamenvcmeo.

1. OHOIIArOBYI0 IIEPECTAHOBKY MOXKHO BHIOpaTh n — 1 crocobamu.

2. 3-nuka Buga (i,i+1,i+2) [a Takke paBabIM 06pazom u Buza| (i,i+2,i+1)
MOXKHO BBIOpaTh n — 2 crocobaMu(mo 1 — 2 BO3MOXKHBIM 1).

3. Bcero yropsi/IoueHHBIX 1ap Pa3JIMYHBIX OJ[HOIIATOBBIX II€PECTAHOBOK POB-
HO (n — 1)(n — 2) mryk.

4. U3 1.2 upsimo caeyer, uro (n — 2 Ha Kaxapli sujg) |O1] = 2(n — 2) =
KOJIYECTBO YIIOPSIOUEHHBIX AP HEPECTAHOBOK C IEPECEKAIOIIMUCS [TO3H-
nusiMu. (TeopeMa 06 OJTHO3HATHOCTH )

5. Ciie/1oBaTE/IbHO, YHOPSIOYEHHDIX AP C HEIEPECEKAIONTIMIUCST TTO3UIIAMA
Beero (n —1)(n—2) = 2(n—2) = (n —3)(n — 2).

6. A KasK/1ast JBYIIAroBasi KOMMYTATHBHAS IIEPECTAHOBKA COOTBETBYET POBHO
JBYM TaknM u3 I1.5.(Teopema 00 oxHozHauHOCTH). CIlesoBaTebHO, KOMMY-

—3)(n—2
TATUBHBIX I€PECTAHOBOK |Og| = %

O]

5. Cusion kak noarpadsl B (S,)?

W3 sroboit BepmuHbL Sy, KaK yKe BBIICHEHO, pedpa BeJyT WU Ha CJIOW HU-

JKe, WU Ha ¢Jioit Beie. Hukakue pebpa He BeJyT Ha 3TOT Ke CJIoi. A cie-

JIOBATEJIbHO, CaM CJION, paccMaTpUBaeMblil Kak mnojarpad B S, He MMeeT HU

eJIMHOTO pebpa, TO eCTh CJIO SIBJIATCS B Sy, HE3aBUCUMBIM MHOXKECTBOM.
Tenepn ke uccneayem cioit Kak noarpad B (S, )2

Onpegnenenne 5.1. I'pag croa k: Gy, = (Vi, Ey), 2de Vi, = Sy 1, a (01,02) €
Ey & (01,00) € (S™)2, 2de S™ 63amo co cmpyrmypoti 2pada modeau, 1.

Uccnenyem najiee crenenu Bepid Gy. st 9T0r0 HaI0 HOJACYATATD YHC-
JIO TIyTell U3 2-X CUMBOJIOB OT 38JIAaHHOTO 0 € Sn,k, KOTOPBIE BEJAYT B TOT 2Ke
CJIOIA.



Jlemma 5.1. Ilycmo 0 € S, a — odnowazosas nepecmarnoska. Toeda oo ~
0.

U obpamro, ecau o ~ o1, mo 01 = o, 2de & — 00HOWA20BAA NEPECTNA-
HOBKG.

Joxazamenvcmeo.

L

1. Ilycre oo = (4,7 4 1).

2. Tocaenosarensuocts o = [...,oli],ofi + 1],...].

3. IlocnenoBarensuocts oo = [...,0[i + 1],0]i],...] okazamacp momyden-

HO¥ U3 UCXOMHON 0 MEePECTAHOBKOM 2-X COCEIHUX IO3ULNMN, a CIeI0BaTe/IbLHO,
CMEXKHA, ¢ Hell B Sy,.

II.

1. Ilycre 01 nostydena u3 o nepecTaHOBKOM %, ¢ + 1 1TO3UITHIA.

2. Te.o=[...,olil,oli+1],...], o1 =[...,0fi+1],0[i,...].

3. Homoxum v = (3, i+1). Tormaca = [...,olafi]] olafi+1]],...] =[...,oi+
1] oli],...] = o1.

O]

Heobxoanmo pazauduTh IyTH JJIMHBI 2, BeIyllue U3 JaHHON Bepiin-
HBI B BEPIIUHY U3 TOTO K€ CJIOsA, OT IyTell, KOTOpble BEJIYyT HAa JIBa CJIOs
BBEPX /BHU3. DTUM IIyTsIM COOTBETCTBYIOT JBYIIIATOBbBIE TIEPECTAHOBKU.

Onpenenenue 5.2. /Jlsyuwaz068as Nepecmarosrka n HA3v6GEMCHA HOPMAAb-
Hotli ommocumenvro o € Sy, ecau on € Sy . Mnooscecmeo maxuz nepe-
cmanosox 0bozrnavum xax N .
U3 Hux MHOHCECTNBO KOMMYMAMUBHOIX 0003HavuM Kar N, (}
Mnootcecmso Hexommymamusrur — xax N, 3

Onpenenenne 5.3. 0 € S, N(0) — MHOHCECTNBO CMENHCHBIT ¢ T 6 2page

G
JIemma 5.2. degg, (o) = |N(0)| = |Ny|.

ﬂonasame,ﬂbcmeo.

I. Orobpakenne fi : N(o) — N,.

1. [Tycre 01 € N(o). Torma cymecrByer nyth o — o9 — o1 B S,. U Torma
1o jemme 1 09 = 0Q1, 01 = 0202, T/Ie (X1, (g OJHOIIAl'OBLBI.

2. Orciona 01 = oy = on, TAe N ABYIIArOBO.

3. ComocrauMm sromy o1 — n, T.e. fi(o1) = o toy.



II. Orobpaxenne fa : Ny, — N(0).
1. Ilycts n € N,. Torma n = ajae, a1, g OTHOIIATOBLIE.
2. Pacemorpum ¢’ = on = cajas.
3. Tak kak n € Ng, 10 s(0’) = s(on). Pacemorpum nyth 0 — 0 — oaqas.
ITo sTOMY IyTH JIMHBI 2 IPUAEM B TOT K€ CJIOH, B KOTOPOM HAXOJIUTCA €ro
HAYAJIO .
4. Orkyza o cMexHO ¢ oayag = on = o' B G, u, cienosaressio, o' € N (o).
5. Conocrasum stomy n — o', r.e. fa(n) = on.
III. BzamMoobpaTHOCTS.
1.n € Ny : fio fa(n) = fi(on) = o~ ton =n.
2.01 € N(0): fao fi(o1) = fo(oc7to1) = 00 Loy = 01.
3. Tak kak Ny, N(0) — KOHEYHbIE MHOXKECTBA, TO U3 B3aMMOOODATHOCTH
f1, f2 cienyer |N,| = |N (o).

O]

6. IlonssTue curHaTypbl HEPECTAHOBKNI

s nanpHeiiHero n3ydenus myrteil [UHBL 2 (MM HOPMAJBHBIX II€PECTAHO-
BOK), BEJIYIIUX B TOT K€ CJIOi, TpeByeTcsl eIé OJHO BCIOMOraTebHOE CPei-
CTBO, KOTOPOE TaK Ke, KAK U XapaKTePUCTUIEeCKUil rpad, ABJIsI€TCs CIIOCOOOM
KJ1accuUKaIUu IepecTaHOBOK.

Ounpenenenne 6.1. I[lycmv o € S,. Cuenamypoti p(o) nazoeém nocie-
dosamenvrocmv uz n — 1 nyaeld u edunuy, maxyro, wmo p(o)k] = 1 <
(o[k],olk +1]) € Go, m.e. k-viii snemenm cuznamypo, pasen 1, moeda u
moavko moeda, xozda olk] > ok + 1].

JIemma 6.1. ITycmov 01 = oa, 2de o = (k,k + 1).

Tozda p(o1) omauvaemes om p(o) 6 k-0l nosuyuu, modscem oOMAUNGMN -
CA AUWD 6 COCEOHUT ¢ k-0T NOZUYUAT, G 80 BCET OCMANHHIT NOZUUUAT OHU
mootcdecmeenol.

Hoxazamesvcmeso.

l.o =1[..,0lk] ok +1],...]. Torna o1 = [...,oalk]] olalk + 1]],...] =
[...,ok+1] o[k],...].

2. I3 »TOro cpasdy BUJIHO, YTO «BO3PACTAEMOCTh-YOBIBAEMOCTH» MOXKET W3-
MEHSITBCS JIMIIb Yy TPEX Hap(B3gTHIX KaK IOMNOCTICIOBATEIBHOCTH U3 2-X
9JIEMEHTOB) COCEJIHUX JJIEMEHTOB, & MMEHHO y CTOSIIUX B Hapax [O3UIUIi:
[k —1,k], [k, k+ 1], [k + 1, k], upuuém B nape [k, k + 1] 310 cBOficTBO TOUHO
U3MEHSIETCS.



3. ITosromy usmensiercst k-asi O3UIMS CUTHATYDBI, & TAKXKe MOI'YT MEHSIThCSI
TOJILKO €€ coceiHue(ec/Ii OHM eCTb. )

O

IIpumeuanue. Crosom <«603pacmaemocmvb-ybu6aemocmsvs 0603HaeHa AD-
cmpaxyua obusezo poda om 08yxr 6udog <«BO3PACMAEMOCNbS U <«YObiGae-
MOCTD », KOMOPBIE COOMBEMCMBEHHO CYOCTNANMUBUPOSAHHBLE CBOTICMEA NO-
CAEJOBAMEABHOCTIU BO3PACTMAMD UAY YOBr8amb. TO wmo «803pacmaemocmo-
YOIBAEMOCTNDS NOCAED0BAMEALHOCTNU USMEHUAGCD 03HAMAE, YO IMA NO-
CAEJOBAMEABHOCTIG U3 YOBIBAINOWET CMAAL BO3PACMANOWELT UAL 0OPAMHO.

Jamee MBI ycTaHOBUM HEKOE COOTBETCTBHE MEXKJY CHUTHATYPOIl M HOP-
MAaJIbHBIME [IePeCTAaHOBKAMHU (& 3HAYUT U Iy TsIMU JIMHBI 2, BEJYIIUMU B TOT
JKe CJI0ih).

Omnpenenenue 6.2. A, — 9M0 MHOHCECNEO NAP NOZULUUL INEMEHMOE CU2-
namypv, p(o), KOMoOpvie He CIOAM PAIOM U UMEIOM HETNOHCOECTNEEHHBLE 3HA-
YeHus, mo ecmv MHoscecmeo nap euda 10, 01. Hopadox 6 nape He saxtcen.

Jlemma 6.2. |N}| = |A4,].

Jlokazamenvcmso.

1. f1 : Ao — Ngl

1. ITycrs mapa nosunmii {z,y} € A,, re. p(o)z] # p(o)ly], |z —y| > 1.

2. ComocrasuM eii jByImarosyio mnepecranosky n = (z,x + 1)(y,y + 1).

3. Tak kak |z — y| > 1, TO n — KOMMyTaTUBHAs JIBYIIATOBasl IIEPECTAHOBKA.
4. Curauaja paccMoTpuM Hanpumep ciydaii p(o)[x] = 0, p(o)[y] = 1.

5. ITo onpenenenusm: p(o)[z] = 0 < (o[z], oz +1]) ¢ G, < olz] < o[z + 1]
6. p(o)lyl =1 & (olyl,oly +1]) € Go < oly] > oy +1]

7. Paccmorpum 01 = on = [...,o[n[z]] onlz + 1]],...,0nfy]] only +
1],...]=1[...,on[z+1]] on[z]],...,only + 1]] o[n[y]],...].

To ecTh JOMHOXKEHHE Ha T CIpaBa — 3TO MEePeCTaHOBKa MecTamu T, T + 1
no3unwii n y, y + 1 mo3ummii.

8. A 310 o3Hauaer, uro G,, ObLIO HOIyueHo u3 G, JobaBieHEEM pebpa
(o[x],o]x + 1]) u ynanenuem pebpa (o[y],oly + 1]). Obmiee uncio pébep ne
U3MeHUI0Ch, s(on) = s(o).

9. OTKyzna ciaeyer, 9To n — HOpMaJIbHAs [IEPeCTAHOBKA OTHOCHTEJLHO 0. (B
9TOM CJIydae)

10. Cayuait ¢ p(o)[z] = 1, p(o)[y] = 0 pasbupaercss aHagornvHo: peGpo
(o[z],ox + 1]) ymansiercs, a pebpo (oly, o[y + 1]) mobasisercst.



1L Tra, fi({,y}) = (5,0 + )y + 1),

1L fo: N1 o A,

1. Ilycrs Tenepb n = (x,z + 1)(y,y + 1), n € N

2. Torga conocrasum n — {x,y} (mapa).

3. U rak Kak n KOMMyTaTuBHO, TO |z — y| > 1.

4. Tlpemnosnoxkum, uro p(o)lx] = p(o)ly] = 0. Torma (o[z],olz +
1), (olyl, oly + 1)) ¢ Go.

5. Ho rorma G4y nonydeno uz G, nobasiienuem jiByX 3tux pébep.(em.l.7).
Otrkyzna s(on) = s(o) + 2, s(on) # s(0), 9T0 TPOTUBOPEUUT HOPMATBHOCTH
n.

6. Anastorutno, ecau p(o)[z] = p(o)[y] = 1, To 511 XKe 1Ba pedpa yIAISIOTCS,
orkysa s(on) = s(o) — 2, s(on) # s(0), 9TO NPOTUBOPEUUT HOPMAJIBLHOCTH
n.

7. ITo 1.5,6 mosy1aem p(o)[x] # p(o)[y], r.e.(coBokynno ¢ 1.3) {z,y} € A,

8. Urax, fo((z,z+1)(y,y + 1)) = {z,y}.
I1I. Bsamvoo6paTHoCcTh f1, fo oueBmana, oTKyaa |NL| = |A|.

O]

7. Curuarypa u HOpMaJibHbIe HEKOMMYTAaTUBHBIE T1€e-
PeCTaHOBKH

HOpMaJH)HOCTb paccMaTpuBaeTCdA OTHOCUTE/IBHO IIpeJA3aJaHHOTO 0.
HGKOMMYTaTI/IBHbIe HOpMaJIbHBIE IIE€pECTaHOBKU MMEIOTCsA, KaK M3BECTHO
110 OIIpEJEeJIEHUIO, JIBYX THIIOB:

Omnpegnenenune 7.1. Ilepsozo muna o} = (i,i+ 1)(i + 1,3 + 2).

Omnpenenenue 7.2. Bmopozo muna o? = (i + 1,4 + 2)(i,i + 1) ,2de i npo-
bezaem snavenus om 1 don — 2.

YcranoBuM JaJjiee, Ipu KaKnuX YCJIOBUAX Ha 0 BBIIIOJIHEHO Oé Oé € N2

JoMmHOK€eHe Ha ozll :

oal = [ o] oli+1] ofi +2],..]6,i+ 1)+ 1,i+2) = [...,0 +
1 oliloli +2],...]J60+1,i+2)=[...,0li + 1] ofi + 2] o[i], .. .]
N cnemoBarenbHO Gm1 nonydeno u3 (G, wHBepcHell Haau4dns pédep

(oli], [z + 1]) (oli], i + 2]). Tlostomy mst Toro, urobnl s(oa)) = s(o)
(Te a € N2), my»mH0, 9To6BI OJIHO W TOJBKO OJJHO U3 3THX pébep ObLIO B

O'

,HOMHO}KGHI/IE Ha Oé,%:




oa?=1[...,ol oli+1] ofi+2],..](i+1,i+2)(i,i+1)=][... 0[] ofi+
20 oli+1],.... (i, i+ 1) =[...,0li + 2] oi] oi +1],.. ]

1 cneposarensuo G, .2 nonyueno 3 Go unsepcneit namuaus pédep (oli+
2],0li]), (ofi + 2],0[i + 1]). Iostomy st Toro, urober s(oa?) = s(o)(t.e.
a? € N2) Hy»HO, 9TOOBI OJIHO U TOJBLKO OJIHO M3 3THX Pébep 6b110 B Gy

Hasee GymeM MCHOJIB30BATH 9TU YCTAHOBJICHHBIC KPUTEPUH HOPMAJIBbHO-
cru.

Jemma 7.1. [Tyemo p(o)[i] = p(o)[i + 1] = 0. Tozda o}, a? ¢ N2.
Joxazamenvcmeo.

1. 3 ycnosuii caenyer, uro oli] < ofi + 1] < oli + 2.

2. Orxyna (ofi], ofi +1]) & Go, (oli],ofi +2]) ¢ G,. U canenoparensuo o) ¢
N2

3. Taxxke (oli],ofi +2]) ¢ Go, (o[i + 1],0[i + 2]) ¢ G,. I creposarensno
a? ¢ N2.

O
Jemma 7.2. [Tycmo p(o)[i] = p(o)[i + 1] = 1. Tozda o}, a? ¢ N2.
Jloxazamenvcmso.
1. 3 ycnosuii caenyer, uro oli] > ofi + 1] > oli + 2].
2. Orkyma (oli],ofi + 1]) € Go, (0oli],oli +2]) € G,. U, crenosaresnbo,

ol ¢ NE

3. Takxe (o[i],oli +2]) € Gy, (c]i + 1],0i + 2]) € G,. U, cnepoBarensuo,
a? ¢ N2.
LTI

O

JIemma 7.3. ITycmo p(o)[i] = 0, p(o)[i+1] = 1. Toeda odna u moavko odra
U3 NEPECANOGOK (it , (lF HOPMAALNA.

Jloxazamenvcmso.

1. ITo ycmoBmio o[i| < ofi + 1] > oli + 2].

2. Jlanee pa3bepéM J1Ba BOBMOXKHBIX citydas: oli] < o[i + 2] u ofi] > oli + 2].
L. o[i] < oli + 2]

1. Torma (o[i],oi + 1]) & Go, (o[i + 1], 0[i + 2]) € G4, (o]i], 0i +2]) ¢ G-

2. Otkyna o} ¢ N2, a? € N2
II. oi] >O’[l+2]
1. Torpa (o [] [ 1)) ¢ Gy, (oli +1],0[i +2]) € Gy, (o[i],0li +2]) € G,.
2. Otkyna o} € N2, o? ¢ N2
O



JIemma 7.4. I[Tycmo p(o)[i] =1, p(o)[i+ 1] = 0. Tozda 0dna u moavko odra
U3 NEPECTNANOGOK (it , (iF HOPMAALNA.

Joxasamenvcmso.

1. ITo ycmoBmio o[i] > ofi + 1] < oi + 2].

2. Jlasiee pa3bepém jiBa BO3MOXKHBIX ciydast: oli] < oli+ 2] u o[i] > o[i + 2].
L. o[i] < oli + 2]

1. Torua (ofil, [ ]) € Gy, (o]t +1],0[i + 2]) ¢ Gy, (0[i],oli +2]) ¢ G,.
2. Orxyna o} € N2, a? ¢ N2.

II. oi] >U[z+2}

1. Torna (o[i],oli + 1]) € Gy, (o[i + 1], 0[i + 2]) ¢ G4, (0oi], ofi + 2]) € G-

2. Otkyna o} ¢ N2, a? € N2
U

Taxum obpazom, Jjisi JIFOOBIX JIBYX COCETHUX TOXKIECTBEHHBIX IMO3UITUI
TPAHCIIO3UIUIT COOTBETBYIONINE HEKOMMYHATHBHBIE II€PECTAHOBKHU HE ABJIdA-
IOTCS HOPMAaJIbHBIMU, & JIJISl COCEJIHUX HETOXK/IECTBEHHBIX HOPMAJIbHOU IBJIsI-
eTcsl OJ[HA U3 JIBYX HEKOMMYTATUBHBIX (COOTBETBYIOIINX).

O6o3naunm depe3 B, MHOXkKecTBO map (MOPSIJIOK B Mape He BarKeH) CO-
CeJIHUX MO3UIUI CUrHATYDHI P(0) ¢ HETOXKIECTBEHHBIMY 3HAYEHUSIME B 9TUX
HO3UIUAX.

COBOKYyIIHO JTOKa3aHA:

Teopema 7.1. |B,| = |N2|

[Iycrs ind(0) KOJIMYECTBO €MHUIL CPEJIU JIEMEHTOB cUrHarTypbl p(o),
a Cy — KOJM4IecTBO Tap (MOpsIJIOK HEe BayKeH) MOBUIMHA CUTHATYDPHI p(0) ¢
HETOXKICCTBeHHBIMI 3HAYCHUSIMHU.

Torna, ¢ ommoit croponbl, Cy = A, U By, = |Cy| = |As| + |By| = [N +
N2 = |,

A ¢ apyroit, Beibupast u3 p(o) ind(o) equnun u n — 1 — ind(o) HyJei,
nosnydaeM |Cy| = ind(o)(n — 1 —ind(0)).

OkoHYATENbHDII pe3y/IbTar:

Teopema 7.2. Ilpu 0 € Gy, degg,(0) = |No| = |Co| = ind(o)(n — 1 —
ind(o)).

8. Ilocmoiinblii Koxa

IIpuMeHrM BLIENIOTY YEHHDBIN TEOPETHYECKUN PE3YJILTAT.



Tak kKaK 0 € Sy, ), MOKET OBITH CMEKHA JIMIIb C IIEPECTAHOBKAMU U3 CO-
ceqanx cioéB k — 1, k + 1, To B S, MOXHO MOCTPOUTH CJIEIYIONIUN KOJI,
HCIIPaB/IAIONHiT O/Hy OMMOKy (T.e. He3aBUCHMOe MHOXKecTBO B (S,,)?):

Bosbméwm cion 0-oit, 3-mit, 6-0if m Tax majgee. B xaxkmom Haitizém Hesa-
BUCHMOE MHOXKECTBO B Ipade G3j, I IOTOM MOJIYyYUM KOJ| Kak O0beMHEeHIe
9TUX HE3ABUCUMBIX MHOYKECTB.

AHAJIOrMYHO TAKOrO ¥Ke POJIa KOJI MOJIydnuTes ¢ 1-biM, 4-biM, 7-biM (3k+1)
U T.J1. CJIOSIMH, & TaKXkKe 2-bIM, 5-bIM, 8-bIM U T.J1. (3k + 2)

[TocTpouB 3Ti Tpu KoJa, MOKHO BRIOpaTh M3 HUX OObINmii Ko, Tak Kak
Terepb HaM M3BECTHLI CTeneHu BepiminH B G, TO MbI MOXKEM I[POU3BECTH
OIIEHKY MOIIHOCTH 3THX KOJIOB.

U3 reopun rpacdos ussectHo (cMm. nampumep [2], Teopema 25.1), uro
ap(G) > ZV H%g(a), e ap(G) — uwmcio mesaBucumoctu rpada G,

oc

deg(o) — crerneHb BEPIIUHBI 0.

Caexncrsue 8.1. ag(Gy) > %: 1+ind(0)(n1—1—ind(a))
S n,k

Onpepenenne 8.1. Bxaad nepecmanosku o: R(o) = 1+ind(a)(n1—1—ind(o))

Onpegnenenne 8.2. Yucao k-oz0 caoa: hy = >, R(o).

Uesn,k
Takum obpaszom, ag(Gy) > hg.
Kax yzke M3BECTHO, BCETO CIIOEB @ + 1.
[Iycrs
Hy = Z h3k7

n(n—1)
0<3k< 1)

Hy = > hsk+1,
0<3k+1< =1

Hy = > 3k
0<3k+2< =t

[To TOCTPOEHNIO, MOIIHOCTH MEPBOTO, BTOPOI'O U TPETHErO KOJIOB COOTBET-
crBerHo He Menbine [Hol, [Hi|, [H2].([z] — onepanusi okpyriieHust BBepx).

Autropurm pacuéra Hy, Hy, Hs:

1) Ipoxoaum 1o BceM IepecTaHoBKaM o € Sy, ¢ KaxKJ0il U3 KOTOPbIX

JleIaeM CJIeLyIoIee:
2) Borancisiem eé cioit s(o), u BKiIag B cymmy R(o).



3) B zaBucumoctu or s(o) mod 3, upubasisieM 3T0T BKJI1a/[(COOTBETBEHHO
ocrarkam 0, 1, 2) B nakonurenu Hy, Hy, Hy (HagaibHOe ux 3HaYeHUE, PA3y-
meercst, 0).

U Tak Kak 3TOT aJrOPUTM IIPOXOJAUT 110 BCeM o € S, 10 OJHOMY pa3y,
a jesienne BKIaIOB R(o) mexiay cymmamu Hy, Hi, Hy IU3BIOHKTHBHO, TO
JIAHHBIH aJropuTM, paboTarmuil JuHeiiHoe oTHOCUTEIBHO |Sy,| BpeMst (mpe-
Hebperast CJI0KHOCTBIO BeIaucIeHus ind(o), s(o)), JefCTBUTETLHO UX BBIYUC-
JIUT.

Anropurmbl Berancsiennst ind(o), s(o) s1eMeHTapHBI.

Bouin mpoBeieHbl NCHBITAHUST J1JIst IPOCTPAHCTB S3 —Sg.

[Tosryuena ciemyrorias Tabyuia pe3yIbTaToB:

Ss Sy Ss Se S7 Sg So

10 38 184 1086 | 7532
10 37 183 1086 | 7531
9 37 183 1085 | 7531

[Ho] | 2
[Hi] |1
[Ha] |1

QO QO W~

9. CuMmMeTpuYecKne CJION

Crpoenne S, MOXKeT OBITH PACCMATPUBAEMO U €IIE C OTHON TOUYKM 3PEHUS: C
TOYKM 3PEHNsT PA3OUEHNST €T0 HA TAKUE CIION-TIOATPAdBI, KAZKIBIH N3 KOTOPBIX
siyisieTcst rpadomM crpoenust Sy,—1 (B Mozesn ombKru 1).

Omnpenesenne 9.1. k-wii cummempureckuti caot Sy, = {0 € Sy | o[l] =

K}

Oueruno, uro Kax noprpad S,/ = Sp—1, TaK Kak MOXKHO abcTparupo-
BAThHCsl OT II€PBOM MO3UIMHU, & IIEPECTAHOBKA COCEHUX OCTABIIMXCs (€O 2-0ii
[0 N-YI0) HEIOCPEJICTBEHHO SIBJISIETCSI [IEPECTAHOBKOl COCEHUX B UCXOTHOM
Sh.

Urak, Sp = S, U...US, /.

lycrb o € S, /. Torma ono cmexkHO ¢ 1 — 1 JIpyruMu nepecTaHOBKaMHu:
n — 2 U3 TOro K€ CUMMETPUYECKOrO CJI0s Sy, /k, & ¢ OHON U3 Apyroro Sy, /i,
npuuém k' = o|2].

Ho S, /x B cniy msomopduocru Sy, —1 camo pasbuBaercs Ha CHMMETpPH'e-
CKHE CJION BTOPOTO TOPSIIKA, KaXKJIbII U3 KOTOPBIX U30MOPQEH Sy, _o, IPUIEM
[PUHA/TIEXKHOCTD K OIIPEJIEIEHHOMY CJIOIO OIpeJiesieHa 3HadeHneM o|[2].

Sn/k = Sn/k/l u...u Sn/k:/k—l U Sn/k/k—i—l ...t Sn/k:/n

Kaxast sepmuna o € S, /1 m — 3 pebpaMu coejluHeHa ¢ BepHIMHAMH
U3 STOIO K€ IOJCIIOH, OAHUM PEGPOM — € BEPIIMHON U3 Sy /k/k/ (T.e. aTOro



Ke CJI0s1, HO JIPYTOTO TOJIC/ION), & Mg OTHUM — C BEPIIHHOM U3 S, /s /1, (3Ta
BEPIIHHA II0JIy9IaeTCsl U3 JIAHHOI epectanoBkoii o[1], o[2]).
Teneps ke paccmorpum napset (k, k'), k, k' € {1,...,n}, k # k', a rakxe
HONCIOU Sy /1 /kts S/ /k» TO €CTH Pa300bEM Sy, Ha IAPBI TAKUX BOT TOJICIIOEE.
ITepexom MeXK Iy STUMU MOACTOSIMU OCYIIECTBISIETCS TIEPECTAHOBKOM T1ep-
BOI U BTOPOW HO3UIUI, JBUXKEHHUE B CAMUX CJIOAX — II€PeCTaHOBKaMU BCEX
OCTAJIBHBIX. ZICHO, YTO 9TH JBa JBUMKEHUsI HE3ABUCUMBI JIDYT OT JIPYTA.
[Kommyrarust: ecoim (1) = 1, a(2) = 2, 1o a(12) = (12)q].

Onpepenenne 9.2. [Tycmo G = (V, E) — nexomopuiti epag. IIpusmot amo-
20 epaga G x 2 = (V1, E1) naszosém epad, y xomopozo Vi = {(g,i) | g € Vi €
{0,1}}, a ((g1,11), (g2,12)) € E1 < uau iy = ia, u (g1,92) € E; uau iy # i,
U g1 = g2-

Yro06bI TOTYIUTh TPU3MY, HY?KHO B3Thb /IBa 9K3eMILIApa (G, 1 COeTMHUTD
pEOpaMU OJTHU ¥ T€ YKe BEPIIUHBI B 3TUX IK3EMILISIPAX.

Taxum obpasom, moarpad Sy, /i /xSy, /a1, 00pasyeT npusmy BuIa Sp—1 X
2. Bcero Takux map moaciioés n(”T_l) @
Ipu3M Buma Sy, o X 2.

MITYK, TO €CTh S, pa3dnBaeTcs Ha

10. Pa3ouenusa

Haaum crrocob OIEHKHU CBEPXY MOIITHOCTH Kojia. [Ijist 9Toro BBEIeM IOHSATHE
pasbueHnst 1 PACCMOTPUM BHIIIEOIIpEIeJIEHHOe pa3bueHne Sy, Ha IPU3MbL.

Ounpegenenne 10.1. G = (V, E), V=V, U...UV,. Pasbueruem G Haswi-
saromesa nodepago. G1,Ga, ..., Gy, G; = (Vi, E;), (a,b) € E; < a,b eV u
(a,b) € E.

Omnpenenenue 10.2. Kodosoe wucao k(G) = ag(G?) — amo mougrocmy
MAKCUMAAHO20 Koda wa G, ucnpasasowezo 1 owubky.

JIemma 10.1. ITycmov G1,Ga, ..., G, — pasbuenue epaga G. Tozda k(G) <
k(G1) + k(G2) + ...+ k(Gy).

Jloxazamenvcmso.
1. Jano G = (V,E), V=ViUVLU...UV,, G, = (V;, E;). llycts K C V —
MaKCHMAaJIbLHBIA KOJI, ucnpasisomuii oany ommobky (| K| = k(G)), To ectnb

K — MakcuMaJsbHOE HE3aBHCHMOE MHOXKECTBO B G2.
2. Ionoxkum K; = K N'V;. Takxke 3a1a1uM Ipou3BOJIbHBIE a,b € K.



3. IlpenmosoxuM, 9To MeXKAY a,b B (G; cylnecTByeT IIyTh JJIMHLL He GoJee 2.
Torma sToT myTh Oyer TakxKe u myTéM B GG, Tak Kak G; nmoarpad G. Ho Tak
Kak a,b € K, 10 Takoro mytu ObIThb He MOXKeT. VI3 mpoTuBopedns: Clelyer,
uro K; xoxn B Gj.
4. NI rak kak 1o oupenenenuio |K;| < k(G;), ro k(G) = |K| = |K1| + |Ka| +
e K] < K(Gr) + E(G2) + ..+ K(G).

O

[IpumeHUTENBEHO K pa3bueHuIo Sy, Ha MPU3MBIL Sy, 1 X 2 IMOJIy9aeM OIEHKY:
-1
Teopema 10.1. k(S,) < % k(Sp—2 x 2).

Hanpumep k(S5) < 10k(S3 x 2) = 20 (a oIeHKa CBEPXY COBEPIICHHBIM
KOJIOM ObLta 661 < 24), Tak Kak S3 X 2 — 9TO MIECTHYTOJbHAs IpU3Ma, U
HETPYIHO YOETUThCsI, 9TO €€ KOJIOBOE UUCTIO JACHCTBUTEILHO PABHO 2.

IIpumeuanue. Bce amu paccystclenus NEPEHOCAMCA U HG PACCMOMPEHUE
K004 ¢ BOALULUM YUCAOM OULUOOK.

IIpumeuanue. Odnaxo, 6 npumenenuy ¥ Sg U daAAEE IMA OUEHKA OKA3BLEA-
emces 6ecnore3noti, max Kax ona cAabee coomeemcemeyouwets OUeHKY COGeED-
WeHH020 K00a.

11. IIpousBenenme rpacdoB. Pazdbuenue S, Ha nmpous-
BeJIeHUSI

BBe,HeHHbIe BBIIIE IIOHATUA U IIOJIyYE€HHBIC PE3YyJbTaTbl ITOAAAI0TCA 0606]]_[6-
HUIO.

Ounpenenenne 11.1. [Tyemv G = (V1, Ey), Go = (Va, E2) — epago.

Hx npoussedenuem G x Go = (V, E) naszosém epagh, 20e V.= V1 x Va, u npu
91,91 € V1; 92,95 € Va pebpo ((g1,92), (91, 95)) € B =

uru g1 = gy, u (92,95) € Ea;

uau g2 = gy, u (91, 95) € E1

[Tonsarue npusmer rpada G X 2 OKa3bIBAETCH YACTHBIM CJIyIAeM — 3TO
npoussejierne rpada Ha oTpe3ok Tura 0-1.

Temepb MbI MOXKEM PaCCMaTPUBATDL IOCJIEI0BATENbHOCTD o[1], ... o[n]
CJIeIYIONM 00pa3oM: pa3o0beM €€ Ha I10C/Ie10BaTeIbHbIe OTPE3KN JTHH N1,
Nn2,...,Np; N1 + N2+ ...+ nNp =n, TO €CTH:

o1 =o0o[l],...,0n]



og =0on1+1],...,0n+ 1+ na

op=0oni+...+np_1],...,0n1 + ...+ ny)

U nanee, pa3oObéM BCe MEPECTAHOBKY, TPUMEHEHHBIE K JIAHHOI TTOCTIE10-
BATEJILHOCTH, Ha 2 KJIACCA: COXPAHSIONIIE 3JIEMEHTHDIH COCTAB BCEX OTPE3KOB
o[1],...,0[p] u Bce ocrasbHbIe.

[TepecTanoOBKa IIEPBOTO KJIACCA MOKET OBITH PA3JI0’KEHA Ha TPOU3BEICHNE
KOMMYTHPYIOIUX MHOXKHUTENIEH i, ..., Qp, [Je (4 IePeCTaBIsSeT IeMEHThI
JIMIIb BHYTPU OTpe3Ka o[i] u Hure Gosee.

U nosToMy pe3ysbTaThl IPUMEHEHU ePECTaHOBOK IIEPBOI0 KJIacca Ha O
COBOKYITHO 00pa3yioT mojarpad B Sy,.

Onpenenenune 11.2. Onpedesum omnouweHue ~ 6 daHHoM pasdene cAedy-
rowum obpazom: o ~ o mozda u moavko mozda, xo2da o' = oo, 20e o —
NEPeCMano6Ka NEPE020 KAACCA (M.€. 01 U eCMb PESYALMAM NPUMEHEHUSA (L
K 0 KaK Nocaedosamesvnocmu,).

Jlemma 11.1. 3adanroe omnoweHue AGAAEMCEA OMHOUWEHUEM IKGUSAACHN -
HoCcMmU.

Jlokasamervcmeo.

l. 0 ~ 0, TK. 0 = 0€, a € COXPAHSIET JIEMEHTHBII COCTAB BCEX 01, . .. , Op.
2.0 ~0 & ¢ =o0a e o= oc'al. IlepecranoBKa @ — HEPBOro KJjacca,
3HAYUT W ' TOXKe IIEPBOTO KJIACCA, TaK KAK €CJIM B OJHY CTOPOHY MOMKHO
IIePECTABATD NO3HUIUK O, COXPAHsIsl SJIEMEHTHBIH COCTAB 07, . . ., 0p, TO C TUM
K€ CBOMCTBOM 3TO 7K€ MOYKHO CJIeJIaTh U B OOPATHYIO CTOPOHY.

3.0 ~0,0 ~0"= 0" = 0oy = casa;. Tlocie npumenenust Kazkaoil us3
Q1,2 K 0 SJIEMEHTHBI COCTaB 01, . . ., 0p HEe U3MEHWICS, U, CJIEJOBATENIBHO,
9TO K€ BEPHO U JJIs (] (¥3.

O

Takum obpazom, cyriecTByeT paszbuenue S, Ha HOArpadbl, KaxKIblii u3
KOTOPBIX U30MOpPdeH Sy X Spy X ... X Sy, MonnoceTs MHOXKeCTBa |Spy X
Sny X ... X Sp | =nal. . onp!

|
CrenoBaresibHO, BCEro Takux moArpadoB B pa3bueHun ﬁ, 1 aHAJIO-
Iy
TUYHO [IPEAbIAYIIEMY IIYHKTY II0JIydaeM:

Teopema 11.1. k(S,) < —— k(Sp, X Spy X ... X Sp,)

nil..np!



12. Buoxkxenue B F.x-1
2

IIpuBenem emé ouH pe3ysIbTaT, MMEIOIIN OTHOIIEHNE K 3a/a49€e IIOCTPOCHMS
KO/1a.

Kaxxnprit  xapaxrepuctudecknii  rpad G, 3amaércsd  HaJIU4d-

eM/OTCyTCTBHEM KaxKJIOro u3 pébep Mexkay IapamMi BepIUH U3
o n(n—1)
{1,2,3,...,n}, a obmiee uuco srux pébep paBHO — 45—

[Tostromy G MOXKeT OBITH pacCMATPUBAEMO KaK ITOCIEI0BATE/IHLHOCTD U3

n(n=1) i Gylil =1 =i 6 G
5— Hyneii u exqunn, rae Goli] = i-oe pebpo aexur B Gy .

Kazxmoit mepectanoBke o € 5, COOTBETBYeT XapaKTEepPUCTUIEeCKHil rpad
Gy, IpUYIEM, Kak 370 ObLIO JIOKA3aHO (CM. JIEeMMY O €JIMHCTBEHHOCTH), Pa3-
HBIM 01, 0 COOTBETCTBYIOT pa3Hble XxapakTepucrudeckue rpadol Go,, G, , 1,

n(n—1
CJIEJIOBATE/ILHO, U Pa3HbIe II0CJIEI0BATEILHOCTHA U3 %

E.n—1) paccMmarpuBaercsa Kak rpad, a ¢cMexXHOo ¢ b B E,m-1y & a, b
2 2

HyJIell U efUHNILL.

OTJINYalOTCd B O,HHOfI 1103 .

Takum 0b6pazoM, TOMyYaeTCsl HEKOe NHbEKTUBHOe oTobpaxkernue f : S, —
En(nfl) .
2

JIemma 12.1. 01 ~ 02 (6 cmwicae cmeorcrocmu 6 Sp) = f(o1) ~ f(o2) (s

CMBICAE CMEHCHOCTNU 68 Enn_1), M.e. omauius 6 00Hol no3uyuu)
2

Zoxazamenvcmso.

1. Ilyctb 01 ~ 03. Torna ux xapakrepucrudeckue rpadsl Gy, , Gy, OTIHYA-
IOTCS Ha OJTHO pebpo.

2. U, crenosaresnbro, f(o1) otmngaercs ot f(oy) UL B OJHON MO3UIIH.

O]

~

Onpenenenne 12.1. Ilopadkoswiti epag nepecmanosku G, — 2mo noa-
Houli opuenmuposannull epad na eepwunax {1,2,3,...,n}, pébpa Komopozo
udym om GePULUHDL, HOMED KOMOPOT, COUmM Ae6ee 6 NOCACI0GAMEALHOCT
[o[1],...,0[n]], ¥ Homepy sepwuns, cmoswels 6 neti sce npasee.

XapaKTepucTuIecKuii U NOPsAKOBLI rpadbl CBA3aHBI MO CJIELYIOIEMY
npasuiy: ecian (a,b) ¢ Gy, 1o B Gy(a,b) nuaér or MeHbIero 3HadeHUs K
6oJibIIeMy, a UHade HaoDOPOT.

U1, cnesoBaresbHo, NHBEpCHUsl HAIIPAB/IEHNsT OHOIO pedpa (a,b) B G4 upu-
BOJUT K CMeHe Hampasienus y (a,b) B Go.

U ipu 5TOM BCerjia Mo iy 4aeTcsi HAlPAaBJIEHHbIH IIUKJI, KOTJIa 9TO IPOMCXO-
mut ¢ pebpom (o[i,o[j]) (st onpenenéurocTn cauraeM, 9ro i < j; a HHAUE
B PACCMOTPEHUU [IEPECTABUM B 3TOM PeOpe BEPUIMHBI MECTaMu), TJ1e j —i > 1,



[OTOMY YTO B IOPsIIKOBOM I'pade 3ajiaHa Kak Ienouka ofi] — olk] — o[j]
JyIsi HeKoToporo k: i < k < j, Tak u pebpo o[i] — o[j](n umenHo mosTOMY
3aMeHa 9Toro pebpa Ha o[j| — o[i] cozgaér 3-nuki). Yo HEcOBMECTHMO C
TPAH3UTUBHOCTHIO.

Caencreue 12.1. Hnsepcus nasuvus 001020 pebpa, He ABAANOULE20CA Peo-
pom euda (oli], o[i+1]), deaaem epad us xapaxmepucmuuecrkozo G, marxum,
Komopuili 6oobwe He ecmb xapaxmepucmuseckul 2pad Kaxol-nubydo nepe-
cmanosku o € Sy,.

JIemma 12.2. (o6pammoe ymseporcdenue) f(o1) ~ f(o2) = o1 ~ 09.

Jloxasamenvcmeo.

1. f(o1) ~ f(o2) = Go,, Go, oTmHIAIOTCS HA OHO Pebpo (pebpo o = mo3u-
st Gy ).

2. ITo BeIIEIOKA3AHHOMY, TaK KaK 9TO Xapakrepucrudeckue rpadsl, 10 G,
MOKeT ObITh oJydeHo u3 Gy, Juib nHBepcueil pebpa suja (o[i], ofi + 1]).
3. A 310 0O3HAUAET, UTO 09 TOJyUYeHA U3 O] IEPECTAHOBKON i M i + 1-BIX
HO3UIUNA. = 01 ~ 09.

O

Takum obpazom, B FE.m-1y ecrb mnoamHOXKecTBO T, Takoe €UTO

(En(n—1)> = Sn
2 |T

2
Jlemma 12.3. Ilycmo K — ne3asucumoe MHoHCECMBO 6 (En(n—l)) )
2

2

2
Tozda K N'T nezagucumo 6 ((En<n1>) > .
—3 /i

oxazameavcmeo.
1. Ilycte a,b € K NT. Ilpenmono:xuM, 94To MEXKIY ¢ 1 b ecTh myTh, pedpa

2
2. Torma sTu pédbpa Jyexar u B Enm-1), Tak Kak 310 mojrpad.
2

KOTOPOTO JIexKaT B <En(n,1)> .
|T

3. Ho nanuune nytu piune ve 6osee 2 B Enm—1) Mexay a,b € K nporuso-
2

2
peunT HezaBucumocTn K B (En(n—l)) .
2

AHaJIOrMYHO U 1JIg KOJIOB C OOJIBIIUM YHUCJIOM OIIMOOK.



D10 JaéT HaM HEKWI MeTOJ, IOCTPOEHHMS KOIOB B Sj: CTPOHMM CHadaJIa
KOl B Enm—1) (& TAKMX KOJIOB U3BECTHO MHOI'O — UMH 3aHUMAETCsl OObIUHASsI
2

Teopusi KOJMPOBAHMsI), & MOTOM OTPAHMYMUBAEM OCTPOCHHBIH KO HA MOJI-
MHOXKecTBO 1.

n(n—1) S
Onnaxo, |S,| = nl, a )En(n_n [Sn]
2

=22 .I/IHOSTOMy‘

— 0, 9aTo

En(nfl)
. 2
opu OOJIBIIIIX N CO3Ia€T 3aTPyAHEHUA TOTI'O BUJa, YTO «3JIEMEHTDBI KOJa 6y,£[yT
IIonajJgaTb B Tc HncYde3alolie MaJion BEPOATHOCTBIO».

13. AaredbpamdyecKne KOJIbI

IIpu uccnenoBanum OBLI HEpeTHAMEPEHHO IOJYYeH MOOOYHBIN Pe3yJIbTarT
arebpamveckoro XapakTepa, UMEIONIUA OTHOIIEHNE K CTPOEHHUIO IIOArPYIIII
HCS,.

Omnpenenenne 13.1. Kod K C S, na306ém anzebpaudeckum, ecau ox A6-
Afemcs nodzpynnoti Sy, OMHOCUMEADHO ONEPAUUU NEPEMHONCEHUL TEPECTNG-
HOBOK.

Jlemma 13.1. [lodepynna H C S, aeasemca anzebpauveckum xodom, uc-
NPABAAIOWUM 00HY 0wWubKYy, mozda u Mosvko moezda, kozda oHG HE codep-
ACUM. NPOCMBLT NEPECTNAN0BOK (CM.4.1.3).

Hoxazamesvcmeso.

1. Ilyctb a@ — mpocTas repecraHoBKa, Takas 4To o € H.

2. Torna e, € H (H — noarpymma), a = eq.

3. A 3HAUUT, @ KAK MOCJIEJOBATEIBHOCTD TOJIydeHa u3 e = [1,..., n] upume-
HEHUEM IIPOCTOIl IIepeCTaHOBKH (.

4. To ecTb, MEXK /Ty 9JIEMEHTAMH € U (¢ €CTh IIYTh (B TEPMUHAX MOJEJIH OIMINOKH
1) mymabl He Gostee vem 2. OTKyjla HEMEJJIEHHO cienyeT, uro H - He KO/,

5. Obpartno, nycts H - #e koa. Torma ects Takue g1, ga € H, MexKIy KOTO-
PBIMHU €CThb IyTh JJINHBI He bojiee 2.

6. UTo paBHOCHIBHO TOMY, UTO ¢go = ¢1(v, TJE (v - HEKasi MPOCTasi IePeCTa-
HOBKa.

7. Ho sro osznauaer, aro o = g; lgy € H (8 cumy cBOMCTB HOAPYIIILI).
O

B onenkax u3 [1] 6bII0 yeTAHOBIIEHO, YTO BCAKHI KOJ B Sy, UCIIPABJISIIO-
muit ofHy ommbKy, cojepKut He 6osee (n — 1)! ssiemeHTOB.



Caencreue 13.1. IIycmv H C S,, —- nodepynna, |H| > (n — 1)/
Tozda H codeporcum npocmyio nepecmamnosry, m.e. Uil MPaHcno3uLuI0
deyx cocednuz, uru npoussedeHuem I8YT Makru 0OHOULG2OEBIL NEPECTNAHOBOK.

JlaHHBI pe3y/abTaT MOXKeT OBITh OOOOINEH W Ha OOJIbIee KOJIUIECTBO
OIITNOOK.

Teopema 13.1. Ecau H C S,, — nodepynna u |H| > Gepr, 20€ Gerr — 02pa-
HUMEHUE C6epTY Ma %00, ucnpasasmowut err owubox, mo H cpedu ceoux
2NEMEHOG codepaicum npousdsederue He b6oace wem 2err 00HOwWazZo8bT ne-
DECTMAHOGOK.

,ZLOK&S&TG.HBCTBO AHaAJIOTUYIHO: JOCTATOYHO 3aMCHUTDH IMOHATHE <«IIPOCTad
IIepeCcTaHOBKa» Ha IIOHATHE «IIPOU3BEICHNEC HE boJtee 2err OJHOIIIarOBBIX».
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The structure of a graph induced on the set of permutations 5, by
an error model of a covert channel based on packet permutations
Kazakov 1.B.

The paper 1.B. Kazakov, “Encoding in a covert channel of packet
permutations” introduced a number of error models for codes over sets
of permutations. Such error models induce graph structure on sets of
permutations. Our research is focused on properties of these graphs.
We show that the graphs consist of layers of independent sets; the
layer that contains the given permutation is determined by the number
of edges in the characteristic graph of the permutation. We estimate
vertex degrees in the layers of the graph (S,)? and use this estimate
to bound the cardinality of an error-correcting kayer-based code. After
that we develop a number of aids that allow to obtain upper bounds
of code cardinality. We introduce the notions of symmetric layers and
graph partitions and decompose S,, for some values of n into prisms
and into graph products, i.e. generalised prisms. We also embed the

graph S,, into E.x-1 . Finally establish a connection between sizes
2




of subgroups H C S, and presence of n-step permutations in these
subgroups.

Keywords: permutations, graph structure, error-correcting code



