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YHactp 1.
O611ue mpobJieMbl TeOpUun
MHTEJLJIEKTYaJIbHBbIX CHICTEM



dopmajbHadg noctaHoBKa Te3suca M

Kypunenko H.B.

PaccmarpuBaerca Tesuc M u ocBemaroTcst OCHOBHBIE TTPOOJIEMBI C
dbopMaIbHBIM JIOKA3ATEIHCTBOM KOPPEKTHOCTH MJIA JIO?KHOCTHU JTAHHO-
ro tesuca. lIpennokena maremMaTnyecKas IOCTAHOBKA BOIIPOCA U PaC-
CMOTPEHBI IIPOCTeiiIe cBoiicTBa BBeIEHHON Mojesn. Onucan npumMep
OJIHOMEPHOU HEIPEPBIBHON OJHOPOHOI CTPUKTYPHI, B KOTOPOIl MOXKET
OBITH PeaM30BaAHA MAIHA C OPAKYJIOM.

Kurouessbie cioBa: tesuc Triopunra-Hépua, Tesuc M, kirerounbie
aBTOMATBI, HEIIPEPBIBHBIE OHOPO/IHBIE CTPYKTYPHI.

1. BBeaenne

KaxoBbl mipesiesibl BOBMOXKHOCTEH BBITUCIUTENBHBIX MAINH, U KaKue 33J1a-
YU MbI MOYKEM DEIIUTh ¢ UX 1moMomnibio? [lonckun OTBETOB Ha 9THU BOIPOCHI
JIECATUIIETUSIMI BJIUSIA Ha HATPaBJICHUE HAYIHO-TEXHUIECKOTO MPOTPECCa,
HaYMHAs ¢ U300PETEHUs MTPOCTEHINNX MEXaHUIECKUX MAIIMH U 3aKaHIHBast
MTPOU3BOJICTBOM MHTEIPATBHBIX CXEM M YCTPOWCTBOM COBPEMEHHBIX KBAHTO-
BBIX KOMIBIOTEPOB. 3a MOYTH CTOJIETHIOK HCTOPUIO CYIIECTBOBAHUSI 3TOrO
BOMIPOCa OBLIO MOJYYEHO MHOTO PE3yJIbTATOB, HAMPABICHHBIX Ha MOHUMA-
HUEe 9TUX TpenenoB. K mpumepy, Jisi pocTa MPOU3BOJUTENIHHOCTH BBHIYUC-
JINTEJIBHBIX CHCTEM OBbLIN TIOJIy9YeHbl TaKue OrpaHrYeHus Kak 3akoH Mypa
[1], acummrornyeckasi CJI0KHOCTH cxXeM (DYyHKIIMOHAJBHBIX 9JIEMEHTOB [2| u
CBOMCTBA KJIACCOB BBIYUCIUTEJBLHON ciiokuoctu [3|. B mamuoil crarbe Mbr
PACCMOTPHM TIEPBOE U caMoe (DYHIaMeHTaIbHOe OTpAHNIeHNe, YCTAHABINBA-
foITiee TPAHUIIBI JIJIS BBIYUCIUTEBHBIX YCTPOUCTB, — BBeAEHHBIN B 1936 romy
resuc Triopunra-Hépual4|, [5]. B cumpro yopoménnoit dopme Tesnc riacut:

What is effectively calculable is computable (anrur.).

TO yTBEPKJIEHUE ITOCBSIIEHO TOMY, Ha KAKIE YMCTBEHHBIE JTOCTUXKEHUST CIIO-
9 )

cobeH [esIOBEeK, BOODYKEHHBIN TOJIBKO PydUKoil u Oymaroii («with pen and
paper») U BHUMATEJIbHO CJIEIYIOMUil 3apaHee OrOBOPEHHBIM MHCTPYKITUSIM.



OueBniHO, Te3uC He CTABUT (DYHIAMEHTAIBHBIC OTPDAHUYCHUS HA BO3MOXKHO-
CTH Y€JI0BEKA, MMOCKOJIbKY PydKa U OyMara — JIUIIb IIPOCTEHINe MeXaHIe-
CKHEe WHCTPYMEHTBI, He MPETEH/IyIONNe Ha HMCIOJb30BAHUE OJHOTO IIOTEH-
[HaJia U3BECTHBIX (hU3nUIecknx 3akoHOB. Jlabbl 0000IUTEL TEe3UC HA POU3-
BOJIbHBbIE MHCTPYMEHTDI, KOTOPBIE CIIOCODEH CKOHCTPYHPOBATH 4YeJIOBEK, Po-
6un Tanau|6] B 1980 roxy Beén nousitue «Tesuca M». O606mmenne dhopmy-
JINPYETCs CIeAYIOmUM 00pa3oMm:

What can be calculated by a machine is computable (amrur.).

Ono mocBseHo (QyHIAMEHTAIBHBIM BO3MOXKHOCTSIM U€JI0BEKA, KOTOPBIE
Or'paHUYI€HbI TOJIBKO CbI/I3I/ILIeCKI/IMI/I 3aKOHAMU Halllell BCEeJIEHHOI.

CrouTr cpasy OrOBOPUTHLCS, YTO BEPOATHEE BCETO JIAHHOE YTBEPKJICHUE
HeJIb3sI HU J0KA3aTh, HU ONMPOBEPIHYTh. KCIn yTBEpKIeHne KOPPEKTHO, 3TO
OyJ/leT 03HAYATH, YTO YEJIOBEKY He IOJI CUJTy CKOHCTPYHPOBATH TMPUOOD, CITO-
CO6HI)H71 BBITIOJIHATDH BBIYMUCJICHNA, HEBOCIIPOU3BOAUMEBIE C ITOMOIIIBIO MEXaHMN-
qecknx ycrpoitcTs. [TosHoe M0Ka3aTeIbeTBO KOPPEKTHOCTH TTOIPA3YMEBAET
TOYHOE MOHUMAHUSI IIPUHIUIIOB PAOOTHI (DU3MIECKUX 3aKOHOB BCEJIEHHOI (TO
€CTb JIOCTHZKEHNSI, TaK HA3BIBAEMON OKOHUIATEIbHON Teopunu|7]), IT0O B CBOIO
ovepesib ABJIAETCS HEJIOCTHKUMON 3amateil: maxe ecan pu3MIeckas MOIEThb
PeabHOCTH, KOPPEKTHO OOBSICHSIONIAsT BCE KOTIA-THO0 MPOBEIEHHBIE KCIIEe-
PUMEHTBI, Oy/IeT HaiiieHa, OHa BCE PABHO He OYJET CIUTATLCS OKOHUATEb-
HOI — MBI BCE PABHO HE CMOXKEM OBITH YBEPEHBI, UTO MPOBEJN BCE BO3MOYKHBIE
9KCIIEPUMEHTBI, U UTO IMOHSIJIU IIPUPOJLY PEATbHOCTH KaK ¢ OECKOHETHO MaJjIoi
IIOTPEITHOCTHIO, TaK W B OeckoHeYHO OosbIom macinTabe. Ecan ke manmaoe
YTBEPKICHUE JIOXKHO, 3HAYUT TAKOH IPpUBOP MOZKeT ObITh IIOCTPOEH (XOTst ObI
TEOPETUIECKH ), OJJHAKO JIOCTOBEPHO YOEIUThCS B MPABUJILHOCTH €r0 PADOTHI
MBI He cMoxKeM. [IpranHoit 9Toro sBjseTcst TOT (hakT, YTo MOJI06HOe YCTPOii-
CTBO XOTsI ObI B KAKOH-TO €ro 4acTu OyJeT HeJAUCKPETHO (MHaue ero pabora
MOZKeT OBITh CUMYJIMPOBaHa Ha KOMIIBIOTEDE), & [MOCKOJIBKY CO3HAHUE JIIOJIeil
JIICKPETHO (HoxpobHee 5TO yTBepXK/IeHue OyjieT paccMOTpeHO B §3), Mbl HE
CMOXKeM Bepr(pUIIMPOBATH HCIPABHYIO paboTy mpubopa, JarKe IMPU MOMOIIN
CIeNUaIbHbIX ycTpoiicTB. 3-3a 3TOro B Hay4HOI JIUTEPATYyPE BBIUUC/IEHUS
3a TPEIeIAMHI KJIaCCa BHITUCIUMBIX M0 THIOPUHTY (DYHKINH TacTO MMEHYIOT
mudom [8].

Tem me Memee, HECMOTPST Ha HETOKA3YEMOCTD JTAHHBIX YTBEPYKICHUI, MBI
BCE eIé MOXKEM PAaCCMOTPETh BOIPOC O TOM, BO3MOXKHBI JIM B IPUHIIAIE
CBEPXTHIOPUHTOBBIE BBLIYUCICHUST TTPU TeX WM WHBIX (DU3MIECKUX 3aKOHAX
(mycTh jazke Mbl U He CMOXKEM CKOHCTPYHMPOBATH COOTBETCTBYIOIMIUI MpH-



6op). B manHOl cTaThe MBI PACCMOTPUM MATEMATHIECKYIO TIOCTAHOBKY 9TOM
3a/1a49 U pa3bepéM HECKOJIBKO IIPUMEPOB €€ peIlleHMUsl.

2. Maremarudeckas MoOeJIb

Kak 6yner nmokasano B §3, npupoja Te3uca HOCUT METa(pU3NIECKUNl XapaK-
Tep, W MO9TOMY IPU AHAJIA3€ IOJ0OHOIO yTBEPKICHUS IMPOIIE OIPEIe/UTh
O6/M3KyI0 K HeMy (GOpPMAJIbHYIO MaTeMaTudecKylo 3ajady. [Ipexkie Bcero,
HEOOXOIMMO BBIOPATh MaTEMaTHIECKYI0 MOJIE/b, HOAXOMAIILYIO JJIsl OIIHCa-
Husi (BU3MIECKOI CPEJIbI U MIPOTecca BbIYUCACHUI B Hell. e Mbl BO3bMEM
BCE KOTJA-JTN00 CepbE3HO paccMaTpuBaeMble (PU3UIECKUE MOJEIN, TO O0HA-
PYKHUM, 9TO OOJIBITUHCTBO M3 HUX 00/a1aeT OOIIUMM CBOMCTBAMU, TAKUMU
KakK:

® KOHEYHOE YMCJIO UBMEPEHUI IMPOCTPAHCTBA M OJIHO BBIJIEJIEHHOE M3Me-
peHre BpeMeH!

® HEIIPEPBIBHOCTL IIPOCTPaHCTBa U BPpEMEHU

® HENPEPHIBHOCTH MJIN JUCKPETHOCTH 3HAUEHU B KaXKJI0H M3 TOYEK IPO-
CTPAHCTBA

® O/IHOPOJHOCTDH (PUBUIECKUX 3aKOHOB

Takumu cBoiicTBaMu, K IpUMepy, 00JIa1aeT KJIacCuieckas U KBAaHTOBAs TEO-
pusi TOJIs U ODIIAst TEOPUsl OTHOCUTEIbHOCTU. MareMaTudecKkyr MOJIENb,
OIUCBHIBAIOILYIO CPEMIbI C IOAOOHBIMEA CBOMCTBAME, HA3BLIBAIOT MOIEILIO O-
HOPOJHBIX CcTPpYKTyp. Hac OyayT mHTepecoBaTh €€ YaCTHBIE CAydau, TAKue
KaK KJIETOYHbIE aBTOMATHI U HENIPEPBIBHBIE OJHOPOHBIE CTPYKTYPBI, U YCJIO-
BHUSI, DU KOTOPBIX BHYTPH JIAHHBIX CTPYKTYP MOLYT OBITH ITPOU3BEJICHBI
CBEPXTHIOPUHIOBBIE BBhIIHUC/IeHUsT. OUeBUIHO, 9TO B JUCKPETHON OIHOPOJI-
HOI CTPYKType HEBO3MOXKHBI CBEPXTHIOPUHI'OBbIE BBLIYUCJIEHHUS, IIOCKOJIBKY
Jiiobast Takasi cpejia MOJEJUPYETCs C IOMOIIbIO THIOPUHIOBOM Marmuubl. Ho
KaK TOJIbKO MBI JI00ABJIsIEM HEITPEPBIBHOCTD B KAKON-JIMO0 YacTh MOJIEH, BO-
pOC TYT Ke yCJaokKHAeTcd. UToObl NPOWLIIOCTPUPOBATH 9TO Ha IPUMeEpE,
PacCMOTPUM HEIIPEPLIBHYIO OJHOPOJHYIO CTPYKTYDPY, B KOTOPOH TaKue Bbl-
YUCJIEHUS BO3MOXKHBI.

2.1. Ilpumep rurnepBbIYNCIEHU B HEIIPEPBIBHOI cpeae

[IpuBeném Teopermueckmit amamor te3mca M st 6ojiee MPOCTON Cpemsl.
Ilitst aTOoro 6yzeM HCIOIb30BaTh MOAEIbL OJHOPOIHBIX CTPYKTYP, IIOCKOJIb-



Ky J@aHHash MOJE/Ib XOPOIIO U3yYeHa M M3HAYAJIBHO ObLIa CO3J[aHa MMEHHO
Kak 00IIasl ylpoleHHas Mojienb ¢usndeckux cpes [9]. B wacrroctn, Gynem
paccMaTpUBaTh JUCKPETHYIO CPEJY C HENPEPBIBHBIMU 3HAYEHUSIMUA B KarK-
qoit Touke. Mogesns HocuT Haspanme continuous cellular automata (amrur.)
u HarasaHo paccmorpena B kunre Crusena Bomabdpama «A new kind of
science»[10].

OiHOMEPHOIT HENTPEPBIBHOM OHOPOIHOM CTPYKTY PO ¢ OKPECTHOCTBIO Be-
JIMYUHBL 2 HA3BIBAIOT CYETHOE MHOYKECTBO {¢;, 1 € Z} 3J1eMeHTOB 00JIa/Iaoiee
CJAEAYIONUMHU CBOMCTBAMU:

1) B MoMeHT BpeMeHH t( KazKIOMY 9JIEMEHTY COOTBETCTBYET JIeHCTBUTE b
HOe 4uncio ¢;(tog) (cocrosiaue aieMenTa), 3aanHoe Ha orpeske R[0, 1]

2) B moment Bpemenu tg + n, (n € N) cocrosinue snemenra c;(to + n)
omupesneneno o upasuiy ¢;(to+n) = f(ci(to+n—1), ci—1(to+n—1)),
riae f:]0,1] x [0,1] — [0,1] — dyHukIws, dpukcupoBanHas JiIsl JAHHOM
CTPYKTYPBI

DJIeMeHTBI OJTHOPOIHBIX CTPYKTYP YacTO HA3BIBAIOT KJETKAMH, a (PYHK-
nuu f - 9BOJIIOIMOHHBIMY IIPABUJIAMU UJIU 3aKOHAMM U3MEHEHUS.

ITockombKy f nByMecTHA, €€ JIETKO MOYXKHO BU3YaJM3UPOBATH B BUJIE I'Da-
buka win TersioBoii KapTsl (puc. 2b), a «y4acToK» CTPYKTYPHI 38 IPOU3BOJIb-
HBII epuo/ [t, t + n| y106HO BU3yasm3upoBaTh B BUJE OKPAIIIEHHOTO TIOJIst
(puc. 2a). Ilpumepbl HEIIPEPBIBHBIX OJHOPOJHBIX CTPYKTYD € OKPECTHOCTHIO
3 nzobpaxkennol Ha puc. 1. [Ipumep HenpepbIBHON OJIHOPOHON CTPYKTYPHI C
OKPECTHOCTBIO 2 M300pakeH Ha PUCYHKE 2.

¥'I'

I wawt, e, A
(x+y+2)/ Ib. {(x+y+2)/3+.01} lc.sin(z+y+2/2)

Puc. 1. [Ipumepst ¢cTpYKTYp ¢ TPEXMECTHBIMU (DYHKITUSIMU U3MEHEHUSI.



2a. IloBenenne 2b. I'paduk pyHKIMHN M3MEHEHUS

Puc. 2. Crpykrypa ¢ dyuknueit usmenenus f(z,y) = %”(x’y)“z)

B 3aBucumoctn ot mabiioHa cocejcTBa (OKPECTHOCTH) U 3aKOHOB M3Me-
HEHUs OJTHOPOJIHBIE CTPYKTYPBI MOTYT ObITh UCIIOJIHL30BAHDI JIJIs ITPOBEICHUS
TeX K€ BBIYMC/ICHUIN, Ha KOTOPBIE CIIOCOOHA YHHUBEpCAIbHAs THIOPUHIOBAs
MalllHa. JTO yTBEPXKJEHUE OYEBUHO, IIOTOMY UYTO CAMY YHUBEPCAJIbHYIO
MAIIIUHY ThIOPUHTA MOXKHO PACCMATPUBAThH KaK JUHAMUYECKYIO JIUCKPETHYIO
OJIHOPOJIHYIO CTPYKTYpPy. TakxKke 04eBHIHO, YTO U HEIPEPBIBHBIE OJIHOPOJI-
HBIE CTPYKTYPBbI MOT'YT OBITH IOJIHBI [0 TBIOPUHTY: JJIs 9TOrO JOCTATOYHO
JIOOIIPEJIESIUTD TTPOU3BOJIBHBIM 00pa3oM (DYHKIMIO U3MEHEHUS JIUCKPETHOI
OJIHOPOJTHOM CTPYKTYPHI 10 (DYHKIMKM U3MEHEHUS HEITPEPBIBHOM OJTHOPOIHOMN
cTpykTyphl. [locTpouMm mpumep cTpyKTyphI, 00/1aJa011eil CBORCTBOM ITOJTHO-
TBI 110 THIOPUHTY:

PaccmoTpuM MuCKpETHYIO OJHOPOIHYIO CTPYKTYPY, DYHKINS M3MEHEHU S
KOTOPO# BBINVISIIUT CJIEAYIOMUM 00pa3oMm:

£(0,0,0) =0, £(0,0,1) =1, f£(0,1,0) =1, £(0,1,1) =1,
f(1,0,0) =0, f(1,0,1) =1, f(1,1,0) =1, f(1,1,1) =0.

Ora crpykrypa ussecrHa mog uMmenem Rule 110. B 2000 roay Marbio Kyk mo-
Ka3aJI, 9TO JIaHHasi OMHOPOIHAS CTPYKTYpPa CIIOCOOHA CUMYJINPOBATDL BHYTPU
cebst MmarmuHy Thiopunra [11]. st Hauama Mbl XOTUM, 4TOObBI JIMCKPETHASI OJI-
HOPOJIHAST CTPYKTYPa C OKPeCTHOCTBhIO 2 cumyupoBasia Rule 110. [y sToro
HAM HAJI0 11006paTh 4 JIONOJHUTEIBHBIX cocTostHust (momumo 0 u 1) — a, b,



£(0,0) = a, f(0,1) =0, f(1,0) = ¢, f(1,1) =d,
fla,a) =0, fla,b) =1, f(b,e) =1, f(b, Lo @)
fle,a) =0, fle,b) =1, f(d,c) =1, fld,d)=0
0 a b ¢ d 1
Ola 0 0 O O c
al0 0O 0 0 0 O
b|0o 1 0 1 0 O
c|0O 0O 1 0 1 0
d|{0 0 1 0 0 O
1{b 0 0 0 0 d
Tabsma 1.

Jlerko mokasarhb, 4TO 006€ CTPYKTYPHI IIOJIHBI 110 THIOPUHTY, & 3HATUT K-
BUBAJICHTHI.
Teneps paccmoTpuM byHKIINIO, N300pakEHHYI0 Ha puc. 3. lannas HyHK-

Puc. 3. Ananor Rule 110 B HenmpepbIBHOM cpeJie.

15l U3MEHEHUsT HEPEPBIBHON cpejibl mocTpoeHa Ha ocHoBe dhopmyin (1) mpu
a = 2%, b= %, c= %, d= %. IIpeamomokuM MBI 3aXOTHM HCITOJIb30BATH
9Ty CpeJly IJjisl IIPOBeJieHns Beraucyenuii. B §3 Oyaer mokasaHo, 9T0 HAM CTO-
UT NPUAEP:KUBATHCA CIEHAPUSI, B KOTOPOM BOCIIPUSATHE T€JIOBEKA, TAKXKE KaK
U JIOOBIE ero AeicTBUst B (PUBUIECKOM CMBIC/IE 00JI3JIaI0T HEKOTOPO HETOU-
HOCTBIO. TO €cTh MBI MOYKEM BallMCHIBATH U CUUTHLIBATH 3HAYEHHS TOJIHKO

C HeKOTOpOﬁ IIOI'PEMIHOCTBIO € (HOI‘peH_[HOCTbIO B JaHHOM CJiydae fABJIACTCs
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JMaMeTp OKPECTHOCTH, B KOTOPYIO BCETJIa IOMa aeT TOYKA [PU 3AIUCH W
cunrbiBanun). Eciu € MenbIne, K npumepy, 1/8, To U3 pucyHKa BUJIHO, YTO
MBI MOXKEM yCTaHABJIUTH B IPOU3BOJIbHON sueiike cocrostaue 0 wiu 1, u juinb
C HEKOTOPOIl BEPOSITHOCTBIO — cocTosiHus @, b, ¢ u d. [Tockosbky (Kak moka-
3aHO Ha puc. 3) cocrostauii 0 u 1 mocrarodno, urobsl cumynuposaTh Rule 110
B JIAaHHOM cpefie, 9TO O3HAYAET, UTO YCTPOUCTBY 3aIlUCU U CUUTHIBAHUS, Pa-
60TaIOIIEMY € IIOTPEITHOCTEIO 1/8 GyIeT JOCTyIeH BeCh KIacC BBITHCIMMBIX
110 THIOPUHTY (DYHKITHI.

Jlajee MBI XOTUM, UCIOJb3Ys CXOKUN MPUEM, BLIATH 3a KJIACC THIOPUH-
TOBBIX BBIYUCJICHUN. DTO O6yIeT 03HATATH BO3MOYKHOCTD CHMYJIAIINN XOTST OB
OJIHOI HEBBIUUCIUMON (PYHKIINU, K TPUMEDPY, (PYKHIIUU, CBSI3aHHON C U3BECT-
HOIt 1po6steMbl octanoBkH [4]. IIpoGsieMa OCTAHOBKY CBOAUTCH K BBIYHC/IE-
nuto byuknuu u3 N B {0, 1}, mosegenne koropoii popMUpyeTcst ¢ TOMOIIBIO
IOHSITHsI YHUBEPCAJIBbHON ThpUHIroBoil Mamuubl [12]. O6o3nauum dyHKIHO
qepe3 H. B cymuocTtu, Mbl xotuMm cumysinpoBatb dyukiuio H u Rule 110
B omHO#l u Toit ke cpere. Kak m B nmpumepe paHee, BBEAEM JIOIOJTHUTEIb-
Hble cocrostaus {a;, 4 € N} n coorBercrsyiomue npasuia suga f(b;, b;) = by
quist by, by, b, € {0,1,2,3} U{a; : ¢ € N}. Byzem ucrnob3oBaTh CieLyomine
dopMyIIbL:

f(0,0) = a1 f(0,1) = as f(1,0) = as f(L1) =a4
1) flar,a1) =0 f(ar,a2) =1 f(az,a3) =1 f(az,a4) =1
flaz,a1) =0 f(az,a2) =1 f(ag,a3) =1 f(as,a4) =0

2) s cioBa Ha BXoje u3 {2,3}* Ha BBIXOJIE [TOJIy9IaeM OJIMH U3 JBYX CIie-
UaJIbLHBIX cuMBOJIOM a’ 1 a”, cCOOTBeTCTBYIONINX OCTAHOBKE MU GECKO-
HeJIHO# paboTe MAITUHBI

3) Va € {0,1}: f(a,d') = f(d';a) =0, f(a,ad”) = f(a",a) =1

4) Ya € {0,1},b € {2,3} : f(a,b) = f(b,a) =a

Snech mog, "ciroBoM Ha BXojie " MoapasyMeBaeTcsl 3allMCaHHOe B HEKOTOPOii 00-
JIACTH CPeJbl CJI0BO, a 1oJ, "c/I0BOM Ha BbIxoje'"noapa3ymeBaeM 3HaYEHUE B
sraeiike ¢;(t + n), eC/Im CIUTATD, UTO CJIOBO OBLIO 3AIlCAHO B sideiikax ¢ ;(t)
10 Cjtp(t). TosyueHHbIN 3aKOH U3MEHEHUsI CPEeJIbl MOXKHO 3allUcaTh B MaT-
PUYHOM BH/JIe 10 aHajorun ¢ tabsuneil 1 (pu 9ToM B oTsimdme 0T TabJIUIIbI
1 HoBast Tabuna Oyger GeCKOHEUHO GOJIBIIOI):
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st Toro, 4TOOBI MPEeBPaTUTL TAbJUIy B rpaduK HENPEPBIBHON (QyHKIIMH
f :0,1] x [0,1] — 0, 1], HeobxonnmoO, TaK Ke Kak W Ha PUC. 3, CIEJIATH
IMTUPUHY CTOJOIIOB M CTPOK, COOTBETCTBYIONIYIO OCHOBHBIM CHUMBOJIAM — 1, 2,
3, 4 — ngocrarodHo GOJBINON (> 2€), a MUPHHY BCEX OCTAJbHBIX CTPOK U
CTOJIOIIOB — JIOCTATOYHO MAJIEHBKOH, ITOOBI TAOINIA YMECTHIACH B TAOJIHILY
B orpesok [0, 1].

Jlerko 3amernts, uro npasui (1), (2), (3) u (4) JocrarodHo, YTOOLI CHMY-
JIMPOBATh B IOJIy4eHHHON HenpepbiBHO# cpeie Rule 110 (a snauur u sroboe
MeXaHUYIEeCKOe yCTPOoicTBO) u pabory dyHkmuu H: ¢ HOMOIIBIO CUMBOJIOB 2
7 3 MBI 3allCBIBAeM Ha JIEHTY CJIOBA, KOTOPbIe XOTHM HAIPABUTH B (DYHK-
nuto H, a ¢ momotpio cumBojioB 0 u 1 obpabaTbiBaeM HOJIyIE€HHBIE PE3YJib-
TaThl. AHAJIOTMIEHBIM 00Pa30M MaHUIYIUPYsT (PYHKIINEH M3MEeHEHUsT CPeJIbl,
MBI MOYKEM, B35iB PEAJIN3AINIO THIOPUHIOBOW MAIIUHBI B CTPYKTYPE, IIPeBpa-
TUTBH €€ B MAIIUHY C OPaKyJIOM.

2.2. ®opmasibHas MOCTAHOBKA BOIPOCAa

B ob1mem Bujie 3a1a49y IPOBEPKH BO3MOYKHOCTH IIPOBEIECHUSI THIIEPBBIYHCIE-
HU# BHYTPHU TON MJIM UHOM OTHOPOIHON CTPYKTYPBI MOXKHO C(OOPMYITMPOBATD
B BHJIE [IOMCKa 3HaYeHuil qsyMecTHoil dbyHukiuu F(.,.), KOTOpas IPUHUMAET
Ha BXO/l IMMapaMeTpPbl Cpeabl 1 3aKOH e€ M3MeHeHUusd U Ha BbIXOJIE BbI,lIaéT Ha-
JIMYHUe WA OTCYTCTBUE CBEPXTHIOPUHIOBBIX BRIIUCICHU. PaccMorpuM Gostee
MIOIPOOHO, UTO MPEJICTABSIOT U3 cedsi apryMeHTh F.

IlepBbIit apryMeHT OTBOJUTCS Ha MapaMeTpPbl OJHOPOJHON CTPYKTYPHI,
TakMe KaK JIMCKPETHOCTh WU HEIIPEPBIBHOCTD IMIPOCTPAHCTBA U BpeMeHu. Kak
OBLJI0O OTMEYEHO B HaYaJIe Pa3esa, Mbl IPUIEPKUBAEMCH TOJBKO (DU3MIECKIX
cpen, obaagaromux GUKCUPOBAHHBIM HabopoM cpoiicTB. Eié pas mepeunc-
JIIM 9TU CBOHUCTBA:

® HEIIPEPBIBHOCTH U KOHEYHOMEPHOCTDH IIPOCTPaHCTBa

® HEIIPEPBIBHOCTL M OJHOHAIIPABJIEHHOCTH BpEMEHU
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® HEIIPEPBIBHOCTH U KOHEYHOMEPHOCTD 3HaYeHU B Ka}K,H,OI'?'I TOYKE

Kpone Toro, Mbr paccMaTpuBaeM Cpebl CO CTaHIAPTHOM TOTOJIOTHEN aeiicTr-
BIJIBHOW ocu R B HENEPBIBHOM CJIyYae WJIM TOMOJOTHEH Z, — B JUCKPETHOM
ciy4dae. B pesynbrare, onncaHme TAIOB CPeJl, KOTOPBIE MbI MOXKEM PacCMaT-
pPUBaTDH BCETO JIUIIb D KapUHAJBHBIX YHCEJ:

® (W1 U W2 — KOJIMYECTBO U Pa3MEPHOCTD 3JICHTOB IIPOCTPAaHCTBa
® (W3 — KOJIMIeCTBO MOMEHTOB BpEMeEHU
® (W4 U W5 — KOJIMIECTBO U PAa3MEPHOCTD 3HaYeHUl B Ka}K,HOIL/'I TOYKE

OTrmeTnM Tak»Ke, UYTO BCe CTPYKTYPBI, KOTOPbIE MBI MOXKEM PacCMaTpPUBATh,
00J13/1a10T GECKOHEYHBIM [TPOCTPAHCTBOM M BPEMEHEM, UHAYE Ja2Ke ThIOPHH-
rOBBIE BBIYUC/IEHUsI HE Oy/IyT BOSMOXKHBI. TakuM 00pa3oM, wi U w3 IPUHAI-
aexat {Ro, N1}, wy 1 w5 KOHEYHBI, W4 KOHETHO WM HpuHaIeRuT { N, N }.
Bropoit apryment ¢yukiuu F' siBjisier coOOil TPOU3BOJIBHYIO (DYHKIIAIO W3-
MEHEHNUsI CpeJIbl (BMeCTe ¢ MEXaHM3MOM JefcTBUs (DYKHIUN B OKPECTHOCTH
KaxKJIOM TOYKM), ONPEIEIEHHOI ¢ HOMOIIBIO Wi, Wy, W3, Wy U ws. B urore
YHKIIUST TPUHUMAET Ha BXOJ D KapAWHAJIbHBIX 4ucae U QYHKIUOO [ I0-
CTPOEHHYIO B COOTBETCTBHE C JIAHHBIMU YHCJIAMHU.

JanbHeiinreit paboToil Hal 9TON 3ajadeil siBJISIeTCs BBIACICHNE Pa3JImd-
HBIX cBolicTB ynkuun F (manHast pabora BBIXOIUT 3a paMKu cTarhh). K

IpUMEDPY,
F(No,1,80,2,1, f) =1,
rae f' — dynkuusa nsmenenns g Rule 110. B §2.1 6b110 nmokasano, 1ro
Jf : F(Np, 1,R0, 81,1, f) = 1.
Taxzke JIerko MOKA3BIBAETCSI, 9TO

/ " n ", / " n i _ / Vi n n
Vf,UJ,W W, w -F(waw 7N07w , W 7f)_F(waw ’Nlaw , W >f)

3. He,Z[I/ICerTHbIe BbIIUCJINTEJIbHBbIE€ MAIllIMHDBI

o 3TOr0 MOMEHTA MBI PACCMATPUBAJIN JOCTUYKEHUE CBEPXTHIOPUHTOBBIX BhI-
YHUCJIEHUIM TOJILKO Yepe3 HEKOTOPOE THUIOTETUYECKOEe YyCTPONCTBO, MMEIOIIEe
JVCKPETHBIN BXO, M BBIXO/, M NCTIOJIB3YIOIEee HEJIMCKPETHOCTD CPE/JIBI JIJIST BhI-
YUCJIEHUH, HE JOCTYITHBIX ThIOPUHIOBBIM MaluHaM. MblI cO3HATEIbHO BBEIU
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MTOHSTUE TIOTPEITHOCTH BBIYUCJICHUN, YTOOBI N36€2KATh MOJIEJIE ¢ HeTUCKPET-
HBIM BXOJIOM U /MJIM BBIXOJOM. B 9TOil IyiaBe Mbl IOIBITAEMCSI OTBETHTH HA
BOIIPOC, MM0YEMY JTAHHOE IOHSTHE CTOJIb HEODXOJIUMO JJIs PACCMATPUBAEMON
HaMU 3aJa4M.

YerpoiicTBa ¢ IeCTBUTEILHBIM BXOJIOM UJIM BBIXOJIOM SIBJISIETCS TIPEIMe-
TOM CIIOPOB B Hay4HOM coobirectBe. [Ipnunna 3akinodaercs B TOM, 4TO [PU
MIOIIBITKE CIPOEKTUPOBATH MTOJ0OHOE YCTPORCTBO MbI PAHO WJIU MTO3/IHO CTaJI-
KIBAEMCsl C BOIIPOCOM 0 ToM, (1) Kak ycTpoeHbl busndeckne 3aKOHbI HAIIETO
Mupa, u (2) Kak paboTaer uejoBeYecKoe CO3HAHNS, U KaK y e ObLI0 3aMede-
HO B §1, abGCOMIIOTHO TOYHBI OTBeT Ha BOmpoc (1) mosryduTh HEeBO3ZMOXKHO. B
pe3ysbTaTe, BCe PACcCyKIEHUs TI0 JTAaHHON TeMaTHKe CIIeKYIATUBHLIN Xapak-
Tep.

TToxaxkem, KakuM 0OPA30M MOHSTHE IMOTPEITHOCTU CBI3aHO C BOIIPOCAMU
(1) u (2).

[Tyckait MBI cO37a/T yCTPONCTBO C JEHCTBATEILHBIM BBIXOIOM, KOTOPOE
BBIJIAJIO PE3YJIbTAT — HEKOTOPOE JIECTBUTEIHLHOE IUCIIO. Ternepsb HY2KHO CUHU-
TaTh BBIXOJ M y3HATH, KaKOe Ke 3T0 4ucyo. Ho kakuM obpa3oM B HpuHIIUIIE
BO3MOXKHO CUUTATh JeiicTBuTesibaoe uucyo? [lo onpenesienuto 3To 4ucyo 3a-
HUMAET CYETHBIN 00bEéM OUT MH(MOPMAIHN, U HE MOXKET ObITH COXPAHEHO HA
nepeHocHoit Hocuresib. [1o Toii ke mpuunHe (a Tak¥Ke MOTOMY UYTO YesIoBeve-
cKasl YKU3Hb KOHEYHA) 9TO YUCJIO HE MOXKET ObITh IIPOMIDAHO B BHUJIE ay/HoO
WM BUJEO 3amuch. PaccyKmast majbllle, 3aMeTHM, UTO YeJOBeUecKNe Opra-
HbI BOCIIPUSATHUSI HETOYHBI IO CBOECH IPUPOJIE, U HE CMOLJIUA ObI IIPOIYCTUTD
4gepe3 cebs 9TO YMCJIO 338 KOHEYHOe BpeMsi 0e3 mckarkenuit. EjuHcTBEHHBIM
BBIXOJIOM W3 JIAHHON CUTYAITUU SBJISIETCS WCIOJH30BAHUE CAaMOI'O0 CO3HAHUS
B KadeCTBe YCTPOMCTBA MJIsI TUIIEPBBIUNCIEHNI U HANEeAThCsI, ITO CO3HAHUE
(dyepe3 MHTYUIMIO WM KAKUM-JIMOO JIPYIMM [OKa HEIO3HAHHBIM 00pPa3oM )
CMOKET BOCIPHUHSATD 3TO 9ncyo. CymecTByIOT paboThl, KOTOPBIX, K MPHMe-
DY, IPUBEIEHBI apI'YMEHTHI B IIOJIb3Y TOrO, YTO JIFOJIU IIPU OOIIEHUN IIPOU3-
BOJISIT CBEPXTHIOPUHIOBBIE Bbluncaenus 13|, oqHako, HecMOTpsl Ha HajmIue
IMOAOOHBIX cTareil, caMOil pasyMHON Ha CErOAHANIHWA JIeHb TOYKON 3peHUsd
SIBJISIETCST JTUCKPETHOCTH co3nanus. [loka B Bompoce o mpupoje CO3HAHUS
He Oy/ieT JIOCTUTHYT KaKOW-UOO CYIIECBTEHHBIN ITPOrPECcC, CyIIeCTBOBAHUE
YCTPOHCTBA ¢ HeHICBTUEIBHBIM BBIXOJIOM HE MOXKET OBITh JOKA3aHO B paMKaX
dopmasbHoit Teopun. JlomosHUTEIbHBIE APTYMEHTHI B [IOJIb3Y OINUCAHHOI'O
BhlIe aparpada MOXKHO HaiiTh, K npumepy, B 8] u [14].

IIycTs MBI cO3/amm yeTpofiCTBO ¢ IEHCTBUTEIHLHBIM BXOJIOM, U HAM HEO0-
XOIMMO 3aINCaTh aH BXOe KaKoe-Inbo AeficTBuTebHOe ancao. Kakum obpa-
30M MBI MOXKET 3TOTO JOCTUYb? BeposiTHO, MOoCaeq0BaTe/IbHOCTH AefiCTBUM,
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MIPUBOJISAIIEH K TAKOMY Pe3yJIbTATy, IOIPOCTY He cyiiecTByeT. [Ipex e Bcero
IEJIOBEK HE MOXKET 9TO COBEPIUTD 6€3 CIeNnaIbHOrO YCTPOUCTBRA, TOCKOIbKY,
OYEBU/THO, YETOBEYECKUIT OPTAHN3M He CTocobeH Ha, GECKOHETHO TOUHbBIE Jefi-
cTBUsI. S3HAYUT, HY>KHO IIOCTPOUTH YCTPOUCTBO, JIeHCTBYIOIIee ¢ OECKOHETHOM
TOYHOCTBIO. 3JIECh MBI CTAJIKUBAEMCS ¢ DYHIAMEHTAIBHBIM yTBEPXKIEHUEM,
COINIACHO KOTOPOMY HETOYHBIC JEUCTBUS IPUBOJAT K HECTOYHOMY PE3yJIbTaTy.
B ornmuume ot paccyXaenuit 0 IpUpoie CO3HAHUS MPU U3BECTHBIX (hU3MIe-
CKHUX 3aKOHAX JJAHHOE YTBEPKIEHUE SABJISeTCs (POPMAIbHO JOKA3YEMbIM. DTO
CBOWCTBO (PUBUIECKUX CHCTEM XOPOIO M3YyUEeHO B TEOPUH Xa0Ca; 371eCh MBI
MPUBEIEM HJICI0 JTOKA3ATEIbCTBA, OCHOBBIBASICh HA 3aJlade TPEX TeJl.

B 3ajaue Tpéx Tes (B oHOI u3 €€ opM) MBI paccMaTpuUBaeM JMHAMU-
YECKYIO CUCTEMY U3 TPEX TOYEK, MEHSIOIILYIOCs 110 TTPABUILY:

No— ri=r2 __ r1—=73
r1 = —Omep, 5o — Oma, Sl
v ro—r3 ro
r2 = —Oms S — G,
o — r3—T _ r3—T2
'3 = —UmipSp — Omef S

rJe 7; — PAJIMyC-BEKTOPBI B JIBYMEPHON CUCTEME KOOPIUHAT, 1M; — MACCHI TEJI,
G — rpaBuTaIMOHHAsT TOCTOsTHHAs. [IpemrmooKuM, MBI MOXKEM YCTAHABJIM-
BaThb CHCTEMY B MMPOM3BOJILHOE HAYAJILHOE IMOJIOXKEHNE ¢ HEKOTOPOW TOYHO-
cThio. B pesysibrare HETOYHOCTH MBI HEe 3HAEM, B KAKOM KOHKPETHO II0JIO-
JKeHUU OyJIyT HAXOIUTHCST TOYKHU MOCJIE€ YCTAHOBKU, HO TEM HE MEHEe XOTUM,
9TO0BI CIIyCTsI HEKOTOPOe (DUKCHPOBAHHOE BpeMsi jiBe (K IpUMepy) U3 TPEX
TOoUYeK Beerga (HECMOTPsi HA HETOYHOCTH YCTAHOBKH B HAYAJIBHOE IOJIOZKe-
HUE)OIUChIBAJIA OJIHY U Ty ke Tpaekroputo. Cpasy CTAHOBUTCS sICHO, UTO
TPaeKTOPUH JIBYX TOUEK B KaXKJIOM OT/IETLHOM CJIyYIae BCE PABHO OyIyT pas3-
HBIE, U3-33 CTOPOHHEIO BJIUSTHUS TPETbEl TOYKHU, HOITOMY CTOUT PACCMAT-
puBaTh 3amady He IS ABYX, & Cpaldy Juist BeeX TodeK. OTOpachiBas TPUBH-
aJIbHbIE CJIydYau, KOTJla, K IIPUMEDPY, BCe TPU TOUKU CTAJKUBAKOTCS, MbI I0-
HUMAaEM, 9TO 00eCIIeUUTh TAKYI0 TapAHTHUIO HE IIPEJICTAB/ISIETCS] BO3MOYKHBIM:
COCTOSTHUE CHCTEMbI OIUChIBaeTCs 18 dncsiamu (KOODIMHATAMHU, CKOPOCTHIO
u yckoperueM 1o ocu OX u OY Jyisi Kaxkjaoro u3 Tpéx Ten), a QyHKIus
U3MEHEHHUsT STUX IHCET BHE O0JIACTH YACTHBIX CIYUIAEB SBIAETCS GECKOHETHO
ryaikoii. To ecThb CyIecTBYOT JiBa COCTOSIHUSI CUCTEMbBI, KOTOPBIE TIEPEXOISIT
B OJTHO W TOXKE COCTOSIHHE CIIYCTS HEKOTOPOE BPEMsl, TO Pa3HOCTH ITUX CO-
CTOSTHUI OYJIeT BEKTOPOM U3 HYyJIEil, U3MEHSIONIUMCS C ITOMOIIbIO (DyHKIUH,
SIBJISTIONIENCS TOXKJIECTBEHHBIM HYJEM. DTO O3HAYAET, YTO €CJIU CUCTEMA [PU
JIFOOOM U3 JIBYX COCTOSIHUMN CITYCTsI KAKOE-JIM00 BPeMsl IIEPEXOJIAT B OJTHO U TO
JKe COCTOSTHUE, TO JIBa HAYATBHBIX COCTOSTHUS TAKYKE SIBJISIOTCS OJTHNHAKOBBIMI
COCTOSTHUSIMH.
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BosbmubacTBO Qusnueckux TeOpuil, OMUCHLIBAIOIINX HAIMY PEAJTHHOCTD,
KaK 1 B 33J1a9e TPEX TeJI, UMEIOT JIeJI0 TOJIHKO C OECKOHEYHO TVIAIKUMU (DyHK-
[USIMH, U [I09TOMY YTBEP2KJIEHHE O TOM, YTO HETOYHBIE JEHCTBUS IPUBOJAT
K HETOUYHOMY PE3yJIbTaTy, MOKHO PACIpPOCTPAHUTh U Ha HuX. OHAKO 10 TeX
110P, TIOKA HAM HE M3BECTHBI B TOYHOCTHU BCe (DUBUUYECKHE 3aKOHBI BCEJIEHHOM,
9TO YTBEPKJIEHNE OCTAETCsI BCE PABHO HEJOKAa3aHHOM rumore3oit. Ormernm
TakK>Ke, 9TO B JUCKPETHBIX OJHOPOMHBIX CTPYKTYPa YTBEPKIEHIE HEBEPHO: K
upumepy, B cpesie Game of Life [15] cymecrByror pasiuanbie KoHbUIYpaIuu,
KOTOPBIE CIIYCTS HECKOJILKO UTEPAIUNl CTAHOBATCH HEOTTUIUMBIMU.

Takum 06pa3om, MOKa He OMUCAHBI (PUBUIECKUE 3AKOHBI BCEJICHHOH 1 ITpu-
pojia CO3HAHUS, BO3MOXKHOCTh KOHCTPYUPOBAaHUS yCTPONCTB, HOJIee TOUHBIX
HeXKeJIN TUCKPETHbIe, (DyHIaMEeHTAJILHO HeJI0CKa3biBacMa, u, 6ojiee TOro, co-
IJIACHO TEKYIIEMY ITOHUMAHUIO STUX BOIIPOCOB, 9TO CKOPEE BCEI'O HEBO3MOXK-
HO.
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Formal definition of Thesis M
Kurilenko N.V.

Thesis M is introduced and described in terms of its basic problems
with confirming or disproving it. A mathematical formulation of
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are discovered. An example of a one-dimensional continuous cellular
stricture in which an oracle machine can be implemented is constructed.
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PekomengaresbHbIe cuCcTEMBI: 0030D
OCHOBHBIX IIOCTAHOBOK M P€3YyJIbTAaTOB

Kyrsanun A.P.

B pabote onmchiBarOTCsi OCHOBHBIE aJITOPUTMbI PEKOMEHIATETbHBIX
cucreM. [IpuBomurcs comep:kare/bHasi MOCTAHOBKA 3324l HAXOXKIIE-
uust N JIydmmx peKOMEH AN, OMUCHIBAIOTCS [TPEUMYIIECTBA U HEJI0-
CTaTKM KaKJIOTO M3 HA3BAHHBIX MeTOHO0B. [IpuBoauTcs 0630p pabor u
pe3yJIbTaToOB, HAYMHAsI C BOSHUKHOBEHUS IIEPBBIX PEKOMEHIATE/IbHBIX
CHCTEM U JI0 HACTOSIIIETO BPEMEHH.

KJIIO"IeB])Ie CcJIOBa: PeKOl\IeHﬂaTeﬂbHaH CHUCTEeMa, PEeKOMEeHIalluu,
KoJLIabopaTuBHast (puabTparms, item-based, user-based, dpuabrparms
Ha OCHOBE COJIep2KaHust, (PUIBTPAIMS HA OCHOBE 3HAHWII, THOPUIHBIE
PEKOMeEHIaTeJIbHbIE CUCTEMBbI.

1. BBenenune

MpI 2KHBEM B MUpe MaTepruaIbHOr0 1 HHGOPMAIMOHHOr0 n30bums. [losromy
KaXKJIBII JIEHb MBI JIeJIaeM BBIOOD U 38J1a€MCsl CJIEIYFOIITUMU BOTIPOCAMI:

Kakyto kamepy, kuury, ¢gpyrbosiky mue 661 Kynuth?! Kakoe obpazoBanue
BBIOpaTh mjst cBoux mdereii? Kyna moexars B ormyck? Kakoe KMHO mocMoT-
pern? U ..

Kaxkaplit n3 Hac ¢ JIerKocThIo MOXKET JIOIMOJHUTEL 3TOT CIUCOK. Bo BpeMst
[PUHSITHAST PEIeHUsI O MMOKYIIKe TOr0 WM WHOIO MPOJYyKTa, JTUO0 O TOM, Ky/1a
CXOJIUTH CErO/IHSI BEIEPOM, MBI YACTO OOPAIAEMCs 3 ITOMOIIBIO: CIIPAIIIHBAEM
coBeTa y Jpysei, uieM nH(GOPMAIUMIO B UHTEPHETE, CTPOUM JIEPEBbsl pelle-
HUil, HAHUMAEeM KOMAaH/y KCIIEPTOB, JOBEPSIEMCS WHCTUHKTAM WU IIPOCTO
ciremyeM 3a Tojmoi. [Ipum 9ToM KaxkKIpIfl CTAJKUBAJICS C CUTyalldel, Koria
COBETBI JIPy3eil OKa3bIBAJINCH DECIIOIE3HBIME, JTUOO0, MPOCHIEB HECKOJIBKO Ta~
COB B MHTEpHETE, MBI HE MOIJIM HAWTH HYXKHYIO nHPOpMaIuio. B momobHbIx
CUTYaIUsIX HAM TPYIHO OBLIO 3aIll0NyYINTh HYKHBIM COBET, TUOO HA ITO TPe-
0OBAJIOCH MHOI'O CHJI M BPEMEHI.
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Kak pesysibrar, Bce Mbl, HABEPHSKA, 3a/lyMbIBAJIUCH O TAKOHN IIporpaMme,
KOTOpas Morjia Obl JlaBaTh HAM WHIUBUIYAJIbHBIE PEKOMEHIAIINN, CIIOCOOHBIE
[IOMOYb B IIPUHSATUE PEIICHUI.

Coznanne ajaropurma Jijist TAKOW IIPOIDAMMBbI SIBJISETCS TVIABHOM 3aa4eit
obJiacTy, KOTOpasl 3aHUMAaeTCsl pa3pabOTKON peKOMEeHIATeIbHbIX CUCTeM. A
y2Ke IeJIb CAMON CHCTEMBI - 9TO 00ECIIEIUTH OOJIBIIYIO IPYIIILY [M0JIH30BaTe el
JIOCTYIIHOM nH(pOPMAIUel U BBICOKOKAYECTBEHHBIMU PEKOMEH TAIUSIMU.

B cBsi3u ¢ moBceMecTHBIM BHEIPEHUEM UHTEPHETA U HAJUIUEM OOJIBIITOTO
O6’beMa CTATUCTUYIECCKUX JaHHBIX O IIPEAINOYTCHHNAX noJb3oBaTesei y4aeHbie
BCEro MUPA CTAJA OUY€Hb AKTUBHO 3aHUMATHCs pa3pabOTKON TaKMX aJrOpuT-
MOB B IIOCJIEJHUE JIBIATL-TPUIIATE JIeT. A BCJIEACTBUE MIUPOKONH IpUMe-
HUMOCTU TaKW€ MPOIPAMMbl OKA3aJIMCh OYeHb jelicTBeHHbIMU. Hampumep,
WHTepHeT-Mara3ud Amazon.com JiejiaeT peKOMEHIAINH JlayKe OTHOCUTEBHO
[TOKYIIKM aBTOMOOUJIbHBIX JIBUTATEJIEN.

Konedno, MOXHO BO3pa3uTh, 4TO TAKUE CUCTEMBI MOI'YT OBITH HOJIE3HBI
TOJIBKO T€M, KTO HEe MOXKET WJIM HE XOUYeT MO3BOJIUTh cebe BBICOKOKAYECTBEH-
HbIE€ COBETBI IKCIIEPTOB B JaHHON obsactu. Ho 9T0 BepHO JHUIIb YACTHIHO
U TOJBKO B HEKOTOPBIX OOJIACTSIX, TAKUX KaK (DUHAHCHI WM MejuinHa. B
TO 2Ke BpeMs B APyrux cdepax MOXKET U He ObITh BO3MOXKHOCTU OOPATUTh-
¢ K KBAJUGUIIMPOBAHHOMY KCIIEPTY, MO0 MHEHHUE JIPYTUX HOJIH30BaTe/ e,
BOCIIOJIb30OBABIIUXCs JITAHHBIX IIPOJAYKTOM WJIA y(}.HyFOfI, MOZKET 6OJIbH_Ie BJIN-
sATh Ha Hallle pereHue. TakuM 00pa3oM, BOZHHKAET BOIIPOC, MOXKEM JIU MBbI,
nMest HOJIBITY 0 Oa3y JAHHBIX O IIPEITOYTEHUsIX T0JIb30BaTe e, pa3paboTarsb
porpaMmy, KoTopast OyJIeT J1aBaTh OoJiee KadeCTBEHHbIE PEKOMEHIAIUN, YeM
IEJIOBEK.

Bormpoc npefocraBiieHus JOCTYIHBIX, UHIUBHUIYAJIBHBIX, & [JIABHOE BbI-
COKOKA4YeCTBEHHBIX PEKOMEHIAIINI SBJISI€TCH OCHOBHBIM B 00JIACTH PEKOMEH-
JIATEJIbHBIX CHCTEM U CTABHUT I€peJl HAMU MHOTO MHTEPECHBIX 33Jiad, KaK C
TEXHUYIECKON TOYKU 3peHusd, TaK U C TOYKHU 3PEHHA IICUXOJIOTUHN. C TEeXHU-
YeCKON TOYKM 3PEHUs] MbI IBITAEMCS pa3paboTaThb aJITOPUTM, KOTOPBIH I10-
MOXKeT HamboJiee TOYHO U JIOTUIHO CIIPOTHO3UPOBATH IIOXKEJIAHUSI IT0JIb30Ba-
Teslefl Ha OCHOBE MMEIONINXCSI JAHHBIX. A MMCHXOJIOTHYECKHe (DAKTOPHI MbI
JOJKHBI yI€CTh, KOT/Ia OyJieM MPOAYyMBIBaTh TO, KAKUM 0Opa30M IIpOrpam-
Ma OyJIeT B3aMMOJefICTBOBATh ¢ KOHEYHBIM moTpeburesiem. KomMmyHukarms
MeXK Iy TTOTpebuTeIeM U CUCTEMOI TO/I2KHA ObITH HACTPOEHA TaKUM 00pa3oM,
9TOOBI TOTPEOUTENH JIOBEPSAT PEKOMEHJIAINSAM, KOTOPbIE OHA JIAET, a TaKKe
CBOUM DeEIIeHUsIM, TPUHSITHIM HA OCHOBE 9TUX peKoMeHarmit. Takxke CJrox-
HOCTDb 3aKJIOYAETCs B TOM, YTO IOJIb30BATENN HE BCErJ[a TOYHO 3HAIOT, U9TO
ouHu XOTAT. [loaTOMY NpM CO3JAHUN PEKOMEHIATEIFHOIO AJITOPUTMA BarXKHO
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VUATBIBATH TO, KAKUM 00Opa3oM Iporpamma OyeT coOHMpaTh JTaHHBIE O IIO-
TPEOHOCTSX T0JIb30BaTe e, B KAKOM BHUJIE IIPE/ICTABIATH OOPATHYIO CBA3D, &
Tak:Ke KaK BCe 9T0 Oy/eT BJIMATHL Ha PEIleHus I0JIb30BATEIEl.

HeClVIOTpH Ha BCE€ 9TU TPYAHOCTHU, PEKOMEHIATEJIbHbIC CUCTEMbl aKTUB-
HO Pa3BUBAIOTCS C MOMEHTA WX MEPBOTO MOSABJIECHASA JIBAIIATH-TPUIIATE JIET
Haza . O6JIacTh MPUMEHEHHUsI TAKUX aJlOPUTMOB OUYeHb mmpokasi. Ha cero-
JTHSIITHAN TeHb UX MOYKHO BCTPETUTDH B 00JIACTSAX 3aHUMAIOIINXCST HEIBUKI-
MOCTBIO, (PUHAHCAMU, FJIEKTPOHUKON, (DUIbMaMU, KHUTaMH, My3bIKOA HOBO-
cTaMu U T.J0. KaKaplif JeHb MBI BCe dYallle HadWHAaeM BCTPedaTb OO0PasIibl
TaKUX [pOrpaMM, Haupumep, Ha caiitax Amazon.com, Last.fm, Ozon.ru u
apyrux.Ilo crarucruke Ha Amazon.com 3a Ioj COBEPIIAETCS OKOJIO 5 MJIPI,.
Tpansakumii, a okoso 30% m3 HEX uzeT oT pexoMenganuii. Takum o6pazoM,
IpuOJIU3UTETHHO 125 MJIH. MOKYIIOK B MECSI] COBEPITAETCS dYepe3 PEeKOMEH-
JIAIIHU, 8 CKOJIbKO WX BBIJIAETCS CUCTEMON U MPEJICTABUTH CJIOXKHO.

B manrHO# cTaThe paccKa3bIBaeTCst 00 OCHOBHBIX PEKOMEH IATETBbHBIX AJIT0-
pHUTMax, a TaK»Ke IPUBOIATCS IIPUMEPBI CAMBIX CBEKUX Pa3pabOTOK B JAHHOM
0071aCTH.

Henpio manHOil pabOTHI sIBJIsSIETCsT 0030P OCHOBHBIX DPEKOMEHIATEHbHBIX
aJrOPUTMOB, & UMEHHO PaccKasaTh O IMPUHIUIIAX PAOOThI METOIOB KOJLITab0-
paTuBHON puIbTpalny, O CUCTEMAX (PUILTPAINE HA OCHOBE COIEPIKAHUSI, &
TaK>ke Ha OCHOBE 3HAHUI O OJIb30BATEJIAX, IO3HAKOMUATH IUTATEJISIM C IIpe-
AMYIIECTBAMU M HEIOCTATKAMH KAaXKJOro W3 METOIOB. 3HAKOMCTBO C HUMU
HauboJIee BaXKHO, TaK KaK UX Jallle BCero UCIOJIb3YIOT, U, 110 OOJILIIIOMY CYETY,
BCE HOBBIE Pa3PaAbOTKU SIBJISIIOTCSI YCOBEPIITEHCTBOBAHUEM JIAHHBIX IIOJIXO0/I0B

2. IlocranoBka 3ama4n

QopmanuzyeM Haly 3asa4dy. 1lycTs y HAC €CTh MHOXKECTBO II0JIb30BaTeseit
U = {ui,uq,...,u,}, MHOXKeCTBO 06beKTOB P = {p1,p2,...,Pm} U MaTpHIa
peiirunros R = (1) pasmepa n x m, rue ¢ € 1...n, j € 1...m. Boamox-
HBIMU 3HAYEHUSIMH DEHTHHIOB MOIYT ObITh umciamu or 1 (coBcem He mo-
HPABUJIOCH) /10 5 (0OY€Hb IOHPABHUJIOCH), MO0 3HAMEHUSAME [OHPABHJIOCH, HE
IIOHPABUJIOCH, BhIparkeHHbIe 0 11 1, a Tak»ke apyrue. Ecin moab3oBaTetb ¢ Hi-
KaK He OIICHHJI 3JIEMEeHT j, TO Ha COOTBETCTBYIOIIEM MecTe 75 ; Oy/JeT CTOATh
IIyCTOE 3HAUYEHHE.

Omuncanuyo MaTpUIly PEHTHHTOB MOYKHO MPEJCTABATH B BUE TaOJIUIIE,
HoKazaHnHoi Ha pucynke. Obo3nadum depes 7 j HaIl IPOIHO3 OTHOCUTEILHO
TOro, KaKylo OIEHKY II0JIb30BaTesb ¢ IIOCTABUT HPOAykTy j. Harma 3amaga
HAIIYYIIIM 00pasoM IpeJcKa3aTb, KaKHe OLEHKH 7 ; JOJIKHBEl CTOATL Ha
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MpoayKTh MpoaykT 1 |NpoaykT 2 |NpoaykT 3 [MpoaykT 4 [MpoaykT 5 [Mpoaykt 6
Monew3osarens 1 P 4 ? 3 4 ?

MNonb30BaTENL 2 1 ? 1 4 5 ?
MNonkL30BaTens 3 3 4 ? 1 4 ?
MNons3oearens 4 ? ? 4 2 ? 2
Monb3oBatens 5 ? 4 5 3 ? ?

MeCTe IIPOIYCKOB B MaTPHIIEe PEHTHHIOB, TO €CTh PACCUUTATE T; j. 3aTeM JIJIs
KasKJIOr0 IOJIb30BaTe/Is 1 Ha OCHOBE CIPOIHO3MPOBAHHBIX OIEHOK 7' j, HaM
HY>KHO c(hOpMHUPOBATH CIIHUCOK U3 N IPOIAYKTOB, KOTOpble Hambojee TOYHO
YIOBJIETBOPSIOT IPEAIIOYTEHUIM [I0JIb30BaTeEsI, M, KOTOPLIE ellle He OLLIN UM
oreHenbl. Crnmcok 3Tux N MPOAYKTOB 0003HAaUUM depe3 [N-MepHBIi BEKTOD

(PiysDigy -+ Piy) - Taxkum obpazom, MareMaTHIECKast 3a/[a4a 3By IUT TaK:
Jamno:
U = {u1,ug,..., U} - MHOXKECTBO TI0JIb30BATEJIEH,
P ={p1,p2,...,Pm} - MHOXKECTBO IPOJYKTOB,

R = (r;j) - MaTpuna pefiTUHIOB pa3Mepa 1 X M, IJe Ha MeCTe T j OyJeT
CTOATH HEKOTOPOE YUCJIO, €CJIH II0JIb30BATeb U; OICHUII IIPOJAYKT pj U IyCTO
B IIPOTUBHOM CJIydae.

N - TpebyeMoe YHC/IO PEKOMEHIAINii, KOTOPbIE XOTUM IMOJYYUTH OT CH-
CTEMBI.

Tpebyercss HaliTh:

st masnOrO MOJIB30BATENS U; HANTH [N -MEPHDIH BEKTOD (Pi, , Dig, - - -, Pin )
rJie IPOAYKTHI P;, , k € N ellle He OIEHEHBI STUM I0JIb30BaTEJIEM, TO €CTh B
MaTpuie pefiTHHroB R = (r; j) CTONT IIyCTO Ha MECTe 75, , & TAKyKe, 9TOObI
9TH MPOJYKTHI HamboJIee TOYHO YHAOBJICTBOPSJIM IIPEIIOYTEHUSIM IT0JIb30Ba-
TeJd, TO eCTh IIPOIHO3HBIC PEUTUHIH 7 ;, OBLIM HAHMOO/IBITHMU.

AJITOpUTMBI, KOTOPBIE 3TO JEJIAI0T, MOTYT ObITH OYEHb PA3HBIMU, W HC-
[I0JIb30BaTh PA3JIMYHBIE BXOJHBbIE JaHHbIe. OMHU U3 HUX POPMUPYIOT PEKO-
MEH/IAINI, OCHOBBIBAsICh TOJILKO HAa JAHHBIX 00 M3BECTHBIX pefitunrax. JIpy-
rue UCHOJIb3YIOT JOIOJIHUTEbHbIE XapaKTePUCTUKN HPOJAYKTOB, HAa OCHOBE
PERTHHIOB OIIPEJIEIIAIOT, KAKUE U3 ITUX XapPaKTEPUCTUK HAMOOJIee TOYHO Y I0-
BJIETBOPSIOT IIPEJIIOYUTEHUSM [IOJb30BaTEISA, 8 3aTeM I0JI0NPAIOT IPOYKThI
C TaKUMHU XapaKTEPUCTUKAMHU.

A remnepb 60J1ee OJIPOOHO MTOTOBOPUM O KaXKJOM U3 ITUX AJITOPUTMOB,
pobJieMax, ¢ KOTOPBIMH CTAJIKUBAETCH HUCCJIEIOBATENb B IPOIECCE UX HUC-
[I0JIb30BAHUSI, TPEUMYIIECTBA U HEJIOCTATKAX KarKJ/IOro MeTOo/Ia.
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3. BBejleHne B OCHOBHBIE peKOMeEHaaTeJIbHbIe aJro-
PUTMBbI

3.1. Cucrembl KoJLsIaOOpaTUBHOI (PUIbTPAIAN

OCHOBHaH naesd TaKux CUCTeM COCTOUT B TOM, YTO €CJIN ITI0JIb30BaTEJIN NMEJIN
OJIMHAKOBbIE HHTEPECHI B IIPOIIJIOM, TO B OyIyIleM UX IPEeIIOYTeHNs] TaKKe
OyayT coBmauaTh. B KadecTBe NMpuMeEpa PACCMOTPUM KHUXKHBIN WHTEPHET-
Marasut. IlycTb B IpoIIIOM HCTOPUH ITOKYIIOK MOJIb30oBaTeseil A u b B nan-
HOM Mara3mHe CHJIBHO IIepeCEKaJIHhChb. HpI/I IIOABJICHUN II0OJIB30BaTeEJId A Ha
cafiTe Mbl XOTUM IPEIJIOKUTH €My HOBYIO KHHUI'Y, KOTOPYIO OH €Ille He YH-
TaJl, a I0JIb30BaTe/ b B, Kak pas, HeJaBHO HpuoOpesl KHUTY, KOTOpYIo A erre
He Bumea. B Takoil cuTyarun OyaeT pasyMHO MPEIJIOXKHUTE II0JIb30BaTe o A
IPOYUTATH €e.

Brimie onwmcan npuniun paboThl Kjaacca aJITOPUTMOB  KOJJIA00PATUB-
HOIl (bUIbTpaIui, KOTOPhIe B aHIJIOA3BIUHON JINTepaType HAa3bIBAIOTCSI USer-
based, To ecTb OCHOBaHHBIE HA CTATUCTUKE O MOJIb30BaTesIsIX. Kak BUIHO 13
pruMepa, Mbl CPABHHUBAEM IIOXOXKECTb MEXKJy I0JIb30BaTe/IsIMUA, OCHOBHIBA-
JCh Ha PEATHHIaX OLEHEHHLIX 00BLEKTOB. B To Ke BpeMs, moyeMmy OLI HaM He
HCIIOJIb30BATDh Ty K€ CTATUCTHUKY JJIsi CPABHEHUSI IIPOJIYKTOB MEXKIy CODOIA,
a IIOTOM COIIOCTABHUTDL PE3YJILTATLI ABYX IOIXOI0B.

Taxoit MeToI, OCHOBaHHLIA Ha CpaBHEHUE CXOXKECTH 00BEKTOB, Ha3bIBAET-
cs1 item-based. 3ech OCHOBHAsI UJEsI COCTOUT B TOM, YTO €CJIU ITOJIb30BATE-
JISTM, KOTOPBIE OTICHIJIN IBA TMIPOYKTA, MOHPABUIICH 004, TO MOTH30BATEIAM,
KOTOPBIE MOIPOOOBAIN TOJLKO OJINH, MOXKHO IIPEJjIaraTh BTOPOii, KOTOPDIi
BeposITHEE BCEro, UM IOHpaBuTcs. To ecTb, eciii B NpPUMEpPE C KHUMKHBIM
MarasmHoM Mbl 3aME€TUJIN, 9TO IIOJIb30BATE/IN, KOTOPbLIEC ITIOKYIIa/JId1 KHUTY A,
TakxKe IMOKyIaad KHUT'Y B, To TeM moTpeburesisiM, KOTOpPbIE y¥Ke KyIMWiIn A,
HO ellie He o0paTwin BHUMaHUe HA B pasymHoO OyIeT ee IPeIOKUTh.

Ileppoit uccienoBaTenbCKoil paboOTON MO PEKOMEHIATEIBHBIM CUCTEMAaM
canraercs pabora Lee Giles "An autonomous Web Agent for Automatic
Retrieval and Identification of Interesting Publications"1998 roma. Omrako
IIepBOil TTedaTHON IpaBUIbHee Ha3BaTh padory 1992 roma David Goldberg,
David Nichols "Using collaborative filtering to weave an information
Tapestry"

B mamnOIT pabore ommcaH TPUHIMUAI PAOOTHI SKCIIEPUMEHTAIBHON MOYUTO-
Boit cucrembl Taperstry. Pazpaborauku Tapestry mepBbiMu wucrob3oBajin
TepMuH "KosuraboparupHas duabrpamnys"Kak MeTos cOopa KaueCTBEHHBIX
nauubIX. lamuasi cucrema Obuia pazpaborana B Xerox PARC kak crocob
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00paboTKu OOJIBIIIOIO KOJUYECTBA COODIEHUN 3JIEKTPOHHOM MOYTHI U COOD-
II[eHWiT, OTIIPABJISIEMBIX B I'PYIIIBI HOBOCTel. OCOOEHHOCTHIO JIAHHON CHCTEMBI
OBLIIO TO, IYTO CUCTEMA COOMPAJIA U aHAJU3UPOBAJIA JAHHDBIE O PEAKIINH JIFO/IEH
Ha MIPOYUTAHHBIE UMU TOKYMEHTDI, B CJIACTBHUE UEro IIporecc (puibTpaluu
craj 6ostee 9P PEKTUBHBIM.

OnnoBpemenno ¢ Taperstry pa3BuBajiuch U Jpyrue PEKOMEHIATEIbHBIE
CHUCTEMBbI Ha OCHOBE KOJIJIA00PATUBHON (DUIBLTPAIIIH:

e B 1995-1996 romax ObLIM paspaboTaHa Cpasy TPU CUCTEMBI ISl PEKO-
Mengaruu My3biku: Helpful Online Music Recommendations, Ringo,
Firefly.

e Takyke B TO BpeMsi aKTHBHO Pa3BUBAJIUCH CUCTEMbI PEKOMEH/ AN HAH-
boJiee MHTEPECHBIX U MOMYJISIPHBIX cTpanull B maTepuere: Point’s Top
5%, PHOAKS (People Helping One Another Know Stuff), Webdoggie,
Alexa Internet.

Merton Item-based 6b1u1 m306peren u ucnoib3oBan Amazon.com B 1998
roxay. Brepsoie npeacrapien mybsinke Ha Hay4aHoi kondepennuu B 2001, a
ero aBTopbl B 2016 monyuwsu wHarpasy Test of Time.

JlaHHBII aJrOPUTM [IOMOT CIIPABUTHCS ¢ HEKOTOPBIME U3 MPOOJIEM, UMEB-
HMIAMUCS Y METOJIOB, OCHOBAHHBIX HA CXOXKECTH I0JIb30BaTeJIeN:

e cucTeMbl paboTa/ M ILJIOXO, KOIJAa Yy HUX OBLJIO MHOTO IPOIYKTOB, HO
CPaBHUTEJIBHO HEMHOI'O OIIEHOK

® TDYIOEMKO BBIYMCJINTH CXOJICTBA MEXKy BCEMU ITapaMHU I10JIb30BaTeJICH

e 11podIIH TOTB30BaTENIEH OBICTPO MEHSAJINCH, U BCIO MO/IETb HEOOXOIMMO
OBLIO 1IEPECUYNTHIBATE

Ho BompocoB, ¢ KOTOPBIMHU MPUXOIUTCS CTOJKHYTHCA Pa3pabOTINKy B
IIPOTIECCE CO3JIAHUS TAKOUW CHCTEMBI OCTAETCs eIlle MHOro. BoT OJIHM U3 HUX:

1) Kak st 1aHHOTO IMOJIB30BATEsl, JIJIs KOTOPOrO MBI XOTHM CJICJIATDH
PEKOMEHTAINIO, ONPEJIE/UTh [0Ih30BaTe e, KOTOPhIE UMEIOT CXOXKUE
MIPEIITOUTEHNS !

2) Kak usMepsiTh CXOKECTb MeXKJy HOJIb30BATEJISIMU !

3) Yro JeJiaTb eCJin y HaC UMeeTCd MaJIOo JaHHBbIX O peﬁTI/IHFaX?
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IIpeumymiecTBa MeTo/ia:

1) dBasieTcst JOCTATOYHO YHUBEPCATBLHBIM MTOXOIOM, IIO9TOMY YaCTO JAeT
BBICOKHE PE3YJILTATHI.

2) [dnst paboThl JaHHOIO MeTOJa He HyKHa JieTajibHas uH(bOpMAIWs O
npoaykTax. B mpuMepe ¢ KHUXKHBIM Mara3uHoM - aBTOD, YKAHP, OINCA-
HUe KHUTA. BMECTO 3TOro MCIIOIb3yeTcsl KaK HUCTOPHUS OIIEHOK CAMOTrO
IIOJIB30BATENsl, TaK U JIPYTUX TOJIb30BaTEIEH.

He,ILOCTaTKI/I MeTo/Ja:

1) Kak paboraTh ¢ HOBBIMHU II0JIb30BATEJISIMHA, JIJIsi KOTOPBIX €Ile HEeT HC-
TOPHUH TIOKYTIOK (3a/1a9a XOJIOIHOIO CTapTa).

2) Yro senaTh ¢ HOBBIMU OObEKTAMU, KOTOPBIE €Ille HUKTO He OIEHUIL.

3) PecypcoemkocTh BbIMUC/IEHUI, KOTOPasi 3aMeJjIsieT BpeMsi paboThl Cu-
CTEMBI.

4) Heobxomum 60JIbITI0f 00bEM JAHHBIX JJIsT BBICOKOI TOTHOCTH IIPE/ICKa-
sanuit. Huxke B mporiecce 6oJiee 1eTalbHOTO PACCMOTPEHHSI TONO THUIIA
AJICOPUTMOB sI IPUBEY OTBETHI Ha BCE 9TH BOIIPOCHI, & TAK»Ke PaccKa-
Ky, KaK 00XOINUTDH IIPOOJIEMbI JAHHOIO METOJA.

3.2. Cucremsbl buiabTpanum Ha OCHOBE COAEP2KaHUSA

DTOT THUII CUCTEM OCHOBAH Ha Hajudue nHoOpManuu 06 OMUCaHu U Ipodu-
Jie, COCTOsIIEM M3 Habopa XapaKTEpHCTHUK dJIeMeHTa. Ecim cHoBa paccMoT-
PEeThH IIpuMep KHH2KHOI'O Mara3mHa, TO B Ka49eCTBE XapaKTEepPUCTHUK MOXKHO
B3SITH »KaHp, TEeMYy WU aBTOpa KHHUI'H. 3aTeM s KaKIO0I'o IOJIb30BaTesIsd
co3maeTcs mpodU/Ib IyTeM MPUCBOCHUS XapPaKTEPUCTUK CXOTHBIX C XapaKTe-
PHUCTHKAMU 3JIEMEHTOB, UCXOJIA U3 aHAJIM3a €r0 ITOBEJIEHHSI B IIPOIILIOM, JINOO
SIBHO CIIPAIIUBAs O €ro MpeInodTeHusIX. Jlajee mop30BaTeI0 pEKOMEH Iy 0 T-
cs1 OOBEKTHI, IIOXOXKHE Ha Te, KOTOPbIE 3TOT IIOJb30BATEIb YK€ yIOTPEOUI,
JinbO yKasaJ Kak MpernodTuTe/ibHbie. [[oxoxkecTn oleHnBaTCs 1Mo Mpu3Ha-
KaM COJEPKUMOr0 0ObEKTOB.

B npumepe ¢ KHUKHBIM MAra3uHOM CHCTEMa, MOIJIA OHPEIETUTh, UTO aB-
TOpPY HPaBATCS JETEKTUBHI M HOBEJLJIBI ONPEIEIEHHBIX aBTOPOB, U B HOCJIE-
CTBHUE PEKOMEHJIOBATH KHUTU ITUX >KAHPOB UJIU aBTOPOB.

B nporiecce usyuenust cucreM (GUIBTPAIIN HA OCHOBE COJIEPYKAHUS TAKyKe
BOBHUKAIOT UHTEPECHDLIE BOIIPOCHL:
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1) Kak cucrema MOXKeT aBTOMATHYECKH CO3/aTh MPOMUIb HOTH30BaATE s
U 3aTeM yJIyUIIaTh B Iporecce OOHOBJIEHUST TAHHBIX !

2) KaK OHpe,ZLe.HI/ITb KaKOﬁ JIEMEHT COOTBeTCTByeT Hpe,ZLHOLITeHI/IHIVI I10J1b-
30BaTesIs !

3) Kak aBTOMaTnm4ecKn u3BIeKaTh HHMOPMAIUIO O MPOLYKTE, YTOOLI U3~
6exKaTh PYyYHOIO 3AII0JTHEHUSA !

IIpeumymiecTBa mMeTo/ia:

1) He Tpebyer GoJIbIIONH TPYNIIBI OJIB30BATEEH JJisi JTIOCTUXKEHUST BBICO-
KOl TOYHOCTU PEKOMEHJAINIMA.

2) Hosble 371eMeHTBI MOXKHO PEKOMEHJIOBATH CPa3y, KaK TOJBKO y HUX I0-
ABJIAIOTCA 3aII0JITHEHHbIE XapaKTEPUCTUKH.

Henocrarku merona:

1) CusbHasi 3aBUCUMOCTD OT IPEJIMETHOI 00JIaCTH, 0JIE3HOCTH PEKOMEH-
JaIunil orpannyeHa.

2) IIpodwib mob30BaTENEH U SJIEMEHTOB JIOJIPKEH COCTOSITh U3 OJMHAKO-
BOro HabOpa XapaKTEPUCTUK, YTOOBI UX MOXKHO OBLIO CPABHUBAT.

3.3. CucremMmbl, OCHOBaHHbIE HA 3HAHUSIX

Pekomenmanum, ocHOBaHHBIE Ha 3HAHUSAX, HUCHOIB3YIOTCS OOBIYHO B TAKHUX
00J1aCcTSAX, KaK 3JIEKTPOHUKA, TJIe MOKYIATe/]d COBEPIIAT HMOKYIKH pa3 B
I1apy JIET, TaK KaK B IL&HHOﬁ O6JIa.CTI/I MBI HE MO2KEM IIOJIO?KUTHCs Ha NUCTOPUIO
MTOKYIIOK, KOTOpas UCIIOJIb3yeTCsl B KAYECTBE BXOJHBIX JTAHHBIX JIJIsi METOIIOB
KOJITabOpaTuBHON (PUIBTpAIINE U METO/IOB, OCHOBAHHBIX Ha COIEPXKAHWH.
Paccmorpum 1 npuMepa peKOMEHIATE/ILHYIO CUCTEMY, KOTOpas ITOMO-
raer 1oJib3oBaTesis BeOparh dorokamepy. OObIUHBIN [T0IB30BaTENEH TTOKY-
IaeT HOBYIO KaMepy TOJIbKO OJIMH Pa3 B HECKOJIbKO JieT. Takum obOpa3om,
PEeKOMeH IaTeTbHAsT CUCTEMa HE MOYKET MOCTPOUTH MPOMUIL MOIB30BATE ST
i IpeajiozKUThb KaMepbl, KOTOPbIE€ IIOHPaBUJIUCh JAPYTHUM IIOJIB30BaTEJIAM,
TaK KaK B MPOTUBHOM CJIydae MpeJaraTbest OyayT ToabKo becreeraepst. [To-
9TOMY aJIrOPUTMbI, OCHOBAHHbBIE HA 3HAHUSX, OOBITHO MCIIOJB3YIOT JOITOJTHU-
TeJIbHBIE JTAHHBIE, KAK O MOJb30BATESIX, TAK U O CAMUX TIPOLYKTA, JJIsT POp-
MUPOBaHUsSI CIMCKa pekoMmeHparuit. B obsactu dorokamep Takas cucrema
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MOXKET HCIOJIb30BATD JIETAJIbHYIO0 HH(MOPMAIUIO O XaPAKTEPUCTUKAX KaMep,
TaKUX KaK pa3perieHune, Bec, IeHA.

IIpocTo mpeacTaBasgTh TPOIYKT, YAOBIETBOPSIONINY BHIODAHHOMY TIOJIb-
30BaTeE/IeM HADOPY XapaKTEPUCTUK, SIBJSIETCS HEJO0CTATOYHBIM, IIOCKOJIbKY B
TaKOM CJIyvae KaXKIbIl M0JIb30BaTe b MOIYIaeT OIMHAKOBbIE PEKOMEH TAITUN
¢ TeMU, KTO BBIOpaJ Takoii ke HabOp XapakTepucTuk. Takum obpasoM, JaH-
HBIE€ CHCTEMBbI JIOJI2KHBI HE IIPOCTO COOUPATH MHPOPMAIHIO O YKEJIAEMbBIX Xa-
PaKTEPUCTUKAX, & TaKKe (pOPMUPOBATH HEKOTOPBIH TPOMUIEL MOJIb30BATEIA.

IlosToMy Ba’KHBIM aCHEKTOM ITOCTPOEHUsI TAKUX CHCTEM SIBJIAETCA Ha-
CTPOMKa B3AMMOJICHCTBHS MEXK/Iy MTOJIb30BaTe/eM U cucrtemoii. Eciu Bcrom-
HATH IPUMEP C KHIKHBIM Mara3mHOM U aJrOPUTMOM KOJIJIAOOpaTUBHON
duabTpanun, TO MOXKHO 3aMeTUTh, YTO IOJb30BATE/Ib MOYXKET B3aMMOJCH-
CTBOBaTh C MIPOrPAMMOl OTPAHMYEHHBIM YUCJIOM CIIOCOO0B. MHOXKECTBO Mpu-
JIOXKCHUH JIOIYCKAET TOJILKO BO3MOYXKHOCTh CTaBUTL pefitunru ot 1 1o 5. Boz-
Bpalasich K IpuMepy ¢ (poToKaMepoil, Korjaa y Hac HeT nHopMamyuu 06 uc-
TOPUU MOKYIOK TOJ/JIb30BaTE/IsI, HAM HEOOXOIUMO HACTPOUTH JIHUAJIOT MEXKITY
[I0JIb30BATEJIEM U CUCTEMOM, B IIPOIECCe KOTOPOT'O IIPOrpaMMa 33/1aCT BOIIPOC
0 TpebOBaHUSIX MOKYyIATEsI, TAKUX KAK MaKCUMAaJbHas [eHa, MUHUMAJIbHOE
pas3penieHue u T.J.

Takoit osxo/1 TpedyeT He TOJBKO JETAJLHOIO0 TEXHUIECKOTO MTOHUMAHUS
XapaKTEPUCTUK IPOJIYKTa, HO TaKyKe CTPOUT HPUOJIM3UTETHHBIN CclieHapuit
Ha OCHOBE BLIOPAHHBIX XapaKTEPUCTUK. B Takoii cuTyanun orpaHnInBaloIie
dakTOpbI MOT'YT OBITH HCIIOJIB30BAHbBI JIJIsI OIMUCAHUS KOHTEKCTa, B KOTOPOM
ompeJiesIeHHbIE XaPAKTEPUCTUKU SBJISAIOTCS PEJIEBAHTHBIMHU JIJTsl TIOKYITATEeJIs.
Hampumep, kamMepa BBICOKOTO pa3peIleHust aB/IseTcCs 00/1ee IPeIIIOITUTE b
HOi1, ec/ii T0JIb30BaTE/Ib IIJIAHUPYET eYaTaTh Gororpadun OOJIBIIOro pas-
Mepa.

B nesioMm pu pacCMOTPEHUN CUCTEM TaKOr'O BUJIA BO3HUKAET JOCTATOTHO
MHOI'O BOIIPOCOB:

1) B kakux ob6acTsix MOXKeT ObITh IPUMEHUM JAHHBIH METO!

2) Kax nosyunTs npoduiib 1mojb30Baressi B 00/I1acTsX, TJe HeT UCTOPUU
€ro TOKYIIOK, U KaK YYeCTh IPEITOUTEHUs] TTOJIb30BATEIS !

3) Kax nactpouTh B3auMOIeiiCTBIE € HOIb30BATEISIMU !

4) Kakum 00pa3oM MOKHO MNepCOHUMUIMPOBATH IIPOIECC B3aMMO/IEi-
CTBUSI, ITOOBI MAKCUMHU3UPOBATHL TOYHOCTH IIporecca cbopa mHdopMa-
MM O IPEIIOYTEHUAX I0Ib30BaTe el !
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IIpeumymiecTBa MeTo/ia:

1) TpeboBanusi 10JIb30BaTEIEH MOIYT OBITH OIPEJIEJIEHBI TOUHEe, 6j1aro-
apsl SBHOMY B3aMMOJIEHCTBHIO.

2) Merog jaer xoporue pesyiabrar B cdepe, TJe HeT JOCTATOYHON MH-
dopmanyuu 06 UCTOPUHU TOKYIIOK.

Henocrarku merona:

1) Ot nosab3oBatesist TPeOYIOTCs JOMOJHUTEIbHBIE JEHCTBHs, YTOObI CH-
cTeMa MOrJjia cobpaTh JIaHHBIE O €ro IPEeIIIOUTEHHSIX.

2) Jlanuble 0 TpeOOBAHUSIX MOJH30BATENs] MOTYT ObITH HENPABHJILHO WH-
TEepPIPETUPOBAHLI CUCTEMOIA.

3.4. 'nOpuaHbBIE CUCTEMBI

Kaxkmprit u3 BBIMIIEOMMCAHHBIX METOJIOB MMEET CBOW MPEMMYIIECTBA U HEJI0-
CTATKU B 3aBUCHUMOCTH OT IOCTAaBJIEHHO# 3aja4u. /oCcTarouHO OYeBUIHBIM
peIeHneM BCeX 3TUX MPOOIeM sIBIIsIeTCsS 00beTUHEHNE PA3JIMIHBIX ITOIX0I0B
JIJISE TOTO, YTOOBI 00ECIeYnThb OOJIBINYI0 TOYHOCTH PeKoMeHAanii. O ToM, Kak
U3MEPSITh TOYHOCTb PEKOMEHJIAIMi, Mbl TIONOBOPUM B pasjiesie 0 crocobax
OTIEHKHU KAYECTBA PEKOMEHTATIHIA.

Ecnu, nanpumep, y Hac ecTb JaHHbIE 00 ONMMCAHUN IPOIAYKTOB, IPOMUIH
[TOJIb30BATEIEe U UCTOPUS €r0 MOKYIIOK, TO MBI MOYXKEM YJIYUIIUTh PEKOMEH-
JATEeJbHYIO CUCTEMY IIyTeM O0beInHEeHUs METOIOB KOJLIabOpaTUBHON (brib-
TPAIUU U AJITOPUTMOB (DUIBTPAIIH 110 COJEPKAHUIO. TakuM 00pa3oM, B CJIy-
Jae TOSIBJIEHUsI HOBOI'O IOJIb30BATENSI B CHCTEME, O KOTOPOM HET HCTOPUU
IMOKYIIOK, MbI CMOYKEM HCIIOJIb30BATh PEKOMEHIAIIUU HA OCHOBE AJI'OPUTMOB
UIBTPAIE 110 CONEPKAHUIO, & B CJIydae OOJIBIIIOro 00beMa CTATHCTHIECKIX
JIAHHBIX CTPOUTH 60JIee TOUHDBIN TTPOTHO3, UCITOIB3YsT METOBI KOJIJIAO0OPATHB-
HOI pUIbTPAIIH.

Hecmorpst Ha TO, 9TO THOPHUJIHBIE CHCTEMBI TIOMOTalOT OOPOTHCST ¢ HEJO-
CTATKAMU OMMCAHHBIX PAHEE METOMOB, OHU BCE YK€ OCTABJSIOT JOCTATOTHO
BOIIPOCOB, HA KOTOPBIE HY?KHO OTBETUTH IIPU MPOEKTUPOBAHUHN TAKON CUCTE-
MBI

1) Kakue moaxoapl MOryT ObITh OObEJINHEHbI, U KAKUE YCJIOBUS JOJIZKHBI
BBIIIOJIHSATBLCSI, YTOOBI 9TO MOLJIO OBITHL CIIEIAHO?
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2) Jo/KHBI JI pa3Hble TEXHUKH HMCIOJIb30BAThCS B PA3HBIX CHUTYAIUsIX,
JIn0O Pe3yJIbTAT KaXKJION JIOJI?KeH OpaThCst ¢ OIPeIeJIeHHBIM BECOM?

3) Kak pesysbrar pasHbIX METOJOB JIOJIZKHBI OBITH B3BEIIEHbl, YTOOLI HA
BBIXOJIE TOJIyIUTh OJIUH PE3YALTAT?
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Recommender systems: overview of main statements and results
Kutyanin A.R.

Main recommender algorithms are considered in this paper.
A meaningful formulation of the problem of finding N best
recommendations is given, pros and cons are described for all mentioned
approaches. Also reader can find papers and results overview starting
from appearance of the first recommendation systems up to the present.
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Bepudukaius nporpaMM MeToa0oM
MHBAPUAHTOB

Muponos A.M.

WN3znaraercss MeTO/, MHBAPUAHTOB JIJIsI JOKA3aTEIbCTBA, MIPABUIHLHO-
CTH KOMIIBIOTEPHBIX mporpaMM. OCHOBHBIE KOHIEIINHU, CBSI3aHHBIE C
9TUM METOOM, UJITIOCTPAPOBAHBI IIPUMEPAMU BEPUMUKAIIY [TOCJIET0-
BaTeJIbHBIX U HapaJlje/IbHBIX IIPOTIPaMM.

Kurouessbie ciioBa: Bepudukanus nporpamm, meron DJroiima, mH-
BapUaHTHI.

1. BBenenue

[IpobGuiembl Bepudukanuu (T.€. JI0Ka3aTEJbCTBA PABHJIBLHOCTH) [IPOrPAMM
3aHIMAIOT IIEHTPAJbHOE MOJO0KEHNE B TEOPUH U IIPAKTUKE pa3pabOTKH IIpO-
rpamMMHOro obecriedenust. 110/ MpaBUIBHOCTHIO ITPOrPAMM TOHUMAETCS UX CO-
OTBETCTBUE PA3JINIHBIM YCIOBUAM KOPPEKTHOCTH, OE30ITaCHOCTH, YCTONINBO-
CTU B CJIy9ae HEIPEeyCMOTPEHHOI'O MTOBEJIEHUS OKPYKeHUs, 3P HEKTUBHOCTU
WCIIOJIb30BAHNS PECYPCOB BPEMEHU M MAMSITH, ONTHMAJbLHOCTH Pean30BaH-
HBIX B IIPOI'PaAMMe AJITOPUTMOB, U T.II.

Kak npasmiio, aj1st 000CHOBaHUS IMIPABUILHOCTHA IPOIPAMMBI €€ TECTUPY-
IOT, T.€ AHAJU3UPYIOT €€ MOBeJeHNe Ha HEKOTOPBIX BXOJAHBIX JaHHBIX. OIHAKO
TecTUpOBaHUe 00JIaaeT OUEBUIHBIM HEIOCTATKOM: €CJIH €r0 BO3MOXKHO ITPO-
BECTH HE I BCEX JOIMYCTUMBIX BXOJHBIX JAHHBIX, & TOJIBKO JIUIIb JJIsT MX
HeGOJIBINOf YacTh (YTO MMeeT MeCTO HOYTH BCEerjia), TO OHO He MOXKET CJIy-
JKUTh TapaHTHPOBAHHBIM 0OOCHOBAHUEM TOIO, YTO TECTHPYeMasl IIPOrPaMMa
obuiastaeT mposepsieMbiMu coiicrBamu. Kak ormernt deitkerpa ([1], crp. 41),
TECTUPOBAHNE MOXKET JIMIIIb TIOMOYb BBISIBUTH HEKOTOPBIE OITUOKH, HO OTHIOb
He J0Ka3aTh uxX orcyTcTere. OmubKU B IporpaMMax MOI'YT ObITh BECbMa TOH-
KMMH, ¥ 9eM TOHBIIE OIMIHOKA, TeM CJIOXKHEee OOHAPYKUTh €€ TeCTUPOBAHUEM.
Ho Bo MHOTEX mporpaMmax HaJIMdue Jlayke HE3HAUYUTEIbHBIX OIMNOOK KaTe-
ropuvecku Hemomyctumo. Hampumep, Hamn4ame garke HEOOIbIINX OMMUOOK B
TaKUX IPOrPaMMax, Kak
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® IIPOrpaMMBbl yIIPABJIECHUS ATOMHBIMH 3JIEKTPOCTAHITUAMN,
® IIPOIPAMMBI, YIIPABJIAIONIE pabOTON MEIUITNHCKAX YCTPOMCTB,

® IIPOrpaMMbl B OOPTOBBIX CHCTEMAX YIIPABJICHUS CAMOJIETOB U KOCMUUIE-
CKHX alllapaTos,

® IIPOrPAMMBI B CUCTEMAaX YIIPABJIEHUsI CEKPETHBIMU Da3aMu JAHHBIX, CU-
CTeMaxX 3JIEKTPOHHON KOMMEPIAH, U T.II.

MOXKET IIPUBECTH K CYIIECTBEHHOMY YIIepOy JJist 9KOHOMUKN U YKU3HU JIFOJIEH.

laparaTupoBaHHOE 00OCHOBaHNE MPABUILHOCTH IPOTPAMM MOXKET OBITH
[TOJIY9IE€HO TOJIBKO IIPHU TIOMOIIU AJIBTEPHATUBHOTO TOXO0/IA, ITPUHITUITHAIBHO
OTJIMYHOTO OT TecTupoBaHus. JIaHHBIN MOIX0I Ha3bIBAETCs BepudUKaIimeil.
B camom obriem Bujie BepuduKalius mporpaMMbl MOXKET MOHUMATbCS KakK
ITOCTPOEHNE MATEMATHIECKOTO JTOKA3aTeIbCTBA YTBEPKIEHUSI O TOM, 9TO Be-
puduimpyemast porpaMma COOTBETCTBYET CBOeMy IpeiHasHadenuio. [Ipes-
Ha3HAYEHUE IIPOTrPAMMBbI MOYXKET OLITH BBIPAXKEHO, HAIIPUMED, IIyTEM OIIICa-
Husi (pyHKIUU, KOTOPYIO JIOJ2KHA BBIYUCIATH 9Ta MIPOrpPaMMa, WM [PABUJI
B3aUMOJIEHCTBUS TOM MTPOrPAMMBI C IPYTUMH IIPOIPAMMAMHI, T.€. PEAKIINU,
KOTOPYIO 3Ta IPOrpaMMa J0JKHA 0D0eclieInBaTh B OTBET Ha, IOJIyYeHIe CUT-
HAJIOB WJIA COOOIEHNH OT JAPYTUX ITPOTPAMM.

dopmasbHOE onmcaHne IPEeIHA3HAYEHUST IIPOrPAMMBI (HJIM HEKOTOPBIX
CBOIICTB, KOTOPBIME OHA JIOJIZKHA 00JIa/IaTh) B BUJIE MATEMATHIECKOIO yTBEP-
JKJIEHUsT Ha3blBaeTcsl clienumukanmein 31oii mporpammbl. Crerudukarimst
MOXKET IIPEJICTABISITE c000il hbopMaJIbHOE OIMCAHNE CaMbBIX Pa3HOOOPA3HBIX
CBOIICTB IIpOrpaMMBbl, HAIIPUMeD:

® €€ BXOJIHbIE U BBIXOJIHbIE JITAHHBIE HAXO/IATCA B 33/ JaHHOM COOTHOIIIEHUH,
e IIpOrpaMMa BCEIJia 3aBepIlaeT CBOIO paboTy,

e BO BpeMs pabOTHI TPOIPAMMBI HE ITPOUCXOIUT ¢OOEB U HEHOPMAJbHBIX
curyaruit (Hanpumep, jesenusi Ha 0, M3BJIe€YeHHs] KBAJPATHOTO KO-
HS U3 OTPHUIATEIbHOI'O YMCJIa, BBIXO/Ia MHJIEKCA 3a I'PAHUILI MacCHBA,
HEeaBTOPM30BAHHBIX yTeueK MHMOpMaIyu, 1 T.I1.),

e IIporpaMMa pellaeT CBOIO 33Jlady 3a YCTAHOBJIEHHOE BpeMs,
e IIPOrpaMMa UCHOJIL3YET He DoJiee YCTAHOBJIEHHOIO 0ObeMa HaMsATH.

Jlns Bepudukanuu nporpaMMbl P HEOOXOIUMO OIIPEIE/IUTh
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e MaTeMaTUYECKUil CMBICTI BCeX KOHCTPYKIUM, MUCHOJIb3yeMbIX B P, Ha-
3bIBaeMblil (POPMAIbHON CEMAHTHKOM (MM IPOCTO CEMAaHTHUKOIR)
3TUX KOHCTPYKIIUNA, U

e crenuUKAIU Spec 3Toi TPOrpaMMBbl, BBIPAXKAIONIYI0 TO CBOWCTBO
nporpaMMbl P, KoTopoe HeoOXoauMo BepuHUIUPOBATD,

HOCJIe Yero MOXKHO CTaBHTL BOIPOC O Bepudukanuu P orHocuTensno Spec,
T.€. 0 HOCTPOEHUH MATEMATHIECKOIO J0KA3aTeIbCTBA YTBEPIKIEHUS O TOM,
aro P ynosimerBopsieT Spec.

B nacrositieM TeKCTe H3JIaracTcs OQUH U3 HanboJiee MINPOKO PACIPOCTpa-
HEHHBIX METOJIOB BepUMUKAIMI [IPOIPAMM, M3BECTHBI II0]] HA3BAHUEM Me-
Tox mHBapuaHTOB. OJHAMU U3 IIEPBBIX PAabOT, B KOTOPBIX H3JIOXKEH 3TOT
MeTOJ, ABJIsAIOTCs craThh (3] u [4]. Meros nHBApHAHTOB OCHOBAH HA HOHSTH-
SIX MaTEeMATHIECKOI JIOTHKN, ¢ KOTOPBIMH MOYKHO IIO3HAKOMHTBHCS 110 KHUTE
[5]. Pasiuunble nssioxKeHusi MeTo/la HHBAPUAHTOB cojiepKarcs B [6]—[11].

2. IIporpammel, mIpecTaBjieHHbIE B BU/e OJIOK-CXEeM

O/ tHUM U3 SA3BIKOB OIMMCAHUS IPOTPAMM SIBJISIETCS si3bIK OJI0K-cxeMm. Ha man-
HOM $I3BIKE TIPOTPaMMa TPEICTABIAeTC S B rpadoBoit hopme. OTMeTnM, 91O
rpadoBasi hopmMa IIPeJICTABICHUS TPOTPAMM B [IOCJIE/IHEE BPEMST 3aBOEBbIBa~
eT Bce DOJIBIIYIO MOIY/ISIPHOCTD, [0 IPUYUHE TOTO, UYTO Takasd (popMa Ipe-
CTaBJICHUS [IPOTPaMM O0JIErdaeT UX MOHUMAHUE U YIIPOIIAET UX AHAJIU3.

2.1. BcnomMmorareJsbHbIEe IIOHATUA

Mgt 6ymem mpeanoaraTb, 9TO 3aaHbl CJIEIYIONINEe MHOYKECTBA.

e MmoxkecTBO T, 9JIEeMEHTBI KOTOPOTO HA3BIBAIOTCA TUIIAMU. Kaxkaomy
Ty t € T comocTaBIeHO MHOXKECTBO [y 3HaUeHUit Tuma t.

e MuoxecTBo X, 3JIeMEHTBI KOTOPOTO HA3BIBAIOTCsSI MEPEMEHHbBIMHU.
Kaxx noit mepemennoit z € X conocrasien Tuil t(x) € T. Kaxmas nepe-
MenHas © € X' MOXKeT NPUHIMATL 3HAYEHUs B MHOXKecTBe Dy, T.e.
B pa3/MvHble MOMEHTBI BDEMEHHU MEPEMEHHAsl & MOXKET OBbITh CBA3aHA
C PABJIMYHBIME 3IEMEHTAMI MHOKECTBA Dy (y).

e MuoxkectBo C, 971eMeHTBI KOTOPOI'0 Ha3bIBAIOTCA KOHCTaHTaMu. Kaxx-
Joit korcrante ¢ € C conocrasiensl Tutl t(c) € T u 3HaUYeHUE U3 Dy,
obo3Ha"YaeMoe TeM K€ CHMBOJIOM €, U Ha3blBaeMOe MHTepHIpeTanueii
KOHCTAHTHI C.
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e MmuoxkecTBo F, 97IeMEHTBI KOTOPOTO Ha3BIBAIOTCS (PYHKIMOHAJIBHBI-
mu cumBosamu (®C). Kaxnpomy @C f € F conocrasiieHbt

— dysKImoHaNBHBIN TUN {( f), KOTOPBIHA IpejcTaB/seT coboil 3a-
mich Buga (t1,...,tn) — t, vue t1,...,ty,t € T, 1

— dyuknus Buna Dy, X ... x Dy, — Dy, e (t, ..., t,) =t =t(f),
JaHHast PYHKIM 0003HATAETCST TEM K€ CUMBOJIOM [ 1M HA3bIBAET-
cst uHTeptperatueit OC f.

Hwmxke mbr 6ymem ncronb3oBars PC +, —, -, div, mod, e

— ©C +, —, - umerorT GyHKINOHAIBHBI THIl (int, int) — int, u int
— THUI, 3HAYEHUSAME KOTOPOTO SABJISIIOTCS IIeJIble YHCIIa,

— OC div, mod nmeror GyHKIMOHAIBHBIN Tyl (int, intg) — int, u
inty — THI, 3HAYEHUSIMHU KOTOPOIO SIBJISIIOTCS ILeJIble YUCJIa, OT-
Jimaabre ot 0,

u QyHKIUU +, —, U - TPEJACTABJIAIOT CODOIl COOTBETCTBYIONNE apud-
MeTHYecKue orepanuu, div u mod BbIYUCIAIOT YACTHOE U OCTATOK CO-
OTBETCTBEHHO OT JIeJICHUS IIEePBOIO apryMeHTa Ha BTOPOI.

Beipaxkenusi crpositcst u3 nepeMeHHbIX, KoHCTaHT U PC. MHOXKecTBO
BCEX BbIpakeHmit obo3Hauaercst cuMBojioM &. Kaxkoe BhIpakeHune € umeer
tui t(e) € T, oupeessieMblii cTpyKTypoii Bbipazkenust e. [IpaBuia mocrpoe-
HUS BbIPDaKEHUN UMEIOT CJeAYIONUNA BUI:

e Kaxk/asd IepeMeHHad U KOHCTAHTa dABJISE€TCH BbIPAKEHUEM TOI'O TUIIA,
KOTOPBINA COIIOCTABJICH ITON NEPEMEHHO MW KOHCTAHTE, U

e ccmmey,...,ep €E, f€F,ut(f) nmeer Bug (t(e1),...,t(en)) = t, TO
snakocodetanue f(eq,...,e,) SABIACTCS BBIDAXKEHUEM THUIIA T.

Beipazkenust +(eq, e2), —(e1,e2), -(e1,€2), div(ey,e2), mod(ey,es) Oyayr
3alUChIBAThCsE B GoJlee IPUBLIYHOM BUJIE €] + €2, €1 — e, e1e9, e1/es u e1%es
COOTBETCTBEHHO.

Cpeay TUIIOB, BXOAMIMX B 7, ©MeeTcss THI bool, MHOXKECTBO 3HaYEHU
koroporo nmeet Buj {0, 1}. Boipazkenus Tuma bool HazbiBaoTcst popmyIia-
mu. MuOXkecTBO Beex dopmyist obo3nadaercst cumBojiom B. [Ipu mocrpoenun
dbopmyst moryT ucnosszoBaThest 0obranbie 6yaesckue PC (A, V, — u T.1.), Ko-
TOPBIM COOTBETCTBYIOT (DYHKITMH KOHBIOHKITUH, JTU3BIOHKINH, U T.7. CHUMBOJI
1 obo3HAYMAET TOXKIECTBEHHO UCTHHHYIO (POPMYITy, & cuMBOJI ) — TOXK1€CTBEH-
HO JioxkHYI0 hopmyity. Popmyiibl Buga A(eq, ez), V(ei,e2), U T.I. Mbl Oyiaem
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3aIUCHIBATHL B O0Jiee IPUBLIYHOM BUJE e1 A e, e V ez, U T.J. B HEeKOTOpBIX
€1
caydasax popMysbl BUJa e1 A ... A ey OYIyT 3aliCLIBATLCS B BHJIE
€n

Ve € &€ zamucy X, 0003Ha4a€T MHOYXKECTBO IIEPEMEHHBIX, BXOJISINUX B €.

VX C X zanucu £(X) u B(X) obosnagaror muoxkecrsa {e € £ | X, C X'}
u £(X) N B coorBeTCTBEHHO.

[Iycts X C X. O3HaUMBaHMEM IEPEMEHHBIX U3 MHOXKeCTBa X Ha3bIBa-
€TCsI IPOU3BOJILHOE COOTBETCTBHUE &, KOTOPOE COIIOCTABJISIET KazK/ 0! IIepeMeH-
Hoit © € X Hexoropoe 3HaveHme ¢ € Dy (). MuoxkecTBO BCex O3HaUMBaHMUI
repeMeHHbIX 13 X 00o3HavYaeTcs 3anucbio X °.

Ecm X C X, e € £(X), £ € X°®, 10 ef obo3HAYACT 3HAUCHUE U3 Dy(ey,
Ha3bIBaeMoe 3HAUEHUEM e Ha &, U OIIpe/lesIsieMOoe CJIeIyIOINIM 00pa30M:

e ecim e € X, TO €° IpeIoaraeTcs 3aIaHHbIM,
e ccin e € C, TO €° sIBIIsieTCsl HHTEpIIPETaleil KOHCTAHTHI e, I
e ccm e = fleq,...,ep), To €& = f(e?,. . .,eg).
Boipazkenus e, es € £ CUNTAIOTCS PABHBIMU, €CJIT
VEe (Xe, UXe,)® e§ = eg.

IMycrb X C X, € X® z € X e &(X), t(x) = t(e). Banucs &(x 1= e)
obo3HauaeT o3HaUMBaHUE u3 X °*, OIpe/iessieMoe CIIEYIONIM 06pa3oM:

8@=0) — 8 Ve X\ {x} 257 = 28, (1)
Ecu € X e ¢ € &€, u t(xr) = t(e), To 3anuce (zr := e)e/ oboznauaer
BLIpayKeHue, MoJydaeMoe U3 €' 3aMeHoil Bcex BXOKeHHi T B € Ha e.
2.2. IloasaTue 6JI0K-CXEMBI

Buiok-cxema (BC) upejcrasisier coboii KOHEUHBI OPUEHTHPOBAHHBII
rpad, Kaxk/asi BEpIIMHA KOTOPOIO UMEET OJ[MH M3 CJIEJYIONIUX THIIOB:

e HavaJIbHAs BEPIINHA, OHA 0bo3HauaeTcst cuMBosioM (-), B Kaxk10it BC
MMeeTCs TOJIBKO OJIHA HadaJbHAas BEPIINHA, U3 HeE BBIXOJIUT OJIHO ped-
PO, U B He€ He BXOIUT HU OIHOTrO pebpa,

e IIpUCBaMBAaHME, BEPIIMHA TAKOO THIA 0OO3HATACTCS 3AIUCHIO BHJA
[z :=c¢], e z € X, e € &, t(x) = t(e), n3 KAKIOr0 MPUCBANBAHISA
BBIXOJIUT TOJIBKO OJJHO peGpo,
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e YCJIOBHBIII IepexoJ, BepIIMHA TAKOTO THIA 0O03HAYAETCS 3aIiChIO
Buzia (b) mme b € B, u3 KaXKJI0ro yCJIOBHOIO II€PEXOJa BBIXOIUT JIBA
pebpa, 0QHO M3 KOTOPBIX UMEeT METKY 1, a apyroe - meTky 0,

e mycTOli omeparop, Takas BepinuHa oboszHadaercss cuMBojioM (), U3
He€ BBIXOJIUT TOJIBKO OHO Pedpo,

e TepMHMHAJIbHAS BepIINHA, OHa 0D0O3HAYACTCS CHMBOJIOM (X), U3 KayK-
0¥ TepMUHAJIBHON BEPIUHBI HE BBIXOIUT HU OJHOTO pedpa.

IIycte P — BC. Bynem obosHavuars 3amucsamu Vp 1 Xp COBOKYITHOCTH
BCeX BepIUH P 1 mepeMeHHbIX, BXOAAIMNX B PP, COOTBETCTBEHHO.

Breimostaenne BC P — 510 06x0/ Bepiiud P, HaunHast ¢ HadaJIbHOI Bep-
IMHBL (T.€. IOCJIEI0BATEILHOCTD [IEPEXOJIOB 10 PEOPaM OT OJHOIl BEPINUHBI
P x jipyroii), ¢ BbIIOJIHEHUEM JeHCTBUH, COIIOCTABIEHHBIX IPOXOJAUMBIM BEp-
mmHaM. C kaxkJpIM 1raroM ¢ > 0 Boinosinenusi P cBs3anbl BepruHa v; € Vp
u o3HaunBanue § € X} (HasblBaeMble TEKYIIe BEPIINHON I TEKYIINM
O3HAYMBAHMUEM Ha mmare ). Ecian v; — HeTepMUHAIbHAST BEPIINHA, TO OIIpe-
neseH ¢ + 1-it mar Beinosinenus P, B P ecTb pedpo U3 v; B Vi1, U

e ecyiM v; — HadaJIbHas BEPIIMHA WJIM IIyCTOMH oreparop, To &1 = &,

o ccn v; = [z := €], T0 {11 = &i(x :=e),
(MOKHO WMHTEpPHPETHPOBATH JEHCTBHE, COOTBETCTBYIONIEE ITON Bep-
IINHe, KaK OOHOBJICHHE 3HAYEHUsI HePEMEHHO X: II0CjIe MCIIOJIHEHUs
STOro JiefiCTBHUs 3HAYEHUE T CTAHOBUTCH PAaBHBIM 3HAYEHUIO BbIParKe-
HUsI € Ha TeKyIuX 3HadeHusx rnepemeHHbix BC P)

o ccn v; = (b), T0 &1 = &, 1 pebpo U3 v; B v; 1 UMeeT MeTKy b,

a €CJin v; — TepMHHaJIbHasd BEPIIINHAa, TO BBIIIOJIHEHUE BC na mare 4 3aBep-
nraeTcd.

2.3. 3ajmaua BepudwuKaium O6JI0K-cXeM

[Tycrs 3amana BC P, u eé cemudukalis mpeacTapjsieT coboii mapy GopmyJ
(Pre, Post) ¢ nepemenHbiME U3 X p, UMEIOIIUX CJIEYIOMUI CMBICIT:

e dopwmyna Pre nazpiBaeTcd OPeayCJIOBUEM, U BbIPAXKAET YCJIOBUE, KO-
TOPOMY JTOJZKHBI YIOBJIETBOPSTEH 3HadeHus: mepeMeHHbix bC P B Mo-
MEHT Ha4aJjia €€ BBIIIOJIHEHUS, U
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e (dopmysna Post Ha3bIBaeTCs MOCTYCJIOBUEM, U BBHIPAXKAET YCJIOBUE, KO-
TOPOMY JIOJIKHBI YJIOBJIETBOPSITH 3HadeHust nmepeMeHHbix BC P mocye
3aBeplIEHUs €€ BBIIIOJIHEHUS.

ycte P — BC, u £ € X3. Mbl OyzieM roBopuTh, 9To P BBINOJIHAETCS
C HaYaJIbHBIM O3HAUYMBAaHUEM &, eC/ii B MOMEHT HadaJia BBITOJTHeHus: P
3HadYeHne Kark10i nepementnoit £ € X p O6bLIO paBHO zf.

P
Bamuck £ — ® 0b003HAYAET yTBEPK/IEHUE: eC/in PP BBITOTHSAETCs ¢ Ha9a Ib-
HBIM O3HAUMBAHUEM &, TO BbIojHenne P Korma-anbo 3aBepITuTCs.

Ecnu Bepro & 2, ®, To 3anuch £ P 0bo3HavaeT o3HaunBaHue u3 X p, ornpe-
JiesisieMoe CIIeIYIONIM 00pa3oM: MyCTh P BBITOTHAETCS ¢ HAYATBLHBIM O3HAa-
appanneM &, Torga Vo € Xp sunadenue 257 paBHo ToMy 3HAMEHHIO, KOTOpPOE
Oy/leT UMETDh TIepeMeHHast T MOCIe 3aBepIeHnsT BLITOTHeHnsT P.

Bagaua Bepudukanuu 5C P orHocuresbho crenudukanyu (Pre, Post)
3aKJIIOTAETCS B JIOKA3ATEIbCTBE CIIEIYIONIEr0 YTBEPIK TeHUS:

Vée Xp  ecm Pret =1, o0 fg ® u Post*’ =1. (2)

P
Jlamnoe yrBepxkaenne obo3HadaeTcsa 3anucbio Pre — Post.

3. Meron wmHBapmaHTOB /[Jid Bepudukaium OJIOK-
cxXeM

B sTom maparpade nznmaraercsa MeTos I0Ka3aTeIbCTBA YTBEPKICHUI BUIa

Prets p i
re — Post, na3piBaemMblil METOJOM MHBApUAHTOB. /151 ero hopmyupos-
KN BBe,H,éM IIOHATUA 6&30BOI‘O MHOZKeECTBa 1 6&30BOI‘O HyTI/I.

3.1. Ba3zoBble MHOXecTBa U 6Ga30BbIe MMYyTH

IIycrs 3amana BC P. IlyTte B P — 3T0 1IOCIEI0BATEILHOCTD T = (...
p€bep P, Ttakas, uro Vi = 1,...,k — 1 KoHer pebpa «; COBIIaIAeT ¢ HATATIOM
pebpa ajy1. Ilyte m = «q ... ) Ha3bIBaeTCH MUKJIIOM B P, eciim a1 = ay;.

MuozkecTBo M To1ek Ha HEKOTOPBIX pebpax BC P HasbiBaeTcss 6a30BbIM
ast P, ecoim Kaxxapiit muky B P comepkuT pebpo, Ha KOTOPOM UMEETCs TOUKa,
u3 M. Eciim M — 6a3oBoe MHOXKecTBO it P, To myTth ™ B P Ha3bIBaeTcs
06a30BbIM OTHOCHTEILHO M, ec/Ti OH HEIyCT, Ha ITIEPBOM U IIOCIeIHEM pebpax
3TOTO IMyTH UMEIOTC TOYKN u3 M, 1 Ha Apyrux pédpax 3TOro MyTH TOYeK U3
M wmer. MuoxkecTBO Beex 6a30BbIX oTHOCHTEIbHO M 1yTeit B P obo3nadaeTcs
sanucoio Ilp pr.
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Hoxaxkem, aro muOXkecTBO 1lp )y KoHewnO. Ecim Ilp); Geckoneuno, To
OHO COJIEP?KHUT IIyTH CKOJIb yrojno Oosbmoit amunbl. Torma B Ilpj; ectb
OyTh T BAJA Q1 ...04...04 ..., TJe o; = oy, 1 < i < j < k. Ilocnenosa-
TEJIbHOCTD (¥ ... (; SABJISETCA IUKJIOM, U, COIJIACHO OIpeJe/IeHnIo 6a30B0ro
MHOKECTBA, OJIHO W3 pEbep ITOro MUKJA COAEP:KUT TOUKYy m3 M, 910 mpo-
TUBOPEUNT IIPEJIIOJIOKEHNIO O TOM, UTO IIyThb T — 0A30BBI OTHOCHUTEIHLHO

M.

V€ Ilppr 6yaem obosnadars samucamu start(m) u end(m) Toukn u3 M,
KOTOPBIE JICZKAT Ha [EPBOM U IIOCJIeIHEM pebpe T, COOTBETCTBEHHO.

Bazopoe muO)kecTBO M njist BC P Ha3bIBaeTCsl MTOJIHBIM, €CJIN

e Ha pebpe, BBIXOISINEM M3 HavdaJbHON Bepiuubl P, ecTh Touka u3 M
(Takast TOUKa HA3BIBACTCA HAYAJIBHOM), 1

® Ha KaXkJ0M pebpe, BXOISINEM B KaKy0-MO0 TEPMUHAILHYIO BEPIITUHY
P, ectb Touka u3 M (Takue TOUKM HA3BIBAIOTCS TEPMUHAJIBHBIMUA).

IIycte M — mosiaoe 6azoBoe MHOXKecTBO st BC P. KaXmoMmy BBITIOJN-
nennio Fxec BC P cooTBEeTCTBYeT MOCJIENOBATEILHOCTE T = 12 . . . PEOEp
P, B xoTOpO#1 KaxK0e pebpo y; SBJISIETCS TeM pebpOoM, MO0 KOTOPOMY ITPOUC-
XOIUT IEepeMEIeHrNe Ha Iare 4 9TOr0 BBIMOJHEHUST OT TEKYINel BEPIIUHBI U;
K BepIiuHe v;41. OO03HAYINM 3AITUCHIO 1149 . . . TOCJIEIOBATEIBHOCTD HOMEPOB
Tex pébep U3 7, HA KOTOPBIX €CThb 6a30Bble TOUKU. COTJIACHO OIPE e/ IEHUIO
MIOHSITHI TOJIHONO 0a30BOro MHOXKecTBa U BbinojHennsa bC, i1 = 1, u s
KazKI0i mapbl (ij,4;41) COCEJIHNX MHIEKCOB B i1iy ... IIOCIEI0BATEILHOCTD
Tj = Qi ...Q;;,, sABJsgerca 6a30BbiM oTHOCHTE bHO M myTém. Ecim nyTh
KOHEUEH, TO €ro MocjegHee pedbpo BXOIUT B TEPMUHAJIBHYIO BEPIIUHY, U, CJIe-
JIOBaTEIbHO, COIEPXKUT TOUKY U3 M. Takum oO6paszoM, MOKHO MPEICTABUTD 7T
B BUJIE [IOCJI€JI0BATEIBHOCTU T T - . ., TJIE 7], T2, . . . — DA30BbIE OTHOCUTEJHHO
M myrn. Kazknaplit 4jien 7 3Toii IoCTeA0BaTeIBHOCTH MBI Oy/IeM Ha3BIBATH
KOMIIOHEHTO! BbITOTHEHUST Fxec.

Vr € Tpa,VE & € X3 sammes € © ¢ osnagaer, 9To T — KOMIIOHEHTa
Hekoroporo BeinosHernss BC P, u &, &' — rekyiine o3HaYNBAHUS B MOMEHTI
npoxo/ia depe3 Touku start(m) u end(m) COOTBETCTBEHHO MDY JBUZKEHUH IO
IyTH T BO BPEMsl 9TOIO BBIIIOJHEHUS.
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3.2. Onucanme MeTo/1a MHBAPWAHTOB [IJIst BepuduKaum 6J10K-
cxeM

[Iycrb 3amans BC P u eé crienudukarius, BipakaeMast mpejyciosueM Pre u

P
noctyciaoBueM Post. JlokazaTenbcTBO yTBepKaeHus Pre — Post meTogoMm
VMHBAPUAHTOB NMEET CJICIYIONIN BUI.

1) Beibupaercs nosiHoe 6a30Boe MHOXKeCTBO ToueK M jyist P, u ¢ KaxK 1o
Toukoil m € M cBazbiBaeTcst HhopMmysa @, € BB, Ha3bIBaeMas MHBaPU-
aHTOM B TOYKE M, IPUYEM BBIIOJHEHBI CJICIYIOIINE YCIOBUSL:

® ecyin M — HaYaJbHAs TOUYKA, TO ¢, = Pre,
® ecjiu M — TePMUHAJIbHAS TOYKA, TO ¢, = Post,

e Jyist oboro nytu 7 € Ip s, u mobbix osnauusanuii £, € Xp,

™
Takux, 910 £ — &', BepHa UMILIMKAIA

3 _ &' —
gpsmrt(w) =1 = Soend(w) =1 (3)

Hwzke, npu anammse nmimkanuii suga (3), Vo € Xp 6ymem obo3Ha-
!
YaThb 3HAUYECHUA .%'g u xf 3allUCAMU T U .%'/ COOTBETCTBEHHO.

. P
2) Ceoiictpo 3aBepmaemoctu P (V€ € X3 Pre® =1 = £ = ®) obocHo-
BBIBAETCS IIyTEM yKa3aHUsl
e 0OaszoBoro MmHOXKecTBa N st P,

® YACTUYHO YIOPSAOYEHHONO MHOXKECTBa L, SIBJISIONEerocs: pyHu-
POBaHHBIM, T.€. TAKOT'O, YTO HE CYIIECTBYeT OECKOHEYHON CTPOro
yOBIBAIOIIEH TOC/IeI0BATEIbHOCTH] g, 1, ... 97I€MeHTOB L, n

e MHOXKeCTBa BbIpakenuit {u, € £(Xp) | n € N},
TaKUX, 9TO
® IIpU KazKJIOM BbiostHeHnn P, Vn € N 1mpu KazKI0M IPOXoJe depes
n TeKylee O3HAYUBAHNE & YIOBJIECTBOPAET YCJIOBHIO Uy € L, u
e yist siioboro nyrtu m € Ilp y, u mo6eix o3nadusanuii £, € Xp,

3

7T !
Takux, 9T0 { — &', BEPHO HEPABEHCTBO U, art(m)

N310keHHBII B 9TOM IIyHKTE METOJ WHBAPUAHTOB ObLT OTKpHIT P. Mroii-
JIOM |2| 1 BEpBbIe OBLT U3JI0KEH B [3].
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3.3. ObocHOBaHME MeTOZIa MHBAPUAHTOB

JlokaxkeM, 4TO eCJid BBIIOJIHEHBI yCJIOBUs B IyHKTax 1 u 2 maparpada 3.2,

t0 Pre s Post, 1.e. V§ € Xp u3 Pref =1 caenyer & P @ u PostéP = 1.

IIycts Ezec — npoussosibHOe BhinoiHeHHe BC P ¢ HAYaJBHBIM O3HAYM-
BaHMEM &, YIOBIETBOPSIIIM YCJIOBHIO Preé = 1. DTOMy BBIIOIHEHIIO COOT-
BETCTBYET HOC/IEI0BATEIHHOCTE T = (13 ... PEGEp P, B KOTOPOil KaxKjoe
pebpo «; sABJIgETCS TeM pebPOM, M0 KOTOPOMY IIPOUCXOUT IepeMelleHrne Ha
Iare ¢ 9TOTO BBIIOJIHEHUsI OT TEKYIEil BEePIUHBI ¥; K BEPIITUHE V1.

Ecau 6b1 Boimonaerne Exec 66110 OECKOHETHBIM, TO T TOXKe ObLiTa, OBI Oec-
KOHEYHO{, 1 HEKOTOPOe pebpo BCTPEUaaoch Obl B Hell OECKOHETHO MHOTO Pas.
[Iycts 4149 . .. — OeCKOHEUHAS MTOCIEI0BATE/ILHOCTD HOMEPOB pEbep u3 7, Ta-
KIX, 9TO vy = (i, = . ... [loanocnenosarensnoctu m;; = ;... (> 1)
IIOCJIETIOBATE/ILHOCTU T SBJIAIOTCS MUKJIaMu, U T.K. N — 6a30Boe MHOXKECTBO,
To Vj > 1 m; comeput pebpo, Ha KOTOpoM ecThb Touka n3 N. Taknm
obpasoM, ToukHu n3 N MPUCYTCTBYIOT Ha ODECKOHEYHOM YHUCJIE UJIEHOB IOCTIe-

JnoBarenbHOCTH 7. OOGO3HAUNM HOMEpa TAKUX WICHOB 3AIMUCAMHA j1, j2, . .., &
Touky 13 N Ha HUX — 3alUCAME N1, N2, ... Llymn oy, ..., ., (k> 1) asna-
f0TCsI 6a30BBIMU OTHOCUTEIHHO N, IMO3TOMY, COTJIACHO IYHKTY 2 maparpada
3.2, Texymue ozHauuBaHUA £, &j,, - - . YIOBICTBOPAIOT HEPABEHCTBAM
& Eio
Uny > Upy > ... (4)

T.e. B L ecTb GeCKOHEUHAs CTPOrO yOBIBAIOIIAS [IOCJIE/[0BATEILHOCTD (4), 9To
[IPOTUBOPEYUT MPEJIIOJIOKEHUIO 0 PyHIUPOBAHHOCTU L.

Takum obpazom, BeIIoTHEHNE FTec siBiisieTcst KOHEUHBIM. B coOTBeTCTBUN
CO CKa3aHHBIM B KOHIIE IIYHKTA 3.1, MOXKHO IIPEJICTABUTH M B BU/Ie KOHETHOM
II0CJIe/IOBATEJILHOCTH 71 . . . Ty, 1y Teit u3 Ilp r.

CorytacHO OTpeIeSIEHIsIM BBITIOTHEHNsT U TTOJTHOTO 6A30BOTO MHOXKECTBA,
a TakyKe yCJIoBUsSM B nmyHKTe 1 maparpada 3.2

e mg = start(m) — HaYAJIbHAS TOYKA, IOITOMY O, = Pre,
e my, = end(my,) — TEPMUHAJIBHAS TOUYKA, IOITOMY ©p,, = Post u
e Vi=1,....k—1 m;=end(m_1) = start(m;) € M.

Kpome Toro, Vi = 1,...,k Tekymwue o3HauumBaHus &_1 u & BBIYUCIE-
nusg Fxec 1o m mociie MPOXOXKIEHUST KOMIIOHEHTBI 71 MTOCIe0BATEILHOCTH
py
] ...Tk COOTBETCTBEHHO VJ/IOBJIETBOPSIOT YCIOBUIO &;_1 — &, TIO3TOMY, CO-
ryacto (3),
o -1 _ &
Vi=1,....k om_,=1= ¢ =1

m; *
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CyMMUpys BCe BBIIIECKA3AHHOE, IIOJIydaeM HeMoYKy MMILIAKAIIHIA:
(Pret =1) = (g0§n0 =1)= (gp%lll =1)=...
o= (P =1) = (Postt =1).

3.4. Ilpumepsl pyHANPOBAHHBIX MHOXKECTB
B kagectBe byHIMPOBAHHBIX MHOXKECTB, TPeOyeMBbIX Jjis ODOCHOBAHUS 3a-
BEPIIIAEMOCTH, MOXKHO OpaTh, HAIIPUMED, CJIEIYIONINEe MHOYKECTBA!

e muOkecTBO N Harypasbubix aucen (0,1,...),

e MHOKeCTBO L* KopTerkeil IUIHHBI k 97€MEHTOB HPOM3BOJIBHOTO (DYH-

JMPOBAHHOIO MHOXKeCTBa L, ¢ JIEKCUKOI'PA(PUIECKUM IIOPSIIKOM, KOTO-
DBl OIIPeJIeIsIeTCs CIEIYIONINM 00pPa3oM: Jjist JII0DOI mapbl KOpTeXkKei

a=(ay,...,a), b= (b1,...,by) u3 LF
a<beoa=bumIie{l,... k}:a; <b,Vje{l,...,i—1}a; =0b;.
O6ocayeM (yHIMPOBAHHOCTL 3TOrO MHOXKECTBa. llycThb cyimecTByer
OecKoHeYHasI CTPOTO yOBIBAIOIIAs OCJIEI0BATETbHOCTD

(ai,...,a}) > (a3,...,a}) > ... (5)

semMenToB MuOxkectBa LF. 13 (5) u u3 onpemesenns ekcuxkorpacdm-
YeCKOTO TOpsijIKa ciIeyeT, uto aj > a3 > .... Hockombky L dynmu-
POBaHO, TO B ITOl MOCJIEJIOBATEILHOCTH HEPABEHCTB HE MOXKET OBbITDH

HECKOHEYHOr0 KOJINYeCTBa CTPOIUX HEPABEHCTB, T.€.
S S R S E ) S
dig: o =af'" =L, (6)

I3 nocsennero coorHorenus u u3 (5) ciaeqyer, 4To

1 (51 i1+1 11+1
(ag', ... a) > (ag ", .0 ) > .. (7)
[Tpumensist M3I0KEHHBIE BBIIE paccyKaeHus K (7), mojydaem, 9To
; R R 5 o S
dig >4y ag =ay' =..., (8)

OTKy/1a Ha ocHOBaHUM (7) Ciiegyer, 94To
% 7 i2+1 i2+1
(af,...,a2) > (agd™ ..., ) > ...
[Tpososizkast Tak ¥ JIaJIblile, B KOHIIE KOHIOB HOJIyYUM, YTO
; ; L
dig >ig—1: af =af " =.... 9)

s (6), (8), ..., (9) ciemyer, uro koprexu B (5), HAUMHAS C KOPTEKA C
HOMEPOM 1}, COBHAJIAIOT, 9TO IPOTUBOPEYUT Hpe noioxKenuio. M
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4. IIporeccHble mpeacTaBJIeHNS OJIOK-CXEeM

s apromaruzanuu Bepudukaiun BC P MeTo0M HHBAPUAHTOB IEIECO00-
pa3Ho cHauasia mnpeobpaszoBarh 31y bC B ompenessiembrii Huxke rpad Gp,
KOTOPLIIl Ha3bIBaETCsl IIPOHEeCCHBIM mnpeacraBaeHueM bC P. s omnpe-
JIeJIEHUsI TIPOTIeCCHOTO TipejicTaBienns BC HeoOxo/InMO BBECTH U3JIaraeMble B
CJIEAYIOIMHNX IIYHKTaX BCIIOMOTI'aTe/IbHbIEC ITOHATHL.

4.1. [eiicTBUda u MOCJI€I0BATEJILHOCTA IECTBUM

Bynem monmmvars moj geiicrBueM 3amuch = e win [b], tne x € X, e € €,
t(x) = t(e), b € B. eiictBue Buja r := e Ha3bIBaeTCs MPUCBANBAHUEM
[epeMEHHOl & 3HAYEHWs BbIpaykeHWs e, a jeiicrBue Buja [b] nasbiBaeTcst
MPOBEPKOIl YCJIOBHUS, BhIpaxkaeMoro hbopmyJioi b.

Heiicteue Buga [b], rme dopmyna b cama umeer Bug [0'] (r.e. siBisiercs
KOHbBIOHKIIHEIH ), OyieT 0603HaUaThCA 63 yOIMpYONNX KBAPATHBIX CKOOOK
(r.e. 3anmcwio [V']).

MuozkecTBO Beex geficTBuil 0603HaYaeTCS CUMBOJIOM A, MHOXKECTBO BCEX
KOHEYHBIX ITOCJICIOBATEILHOCTEN neiicTBril obosnagaerca 3annuceso A*. Ecian
a€ Au A, A" € A*, o zanucu aA, Aa u AA’ 06o3HAUAIOT KOHKATEHAIUN
nieficTBuA a 1 nocseopareabnoctn A, mim A u A’ coorBercTBEHHO.

Vae AuVAe A* zanucu X, u X4 0603Ha9a10T MHOXKECTBA, [I€PEMEH-
HBIX, CONEPKAIUXCI B @ U A COOTBETCTBEHHO.

Vae A VX : X, CXCX,VEe X® £a obo3nadaer 0OBEKT, KOTOPDIH

e pasen osnaunBanuio &(x :=e) (cm. (1)), ecn a = (z := e),

e pasen o3maumpanuio &, ecim a = [b] m b¢ =1

e te onpejienen, ecm a = [b] u b = 0.

VAe A", VX : X4 C X C X, Ve X® £A obosnagaeT 06bEKT, KOTOPBIH

e cosmazaer ¢ (...((&ay)ag)...)ag, eciim A = ay...ap, U Bce OOBEKTHI
€ay, (Ear)ag, ..., (... ((€a1)az)...)ay oupeseseHsl,

® He OIpe/iesieH, B IPOTUBHOM CIIyUae.

* o

IMocnenoBarenbHOCT U3 A* HasbIBaeTca peayUPyeMOii, eciii OHa UMe-

er Bug Aalb]A’, rne A, A" € A*, a € A. Penyknueii nocie 0BaTesbHOCTH
Aa[b] A’ naspiBaeTcs mocie10BATEIBHOCTD

o AV ANBJA', ecin a = V'],
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o Af(z:=e)b)(z:=e)A, ecim a = (x =€)

(onpenesenne BeIpazkeHuii Busia (2 := e)e’ cM. B KoHIE myHKTa 2.1).
Herpynno jgokazars, uro VA € A*

o comm A" — penykiust A, ToVX : X4 C X C X, VEe X® EA=CA (te.
€A u A’ ibo 06a He OTpesIesIeHbl, JTUOO ONPEIENIEHBI U COBIAJIAIOT),

e JA;,..., Ak (k>1): A=A Vi=1,...,k—1 A1 — peaykuus A;,
u Ay HepexynupyeMma.

[TocnemoBarebHOCTL Ap, U3 HpPeIbLIYIIEro ad3ala Has3bIBAeTCsS HOP-
MajbHOW dopmoii mnocsenoBarebHOCTE A, W 0003HAYAETCS 3aIUCHIO
NF(A). MuO)kecTBO BCeX HepeIyIUPYyeMbIX IocaenoBareabHocreii n3 A*
obosnavaercs 3amucbio A, V13 onpe/iesieHust TIOHSATUST PEJYKIUH CJIEJLyeT,
YTO KaxK/asi [10CJIe/I0BaTeIbHOCTD n3 AY comepKuT He Oojiee O/IHOMN 1TpoBep-
KU yCJIOBUS.

VA € A zanuch [A] obosnauaer neitcrsue [b], ecam oHO siBisieTCs miep-
BbIM B A, u neiicrsue [1], ecim A He COJeP:KUT IIPOBEPKU YCIIOBHSI.

VA € A}, Ve € £ zanucy Ae 0603HauaeT BbIpaXKeHUe

(x1:=¢€1)...(xf := eg)e,

rie (x1 :=e1)...(zk := €) — CHUCOK BCEX MPUCBAUBAHUIA, BXOAIUX B A.

VA e A5V, € B 3ammuce ¢ 4, 1) obozHawaeT HOPMyYITY
e A [A] = A,
KOTOpasl BelpazkaeT yTeepxJenne: VE € X°®, rme X, UX, U Xy, € X C A,

ecm ¢ = 1 u £A onpenereno, To ¢4 = 1.

4.2. TlonsaTrue mpoiieccHoro rpada

ITpoueccubim rpadom (IIT') nasbiBaercst KoHeuHblit rpad G co cienyio-
IIUMU CBOMCTBAMU:

e rpad G umeer Boyetennble Bepimuabl GO 1 G¥, HazpIBaeMble HAYATb-
HOI U TEPMUHAJIBHOM BEPIIMHAMI COOTBETCTBEHHO, IIPU M300parke-
mnu III" B Buge pucyHka JaHHBIE BEPITUHBI 0003HATAIOTCST CHUMBOJIAMEI
® 1 @ COOTBETCTBEHHO,

o kaxxJoMy pebpy « rpada G comocraBiena MeTka A, € A,
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e G®° — enuncTBeHHas BepmuHa (G, U3 KOTOPOii He BLIXOAAT PEGpA.

IIycts G —III'. Bynem oboznauaTs 3anucsymu Vg 1 X COBOKYITHOCTH BCEX
BepiuH GG U IEpEMEHHBIX, BXOIAINX B G, COOTBETCTBEHHO. Byiem mipenosia-
rarb, 94To B KaxK10oM 1T G cpeu ero nepeMeHHBIX IPUCYTCTBYET IepeMeHHas
atg, MHO2KECTBOM 3HAYMEHUH KOTOPOU ABJIAeTCH Vg, 1 MeTKa KayKJIoro pedbpa
(v CONIEPXKUT TIPUCBaMBaHMe BUIA atg := v, TIe v — KoHell pebpa «. B 3ammcu
metok pébep 11" manHOe pucBamBaHmMe OYIET OIMYCKATHCS.

Bemousenue I G~ 1o 06xox Bepumn G, HaunHast ¢ GU, ¢ BBIIOJIHE-
HUEM JIEWCTBUHN, COMOCTABIEHHBIX MPOXOAUMBIM péOpaM. C KaxKJIbIM IaroM
i > 0 BeimosHerust (G CBSI3aHBI BepINUHA ¥; 9TOTO rpada W O3HAYMBAHUE
& € X (naspiBaeMble TeKyIleil BEPIIMHON I TEKyIIIIM O3HAYNBaHUEM
na mare i). Ecim v; = G®, To Buinonnenue G Ha Imare i 3aBepliaeTcs, nHaue
BBINIOJTHEHNE HA ITIAre ¢ 3aKJI0YaeTCs B

e BbIOOpE TPOU3BOILHOIO pebpa (v, KOTOPOE BBIXOAUT U3 V; U YIOBIETBO-
pser ycosmio [A]% =1,

® 3aMeHe TEeKYINEero o3HaunBanus &; Ha ogHadmBanme &1 = Ay, 1
e 1epexojie B KOHEI BLIOPAHHOTO pebpa, KOTOPBIH Oyaer TeKymiei Bep-

IIUHOM Vi1 HA ¢ + 1-M 1m1are BBIIIOJHEHUS.

4.3. IlocTpoeHue NpoIECCHOTO MPEACTABJIEHUS OJIOK-CXeM

IIycrs 3amana BC P. Anropurm nocrpoenust 1IN G p, HaspiBaeMoOro Irpo-
HeccHbIM npeacraBgaeHrneM bC P, cocTouT u3 cjeayIoNux IIaros.

1) Vnansercs nadasbpHas BepmuHa P u BbIXomsiee u3 Heé pebpo, KOHEI]
9TOro pebpa — HavabHas BEPIINHA G% rpada Gp.

2) YaajsiioTcst TepMUHAJBHBIE BEPHIMHBI P, KpoMe OJHOil, KOTOpas siB-
JISTETCST TEPMUHAJIBHON BEPITUHOMN G% rpada Gp, pébpa ¢ KOHIIAMHU B
yJlaJIsleMBIX BEpIIMHAX MepeHanpassiored B Ga.

3) Kaxkmas ocrasmasics Bepmuaa v BC P sipisiercst Beprimnoii [1I' Gp, u

e ecyim v uMmeer BUJ [z := €], u P conepxur pebpo v — v, ro Gp
cozepKuUT pebpo v — v’

.. 1 0
e ccym v umeer Bug (b), u P conepxkur pébpa v — v’ u v — v, T0

b -b
G p coumepxut pédpa S G L
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Ionyuusmuiics III' Gp MoxkeT OBLITL peLyIUPOBAH IIyTeM IIPUMEHEHUS
omepaluu yaaJieHusi BepIIUHLL: ecan v — Bepmmna 1IN Gp, oTmynas ot
A
G% u G%, B Gp HeT pebep BHUIA ¥ — ¥, U CHUCKU pebep, BXOJAAIINX B U U
BBIXOAAIIUX U3 U, UMEIOT BUJ,

A A A 4
v, Se m v, v B, (10)

COOTBETCTBEHHO, TO OIlepalust yiaajgeHnss v u3 G p 3aKJII0YaeTCs B YAAJEHUN

A
3Tofi BepmMHBLI U 3amene Bcex pebep uz (10) ma pebpa Buma v; — U;-, rje
1€ {1,...,k}, j e {1,...,]{3,}, u Aij = NF(AlA;)

Pesyabrar npuMmeHeHnst 9To#l omeparun 0003HAYAETCS TOI Ke 3AIMCHIO
G p u paccmarpuBaercs Kak 11I°, sSKBUBaJIeHTHBI B HEKOTOPOM CMBICJIE HC-
xompnomy IIT'. Jlannast omeparinst MOXKeT OBITH IPUMEHEHA HECKOJIbKO pa3.

4.4. Bepudukaiusi 6/J10K-CXeM C UCIIOJIb30BAHUEM ITPOIIECCHO-
ro mpeJiCTaBJIEHUS

[Tycrs 3azan [T G. st kKax1oro myrtn vog L v B G 3anucu start(m)
u end(m) 0603HAYAIOT HAYAIO Vo U KOHEI[ Vg IIyTH T COOTBETCTBEHHO, U 3a-
muck A, obosnaudaer nociaenosarebHoctb NF(Ag ... Ag). Ilyrs 7 Ha3biBa-
eTcst MUKJIOM, ecain start(m) = end().

Muozkectso Beprua M III' G HaswiBaeTcst 6a30BBIM, €CJIM JIJIST KaXK-
Jioro nmkaa B G xorst 661 ojiHa u3 ero BeprwuH jexut B M. Ecmu, xpome
toro, M conmepxxur G° u G®, To M Ha3bIBaeTCs IMOJHBIM 6A30BBIM MHO-
kectBoM. IlyTh m B (G HasbiBaeTcst 6a30BBIM OTHOCHTENbHO M, ecium oH
Henycr, start(m) u end(m) nexar B M, a ocTajbHble BEPIIUHBL 7T He JIEZKAT B
M. Herpynno nokasaTh, uTo MHOXKecTBO 1l js Bcex 6a30BBIX OTHOCHTETHHO
M nuyreit B G KOHEUHO.

Teopema.
IIycrs 3amannt BC P u eé cuenudukalius, BbIpaskaeMas IPELyCJI0BHEM

P
Pre u nocrycinosuem Post. Torma yreepxknenne Pre — Post BepHO, eciin

® CyIIECTBYyeT MOJIHOe Oa3oBoe MHOKecTBO M BepimuH (GG p, IpUYeM C
KaxKJIoil Beprmmaoit m € M csazana dbopmyna ¢, € B, n

~ Pgo, = Pre, Yoz = Post,

Ar
—Vme HGP,M (‘pstart(ﬁ) - Soend(ﬂ)) =1,
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e cymiecTByI0T 6azoBoe MHOX)ecTBO N Beprmma Gp u hyHIATPOBAHHOE
MHOXKECTBO L, Takme, 9TO ¢ Kax1I0#l Bepmunoit n € N CBA3aHO BbI-
paxkenue u, € £(Xp), IpUIEM BbIIOJHEHbI YCIOBHUS:

— ecjM UpU KaKOM-Ju00 BbITOJHeHUH (Gp TEKyIeil BepIUHON B
KaKO-/Inb0 MOMEHT SABJIIeTCA BepiinHa n € N, TO TeKyllee 03Ha-
quBaHue £ B 9TOT MOMEHT YIOBJIETBOPSIET YCJIOBHUIO u% €L,

—Vre HGP,N ([[Aw]] — (ustart(ﬂ) > Aﬁuend(“))) =1

s nokazaTeabCTBa TEOPEMBI 3aMETUM, UTO €CJIM CYIIECTBYIOT MHOXKe-
crBa M, N u L, ynomuHaemble B (DOPMYJIUPOBKE ITOM TEOPEMBI, TO 110 HUM
HETPY/IHO MOCTPOUTH aHaJoruvdnbie MuHOXKecTBa Mp, Np, Lp, HeoOXomIuMbIe

JJIsT ToKa3aTeabecTBa Pre Ii> Post na ocHOBE MeTOHA MHBAPUAHTOB. [leiicTBH-
TeJIbHO, ecJiu BepiiuHa m rpada G p TIPUHAJIEKAT MHOXKeCTBY M, TO 3TOM
BepIIHE COOTBETCTBYET HEKOTOpasl BepmnHa B ucxonuoii BC P. Mer 3aunc-
sisieM B Mp Touku Ha Beex pébpax P, BXOJSIUX B 9Ty BEPIIUHY, U COTIOCTAB-
JIsieM KaKJIoH TaKoil TOUKe POPMYIY @p,. Anamoruwno ompeneserca Np.
B kagectBe Lp MoxkHO B3ATh L. IIpoBepKa Bcex yCJIOBUll, YIIOMUHAEMBIX B
dopMyIUPOBKE METO/1a MHBAPUAHTOB, siBJsieTcsT HecaoxKHoi.

5. 3akJrodyeHune

B macrosinem TekcTe U3JI02KEHO OIMCAHUE METO 18 MHBAPUAHTOB JIJIs Bepudu-
KaIlii Pa3/IMIHbIX KJIACCOB IIPOrPaMM, W IIPUBEIEHO HECKOJIBKO MJLIIOCTPa-
U IPUMEHEHUdA 3TOrO METOA.

HawuboJtee akTyaabHast mpobsemMa, CBsI3aHHASA C IPUMEHEHHEM MeTO/1a WH-
BApUAHTOB JIJIsI BepUQPUKAINNA IIPOrPaMM, 3aKJIIOYAeTCAd B aBTOMaTH3aIlNN
[IOCTPOEHUsI NHBAPUAHTOB (MJIM B ABTOMATHU3AINE TIOCTPOEHUS JIOKA3ATE b
CTBa UX OTCYTCTBHSI B TOM CJIydae, KOrja BepuuImpyeMasi IporpaMMa He
yZloBJIeTBODsieT cBoeii crienudukanun). B obiiem ciydae sta npobieMa airo-
PUTMHYECKHU Hepa3peInMa, I03TOMY JTaHHYIO IIPobJIeMy 11eJ1ecoo0pa3Ho pac-
CMATPUBaTh B CJIEIYIOIIEH TOCTAHOBKE: pa3paboTaTh CPeJICTBA MHTEPAKTUB-
HOT'O ITOCTPOEHUsT TPeOyEeMbIX HHBAPUAHTOB, KOTOPBIE ObI JTaBaJIN IIPOTPAMMU-
CTYy PEKOMEHJaIlluU 110 ITIOBO/Y TOrO, KaKoil BHJI MOI'JIX 6bI nMeTb UHBapuaHThI,
T.€. IpeJIarajn eMy HeKOTOPbIE MIabI0Hb MHBAPUAHTOB, KOTOPhIE OH ObI y2Ke
CaAMOCTOSITEJIbHO KOHKPETU3UPOBAJI JI0 (POPMYJI, 00JIaIafoImX HEOOXOMUMbI-
Mu cBoiicTBamMu. HekoTopble TpONBUKEHUsT B PENIEHUM JAHHONW IPOOJIEMBI
MOKHO HaiiTu B paborax [12]-[24].
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Jpyrum HalpaB/IeHUEM UCCIEIOBAHUN B 3TON 0DJIACTHU SIBJISETCST PACIIPO-

CTpaHeHNe JaHHOI'O MeToJla Ha JAPYI'He KJIACChl IPOIPaMM, B TOM YHCJIE HA

® IIPpOTrpaMMBbI C IMOTEHIUAJIBHO HEOI'DaAaHUYICHHBIM KOJINYECTBOM B3aHUMO-
JeficTByomux mporeccos (Hanpumep, MPI-mporpammer),

® [IPOrpPaMMBbl, I[PU BBIIOJHEHUN KOTOPBIX MOTYT IOPOMKIATHCA HO-
BbI€ [POIECCHI (HAIPUMED, AHAJIOTMYHbBIE TeM, KOTOPBIE OPOXKIAI0TCS
dyukupmeii fork 8 OC UNIX),

e ceru Ilerpn,
® IIPOI'PaMMBbI C KCIIOJb30BaHNEM HEHPOHHBLIX ceTeif,

o bYHKIMOHAJIBHBIE U JIOTUIECKHUE ITPOrPAMMBI, U T.II.
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O6 omHoOIT Moaean BJINAHUSA B COIMAJJIbHBIX
ceTsdax

Poixop A1, Unbuna U.FO.

B pabore npuBoguTCcs MO/IENb BIUSHUS B COIUAIBHBIX CETSIX U U3Y-
Yal0TCs HEKOTOPBIE ee cBoficTBa. OCHOBHOE BHUMAHME YJIEJISETCS U3Y-
YEeHWIO MATPUIILI BIUAHUA. BiiusHue paccMaTpuBaeTcsd KaK BEJIMIUHA,
3aBHUCAIIAA OT BPEMEHH, & TaKXKe COCTOAHUS U MHEHUNA APYrUX areH-
ToB. 19 paccMoTpeHus TOA00HOTO BIMSHUS WHTEPIPETUPYETCS PO-
THBOIIOJIOKHOCTH MHEHUiT areHToB. 1IpuBeieHbl IpuMepsl COIUAILHBIX
ceTeil, OCHOBAHHBIX Ha JIAHHOU MoJiesu. PaccMOTpeHbl HECKOJIBKO MIPO-
CTBIX CJIyYaeB CXOJUMOCTH MAaTPUIbI BausgHusd. [lokazaHbl oTinYus B
CTPYKTYPE MOIEIU COLUAJIBLHON CeTU C IIPeNeIbHON MaTpuLeil BINAHUII
OT HEKOTOPBIX CYIIECTBYIOMIUX MOJEJIE.

KiroueBnle cjioBa: anaJim3 COIIMaJIbHBIX CeTefI, MOJEJIN BJINSAHUNSA.

1. Beenenue.

COHI/I&HBHI}IG CeTU HABJIAIOTCA OJHHMM U3 APKUX (beHOMeHOB COBpPEMeH-
HBIX HHPOPMAIIMOHHO-KOMMYHUKAIIMOHHBIX TEXHOJIOTUN U OOIIEITPU3HAHHBIM
TPEHJIOM UX pa3BUTUsl. IIpuBejieM b HECKOJIBKO IpuMepos |1]:

o Kaxkyro cekyH/Iy 8 YeJOBEeK Ha IJIAHETE CTAHOBITCS YaCTbIO KaKOii-
JinbO U3 CYIIECTBYIOIINX CONMUATBHBIX CETEH.

e Facebook mo unciennocru 3-s1 crpana B mupe, nocje Kuras u Unann,
C HaCeJIEHHEM OKOJIO MUJIJIHAP/IA JEIOBEK.

e [IlanchHI TOrO, YTO CPETHECTATUCTHICCKUIN TETOBEK MJTAJINE TPUIIATH
JIeT COCTOUT B KaKoi-/nbo comuaabHoit cetn — 6osee 50%.

OHu Bce cusibHee BIIASAIOT HA TAKU€e BayKHbIE aCIIEKThI [IOBCETHEBHOM 2KI3-
HU, Kak ceMbs (Hanpumep, 6oee 10% 6pakos, 3akitouennbix B CIIIA, mpo-
301N 6JIAroIapsi COIMUAIBHBIM CETSM; COIMAIbHBIE CETU CJIY2KAT ITPUIMHON
KazkJIoro TpeThero pa3soja B mupe [1]), skonomuka (y 24 u3 25 KpynHeiinmx
MUPOBBIX Ia3eT yHAJIU THPAaXKU U3-3a TOI'0, YTO HOBOCTH HAYAJU IIPUXOJIUTH
K JIFOJISIM 9epe3 COIUAJIbHBIE CeTH; JJIs IOUCKa pabOTHUKOB 4 13 5 KOMIIAHUN
UCHOJIB3YIOT conuasbhble cetr [1]), m MmuHOrme apyrue. EcrecrBenHo, Taxoii
MHCTPYMEHT B3aUMOJIEHCTBUS ¢ OI'POMHOIl ayjuTopueii He MOT OCTATbCs HE
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3aMEYEHHBIM JJIsI TOJUTHKOB, OM3HECMEHOB M JIPYTUX 3aWHTEPECOBAHHBIX B
sTOM Jrrozieii u opranuzanuii. ColpaibHble CeTH UCIOJIBb3YIOTCS KaK JUIsl pe-
IIEHVs] BIIOJIHE HOHSATHIX «TPaJUIMOHHBIX> 3a/1a4 (HApUMep, MapKeTHHTa),
TaK U J0CTATOYHO HeOOBIYHBIX [2]. Cpeu 60/1b110ro HabOpa TAKUX 3a/1a9 HaM
OyJ/LyT MHTEPECHBI 3a/[a9l BIUSHUSI.

2. KpaTkasi ucTopusi pa3BUTHUS COIMUATIBHBIX CETE.

OTHOMIEHNST MEYKTY JIIOJBMU, BOZHUKAIONTHE TTPU ITOM CTPYKTYPBI OTHO-
IMEeHNH, UX aHAJN3 U yIPaBICHUE UMHU, CBA3AHHBIE C 9TUM BOIMPOCHI BJIACTU
BOJTHOBAJIM JTIIOfEH € MEPBLIX IMAaroB opraxusarmu obmectBa. C pazBurueMm
00I1IeCTBa 9TU BOMPOCH! CTAJIN U3ydaThCs HA CUCTEMATUYECKOl ocHOBe. B Ka-
qecTBe MpuMepa MOXKHO mpuBecTu BceMm m3Bectuyio [lkosy Iludaropa: «Ha-
YHHAJIOCH BCE CO CTyTEeHell oOyUYeHus HpaBCTBEHHON wrcTore. OH 00bICHST
3aKOHBI B3aNMOOTHOIIEHUH 9eJI0BEKA — C YEJI0BEKOM, C IIPUPOJIOH, ¢ Borom»
[4]. Oxrako, cOBCTBEHHO TEPMUH «CONUAIbHAS CETh» BIEpBbIe BBeJeH JI7Ko-
HoMm Bapucom (John A. Barnes) rosbko B 1954 1. B paore [3].

WHTepecyrolme HaC KOMIBIOTEPHBIE COIUAJLHBIE CETH BO3HUKJU B pe-
3yJbTaTe JIOCTUKEHUN HHPOPMAIMOHHO-KOMMYHUKAIHOHHBIX TEXHOJIOTHIA,
CPeJ/Ii KOTOPBIX MOYKHO OTMETHUTD CJIE/LYIOIINE:

e 1971 r.: syilekTpoHHAas o4Ta (CONUAIBHAS CETh C UCIIOIBL30BAHUEM KOM-
nbtoreproii Texankn), Psit Tomsnacon (Ray Samuel Tomlinson)

e 1988 r.: «IRC» (Internet Relay Chat) - obiienue B peaabHOM BpeMeHH,
dbunckuit crynenr Apko Otikapunenom (Jarkko Oikarinen)

e 1991 r.: Unrepuer, Tumoru Txxon Bepuepc-/Iu (Sir Timothy John
«Tim» Berners-Lee)

Nurepecytomuiicst geTajssMu IUTaTEIb 0e3 Tpyaa CMoxkeT HaiTu B VH-
TepHEeTe BCIO HEOOXOAMMYIO WHMOPMAIMIO 110 YIIOMSHYTHIM aBTopam. Ilepe-
YUCJIEHHOE COCTABWIJIO MH(PPACTPYKTYPHYIO OCHOBY COBPEMEHHBIX COIUAJIb-
ubrx ceret. COBCTBEHHO CETH B COBPEMEHHOM WX MTOHUMAHWM BO3HUKJIN HE
TaK JaBHO, U 3HAKOBBIMHU COOBITHSIMU 3/ieCh ObLtu co3manne Pauan Konpa-
gom (Randy Conrad) ceru Classmates.com B 1995 r. u cozmanme Mapkom
Dot Lykepbeprom (Mark Zuckerberg) ceru Facebook B 2004 r.

3ameTnM, 94TO MUP peabHbIl U MUP BUPTYAJbHBIN CyIIECTBYIOT HE OT-
JIEJIHHO JIPYT OT JipyTa. B KadecTBe mpuMepa MOKHO MPUBECTH ceTh Groupon,
cozpannyto B 2008 1. (https://www.groupon.com) — coeunerne oOIIEHUs 1
6usneca, on-line u off-line Mmupos |5, 6]. 3amernm Tak)Ke, 4TO MHOTHE UCCIIE-
JIOBATEJIH U JINJIEPbl BBICOKOTEXHOJIOMMYECKO HHLyCTpUU (HAIIpUMED, TeXHU-
veckuii qupexrop Google Pait Kypugeitn (Ray Kurzweil) - cu., nanpumep,
[7], a Tak:ke MHOXKeCTBO ccblLIOK B VHTEpHET) BuisaT Gy/Iyinee COUaIbHBIX
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ceTell KaK ceTell CMEIaHHbIX, IJie OOIIAIOTCs, Pa3BUBAIOTCS, COBMECTHO pe-
MAI0T 33Ja491 JIIOAU U poboThI. Bojiee moApobHO PO 9TO MOYXKHO ITPOUUTATD

B [8].

B zak/niouenue 3Toro Kparkoro 0630pa OTMETHM, 9TO B aHAIU3E COIUAIb-
HBIX CeTeil MOYKHO BBIJIEJIUTD JBA TI0IX0/Ia, KOTOPBIE MOYKHO YCJIOBHO HA3BATH
B3IJISIL CHAPYZKU 1 B3LJIsLL U3HYTPH. I1epBBIil MOAX0 ABIseTCs 60JIee pacipo-
CTpaHeHHBLIM B HacTosmee BpeMda. OTYacTH 9TO CBA3aHO C TE€M, YTO C MaTeMa-
TUYIECKON TOYKM 3PEHUsI COIHUAIbHAs CETh MPEJICTABIAET CODON JOCTATOTHO
XOPOITIO U3YUIEHHBIH 00beKT — rpad, mpeacTaBsionuii coboit Habop y3JI0B
WJIM BEPINWH U CBsi3eil mim pebep Mexk 1y HuMu. Takoii B3r/is 1 HO3BOIAET BH-
3yaJIM3UpOBaTh, CJeJaTh HALJIAHBIM, COCTOSHUE CeTH UJIM €€ 9aCTU U HOHHU-
MaTh HEKOTOPbIE ITPOIECCHl B Hell mpoucxoagamue. Hanbosee Bneuarnsiomas
KOJLJIEKIIUS TaKUX BU3yaJIM3alliil IpejicTaBaeHa B 0JI0re H3BECTHOIO YIEHOIO
u upeupuanmaresst Crusena Bosbdpama (Stephen Wolfram), pazpaborun-
Ka CHCTeMbI KOMIIBIOTEpHOIT anredpbl Mathematica u cucrembl u3BICUCHIS
suanuit WolframAlpha [9]. Hekoropsle 3 HuxX npusejieHs! Ha puc. 1 u 2.

Puc. 1. Conmamnphoit rpad 14 gerneit qouku C. Bombsdpama.
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Puc. 2. Conmasbabie rpador jgapyseit C. Bosbdppama.

B paMkax 3TOro mojxojia BBOJATCS PA3/IMIHbIE MEPbl BAXKHOCTHU, IIEHHO-
CTU U JPYIUX KadecTB BepHIMH U pebep rpada /st KOHKPETHBIX 3a/ad U/
KJIACCOB 3314, N3yJaroTcs ux cBoiicrBa. Mbl He OyaeM MOBTOPSATH 3/1€Ch BCE
9TU ONpPEJIeJCHUsT; HHTEPECYIOIIerocst yurarelis oromieM K kuure [10], rue
OHM IIPEJICTABJIEHBI HauboJiee MOJIHO. B 9TOM Ke KHHUIre ColepKarcs OYeHb
MHTEPECHOE IEePEOCMBICJIeHNE KIACCHIECKNX 3a/1ad YIIPABJIEHUs, UI'D U JIPY-
rux Jyisi cereBbiX 00bekToB. Cpeu OOIMUPHON AHIVIOA3BIYHON JITEpaTypPhI
KpOMe yIOMSIHYTOI MOKHO BbLiesnTh Kuuru [11] u [12]. Bropoii noaxos, wim
B3IVIsIJ] U3HYTPHU, U3ydaeT CBOHCTBA COIUAJILHON CeTU KaK MOJIEJIU PEaIbHOIO
MEpa. DTH CBOWCTBA U BO3HUKAIOIIME B CBA3U C 9THM BOIPOCHI KOHCTPYUPO-
BaHUsI ONTUMAJIBHBIX cereii u3yvatorcs B paborax [8, 13]. Huxe mbl Gyjem
LPU/IEPKUBATBCS IEPBOTO MOJIXO/IA.

3. BiausgHue B colmajIbHBIX CETSX.

B noBcemneBHOCTH MBI ITIOCTOSTHHO CTAJIKUBAEMCSI C CUTYAIUAMU, B KOTO-
PBIX HaM IPUXOIUTCS JeaTh BbIOOp. K npumepy, yTpoM BaM MOXKET IIpe-
CTABUTCSI BO3MOYKHOCTH BCTPETUTHCS C JPY3bsIMU, JIJIsi KOTOPO# HPHUIETCs
OTMEHUTH BAIIIH IJIAHBI, & MOXKET ObITH BbI 3aXOTHUTE IIPOBECTU 3TO BPEMS J0-
Ma M IIOCMOTPETb KWHO, UJIN K€ BbI PEIINTE 3aHATHCA KAKIMU-IN00 BaXKHbI-
MH BOIIPOCAMU U jJejaMu. ITo Obl Bbl He BRIOpaJ/u, Ha Bac OyayT OKa3bIBATh
BJIUsIHUE Pa3InIHble (PAKTOPHI — APY3bsd, 0OCTAHOBKA, BAIITH JIUIHbBIE TIPE/IIO-
9TeHUsI. DTO MPOCTEHINNIA IPUMEP BJIUSHNALA, ¢ KOTOPHIM MbI CTAJIKHBAEMCH
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B Hameil kusnu [15]. Tem He MeHee, OH XOPOIIO WILIIOCTPUPYET BaXKHOCTH
9TOT'O sABJICHUA JIJIgd IIPUHATUA 9€JIOBEKOM Ka.KI/IX—.HI/I6O peHleHHﬁ.

Haanm dpopmaabHOe onpeeieHne. B MCUXoJornu BJAUSHAE — IIPOIECC 1
pe3yaIbTaT U3MEHEHNUsI MHIUBIIOM IIOBEIEHUs IPYTOro YeI0BEKa, ero YCTaHO-
BOK, HAMEPEHMUil, TpeJICTaBIeHNIT, OIEHOK U IIPOYEro B XO/e B3anMOIeHCTBUs
¢ HuM. Pazinuarorcst BIMsIHIE HAIIpaBJIEHHOE U HEeHalpaBIeHHoe. MexaHu3M
epBoro — ybexxjienue u paymeHue. [Ipu 3ToMm cyObeKkT CTaBUT 3314y J10-
OUTHCSA OIpPEIE/IEHHOr0 pe3ysibTaTa OT o0beKTa BiausiHus. HeHampapieHHOe
BJUsIHAE TOMOOHOI cIlenuaJibHOM 3a7a4dn He uMeeT, XoTd 3ddekT Bo3Ieii-
CTBUs BOSHHUKAET, IaCTO IIPOABJIAACH B ﬂel‘;lCTBI/II/I MEXaHU3MOB 3apazKeHusd 1
nojpaxkannst [16].

B pamkax MapkoBcKoil Mozme i HH(POPMAIMOHHOIO BJIUSHUASL CIATAETCS,
qro BimsiHME (GOPMUPYET MHEHHe 10 Kakomy-jaubo soipocy [10]. Oanako,
KaK IOKa3bIBAIOT MCCIEIOBAHUS COIMAJIbHBIX IICUXOJIONOB, MHEHHE TaKKe B
HEKOTOPO#1 crerenn (popMupyer u BiusiHue. J[jist Toro 9Tobbl MOSICHUTE 3TO,
comnIeMcst Ha CoOMasbHbIN 3kcnepuMenT Illexrepa, rue rpymnmnbl Jioaei, 3a-
HUMAIOIIUE OJIHY MMO3UIUIO, IEPECTABAJIA OOIIATHCS C JUCCUJIEHTOM, 3aHUMa~
FOIIMM IIPOTHUBOIIOJIOXKHYIO, & "PAHUIIBI TPYIII IEPECTPANBAJINCH TAKUM 0Opa-
30M, YTOOBI UCKJIIOUUTD JUCCHIeHTa 1 n3osmpoBarh [15]. Ilpu arom criocobua
BO3HUKATDb U ApYyragd CUTyallusd: «BJIUATEJIbHOEC MEHBIIINHCTBO» MOXKET U3Me-
HUTH MHEHHEe OOJIBINON IPYIIbI U HE CTAHET JuccueHTamu [28].

VIMeHHO [TO3TOMY 3aMeYaHre O BO3AECTBUN MHEHUS Ha BJIMSHNE U IIPEJ-
CTaBJId€TCd BazKHBIM. ILHH TOT'O ‘ITO6bI y49eCcTb 9TO, Mbl HEMHOI'O U3MEHUM
MapKOBCKYIO MOJEb NH(OPMAIMOHHOI'O BJIUSIHIS U 3a1aiM BJIUSHIE areH-
TOB KaK 3aBUCsiIiee OT WX MHeHuil. llpuueM cBsi3b BJIMSIHUSI U MHEHUS MBI
OyaeM 3a1aBaTh Tak, YTOOBI HOBasl MOJEIb CMOIJIA SIBHO OTPAayKaTh PacCMOT-
PEHHBIE BBIIIIE COTUAJIbHBIE SIBJIEHUSI: U30JISIIIAIO JINCCUJIEHTOB U BJIUSITEILHOE
MEHBIIIMHCTBO. B Kakoii-T0 Mepe BBeJeHHAsT 3aBUCUMOCTD COJIM3UT €€ ¢ Map-
KOBCKUMHU MOJIEJISIMU C PelyTarueil 1 yupasienust jgosepueM (6oJiee moapoo-
HO IIPpO OTJIMYMgA C HUMH MbI IIO'OBOPUM HEMHOI'O II032Ke, KOorjJa 6yﬂeM OoIIpe-
JIEJISITh MOJIETh MaTeMaTudecKn). Mbl CMOYKeM CTABUTBH CXOXKHE IO CMBICITY
3a/1a91: «MAKCUMHU3UPOBATH PEIyTAIMIO areHTa» (/I MOJIEH ¢ PEIyTaIly-
eif), «MaKCMMU3UPOBATH BJIUSIHUE areHTay (JJIst MOJEJIN BJIMSIHUS ), TJI€ TIOJT
al'€HTOM MBbI 6y,[[eM IIOHUMATh YJIECHaQ COL[I/IaJIbHOﬁ ceTun.

4. Mopenb. MHueHue, BJIMsSIHUE, ITPOTHUBOMNOJIO)KHOCTH MHEHUIA.
CTpyKTypa conmajabHOii ceTu.

st Toro 4Tobbl HOCTPOUTH HAally Mojesb, obparumcs K [10] u mo axa-
jjorur ¢ MapKOBCKOI MOJIe/IbI0 MH(MOPMAIMOHHOTO BJIUSTHUS JAJIUM HEKO-
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TOpbIE ONpeJe/IeHUs U MOHATUsS. Tak, B MapKOBCKO#l MoOIeIn colyasbHast
ceThb IpeJicTaBisieT coboii opuenTupoBanublil rpad G = (V, E), rjae MHOXKe-
CTBO BepmH V — MHOXKECTBO JIEiCTBYIONMX areHToB (TpyIil, JIojuel, co-
obmiecTB), E — MHOXKeCTBO pebep, CBsi3eil MexK 1y JeHCTBYIOIUME areHTaMu.
CaMu areHThl, BXOJISIINE B CONUAILHYIO CeTh, OyeM OIMMCHLIBATH MHOXKECTBOM
N=1,2,3,...n.

Wrak, B MapKOBCKOI MOJE/IN areHT — BepHIMHA OPUEHTHPOBAHHOTO I'Pa-
da, areHTH B3auMOIEHCTBYIOT APYT C APYrOM, BLICKA3BIBAasA MHEHHUE IO OIIpe-
JIEJIEHHOMY BOIIPOCY, ¥ €CJIM - areHT BJIUSET Ha areHTa, TO i-s1 U j-s1 BepIIn-
HBI B rpade CBA3aHbI OPUEHTUPOBAHHBIM PEOPOM, ITpudeM pedpy IPUIIICAHO
HEKOTOPOE IIOJIOXKUTEILHOE YHUCI0, 0003HAYAIONIee JOBEPHE j-T0 areHTa, i-My
areHTy, WK 2Ke BJIUsHUE -TO areHTa Ha j-To areHTa. [aHHoe IucI0 MOXKeT
MEHATBCS CO BPEMEHEeM B 3aBHUCHUMOCTH OT IPEIbIIyINero COCTOSHUS COIU-
aJbHON CeTM M MHEHHMsl areHTOB. lIpomHTepIpeTupyeM MHEHHE, JIOBepue n
BJIMSHIE B PAMKaX JAHHON MOJICJIH:

Mmnenue i-ro arenra — dbynkiusa r;(t) — [s,s], s € RY, ¢t € N - te.
orpaHUveHHAs BelleCTBeHHast (DYHKIHSA, 3aBUCAIIAsA OT JUCKPETHOTO MOMEH-
Ta BpeMeHU t.

B onpenenennu MHeHMS HUKAKUX OTIMYHil oT MapKOBCKO# MoJesn Her,
dopMUPOBATHECS OHO OyIET UAEHTUIHO TOMY, KaK 3TO IpoucxoauT B Mapkos-
CKOI MOJIE/IH, HO JJI TOrO 9TOOLI BBIIMCATHL €ro B ABHOM BHJE HAM HEOOXO-
JIUMBI CJIEJLYIOIIHE OTIPEIC/ICHHS:

Bausnue i-ro arenra Ha j-ro arenrta — dynkims a;;(t, 7 (t — 1),7;(t —
1)) = [0,m], m € RT, ¢t € N - orpannuennag HeoTpuiare/abHas OyHKIMS,
TaKzKe 3aBUCAIIAs OT JIUCKPETHOIO MOMEHTa BPEMEHU ¢ 1 IPebILyIIUX MHe-
Huit. B nanpreitinem koncrpykmuio a;;(t, 7;(t—1),r;(t—1)) 6ymem obosnadaTs
a;j(t) 1/ COKpAIIECHNS 3aIiCH.

Hosepue — dynxumst bj(t,ri(t — 1),7;(t — 1)) — [0,m], m € RT, t € N
«JIBOJiCTBeHHAsT» K (DYHKIIUN BJIHsIHUS, T.€. a;j(t) = bj;(t). B memsx ymporre-
HUS B JaJIbHEiIeM OyIeM HCIOIb30BaTh TOJBKO (DYHKIUMH BIUSHUS.

B nmanbreiiem, 111 TOro 9ToOBI OBLIO YIOOHO MOKA3BIBATH 3aBUCUMOCTH
BJIMSTHUASI OT MHEHHS HaM OyJeT HeoOXOIMMO CJIeLyIOIee OIPEIe/ICHIE PO-
THBOIIOJIOKHBIX MHEHHI: Oy/IeM FOBOPHUTH, YTO MHEHUS i-TO areHTa U j-TO
npomusonoroscrt, ecin sgn(ri(t) - rj(t)) = —1, u cxoxu, ecam sgn(ri(t) -
() = 1.

ITocie TOoro Kak Mbl JaJId HEOOXOIUMBIC HAM HOHSTHSA, MBI MOXKEM 3aMe-
TUTh, 4TO (DYHKIUM MHEHHsI al€éHTOB 00pa3ytoT BeKTop (1), Ha i-if cTpouke
KOTOpOT0o pacnojaraercs (pyHKIMs MHEHIs i-TO areHTa, KOTOPBIi Ha3bIBaeT-
csl BEKTOPOM MHEHHSI WM MHEHHEM COLMAJILHON CeTH, a pyHKIUU BJIMSHHIS
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obpasyror marpuily BiusHus A(t), Ha i-if cTpoUKe B j-M CTOJIOIE KOTOPOIi
pacrosiaraercst (GDyHKIUS BJIUSIHUS §-IO areHTa Ha j-ro. U remepb Mbl MO-
JKeM II0Ka3aTh Kak Oyjer (popMUpOBaTHCS MHEHHE B MOMEHT BpeMeHH ¢ + 1
B MarpuyuHoM Buje: 7(t + 1) = A(t) - 7(t).

Bamernm, uro YHKINY BINSHUSA, B OTJIM4YHe OT (DYHKIMI MHEHUS, He
OyayT yKazanel B asBHOM BrJe. C KaKOI-TO CTOPOHBI 9TO MOYKET ITOKA3ATHCS
YIYIIIEHHEeM, TaK KakK He HO03BOJISIeT SIBHO CYJIUTH 00 MX CXOMMOCTH, OJJHAKO
B TO K€ BPEMsi MBI CMOXKEM 33/[aBaTh 0oJiee CJIOKHBIE (DYHKINH BJIMSHUS.

Ilepen Tem Kak onmcarh CTPYKTYPY COIMAIBLHON CETH, MBI JOJI2KHBI JIATH
OIpeJieJIeHNs WTOrOBOM MAaTpPHIbl BIAWSHHSA W HTOIOBOIO BEKTOpPa MHEHWHSI,
“Hade HAM TPYIHO OyIeT JaBaTh OTBETHI HA CJIEIYIOIIe BOIIPOCH:: «B KakoMm
COCTOSIHMM OyIeT HAXOAUThCS COLUAJIbHASL CETh Uepe3 HEKOTOPbIH GOJIBbIION
epuost BpeMenn! Kakne MHEHHUsI B UTOT'€ YCTAHOBSITCSI B COIUAJIBLHON CETH?!
Kak 6yayT BJUsSTH areHTHI APYT Ha ApyTa 0 IPOIIECTBUN HEKOTOPOIO DOJIb-
moro repuojia BpeMenu? IlepectanyT ji OHU «APYKUTH» JAPYT C APYTOM UJIN
HeT?».

ITycrs cymecTByeT npemes 1tlim A(t) = A. Torna marpuna A HasbiBaer-
— 00

¢ MaTpurleil pe3y/IbTUPYIONIEro BJIUSHUS WM UTONOBOTO BJUsIHUA. TakxKe,
ecsiu cymiecTByeT npejen lim 7(¢) = r, To BEKTOp I HA3BIBAETCsI BEKTOPOM
t—o00

PE3YJIBTUPYIONIEr0 MHEHUS, WJIM UTOTOBBIM MHeHueM. U3 Toro, kak (opmu-
pyercst BekTop 7(t) caenyer, 9To r = rA, a caM BEKTOp I OyJer siBJISIThCSI
CcOOCTBEHHBIM BEKTOPOM Marpuiibl A ¢ A = 1.

J1o TOro, KaK Mbl IPUCTYIIMM K M3y9YeHHIO UTOIOBOIO BJIUSIHUS U MHEHUS,
HEOOXOIMMO 3aJIaTh CTPYKTYPY COIUAJBHON CeTH, 9TOObI Pe3y/IbTaThl ObLIN
JIETKO MHTEPIPETUPYEMBI, U Mbl CMOTJIM CPABHUTD UX C PE3yJIbTATaMH, T10JTy-
YEeHHBIMU B JPYTHUX MOJEJISX CONUANbHbIX ceteif. [loaromy B coorBercTBHN €
[10] MBI BBEJIEM HECKOJIBKO HOHSATHIL:

Coobusecmsom S HA3BIBAETCSI MHOXKECTBO alr€HTOB, KOTODBIE HE IOJBEp-
raiorcs BiausAHUIO areHToB BHe Hero: S C N| u jqua Vi € S,Vj € N\ S
BBITIOJIHEHO a;5(t) = 0, Vt € N.

I'pynnoti Ha3bIBAETCsT MHOYXKECTBO areHTOB, KOTOPBLIE BJIMUAIOT JAPYT Ha
JIpyTra IPsSIMbIM WJIM KOCBEHHBIM 00pPa30M.

Cnymmukom TPYIIIbI HA3BIBAETCS AT€HT, [TO/IBEPTAIOIINIIC BIUSHUIO TON
IPYIIIBI, HO HE OKAa3bIBAIOIINIl Ha Hee BJIMSHUS.

CwMbIC 5THX OmpeiesieHnit noApobHo onucad B Kuure [10], mist Mapkos-
CKO# Moen nHPOPMAIITMOHHOIO BAUSHAS. TaK KakK MBI 3aJaeM X abCOJIOT-
HO MJIEHTUYHO, OOPaTHBIINCH K BBIIIEYKA3aHHON KHUI'e, YNTATE/Ib MOYXKET I10-
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CMOTPETh Ha OCHOBHBIE IIPUMEPDLI COODIIECTB, IPYIII U CIIyTHUKOB, 3/I€Ch K€
MBI OCTABUM JIaHHBIE OIpeIesIeHnsT Oe3 TPUMEPOB.

HpeﬂCTaBﬂﬂeTCﬂ BaKHBIM 3aMETUThb, YTO B KaKOM-TO COO6meCTBe MoryT
cojiepxKaThest Japyrue coobmiectsa. s Hamero ypobcTsa 1 BO U30eKaHue
IIyTaHUIbI, Mbl MOXKEM BbBIJICJIUTH MaKCHUMaJIbHbIC COO6H_LeCTBa, TO €CThb Ta-
KHe, B KOTOpPbIE HEJIb3s BKJIOUYHUTH JIIOOOTO areHTa He U3 Hero. A 3areM Mbl
MOZKEM OIIUChIBATh BSaHMOﬂeﬁCTBI/IH ar'€HTOB TOJILKO B OTJAEJILHO B3ATOM MaK-
CHMaJILHOM COOOINECTBE, W HE M3ydaTh JAPYTHE MAKCHUMAJIbLHBIE COOOIIECTBA
(BeJjib areHThI U3 JIPYIUX COODIIECTB HA HEIO HUKAK He BJIUSIOT! ), TO eCTh MaT-
puiy A(t) moxkuO "pazbuTs ' Ha IOMATPHIIB, XaPAKTEPU3YOIIHE OTIC/IbHBIE
MaKCUMaJIbHBIE COODIIECTBA.

5. Bompoc cymiecTBoBaHUusI pe3yJIbTHUPYIOINEl MAaTPUIbI U Pe3yJiIb-
Tupyomniero BeKropa. CpoiicTBa MaTpulbl Pe3yJIbTUPYIOMHIETO BJIU-
SITHUS.

Pamee MbI BbIBesin HEOOXOMMOE YCJIOBHE Ha COOCTBEHHOE 3HAMEHUE Pe-
3yJIBTUPYIONINX MATPHI], HAM OyIyT HyKHBI TakKue, 9TO y HHX OymeT cob-
cTBeHHBIT BeKTOp I' = Ar . Teneps mocMoTpumM, KaKue CBOMCTBA JOCTATOIHBI
Juist MaTpuiiel A(t) mist Toro 9ToObI CYIEeCTBOBAT €€ IIPEeJIe.

Ilepen Tem Kak cHOPMYIUPOBATH MEPBOE YTBEPKIEHUE YTOUYHUM, YTO B
HEM TI0JT, KOJIEOAHWEM 3JIEMEHTOB MATPHUITLI TIOHUMAaETCd Kojiebanue (hyHKITMi
Ha MHOXKECTBe, CM. [24].

Yrepxkaenue 1. Ilycts kosiebanme 3/71eMEHTOB MATPUIILI BIUSHUS CTPE-
MUTC K HyJ0. Torja cymecTByeT MaTpuUlla NTOrOBOIO BJIUSHUS.
Joxaszamenvcmeo:

B nannom ciydae dbynknun a;;(t) 6ymyT yaoBiersopsath Kpurepuio Komm u
CXOJIUTHCsI K HEKOTOPOMY IIPEJIeILy, CJlejloBaTesibHO, u MaTpuna A(t) cxomurcs
K HEKOTOPOil MaTpune Ymeepaicdenue doxa3ano.

[Tpuseném npuMep JABYMEPHOI JIBAXK (bl CTOXAaCTUIeCKOi MaTpurst A(1) ¢
a11(t) = aga(t) , KOTOpPAst yIOBIETBOPsIET YTBEPAKIAEHUIO 1 U MMeeT 1pejiest
A. Banaaum ssementsr A(t) ciemyrommm 06pa3om:

B navasbubiii Moment Bpemenn aq1(0) = C, ajo = 1 — C, % C <

Bo Bce ocrasbHble MOMeHTHI Bpemenu ai1(t) = 1 — aja(t), alg( ) = a1 (t —
aiz(t—1)

/\

1) (1422") |, ecin muenus arenta 1 u 2 cxoxue, u ajs(t) = , ecJin

IIPOTUBOITIOJIO?KHDBIE.

l\J

[TokazkeM KOPPEKTHOCTD M CXOAUMOCTh. Pacemorpum BekTop 7(0) Takoi,
9TO MHEHHUs1 areHToB 1 u 2 Beerja cxoxue. [Tokaxkem, uro lim ajo(t) < 1.
t—»00
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Hoxkaxkem mo wHayKiuu, 9ro aja(t) < 1 — 27t~ JTna t = 1 s10 Gymer
BepHo. [IpoBepum s t > 1. [Ipeamonoxkum, 4To BepHO /it t — 1, 1 Oy IuM
as b apa(t—1)-(14272) < (1-271) - (142727") <1—27""1 A suaunr

o]
tlggo aa(t) < Z:l 27t = 1. Konebanue cTpeMUTCs K HYJIIO, U JAHHDLIH IPUMED
KOPPEKTEH, C(Z)OTBeTCTByeT YTBEpXKJAeHUIo 1 u coitnércs aubo K equHU-
HOIT MaTpurie (B cirydae, ecan MHEHUs JI0JIr0 OY/yT IPOTHBOIIOJIOXKHBI ), JIHOO
KyJa-TO eIlé, ecan oba areHTa BBIPAOOTAIOT CXOXKHEe MHEHHUSI.

ITepes TeM Kak K TepeiiT K CIIYIONEMY TPUMEPY U CHOPMYTHPOBATD
YTBEpKJEeHUe 2, JaIiM CJIEJIYIONee OMpeIe/IeHue.

ByneM roBoputhb, 9T0 SAUANHUE MOHOMONNO NO 3HAKY, €CIU JJIT JTIOObIX
t > k upu ycnosun sgn(ri(t—1)-r;(t—1)) = 1 Beinosseno a;;(t) > a;;(t—1),
u upu sgn(ri(t — 1) - rj(t — 1)) = —1 ai;(t) < a(t — 1), i # j. Ecim
sgn(ri(t) - r;(t — 1)) = sgn(ri(t — 1) - rj(t)) = 1, To Gyaem roBOPHUTH, HUTO
MHEHUsI Al€HTOB OCTAIOTCsI CXOKUMU (IIPOTUBOIOJIOXKHBIMI) B MOMEHT Bpe-
MeHu t.

YrBepxkaenune 2. [lycth BausiHre MOHOTOHHO 10 3HAKY. Torjia ecim cyIe-
CTByeT Takoe k, 4To JyIs JII0ObIX ¢ > k MHEHH: JIIOObIX areHToB ¢ U j Oy/IyT
OCTABATHCS CXOXKUMHE (MM MTPOTUBOMOJIOZKHBIMIE ), TO CYIIECTBYET PE3y/IbTH-
pyfoInast MaTpHILA.

Zloxasameavcmeo: He orpammumBasi OOIMHOCTH, IYCTh JJIT HEKOTOPOTO K
BEPHO, 4TO JjId JOBIX t > k u mobbix 7(0) sgn(ri(t) - rj(t — 1)) =
sgn(ri(t—1)-r;j(t)) =1, a;j(t) < m, n a;;(t) 11 upn ¢t > k. Torga Mer Mozkem
NPUMEHUTEL TeopeMmy Befiepiirpacca o mpejiesie MOHOTOHHON OTpaHUYeHHON
[IOCJICOBATCILHOCTH. 3HAYUT 3}3210 a;j(t) = ajj. Ymeeporcdenue doxasano.

[IpuseneM npuMep MATPHIILI BIXAHAA, KOTOPAas MOIXOIUT 1101 (pOPMYJIH-
POBKYy yTBepxKaeHus 2. Tak ke, Kak U B IIPeJbLIyIEM IPUMepe, BO3bMeM
laByMepHYIO IBarKIbl CTOXaCTUYECKYI0 MATPUILY C JOIOJHATEILHBIM YCJIO-
BueM a11(t) = ag(t) u 3amauM s1eMenThl MaTputibl A(t) cieyromnmm obpa-
30M: B HadasbHbI MoMenT Bpemenn a11(0) = 1—-C, a12(0) = C,0 < C < %, a
JIJIsL BCEX OCTAJILHBIX MOMEHTOB BpeMeHHU ¢ (DYHKIUU BIMAHUS OYIyT BLILJIs-
JieTh caegyomuM obpasom: az(t) = C+C-sgn(ri(t—1)-ro(t—1))- M%tg(t),
a11(t) =1 — a12(t). Hokaxkem, 9To Jijisi JIAHHOI MATPHIIBI BBIIOJHEHBI YCJIO-
BUSI yTBEPXKJAEHUA 2.

HyCTb 9TO He TaK, U MHEHHs HEe OCTalTCA CXOKUMU Ha 6eCKOHeqHOM
maOo)kecTBe S C N. Torma oba muenus B 11000 MOMEHT BPEMEHH t OTJINIHBI
or HyJist, ipu 3ToM a11(t) = age(t) > C, aj2 < 1 — C, Vt € N, kpome Toro,
nast s € S BepHo, uro sgn(ri(t) - ro(s)) = —1. He orpanmuansas oburHocTH,
MOzKeM caurarh, 9ro sgn(ri(t)) = 1. U3 oupenenenns momenn (s + 1) =
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ai1(s+ 1) -rm(s) +ara(s+1) - ra(s); ra(s+ 1) = aor(s+ 1) - r1(s) + aza(s +
1) - r2(s). Bosemem Takoe s, uro ri(s+ 1) > 0, ra(s + 1) < 0. Mbr moxem
9TO CJIeJIaTh TaK KakK a12(S) IPU POTUBOIOJIOKHBIX 3HaKaX Oyzger Majo. B
MOMEHTHBI S + 1 U S MHEHUA OCTATCA CXOZKMMU. '3Han/IT7 BJIdHE MOHOTOHHO
o 3uaKky r1(s+2) > ri(s+1), ra(s+2) < ra(s+1), u 510 OyaeT BepHO st
Bcex MOMeHTOB s + t. Clie10BaTeIbHO, CXOAUMOCTD JOCTUIAETCS JIJIs JIIOOBIX
HAYAJIbHBIX BEKTOPOB 7(()), 1 MATPHUIA yJOBJIETBOPSIET YTBEPXKIACHUIO 2.

Tenepb MBI MOXKEM NPUMEHUTH 3TO YTBEPKJICHHE U IIOCMOTPETDH, YeMy
pasen npenen marpunpl A(t) B 6eckoneunocru. Ecim muenus qoiro Gymyt
IIPOTHUBOIIOIOXKHBIME, TO IPEJeJ X BAUSHUA IAPYT Ha JApyra OyraeT paBeH
HYJIIO, & €CJIM Ke HeT, To oH Oyner paseH 2C, TO €CThb B OTHOM CJIydae areHThI
[ePEeCTaHyT KOHTAKTHUPOBATH JAPYT C JIPYTOM, a B JAPYrOM UX BJIUSHUE JIPYT
Ha JpyTa YBEJUYHUTCS B IBa pa3a, U OHU BHIPAOOTAIOT CXOXKHE MHEHUS.

Ecin paccmarpusars mMarpurist A(t), mofxomsinue 1Mo TaHHbIE yTBED-
JKJICHHsl, TO MOXKHO HailTH cepbE3HbIe MI0JOTMIeCKUe OTINIUA OT MOJEIei
C JloBepueM U peryranueii, Kotopble paccMoTpensl B [10].

B Mozenn ¢ nosepuem BBoguTCA (DYHKIMSA yIIPABJICHUS, KPOME TOTO, Pac-
cMaTpHUBaeMoe JIOBEpUe areHTa CBI3aHO TOJILKO C yIPaBJICHHEM M MHEHHEM
areHTa, caMa MaTPHUIA BJIUSHUS HE U3MEHsIeTCs. B MOje/u ¢ peryTaiueit
dopMupyIoTCA JIMMIL 00LIME PEIyTAInU Ar€HTOB, TO €CTh PeIlyTaIlis OJIHOIO
al'édTa eJuHa JJid BCeX OCTaJIbHDLIX. CyH_LeCTBeHHbIM MaTEMATUYECKUM OTJIN-
queM SIBJIAIOTCA yCJIOBHA cXoauMocTh. CXOIUMOCTD JAHHON MOJE/IN HCCIIe-
JO0BaJiaCb B JOBOJIbHO TPpHUBUAJIBHBIX CJ/Iy4YadX, TOr/la KaK MapKOBCKaE{ MO-
J1eb nHMOPMAIMOHHOTO BIUSHUS CXOINTCS BCEIJIA, a MOJEJN C PEIyTalnei
U yUpaBJIeHHs JOBEPHEM CXOJATCA B 3aBHCUMOCTH OT BUaa (PyHKIMIl perry-
Tauy W MaTPHUILI yIpaBaeHHi. B IesoMm, msydenme yCIOBHil CXOIUMOCTH
JIAHHOI MaTpPHUIBI IPEJICTABIACTCS aBTOPAME XOPOIIUM HAallpaBJIeHUEM IS
JAJILHEHAIIero ncce0BaHns.

6. O Bume MaTpuIbl Pe3yJIbTUPYIOIIEro BJIUSHUS.

Panee mMbI puBesin JiBa YACTHBIX CJIydas CYIIECTBOBAHUS PE3YJILTUPYIO-
et MaTPUIIbl U MOJIYyYUIN €€ BUJ, JJIsi 9TUX CIydaeB. DT IPUMEPbI ObLIN
JOBOJIBHO ITPOCTBIMU, BKJIIOUAIOIIUMHA JIUIIb OJHY T'PYIIy U JIBYX areHTOB.
Temepnb, B Ipeao0KeHNN, ITO BBIIOJTHEHO yTBEPXKAeHUEe 2 MbI IOIPo0y-
€M OTBETUTh Ha OOIMuil BOPOC «KaK JIOJIYKHA BBITVISIIETb PE3YAbTUPYIONAs
MaTpuia’y, KOraa B Hadaj e y HAC €CTh HEOIPEeIEHHOE KOJMIECTBO CO00-
IIECTB, I'PYIII, CIIyTHUKOB, areHTOB. B IpenbiayineM pasesie ObLIO OTMEYEHO,
0o MaTpuity JA(t) MOXKHO U3y9aTh C IOMOIIBIO Pa3/ie/eHus] €€ Ha [0JAMaTPU-
bl U3HAYAJIBHBIX MaKCUMAaJIbHBIX COODIIECTB, TO €CTh, €CJIM JIBa COODIIECTBA
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HUKAaK MKy cOOOW He CBSZAHBI, TO MbI OYJIEM pacCMaTPUBATL UX MATPH-
bl 110 OT/IEJBHOCTH. BOCHOMB3YyEeMCS 9TUM U IIOCMOTPUM, 9TO HPOUCXOIAT
C COIUAJIBHON CETHIO, ¥ KOTOPOU BJIMSHUST MOHOTOHHBI TIO 3HAKY, & MHEHUsI
1ocjie HEKOTOPOI'O MOMEHTA BPEMEHHU OCTAIOTCsI cXOKuMU. OKa3bIBAETCsI, ITO
BEPHBI CJIEAYIONIIE BA YTBEPIKICHUST:

YrBepxkaeHue 3.

[IycTh BBITIOHEHBI YCIOBUS YTBEPXKJAEHUS 2 W JJIsT JIOOBIX areHTOB { U
j € NIPOTHBOIOJOKHBIMU MHeHuAMU a;j(t) | 0 gusa Vt > k; k,t € N. To-
T8 Pe3yIbTUPYIONINe MHEHNST aT€HTOB MAKCUMAJIBHBIX COODIECTB UTOTOBOM
MaTPUILI BJIUSTHUSA OYIYT CXOKUMHU.

Joxasamesvemeo:

[Ipeanomoyxkum, 9To 310 He Tak. IlycTh B pe3yabTUPYIONEM COODIECTBE S
ecTb nBa MHOXkecTBa Q m R, MHEHHsI areHTOB B KayKJIOM M3 HUX CXOXKH,
HO TIPW 9TOM MHEHHUsI Ar€HTOB M3 MHOXKeCTBa Q MPOTUBOIOJIOKHBI MHEHM-
sam areaToB u3 R. Paccmorpum riponsBoJibHOTO areHTa ¢ U3 MHOXKecTBa Q u
MTPOU3BOILHOTO arenTa j n3 MuoxkecTBa R. CyIrecTByer MOMeHT BpeMeHU k
TaKoi, 9TO X MHEHUS OyJyT OCTABATHCS MPOTUBOIOJJOKHBIMU JIIs JTFOOBIX
t > k. Ilo ycaosuio a;j(t) || 0, sHaunt npenen a;j(t) Oyaer paBeH HyIIO.
Tak Kak areHThbl ¢ U j TPOU3BOJILHBI, TO Jitoboit arent u3 Q (R) He Busier
na arenta n3 R (Q). Yo npuBoauT HAC K NPOTHBOPEUHIO C TE€M, 9TO S —
coo0ITIeCTBO. Ymeepotcderue 00Ka3aHO.

Jmst cTOXacTHYIeCKUX MATPHWIL W3 STOTO MOYKHO BBIBECTH WHTEPECHBIN
dakT o Bujie COOCTBEHHOI'O BEKTOPA.
YrBepxKaeuue 4.
[TycTh BbIIOJIHEHBI yCJIOBUsI yTBEp2KAeHust 3 u Marpuria A(t) — croxacrude-
ckas. Torma cyIecTByeT pe3yabTUPYIONINi BEKTOP I' CJAEAYIONEro BUIa: I' =
(Cly ey Cly vey Chy eey Ck ), THE K — KOJIMYECTBO UTOIOBBIX COODINECTB, U KaZK bl
3JIEMEHT ¢; BCTPEYAELTCsI CTOJBKO pas3, CKOJIBKO COAEPIKUTCS 9JIEMEHTOB B UTO-
TOBOM COODITIECTBE.
Zloxasameavcmeso: Jjisi CTOXaCTUYIECKON MaTPHUIILI JTIOO0T0 PE3YJILTUPYIOIIE-
ro coobmecTBa BeKTOp ¢- (1,1, ..., 1) Oymer aBadTbCs cOOCTBEHHBIM. (CM. [25].)
Pezynbrupyromuii BekTop U3 eaunHuI] OyaeT CyIecTBOBaThH BCerja, T.K. MaT-
pHIe COODBIECTBA COOTBETCTBYET Hepasjaokumas MapKOBCKasi Ielb, y KO-
TOpOii KOpeHb MMeeT KPaTHOCTb paBHyto exuuuie [27]. B cuiay Toro, uro
MaTpuia A OyJIeT COCTOATh M3 KBaPATHBIX MATPHUIL JJI PA3THIHBIX MaK-
CUMAJTBHBIX COODIECTB, PE3YJIbTUPYIONINN BEKTOP OY/IeT COCTOSATD U3 CyMMBI
COOCTBEHHBIX BEKTOPOB YKA3AHHOTO BBIMIE BUIA JIJIsT MATPHUI] PASTUIHBIX CO-
o0ITIecTB. Ymeepotcdenue dokasano.
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Wrak, mid croxacTudecKnX MATPUIL C YKA3aHHBIMUA CBONCTBAMHU MBI IO-
JIyIaeM XOPOIIIO MHTEPIPETUPYEMBIN PE3y/JIbTaT — y KaXKJI0ro COODIIecTBa
areHThl Oy/lyT MMETb CXOXKee MHEHHe W UX YUCJOBOH IOKa3aTe/lb MHEHUs
Takxke Oymer ommnakoB. B MapkoBckoit momenn wHMOPMAIMOHHOTO BJIUsI-
HUsT HAOJIIOMAETCS HEMHOI'O JIPYToe: BO BCEX I'PYIIax Oy/JeT MPUHSATO OJIMHA~
KOBOE MHEHHUE C OJIMHAKOBBIM YHCJIOBLIM ITOKa3aTejeM. 10 eCTh BCIOJY, TJie
areHThbl IPSAMO WM KOCBEHHO BJIUSIOT APYT Ha JIpyra. 3JeCh MbI IIOJIydaeM
HECKOJIbKO MHYIO BOBMOXKHOCTD Pa3BUTHUs COOBITHIA: JII0O0E MHOYXKECTBO areH-
TOB, KOTOpPOe He OyJIeT IOJ/IBEPraThbCsd CEPHLEZHOMY BJIMSAHUIO U3BHE, HPUJIET
K €JIMHOMY MHEHUIO, U He OyHeT oOIaThCs ¢ TeMH, KTO 3aiiMET IIPOTUBOIIO-
JIOZKHYIO TIO3UITUIO, JIaXKe €CJIM PaHee OHM KOHTAKTUPOBaJd. TakuM obpa3oM,
MBI PEIIA U3HAYAJIBHO TOCTABJICHHYIO 3aJ1a9y, COCTOSIIYI0 B TOM, UTODBI
[I0Ka3aTh CBA3b MHEHUS U BJIUSHUS C yIETOM COTJIACOBAHUS C 3aTPOHYTHI-
MU paHee MCCJIeJOBaHUSIME COIMAJIBHBIX MICUX0JIOr0B [28] o B3anmomeiicTBum
areHToOB B I'PyIIIax.

7. 3akJjrroueHue.

B manmoit pabore Oblila mpeacTaBiIeHa HOBasl MOJIEIb COIUAIBHON ceTn,
OCHOBaHHAasI Ha M3MEHEHWH BJIUSIHUSI al€HTOB JIPYT Ha JIPyra B COOTBETCTBUU
C 3aHNMAaeMBIMI MM MO3UNUSIMHU. B paboTe He CcTaBmIach IeJh MOKA3aTh
BCe YCJIOBHSI CXOAMMOCTH MOJIEJIM U He IPOBOIUJICS €€ IOJIHBIA aHaIn3, Ofl-
HaKO ObLIN MOKA3aHBI OTJIUYUS B CTPYKTYPE HOJYIAEMON COIUABHON CETH,
clIeIaHa TOMBITKA YYECTh IMPOTUBOIOIOKHOCTD BIIVISIIOB PA3/IMIHBIX areH-
ToB. Ilpescrapisiercss UHTEPECHBIM JIAJbHEAINN €€ aHaJIn3 U KCC/Ie0BAHKE
€é CBABU ¢ APYTUMHU SIBJICHUSIMU, HaOIIOMAEMBIMI B COIUAJIBHBIX CETSIX.

IlepcekTUBHBIM JJIsI IIOCJIEAYIOIIETr0 NCCIEIOBAHNS BBITJIAIUT TOCTAHOB-
Ka 337191 HH(POPMAIIMOHHOTO yipasenus, Beegenne «CMI» u ynpasienns
X COODIIEHUSIMU JIJIsI TOIO YTOOBI HOJIYYUTh HAUOOJIBIIEE KOJIUIECTBO areH-
TOB C HY?KHBIM MHEHUEM, & TaKKe MOCTAHOBKA 334U YIIPABICHUS BJISTHU-
em. Kak ormevasioch panee, cxoxue 3a/1a4u MOXKHO yBujieThb B [10] y mogeseit
¢ pelyTalyeil u yIpaBJIeHUsT JOBEPUEM.

Eme omanM HampaBiieHneM pa3BUTHUsS JTAHHON MOJIEIN ABJISIETCS IIPUMe-
HeHne eé Ha PeabHbIX CONMAIBLHBIX ceTax. [loadbop onTuManbHbIX (DyHKITHIMT
BJIUSIHUSA, TTOJIyYeHNEe TPAKTUIECKUX Pe3y/IbTAaTOB, IIPOTHO30B, & 3aTeM COOT-
HECEHHUE II0JIYYEHHOIO C PeAIbHBIMH JAHHBIMU, UCCIEIOBAHUSIMU IICHXOJIOTOB
7 C APYTUMU MOJEJISIMU.
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About one model of influence in social networks
Ryjov A., Ilin 1.

In this paper we provide a model of influence in social networks
and study some of its properties. Primary purpose of the research was
the study of influence matrix. The influence is considered as a function
dependent on time, status and opinion of agents, for further analysis we
give the interpretation of opposed opinions of agents. We also give two
simple examples of social network based on this model and several cases
of convergence of influence matrix. We show some differences between
structure of this model with a limit matrix of influence and several
other influence models of social networks.

Keywords: social network analysis, influence models.

64



YacTp 2.
CreruaJjibHBIE BOIIPOCHI TEOPUN
MTHTEJIJIEKTYaJIbHBIX CUCTEM



K Bompocy o BoccTaHOBJIEHUM TPEXMEPHOTO
TeJia 10 ero IJIOCKUM ITPOEKITsIM

J1.B.Anekceen

B pabore paccmarpuBaercs 3a/1a9u BOCCTAHOBJIEHUS] TPEXMEPHOTO
M300pasKeHNsI 110 €ro MJIOCKUM MPOEKITH ¢ TOTHOCTBIO 10 adHUHHON 1
MeTPpUYIECKOil sKBuBajIeHTHOCTH. Haiiieno HeobxoimMoe 1 JIOCTATOIHOE
yCJIOBHE PA3PEIIMMOCTH ITUX 3aa4.

KuroueBbie cJjoBa: addunnbe Tpeodpa3oBaHusa, U30METPHUE-
cKHe Tpeobpa3oBaHus, PACIoO3HaABAHNEe N300paKeHU, BOCCTAHOBJICHIE
TPEXMEPHBIX U300paKeHMil, CTepPeo3PEHIE.

1. BBenenue

B pabore paccmarpuBaercst 3a1a1a BOCCTAHOBJICHUST 110 IJIOCKUM ITPOEKITHSIM.
B pabore [4] onncan nporece BOCCTAHOBJIEHUST TeJIa O TIOCKUM IIPOEKIUSIM
¢ TOYHOCTBIO 710 adbduuHOl skBUBaIeHTHOCTH. B [3| onucan onrumusuposan-
HBIN aJICOPUTM PEIeHus 9TOi 3a7a4un. B yKa3anHbIX paboTax He IPUBOIUTCS
KpATepUdA BO3MOXKHOCTH BOCCTAHOBJICHUSA Tesa, T.€. YCJIOBUS, MO3BOJIAIONINE
IO ABYM Ha6opaM TOYEK OIIPEeAC/INTD, ABJIAIOTCA JIM OHU IIPOCKIUAMU OJHOI'O
U TOTO K€ TPEXMEPHOTo TeJia. B manHoit paboTe TaKoil KpUTepuit IpUBOIATCS
B TJ1aBe 3.

Taxeke paccmarpuBaercs 6ojiee CJIOXKHas 3a/1a9a BOCCTAHOBJICHUS TPEX-
MEPHOI'0 Tejla ¢ TOYHOCTBIO JO METPUYECKON IKBUBAJICHTHOCTHU IIPOCKINHN.
3ajilada COCTOUT B TOM, YTO HAJIO IOCTPOUTH TPEXMEPHOE TEJIO U 3a/aTh JIBE
IUIOCKOCTHU U JIBA HAIIPABJICHUS ITPOCKTUPOBAHUA TaK, 9TOOLI MIPOEKIINN Obl-
JI PaBHBI JJAHHBIM (Kak reomerpudeckue burypsl). Dra 3aj1ada penaercs B
riiaBe 4.

2. Onpenenennda n GopMYJIUPOBKHA 3aa1

Onpepesienne 1. Bydem naswvieamv uzobpasicernuem (deymeprvim) npo-
U3BONLHBLT 3AHYMEPOBAHHDBIT HAOOD (HENYCMOe KOHEUHOE MHOHCECTNEO) MO~
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wek na naockocmu. Bydem nazvleamv Meaom npouseosvubil 3aHYMepoGa-
Houli Habop (Henycmoe KoHewHoe MHONCECTNEO) MOUEK 6 MPETMEPHOM NPO-
cmpancmee (¢ ykasanuem nopadka,).

Omnpenenenue 2. [fycmv dano 2-meprnoe udobpasicenue, cocmoswee u3 n
mowex A = (A1,...,Ap). Kpome mozo, nycmv 3adan 6eKkmop p u npamas
[, ne napaanreavras eexmopy p. Bydem naswsams makue npamovie (he na-
passesvrvie p) donycmumvimu. Paccmompum npamoie a;, npoxodsusue ue-
pe3 coomsememeyrowue mouku A; napasseavro sexkmopy p (i = 1,...,n).
Ipoexyueti uzobpasicenus A no nanpasaseruto P Ha NPaAmylo | Ha3veaem-

ca uzobpascenue A" = Al ... Al 6 komopom Al ecmv mouka nepeceuenus

sy 4dn,
npamoz a; ul (i =1,...,n). I[Tycmov na npamot l esedena cucmema xoopou-
nam, mozda éexmop rkoopdunam mouek X (A7),..., X(A) 6ydem nazveamo

omnevwamxom mmosicecmea A u obosnavamo Fip(A).

Onpenenenue 3. [lycmo dano 3-meproe usobpasicenue, cocmosusee u3 n
mouex A = (A, ..., An). Kpome moezo, nycmo 3adan 6exmop p u naockocmo
II, ne naparsreavras sexmopy p. Paccmompum npamwvie a;, nporodaujue ue-
pe3 coomsememeyruwue mowky A;, ¢ = 1,...,n, napasesvro 8eKkmopy p
(em. puc. 2) . IIpoexyueti uzobpasicenus A no manpasaenuto p Ha NAOC-
wocmob 11 nasweaemes usobpasicenue A" = Al ..., Al 6 xomopom A} ecmo
mowka nepecevenus npamot a; ¢ naockocmuio Il (i =1,....n).

Bamaua 1. I[Tycmws danv, dsa naockux usobpasicenus. Ilocmpoums mpexmep-
HOE MeA0 U YKA3AMb NAOCKOCTU U HANPABAECHUSA NPOEKMUPOSIHUA, MAKUE,
YIMO MPOEKUUY YKAZAHHO20 MEAL HA IMU NAOCKOCTNU APPHUHHO IKEUBANEHM -
HoL OAHHBIM NAOCKUM U300PAANCEHUAM.

Bana4ga 2. ITycmo danw dea naockur usobpascernus. Illocmpoums mpermep-
HOE MeA0 U YKA3amd NAOCKOCTU U HANPABAECHUA NPOEKMUPOSAHUA, MAKUE,
YIMO MPOEKUUY, YKA3AHHO20 MEAG HA IMU NAOCKOCTNY MEMPUMECKY IKGUBA-
AEHMHBL OAGHHBM NAOCKUM udobpasicenuam. T.e. cywecmsyrom usomempu-
yeckue npeobpasosanus, NEPesodAUUE NPOEKUUL 8 JaHHLe U30OPANHCEHUA.

JasbIe OyayT yKa3aHbl HEOOXOINMBI U JIOCTATOIHBIE YCJIOBHS, JJIsT KArK-
JIOTO U3 9TUX MOCTPOEHUI, TaKKe OYIyT OMUCAHBI AJTOPUTMBI 3TUX ITOCTPO-
eHU.
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Puc. 1. Ilpoektust Ha IpsiMyTO
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Puc. 2. Ilpoekiust Ha IJIOCKOCTH
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3. BoccTraHoBjieHE TpeXMEpPHOIrO TeJjia C TOYHOCTHIO
10 adduUHHOIT YKBUBAJIEHTHOCTMH.

Hecnoxxuo 1mokasarb, 9T0 I JBYX IPOU3BOJIBHBIX IIOCKUX H300pasKeHMUii
3aJa9a 1 He BCErma MMeeT pellleHue.

IIpumep 4. Paccmompum mouxu ¢ xoopdunamamu A} = A7 = (0,0),

/2 = A5 = (1,0), {3 = A3 = (0,1), 21 = (1,1), Z =(2,1), /5 = (3,2),
Al(2,4). donyemum 3adaqa 1 umeem pewenue 0as dGHHOT NAOCKUT U300pa-
orcenutdi. Toeda mouxu A1, As, Az, Ay ne mo2ym 6vimb pPaAcCnoioHCEHDL 8 00-
HOT NAOCKOCTU, T.K. UHAYE UT NPOEKUUY ObiAU Obt aPurio IK6USANCHITHDL.
Caedosamenvro, sexmopv, e = A1As, eo = A1As u ez = M 0bpasyrom
bazuc 6 mpexmeprom npocmpancmee. Pasroocum eexmop A1 As no amomy
basucy: A1As = x1€1 + xToeg + x3€3. Ilockoavky npoexuyus Ha NAOCKOCTD
COTPanAem AUHETHYIO0 KOMOUHAUUIO GEKIMOPOG, MO MO HCE COOMHOUEHUE
BUNOANEHO OAA MPOEKUUT], OMKYOQ NOAYHAEM CUCTEMY AUHETIHBLT YpacHe-
Hui

10 1 3
011 L2
10 2 2T
01 1 3 4

IMma cucmema, 04esudHo, He UMEEM PeWeHUT, TOCKOADKY PaAH2 PACULUDEHHOT
MAMPUUDBL PAGEH 4.

Boobie rosopst, B ciydae n Todek mosydaercs 3(n — 4) mepeMeHHbIX 1
4(n — 4) ypaBHeHHii, T.e. pelIeHue CyIIECTBYET JAJIeKO He JJIst JII0ObIX Ha-
bopos npoeknuit. Huxke npuBoauTcs HEOOXOIUMOE U JOCTATOYHOE YCJIOBHE
CYIIIECTBOBAHUS PEIICHU.

o JieHue 5. 5. cmob
Onpenenenue 5. Ycaosue koaaureaprocmu deyx npoexuudi. 11

sadanvr usobpaoicenun A' = (A,...,AY) u A" = (A4,..., All). IIycmo
6 usobpasicenuar A u A" mowwu A} | Al Al ne aesicam na 0dnotd npa-

o " " " 9 o
motl u A, Ay, Ay, me aesicam ma 0dnot npamot. Paccmompum agdurnroe

. / " . / "
omobpasicenue T, xomopoe nepesodum T : Al w— Al , T : Al — Al
T A}, = A} . Bydem 2060pumn, wmo usobpasicenua A" u A" xoarune-
APHBL OMHOCUMENLHO TOYEK 1,12, i3, ecau ece sexmopo, T (AL)A! nonapro
63AUMHO KONNUHEAPHDL (HYA60T 6EKMODP KOAAMUHEAPEH N1000MY) ). em oMo

6 Byo

o6osnauams kax A'||i, igis A"

Teopema 6. Jlanw, usobpascenus A = (A}, ... A) u A" = (AY,... Al).
ITIyecmv 6 usobpasicenuaxr A u A" ewbparnve no 4 coomeemcmeyroujue
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MoK (He 02PANUMUGAA 0OUHOCTIU MONCHO CHUTNAMY, YN0 UT UHIEKCHL
1,2,8,4), obaadarougue caedyrougumu ceoticmeamu: a) Ilepswe mpu A}, A, A

ne aesrcam na 0dnol npamot u A, A5 AL we aescam ma 00noll npa-

moti. b) Hsobpasrcenusn Ay ALALAY u ATATALA) ne asasmomen addunmno-
aKeusaseHmubIMU. To20a HE0OTOOUMBIM U JOCTNATNOUHOM YCAOGUEM CYULE-
cmeosanus pewerus 3adavu 1 (6occmanosaenus ¢ mownocmuio do addur-
HOT IKGUBAACHIMHOCINU) ABAAETNCA YCAOBUE KOAAUHEAPHOCTIU U300PaAANCEHUT
A" u A" omnocumenvrno mpotixu Ay, As, As.

Sameuanue: Ecin uzobpaxenus A u A’ addunno sksusasienTHbl, T0
3ajada 1 JOIycKaeT TPUBHAJIBLHOE PEIIeHIe — JII000e N3 N300pazKeHuii MOXKHO
B3STh B KAY€CTBE MCXOJHOIO U CIIPOEKTUPOBATD TI0 IIPOU3BOJILHOMY HAIIPaB-
JIHUIO — pe3yabTaT OyneT adbUHHO-I9KBUBAIEHTEH.

Jokazkem Teopemy 6.

Bribepem kakme-mnb0 9eThbipe TOUYKHN H300ParKeHNsI, He JIeyKAINE B OTHOM
miockocTu. B nasbreiimem GyeM Has3bIBaTh 3TH TOUKH onopHbIMuU. He orpa-
HUYUBas OOIIHOCTH, MOYKHO CUUTATDh, 4TO 9T0 Touku A1, Ao, A3, A4. Beenem
TpexXMepHbIi 6a3uc e = A1As, & = A1As n e_3> = A A4, HagaI0 KOOpIU-
HaT nomectuM B A; (cM. puc. 3), GyuemM Ha3bIBATH STOT 6A3UC ONOPHBIM.
Torma Jo6yIo TOUKy A; MO}KHO 3a/1aTb KOOp,ZLI/IHaTaMI/I B OIIOPHOM Gaszuce
(245, Yi, 2i), THe A1A; = x4 - e+ Yi € + 2 - €. Bamerum, 4TO Ipu IIpo-
CKTUPOBaHUU Ha IIJIOCKOCTb JIMHEITHbIEe KOM6I/IHaLLI/II/I BEKTOPOB COXPAaHAIOTCA,
T.e. P(m) =x;- P(e_1>) + i - P(e_g) + z; - P(e_3>). To ke BepHO 1 it ad-
buHHBIX peobpazoBaHmii, cie10BaTeILHO, A’l—AZ =al-e) +yl-eh+ 2 el
Takum 06pa3oM, eciin B3sITh IIPOU3BOJIBHYTO Ipoekiuio Tesa A = (A, ..., Ay)
a MOTOM IIPOU3BECTH HEBLIPOXKIeHHbIe adbPUHHBIE IIpeobpa3oBaHus, TO yKa-
3aHHbIE€ COOTHOIIIEHUA 6yﬂyT BBIITOJTHATHCA.

ITycrs ecrsb ape npoekunn (A, ..., A7) u (A, ..., A). locrponm addbun-
Hble nipeobpazoBanus T  u T, nepesogsamue A u AJ B rouxy (0,0), A, u
AY B Touky (1,0), A, u A% B Touky (0, 1), coorBeTcTBeHHO.

JlomycTum, 9T0O IpU TAaKUX IpeobpasoBaHusax Touka A) mepexouT B T04-
Ky ¢ KoopauHaramu T’ (Aﬁl) = B (2}, y}), a rouka Al] — B TOUKy ¢ KOOp/UHA~
ramu T (A)) = B («},y)). Homycrum, aro ncxonmas rouxa A; nMerna ad-
unnble KOOpAUHATHI (7, Y;, 2; ). TOra, CHPOEKTUPOBAB U npuMeHuB adduH-
Hble orobpazkerns T/ u T” | moyanm, 9T0 KOOPAMHATHI (JIBYMEPHBIE) Oy1yT
pasust T'(A}) = Bl(z; +x)zi, yi + yyzi) u T"(AY) = Bl (z; + 2 zi, yi + ) i)
Hecnoxkno 3ameruts, 4o BekTop BLB. umeer koopaunarsel BiB! = z;- (2} —
—2ly, ¥ —v). Takum o6pa3om, IOy IaeM, 9TO BCe ITU BEKTOPBI KOJIJIMHEAPHBI

71



Puc. 3. K noxazaresibcTBYy TeopeMsl 6.
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BEKTOPY B?Bzf , & UX JUIMHBI IIPOIIOPIMOHAJIBHBI BeJIMYMHE 2;. DTO JOKA3bI-
BaeT HeOOXOJAUMOCTh YCJIOBH KOJLIMHEAPHOCTU M300parKeHuil.

ITokazkeM, 4TO 3TO ¥Ke yCJIOBUe KOJJIMHeApHOCTU SBJIAeTCS U JOCTATOY-
HBIM JIsi cyliectBoBanust pertenust. Ilycrs A'||1 2 34", r.e. nzobpaxenns A’
n A’ kommneapust ornocuTensno Ay, Ag, Az, T — addunnoe orobpazkenue,
nepesogsimee A, — A i =1,2,3. O6oznauum C; = T (A}),i=1,...,n. Bor-
GepeM eBKIIMIOBY CHCTEMY KOOPAMHAT M IIOCTPONM Toukd A;, i =1,...,n ¢
KOODAUHATAMHY I}, Y, Z;, TA€e Z; BBIODAHO U3 yCJI0BUS
CiAl = 5, CyAl. (1)

Paccmorpum Testo, cocrosiiiee u3 TOYEK /L-, i=1,...,n . Bobepem mioc-
koctb z = 0 u nanpassenue pi(0,0,1). O4eBUHO, IPOEKIUN TOUEK B yKa-
sanmOM Harnpassernu A; Gy1yT mvers xoopmunater (24, y)), i = 1,...,n.

PaccMoTpuM Teneph BeKTop ps () — oy, Yt — iy, —1) B KauecTse Halpas-
JICHUST TPOEKTHPOBaHus (Ha Ty »Ke IUI0cKOCTh). Toukn Aj, Ay, A3 nexar B
YKA3aHHOM ILJIOCKOCTH, HO3TOMY MX IIPOEKIIUH COBIIALYT C HCXOAHBIMU TOYKA-
v, Touka A4(0,0,1) Gyzer cupoektnposana B Touky P(Ay) = A2, y),
MOCKONbKY BekTOp P3| Ag Al

TToKazKeM, 4TO OCTAJIbHbIE TOUKH Aj, ToXKe GYIyT IPOEKTHPOBATHCS B TOU-
ku AY(x? ), i = 5,...,n. ONIOKIM BeKTOD Z; - Py OT Toukm A;(zi, i, 2i).
Tor/ia KoHer| BeKTOpa TOMaJIeT B TOUKY ¢ KoopiunaTamu (), y;) + 2 - (2} —
— 2,y — v4,0), koropas u Gyzner npoeknueit A; Ha mwrockocth z = 0 10O
HanpaBeHno p3. [I0CKOIBKY z; BBIOPAHO U3 yCJIOBHS 1, TO yKasaHHASI PO
eknust copager ¢ Al

Caexacrsue 7. [lockorvky cyuecmeosanue mpermepHozo meaa ne 3a6ucum
om 6b160pa ONOPHYIT MOYEK, MO YCAOGUE KONNUHEAPHOCTNU MAKIHCE HE 346U~
cum om 6vb0pa HEMBPET UCTOONYIT TOUEK (He AEHCAUWUT 6 00HO0Tl MAOCKO-
emu). ITosmomy 6 danvhetiwem 6ydem 2060pumsd NPOCMO NPO YCAOBUE KOA-
auneaprocmu usobpasicernuti u obosnavams A’ ||A”.

4. BoccraHoB/ieHIIE TPEeXMEPHOTO Tejla C TOYHOCTBIO
JI0 METPUYECKOIl 3KBUBAJEHTHOCTHU ITPOEKIIUIA

4.1. HekoTopble cBOWCTBa NPOEKIMN JBYMEPHOro M300parke-
HUA Ha MPAMYIO

[Iycts 3amambl TOUKE A1, ..., Ay, TpsMast L ? — JIOIIyCTUMOE HallpaBJleHUe
npoekimuu. Bymem 0603HadaTh a; IpsiMble, MPOXOJIAIIHE Yepe3 A; mapaJiieib-
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Ho 7. Byzem o6oosmauars A; — npoexiun Touek A; (i = 1,...,n). Ilycrs Ha
upsiMoil L BBeJieHa cucTeMa KOOpPJIMHAT — HadaJo KoopauHar O U eJIuHud-
ublit BekTop €]. Pacemorpum Fp, ,(A) = (X (4)),...,X(A])) — ormevarok
n3obpaxkenus A.

Jlemma 8. Ilyemv @ # 5 — yeon medcdy HOPMaAvo K npamot |

U 6EKMOPOM ? Tozda paccmosnue mexncly nNPAMOMU G; U G PAEHO
(x4 = X(47)) - cosgl.

Jlokazamenavcmeo. OUeBUIIHO CJIe/lyeT U3 OIpeJIesIeHusi KOCHHYca. (CM. pHC.
1)

Paccmorpum p(a;, aj) — OPHEHTHPOBAHHOE PACCTOSHUAE MEK/LY HIPSIMBIMI
a; ¥ aj, KOTOPOE IOJOXKUTEIbHO, €C/IU IIPAMasg aj JIEXKUT B IIOJIOKUTEIb-
HOIl HOJIYIUIOCKOCTH 110 OTHOIIEHUIO K a; (T.e. B TOW MOJIYIJIOCKOCTH, Ky/Ia
HAIIPABJIEH BEKTOP HOPMAJIH 71;), U OTPUIATEILHO B IPOTUBHOM CJIyUae.

s o
Jlemma 9. Ilycmv ¢ # § — yeon medscdy nopmanvto K npamot L u eex-
mopom P . Ilycmo nopmanu ® npamvm a; 6wbpans. max, wmo o6pasyiom
ocmpuili Yyeon ¢ €1 — NOAOAHCUMEAbHBIM Hanpasaenuem npamol L. Tozda
OPUEHMUPOBAHHOE PACCNOAHUE PASHO

_ / / ~
plai, a;) = (X (A7) — X(43)) - cos @.
Zoxazamesvemeo. O4UeBUIHO CIEyeT M3 JIEMMBI 8 U COXPAHEHUs MOPSIKA
TOYEK MPU MPOEKTUPOBAHUN.

JIlemMma 10. ITycmos Tz — napaaresvnviti neperoc na eexmop U, Hycms Ly =
= T3(L) — obpas npamoti L. Tozda meorcdy roopduramamu npoexyui, Ha
npamole L u L1 6bNoAHERO COOMHOWEHUE

X1, (4) = X(A4;) +C,

ede C = C(U,p, €). Taxum obpazom, npu naparsesvrom neperoce npamot L
Koopdunamo, omnewamka Fr, , usmMenaomea na 00ny u my oHce 6eAUUHY.

Jokasameavemeo. Ilyers Touka O1 = T3(0), a O] — ee upoeknus (cM.
puc. 5). Torna X, (AY) = X1 (A) — X1(O)). O
JIlemma 11. ITyemv Ty — napaaiesvhodi nepenoc ma 6exkmop U, MOuKU

B; = T3(A;) — o6pasv, movex ucxodrozo usobpasicenus. Tozda mescdy xo-
opounamamy npoexuutl GoNOAHERO COOTNHOULEHUE

X(Bj) = X(4) +C,
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Puc. 4. K nemme 8
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Puc. 6. K nmemme 11

ede C' = C(U,p, €). Taxum o6pazom, npu napasiesvbHoMm nepenoce u3obpaice-
nuA Koopdunamo. omnevamrka uzobpadcenun X (AY), ..., X (AL) usmenarom-
CA HA 00HY U MY JHCE BENUNUNY.

Jloxasamenvcmeo. Ilyers Touka O1 = Ty(0), a O] — ee npoeknus (cM.
puc. 6). Torna n3 pasencrsa tpeyronsuukos AOO10] u AAC;B, crenyer,
uro X (B)) = X(A}) + X(0Y). 0

Bbiieium HEKOTOPYIO TOYKY u3obpazkenusi. He orpanudmBasi 0OIIHOCTH
paccyKjieHuil, MOXKHO CYUTaTh, 4TO BbljaejeHa Touka Ap. IlapasienbHbiM
[EPEHOCOM TOJIyYUM K3 NpsiMoii L npsimyto L1, TPOXOJSINYIO Yepe3 TOUKY
A;. Iyers Touku Ay, ..., A, npoekrupytorest B touku A}, ..., Al pacnoso-
JKeHHble Ha npamoit L. Ha npsMoit 3agamuM cucteMy KOOPAUHAT: BhIOEpEM

! = A; B xauecTBe Hauasa KoopauHaT u Hanpasiaenue Aj AL B kadecTBe
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nostoxkuresibHoro (ecau npoexkiu A u Al conasu, To BeIGEpeM BMecTO Ag
KaKyIO-TO JIPYyIyio TOUKy). BepHa ciiesyrormast

JlemMma 12. [Tycmov sadana npamas Ly, npoxodauiasn wepe3d mouky Ay , @ #
# 5 — yeon mescdy nopmaavio Kk npamoti Ly u eexmopom ? Iycmov 3adan
yeonr 0 € [0;2m) , maxot, wmo ¢+6 # L +7k, k € Z. Paccmompum nosopom
Rgl omnocumenvro A1, obosnauum B; = Rﬁh(Ai), 1=1,...,n — 006pa3vi
mouex npu amom nosopome. Pacemompum npoexuyuro uzobpasrcenus B =
= (By,...,Byn) na my orce npamyro L1 (ne nosepnymyro) no nanpasieruto

p = Rﬁh(?). Toz0a seprvi caedyrougue coommowernua (i =1,...,n):
X(B]) - cos(p + 0) = X(A]) - cos(p).

Jloxazameavcmeo. Ilpumenum JjiemMMy 8 K HMCXOJHOMY M300ParKeHUIO
plai,a;) = X(A]) - cosg u k mosepuyToMy wusobpazkenmo: p(by,b;) =
= X(B]) - cos(p + ). Bamerum, 9r0 paccTOsiHUE MEXKJLY HPSIMBIME HE Me-
HSIETCST TIPH II0OBOPOTE, OTKY/IA U BBITEKAET YTBEPIK/IEHIE JIEMMBI.

Taxkum obpasoM, U3 JeMMbl 12 BbITEKAET, 4TO HPU IIOBOPOTE MCXOHOIO
n300parkeHnsl KOOPJUHATEI €r0 OTIeYATKa OCTAIOTCS IIPOIOPIMOHATBHBIMI

ApPYT ApYyTy.

Onpepenenne 13. Bydem cuumamo sxeusarernmmomu omnevamru X (AY),

., X(AL) u X(B)),...,X(B]) u obosnauamo X(A}),..X(A))) =
= X(BY}),...,X(B)), ecau cywecmsyem cywecmeyem X # 0, makoe, wmo
X (A)) = AX(B]). Kaacc sksusasenmrocmu 6ydem Ha3vi6ams npoexmucHol-
MU KOOPOUHATMAMY NYUKE NPAMBE (G1, . . ., ay). Budno, wmo npu nosopome
UB0OPAdCENUA KAK UEA020 (UAU, COOMBEMCMBEENNO, NPU NOBOPOME NPAMOT
L) smu xoopdunamos e MEHAIOMCA.

Sadurcupyem Tenepb n300parXkKeHne u MpsiMyto | 1 Oy/1IeM MEeHSITh TOJIBKO
HaIlpaBJIEHUE TTPOEKTUPOBAHUS ? Crenyrommast JJeMMa, OIICBHIBAET, KaK IIPHU
9TOM MEHSIIOTCs IIPOEKTUBHDBIE KOOPIUHATHI Iy IKa MPIMbIX.

JlemMma 14. Beedem noasapryio cucmemy xoopounam caedyrouum obpasom:
nomoc pazmecmum 6 moure Ay, ayu (A1 As[ ewbepem 6 kawecmee noaaprot
ocu. Tozda xasicdas mowka usobpasicenun A; 6ydem o06aadamsd NOAAPHBIMU
koopdunamamu (ri, ;) (i = 2,...,n). [lycmv nanpasaenue npoexmuposa-
HUA 06pasyem Y204 P ¢ NOAAPHOT 0CHIO, G NPOEKMUPOBAHUE NPOUIBOOUMNCA
Ha npamyro AyAs. Toeda xoopduramor npoexuyuu mouwku A; 6ydym pasHbl
Xy (A)) =75 cos p; — 13 sin g ctg .
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Puc. 7. IloBopoT nzobparkenust
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Puc. 8. K nemme 14.

Joxasamenvemeo. Ogesuno, A| B = r; cos ¢;, OTKy/1a OJIyYacM PABEHCTBO
A/B = A;B - ctgy = r;sinp; ctg 1 (cm. puc. 8).

CaencrBue 15. 3amemum, wmo t = ctg mpobeeaem ece 3naueHus u3
R. Taxum obpazom, 6 aemme 14 6 napamempuieckom sude 360ana NPAMGH 6
n—1 meprom npocmpancmee. Ecau oice uckyccmeenmo dobasumy 6eCkoHEwHO
yoarennyto MoKy, coOOmeemcmeyouyio ctg 5 = 00, Mo NOAYHUM NPAMYIO
6 COOMBEMCMEYIOULEM NPOEKMUCHOM NPOCMPAHCIGE.

4.2. CoBMellleHE JIBYX M300parKeHUil NpU IIPOEKIINU Ha Mps-
MYIO

Teopema 16. [lycmv 3adanvs da u30bpasicerus, COCMOAUUE U3 4 MOUeEr
A = (A1, Ay, A3, Ay) u B = (By, By, B3, By). Mooicho pasmecmums amu,
usobpastcerus, npamyo L u evbpamv nanpasienus npoexyuti maxum oopa-
som, wmo Fy, 1(A) = Fp, L(B).
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Joxazameavcmeo. Paccmorpum mzobpaxkenus A u B u moctraBuM B COOT-
BETCTBHE IIpsiMble Ha IPOeKTHBHOI 1uiockocru (kak B Caencrsum 15). Ha
IIPOEKTUBHON IIJIOCKOCTH IIPsIMBIE TIEPECEKAIOTCH B OIHON TOYKE = C KOOP-
quHaramu (€1, &2, &) (ecau UpsiMble COBIIAJIAIOT, TO BO3bMEM [IPOM3BOJIBHYIO
TOYKY, PUHAJICIKAIILYIO UM ).

DToil TOUKE COOTBETCTBYIOT 3HAUEHUS YTJIOB Yg U 1, IPU KOTOPHIX

Fwa,l(Ah A27 A3) ~ (€17 627 53)

Fy, 1(B1, Ba, B3) ~ (£1,82,&3).

PaccmorpuM  cooTBeTCTBYIONINE HAIPABJIEHHUS] TPOEKTUPOBAHUST Pg U Dp.
Pacmiostozkum uzobpaxkenust A u B Ha ILUIOCKOCTH TakKuM 00Pa30M, UTO-
Obl Touku A7 m By coBnasm, a upsamble L1 u Lo BbiOepeM IepIleHu-
KYyJISIPDHO HAIpPaBJICHUSIM pP1 U py W npoxopdammmu depes Ay = Bi. To-
raa npoeknwmeir Touek A; = Bj Oymer Hadaj 0 KOOPAWHAT & OTIeYaT-

w (X(A4), X(A4), X(A4), X(AL)) ~ X(B]), X(BY), X(BY), X(BY), — npo-
HMOPIUOHATIBHBI, T.K. X(A’l) = X(B}) = 0, a (X(A4)),X(A}),X(4)) ~
~ (X(B5),X(Bj), X(B))), Kak COOTBETCTBYIOIINE OJHOM M TOI Ke TOUKe
=(&1, &2, &3) Ha npoekTuBHOI mwi1ockocTu. Ilycts A # 0 — KoaddunuenT npo-
[OPIMOHAILHOCTH, T.€.

(X(A3), X(A3), X (A})) = MX(By), X (B3), X (By)).

MozkHO cunTaTh, 4To A < 1 He OrpaHnYMBasi OOITHOCTH PACCY K IeHuil (B Ipo-
THBHOM CJIydae ToMensieM n3obpaxkennust A u B mecramn). IloBeprem nepsoe
n306pazkeHue BMeCTe C HallpaBJIeHUEM P Tak, 4ToObl yroy mexiay L1 u Lo
crai paseH vy = arcsin A (cm. puc 9). O4eBHIHO, IPU STOM HPOEKIUU TOUYEK
A; coBHAyT ¢ MPOEKIMSAMI COOTBETCTBYIONMX ToueK B; (i = 2,3,4).

4.3. BoccTaHoB/ieHnEe TPEXMEPHOr0o N300pa>kKeHns

Hoxkazxkem Teopemy 6. Paccmorpum e npousBosibHbie 1iockoctu [1; u Tlo,
mepecekaroruecs mo npsmoit L. Pacmomoxkum msobpazkenne A B MIOCKOCTH
I1y, a B B mwmockocru Ilo, BbIOEpEM HAIIpaBJIEHUSI IPOEKTUPOBAHUS P| U Do
TaKuUM 00pa30M, YTOOBI IPOEKIUH TOYeK u3obpakeHuii A u B Ha mpsMyro
L 1o coorBercTByOMUM HanpapjerusMm coBiajiu. CoryiacHo Teopeme 16 310
MOXKHO cllej1aTh. BoibepeM mpou3BosibHOE ¢ = 1,...,7M U IPOBEIEM ILIOC-
kocthb (cM. puc. 10) gepes Touky C; = Fp, (4;) = FLp,(B;) napasienabHo
HaIpaBJIeHUsAM P1 U p2. Takas IJIOCKOCTb CYIIECTBYET U €JIMHCTBEHHA, T.K.
p1 J| p2. ocTpoum B 910ii I0CKOCTH TIPsiMble (y; 1 (3; CEYIOMUM 06Pa30M:
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Puc. 9. K nemme 16.

Q; TIPOXOJIUT Yepe3 TOUKY A; HmapasjiesibHO P, [3; — depe3 B; mapaJuiesibHO
p1. Ipsivble 1iepecekaroTcst B HEKOTOPOii Touke X; (mapaJsiesibHbl OHU ObITh
He moryr). Torma, oyeBnuHo, Touka A; sBisiercst npoeknueii X; Ha I10C-
KocTh II; 1o mHampaBieHuio ps u B; — mpoeknus X; Ha IJI0CKOCTh Ilo 10
Hampasyieanio p1. Takum obpasom, mocrpoen Terpadap Xi1XsX3Xy, nmpoek-
[IME KOTOPOI'O HA JIBE IJIOCKOCTH B TOYHOCTH COBIAIAIOT C M300parKeHUsIMU
A u B (cm. puc. 11). Teopema jrokazama.

Paccmorpum Terepb TeTpasnp, mocTpoeHHblit B miase 3. CymrecrByer
enuHCTBeHHOE adPuHHOE TpeobpasoBanme I TpexMepHOro MpoCTpaHCTBA,
nepesogisitiee 3101 Terpadyap B X1 XoX3X,. Torpa seibepem X; = F(A;),
i = 5,...,n. Utak, obpazamu Touek X1, Xo, X3, X4 npu yKa3aHHBIX ITPOEK-
nusix Oyayr rouku Aj, A5, AL Ay u A, A A%, Al Tlockosbky JmHeiHbIe
KOMOMHAIIMK BEKTOPOB COXPAHSIIOTCH, TO U Jijist 00pa30B OCTABIIUXCS TOYEK

X; (i=5,...,n) 6yayr Boinossens! yceaosust X1 X, = x;- X1 X, +y; - X1 X5+
- XU Xhw XUXD = - XUXY +yi - XU XD + 2 - X[ X[ Coepoaressio,
X! 6yayr coBuazars ¢ coBnagars ¢ roukamu A, a X! — ¢ Al
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Puc. 10. BoccranoBienne TOUKN 1O MPOEKITASIM

Puc. 11. Boccranosyienne terpasgpa
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5. BoiBoabI

JokaszaHHble TEOPEMBI JIAI0T HEOOXOIMMOE H JIOCTATOYHOE YCJIOBHE BOCCTA-
HOBJIEHHSI MCXOJIHOTO M300pazkeHHsl 110 MJIOCKUM IpoekrmsiM. C ajropurmu-
YeCKOIl TOYKU 3PEHUsT ITO II03BOJISIET IIPOBEPSTH BO3MOXKHOCTb BOCCTAHOB-
nenust 3a O(n) (rae n — [uncio Touek). Bo MHOrMX mpakTHYecKnX 3a/adax
MAIITIHHOTO 3PEHIsI B3ANMHOE COOTBETCTBIE TOUEK 3apAHee HEH3BECTHO (HIIH
u3BeCTHO HeTOuHO). Takum o6pa3oB, BoOOIIE roBOpsi, 3ajada Tpedyer Ie-
peGopa n! BapHAHTOB COOTBETCTBUsI, UTO JeJaeT 3a/ady Hepas3pernMoi Ha
npakTuke mpu n > 20.

Ho 11 IpoBepKy KOJIMHEAPHOCTH M300paKeHnil JI0CTaTOuHO BBIOPATH
10 4 TOYKM Ha OJIHOM U JPYIOM H300pazkKeHuH. DTO JAeT aJrOPUTMHUIECKYIO
croxnocts O(nY), 9To Bee elme He TTO3BOJISIET NCTIOIB30BATH TAKOH AJTOPHTM
Ha npakTHKe. Ecin ke 3apaHee H3BECTHO, YTO HEKOTOPbIE 4 TOUKH He JIeXKaT
B OJIHOIl IJIOCKOCTH, TO mepebop ToueK Ha JpyroM uzobpaskenuu gaer Cih
BapHAHTOB, T.e. TPOBePKY ycstopus 3a O(n®), 9To MO3BOJIAET pemaTh 3a,[axH
1-2 npu jocTaTouHo GOMIBIIX 3HAMEHHsX 1 (1 ~ 100).

Takzke B HEKOTOPBIX 3aJa9aX DACIHO3HABAHMsI COOTBETCTBHE TOYEK Ya-
CTUYHO W3BeCTHO. Halpumep, M3BECTHBI HEKOTODBIE JIECKPUITOPHI TOYEK
JByx m3obpazkennii, nanpumep, SIFT ([10]), SURF (|11]) nm HOG ([12]).
Torza cooTBETCTBIE TOYEK BO3BMOYKHO TOJIBKO [IPH yCJIOBUU OJIM30CTH UX Jie-
CKPHUIITOPOB, YTO MOYKET CYIIECTBEHHO COKPATHTD 11epebop BADUAHTOB.
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IlepcenTpoHubIit aJaropuT™M u JUHEIHOe
IIporpaMMUpPOBaHUE

Hocos M.B.

B pabore mepcenTpoHHBIN AJrOPUTM IPUMEHEH JIJTsT PEIICHUS 3318~
91 JIMHEIHOrO ITPOrPAMMHUPOBAHUS C HEILyCTOM BHYTPEHHON 00JIACTHIO.

KurouyeBbie ciioBa: mepcenTpOHHBI aIrOpUTM, JIMHEHHOE IIPO-
rpaMMUPOBaHUE.

IIycrs 3amada JuHEHHOIO IPOrPAMMUPOBAHNS CHOPMYIUPOBAHA IS TIe-
JIBIX KO PUIIMEHTOB B CJIEIYIONIEM BUJIE:

a1171 + ... + a1pTy +aip = 0,

Am1T1 + ... + AGppTn + amo 2> 0,

bix1 + ...+ bpx,, — max.

C ucrosib30BaHneM ePCEITPOHHOTO AJITOPUTMA UCCIIE/LYEM CIydail COBMECT-
HOCTU CHUCTEMBI:

aixy + ...+ apxy +ag >0,

aAn1T1 + ... + @mnTy + amo > 0.
BBeﬂéM IOJIOZKUTEJIbHYIO IIEPEMEHHYIO U IIOJIYIUM CUCTEMY:
a1121 + ... + a1pTn + a10Tn4+1 > 0,
Ap1T1 + ..o F QnTp + ApmoTrt1 > 0,
Tn+1 > 0.

CoBMeECTHOCTD IIOCJIETHEN CHCTEMBI SKBHBAJEHTHA CYIIECTBOBAHUIO IIEJIBIX
TepeMeHHBIX, Y/IOBJIETBOPSIIONIEN CJIe/IyIONeil cucTeme:

1171 + ... + A1pTp + A10TH41 > 1,

n1T1 + ... + GmnTn + GmoTn+1 > 17
Tpt1 = 1

86



U3 Teopun nuHEHHOTO TPOrpaMMUPOBAHUS CJIEIYET, UTO CYIIECTBYET KBAJ-
PaTHBI HEBBIPOXKAEHHBI MUHOP, JJid KOTOPOI'0 COBMECTHa CHUCTEMa pa-
BEHCTB, OCTaJjibHbIE IiepeMeHHble paBHbl (, U Takoil HabOP JAacT pelleHue
cucreMbl HepapeHCTB. OmpejeuTe/ib MUHOPA - IE0€ YHUCJI0, 0 IPaBU-
ay Kpamepa m mepaBeHcTBy Ajmamapa clieyeT, 9TO CYNIECTBYET peIleHue
(29,...,29, 29 +1) YIOBJIETBODSIOIIEE YCIOBUIO:

0 AV, - min(n,m)+1
afl = | | <1801 < (maxlogol - minnmy +1) |
1=1,...,n,n+ 1.
Buaunt mig Touek A1 = (11, ..., 01n,010)s - - - Am = (@1, -« oy G,
amo), Am+1 = (0,...,0,1) cymecrByer IJIOCKOCTD, 3a/laBaeMasl yPaBHEHUEM
CC(l).Tl + 20z, + a:9L+1:1:n+1 = 0, or KoTOpO# TOUKN A1, ..., Apm, Apmt1 yIATEHBI

Ha pacCCTodHUue 5,KOTOpO€ YAOBJIETBOPAET CIeAYyIOIIEMY YCJIOBUIO:

0 0 0
laiizy + ... + ainx;, + aiol‘n+1|

0 > min
C 2 @)

0 |ai1 AN+ .o+ ain DNy Fagg An+1| >

i YOI+ DL,

_1
2 .

)_mm(”’m)_l (1)

> (max lapg| - v/min(n,m) + 1
P4

Taxum obpazom, 1Mo Teopeme HoBHKOBa BOIIPOC O CYIIECTBOBAHUU BHYTPEH-
Hell TOUKM 06JTACTH PentaeTcs MUKINIEeCKIM TOCTYTIIEHIeM Ha BXOJT TIepCert-
TPOHHOTO aJIropuT™Ma To49eK A1, ..., Ap, A1 ¢ HAYAIBHBIM HYJIEBBIM BEK-
TOPOM ¥ YUHCJIOM WCIpaBjeHuit ne Gosree

9 9 9 ) min(n,m)+1
max |apq|“ - (n + 1) <max lapg|” - (min(n,m) + 1)) .
Pa pq

9 0 0 ,0
IIpn mo10KUTETLHOM PENTeHIT BOIPOCa O BHy TPEHHel Touke (17, . .., Ty, T, 1)

CUucCTeMbl
a11x1 + ...+ a1pTn + a10Tn+1 > 0,

Ap1T1 + .. o+ Ty + ApoTpy1 > 0,

Tn+1 > 07
orpenejIdeM BeJInInHy
0 0
T x
fr=b——+.. 4+ b2
x X
n+1 n+1



u GOpMUpPYEM HOBYIO CUCTEMY HEPABEHCTB

aixl1 + ...+ aipnxy + ajg > 0,

ap1x1 + - .. + QppTy + amo > 0,
b1$1+...+bnl‘n*f0>0.

BBo/iuM HOBYIO IIEPEMEHHYIO Ty 41, HOJIYYAEM CUCTEMY

a1171 + . .. + a1pTy + a10Tn+1 > 0,

101 + -« o+ Apn®n + ApoTpy1 > 0,
Tn+1 > O,
bix1 + ...+ byxy — foxn+1 > 0.

T[IpOBOIIM TIEpPCENITPORHYIO TIPOTELYPY Jis TodeK Ay, . . ., A, Ama1, AS, 19
rae A% o = (bi,...,bn,—fY) ¢ HauAIBHBIM BeKTOPOM (55(1), cna0 2l ) m

HAXOJWUM BeKTop (z1,...,%%, %5 ) u T.j. Terepb mocie HaxoxKIeHHS Ode-

DEJIHOTO BeKTOpa (27, ..., 4%, T, | ), HAXOAUM BEIHUUHY
J J
, x ),
fl=b =+ ... +b,—
x) x’!
n+1 n+1

1 CTPOUM HOBYIO CUCTEMY

a11x1 + ...+ a1pTn + a10Tn+1 > 0,

Ap1T1 + -« o + Ty + ApoTpy1 > 0,
'$n+1 > O,
bix1+ ... +bpxy — flxper > 0.

[IpoBomum HepCeHTpOHHyIO mporeypy st To9ek A1, ..., Am, Amt1, Ain o
rae A o = (by,... —f7) ¢ Ha"ATBHBIM BEKTOPOM (xl, L Th n+1).
OueBuIHO, YTO TIOCTIE0BATELHOCTD { f7} Bospacralomas. [Tokasken, 4To
€CJTM OHA CXOMUTCS, TO CXOAUTCS K f* - MakcuMyMmy TeeBOil (OyHKITHH UC-
xozHoit 3asaun. Jlonycrnu, 1To 9T0 He TaK 1 BO3pacTalomast MoC/1e10BaTe b
HOCTB CXOIUTCs K f, ipmaém f < f*. CoieioBaTesbHo, B 06J1ACTH, 38,1aBAEMOIL

cucreMoit
axy + ...+ aipx, + ag > 0,

ap1x1 + - .. + QppTy + amo > 0,
biz1 + ...+ bz, — f >0,
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HAlIETCs BHY TPEHHsIst TOUKA (Y1, - ., Yn ), 9T0 biy1+. . .+bpyn > f. Bosbmém
BECKOHETHYIO MOC/TIe/I0BATEILHOCTL BeKTOpoB { A, . . ., A1, AY 42 A2 FEYR
KaK MHOKECTBO OHO OrpaHudeno. BozbMméMm BekTop Y = (y1,...,Yn, 1), s
KazKJIOTO M3 IEPBLIX M + 1 BEKTOPOB, YKA3aHHOTO MHOXKECTBA CKAJSAPHOE
[IPOU3BEJIEHNEe Ha BEKTOp Y O4YeBUIHO CTPOro Goibie 0, a Jjis OCTaJIbHBIX
BEKTOPOB UMeEeM

(Y7Azn+2):blyl+---+bnyn_fj:
(s + oA bayn — )+ (F = f) > byt + . 4 buyn — f > 0.

Taxum 06pa3om, OC/IeI0BaATEILHOCTE BEKTOPOB YI0BIETBOpsieT Teopeme Ho-
BHUKOBAa, CJIEIOBATEILHO €C/IU UX IOJABATL Ha BXO/ IEPCEIITPOHHOIO aJIrOPUAT-
Ma, TO KOJMYECTBO HCIPABIEHUN JIOJKHO OBITH OIPAHUYEHO, a 9TO IPOTH-
BOPEYUT IOCTPOEHUIO IoCaenoBarebHoCTH. ClleI0BATEILHO [IPEIIOI0KEHNEe
HEBEpPHO M BO3PACTAIONIAs MOC/Ie10BaTebHOCTb | f/} ecim cxomuTes, To K
MaKCHMAaJIbHOMY 3HAYEHMIO.

[Tpumep(us Fanees .M. "Onruvusanust: Teopust, npumepsr,3agaan")

—9%1—3%2—.%’3-1-420,
—$1—4$2—5$3+220,
x1 207x2 207$3 207

1521 + 2729 + 2023 — max.

TouHoe perreHne 3a/1a%1:

10
T = 33 = 0, 303030...,
14
= — =0,424242...
x2 33 07 )

xr3 = 07
max(15z1 4 27z9 + 20x3) = 16.

IIpu permenneM npecTaBICHHBIM aJTOPUTMOM II€pBas BHYTPEHHSIS TOU-
Ka ObLia HajineHa depe3 14 NUKIIOB IO BceM 5 HepaBeHCTBaM. 3arTeM ObLIOo
IIPOBEJICHO 15 IUKJIOB IO IapaMeTpy j, T.e. 15 pa3 onpeessiach BHyTPEHH IS
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To4yKa obnacTtu. CrarucTuka IpejacTaB/ICEHa B Ta6JII/IH€

Howmep nmkia | Ywucso ncnpasiennii | Tekymmit MakcuMym
1 161 13.2034
2 670 14.2322
3 948 14.9
4 3480 15.3198
5 7419 15.6032
6 23129 15.7468
7 55051 15.8515
8 170715 15.90558
9 373437 15.9403
10 963769 15.9633
11 2650496 15.9768
12 6316983 15.9856
13 16736385 15.9909
14 41069869 15.9944
15 112748541 15.9965
Pemenne 3agaan
1 = 0.302649,
xo = 0.424316,

x3 = 0.000014817,
max(15z1 + 27x2 + 20x3) = 15.99656334

Perceptron algorithm and linear programming

Nosov M.V.

In the work perceptron algorithm is applied to solve linear
programming problem with a nonempty interior region.

Keywords: perceptron algorithm, linear programming.
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O06 omHoIT Moes 1 MUPPOBBIX NPUBLIYEK

A Il. Peoxkos, I1.A. HoBukos

B pabore mpemjioxkena opmasm3alysi Crocob0B UCIIOJIb30BAHUS
9EJIOBEKOM HH(MOPMAIMOHHO-KOMMYHAKAIIMOHHBIX TEXHOJIOIUH Ha OC-
HOBE aHaIM3a JIOTOB cMapTdona. [lorydaenHas Mome b B3aNMOIeHCTBAS
YeJIOBEKA ¢ JAPYTUMU JIOAbME U HHGMOPMAIMOHHBIME pecypcamu (1d-
POBBIM MUDPOM) MOKET OBITH UCHOIB30BAHA JJIsl TIEPCOHAIMBAINY Ta~
KOro I pOBOTO OKPYZKEHUsI U, COOTBETCTBEHHO, OIITUMUI3AIIUN TaKOI'O
B3anmoeiicTBus. [Ipenoxken crieHapuil UCIMOIB30BAHUSA MOJIETN JIJIsT
[I€PCOHAINIZAINA HOBOCTHOM JICHTHI.

KurrogueBbie ciioBa: nepcoHasmnsaiys, 1udpoBoil ciiejl, HedeTKast
KJIACTEPU3AIIUS.

1. Beenenue.

IITupokoe ucnosb3oBanue HHMOPMAITMOHHO-KOMMYHUKAIIMOHHBIX TEXHO-
JIOTUil B TOBCEIHEBHON »KU3HU OTKPBIBAET HOBBIE BO3MOXKHOCTH JIJISI TOCY-
Japers (e-government, smart city), skonomuxu (1udpoBast SKOHOMUKA, 1(d-
poBasi TpanchOPMAaIs), ONTHMA3AINN PA3InIHbIX DYHKIMI On3Heca - Map-
kerunra (nudpoBoii MapkeTHHT ), pojax (cross-selling, up-selling) u Mmaorux
JPYTHUX acleKTOB (PYHKIIMOHNPOBAHUs OM3HECa U KU3HU desioBeka. VHTepe-
CYIOIIEMYCsl TUTATEIO MOKHO HOPEKOMEHI0OBATH O3HAKOMUTBC ¢ [1], r1e 91u
BO3MOYKHOCTH IIPEICTABIEHDBI JIOCTATOIHO IIOJTHO U OIUCAHBI JJOCTATOYHO yOe-
JIUTEJILHO U TJIYOOKO.

OcHOBOII 3HAYUTEIHLHON IO TAKUX BO3MOXKHOCTEH ABJIAETCS OOBIMHBIN
MobuiibHbI Tesiedon. Emte B 2014 romy kosimuectBo akTuBHBIX SIM-KapT, uc-
OJIb3YEMbIX B TesiepoHaX, cMApPT(OHAX U ILJIAHIIIETAX, BIIEPBbIE B UCTOPUU
[PEBBICUJIO YUCJIO KUBYIIUX Ha 3emiie Jiogeii [2]. To ke camoe mpousorio B
2016 roxy ¢ MmobusbHbIMEU TesedoHamu [3]. VIHTepecHas crarucruka pacipe-
Jlesiernst TesiecbOHOB 110 cTpaHaM npejcrasieHa B [4]: or 11,6 ma 100 denoBek
Ha Kyb6e mo 240,2 na 100 gyesoBek B ['oHKOHTE.

ITpuBemensble GPHI TOBOPSIT O TOM, YTO MOOMJILHBIN TeaedOH SIBIIS-
ercsl AefiICTBUTEILHO IEPCOHABLHBIM YCTPONCTBOM J1JIsi OO/IBIMHCTBA, JIIOMIEH,
U CTUJIb €r0 WCIOJIL30BAHUS BO MHOIOM XapaKTepU3yeT CAMOTO Ue/TOBEKa,
KOTOPOMY OH IMPHUHAIJIEXKUT. DTO JABHO IOJAMETHIM KPYyIHbIE KOMIAHUU -
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puteits, 6GaHKHU, CTPAXOBbIE, SHEPIETUUCCKUE U MHOTHE JIPYrue KOMIIAHUU,
KOTOPbIe HAYIMJIUCh UCIIOJIb30BATEH 9TO B CEIMEHTAIINN KJINEHTOB, MapKETHH-
re, Mpojiaykax U BO MHOTHUX JIPYI'UX Ou3Hec-mporeccax. duraresib MOxKeT 6e3
Tpy/la HAHTU MHOTO TaKUX IPUMEPOB B MHTEpHETEe, Mbl He OyneM uX aHa-
JIN3UPOBATH. 3aMETUM JIUIb, 9TO B 3TOW MMapaJInTMe YeJIOBEK - MUCTOYHUK
JAHHBIX [JI BCEX IOJIOOHBIX aJrOPUTMOB - SIBJIETCA OOBEKTOM, €ro KJiac-
cuunupyIor, CerMEHTUPYIOT, & [IOTOM €Ille U HABA3LIBAIOT PA3JIMYHYIO Pe-
KJIaMy Ha OCHOBE IIPOBEJIEHHBIX KJjiaccuuKaiuii u cermMeHTaruii. ABTOpBI
BHJIAT B 9TOM HeclpaBeiinBocTb. Hacrosimnas pabora - 1epBblil mar cJeaarThb
YeJI0BeKa CYO'beKTOM B 9TOM IIPOIECCe, KOIJia OH HA OCHOBE CBOEH aKTHBHO-
ctu popmupyer «mepcoHabHbIl API» 1 yKasbiBaeT pasjndHbIM Ou3HECaM
9TO, KOTJIa, U B KAKOM (opMaTe eMy IpejjiaraTb. JTa KOHIEHIHs TJIyOOKOH
nepconasmsanun (deep personalization) HamMu TOJIBKO OCMBICIUBAETCS, OHA
gacTuaHO onucana B [5 - 7|. Mbl Bugum ee GOJIBINON HOTEHIMA KaK JIJIsi
JIFOJIEN, TaK U JIJIsI KOMIIQHUMA.

M3 BBIMIECKA3aHHOIO BBITEKAET IBE 0COOEHHOCTH pernaemoit 3agaan. Bo-
IIEPBBIX, OOIBITUHCTBO CEPBUCOB, PEITAIONINX 33/Ia4N IEPCOHATINBAINN U 10~
CTPOEHUST PEKOMEH AN IIPUHITUITHAJIBHO OIPAHUYEHbI 00PAbOTKOM NH/UBH-
JyaJIbHBIX COOBITHI (“HOoJIb30BaTe b KyIua ToBap”, “NOJIb30BATEb BBICOKO
OICHUJI TPOCMOTPEHHBI GuabM’ ¥ T.I1.), KOTOPbIe OTPAYKAIOT JIUIIL CTATH-
YeCKue XapaKTePUCTUKI HHTEPECOB OTJIEJIbHBIX M0JIb30BaTe el (HCKIIoueHne
coCTaBJsIeT WHGOPMAaInd 00 SBOJIIOIMUN ITUX UHTEPECOB, KOTOPas PACCMAT-
puBaercs, Haenpumep, B [20]), 1160 0600MEHHBIE XaPAKTEPUCTUKE OOJIBIITIX
rpyii nojab3oBaTesieit. lanubie ke 00 mCroib3oBaHuu TesiedoHa OTKPLIBa-
0T BO3MOXKHOCTb PacCMaTPUBATH HPUBBIYKU I0JIB30BATENsI B IPUBI3KE KO
BPEMEHU.

Bo-BTOpBIX, MOCKOJIbKY MBI IIPEJIIOIATaeM, YTO 3aIPOC Ha HEPCOHAJIH-
3aIUIO MOCTYIIAET OT IOJIH30BATE s, HEOOXOMMM UHCTPYMEHT, ITO3BOJISIIONTNIA
OIIHCaTh JIAHHBIE, [Iepe/IaBaeMble CEPBUCAM, B IIOHSITHBIX Y€JIOBEKY TEPMUHAX.
B TakoMm KOHTEKCTE eCTeCTBEHHBIM BHIOOPOM, MTO3BOJISIFOIIIUM COBMECTUTDH WH-
dOpPMAIMOHHYI0 HATPY2KEHHOCTH C IMOHATHOCTBIO, SIBJISIETCS SI3bIK HEUIETKOIM
JIOTWKH.

Wrak, usyvas JIOru UCIOJIHL30BAHUS MOOMJILHOTO TejiepOHa, MbI MOYKEM
YTO-TO CKA3aTh O YeJIOBEKEe U ero MPpUBbIYKax paboTsl ¢ nadopmarmeit. Oru-
CbIBaeMasl HIKe MOJE/Ib, HECMOTPs Ha MAacCy JOIYIINEHNH, TaeT MpeicTaBe-
HU€e O HOTeHIHAaJIe TOJ00HOr0 aHaInu3a.

2. Monensb.
2.1. IIlpeaBapurejbHbIE 3aMeYaHUS.
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Huzke MbI Oyj1eM IBITATbCS U3BJIEYb TOJIE3HYIO IS PEIIeHUs OIPEeIe/IEH-
HOM 3aja9n nHQPOPMAIUIO U3 JIONOB CMapT(OHa ONPEJIEJTEHHOIO YeI0BEKA.
D10 UMeeT OTHOIIEHKE K aHa/ M3y IUMPOBBIX CJIEJ0B Ye/loBeKa. B Hacrosiee
BpeMsI HET YETKOI'O OIpeesieHns] TepMuHa «IdPoBoil ciemy, 3To OoJIbIIe
JKypHAJIUCTCKUIT pueM (cM., Hanpumep, [16]). Ilpemiaraembre onpemesenmst
(manpumep, [17] - «Iudposoii caes (i nudposoii ornedarok; anri. digital
footprint) — coBokymHOCTH HHGMOPMAIIH O MTOCEIIEHUIX U BKJIAJIE TOIb30Ba-
TeIs BO BpeMsl NpeObiBanust B IUPOBOM IIpocTpancTBe. MoKeT BKIIOYATD
B cebst madopmarmio, moaydennyo u3 Vorepuera, mobuiabaoro Murepnera,
BEO-IIPOCTPAHCTBA M TEJIEBUICHUS» ) BBI3BIBAIOT MHOI'O BOIPOCOB, MOITOMY
MBI HE 6yﬂeM OBITATHCA UX aHAJIU3UPOBATh 1 KPUTHUKOBATDL, & 6yﬂ‘el\/{ N CIIOJIb-
30BaTh OOJIee HEATPaILHBIN TePMUH - UMPOBbIE IIPUBLIYKN TT0JIH30BATEI.

Tlon mudpoBbiME TpUBBIYKaAMU OyJieM MOHUMATL HAOOP JIMHTBUCTHYE-
cKuX nepeMeHHbIX [18], onpesensieMbix Ha jiorax cmMaprTdoHa, JT0CTATOIHbIH
JIT peIieHnst Olpee/iéHHoi 3amaan. Hanpumep, Axmusnocms B TepMu-
HaxX «aKTUBHBINY, «CPEIHEl aKTUBHOCTUY», «HE aKTUBHBIN»; [Ipednoumenus
MunNaG KOHMEHMAa B TEPMUHAX «T0JIOC», «KAPTUHKWUY, «BUIE0»; [Ipednoume-
HUA PA3MepPa KOHMeHMa B TEPMIUHAX «OOJIBINONY, «CpeaIHmily, «MaJIeHBKHII» |
IIpednoumenus epemenu B TEPMUHAX <yTPO», «JI€Hby, «Bedep» u T.11. Habop
JIMHIBUCTUYIECKUX IIEDEMEHHBIX OlIpeiesisieTcs 3aaueii (To ecTb Hac He Oyer
BOJIHOBATBH abCTPAaKTHAS IMOJTHOTA HAOOPA JIMHTBUCTUIECKUX IEPEMEHHBIX, HO
Oy/1eT BayKHO IIOHMMATh, KAK UX CTPOWTH).

DopMasnbHO, OyIeM CIUTaTh, IYTO HAIT OOBLEKT OMUCHLIBAETCS KOHETHBIM
nabopom npusuakos A = {A,..., A, }. Kaxnomy npusnaky A, craBurcs
B cooTBercTBHE U; MHOXKECTBO €ro «(hu3ndecKnX» 3HAUCHUI W MHOMXKECTBO
{a1¢, ..., @n,q} muarBucTHyeckux snadenuii (1 < ¢ < n) (To ecTb HpuU3HAK
- 9TO JIMHIBUCTHYECKAs TepeMentast ). KaxK /oMy TaKoMy JIMHIBUCTHIECKOMY
3HAYEHMUIO Gy CTABUTCS B COOTBETCTBHE (DYHKIMA IPUHAIICAKHOCTH [ig,,, (Uq)
B yHuBepcaibHoM MHOKectBe Uy (1 < w < ng). Muoxkecrsa U, ompese-
JISTIOTCsT HAOOPOM JIOCTYITHBIX JaHHBIX. Takoit Habop nanubix (dataset) GbLI
upegocrasiien kommanuein OO0 “Texrosiorun 06pabOTKU JAHHLIX M BKJIIO-
gaeT B cebst 3alCh MCTOPUH 3allycKa npuioxkenuii cmaprdona (moros) 800
nosib3oBareseil 3a 4 wenenu, B dpopMare <UIACHTUMUKATOD, TPAHIAKIUI >,
I7le TpaH3aKnust mMeeT hopMarT <BpeMs Hadaaa TPaH3aKIUU, TPUIOXKEHE,
BpeMsi OKOHYAHUS TPAHBAKIIUU >, TJIe TPUIOKEHHUE - UMST OJTHOTO U3 TIPUIIOZKE-
HUl, YCTAHOBJIEHHBIX Ha cMapTQOHE TOMb30BATENsI, ¢ KOTOPBIM MPOMCXO/THIA
pabora B ykazamuoe Bpems. M3 takoro dataset mMbl MOXKeM H3BJIEKATH Da3-
JndHble JaHHble (MHOXKeCTBa Uy), HAIIPHMED, CPeJiHee KOJINIECTBO 3BOHKOB,
CpejiHee KOJIMYECTBO WMCIOJIb30BaHus TejiedoHa B CYyTKU / 32 HEJENIO U HaJl
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Humu (MHOXKecTBaMu Uy) CTPOUTH JIMHI'BUCTHYECKUE 3HAYEHUS, OIHCHIBAIO-
e nHTepecyontue Hac npusuakn Ay (1 < ¢ < n).

2.2. ObozHaveHus.

O6osunaunm depe3 X; (1 < i < N) KaHaJbl KOMMYHUKAIUH, KOTOPbIE MBI
YMEEM M3MePSITh. ITO MOI'YT ObITH 3BOHKHU, CMC, YaThl, MECCEHIXKEPBI, COIH-
aJbHbIE CeTH U 1p. EUHUIBI m3MepeHust - BpeMst (Jj1s1 3BOHKOB), KOJTMYECTBO
CUMBOJIOB (JIJIs1 CMC U MECCEH/IZKEPOB), BPEMsl HAXOXKJIEHUsI B [IPUJIOKEHUH 1
T.II. JOJI2KHBI OBITH OIPeIeIeHbI.

O6oznaunM 4depe3 At HEKOTOPBIA MPOMEKYTOK BPEMEHHU, <«ECTeCTBEH-
HBIIy> 11s1 3ada49n. Hizke OyneM cauTaTh 3TOT IPOMEXKYTOK PABHBIM CYTKAM.
Pa306bém cyTku Ha 3/1eMeHTapHbIE €IMHUILI - MUHYTHI 1 O0O3HATUM {Yepes
At; (1 < j < 1440) npoMexKyTOK BPeMEHH, COOTBETCTBYIOMIUI j MUHYTE.

Ob6o3HaUM Yepe3 vﬁj KOJTMIECTBO €JIMHUIL, MMOTPAIEHHBIX Kk-BIM TIOJIB30-
BareseM 10 KaHaiuy ¢ Ha j-oit munyre (1 < k < K). [na Bpemenn vf,j -
qucsio u3 orpeska [0, 1], coorBeTcTByOIEe AKTUBHOCTU B PACCMATPUBAEMBbIIT
IPOMEXKYTOK, [Tl JIDYTUX €MHUI] U3MepeHnsi (HAIpUMep, CHMBOJIOB), 9TO
MOXKET OBITH yCPEIHEHHas BEeJIUUNHa 38 BpeMsl Habopa TeKCTa.

BaMeanMe 1. HaMI/I HE YIUTBIBACTCA HallPAaBJIEHHOCTH KOMMYHUKAITUU, TOJIb-
KO MHTEHCUBHOCTB. DTO YIPOLIEHNE MO IIO3BOJISIET TeM HE MEHEe PellaTh

JO0CTaTOYHO BazKHbIe 3aJ1a49u.

2.3. Pa3Obuenue yHUBepCaJIbHOTO MHOXKECTBA.

HomyctuMm, HaMm OyaeT MHTEPECHO IMMOHMMAaHWE TOTOBHOCTH KOHKPETHO-
IO I0JIb30BaTe sl MOTPeO/IATh NHMOPMAIIIO B OIPEeIeHHOE BPeMsl CYTOK.
CKOJIBKO TaKHUX OCMBICJIEHHBIX MHTEPBaJIOB CyTOK cyiecTByer? OOIero or-
BeTa HET, IT09TOMY MPaBUIBHO BBIOPATH TAKOE KOJUIECTBO «ECTECTBEHHBIX
MHTEPBAJIOBY, KOTOPOE 00ECIEYNT JIydlllee KAYeCTBO MOKPLITHS UMH YHUBEP-
casbHOrO MHOXKecTBa [0, 1440]. KavectBo onpesesisiercst pasinaHbIME OKa~
3aTeJISIMU - HIZKe Mbl OyJIeM UCIIOJIb30BATh, AHAJIOTUIHO (8], nucbasianc Kiac-
COB U CTEII€Hb HEYETKOCTU.

st aToro cobepem Bce aKTHBHOCTU BCEX TIOJIL30BATENIEl 3a ONpEIe/IeH-

N
HOe BpeMsd, TO €CTh BBIUUCINM IS KaxKJoro At; BeJmIuHy 17}“ = z’)fj,
i
=1
rJie @fj = 1, ecnu k-bIif MOJB30BATEIb WCIIOIB30BAJ i-bIii KaHAT KOMMY-
I
HUKaIuu BO BpeMens At; n ij = 0, ecsiu y k-ro mosib3oBaTessi He OBLIO
9.

HUKaKO! aKTHBHOCTH B IPOMEXKYTOK Bpemenu At;. JIna pa3buenus Bpeme-
HU CyTOK BBIOEPEM «THIIMYHOIO» [OJIb30BaTesi (HAIIpUMED, IIEHTD KJIacTepa
HocJie KJIacTepu3alii moJab30BaTe el )i KJIacTepU3aInio 0ObeIMHEHUsT MHO-
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xkectB {i|v; > 0} craHZapTHBIM AJTOPUTMOM C-means Jjisi PA3HOrO KOJIMJe-
CTBA KJIACTEPOB U MOCYUTAEM KAUECTBO KJIACTEPU3AIINU.

Samedanne 2. Mbl HEIBHO CIMTAEM, 9TO BCE KAHAJIBI KOMMYHUKAIIAA UMEIOT
OJIMHAKOBYIO IIEHHOCTh. DTO eIIe OJHO YIIPOIIEHUE MOJIEJIH.

Sameganne 3. 1 ceKyHIa OKa3aaach HE CAMBIM yIadHbIM Pa3OUeHneM CyTOK -
Y€JIOBEK €CJIU U JIeJIAET ITO-TO PEryjspHOe, TO He ¢ TOYHOCTBIO JI0 CEKYH/IbI.
[TpoBenentble HAME IKCIIEPUMEHTBI TTOKA3AIH HAWIYUIINE PE3YIbTATHI I
WHTEPBaJIa BpeMeHu 15 MuH., 9YTO BHOJIHE pazyMHo. [losTomy Huzke MbI Oy-
JIeM HCIIOJIb30BATh NMEHHO TaKyIO arperaruio Bpemend, 1o ectsb (1 < j < 95)
Pesynbrarer cobpansr B Tabsure 1.

Ta6JIHL[a 1. XapaKTepI/ICTI/IKI/I Ka4deCTBa KJlaCcTepu3allnun BpeEMEHN NCIIOJIb-
30BaHMA

KommuaectBo knacrepos | Crenens HeuerkocTu | lucbasianc KiaccoB
2 0.17368421 0.230382367079
3 0.29473684 0.199661103355
4 0.32631579 0.389432788809
5 0.33684211 0.488659684614

Kak BumgHo m3 Tabauibl 1, oNTUMAaJBHBIM C TOYKNA 3pEHUsT arcOaIaH-
ca KJIacCOB sIBJIsieTCs pas3bumeHne Ha 3 KJjacca, KOTOpble MOXKHO HHTEpIIpe-
TUPOBATh KaK <«yTpPO», «pabouee BpeMsi» U <«Bedep» (IEHTPbI KJIACTEPOB
22.84787803, 54.46499606, 78.82015172). Byem najiee HCIOIb30BATH UMEHHO
Takoe paszbuenue cyTok (puc. 1).

A

4 >
20 40 60 80 100

Puc. 1. KﬂaCTepI/ISaL[I/IH BPpEMEHU HMCIIOJIb30BaHU:A JIJIsd TPEX KJIaCTEPOB.

AHaJIOrUIHO MBI MOXKEM OIIPEJIEJISITh, HAIPUMep, aKTHBHOCTD IOJIb30Ba-
TeJIs:
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1. BeruncnsieM cpejiHee 3HaUEHWE TOTPAYEHHBIX €UHWIL 38 CYTKH JIJIsT
KaKJI0T0O TTOJTE30BATEIS.

2. IlpoBoauM KIACTEPU3AIIIO MTOJIL30BATEIEH.

3. NHTeppeTnpyeM moJjydeHHbIE KJIACTEPHI.

EcJin Hac uHTEpecyeT olucaHue MoJb30BaTe sl B TEPMUHAX « AKTHBHBII/
HEe aKTUBHBIN», «/I06uT "mrars HOBOCTH yTpoM/ JHEM/ Bedepom», «Jlro-
6UT BUIEO/ TEKCT» U IIP., TO, UCIOJIb3ysl AHAJOIMIHBIE PACCYKICHUS U TIPU
HAJIMYUN JAHHBIX, MBI MOXKEM TIOCTPOUTH TAKHWe OMHUCAHUS. DTHU OMHNCAHWS
(JIMHPBHCTUYECKHE TIEPEMEHHBIE, IOCTPOEHHBIE Ha YHUBEPCAJILHBIX MHOXKE-
crBax, mojydeHHbIX u3 dataset) Gyjem HasbiBaTh mepBuuHbIME. Ha ocHOBe
MTOJTYYEHHBIX TIEPBUIHBIX OMMUCAHUN, MBI MOYKEM TTPOBOJIUTD KJIACCU(PUKAIIAIO
HOJIb30BaTeJIell ¢ OMOIIBI0 HeYeTKoro Kiaccudukaropa [9] u mosyyars Bro-
PUYHBIE OMMUCAHUSI. 3aMETHUM, UTO MBI MOYKEM JeJIaTh 9TO ¢ MUHUMAJLHON
HEOIIPE/IEIEHHOCTBIO JJIst GOJIBIIIOr0 KOJINYeCTBa ciydaes [9].

TaKI/Ie OIICaHUA U ABJIAIOTCA OIIMCaHUEM HI/I(l)pOBbIX IIPUBBIYEK II0JIB30-
BaTesst. APXUTEKTYpa CHCTEMBI TIOCTPOEHUST TH(POBBIX MTPUBBLIUEK TPE/ICTAB-
JIeHa Ha puc. 2

A “ManEHbKum Bonbuwoi

*

MpoW3BoaHblE N3MEPEHWS (AaHHbIE) |

*

MNepBUYHLIE U3MepeHWs (TpaH3aKuUmi) |

Puc. 2. ApxurekTypa cucTeMbl OCTPOEHUS UM POBBIX TPUBBIUEK

Onucanus nudpPOBBIX NPUBBIYEK, WA HPOMUINA, MOTYT OBITH HCIIOJIB30-
BaHbI JIJIS [IEPCOHAJIM3AINN PA3JIUYHBIX CEPBUCOB (HAIIPUMED, PEKOMEHIa-
TeJIbHBIX ).

3. CuieHapuii UCIIOJIb30BaAHUS.

B kadecTBe BO3MOXKHOI'O IIpUMepa UCIOJIb30BaHUs TaKoil (hopMmamsanum
nHMOPMAIMOHHBIX IPUBBIUEK M0JIB30BATEId, PACCMOTPUM II€PCOHAJINBAIIIO
HOBOCTHOI{1 JIEHTBI. DTa 3ajada akKTUBHO obcyxKaaercs [10 — 15], u, no MHe-

96



HUIO MHOTHX AHAJUTHUKOB, SIBJsIETCS TpeHJ0oM pasputusi narepuer CMU u
HOBOCTHBIX arperaTopos.

IIycThb y HaC eCcTh MOTOK HOBOCTEl, M MBI XOTHM YIIOPSIIOYUTb UX TaK, ITO-
OBl 1I0JIb30BATE b MCILITHIBAJ MUHUMAJIbHBIX TUCKOMMOPT P IPOCMaTPHU-
BaHUN HOBOCTeil. Karkmast HOBOCTE mpeacTaBisieT coboit daiis, mpo KOTOPHIH
HU3BECTHO:

e Haymmuue u paszmep Tekcra
e Hanuume u pasmep KapTHHOK
e Hayimaue u pasMep BUICOKIUIIOB

e Temarnka (1o KiaccuduKaTopy arperaTopa) u JApyrue napamerps (3a-
Bucut ot arperaropa uiam CMN)

JIokabHON 3a/aueil sIBISeTCs ONTUMU3AIUS BPEMEHH TI0JIa9i HOBOCTH.
JlaBHO TIOIMEYEHO, YTO BpeMs CYIIECTBEHHO BinsieT Ha 3(PMeKTUBHOCTH KOM-
MyHHUKanuu (Jaxe CymecTByeT TepMuH prime-time). Eciau mbl ymeeM BbI-
YUCIATH KAKYI0 HHMOOPMAIIIO MPEINOYNTACT MOJb30BATE]b YTPOM, & KAKyIo
- BEYEPOM, TO, COEJIUHSAS 3TO 3HAHUE C ITAPAMETPAMH HOBOCTHU, MBI MOYKEM
OIIpEJIEIUTDH HACKOJILKO OHa OyIeT COOTBETCTBOBATD €0 IpuBblukaM. Harpu-
MEp, €CJIN TOJIB30BATEb YyTPOM ITIPEIOYUTAET KOPOTKHE TEKCTOBBIE (hailyibl
(MBI MOKEM 3TO BUJIETH U3 UCIOJIB3YEMbIX UM YTPOM [IPUJIOKEHUI U BPEMEH!
UX WCIIOJIb30BaHNUs), a BeIepOM - Gouibinue Bueodailsbl (nHbOpMAaIus Tak
JKe JIOCTYIIHA), TO Mbl MOYKEM BBIUUCJUTH HACKOJBKO KOHKDETHAsI HOBOCTh
COOTBETCTBYET 3TUM KPUTEPUSIM (BBIYUCIIsIsl CTEIIeHb IPUHAJJIEXKHOCTH K 110
HSATHUSIM <«KOPOTKHI TEKCT» U «BOJbINoi Bujeo» ). Jobasisist crenens mpu-
HA/JIE?KHOCTH TEKYIIEro BPEeMEHU K IIOHATHAM «yTPO» U «BEUep», Mbl MOKEM
BBIMUC/INTH PEHTUHT HOBOCTH B JIAHHBIH MOMEHT BPEMEHU /IS JJAHHOTO T10JIb-
3oBaTess (Kak (-HOPMY YIIOMSIHYTBIX BBIIIIE CTElleHel puHaiexkHocTu [19])
U Ha OCHOBE 3TOT'O - MO3UIIUIO HOBOCTHU B CIMCKE HOBOCTEH /IS JJAHHOTO TIOJIb-
3oBaTesist. B pesysbrare Mbl OyJIeM UMETh «IIEPCOHAJBHYIO Ia3eTy», KOTopast
OyJeT OTIMIAThCS JJIst TTOJIb30BaTe el ¢ pa3HBIME NUMPOBBIMYA TTPUBBIIKA-
MU, u, 6ojiee TOrO, B pasHoe BpeMs JJIs OJHOIO M TOTO K€ IOJIb30BATEIs
HepcoHaIbHAsL JIEHTa Oy/IeT pasHol. APXUTEKTypa TAKOrO NMEPCOHATM3ATOPA
HOBOCTEIl MpeJicTaB/IeHa Ha PUC. 3.
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Morok HoBOCTENR

—_— I Mameperua (naHHbIe) l
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v Y 4
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Puc. 3. ApXI/ITeKTypa IIepcoHaJim3aTropa HOBOCTHOH JIEHTBI.

IlomobHble AOMOHEHNST MOT'YT CjejIaTh 0OoJjiee IEPCOHAJTM3MPOBAHHBIMU
(a, ciemoBaresbHO, u Gostee 3 GeKTUBHBIMNI) JTH0Oble KOMMYHUKAIUI C KJIH-
€HTaMU, BKJIIOUYas PEKOMEHIAINY, PEKJIaMHble KaMIIaHUU ¥ T.1I.
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One model of digital habits
A.P. Ryjov P.A. Novikov

The paper proposes the formalization of ways of using the
information technologies on the basis of the analysis of smartphone’s
logs. The resulting model of human interaction with other people and
information resources (digital world) can be used to personalize such a
digital environment and, accordingly, to optimize such interaction. A
scenario for using the model to personalize the news feed is described.

Keywords: personalization, digital footprint, fuzzy clustering.
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Yactp 3.
MaTreMmaTn4ieckue MOJIeINn



O dbyHKIMOHAIBHOI CJIOXKHOCTHU JIBYMEPHOIA
3a/1a91 O JOMUHUPOBAHUN

Tacanos 2.9.

B pabore ucciienyrores aByMepHas 3aa4a O JOMUHUPOBAHUH, B KO-
TOPOIi 6a3a JIAHHBIX MIPEJICTAB/ISIET CODON MHOXKECTBO TOYEK Ha ILJIOCKO-
CTH, U HAJO JJIsi IPOU3BOILHON TOYKHU IJIOCKOCTH, HHTEPIPETUPYEMON
KaK 3aIlpoc Ha IOWCK, HAUTH BCe TOUYKHM U3 0a3bl JAHHBIX, KOTOPBIE
o 0boOMM KOOpJHHATAM TIPeBOCcxoaaT 3ampoc. Iloa dpyHKImonaabHOM
CJIO?KHOCTBIO ITOHUMaETCHA d)yHKI_[I/IH 3aBUCUMOCTHU BpEMEHU ITIONCKa OT
oObeMa IaMsATH, KOTOPYI0 MOXKHO BBLIEJUTH IO CTPYKTYPhI JaHHBIX.
B pabore nokazano, Kak, ucrtosib3ys meron berraun-Maypepa, MOXKHO
[TOJIy9UTH AJITOPUTMBI C PA3HBIMU COOTHOIEHUSIMU BPEMEHU MTOUCKA U
obbeMa IaMATH.

Kurouesbie ciioBa: nadopManmonHo-rpadoBasi MOJIEIb TaHHBIX,
JIByMepHasl 3aJ/1a9a O JOMUHUPOBAHUU, (DYHKITMOHAIBHAS CJIOKHOCTD,
METO/T CETOK.

1. BBegenue

1711 O1leHKH aJIrOPpUTMOB ITOMCKA B 6a3ax JAHHBIX OOBIYHO UCIOJIB3YIOTCSH TPH
XapaKTEePUCTUKU: KOJMIECTBO MaMsITH, TpeOyeMOil Mo, CTPYKTYPhI JAHHBIX,
BpeMs IIOMCKa B XYJIIIIEM CJIydae, U BpeMs IOUcKa B cpejneM. [Ipu sTom aJ-
TOPUTMBI, KOTOPbIE MOT'YT 0DECIIEUNTH OBICTPOE BPEMsI MOUCKA, KAK ITPABUJIO
TPeOYIOT MHOTO MAMATH IJIsi XPaHEHUsI CBOUX CTPYKTYP JAaHHBLIX. [losTomy
BCETJIa 2KeJIATE/IbHO UMETh CEPUIO PA3JINYHBIX aJTOPUTMOB PEIIeHus OJHON 1
TOI K€ 33/1a9H IOUCKA C PA3HLIMU COOTHOIIEHUSMHU BPEMEHU MOUCKA U 00b-
ema namsaTu. Torga pazpaborduk 6a3bl JJAHHBIX, 3HASI CBOU OFPAHUYEHUSI 110
IMaMsATHU, CMOXKET MOA00PATh CaMbIil OBICTPBII AJTOPUTM, yIOBJIETBOPSIONINI
9TUM TPeOOBAHUSIM.

N3BectHo, 4TO €ciu 3ajia4a MOUCKA Takas, 9TO Ha dJIeMeHTax 0a3bl JaH-
HBIX MOXKHO 3aJ1aTh JIMHECHHDBIN IOPSI0K, aCCOIMUPOBAHHBIA C OTHOIICHUEM
[IOMCKa, TO TaKHe 3aJa4d MOYXKHO KaK IIPaBUJIO peliaThb ObIcTpo 6e3 cyle-
CTBEHHBIX 3aTpaT IO IIaMdATH, HO KOIJia OTHOIIIEHUE IIOUCKA, OIpeesdIoliee,
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KOTJIa 9JIEMEHTHI 0a3bl JTAHHBIX YIOBJIETBOPSAIOT 3aIIPOCaM Ha TIOUCK, STBJISET-
Ce OTHOIIIEHUEM TaCTUIHOI'O ITOPAJIKa, TOrAa JAJId IOy 9eHUA XOPOIINX XapaK-
TEPUCTHUK IO BPEMEHU MTONCKA, HEOOXOIMMO 3aTPATUTh CYIECTBEHHBIE OOHEMBI
ITaMATH.

B pabore |1| Bertiim u Maypepom jijist periennst 3a7a91 HHTEPBAILHOTO
IIOUCKa 6])1.]1 IIpeJIO2KEH MHOTO>TaIIHbII METO/ IIPAMOI'O AOCTYyIIa — METO
cetok. OH MO3BOJISIET CHUKATDH TOPSJIOK TpebyeMoil maMsaTh, HO MPU ITOM
BO3pACTaeT BpeMsl MOMCKA. DTOT METOJ[ MOXKET OBbITh WCIIOJb30BAH U JIJIsi
JIPYTHUX 38789 HHPOPMAIHOHHOTO TIONUCKA.

JBymepHas 3a/1a49a 0 JJOMUHUPOBAHUU OJJHA M3 CAMBIX MPOCTHIX 3aJ1a4 C
OTHOIICHHNEM ITOMCKaA, ABJIAIOMIMMCA OTHOIIICHUEM YaCTUYIHOT'O IIOPAIKa, U Ha
et uyero mMertona Bernmu-Maypepa MOXKHO MPOJIEMOHCTPUPOBATH Hambojee
IPOCTO.

B naBymepHoit 3a71aue 0 TOMUHUPOBAHUN JIEMEHTHI 0a3bl JAHHBIX W 3a-
IIPOCHI HA& TIOUCK SIBJISIIOTCSI TOYKAME €BKJIMI0BOH ILIOCKOCTH. 3a/a4da COCTO-
UT B TOM, 9TOOBI JIJIsT TIPOU3BOJIBHOTO 3aMIpOCa HA MOUCK MEPEINCIUThH BCE
QJIEMEHTBI 6&3131 JAHHBIX, KOTOPbIE 110 O6OI/HVI KOoOpJmHaTaM He MCEHbIIE, YeM
3aITpoC.

CkazkeM, uTo asropurym noucka sisistercs (f(k), g(k), h(k)) anropurmonm,
rae k — YHUCI0 3JIEMEHTOB B Oa3e JAHHBIX, eC/IM Iph k — 00 00beM TaMsITH,
TpeOyeMblil AJITOPUTMY, BPEMsI TIOUCKA B XYIIIEM CJIy9Iae U CPEJIHEE BPEMSsI 110~
HCKa aCUMITOTHYECKU HE MPEBOCXoAAT coorBercrBenno Beauund f(k), g(k)
u h(k).

B pabote ucnosb3yercs uHGOpMaAIMOHHO-TpadOBasi MOJEIb JAHHBIX, KO-
TOpasi MO3BOJIET CTPOrO (POPMAJIBHO OMPEIETUTh KaK 3aady MOUCKa, Tak
n aJITOPUTMBI €€ DeIlleHUrd U €€ CJIOKHOCTHBIC XapaKTECPUCTUKU. Cpe,[[I/I 110-
CJIeIHUX PabOT ¢ UCIIOIb30BaHUEM MH(MOPMAIMOHHO-TPAOBOM MOIEH MOXK-
HO MOXKHO oTMeTuTh 2, 3, 4, 5, 6, 7, 8,9, 10, 11].

B pabore ¢ momompio Meroma Bentimm-Maypepa mosydena cepust ajro-
PUTMOB pellleHnd JIByMepHOIl 3aa9u O JJOMUHUPOBAHUU, KOTOPbIE ABJISIOTCS
(q- kit1/a /2,4q+1logy k,4q — 1) amropurmamu, rjie ¢ — HEKOTOPBI METOTIC-
JIEHHBI TTapaMeTp.

Aptop BBIpazkaer OmaromapHocTh B.B.Kynpseuesy u A.C.Ilonkonsuny
3a TOJJIEPKKY B paboTe.

2. OcHoBHBIE TIOHATHUS U (POPMYyJIUPOBKA Pe3yJIbTaTa

B coorBercreun ¢ [12, 13| onumem nurGopMaIoHHO-IpadOBYI0 MOJIe/b JaH-
HDIX.
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IIycts X — MHOXKeCTBO 3aIlpOCOB C 3aJIaHHBIM Ha HEM BEPOSITHOCTHBIM
npocrpancreoM (X, o, P), rie o — anrebpa noamuoxkects MHOkectBa X, P
— BEPOSITHOCTHAsI Mepa Ha 0; Y — MHOXKeCTBO 3armceil (06beKTOB MOUCKA); p
— bunapuoe otuornenue Ha X X Y, HazbIBaeMoe oTHOIIeHneM nouncka. [larep-
ky S = (X,Y, p,0,P) 6ynem naspiBats munom. Tpoiiky I = (X, V, p), tne V
— HEKOTOPOEe KOHEYHOE IMOJMHOYKECTBO MHOXKECTBA Y, B JIaJIbHENIIIEM HA3bI-
BaeMoe bubsuomerot, OymeM Ha3bIBATL 3ajadeil HH(POPMAIMOHHOTO TONCKA
(3UII) Tuna S, u 6ygem cuurars, uro SUIL I = (X,V, p) comepkarebHO
COCTOUT B [IEPEYUCIIEHUH JIJIs ITPOU3BOJIHHO B3ATOrO 3amnpoca r € X Bcex Tex
7 TOJIBKO TeX 3amnmceit y € V Takux, 4T0 TpYy.

Ilycts f — omHOMeECTHBII TpeuKaT, OIpeieseHHbII Ha X , TO eCThb
f X — {0,1}. Muoxkecrso Ny = {x € X : f(x) = 1} nasosem zapax-
MEPUCTNUNECKUM MHOICECMEOM TIpenuKarta f.

Mrmuozxkecrso O(y, p) = {x € X : zpy} nasoBem menvio 3anucn y € Y.

Oynxnmo Xy, : X — {0,1} raxymo, uro Ny, = = O(y, p) HazoBeM Tapak-
mepucmuyeckot GyHryuuet 3amuca ¥ .

IIycts F' — MHOXKECTBO CUMBOJIOB OJTHOMECTHBIX ITPEINKATOB, OIPEE/ICH-
HBIX Ha MHOXKecTBe X, G — MHOXKECTBO CHMBOJIOB OJTHOMECTHBIX ITEPEKJTIOIa-
TeJieit, onpeeneHHbix Ha MHOXKecTBe X . [lof epekiiouaresiem OyaeM moHU-
MaTh PYHKIINIO, 00JIaCTHIO 3HAYMEHU KOTOPOil SBJIgeTCA HAYUAIbHBIN OTPE30K
HaTypaJbHOro psizia. [lapy F = (F, G) HazoBeM 6a30BbIM MHOYKECTBOM.

[Monsitue ungopmavyuonrozo epaga (UI') Hayx 6a30BbIM MHOKECTBOM F =
(F, G) onpenessieTcs caeyomuM oopa3oM. bepercst KonedHast MHOIOIIOTIOC-
Has OPUEHTUPOBAHHAS C€Th. B Heil BLIOMpaeTcs HEKOTOPDI TOJIIOC, KOTOPbIf
HasbiBaeTcst KopueM. OcTaabHbIe TOMIOCA HA3BIBAIOTCS JUCTHIMU M UM TIPH-
MMACBIBAIOTCS 3aIUCH U3 Y | IPUIEM Pa3HBbIM JIUCTbsIM MOI'YT OBITH IIPUIIHCA~
HBI OJTMHAKOBBIE 3anuch. HekoTopble BepIIMHBL ceTH (B TOM YHCIIE 9TO MOTYT
ObITH U IOJIIOCA) HA3BIBAIOTCS MEPEKJIIOUATETbHBIMI M MM IIPUIIACHIBAIOTCS
nepeksouarenn u3 GG. Pebpa, ucxosdinme n3 Karxk 10l U3 NepeKII0YaTeIbHBIX
BEpINUH, HYMEPYIOTCsI OMIPsiJl, HAdnHas ¢ 1, 1 HA3BIBAIOTCS EPEKII0IATE b
ubiMu pebpamu. Pebpa, He aBisommecs mepeKIiodaTe/IbHbIMI, HA3bIBAIOTCS
[PEJINKATHBIMU ¥ UM IPUIMCHIBAIOTCS IIPEUKAThl n3 MHOXKecTBa F. Takum
00pa3oM HArpy»KEHHYI0 MHOTOTIOJIFOCHY0 OPUEHTUPOBAHHYIO CETh HA3BIBAEM
UT" naz 6azosbiM MuHOKecTBOM F = (F, G).

Dynxyuonuposarue MI onpenensiercs: cienyoomuMm obpaszom. CkaxkeM,
9TO [peUKATHOE PEOPO MPOBOIUT 3aIIpoc & € X, eCJIu IPEeIUKAT, [IPUITHCAH-
HBLIT 9TOMY pebpy, npuHuMaeT 3HadeHue 1 Ha 3ampoce x, [lepekrouarenbHoe
pebpo, KOTOPOMY LPHUIIUCAH HOMED N, MPOBOJUT 3alpoc T € X, eciau nepe-
KJIIOYaTe/ b, IIPUITHCAHHBI HAYAJIy 5TOro pebpa, IPUHUMAET 3HAUYEHHE 1 HA
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zampoce . OpUeHTUPOBaHHAS TEIOYKa pebep IMPOBOIUT 3aIrpoc & € X, ec-
JIM KazKJioe pedbpo LEIOYKH IIPOBOIUT 3aIPOC T. 3alpoc T € X IPOXOJIUT B
Bepmuny [ UL, eciu cymiecTByeT OpueHTHPOBAHHAS IENOYKA, BEyIIasi U3
KOpHSI B BEPIIUHY 3, KOTOpasl MPOBOJIUT 3aIPOC . 3AINCh Y, IPUITHCAHHAS
Jucty o, nonamaeT B oTBeT VI’ Ha 3ampoc x € X, ecm 3ampoc & MPOXOIUT
B Jiuct . OrBerom UT' U Ha 3ampoc © HA30BEM MHOYKECTBO 3aIIACEll, TOIaB-
mux B orBer VI Ha 3ampoc z, u obosuatuM ero Jy(x). D1y byukmuo Jy ()
Oy/seM cantaTh pedyibraroM dyHKimonunposarus U U.

[Iycrs mam gana SUII I = (X, V, p). Muoxkecrso Jr(z) = {y € V : zpy}
nazoeMm omseemom SUIL I wa 3ampoc x. Craxewm, uro UT' U pewaem SUII
I = (X,V,p), ecin ms soboro 3anpoca x u3 X seinosnneno Jy(x) = Jr(x).

IIycts  — mekoropas Beprimaa UT'. Ilpenukat, onpejiesieHHbI Ha MHO-
JKeCTBE 3alPOCOB, KOTOPBIH MPUHAMAET 3HATEHUE | Ha 3ampoce X, eCIn 3a-
IIPOC MIPOXOJIUT B Bepiiuny 3, u ) — B IPOTUBHOM CJIy4ae, Ha30BeM (byHKIIIEH
dbunbrpa Bepmmael 3 1 0603HAMNM @g(T).

Obsemom Q(U) UTI' U mazosem unciio pebep B rpade U.

Crnoxuocreio I U Ha 3ammpoce © HA30BEM BEJIUIUHY

T(U,z)= Y vges)+ Y ps(x),

BER\P BeP

rme R — muoxkectBo Bepmuall" U, P — MHOXKeCTBO MEPEKJIIOYATETLHBIX
sepuma UI' U, ¢g — xommdaecrso pebep, ncxomsmux u3 sepiuunst 5. T(U, x)
PaBHO YHCJY IepEeKJIoYaTe/ el U IPeIUKATOB, BBIYUCJICHHBIX AJTOPUTMOM
noucka, coorsercrytomum UI' U na 3anpoce z, r.e. T(U, x) xapakrepusyer
BpeMs [IOMCKa Ha 3aIpPoce T.

Choxuocreio UT' U B Xysamiem ciiydae HA30BEM BeJTHIHHY

T(U) = max T (U, )
reX

QA“(U ) XapaKTepusyeT BpeMs IIOUCKa B XY/IIIEM CJIydae.

CkaxkeM, 4T0 6a30BOE MHOYXKECTBO JF usamepumoe, ecim Kaxkiast pyHKIus
u3 F — usMepumasi (OTHOCHTEJILHO aJaredphl o).

B [13, Jlemma 17| nokazaHa CIpaBeyInBOCTD CJIEIYIOMIEH JTEMMBIL.

JlemMma 1. FEcau 6aszosoe mmooicecmeo F uamepumoe, mo oas sobozo UIT
U nad 6asosvim mmoocecmeom F Pynxuyua T(U,x), wax Pynrkuyus om x,
ABAAEMCA CAYYATUHOT 8eAUNUHOT.

Jlasee Bcrogy Oymem mpemnoaraTh, ITo 0a30B0e MHOXKECTBO U3MEPHUMOeE,
u rem cambiM T'(U, ) Gyzuer caydailHONH BeJTMYUHOIA.
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Cnoxnocreio I U HasoBeM MaTeMaTHYECKOE OYXKUJAHUE BEJINIHHBI
T(U,x), T0 ecTb 4UCIIO
T(U) = M,T(U, z).

Yepes U(I, F) obosnaunm muoxkecTBO Beex NI Haj 6a30BBIM MHOXKe-
crBoM F, pemaromux SUIT 1.

Corutacuo [13, Teopema 17| myst smo6oit 3UIT I, sio6oro UT' U € U(I, F)
u Jroboro 3ampoca xr € X BBIMOJIHEHa MOITHOCTHAS HUKHSS OIIEHKA,

T, x) = |Ji(x)|.
TlosTomy BBesieM ciieyromiye CJIOXKHOCTHBIE XapakTepuctuku NI

o T'(U,z) = T(U,z) — |Jr(x)|, koropasi XxapakTepusyeT BpeMsi IIOUCKA
Ha 3anpoce r 6€3 BpeMEeHN [ePEeUNCIeHNsT OTBETA;

e T'(U) = maxgzex T"(U,x), KoTOpas XapakTepusyeT BpeMsl MOHUCKA B
Xy/leM caydae 6e3 ydeTa BpeMeHH IIepednc/IeHus OTBeTa:

o T'(U) = M,T'(U, z), xoTopasi XapaKTepU3yeT CpejlHee BpeMsl [OUCKa
6e3 yuera BpeMEHH IIePEIHUCICHUs OTBETA.

Ha mmozxectse [0, 1]2 x [0, 1] BBesem orromenne "<"cemyromum obpa-
30M:
(.Tl,l‘?) < (y17y2) 331 < yl&x2 < y2'

[Mycts Y = (0,1] x [0,1] — muoxkecTBO 3amuceit; V = {y1,...,yx : ¥i =
(yl,y?), i=1,...,k} CY — 6ubiuoreka; X = (0,1] x [0,1] — mHOM)eCcTBO
3aIIPOCOB; OTHOIIECHHE TIOUCKA p 3a1aeTcst Ha X X Y CJIeyOIuM COOTHOIIe-
HEEM:

apy = x <y,

e x = (21,2%), y = (y1,9?), Te. xpy <= x € (0,y'] x [0,%?]. Torma 3UII
I = (X,V, p) HasbIBaeTCsl JIByMEPHOI 3a/1a49eil 0 JJOMUHUPOBAHUH.

Breck y kBagparoB X n Y BHIOpOIIEHA JIeBasi CTOPOHA TOJIBKO B IIEJISAX
y106CTBa JIAJIbHEIIIEro H3/I02KEeH UL

OmpeienM MepeKIIouaTelIl U IPeJInKaThL

1, ecm 22 < a
1 .2 ) >~
= 1 1
fa(@",27) { 0, B IPOTHBHOM ciydae a €0,1], (1)
1, ecmz! <a
1 2\ ) >~
Gal@",27) = { 2, B IPOTHBHOM CjIydae a€0.1], (2)
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g.7m(:n1,m2) :](xl) -m[, m €N, (3)

rjie N — MHOXKeCTBO HATYPAJIbHBIX YHCeJ], |a| — HauMeHbIIee 1eJI0e, He MeHb-
1ee, 4eM .
IIycTs

F ={fa(a!,2%) s a € [0,1]}, (4)
G1 = {ga(z",2%) 1 a € [0, 1]}, (5)
Gz = {g.m(z',2%) :m € N}, (6)

F=(F,GiUGy)— (7)

06a30BOe MHOYKECTBO

Byzem mucars A(n) S B(n) npu n — 00, e CymecTByeT Takas I0-
JIOKUTEJIbHAsT KOHCTAHTA ¢, UTO, HAUMHAsl C HEKOTOPOro HoMmepa ng, A(n) <
c-B(n). Ecmm A = Bu B = A, 1o 6yaem rosoputh, uro A u B pacnw, no
nopadky npu n — 0o u obozuauarb A = O(B).

CripaBe/jiiBa, CJie/Iytomiasi Teopema.

Teopema 1. [Tycmov I, = (X, Vi, p) — npouseosvhas nociedosamesbHocms
deymepnvir 3aday o domunuposanuu, 20e |Vi| = k, F — 6azosoe mmootce-
cmeo, onpedeasemoe coommouwenuamy (1)-(7). Iyems na X sadano eepo-
ammocmmnoe npocmparcmeo (X, o, P), u dynkyus P — pasnomepnasn sepo-
amrnocmuan mepa. Toeda das mobozo namyparvrozo q < logy k cywecmeyem
ur U“ﬂk € U(Iy, F), maxoti umo npu k — 0o

1
QUY) = 5 - ko + O(k),

T\’(U‘q/k) < 4q — 1+ log, k,

T'(UE) < 4g— 1.

3. BcriomoraresibHble CTPYKTYPbI

Hpeanosnozkum, uro 6ubmuoreka Vo= {yi,...,yx = vi = (yl,9?), i =
1,...,k} usanpoc x = (2!, x?) Takue, uTo MBI TOUHO 3HAEM, uTo 1 < Yl M1t
qoboro ¢ € {1,...,k}. Torga Ham jiyist JaHHOTO 3a1poca & (HhaKTUIECKH HAJI0

peraTh OJHOMEPHYIO 33/1a1y O JOMUHUPOBAHUHU, T.€. OCYIIECTBJIISTH IIPOBEP-
Ky TOJIBKO II0 BTOPO#l KOOpJIUWHATE.
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Puc. 1. I'pad Cy

Be3 orpanutvenust 0OIMHOCTH MOXKHO CUUTATH, YTO 3alucu B OUOIMOTEKe

V yTopsi/iodenbl B TIOPsIKe BO3PACTAHHS BTOPBIX KOODJMHAT, T.e. yo < Y5 <
2

< YR

Corutacuo |12, Teopema 35| onTumasbHBIM aJrOPUTMOM JIJIsT STOMN 3a/1a4K
OyJleT CJle/LyIoNuit: TPOCMATPHBAEM UUCJIa Y2, HATHHAS C CAMOTO GOJIBIIOTO
u fgajiee B nopske yonsanus u cpaprusaem ¢ x2. IToka 22 < y? szammch y;
BKJIIOYAEM B OTBET, ey 22 > Y2 MM MPOCMOTPEHbI BCe TOUKH GUOIHOTE-
KI, TO MOUCK TIpeKpariaercs. Tem caMbiM, BpeMsi pabOThI 3TOrO aJropuTMa
OTJIMYAEeTCs OT BPEMEHHU IePevrC/IeHns OTBeTa He OoJiee yeM Ha 1.

NI, cooTBeTcTBYOIIHIT 3TOMY aJropuTMy, n300parkeH Ha pucyHke 1. D1or
UT" mer 6ymem obozHadaTh depe3 Cy . OdeBuaHO, ITO

T'(Cy) < 1. (8)

Jlajee HaM 1OHAIOOUTCS BCIIOMOTATENLHBIN AJITOPUTM, KOTOPBI Oyier
peraTh MepByIO0 3aady o Osm3ocT, ommcaHuyio B |12, pasmen 2.3]. Dra
3ajiada cocrouT B caenytomeM. Tana 6ubmumoreka V. = {y1,...,yx @ yi =
(yl,y?), i = 1,...,k}, rjie 3ammucu ynopsiIouensl 10 BO3PACTAHMIO abCIuce,
Te. yi < ya < ... < y;. dnga sanpoca x = (z!,2?) B 6ubimorexe V najo
HaNTH HAMMEHBIITYIO 10 abCIIcce 3alliCh, abCIucca KOTOPOii He MeHbIIe, YeM
xl

Haaum nedopMabHOe ONUCAHNE aJrOPUTMa pPEIleHrs TIepBOi 3a1aun o
OIM30CTH.

Pasz6busaem unrepsas (0, 1] Ha k nopuaTepBasOoB (%, %], i=1,2,... k.
PazbuBaem 6ubimorexky V na gactu V;, rae B V; BKIIOYAIOTCA T 3aIIMCH U3
V', abCcrmcenl KOTOPBIX MPUHAJJIEXKAT NHTEPBAILY (%, %]

ITycTh Ha BXOJ, aJrOpUTMa HOCTyHaeT 3ampoc = = (x!,x?). Berancigem
sHavuenue nepekyouares g. (). llycrs g. k(x) = i. Do oznavaer, aro rl e
(%, z]. Ecn V; — HemycToe MHOXKECTBO, TO GHHAPHBIM IIOMCKOM HAXO/IUM B
V; 3ammch, aberpeca KOTopoil HauMeHbIIas, HO He MeHbInasd, ueM x'. Ecmu !
BosbIe J06oit aberuecnl 3amuceit w3 V; wim eciu V; — mycroe MHOYXKECTBO,
TO MCKOMasl 3alliCh €CTh IIePBasl 3allliCh B IIEPBOM HEILyCTOM MHOXKecTBe Vj

TaKOM, 4TO j > 1.
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Cormacuo [12, Teopema 19| ommcanHoe pelieHHe UMeeT KOHCTAHTHOE B
CpejHeM BpeMsl ITOUCKa W JINHEHHbIE 3aTPATHI TAMSITH.

Hamgnm dpopmatsroe TN Dy, KoTOpbIil OyaeT pemars MepByIo 3aady O
OIM30CTH JIJTsT MHOXKECTBA V' ¥ COOTBETCTBOBATH ONMMMCAHHOMY BBIIIE aJITOPUT-
MY.

Bosbmem Bepriuny 5y u 06bsiBuM ee kopaeM rpada. Beimycrum u3 Gy k
pebep, UpuImieM UM 4ucia or 1 o k, o0baBuM [y TOYKON IePEeKII0YEeHNS
U IpUIUIIeM eif IepeKIouaTelb (. k.

Iycrs B; = {yjl,y?) eV: y]l € (%,%], li=|Bi|,i=1,... k,

Komner pebpa ¢ Homepom ¢ obozaadum f;.

st Beex ¢ Takux, uTo B; # (), BBIIOJIHUM CJIYIONLYIO IIpoIerypy. Bbi-
IIyCTHM W3 BepIInHBI f3; Gunapuoe cOasancuposannoe gepeso DPi ¢ [ + 1
KOHIIEBBIMU BEPIIHHAME ¥ BBICOTHI | logy(l; + 1)].

31ech u jiajee bunaproe depeso — STO OPUEHTUPOBAHHOE JIEPEBO, B KAXK-
JIYIO BEpIIUHY KOTOPOI0, KPOME KOPHSI, BXOJIUT OJHO Pebpo, W U3 KayKIoi
BepINUHBI KOTOPOT'O, KPOME KOHIIEBLIX BEPIIUH, UCXOJIUT JBa pPedpa; KopeHs
— 9TO BEpPIIUHA, B KOTOPYIO HE BXOJIUT HU OJHO PeOPO; KOHUECEIE BEPULUHDL
— 9TO BEPIIUHBI U3 KOTOPBIX HE UCXOJIUT HU OJHO PEOPO; 6bICOMA BEPULUHDL
— 3TO JJINHA IIyTU OT KOPHS K JAHHOU BEPINWHE; COAAGHCUPOBAHHOE depe-
680 — 3TO JIEPEBO, BHICOTA KOHIIEBBIX BEPIIHMH KOTOPOI'O OTJINYAETCs He Hosiee
geM Ha 1; evicoma depesa — 3TO MaKCUMAaJIbHAsI BBICOTA KOHIIEBBIX BEPIIUH
Jiepesa.

CorocTaBuM KOHIIEBBIM BepIIHHAM 3Toro jepesa DPi| kpome moceueit
(camoit IpaBoii), ciieBa HAIIPABO B IOPsiJIKe BO3pACTAHUsI dJIEMEHThl 13 B;.

31ech u sagee OyJIeM TIPEJCTABISATD JIEPEBO B BUJIE HEKOTOPOIL €ro yKJIaJI-
KM Ha IJIOCKOCTH M IIOHUMAaTh HalpasJjeHus "Bupaso "Biiepo" Kak HampasJie-
HUsl HA 9TOH IJIOCKOCTU OTHOCUTEJIBHO JIAHHOW YKJIAJKU.

J11s1 Ipon3BOJIBHOM BHYTpeHHei BepumHbl  jaepesa DB obosnaumm e-
pe3 V3 MHOXKECTBO 9HCeJI, COOTBETCTBYIONIMX KOHIEBLIM BEPIIUHAM, JJOCTH-
KUMBIM 13 3. 31ech 1 Jajee BepIIuHa o JoCmudicuma U3 BepIIUHbL 3, eciin
CYIIECTBYeT OPUEHTUPOBAHHBIN Iy Th Beaytuit u3 3 B o

Jlyist mpon3BoJIbHO# BHyTpenneit Bepimuant 3 nepesa DB o6oznaunm

bg = max b,
bEVy
rue 3 — Komer JeBoro pebpa, UCXOAAIIEro u3 3.

O6DbABIM BCe BHyTpeHHHE BepmmHbl gepesa DB pepmmmamu mepeximo-
YeHUs U JIJIs KaXKJI0il BHYTpPEHHeN BepuiuHbl 3 jJieBoMy pebpy, U3 Hee BBIXO-
JIAIeMy, npumnuinem 1, a mpaBoMy — 2, a caMoii BePIIUHE [IPUIIAIIEM [e€pe-
KJII0uaTenb gy, ().
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[ycts i € {1,...,k}. Obosnaunm j(i) Taxoit Homep, uTo j(i) > 1, L) >
0 u me cymecryer j' Takoro, uro ly > 0, j/ > i u j° < j(i), To ecTn
j(i) — mugexc Gimkaiimero ceepxy Hemycroro Muoxecrsa Bj. Ecin takoro
MHOKecTBa Her, 1o j(i) = 0.

Teneps juist Kazoro jepesa DB caMmyio mpaByio KOHIEBYIO BEpITHHY
JIepeBa. OTOZKIECTBIM C CAMBIM JIEBBIM jicToM jepesa DBit) | ecim j(i) # 0.

Jnsa kaxkaoro Takoro i, uro l; = 0, Bepmmny 3; OTOXKIECTBEM C CAMBIM
sneBbiM JcroM gepesa DPit) | ecom j(i) # 0.

[Tonyaennsrit rpad u 6yaer UI' Dy .

O603HAMIM Wepe3 v KOHIEBYIO BepIIUHY, KOTOPOil IIPHITHCAHO THCIIO Y7,
t = 1,...,k, a 4yepe3 (4] caMyIiO IIPaByIO KOHIIEBYIO BEPIIUHY B CaAMOM
npasoM jepese DPi. Jlerko npoBepuTh, 4To PYHKIMS IIPOBOIUMOCTH MEZK LY
KOpHeM U BeprmHoit «; (1 =1,2,... k + 1) umeer Bu:

1 1 1
hi(:rl,:vQ) _ 1, eecmy; | <z <y,
0, B IPOTUBHOM CJIydYae,

rje yé =0, y,iJrl =1.

[oycuntaem obbem rpada UL .

IMockonbKy Kazkoe u3 DB ectn nepeso, B KoTopoM mosycrernens ncxosa
Jmo6oit BepimHbl paha 2, To B DB Gyner posno 2 - (I; +1) — 2 = 21; pebep.
Orciona ciremyer, 910

k
QDv)=k+2> Il;=3Fk (9)
=1
Cornacuo [12, Teopema 19|
T(Dy) < 1+]logy(k + 1), (10)
T(Dy) < 2. (11)

4. ]Jloka3aTeJbCTBO TeopeMbl 1

IlokaspiBaTh TeopeMy 1 OymeM MHIYKIHEH 10 mapaMerpy q.
Bazuc nunykmuu: g = 1.
Hyers Vi = {y1,.-,uk : vi = (yh,y?), i = 1,...,k}, npuuem zamucu
YIOPSIJIOUEHbI 10 BO3PACTAHUIO abCIuce, T.e. yi < ya < ... < yj.
O6osnatnm Z} = {y; 1 j =4, +1,..., 98}, i = 1,2,..., k.
ITocTpoum UT U‘l/k.
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Bosemem onmcannslii panee rpad Dy, . Kopenb sroro rpada obbasum
KopHeM rpada U‘l/k.

Kak u panee, obosnaunm uepes «; Konnesyio sepmmny UI' Dy, , koropoit
IIPUIIICAHO YUCJIO yil, 1 =1,..., k. na kaxxmporo ¢ = 1,...,k u3 BepIiuHbl
Qv; BBIIIYCTUM II€IIb CZ}’ KOTOPYIO MBI OIIUCHIBAJINA B MIPEIBIAYIIEM pa3iese u
IpuMep KOTOPOIi IIpUBEJIeH Ha pucyHke 1.

Honyduennstit UT" u Oyner rpadom le,k.

Y6eaumcst, uro stor rpad pemtaer 3anady I = (X, Vi, p).

B camom gene, eciu 3ampoc x = (x!,15) moman B BepmuHy oy, TO 3TO
osnauaer, uro y. ; < ' < yl. YTto B cBO0O OUYepe/b O3HAYAET, UTO ZAINCH
u3 Vi \ ZZ-1 HE YIOBJIETBOPSIOT 3AIIPOCY T, & BCE 3aIIUCU U3 ZZ»1 MTOJXOIAT TI0
abcrucce. A UMEHHO B 9THUX YCJIOBUSX IIEllb CZil [IO3BOJISIET PEIINTDH 38189y
1.

IToncauTaem ciIOXKHOCTHBIE XapakTepuctuku NI U‘l/k, YIUTBIBasl COOTHO-
mennst (8) - (11) u, 9ro 3a1poc & MOXKeT BBIATH TOJBKO K OJHOI M3 BepIINH
(07

k k
1 . 2
QUY,) = Q(Dv) +Y_Q(Cp) =3k+ Y i=k/2+0(k),
i=1 i=1
T'(UL) < T(Dy) +1 < 14] logy(k + 1)[+1 < 3 + logy k,
T'(Uy,) < T(Dy,) +1<3.
Tem cambiM 6a3UC UHIYKIIUU JTOKA3AH.

Munykrusnerit nepexo. Ipemmoioxkum Mot moctpousu U U&:l, permazo-
muit 3UII I, n umeroruit TpebyemMble B yCJIOBUSIX TEOPEMbBI XaPAKTEPUCTUKU.
YTo0Bl B TSXKEJIBIX TEXHUYECKUX BBIKJIAJKAX HE MOTOHYJIA UJEs METOJIa
Benriun-Maypepa, Mbl B Jla/IbHERIINX PACCYXKIEHUAX JOIYCTUM HEKOTOPYIO
BOJIBHOCTb U OyJieM pacCMaTpPUBATDL, BOOOINE TOBOPs, HATYypAJIbHBIE YUCIIA

KaK BeIleCTBEHHBIE.
IIycTs

plgi) =i k5, i=0,1,... ki,
RY = {ypgay i = 1,...,k1},
Wi = {y;:plai—1)+1<j <pla,i), i=1,...,k1},
Z9 =M W i=1,. ke — 1.

1 q) _ g 1-Y g 2 o 1-1
Ormernm, uro |RY| = ke, W=k, |Z]| = (ks —1—1)-k 4.
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ITocTpoum UT U‘q/ .
k
Bosbmem ommcanubiii panee rpad Dpe. Kopenb 3roro rpada oObsiBuM
KopHeM Tpada U‘q/k.
Ob6o3raunmM depe3 «; KoHmeByo Bepmmuay VI' Dge, KOTOPO#t IpUIICaHO
1 1
1 . = . = )
HUCTIO Yy iy 8= 1,...,ka. Ilna xaxkzgoro ¢ = 1,..., k9 U3 BepIIUHBbI (v; BbI-
IIYCTUM TIPEIUKATHOE PeOPO, KOTOPOMY IIPUITUIIIEM TPEINKAT TOXK IECTBEHHAS
—1
1, a u3 KoHIa 3TOro pebpa BhimycTuMm U Ugv_q . Kpome Toro mia kaxkmoro
K2

1
t =1,...,k7 — 1 u3 BepmmuHbl ; BbIycTHM Iiellb C'zq, KOTOPYIO MBI OIU-
K2
CHIBAJIM B IpPEIBIAYIIEM pasjiejie U IPUMep KOTOPOI NMpHUBEIeH Ha PUCYHKE
1.
" q

Tlonyuaennsiit UI" u 6yner rpadom UVk.

Yb6emumcst, aTo 3TOT rpad pemaer 3amady [f.

B camom gene, ecu 3ampoc x = (2!, 15) moman B BepmmHy oy, TO 3TO
o3Havaer, 910 Yyl <zt <yl . Yro B CBOIO OUYEpEenb O3HAYAET, UTO
. p(g,i—1) p(a;1)

i—Lyyrrq 1
3amnucu u3 U j:1Wj HE yJIOBJIETBOPSIIOT 3aIIPOCy &, & BCe 3allUCH U3 Z; M0/l
XOJIAT 1O abCIfycce, MOITOMY U3 «y; BbIryckaeTcs 1enb Cya. A s 3ammcei

1
u3 W Ham Hajo0 pemaTh IOIHOLEHHYIO 3a/@ady O JOMUHHPOBAHHH, UTO H

-1
neJiaeTcst ¢ rmomoirpio 1IN Ugv_q .
1

Tloncuunraem ciaoxkuocTHBIe XapakTepuctuku NI U‘l/k, YYUTBIBas COOTHO-
mennst (8) - (11) u mpe/ImoIoxKen e NH/LYKITI:

T' (UL ) < T(Dge) + 1+ T/ (UL <
q—1

1
<4+ -loggk+4(¢g—1)—1+ logy k =4qg — 1 + log, k,
q

T' (UYL ) S T(Dppy) +2+T'(UE ) <4+4(g—1) —1=4¢— 1.

Tem cambiM, Teopema 1 mokazana.
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On the functional complexity of the two-dimensional domination
problem
Gasanov E.E.

In this paper we study the two-dimensional domination problem in
which the database is a set of points on the plane, and it is necessary
for an arbitrary point of the plane, interpreted as a search query, find
all the points from the database, which exceed the query by both
coordinates. Functional complexity is the function of the dependence
of search time on the memory size. The paper shows how, using the
Bentley-Maurer method, we can obtain algorithms with different search
time and memory size ratio.

Keywords: information-graph data model, two-dimensional domination
problem, functional complexity, grid method.
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O makcuMaJIbHOM HAKPBITUN HaYaJa
HATYyPaJIbHOTO PAJia C OrPAHUYEHUAMU

Heprau [Térp Cepreesuu

B crarbe paccmarpuBaercst cieayromasi 3a1a9a; HeOOXOINMO
ONIPEJIESINTD, KAKOe MaKCHUMAaJIbHOE TI0 JJINHE HAYAJI0 HATYPab-
HOI'O Psijta, MOYXKHO HaKpPBITh apuPMETHIECKUMU IIPOrPECCUIMHT,
HE HAKPLIB IIPU 3TOM Bech psi. 11pu 9T0M MOXKET BBOAUTHCS Psi
OrpaHMYeHMIT Ha HAYAI0 U PA3HOCTH(IMAr) STUX Iporpeccuii, a
TaKk»Ke Ha UX 00Inee KOJIUIeCcTBO. B 3aBUCHUMOCTH OT TOTO, KaKue
73 OTPAHUYEHUI UMEIOT MECTO, BOSHUKAET KJIACC PA3JIUIHDLIX 3a-
J1ad, 9acTh U3 KOTOPBIX YCIIENIHO PeIaeTcs B JaHHoil crarhe. Ca-
MBIMU WHTEPECHBIME CJIyIasMU OKA3bIBAIOTCA OTPAHUYIEHUS TUTIA,
"magasio+mar", "koauuectso".

KitroueBbie ciioBa: HATypaJibHBIN psif, apudMeTnIecKas
IIPOrpeccusi, MaKCUMaJIbHOe HAKPBITHE.

BBenenue

B crarne IIPUBOJATCA TOYHBIE OIEHKHN Ha pPEHIeHHE 3a/ia4dl C OI'PaHUYCeHU-

" " "wemepeceuenue", "kosmaectBo". Tem cambiM

gaMu Tuia "Hadayuio",
OKOHYATEIHLHO 3aKPBIBAETCSI BOTIPOC O PEIIEHUN TOCTABJIEHHONW MPOOIEMBI C
€JINHCTBEHHBIM TUIIOM OrpaHudeHus. Jjist 3a/1a4m ¢ mapoii orpaHuvIeHuit Bo3-
HUKAIOIIME TPU 9TOM BBIKJIAJKN CTAHOBUTCS HA TOPSIOK HETpUBHAJIbLHEE.
Tem we Menee, jiyist orpannderuil Tuna "Hadaso-+imar" ymaercst HAWTH U J10-
Ka3aTh COOTBETCTBYIOIIYIO TOYHYIO OIEHKY.O peIennn MoX0XKUX MpobsieM
MOYKHO HPOYHUTATh B cTaThsx [1-8]. O Apyrux MHTEPECHBIX acHeKTaX HUCCIIe-
JIOBAHUI aBTOPA W JPYTUX YIEHBIX B CMEXKHBIX 0OJIACTIX K TeMaTHKe TAHHOM

paboThl MOXKHO npounTarh B [9-20].

mIar
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OcHoBHBIE orpeaeJsJieHmnA

MHO2KeCcTBO HaTypaJIbHBIX duces obo3HadaeM 4depe3 N.

MHuoxkecTBO 1E/IBIX Unces obo3HatMaeM depe3 Z.

MHO>KeCTBO IIeJIBIX HEOTPUIATEIBHBIX Unces obo3HadaeM depes3 Ny.

MHOKeCTBO IeCTBUTENbHBIX Unces obo3HatTaeM depe3 R.

st mpousBosibHOrO 1 € N MHOXKECTBO HaTypasbHBIX 4dnces oT 1 10 n
oboznagaem uepes F,.

Yepes P obosHaTaeM MHOXKECTBO IIPOCTHIX THCE.

Insa npoussosibroro n € N Hepes P, oboznagaem muoxkecrso P N E,.

IIycrs a,b € N. Torma apugpmemuueckoti npoepeccuets ¢ HAYAAOM G U
wae2om b Ha3BIBAETCST MHOXKECTBO

{a+ib|ieNob.

st kpaTkocTr 0603HAYAEM 3Ty MPOrpeccuto uepes (a, b).

MHo>kecTBO BceX apu(MeTHIeCKNX IIporpeccuii obosnadaem uepes P.

s mpousBosbHOTO N € N MHOXKECTBO BCeX apudMETHIECKUX TPOrPec-
cuii, HaYaJI0 KOTOPBIX HE IIPEBOCXOJUT N, 0bo3HadaeM depe3 Pi(n).

MmuoxkecTBO BCex apudMeTHIEeCKHX MMPOrPECCHi, mar KOTOPBIX He IIpe-
BOCXO/IUT 1, 06o3HauaeM depe3 Po(n).

Yepes f; obosHadaeM MaxcuMmaJsbHoe m € N rakoe, 94TO MHOXKECTBO F,
MOYKHO HAKPBITH OObEINHEHWEM JIIOOOTO KOHETHOTO KOJTMYECTBa TOTAPHO
HEIEPECEKAIOIINXCS IeMeHTOB 13 [P, He HAaKPBIB IIPU 9TOM BECh HATYPAaJIbHBII
psm N.

Yepes fa(n) obosnadaem makcumanbnoe m € N Takoe, ITO MHOXKECTBO
Fy, MOXKHO HAKPBITH 00bEIMHEHUEM JTI000T0 KOHETHOI'O0 KOJIMYECTBA JJIEMEH-
ToB u3 P;(n), He HAKPBIB IPH 9TOM BeChb HATYpaJsbHbIH psig N.

Yepes f3(n) obosnavaem makcumasbHoe m € N Takoe, 4T0 MHOXKECTBO
F), MOXKHO HAKPBITH 00bEIMHEHNEM JTI000T0 KOHETHOI'O KOJIMIECTBA JJIEMEH-
ToB u3 Pa(n), He HAKPBIB MIPU 9TOM BeCh HATypaJsbHbI psig N.

Yepes fy(n) obosnavaem makcumasibHoe m € N Takoe, 4T0 MHOXKECTBO
E,,, MOXXHO HaKpBITh O0ObeINHEHNEM He Oojiee geM n 3JieMeHTOB u3 [P, He Ha-
KPBIB IIPU 9TOM BeCh HaTypabHblil psi N. [Ipu 9ToM HUKAKUX OrpaHuYeHni
Ha IOMapHoe Mepecevenne apupMeTHIeCKuX IPOTPECCUil, UX HAYAJIO U IIar
He HaKJIaJbIBAETCS.

Yepes fo3(n) obosmadaem Makcumasnbuoe m € N rakoe, 9TO MHOXKe-
c¢tBO F),;, MOXKHO HAKPBITH OODBEIMHEHWEM JTIOO0TO KOHEYHOTO KOJTHMIECTBA
ssiemenToB u3 Pi(n) N Py(n), He HAKPBIB NPU 9TOM BECh HATYDPAJIbHBIH PsiJl

116



N. TIpu s3TOM HUKAKUX OrpAHUYEHUI HA IONAPHOE MepeceveHrne apudmMeru-
YEeCKUX HpOFpeCCI/Iﬁ N X KOJIMYIeCTBO He HaKJIaJlbIBacTCsd.

JTioby1o apudmernyeckyio nporpeccuto (a, b) MOKHO IPEJCTABUTD B BHJIE
00beIMHEHUS

(a,b) = (a,bp) U (a +b,bp) U... U (a+b(p—1),bp).

Muozxkectso (a+b(i—1), bp) HassBaeM i-vim caoem nporpeccun (a, b) ¢ wazom
bp.

HazpiBaeM moaMHOXKECTBO S HATYPAIbHOTO PsIa NAOTHO-YNAKOSAHHIM
c wazom p U 2aybunoti k, ecim ero MOKHO IOJYIUTH OTOpachIBaHHEM W3
muozkecTBa N HECKOJIBKIX (XOTst OBl OJHOIO) CJIOEB, B3SITHIX B KAKOM-HHOYIL

dbukcuposannoM cioe nporpeccun (1,1) ¢ marom pF=l.
st mpousBoJibHOTO N € N 0bo3HAUTaEM
t(n) :=max{a;-as-... ax | k,a1,...,ar € Nyag + ...+ ax = n}.

st smoboro x € R gepes [z] obozHauaem HanbosIbIIee 1es10e IucIIo a € 7,
JIJIsI KOTOporo a < .

Teopema 1. ITycmv n,m € N, m > 1. Toeda

f1 = 00, fg(l) = 1, fg(m) = 00, fg(n) = HOK(I,Q, ce ,n) — 1.

Teopema 2. ITycmv n € N. Tozda fa3(n) = ][] pliogp 7],
pePy

Teopema 3. IIycmo n € N. Tozda fq(n) = 2" — 1.
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,Z[OKaBaTeJII)CTBO BCIIOMOraTeJIbHbIX YTBep}K,ZLeHI/IfI

Jlemma 1. Kpurepuit nepeceuenus. Jas aobvix a,c € Ng u b,d € N
6EPHO
(a,b) N (¢,d) # 0 <= a = ¢ (mod HO/(b,d)).

JokazaresbeTBO JIeMMBI CM. B [1].

Jlemma 2. O mpumapsoctu. [lycmo k,n € N u das 1 < i < k swnoa-
Hneno ai, by € Ny by > 1. Ilycms, xpome moeo,

k

Ey C | J(aibi) # N

i=1
u by = p'ps?...p% — pasaooicenue wucaa by ma npocmole MHOMNCUMENU.

Tozda cywecmsyem maxoe t € Eg, das Komopozo

k

E, C | J(ai,b:) U (a1, pf") # N
=2

Loxazameavcmeo.
IIpeamonoxkum, 4TO yTBEpKIEHNE HEBEPHO U Jijisi Jitoboro t € F, Hne BbI-
[TOJTHEHO YCJIOBHE

k
E, C | J(ai,b:) U (a1, p%) # N, (1)
=2

OueBuiHO, YTO IJIs1 J1I000r0 t € F¢ BBIIIOJIHEHO

k k

E, C U(ai,bi) - U(ai,bi) U (a1, pt"). (2)

=1 =2

U3 mepbinosinenust yciaosus (1) orcrogia Torja ciaeiyer, d4ro i KayKJoro

t € E5 BepHO
k k

(@i, bi) € [ J(as, bi) U (a1, pf) = N. (3)

=1 =2

k

O6o3znaunm uepes S muoxkecrso N\ J (a;,b;). ITo ycioBuio oHo Hermycro.
i=1

Opnako, u3 (3) mostydaeM, 9ro npu Beex t € Es BBIIOJHEHO

S C (a1, pi). (4)
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3HaquT

S C ﬂ(alap?t)‘ ()

=1

U3 B3anmHoit pocrorsl yucen pit, t € Es noaydaem u3 (5), 40

k s
N\ (@i bi) = S € (a1, [ [ pf*) = (a1,b1).
=1 i=1

HonyquHoe IIPOTUBOPEYINEC OYEBHUIHO 3aBepIIacT JOKa3aTEJILCTBO JIEMMDBI.

JlemMma 3. O mjoTHOI ymakoBke. [lycmv p — npocmoe wucao, dano
L = (a;,bi)l"y — cemeticmeo nonapro Henepecexaouurcs npoepeccutl ¢ ua-
20MU, PABHHIMU CMENEHAM YUCAA P U NYCMD IMO CEMETUCNBO He HAKDPLLEAEM
ece N. Tozda €20 MOHCHO HAKPHIMD NAOMHO-YNAKOBAHHBIM MHONCECTNEOM C
wWazom p u 24Yo6uHOT ]I%[, UCTOAD30BAB NPU IMOM He boaee N npozpeccud.

Hoxazamensvcmeso.

CyTb slokasare/beTBa ouenb npocra. OGosnaunm wepes k uncio | .
Pacemorpum citon nporpeccun (1, 1) ¢ marom p. BosMoxKHBI J1Ba ciryuast: nim
XOTs OBl OJMH U3 ITUX CJIOEB HE II€PeceKaeTcs C djieMeHTamMu u3 L, nim ke
L xorst ObI 9aCTUYIHO HAKPBIBAET KaxKJblil ciioif mporpeccuu (1,1) ¢ marom
p. fAcmo, aro Kaxkmast nmporpeccus u3 L Oymer HAXOAUTHCS HEIUKOM BHYTPHU
KAKOT'O-TO OJIHOT'O CJIosi. B 1epBoM cilydae Hy»KHO 3aMEHUTDb BCE 3JIEMEHTBI U3
L, naxongmuecss BHYTPHU CBOETO CJIOS HA caM 3TOT cjoit. Bo BTOpoMm citydae
9TOro crejaTh Heib3sd. OJIHAKO, MOXKHO 3aMEHUTH TAKUM 00Pa3oM BCE CJIOU,
KpOME OJTHOTO. A y2Ke K 3TOMY CJIOI IIPUMEHUTH TAKOe YK€ PACCYyKIACHHUE, KO-
TOpoe BBIIIE OBLIO UCIOAB30BaHO st iporpeccun (1,1). Beero na kaxmom
mare MTEPAIUU ITOrO Ipolecca Oyraer B3aTo p — 1 cioes. U jumib Ha 1o-
CJIeHEM IIIare MOXKET ITOTPebOBaThCH B3ATh TOJHKO HEKOTOPYIO YacTh BCEX
cnoeB. O4UeBUIHO, ITO TIPU TAKOH 3aMeHe KOJUIECTBO UCIIOIH30BAHHBIX TIPO-
rpeccuii He BO3pacTaeT W, 3HAYUT, UX Oymaer He OoJibine n. U Ha mocsemmem
IIare UTEpaImu Mbl OygeM Gparh cion ¢ maroM pF. 3HaunT 06pasoBaHHOE
HaMWN MHO2KECTBO ABJIAETCA IIJIOTHO YIIaKOBaAHHBIM C IIaromM p u FHY6HHOﬁ

k=]l
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JIemma 4. Ilpo t(n). Jas awobozo k € N eepnw caedyrousue pasercmesa:

t(3k) = 3%, t(3k+1)=4-3"1 t3k+2) =23~

Hoxazameavcmeo.
IIycrs mist pukcuposanaoro n € Nyn > 3 uucia ag,...,ar € N gocras-
JIAIOT MaKCUMAJIbHOE 3HAYEHUE JJIS G * ... G) C OlPAHUIECHUEM

ay+...+ap =n.

Torna Bce a; > 1, Tak Kak B IPOTUBHOM CJiydae mapy 1, a; MO2KHO ObLIO ObI, He
ITOMEHSIB CYMMY U YBEJIUUIUB [IPOU3BEIeHNEe, 3aMEeHUTD Ha a;+ 1. AHAJIOrn9IHO,
Bce a; < b, Tak Kak IPH a; > 5 ObLIO ObI BEPHO, YTO

2(a; —2) =2a; —4=a; + (a; — 4) > q;

U 3aMeHa YHCIIa a; Ha Iapy YucesI 2 U a; He U3MeHUIa Obl CYMMY, HO YBEJIHYIH-
Jia pousBesienne. Takyke MOYKHO CUUTATH, 9TO a; 7# 4, TaK Kak 4 MOKHO, He
W3MEHUB CYMMBI U [IPOU3BEIeHNsI, 3aMeHuTh Ha 2 u 2. Takum obpaszom, Bce a;
pPaBHBI UJIU JABYM, WU TpeM. BoJibiiie AByX JBOEK Cpeiu a; ObITh HE MOXKET,
TaK KaK MHade Mbl MOIVIM ObI 3aMEHUTH 3 JBOWKM Ha 2 TPOMKHU U, HE U3Me-
HUB CyMMYy, yBesmamin Obl mipousBejienue. [locie ckazanHoro yrBepxKjieHue
JIEMMBI CTAHOBUTCSI OYEBUTHBIM.

Caencrsue us gemmbr 4. s mo6oro n € N sepro, aro t(n) < 33.

Hoxazamesvcmso.

s n = 1,2 yTBep2KJeHne MpoBepsieTcd HernocpeacTBenno. [Ipu n > 2
YTBEP2K/JIEHUEe TPUBHAJBHO BBITEKAET N3 BEPHBIX HEPABEHCTB

4301 <385 2.3F < 3k
n

JlemMma 5. MaaykTuBHbIi nepexon. [lycmov das ecex m € E, aepro,
wmo fy(m) = 2™ — 1. H nyemo dano L = (a;,b;)71} — cemeticmeo us n + 1
npoepeccutl, codeparcausee NAOMHO-YNAKOBAGHHOE MHOHCECNE0 ¢ wazom p € P
u 2ayounot 6oavwe 1. Toeda L ne moorcem naxpoisamsd Font1, He HAKPHLE NPU
amom eeco pad N.

Zloxazamenvcmeo.
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Bynem moka3bIiBaTh yTBep:KAeHNE OT TpoTUBHOTO. 110 ompeaenenuio miot-
HO YIAKOBAHHOT'O MHOXKECTBA B L ecTh p — 1 Pa3JIMYIHBIX CJIOEB C IIaroM p.
Vaamum uz L 9Tr cion u 0603HAIUM HOJTyIHBIIeecst cemeiicTso yepes L. B

2n+1
OoCTaBIIEMCsd CJIOE (.’L‘,p) 6y,HET, KaK MHUHUMYM, T quceJl U3 E2n+1. TaK

kak L ne nakpoiBaso N, To u L' ne HakpbiBaer (x,p). 3aMeHUM KarKblii
sntement (a,b) uz L' ua (a,b) N (x,p). lonyuennoe cemeiicTBO 0603HAIUM e~
pes L”. MoxKHO cunTaTh, 4TO B HEM CTOJILKO K€ 3JIeMEHTOB, CKOJBLKO U B L/,
uHave Kakoii-to sjmement (a,b) € L' ue nepecekasicst 6bl ¢ (X, p) U €ro MOXKHO
ObLI0 OBl M3HAYATIBHO BRIKMHYTH 3 L. 3naunt B L” BCero n+ 1 — (p — 1)
ssemenToB. Tak kak n+ 1 — (p — 1) € E,,, T0 110 ycJI0BUIO

fln+1—(p—1))=2""0"0 1, (6)

Opnako, Bee asementsl U3 L” mexar B (z,p), Ho L” He HakpbiBaeT ero 1e-
smukoMm. [TosTomy

n+1
for1-o-1)= (2. )
U3 (6) u (7) momyaaem, 910
ortl=(=1) _1 > {27:1} . (8)

[Tpu p = 2 370 yCaoBHUE, OYEBUIHO, HapyInaeTcs. Ecan ke p > 2, To u3 (8)
2n+1

n+1 —
oIy IaeM 2 > , a 3HaguT p > 2P 1 gro, Koneuno xe, HEBEPHO.

op—1 —
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,Z[OKaBaTeJII)CTBO OCHOBHDbIX YTBep}K,Z[eHI/Iﬁ

Teopema 1. ITycmo n,m € N, m > 1. Toada
fl = 00, f2(1) = 17 fZ(m) = 00, fS(n) = HOK(]-727 7”) — L

oxazamenrvcmso.
Hokaxkem, aro f; = oo. llycrs k € N. Paccmorpum cremyroiee MHOXKe-
CTBO:

Pr=(1,2)U(2,4) U (4,8) ... (2" 1 2M). (9)

fcno, uro B (9) Bee nporpeccuu HOIapHO He IIEPECEeKAITCsl U B COBOKYITHOCTH
HAKPBIBAIOT BCE YWCJIa, HE JEJIANINecs: HAIEeJa0 Ha 2k Buaunt fi> 2k _ 1,
T.e., U3 Ipou3BoOJIbHOCTH k, fi = 00.

Hokazkem or nporusroro, uro fa(1) = 1. Ilycrs fo(1) > 1. Torga cyrue-
CTBYET TaKOe KOHEUHOE CeMENCTBO apudpMeTHIeCKNX MPOIPECCUil ¢ HAYAJIOM
B 1, 00bequHeHNE KOTOPBIX cojepxkuT 1 u 2. Ho 310, B cBOIO 0Yepeib, 0O3HA-
TaeT, ITO B KAKOH-TO M3 IIporpeccuit 3Toro cemeitcTsa ecth u 1, u 2. Ho Torma
3Ta mporpeccus OyaeT HaKpbIBaTh Bech psijl. [losrydeHHOe TpoTUBOpEYnE JI0-
KasbiBaer, 910 fa(1l) = 1.

Hoxkazkem, aro fo(m) = oco. st 97010 TOCTATOYHO JTOKA3ATH, UTO

f2(2) = Q.

Paccmorpum npousBosibroe [ € N. Tak Kak IpoOCThIX Unces OECKOHETHO MHO-
ro, TO CyIIECTBYeT IIPOCTOE YUCJIO P, KoTopoe boJibiie [. ITocmorpum Ha cie-
JIYIOIee MHOYKECTBO:

P,=(1,2)U(1,3)U(L,4)U...U(1,))U(2,p).

Acuo, uro P HakpbIBaeT BCe HATypaJbHbIe YHC/IA, MEHbIINe WM PaBHbIE
I+ 1. B 10 ke BpeMs 3TO MHOYKECTBO TOYHO HE COIEPXKUT uucya 1 + p.
[Mostomy fo(m) = oo.

Hokaxkem, aro f3(n) = HOK(1,2,...,n) — 1. I[Ipu n = 1 scHo, gTO
BCE pa3pelleHHbIe MPOTPECCHr OyAyT UMETh Iar 1 W MOTOMY HE CMOTYT
HAKPBITh B COBOKYITHOCTH 1, He HAKPBIB BECh HATYPAJbHBIH psijl. SHAUUT
f3(1) = 0 = HOK(1) — 1. ®opmysa BbinosiHeHa. JonycTumM Temnepb, UTo
n > 1. PaccMoTpuM criefiyioriee MHOYKECTBO:

Py = ((1,2)) U ((1,3)u(2,3)) U...u ((1,n)u(2,n)u...(n—1,n)). (10)
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Hcno, uro cemeiicrBo mporpeccuit u3 (10) He HAKPBIBAET B COBOKYITHOCTH T
U TOJILKO T€ YHCJIa, KOTOPbIE OJITHOBPEMEHHO JIeJIsATCsI Ha 2, Ha 3, HAa 4 U Tak
JaJiee 10 n. 3HAYNT P3 3aBeIOMO COIEpP:KUT B cebe Bce HATypaJbHbIE UHCIa,
crporo menbime yem HOK(1,2, ..., n). ITosromy

fa(n) > HOK(1,2,...,n) — 1. (11)
JlokazkeM Ternepb OT TPOTUBHOIO, UTO
fa(n) <HOK(1,2,...,n) — 1. (12)

[Iycts sT0 He Tak. Torma cyiecTByeT Takoe KOHeUHOe cemeiicTBO X apud-
METUYECKHUX IIPOTPECCHii, 00beIMHEHIE KOTOPBIX COJIEP:KUT BCE HATypasib-
uere gnciaa ot 1 mo HOK(1,2,...,n) u nmpu 5TOM He HAKPBIBAET BECh Ha-
TypasibHbiil psi. [lycts s € N — mpousBosibHOE HATYPATBLHOE YHCIO0 MEXK-
ay 1 uw HOK(1,2,...,n). Ero HakpbiBaeT ojHa u3 mnporpeccuii cemeiicrsa
X. Bes orpanuuenusi obmHOCTH, 9Ta Hporpeccust umeer Buj (x,y). 37ech
1 <y < n. Ho rorga uucio s + HOK(1,2,...,n) Toxe npunagiexur (z,y),
Beab HOK(1,2,...,n) agemurcsa 6e3 ocrarka na y. Ho 4nciio $ MOKHO BbI-
6parTh IPOU3BOJILHO Cpeju HaTypaJsbHbIX ducena or 1 go HOK(1,2,...,n).
SuauuT cemeiictBo X HakpbiBaeT Bech N, a 3T0 HeBO3MOXKHO. VTak, Hepa-
BercTBo (12) nokaszano. O6beuusst Hepaserncrsa (11), (12), nomyuaem, dro
fs(n) = HOK(1,2,...,n) — 1.

|
Teopema 2. [Tycmo n € N. Tozda fa3 = [] pllogsml _ 1,
peP,
Jloxasamenrvcmeo.
OGoznaunm uepes t(n) uncio [] pl°8 ™. Jokaxewm, uro
pEP,
f273 Z t(n) —1. (13)
st npoussosibHoro p € P, obosHauum vepes a(p) duciio plogo ™y g

_1 BBOIUM 0DO3HAYEHHE

R(p,i) = (i,a(p)). (14)

Ouesnjao, uro B (14) Bce R(p,i) € P1(n) NPy(n) u BBIIOIHEHO

HPOMU3BOJILHOTO @ € Fg(y)

a(p)—1

U R(p.i) =N\ (a(p), a(p)) (15)

=1
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st nokazarensersa (13) ocranoch 3aMeTuTh, 9To U3 (15) MOKHO HOIYyINTH

a(p)—1
U | U Red| = N\(@p).ap) =N\ [ ) @p).ap) | =
peEP, i=1 peEP, pEP,

=N\ | I] al). [T a(p) | =N\ (t(n),t(n)).

peEP, pEP,

JlokazkeM Ternepb, ITO
faz <t(n) — 1. (16)

IIycTb 9T0 HeBepHO U HarIuch Takue k € N a;,b; € N, ¢ € Ej,, 1151 KOTOPBIX

.
By C (J(ai,bi) # N, (17)
=1

(ai, bl) S Pl(n) N ]PQ(’I’L), 1 € E. (18)

MoxkHo cpasy cuntarb, 4To Bee b; B (16) Gosbiie 1, Tak Kak MHAUE IPOrpec-
cust (a;, b;) He mepecexayach 6bI ¢ Ey,) 1 ee MOXKHO ObL7T0 6b1 BHIKIHYTh. [1o
JieMMe 2 0 IPUMAPHOCTH MOYXKEM CUUTATh, U4TO Bce b;, 1 € K — npumapubie
qKc/Ia, TaK KaK OIPOBOANMAsl B JleMMe 2 3aMeHa rnporpeccun (ai,by) Ha mpo-
rpeccuio (aq,py*) He BeIBOAUT Hac 3a Kiacc Py(n) NPa(n). U3 (18) crenyer,
qTo a;,b; < n upu ¢ € Ey. Hna kaxmaoro p € P,, obozHataem

v(p) := {i € Ey | b; nenurcs va p}.

Tak kak Bce b; < n, TO UX TPpUMApPHbIE OCHOBAHUS TOXKE HE IIPEBOCXOJIST 1,
a suagut jexar B P,. [lostomy

U o) = Br. (19)

peEP,

Temeps mpomesraem cieayromiee npeobpazosanue. nsa Bcex p € P, u g
Bcex i € v(p) uporpeccuto (a;, b;) MOXKHO IPEJCTABUTH B BUJE KOHETHOI'O
00bEIMHEHNST HEMEPECEKAIOIUXCsT TPOTPECCHil ¢ MaKCHUMAIBLHO BOZMOXKHBIM
st kaacca v(p) marom a(p). DTo BEpHO, TaK KaK BCe Takue b; — CTerneHn
YHCJIa P U 9T CTelleHn He npeBocxosT a(p). IIpu 9ToM, BOSMOXKHO, MbI BbIii-
JieM 3a rpaHuibl Kiacca Pp(n). 3ameruM, 9To XoTst ObI OlHA U3 IPOrPECcCHit
B CIICKE

(1,a(p)), (2,a(p)), .., (alp),a(p))
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He BOiijer B Halle IpejcTaBieHue. JIpyruMu CJIoBaMu TakOil IpOrpeccuu
(o6oznaumm ee 3a (b(p),a(p))) He Byner B MHOXKeCTBe

U (aib). (20)

i€v(p)

PaCCMOTpI/IM Tennepb MHOXKECTBO

(M (), a(p)). (21)

pEPn

Omno HemycTO, TaK KaK MPHU PasHbIX p1,p2 € P, unciaa a(p) Oyayr B3auMHoO
IIPOCTBIMU. BoJjiee TOTO, U3 KUTAMCKON TeopeMbl 00 OCTaTKaX M3BECTHO, UTO

(21) obpasyer apudmernieckyro mporpeccuio ¢ marom || a(p) u HAUAIOM
peP,
He BbIIe 3Toro ke yncia. OcTajgoch 3aMeTUTh, 9TO

IT ) = I p'&" = t(n).

pEP7L peP’IL

[Moayawiu nporuBopedne ¢ yciaosueM (17).

Teopema 3. IIycmo n € N. Toeda fq(n) =2" — 1.

oxazameavcmeo.

Hokazkem cHauama, aro fq(n) > 2" — 1. JTias 97010 J0CTATOYHO PACCMOT-
PeTh HAKPLITHE

P=(1,2)U(2,4) U (4,8) L...L (271 2m).

fcHo, UTO B mpaBOil YACTU ITOTO HAKPBLITUSA POBHO N MPOI'PECCUl U OHU B
COBOKYITHOCTH HAKPBIBAIOT BCE YUCJA, cTporo MeHbiue veM 2". ITosromy
f4 (n) > 2" — 1.

Hokazkem renepsb, uro fi(n) < 2™ — 1. Bynem 10Ka3biBaTh yTBEpXK/IEHIE
napykueit mo n. [lpu n = 1 yrBepxkaenune odeBuHo. [pemonmoxkum, 910
npu n € Ej, yrBepxaenune nokasamno. Jlokaxkem, aro u npu n = k + 1 yTBep-
sjenne Toxe BepHo. Ilycrs a0 me tak u fy(k + 1) > 21 Pacemorpum
TOTJIa KaKoe-HUOYIb ceMeficTBO

I = (ai, bi)kJrl

=1
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HakpoiBamoiee Eyrr1, HO He HakpbiBaomee Bech psan N. O0ozHavunM 4epes
U(L) obbenunenue ero sjiemeHToB. MOXXHO cpa3y camrarTh, 4To BCe b; > 1,
Tak KaK mHade nporpeccun (a;, 1) He mepecekanch Obl ¢ Fokt1 U UX MOXKHO
Ob1710 ObI BRIKUHYTE. 110 iemMe 2 cuuTaeM, 9To Bee b; IpUMapHbI, TO €CTh B~
JISIIOTCsI CTENEHSIMU POCTRIX unces. Tora cemeiicTBo L MOXKHO IPeJICTABUTH
B KOHEYHOro oObeunenust cemeiicts (L;)7_; Takux, 4To MIaru BCeX Iporpec-
cuil u3 L; 9BAAIOTCS cTeneHsiMu HeKoToporo p; € P.

Ob6ozHaunM KOJIMIEeCTBO 3jieMeHTOB B L; depe3 a;. ObozHauuMm depes
U(L;) obbemunenne smementoB u3 L;. 13 semmbr 1 ogeBuano ciaeayer, 9To
npu Beex ¢ = 1,...,§ yieMeHThl 3 L; monapHo He nepecekarorcs. 1o jgem-
Me 3 MOXKHO CYMTaTh, YTO Kaxkjoe u3 MHoxecTB U(L;) siBisiercsi IJIOTHO-
YIAKOBAHHBIM MHOYKECTBOM C Iarom p;. llpuuem u3 jieMMbl 5 ciieiyer, 9To
rIyOnMHa KaskI0ro M3 TAKMX MHOXKECTB paBHa 1, TO eCcTh Bce Imaru b; mpo-
rpeccuit u3 L — npocrere gucita Buga (p;);_,. Torma U(L) sBisiercs nepu-
OJINIECKUM MHOXKECTBOM C MEPUOJIOM § := P1 - P2 * ... - Pg. SHAUUT HAMIETCST
Takoe x € Fy, 1To BCe sj1eMeHThl U3 L He mepecekarorcs ¢ nporpeccueit (z,t).
OrneHnM cBEpPXY KOJUIECTBO JIEMEHTOB B MHOXKECTBE

UL)N{zx+ili€ E1},

TO ecTh KosimaecTBo vyteMenToB u3 U(L) na ero nepuoge. 1o xuraiickoii Teo-
peme 00 ocTaTKax TaKHX 3JIEMEHTOB OyneT He OoJIblle 4eM aj - G2 - ... - Gs.
Ho mbr 3HaeM, uTO a1 + a2 + ...+ as = k + 1. Ilo crencrButo n3 gemmbl 4
LOJIy aeM

ar-as- ... as <33 .

k+1
Octrasioch 3aMeTuTh, uto 3 3 < 251, Buaunt na nepmone mmoxecrso U(L)

2k+1

uMeeT MeHee 4eM 3JIEMEHTOB, YTO MPOTUBOPEYUT TOMY (PaKTy, UTO Ce-

MeticTBo L HaKpbIBaeT Foki1.
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About the maximum coverage of positive integers with some kind
of restrictions
Dergach Peter Sergeevich

In this thesis it is necessary to find the maximum length
of the beginning of natural set, that can be covered by the
union of arithmetic progressions without covering this way all
natural set. There are also some kind of restrictions on beginning
and step of these progressions, and on their total number.
Depending on what type of restrictions take place, we have
a class of various tasks. Some of them were solved in this
paper. The most interesting cases are types of restrictions like
"beginning-+step"and "quantity".

Keywords: natural set, arithmetic progression, maximum
coverage.
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IIpobiema crabumm3aliuu B OyJIeBbIX CETIX

M. 2K. ZKombapsicos, 10. C. Hlyrkun
(MI'V nmenn M.B. Jlomonocosa)

B nannoit pabore paccmarpuBaeTcs pobsiema crabun3anuu OyJeBBIX
ceTeil, a UMEHHO, BOIIPOC HAJIMYUA TOYEUHBIX aTTPAKTOPOB B ACHHXPOHHOMN
Oynesoit ceru. Haitjien kpurepuii cTabuIn3aiun B 3aBUCUMOCTA OT BbIOOPA
KOMITOHEHT OyJieBoit cetu: rpad, OyieBbl (pyHKIMH, HAYAILHOE COCTOSTHUE,
TOPSAIOK OOHOBJIEHUS.

Kirouessie cioBa: OyiieBbl cetn, crabunuzanus. [Ipobsiema crabuinza-
1uu B OyJIEBBIX CETSIX

BBenenne

UccnenoBanne GHOTOTTYIECKUX ceTell MMeeT Ba2KHOE MECTO B bronHMOpMaTH-
Ke, CHCTeMHOI buoJiorun u anredpandeckoit ouosoruu. OHON U3 MHOTOYUC-
JIECHHBIX MaTEeMaTHU4Y€CKUX MO,Z[G.HefI 6I/IO.HOFI/I‘IeCKI/IX ceTeil sIBJISAIOTCS 6y.)'[eBbI
cetu. BriepBoie OyieBnl cetu paccmorpensl Crioaprom Kaydbdmanom B 1969
roay [1], kKak ciaygaiiHasi MOJIE/Ib PEryJISIPHON T€HHON CeTH, KOTOpasi B CBOIO
oYepeib SBJIAETCH YACTHBIM CJIydaeM KJIETOYHOrO aBTromara. bByseBa cerb
UMeeT OYEHBb IPOCTYIO MOJIEJb B BUJE OPUEHTHUPOBAHHOIO Tpada: KaxKjasi
BEPINHA MOXKET MMeThb cocTosiane 6o 0, mmbo 1, 1 COCTOSTHUS 9TUX Bep-
IIIUH MEHSIIOTCSI B HEKOMW IOCJIEIOBATEILHOCTU U JUCKPETHO, IO/, JIeHCTBUEM
HEKOTOPBIX OysieBbIx dyHnkiuit. KomuyecTBo 6yseBbIx ceTeli NMEONUX POBHO

2" n!

n
7, BEPIIUH — (ﬁ) , Tie K — MakcuMaJibHOE KOJIMIECTBO apI'yMEeHTOB Oy-

JieBbIX (byHknn. [loBemenne n cTabuIbHOCTD Oy/I€BOI CETH XapaKTePU3yeTCs
aTTPAKTOPOM, MOHATHE KOTOPOI'O 3aHUMAET IEHTPAJBLHOE MECTO B TEOPHUHU Oy-
JieBbIX cereil. KommaecTBo BOBMOXKHBIX aTTPaKTOPOB U UX JIJIHHBI U3y YaIUCh
C. Kaybdmanom 2], I.2K. Aiipornom [3]. IIpobiema HaX0XKjeHUST aTTPaK-
Topa B OyJsieBoii cern uccrienosasack 1. @aitzyposeiv [5], E. Ly6posoii [4],
T. Axyrcoii [12] u ap. B nannoii pabore paccmarpupatorcs mpobsema cradbu-
Ju3anuu OyJIeBbIX ceTell, a UMEHHO, BOIIPOC HAJIMYIHUS TOYEIHBIX aTTPAKTOPOB
B OyJIeBoOil ceTH.
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OcHoBHBIE TTOHATUS

byaesa cemv N — opuenTHpOBaHHBII TceBiaorpad (G, KOTOpBIH oIpee-
JIsieTcsi KOHeYHbIM HabopoM Beprimd V' = {vq,v9, ..., Uy}, MHOXKECTBOM pe-
Gep F, nHadasnbHbIM cocTosinreM BepinnH v(0) 1 HaGopoMm OysieBbix dyHKIIL
F = {fi1, fo, ..., fn}, UpHUINCAHHBIX STUM BEPIIMHAM COOTBeTCTBEeHHO. [Ipu
9TOM KOJIMYECTBO apryMEHTOB (PYHKIUHU, MPUITMCAHHON KAXK0W BEPIIUHE, B
TOYHOCTH PABHO KOJUIECTBY pebep, BXOMASAIINX B 9Ty BEPIMUHY, U YCTAHOB-
JIEHO COOTBETCTBUE MEXK]Iy BXOISINMUME pebpamMu U aprymMeHTaMu (pyHKIUN
IyTeM HyMepalun BXoaamux pebep ot 1 1o k, riae k — cremenb BXo1a BEPIU-
HbL. B ciryuae, ecyin nmopsiJIok apryMeHToB (byHKIMN He BayKeH (T. e. hyHKIusI
CHMMETPUYHAsT) UM COOTBETCTBHE MEXK/Iy BXOJAMNME peOpaMu 1 apryMeH-
TaMU CJIeJlyeT U3 KOHTEKCTa, HyMepalius pebep Oy/er omycKaThCs, YTOObI He
3arpoMoOzK1aTh PUCYHKH.

O6osna"nM 1epes vl cocmosnue(3HaUeHNe) 6ePWUHDL V; B MOMEHT Bpe-
MeHu t, KOTOpoe MoxKeT ObITh paBuo Jubo 0, qubo 1. Hampumep, Oyseas
ceth Ha puc. 3, cocrout 3 V = {v1}, F = {z} u v{ = 0.

Cocmosanuem nnmn mpaexkmoputi T OyJieBoil ceTn B MOMEHT BpeMeHu ¢ Oy-
neM HazbiBaTh BekTop V(t) = (v, vh, ... v!). Hauanbnoe cocrosinue Gysesoit
ceru N 3azaercst Bekropom v(0). 3amernm, 9T0 CyIIECTBYeT TOJIBKO 2" BO3-
MOYKHBIX COCTOSTHUH OYJIeBOH ceTn.

CymecTByer JiBa BUJa OYIEBBIX CETEH: CUHTPOHHAA U ACUHIPOHHAA.

JamuMm cHadasia ompeaeaeHne acunTporHoti 6ysesoti cemu. B Kaxkprii
MOMEHT BPEMEHH, BBHIOGUPAETCS OJIHA BEPINUHA, ¥ OHA MOYKET OBbITh OOHOBJIE-
Ha, a BCe OCTaJIbHbIe HE MEHSIOT CBOe 3HadeHre. 3a MPOMEXKYTOK BPEMEHU
PaBHBII N, KaXKJasi BEPIIUHA JOJKHA OOHOBUTHCS POBHO ojuH pa3. CocTos-
HIE ¥; B MOMEHT BpeMeHH t + 1 MoxkeT ObITH HallIeHO, KaK

i1 ) filvf v, vﬁk), ecJin BbIOpaHa JjIsi OOHOBJICHUS] UMEHHO U
v t .
(U uHaue;
IJie Vi, ..., Vi, — HAOOP BEPIINH, U3 KOTOPBIX BEJIyT OPHEHTHPOBAHHLIE peO-

pa B v;, BAIMCAHHBIX B TOW HOCJEIOBATEILHOCTH, B KAKOW OT HUX 3aBUCHUT
dyuknus f;, a k — cremneHb BX0Ja BEPIIUHBI U;.

Cunzponnas bysesa cemd OTIUIAETC OT ACUHXPOHHOM TE€M, UTO B KaXK-
JBIT MOMEHT BpeMeHU OOHOBJIAIOTCS Bce BepIuHbl. DOpMaIbHO 3TO BBITJIS-
JUT TaK: vf“ = fi(vfl,va,...,vfk), Vi = 1,2,..,n, a v, ...,v;, — HabOp
BEPIIUH, U3 KOTOPBLIX BEIYyT OPUEHTUPOBAHHBIE pedpa B V;, 3alMCAHHBLIX B
TOHM MOC/IeIOBATETLHOCTH, B KAKO# OT HUX 3aBUCHAT (PYHKIWA f;, Takxke k —

CTelleHb BXOJIa BEPIIUHBI v;. ByneBy cerb V OyjieM Ha3blBaTh CTaOUJIBLHOIM,
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ecan ee tpaekropust 1'(t) He 3aBucuT or BpemeHu t > My Ipu HEKOTOPOM
My. Opuentuposannoe pebpo (vj,v;j) Oynaesoii cern N Ha3bIBaeTCs Hecyuje-
cmeenbiM, ecn f; He 3aBUCHT OT 3HAYEHNS BEPIIUHEBL V;.

Tlopsinkom D 6yneBoit cetu V' Ha30BEM IIOC/IEI0BATE/ILHOCTD, COCTOSIITYIO
W3 1 BEpPIIUH, PACCTABJIEHHBIX B HEHl B TO OdYepe HOCTH, B KAKO OOHOBJISI-
Jiach OyJieBa ceTh B IIepBbIe 7 MOMEHTOB BPEMEHH.

[Tycrs w € {0,1}™ — cocrosinme GyneBoit cetnt 1 R(w) — BCEBO3ZMOXKHbIE
COCTOSTHWSI, KOTOPBIE MOT'YT OBITH JIOCTUI'HYTBI, HAUWHAS C w. 10T/1a MHOYXKe-
CTBO COCTOSTHU{T S HA3BIBACTCS ammparxmopom OyaeBoii cern, ecan R(w) = S
It J1I060r0 w € S. S HABBIBAETCS MOUEUHBIM AMMPAKmopom, eciau |S| = 1, u
HA3BIBACTCS YuKAUYECKUM ammpakmopom B ciydae |S| > 1. Takum obpaszom,
OyneBa cetb N oOIpeJe/isieTCss MHOXKECTBOM BEPIUH V| MHOXKECTBOM pebep
F, dyukuumit F', cooTBeTCTBHEM MEXKIy pedpamMu BXOISIIUMU B BEPIINHbI
U apryMeHTaMW TPUMHUCAHHBIX (YHKIWH A, mopsakoM obHoBiaenust D, Ha-
qasibHbIM 3HadeHueM BepiinH v(0) (unage rosopsi, N = (V, E, F, A, D,v(0)).
3aMeTuM, 4TO JJINHA aTTPAKTOPa MOXKET OBITH J1I000H B mipejienax ot 1 jgo 2™,
[TpuBenem npumep aCMHXPOHHON OyJIeBOI CeTH, UMEIOIIEH aTTPAKTOP JJINHbI
2" (V,E,F,A,D,v(0)) = ({v',v% ...,0"}, {(v}, o)), ..., (@™, o™}, (%,...,T),
nr0bast HyMepanust BXoasmmx pebep, moboit nopsiok, v(0) = {0,0,...,0}).

O0630p anTEpPATyPHI

C. Kayddwman [1] onpesesni, 9To cpejHee KOJIXIECTBO aTTPAKTOPOB B CHH-
XPOHHOH OyJIeBOil ceTH ¢ n BepIIMHAMEU IIPUMEPHO paBHO /n. OgHako uc-
craemoBanust 1997-2003 romoB mokasasm OMMOOTHOCTDH BBINIEYKA3aHHOTO. b.
Camyssuibcon u K. Tpoun [10]| mokasaiu cyrneprosimMuaibHbIi POCT YUCIA
aTTPAKTOPOB B 3aBUCUMOCTH OT YUCJIAa BEPIINH CHHXPOHHBIX OYJIEBBIX ceTeil
(> nY musa V). @. Tpenib u B. [Ipoccesb [6] yxke B acHHXPOHHBIX OyJie-
BBIX CeTSX MOKA3a/M ITOJUMUAJBHBII POCT CPEIHEr0 YUCIa ATTPAKTOPOB,
a Tak»Ke, YTO CPEJHsIsS JIJIMHA aTTPAKTOpPa MMEET SKCIIOHEHIUAJLHBIH pOoCT
(exp(N®) nyist mekoroporo dukcupoBansoro «). B csowo ouepenap T. Mu-
xaitieB u B. Ipoccesns B [8] mokasasn cyneprosmMuabHbI POCT JIJIHHBI
aTTpPaKTOpa B CUHXPOHHOI OysieBoil ceru. CpejHsist JJIMHA Ke IUKJIAYHBIX
aTTPAKTOPOB B CUXPOHHBIX OYJIEBBIX CETSX HPOIOPIHOHAILHA 2™ [2].
BosbmuHCcTBO 331849, Kacamuxcs OyJIeBbIX CETEll, TIPUHAITIEXKAT KIACCY
NP. (cm. Tabmura 1). CymiecTByeT HECKOJIBKO 33129 CBSI3aHHBIX C OYJICBBIME
cerstmu. OJIHO M3 HUX SIBJISIETCSI IIOCTPOEHNE CUHXPOHHO#T OyJ/1eBOil ceTn ¢ 3a-
JAHHON CTPYKTYPOil aTTpakTopoB. s hopMympoBKu ee HAM MTOHAI00UTCS
cnenyromue onpesenenns. [lonmuaokecteo W C V' HazbIBaeTCst MpejicKa3a-
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Tabauna 1. OueHKn JJisi CHHXPOHHOI OyJ1eBOil ceTn

JepeBo | rpad 6e3 MUKJIOB rpad
(opueHTHpOBAHHBII )
TlocTpoenne cetn P P P
ITouck aTTpakTopa P P NP
[Touck cern NP NP NP
[Tonck cern (orpanmaennbie K) p P p

(K o3navaeT MaKCHMMAJIbHOE KOJUYECTBO CYIIECTBEHHBIX apryMEeHTOB
Oy/1eBoii (byHKIWMN)

TeJIbHBIM MHOYKECTBOM JJIsl BEPIINHBI U, €cyin orpanndenue f;|yw, dyHKmmn
fi pasuo f;. Habop W = (Wy, Wy, ..., W,,) Ha3bIBaeTCs LpeICKa3aTeIbHbIM
Habopom st Oysesoit ceru N. Cocrosinusi B uTepaliionnoM rpade (cM. mo-
CJIEJIHIOIO YaCTh) COJIEPIKATCS BO MHOZKECTBE yPOBHEIl: yPOBEHD [ COIEPIKUT
BCE COCTOsIHMsI, OTKYJ[a MOXKHO 3& POBHO j IEPEeXOJ0B (BpeMeHM) JI0CTUYh
aTTpaKTOpa, KOTOpPbIe HaxXoasiTcsI B ypoBHe lg. MTepanuonublit rpad mMopoxK-
JaeT OJHOKOPEHHOE JIEPEBO, €CJIU B HEM COIEPXKUTCSI POBHO OJUH TOYETHBIH
arTpakTop (IUKJINIHbIE ATTPAKTOPBI OTCYTCTBYIOT), TAKOM, YTO aTTPAKTOD
JOCTHKUM B CETH depe3 3TO jepeBo. Kcam ke oH comepKuT k TOIEIHBIX aT-
TPAKTOPOB (HO HE COJEPXKUT IUKJIMIHBIE ATTPAKTOPHI), TO 3/1eCh yKe k oJi-
HOKOPEHHBIX JIEPEBBEB, KOTOPbIe OyieM HasbBaTh k-ecom (ot amri. forest).

IIycrs man mabop m3 m BepmuH V, ceMelCTBO U3 71 IIOJAMHOXKECTB
Wi, Wa, ..., W,, MHOkecTBa V' ¢ MOIITHOCTSAMUI He MeHbIIe m u He 6osbine M,
0 <m < M, unabop A comepxkammuii k COCTOSHUI U JBa IOJOKUTEILHBIX
qucia | < L, KoTopble cCOOTBETCTBYIOT OyseBoil cetu N ¢ MHOXKECTBOM Bep-
mmH V', ¢ npeackazarenbabiM Habopom W = (W, Wy, ..., W,,), HUKINYIHBIMI

T
arrpakTopamu Ap, As, ..., A,, tne A = |J Aj, KOTOpBIE COAEPKATCH MEXKILY
j=1

I u L ypousimu. Pananun ITan, Usan Usanos u ap. [9] nocrpowiun asro-
PHUTM, TO3BOJISIIONINN HAXOANTH B YKA3aHHBIX BBLIIIE YCAOBUIX OYJIEBBI CETH
B nipocTpancTse k-yecos (k = 1,n) ¢ BepogTHOCTHIO (Z)nN 2" /(N 41N

IlenTpanbHOit mPobIeMOil B OYJIEBBIX CETAX SIBJISETCS HAXOXKICHUE TOYe -
HBIX aTTPAKTOPOB. 3a/a9a MOUCKA TOYETHOI'O aTTpakTopa OyJIeBoil ceTn Jie-
xuT B Kiacce NP. Ha maHubIii MOMEHT CyIIECTBYyeT MHOXKECTBO AJTOPUTMOB
HaXOXK/JIEHUsI TOYEUHBIX aTTPAKTOPOB CHHXPOHHOI OyseBoit ceru. Ormernm,
gro O(2™) BpeMeHH J0CTaTOYHO, BBHJLY TOrO, 4TO GyjieBa ceTh uMee Bcero 2™
cocrosinnii. OHAKO HEU3BECTHO CYIIECTBOBAHME AJITOPUTMA CO CJIOXKHOCTHIO
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O((2—¢€)™)(e > 0, n- KOJIMIECTBO BEPIIMH OYJIEBOI CETH) JJisi OOIIEro CJIyYast.
Tem He MeHee, CYIIECTBYIOT aJITOPUTMBI JIJIsT OTPAHUIEHHOIO KJTacca OyJIeBbIX
dbyukuuit (cm. Tabmuiy 2). A uMeHHO, B 3aBUCHUMOCTH OT apryMeHTOB GyJie-
Boit bynximit, knacca AND\OR ((vf Avi? /\.../\v?:f ), (vt Vug? \/...\/v?:i ),
rie v* = v+ a mod 2)), n Tak Ha3bIBaeMble nested annalyzing cbyHKLLI/H/IZ (ee
OIIpeJIe/IEHNE JIAHO HUXKE).

Bynesy dyukuumio f(z1, ..., zx) Oymem HasbBarh nested canalyzing orHo-
CUTEJILHO MePeMEeHHBIX (X1, ...,T)), €CIU MOYXKHO IIPEJICTaBUTL ee Kak [ =
LVIV .Vl -1V gy Ao ANligg—1 A (L, Voo Vlgg—1 V (-.))), Tme [; — mbo
vj, b0 v, A 1<k <ko<..

Tabauna 2. OueHkn Jijisi CHHXPOHHOI OyJieBoil ceTn

Bun dyuxiun C102KHOCTD aJITOPUTMA
K=1 0(1.09™)[13]
K=3 0(1.21™)[13]
K=5 0(1.37")[13]
K=7 O(1.45™)[13]
nested canalyzing O(1.799™)[11]
AND\OR O(1.587)[7]

(K o3HauaeT MakCUMAJIbHOE KOJIMYECTBO CYIECTBEHHBIX apl'yMEHTOB
6ys1eBoil (byHKIN)

Crabunansanus O0yJjieBbIX ceTeit

B nannom pasgesie paccMarpuBaeTcst mpodJieMa MOUCKA TOUETHOTO aTTPAK-
TOpa aCUHXPOHHON OyJsieBoil ceTu.

Bynewm pemars cienytorntyto 3amaqdy. [lycts y Hac umeercst 4 creneHu cBo-
6ojpl: OyJieB mceBporpad, OyieBa pyHKIUS, HaTaIbHbIE 3HATEHHS, TOPSIIOK.
Torna sesast BEIOOP B 9TOi1 BBIIIEYKA3AHHON YeTBEPKE HEOOXOIMMO JOOUTHCS,
qT00BI OyJIeBa ceTh ObLIa cTabUIbHOI. CunTaeM. 9TO ecjii Mbl He BBIOMpaeM
KaKyI0-TO U3 CTEIeHell CBODOIBI, OHA MOXKET ObITH (PUKCUPOBAHA, IPOU3BOJIb-
HBIM 00pa3oM (B TOM 4mce ¥ HauxyamuM obpasom). Hasosem st ycinosus
V1.

YrBepxkaenue 1. [lixsa mro6oit Gyseoit pyHKImUM f, KpoMe KOHCTAH-
ThI, MOYXKHO IOCTPOUTDH OYJIEBY CETb, B KOTOPOil BCEM BEPIIUHAM IIPUIIHCAHA
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dbyuk@Ms f, 1j1st KOTOPOil CyIIeCTBYeT MOPSJIOK U HAdabHble 3HAYEHUs], TIPU
KOTOPOM CE€Th HE CTaOUIU3UPYETCH.

dokazaresbCcTBO.

Pacemorpum Heckosbko ciaydaes. Coyuait 1: f(0) =0, f(1) =1, rme 0 =
(0,0,...,0) u 1 = (1,1,...,1). Bamerum, 4TO TOrA CYIECTBYET TAaKOil HAGOD
&, 910 Oe3 orpanmuennst obrmmoctn Beinosmeno f(1,&) = 1, f(0,&) = 0.
Paccmorpum cernb Ha puc. 2.

)

0, f)

puc. 3

Coryuait 2: f(0) = 1, f(1) = 0. B aToM ciryqae paccMOTPHM CeTh Ha PIC.

Cayuait 3: f(0) = f(1) = 0. Bamerum, 4TO TOIJa CyIMIECTBYeT TAKOIL
HaboOp &, uTo 6e3 orpannvenus obmHoctn Buinoaaeno f(1,&) =1, f(0,a&) =
0. Torja paccMoTpuM ceTb, N300paXKEHHYIO Ha, puC. 4.

Caywait 4: £(0) = f(1) = 1. Dror cayuait amanoruuen ciyudaio 3. Cerb
n30bpazkeHa Ha puc. 5.

OcTrajioch pacCMOTPETD MOPSIIOK OOHOBJIEHUSI TIOJTY Y€HHBIX OYJIeBBIX I'Da-
dbos. B ciyuasx 1,34 nopsijiok XapakTepuUsyercsi YUCJIaMu B ‘OCHOBHOM
Tpeyrosbanke” (tounee Habopom (1,0,1)). Torma meitcrByeM cite/ryromum
obpasom: (1,0,1) — (1,0,0) — (1,1,0) — (0,1,0) — (0,1,1) —
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(0,0,1) — (1,0,1), unade rOoBOpsi MPOTHB 4YacoBOil crpesku. Takum 00-
pasomMm, arTpakTop B ciaydasx 1,34 cocrour u3 6 HabOpOB, a WUMEH-
wo S = {(0,1,1,0,1,0,0,1,1), (0,1,1,0,1,0,0,1,0), (0,1,1,0,1,1,0,1,0),
(0,1,0,0,1,1,0,1,0),(0,1,0,0,1,1,0,1,1),(0,1,0,0,1,0,0,1,1)}. A BO BTO-
POM ciIydae aTTpakTop cocTout u3 AByx Habopos: S = {(0), (1)}.

YTBepxKeHne M0KA3aHO.

YrBepxkaenne 2. CymiecTByIoT OyseB mceBaorpad u 6ynesa OyHKIHS,
Takue 4To JiJIst V HadaIbHBIX 3HAUEHUN U MOPSIKA MOYKHO TIOCTPOUTH OyJie-
ByIO (byHKIHMIO, TP KOTOPOIi rpad He CTabUIN3UPyeTCs.

Jloka3aTeJabCTBO.

Paccmorpum OyneByio dyuknuio f = Z. Torma MOKHO pacCMOTPETDH CJie-
nytoruit rpad N ma puc. 6. Ilycrs mauambuble 3nadeHus rpada N ume-
ot Bux v(0) = (o, 3,7). BeeBosmoxmbie mopsiaku D rpada N mmeer Buj
{(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2),(3,2,1)}. Torma Tpaexropus v(3)
MOZKeT ObITh paBHa {(777 Y, 9)s (7, B), (V, &, ), (&, &, ), (B, B, B), (B, &, ﬁ)}
Orcroma ciepyer, aro v(3) # v(0), npu mobbix «, [, 7. JokasareabcrBo 3a-
BEPITIEHO.

Teopema 1. Ilycts ¢durcupoBan kiracc OyneBbix dyariuit M =
P\{0,1}. Torga, ecim MbI HAXOJUMCs B YCJOBUSAX Y1, MOXKHO rapaHTHPO-
BaTb, 9TO CETh OyJET CTAOMIBHON B TOM W TOJBKO B TOM CJIydae, eCIU T03-
BOJIEHO BBIOMpATH OyJieBbl GyHKIMU u3 M, a TakKe OIHY U3 CJIEIYFOIINX
crereneil ¢cBobObI Oy/teBoit ceTn: OysieB rpad, HaYaIbHbIE 3HAYEHUS WK I10-
PSAJIOK.
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(B, f)

puc. 6

JokazaTeabcTBO. PaccMoTpuM ciieyonue ciydan, B KOTOPBIX MOYKHO
rapaHTHPOBaTh CTAOUIBHOCTH (KPOME IIOCJIEHErO):

Cayuait 1: mycTs BeiOpasu Oysies rpad u OyJieBy (pyHKIIUIO, TOT/1a BRIOPAB
caepyomuii rpad Ha puc. 7 HoJydaeM CTaOUIbHYIO OyJIEBY CETb.
(0, x)

puc. 7

Cayuait 2: mycrs BbIOpaju OysaeBy (PYHKINIO W HadajbHbIE 3HATEHUS,
Tora Hy:KHO BhIGpaTh GyieBy dynxmmio f(0) = 0 u ko BceM BepIIMHAX
mpunucath 0.

Cayuaii 3: mycrb BbIOpaJ 0y/eBy (GpYHKIHMIO U HOPsAoK. O603HAYNM TO-
ra nosrydaemyio 6yseBy cetb uepes N = (V, E, F, A, D,v(0)). OcymecrBum
pasbueHne MHOXKeCTBa BepIiiuH V rpada Ha HelepeceKaroluecs MOIMHOXKe-
CTBa CJIEIYIOMKUM 00Pa30oM: BeIOEpeM ITPOU3BOJILHYIO BEPIINHY, 6e3 orpanmde-
HUs1 OOIHOCTH Oy/IEM CUUTATD, YTO ITO V1, U PACCMOTPUM MaKCUMAILHYIO (110
KOJIMECTBY BEPIINH) TPOCTYIO0 OPHEHTHPOBaHHYTO 1ietth C1 = (U1, Vi, -, Vi, ).
Hycrs Vi = {v1,v;;, ..., v, }. Hazosem ero mopoxkjaeMbIM MHOKECTBOM JIIst
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¥1 W B 9TOM CJIydae TakyKe OyJeM TOBOPUTDL, UTO BEPIINHA V] MOPOKIAET
MHOXKecTBO V). Boibepem BepinHy, U3 KOTOPO# CyIIECTBYET OPUEHTHPOBAH-
HOe pebpo B v1, U Oy/ieM cuuTaTh, 9TO 9TO v. Torga Bepiuse v (v, ) IpH-
MUIIEM CEJIEKTOPHYIO (PYyHKIMIO, KOTOpas CYIIECTBEHHO 3aBUCAT OT 3HAYe-
Hust BepmmuHbl vy (v1). OcranbHbiM BepumuaM v;, u3 Cp (ecan OHH eCTb)
NPUIUIIEM CEJIEKTOPHYIO (DYHKIIUIO, KOTOPas CYIECTBEHHO 3aBUCUT OT 3Ha-
yenus sepmmH v;, . Ecim V\ V] memycra, To BeIOepeM JpYTyIO BEPIIHHY
U3 3TONO MHOXKECTBA U IPOJEIaeM JjIsi Hee TO K€ caMoe, UTO W JJIst U1, C
€TMHCTBEHHON OTOBOPKOM — TOPOXKaeMoe JjIsi Hee MHOYKECTBO He JOJIZKHO
nepecekaTbcst ¢ V1. OTMETHM, 9TO €C/ii HEBO3MOXKHO MOCTPOUTH MPOCTYIO
TIeMb JI7IsI HEKOTOPO# BBIOPpAHHON BEPIIUHBI, TO MOPOXKIAEMOE el MHOXKECTBO
Oy/leT COCTOSATH TOJILKO W3 Hee. BymeM mpojo/iKaTh 3TOT MPOIECC JIO TeX
1op, Mmoka He pa3obbeM V' (IOpoKaeMble MHOXKECTBa He JIOJZKHBI Iepece-
karbes). [lyers Vo= [ |V, e Vi = (v1,viy, ..., vi;). Pacemorpum mopsimok
D = (C4,Cs,...,Cp), 1. e. cHaYAJIA [IOCTIEIOBATENILHO OOHOBIISIIOTCS BEPIITHHbI
nerm C7, morom Cy u T. 1. O4eBUAHO, 9TO MOCTPOEHHAsT OyJIeBa ceTh OyIeT
cTabMILHOM.

Cayuait 4: mycrs BeIOpasm TOJIBKO OyseBbl byHKIMEU. omycrum, Torma
qTto OyneBa cerb umeeT rpad u3 puc. 6. Torma MokHO MYHKIINN BHIOMPATD
TOJIBKO U3 CJIEJYIONIEro MHOXKecTBa (T, x). B cuiy yTBep:KieHus 2 He orpa-
HUIUBaEMCsI BBIOOPOM TOJIbKO yHKIMK Bujga T. [locTponm mpocTeiM mepe-
6opom Bce BozmoxkHbie Oyiesbl cetu N = (V. E, F, A, D,v(0)) (V, E nopox-
nena rpacdom u3 puc. 11). [lycrs V' = (v1, v2,v3). [omoxkum, aro nadansbabie
snadennst nmetor By v(0) = (0,0, 1). Takrke B CHiLy CHMMETPUE MOXKHO CUH-
tarh, uro F = (f1, fo, f3) € {(z,z,2),(Z,z,z), (z,x,2)}. Takum obpazom y
HAC MOYXKeT ObITh TpU BUIA OYJIEBOI CeTH:

1) Iycrs F' = {(z,%,2)}. Torma moxuo B33t D = (3,2,1). Orciona
arTpakTop ceru He Toueunsiii: {(0,0,1),(1,1,0)}.

2) lycre F = {(z,z,x)}. Torga moxno B3ars D = (3,2,1). Orciona
arTpakTop ceru takxke He todeunsiii: {(0,0,1),(1,0,0),(1,1,0),(0,1,1)}.

3) Ilycre F' = {(z,z,x)}. Torma moxkno B3sate D = (1,3,2). Orcroga
arTpakTop ceru He Toueunsiii: {(0,0,1),(1,1,0)}.

Cayuait 5: myctb BoIOpaJju OyJsieB rpad, HO He BbiOpaau pyHKImo. [Iycrh
B BEIOpaHHOM Tpade cetu N ecThb mern. J[omycTuM meTsIio CoIepsKUT BEPITH-
Ha v1. Torma K 9Toi BepIIMHE TPUIHIIEM (DYHKINIO fi1 = T, T. €. v’i“ = ol
OueBnHO, 9TO GysIeBa ceTh He OyeT CTaOWILHBIM. SHAYUT HY’KHO BBIOU-
paThb rpad, KOTOPLIii HEe COJEPKUT TeTeb. Tak KaK MOKHO BHIGUPATH TOJHKO
HEKOHCTAHTHBIE OysieBble (DYHKIINM, TO B BBIOPAHHOM I'pade TO0JKHBI OBITDH
MUKJIBL. [IycTh UK/ cocTOUT U3 Kk BEPIIH U7, ...Ug. 10T €CJIU MPUITICATH K
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BEpITHAM TUKJIa, (DYHKITAN ui“ = fi(e,ul,...) =at, uéﬂ = fa(...,ul, ) =

t t+1 __ t _ & _ _
ulynuy = fr(oup_q, ), e fi = T, fa = x,.., fy = x, nonyuaer-
¢ HecTabmIbHas OyJieBa CeTh, BHE 3aBHCUMOCTU OT HMOPSAIKA U HAYAJIbLHBIX
sHadenuit (puc. 8).

(ug,x) (ug,x)
(ug,x),

(ugx)

puc. 8

IIpeamonokum TPOTUBHOE, MyCTh OyjeBa ceTh crabmibHasd. Jlomycrum,
ceTb crabunusupyercs uepes ¢ Moment spemenu. Ilyers ul, = a, Torma uf =
a,ub = au T 1. OaHAaKO, U3 CENEKTOPHBIX (PYHKIUN HEBOZMOXKHO MOJTY YUThH
orpunanue. [Ipemamnonoxenne HeBepHoe.

PaccmoTpuMm Teneps rocseaanii ciydail 6: ecsin He BbIOpasu Hu OyJeBYy
dyuknuo HE OyaeB rpad, Torma u3 yTBepXKIeHUs 2 cjaeiayer Teopema 1.
JlokazaTeabCTBO 3aBEPIIEHO.

Teopema 2. [Iycts dpukcupoBan kiacc Oynebix dyuknnit M = Ps. To-
IJ[a €CJIM Mbl HAXOJUMCS B YCJIOBHAX Y1 MOXKHO rapaHTUPOBATh, UTO CETh
Oymer cTabuIbLHON B TOM U TOJIBKO B TOM CJIydae, €CJId IO3BOJIEHO BLIOMPATD
OynmeBnl pyukinnn u3 M wnan 6yiaeB rpad.

HokazaTeabcTBo. PaccMoTpuMm citemyroniue ciaydan, B KOTOPBIX MOYKHO
rapaHTHpPOBaTh CTAOUIBHOCTH (KPOME IIOCIIEHErO):

Cayuait 1: mycrs BeIOpasin OyJieB rpad, Torjga BbIOUpaM Kak Ha puc. 9.
Orkyna mnpu JrOObIX OY/IeBbIX (DYHKIUSIX, HAUAJbHBIX 3HAUYEHUSIX, MOPSIJIKE,
OYEBUJIHO, UTO JIAHHAS CETb CTADUJIbHAS.

puc. 9

Cayuait 2: mycTb BbiOpau OyseBy (DYHKIUIO, CTAOUIBHOCTD CJIEIyeT U3
TOTO, 9TO JIOCTATOYHO BBHIOPATH B Ka4ecTBe (DYHKIINI KOHCTAHTHI.

Cayuait 3: mycTb He Bbibpasu uu OyseBy dyHKuoo, Hu 6ysies rpad. Torma
9TOT CJIydail HEIOCPEJICTBEHHO CJIEIYIOT U3 yTBep:KieHust 2. JlokazarebecTBo
3aBEPITIEHO.

Bynem pemars Temeps apyryito 3amady. Ilycts y Hac mMeercs Takxke 4
crerieHn cBODOIBE: OyiieB rpad, OyieBa (PyHKIMS, HAYAIbHBIE 3HAYEHUS, 10~
psmok. Torma, mesast BBIOOP B 9TOH BBINNIEyKAa3aHHON YeTBEpPKe, HEOOXOMIMO
J106uTHCs, 9TOOBI HysieBa ceTh ObLIa cTabMIbHOM. Takke Oy/eM CIUTATD, ITO
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Ha celf pa3 B OTJIMYME OT MPEIBIAYINEN 3a/1a49u, MOPs/IOK U HAYAJIbHbIC 3HA~
YEHUsI MOI'YT M€HEPUPOBATBCS CJAyJailHbIM obpaszoM. IlojokuM Takske, 9TO
€CcJIi MBI He BBIOpaJIii KaKyIo-TO U3 CTeleHell CBOOOIbI, 1 OHa He BhIOpaHa CJIy-
JaffHbIM 00pa30M, OHA MOXKET OBITH (PUKCUPOBAHA IIPOU3BOJIHLHBIM 00pPa30M
(B TOM UmCIe HauXyAImmM s Hac obpasoMm). Hazosem srtu yeimoBust V2.

Ecnu pasperieno BoIOMpaTh KOHCTAHTHBIE (PYHKITUU, TOT/IA HAJUYUNE CJIy-
YaffHOCTH HAYAJIbHOTO 3HAYEHUS U TOPSIKA He U3MEHSIET YCJIOBUE TEOPEMBI 2.
[TosToMy OyeMm Temeph CUNTATH, ITO OYIEBBI CETH CO/IEPXKAT TOJBKO HEKOH-
CTaHTHBIE OyJieBble (DYHKITUN.

Teopema 3. Ilyctp ¢durcupoBan kiacc OyneBbix dyukiuit M =
P\{0,1}. Torma ecim Mbl HAXOANUMCS B YCJIOBHSX Y2, MOMKHO TapaHTHDPO-
BaTb, UTO CeTh OyIeT CTabUIbLHOM, €CJIU IMO3BOJIEHO BhIOUPATH OyJieBbI (DyHK-
v u3 M, a TakxKe OJHY U3 CJIEAYIOMNX cTereHneir cBobombl OyieBoil cern:
OyseB rpad, HAUAJIBHBIE 3HAYEHUS] U MOPSJIOK, B OCTAJBHBIX CJIyYasX HEJb-
351 TAPAHTHUPOBATH, ITO CETh Oy/IeT CTAOMIBLHON C KAKO-T00 BEePOSITHOCTHIO
6oJibimeit 0.

HokazareabcTBo. Ciaydan u3 TeopeMbl 1 OyIyT BEpHBI U JIJIsT 9TOH Teo-
pembl. [ToaToMmy m0oCTATOTHO PACCMOTPETD CJIEIYIOIINE CIIY Tau:

Cayuait 1: gomycTuM, 9T0 BBIOMpaeM (byHKIUIO, a MOPSIOK ciaydaeH. 11o-
KaxkKeM, 9TO TOIJIa BEPOSTHOCTh CTAOMILHOCTH OYJIEBOI CETU TOYUTH HABEPHO
pasuo 0. OGo3HAYNM BEPOSITHOCTH CTAOUIBHOCTH Y€pe3 P .

IIycts Gynesa cerb umeer rpad Kaxk Ha puc. 11

v

A vy

puc. 11

Torna f; € {z,z},i =1,2,3. Ecin f1 = fo = f3 = &, T0 B cuty yTBep-
KJleHust 2, OyJieBa cerThb OyieT He crabmibHO. Kcmu f1 = Z, fo = x, fs = «,
To OyseBa ceTbh TakxKe Oyjer He crabuibHoii. JleificTBuTe/bHO, HHAYe BEPHO
crepytomee st HekoToporo t: v = fi(vh) = vi, vl = fa(vl) = ol 0 =
f3(vh) = vk, uro nesosmoxkHO. Bnaunt mMuokectso byukiumit F = {x,z,x},
mbo F = {z,z,x}.

[Iycre F = {Z,Z,x} u HavdaibHble 3Hadenus rpada N UMEOT BUL
v(0) = («,B,7). BceBosmoxubie mnopsiaku D rpada N wumeror Buj
{(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2),(3,2,1) }. Torga rpaexropus v(3)
ower Gurs patia {(3,7,7), (3,1, 8), (7, @, &), (a0,6,), (3, 8, 6. (5, &, B)}.
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[Momoxkum v(0) = (o, B,7) = (1,0,1), Torma ecim D = (1,3,2) nm
D = (3,2,1), to Gynesa cerb N HecrabuibHa. 3Hauut, Oyiaesa cetb N ¢
BEPOSITHOCTHIO % = % crabunbaa. Paccmorpum Teneps OyiieBy cetb Ng, co-
crosgmmuii u3 n 6ynesbix cereit N. Torma B Oysnesoit cetu Ny BEpOSITHOCTD
crabuipHocTn pp = (3)" — 0 pu n — oo,

Ananornuno, moxkao nokasare Jyuisi F' = {x,z,z}, uro p; = (%)” — 0
npu n — oQ.

Cry4ait 2: TOyCTHM, 9TO TAKKe BBIONpaeM (PyHKITIIO, & HadaIbHbIe 3HA~
veHus ciaydaiiabl. [Tokarkem, 9T0 TOrJa Tak »Ke BEPOSTHOCTH CTAOUJIBHOCTU
OyJ1eBOIt ceTr TouTH HaBepHO pasHAa (.

Bynem nefictBoBaTh 10 aHAJIOTHM C IPEbIYIUM ciydaeM. [losoxkum
F = {z,z,z} (cayuait F = {z,x,x} anamoruden). Boibepem nopsiziok D
rpada N pasubiM (1,3,2). Torma 6yiesa cerb Oyjuer cTabUIBHOlM, eciu y =
(3, a 3HAYNT BEPOATHOCTH CTAOMILHOCTH CETH OyJeT paBHa (%)” — 0 npn
n — 0o.

Cayuait 3: BeibupaeM (pyHKIIIO, 8 TOPSIIOK ¥ HAYAJIbHbIE 3HAUCHUST CJIy-
vaitabl. [lokaxkeM, 9TO TOTJa TakK YKe BepOSTHOCTh CTAOUJIBHOCTU OYyJIeBOi
cetn mouTn HaepHo pasHa (. OGO3HAYTNM BEPOSTHOCTDL CTAOMIHLHOCTH CETH
qepes ps.

Bynewm neiictBoBaTh Tak:Ke Kak U B JBYX HPEJBIIYIIAX ciaydasx 1, 2.
[Iycrs F' = {Z,z,z} (caywait F = {x,z,z} ananoruuen). lns kax0ro
BO3MOXKHOIO mopsijika D (a ux Bcero 6) CymecTByeT HECKOIBKO HAUAIBHBIX
3HAYEHUH, JJIT KOTOPBIX CeThb crabmausupyercs. Obmee nx uuciao 2 + 4 +
442+ 2+ 4 = 18 mryk. Tak KaKk KOJHMIECTBO BCEBO3MOXKHBIX ITOPIKOB
U HAYaJbLHBIX 3HadYeHuil 6 X 8§ = 48, 1o p3 = (%)” — 0 mpu n — oo.
JlokazaTeabCTBO 3aBEPIIEHO.

Teneps orpedyem, 9ToObI OyJieB rpad OBLT TOJBKO CBI3HBIM. DTO YCJIO-
BHE B JIOTIOJHEHWN ¢ Y2 Haz0BeM ycaoBust ¥3. OmHAKO 9TO yCIOBHE, Kak
BUJHO U3 CJIEIYIOIIEH TeopeMbl 4, HUKAK HE IMOBJISIET HA yTBEPKJIEHUE TEO-
peMbl 3.

Teopema 4. Ilyctb ¢durcupoBan kiacc OyneBbix dyukiuit M =
P\{0,1}. Toryma eciam Mbl HAXOJUMCS B YCJIOBHAX Y3 MOXKHO TapaHTHPO-
BaTh, 9TO C€Th OYJET CTaOMIIBHOMN, €CJIN TIO3BOJIEHO BRIOUPATD OyJieBbI (DYHK-
muu u3 M, a TakxKe OIHY U3 CJEAYIOMNX cTeleHeir cBobombl OyieBoil cern:
OyseB rpad, HAYAJIBHBIE 3HAYEHUS] U MOPSJIOK, B OCTAJIbHBIX CJIyYasX HEJb-
351 TAPAHTUPOBATH, UTO CETh Oy/IeT CTAOMIBHON ¢ KAKO-TM00 BEepPOSITHOCTHIO
6oJibimeit 0.

JokazaTeabcTBO. {0Ka3aTesbCTBO OJHOCTHIO IIOBTOPSIET JI0KA3ATE b
CTBO Te€OpeMBbI 3, eIUHCTBEHHOE pazjuune B ciaydaax 1,2,3 teopembl 3. Ilo-
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9TOMY HY>KHO MOJI00paTh CBSI3HBIN I'pad, BMECTO MHOXKECTBa HECBSI3AHHBIX
n rpacdor u3 puc. 11. “CesizkeM” B OyKBaJBHOM CMBIC/IE 3T N I'padOB n3
caeayomux gpparMenToB ‘obmero”’ rpada puc. 12:

puc. 12

I'pad uz puc. 12.a mOTHOCTHIO “aBTOHOMHBIN’, T. €. MOYXKHO IOCTPOUTH
cetb u3 n 4acreil rpada u3 puc. 12.a u puc. 12.6 (04eBUIHO, UTO HEIb3s
coeTMHATH rpad u3 puc 12.a. ¢ caMuM coOOM, TOJIBLKO ¢ rpadom u3 puc. 12.6
u Ha0OOPOT), P ITOM COXPAHSETCS OINEHKA (M3 JOKA3aTeIbCTBA TEOPEMbI
4) ngist p1, P2, p3 U3 obei ceru. 3amerbre, UTO rpad yKe COCTOUT HE U3 1
qacreit puc. 11, a 2n. JJokaszaTeabCTBO 3aBEPINEHO.
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JInHeliHbIe aBTOMATHI HaJI IIOJIEM
PalMOHAJbHbBIX YHCEJI

Ponxun /1.B.

Uccnenyerca kiacc JUHEHHBIX aBTOMATOB HAJI TIOJIEM PaIlMOHA b
HBIX 9uces. B yKa3aHHOM Kjacce J0Ka3aHO OTCYTCTBHE KOHETHOM K-
TTOJTHOM CHCTEMBI, OTCYTCTBHE KOHEUHDIX Y. MIOJTHBIX ¢ JOOABKOI OIIpe/ie-
JIEHHOT'O BHJIa CUCTEM, BbIJeJIeH OecKOHeuHbI K -0a3uc n 6eCKOHEeIHBIH
Y.-6a3uc, a Tak ke OECKOHeYHas Y-TIOJIHAsl CHCTEMa He COIeprKallast
Y.-6a3muca.

KiroueBble cJjioBa: JMHEHbIE aBTOMaTbI, IIOJI€ palllOHaJIb-
HBIX 4YucCeJ, Oollepalluil KOMIIO3UIINMN, OIlepalluu CYIIepIIO3UuIiun, K-
3aMbIKaHHE, Y -3aMBIKaHHE.

1. BBenenue

Hacrositmasi pabora rocssiiiena KJjaccy JUHERHBIX aBTOMATOB Ha/[ [I0JIEM Pa-
[MOHAJIbHBIX umcesl. Panee, npyrumu aBropamu [1-4] paccmarpuBasics: Kiaace
JIMHEWHBIX aBTOMATOB HAaJ| KOHEYHBIMHU MOJsIMU. B 9Tux paborax s pac-
CMATPUBAEMOr0 KJjIacca ObLI UCIIOJb30BaH alnapar (popMaJibHbIX CTEIIEHHBIX
psmos. Ilokazano, 4TO JUHEHHBI aBTOMAT OCYINECTBJIAET IIpeoOpa3oBaHMe
TaKUX PsJIOB, U B TEPMUHAX PsJIOB ObLIN OIMHUCAHBI OIEPAIUN KOMIIO3UIINN.
KﬂaCCI/IquKI/IMI/I HpO6.Hel\IaJVH/I TEeOpUU aBTOMATOB ABJIAIOTCHA HpO6.HeMI)I BbI-
Pa3UMOCTH ¥ TIOJIHOTHI IO OIIEPAIlisAM KOMIo3unuu u cyneprosurmn (K u X
coorBercrBeHHO)[5|. B Hacrosieit pabore jyist Kiiacca JTMHEHHBIX aBTOMATOB
HaJ PAIMOHAJBHBIME YHCIAMU [TOKA3aHO OTCYTCTBUE KOHEYHOU K -110THON
cucTeMbl, HalieH OeCKOHeUHbI Oasuc u beckoHedHasi K-TI0/IHAsST cUcTeMa, U3
KOTOPOI HEJIb3sI BLIIEIUTH Oa3nc, MOoIydeH OeCKOHETHBIN Y-0a3nc.

2. Mcnonp3yeMble IMTOHATUS 1 O003HAYEHUS

YacTb 0603HAUEHHUIT, UCIIOIB3YEMBIX B 9TOi paboTe BBE/eHbI B |1-4].
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Bynem obo3navaTh MHOXKECTBO paIlHOHAIBHBIX Uuces depe3 Q, a MHO2KeCTBO
[EJIBIX Yuces depes Z.

Hnuyuasvrowm a8momamom ¢ n BXOJIAMU U 1M COCTOSTHUSIMU Ha/T TIOJIEM PaIli-
OHQJIBHBIX YUCEJI 6y,ILGM Ha3bIBaThb CJICAYIOIYIO YIIOPAJOYECHHYIO IIECTEPKY:

V= (Qn7Qm’Q’¢"w’q—6)’ rae

1) Q™ - Bxogmoit andasur Q" - andasur cocrosuuit 1 Q - BBIXOIHOI
asiaBUT aBTOMATA

2) G= (1, Pm), e @;i: Q" x Q™ — Q, i € [1,m] - dynkuuu nepexo-
JIOB

3) ¥: Q" x Q™ — Q - dyHkuus BHIXOIA

4) @ = (49,49, ..,4%),qY € Q,i € [1,m] - BeKTOp HAYAIBLHLIX COCTOSAHMIL.

HazoBem ocrosnoti cucmemoti B cieytoree 6eCKOHEUHOE MHOMXKECTBO JIH-
HeliHbIX aBromMaToB Haj Q:

B = {50751, V+7VC’C € Q}a rae

1) &o - 3azepKKa ¢ HyJeBbIM HAYaJbHBIM cocTosiHreM HaJl Q.

2) &1 - 3a/eprKKa ¢ eJIMHUIHBIM HAYaJbHBIM cocTosiHueM HaJl Q.
3) Vi - cymmarop ¢ asymst Bxogamu Ha Q.

4) V. - aBroMaT-yMHOXKHUTEJIb Ha KOHCTAHTY € C OJIHUM BXOJIOM.

J1J11 TIpON3BOJIBHOIO MHOZKECTBa JIMHEIHBIX aBTOMaTOB V' Oyzem obo3HavIaTh
3aMbIKaHUE 9TOI'O0 MHOZKECTBa IIO OllepalludM CYIIEPIIO3UIUN U KOMIIOSUITUU
gepe3 K [V] n X[V] coorBercrBeHHO.

MHOKECTBO AUHETNYIT A6MOMAMO6 HAJL TIOJIEM PalnoHAIBHBIX wnces - L(Q)
olpeJiesIIeTcsa KakK:

MHOKECTBO BCEBO3MOXKHBIX (DOPMAJIbHBIX CTEIEHHBIX PSIOB ¢ KO3hduim-
enramu u3 Q ¢ popmaabHOil IepemMenHO & OyeM 0003HAYATH CJIELYOIITUM
obpazom:

QF ={a(@) =ar+ar-E+ag-+ ... +ap - +..Ja; € Qi e NU{0}}
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Hutst ynoberBa 3amucu, rje BO3MOXKHO, OyieM obo3HadaTh psi «(€) uepes a.

Omeparuu CJIOXKEHUsI, BBIYUTAHUSI U YMHOXKEHUsT (POPMATBHBIX CTeleH-
HBIX PsiJIOB OIPEETISIOTCS TOKOMIIOHEHTHO.

DopMaIbHBIH CTENeHHOi st o = Y ooq a; - & € ng HA3BIBAETCS 00pa-
TUMBIM 1Ipu ycsoBun ag # 0, (T.e. a(0) # 0), 1 0OpaTHBIM K HEMY SIBJISICTCSE
psan B € ng, Takoit uto - B = 1.

Bynem nHazpiBaTh MHO2KECTBOM JIPOOHO-PAITMOHAIBLHBIX (DYHKIIN OT I1epe-
MeHHOM £ ¢ KO3 DUIMEHTAMI U3 TOJIT PAIMOHAIBHBIX YUCETI, CO CBODOIHBIM
YIEHOM B 3HAMEHATeJIe OTJIMIHBIM OT HYJISI CJIEYIOIee MHOYKECTBO:

R(Q) = {%| riae P(€),Q(§) - muorounens: ot & najn Q,mpuaem
(P(£),Q(§)) = 1 m Q(0) # 0}

CkaxeMm uto R = % € R(Q) xparno &, ecm P(§) nmenurcsa na £ 6e3

OCTaTKa KaK MHOI'OYJICH.

Hecisioxkuo Bujiers, uro ssementsl R(Q) C QF°, 1OCKOJIbKY MHOIO/IEHBL
SIBJISTIOTCSI TTOJIMHOYKECTBOM (DOPMAJIbHBIX CTEINEHHBIX PSAJIOB U 3HAMEHATEIH
B YKa3aHHBIX APOOSIX - 00paTUMBI.

IIycrs V € L(Q) - aBrOoMaT ¢ n BXOJAaMH U3 MHOYKECTBA JIHHEHHBIX aB-
TOMATOB HaJI PAIlMOHAJBHBIME YUCJIaMU. Bynem rosoputs, 9T0 Ha i-if BXOJ
asromaTa V' mojaerca cremennofi pax o; € Qg°, o = Z;io aj - &, ecin
x;(t) = ay, u psijt o GyJIeM HA3BIBATH i-M BLOOHBIM DAJOM.

Boixodrvim padom apromara V OyjieM Has3bIBaTh GOPMAJIBHBIN CTEIIEHHOMN
pan B o€ QF, B = Z;io ;- &9, Takoit uto ¥(t) = by. B Takom ciyuae V
peasusyer orobpaxenne suga Vi (Qg°)" — Qg°.

O6oznaunm uepes x;(t) € Q 3nHaueHue, KOTOpoe mOJAETCs Ha i-i BXOJ
aBromara V' B MomenT Bpemenn t. Bygem rosopurs, uro asromar V € L(Q)
3asucum om i-20 61004 HENOCPEICMBERHBIM 00PA30M, €CJIN BBIXOAHAS DYHK-
st y(t) aBromara V' cyliecTBeHHBIM 06pa30M 3aBHCHUT OT 3HadeHus T;(t) B
MOMEHT BpemeHnu t mjist joboro t. HeTpynHo BumeTh, 9TO OTCYyTCTBUE HEIO-
CPEJICTBEHHOM 3aBUCHMOCTH -0 BXOJIa IIO3BOJIsIET IPHUMEHATH K HEMY Ollepa-
nuo oOpaTHOI CBA3M.

Asromar V' € L(Q) 6ymem Ha3BIBATE KOHCTMAHMHOIM AETMOMAMOM B CIIy-
yae, eCJIM €ro BBIXOJHOI DsJi He 3aBHCHUT OT BXOAHBIX 3Hadenuil. Ilocsesmo-
BaTeJIbHOCTb BBIXOJHBIX CHMBOJIOB KOHCTAHTHOI'O aBTOMaTa Oy/leM Ha3bIBATh
KOHCIMAHMHBLM SDLL000M.

146



3. BcmomorareipHbIE yYTBEpXKaeHndA

Hawm monamobsiTest cieyiomniye JIeMMbl, KOTOPbIe MbI IIPUBOANM 0€3 JI0Ka3a-
TEJIbCTB.

JIemma 1. IIyemov V€ L(Q) - aunelnwd asmomam c n exodamu, Ko-
mopuili peanrusdyem npeobpasosarue V : (ng)” — ng, U OAA HEKOMODYIL
R; € R(Q), npu npoussosvHvir 6ToONWT pAGT o € Qi€ [1,n] evxoo-
noti pad B umeem euo:

B=Ro+Ri-a1+Ry-as+..+R, a,.

Toeda V' e sasucum om j-20 6xroda Henocpedcmeertvim oopasom mozda u
moavko mozda, kozda R; xpamno £, j € [1,n].

Jlemma 2. Jlas ecarozo aunetinozo asmomama V € L(Q) ¢ n exodamu cy-
weemeyrom R; € R(Q),i € [0,n], makxue wmo das aobvix 6rodnvr pados
o € Qi e [1,n] 6vxodnois pad 5 € Qg° umeem 6uo:

B=Ry+Ri-a1+Ro-ao+..+ R, an,
Jlemma 3. Jlwb6oti hopmanvroili cmenennot pad euda
B=ag+332,0-& =apa0 €Q
PEAAUSYEMCA HEKOMOPLIM KOHCTAHIMHBM GE8MOMAMOM OE3 X004,

Jlemma 4. ITycmo f: (QZ")" — Q¢° u cywecmsyrom maxue P; - mmoeo-
waenvt om gopmarvroti nepemennot € Had Q, 0 < i < n, wmo npu A06bT
o; € ng,i € [1,n] ewnoansemes:

f(ozl,...,ozn):ﬁ:PO—{—Pl-oz1+P2-oz2+...+Pn-ozn,

Tozda cywecmseyem V € L(Q) - aunetinoti agmomam ¢ n 6xodamu, Komopwit
peanrusdyem f, m.e. 6uxodnoti pad V coenadaem c B npu A060T 8TOOHBIT
padazr oy, 1 € [1,n].

JlemMma 5. ITycmo f: (Qg")” — Qg u cywecmsyrom maxue R; = % €
R(Q),i € [0,n], wmo npu mobwx o; € Qi€ [1,n] evnoansemesn:

f(Oél,...,Oén) =f=Ry+Ri-a1+Re-ao+..+ Ry ay.
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Tozda cywecmsyem V € L(Q) - aunetinoti agmomam ¢ n 6xodamu, Komopuit
peaaudyem omobpasicenue f.

ITpumep
Paccmorpum popMasIbHBIN CTEIIEHHON PsiZl, KOTOPBIN IPEICTaBIsSIeT I0-
CJIEIOBATE/ILHOCTE dnces Pudbonaudm:

ap=1+1-64+2-24+3-E4+5-4 48 +ap -+ .., e
ar = ag—1 + ag_2,k > 2

HeTpynHo BEMMHUCIUTE, YTO OOPATHBIM K HEMY SIBJISIETCS PSJI:

ar=1-¢-¢

Cile1oBaTe/ILHO:

[TocTpouMm KOHCTAHTHBIHN JTMHEHHBIN aBTOMAT, PeaJTU3YIOMINI TAHHBIA P,

VYMHOXKHAM 3TO BBIpa)kKeHne Ha 3HAMEHATENb, llepeHeceM Bce Ko3hduim-
eHTBHI KpaTHble & BIPABO M 3aMEHUM (' F B IIPABOI YaCTH ypaBHEHUsI Ha DA
Q, BAIIOMHUB ITO HEOOXOAUMO Oy/ieT 100aBUTh OOPATHYIO CBSA3L B KOHIIE I10-
CTPOEHNs Ha YKa3aHHBIM HOBBIM BXoxd. IloayduuMm ypaBHeHnue:

ap =1+ (£+&)a.

[ockombKy (€ + £2) - MHOTOUJIEH CTemeHm 2, MBI MOMKEM DPeajn30BaTh
YMHOYXKEHIE Ha Hero corjacHo jemme 4. IlogcraBum Ha OmyH BXOJI CyMMa-
TOpa STOT aBTOMAT, & Ha JAPYyroil - aBTOMAT, PeAJM3YIONuil KoHCTaHTy 1 B
repBblil TakT, 1 0 BO BCe OCTAJIbHBIE TAKTbI, 8 TaK K€ IIPUMEHUM OIIePaIliio
obparuoit cBst3u. Ilomyunm aBTroMaT, n300parkKeHHBIN Ha CXeMe, peanu3yio-
X TOCIeI0BATEILHOCTD dnces OruboHaIIn.
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4. OcHOBHBIE pPe3yJbTAaThI

Teopema 1. B xaacce L(Q) ne cywecmeyem xorneunoti K-noanoti cucmembt.

Zloxasameavcmeo: PaccMOTpUM HEKOTOPYIO KOHEUHYIO CUCTEMY JIMHEHHBIX

— (o)
asromaros V. = {V1,Va,...,V;, }. Pacemorpum v j, ..., a5 € Qg°, upu no-
Jlade KOTOPBIX Ha BXOJBI aBTOMaTa Vj ¢ M BXOZAMH Ha BBIXOJE MOJIYIaeTCst
P

Bj =Roj+ Rij-on;+Roj-agj+...+ Ry j-an,j,

Rij=42 e R(Q),1<j<m0<i<n,

MnoxkecTBo Beex ykazaHHbIX R; ; obosnauum yepes R. Ilycrs R; € R, Torna:

Rj=Y20ak - a0 €Q
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CornacHo yKa3aHHBIM 0003HAYEHHUSIM, OIIPEIeIUM CAeIYIONee MHOYKECTBO KO-
3 PUIIEHTOB:

Vo ={ajo = 22lj € [1,n],i € [Lng], (pj0, a50) = 1}

Paccemorpuym V€ K[ V] - aBromar ¢ k sxogamu. Hyers 0 = 372 0 - &7, Tlo-
JaanM Ha Bxoxel Vo paasl o = 0,5 € [1, k]. Torna ma Bbixoge V' nosy4aercst
pan:

B=Ry=320b-€" Ry € R(Q)

3ameTuM, 94To R6 IOJTy9eHa U3 HEKOTOPBIX [Y; j ITyTeM KOHEYHOTO IHC/Ia, IIPH-
MEHEHUN CJIEeAYIONNX Olepalyii:

1) Cnoxenne IByX UMEIOIIUXCsS HA HEKOTOPOM ITTare JpOOHO-PAIMOHATBHBIX

R1 n RQ.

2) YMHOXKeHHUE JIByX UMEIOIIHUXCsl Ha HEKOTOPOM Iare JpoOHO-PAIMOHAIbHBIX

R1 n RQ.

3) enenue 06pasoBaHHOIl Ha HEKOTOPOM IIare JApoGHO-paIMOHAIBHO R
Ha 1 — Ro, tie Ry nemures va §. (Bamemum, wmo ama onepayus He
BAUAEM HA c680000HBIT waeH pada Ri, nockoavky, no onpedeaeruro de-
ACHUA, NPOUCTOOUM YMHONACEHUE CE0000H020 UAEHA HA COUNULY ).

OueBuHO, UTO by Oy/IET MOJIYUATHCS U3 JIEMEHTOB MHOXKeCTBa Vg IpHUMe-
HEHMEM Ollepalliii CJIOXKEHNS, BEIYNTAHUsI, YMHOXKEHHUS U JICJICHHS.

B cuiy xoHeuHocTH cucteMbl V() MBI MOXKEM BBIOPATH YUCIO A clemyro-
M obpasom: A = maz je[1 p] (gj,0) mmbo, ecim Bce ;o = 1, monokuTH A =
2.

O bo = & A > A

JIHAKO B TAKOM CJIydae Mbl HUKOLJ[a He MoJyanum by = 7, e u
A’ - npocroe. Cienosarensno V - ne nosna. Teopema JlokazaHa.

Teopema 2. B xaacce L(Q) ne cywecmsyem konewnot cucmemovl, agmoma-
mos V, maxoti wmo X[V U B] = L(Q).

Jloxasamenvemeso: s nadasa nokaxkem, aro eciaun Ry, Ry € R(Q), npuyem
Ry # Rs xak QyHKIWH, Torga oTobpaxkenusi Ry -« u Ry - o Oy1yT BbLIABATH
pa3IuYdHbIE PSIbI IPU HEKOTOPBIX (.

B camom Jiesie, npeoioxkuM nporusHoe, torga (R — Rg) - a = 0, rue

0:0+0-£+...+0-§”+...6Qg°.
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Onnako nockosbky (Rp — Rg) # 0, cyIecTByeT UHIEKC § TaKo, ITo
(Ri—Ry)=ap+ar-E+ag- 2+ ... +a; &+ ..., npuaem a; # 0.
Pacemorpum (R; — R2)(1), rue:
1=1+E64+8+ .80+ e QY

Orcrona cpasy caepyer, aro (Ry — R2)(1) # 0, a 970 IPOTUBOPEYHUT HAIIIEMY
PE/IIIOIOKEHUIO.
PaccMOTpUM HEKOTOPYIO KOHEYHYIO CHCTEMY JIMHEHHBIX aBTOMATOB W3

L(Q):
V={W,Vs... .V}

o0
Cornacno jiemme 2, V; ¢ n;j BXojaMu Ha BXOJHBIX PAJax ajy j € Qg pea-
JIN3YET BBIXOJHOM PsiJI:

Bj=Roj+Rij a1+ Roj-azj+..+ Rn ;- an,;,

Ompe/iesiM MHOXKECTBO U3 HEIIPUBOJMMBIX MHOTOUYJIEHOB V(!
Vo = {P(§)|P(§)— menpuBomumerii Muorowren: 3i,j : P(§) meant Q; ;}

[Iycrs V' € X[V UB]J - aBromar ¢ k Bxomamu. [Tpu nomaue wa Bxom V
PANOB @11, ..., g € QF° BLIXOAHOM Psijt UMeeT BUJL:

B=Ry+ Ry a1+ ..+ R oy

Pacemorpum BbixoaHO#N psin npu o = 0,4 € [1,k]. Torna 8 = Ry, tae R €
R(Q), nosyuennas B pesysnbrare NOCTpOeHUsI V U3 HEKOTOPBIX R; ; IyTeMm
IpUMeHeHHsI KOHEYHOTO YUC/Ia OIepallnii:

1) Croxkenne JIByX UMEIOIINXCsI Ha HEKOTOpoM miare R u Ro.

2) YMHOXKeHNe JIBYX MMEIONINXCS Ha HEKOTOpOM Iitare Ry um Ra.
4

YMHOXKeHUE TTPOU3BOJIbHON R Ha hOpMabHYIO IIePEMEHHYO .

)
)
3) YmuoxKeHue pon3BoJbHOI Ry Ha ¢ € Q.
)
5)

[IpubaBjienre MpOM3BOJILHON KOHCTAHTHI K [?7.
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HerpynHo BueTh, 9TO NCIIOIB3Ysl YKa3aHHBI HAGOD onepaluii Mbl Oy1em
/

nosyuars R{, # % € R(Q), rne Q' ¢ V. Cuenosarensuo V He mosHa.
Teopema Jokazana.

IIpu mocTpoenun Kjaacca JIMHEHHBIX aBTOMATOB MBI HUCIIOJIBL30BaJIN II0JI-
HYI0, HO M30BITOUHYIO 0cHO8HY cucmemy B, KoTopas He sBisieTcs Oa3uc-
HOH.

Crenyromue jrajiee yTBep:K/I€HUsT KACAIOTCsI BOIIPOCa, CyIeCTBOBaHUsT Oa-
3MCOB B KJIACCE JIMHEHHDBIX aBTOMATOB HaJ| MOJIEM PAllMOHAJIBLHBIX IHCET.

Teopema 3. B xaacce L(Q) wmootcro ewdesums beckonewnvili K - 6asuc.

Jloxazameavcmeo: PaccMOTpUM cUeTHOE MHOXKECTBO JNHEHHBIX aBTOMATOB
Bll

B1 = {&, V4, V1), Vi1 | p - mpocThe uncna}
p

IMokaxkem uro K[B1] = L(Q), a uMenno, cBeieM Bce K 3aBEOMO HOJIHOM
cucreme B:

1) Vo monyuum u3 Vi u V.(_l), IIOICTAHOBKOIA V.(_l) Ha OIWH U3 BXOIOB
Vi u oTOXKIeCTBICHUEM BXOJOB IOJIyIE€HHOI'O aBTOMATA.

2) Vo, viae n # 0 - nejioe 9ucao HECTOXKHO MOy IUTh U3 Ve u Vi

J— S1 52 Sk
3) V.%, rae b = pi' - py? - ... - pF, pi -pocThle Ynca, s; - HaTypaJsbHbIE,
HOJTy UM OUeBHIHBIM obpasom u3 Vi _yy, Vi,V 1, i € [1,k].
Pi

Takum 06pa30oM MBI IIETUKOM BOCCTAHOBUM B, a 3HAaYUT mocTpoum Bce
aBroMarsl B Kiacce L(Q).
TTokazkem uro B - 6a3uc:

1) K[B1\ 1] comepKuT ToIBKO aBTOMATBI COXPAHSIIONINE HOJIb B IEPBbIii
MOMEHT BPEMEHH.

2) K[B1\ V4] He comepKuT aBTOMATOB, 3aBHCAIIMX 00JIee YeM OT OJHOIO
BXOJIA.

3) K[B1\V.1] rme p-ipocroe, He COMEPKUT aBTOMATOB, BBIJIAIOIINX B II€P-
P

BBIII TaKT KOHCTaHTY %
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4) K[By1 \ V)] He comepKuT aBTOMATOB, BBITAIONINX B HEPBBIH TAKT
OTPUIIATEILHOE YHUCJIO.

Caenosarenbio By - K - 6a3uc. Teopema jokazaHa.

Teopema 4. B xaacce L(Q) cywecmsyem beckoneunas ¥ -noanas cucme-
Ma, He codeparcayas Xi-6a3uca.

Jloxazameavcmeo: PaccMOTpUM MHOXKECTBO JIMHEHHBIX aBTOMATOB Ba:
By = {&, Vi, Vi), V__a | pi - moAps WiyIEe TPOCTHIE YUCIIA}
p

1'P2° Pk
Ouesuno, uro B C X[Bg|, T.K. Besikuit V.1 MoxKer ObITh HOJIyUeH U3

pq
\%4 1 ,rne k >im V.
P1'P2" - Pk
B ykazanHoi1 cucTeMe HEBO3ZMOXKHO BBLIEIUTH 0OA3HUC, IMIOCKOJBKY JII000Ee

KOHEeYHO€ IIOJMHOZKECTBO B2 HE ABJIZETCH ITOJIHBIM, TaK KaK HE IIO3BOJIUT HaM
OJIYYIUTDh BCE YMHOYKUTEJN Ha IPOCThIE YHCA, a U3 JI0OOro GECKOHETHOI'O
[TOJAMHOYKECTBa, BCErla MOXKHO YIaJIUTh 3JIEMEHThI 6e3 IMOTepu CBOMCTBA CHU-
creMbl ObITh TIostHOM B L(Q) mo omepanus kommosurun. Teopema rokasana.

Teopema 5. B xaacce L(Q) cywecmeyem beckoneunud -6asuc.

oxazameavcmeo: OupejieluM aBTOMATHI-YMHOXKUTEIN HA MHOTOYJIEHBI U
paIuoHaIbHbIE (PYHKITUN:

1) V. P(¢) - JIMHEHHDIA aBTOMAT C OJIHAM BXOJIOM, BBIXOJIHOM PsiJl KOTOPOro
paBeH:

B =P o
rae P(€) - morouwnen or € HaJ Z, « - BXOAHOM psiJl.

2) V p()- JIMHERHBII aBTOMAT C OJHUM BXOJIOM, BBIXOJIHON psiJi KOTOPOTO

Q)
paBeH:

— P
b=ae >

~

rJe % € R(Q), a - BxozHoOil psij.

HazoseMm cucremoit Bg cienyrormnyio cucremy:
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B3 = B1 UBy4,

riae By = {VQ%E | Q - Hepaznoxumbrii, deg(Q(&)) > 0,Q(0) =1}

Yenosue Q(0) = 1 BBeseHO Jy1st TOrO, ITO OBI N30ABUTHCS OT MHOTOUJIE-
HOB, PABHBIX C TOYHOCTBIO JI0 ACCOIMUPOBAHHOIO (yMHOXKeHust Ha +1 u -1) u
JIOOUTBCA €MHIIHOTO COAEPKAHNS MHOTOWIEHOB B 3HAMEHATEJIE.
ITokazkem, aTo cucrema Bg nosna.

B X[B1] comepxarcst Bce V.. u V.p(e). AJist HOTHOTEI cuCTEeMBI HEOOXOMMO

peanm30BaTh MPOU3BOILHLIA V b, ggég € R(Q), T.x. Torja npu mnojade Ha
QE

BXOIBI (1, ..., Oy € @go peanusyercs Jiroboe 0TOOpaskKeHne BUIA:
B=Ro+Ri -1 +Ry-aa+...+ Ry -,

OueBungno, 4ro Jobdas R; = % € R(Q), moxkeT 6bITH IpeCTABICHA KAK
P!

R, = o € R(Q), rae Q:(0) = 1. Koubllo MHOIOUIEHOB HaJl IEJIbIME TUC-
1

namu - dbakTopuaibHO|6|, mosToMy Jr0bast IPOGHO pannoHAIbHAsS (DYHKIUST

P! .

R, = o/ Mpe/icTaBuMa CyMMOi JPOOHO-PAITMOHAJILHBIX, C HEPA3IOKUMBIMU

1

B 3HaMenaresie, a snauut [ € X[Bg], nockonbky seskuit Vipr(e) € E[Bs].

TlockombKy MBI peaim30BaJii IPOU3BOJILHBIE V p(¢) , HECIOXKHO MOy IUTH
Q@)
KOHCTaHTHBIE OTOOpasKeHns, peanusylomue paj o, T.K. ncnobsys Vi, V. _y)

n €1 MOZKHO IIOJIY9IUTDb KOHCTaHTHBLIII aBTOMAT C BBIXOJIHBIM DAJIOM BHIa:

B=143732,0-&"

ITonnora cucremsl Bg nokasana.
ITokaxkem, uro cucrema Bg siBiigercsa 6a3ucom.

1) X[Bs \ V4] He cogepkut aBTOMATOB, 3aBUCSIIMX OOJI€E UM OT OJHOI'O
BXOJ1A.

2) ¥[Bs \ Vi_1)] He comepuT aBTOMATOB, BBLIAIOMEX OTPUIATETLHBIC
qucJia B HepBbIﬁ MOMEHT Bpel\/leHI/I.

3) X[Bs\V. 1] HE COJIEPYKUT ABTOMATOB, BBIIAOIIIX KOHCTaHTy B [IEDPBBIi
MOMEHT BPEMEHT.

4) ¥[Bgs \ 1] He comepKuT aBTOMATOB, Pean3yomuxX (GopMaabHbIe CTe-
IIeHHbIE PsIAbl Bujaa R - x, rae R - HenpaBujbHas pannoHabHass QyHK-
st or & (CcreneHpb YucauTesIst 6OJIbINe CTEeHN 3HAMEHATEIS ).
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5) ¥[Bg \ V._1_| He comep:KUT KOHCTAHTHOTO aBTOMATA, PEAJIU3YIOIIEro
Q%)

BBIXOTHOU P %

Taxum obpazom, Bg - 6azuc. Teopema mokazana.

ABTOp BBIpaykaeT UCKPEHHIOK IpusHaTebHOCTh A.A.YacoBckux 3a 1mo-
CTAHOBKY 3a/a9M, & TaK YK€ IMEHHBbIE COBETHI U 3aMETaHUsI.
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Linear automata over rational numbers field
Ronzhin D.V.

We consider a class of linear automata over the field of rational
numbers. In this class we prove there are no finite K-full systems and no
finite X-full systems with infinte additive of special form. We construct
an infinite K-basis and an infinite X-basis, and also an infinite X-full
sistem which contains no >-basis.

Keywords: linear automata, rational numbers field, composition
operations, superposition operations, K-closure, Y-closure.
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K cBegenunio aBTOpoOB ITyO/JMKAIUN B >KypHAaJe
«aTenneKryasbHble cucTeMbl. Teopus U MPUIIO>KEHUST »

B coorBercrBum ¢ rpeboBanusvMu BAK P® K uzganusiM, BXOISIIUM B Iepe-
YeHb BEJIYIIUX PEeleH3UPYyEeMbIX HAYUYHBIX 2KYPHAJIOB U U3/IaHU, B KOTOPBIX MOI'YT
OBITH OIyOJIMKOBAHBI OCHOBHbBIE HAY'HbIE PE3YIbTaThI TUCCEPTAINN HA COUCKAHUE
yUIEHO! CTeIeHn JIOKTOPa U KaH/1/laTa HAyK, CTaTbu B 2KypHas «/HTesekTyasnb-
HbIe cucTeMbl. Teopust U IPUIOKEHUST» [IPEIOCTABISIOTCA ABTOPAMU B CJIELYOIIEN
dopme:

1. Crarbu, nHabpannbie B makere INTEX, mpeocTaBisiorces K 3arpy3ke depe3 WEB-
dbopmy http://intsysjournal.org/generator form .

2. K crarbe npuraraiorcs (aiiiiel, cojepKaline Ha3BaHUE CTATbUA Ha PYCCKOM H
AHIVINIICKOM $I3BIKAX, AaHHOTAIMIO HAa PDYCCKOM ¥ aHIVIMACKOM si3bikax (He Gostee 50
CJIOB), CIHCOK KJIFOUEBBIX CJIOB HA PYCCKOM WM AHTJIMIICKOM si3bIKax (He Gosee 20
csioB), nHdopmarst 06 apropax: ©.1.0. nosHOCTHIO, MECTO PAGOTHI, JOJIKHOCTb,
ydeHas CTelleHb U /Wi 3BaHue (eC/u UMeeTcs ), KOHTaKTHbIe TesteOoHbl (¢ KOIOM
ropoJia M CTPaHbI), e-mail, MoYTOBbI aJpec ¢ UHAEKCOM ropoja (JoMalHuil uim
CITy 2KEOHDIIT).

3. Crucok urepaTypbl 0OPMIISIETCS B €IMHOM (POPMATE, YCTAHOBJIEHHOM CUCTE-
Mot Poccuiickoro numgekca Hay<IHOTO ITUTUPOBAHUSI.

4. 3a nybsukanuio crareit B xKypHaje «HresuiekryaibHble cucrembl. Teopus u
[PUJIOYKEHUST» C ABTOPOB (B TOM YHCJIE ACIIUPAHTOB BBICIINX YIeOHBIX 3aBeeHMi )
craTeil, peKOMEH/IOBAHHBIX K ITyOJIMKAINY, TJ1aTa He B3uMaeTcsa. OTTucku crareit
aBTOpPaM He IPEeIOCTaAB/IAI0TC. 2KypHAaJ PaCIPOCTPAHIETC 10 HOIINCKE, SK3EM-
IUISIPBI 2KYPHAJIA PACCHUIAIOTCS MOJIIMCINKAM HAJIOXKEHHBIM ILJIATEXKOM. YCJIOBUS
noanucku myoankyrores B katajgore HTU «Pocnevarss», naaeke Kyprasia 64559.
5. HocTyn K 971eKTPOHHON BEPCUU TIOCJIEHETO BBIIIEIIIIEr0 HOMEPa OCYIIECTBIIs-
ercs uepe3s HIB «Poccuiickuii nnmekc HaydHOro nurupopanusi». Homepa, BbI-
IIeIIIe paHee, pa3MelanoTces Ha cajite http: //intsysjournal.org, n goctym K HIM
GecruraTHbIil. TaMm ke OyIyT pa3MelIeHbl AaHHOTAIUMKA BCEX ITyDJIMKYEeMbIX CTATEH.
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