O moJsHOTE omepaIuii «IIepecTaHOBKA
MepeMeHHbIX», «KOHBIOHKIIIS»,
«KOMMO3UIMsA» HAa OMHAPHBIX IIpeanKaTax

C.B. Moucees (MI'V nmenn M. B. Jlomonocosa)

Pabora o Teopun abcTpakTHBIX KJIOHOB. Vccieayiores OuHapHbe
MIPEINKATHI HA Kk-3JIEMEHTHOM MHOXKECTBE U OIEPAIAU HAJl STUMU IIpe-
mukatamu. [IpuBenén crnucok omeparuili HaJlT OMHADHBIME IIPEIUKATA~
MM, 3aMBIKAHUE OTHOCUTEIBHO KOTODPBIX it k € {2, 3} sxBUBaJeHTHO
3aMBIKAHUIO OTHOCUTEJIBLHO BCEX MPUMHUTHUBHDBIX IMO3UTUBHBIX (DOPMYII.
IIpu k > 4 mokasaHo, 9TO 3aMBbIKaHIE OTHOCUTEIBHO YKA3aHHBIX OIle-
paruii cTporo ciabee 3aMBIKAHWS OTHOCUTEIBHO BCEX PUMUTUBHBIX
TO3UTUBHBIX (DOPMYII.

KurouyeBbie ciioBa: Teopusi KJIOHOB, OMHApPHBIE MPEIUKATHI, OU-
HapHBbIe OTHOIIEHUS, OIEPAIuM Ha IIpeJrKaTax, IPUMUTUBHBIE I10O3U-
TUBHDbIE (DOPMYJIBI, OIIEPATOP 3AMBIKAHUS, k-3HATHAS JIOTHKA.

1. MoruBanus

O6osznaunm 1epe3 Ry (n) MHOXKECTBO BCEX IPEINKATOB k-3HAUHON JIOTHKH
aprocti i (n > 0), TO eCTh MHOYKECTBO BCeX (DyHKIUil BHIa

p: {0, 1,...,k—1}" = {L, T},

rjge L, T — KOHCTAHTBI «JIOKb», «ucTHHA». O6o3HauMM Yepe3 Ry (< n) MHO-
JKECTBO BCEX IPEIUKATOB apHOCTH < 1, a depe3 Ry — MHOXKECTBO BCEX IIpe-
JIUKATOB Kk-3HAYHOI JIOTUKH.

Ecnu 310 HEOOX01MMO, apHOCTDH IpeankaTa OygaeM 00603HATATH BEPXHUM
HHJIEKCOM B KPYIVIBIX CKOOKax, Hampumep rax: pl™).

Onpenenenune 1. Oupenenium npeaukarel false, true, eq:
false® (z1,x9) = false® = L
true® (r1,22) = true® = T

eq® (21, 20) = (1 = x2)
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Onpenenenune 2. Gopmysbl BUIA

w(pgrl)v e 7p$LTn)) =
(r1)

= dy; . ..Hys(pl (zlyl,. . '7’217T1) VAN /\pg{u")(zn,l, .. -,Zn,rn))v

rie s = 0, n > 1, 6yZeM Ha3bIBATD NPUMUMUSHBLMU TO3UMUSHBIMU HOP-
myaamu. MHO2KECTBO BCeX MPUMUTHUBHBIX MMO3UTUBHBIX (DOPMYJT 0OO3HATUM

qepe3 p.p.f..

Omnpenenenue 3. ByjeMm roBopuThb, UTO IpPEIUKAT p(’") sadaémen popmy-

201 go(pgrl), . ,pg”)) u mucars p) ~ Sp(pgrl), . ,pg")), €CJIM UMeeT MeCTO
PABEHCTBO
(r1) (rn)

p(r)(xl,...,xr):gp(pl (21,153 2101 )5 - Py (zml,...,zn’rn)),

JIIsT HEKOTOPBIX METAePEMEHHBIX Zj j U3 CIUCKA CUMBOJIOB «T1%», ..., «Tp»,
KYL»y o vvy «Ys>.

Omnpenenenne 4. IIycre M C Ry. O6osnaunm depe3 [M],, samwvikarue
mrodcecmea M omHocumesv o npumMumueHsy no3umueHba Gopmya:

[M]pp. = { false!, true®, eg?} U

u{p": Bp epp.f)3E™ e M) ... (30 € M)
)~ cp(false(o), true®, eq(Q),pY”, . ,pg”))}

IIycTh Tak:ke
[Mlpp.2 = [M]pp. 0 Rk(2).

OcHoBHasI IpaKTHYeCKast IIPOOJIeMa OLePATOPA | |, COCTOHT B TOM, YTO
nuist Berauciaenust [M],, mas KOHKpeTHOro MHOXKecTBa M HHOrZa HEOOXO-
MO HUCIIOJIb30BaTh (DOPMYJIY ¢ C OOJIBIITIM YHUCJOM IiepeMeHHbIX. JIpyroii
BapuaHT Beraucienust [M], , MOr 6bI COCTOSTH B TOM, IYTOOLI BMECTO LIPUMU-
TUBHBIX MO3UTUBHBLIX (POPMYJI PACCMATPUBATH 3JIEMEHTAPHDLIC OlEPAlii Ha
npejkaTax, BBeAcHHbIe [eiirepom (cm. [?]) m Bopnapaykom ¢ coasropamu
(em. |?]) — nmobaBiieHne HeCyIECTBEHHOl II€PEMEHHOMN, OTOXK IECTBIICHHE 11e-
PEMEHHBIX, [IepeCTaHOBKA MIePEMEHHBIX, [TPOEKIUsl, KOHbIOHKIUsI. OHAKO, Y
9TOrO MOJXO/a UMEETCs JIpyras IpobjieMa: B IPOIECce BBIBOJIA MOT'YT BO3HU-
KaTh MPEJIUKAThl OOJIBIION ApHOCTH, YTO TAKyKe He MMO3BOJIsIeT Ha MPAKTUKe
UCIIOJIB30BATD 3TOT OIPEIE/ICHHE.
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BosznukaeT Bompoc: MOXKHO JId TIEPEOIPEIeTUTh JIEMEeHTaPHbIE OMEePAITNT
leiirepa — Bommap4ayka, Tak 9TOOBI MOy I€HHBIN OIIEPATOP 3aMbBIKAHUS KOP-
PEKTHO paboTaJl Ha IIPeIuKaTaxX MaJIOil apHOCTH U B TO YK€ BpeMs He TpeboBaJl
[IOCTPOEHUsI TIPEJIMKATOB OOJIBIION apHOCTH?

B manHoit pabote j1aH MOJI0KUTEIBHBII OTBET HA 3TOT BOIIPOC JIJIS CIIydasi
k € {2,3} u GuHAPHBIX IIpEMKATOB.

Ounpenenenne 5. Ilycrs p,p1,p2 € Ri(2). Oupenennm oneparmu perm ,
conj, comp (<«IepecTAaHOBKA NEPEMEHHbBIX», <«KOHBIOHKIHs IIPEJIUKATOBY,
«00OBIIEHHAST KOMIIO3UIHsI» ) Ha OUHAPHBIX MPEIUKATAX:
perm (p)(z1, v2) = p(x2, T1)
conj (p1,p2) (w1, v2) = p1(z1,72) A p2(T1,72)
comp (p1, p2)(z1,22) = Jy (p1(z1, ) A p2(y, 22))

Onpepenenne 6. [lycrs M C Ry (2). O603uauuMm depes3 [M]yeqk HAUMEHB-
IIee MHOKECTBO, YJIOBJIETBOPAIOIIEE AKCHOMAM:

1) {false(2),true(2),eq(2)} C [M]weak-
2) Monomonnocmo. Eciu p € M, 10 p € [M]yeak-

3) BamKrHymocmsv OMHOCUMENLHO IAEMEHMAPHHLT onepauul. Ecm p €
[M]weakv p1 € [M]weak7 p2 € [M}weab TO

perm (p) € [M]weak
conj (p1,p2) € [M]weak
comp (p1,p2) € [M]uweak

OuesBnano, 4ro eciu p, p1, pe € M, To perm (p) € [M]pp.2, conj (p1,p2) €
[M]pp.2, comp (p1,p2) € [M]pp.2, mOSTOMY

[M]weak - [M]p.p.Z

Bonee Toro, muarpamma ma pucyrke 77 KOMMyTaTUBHA.

2. PesynbTaTbl paboThI

Teopema 1. [Tycmo k € {2,3}. Toeda
[Mweak = [M]pp2

Teopema 2. [lycmo k > 4. Cywecmeyem M, maxoe wmo
[M]wear # [Mlp.p.2
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Hweak E /;b [[M]weak]p-p-Q = [M]p-p-Q
E //ﬂ;).p‘2
‘/,

[M]weak

Puc. 1.

3. llokazaTeabCcTBa Teopem

JokazaTeabcTBO TeopeMbl 77 juisg k = 2 sIBIASIeTCs CJIEICTBUEM H3BECTHBLIX
daKkTOB TEOpUU KJIOHOB M IPUBOJUTCA B pasjesne 77. ABropoMm mpejjara-
ercst HoJiee TTPOCTOE JTOKA3ATEIBCTBO JJIsl 9TOTO Caydasi 0e3 MCIIOJIb30BAHUS
CJIOXKHBIX (baKTOB TeOpHUU KJIOHOB (cM. pasmes 77).

HokazarenbcTBO TeOpeMbl L7 it k = 3 OBLIO MOJIy9E€HO aBTOPOM C UC-
IIOJIb3OBaHUEM KOMIIBIOTEPHBIX BBIYNCJIEHU. OIII/ICaHI/Ie JaHHOI'O IIponecca
Oyaer omyOJIMKOBAHO OTIEILHO.

3.1. JokazareabcTBO TeopeMbl 7?7 njs k = 2

Paccmorpum oniepatopsl «j100aBiienusi (DUKTUBHOl [IepEeMEHHOM ciipaBa, (cJie-
Ba)»:

intro_r (p) = comp (conj(ep, eq(2)), true(z))
intro_1(¢) = comp (true®, conj(p, eq?))

OTH OIepaTopbl 0OJIAIAIOT CJIEIYIONINM BaXKHBIM JIJIsT HAC CBOMCTBOM:

Vo (go(xl,:cl) =intro_r(¢)(x1, zz))
V1 ((p(xg,xg) =intro_1 (go)(xl,xg))

Jlemma 1. Ilycmo

q(z1,22) = N\i(ar, 21) A N\ (1, 22) A N\ G2, 1) A\ Xom (22, 72)
i J l m
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ITycmo maxotce n — Koauvecmeo gopmys euda p;(x1,x1), n = 0.
Tozda cnpasedauso pasencmeo:

q(z1,x2) = conj (conj (conj (intro_r (p),1), perm (§)), intro_1(x)),
20e

2)

truel ecaun =0

©
Il

Y1 ecrun =1

conj ((...conj (conj (¢1,92),93)-..),¢n) ecaun >2

(popmyavt 1), &, X onpedesmromes anasoeuuro).

Jlemma 2. Ilycmo
a(@) =3y ( N\ wilsisti) A N\ wsCuss ) A NGy o) A N\ xom(w)),
i 7 l m

ede T — menycmoti CNUCoK NEPeMEHNILT, MEMANePemMennvie S;, t;, u;, v; 060-
3HAYAIOM MEPEMEHHDIE U3 CRUCKAG T, NPUYEM CNUCOK T HE codepacum nepe-
MEHHYIO <Y ».

Tozda cnpasedauso pasencmeo:

q(T) = /\@i(siati)
A3y (A ilugm) A Aperm (@)(y) A Nintro_t () (@1,1)),
7 l m

2de x1 — mobas nepemennas cnucka T. To ecmdv npedukam q MOAHCHO NPU-
secmu K 8udy
(&) = N i(si ts) ATy [\ mj(wj,v),
( J
ede memanepemermpie Wi 0003HAUAIOM NEPEMENHDIE US CNUCKA T.

Jlemma 3. Ilycmo
(&) =3y N\nji(w;,y),
J

ede T — CNUCOK NEPEMEHHDIT, MEMATEPEMEHHDIE Wi 0003HAAIOM NEePeMeH-
HblE U3 CNUCKA T, NPUYEM CNUCOK T HE COOEPAHCUIM NEPEMEHHYIO <Y ».
Tozda das k = 2 cnpasedauco paseHcmeo:

q(&) = N\ comp (nj, perm (7)) (wj, wy).
ad



198 C.B. Moucees

lokazaTesbcTBa JJeMM

Jlemmbr 77 u 7?7 odeBuaubl. s jlokazaTesbcTBa JEeMMbL 77 PACCMOTPUM
[peIuKaT
¢ (@) =\ Iy (nj(wj,y) Any(ws,y))
3,5
U JloKaxkeM, 4To ¢ = ¢'.

Baduxcupyem 3navenus . Ouesuano, uro ecau ¢(Z) = T, 1o ¢'(Z) = T.
[Mpeanonoxkum, aro ¢(Z) = L. Tak Kak mepeMeHHast y MOXKET HPUHIMATD
posro zBa suavenus 0,1 u ¢(Z) = L, To cymecrByior j,j' (BO3MOXKHO, COB-
[aJIAOIIIE ), TAKUE YTO

nj(wjao) =1
nj’(wj’vl) =1

Kax cnencrsue, ¢'() = L, 910 3aBepmiaer JI0Ka3aTe/ILCTEO JIEMMBI.

okazareabcTBO TeopeMbl 77 anas k = 2

[Mycre p(x1,22) = Jy1 ... ys <p1(21,1, 212) A .o Apn(2n1, Zn72)>. JokazkeM,
aro p € [{p1,---,Pn}weak. [IPEMEHUM HHJIYKIMIO 1O YUCIY S KBAHTOPOB
cymecTBoBanud B (opMyIie, ompeesiomeil npeaukar p. bazuc nugyKun
(s = 0) obecieuuBaercs jgemmoit 77, [lar unpyknun obecrieanBaeTcss KOM-
ouHamueil demMMer 77 u 77.

3.2. loka3aTeabCTBO TeOpeMbI ! 7

[Iycts p € Ry(2) — cuMMeTpUYHBIH NPEIUKAT, NPUHUMAIONINH 3HAYCHUE
«J10Kb» Ha Habopax (0,k — 1), (k — 1,0) u Bcex Habopax Buma (a,a) (rme
a € {0,1,...,k — 1}) u npuHIMaOMuii 3HAYEHNE <UCTHHA» HA OCTAJIBHBIX
Habopax:

plk—1,k—1)=1

p(z,y) =T Ha ocrajbHbIX HAGOpax
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'paduyeckn 3TOT TpPEIUKAT MOYXKHO IIPEJICTABUTH OPUEHTHUPOBAHHBIM I'Da-
dowm ¢ k Bepmmramu, rjie OpUEHTHPOBAHHOE PeOPO MeXK/ Ty Bepimuaamu (a, b)
UMeeTCsl TOrJia U TOJBKO Torja, Korja p(a,b) = T. s caygas k = 6 npe-
JIIKAT p IPEJICTaBIeH Ha PUCYHKe 77 a).

O-—

a) I'padosoe mnpencrasiemnne 6) I'padopoe upeicrapienne
npeauKaTa p [IpeauKaTa ¢

Puc. 2.
IycTp

M = {false ) true®, eq(z),p}.

Herpymao nposeputsb, 9To
[M]weak =M.

[Iycts mpeaukaT ¢ ompenessieTcst CJIeAyomeil IPUMUTHBHON TIO3UTUBHOMN
dopmyioii:

q(z1,22) =
k—2 _
= Jy1 Iy2. .. Fyk—2 </\ plriy) AN\ (i yj) /\ p(y;, x2) ) (1)
i=1 1,51 1%#] j=1

Bamernm, 9TO M3 paBeHCTBA p(z1,22) = 1 cielyer, 4To 21 # zo. Ilosromy
ecm Ty # T2, TO 3HAYEHUS Y1, . . . , Yk_2 ONPEIEIAIOTCS OJIHOZHATHO:

{yl,...,yk_g}:{0,1,...,k—1}\{1‘1,1‘2}.
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YauTbIBast 9TO U TO, 9TO HPEIUKAT p cuMMeTpudeH, hopmyra 77 npu x1 # o
MOYKeT WHTEPIPETUPOBATHLCS TakK: B Tpade, OmpenenseMOM TPEeInKaTOM P,
kazkoe u3 muoxkects {0,1,..., k—1}\{z1} u {0,1,...,k—1}\{z2} obpasyer
KJINKy pasmepa k — 1 (To ecThb MHOXKecTBO u3 k — 1 HOIIAPHO CBSI3AHHBIX
Pa3JINIHBIX BEPIIIHH).

Herpynso nokasars, uro q(x,y) = —p(z,y). dug caygas k = 6 npenn-
Kar ¢ npejcrasieH rpadpom Ha pucynke ?? 6). Takum ob6paszom,

q € [M]p.p.Q \ [M]weak’

YTO 3aBeplnaeT J0Ka3aTeJIbCTBO.

3.3. KommeHnTapuu K Teopeme ?7

SamMernmM, UTO MPUBEIEHHAS KOHCTPYKIUS MPEJINKATa P HEPUMEHUMa IIPU
k < 3. Tak, pu k = 3 dpopmyna 77 npuobperaeT Bu,

q(x1,22) = Jy (p(x1,y) A p(y, 22)),

TO €CTb
q = comp (p,p)

1 IO3TOMY
q & [M]weak-

4. BouiBoa teopembl 7?7 njsd k = 2 3 m3BEeCTHBIX hak-
TOB Teopumn KJIOHOB

4.1. CyuiecTBeHHbIE IPEANKATbHI

Omnpegenenne 7.

1) TIpenukarsi false(o)7 true®) cywecmeenio.

2) Ipu n > 1 upeaukar p™ HazbiBaeTCH CYWECMBEHHDIM, €CJIT OH HE MO-
2KeT OBITH IIPEJICTABICH KAK KOH'BIOHKITUS IIPEJINKATOB MEHbIIEH apHO-
CTU, TO €CTh €CJIU HE CYIIECTBYIOT IIPEINKATHI pgnfl), N pg"*l), TaKue
ITO

p(n) (X1, 2n) = /\ P,(n_l)(zi,l, ceesZim—1)
ie{1,...,s}

AJId KaKAX-TO METAIIEPEMCHHDBIX Zj ; U3 CHHUCKaA «T1», ..., «Tp>.
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MHOKEeCTBO BCEX CYIIECTBEHHBLIX IPEIUKATOB apHOCTH 1 0OO3HAYUM Uepe3
ESSk(n), MHOXKeCTBO BCeX CYIIECTBEHHBIX HPEJIUKATOB apHOCTH < 1 060-
sraunM depe3 FSSk(< n), MHOXKECTBO BCeX CYIIECTBEHHBIX MPEIUKATOB —
yepe3 S S.

4.2. Or[epaTop 3aMbIKaHH Ha CyYIIECTBEHHDBIX ITpenKaTax

B pa6orax 1. H. ?Kyka (cm., nanpumep, [?, 7, ?|) BBeJeHO cemeiicTBO 4a-
CTHYHBIX ONEpanuii Ha MpeuKaTax, KOTOPbIE Mbl Oy/IeEM HCIIOJIb30BATH MPH
OIIpeJIeJIeHNN OllepaTopa 3aMbIKaHUs Ha CYIIECTBEHHBIX Npeaukarax. Karxk-
Jlast U3 HUX SIBJIAETCS YACTUIHOM (DYHKIMHU OJJHOTO MJIM HECKOJIBKHUX TTPETNKA-
TOB, aPHOCTU KOTOPBIX JIOJIZKHBI ObITH HaJJIEXKAIUM 00Pa30M COTJIACOBAHDI.

Onpepenenne 8. [Ouepannn 2Kyka|

1) IlepecraHoBKa IIEPEMEHHBIX:

op1o (0™ (@1, ) = P @01y, - - To(n)),
rie o: {1,...,n} — {1,...,n} — nepecraHoBKa.
2) OToxjiecTBIIEHHE [IePEMEeHHbBIX:

n+1)(

opg(p("+1))(:n1,...,:vn) :p( X1, 1,02, .y Tny).

3) KOH’])IOHKHI/IH C OTOXKJAECTBJIECHUEM IIE€PEMEHHBIX!

ops(py"” 5" )@ ) =
= pg")(:cl, oy Ty T 1y - -+ Tn) /\pém)(xl, e Tm),

omnpesiesI€éHHAs Ipu . = m > 1.
4) Tlpoexnwusi:
Op4,5(p(s+n))(x17 cee 7:1:71) = Elyl o E]ys p(SJrn)(yh ey Ys, 1y 7xn)7
omnpesiesiéHHas mpu § = 1.
5) OToxKecTBIIeHNE [IEPEMEHHBIX C IIPOEKIINei:

(n+2)(

0p5(p("+2))(a}1,...,xn) =3Jyp Yy Yy Ty v ey Tny)-

6) KOHBIOHKIMS ¢ OTOXK/IECTBIEHUEM U IIPOEKINEN:

0p6(P§n+1)ap§1))(xla Z2,. .. 71'71) =

=Jy (p§”+1)(y,fc1,x2, ey Tn) /\pél)(y)>-



202 C.B. Moucees

7) O606ImEHHAST KOMITIO3UIIHSI:

+1
0p7,m(pgn1 )7 o 7p£':zlm+1))(x1,1a e Tlngs ey Tmly - - )xm,nm) -
+1
=Jy (pgn1 )(y,$171, Ce T ) A
/\pggm-i-l) (yv ITm,1,--- ’mm,nm)>7
oupezesnéntas, ecmm 2 <m< kun; +1>2 (i € {1,...,m}).

3aMerTnM, 9TO PE3yJbTATOM IMPUMEHEHUs] STUX OMEpalyii K CyIIeCTBEeH-
HBIM IIPEJUKATAM MOTYT OBITh KaK CYIIECTBEHHBIE, TAK U HEeCyIleCTBEHHbIE
npenukarel. Hac mHTEepecyeT TOJBKO ciydail, KOra pe3yJbTaT Olepaldd —
CYIIECTBEHHBII TpeaukaT (cM. onpejeaenue 9).

Onpepenenne 9. [lycrs M C ESS). O6o3naunm uepes [M]qss HaMeHbIIee
MHOYKECTBO, yIOBJICTBOPSIONIEE AKCHOMAM:

1) {false true® eq?} C [M]ess.
2) Eciu p € M, 10 p € [M]ess.
3) Ecmm

a) P1,--Pn € [Mess,

6) p MOXKeT ObITh MMOJIYUYEH U3 MPEIUKATOB P1, . . ., Py KAK PE3YJIbTAT
IIpUMEHEHUA (0;1H0171) olepanum ceMeuncrsa opy, . . ., 0pr,

B) p SIBJISICTCSI CYIECTBEHHBIM IPEINKATOM,

T0 p € [M]ess.
Bamerum, aro ecau M C ESSy, 10 [M]ess € ESSk.

Teopema 3 (2Kyk, [?]). Cemeticmso onepayuii op1,...,0p7 noano 6 cie-
dyrouwem emuiene. Iyemov M C ESSy. Toeda

[M]pp. NESS, = [M]ess.

4.3. CBasp mexnay Ri(2) u ESS(< 2)

Onpenenenne 10. Tna M C Ry (2) u M’ C ESSi(< 2) onpeyenum ore-
patopsl to__ess“, from ess“ mepexofia OT MPEIUKATOB apHOCTH 2 K CyIIe-
CTBEHHBIM IIpEIUKaTaM apHOCTH < 2 U OOPaTHO:
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to_ess (p(Z)) = {qéQ), q&), q&), qéo)} NESS;,

2de 8P (w1, 0) = p@ (1, 22),

) (@1) = 3y p@ (21,y),
a5 (@1) = 3y p@ (y, 21),
CJ(()O) = Jy1 32 pP (y1,2).

to_ess“(M) = U{to_ess (p@®): p? € M}
from_ess: g p® rae p® (w1, 22) = ¢P (a1, 22);
¢ = p® . e p@ (z1,m9) = q(l)(xl);
9 p@ rae p® (2, 32) = ¢0.
from_ess*(M') = [{from_ess(q): ¢ € M'}perm conj -

i€ HOM [ |perm conj MBI IIOHIMaeM cjiaboe 3aMbIKanue Ha Ry (2) oTHOCHTE/IBHO
JIBYX OIlepanuii — perm u conj .

to ess“
Ryp(2) 2 M ----mmmmmoneees > M! C ESSK(<2)
L from ess¢
[M]weak fmmmmm e M/]ess
Puc. 3.

OcHOBHOE CBOWCTBO 9THX OIEPATOPOB, KOTOPOE MBI JIOKA’KEM B KOHIIE
crarbu (cM. ciegcreue ?7), cocrout B ToM, uro 1pu k=2 u M C Ra(2)

from_ess“[to_ess“ (M)]ess = [Mweak

TO €CTh JuarpaMMa Ha pUCYHKe 77 KOMMYyTaTwBHA. DTOT (PaKT ITO3BOJISIET
cBA3aTh npu k = 2 onepanun 2KyKa Ha CyIIECTBEHHBIX IIpEJIMKaTaX M OIlle-
panuu perm ,conj ,comp Ha IpeauKaTax apHOCTH 2.

JIemma 4 (2Kyk, [?]). Hycmo p € Ri(< 2). Tozda

p € from_ess“(to_ess(p)).
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JIemma 5. ITycmo M C Ry (2). Tozda
to_ess“[M]pp2 C [to_ess“ M]pp N ESSE(< 2).
HokazaTesbcTBo. [lepedopmynupyem jieMMy ClIeayommM 00pa3oM:
(Vp(g) € [Mlyp.) (to_ess (p?) C [to_ess M],,. N ESSK(< 2))

I BOCIIOJIB3YEMCsI OIIPEJITIEHUEM | |pp..
2 2 2 2
IIycrn pg ),...,pgl) e Mup®? e [{pg ),...,pg)}]p,p,. ITo nemme 7?7 st
Beex k € {1,...,n} nmeem:

pf) € from_ess“(to_ess (pgf))) =

= [{from_ess (a): q € to_ess (") ]perm cons € lt0_ess (07 )p
[TosTomy
p? e lto_ess (p§2)) U...Uto_ess (pP)|pp. C [to_ess* M],.,.
U3 onpenesienust to_ €SS CIeIyeT Tak¥kKe, 9To
to_ess (p1) € [{pP}]pp. N ESSy(< 2),

Y9TO 3aBepiIaeT J0Ka3aTeJIbCTBO.

4.4. OyHKIUU MOYTU-EJUHOTJIACUS

Ounpegenienne 11. Oyuxnus f € Pi(r), rae r > 3, HasbiBaeTcst GyHKIHEN
nowmu-edurozaacus (near-unanimity function, NUF), ecin

f<m7y7"'7y):f(y7x7y7"'7y>:"':f<y7"'7y7$):y'

MmuoxkecTBo Beex dyHKuil mourn-eauHoraacusi apaoctu r (r > 3) obo-
saaunm 4epes NU Fi(r). MuoxkecTBo BCex (DYHKIMI [IOYTU-€IMHOIIACHS]
obozuatanm uepes NU Fy.

Onpegenenne 12. Ckazxen, uro byuxus f(7) corpansem muoxectso M C
Ry, (o6ozmasenme — f() preserves M), ecmu st moboro npemukara p(™) €
M BBITIOTHEHO

(p(n) (@115 @1n) A AP (@,  Trn)) =
p(n) (f(r) (1'1,17 el ;zjnl), ey f(r) (l'l,n, s 71'1",11))'



O nosHOTE oneparuii Ha OMHAPHBIX IPEIUKATAX 205

Teopema 4 (Beiikep, ITukcim, [?]). Hycmo M C ESSk. Tozda
([M]ess woneuno) <> (3f € NUFy, (f preserves M)).

Boaee mozo, ecau cywecmsyem dynruyus T nowmu-edunoeracusa apro-
cmu r+ 1, maxaa wmo f(T‘H) coxparaem M, mo

[M]ess - Essk(< 7’).
4.5. buHapHble ITpeauKaThl Ipu k = 2
Mycrs maj® : {0,1}3 — {0,1} — byukuus romocosanms:
maj(z,y,y) = majy,z,y) = maj(y,y,r) = y.

Tak xkak mpu k = 2 Bce mpeauKaThl apHOCTU < 2 COXPAHAIOTCS (DYHKITHEH
OJIOCOBaHUsI, TO II0 TeopeMe 77 IOJIydaeM:

(M C ESSy(<2)) = ([Mless € ESS2(< 2)).

D10 03HAYAET, YTO JIst BblUUCIHCHUS [M]ess JOCTATOYHO OMPAHUYUTHCS KO-
HEYHBIM CIUCKOM ?7 omepariuii ceMeicTBa op1, . . . , 0p7, KOTOPbIe TPUHUMAIOT
Ha, BXOJI, IPEJIMKATHI aPHOCTH < 2 U BO3BPAIAIOT IPEJINKAT apHOCTA <X 2:

(VM C ESS2(<2)) ([M]ess = [M]22).

Crncok 77?7 BBIMIAIAT TaK:

0P1,a(p(2))($1, Ta) = p(2) (w2, 21)
op2(p@) (z1) = p@ (21, 71)
ops (1?95 (w1, 02) = pi”) (w1, w2) A P (w1, 22)
op3(py” p) (w1, x2) = pi? (@1, 22) A pSY (1) (huh-ops-ar2)
opa,1(PP) (1) = 1 p@ (y1,21)
ops (pt”p)(@1) = 3y (p7 (y.20) A S ()

opr2(0?, P (@1, 0) = Jy (pﬁz) (y, 1) ApS (v, x2)>

B 3T0T cnmcok MBI He BKJIIOYAEM OIeEpaIliy, BO3BPAINAIOIINE MIPEIUKAT ap-
socru 0, Tak Kak 10 Hamemy onpeneneHuio [Mess D {false® | true(®}.
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JIemma 6. ITycmo k=2 u M C Ry(2). Tozda

from_ess“[to_ess“ (M)]ess C [M]weak-

HoxkazareabcTBo. Ilepedopmynupyem jsemmy Tak:
[{from_ess(q): q € [to_ess* (M)]ess}]perm conj S [M]weak-

Tak kax [Mperm conj C [M]weak 1

[to_ess* (M)]ess = [to_ess* (M)]ze,
TO JIOCTATOYHO JIOKA3aTh, UTO
(Vq € [to_ess* (M)]??) (from_ess (q) € [M]weak).
Hokaxkem 510T hakT MHAYKIUEH IO OIPEIEICHUIO | |77.
1) a) from_ess(false(®) = false®® € [M]yeak.
6) from_ess (true®) = true® € [M]yeak.
B) from_ess(eq?) = eq® € [M]uyeak.
2) Ilycre g € to_ess“ (M). Hokaxem, uro from_ess(q) € [M]weak-
a) Iycrs ¢ e to_ess“(M). Io onpenesnenuto to__ess Torja ¢? e
M. Tlo onpenenennio from__ess rorma from_ess(¢?) = ¢, u
nostomy from_ess(q®) € [M]ess.
6) Tlycts ¢V € to_ess (M). Tlo onpenenenuio to_ess Tor/a

g (x1) =y p (x1,y) JUIst HEKOTOPOTI'O p? e M.

(mu6o ¢ (z1) = 3y pP(y, 1) — sr0T Caryuail paccmarpuBaercs
anasornano). Ilo ompenesennio from ess Torma

from_ess (¢) (w1, 22) = ¢V (1) = Jy p® (21, y) =
= Ely (p(2) (xla y) N true@) (y>$2)) =
= comp (p(Q),true(z)) € [M]weak-

3) Iycre from_ess(p1) € [Mlweak, from_ess(p2) € [M]wear, npean-
KaT p MOXKeT ObITh NOJIyYeH U3 [PEJUKATOB D1, P2 KAK PE3YJIbTAT IIPH-
MeHenusi (0/HOM) oneparuu criucka ??. Jlokaxkewm, uro from_ess (p) €

[M]weak~
B zaBucuMocTn oT omeparn, KoTopasi ObLIa MPUMEHEeHa, PACCMOTPUM

CJIy4au.
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a) Iycrs p? (x1,22) = p§2) (z2,21). Torma

from _ess (p(Q)) = perm (p§2)) € [M]weak-

31ech U jlajiee Mbl YUUTLIBAEM, YTO €CIH P — IPEIuKaT apHO-
cru 2, o from_ess(p1) = p1, u novromy p1 € [M]yeqk. Anaio-
TUYHO JJISL 3.

6) Ilycrs p(l)(:vl) = p?) (z1,21). Torma

from _ess (p(l)) =intro_r (p?)) € [M]weak-

B) Ilycrs p(2) (x1,29) = pgz) (z1,x2) /\ng) (21, x2). Torma

from_ess (p'?) = conj (p&Q),pg)) € [M]weak-
r) Iycrs p? (x1, x5) = p§2) (x1,2) /\pél)(:rl). Torua
from_ess (p?) = conj (pf),from_ess (pgl))) € [M]yeak-
1) Hycrs pM(z1) = I pg2) (y1,21). Torma

from _ess (p(l)) = comp (perm (pgz)), true@)) € [M]weak-

e) Thyers p(w1) = 3y (P (y,21) APy (1)) Torsa

from _ess (p(l)) =
= comp (perm (pg2)), from _ess (pgl))) € [M]weak-

x) Hycrs p@ (21, 22) = y (p§2) (y, 1) Apéz) (v, 952))- Torna

from_ess (p(z)) = comp (perm (p?)),pg)) € [M]weak-

4.6. dokazareabcTBO TeopeMbl 7 njs k = 2

[Tycte M C Ry(2). JokasareabcTBo JaéT Clemyrolas MernodKa COOTHOIIe-
HUI:

[M]weak - [M]p-P-2

C from_ess“(to_ess“[M]pp.2) (nemma ?7)
C from_ess“([to_ess“ M],, N ESSy (< 2)) (nemma ?7)
C from_ess“[to_ess“ M]ess (meopema ?7)

C [M]weak- (nemma ?7)
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CaexncrBue 1. [Tycmov M C Ry(2). Toeda

5.

[M]weak = from_ess“[to_ess“ M]ess.
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