HenzbpiTouHbIE KOAUPOBAHIS aBTOMAaTOB

C.B. Pogun (MI'Y um. M. B. Jlomonocosa, Mocksa)

Jlannast paboTa IOCBSIIIIEHA W3YYEHUIO <«JIUHEHHO peajin3yeMbIX»
aBTOMATOB, TO €CTh ABTOMATOB, O0JIAIAIOIINX TEeM CBOUCTBOM, UTO Cy-
eCTByeT KOJIMPOBAHUE, IIPA KOTOPOM IIOPOZK/IA€MBbIil KOJMPOBAHHUEM,
Oy/IeBKUit OmepaTop sIBJIsSEeTCS JUHEHHBIM. B paboTe mpuBeeH Kpure-
puit TuHelHON peaau3yeMOoCTu aBToMaTra. Takke TPUBEICHDBI HUKHSIS
¥ BEPXHHAS OIeHKa YHCJIa JIMHENHO peam3yeMblX aBTOMAaTOB.

KiroueBblie ciioBa: Teopud aBTOMATOB, aBTOMAaT, II€PEXOJIHbIEC CH-
CTEeMBbI, IIepeCTaHOBKa, IIOJICTaHOBKa, KOJIUPpOBaHNE, CJIO2KHOCTbD.

1. BBenenue

Ha mpakTuke wacTo HEOOXOAMMO pEIaTh 3349y [IePexojia 0T aBTOMATHOIO
omucanust PyHKIMOHUPOBAHUS Ha sI3bIK cxeM. Hampumep, mpu JIOrHIeCKOM
CHUHTE3€ YUIIOB Ha II€PpBOM JTalle (byHKL[I/IOHI/IpOBaHI/Ie YUuIla OIIUCBhIBaETCAd KaK
KOHEUHBII aBToMar. Ilepexon K OIMHCAaHUIO HA S3BIK CXEM OCYIIECTBJISIETCS C
[IOMOIIBIO KOJIMPOBaHUS ajihaBUTa COCTOSIHUIN, BXOHOTO aihaBUTa U BBIXOJI-
Horo asdasura B asndasure {0, 1}. TIpu 970M BaskHO BBIOPATH KOJMPOBAHUE,
IPU KOTOPOM JOCTUIAETCs BOZMOXKHO MEHDINAsl CJIOXKHOCTD CXEMBI.

C dopmasbroll TouKM 3peHusi aBToMar 310 nsitepka V = (A, Q, B, ¢, 1),
rie A — BxomHO# asndasut, () — ajsdaBuT cocTossHUi, B — BBIXOIHOMN aJi-
dasuT, ¢ YHKIWMs, KOTOpasl M0 TEKYIIEMY BXOY U COCTOSTHUIO OMPEJIe/IsieT
COCTOSIHME aBTOMAaTa B CJIEJYIOIIMII MOMEHT BpPEMEHH, ¢ BBIXOJHas (DYHK-
[Usl, KOTOpasi [0 TEKYIIEMY BXOIY M COCTOSHHUIO OIPEIE/IsieT BBIXOJ aBTO-
MaTa B TeKylmii MomeHT BpeMenu. KomupoBanue ajipaBuUTa COCTOSHUN —
310 OTObpakenue aindasura Q B EoF. Konuposanue sxoxuoro aindgasura —
sT0 orobpazkenue anadasura A B FoP. KonupoBaHue BEIXOIHOIO ajadaBUTa —
310 orobpakenue asndasura B B Eo'. Konnposanus andasura cocTosHus,
BXOJTHOTO aJI(DABUTa M BBIXOIHOTO ajihaBUTa ITOPOKIAET OYJIEBCKUI Orepa-
TOp ¢ : Eg P E§+l. OmepaTop ¢ MOXkKeT ObITH PacCMOTPEH Kak Habop k + 1
OyneBckux GyHKIuil or n + k nepeMeHHLIX. CJI0XKHOCTL TAKOTO OIIEpaTopa,
MOZKHO OIIPEIE/INTH KaK MaKCUMaJIbHYIO CJIO2KHOCTD ITOJIyYaeMbIX 6y.HeBCKI/IX
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dbyuxmit. Kak uzsecrro [1] kaxkmoit OyseBckoil (DyHKIMU eUHCTBEHHBIM
obpazom coorBercTByeT mojanHoM 2Kerajgkuna. Mbl 6yaeM MOHUMATD CJIOXK-
HOCTH OIlepaTopa Kak MaKCUMaJbHYIO U3 CJIOXKHOCTel mosmnoMmoB 2Keras-
KrHa PYHKIUH, 33JaI0IIIX ITOT OIepaTop, TO €CTh MAKCUMAJIbHAA CTEIEHD
ITOJIMHOMOB, & CJIO?KHOCTh aBTOMAaTa KaK CJIO0XKHOCTH orepaTropa ¢. Takmm
00pa30M, yCTAHOBUB CBSI3b MEXK/IY aBTOMaTOM, KOJIMPOBKONH U BO3ZHUKAIOIIH-
MU TTOJIMTHOMAMU, MOXKHO YCTAHOBUTH MUHUMAJIBHYIO CJIO?KHOCTH PEAIM3aIUN
aBTOMAaTa.

EcrecTBenHO HAYMHATH TAKOTO POJA UCCACTOBAHUS C IIPOCTEHIITIX Y, JIN-
HeMHBIX HomHOMOB. OCHOBHOI 3a/1a9eil TaHHON pabOThI OLLIO U3yYeHUEe aB-
TOMATOB, ¥ KOTOPBIX CYIIECTBYET KOJUPOBAHUE, TAKOE YTO MOJydaeMble TPU
JAaHHOM KOJIMPOBAHUM, Oy/IeBCKUE (DYHKIINK ABJISIIOTCS JIMHEHHBIMI.

B pabore nsydasuch aBToMaThl ¢ BXOAHBIM ajidpasuroM A = E9 U BBIXOI-
HpiM asidaBuToM B = Es, a TakyKe 9HCIOM COCTOsHIH n = 2.

2. OcHOBHBIE ITOHATUS

Onpepenenne 1. Komuposanuem muoxkecrsa () = {0...n — 1} Hasosem
B3anMOIHO3HaUHOe oToOpazkenne F : {0...n — 1} — Ey"™, rae m > |logh [.

B nmannoit pabore uzyvasnuchk koguposanust F': {0...n — 1} — E™, rue
m = |logh [, wmu m = k, ¢ yuerom n = 2F,
Onpenenenne 2. Ilycth 3amaHa HEKOTOpas IMOJCTAHOBKA HA MHOXKECTBE
Q={0,...,n—1}, s : @ - Q. Komuposauue F muO)ecTBa (), onpeje-
JISIET TIO IIOJICTAHOBKE S, OYJIEBCKUII OIIEPATOP (g 110 IPABUITY

ds(Qo, ..., ap_1) = F(s(F_l(ao, ey k1)),

e ag,...,0p—1 € Fok = logy(n). Jauusliii oneparop MoxeT ObITH pac-
CMOTpeH KakK Habop k OyseBckux (hyHKIW, 3aBUCAINX OT Kk IM€PEMEHHBIX.
O6o3znaunmM sror Habop depes Fy(F).

Onpenenenne 3. IlogcraHoBKa HA3bIBAETCsI JIUHEHHO PeaIM3yeMOil, IIOCpeI-
crBoM Komuposanus F, eciu nabop Fy(F) cocrout u3 jmHEHHBIX OYJIEeBCKUX
GYHKITHI.

BrigennM n3 BceX KOAUPOBAHMI «CTAHIAPTHOE» KOIUPOBAHUE.

Onpenenenne 4. Komuposanue Fy : {0...n — 1} — E>* mazosem cran-
JAPTHBIM, €CJIH KOJ, 3JIEMEHTa €CTh ero JBondHoe nIpejcTabienne. Kazkmo-

My KOJMPOBAHHIO F' MOXKHO COIOCTABUTH IIEPECTAHOBKY Sp HA MHOMKECTBE
Q:{0...n — 1} o npasuny sg(i) = Fo~ '(F(i)).
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BsejieM HECKOILKO 0003HAYEHMUIA.
Iycrs n = 2F, 10 noacranosku na muoxkecrse Q = {0...n — 1} MoryT GbITH
[PeJICTaBJIeHbl KAK MHOrO4YJIeHb! Ha | nosieM Lamya For [2].
O6o3naunm yepe3 Hy mepecTaHOBKHU, COOTBETCTBYIONINE MHOTOUIEHAM &+ C
maj nosieMm lanya F),, tne ¢ € E,, — KoHCTaHTa.

3ameuanue. [lopsi;Iok yMHOXKEHUsI TIOJICTAHOBOK CJjieBa Hampapo. To ecTh
ecJIM 3a/JaHbl IIEPECTAHOBKU P1 U P2, TO 3HAUYEHUE UX IIPOU3BEJIEHUS Ha 3Jjle-

menre i ectb (py - p2)(i) = pa(p1(4)).

Onpenenenue 5. HymepoBaHHOI TepexoIHOM CHCTEMON HA30BEM TPOUKY
V =(A,Q,¢), rne A — Bxoanoii andasur, Q = {0...n— 1}, p — bynkuus
IIepexXo10B.

Onpenenenne 6. Kaxioe xomupoBanme F Ha MHOXKeCTBe () TOPOXKTaeT
OyJeBcKuil omepaTop (b‘l; : Eé”’l — E% tne

¢\F/(a7a07 . 'aak—l) = F(QD((I,F_I(O((), .. .,Oék;_l))),(l S E27ai € EQ'

JlaHHBIN oltepaTop MOXKET OBITH PacCMOTpPEH KakK Habop k OymeBCcKuX (OyHK-
nuii, 3aBucsmux or k+ 1 nepemennoii. O6o3na4unM sroT HabOp Yepe3 Fy (F).

Onpenenenue 7. Fciu s 3aiaHHON IepEXOMHON cuCcTeMbl V' CYIIECTBY-
eT KopmpoBanue F', Takoe 4TO Bee 37eMeHThl Fy (F') ABISIOTCS JTMHEHHBIMI
byHKIUSAME AJIreOPhI JIOTUKY, HA30BEM TaKyI0 IePEXOIHYI0 CUCTEMY JTUHEITHO
peanm3yeMoil TocpeJICTBOM KOJUPOBaHUsA F' MJIM TIPOCTO JIMHEWHO peain3ye-

o

MOH.

[Tycrs 3asana nepexopnas cucrema V = (FE, @, ¢) 1 HEKOTOPOE KOJIUPO-
Baune F'. O6osnaunm yepes Xy = {s: Q < Q|Ja € Eq, s(q) = ¢(a,q) VYq}
A 4gepes Sy =< Xy >, 3aMbIKaHHe MHOXKeCTBa X1, OTHOCHTEILHO ONEPAIin
YMHOXKEHHsI [IOJICTAHOBOK [5].

Onpenenenue 8. Sy Ha30BeM BHYTPEHHEH IOJIYIPYIIIONH HEPEXOIHON Cu-
creMbl V. Xy TIOpOXKIAIONTEe MHOXKECTBO BHYTpPEHEH MOTyTPYIIILL.

[Tockosbky BxOaHON asiaBuTr F, TO MHOXKeCTBO X/ COCTOUT U3 IBYX
ssreMeHToB. O603HAYNM Yepe3 Py MOJACTAHOBKY, COOTBETCTBYIONLYIO BXOJHOMY
cumBoury (0, 9epe3 p; MOJICTAHOBKY, COOTBETCTBYIONTYIO BXOTHOMY CUMBOJTY 1.

Omnpenenenne 9. HymepoBaHHBIM aBTOMATOM HA30BeM IATEpKy A =

(E2,Q, Ey,p,1), tie @ = {0...n — 1}, ¢ — byHKIHUS 11€PEX0JI0B, 1) — BbI-
xopHast pyHKIwms [1].
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Omnpegenenne 10. Kaknoe koauposanme F' st aBToMaTa Ha MHOXKECTBE
@ opoxKIaeT OYIEBCKUil onepaTrop qbg D BoF Y — By e

(Z)(aa aQ, .-, ak—l) =

= (F(QO(G,, F_l(a07 cee 7ak71)))7¢(a’7 F_l(a07 v 7041671)))7
a€ A q; € B

JlaHHBII omepaTop MOXKeT ObITh paccMOTpeH Kak Habop k + 1 OymeBckux
dyuknwmit, 3aBucsmux ot k + 1 nepemennoit. O6o3HaIMM 3TOT HAOOP Yepe3
Fa(F).

Onpenenenue 11. Eciau mjis 3a1aHHOr0 HyMEpPOBAHHOTO aBTOoMaTa 2 Cy-
mecTByer Kojmposanue F', takoe 4To Bce ameMenTsl Fy(F') sBisioTcs Jm-
HEHHBIMUA DYHKIMAMA aJrebpbl JIOTHKU, HA30BEM TAKON aBTOMAT JIMHEHHO
peaim3yeMbIM IOCPEICTBOM KOIUPOBaHUsT I mjim mpocTo JIMHEHO peajn3y-
€MBIM.

Onpepesnenne 12. Ilycrs 3aman asromar A = (E2,{0,1,...,n — 1}, Es,
v, 1). Hazosem tpoiiky (Es2, Q, ¢) — nepexonoit cucremoit aromara 2A. Ile-
pexojHyio cucreMy apromara 2l obozHauum depes Vy.

Omnpenenenne 13. Ilycrs 3a1an auHEHHO peajnsyeMblii aBromar A =
(E2,{0,1,...,n — 1}, B2, p,v). Oupemesnm BuIXOAHON mnpegukar p°t
{0,1,...,n — 1} — F5 xax p°“*(q) = (0, q).

Onpegenenne 14. [lycrs 3agan npeukar pot : {0,1,...,n — 1} — Es.
Kazxoe kojuposanue F' s npejukara p Ha MHOXKeCTBe () opoxKjiaer Oy-
JIEBCKUY (DYHKITUIO qﬁg : Byt 5 By, rae

(f)g(a(), . ,Oék_l) = p(Fﬁl(ao, L. ,Ozk_l)), o; € B,

Omnpegesienne 15. [lycrs 3a1an npeauxar p° : {0,1,...,n—1} — Es. Ec-
JIA CyIIecTBYeT Kojuposanue F'| takoe uro dyHKIMA (;55 SIBJISIETCS JINHEHHO
dyHKIMEH aJredphl JIOTUKH, HA30BEM TAKON IIPEIUKAT JIUHEHHO peajm3ye-
MBIM TIOCPE/ICTBOM KOJUPOBaHUs F' Ml mPOCTO JIMHENHO PeATM3yEeMbIM.

3. OcHoBHBIE Pe3yJabTATHI

Teopema 1. ITodcmanosxa p AuHElinO peasusyema nocpeicmeom Koouposa-
nua F' moeda u moavko mozda, xoeda H p C pHIF.
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Teopema 2. ITycmov sadana nepexodnas cucmema V. = (Ea,Q,¢). V au-
HeliHo peasusyema nocpedcmeom koduposanus F', mozda u moavko moeada,
K020a cyuwecmsyem nodcmanoska P AUNETUHO PEAAUSYEMAA NOCPEICTNEOM KO-
duposarua F maxaa, wmo p(sz'(0)) = s5'(0), po =p - h1, p1 = p - ha, 2de
hi,ho € 8F71 . H+ - SE.

Teopema 3. ITycmwv 3adan asmomam A = (E2,{0,1,...,n — 1}, Ea, p,1),
ede n = 2F. Asmomam aumnetino pearusyem nocpedemsom xoduposarusn F
moezda u MoAvKo mozda, Koz2da

e neperodnas cucmema Vy = (Eo,{0,1,...,n— 1}, ¢) aunetino peasusy-
ema nocpedecmeom xoduposarusn F';

o cywecmeyem o, € Eo u npeduxam p°“ : Q — FEy maxas, wmo
(z,q) =p°q) +a-x+ B,Vqg€{0,1,...,n —1};

o npeduxam p°*t aunetino pearusyem nocpedcmeom xoduposanus F .

Teopema 4. Hucao asmomamos ¢ n cOCMOAHUAMY € 6TOONMU AAPAGU-
mom Eo u evimodnvim angdacumom By pasro (2n)?".

Teopema 5. Jucao aunelno peaiudymus asmomamos ¢ n = 2% cocmo-
AHUAMU € 8TOOHVMU asPpasumom Es u evixoduvm anspasumom FEo ecmo

o((2n)*").

Astop BBIpaxker 6Gmaromapuocth Asémmuny CranuciaaBy Braguvmuposn-
4y, YbM COBETHI OKa3aJd HEOIIEHNMYIO IIOMOIIb B JIOCTUKEHUN PEIYIHTATOB,
U3JIOKEHHBIX B JAHHON pabore.
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