O paznoxkenuu rpadoB Ha HoaArpadbl
CIIeNnaJIbHOTO BHUIA

P. A. Nmenko (MI'Y umenn M. B. Jlomonocosa, Mocksa)

B pabore paccmaTpuBaioTCs OCHOBHBIE PE3YJIHTATHI, CBA3AHHBIE C
pasznokenveM rpadoB B BHIE 00bEINHEHNUS JIEPEBBLEB, IICEB/IOIEPEBHER
u JepeBbeB-3Be3/1. [IpuBoasaTCs cOOCTBEHHBIE PE3YIBTATHI O XPOMATHU-
YeCKOM YHCJjie 3TUX rpados.

KiroueBnle ciioBa: APEBECHOCTDH, XPOMATHUIECKOE THCJIO.

BBenenune

B 60-e rojp! nmpomnutoro crosterusi MareMaruku Y uibsim Tarr (William Tutte)
u Kpucnma Hanr-Yunbsame (Crispin Nash-Williams) wesasucnmo paspabora-
JII TEOPWH, KACAIOIINECs [IpeJCTaBIeHns IpadOB B BUJIE O0bEINHEHUST HEIle-
PECEKAIOITIXCST TI0 pebpaM OCTOBHBIX JiecoB. OqHOM 13 0b1acTelt MpuMeHeHUsT
JIAHHBIX PE3YJIbTATOB SIBJISIETCS 3aJia9a JIOCTUXKEHUs HAMOOJIBIIEro HBICTPO-
neticTBus cereii. Kcim B kKagecTse BeprmH rpada paccMaTpUBaTD Y3JIbI KOM-
MYHUKAI[MOHHON ceTn (KOMIIBIOTEDHI), a B KadecTBe pebep — COeMHEeHUsI
MeK/ly HUMHU, TO HaJudue B I'pade HECKOJBbKUX HEePeCeKaroIIXCcs OCTO-
BOB IO3BOJINT UHGMOPMAIMH PACHPOCTPAHSTHCS [0 HUM APAJIEIBHO, 9TO
MHOTOKPATHO yBEJUYIUT MPOIYCKHYIO CIIOCOOHOCTH TI0 OTHOIIEHUIO K rpady,
COJIepIKaIleMy BCEro OJHO OCTOBHOE JIEPEBO.

OTu paboOTHl MOOYAUIN JPYTIUX YUEHBIX K HCCJIEIOBAHUIO DPA3JIOXKEHUSI
rpadoB Ha JIPpYyTrue, CXO¥KUe M0 CTPYKTYPe, CEMeCcTBa, B YaCTHOCTH, Ha NCE6-
dodepeswvsa u depeswva-3eeddn. Ilcesdodepeso — rpad, comepxKaruit He H60s1€e
onHoro mukia (puc. ?77). IlceBnonepeBbsi BliepBble BCTPEYAIOTCSI B JINTEPATY-
pe B 1963 rogay B KHUTrE |?|, HOCBSAIIEHHON JIMHEHHOMY TPOrPAMMUPOBAHHUIO,
B KOTOPOI TICEBJI0/IEPEBbsI BO3HUKAIOT B KAYECTBE PEIIEHUs OlpeeeHHON
3aja9n TpaHCIopTHON cetu. I'pagh-zsesda S, — 9TO TOJHBIA IBYIOIbHBIM
rpad K ,, MHBIMI CJIOBAMH JIEPEBO C OJHUM BHYTPEHHHM Yy3JI0M U 7 JINCThS-
mu (puc. ?77). 3Be30uHAsT TONOJIOIHsI KOMIILIOTEPHON CETU MIPAET BasKHYIO
POJIb B PACHPEIECTICHHBIX BBIUUCICHUSIX.
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OrmernmM, uTo 3aja4a pasioxkenus rpados (graph covering) — onna u3
HanboJee KiaccuaecKux obJracreit ncciienosanmii B Teopun rpados. Ilepsast
pabora 1o 3Toii TeMe OblIa HanucaHa eme B 1891 rojay omHEM M3 OCHOBaTE-
Jsieii Teopum rpacdor FOsmycom IlerepcerHoM, KOTOpPBI mMOKa3aJ, 4To pebpa
2k-perynspHoro rpada MOXKHO HOKPBITH IIPK TOMOIIN k HAOOPOB BEPIIMHHO-
HeIlepeceKaroImxcst MUKI0B. C MHOMOYNCIEHHBIMEI 0030paMy 110 TeMe Pa3JIo-
JKeHusi rpadOoB MOKHO O3HAKOMUTHCA B |7, 7,7, 7 7, 7.

Puc. 1. IlceBonepeso. Puc. 2. 3ezna Ss.

,Z[peBeCHOCTI), ImceBa0aApeBEeCHOCTb 1N 3BE3/JHad Adpe-
BE€CHOCTD

Apesecnocmuvio epagha G HA3BIBAIOT HAWMEHBIIIEE YUCJIO HEIePEeCEeKAKITUMCS
o pebpaM OCTOBHBIX JIECOB, Ha KOTOPhIE MOYKHO PasyioxkuTh rpad G, u 06o-
suavaor a(G). Hanpumep, a(K4) = 2, a a(K5) = 3. Ha puc. ?? nokasansbl
MHUHUMAJIbHBIE Pa3JI0ZKeHns STUX rpadoB Ha OCTOBHBIE JIeca.

IpeBecHOCTD ABJISIETCST MEpPOi IIOTHOCTU Tpada — rpadbl ¢ OOJIBITNM
YHCJIOM PEGEP UMEIOT BBICOKYIO JIPEBECHOCTD, & I'Padbl C BLICOKOM IPEeBECHO-
CTBIO JIOJIZKHBI IMETH ILJIOTHBIE TTOArpadbI.

[TockosbKy J1I000#1 N-BEPIUHHBIIN JIeCc mMeeT MakcuMyM n — 1 pebpo, ape-
BecHOCTh rpada ¢ n BepiuHaMu 1 m pébpamu He MenbIe [m/n —1]. Kpome
TOIO JIPEBECHOCTDH Tpada J0JKHA OBITh HEe MEHbIe MaKCUMAJIBHON JTpeBec-
HOCTH ero noarpacdos. Ham-Buabsamc mokazast, 9ro 9Tu 1Ba (pakTa MOXKHO
CKOMOMHHUPOBATH JIJIsT XapaKTepu3allui JTPEBECHOCTH.

Huzke mbl Gyiem ucnosnbzoBatsh V(G) 1yisi 0603HAUEHNsT MHOXKECTBA BEp-
s rpada G u W(G) — ayist 0603Hauennsi MHOXKeCTBa pebep rpada G.
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Puc. 3. Paznoxenue rpados K4 u K5 Ha OCTOBHBIE Jieca.

Teopema 1 (cMm. [?]). IIyemv G = (V(G),W(G)) — nempusuasvroil

epagp. Tozda o
Wi

OueBnsHo, 4T0 111 rpacdos K, H IOJHOrO ABYIOJIbHOrO rpada K, m,
nanbosbinee suadenue [|W(H)|/(|V(H)| —1)] nocruraercs upun H = K, u
H = K, cOOTBETCTBEHHO.

Cuaencrsue 1. /Ipesecnocmu noanolx u noAHE 06YIOAHBIT 2padhos pasivl
a(Ky) =[n/2] ua(Kym) = [nm/(n+m —1)] coomeemcmsero.

JIroboit mranapusiii rpad ¢ n BepmMHAME UMeeT MakcumyM 3n — 6 [?]
pebep, mosromy u3 popmyanl Hama-Bunbsamca ciemyer

CaenctBue 2. /J[pegecrocmyv naaHapHozo 2pada He NPesvuliuaem mped.

Ilcesdorec — rpad, B KOTOPOM KazKJasl CBsSI3Has KOMIIOHEHTa UMeeT MaK-
cuMyM ojivH UK. [lcesdodpesechocmuvio rpada G HA3BIBAIOT HaWMEHbIIIee
YHCJIO HEIEPECEKAIOIMINXC 110 pebpaM OCTOBHLIX IICEBIOJIECOB, Ha KOTOPLIE
MOXKHO pa3siokuth rpad G, n obosnaqaror p(G). Picard u Queyranne [?|
[IOKA3aJ/Id, 9TO 3TO YHCJIO SKBUBAJIEHTHO MUHUMAJILHOMY Kk, TAKOMY UTO ped-
pa rpacga G MOryT OBITH OPHEHTHPOBAHBI TAKUM 00OPA30M, YTOOBI BEPIIH-
HBI IIOJIyYUBIIErOCsT OPUEHTUPOBAHHOIO I'pada MMEH IOJIyCTelleHb MCXOAa
ue 6osibiie k. Cornacao pabore Frank u Gyarfas, sTo uncso Oyier sxkBuBa-
JIEHTHO MaKCHMaJIbHOMY OTHOIIIEHUIO pedep K BepIImHaM B JI000M moarpade

rpadea.
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Teopema 2 (cm. [?]). Jasa epaga G svinoarero:

VauTbiBasg pe3ysIbTAT TEOPEMBI ! 7, TOJIYIaeM:

P(G) < a(G) < p(@) — 1.

p(G) = max

3eesdnoti dpesecrocmuvio sa(G) rpada G HAZBIBAIOT MUHIMAJILHOE IHCIIO
A€C08-36€30, TO €CTh JIECOB, HE COIEpXKAIUX IyTeit JauHbl 3. TepMuH ObLI
npejyioken Maremarnkamu Jim Akiyama m Mikio Kano |?|, u ¢ Tex mop
9TO TeMoii 3aHMMa/Ch MHOrue ucciejoBarenu. Hakimi |?] mokaszas, dro
BHEIIHEIJIAHAPHBIE U IIJIaHAPHBbIE I'Padbl UMEIOT 3BE3JIHYIO JIPEBECHOCTH He
6ostee 3 u 5, coorBercTBEHHO. TO, YTO ITA OIEHKA HEYIYUIIAEMa, YCTAHOBUIN
Algor u Alon [?]|. Hauee, obosnauus tw(G) dpesecuyro wupuny rpada G,
nosyanm (cm. Ding [?]):

sa(@) < tw(G) + 1.

Ara oreHka HeyydinaeMa, cM. Dujmivic u Wood [?].

Ecnm nepeso ne siBasieTcst caMo 3Be3/101, €ro 35e3/1Has IPEeBeCHOCTh paBHA
JIBYM, 9TO MOXKHO YBHUZETh, €/ pa30uTh pebpa Ha IBa IOAMHOXKECTBA — C
HEYETHBIM M YETHBIM PACCTOSHHEM OT KOpHs. Takmm obpasom,

sa(G) < 2a(G).

To, 4To 9Ta onenka HeyJrydmaema, nmokasana Alon [?].

Ha momenT Hanmcanusa ctarby hopMysIa JIJ1sl BBIYUCJIEHNS 3BE3/THOM JIpe-
BecHocTu (anasornanasi popmysie Hamr-Buibsinvca) He ycranoBsiena, ofHAKO
M3BECTHA 3BE3/IHAsl JIPEBECHOCTD IOJIHBIX I'PadOB.

Teopema 3 (cm. [?]). IIpu n > 3 36e3dnas dpesecnocmo 2paga K, pasra
[n/2] + 1.

AJIroputMbl, BRIYUCJISIOIINE APEBECHOCTh Irpada

Onpenenenne npeBecHOCTH rpada ABISETCA CIIENUAJBHBIM CIydaeM 321891
DPABAOHCEHUA MAMPOUAG.

Mampoud — napa (X, 1), tae X — KOHeUHOE MHOXKECTBO, HA3BIBAEMOE
HOCHTEeJIeM MaTpoua, a I — HEKOTOpoe MHOXKECTBO IOAMHOXKECTB X, HAa3bI-
BaeMOe CEeMEeHCTBOM He3asucumsir MHOXKecTs, To ectb I C 2X. IIpu srom
JIOJIZKHBI BBIITOJIHATBCA CJICLYIOIIUE YCIOBUSL:
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1) el
2) eecm AeluBCA t0BEe€l,

3) eciim A, B € I u momuocts A 6Gosbiie MormocTa B, TO cymecTByer
x € A\ B rakoit, uro BUx € I.

Basamu mampouda Ha3bIBAIOTCT MaKCUMAJIbHBIE 10 BKJIIOYEHUIO HE3ABU-
cumble MHOXKecTBa. [lommuoxkecTBa X, He mpuHaaexKalue I, Ha3bIBAIOTCs
3a6UCUMDBLMU MHOXKECTBAMI.

Eciin Mbl B KauecTBe MHOXKeCcTBa X PACCMOTPUM MHOXKECTBO pebep rpa-
da, a B KauecTBe MHOXKeCTBa | — alluK/IM9IecKne MOAMHOXKECTBA 3TUX pedep,
TO HETPYIHO IIPOBEPHUTH, ITO BCE 3 YCIOBUA OYIAYT BBIIOJHEHBI. BazaMu 5TOro
MaTpOUIa SIBJISIIOTCSI OCTOBHBIE Jieca rpada.

loBopsr, uro dpegsecrocmvd umeem MampoudHyo CMPYKMYPY.

B szamaue pasaoorcernus mampouda TpebyeTcsi NMPEICTABUTH JEMEHTHI
MaTpou/ia B BHUIE OObEIUHEHUs] HAUMEHBIIEN0 KOJUYECTBA HE3aBUCHUMBIX
muO)KecTB. B 1992 roxy Gabow n Westermann [?| paspa6orasiu agropurm,
[O3BOJISIIONIII PEIUTD 9Ty 3a/1ady (a CJIe0BaTebHO, 1 ONPEIEIUTD TPEBEC-
HOCTH Ipada) 3a MOJIMHOMHUAIBHOE BPEMsI.

Herpymmo ybeanTbest, ITO ICEBIOAPEBECHOCTD TAKXKE NMEET MATPOUIHYIO
CTPYKTYDY.

Yro Kacaercsi BRITUCIEHUsT 3BE3IHON IPEBECHOCTH rpada, TO JarxKe 3a-
Jlada ompeJe/ieHdsl paBHA JIU 3BE3JHAas IPEBECHOCTH Ipada IBYM WA HET,
sipsisiercst NP-110J1H0i4, uT0 GbL10 yeranosieno B 1996 roxy [?].

CB4a3p XpoMaTHU4YI€eCKOI'o YmucJjia 1 ApeBEeCHOCTHA

NmeeTcst MHOXKECTBO paboT, B KOTOPBIX TOJIYIEHBI OIEHKN XPOMATHIECKOTO
4qncsia rpada B 3aBUCHMOCTH OT €0 Pa3JIoKUMOCTH Ha noarpadbl. Harre Bce-
T0 PeYb UIET O MOAUUHE 2padia — HANMEHBITIEM THCIIe TIIIOCKUX MOArpadOB,
HA KOTOPBbIE MOYXKHO Pas3jioxkuThb pebpa |7, 7, 7|

Ho cymecrBytor u apyrue paborbl B 31oif obsactu. Steven Butler [?]
YCTAHOBUJI CJIEJIYIONIEE COOTHOIIIEHNE MEXKJTY XPOMATHIECKUM YHCJIOM Tpada
U €ro JIPeBeCHOCTHIO.

Teopema 4. Xpomamuueckoe wucio 2pados dpesecHOCU 1 PasHO 2n.

Jpyrumu cjaoBaMu, XpOMATHIECKOE UUCTIO JIFOO0ro rpada He IpeBbIIia-
€T YJIBOEHHOI'O 3HAYEHUs €ro JIPEBECHOCTH, U dTa OIleHKa HeyJydlnaeMa. B
KaduecTBe IPUMEPa MOXKHO B3STb rpad Kay,.
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Huzxe MBI nIpuBesieM COOCTBEHHBIE PACCY’KJICHUS, KACAIOIIHECs COOTHO-
MIEHUH MEXKJIy XPOMaTHIECKUM YHUCIOM rpada M ero ICeBI0- U 3BE3THOIM
JPEBECHOCTBIO.

Teopema 5. Xpomamuueckoe wucao epagos mcesdodpesechocmu n pagHo
2n + 1.

HoxkazareabcTrBo. Ilcesjionpesecnocrs rpada Koni1 paBHa n. B atom
HETPYIHO yOeIUThCS, BOCIOIb30BaBIINCEH (DOPMYJIOit 13 TeopeMbl 77, HO I
OoJIbITIEHl HATVISITHOCTH MBI BOCIIOJIB3YEMCsI XOPOIIIO U3BECTHBIM (DAaKTOM, UTO
nostabtit rpad Konp41 MOXKET OBITH MPEJCTABIEH B BHUIE O0bEIUHEHUS N T'a-
MUJIBTOHOBBIX IIUKJIOB. JIst 3TOro Hy»KHO PacIoIOKUTh BEPIIUHBL OT 1 710 2n
Ha Kpyre (cM. puc. 77) U HAPUCOBATDH «3WUI'3ars, IPOXO/ISAIIII Yepe3 Bee Bep-
IIUHBL 3TOro Kpyra. llocje 4ero coeMHUTh KOHIIBI 3TOTO IIYTH C BEPIIMHOM
2n+1. Eciu Mbl HOBepHEM 3UT3ar 1 Pa3, TO U HOJIYIUM HCKOMOE PA3JIOXKEHNE.

2
X

Puc. 4. Pasnoxxenne rpada K7 Ha TaMUIbTOHOBBI ITUKJIBL.

T

Tak KaK raMUJIBTOHOBBIN ITUKJ SIBJISIETCSI OCTOBHBIM TICEBIIO/IEPEBOM, TO
MBI ITOKA3aJId, ITO CYIIeCTByeT rpad ICeBIOAPEBECHOCTH N, JJIsi PACKPACKH
KOTOPOI'0 HEOOXOIUMBI 271 + 1 1BETOB.
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Tereps oKaXKeM WHAYKIUEH 110 YUCTY BEPIIWH, ITO 000 rpad ¢ mees-
JIOJIPEBECHOCTDIO, HE MPEBOCXOIAIIEH 1, MOXKHO PACKPACUTH IIPY [TOMOIIU HE
6osiee, ueM 2n + 1 neror. OueBuiHO, 9TO Ipad U3 OJHON BEPIITUHBI MOYXKHO
packpacuthb He bojiee, ueM 2n + 1 nBetoB. IlycTh yTBep:KIeHme Oy1eT BEPHO
st J1i00oro rpada MCeBIOIPEBECHOCTH HE OOJIbINE, 9eM 73, C KOJHIECTBOM
BepuH, paBHbiM p — 1. Pacemorpum rpad G = (V, W), |V| = p,p(G) < n.
SamMeTnM, 9TO KOJIMIeCcTBO pebep B 3ToM rpade He mnpeBocxogut np. Ilosro-
My CyMMa CTereHeil Bcex BepiiuH rpada G He IPEeBOCXOIUT 2np, CJIeI0Ba-
TeJIbHO, B Tpade CyIecTByeT BEPIINHA U CTEIeHU He OoJiee d4eM 2n. YIaauM
u3 rpacda G BeprmmHy v, nojgyduMm rpad G*, koropbiit siBisiercst 2n + 1-
pPaCKpaImBaeMbIM 110 IPEIII0JI0KeHnIo nHayKiuu. Jobasum Bepmmny v. Tak
KaK OHA CMeXKHa ¢ He 0ojiee, YeM 2n BepIIMHAMU, Mbl CMOXKEM PACKPACUTH
eé paBMJIBHBIM OoOpa3oM omauM u3 2n + 1 mBeros. Teopema JoKa3aHa.

Teopema 6. Xpomamuueckoe wucao epados co 366301H0T dpesechocmvio n
pagro n + 1.

HoxkaszareabcTBo. U3 teopembr 77 caemyer, uro sa(K,4+1) < n. [Hosromy
XPOMATHIECKOE YUCJIO rpadoB CO 3BE3IHOM APEBECHOCTHIO N He MEHBIIE 71 +
1. TTokazkeMm Temepnb, 94To N + 1 BETOB OyIET JOCTATOYHO Jis IPABUILHOM
packpacku Jioboro rpada 3se3znoit gpesecaoctu n. [lycrs rpad G = (V, W)
pacKaagpBaeTcs B Buje oobenuuerus n 3se3n Gi,Ga, ..., G, Ilycts S =
{v € V| Jirakoe uro v — BHyTpenuuii yzea G;}, |S| =1, | < n. Packpacum
BEPLINHLI MHOXKECTBA S B | PA3JIMUHBIX IIBETOB, 8 OCTAJIbLHLIE BEPUIUHLL B IIBET
[ + 1. JTokaxkeMm, ITO 9TO IIpaBUIbHAsT packpacka rpada.

Paccmorpum ziBe Jstro0Obie cocemne Bepnnbl v, w rpada G. CymecrByer
sBe3na G, BKiovaomas pebpo {v, w}. I[Tosromy kKak MUHMMYM OJHA U3
BEpIINH U, W PUHAIJIEXKUT MHOXKECTBY S, CJIEIOBATEIBLHO, U, W OKPAIIEeHbI
B pasHble IBeTa. TeopeMa J0Ka3aHa.
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