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pelnaoniux mpaBuJl
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npu [Tpasuresnbcrse Poccuniickoit @eneparin, Mocksa )

CootercrBus [amya 1y KJ1acCOB JUCKPETHBIX (DYHKIINN, TOPOXK-
JIEHHBIE OTHOITIEHUEM COXPAHEHUsT MEXK Ty PYyHKIMAMI f HAa MHOYKECTBE
A u muoxkectBamu H dyukiuit f : Q — A 111 IpOU3BOJIBHOTO MHOXKE-
cTBa (), €CTh yIO0HBIH WHCTPYMEHT JJIsl U3YUEHUsS Psijia abCTPAKTHBIX
U NPUKJIAIHBIX 33ja4. B pabore Ha s3bIKe (DYHKIUOHAJIBHBIX COOT-
Bercruii anya cdopmyampoBana ofHa W3 OCHOBHBIX 33J1a9 TEOPUH
KOJJIEKTUBHOT'O BBIOOPA U MPEJJIOKEHA yI00HAST XapaKTEePU3AIIUsT CHM-
METPUYHBIX KJIACCOB PEIIAIONINX TPABIII H6€3 CBOMCTBA JPPOYy.

Karouesbie ciioBa: coorsercraue [anya, 3aMKHYTHIH K1acc, KJIOH,
CBOICTBO Dppoy.

Cootrsercreue Tanya (inv, pol), OPOKJIEHHOE OTHOIIEHUEM COXPAHEHUSI
dyuknmeit f : A" — A upemukara P C A" sBjsieTcsi B HaCTOsIIIlee Bpe-
MsI OJTHUM U3 OCHOBHBIX TOHSATHIH TEOPUU 3aMKHYTBIX KJIACCOB JIMCKPETHBIX
dbyukiuii. Tem He MeHee, B psije UCCIEIOBAHII YI0OHO HCIIOJIL30BATD A3bIK
coorsercTsuii ['aya (invg, pol), KOTOpbIE IOPOXK IAIOTCs OTHOIIIEHTEM COXPar-
mennst bynkmueit f 1 A" — A muoxecrsa bynkmuit H C A9 ¢ mpousBosb-
HOM 0obsacThio ompejenerus (). VCmonb3yst 9TOT sI3bIK U BAPBUPYST MHOXKE-
CTBO (), MOXKHO IIPUATH, C OJIHOM CTOPOHBI, K MOHATHIO (PYHKIIMOHAJIBHON 3a-
MKHYTOCTH, & C JIPYroil CTOPOHBI, K cooTBeTcTBHIO (inv, pol). ITpu uzyuennn
HEKOTOPBIX CIENn(PUIECKUX 33149 BOSHUKAET HEOOXOIUMOCTb PACCMOTPEHUST
«IIPOMEXKYTOUHBIX» 3HavdeHuil (). Hampumep, B Teopun KOJJIEKTUBHOI'O BbI-
6opa (social choice theory) ecrecTBenHBIM 06pPa30M BO3HUKAET OTHOINEHUE
COXPAHEHUsI NPABUNOM (2Pe2UPOSAHUA [ MHOKECTBA UHIUBUIYAALHBIL NPED-
nowmenuti, MOJIEIUPYEMBIX 7T-(PYHKITUSIME BBIOOpA Ha MHOXKECTBE ajbTepHa-
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tus A (em. [1-2]). Do npuBoguT K coorsercTBuaM (inv|4)-,pol), re [A]”
0003HaYAeT MHOYKECTBO BCEX T-3JIEMEHTHBIX IIOJIMHOYKECTB MHOXKecTBa A.

DyHKIIMOHAJIbHBIE COOTBeTCTBUA lajiya [Jjisi KJIacCOB IUCKPET-
HbIX QYyHKIHUI

IIycTb mambl HemycTble MHOXKecTBa A u (). MHOXKecTBO BCex BcexX (PYHKIIUM
(yr06oit aprocTH) Ha MHOXKecTBe A obosnadaercss O(A).

s roboro HarypaJsibHOro umcsa n yakmus f o A" — A coxpansa-
em wmuoxkectBo H C A@, ecom mst mobuix hi, ko, ..., h, € H dyukius
fQ(h1,hg, ... hy), 3a0aHHAS YCIOBHEM

(Vg € Q) fO(h1, hay .. hn)(a) = f(P1(a); ha(q), .- h(a)),

NMPpUHAJICZKUT MHOXKECTBY H.
st moboii by f € O(A) u muoxkecrsa H € P(AQ) monoxum:

invg f ={H C A® : f coxpausier H};
polH = {f € O(A) : f coxpausier H}.

st mobbix muozxkects F C O(A) nu H C P(A?) nonoxum

invg F = ﬂ invg f u polH = ﬂ pol H.
fer HeH

IIpensioxkenne 1. [apa (invg,pol) ecmv anmumonomonnoe coomeem-
cmeue Taaya mexcdy byrecomu pewemxamu P(O(A)) u P(P(AQ)). Kaorc-
doe Tanya-3amrnymoe mmoocecmeo F € P(O(A)) samrnymo ommocumens-
HO CYNEPRO3UUUL U COOEPHCUM, BCE CEALKMOPHBIE HYHKUUL, O eCNb ABAA-
emcs KAOHOM.

OcHoBHBIE CBOCTBa MHOXKECTB invg f Iepednc/eHsl B c/eLyIoneM Ipei-
noxkennn. st mo6bix Muozkects P u muoxkecrsa H C A pacnpocmpane-
Huem MHoOyKecTBa H Ha MHOXKeCcTBO P Ha30BeM MHOXKECTBO

H|P={ge A9 : g1 Qe H}.

IIpengioxkenue 2. [lycms darno nenycmoe mmoscecmeo P, mmoorcecmea
FCAQ G, H C A u ¢pynryua o: P — Q. Tozda,

(1) ecau G, H € invg F, mo GN H € invg F,

(2) ecru H € invg F, mo H | P € invgup F,

(3) ecru H €invg F, mo H-oc={h-0:he H} €invp F.
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Cremyrotnue JiBa MPEJJIOXKEHUsT TOKA3BIBAIOT CBA3b (DYHKITMOHAJIBHBIX CO-
orsercriuii Tasya u coorsercrBus (inv,pol). st KazKj1oro HaTypaJbHOTO
qucIa N KAy n-ky a = (ag, ai, . .., Gp—1) JIEMEHTOB MHOXKeCTBa A MOXK-
HO OTOXK/IeCTBUTH ¢ pyukuueii h : E, — A (rue E,, = {0,1,...,n—1}), onpe-
JesieHHy0 paserctBaMu h(i) = a; juist Beex i < n. Takum obpaszom so6oit
npeaukar B C A™ OTOXKIECTBJISIETCSI ¢ HEKOTOPBIM MHOXKECTBOM (DYHKITHH

h:E, — A.

IIpennoxenune 3. Jlasa aob6ozo mnoorcecmea F C O(A), namypanrvrozo
yueaa n u npedukama R C A™ caedyrowsue ymeepicoenus pasHoCUAbHDL:
(1) Reinv F.

(2) R € invg, F (npu ykasanmom omosicdecmeserui).

Hnst kaxxoro muoxecrsa F C O(A) nosoxum
Fe={f9: feFy}.

Ipensoxkenne 4. Jaa mobvx muosicecme F C O(A) u H C A9 caedyro-
wue Ymeeporcoenun PasHOCUALHYL:

(1) H € invg F,

(2) H ecmn odnomecmmiti npeduxam us mmoscecmea inv FQ.

Haxkomnern, copmynupyem cBsi3b (DYHKINOHAJBHBIX cOOTBeTCTBHIl [asya
1 (pyHKIMOHAJIBHON 3aMKHYTOCTH.

IIpennoxkenne 5. IITycmv dano mmoorcecmeo F C O(A) u namypasvroe
yucao n. Hycmo F* ecmo kaom, noposcdennort mruoocecmeom F u Frrecmo
MHOKHCECNB0 6CeT N-Mmecmuur Gynrkyuid us F*. Toeda F;; npunadsestcum
MHOooHceCMEy NV gn F .

CBoiicTBO Dppoy AJid CUMMETPUYHBIX MHOXKECTB PEHIaIoNinX
npaBUJI

Omna n3 Momenell TeOpUN KOJJIEKTHBHOTO BBIOOPA COCTOUT B CJIETYIONIEM
(em. [3]). Ilycrs manbl KoHeuHBIe MHOXKecTBa () (ycsoBuii) u A (pemieHuit).
Pernaronuy mpaBuioM HasbiBaeTcs mobas dyukmus [ € AQ. O6brano pac-
CMOTPEHHA OI'PaHUYINBAIOTCA HEKOTOPBIM MHOXKECTBOM JIOIIyCTUMbBIX peniaro-
mx npasuit Hy C A9, B paGorax [1-2] usyuaercs ciydait, B KOTOPOM MHO-
JKECTBO JIOIIYCTUMBIX PEITAIONIUX IPABUII €CTh MHOXKECTBO BCeX r-(yHKIHH
BbIGOpa Ha MHOXKecTBe A (coorBercrBenHo, ) = [A]"). B Gosee obmeit cury-
AU €CTECTBEHHO PACCMATPUBATH MHOYKECTBO «(DyHKIMIT BHIOOPay, KOTOPHIE
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orpeJiesIeHbl Ha HEKOTOPOM KJlacce MOJMHOMXKECTB MHOXKecTBa A, oboraieH-
HBIX KaKOU-JIMOO JTOTOJTHUTE/IHLHON CTPYKTYpOil, HAIIPUMED, HA MYJILTHMHO-
JKeCTBAX WJIM Ha JIMHEHHBIX yIOPsIOYeHUsAX MHOXKecTBa A (CyriecTByoT u
JIpyTUe eCTeCTBEHHBbIE IPUMEDHI).

Mmuoxkecrso H C Hy HasbiBaercst (C1ab0) CUMMEMPUUHBIM, €CITU TS
KaskJI0#l IMepeCcTAaHOBKI 0 MHOXKECTBa A CyIeCcTByeT Takasl IepecTaHOBKa o™
MHOKECTBa (J, YTO BMeCTe ¢ KaykJioi pyHKImer h MHOXKeCTBO H comepKuT
dbyukiun bt u b7, onpeenennble paBeHCTBAME

ht(q) = oh((c*)"1q) u hy(q) = o th(c*q)

JUTst BCeX q € Q.

(ITpocTeiM) npasusom azpezuposanus Ha3bIBACTCS JIIOOAs KOHCEPBATHB-
nas byuxius f € O(A) (byuxknus f € O(A) HasbiBaeTcst Koncepsamushotl,
€C/IN OHA COXPAHSET JTI000H OTHOMECTHBIN TPEINKAT, HHAYE TOBOPSI, YIOBIIE-
tBOpsier ycaosuio (Va € dom f) f(a) € rana).

MuoxkecrBo H C Hy obaajaer (IpocTbiM) cgoticmeom Dppoy, eciau Jjist
KayKJI0r0 HATYPATLHOTO YHCIa N KarXKjast N-MECTHOE MTPABUIIO ArPErMPOBAHMUST
f € pol H coBnamaeT ¢ HEKOTOPO CEJIEKTOPHOI (DyHKIHEl Ha MHOMXKeCTBE
{(h1(q), ho(q), ..., h(q)) 1 g € Q,h1,ha,... hn € H}.

B pa6ore [2| nosyuena nosHasi KiaccudUKAIMs CUMMETPUIHBIX MHO-
JKEeCTB T-(DYHKII BEIOOpa Ha KOHEYHOM MHOXKeCTBe A, 00JIaJaiolnux CBOIi-
cTBOM Dppoy. B obiiem citydae ucdepnbiBaonias KiacCu(puKaIms, mo Beei
BUINMOCTH, HEBO3MOYKHA, OJTHAKO MOYKHO COPMYTHPOBATEH YCJIOBUE, KOTO-
po€e CUJIBHO OTPAHIIUBAET KJIACC CAMMETPUIHBIX MHOXKECTB PEIAIONINX Pa-
BUJT 6€3 CBONCTBa DPPOy M, MO CYNMIECTBY, CBOUT BOTPOC 00 X TOTHOMN KIac-
cuuKaIy K MPOCTBIM KOMOMHATOPHBIM CBOMCTBAM MHOXKecTBa Hy).

Ob6o3HaINM
— cuMBOJIOM By MHOYKECTBO BCEX MHOXKECTB BUJIA

{he A9 : h(q) € B}, tne ¢ € Q u B C A;
— cuMBOJIOM B MHOXKECTBO BCEX MHOYXKECTB BHJIA
{he A9 :h(p) =aVh(q) =b}, rae p,g € Qu a,b € A,
— cuMBOJIOM Bo(R) MHOKECTBO BCEX MHOXKECTB BH/IA
{h e A9 h(q) = oh(p)},

rie RC AV x A< p,qe @, 0 € Sy u (b,ob) € R ayist Bcex b € A<Y.
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Hanee, nius moboro muoxecrBa B obosnaunm cumBosiom Ly(B) kion
¢ HocuTeleM DB, NOpPOXK/EHHBI BCEMHU TPEXMECTHBIMU KOHCEPBATHUBHBIMUI
dysKIUIAMN f, KOTOPBIE YIOBIETBOPAIOT TOXKIECTBAM

f(xvxay> = f(.%',y,l‘) = f(y7$7$) =Y.
Haxomnerr, obozaaumM cumBosioM B3 MHOXKECTBO BceX MHOXKECTB BUIA,
invp(Ly(B)) | Q, tne P C Q u B € [A]%.

Bunapnoe ornomenne R C A<Y X A% nazoBeM cmabuabHbiLM, €CIIHA
(1) aRb — a = ob 1151 HEKOTOPOIt ITEPeCTAHOBKY 0 MHOX)KecTBa A;
(2) aRb — car Robr st 10600t epecTaHOBKE 0 MHOXKecTBa A, HaTy-
pasibHoro uncia k u dyukmun 7: {0,1,...,k — 1} — doma.

Tlost kazxoro muozkecrsa H C A9 u marypasbroro r mosozknm 7 (H ) =

max|{h(q) : h € H}Y|, Qur ={q¢ € Q:[{hlg) : h € H}| <r}m Hy = H |
QH,T-

Teopema 1. Ilycmo danwv, nenycmoie KoHnewnvie mHuoxcecmsa A u QQ u cum-
mempuunoe mrosicecmeo H C A9 6es ceoticmea Oppoy. Toeda cywecmeyem
cmabuavroe bunaproe omnowernue B C A<Y x A<Y, das xomopozo 6vinoa-
HEHO 00HO U3 CACOYOWUL YCA08UTL:

(1) H =B 0daa nexomopozo B C By UB; UBa(R);

(2) H =B 0daa nexomopozo B C By U B3;

(3) H=BnNinvg L4(A) daa nexomopozo B C By UBy(R);

(4) cywecmeyem namypaavroe wucao r (1 < r < r(H)), das xomopozo
H=NBn (H, | Q) daa nexomopozo B C By UB; UBy(R), npuuem aobas
n-mecmnas Koncepeamusnan gyrkyua f € pol H coenadaem ¢ nexomopod
npoexyuets na mnosicecmee AL, = {a € A" : [rana| <1} (u, credosamenn-
no, H, obaadaem ceoticmeom Ippoy).

ABTOp BBIpaXkaeT CepJIedHyI0 OJIaroJJapHOCTh akajieMuKy Bajepuio Bo-
pucosnay KyapsBrieBy 3a MOIIEpKKY U 0OpoKeTaTeTbHOEe BHUIMAHNE K pa-
bore.
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