O0 omeHKax MOIIHOCTH IIJIOCKUX CX€M JId
3aMKHYTbBIX KJIACCOB OyJieBbIX (DYyHKITIIA

I. B. Kamaues (MI'Y um. M. B. Jlomonocosa, Mocksa)

CraTbsl TOCBSIIEHA MOITHOCTHOW CJIOXKHOCTH IIJIOCKHX CXEM, pea-
JIn3yonmX GYHKINA U3 3aMKHYTBIX KJIaccoB. ILIIOCKyIO0 cxeMy MOXKHO
[IPEJICTABJISATD, KAK YKJIAJKYy CXeMbl U3 (DYHKIIMOHABHBIX JIEMEHTOB
Ha [EJIOYUC/IEHHYIO PEITETKY Ha IJIOCKOCTH TAKUM 00pa30M, UTO IIPOBO-
Jla 3aMEHSIIOTCST Ha KJIETOUHBIE JIEMEHTBI, PeaIM3yIONINe TOXK IeCTBEH-
vble HyHKIUU. B KadecTBe Mepbl MOITHOCTU CXEMbI PACCMATPUBAETCS
CpeJHUIl 1 MaKCUMaJIbHBIN MIOTEHIMAJ, PABHBIN CPEJIHEMY U, COOTBET-
CTBEHHO, MAKCUMAJILHOMY KOJIMYECTBY €JIMHMUIL HA BBIXOJAX JIEMEHTOB
cxeMbl. Byzer chopmynmpoBana Teopema o nopsake dyukiun [Tlen-
HOHA TIOTEHIINAJIA JJId KJIACCa MOHOTOHHBIX (DYHKITHI U MOKA3aHO, KAaK
¢ y9IETOM 3TOTO pe3yJsbrara mosydarrcs onenkn dynkinun [[lenrona
JIJIsT OCTAJIbHBIX 3aMKHYTBIX KJIACCOB.

KurouyeBbie cjioBa: IJIOCKHE CXEMBI, KJIETOYHBIE CXEMbl, aKTHB-
HOCTHb CX€M, MOITHOCTL cxeM, dyukimus [Ilenrona, kmaccer [locTa, Mo-
HOTOHHBIE OYIEBBI (DYHKITUNU.

[Tnockasi cxema — 9T0 cxema n3 (PYyHKIIMOHAJIBHBIX 3JIEMEHTOB, YJIOXKEH-
Hasl Ha IIOCKOCTDH TaK, YTOOBI KaXKIOMY BXOJY M BBIXOIY COOTBETCTBOBAJIA
HEKOTOpasi CTOPOHA KJIETKM, B KOTOPOM HAXOAUTCS 3dJeMeHT. B Takoil cxe-
M€ MOTYT HUCIIOJIb30BaThCA JI00bIe (DyHKIIMOHAIbHBIE 3JIEMEHTBI, Y KOTOPBIX
B cymMMe He 6GoJsiee derbipex BX0s10B U Bbixos0B. Kpasros C. C. B pabore |[1]
[TOKA3aJI, 9TO MTOPSIIOK IIJIOIIAIH IJIOCKUX CXEM, PEaJIM3YIOuX Oy/IeBbl (OyHK-
MU OT N IepeMeHHbIX, paBeH 2. MbI B KadecTBe MepbI CJIOXKHOCTH OyeM
paccMaTpPUBATD MAKCUMAJILHYIO, 8 TAKYKE CPEIHIOI0 MOIITHOCTD, BBIIEISIEMYTO
CXeMofi, Korjga Ha ee BXOJI IOJIaeTCs CaydvaiiHasi IMoC/Ie0BATEIbHOCTD C PaB-
HOMEPHBIM paciipe/ieieHneM BepositHocTeli. B pabore 2] 6b110 1okazano, 4ro
nopsa oK dyuKIuy [IleHHOHA MOITHOCTH IJIOCKUX CXEM, PEAIN3YIOMMUX PyHK-
LU OT 1 [IePEeMEHHBIX, pasen 27/2.

B s1oit pabote uccienyercs nopsiaok pyuknun IlleHnoHa cpeiHeil n Mak-
CHMAJILHOM MOIIHOCTH ILIOCKUX CXeM JIjIsl KJIACCa MOHOTOHHBIX (DYHKIIUI, U
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KaK CJIEZICTBUE IIOJIyIal0TCA MOPAIKN beHKHI/II/I I_HeHHOHa JJIdd BCEX 3aMKHY-
THIX KJIACCOB.

Tak>ke moKa3aHa HUXKHSISI OIEHKA MOITHOCTU IIJIOCKMX CXeM I KJIacca
MOHOTOHHBIX (DYHKIIMI B MOHOTOHHOM Oa3mce.

Yr06b1 chopMyIMPOBATh PE3Y/IBTATHI, BBEIEM HECKOJBKO OIPEIE/ICHHIA.
Paccmorpum minockyio cxemy K, peanusyrolryio OyiaeBy (pYHKIIUIO OT N Ie-
peMeHHBIX. Bxombr cxembr K, a TaK»Ke BBIXOIBI BCEX €€ JIEMEHTOB HA30BEM
yaaamu cxembl K. OyHKIMIO, peaym3yeMbrii cxemoir K obozuaunMm fr. Ilo-
menHyuasom cxeMbl K na nabope T HA30BEM KOJUIECTBO y3JI0B cxeMbl K,
IPUHUMAIONINX 3HadYeHne 1, Korga Ha BXOJ CXeMbl IOJaH Habop x, Oymem
0603HAYATE 9Ty BEJIUIUHY Uk ().

~

Maxcumanroroim nomenyuasom cxembl K wmasosem Bemmumuy U(K) =
max ug(z).
ze{0,1}m
Cpednum nomenyuarom cxemst K nasosém sesmauny U(K) = 57 > ug(z).
z€{0,1}"

[Morennmasn dbyskumit 6ymem onpe/e/nM B 00IIEM CIydae, €CId Ha CXeMy

MOXKeT ObITh HAJI0XKeHO orpanndenne. OzpaHuueHuem Mbl HA3bIBAEM HEKOTO-

pOe MHOXKECTBO () JIOIyCTHMBIX IJIOCKAX CXEM.

Maxcumanrorovm nomenyuasom oyaresoti pynxyuy f npu orpanudenun () Ha-

soBeM Besanny Uy = min U(K).
v Uolf) = min_ U(K)
Cpedrum nomenyuansom 6yresotc gynruuu f nazosém sesuuuny Up(f) =
min  Up(K).
KeQ:frk=f

Ecyin orpannvenunit He HaK/IaIbIBAETCST, TO €CTH () — MHOXKECTBO BCEBO3MOXK-
HBIX IIJIOCKUX CXEeM, TO MHIEKC () OymeM OmycKaTh.

Brenem dyuknuio [Hlennona mjia cpeiHero u MakCUMaJ IbLHOTO ITOTEHITUA-
Jta, byHKIMi n3 Kaacca F:

~

Uo(F,n) = U, Ug(F,n) = Uo(f).

Ba M Oynem 0bo3HAYATH KJIACC MOHOTOHHBIX (byHKIU. OCHOBHBIM PE3YJib-
TATOM JTAHHOU PabOTHI SIBJISIETCS CJIEIYIOIIAsi TEOPEMA.

Teopema 1.

on/2 on/2

U(M,n)xg)—/4 npu n — 00.
n

<

(M,n) =<
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3J1eCb CTOUT OTMETHUTD, UTO B OTJINUME OT Ps JJIsT KJjlacca MOHOTOHHBIX (PYHK-
U CPeJIHsIst U MAKCHMAJIbHAST MOITHOCTh OTJIMYAIOTCS 110 opsiaiky. Jlokaza-
TeJILCTBO TEOPEMBI 371eCh He IIPUBOUM, TIOCKOJIBKY OHO SIBJISIETCS JIOCTATOIHO
TPOMO3JTIKIM.

CdopmynupyeMm u JloKaxkem CJIeJIcTBue u3 teopembl 7. U3 pesyibra-
TOB JIJTsT KJIACCA MOHOTOHHBIX (DYHKIWI 1 1151 Py MOXKHO TOJTYYUTH MOPSIIOK
MOIIHOCTH JIJIst BCEX 3aMKHYTBIX KJIaCCOB. dTOOBI C(hOPMYTUPOBATH ITOT pe-

1

3yJIbTaT, Pa300LEM BCe 3aMKHYTbIe KIacchlw Ha 4 MHOXKecTBa (puc. 77).

R ={Py, Ty, Ty, Tou, S, Sor, I, I, I° I?°, O O, 0, O };
Ry ={M, My, My, Moy, SM, MI* MI!', MI*,
MI®, MO", MOF, MO™, MO };
Ry, ={K, Ko, K1, Ko1, L, Lo, L1, Lor, SL, D, Dy, Dy, D1 };
Re ={U, SU, MU, Uy, Uy, Up1, C, Co, C1 }.

Teopema 2. Fcau F' — 3amxnymuill KAGCC, MO €CD 4 CAYYAA.

1) Ecau F € R, mo U(F,n) < U(F,n) =< 2"/2 npun — .

2) Ecau F € Ry, mo ﬁ(F,n) = %, U(F,n)x% npu n — 00.

3) Ecau F € Ry, mo U(F,n) < U(F,n) < n npun — co.
4) Ecau F € Re, mo U(F,n) =0(1), U(F,n)=0(1).

dokazaTesbCcTBO npuBeAEM JJjisi CpeaHero morennuasa. Jljs MaxkcuMab-
HOT'O IOTEHIAJIa OHO MOJITHOCTHIO aHAJIOTTYHO.

CBeneHue 3amaun OJid KjgaccoB u3 R K P». Ilomgpemérka kmaccoB R
IMeeT MaKCUMAJIbHBII 371eMenT P n MunuMasibHble 37eMenTsl 170, Og° n So1
(en. pucynok ?7?). Jliist MaKcHMasIbHOrO sieMenTa uveeM Up, (n) = Up, (n) =
2"/2  OcTanoch MOKa3aTh, 9TO JUTsi MUHUMAJBHBIX 3J€MEHTOB HIZKHSIS OICH-
Ka Takasl »Ke 10 MOpsIKy. JIjIst 3TOoro MocTaTovHO BHIPA3UTh ITPOU3BOJILHYIO
dyukImo n3 P depe3 GyHKINKT U3 KaxKJI0rN0 U3 9TUX KJIACCOB.

f(xl"'wxn) :gO(xla"'a$n71,O) =
:g[(ﬂfl,...,.’ﬂn,o, 1) :gS(xl)"'vxnaOa]-)y (1)

'O6osHauenus 3aMKHYTHIX KJIACCOB B3ATHI 13 [?]
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Puc. 1. Pasbuenne MHOMKeCTBa 3aMKHYTBIX KJIACCOB Ha rpymmbl: R (6esbie
IpsSIMOYTOJIbHUKM ), Ry (uépHble npsimoyroibauku), Ry (6esble sjmmch),
R¢ (1épHble 9JUIHICH).

rie
go(x1, . Tn,y, 2) = f(x1,...,20)y V 2 €05°. (2)
91(1’17a$nayaz):(f(x177$n)\/y)z EIi)O (3)

9s(1,. - &0, Y, 2) = f(z1, ..., 20)y2 V f(ZT1,...,Tn)yZVyz € So1. (4)

Takum obpazoM, JIOOYI0O (PYHKIUIO OT N TEPEMEHHBIX MOYKHO IIYTEM ITO-
CTaHOBKHM KOHCTAHT BBIPA3HUTh depe3 dyHKImN n3 Kiaaccos I7°, Og° u Spi.
[TockosbKy 1OJICTAHOBKA KOHCTAHT HE YBEJIUUUBAECT MOTEHITUAJ CXEMBI, TO
U(Py,n) SU(F,n+2), ectn F € R.

B wurore mis F' € R nonyaaem U(Pa,n) = U(F,n) > U(Py,n —2), 10
ects U(F,n) =< 22,
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CsBenenune 3agayun AJs kjgaccoB u3 Ry k M. Tlogpemérka kinaccos Ry
nMeeT MaKCUMaJIbHBIN 31eMenT M 1 MuHIMasbHble 31eMenTsl M I, M Og°
u SM. CBenenne mOJMHOCTHIO AHAJOTHIHO MPEIBIIYIIEMY. 37eCh TOTBKO Hy K-
HO 3aMETUTh, 9TO ecJii (PyHKINA f MOHOTOHHA, TO (DYHKIMH 7, JO, g, OIpPe-
nessiemble coorHorenusimu (77) — (?77), Toxke sABIAOTCS MOHOTOHHBIMHA. JLjist
dyuknuit go u gy 3ro oueBuno. [Iposepum s dyukiuu gg.

[Ipu dukcupoBanHbx y u z GYHKIUIA gs MOXKeT ObITH paBua (, aub0
f(z1,...,xn), mubo f(Z1,...,Ty) mmbo 1. Ecaun f MoHOTOHHA, TO BCE 5TH
DYHKIINK TAK?KE MOHOTOHHBI.

MOHOTOHHOCTD 10 Yy U Z cjemyeT u3 Toro, uro gs = 0upu y = 2 =0wu
gs=1lmmpuy==z2=1.

[To ananoruu ¢ upeplymem ciydaem, upu F € Ry noxyaaem Upr(n) >
Ur(n) = Up(n —2), 1o ectb Up(n) < i’;;i

Ocranbnble KJaccbl. @Pyukmun u3 KiaaccoB K, L, D peaan3yiorcst TpUBU-
aJbHBIM 00PA30M CXeMaMHU U3 KJIETOUHBIX 3JIEMEHTOB C JIMHEIHOM ILIOIMIAIBIO.
ITocko/bKy mTOTEHIIMAIT IO TIOPSIIKY HE ITPEBOCXOINT IO b, OH TOXKEe Oy 1eT
JINHEHHBIM.

Hwmxusas nwHeiinas omeHKa CpeIHEro MOTEHIHaJa Jid KJjaaccoB u3 R,
cllelyeT W3 TOr0, YTO B KaXKIOM U3 KjaaccoB Ry ecTb (GpyHKIHSI, y KOTOPOI
He MeHee, ueM n — 1 cymiecTBeHHas nepeMentas. st peasuzaruum Takoii
GYHKIMN HyXKHa Cxema, y KoTopoil > n — 1 BxomoB. Ha kaxkmprii BxOmH, C
BEPOSITHOCTBIO 1/2 mozjaérest 1, TO ecTh HOTEHIMAT Ha BXOJAX CXEMbI Oy/er
He menee (n —1)/2.

B kmaccax m3 R¢o Bce pyHKIME UMeOT He Oojiee OIHON CYIEeCTBEHHOM
[IEPEMEHHOM, ¥ PeaTn30BaTh UX MOYKHO CXEMOI M3 OJHOIO 3JIEMEHTa C MOII-
nocrbio O(1). Teopema nokazana.

Taxum 0b6pazom, Bce 3aMKHYTbIE KJIACCHI JesisTcs Ha 4 rpynmusl. [lopsiiok

MOIITHOCTH B JIIOOOM 3aMKHYTOM KJjiacce JItOO Takoii ke, Kak B Po, mnbo Kak
B KJIACCE MOHOTOHHBIX (DYHKIINM, JUOO JIMHEWHBIN, TUOO KOHCTAHTHBIN.

ABTOp BbIpakaeT UCKPEHHIOI 0JIarofapHOCTh HayYHOMY PYKOBOIUTEJIIO,

I.¢db.-M.H., podeccopy .. ['acaHoBy 3a MOCTAHOBKY 33141 M HAYIHOE PY-
KOBO/JICTBO.
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