O HMKHell olleHKe MaKCUMaJIbHOI'O
IOoTeHIInaJIa IIJIOCKUX CXEM C HECKOJbKNMMU
BBIXOJaMU 4depe3 IJIoOMIAdb

Kamaues I'. B.

B crarpe uccmemyercst ¢Bsi3b MEXKITy TIOMAIBI0 M MAKCHMAJIBHBIM
ITOTEHITNAJIOM TIJIOCKUX CXEM, Peau3yomux OyeBbl oneparopbl. Mak-
CHMAJIbHBIN MTOTEHIAJ] — MEPA CJIO2KHOCTHU IJIOCKUX CXEM, OTPAXKAIO-
mas SHepronorpebeHne CXeMbl B XYyJIIEM CJIydae, ero TakKe 4YacTo
Ha3bIBAETCsI aKTUBHOCTHIO. OH paBeH MAKCHUMAJIbHOMY YHCJIY BBIXOJIOB
3JIEMEHTOB CXEMBbI, PABHBIX 1, IJie MAKCUMyM OEpPETCS 110 BCEM BXOJIHBIM
nabopam cxembl. B pabore mokazano, 4To Jyisi HPOU3BOJILHOTO Oyiena
omeparopa morennuan U He menbire, e /S /4v/2, e S — mromam
MHUHHUMAJIBHON CXEMBbI, peaJin3yIonleil JJaHHbIA ollepaTop.

KurouyeBble cioBa: KJIeTOYHBIE CXEMbI, AKTUBHOCTH, ITIOTEHITNAI,
CBSI3b Mep CJIOXKHOCTH, HUKHIE OIEHKH, OyJIEBBI OIIEPATOPHI.

1. BBenenne

[Tnockasi(kaerounast) cxemMa — 3T0 cxeMa u3 (hYyHKIMOHAJIBHBIX JIEMEHTOB,
VJIO’KEHHAS Ha ILJIOCKOCTH TAaK, 9TOOBI KayKIOMY BXOJY M BBIXOLY COOTBET-
CTBOBaJIa HEKOTOpasi CTOPOHA KJIETKU, B KOTOPOH HaxojuTcsi djaeMeHT. Ta-
KUM 00pa3oM, B TAKOH CXeMe MOTI'YyT HCIOJIb30BATHCs JIIOObIe (PYHKITHOHA b
HBIEC 3JIEMEHTEI, Y KOTOPBLIX B CyMMe He 0oJjiee 4eThIPEX KOHTAKTOB. Ilonsarue
kserounbix cxeM Beés Kpasios C.C. B pabore [1] u mokazas, 4To mopsijioK
IJTOIIAJIM [IJIOCKUX CXEM, PEAJU3YIONIUX OysIeBbl (DYHKIUU OT N IEPEMEHHDIX,
paBen 2".

B pabore paccmarpruBaeTca MaKCIMaJIbHAS MOIMHOCTD, BBLICIAEMAA CXE-
moii. B pabore [2| OGbuia BBejieHa Mepa MOIIHOCTH IIOCKAX CXEM — aKTHB-
HOCTB, W OBLIO MOKA3aHO, 9TO JACIN(PPATOpP HEIb3A PEAJU30BATh IIJIOCKOI
CXEMOH, OJIHOBPEMEHHO ONTUMAJILHOMN 110 IO U aKTUBHOCTH. B pabore
[3] GbLta nOKa3aHA HUMKHSISI OLEHKA MAKCHMAJIBHOIO MOTEHIHasa Oy/IeBbIX
dyHKIM Yepes ux mWIomAIb.
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B nmamnHO#l pabore Mbl 0D60OOIIUM 3TOT Pe3yJbTaT HA CAydail YACTUIHBIX
OyJIeBBIX OIIEPATOPOB.

2. Onpepnenennda n popMyJINPOBKa pe3yJibTaTa.

dopmaJsibHOE OpeJIe/IeHIe TIJI0CKONH CXeMbI JJOCTATOYHO IPOMO3JIKOE, MOITO-
My 1puBeaéM HedopMaibHOE onpesenenne’. [laockotll cremoti Ha3bIBACTCH
Takas yKJaJIKa CXeMbl u3 (PYHKIMOHAJILHBIX 3JIEMEHTOB HA IIJIOCKOCTH, 9TO
KaXK/JIblil (PYHKIIMOHAJIBHBIN JIEMEHT [TOMEIAETCS B STIeHKY IeJIOUUCTICHHON
PENIETKU Ha IJIOCKOCTU, YTOOBI €0 BXOJIbI U BBIXO/IHI OKA3aJUCh Ha CTOPOHAX
STYEHKU; [IPU 9TOM COEJIMHSIIONINE ITPOBOJA TAKXKE YKJIAIBIBAIOTCH B CBODOI-
HbIE STYEUKU U MOJIEJIUPYIOTCH MENOYKON KJIETOYHBIX 3JIEMEHTOB, Peau3yio-
IIUX TOXKJECTBEHHbIE (DYHKITUH.

Yr06b1 chopMyMpoBaTh PE3Y/ILTATHI, BBEIEM HECKOJIHKO OIPEIE/ICHHIA.
Paccemorpum mimockyto cxemy K ¢ n BXogaMu u n BeIxojaMmu. Bxompt cxembr K
a TaKZKe BbIXO/IbI BCEX €€ 9JIEMEHTOB HAa30BEM Y34AMU CXEMbIL K MHO)KGCTBO
cxeM, peasusyomux omeparop f obosznaunm Impl(f).

Irowadvro cxembr K GyieM Ha3bIBATDH KOJIMIECTBO €€ 9JIEMEHTOB, Oy1eM 000-
sHavaTh 91y Besmunny S(K).

ITrowadvro 6yaesa onepamopa f : D' — {0,1}™ nazosém Besmmuuny S(f) :=

min S(K), To ecTb IO/ (b MUHUMAJIBHO CXeMbl, Peasu3yrolneii ome-
KelImpl(f)

patop f.

Tomenvyuanrom cxembl K 1a nabope T HA30BEM KOJIUIECTBO y3JI0B cXeMbl K,
OPUHUMAIOIINX 3HaYeHne 1, KOrja Ha BXOJ CXeMbI TOJaH Habop x, Gymem
0603HAYATH 9Ty BEJUYUHY Uk (T).

Maxcumanroroim nomenyuanrom cxembl K na muoxkecrse D C {0, 1} Hazo-

Bem Bemauny Up(K) = max ug(x).
TE

Maxcumanvroim nomenyuaniom ysesa onepamopa f : D' — {0,1}™ ua

vuoxkectse D masoséM semmauny Up(f) = min  Up(K). C cayuae D =
Kelmpl(f)

{0,1}" muxknunit unjgexc D y Mepbl U OyJIeM OITyCKATh.

Teopema 1. /las arboz0 onepamopa f: D — {0,1}™ swnoarerno

5 S(f)
U(f) = VR

3®opmanbHOe OmpeeTeHre MIOCKOH CXeMEI MOKHO IMOCMOTPETE, HAIIPEMED, B [3].
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3ameuanue. 3aMeTuM, UYTO B TEOPEME PACCMATPUBAETCS MAKCUMAJbHBIN
HOTeHIMAJ Ha MHOXKecTBe Beex Habopos {0,1}", a He Ha obJsiacTu omnpejese-
Husi oneparopa f. OmHaKko, B ciIydae, KOTJIa €CTh BBIXOJ, omeparopa f, cy-
[IIECTBEHHO 3aBUCSIIUI OT BCEX IEPEMEHHBIX, TO paboTaeT JI0KA3aTebCTBO,
[OJTHOCTBHIO AHAJIOTHYHOE JT0KA3aTeIbCTBY U3 (3], TOIBKO ydacTByoOIIue B J10-
Ka3aTeJIbCTBe HAOOPBI OYIyT TpUHAJJIEKATh MHO2KecTBY D. B aTom ciyuae
BepHa OIeHKa!

On(f) = fg)

3. llokazaTeabCTBO

Pacemorpum nipoussosbabiit oneparop f : D — {0, 1}, y KOTOpOro Kazkaplii
BBIXOJ[ OTJIMYEH OT KOHCTAHTHI U cxeMmy K, KOTOPBIl peajusyeT orneparop f
C HAMMEHBINNM MaKCHMAJBHBIM HOTEHIIHATIOM (M3 BCEX CXEM C OJMHAKOBBIM
HOTEHIMAJIOM BBIOEPEM CXEMY C HAMMEHbBIINM KOJUYECTBOM Y3JIO0B).

[Tpu Takom criocobe Beibopa cxembl K Bce €€ BXOJIBI COOTBETCTBYIOT CYIIle-
CTBEHHBIM MMEPEMEHHDBIM omepaTopa f Ha MHOXKecTBe D, mHate MOYKHO OBLIO
OBl yIAJUTH HECYIIECTBEHHBIN BXOJ, YMEHBIITUB KOJMIECTBO Y3JI0B CXEMbI U
HE yBEJIMYIUB €€ MaKCUMaJIbHbBIN IIoTeHInaJI. TaK)Ke IIPOCTBIM, HO BaKHbBIM
CBOHCTBOM cxeMbl K SIBJISIETCS TO, YTO KAaXK/JIbII €€ y3eJI 3aBUCUT CYIIECTBEH-
HO OT HEKOTOPOI'0 BXO/la CXEMbl, NHa4Y€¢ OH PpaBE€H KOHCTaHTe, U er0 MO2KHO
Y/IaJIUTh, YMEHBIIUB YUCI0 Yy3J0B cxeMbl. [lockoyibky 6a3uc Mbl HUKAK He
orpaHn4inBaeM, TO KOHCTaHTHBII y3eJ MOXKHO yJdaJInTb, 3aME€HHNB COOTBET-
CTBYIOIIUM 00PA30M KJIETOUHBIH 9JIEMEHT, JIJisi KOTOPOI'O 3TOT Y3€JI ABJISAeTCsH
BxozioM. [lo amasiorun, KaXxblii y3eJ1, aBJIIONUIICS BXOI0M HEKOTOPOIO Jjie-
MEHTa, SIBJISETCS CyIIECTBEHHON IIePEMEHHON HEKOTOPOT'O €ro BhIXO/a, nHavde
€ro TakzKe MOXKHO ObLIO OBl yJIaJUTh, YMEHBIITUB YHUCJIO Y3JI0B.

Bes orpanuvenus obmuocTH OyjIeM cauTaTh, 9TO BCe oneparop f cyie-
CTBEHHO 3aBUCUT OT Bcex n nepeMennbx. I1o cxeme K nocrpoum rpad Gg ¢
7 BepPIIUHAMU CJIEJIYIOITUM 00Pa30M.

e Bepmunamu rpacda G ABASIOTCS BXOJbI cxeMbl K.

e Bxonwr z; n x; coeuneHbl PeOPOM, €C/IN CyIIECTBYeT y3es (v CXeMbl
K raxoit, uro QyHKIUA @q,;, peanusyemas B ysie (v; CyIECTBEHHO
3aBUCUT OT X; U Tj.

Cayuaii cBssuoro rpada Gg. Eciu rpad G CBsI3eH, IOCTPOUM €ro Ji0
rpada G
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e Haiiném B cxeme K jgBa Hambosiee ynajaéHHBIX IpYD OT JApyTra y3jaa [1

n ﬁg.
e Jlobasum k rpady G 1Be JOMOJTHUTEIbHBIE BEPIIUHBL 31 U 3.

e Coenunnm Bepumny (; (i € {1,2}) pebpoM co BceMu BXOZAMH Zj, OT
KOTOPBIX (g, CYIIECTBEHHO 3aBUCHT.

Haiiném B rpade G xpardaiinmit nyTh 7 = [B1, Tiy, ..., Tiy, o], coeau-
HSIFOIIUI BepImuHbl 51 U (9. Bes orpanHmverHust OOIHOCTH MOXKHO CUUTATH,
qro 11 < 12 < ... < ig. s KpaTkocTu u enuHOOOpa3us nepeobO3ZHATUM y3-
TBL Qs 325 (= 1,...,k — 1), a Takxe nonoxxum yo = fB1, v, = f2. dna
KazKJIOTO U3 y3JI0B 7, BBEJEM HAOOP HOMEPOB NEPEMEHHBIX V) = (UJ1 . v;.nj),
OT KOTOPBIX (-, 3ABUCAT CyNIECTBEHHO, IPHIEM HAOOP Vj yropsajgo1en Takum
06pa3oM, ITO vjl- =djupuj>1lu v;.nj =441 upn j < k — 1. Bamernm, aro
Vi m Vji{s KaKk MHOXKeCTBa He IIepeceKaroTcs IPU § > 2, IMOCKOJbKY HHa4de
nepemennas ry € V; NV, Obuia 661 B rpade G, coeuHeHa ¢ BePUIMHAMU T
U Xjtst+1, 9TO MIPOTUBOPEIUT TOMY, ITO IIyTh M — KPATIANIINIA.

Ecim V = {j1, ..., js} — nabop ungekcos (1 < j; < n), z = (x1, ..., Ty ), TO-
ryia gepes V] obosmaumm Habop (2, ..., x4, ). [lonoxum ¢;(x[Vi]) = ¢, ()
— bynxuus, HOTyvYeHHAS U3 ¢, YaJeHueM HeCyIeCTBEeHHBIX IlepeMeH-
HBIX U [IEPECTAHOBKON CYIIECTBEHHBIX IepPeMeHHBIX. 3aduKcupyeM HaOOPBI
y; € {0, 1}V3l=1 s Beex j = 0,..,k— 1 u y; € {0, 1MV3l=1 s Beex
j=1,..,k Takue, uro ¢;(0,v;) # ¢;(1,v}) u ¢;(y;,0) # ¢;(y", 1).

Yepes e; 0603HATNM JTBOMYHBIN BEKTOP JTMHBI 7, B KOTOPOM i-if KOO/ TH-
HaTa pasHa 1, a ocranbnbie pasubl 0. Ilockonbky V; NV s = & upu s > 2,
cymecrByior mabopsr ut, ut” € {0,1}" (s,t € {0,1}) raxue, uro

S S

ud' Vi) = (¥,0),  uh"[V;] = (0,4), te t =j mod 2,

t/ t/ 1 £
u; =ug b @ €iji1y U =Ug D @ € -
j=t(mod 2) j=t(mod 2)

st KasKJ10ro JIoNyCcTUMOro 3HadeHus uHjekca j npu t = j mod 2 BbI-
IIOJTHEHO
¢7j (’LLB/) = ¢j (y§7 0) 7& d)j (y;a 1) = ¢’Yj (ué/ @ eij+1)7
Oy, (") = 05(0,5)) # (1) = b (u” @ e).
[ToCKOMIBbKY CJIOXKEHHE 110 MOJYJIIO 2 ¢ BEKTOPOM €; U3MEHSIeT JIUIIh i-10 KO-
OP/IMHATY BEKTOPA, TO CYMECTBYIOT NeTH C; M €}, COeMHSIONIE Y3l 7; CO
BXOJIAMU T'j,,, U T;j; COOTBETCTBEHHO TaKHe, 4TO b (ub) # o (uh @ €ij 1)
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" "
JUTs BCeX Y3708 7 € ¢ ¢dn(ug ) # gbw( uy @ ej;) s Beex y3iios y € ¢f.
Kpowme Toro, mys sroboro yaia «y nemu cJ beHKLLI/IH ¢~ 3aBUCHUT CyIIECTBEHHO
OT TIEPEeMEHHOM T;,,, W He 3aBUCHT OT MepeMeHHof x;, npu [s — (j + 1)[ > 2,
unave B rpade Gk Bepmmna x;; , 6bl1a ObI COEJIMHENA C Tg, U Iy Th T He ObLI
” t — t t/
6b1 KpaTHaitmum. A 3710 osHadaeT, UTO Gy (uj ) = ¢y (ug +€i;,) #F Py (ug ),
I 1
M 49TO LENH ¢ U ¢4 He HepeceKaIOTCﬂ Ananornuno ¢, (uh") # ¢ (ul”) s

J

JII000T0 y3Jj1a 7y Ieln c U TIeTnu cj u ¢ we nepecekarorcs npu |s — j| > 2.

Tenepb MBbI MO}KGI\A OIIEHUTH CYMMY ITOTEHINAJIOB CXEMbI K na Ha60an
¢/ tl 1 t!
Uy, Uy, Uy U Uy

ug(up) +ug(ul) > DY (‘757(“6/) +¢V(“t1/)) = > 4l

j=t(mod 2)yec] j=t(mod 2)

urc(uf)) + g (u) + uge (ud) + ug (uf’) >
k—1
> D g+ X Idl=)_Igl
j=0(mod 2) j=1(mod 2) Jj=0

Ilo amamorun nmeem

o

ure(ug )+ ure(uf) +ur(up) + g (ui”) Z

Orcroza ¢ UCIo0JIb30BaHNEM HEPABEHCTBA TPEYTOJbHUKA, [TOJTY THM

k—
oD (urul) +ur(ul”)) > || + Z|cj|+|c" +1dl] >

s€{0,1} te{0,1}
k—1
Z PK(’)’Oale + Z PK mzjaxl]+1) + 2) + PK(%ka'Yk) + 1 >
7j=1
> pr (70, 7k) + 2k = pr (B, B2) + 2k.

Herpymuao ybenurbest, 970 MaKCUMa/IbHAS TLIOMATH [IE€TOUUCTIEHHOIO MHOYKE-
CcTBa ¢ MaMeTpoM d B MaHXeTTEHOBCKOIl MeTpuKe He pesocxomut (d+1)2/2.
[Mockospky 51 n Py — mapa Hanbosiee yIAJEHHBIX IPYT OT JIpyra y3JI0B CXe-
MBI, TO PACCTOSIHIE MeZK/y HUME He MEHBINe JUaMeTpa CXeMbI, 3HATNT

x(B1, B2) + 2k > /25(K) — 1 + 2k > \/25(K).
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Orcrona moydaeM TpebyeMytO OIEHKY

U(f)=U(K) > t/ ut”y) >
(f) ( )_sgg§}tgg§}maX(UK(us)UK( ) >

> (XY (k) t”)))z
se{0,1} te{0,1}
o PK(B1,B2) + 2k \/ _ VS

8 8 4{

Cuayyait HecBsazHoro rpada Gg. llycrs rpad Gi umeer ¢ KOMIIOHEHT
cBsiBHOCTH, U V; — MHOXKecTBO BepiiuH G B i-ii KOMIIOHEHTE CBSI3HOCTH.
Kaxxmomy V; coorBeTCcTBYeT MHOXKECTBO y3J10B [V; cXeMbl K, 3aBUCAIIIX OT
nepeMenHbIx u3 V;. Muoxkecrsa N; u INj He nepeceKkaloTcs IpH ¢ # j, 1O-
CKOJIbKY HMHade ObLT ObI y3€s1, CyIIeCTBEHHO 3aBUCSIINI OJHOBPEMEHHO OT
nepemenHbix u3 V; u Vj, spaunr B G Muoxecrsa V; u V; 6buiu Obl B 0/1HOIM
KOMITOHeHTe CBst3HOCTU. MHOoXKecTBO y3710B N; 3amaéT mogcxemy K; cxembr K
¢ MHOXKecTBOM BX0noB V;. Kaxkibrit asiemenT cxembl K BXOIUT B HEKOTOPYIO
nozcxemy K, nnade ero Berxos ObLT ObI paBeH KOHCTAHTE, U €10 MOXKHO OBLIO
6br ygaauts. 3nadant S(Kip) + ... + S(K,) > S(K). Ilockonbky MHOMXKeCTBa
BXOJIHBIX MTEPEMEHHBIX mojcxeM K; He IepecekaloTcs, TO MaKCUMAJIbHBIH [10-
TeHIMaa cxeMbl K CKJIaJIbIBAETCH U3 MAKCUMAJbHBIX MOTEHIUAJIOB MOJICXEM
Ki, ..., Ky, a umenso

14

U(K) = xer?(%i{}n ug(x) = max{; Uk, () ‘ x1, ...,z € {0, 1}‘Vi|} =

14

L
:Z max uKl(:UZ):Zﬁ(K

i=1 zief0.1} 1l =1

Hnst kaxcoit nonexembl K; rpad Gk, COOTBETCTBYET KOMIIOHEHTE CBA3HO-
cru G K C MHOYKECTBOM BepIIHH V;, U 10 JIOKAa3aHHOMY CJIydalo U (K;) >

V/S(K;)/4v/2. Bunaunt

)4
K) =Y U(K;) >

i=1

TeopeMa JOKa3aHa.
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On the lower bound for the maximum potential of plain circuits
with several outputs through the area
Kalachev G. V.

In this paper we consider the relationship between the area and the
maximum potential of plain circuits realizing Boolean operators. The
maximal potential is a complexity measure of plain circuits, reflecting
the power consumption of the circuit in the worst case, it is also often
called activity. It is equal to the maximum number of outputs of circuit
elements equal to 1, where the maximum is taken over all input sets
of the circuit.It was porved that for arbitrary Boolean operator f, its
maximal potential U is greater or equal than v/S /4v/2 where S is the
area of the minimal plain circuit realizing f.

Keywords: plain circuits, activity, potential, retations between
complexity measures, lower bounds, Boolean operators.
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