OcHoBHbIE MOHATHSI TEOPUHU
¢(byHKLIMOHAJBHBIX NPOrpPamMM

A. M. MupoHoB

B craTbe paccMmarprBaeTcss MaTeMaTHyecKkasi MOAEJb U Me-
TOABl BepU(UKaUUK (YHKLHOHAIbHEIX nporpamMMm. OcHoBHOe
BHUMaHHe yleJeHO TeOpUH (PYHKLUHH, BbBIUUC/SEMbIX (DyHKLH-
OHaJIbHBIMHM NpOTrpaMMaMH (3TH (YHKLUHUM Ha3bIBAlOTCS Hau-
MeHbLIMMH HENOABHXKHBIMU TOUKaMH (YHKLHOHAJbHBIX IPO-
rpamMm). TakxKe H3JaraTcsi OCHOBHblE METOAbl BepU(UKalLUN
(YHKLHOHA/IbHBIX MPOrpaMM: MeTO[ BBIYUCAHUTENbHOH MUHIYK-
IUHU U METOJI CTPYKTYPHOH HMHIYKLHH.

KaroueBble cioBa: Bepu(HKaLUU (YHKLHUOHANBHBIX TPO-
rpaMM, MeTO[ BbIYHCJINUTEJNbHOH HMHIYKLH,METOL CTPYKTYpPHOH
UHIYKLHH.

Beenenue

ITapagurma (pyHKIMOHAJBHOrO NMPOrpaMMUPOBAHUSA

Teopusi yHKIIMOHAMBHBIX TIPOTPaMM SBJISI€TCS MaTeMaTHYeCcKOH
OCHOBOH (pyHKLMOHAJBbHOI'O NPOrpaMMHPOBAHUS, KOTOPOe Mpef-
CTaBJ/IsieT COO0H OOHY M3 MapaaurM (T.e. COBOKYMHOCTb MOHSATHH U
METOJ/IOB) BbICOKOYPOBHEBOTO MporpaMMupoBaHus. [Iporpammel, Ha-
NHUCaHHble B apafiurMe (PyHKIMOHAJbHOIO POrpaMMHUPOBaHUS, Ha-
3bIBAIOTCSl (DyHKIIMOHAJBHBIMM IIPOrpaMMaMHM.

['1aBHOM 0COOEHHOCTBIO (PYHKLHMOHAJBHOIO NPOrpaMMHPOBAHUS
IBJISIETCSl NIPeJCTaBJeH’e NPOorpaMMbl
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e He B BMJE MOCJEL0BATeJIbHOCTH [IeHCTBUH, NpeoOpasyolinux
BXOJHble JaHHbIE B BBIXOJHbIE,

® a B BUJE ONpefeseHUH (PyHKUMH, 3HAaUeHHUS] KOTOPBIX JOJXKHBI
BBIUMCAATBCA 3TUMHU NIPOrpaMMaMHU.

OCHOBHBIM JIOCTOHHCTBOM MapaaurMbl (hYHKIMOHAJIBHOTO TpO-
rpaMMHPOBaHHsI SIBJISIETCS TO, YTO OHA TO3BOJISIET OMKCHIBATH (YHK-
IHOHAJIbHYIO 3aBUCHMOCTb Pe3yJ/IbTaTa BHIIIOJHEHUS] MPOTPAMMBI OT
€€ BXOJIHBIX NaHHBIX HaHOOJI€e MPOCTBIM H €CTECTBEHHBIM 00Pa3oM.
Kaxk mucan onuH 13 KJaCCHKOB (DYHKIIMOHANBHOTO MPOrpPaMMHPOBA-
nus Jloypenc [laynbcon [1],

DyHKIMOHAIbHOE TPOrpaMMHUPOBaHUE CTAaBUT CBOEH lie-
JIbIO TIPUAATh KaxKAOH Mporpamme MpocToe MaTeMaThye-
CKOe TOJIKOBaHHE, KOTOPOe NOJXKHO ObITb HE3aBUCHUMO OT
JneTajed UCIOJIHEeHHUS].

Hcnonb3oBaHue HHCTPYMEHTOB (DYHKIIMOHAJIBHOTO MPOrpaMMHU-
poBaHHs (B MepBYIO OYepelb Pa3BUTBIX CPENCTB TUIMH3ALHUM HaH-
HBIX) M03BOJISIET CO3[aBaTb KOMIIAKTHBIE U JIETKO NMOHUMaeMble Tpo-
rpaMMBbl, B KOTOPbIX OTCYTCTBYIOT M3JIMIIHHUE AeTasH, CBSI3aHHBIE C
peanusaureld BCIIOMOraTe JbHbIX ONepalui.

Ha npots:keHuM Bcell UCTOPUM CBOETO Pa3BUTHSA (PYHKLHOHAJb-
HO€ NIPOrpaMMHPOBaHHE 3aPEKOMEHI0BAJIO ce0sl KaK OJUH U3 Haubo-
Jiee 3 (PeKTUBHBIX U HaEKHBIX HHCTPYMEHTOB NPOrPaMMHPOBAHUSI.
[IpumeHenne (hyHKIIMOHAJIBHOIO NIPOrpaMMHUPOBAHUS AOCTHUIJIO HaM-
00J/IbILIMX YCIIEXOB B 3a4auax pa3pabOTKH CUCTEM HMCKYCCTBEHHOTrO
UHTeJ/JIeKTa U 00pabOTKHU CJI0XKHOCTPYKTYPHUPOBAHHBIX NAHHBIX.

Hcropus (pyHKIIMOHAJIBHOTO MPOrpaMMUPOBAHUS

D yHKIMOHAIbHOE POrPaMMHUPOBAHNE BO3HUKJIO B MATHIECATHIX
ropax npouuioro Beka. OCHOBOMOJOXKHUKOM (hyHKIIHOHATBHOTO MPO-
rpaMMHUPOBAHUsl SIBJASETCS BbIAAIOLIMICSH aMepUKaHCKUH HH(popMa-
Tk JlxkoH Mak-Kapru [2]. OT™MeTHM, UTO 3TOT CHELHAIUCT SIB-
JIleTCsl Tak»Ke OCHOBaTeJsleM JPYroro BaxKHOTO HarpaBJ/eHus: HHDOP-
MaTUKH — UCKYCCTBEHHOTIO HHTEJIJIEKTA.
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[TepBbIM SI3BIKOM (DYHKIMOHAJIBHOTO TPOrPAMMHPOBAHHUS  ObLI
3blK Lisp [3] (ero HasBaHHe siBaisieTcsi a66peBHATY PO OT CJOBOCO-
yetanusi “List Processing”, koTopoe yka3biBaeT Ha TJIaBHOe Ipe[-
Ha3HayeHHe 3TOro si3blka — 00paboTKa CIHUCKOB). DTOT SI3bIK OBLI
paspabotan B 1958 r. I:konom Mak-Kaptu B nepuon ero pa6oTsl B
MaccauyceTcKoM TeXHOJOTHUYEeCKOM HHCTUTYTe. [lepBoe ommcanue
9TOro si3bika Obl10 onyo6arukoBaHo B 1960 r. B crathe [4]. CemaHTH-
Ka [5] si3bika Lisp (a Tak»ke MHOTHX APYTHX SI3bIKOB (DYHKI[MOHAJb-
HOrO MpPOrpaMMHpPOBaHHUsI) OCHOBaHA Ha A—ucuucaenuu ([6], [7]),
KOTOpO€e TpeacTaBJsieT coO0H JIOTHUECKYI0 TEOPHIO, ONMHCHIBAMILYIO
CBOHCTBA BBIUHCJUTEJBbHBIX MTPOLECCOB.

[lepBrle mpumeHeHusi s3bika Lisp OblIM CBf3aHbl C 3agadyaMu
CUMBOJIbHOH 00PaOOTKH NAaHHBIX U Pa3pabOTKOU CHUCTeM NPUHATHSA
pemenuil. B mocaenytomme roael Lisp u ero auanektsl (Common
Lisp [8], Scheme [13] u mp.) ucCmo/b30BajuCh B CaMbiX PasHbIX
NPOEKTax, CPeU KOTOPbIX: pa3pab0TKa MHTeJJIEKTYaJbHbIX CUCTEM,
JIeKOIUpOBaHUe I'eHoMa 4eJsloBeKa, IPOeKTUPOBaHHE aBUaJalHHepoB,
paspaboTrka MHTepHeT-cepBepoB U CaAyXKO, cUCTEM ymnpaBJeHusi Oa-
3aMM JIaHHbIX, HayuHble PAaCU€Thl U T.1.

OnHMM M3 IJIaBHBIX HarpaBjeHUH Pa3BUTHs SI3bIKOB (DYHKIIHO-
HaJIbHOT'O TIPOrPaMMHPOBaHHs ObLIO CO3laHHE PA3JUYHBIX CPENCTB
tTunusanuu aaHHbX [9]. B konume 70-x — Havane 80-x romoB XX
BeKa ObJIM CO3/aHbl Pa3JHUHblE MOMENH THIHU3ALHUU JaHHBIX, BKJIO-
yawolire B cebsi MOANEPKKY TaKHX MeXaHU3MOB Kak abCTpakIHsl
nanubix [10] u momumopdusm [11]. B aTo BpeMmsi mosiBsieTcst MHO-
JKECTBO $I3bIKOB (DYHKI[HOHAJIBHOTO TMPOrPaMMHUPOBAHHUS C pasjny-
HBIMH CpelCTBaMH Tunu3auuu nanHbix: ML (Meta Language) [12],
Scheme [13], Hope [14], Miranda [15], u MHorue apyrue.

MHoroo6pasue s3bIKOB (PYHKLHOHAJBbHOTO MPOTrPaMMHUPOBAHUS
MOPOXK1aJI0 MHOTOUHC/IEHHBIE TTPOOJEeMbl B IeITeJbHOCTH MPOrpam-
MHUCTOB U HCCJefoBaTe el B 00acTH (PyHKIIMOHANBHOTO MPOrpaMm-
MHUpoBaHUs. [naBHas M3 3TUX npoOJeM 3akJ/rouyanach B 3aTpylHe-
HUM B3aWMOAEHUCTBUS MeXIy ClelHanucTaMyd B 00JacCTH (DyHKIIHO-
HaJIbHOTO MPOrPaMMHUPOBaHHUS. DTO NPUBEJO UX K MOHUMAHHUIO TOTO,
4TO AJS JajbHellIero nporpecca (PyHKLHOHAJBHOT'O MPOTPaMMHU-
poBaHHs He0oOXOOHMMO pa3paboTaThb YHHBEPCAJbHbIH $3bIK (PYHKIIHU-
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OHAJIbHOTO MPOTPAaMMUPOBAHHS, BOTJIOLIAOUINH TJIaBHbIE IOCTOHH-
cTBa HauboJiee MOMYJSPHBIX (DYHKIIMOHAJIbHBIX SI3BIKOB. B KauecTBe
TAKOT0 YHHBEPCaJbHOrO s13blKa BBICTYNHUJ si3bIK Haskell [16], Ha-
3BaHHBIH TaK B YeCTb BbIJAIOIIEr0Cs aMePUKAaHCKOrO MaTeMaTHKa
Xackenna Kappu [17]. Ilepasi Bepcusi sisbika Haskell 6vlia co-
3naHa B Haudase 90-x romoB. B HacTosiiee Bpemsi nelicTBHTE/EH
crannapt Haskell-98. Komnunsatope! 3Toro sisbika MOXKHO HaHTH Ha
caiite <http://www.haskell.org/>.

Hapsiny c¢ siseikom Haskell B HacTosiiiee BpeMsi MCIOJb3YIOTCS
Takue 3bIKM (DYHKIIMOHAJNBHOTO TporpaMmmupoBanus kKak Objective
Caml (OCaml) [18], F# [19], Standard ML [20], u np. B 3a-
Ja4ax aBTOMATH3UPOBAHHOH 00pPabOTKH NOKYMEHTOB HCIOJb3YyeTcs
(byHKIHOHAbHBIH f3blK XQuery [21].

Cpenr oTeueCTBEHHBIX Pa3paboToOK M0 (HYHKIHOHAJbHOMY MPO-
rpaMmmupoBanuio otMetuM sisbik PEDAJT ([22], [23]), paspaboraH-
Hbll B MHcTUTyTe npuk/aanHod martematukd uM. M.B.Kenpbiiua
PAH rpynmno#t non pykooncteom B.®. Typuuna [24].

Hekoropele umnepatuBHble [25] sI3bIKHM POrpaMMHPOBAHUS MOJ-
IEepPXKHUBAIOT THIHUYHBIE AJs (PYHKIHMOHAJbHBIX $I3BIKOB KOHCTPYK-
IIMU, TaKHWe KakK (DYHKIHH BBHICIIErO MOPSiikKa ¥ ApP. DTO MO3BOJISET
MCIOJb30BaTh (PYHKIMOHAJIBHBIH CTHJb MPOrPAaMMHPOBAHHUS B 3THX
si3blkax. [IpumepoM $3bIKOB Takoro THma siBjasieTcs s3blk Python
[26].

OTMeTHM TaKxXke, UTO JJISl pellleHUs] CIOXKHBIX 3a1a4, CBSI3aHHBIX
C aBTOMAaTH3alHed JIOTMYeCKHX DPAacCyKIeHHH, HCIOJb3YITCs CJle-
OYIOIlKe MPOrpaMMHbIe CUCTEMBI, OCHOBAaHHbIE HA MapagurMe QyHK-
[IMOHAJIbHOTO TIPOrPaMMHUPOBAHHUS:

1) Coq [27] - uHTepakTHBHasi MporpaMMHasi CHUCTeMa JOKa-
3aTeJbCTBA TeOpPeM, HCIOJb3YIOUIAs S3bIK (PYHKLHOHAJBHOTO
nporpammupoBanus Gallina. Coq mo3BoJsisieT 3amuchBaTh Ma-
TeMaTH4YeCKHe TeOpeMbl U MX JI0Ka3aTesbCTBa, yIOOHO MOAHU-
(ULMpOBaTh WX, TPOBEPSET HX Ha MPABUJBHOCTb. Kcmosb-
30BaHHE NAHHOH CHCTeMbl 3aKJ/I0YaeTcs B TOM, 4TO I0Jb30-
BaTesJb MHTEPAKTHBHO CO3[aéT J[I0KAa3aTe/JbCTBO TpebyeMoro
yTBepxkIeHUsA, U Coq aBTOMaTU4YeCKH MPoBepsieT KOPPEKTHOCTh
3TOTO J0KasaresbcTBa. Takxke Coq MOXKET aBTOMaTHUECKH Ha-
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XOIUThb 0Ka3aTesJbCTBA B HEKOTOPBIX OrPaHUYEHHBIX TEOPHUAX
C MOMOLIbIO TaK Ha3blBaeMbIX TaKTHK. Hanbosee ycnemno Coq
NPUMEHSIeTCSl B pelleHHWH 3ahady BepU(pHUKaLUKU NPOrpaMM.

Agda [28]. Teoperuueckoit ocHoBo# Agda siBjisieTcsl HHTYHIIU-
oHHCTCKast Teopust TunoB MaptuH-JIéda. ABTomaTHueckoe J0-
Ka3aTeJbCTBO TEOPEM C HCIMoJb30BaHueM Agda 3akiovyaercs B
TOM, YTO JIOTHYECKHE YTBEPXKIEHHS 3aMUChIBAIOTCS KaK THIIBI,
a JI0Ka3aTeJbCTBAMH SIBJISIIOTCS TPOTPAMMBI COOTBETCTBYIOIIHX
tunoB. CuHTakcuc s3bika Agda BecbMa GJIM30K K CHHTAKCHUCY
Haskell, Ha xotopom cucrema Agda u peanusoBaHa.

OcHoBHbIEe 3a1a4¥ TeOpUM (PYHKIMOHAJIBHBIX MPOrpaMM

OcHoBHbIe 33124, AJs pellleHHss KOTOPBIX MpelHa3HaueHa Teo-
pusl (PYHKLHOHAJbHBIX NPOrpaMM MOXKHO Pas3fesuTb Ha CJedyloline
TpH KJsacca.

y

3)

Bepudukauus pasquuHbIX CBOWCTB (DYHKIIMOHAJIbHBIX IPO-
rpaMM (K UHCJIy KOTOPBIX OTHOCSTCS CBOHCTBAa KOPPEKTHOCTH,
6e30MacHOCTH, ONTHMAJbHOCTH U T.II.)

OnTumMusupyiolde npeo6pa3oBaHusl (PYHKLHOHAJNBHBIX IPO-
rpaMuM (T.e. Mpeo6pa3oBaHUs UX B TAKHe MPOrPaMMbl, KOTOPBIE
BBIUUCJ/ISIOT Te XK€ caMble (PDYHKLHH, YTO U HUCXOAHbIE TIPOrpam-
MBI, HO MIPU 3TOM paboTalOT ObICTpee, YeM UCXOJHbIE MPOTrPaM-
MbI).

ABToMaTH3aLUs NMPOEKTHUPOBaHUS (CHHTe3) (DYHKIMOHAJTbHBIX
porpaMM.

B HacrosleM TeKkcTe Mbl pacCMaTpUBAEM JIMILIb MEPBBIA U3 3TUX
KJIaccoB 3anady. Mbl u3saraem Haubosiee MIMPOKO UCIOJNb3yeMble Me-
TOABl BepU(PUKALUU (PYHKLHOHANBHBIX NMPOrPAMM — BBIUUCJAUTE/b-
Hasih MHAYKUUS U CTPYKTypHas uHaykuusi. OmnucaHue APYTHX MOJI-
XOJI0B K BepU(UKaUUU (DYHKIMOHAJIbHBIX MPOrpaMM MOXKHO HAHTH
Hanpumep B paborax [29]-[39].

[IpobaemaTka ONTUMU3HUPYIOLIMX MNpeoOpa3oBaHUU (PYHKLHO-
Ha/lbHBIX MPOTpaMM M aBTOMAaTH3allMM CUHTe3a (PYHKIMOHAJbHBIX
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MpOrpaMM H3yueHa CYIIeCTBEHHO cjabee yeM mpob/eMaTHKa UX Be-
pudukanuu. B kayectBe npumepa paboT 1Mo ONTHMU3UPYIOLIUM Mpe-
o6pasoBaHusM (DYHKIIMOHAJTBHBIX POrPAMM yKaXKeM OCHOBOIOJIara-
rornyto ctatbio [40].

O630p JuTEpaTYypbl M PECYPCOB B HHTEPHETE MO TEOPHHU U MpPaK-
THKe (PyHKIMOHAJbHOIO MPOrPaMMHPOBAHUS

Cpeir HMCTOYHHMKOB IO TEOPUH (PYHKLIHUOHAJBHBIX MPOrpaMM B
MepBYI0 ouepelb CJaelyeT Ha3BaTb cTaThio [41] (KoTopas siBasieTCs
MepeBOJIOM MSTOH I/iaBbl 3HaMeHUTOH KHuru [42]). OTMeTHM, uTO
JI0Ka3aTeJbCTBAa MHOTHX KJIFOUEBHIX yTBepxKAeHUH B cTatbe [41] oT-
CYTCTBYIOT (MJIM M3JIOXKEHBI B BHIE KPAaTKOro OMHCaHHsI WIeH, Ha
OCHOBE KOTOPBIX OHHM MOTYT OBITh MOCTPOEHBI), B HACTOSIIIEH CTAThe
BCE 3TU MPOOEJIbl YCTPaHEHbI.

OcHoBHble TMOHATHUS (PYHKIHMOHAJBHOTO MPOrPaMMHPOBAHUS H
TeopeTHYeCcKHe Moaesn (DYHKIMOHAJNbHBIX TMPOrpaMM, OCHOBAaHHBIE
Ha A—HCYMC/IE€HHH, H3J0XKeHbl B KHHUre [43]. OOlIne KOHIENIHH
(YHKIHOHAJBHOTO TPOrPAaMMHUPOBAHHS M3JIOXKEHbl TaKyKe B KHHIe
[44].

OcHoBHble MeTOIbl BepU(PUKALHUH (PYHKLHOHAJBHBIX MPOrpaMM
MOXKHO HaMTH B BbIIIEYNOMSIHyTOH cTaTtbe [41], u KHurax [45] u
[46].

Onucanue mnoaxona K (PYHKUHMOHaJbHOMY MPOrpPaMMHPOBAHUIO
Ha OCHOBE TEOPHUH THUIIOB MOXKHO HallTH B KHHre [47].

Teopetuueckue Mopeu PyHKIHOHANBHBIX TPOrPAMM, B KOTOPBIX
MPUCYTCTBYIOT OIEPATOPhl B3aHMOIEHCTBHSI MPOrPaMMbl C OKDY2Ke-
HUEM, MOXKHO HalTH B aucceprauuu [48].

Teopetuueckue U MNpPaKTHYECKHE BOMPOCH (HYHKIIMOHAJIBHOIO
MPOrPaMMHUPOBAHHUST H3JIOXKEHBl TAKXKe B KHHrax M 3JEKTPOHHBIX
yueGHBIX Kypcax [49], [50], [51], [52], [53], [54], [55].

Cpeld COBPEMEHHBIX PYCCKOSI3bIUHBIX MEePUOAHUYECKHX H3/1a-
HHU M0 (DYHKIHOHAJbHOMY MPOTPAMMHPOBAHHIO OTMETHM XKYpPHAJ
«[IpakTKa (yHKIHOHAJBHOTO MPOrPaMMHPOBAHHS», KOTOPBIH M10-
CTyTeH B HHTepHeTe Mo anapecy <http://fprog.ru/>.
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BoJsiee monpo6Hast HHpOpPMaLKs 0 pa3JUYHbIX UCTOYHHKAX B 00-
JIACTH TEOPHH U MPAaKTUKH (PYHKIHOHAJBHOTO MPOTrPaMMHUPOBAHUS
MOXKeT ObITb HalJeHa Ha caiiTe [D6].

Merton (pyHKIIMOHAJbHOrO NMPOrPpaMMUPOBAHUS

Onucanue Merona

MeTon (pyHKLMOHAJBHOTO MPOrPAaMMHUPOBAHHUS 3aKJIOUAETCS
B TIOCTPOEHHMH OIKCAHHS BBIYUCJIUMBIX (YHKUHH B BHJE CHCTEM
(DYHKLUHMOHAJbHBIX YPaBHEHUH, pPelIeHUsIMU KOTOPBIX IOJKHbBI OBITh
OnuchiBaeMble (DYHKIHH. DTOT METOA aJbTePHATHBEH IO OTHOILIE-
HUIO K METOly UMIIEPATUBHOTO MPOrPaMMHUPOBAHUS, TIPU KOTOPOM
BbIUMC/AMMasi (DYHKLHSI ONpefessieTcsi MyTEM YKas3aHUsl NeHCTBHH,
npeo6pasyolMX BXOIHbIE JaHHbIE B BBIXOAHbIE.

OnucaHusi BHIYUCAUMBIX (QYHKIHH, MOCTPOEHHbBIE HA OCHOBE Me-
Tona (PyHKIMOHAJBHOTO MPOTPAMMHUPOBAHHUSI, HA3BIBAIOTCS (PYHK-
nuoHaabHbIMM nporpammamu (PII).

MeTton (pyHKIMOHANBHOTO TPOTPAMMHUPOBAHUS SIBJISETCS OTHUM
13 Haunbosee 3(h(HEeKTHBHBIX UHCTPYMEHTOB MPOrPaMMHUPOBAHHUS, OH
M03BOJIsIeT pa3pabaTbiBaTh B KOPOTKHUE CPOKH JIEFKO MOHMMaeMbie U
Hal€XHble POTPAMMBI.

DyHKIHOHAIbHOE TPOrPAMMHUPOBAHHE MOXKHO TaKKe HCIOJIb30-
BaTh JJIs

® OIIMCAaHHA cneunquaunﬁ, T.e. CBOHCTB p83pa6aTblBaeMbIX
nporpamMM, K YHUCHY KOTOPBIX OTHOCATCA, HalpUuMep, CBOU-
CTBa KOPPEKTHOCTH, ONTHMaJbHOCTH, 6630H3CHOCTI/I, YCTOQQH-
BOCTH, U T.O4., a4 TaKxXKe

e OLICTPOro CO3JaHHUS MPOTOTUIIOB TPeOyeMbIX (PYHKLUHH, KOTO-
pble MOXKHO 3aTeM peaJsiM30BbIBaTh OoJiee 9(P(PEeKTUBHO HA A3bI-
Kax MMPOrpaMMHPOBAHUSA HU3KOTO YPOBHS.

Bo BTopom ciyuae onucanue gpyHkuuu B Bune PII pacemarpu-
BaeTcs

e He KaK OMMCaHHe peasibHOTrO IMpollecca BBIUUCIEHUS eé 3Haye-
HUH,
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e a KakK 3TaJIOH, MpeJHA3HAYEHHBIH [Jis1 KOHTPOJSI MPaBUJbHO-
CTH peasiM3alyH 3TOH (PYHKLHHU Ha f3bIKE NPOrpaMMHUPOBAHHUS
HU3KOT'0 yPOBHS.

[ns HedopmabHOH HJMOCTpaunu noHsatuss PII mMbl pacemoT-
puMm HekoTopele mpumepel DI, onuceiBaOmKUX (QYHKUUHA HA CHM-
BOJIbHBIX CTPOKaX (KOTOpble Mbl OyfieM Ha3blBaTb MPOCTO CTPOKa-
MH).

Crpoku M (pyHKLMH Ha CTpOKax

Mbl npennosaraem, uTo 3agaHo KoHeyHoe MHoxecTBO C, 3Jje-
MEeHTBl KOTOpOro HasbiBaloTcsi cumMBoJaMu. B C BxomaTt OYyKBHI,
LUQPEI, CKOOKH, U HEKOTOpPbIE APYTHE CHMBOJIBL.

Ctpokoil Ha3blBaeTCsl KOHEUHas! 10C/eL0BaTeNbHOCTh CHMBOJIOB
13 C. CoBOKYIHOCTb BCeX CTPOK 0603HayaeTcss CHUMBOJOM S. Mul
cuutaeM, uto C C S (KaxXAblH CUMBOJI MOXKHO pacCMaTpHBaTb Kak
CTPOKY, COCTOSIIILYIO U3 OTHOT'0 3TOr0 cMBoJa). CyllecTByeT mycTas
CTPOKa, OHA He COAEPXKHUT HU OJHOTO CHMBOJA.

Bce ¢yHKuMHM Ha CTpoOKax, paccMaTpUBaeMble B 3TOM TEKCTe,
MpearnosaraloTcsi YaCTUYHBIMU (HAallOMHUM, uTO (QyHKUus f : A —
B HaszbiBaeTCs 4aCTUYHOM, ec/M /151 HEKOTOpPhIX a € A 3HaueHue
f(a) M.6. He ompenesieHo).

Ins moctpoenusi PI1 mbr Gymem HCMOMB30BATH MEpeUYHCsieMble
HUXKe (PYHKLUHH Ha CTPOKax.

1) head : S — C
Ata (YHKUUS onpefeseHa TOJIbKO Ha HEMyCTbIX CTPOKax, OHa
COIOCTABJIAET KaXKI0U HENMyCTOU CTPOKe €€ MepBbli CUMBOJIL.

2) tail : S — S
dta (QyHKUHS TOXKe OMpefeseHa TOJIbKO Ha HEMyCTHIX CTpPO-
kKax. OHa comocTaB/isieT KaXKI0H HEMyCTOH CTPOKe U CTPOKY,
noJly4aeMylo U3 u ylajeHHeM MepBOro CUMBOJIA.

3) conc:C xS —S
Jlns kaxnoil napsl (a,u) € C xS cTpoka conc(a, u) npeacTas-
JsleT co00H CTPOKY, MOJMydyaeMylo NMPUITHCEIBAHHEM CHMBOJA @
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crepeny K CTpOKe u, T.e.

conc(a, u) def | aay...a, €CIH U=ay...ay
) a eCcJIU CTPOKa u TycTa

4) if _then_else :C xS xS — S
st kaxao# Tpoiiku (a,u,v) € Cx S x S

. def | u, ecam a=1
if _then_else (a,u,v) = ’
v, HHaye

Huxe 3anuce
if _then_else (a,u,v)

OyneT 0603HauUaThCsl 3HAKOCOYETAHHUEM

if a then v else v

5) eq:SxS—C
st kaxpo# napsl (u,v) € S X S

def | 1, ecam u=v
eq(u,v) = 0, wuHaye
)

Hns nocrpoenus PII moryT ucrnosb3oBaThCcsi U Ipyrue (yHK-

WK, B HaCTHOCTU TaKHe, KOTOpble CaMU OIHCBIBAIOTCA B BHUE PDIT.

IIpumepsbl (PyHKIMOHAIBHBIX MPOTrpaMM

KOHKaTeHaHI/IH CTPOK

[IpuBonumast Huxe PII onuceiBaeT PyHKIHIO
append : S x S — S

KoTopasi HMeeT /1Ba aprymeHTa. JlaHHas QyHKLUUS TpeobpasyeT napy

CTPOK (u,v) B HX KOHKATeHAIUIo, T.e. B

® CTPOKY @y ...0Qp by ... by, €CJIH U ¥ U UMEIOT BUJ COOTBETCTBEH-
HO

aj...a, ¥ by...b, (n,m>0)
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® CTPOKY v, €CJIi CTPOKa u MYCTa,
® CTPOKY u, €CJIK CTPOKA v MycCTa.
®II, onuceiBawas GyHKUUIO append, AUMeeT BUJL

o(u,v) = if eq(u,e) then v (1)
else conc(head(u), p(tail(u),v))
IJle CHMBOJ € 0003HaUaeT MyCTYIO CTPOKY.
®IT (1) cocToUT M3 ONHOrO (PYHKIIMOHANBHOTO YPABHEHHSI, HEU3-
BECTHasl BeJJMUMHA B KOTOPOM — (DYHKILIMOHAJbHAsI MepeMeHHas (.
JleBast yacTh ypaBHeHHs (1) COCTOUT M3

e (YHKIHOHAJbHON NepeMeHHOH ¢, COOTBETCTBYIOLIEH ONHCHIBA-
eMol (DYHKLHH, U

e crucka (opMasNbHBIX MapaMeTpoB 3TOH (YHKUHH (u U v).

[IpaBasi yactb ypaBHeHus: (1) mpencraBssieT co6oil BbIpaXkeHHe,
OMKCBIBAIOLIEE CBSI3b 3HAYEHHS OMHUCHIBAEMOM (DYHKIIMK Ha Tape ap-
T'YyMEHTOB (u,v) C €€ 3HAUEHUSIMU Ha IPYTHUX apryMeHTax.

CJI0OBECHO 3Ty CBSI3b MOXHO BBIPa3UTb CJENYIOIIUM 00pa3oM:
3HayeHHeM OMMChbIBaeMOH (PYHKIMH Ha Nape aprymeHToB (u,v) siB-
JsieTCst

® CTPOKa v, €CJH u MyCTa, U

® CTpOKa, COCTOsILasi U3 MEPBOro JeMeHTa CTPOKH u, 338 KOTO-
pBIM CJeyeT CTPOKa, SIBASIOLIAsiCS 3HaUeHHeM OIMHChIBaeMOM
GyHkuuu Ha nape (tail(u),v), ecan u HemycTa.

Herpynno nokasarte, 4To (pyHKUUS append sIBASETCS eIUHCTBEH-
HbIM peleHueM ypaBHeHHus (1).

YpaBHenue (1) MoxKHO paccMaTpuBaTh Kak PeKypCHBHBIH aJjro-
PUTM BBIYUCJEHUS PYHKUHUU append.
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HNHBepTHpOBaHUE CTPOKU

I pyrum npumepom siBasiercss PII, onuceiBaromas QyHKIHIO
reverse : S — S

KoTopasi mpeo6pasyeT KaxKAylo CTPOKY % B CTPOKY, MOJyUaeMyIo U3
u e€ 3aMucblo B 0OpPAaTHOM MOpPSIiKe, T.€.

reverse(ay ...ap) = ap...a;
@I, onuceiBawInast GyHKIHIO reverse, HMeeT BHI

o(u) = if eq(u,e) then ¢
else append (p(tail(u)), head(u))

B sro#t ®II ucnonbsyercss pyHKIUsA append, KOTOPYIO Mbl OTH-
canu B Bune PII B mpenpinymem naparpade.

Ilouck nmoacTpokun

Tpetbum npumepom siBasiercss @I, onuceiBaroiass GyHKIHIO
find:S xS —C
3HaueHHeM JaHHOH (PYHKLHH Ha Mape CTPOK u, v SIBJASETCS CUMBOJ

e |, ecsiu u SIBASETCS MOACTPOKOH CTPOKU v, T.e. eCJU v SBJS-
eTCsl 3HaueHUeM BblpaKeHUs

append(x, append(u, y))
IJIs1 HEKOTOPBIX CTPOK X, Y, U

e 0, unHaue.
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®II, onuceiBaroas GyHKUHUO find, UMeeT BUJ

/

o1(u,v) = if po(u,v) then 1

1 if eq(v,e) then 0
e8€ | else 1 (u, tail(v))

p2(u,v) =
= if eq(u,¢) then 1
if eq(v,e) then 0
if eq (head(u), head(v))
else | then ¢y(tail(u),tail(v))
else 0

else

\

Hannass @Il npencraBasier co6oéi cucteMy U3 NBYX (PYHKLHO-
HaJbHBIX ypaBHEHHWH. DTa CHUCTeMa HMeeT eIHHCTBEHHOe pelleHHe,
NpeACTaBsolee cCoOO0H napy QpyHKIHUH

(find, prefiz)

(find cooTBeTCTBYET @1, a prefir — ), TIe

o (pyHkuus find saBasercs Tod (QyHKUHEH, NJiS ONUCAHUS KOTO-
po# npenHasHaueHa naHHasg PII, u

e (DyHKUUS prefiz SIBASIETCS BCIOMOTaTesJbHOW (DyHKLHEH, OHa
UMeeT BUJL

prefir : S xS — C

e€é 3HaueHUeM Ha rnape CTpoK u,v ABJAAETCA CHUMBOJI

— 1, ecan u siBnsieTcss npedUKCOM CTPOKH v, T.e. €CJH v
SIBJISIETCS 3HAUEHUEM BbIpaKeHUs

append(u, x)

JJIsI HEKOTOPOU CTPOKH X, U

— 0, unaue.
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PDyHKIMOHAJbHbIE MIPOTrPaMMBbI

B stom naparpade Mbl opMasibHO orpenesisieM MOHATHE (DyHK-
LIMOHAJbHOU nporpaMmbl. /s 3Toro Mbl cHadaja BBOAUM HeoOXo-
JUMble CUHTaKCHYeCKHe KOHCTPYKLHH.

JdomeHbl U (pyHKIIMU HA AOMEHaX
Tunel 1 toMeHBbI

Mbul npennosaraeM, 4TO 3aJaHO MHOXKECTBO 1'ypes THUIIOB daH-
HbIX (MU 1pocTo TUMOB). C KaXKJIbIM THIIOM ¢ CBSI3aHO HEMYCTOe
MHOXKecTBO [);, Ha3blBaeMOe OTOMEHOM THUMa t. DJeMeHThbl NOMeHa
D, HasbBalOTCSl 3HAYEHUSIMU TUMA .

Huxxe Mbl mepeduc/isieM HEKOTOPbIE TUIBI U YKa3biBaeM COOTBET-
CTBYILLIME UM JOMEHBHI.

e char, nomen tumna char cocToUT U3 CUMBOJIOB

e string, TOMeH THUIA string COCTOUT U3 CUMBOJIbHBIX CTPOK

int, ToMeH THIIA Int COCTOUT U3 IEJIBIX YHCEeJ

nat, JOMeH THMa nat COCTOUT M3 HaTypaJbHbIX uncesa (0, 1, 2,
U T.JI.)

bool, nomen tuna bool cOCTOUT U3 ABYX 3JEMEHTOB, KOTOPbIE

— Ha3bIBAIOTCA MCTHUHA U JIOXKb, U

— 0003HayaTCsT CUMBOJAMH | U L COOTBETCTBEHHO.
Mur 6ynem o6osnauath cumBosiamud C, S, Z, N u B nomeHbl TUMOB
char, string, int, nat u bool cooTBeTCcTBEHHO.
HOHOJIHeHHbIe JOMEHBbI

Jlnst kaxkporo goMeHa D 3anuchk D o603HayaeT MHOXKECTBO, CO-
cTosillee U3

® BCEX 9JEMEHTOB JOMEHAa D, Hu
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e el OJHOr0 3JIeMeHTa, KOTOPbIH

— He BXomUT B D,

— o0o03HayaeTCcsT CHMBOJIOM W
(s 0603HaYEHHUST ITOTO dJEMEHTA UCIOJb3yeTCs ONUH H
TOT K€ CHMBOJ w JJs1 BCeX JOMEHOB), U

— Ha3bIBaeTCsa HGOHpeIleJIéHHbIM 3HAYE€HHUeM.

JInsi KaX<Horo THIa ¢ MHOXKECTBO [); Ha3blBAETCS ITOIIOJHEH-
HBIM TOMeHOM THna t. Mbl GyleM paccMaTpyBaTh ); Kak 4acTH4-
HO ynopsitoueHHoe MHOMxkecTBO (UYM), oTHoleHHe Mopsigka Ha
KOTOPOM OIpejessieTcs ciefyomuM oopasom: ¥ dy,dy € D,

di<dy & di=w nau d; =ds (2)

ILHF[ Kaxa0oro cCIiuckKa D17 ey En I[NIOINIOJIHEHHBIX AOMEHOB MbI
6yﬂeM paccMaTprBaTb UX NEKapTOBO IPOU3BEAECHHE

Dy x...x D, (3)

Toxke Kak UYM, oTHOolIeHHe Mopsiika Ha KOTOPOM OIpelessieTcs
CJIENYIOIIMM 00pa3oM: AJsi J0ObIX CIUCKOB d U d' W3 MHOXECTBa

(3), rme B B
d=(dy,....d,), d=(d,...,d)

Mbl 6yzeM mosarath d < d’, ec/u

d<d, .. . d,<d

MoHoTtoHHBIEe (PyHKIMHU
OyHkuus f Buga
f:Dyx...xD,—D (4)
Ha3blBaeTCs] MOHOTOHHOM, €CJIH JJIsS KaXKJ0H Mapbl CIUCKOB
d,d € Dy x...x D,

BepHa UMIIJIKMKalus

d<d = f(d)<f(d)
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[IpumepoM HeMOHOTOHHOH  (DYHKLUMH  fIBJseTCs  (PYHKLUSA

HEeCTPOroro paBeHCTBa, KOTOpas MUMeeT BUJ
DxD— B

M comocTaBJisieT Kaxaoi nape (dy,ds) € D x D 3HaueHue

_ def | T ecau dy = dy
(dy =dp) = { | wuHaue

HemoHOTOHHOCTL 3TOMH qDyHKL[I/II/I c¢JeayeT u3 Toro, 4yTto

¢ (w,w) < (w,d), Tme d € D, HO
e (wW=w)=T, (w=d)=1, T«L.L.
EcTecTBeHHBIE NPONOJIKEHUS

[lycth 3apaHa yactuuHast GyHKUMS f BUAA

f: Dy x...xD,—D (5)

roe Dq,...,D,, D — HeKOTOpble JOMEHHBI.

Mbl Gynem 0603HayaTb TeM »Ke CHMBOJIOM [ TOTaJbHYWO (T.e.
BCIOZLYy OTpeleséHHYI0) (PYHKLUHIO BUIA

f:Dyx...xD,—D (6)

KOTOpasl onpejessieTcsl CJAeAyOHUM 00pa3oM: A/ J0O0ro CrnucKa

J:(dl,...,dn)eblx...an

eecmuVi=1,....,n d; #w, T.e.

de Dy x...x D,

TO 3Ha4yeHHe QyHKIHMU (6) Ha d paBHO
— 3HAUEHMIO0 YaCTHYHOH (QYHKUHUH (D) Ha d, ecau 3TO 3Ha-
YyeHHe OMpejesIeHO
— 3JIEMEHTY w, HHaue
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e ecam 3i € {1,...,n}: d; = w, To 3Hadenue pyHkuuH (6) Ha
d paBHO w.

Oyukuus (6) HasbiBaeTCsl eCTECTBEHHBIM MPONOKEHHEM ua-
CTUUYHOH PyHKUMHU (D).

HerpynHo nokasarb, 4To ecTecTBEHHOE MPOLOJIKEHHE JII0OO0H ua-
CTUYHOH (DYHKUHUH SIBASETCS MOHOTOHHOH (PYHKLHeEH.

YacTuuHO ynopsifioueHHble MHOXKECTBA MOHOTOHHBIX (DYHKIIUH
®PynkunoHaasHbiil TN (PT) — 370 3amuch BUIA
(tl,...,tn)%t (7)

rne n >0, " ty,...,t,,t € Types.
B cayuae n = 0 ta yactb ®T (7), KoTopasi HaXOAUTCS Tepen
CTPEeJIKOH, ABJISAETCH MYCTOU MOC/Ie0BATEbHOCTHIO.

Hnsa xaxporo ®T ft = (ty,...,t,) — t 3Hakocoueranue Dy
0603HayaeT MHOXKeCTBO BCEX MOHOTOHHBIX (YHKUHUH f BHAA
f:Dt1 X...XDt"—>Dt (8)

B cnyuae n = 0 o6sacTb onpenesneHust GyHKUUHU (8) siBJsieTCs of-
HO3JIEMEHTHBIM MHOKECTBOM.

Mur 6ynem paccmarpuBath Dy kak UYM, oTHolleHHe mopsn-
Ka Ha KOTOPOM OIpejessieTcss CJAeAYIOUIMM 06pa3oM: IJs JI0OBIX
f1, fo € Dy, MBI Oynem mosaratb fi; < fo, ecau

Vde Dy x...x D, fi(d) < fod)

Tie OTHOLIeHWe HepaBeHCTBa Ha [); MOHHUMAETCs B CMBIC/E OIpese-
Jenus (2).

O603HauUUM CHMBOJIOM GyHKUMO U3 Dy, NpPUHHMAIO-

HIYIO Ha KaX10M CBOEM ApryMeHTE 3Ha4YeHne w.
Hepr,ZlHO BUJETb, UTO

Vf € Dy </ (9)
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Iens B Dy, — 3T0 noc/enoBatesbHocTb {f; | @ > 0} asemMeHTOB
Dy, yIOBJIETBOPSIOIAS YCIOBHIO:

fh<h< <.

ITo yc/JI0BHE KBUBAJEHTHO TOMY, YTO MJIsI KaXKA0ro d H3 MHOXKe-
CTBa
Dy, X ... %X Dy, (10)

BEPHO COOTHOLIEHHE

fo(d) < fi(d) < fo(d) < ... (11)

Cor/iacHO OMpe/ieJIeHHI0 OTHOLIEHHS MOPsiiKa Ha MOMOJHEHHBIX J0-
MeHax (cM. (2)), coorHomieHHe (11) 3KBHBaJEeHTHO CJeAyIOLIEMY
YCJIOBHIO:

e 6o Vi >0 fi(d) =w,
e 6o 3¢ >0, 3d € Dy:

Vi<i fi(d)=w

Vizi fild) =d (12)

O603HauUUM 3aMUChIO

sup {f; | i > 0}
(ynkuuio Buza (8), onpenenseMyro caelyoKEM 06pa3oM: s KaxK-
JoTo crucKka d u3 MHoxectBa (10)

. 7 def
sup {f; [ i > 0}(d) = i
def [ w ecan Vi>0 fi(d)=w (13)
| d ecmn 3i>0: BepHo (12)
HetpynHo nokasatb, uto gyHKuus sup {f; | i > 0}

e MOHOTOHHa (T.e. NpUHAANEXKUT D), U
e 00/aaeT CAeNyIOIIMMHA CBOUCTBAMH:

- Viz0 fi<sup{f;|i=0}
— €CJIM IJIl HeKOTOPOH (pyHKUMH f € Dy BEPHO COOTHOLIE-

HUe
Vi>0 f;<f

To sup {fi [i >0} < f.
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HO.J'[H]:Ie YJaCTUYHO ynopﬂnoqeﬂmﬂe MHOXKeEeCTBaA
YYM P HasbiBaeTcs MOJHBIM, €CJH

e P Ccomep:KUT HaWMeHbLIHH 3JIEMEHT, T.e. TaKOH 3JieMeHT 0, uTo

Vpe P 0<p

e /1S KaxXKA0H 1enu py < p; < py < ... 3/1eMeHTOB P CYIeCcTBY-
€T TOYHas BepXHsd I'PpaHb 3TOHU LEMNH, T.e. TAKOH 3JEMEHT

sup{p; |t >0} € P (14)
KOTOpBIA 06/1alaeT cleqyLUMU CBOHCTBAMHU

- Vi>0 p; <sup{p;|i>0}

— ecJid 3JeMeHT p’ € P TakoB, UTO
Vi>0 p <p
To sup{p; | i > 0} <p".

Huxe mbl 6ynem o6o3Hauath sjeMeHT Buaa (14) 6osee Kopor-
KOH 3aMlHKChI0 sup p;.

W3 paccyxIeHui B KOHIle MPEAbIAYIIEr0 MyHKTa BBHITEKAET, YTO
Dy, — nonnoe HYM. U3 (9) caenyet, 4TO HaMMeHbIIUM 3JeMEHTOM

Dy sBisieTca (PyHKLHSA

Tepmbl

HepeMeHHbIe 1 KOHCTAHTBI
Mbl 6ynem npennosaratb, 4To JJ151 KaXKAOTO TUNA ¢ 3aaHbl
e CUETHOE MHOXKeCTBO Var; mepeMeHHbIX THIIA 1, U

e MHOXecTBO C'on; KOHCTAHT THMNA t, MPUUYEM
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— KaxJoH KoHcTaHTe ¢ € Con, COOTBETCTBYeT HEKOTOPBIH
3JIEMEHT IIONOJIHEHHOr0 JoMeHa [);, HasblBaeMblil 3Haye-
HHEeM 3TOH KOHCTAHTHI, U

— Joboi saemMeHT d € D; siBAsieTcsS KOHCTAHTOHM THma t,
KOTOPOH COOTBETCTBYET CaM 3JIeMeHT d.

Huxe cumBon € o603HayaeT KOHCTAHTy THUMNa string, KOTOPOH
COOTBETCTBYET ITyCTast CTPOKA.
(I)YHKI.II/IOHaJIBHbIe CHUMBOJIbI

Mgul OyneM mnpeamnoJiaraTh, UTO 3aJaHO HEKOTOPOE MHOXKECTBO
Fun, sneMeHTBl KOTOPOro Ha3blBAIOTCH (PYHKIHMOHAJbHBIMU CHM-
Bosiamu (PC), u kaxgomy ®C g comocTap/ieHbl

o OT type(g), n
o (DyHKUMS U3 Dyype(q), 0003HaUAEMAS TEM XK€ CUMBOJIOM g.

Pasubie @C MoryT nMeTh OfiMHaKoBOe o6o03HayeHHe. B uyacTHO-
CTH, 3allUCh
if _then_else

o6o3Hauyaer PC
e OT KoTOpOro UMeeT BHUJ
(bool, t,t) —t
rie ¢t — NPOU3BOJIbHBIH THII, U
e (DYHKLMS, COOTBETCTBYIOLLAS KOTOPOMY, UMeeT BUJ
B x D, x D; — D,
M COMOCTaBJsIeT Kaxa0H Tpoiike (di,ds,ds) U3 cBoell obsacTu
onpejeseHUs JeMeHT

- dQ, eCJIn dl =T

— dsz, ecu dy = L
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—w, e d; = w
HetpynHo nokasaTb, 4To naHHasi PyHKLUS MOHOTOHHA.

Huxxe mbl nepeunciasieM HekoTopele PC, Bxopaue B Fun. Kax-
nomy takoMy ®C g coorBercTBYeT QYHKUHSA U3 Diype(y), ABAAOIIA-
ICSl @CTeCTBEHHBIM IIPOJOJI2KEHHEeM (PYHKLHUHU BHUAA

Dyx...xD, =D (15)

rae Dy, ..., D,, D — cooTBeTcTByIOlIMe noMeHbl. Mbl 6ynem ykasbl-
BaTb A/ Kaxaoro u3 nepeuncsaseMblXx PC COOTBETCTBYIOLLYIO eMy
¢dyHkuuo Buga (15).

1) ®C +, —, -, UM COOTBETCTBYIOT apU(pMeTHUECKHe PYHKLHH Ha
eJIBIX UJIM HATypaJibHbIX UHC/AX.

2) ®C —, THO KOTOPOTO MMEET BHJ
bool — bool

u ®C A, V, —, <>, TUIl KOTOPBIX UMeeT BUJ
(bool, bool) — bool

Atum PC cooTBeTCTBYIOT Oy/eBbl (PYHKLHH: OTpULIAHHE,
KOHBIOHKIUS, TU3BIOHKIUS, UMIIJIMKALUS U SKBUBAJEHIUS.

3) ®C =, THI KOTOPOTO UMEET BH]
(t,t) — bool

rae t — NpPOU3BOJIbHBIN THII.

Aromy PC cooTBeTcTBYeT (DYyHKLHS 0TOOpaXKaolIas KaxAyo
napy (di,ds) € Dy X D; B 31eMeHT

o [,ecqudy =ds, 1
o |, ecnu dy # ds.
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4) ®C <, <, >, >, THI KOTOPBIX UMEET BUJ
(t,t) — bool
rie ¢ — MPOM3BOJIbHBIA THI, TaKOH, UTO Ha JoMeHe [); ompeje-

JICHO OTHOLIEHHEe YaCTUYHOIr'O IopsaKa.

Kaxxnomy u3 atux PC cooTBeTcTBYyeT (PyHKLHUS BUAA
Dt X Dt — B
oTobpaxarolias kKaxaywo napy (di,ds) € Dy X Dy B 3JieMeHT

o [, ecand; <dy, di <ds, di > da, di > dy COOTBETCTBEH-
HO

e |, ecnu COOTBETCTBYIOILIEE COOTHOIIEHHWE HEBEPHO.

5) ®C conc, head u tail, cooTBeTCTBYOILIHe (QYHKLUHAM Ha CTPO-
kKax. Onucanue 3TUX (PyHKUHUH NPUBENEHO BBILLE.

6) ®C @, KOTOPDOMY COOTBETCTBYeT (YHKLUHS U3 Dy, rae

ft — npousBosbHbI DT, npUHKUMAaOIIAs HA KAaXKIOM CBOEM
apryMeHTe 3HayeHHE w.

(I)YHKI.II/IOHaJIbeIe nepeMeHHbIE

Mbul Gynem mnpenmnoJsiaraTe, 4TO 3afaHo MHoxecTBO F'Var, aje-
MEHTBbl KOTOpPOI'0 Ha3blBalOTCH (PyHKLUMOHAJbHBIMU I€peMeHHbI-
MM, U KaXI0H (DYHKLIHOHAJIbHOH MepeMEeHHOH (¢ COMOCTABJIEH HEKO-
topeil DT type(p), npuuém mas kaxporo T ft MHOKeCTBO Bcex
(PYHKLHOHAJbHBEIX MEpEMEHHBIX (o, TaKUX, UTo type(yp) = ft, sBas-
eTCs CYETHBIM.

Tepmbl

Huxe Mbl ompepensieM moHsithe TepMa. C Ka)KIbIM TEPMOM e
CBsI3aH HEKOTOPbIH THUI type(e).

[lonsiTHe Tepma ompejessieTcss HHAYKTHBHO CJeNyIOLIUM o0pa-
30M.
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1),HHH KaXJ0ro tumna t Bce fNepeMeHHble ¥ KOHCTAHTBI THIIA t
ABJIAIOTCA TepMaMH TUIla t.

2) Eciu g — ®C unu pyHKIMOHAIbHAS TepeMeHHasi, 1

type<g) = (tlw"atn) —1

TO [JISI KaXKJI0T0 CITMCKA TEPMOB €y, . . ., €y, TUIIBl KOTOPBIX paB-
HHI {1, ..., t, COOTBETCTBEHHO, 3aIUCh
gler, ... en)

SIBJIIETCS TEPMOM THIIA ©.

Huxe mbl 6ynem Hcnosb3oBaTh CjaeAylollye COTrJalleHus: U 000-
3HaYeHHUsl.

1) Tepmbl Buza
if _then_else (eq, €2, €3)

6ynyT COKpallleHHO 3alMChIBAaThCS B BHJE

e1 T ey es

2) Tepwmbl, conepxatne @C
o= =S f; >, 25 A, VY, -,

OyoyT 3amuchiBaThbCsl TakK, Kak 3TO MPUHATO B MaTeMaTHue-
CKHX TEeKCTaX, T.e. KaXKIblil TepM BUAa g(ey,ey), Toe g — ONUH
u3 BoienepeyrcaeHHbix PC, Mbl OyaeM 3amucbiBaTh B BHIE
€1 g Es.

3) Tepmbl Buza
conc(ey, es), head(e), tail(e)
Mbl Oy/ieM 3aMUChiBaTh B BUIE €1 - €3, ¢ U € COOTBETCTBEHHO.

4) B uensix 6oJiblledl HArJIIIHOCTH, TEPMbl BUIA €1 A es U €1 V eg
OyIyT WHOT/A 3aMHUChIBATbCS B BUJE

COOTBETCTBEHHO.
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Ecan ®C uau ¢yHKUMOHAbHAS MepeMeHHHash g UMeeT THI
(t1) — t, To B Tepme Buna g(h(...)), rne h — ®C unu QyHk-
[IMOHa/bHasi MepeMeHHHasl, CKOOKH cJieBa U crpasa oT Af...)
MOTYT OIYyCKaTbCS.

Jns Kaxpgoro Tepma e

e Var(e) o603HauaeT COBOKYIHOCTb BCeX II€PeMeHHBIX,
BXOISIILKX B €, H

e FVar(e) o603HauaeT COBOKYIHOCTb BCeX (PYHKI[HOHAJb-
HBIX MepEMEHHBIX, BXOASLIUX B €.

Ecnn

® ¢ — HEKOTOPBIA TepM,

® Iy,...,T, — CIIUCOK Pa3/JUYHbIX T€PeMeHHBIX, U

® ¢y,...,6, — CIIHCOK TEPMOB, TAKHX, YTO

Vi=1,...,n type(e;) = type(x;)
TO 3aIHUCh
e(er/x1,...,en/xy) (16)

0003HayaeT TepM, MOJydyaeMbld M3 e 3aMeHOH /51 KaxKAOro
i € {1,...,n} KaHoro BXOXKIEHHs MepeMeHHOH x; B € Ha
TEPM ¢€;.
Ecsnu Bce TepMbl B CIHCKE ey, ...,€, SBJSIOTCS KOHCTaHTa-

MH, U JaHHBIHA CMHUCOK 0603HauaeTcsi 3anuckio d, To Tepm (16)

MOXKHO TaKKe 0003HauaTb 3anuchbio e(d).

PyHKIUY, COOTBETCTBYIOLIYE TepMaM

3HaueHUs TepMOB

Ecnu TepM e COHEP2KUT TOJIbKO KOHCTAHTBI H qDC, TO 3TOMY
TepMY MO2KHO COIIOCTaBUTb 3HAYE€HHE, KOTOpPOe

ABJIIETCS IEMEHTOM MHOXKECTBA Dyype(e), H

ornpenendeTcsd UHAYKTUBHO CJIEAYIOUIUM o6p330M:
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— eCJIU e SIBJseTCsl KOHCTAHTOH THMa t, TO ero 3HadyeHHe
paBHO TOMY 3JIeMEHTY MHOXecCTBa [y, KOTOPBIA COMOCTAaB-
JIeH 3TOH KOHCTaHTe,

— €CJIM e HMeeT BUL
g(elv"'yen) (gEFUTL)

TO €ro 3HayeHHe PAaBHO 3HAYEHHIO (DYHKLUHUHU g HA CIIHUCKe
3HAaUeHUH TEPMOB €1, ..., €.

Mber 6ynem 0603HauaTh 3HAUEHUE TepMa TOH Ke 3aMuchio, KOTO-
poli 0003HauaeTcsd caM 3TOT TepM.

®PyHKIUY, COOTBETCTBYIOIINE TepMaM

[IycTh 3ananbl

® TepM e, He colepxKallui (PyHKIHOHAJIbHBIX MlepEMEeHHBIX, U

® CIUCOK T = (Z1,...,%,) PA3JUUHBIX MePEeMEHHbIX, MPUUEM
Ka)kaasi nepeMmenHasi u3 Var(e) BXOOUT B T
(crMCOK T MOXKeT ObITh MYCTBIM, €CJIH € He COHEePXKHT Mepe-
MEHHBIX).

O603HauuM cUMBOJIOM D; 1eKapTOBO MPOHU3BeJeHHe
[)type(xl) X ... X Dtype(xn) (17)
¥ cuMBoJioM ft — T
(type(x1), . .., type(xn)) — type(e)
3anuck e(z) o603HauaeT GyHKUUIO U3 Dy, KOTOpPAS
e HasbiBaeTCs (pyHKLMEH, COOTBETCTBYIOIEN TepMYy €, U
e omnpefessieTcs CAeAYIONM 00pa3oM: [l KaXA0ro CrUcKa

d=(d,....d,) € D,

3HaueHHe (YHKUHUH e(T) Ha crucke d 0603HauaeTCs 3aMUChio
e(d) 1 paBHO 3HaYeHHIO TepMa

e(d/xq, ..., dp/xy).
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Ecau cnucox T mycT, To 06JacTh onpeneseHuss QyHKUUH e(T)
COCTOUT M3 OJHOTO 3JeMeHTa, U (YHKLHS e(T) COMOCTaBAseT STOMY
3/IeMEHTY 3HaueHHe TepMa e.

HetpynHo mokasaTb, 4To ecyid (DYHKLHH, COOTBETCTBYOIIHE TEM
@®C, KoTopble BXOISIT B €, MOHOTOHHBI, TO (PYHKLHUS €(T) TOXKe MO-
HOTOHHA.

Os3HaunBaHMA (PYHKIMOHAJBbHBIX IepeMeHHbIX

HYCTI) 3aJdaHO KOHeHYHOe€ MHO2KECTBO d ClJy'HKLLI/IOHaJIbeIX nepe-
MEHHBIX:

O ={p1,...,0n}

O3HaunBaHUEM (‘l)YHKIII/IOHaJIthIX NnepeMeHHbIX W3 MHOXKe-
ctBa O HaswpIBaeTCsl CIIMCOK nap Buaa

(o1, f1), -5 (s ) (18)

rneVi=1,....,.n f; € Dtype(%).
[TycTb 3amaHbl TepM e U 03HauuBaHue Buaa (18).
Mul 6ynem 0603HauaTh 3aMucChio

e[fl/gplv .- afn/@n]

TepM, MoJiydyaeMbld U3 e 3aMeHOH BXOASILIUX B Hero (PpyHKLUHOHAJb-
HbIX TIepeMEeHHBIX @1, . . ., @, Ha HOBble PC, KOTOPBIM COMOCTABJIEHbI
¢byHKUMH f1,..., f, COOTBETCTBEHHO.

PDyHKIUOHAJIbHbIE MPOTPAMMBbI
IlonsaTue (pyHKIMOHAJBHOU MPOrPaMMBbI

®PynkuuoHaapHas nporpamma (PII) - 370 coBOKymHOCTH X
(hopMa/IbHBIX PaBeHCTB BHJa

1(T1) = e
(19)

Son(xn) = €n

roe
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1) ¢1,..., 0, — pasnuuHbie QyHKIHUOHANbHbBIE TIEPEMEHHBIE, U
2) OJas Kaxpgoro i =1,...,n
a) ;(Z;) ¥ e; — TepMbl OAMHAKOBOTO THA,

6

B

)

) & — CIIMCOK BCeX NepeMeHHBIX U3 Var(e;),
) FVar(e)) € {er,-.. n}, 1
)

r) ¢yHKUuMH, cootBeTcTByomMe TeM PC, KoTOpble BXOAAT B
€;, SIBJISIOTCS MOHOTOHHBIMH.

®IT (19) moxxHO paccMaTpUBaTh KaK CUCTEMY (PYHKIHOHAJbHBIX
YpPaBHEHUH, pelleHUeM KOTOPOU SIBJSETCS IMPOU3BOJIBHBIA CIHCOK

f=(f1, ., fn) OYHKUHH, TAKKX, UTO

Ecnu Bepro (20), To Mbl Oyzmem roBoputh, uto PII ¥ aBasercs
onMCaHMeM CNHCKa (YHKLHE f.
Huxe 3anuce
p1(71) = e
> .
On(ZTn) = €n
o3Hauaet, 4yto ¥ — 310 PII, cocrosmas U3 paBeHCTB, N300paKEH-
HBIX cnpaBa OT (UrypHoll ckoOku. Ecam ¥ cocTouT M3 omHOro pa-
BEHCTBA, TO (PUrypHasi CKOOKA MOXKET OTCYyTCTBOBATb.

PyHKIMOHAJ, COOTBETCTBYIOIUIA (PYyHKIMOHAJNBHOH MporpamMmme

[Tycts ¥ — OIT Bupa (19).
O6o03HauMM CUMBOJIOM Py 1€KapTOBO MPOH3BENEHHE

Dtype(sm) XX Dtype(wn)

Mul 6ynem paccmatpuBath Ps, kKak HYM, oTHolleHHe Mopsiika
Ha KOTOPOM OIlpefesisieTcsl CJelyolUM 00pa3oM: 1S J00bIX CIIHC-
KoB f W f' u3 MHOXecTBa Py, rue

f:(flw"afn)u f/:<f{77frlz)
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Mbl 6ynem nosarath f < f’, ecau

fl Sf{a cee fngf;z
HerpynHo Bumets, uto Py — nonnoe HYM, T.k.

® CIIMCOK

( e )

ABJFAEeTCd HaMMEeHbIIUM 3JIEMEHTOM B Pz, U

o s Kaxnod uenu fy < fi < fo < ... sanemeHToB Py cylie-
CTBYeT €€ TOYHasi BepXHsIsi TpaHb, KOTOpasi UMEEeT CJeNyIOLIHH
BU/L:

Supfi = (Suple,.--,supfm)
rae Vi >0 fi= (fir,- - fin)-

dyukmoHaa, cootercTByomud PII 3 — 3to oTobpakeHue
Fyx. Buna
Fy . Py — Px

KOTOPO€ COMOCTAaBJSIeT KAXKAOMY CIIHUCKY (PYHKUHN

f=,..., fa) € P

cnucok pyHkuui f' = (f],..., f") € Py, onpeensieMbix Cjeiyto-
UM oOpasom:

/ def

Vie{l,....,n} fl=elfi/e1,--, [o)en](T)

Hel'lpeprBHbIe q)y'HKIII/IOHaJILI Ha MOJHBIX YaCTUYHO yIIOPAJOYEHHDbIX
MHOXKeCTBax

[Iycte P — nonnoe HYM.
dyHKIIMOHAT Ha P — 3T0 oTOOpakeHue F' Buga

F:P—P

®yHkuuoHaa F : P — P Ha3biBaeTcs
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e MOHOTOHHBIM, €CJH [Ji KaXIOW Napbl pi,ps 3J7eMeHTOB P
BepHA UMIJIMKALHS

p<ps = F(p1)<F(p2)

e HelpepbIBHBIM, €CJIU

— OH 4dBJiddeTCd MOHOTOHHBIM, H

— Ui KaXI0# uenu pg < p; < py < ... 3JeMeHTOB P BEpPHO
PaBEHCTBO
F(sup p;) = sup F(p;)
(oTMeTHM, UTO MpaBasi 4acTb JAHHOTO PaBEHCTBA HMeeT
CMBICJI, TOCKOJIBKY M3 CBOHUCTBA MOHOTOHHOCTH F' cieny-
eT, UTo nocJjenoBarenbHocTb {F(p;) | ¢ > 0} sBasiercs
LEIbIO)

HenpepeiBHOCTb (DyHKIMOHA/A He SIBJSIETCS CJEACTBUEM €ro MO-
HotoHHocTH. Hanpumep, paccmorpum ¢yHKuuoHan F' Ha Dy, rae
ft = (nat) — nat:

f ecin Ve N  f(k)=k
VfeDn F(f)=
MHaue

JlaHHBIN QyHKIMOHAN siBJsieTCss MOHOTOHHBIM. OIHAKO OH He §IBJfA-
eTcsl HenpepblBHBIM. JefcTBUTENBHO, LieMb

{fili>0}

(byHKUMH U3 Dy, rie fas Kaxaoro ¢ > 0 GyHKUMA f; COOTBETCTBYET
TepMy
(x<i)?z:w

o6nagaeT cjaenyoIIUMHA CBOUCTBAMHU:

eVi>0 F(f;)= , TO3TOMY

sup F(fz) =
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e sup f; = id = F(sup f;)
(rme id — ToxkaecTBeHHass GyHKUUS U3 D)

Mbul 6ynem UCTMOJB30BaTh Cjenylollee ob6o3HaueHue: ecau F —
(yHKUHOHAJ Ha P, To 3anucu FO F' ... 0603Hayaior (hyHKLHOHa-
Jibl Ha P, ompepensieMble ciaenytomum obpasom: Vp € P

def
e Flp)=1p

o Vi>0 Fitl(p) Y F(Fi(p))

HeHO}IBI/I}KHI)Ie TOUKH (l)y'HKIII/IOHaJ'IOB Ha IOJHBIX YaCTUYHO ynopd-
JOYE€HHBIX MHOXKeCTBax

[Iycte F' — pyHkuroHan Ha nojaHom UYM P.
dneMeHT p € P HasbiBaeTcs

e HenoaBmxkHON Toukou (HT) ¢ynkumonana F, ecau BepHO
paBEHCTBO

F(p)=p
e Hanmenbmein HT (HHT) ¢yukunonana F, ecau
— p — HT ¢dynkunonana F, u
— nns kaxnpod HT p’ ¢pyHkunoHana F' BepHO HEpaBEHCTBO
p<p

Otmerum, uto ecnu HHT ¢ynkunonana F' cyuiectByer, TO OHa
enMHCTBeHHa, T.K. ecan p' u p” nBe HHT ¢ynkumonana F, o,
coryiacHo omnpenesnenuto HHT, nosmkHbl ObITb BepHBI HEpaBeHCTBA

p/ S pl/ H p// S pl

OTKyJa, B CUJIy CBOUCTBA aHTHCUMMETPUYHOCTH OTHOLIEHHS YaCTHU-
HOT'O TMOpsiiKa, MoJydaeM coBnaneHue p’ u p’.

Ins kaxaoi ®IT ¥ u kaxaoro cnucka QyHKuui f € Py cie-
LYIOLIHe yTBEePXKIeHNsI SKBUBAJEHTHBI:

e ) sABJISIeTCS ONMCAHHEM ClUcKa QyHKUHH f
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e f asnserca HT ¢yHnkuuonana Fy.

Teopema 1
Js1 Kaxxkaoro HempepblBHOTO (pyHKUMOHAAa F' Ha mosHoMm HYM
P cymectsyer HHT.

JloKa3aTeabCTBO.
Ornpenenum mnocisenoBarenbHoCcTh {p; | ¢ > 0} anemeHToB HYM
P cnenyrompym o6pazom:

def .

e po = 0, rie 0 — HAUMeHbIIUH 37eMeHT P, U
. def

e Vi>0 piy1 = Fp).

[TocnenoBarenvHocts {p; | ¢ > 0} sBJIseTCS LEMNbIO, 3TO MOXHO
[0Ka3aTb M0 MHAYKLHH:

e pp=0<p
e 1Jis1 Kaxmoro ¢ > 0 us

— HepaBeHCTBA p; < Piy1, U

— MOHOTOHHOCTH (pyHKUHOHana [

cJleflyeT COOTHOILLIEeHHe
Piv1 = F(pi) < F(pit1) = Disa

O603HaUKMM CUMBOJIOM P 3JIeMeHT sup p;. VimeeM:

1) p aBnsercs HT ¢yHkuuonana F, T.K., COTJIacCHO CBOHCTBY
HernpepblBHOCTH F', BepHBI COOTHOLLEHHS

F(p) = F(supp;) = sup F(p;) = suppiy1 = p
2) p asasercs HHT ¢ynkuuonana F, t.x. ecau F(p') = p/, To
Vi>0 p <yp (21)

(21) MOXHO 1mOKa3aTh MO MHAYKLHH:
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®py=0<yp
e ecau p; < p/, TO U3 MOHOTOHHOCTH F’ cjenyer

piv1=F(pi) <F@Q)=p

CorsiacHo ompesie/ieHHI0 TOYHOH BepxHed rpanu, u3 (21) cre-
IyeT UCKOMOe HepaBeHCTBO

p=supp; <p ®

HenpepbiBHOCTh (DyHKIIMOHAJOB, COOTBETCTBYIOIMX (DYHKIHOHAJb-
HBIM MporpamMMam

Teopema 2
s kaxnon PII X pynkuuonan Fy, HempepbiBeH.

JlokasaTeabCcTBO.
Mbl paccmotpuM quiub caydait, korga PIT ¥ coctout U3 ogHoro
ypaBHeHus (0OLIMH cay4yall paccMaTpHBaeTCs aHaJOTHYHO), T.e. X

MMeeT BH[
Y. p(z)=e (22)

Kaxnbi#t moarepm e’ Tepma e o6/1agaer caeayoOLMMH CBOHCTBA-
MH:

o 'Var(e) C{p}, un
e KaK/asi epeMeHHasi, BXOASILAsi B €/, CONEPKUTCS B CIIUCKE .

[TosToMy m/isi KaxkKmoro moiarepma €' TepmMa e MOXKHO OMNPENENHTh
cenyomuid GyHKuuoHan Fo Ha Dyype(y):

Vf € Duypetyy Furlf) = €1f/¢](2)

JlokaxkeM HHAYKIIMEH 10 CTPYKType TepMa €', 4To QyHKIHOoHan F
HerpepbiBeH. OTMETUM, YTO U3 3TOTO CJENYyeT yTBEp:KAeHHe Teope-
MBI, IOCKONBbKY Fy = F.

Ecnu €’ He comepXUT ¢, TO MHOXKECTBO 3HAUeHHH (PYHKLHOHAJIA
F. cocrout us opHoro 3snemeHta. OueBUIHO, UTO TAKOH (DyHKILIHO-
HaJl HelpepbiBeH.

Ecnu €' comepXUT ¢, TO BO3MOXKHBI J1Ba CJIydast:
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1) ¢ =gley,...,em), e g € Fun, n
2) ¢ =pley,...,em), THe ¢ — QYHKUHOHAJbHAS TIEPEMEHHAs!.

Mbl pazbepém suiIb MepBBIA caydail (BTopo# cayuail paszbupaercsi
aHaJIOTHYHO).

[Ipennonoxum, uto yHkuuoHa bl F, , ..., F, HenpepbiBHHI.
HokaxeM, 4To hyHKUHOHAN F/, THe
/
e =gler,...,em), g€ Fun

Takxke OyJeT HelpepbiBeH.
CorsiacHO ompenesneHHUI0 TMOHATHS (DYHKLUHH, COOTBETCTBYIOILEH
Tepmy, AJs

o Kaxn0# QyHKUMH f € Dyype(y), U
e Kaxuoro d € D;

BEPHBbI PABEHCTBA

é(f)( 7) =

- €/<[f/¢](d> /A =

= gléq, 2
= g1 [f /s el D)) = @3
g(el[f/so](_d), enl/ola) =

— 9(Fa (D). Fo (f)(d))

[Tostomy, ecin GyHKUMH [1, fo € Dyype(p) TaKOBBI, 4TO fi < fo,
TO, B CHJIy MOHOTOHHOCTH (PYHKIIMOHAJIOB

€m

115 Kaxaoro d € D; BepHbl COOTHOLICHHS
Fe,(fu)(d) < Fey (f2)(d)
Fo, ()(d) < Fop (2)(d)
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OTKYZa, yuuTbiBasi (23) U MOHOTOHHOCTb (DYHKLHH ¢, TIOJyUyaeM CO-
OTHOLLUEHUS

)
Fel(fQ)(

Fe(f2)(d)

T.e. QyHKUHOHAN F,/ SIBISETCS] MOHOTOHHBIM.
JlokaxeM, uto ansi kaxupod uenu {f; | ¢ > 0} ¢dyHKUMH H3
Dyype(p) BEPHO PABEHCTBO

Fu(sup f;) = sup Fo(fi) (24)
Il kaxaoro i > 0 U3 HepaBeHCTBa
Ji <sup f;
M M3 MOHOTOHHOCTH F,/ C/IelyeT HepaBeHCTBO
Fo(fi) < Fo(sup f;)

OTKYHa, COIMVIACHO OMNpeflesieHHUI0 TOYHOW BepXHeH TpaHH, CJjenyer
HEPaBEHCTBO

A I =
/—\/\/:\
=

S~—

= —~

Q.

N—

I

Q@

sSup Fd(fi) < Fe’(sup fz)
Jlns nokasatesnbcTBa paBeHcTBa (24) moKaXkeM, 4TO BepHO 00-
paTHOe HepaBeHCTBO:

Fu(sup f) < sup Fu(f,) (25)
T.e. 4TO A/ Kaxnoro d € D; BepHO HEPaBEHCTBO
Fo(sup f;)(d) < sup Fu(f;)(d) (26)
CorsacHo (23), neByto uacth (26) MOXKHO TepenucaTth B BUE
9(Fe, (sup fi)(d), ..., F.,, (sup fi)(d)) (27)

[lo MHAYKTHBHOMY NpeaNoJOKEeHHUI0, BEPHbl PaBEHCTBA

F, (sup f;) = sup Fe, (fi)

F.,.(sup f}) = sup F, (1)
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[Tostomy (27) MOXKHO mepenucatb B BUIE

g (sup Fe,(fi)(d), ..., sup Fe, (fi)(d)) (28)

U3z (13) caenyer, uTo CyllecTBYeT HOMEp j, TAKOH, 4TO

sup Fe, (fi)(d) = Fe, (f;)(d)

sup F,(£)(d) = F.,.(£;)(d)

[Tostomy (28) MOXHO Mepenucatb B BUIE

9 (Fe, (f3)(d), ..., Fe,,(f3)(d)) (29)

CorsacHo (23), 3HaueHue BeipaxeHus (29) paBHO

Fo(f;)(d)
Takum o6pasoM, n0Ka3biBaeMoe HepaBeHCTBO (26) MOXKHO Tepe-
nucaTh B BHJE

Fo(f3)(d) < sup Fo(fi)(d)
OueBHIHO, YTO MOC/eHEee HEPABEHCTBO BepHO. M

Taxkum obpasom, corsacHo Teopemam | u 2, y ¢yHKUHOHANA Fy
cymectByer HHT. Mul 6ynem o6o3nauate 3ty HHT cumBosiom o.
Mpul 6yeM FOBOPUTb, UTO CHHCOK GyHKuui f sBasgerca HT
(HHT) ®I1 %, ecau f ssasercs HT (HHT) dbyukunonana F,.
Mbel 6yzeM Kcnosb3oBaTh claeAyolide 0003HauUeHHUS.

1) Ecau ®IT ¥ umeer Bua (19), to komnonentsl eé HHT o, a
Takxke cootBercTByRomre uM PC, 6ynyt obo3HauaTbes 3anu-
CSAMHU

01y...,0pn

(nst kaxknoro i € {1,...,n} 3anuch o; COOTBETCTBYET i—MYy
ypaBHEHHIO B XJ).

2) Ecou OII o603HauaeTcs 3anuckbio °, TAe S — HEKOTOPBIH CHM-
BoJs1, To eé HHT u komnonents! 3toit HHT (a takxe cooTBet-
crytomne UM PC) 6ynyT 0603HAUATHCS 3AMUCIMH

S S
o, oy, ...
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3) Ecau ¥ coCTOUT M3 OfHOTO YpaBHEHHMS, TO CIIUCOK 0 COCTOHUT
U3 ofHOH (yHKUMU. B 3ToM cayuae cumBOa o 0003HadaeT
TaKxKe

e (DYHKLMIO, SBJSOLLYIOCA €IUHCTBEHHOH KOMIIOHEHTOH
3TOr0 CIHUCKA, U

e OC, KOTOPOMY COOTBETCTBYET 3Ta (PYHKIIHS.
HaXO}KI[eHI/Ie HaWMEHbIINX HEINOJABHIXXHBIX TOUYEK (l)YHKIII/IOHaJlebIX
nporpamMm

HHT &II ¥ moxxHO HalTH, HanpuMep, NyTEM

® BBHIUHCJEHUs] CIIHCKOB TEPMOB €;, COOTBETCTBYIOLIUX 3JeMeH-
taMm F(0) (i =0,1,...), u

® HAXOXJEHMs 110 €; CIHCKAa TePMOB €, COOTBETCTBYILEro 3Je-
MeHTY sup F%(0) (KoTopblii coBmagaer ¢ ¢ mo teopeme 1).

PaccmoTpuM B KauecTBe puMepa HaxoXJAeHHe JaHHBIM MEeTOLOM
HHT ®II

. o(x) = (x >100) ?2x—10
o { s pp(z +11) (30)
HerpynHo yctaHoBUTB, 4TO A5 ¢ = 1,...,11

e; = (x>100) ?z—10
c(z>101—4) 791:w

a g > 11
e; = (z>100) ?x—10
(x>90—-11-(i—11)) 791 (31)
tw

[Tpu puxcupoBaHHOM = U IOCTAaTOUHO OOJBIIUX ¢ BbIpa’KeHHE

z>90—11-(i—11)
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B TepMme (31) GymeT UCTHHHBIM, MO3TOMY (DYHKIHSI 0 COOTBETCTBYET
TepMy
(r>100)?7x—10:91 =

[Ipy BBIYKCJIEHUSIX C TePMaMU MOXKHO MOJb30BaThCsl CJEAYOLIU-
MU TeopeMaMH (Ha3biBaeMbIMH ME€PEeCTAHOBOYHBIMU 3aKOHAMHU /1151
byHKUMH if_then_else).

Teopema 3
[TycTb 3amaHbl PyHKIUH

ep: A B
o hi,hy: A— Dy
eg:D, =D
OnpeneauM GYHKUHH fi, fo: A — D:
fila) = g(p(a)? hi(a) : ha(a))
fa(a) = p(a)? ghi(a) : gh(a)
Torna fo < fi, a ecan g(w) = w, 10 fo = fi.

JIoKa3aTeabCTBO.
Jlnst KaXKJoro a € A UMeeT MeCTO OIUH U3 CJEAYIOUIUX CJYUYaeB:

e pla)=T
B aTOM ciaydae fo(a) = ghi(a) = fi(a)
e pla) =1

B 3TOM ciydae fo(a) = gho(a) = fi(a)

e pla) =w
B 3TOM ciydae fo(a) =w < g(w) = fi(a) W

Teopema 4 (060011eHNE TEOPEMBI 3).
[ycth 3amanbl QyHKIUH

ep: A B
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e Vic{l,....n}\{i} hj:A— D
o B, B! A— D,
e g:Dyx...xD,—D
Onpenenum QyHKUUH f1, fo 1 A — D:
hl(a),...,hi_l(a),
fila) =g | pla)? hi(a) : hi(a),
hi+l(a)> I hn(a)

hl(a), ey hi_l(a),
g | hia),
hiti(a), ..., hn(a)
Torna
o o< fi,u

e ey g(...,w,...) =w (TIe w B CIIHUCKe apryMeHTOB CTOMUT Ha
i-M MecTe), TO0 fo = f1. B

IIpuMepbl HEMOABMIKHBIX TOYEK (PYHKIMOHAJIBbHBIX MPOrpaMM
1) ®I1
e1(x)=(x=0)71:p1(x—1)+ pa(x — 1)
wa(z) = (x=0)70: @a(xr+1)

umeert caenytoine HT:

(gig)v?g::n1)?1;n-(g:—1)+1>

rae n — NpPOoU3BOJbHBIHA ameMeHT N.

(x:O\/le)?l:w)

HHT stoit ®I1 = ( (= 0)70: w
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v1(z) = (z > 100)? z — 10 : 1p9(z + 11)
wa(z) = (z > 100)? z — 10 : oy (z + 11)

umeeT equHCTBeHHYI0 HT

(x> 100)? # — 10 : 91
(x> 100)? x —10:91

3) ®I1
p(r,y) = (r=y) ?y+1
tp(r,p(r — 1,y + 1))

uMeeT, Hanpumep, caenytoure HT:
a) (r=y)?y+1l:x+1
6) (x>y)?ax+1:y—1

B) (x>y A even(z—y))?oc+1:w
(byHKIMS even NPUHHMAaeT 3HayeHHe | Ha YETHBIX UHC-
Jax, 1 | Ha He4yéTHBIX)

[locnennssi dpynkuuss — HHT sroit DII.
4) YV DII

kaxxaas pynkuusa sasasercs HT, e HHT = @

5) Kaxpgas HT PII

o(T) = e1? () : eq

HMeeT BUJ,
e1le: e

rie e — Jw060# TepMm THNA type(es), Takoi, uto Var(e) C .
HHT »sto#i ®I1 = ;7 w : e5.
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6) Kaxpas HT PII

@) = (2=0)21:p(z+1)
UMeeT BUJ
(x=0)71:4
rje ¢ — MPOU3BOJIbHBIM 3JIeMEHT N.
HHT sroit ®I1 = (x =0)? 1 : w.

HemoHOTOHHBIE (DyHKIIIOHAJbHbIE NPOrPaMMBbl

[Tousitne HemonotoHHoi PII (HPII) orsnnyaercs 0T MOHATHS
@I TosbKo B myHKTe (2r) onpeneseHusi atoro noustusi: HPIT mo-
ryT cozep:kath PC, KOTOPBIM COOTBETCTBYIOT HEMOHOTOHHBIE (DYHK-
1102058
Y H®II moryt orcyrcrBoBath HT nan HHT, nanpumep:

1) HOII

He umeer HT.

HeiictBuTebHO, ecau 661 y 3To HPII 66112 HT f, TO

e u3 f(0) =0 caemoBaso 6bl, uto f(0) =1, n
e u3 f(0) # 0 caenoBasio 6bl, uto f(0) = 0.
9) HOII
o(x) = (plz) =0)20:1

umeet nBe HT (koncrantsl O u 1), Ho He umeer HHT.

AJ'[I‘OpI/ITMI/I‘-IeCKaﬂ IMOJHOTA (pYHKIII/IOHaJ'leI)IX nporpamMmm

CBOHCTBO aJrOpUTMUYECKOU MONHOTHI MHOXKecTBa DI 3ak.i0-
YaeTcss B TOM, YTO KaxKaasi 4acTHYHas (PYHKIHUS Ha CTPOKAX, Bbl-
YHUCAMMasi B UHTYUTUBHOM CMbICJIE, MOXET OBbIThb OMHMCaHa HEKOTO-
poit ®II. Mel npeanosaraem, 4tTo AJs KaxA0H 4aCTHUHON (PYHKLHH
f Ha cTpokax, BbBIUUCJAHMOH B UHTYUTHUBHOM CMBIC/IE, CYLIECTBYET
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MalurHa Tbropunra M, Takasi, uto f coBmagaet ¢ (pyHKLHeH, KOTO-
pyto Bbluncasetr M.

Teopema 5
Jnst kaxknoit mamnHbl Toiopunra M cymectByet @I, onuceiBa-
pouas Ty (GyHKLIHUI, KOTOPYI BbluucaseT M.

Joka3areabcTBO.
[Iycte M - mawmuHa TelopuHra, KOMNOHEHTaMH KOTOPOHU SIBJISI-
I0TCA

e MHOXKECTBO cOCTOsIHUH @ = {qo,q1,.-.,qn}, B KOTOPOM BBIfIE-
JIEHBI

— HaydaJIbHO€ COCTOAHHE g, U

— 3aKJI4YHUTEeJbHOE COCTOSAHHE @),

e angasut cuMBosoB A = {ai,...,a;}, KOTOpble MOTYT OBITh
HanucaHbl B siyeiikax JIEHTBl, TPU4EM A COLEPKHUT TPobesib-
HbIH cuMBoJ O

e oToOparkeHUe MepexoioB
0:Q xA— Q x A x {left, right }
ComocTaBuM KaXA0OMy COCTOSIHUIO ¢; € () PYyHKIIMOHAJBHYIO Me-
PEMEHHYI0 ;, THE
type(p;) = (string, string) — string.

®II X/, KOTOpass ONMUCBHIBAET (PYHKIHIO, BBIUUCASEMYIO MallU-
HOU M, COCTOUT U3 CJENYIOIIHNX YPABHEHUN:

® ypaBHEHHe, COOTBETCTBYIOIlee TOH (PYHKLUHU, KOTOPYIO BbIYMC-
JsieT MamuHa M:

p(x) = pole, )
® €C/IM ¢; — He3aKJ/IUHUTeJbHOe COCTOSIHUE, U

0(qi, a1) = (gj, ag, right)
5(%7 a2) — ...
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To PII X, comepXUT ypaBHeHHe

vi(z,y) = (y=¢) ?%(%D)

rue

— 3HaueHHs, NpPHHHMaeMble NepeMeHHOH =, COOTBETCTBYIOT
3aIUCsIM Ha JeHTe MalluHbl M cJieBa OT rOJIOBKH, YUTae-

MBIM CIipaBa HaJE€BO, U

— 3HaydeHHud, NMIpUuHUMaeMbIe HepeMeHHOﬁ Y, COOTBETCTBYIOT
3alucCadM Ha JIEHTE CIlipaBa OT T'OJIOBKU (BK.HIO‘{aH CHMBOJI

MO/l TOJIOBKOH )

® €CJIM @; — He3aKJ/IIDUUTEeJbHOE COCTOSAHHE, U

3(gi, ar) = (gj, ax, left)
6(Qu a2> ce

To PII X, comepXUT ypaBHeHHe

Qpl(xay> =
=(y=¢) ?pi(z,0)
(x=¢e) 7pi(0,y)
(G=a1) T, T ar-y')
(?3 = a2) ?

e ypaBHEHHE, COOTBETCTBYIOIIEE 3aKIIOUYMTEIBHOMY COCTOSTHHIO
Gn:
on(z,y)=(y=¢)Te¢
(last(y) = 0) 7 pp(x, rem(y)) : y
rue

— (QyHKUHUA [ast Bo3BpalllaeT MOCJAEIHUHA CUMBOJI CBOETO ap-
rymeHTa, oHa omnucbiBaetcss PII
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— (yHKUMS rem BO3BpAllaeT CTPOKY, MOJydaeMylo yaaJe-
HHEM T[OCJIe[HET0 CHMBOJIa M3 CBOETr0 apryMeHTa, OHa
onucoiBaetcad PII

— (PYHKLHS, COOTBETCTBYIOIAsA (DYHKLHOHAJNBHON MepeMeH-
HOH (,, BO3BpallaeT CTPOKY, MOJydyaeMyl H3 3HAa4eHUS
BTOPOTO apryMeHTa yaajeHueM MpoOesioB B ero KoHue. W

BoruncieHne 3HaueHWd HaMMeHbIINX HENOABHIKHBIX
TOYeK (PyHKUMOHAJIBHBIX MPOrpaMm

B sTom maparpade Mbl paccMaTpuBaeM 3ajaudy BbIUMCJAEHUS 3HA-
yenu#t HHT @Il Ha 3agaHHBIX 3HAYEHUSIX apTyMEHTOB.

B uensix mpocToTh M3J0kKeHHs, MBI paccMatpuBaeM gauiib PII ¢
OLHOH (PYHKLHOHANbHOH NMepeMeHHOH ¢. [y KaxXKaoro paccmarpu-
BaeMOr0 TepMa 7 BbINIOJIHEHO YCJIOBHE

FVar(r) C{¢}.

ITocTaHoBKa 3agauu

3anaya BoluucgaeHus sHadenud HHT DII zakawuaercsa B 1mo-
CTPOEHHUH aJITOPUTMA, KOTOPBIH

e 110 3anaHHoi DI ¥ Buna

Y o(x)=e (32)

e 1 3aJaHHOMY cnucky d € D;

IOJKEH BBIYMC/INTH 3HaueHue o(d).
OTMeTHM, 4TO 1JIsi pelleHHsl NaHHOH 3ajauu He TpebyeTcsi Ha-
XOXKI€HHe TepMa, KOTOPOMY COOTBETCTBYeT (YHKLHS O.
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Merton pemeHus

OILI/IH K3 BO3MO2KHBIX METOOOB pPeIIeHHsA ﬂaHHOIZ 3ajayu 3aKJIHo-
HyaeTcd B TOM, UTO IIO 3aJaHHBIM

e OII ¥ Buna (32), u
e crucky d € D;
CTPOMUTCS MOCJEN0BATENbHOCTb TEPMOB
Cgﬂ ng C’;J (33)

Ha3blBaeMasi BbIYMCJIHUTEJIBHON MOCIEI0BATENbHOCTBIO. KaXblit
e€ uJieH sIBJISIeTCS, B HEKOTOPOM CMBICJIE, ANNPOKCHUMAIHed HCKO-
Moro 3HaueHus o(d). Eciiu BbYMC/IMTE/IbHAS MOC/EA0BATEILHOCTD
(33) xoHeuHa, TO €€ TOCJENHHH 3IJE€MEHT H0JKeH ObITb KOHCTaH-
TOM, 3HAaYeHHe KOTOPOH paBHO o (d).

Bbiunc/nTebHasi MOC/eA0BaTeNbHOCTh (33) CTpPOUTCS Clenyro-
UM 0Opasom.

1) Tepm CY ; umeer Bun ¢(d).

2) Ecnu tepm C” 7 CONEPXKHUT (YHKIHOHAJBHYIO TIEPEMEHHYIO
TO TepM CQ; no.nyqaeTCH 13 C%,J

a) 3aMeHOU B HEM HEKOTOPBIX MOATEPMOB BUIA

oler, ... en) (34)
Ha TepMbl BHMa
e(er/xy, ... en/xy) (35)
rae (r1,...,T,) — 3TO CIHUCOK T B (32), u

6) ympolleHHeM MOJYUHBIIEroCs TepMa.

3) Ecau tepm CZ He CONEPXKHUT ¢, TO OH SIBJISETCS IMOCJEeIHUM
YJIeHOM HOCJIeILOBaTeJ]bHOCTH (33).

Huxe mbl Oynem HasblBaTh
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e Te noxrepMel Buaa (34) repma C -, KOTOpble BHIOHPAIOTCS AJIs
3aMeHbl COTJIaCHO MyHKTY (2a), pacKpbIBaeMbIMHU TOATepMa-

MH,
e 3aMeHy (34) Ha (35) — packpbiTHeM noarepma (34).

Ecnn cpeam packpeiBaeMbIX moarepmos Tepma Cf  ONHH TOA-
TepMbI COZlePKATCS B APYTHX, TO PACKPBITHE TaKHUX TMOATEPMOB OCY-
ILIeCTBJISIETCS 110 TIPUHIUMY “OT MEHbUIHUX K OOJNbLUINM, T.€. KaXKIbIH
pacKpbIBaeMblil MOATEPM PACKPLIBAETCS TOJNBKO IMOCJEe TOro, Kak Oy-
IOYT PACKPBITH BCE COEPIKALIHeCs B HEM PacKpbiBaeMble MOATEPMB.

[Ipeo6pasoBanusi TepMOB, yKa3aHHble B NMyHKTax (2a) u (20),
00BsicCHSIIOTCST GoJiee MOAPOOHO HUXKE.

BreruncauTeJbHbIE npaBuJaa

i -

[IpaBusio BeIOOpa packpbiBaeMbIX MMOATEPMOB TepMa CE,J MBI Oy

JeM HasblBaTb BBIYMUCJUTEJbHbIM IpaBuijoM. Huxe OynyT pac-
CMaTpPUBATbCS CJeNyIoLlMe BBIYUCAUTENbHbIE TTPaBHUJIA.

1) PO (Parallel Outermost) — packpeiBaloTCsi BCe caMmble BHeIl-
HUe noaTepMbl Buaa (34) (T.e. He comeprKallllecss HH B KaKoM
nonrepme Buna (34)).

2) LO (Left Outermost) — packpeiBaeTcsi caMbl{ JIeBbIH U3 CaMbIX
BHELIHUX MoATepMOB BUaa (34).

3) PI (Parallel Innermost) — packpblBaloTCsi BCe caMble BHYT-
peHHMe ToATepMbl BUaa (34) (T.e. He comepkalllie MOATEPMOB

Buzna (34)).

4) LI (Left Innermost) — packpeiBaeTcsi caMblil JIEBBIH M3 CaMbIX
BHYTPEHHHX MOATEPMOB BHaa (34).

Mbi Gynem cumtath, uto cimBoJ C' B (33) 00603HaYaeT BHIYHKC-
JIUTeJIbHOE TPABUJIO, UCTOJb3yeMOe MPU MOCTPOEHUH ITOH MOCJ/e0-
BaTeJibHOCTU. Ec/iu 3T0 mpaBuso MMeeT crienuanbHoe 0603HaYeHMe,
TO Mbl MOXKEM HCII0JIb30BaTh 3TO 0603HaueHHe BMecTO cHMBoJsa ('
(T.e., HampuMep, €CJU MPH TMOCTPOEHHH TEPMOB BBIUHCJHUTEJNbHOH
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[OCJeN0BATEJIbHOCTHU HUCIIOJIb3YyeTCA HpaBI/IJIO PO, TO TeprI, BXO44-
e B JaHHYIO MOoCJaen0BaTEeJbHOCTb, MOT'YT 0003HayYaThCH 3alKUCHIO
PO ).

YnpoumeHue Tepma

YrnpouieHue TepmMa, 0 KOTOPOM TOBOPUTCS B MyHKTe (26) omuca-
HHUS TIOCTPOEHHUSI BBIUUCJUTENBbHON MOC/e10BaTebHOCTH (33), Tpen-
cTaBJjsieT co0Ol MOC/AeN0BaTEbHOCTh YNPOUIAIMUX Mpeodpa3o-
BaHUU.

Jlnsi onpenesieHHsi TIOHSITUSI YIpoOLIAMOLIEro MpeoOpa3oBaHus
BBeNEM CJelyIollle BCIIOMOraTesbHble MOHATHS.

1) TeprI ” U § HAa3blBAIOTCAd 9KBHUBAJEHTHBIMH, €CJIH

V€ Duype(y  7lf/)(T) = slf/¢l(Z) (36)
rae T COCTOMT M3 MepeMeHHbIX, BXONSAIIMX B 7 H §.

Ecnu r v s sKBUBaJeHTHH, TO Mbl OygeM 0003HayaTb 3TOT
(haKT 3aMMUChIO

\3
Il
VA

2) Ecau tepMm v MMeeT BUL
g(vi,...,v) (g € Fun) (37)
TO 3aMuCh U 0003HA4YaeT TepM
g(hy,... hy) (38)
rneVi=1,...,n

v;, €CJH v; — KOHCTaHTa
h; = < x; (IepeMeHHasl TOTO ke THIIA, (39)
4yTO U v;), HHaAUe

NpUYEM BCe MepeMeHHble, BXoasiue B (38), pasiuyHbL.

Mbi GynemM roBOpHTb, YTO TEPM § MOJYUYEH U3 TepMa r yrpola-
IOIMM MpeoOpa3oBaHUEM, €C/IU S SIBJSIETCS Pe3yJabTaTOM 3aMeHbl
B r moaTepMa v Buna (37) Ha TepMm v’, KOTOpbIH paBeH
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e KOHCTaHTe d, ecau U = d, UJIHU

® TepMy v;, €Cau h; — nepemMeHHas, U U = h;.
HeTpynHo BueTh, 4TO NpPH NaHHOH 3aMeHe

e v/ =, MoO3TOMYy S =71, U

® JJINHA v’ MeHblle OJIMHBI v, TIO3TOMY OJIMHA S MEHbIIE OJIHHBI
r.

Tepm r HasbiBaeTcs HeympouaeMbIM, eCJIM He CYLIeCTBYeT Tep-
Ma, KOTOPbIH MoJy4yaeTcs U3 r YIPOLIAIOIIKMM NpeoOpa3oBaHUEM.
Tepm s HasbiBaeTcsl ynpoleHUeM TepMma 7, ecjau

® s — HeyInpollaeMbld, U

e 160 s = 7, MO0 CyLIECTBYeT MOCJEN0BATEJbHOCTh TEPMOB
r1, ..., T'p, TaKas, 4To

-7 =rT,=S5H

- Vi=1,...,n—1 r;1; IONy4YeH U3 7; yIPOLIAIOLIUM Tpe-
o0pa3oBaHHUEM.
Teopema 6

Ilns moboro TepMa r CYLIECTBYET TePM S, SIBJSIOIIMUCS €ro
YTIPOLIEHHEM.

Jloka3aTeabCTBO.
Onpenesum Moc/en0BaTeJbHOCTb TEPMOB

T Tro ... (40)

def
CJeNYIOIMM 00pas3oM: r; = r, U AJs Kaxjaoro tepma r; B (40)
e eCJiM 1; HEYTPOIlaeMblid, TO OH — TOCJeAHUN deMeHT B (40),

e UHaye OMNpefesisieM 7,41 KaK pe3ysabTaT Kakoro-jaubo ympolia-
[Ol1ero rnpeobpasoBaHUs TepMma r;.
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[TocnenoBatenbHOCTD (40) He MOXKeT ObITh OECKOHEUHOH, TOTOMY
UTO JJIMHA KaXKIOTo €€ Tepma 7, TAe ¢ > 1, MeHbllle OJIUHBI TepMa
Ti—1.

VckoMmBblil TepM $ siBAIsieTCs MOCJAeIHUM 3jeMeHTOM B (40). B

[TocnenoBatenbHocTh (40) ¢ 3aJaHHBIM TIEPBBIM 3JE€MEHTOM T
MOKeT ObIThb TOCTPOeHa HeOoJHO3HAyHO, T.K. NpU ITepexone OT 7; K
T;+1 BO3MOXXHO HECKOJIbKO BapHaHTOB BbIGOpa YMPOIIAOIIEro rmpe-
o0pa3oBaHus.

Tem He MeHee, KaK ycTaHaBJMBaeT TeopeMma 8, MOCJAeIHUH 3Je-
MeHT mnocJjenoBatebHOCTH (40) omHO3HAUHO ompenessieTcsi eé mep-
BBIM 3JIEMEHTOM.

Mbel GyzeM Hcnosb3oBaTh ciaeAyolde 0003HauUeHHUs.

e Jlns n0OBIX TEPMOB 7 U S Mbl OyaeM 0003HA4aTh 3aMHUChIO
r—s (41)

TOT (haKkT, 4YTO0 s = r, WIM S MOJY4YeH W3 I YIPOLIAIOIIHM
npeoOpa3oBaHUEM.

e Eciu r — TepMm, U § — BXOXKJEHHEe HEKOTOPOro MOATEpPMA B T,
TO A/ KaXXJIOTO TepMa s, THI KOTOPOTO paBeH TUITy TepMa s,

3aMuch
r(s'/s)
0003HavaeT TepM, MoJy4yaeMbld U3 7 3aMEeHOH BXOXKAEHHUS S Ha

Tep™m .

e Ecyiv 3a1aHbl T€PM 1 U HEKOTOpPbIe BXOXKIEHHSI TEPMOB S1 U So
B TE€pPM 7, TO

— 3amuch s; C So O3HAUYaeT, UTO BXOXKIEeHHe TepMma s; CO-
NEePXKUTCS BO BXOXKIEHUU TepMa So U He COBIMANAeT C HUM,
U

— 3anuch s; C sy 03HAYaeT, uTo s; C So MJIH BXOXKIEHHE Sp
COBIAJAaeT C BXOXKIEHHEM So.

Teopema 7
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Ecan
r—S8 H T — S (42)

TO
ds: s —=>s U S —s (43)

(B JMTepaType MO TEOPHH INPOTPAMMHPOBAHHSI NAaHHOE CBOHCTBO
OMHAPHOTO OTHOLLIEHHSI MHOT[A Ha3blBAIOT CBOMCTBOM poMba, U/U
cBoiicteom Hépua-Poccepa, U1 KOH(IIOEHTHOCTBIO).

JloKa3aTeabCTRBO.
def def
Ecau s; =r, To s = Sy, U €CJIU Sy — 7, TO S — S1.
Ecin s; = r(u)/uy) v sy = r(u)/us) To BO3SMOXKHBI CJIeyIOLINE

CJy4aH.

1) BxoxpneHusl u; ¥ uy B TEPM 7" COBMAAAIOT.

B stom caydae u) = w}, T.K. HETPYAHO NOKa3aTb, 4TO MJis

1 = 1,2 BapuaHTHI
e U, = d, rne d — KOHCTaHTa, U
e U; = hj, rie u;, umeer BUL (37), U h; — mnepeMeHHasd,
onpenesnéHHas corsacHo (39)

SIBJISIIOTCS B3aUMOMUCKJIIOUAKIIUMHA, U €CJIU HUMeeT MeCTO BTO-
poll BapuaHT, TO HOMep j OmnpefeséH ofHO3HauHO. J[loKkasaTesb-
CTBO 3TOro (pakTa ONMUpaeTCs Ha TO, UTO BCe MOINOJHEHHbIE
JOMEHBI COCTOAT OoJiee YeM U3 ONHOTO 3JeMeHTa.

2) uy C uo.

[IycTb us U Uy UMEOT BUL

gvr,...,v,) 1 g(hy,... hy) (44)

COOTBETCTBEHHO.

U3 uy C ug caenyet, uto uy C v;, TAE v; — OOMH U3 MOATEPMOB
TepMa us, YIOMSIHYTHIX B (44).

O603HaulM CHUMBOJIOM ¥ TIOATEPM s () /uq) Tepma s1. Herpya-
HO BHIETb, uTO $1 = 7(y/uz).
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Tepmbl y ¥ y oTamuatoTcss oT TepmoB (44) He GoJiee ueMm B
i-i KOMIIOHEeHTe CcmHcKa, uayuiero cpasy nocie PC g. Mul
0003Ha4YUM 3TH i-€ KOMIIOHEHTHl AJIst y U § 3anucsMu v! u h
COOTBETCTBEHHO.

CorsiacHO orpefesieHHIO TPABHJ YTMPOIIEHHS, BO3MOXKEH OIHH
U3 CJIeIYIOIINX BapHAHTOB:

a) Uy = d, rae d — KOHCTaHTa.
. def
B stoM cayuae § =d, U s = sy = 51(d/y).
6) Uy = hj;, roe h; — nepeMeHHasi, U j # i.
B sTom cayuae § = h; u uh =y = vj.
B kauecTBe s MOXKHO B3SiTb So. [loCKOJBKY

o 51 =r(y/uz), u
o s =1(v;/us)
T0 5 = 51(v;/Y).
B) s = h;, The h; — nepeMeHHasl.
B atom cayuae uh = v;, ¥ so = r(v;/ug).
W3 1y = h; cnenyer, uto § = hy.
— Ecau h! — nepemeHHasi, To B KaueCTBe s MOXKHO B3ITh
TepM s1(v] /y).
Sy — S CJlelyeT M3 paBeHCTBA s = so(u)/up). Ilo
MpeAnonoKeHuw, u; C v;, U MOCJAe 3aMeHbl u; Ha
u} TOATEPM v; TepMa Sy MpeobpasyeTcs B TepM vy, B
pe3ysbTaTe Uero moJydyaercsi TEpM S.
— Ecqau hY = d (koHcraHTa), TO

d

vwW=d n g

def
B nauHoM cayuae s = sy(d/y).

So — § CJIeyeT U3 paBeHCTBa s = Sy(d/v;), KOTOpoe
BEpPHO MOTOMY, UTO TepM v

® paBeH KOHCTaHTe d, U
e paBeH TepMmy v;(u)/uy)
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4YTO MOXKeT ObITb TOJIBKO B TOM CJy4ae, KOraa
vi=u, uy=d u 0;=d.
3) us C wy. JlaHHBIN coydall aHAJOTHUEH MpPeAblayIIeMY.

4) BxoxIeHHs] TEPMOB u; U Up He MEPeCeKaroTCs.
B stom cayuae us C s1, uy C So, U
def / /
s = s1(ug/uz) = sa(uy/uy) W
Teopema 8
Ecnu s; ¥ sy — ymnpolleHus TepMa 7, TO S; = So.

Joka3areabcTBoO.
Ecau r HeynpoliaeMbldd, TO 7 = s = So.
Ecnu r ynpouiaemslif, TO CyIIeCTBYIOT MOCJA€10BATENBHOCTH TeP-

MOB
r=S11, S12, ---, Sin = 81

r=S11, S21, ---, Sml1 = S2
TaKue, 4TO UMEIT MEeCTO COOTHOLIEeHUS

S11 — S12 — ... — Sin

i
521

I (45)
Smi

(MBI MOXKEM pHCOBaTb CTpeJKH, H3oOpakaloliyde oTHolueHHe (41),
He TOJIbKO FOPU30HTaJ/NbHO, HO U BEPTHKAJbHO).
Huarpammy (45) MOXKHO NOCTPOUTb IO AMArpaMMbl

S11 — S12 — ... — Sin
\J \J 3

S91 — S99 — ... — Son
I \J } (46)
) \J }

Sml1 — Sm2 — ... — Smn
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rJie TEPMBI S22, - . ., Spmy OTPENEJSIOTCS HHAYKTUBHO: €CJIH AJIsI HEKO-
Topeix @ € {1, ..., m—1} u j € {1, ..., n— 1} yxke onpenesneHsl
TEPMBL S;j, S;ij+1, Si4+1,5, YAOBJETBOPSAIOLUINE yCJIOBUAM

Sij T Sig+l

Sid1,j

TO TEPM S;41+1 ONpeNessieTcss Kak TePM, YIOBJETBOPSIOWIUH yciI0-
BUSIM
Si,j+1

Sit1,j 7 Sitlj+1

(cymiecTBOBaHHe TAKOTO TepMa rapaHTHPYeTCsi CBOUCTBOM poMoba).

[lockonbKy TepMbl S; = S1, U So = Sp;1 HEYIPOLIaeMbl, TO BCe
TepMbl B TOCJeNHeH CTPOKE W B MOCJe[HeM CToJOLe nharpaMMmbl
(46) cosnapmatoT. B wactHoCTH,

81 = Sin = Smn = Sm1 = S2. M
Takum o6pasom, Ajs KaxKa0ro TepMa r CyllecTByeT eAMHCTBEH-
HBIU TepM, ABJISAIOLIMUCA €ro yIpOLLeHUEM.
®yukuusa Cy

[Tyctb 3apanel BeruncautensHoe npasuno C' u PI1 ¥ Buna
Y p(z)=e (47)

Mbi Gynem o6osHauyath 3anucbio Oy QYHKIMIO U3 Diype(y), €O-
nocTapJsioULYI0 KaxaoMmy d € Dy 3HaueHue Cx(d), KoTopoe

e Ha3biBaeTcs pe3yabratrom BbrumciaeHuss PII X Ha crnucke d,
u

e omnpenessieTcs CAeAYOLIUM 006pa3oM:

— no tpoiike (C,3,d) CTPOUTCS BBIYUCIUTENbHAS MOCJEN0-
BaTeJbHOCTh (33),
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— ecJIM 3Ta MOCJe0BaTeNbHOCTb KOHeuHa, To0 Cy(d) paBHO
3HaYeHHIO MOCJIeJHEr0 TepMa B 3TOH MOCJ/e0BaTeIbHOCTH
(KOTOpBIH, KaK HEeTPYAHO BHIETH, SBJSETCS KOHCTAHTOH),
"

— €eCJIU 3Ta nocJgea0oBaTe/JbHOCTD 6€CKOH€LIH8., TO
7 def
Cg(d) = W.

Teopema 9
[ns no6oro d € Dz BepHO HEpaBeHCTBO

Cs(d) < o(d).

Jloka3aTeabCTBO.
Ecau nocnenosarenbHoCTh (33) GecKoHeuHa, TO

Os(d) = w < o(d).

[Tycth mocnenoBaTebHOCTD (33) KOHEUHa.
Bce TepMbl B moc/ie1oBaTeIbHOCTH

Ceglo/el Csglo/el ... (48)

COCTOSIT TOJbKO M3 KOHCTAaHT U PC, modToMy Ka)KAOMy M3 3THX
TEePMOB MOXKHO COIIOCTaBUTb HEKOTOpOe 3HadyeHHe. [lokaxkeM, uTo
BCE 3TH 3HAYeHMs COBMNAJAIOT.

[TocnenoBaresnbHOCTh (33) fIBAISIETCS MOANOCJENOBATENBHOCTDBIO
M0CJ1e10BaTeNbHOCTH TePMOB, B KOTOPOH KaKIbli TepM, KpoMe Iep-
BOTO, MOJIy4yaeTCsl U3 MpelblaAyLlero

® DAacKpbITHEM HEKOTOPOro IMOATEPMA, HJU
e YIPOLIAIOLIUM NTPeoOpazoBaHUEM.

[TosTomy coBnaneHue 3HaueHHi Bcex TepMOB B (48) sBisiercs caen-
CTBHEM CJIeAYIOUIUX IBYX YTBepKIAEHUH.

1) Ecsiu TepMmBl § U r He colepxKaT MepeMeHHbIX, U S MOJyYeH U3
r 3aMEeHOW MOoATepMa

oler, ... en) (49)
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Ha TepMm
e(el/‘rlv"'aen/‘rn) (50)

TO 3Ha4Y€HHUA TEPMOB

slo/el m rlo/l (51)
COBINAJAIOT.

2) Ecau TepMm s mosydeH M3 TepMma 7 yNpoOLIlaloUKUM Mpeobpaso-
BaHHEM, TO s = r (B 4aCTHOCTH, B TOM CJydae, KOT[a s U r He
colep:KaT MepeMeHHbIX, 3HaYeHHUs] TepMoB (51) coBmapawr).

YTBep:KeHHe 2 BepHO TMOTOMY, YTO IPU YIIPOIIAIIEM Mpeod-
pasoBaHWM MPOUCXOAUT 3aMeHa MoATepMa Ha TepM, IKBHBaJEHTHbIH
3aMeHsIEMOMY.

O6ocHyeM yTBepxkaeHue 1.

Ecnu s nonyyen u3 r 3ameHod nonrepma (49) Ha tepm (50), TO
slo /| nonyuen us r[o/p| 3ameHoi noarepma

aleo/gl, ... enlo/¢l) (52)

Ha TepM
elo/el(erlo/e)/x, ... enlo/ o]/ xn) (53)
Oyukuus o asasercds HT ¢yHxunonana, comoctaBsioLIero

KaxX10# OYHKUMH f € Dyype() GyHKUMIO €[ f/0](Z), T.e. 11 Kax-
IIOTO CITHCKa
(dy,...,d,) € Dz

BEPHO PABEHCTBO
o(dy,...,d,) =elo/p|(di/x1,...,dp/2s). (54)
[Tonaras B (54)
Vi=1,...,n d % elo/y]

nosiyuaeM, uyTo 3HayeHHs TepMoB (52) u (53) coBmamaioT.

CrenoBaTesibHO, TepM s|o /| moaydaercs U3 tepma ro/¢| 3a-
MEHOH ero rojpTepMa Ha TepM, 3HaYeHHe KOTOPOro paBHO 3HAYEHHIO
3aMeHsIeMOro MoATepMa.
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Takum o6paszom, 3HadyeHus1 TepMoB (51) coBmamaroT, T.e. yTBep-
XaeHue 1 060CHOBaHO.

W3 ytBepxkaenust 1 u 2 cienyer, uTo 3HAUEHHUS BCeX TEPMOB B
(48) coBmapgaiot.

[TockonbKy

e 3HaueHue nepBoro tepma B (48) paBHo o(d), u

e 3HaueHue nocsenHero Tepma B (48) paBHo Cx(d)

TO Mbl 3aKJ/I0UaeM, YTO €CJIM BhIUMCIHMTE/IbHAS MOC/Ee0BATEbHOCT
(33) KoHeuyHa, TO BEPHO PaBEHCTBO

Os(d) = o(d). ™

BcniomorareabHble MOHATHSA

B sTom maparpade Mbl onpenesisieM MOHATHS W 10Ka3biBaeM TeO-
peMbl, KOTopble OyIyT MCIOJb30BaTbCS MPH 10Ka3aTeJbCTBE Teope-
Mbl 14 0 cBOHCcTBe 6€30MaCHBIX BBIYUCAUTENbHBIX NPABUI.

ITonHble packpbiTUsS

[lyctb 3amana PII X : ¢(7) =e.
Onpenenum nocaefosatensHocth Tepmos el?) e (HaskpiBae-
MYI0 MOJHBIM packKpbiTuem 15 PI1 X)) caenytomum o6pasom:

e ¢V =y(7), n

e Vi > 0 tepm €Y momyuaerca us e packpeITHeM KazKmoro
noarepmMa Buaa ¢(...), PUUEM 3TH PACKPBITHS BbITOJHSIOT-
csl MO NPUHLHNY “OT MeHbLIMX MOATEPMOB K OOJBIIUM’, T.e.
Kax<blil ToATepM BHIA ¢(...) pacKpbBaeTcs IMOCJe TOrO, Kak
OYAYT PacKpbIThl BCe coiepxkalliecss B HEM MOATEPMBbl BHIA

(371 packpbiTsi B e(Y) MOXHO BHIMOJHATL B MOpsA/IKe “CrIpaBa
HaJ/IeBO : CHayaJa pacKpblBaeTcs CaMbli NpaBblil NOATEPM BH-
na ¢(...), 3aTeM - caMblil TIpaBbIil U3 MOATEPMOB BHAA .. .),
HayaJo KOTOPOIO PacIosIo’KeHO JieBee Hadaja [epBOro pac-
KPBITOTO MOATEpMa, U T.K.)
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Teopema 10
Jais mo6oro i > 0 U mo60d GYHKUMH [ € Diype(y)

D [f/¢)(z) = F(f). (55)
JloKasaTeabCTBO.

Jlokaxem (55) MHAYKIMEH TIO i.

[Tpu i = 0 o6e yactu (55) paBHBl HYHKIHHU f.

[Tyctb (55) BepHO 115t HEKOTOPOro ¢ > () ¥ TIPOU3BOJIBHON (PYHK-
uuu f.

O6o03HaunmM HoBbIE DPC, KOTOPOMY COOTBETCTBYeT (YHKUMS f,
TOU e OyKBOH f.

U3 onpenenenus tepma et crenyer, uto Tepm

e"I[f/¢]
nonydaercs U3 e [f /] sameHoll Kaxa0ro noaTepMa BHAA
fler, ... en) (56)
Ha TepM
elf/el(er/x1,. .. en/n) (57)

MPUUEM NaHHbIe 3aMeHbl BBINOJIHSATCSA MO MPUHLUHUIY “OT MeHBIIHX
MOATEPMOB K OOJIBLINM .

O6o3HauuM 3anucbio Fx(f) HoBbl PC, KOTOPOMY COOTBETCTBY-
eT pyHkuus Fy(f).

W3 onpenenenuss pyHKuMoHasa Fy cienyet, 4to Tepm (H7) kK-
BUBaJIeHTEH TePMY

Fz(f)(eh‘"aen) (58)

noaTOMy TepM e*V[f/p] sKBHBaNeHTEH TepMy, MOJydyaeMOMY M3

tepma e |[f/p| samenoit kaxmoro moxrepma Buaa (56) Ha Tepm

(58), T.e. 3amenoit kaxnoro Bxoxaenus PC f Ha PC Fy(f).
Takum 06pas3om, BepHO COOTHOLIEHHE

e VIf /o] = eD[Fs(f) /¢

OTKYJa CJieqyeT PaBeHCTBO (DYHKLUHH

TV [ffo)(z) = eV Fe(f) /9] (@) (59)
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[Tockosmbky MBI mpenmnogaraem, 4to (5S) BepHO MJs KaXKIOH
(GYHKUUH f, TO, B UaCTHOCTH, NpaBasi 4acTb B (59) paBHa

Fy(Fs(f)) = F(f). ™

I/IH,ZleKCI/IPOBaHHBIe TE€PMbI

HNnupekcupoBanusiM tepmom (MT) HasbiBaeTcss Tepm r, Takod,
4TO KaXKIOMY BXOXIEHHIO (YHKUHOHAJIbHOH TepeMeHHOH ¢ B r
COMOCTABJIEHO HAaTypaJjibHOEe YHCJIO, Ha3blBaeMOe IJIyOMHOM 3TOr0
BXOKJIEHHSI, IPUUEM BbINIOJIHEHO yCJIOBHE MOHOTOHHOCTH: €CJIH U —
MOATEPM TepMa ', UMeILIHH BUA (. ..), TO IJIyOHHA MEPBOr0 BXOXK-
IEeHHsl @ B u MeHbIlle WJIM paBHA IVyOHMHBI OCTAJbHBIX BXOXKIEHUN
© B U.

Hast kaxxporo UT r u kaxnporo j > 0

e in(r,j) obo3HAUAET KOJMYECTBO BXOXKAEHWH B I CHMBOJA

TJIyOUHBI j, U

e in(r) o603HayaeT mocJenoBatTenbHocTh {in(r,i) | i > 0}.

Y —mepexoasl

[lyctb 3apana I X : ¢(Z) =e , rne 7 = (xq,...).
Y—nepexomom HasbiBaercsi nmapa WUT (r,s), ymoB/erBopsitorias
OIHOMY M3 CJIeIYIOMHX YCJIOBHH.

y

r — s, U IIyOWHA KaXA0T0 BXOXKIEHUS ¢ B s paBHA IyOHHe
COOTBETCTBYIOLLETO BXOXKIEHHUS B 7.

(MOCKOMIbKY B HAHHOM CJaydae § = 1 WJIH § TMOJydaeTcs W3 r
yaaJjeHueM HEKOTOPbIX CUMBOJIOB HJIM 3aMeHOH UX Ha KOHCTaH-
Ty, TO Ka)KIOMy BXOXXJ€HHIO © B S COOTBETCTBYET HEKOTOpOe
BXOXKJEHHE B 1)

s = r(u/u), tne u = @(ey,...), u = e(ey/z1,...), nprUUeM
IJIST KaXKJIOT0 BXOXKIEHHS ¢ B S, colepKalierocsi B v/,

® €CJIM 3TO BXOXKJAEHHE CONEPXKHUTCS B IMOATEPME €;, TOA-
CTaBJIEHHOM BMEeCTO MepeMeHHOH x; B €, TO TJyOHHA 3TO-
ro BXOXJeHHs Ha | GoJiblile TIyOUHBI COOTBETCTBYIOILETO
BXOXJIEHHS © B U
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® Haye I‘JIY6I/IH21 9TOTO BXOXKIEHHSA Ha 1 G6oable I‘JIy@I/IHbI
[IEPBOT'0 BXOXKOEHUA © B U

U Ui KaXKJIO0ro BXOXKIEHHWS ¢ B S, He comeprkailerocs B u/,
ero rinyOHWHa paBHA IyOHHe COOTBETCTBYIOLLETO BXOXKAEHHUS
B T.

Ecou napa (r, s) siBaisieTcst Y—1epexonoM, To 3TOT (pakT 0603Ha-

by

yaeTcsl 3aMUChI0 1 = §. Y—TepeXof (r, S) Ha3blBaeTCsl YIPOIEHUeM
UM PacKpBITHEM, eC/d S MoJydyaeTcs U3 r B pe3yJbTaTe yHpolla-
[o11ero npeobpasoBaHUs UMK PACKPBITHS COOTBETCTBEHHO.

b
J1s mo6eix UIT r 1 s 3aNHCh 7 —» s 03HAYaeT, 4TO CyIeCTBYeT
OCJ/IeI0BATENBHOCTb TE€PMOB T, ..., Iy, 00/1aJa0las CBONCTBAMU

Tzrgi...grn:s (60)

B usnaraeMbIx HHXKe TeopeMax HCIOJNb3YeTCs CJenylollee OTHO-
LIeHUe MOPsIIKa HAa MHOXKECTBE OECKOHEUHBIX MOCJeN0BaTebHOCTEH
HaTypasbHbIX YMCes: eciu @ = {a; | i >0} u b= {b; | i > 0} - nse
TaKHX MOCJEN0BATENbHOCTH, TO

a
a<b . ,
asb e 4 g,59 Ja<b
Vi: 0<j<1i a;=>b;
(Taxko# MOpsSIIOK Ha3blBaeTCsl JIEKCUKOTPA(PUUECKUM).

Teopema 11
Ecn r =5 s, o in(r) >in(s).

JIOKaSaTeJ'leTBO .
. X
,HOCTaTOqHO paccMOTpeThb Cay4dau 1 — S.

1) s mosyuaercsi U3 r ynpollawIIUM Npeodpa3oBaHueM, T.e. yaa-
JIEeHHeM HEKOTOPbIX CHMBOJIOB (MJIM 3aMeHOH HX Ha KOHCTaH-
1y). [TockosibKY TyOHMHA KaXA0T0 BXOXKAEHHS B S COBINaja-
eT C IyOMHOH COOTBETCTBYIOLIEr0 BXOXKIEHUS ¢ B T, TO

Vji=0 in(r,j) = in(s,j)
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oTKyza caenyet in(r) > in(s).

2) s=r(u/u), tne u=p(er,...), v =e(e;/xy,...).
[IycTh mepBoe BXOXIeHHE ¢ B u UMeeT riyOuHy k.

B stom cayuae

e ryyOrHA BXOXIEHUH ¢ B u OoJiblle WK paBHA k,

e /151 Ka)Xaoro j > 0 4Mc/I0 BXOXKAEHUHU o TyyOUHBL j B S,
HaXoAsLHUXCs BHe v/, OyeT TO XKe, UTO U YHUCJO BXOXKJeE-
HUH ¢ TyOMHBI j B 1, HAXOASLLUXCS BHE U,

e B roaTepMe u' TepMa S HeT BXOXKIEHHUH  TyOUHBI k, U

e /I Ka)KI0ro j < k B MOATEPMe u TepMa 7 BXOXKAEHHS
¢ TJYyOWHBI j OTCYTCTBYIOT, U B MOATEpMe u’' TepMma s UX
TOXKE HeT.

Cule10BaTeIbHO, BEPHBI COOTHOLIEHHS
o Vji:0<j<k in(rj)=in(s,j), n
o in(r, k) >in(s, k)

13 KOTOpBIX caenyet in(r) > in(s). W

[Tyctb 3apanel PIT X : ¢(z) = e, BouMcaUTebHOE TIpaBuio C,
1 CIHUCOK d € Dj.

TepMBl BBHIYHMCTHTENBHOH MOC/IEA0BATENBHOCTH {C’;’(2 | @ > 0}
MOXHO paccMmatpuBaTh Kak WUT, Takue, 4yTo Kaxaas napa coceiHUX
TEPMOB YIOBJIETBOPSIET COOTHOLIEHHIO

Ed% Citl (61)

Bynem cumrtath, 4TO riyOUHA BXOXKIEHHUS © B C%,J = ¢(d) pasna 0.

Teopema 12
Ecnu BbluMcnTeIbHAs nocsiefoBatebHocTh {CY ;| 4 > 0} Gec-
KOHeyHa, To VM >0 4N >0:

Vji=0,...,M in(C{yJ) :m(cgdfl,j) =... (62

Joka3areabcTBO.
Wunykuusa no M.
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1) Ecnu M =0, To N = 1.

2) Ilyctb nns HekoToporo M > 0 cyumectByeT Homep N, mJs
KoToporo BepHo (62). Torna u3 Teopembl 11 ¥ U3 onpeneseHus
JIeKCUKOTpahuuecKoro nopsiika cjaeiyer, 4yTo

in(CY g, M +1) > in(CYH M +1) > ... (63)

>d
[enouka (63) He MOxeT GecKoHeuHO yOwbiBaTh, T.e. AN’ > N:
in(Co g, M +1) =in(CY T M +1) = ... (64)

M3 (62) u u3 nepaBerctBa N’ > N, cjenyert, 4To IJsl Kax-
noro j =0,..., M uenouka (64), B KOTOpOi BTOPOH apryMeHT
(byHKUUK tn OyfeT 3aMeHEH Ha j, TakXKe OyneT BEpPHOH.

Takum ob6pasom, nasa M 4 1 B KadyecTBe MCKOMOTO HOMepa
MOXKHO B3siTh N'. W

Teopema 13

Ecan BeluMC/IMTE IbHAS ToCHefoBaTebHOCTh {CY - | 7 > 0} Gec-
KOHe4yHa, To VM > 0 I N: B KaxaoMm paCKprBaeyMOM NIOATEepME
Tepma C'gﬂ TepBOe BXOXKJAEHHE ¢ UMeeT rayOuHy > M.

Jloka3aTeabCTBO.
Bribepem N Takum, 4To6bl Obll0 BepHO (62).
5 N
Ecau cyuiectByeT packpbiBaeMbli MOATEPM TepMa CE,J’ B KOTO-
pOM MepBoe BXOXKJeHHe ¢ uMmeeT rayouny j < M, to

in(Cy g, 7) > in(Cy 1, )

4TO MpOoTHBOpeyuT (62). W

be3onacHble BHIYMCIUTEJIbHbBIE npaBuJia

[Tyctb 3amanbl DI ¥ : o(Z) = e ¥ BBIUUCAUTEBHOE MPABUIIO
C.

[IpaBuso C' Ha3biBaeTcs1 6e30macHbIM 1151 X, €Cau [Js J000ro
d € D;, Takoro, 4ro mocsegosarenastocts {CL ;| i > 0} GeckoHeu-
Ha, BBIMIOJNIHEHO ycJjoBue: Vi > 0 7

Cyllo/e] = w (65)

d
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rne CJ*7 nonydaetcs u3 ng 3aMeHOH KaKA0ro caMoro BHELIHEro

pacKpblBaeMoro noarepma (T.e. He cojepxKalllerocsi B ApyroM pac-
KpbIBa€MOM MOATEPME) Ha KOHCTAHTY w.

Teopema 14 -
Ecau C 6esomacHo nasa X, o Vd € D;

Cx(d) = a(d). (66)
JloKa3aTejabCTBO.

Kak Obl0 ycTaHoBsieHO B TeopeMme 9, paBeHCTBO (66) Moxker
HapylaTbCsi TOJMBKO B TOM CJydae, KOrjaa

w < o(d) (67)

W BBIYHCJMTENbHAS MocaefoBaTesbHoCTh {CY - | i > 0} GeckoHeyHa.

s.d |
[Tockosibky o = sup I, ), T0 An:

o(d) = Fy; )(d) = et /e)(d) (68)
rie e — COOTBeTCTBYIOIIME TepM M3 MOJHOTO PACKPHLITHSA A ¥
(BTOpOe paBeHCTBO BepHO corsacHo Teopeme 10).

W3 onpenesneHus MOJHOTO PACKPLITUS CJEAYET, YTO CYIEeCTBYIOT
UT ry, ..., rp, TaKHe, 4TO

o(d) =eOd)=ry ... 5 rp=e™(d) (69)
npuuém s Kaxporo ¢ = 0,...,k — 1 tepm 7,1 nojydaercs U3 7;

pacKpbITHEM HEKOTOPOro MOATEPMA.
U3z (67), (68), u onpenenenus ry cjaeryeT, uTo

w < 1} /] (70)

O603HauuM cUMBOJOM M MakCHMaJbHYIO TyOUHY BXOXKIEHHS
© B Tg.
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[Io Teopeme 13, 3 N: B KaxKI0M pacKpbiBaeMoOM TMOATEpPME TepMa
C’gd nepBoe BXOXJAEHHE ¢ UMeeT IyOuny > M.

[Tockonbky mnst kaxgoro ¢ = 0,..., N — 1 BepHo (61), To cyuie-
ctByeT nocsenoBareabHocTb UT sq, ..., s;, Takas, uTo
7 % P N
p(d) =50 = ... = 51=Cg (71)

Ecau B (71) ecTb mapa cocefHUX —TIepeXol0B, MepPBbIH U3 KO-
TOPBIX — YTpOLIeHHe, a CJAeNYIOUUH 32 HUM — PacKpbITHE, TO MBI
npeo6pasyem (71) B COOTBETCTBHH CO CeAYIOLIUM npaBuaoM. [IycTb
i — HauMeHbILIHH HOMep, TakKol, 4To (71) comepKHUT mapy

S; Z, Siv1 = s;(u'/u) z, Sivo = Si41(V'/v) (72)

rae u = g(u1,...), g € Fun, nv=p(vy,...).

1) Ecau BxoxnaeHus u' v v B s;1 He mepecekaroTes, uau v C o/,
TO MOXKHO CYHUTaTh, 4TO v C s;.

3amenuM B (71) mapy (72) Ha napy Y -nepexonos
N I N

2) Ecmu v’ C v =¢p(v1,...), T0 ' C v; A5 HEKOTOPOTO j.
B stom cayuae 3w = p(wy,...) C st u C w;.

3amenuM B (71) mapy (72) Ha mocsie1oBaTeNbHOCTh

) def P % pH
S; — Si1 = Si<€(w1/131, .. )/U)) — Si2 = ... = Sijp = Sjt2
rme Vg = 1,...,p —1 8jq41) TONTyYAETCHS U3 S;, 3aMEHOH u

Ha u' B OJHOM U3 BXOXKIEHHH w).

O0603HaYMM MOJYUHBIIYIOCS [10CJI€0BATENbHOCTb TEM XKe 3HAKO-
couetanueM (71), UTO ¥ MCXOMHYIO MOCJEN0BaTENbHOCTL. Ecu mo-
JIYYUBILIAsICS MOCJIe0BATEJbHOCTb OYAET colepKaTh Napy COCeIHUX
2-Tepexo[0B, NePBbId U3 KOTOPbIX — YIPOLIEHHE, a CAeAYIOLIUH 32
HUM — pacKpbITHe, TO ONSATh NpeoOpasyeM 3Ty MOCJe0BaATebHOCTb
B COOTBETCTBMM C ONHCAHHBIM BEbILIE NPABUJIOM, U T.A.. Bynem BbI-
TMOJIHATb TaKHe NpeoOpa3oBaHUA A0 TeX IOop, TO0Ka He MOJY4YHTCH
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Takas nocJsenoBarebHOCTb (71), B KOTOPOH cHaya/la HAYT PacKphl-
THSl, a 3aTeM - ynpoleHus. HeTpynHo BUaeTh, 4TO JaHHBIH Tpolecc
3aBepIIaeTcs Nocje KOHEYHOro YHcJ/a IIaros.

[Tyctb s, — TOT uJieH mocjenoBatesbHOCTH (71), Ha KOTOpoMm
3aKaHYMBAIOTCS PACKPBITHS M HAYWHAIOTCS YIPOLIEHHS, T.€. BCe Y-
rnepexoisl B MOANOC/EN0BATeNbHOCTH

o(d) = so 505 e, (73)

ABJIAIOTCA PACKPLITUAMH, U BCE E—Hepexonu B IroarnocJgaean0oBaTe/ib-

HOCTH

Sm o s =CNg (74)

SIBJISIIOTCS] YIIPOLIEHUSIMHU.
Jns kaxporo Tepma s u Kaxuoro i > 0 Oymem o0003HauyaTh

3aIUChI0 i(s) TepM, moJsydyaeMbli M3 S 3aMeHOH KaxKIOro

BXOXKJIEHUS ¢ TyyOuHbl > ¢ Ha PC
HerpynHo Buzmets, uto

w(sm)lo/p] = w (75)

w

Na
(310 cnenyer us roro, uro Tepm Cy7 [0/¢], 3HaueHHe KOTOPOro

pPaBHO w, MOXKHO TOJIYUYHUTb M3 JIeBOH YacTh (75) yNpOLIEHUSIMH U
3aMeHaMH HEeKOTOPbIX BXOXKIEHHH w Ha TepMbl BUAA 0. ..)).

Ecau s, comepuT noarepm u Buaa ¢(uyg, .. .), B KOTOPOM Ie€pBOe
BXOXJI€HHe ¢ UMeeT TyOouHy < M, To no6aBum K (73) L-nepexon

Sm = Sm(u//u) THe U = e(ui/x1,...) (76)

U3z (75) cnenyer paBeHCTBO

w (sm(u'/u))[o /@] = w
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KOTOpoe 000CHOBBEIBAETCSI COOTHOLIEHHUSIMH

u(W)lo/] < i (W)o/] = m()[o/é]

O603HaUUM MOCJEIOBATEbHOCTD Y.—T1€PeX0N0B, TOJYYeHHYIO
no6asseHreM (76) k (73), To# ke 3amMChbiO, YTO U HCXOAHYIO I10-
cJenoBaTeNbHOCTD (73).

ByneM BBIMOJMHATH OMMCAHHYIO BhIlIE OMNepanyio 100aBJeHUs >—
nepexofioB K (73) mo Tex mop, MoKa MOCAeHUH TePM S,, B MOJYUHB-
1eficst MOCJe10BaTeIbHOCTH He TMePeCTaHeT COMEPXKaThb BXOXKIEHHS
@ raybunel < M. W3 BbIlIeCKa3aHHOrO CJENYeT, 4TO MJIsS 3TOr0
TepMa BEepPHO PaBeHCTBO (7D), U3 KOTOPOro CJeAyeT PaBEHCTBO

Sm o] =w (77)

[Ipeo6pasyem mnocaenoBatesbHocT (69) u (73) B Takue mocJe-
JIOBAaTeJbHOCTH Y,—TI€PeX0J0B, B KOTOPBIX Ka)K[asi Mapa COCEeIHHX
Y—IMepexo/ioB YAOBJAETBOPSIET CJIEAYIOIIEMY YCJIOBUIO: MYCTh AaHHAst
mapa HMeeT BH[

a > b=a(/u) > c=b(/v) (78)

TOT/la HOMEp TO3HIMU B TepMe a, B KOTOPOH PacIoJioKeH MepBbli
CHMBOJI TIOATEPMA 1, MEHbIIIe HOMEepa MO3ULKH B TepMe b, B KOTOPO#
pacrosioxeH MepBbIfi CUMBOJ TOATEPMA 0.

[Tpenmnosiokum, 4To NaHHOE YCJIOBHE He BBITOJHEHO JIJIsi HEKOTO-
poii mapbl cocenHux nepexono (78). Torma Bo3aMOXKeH OfMH M3 ABYX
CJIEAYIOIIMX CJyUaes.

1) Bxoxnenusi v/ v v B TepM b He MepecekaroTcs.

B sToM cayuae 3ameHuM (78) Ha mapy Y-TepexoioB

a dﬁfa(v'/v) =N Vu/u) =c
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2) 3w = p(wr,...) € a: w C w; AN9 HEKOTOPOrO j, v =
w(u'/u).
B stom ciyuae 3amenuM napy (78) Ha mocsienoBaTesNbHOCTD
Y-TepexonoB

s def ) by )
a5 b =Z ale(wy /oy, .. ) /w) = by = ... b, =c
rie Vg =1,...,p—1 by nomyuyaercs U3 b, 3aMeHOH v Ha

' B OIHOM M3 BXOXKIEHHUH wj.

HeTpynHo yGenuTbesi, 4To Mmocje KOHEYHOro uucsa mnpeobpaso-
BaHWH NaHHOrO THUMa mnocJjenoBatesbHOCTH (69) u (73) npeobpasy-
IOTCS B TaKHe TI0CJIeN0BaTEeNbHOCTH Y —TIePeX0oB, KOTOpble OYAyT
YIOBJIETBOPSATh M3JI02KEHHOMY Bblllle ycjoBUIO. Mbl 6ynem 0603Ha-
YyaTb pe3yJibTaThl AaHHbIX NPe0OPAa30BAHUN TEMH Ke 3alUCSMH, UTO
¥ MCXOMAHBbIEe mocjenoBatesbHocTh (69) u (73).

Takum o6pasom, mnocaenoBatesbHocTd (69) u (73) obaamaior
CJIeYIOLUUMH CBOMCTBAMHU:

e BCce Y —Mepexofbl B HUX SIBJSIOTCS DPACKPBITUSMH, TPUUEM B
KaXXIOM M3 3THX L—IepexonoB (Kpome MOCJeIHUX) pacKpbiBa-
eMBIHl TIOATEPM PACIOJIOKEH JieBee PacKpPbIBAEMOr0 MOATEpPMa B
CJIeIYIOUIEM 32 HUM Y —Tlepexofe

- > >
e (69) umeer Bux p(d) =rg = ... = T, U BCE BXOXKAEHHUS
B 7 UMeIOT riyouny < M

= b 2
e (73) nmeer Bun p(d) =Sy = ... = Sy, U BCE BXOXKIEHHUS ¢
B S, UMeIT IiyOouny > M.

Omnpenenum GUHApHOE OTHOLIEHHe IR Ha MHOXKECTBE TEPMOB Kak
MHOXKEeCTBO nap Buua (r;,s;), rae r; € (69), s; € (73), obnagaouux
CJIEYIOLIMMH CBOHCTBAMM:

e 7; MOXKHO MPEJACTaBUTh B BUJEe KOHKATEHALUH
ap Uy ... Gy Uy @ (79)

rae n > 0 (T.e. KOMIIOHEHTH a1, . .., U, MOTYT OTCYTCTBOBAaTh),
5
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— Ujp,...,U, — BXOXK/EHHUS MOATEPMOB, KaXK1bld K3 KOTOPBIX
umeeT BUI .. .)

- ay,...,0Q,,0 — CAMBOJIbHbIE CTPOKH
— ecsiu i < k, TO pacKpbiBaeMbld MOATEPM TepMa r; COAEp-
JKUTCS B MOACTPOKE @

® S; MOXKHO INPEACTAaBUTb B BHJI€ KOHKAaTE€HAlLlHH

ap vy ... Qp Uy @ (80)
rien >0, u
- U1,...,U, — BXOXJIEHHS TOATEPMOB
- @ay,...,0n,a — T€ XKe CHMBOJIbHBIE CTPOKH, UTO U B (79)

— ecJH j < m, TO PacKpbIBaeMblH NOATEPM TepMa S; COHep-
JKUTCS B MOACTPOKE a

OTMmeTHM, 4TO
(50,70) € R (81)

(B manHoM cayuae n =0 U a = p(d)).
Ecnu (r;,s;) € Rui <k, 10 j <m, T.K. €CId j = m, TO TepM
Sm COLEPXKHUT MOATEPM Buaa ¢(...) TepMa r; (B TOACTPOKE a), U

® BCe BXOXJEHHS ¢ B 3TOT MOATEPM HUMeloT ryouny < M, HO
e BCe BXOXKJEHHS ¢ B S,,, UMEIOT riyouny > M.

Amnasnornuso, ecnu (r5,5;) € Ru j<m, 101 <k.

Jlokaxem, uto ecnu (1;,5;) € Rui <k, to3d >iun3j >
(i',7") # (i,5) u (ry,s;) € R. OTMeruM, uTo Ha ocHoBaHuH (81)
oTciona Gyner caenoBathb (1, S.,) € R.

O603HauMM CHMBOJIAMH ¢ U 3 HOMepa TO3HIIMH B MOACTPOKE a, B
KOTOPBIX PACIIOJIOXKeHb! MIepBble CHMBOJIBI PACKPBIBAEMbIX MOITEPMOB
U W U TEPMOB T; U S; COOTBETCTBEHHO.

PaccmoTpum Tpu cayuyast.

1) a= 4.

B nanHom cayuae u=wv, 7 =i+ 1, 7 =j+ 1.
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a < p.
ATOT cayuadl HEBO3MOXKeEH, T.K. eCJU
® 5; B IIO3ULIHUU (¢ IOACTPOKH @ COAEPAKHT CUMBOJ ¢ TJ1yOH-
HBl < M, H
® DacKphbiBaeMbl¥ TOATEPM TepMa S; PAacIOJIOXKeH IMpasee

9TOT'0 BXO2KAEHHUSA ©

TO MOCKOJIbKY B Ka)XJoM M3 Y—rnepexonoB B (73) (kpome mep-
BOTr'0) PaCKpbIBaeMblil MOATEPM PACIOJIOXKEH MpaBee pacKpbiBa-
eMOro MOATepPMa B MPeAbIAYIIEM Y.—TIepexole, TO

® CHMBOJ ¢ 1yOuHBl < M OyleT BXOAMTb B Sji1, ..., Sm,

® HO BCE BXOXIEHHUS B S, UMEIOT IMyOuny > M.

a > .

[TycTb 7; ¥ S; MOXKHO NpeNCTaBUTb B BUJe KOHKaTeHaUuH (79)
1 (80) cooTBeTCTBEHHO, KOMIIOHEHTBI KOTOPbIX 06/1aaI0T yKa-
3aHHBIMHU BBIlIe CBOHCTBAMH.

[IpencraBuM NoACTPOKY a B BUAE KOHKaTeHaUMH b v ¢, rae v —
pacKpbIBaeMbIi MOATEPM B 5.

HertpynHo mokasats, yto 34" >4, 35 > 5: (¢, j') # (i,)) v ry
M Sj MOXHO IPEJCTaBUTb B BHJE KOHKaTeHalHH

Ty = QLU ... Gp Uy, bW C
. /
Sjp = ai v ... ap vy bw' c

COOTBETCTBEHHO, Tl w U w’ — TepMbl, w UMeeT BUI ¢(...), U

e 6o i’ =k u j =m,

e 1100 pacKpbIBaeMble TePMbl B 7 MU 5js COLEPIKATCA B C.

Taxum o6pasom, Bo Bcex caydasix cyllecTByer napa (ry, sy ) € R
¢ TpeOyeMbIMH CBOHCTBAMH.
Kak 6bl710 0TMeUYeHO BbIlle, U3 TOKA3aHHOTO CJedyeT COOTHOILIe-

HHe

(g, Sm) € R
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T.. Ty U S, MOXKHO MPENCTaBUTb B BUe KoHKaTeHauui (79) u (80)
COOTBETCTBEHHO, KOMIIOHEHTHI KOTOPBIX 00/1aJal0T YKa3aHHBIMH Bbl-
l1e CBOWCTBaMH.

O6o03HauuM 3anucsamu ay, uf, ..., v, a* pe3ynbTaThl 3aMeHbI B

COOTBETCTBYIOLIMX KOoMMOHeHTax KoHKateHauu# (79) u (80) dyHK-

LIMOHAJIbHOU nepeMeHHOH ¢ Ha PC . ITockonbKy TepMmbl w4,
<+ Up UMEIOT BUA ¢(...), TO Uy = w) = U = w, OTKYJa CJeAYIT
COOTHOLUIEHHS
— w w w w w —
Tk Jo] = ayuy ... a¥ uda¥ =
J— w w w
=afw...a wa’ <
w w w w w
< af oy oLoad e et = sy, /]

KOTOpble TIpoTHBOpeuat cooTHoueHusiM (70) u (77). W

CeoiictBa npasua PO, LO, PI, LI
BeszonacHocths npasuia PO

Teopema 15
BeruncaurensHoe npasuio PO 6e3onacHo ansa mob6oi PII.

JloKa3aTeabCTBO.
Paccmotpum mpoussosibHbIE TepM Cf, ; B BBIYMCAMTENbHOR MO~
CJIeZIOBAaTeIbHOCTH, KOTOpasi cTpouTces 1o npasuay PO.
i 1,0 _
Ecin C5 ; nmeer Bun o(...), o Cgylo/¢] = w, 1.e. B 3TOM
caydae ycyaoBre (65) BBITONHEHO.
Paccmotpum ciyuait, korna Cy, ; HMeeT BuJ

9 p(@r) ... o(@). ) (82)

rae g € Fun, u p(é1), ..., ¢(€x) — pacKpbiBaeMble TOATEPMBI.
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YcnoBue (65) nas Tepma (82) umeer BUL
g(. . w. w. ) =w (83)

TJle TePM B JIEBOHM YaCTH SIBJISETCS Pe3yJbTAaTOM 3aMEHBI TOATEPMOB
v(e;) Tepma (82) Ha w.

Ilokaxem cooTHowenue (83). [Ipeamnosoxkum, 4To OHO HEBEPHO,
T.e. /IS HEKOTOPOH KOHCTaHThHI d 7# w BEPHO COOTHOLIEHHE

9w w..)=d

Torna, B cully MOHOTOHHOCTH (PYHKLUMH ¢, IJIS KaXKJAOTO CIUCKA by,
..., b KOHCTQHT COOTBETCTBYIOLIUX THUIIOB BEPHO COOTHOILIEHHE

g(...by...b...)=d (84)
OTKYHa CJefyeT, 4To 3HadeHue TepMa Cf - PaBHO d, MOCKOJIBKY

e o(é1), ..., ¢(€y) — cample BHewHHe moxaTepmbl Tepma Cf
“Metole BUI ¢(...), U

e B TepMe CY, ; HET TlepeMeHHBIX.

CornacHO HMXKeCJeNyoLledl JeMMe, U3 COBNAACHHUS 3HAUYEHHS
Tepma Cf, ; ¢ KOHCTaHTOH d crieiyeT conajenue camoro tepma C% -
C KOHCTaHTOi d, KOTOpOe MPOTHBOPEUHT MPENMONONKEHHIO O TOM,
4To C;d uMeeT Buz (82).

Jlemma.
Jlnst mo6oro HeympolaeMoro TepmMa v M Jilo60H KOHCTaHThI
d # w BepHA UMIJIHKAL U

v=d = wv=d (85)

(rme paBeHCTBO MOHHMMAaeTCs KaK COBMaJeHHEe TEPMOB, a He HX 3Ha-
YeHHH).

JIOKaSaTeJII)CTBO.

I/IHII,YKU,I/IH [0 OJIiHEe TepMa v.
CooTHollleHHe v = d He MOXKeT ObIThb BEepHLBIM, KOorjia
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e v=d, rne d — KoHcranta u d’ # d
e v =1, Ille x — MepeMeHHasi, T.K. B 3TOM cJydae
o(d/x)=d #d
ecau d' — xoHctanta u d' # d

e v UMeeT BUA ©(...), T.K. B 3TOM CJy4ae

v Jol=w #d
[IpenmnosioxKuM, 4TO COOTHOLIEHHE v = d BEpHO, KOTZa
v=g(v1,...,v,), THE g€ Fun
JlokaxxeM, 4To B 3TOM cjydae OyleT BEPHO COBMaJeHHe TEPMOB
v=d (86)

KOTOpO€ MPOTHUBOPEUYUT MNPEATIONOKEHNUIO O HEYTIIPOLLAaeMOCTH V.
(86) CJIeAYET U3 NOKa3bIBAEMOI'0 HHU2KE COOTHOIIECHHSA

g(dy,...,d,)=d, rtme Yi=1,...,n
g def | vi eca v; — KOHCTaHTa (87)
’ w HHaue.

s kaxkporo TepMa w Mbl OyneM 0603Ha4aTh 3alMUChIO u“ TEPM,

noJy4aeMblil U3 u /] 3aMeHON BCcex BXOASILIMX B HETro Ie-
pEMEeHHBIX Ha KOHCT w.
N3 v = d caenyer, uto

d=v" =g(vy,...,v7) (88)
JlokaxkeM, 4To

Vi=1,...,n ¥ =d (89)

147



A.M. MupoHos

e Ecnn v; — KoHCTaHTa, TO d; = v; = VY.

e Eciau v; — He KoHCTaHTa, TO d; = w, U ecau Obl v¥ He OBLI
9KBHBaJIEHTEH w, T.€.

(75— !
v=d #w
TO OblI0 Obl BEPHO COOTHOLUEHHE

v=d #w (90)

[TockoJIbKY TepM v HEYNpOLlaeMbli, TO TePM v; TOXKE Heympo-
maembiit. [To HHAYKTUBHOMY MpPEATONOXKEHHIO, BepHA UMILIHU-
Kauus (85), ¢ 3ameHo#t v Ha v;, T.e. U3 (90) cienyer paBeHCTBO

’Ui:d/

KOTOpPO€ MPOTHUBOPEUYUT NPEANOJOKEHUI0 O TOM, 4TO v; — He
KOHCTaHTA.

CoortHoutenue (87) cnenyet u3 (88) u (89).
Taxkum 00pa3oM, cooTHoOLIEHHE v = d MOXKET OBbITb BEPHO TOJBKO
B TOM CJlyyae, KOrja v fIBJsieTCsl KOHCTaHTOH d. M

Besonacuoctp npasuaa LO

Teopema 16

Ecau B ®II ¥ xaxnomy Bxoasiemy B Heé PC, 3a UCKIOUeHUEM
if _then_else, conocTaByeHa (PyHKIIUS, SIBJASIOLIASACS €CTECTBEHHbBIM
MPOJOJ/IKEHNEM, TO BBIUMC/AUTENbHOe mpaBuio LO siBasercs Ges-
OMacHbIM A/ 2.

Joka3areabcTBO.

O603HauMM CHMBOJIOM 7 PaCKpbIBA€MbIH MOATEPM B TepMe C;j
BBIUMCJIMTENBHON MOCJ/e0BaTe/IbHOCTH, KOTOpasi CTPOUTCS MO Mpa-
Buay LO.

Ecm r = Cf
(65) BBIMOJIHEHO.

& 1O C’;%[a/gp] = w, T.e. B 3TOM CJIyuae yCJOBHe
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[lyets 7 # C’g I Tak kKak r — camMblil BHEILIHWH MOATEPM BHUAA

©(...) B Tepme CY -, TO CyILIeCTBYeT NOC/I€0BATeNbHOCTD T, ..., Ty
noarepmos Tepma Cf -, oGajamommas c/ielyomHUMH CBOACTBAMH:

o =r,1,=0Cg;

o Vj=1,...,n—1Tep™m rj;; UMeeT BUJ
g(vi, ..., um) (g € Fun) 91)
rae pis Hekotoporo k € {1,...,m} vy =r;.

Tepwm r siBsieTCS MOATEPMOM BCEX TEPMOB 7, . . ., T,. OB0O3HAUNM
3alnChI0 17 (rme j = 1,...,n) TepM, mosny4yaeMblli U3 TepMa 7
3aMEeHOH ero MnoaTepMa 7 Ha KOHCTAHTY W.

Joxkaxem uHAayKuMe# no j, utoVyj=1,...,n

Y =w. (92)

Jns j =1 cootHowenue (92), oueBUIHO, BEPHO.
[Tyctb mast HekoToporo j € {1,...,n— 1}

e BepHO (92),
e ;1 umeer Bup (91), u
e Jke{l,....m}: v, =ry

Toraa
7’;’“ :g(vl,...,vk,l,r;?,vkﬂ,...,vm) (93)

Ecnu g # if _then_else, To COOTHOIIEHHE
w —

crenyet u3 (92), (93), u mpenmnosoxeHuss 0 TOM, 4TO (DYHKIIHS,
cootBetcTByOUIasi PC g, IBASETCS €CTECTBEHHBIM MPOIOJIXKEHHEM.
[Iycte g = if _then_else. JlokaxkeM, 4To B 3TOM cJjydae HOMep
k, Takoi, uto vy, = rj, paBeH l.
Ecau k # 1, To r BXOOUT B vo WM v3. [lo npennosnoxenuto, r siB-
JISIeTCsl CaMbIM JIEBBIM M3 CaMbIX BHEIIHHX MOATEPMOB BUAa (.. .)

149



A.M. MupoHos

B Tepme Cf .. Tlostomy v, He comepxuT BxoxaeHu# . Ciefo-
BaTeJIbHO, ¥ COCTOUT TOJbKO U3 KOHCTaHT U PC. [lockosbky vy

HeynpoulaeMblid, TO, 3HAUUT, OH SBJSETCH KOHCTAHTOH.

CornacHo onpeneneHuto GyHKUUU if _then_else, ecau vy sBAS-

eTCA KOHCTaHTOﬁ, TO TE€PM

riv1 = if _then_else(vy, va, v3)

SABJIAETCA YyIIpOLLlaeMbIM. 310 NPpOTHBOPEYUT TOMY, HTO TE€PM 741 —
HeynpomaeMbU‘/’I, [TIOCKOJIbKY OH ABJIAETCA MNOATEPMOM HeyIIpollae-

moro Tepma C% -
Hrak, k=1, u

riv1 = if _then_else(r;, va, v3)
OTKYZa CJIeAyeT, YTO
i1 = if _then_else(ry, va, v3)
YuuteiBas
® MHIYKTHBHOE MPENNoJOKeHHe 1 = w, U

e omnpenesenve GyHKIUH if_then_else

3akso4aeM, 4to (94) = w.
Takum obpasom, Vj = 1,...,n BepHo (92).
B uacrtHocTH, 1Y = w, N03TOMY

Cyilo/el =rilo/pl=w. m
IIpumep HeGe3onacHocTn nmpaBuiaa LO

B usnaraemom Huxe npumepe ucnogbayercs PC - Tuna

(int, int) — int

KOTOPOMY COOTBETCTBYET CJIeAyIOL[asi MOHOTOHHAs (DYHKIIHS:

e Ha Z X 7 oHa coBnajaeT ¢ 0ObIYHBIM YMHOXKeHHeM
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e 0-w=w-0=0
e VdecZ\{0} dw=w-d=w
oW W=w
Paccmotpum PII
plr) =(@=0) 70
co(z+1)-p(z—1)

o NPUHHUMaeT Ha BceX apryMmeHTtax 3HaueHue 0. OnHaKO BbHIYHCIEHHE
©(1) no npaBuay LO 6ynet 6eCKOHEUHBIM.

IIpumep neGe3onacHoctu npasua PI u LI
[Tycte ®IT ¥ umeer BUA
v, ey = (x=0) 71
to(z =1, p(2,y))
Torna
e o= (r>0)71:w, HO
e Ply = LIy = (x=0)71: w.

Hanpuwmep, Beiuncsenue ¢(1,0) no npasuay LI noponut GeckoHeu-
HYO T0CJIeI0BATEbHOCTD

LIy = ¢(1,0)
LI%} = @(07 90(17 O))
LIS = ¢(0, ¢(0, ¢(1,0)))

Bepudukanua (pyHKIMOHAJBHBIX IIPOrPaMM

3agaua Bepudpukauuu pyHKIMOHAJIbHBIX MPOrpaMM

3anaua Bepudukauuu PII 3aknouyaercs B JoKa3aTe/bCTBe TO-
ro, uto HHT ananusupyembix ®PII o61ana10T 3aiaHHBIMU CBOHCTBA-
mu. Haunbosee yacto aTH cBOHCTBA NpeACTaBAAIOT COO0OH yTBepxKae-

HHUSl BUJA
Vze (95)
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rie e — TepMm Tuna bool, U T — chnUcok mepeMeHHBIX U3 Var(e).
YrBepxaenue (95) cuutaeTcss BepHBIM, ecu A Kaxjaoro d € Dy
sHaueHHe TepMma e(d) paBHO T.

K uuncny ocHoBHbIX MeTonoB Bepudukauuu PII oTHocsiTes usna-
raemMble HHM)Ke METOMbl BBIUMC/HUTENbHOH MHAYKLUHH U CTPYKTYPHOH
MHIYKLHH.

MerTon BBIYMCIUTEIBbHON UHAYKIMH

Onucanue merona

Muorue 3anaun Bepudukanud PII MoryT 6bITh CBeleHHl K CJe-
Ayollel 3anade: MycTb 3afaHbl

e nosHoe UYM P,
e HenpepblBHbIM (PyHKUWOHaD F': P — P, u

e NMOAMHOXeCTBO () C P, KoTopoe fIBJsIeTCS 3aMKHYTbBIM, T.€.
YIOBJIETBOPSIET YCJOBUIO: A/ KaXKA0H Lenu

Po < p1 < ...

3/1eMeHTOB P BepHa MMIIJIUKALIMS
(‘v’iZO pi€Q> = sup p; € Q

Tpebyercsi nokasatb, uto HHT ¢yHkuuonana F (KOTopyl Mbl HH-
e OyneM 0603HauaTh 3anuchlo fixy) ynoBJeTBOPSIET COOTHOILIEHHIO

fixp € Q (96)

Merton BeruncaurenasHoi nugykuuu (BH) sakntouaercs B cBe-
JeHWHU 3a/layM JI0Ka3aTeJbCTBa cooTHolleHus (96) K mpoBepke cJie-
OYIOUIUX IBYX YCJOBHH:

1) 0 € Q (rne 0 — HaumeHbIIHH 37eMeHT HYM P)

2)Vpe@ F@p)e@
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HerpynHo BUieTb, UTO e€CJM 3TH YCJOBUS BBIMOJHEHBI, TO MJ5
Kaxkaoro ¢ > () BepHO COOTHOLIEHHE F’(O) € (, OTKyZla Ha OCHOBa-
HHUM 3aMKHYTOCTH @ caenyet, uto fixp = sup F*(0) € Q.

Bropoe 13 3TUX yc/0BHI MOXKHO 3aMeHUTb Ha CJeAyIollee yCo-
BUe: /1 Kaxaoro ¢ > (0 BepHa UMILJIMKALHUSA

(Vj<2' Fﬂ‘(@)e@) ~ Fi(0)eQ (97)

P u F MoryT uMeTb, HanpuMmep, CJAeAYIOLUUE BULI:
e P=Ps, rae ¥ — ®II, u F = Fy, uau
o P= Py x Py x... rIe

-3, %, ... =PI,

— OTHOILIEHHE MNopAaKa Ha P orpenensgeTcd NIOKOMIIOHEHTHO:
(plapllu"‘) S (p?vp/27) e P1 §p27 p/1 Spéa

— HauWMeHbIIUM 3JieMeHTOM P sBJsieTcs CIHCOK HauMeHb-
mux sgaemMetToB UYM P, Psy, ...

nVi=(ff,..)eP F()= (F(f),Fs(f),...)

[Tpu Bepuduxkaunn PII meronom BU moxHO ucnosb3oBats cie-
AYIOllHe YTBepXKAeHHS.

e Ecnn Q1 1 (Q2 — 3aMKHYTBIe TOAMHOXKecCTBa noJHoro YYM P,
TO MOAMHOXKECTBO ()1 M ()2 TOXKE 3aMKHYTO.

o Jlns1 moOBIX HeNpepblBHBIX (DyHKLHOHA0B Fy 1 F, Ha P nox-
MHOXKeCTBa

{peP|Fip) <F(p)} u {peP|F((p)=Fp}

ABJAAIOTCH 3aMKHYTBIMH.
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IIpumeps! Bepucukanuyu (pyHKIMOHAJAbHBIX IPOrpaMM MeTOAOM BbI-
YUCJIUTENbHON MHAYKUHUHI

B sTom naparpade n3sararoTcs HEKOTOpble MPUMepbl BepUdHKa-
uun PIT meromom BU. Bo Bcex 3THUX mpuMepax mpoBepka MepBOro
ycaoBusi (0 € () omylieHa M0 MPUUHHE ee TPUBHAJbHOCTH. Mbl
6yneM mpeanoJsarath, 4To (QyHKUMH, uUcnonb3yemble B PII B aTom
nyHkre (p,h,k,...), IPUHUMAIOT 3HaYeHHe w Ha apryMeHTe w.

IIpumep 1
Tpebyercst nokasatb, uto Vo oo(x) = o(x), rae
Y plz) =p@)?a: pph()

Onpepenum @ o {fePs|of =f}
[lyets f € Q. Hokaxewm, uto Fx(f) € Q, T.e.
oFs(f) = F=(f) (98)
JIeB.U.(98) = o(p(z)?x : ffh(x)) =
=px)?o(z):offh(x) =
(x)? (p(x)? x : ooh(x)) : of fh(x) =
(x)?z:offh(x) =
()? z: ffh(z) = IlpaB.U.(98)

OTMeTHM, UTO eCJId ONpeaesuTh () &f {fePs| ff=f} o
TOrJla JI0Ka3aTb TpeGyemMoe CBOMCTBO He MOJyUHTCS.
IIpumep 2
TpeGyercs nokasate, uto Vz,y ho(x,y) = o(x,h(y)), Tae
X op(x,y) =ple)?y - he(k(z),y)

Onpenenum ) o {fePs|Var,y hf(x,y) = f(z,h(y))}.
[lyets f € Q. okaxewm, 4To FE( )EeQ, Te. Vr,y
Fs(f

hEs()(,y)) = Fs(f) (@, hy)) (99)

J1eB.U.(99) = h(p(x)? y : hf (k(z),y)) =
= p(x)? h(y) : hhf(k(x),y) =
=p(z)? h(y) : hf(k(x), h(y)) = [pas.H.(99)
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IIpumep 3

Tpebyercs nokasate, uto Yz oy(z) = o3(z), Tae

801(95) :p(x) %01%02]1(@ 9029( )
> wa(w) = q()? kpapr (x) - kh(z)

@3(x) = p(x)? pskpah(z) : kesg(x)

pa(z) = q(2)? kpaps(r) : h(z)

Onpenenum Q dof {fePs|(fi=/f)N(fo=kfi)}.
[lyets f € Q. Hokaxewm, uto Fy(f) € Q, T.e.

(Fs(f) = (Fs(f))s (100)

(Fs(f))2 = k(Fs(f))a (101)
JleB.HU.(100) = p(x)? fifoh(z) @ fag(z) =
=p(x)? fskfih(z) : kfig(x) = HpaB Y.(100)
JleB. U.(101) = q(x)? kfa f1(x) : kh(z) =

= k(q(x)? faf1(x) - h(z)) =
= k(q(z)? kfyfs(z) : h(z)) = [1pas.H.(101)

IIpumep 4

Tpebyercs nokasatb, uto Vz o(z,0,z) = o'(x,0), roe

o op(ry,z)=(@=0)7y:p(xz—1y+z2)
ioplry)=(x=0)y:p(x—1y+2z—1)

Mb1 JIoKaxxeM OoJiee o0llee COOTHOIIEHHE:

Va,y (o(y,z(x—y),z) =0'(y,2° — y*)) (102)

Vickomoe cooTHOlIeHUE siBJsieTcsl yacTHBIM caydaem (102) (mpu

y = x).
Onpenenum
o P = def Pg X PE

¢« F:P =P, F(f,f)< (Fa(f), F(f)), u
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e i per| Y S =

[lyets (f, f') € Q. Hokaxewm, uto (Fx(f),Fs(f") € @, T.e.
Va,y

Fe(f)(y, x(x —y), x) = Fo (f)(y, 2> = y?) (103)

=(y=072(x—-y): fly—1lLa(zr—-y) +z,1)=
=(y=0?2": fly—Lx(z—(y—1)),z) =
= (y=10)? 2" f’(y—lx—(y—1)2)
=(y=0)72> -y’ flly—1,(2> —¢y*)+2y—1) =

IIpumep 5

— D IFN
: ’y ,
X op(ry) =p()?y k(@) by

Mbl JI0OKaxXeM 0oJiee CHJIbHOE COOTHOIIEHHE:

o(z,9) = o' (3,7)
vy { o' (2, h(y)) = ho' (2, y) }

(& o o
(rme 3anmuch BUAA { el } IBJISIeTCS APYTOH (POPMOH 3amucH e1 Aes).
2

Onpenenum

e P u F Tak Xe, Kak B NIpeAblAyLleM IpUMepe, U

=i nervey { {ERG St P

[lyere (f, f') € Q. Hokaxem, uto (Fx(f), Fs/(f') € Q, T.e.

YV, y
Fs(f)(@,y) = Fo (f)(@,y) (104)
Fe(f')(x, h(y)) = hFs (f)(2,y) (105)
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Jle.U.(104) = p(z)? y : hf(k(x),y) =
=p(x)?y: hf'(k(x),y) =
p(@)?y: f'(k(z), h(y)) = rI102113‘1(104)
JIeBLI(105) p(x)? h(y) : f'(k(z), hh(y)) =
=p(z)? h(y) : hf'(k(z), h(y)) =
= h(p(x)?y: f'(k(z), h(y))) = [Ipas.H.(105)

ﬂperﬁ crnoco6 10Ka3aTeJbCTBA COOTHOIIEHUS] 0 = o’ 3akJjroua-
€TCA B TOM, YTO BMECTO YCJIOBHUA 2B OrpeneseHUur MeToaa BI/I, T.€.

BMECTO MMIIJIMKALlUH

(f.f1e@ = F(ff)eQ

JI0Ka3bIBaETCsl CJefylolllee yTBepxaeHHe: Vi > () BepHa UMIJIHKa-

uus (97), B KoTopo#

QE{(f.fYeP|f=1}

Ins kaxnoro i > 0 snement F%(0) siBasieTcss napod (QpyHKIMH,

KOTOpPYI0 Mbl GyeM o6o3Hadath 3amucbio (%, (f)7).
(97) nmokasbiBaeTcsl CJeqyOIIMM 00pa3oM.

1) Ecaun ¢ = 0, To (97) npencrasisier coboil yTBepKaeHHE

0_ /0

@ @ 4TO, OYE€BHUIHO, BEPHO.

) Ecimn i = 1, o (97) npexncraBssieT co6oil yTBep:KIeHHe

0 / 1 — f/)l)

(f" =
T.€. FE@

BbIBA€TCA CJCAYIOIIUM 06p330M.

)@, y) = p(x)?y: h@(’f(w) y) =

157

FE/@ JlanHoe paBeHCTBO 000CHO-



A.M. MupoHos

=p(x)?y r@(k(x), h(y)) = Fw(@)(% y)

3) Ilyctb ¢ > 1. na nokaszaTesbCTBA paBeHCTBA
=0

MBI OyZleM HMCIO0Jb30BaTh MpeArnoJoxeHHe 00 UCTUHHOCTH pa-

BEHCTB ' 4 ' )

fzfl — (f/)zfl U 1—2 — (f/>172
Ya,y) = plx)? y  hf N (k(x),y) =

=p(x)?y: h(f) " (k(z),y) =

= p(x)? y : h(pk(x)? y : (f) 2 (kk(2), h(y))) =

=p(x)? y : h(pk(z)? y : f72(kk(x), h(y))) =

=p(x)?y: (pk(x)? Wy) : hf 2 (kk(2), h(y))) =

=p(@)?y: [ (k(z),h(y) = '

=p(@)?y: (f) " (k(x),h(y) = (f)(2,y)

Merton cTPpYKTYpPHOU MHAYKUUH
Onucanue merona

Merton crpykryproit unaykuun (CH) nss Bepudukanuu PI1
MOJKET HCIOJIb30BAThCS B TOM CJydae, KOTIa

e noka3biBaeMoe yTBepxkaeHHe o PIT umeer Bun (95), u

e cyllecTByeT (QyHaupoBaHHoe HYM P, Takoe, UTO KaxKXAOMY
aneMeHTy d € Dz MoxeT ObITb COTMOCTaBJEH HEKOTOPbIH 3Je-

MeHT ¢(d) € P.

Hanomuum, yto HYM HasbiBaeTcs pynaupoBantbim (PUYM),
ec/M B HEM HeT OeCKOHeYHO yObIBAIOLIMX lleneH, T.e. MOJMHOXKECTB

Buna {po,pi1,...}, THE Po > P1 > .. ..
[IpuBenem nBa npumepa PYUYM.

1) MHuoxectBo N HaTypasbHBIX YHCeJ ¢ OOBIYHBIM OTHOIIEHUEM
nopsiiKa.
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2) MHoxecTBO P" CIUCKOB IJIMHBI 7, COCTOSIIIUX M3 3JIEMEHTOB
OYUYM P, ¢ aekcukorpadmyeCKUM OTHOILEHHEM MOpPSAKa:
HepaBeHCTBO

(P15 ) < (Phs- -+, 1p)
BEpHO, €C/IU p; < pj, WM CYLIeCTBYeT i € {2,...,n}, TakoH,
4TO P1 = Pl - Pic1 = Pi_1s Pi < Pj

Metoxg CH 17151 060CHOBaHHUST yTBePXKIEHUS
VdeD; e(d) =T
B cJyyae, KOTAa onpeaeseHa (pyHKIHUS ¢ BUIA
c: Dy — P (106)

rie P — ®UYM, sakawouyaercss B J0Ka3aTeJbCTBe TOr0, 4YTO MAJ
MPOU3BOJIBHOTO d € Dz BEPHO yTBepxKIeHUE

Vd € Dy c(d)<cld) = e(d)=T) = e(d)=T. (107)

JlaHHBIE MeToJ 0GOCHOBBIBAETCS CJEAYIOLIHM 06pasoM: eCau JJist
Hekoroporo d € D; 3Hauenue e(d) 6bs10 661 paBHO L, To Idy € Dy:

e c(dy)=1,m
eVd €D; cod)<c(d) = e(d)=T.

(HETPYZHO 10Ka3aTh, YTO €C/M TaKoro dy He CyUIeCTBYeT, TO B P
MOXKHO TOCTPOUTb GECKOHEUHO YOBIBAIOLLYIO LeNb). DTa CUTyalHs
npoTuBopedrT yTBepKaeHuwo (107) nasa d = d,.

IIpumeps! Bepudukanuy (PYHKUMOHAJBHBIX IMPOrpaMM MeTOAOM
CTPYKTYPHOU MHAYKIUH

B usnaraemeix Huxe npumepax 1, 2 u 3 PUYM P coBnanaer
¢ Dz, u (106) siBasieTcst ToKIeCTBeHHOH (yHKUHed. B mpumepax
4ubdbD; =S, P=N,u pyskuusi ¢ : S — N conocrassser
KaXKJI0W CTpOKe €€ IJMHY (T.e. KOJMUUECTBO CHMBOJIOB B Heil). B
3TUX NpUMepax AJs JIOOBIX x,y € S 3anuch x < y 03HauaeT, YTO
IJIMHA & MeHblle IJHHB Y.
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IIpumep 1 (pyHkus AkkepmaHa)

Tpebyercs nokasate, uto Vz,y € N o(z,y) # w, e

plr,y) =(@=0) 7 y+1
X (y=0) 7 plx—1,1)

: (P(x - 1790(37734 - 1))

(mepemMeHHbIE X,y UMEIOT THI nat).

[Mockonbky Dy,,) = N? — @UYM OTHOCHTEJBHO J€KCHKOrpa-
(buyeckoro nopsiika, To TpedyemMoe CBOHCTBO MOXKHO [0Ka3aTb Me-
tonom CH.

e Ecim x =0, 0 o(z,y) =y + 1 # w.

o [lyctb 2 >0, uV(2',y) < (z,y) o(2',y) # w. JLokaxkem, 4To
o(z,y) # w.

— Ecmn y =0, to o(x,y) = o(x — 1,1).
Tk. (r—1,1) < (z,y), TO, 0 HHIYKTUBHOMY IPEIOJIO-
xenuo, o(r —1,1) # w.

— Ecmn y #0, 10, TX. (z,y—1) < (2,y), TO, 10 HHAYKTHB-
HOMY TPeOJI0KEHHIO,

olx,y—1)#w
OTKYZa, MCIOJb3ysi HEPABEHCTBO
(= Lo(z,y—1) < (2,9)
noJiyuaeM TpeGyeMoe COOTHOIIeHHE o (1, Y) # w.

IIpumep 2 (BpIuncaeHnE (PaKTOPHAIA)

Tpebyetcs nokasatb, uto Vo € N

o' (z,0) = o(x) (108)
raoe

E: o pa)=(z=0)71:2-p(x—1)
Yioop@y)=(@=y)71l:o(@y+1) (y+1)
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(mepemeHHBbIe x, y UMEIOT THII nat).
Mul nokaxewm 6osee obiuiee yTBepxkaeHue: Vo € N

VyeN (d(z+y.9) oly) =olz+y)) (109)
(108) siBnsietcst yacTHbIM caydaem (109) (npu y = 0).
e Eciu z =0, to (109) umeer BUL
VyeN (o'(y,y)-oly) =o(y))
4To BepHO, T.K. Vy € N o'(y,y) = 1.

e [lycte x > 0, U 15 KaxKAOro HATypasJbHOIO 2z < T BEPHO
yTBepKIeHHe

VyeN (0’(2 +y,y) o(y) =0z + y))

IlokaxeMm, 4yto Toraa Oymet BepHo u (109).

,U,JIH Kaxa0ro HaTtypaJibHOro y

o'(x+y,y)-oly) =
=0’($+y,y+1)‘(y+1)‘0(y)=
ox+y,y+1)-oy+1)=
=0 ((z-1)+@y+1),y+1)-oy+1)=
=o((r—1)+(y+1) =0 +y)

Ipumep 3 (pyukuus PudGoHayymn)
Tpebyetcsi nokasath, uto Vo € N
o'(x,1,1) = o(x) (110)
rue

Y plr)=(ef{0,1N?1:9(x—1)+ p(x —2)
¥ p(x,a,b) =(x=0)7a:p(x—1,ba+b)

(mepemeHHble x, a, b UMEIOT THI nat).
Mul nokaxewm 6osee obiiee yTBepxkaeHue: Vo € N

VyeN o(x+y)=0od(x,0(y),o(y+1)) (111)

((110) siBnsiercs yacTHbiM caydaem (111) (mpu y = 0).
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e Eciu 2 =0, to (111) umeer BUL
VyeN a(y) =0'(0,0(y),0(y + 1))
4TO BEpHO corsiacHo omnpenenenuto PIT X'

e [Iyetb x > 0, ¥ A5 KaXA0ro HaTypaJbHOro z < T BepPHO
yTBEPXKAEHHE

VyeN o(z+y) =d(z0y),o(y+1))

JlokaxxeMm, 4yTo Toraa Oymet BepHo u (111).

L5 KaxKaoro HaTypaJsbHOro y

olx+vy) =

=o((ze—-1)+y+1)=
=od'(x—1oy+1),0(y+2)=
=o'(x=1o(y+1),0(y+1)+0o(y) =
:O-/(I7O-(y)7 ( ))

IIpumep 4 (pyHKIUS MHBEPTUPOBAHUS CTPOK)

Tpebyercs nokasats, uto Vo € S
r(z) 2w u rr(r)==z (112)

rae r — (DyHKIUS MHBEPTHPOBAHHSI CTPOK, OmpeessieMasi CJaeayio-
def
UM obpasom: 7(x) = o(x,¢€), Tae

S oelry) = (x=2e)7y: @,z y)

(mepeMeHHble X, Yy UMEIOT THI string).
Mul nokaxem Oosiee obliee yTBepxaeHue: Va € S

VyeS o(x,y) #w u ro(z,y) =o(y,z) (113)

(112) siBnsercs yacTHbIM caydaem (113) (npu y = €).
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e Eciu z = ¢, To (113) umeer BUA
VyeS ole,y) #w u role,y)=o(y,e) (114)

CoraacHo omnpenenenuto PIT ¥ u pynkuuu r, (114) mMoxHO
nepenucarth B BUIEe

VyeS y#w u r(y) =r(y)
4YTO, OYEBUJIHO, BEPHO.
o [lycTb = # €, ¥ /151 KaXKI0H CTPOKU z < T BEPHO YTBepxKAeHHE

VyeS o(z,y) #w u ro(z,y) =0y, 2) (115)

Jlokaxem, 4yto Torna Oymet BepHo H (113).

def
Hcnonbays (115) nna z = x’ (uTo BO3MOXKHO, T.K. ' < T) H
onpenenenve PI1 ¥, mosyuaeM: s KaKIOH CTPOKH ¥y

—o(zy)=o0(@-2,y)=0(2,2-y) #w
- ro(z,y) =ro(z-2,y)=ro(@,z-y) =0z y,2') =
= O-(ya T ZE,) = O'(y,.f).
IIpumep 5 (copTupoBKa)
Tpebyercs nokasats, uto Vo € S
ord(sort(z)) =1 (116)
rae

e sort — ()YHKUHS COPTHPOBKH CTPOK, ornpenessemass PII

sort(z) = (v =¢)7 ¢ : insert(z, sort(z'))
insert(a,y) =(y=¢) ?a-«c
t(@<y) Ta-y
.y - insert(a, y')
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e ord — (QYHKIHUS MPOBEPKU yMOPSIIOUEHHOCTH CTPOKH, OMpejie-
asgemas DII

ord(z) = (x =¢) 7 1

Huxe mbl 6yneMm o6o3HauaTh TepM BUAa insert(a,y) COKpalEH-
HOM 3aMuChbio a — ¥.
Ecin z = ¢, To sort(z) =€, u

ord(sort(z)) =ord(e) =1

Ecau x # €, To nokasbiBaeMoe paBeHCTBO (116) MOXXHO mepenu-
caTb B BHJE

ord(# — sort(z')) =1 (117)

[To MHOYKTHBHOMY MPENTON0XKEHHIO, BEPHO PaBEHCTBO
ord(sort(z')) =1
13 KoTtoporo caenyet (117) nmo HuxKecsaenytollei JeMMe.

Jlemma.
HNmMeeT MecTo UMIIUKALUA

ord(y) =1 = ordla—y) =1 (118)

Joka3areabCcTBO.
JlokasbiBaeM JieMMY HHAYKIHeH Mo ¥.
Ecnu y = ¢, To npaBas yactb B (118) umeer Bug

ord(a-¢) =1

4TO BEPHO M0 omnpeneseHuio ord.
[IycTh y # €, U Ag KaxXKA0To 2 < y BepHA UMILIUKALUS

ord(z) =1 = ord(a—z)=1 (119)
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def . def
O6o3unauum ¢ = 9, d = 1.

(118) nmeer BUL
ord(c-d)=1 = ord(a—c-d)=1 (120)

st nokasatesnbctBa ummukauun (120) HY»XHO 10Ka3aTh, UTO
npu ycaoBud ord(c - d) = 1 BepHBI UMIJIHKALUH

(@ a<c = ord(a-(c-d))=1,
(b) c<a = ord(c-(a—d)=1
(a) BepHO MOTOMY, 4TO U3 a < ¢ CJIENyeT
ord(a-(c-d)) =ord(c-d) =1
Jokaxem (b).
e d =¢c. B 3ToM cayuae npaBasi yacth B (b) UMeeT BHJ

ord(c-(a-¢)) =1 (121)

(121) caenyer u3 ¢ < a.

e d # ¢. O603HaYUM P ey, q L

B 3tom ciyuae Hamo A0Kas3aThb, U4TO MPHU ¢ < a
ord(c-(a—=p-q)) =1 (122)
1) Ecau a < p, to (122) umeer Buf
ord(c-(a-(p-q))) =1 (123)
Tx. ¢ <a<p, 1o (123) cnenyer U3 paBeHCTB

ord(c- (a-(p-q))) =ord(a-(p-q)) =ord(p-q) =
=ord(c-(p-q)) =ord(c-d) =1
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2) Ecnu p < a, to (122) nmeer BUL
ord(c- (p-(a —q))) =1 (124)
[Tocko/ibKY MO MpeanosoxeHUIo
ord(c-d)=ord(c-(p-q)) =1
10 ¢ < p, ¥ moatomy (124) mMoxkHO Tepenucartb B BUIle
ord(p-(a—q)) =1 (125)
[Ipup<a
a—>d=a—p-q=p-(a—q)
noatomy (125) MOKHO Mepenucath B BHUIE
ord(a — d) =1 (126)

(126) caenyer 1Mo MHAYKTUBHOMY MPEATONOXKEHHIO /s

JeMMbl (T.e. u3 umninkauuu (119), B kotopo#t z o d) u3
paBeHCTBa
ord(d) =1

KOTOpOe 000CHOBbIBAeTCS LIEMOYKOH PaBEHCTB

l=ord(c-d)=ord(c-(p-q)) = (1K c<p)
=ord(p - q) = ord(d).

HApyrue merons! Bepuukauum (pyHKIMOHAJIbHBIX MPOTrpaMM

OneHka HavMeHbIIeHd HEMOABHIKHOW TOYKHM (DYHKIMOHAJBHOU IPO-
IpaMMBbl CBEPXY

Ecnu nposepsiemoe cBoiictBo PII ¥ umeer Bup o < f, rue

e f — 3ajaHHasi MOHOTOHHAsl (PYHKLHS, U

e OTHOLUEHHe TNOpsAAKa Ha (QPYHKUHUAX I[OHMMAeTcs B CMBICJE
onpeje/eHNs, IPUBEAEHHOTO BbILIE

TO JJIs1 JOKa3aTeJbCTBA 3TOr0 CBOMCTBA JOCTAaTOYHO J0Ka3aThb Hepa-
BEHCTBO

Fs(f) < f
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IIpumep
Tpebyercs nokasats, uto o < f, rue

Y p(z) = (xr>100)? z — 10 : pp(z + 11)

F (z>100)7 z —10: 91

Hoxkaxewm, uto Fy(f) < f, T.e.
(x >100)? (x —10) : ff(x+11) < f
[Tockosbky

flz+11) =
=(zr+11>100)?7z+11—-10:91 =
=(x>90)?7x+1:91

TO

Ff(x+11) =
=f((x>90)?7x+1:91) =

= (x>90)? f(x+1): f(91) =
=(x>90)? f(xr+1):91

Taxkum obpasom,
Fs(f) = (x >100) 7 (z — 10)

c(x>90) 7 f(x+1)
: 91

(127)

[Tonseipaxkenue f(xz + 1) B (127) BblUMCAsieTCS TOJBKO IJISI T €
{90,...,100}, u mast Bcex TaKUX 3HaueHWH x 3HadeHue f(r + 1)

paBHo 91. Orcrona cienyet paBeHCTBO (127) = f.

9KBUBaJIEeHTHBIE npeoﬁpasoBaHm{ q)yHKI.lI/IOHaJI])HI)IX nporpaMmm

HNuorna nokaszarenbctBo cBoiictB HHT ®IT moxkHO cyuiecTBeH-
HO YNPOCTUTb, ecU BMecTo aHanuaupyemod PII ¥ paccmarpuath

@I ¥, nonyyaemyio U3 X

® DACKPBITHEM HEKOTOPLIX IOATEPMOB, HJIH
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e 3aMeHaMH Buza [0/

MoxXHO 10KasaTh, yTo 2 U X' umeroT onuHakossle HHT. Huxke Mubl
JOKa3blBaeM 3TO IJIsl Cjydasi, Koraa >’ mojydaercss U3 X pacKpbl-
THEM OJIHOTO TOATEPMa HMJIM ONHOH 3aMeHOH Buaa [0/

Teopema 17
[Tycte 3anana PII ¥ Buna
Y px)=e

1 TepM €’ MOoJydaeTcsl U3 e PACKPBITHEM OJHOTO MOATEpMa.
Torna o = o/, rne ¥/ : p(z) =¢€'.

JlokasaTenbCTBO. ~ B
st kaxporo d € D; tepMm €'(d) nmomydaercss u3 tepma e(d)
3aMeHOH moxaTepMa Buaa (e, ..., e,) Ha TepM e(e1/xy, ..., e,/Ty).

CoryacHo YTBEP2KACHHIO 1 B J0Ka3aTeJIibCTBE TEOPEMbI 9, 3Haye-

nus TepmoB e(d)[o/¢] n €'(d)[o/p] coBnapaior. [TockonbKy 3Hade-
HHe MepBOTO U3 3THX TEPMOB paBHO o (d), TO

o(d) = €lo/p)(d)

T.e. 0 — HT ¥, otkyna cienyer HepaBeHcTBO o' < 0.
okaxem metomom BU o6paTHoe HepaBeHcTBO: 0 < 0’.
Onpenenum

° P(i:engng/

o« F:P— P, F(f, f) Y (F(f), P (f) = (e[f /), €L/ £))
o e {420 h

JlokaxkeM, 4TO BepHa MMMIMKaLUs p € QQ = F(p) € Q, T.e.

r=r elf /] < €[f'/ )
{f Se[f/ﬂ} - {e[f/so]ée[e[f/so]/so]} (128)

O603HaYMM KOHBIOHKTHBHBIE UJieHbl B TpaBod yact (128) uepes

A U B, U OOKaxKeMmM, 4TO Ka)KIlbIﬁ K3 HHUX CJaeayeT U3 JeBOU 4YacTUu
(128).
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A: U3z f < f’ u MmoHOTOHHOCTH Fyy CjlenyeT HepaBeHCTBO
¢If /) < €Lf' /] (129)
Hckomoe HepaBeHcTBO caenyeT u3 (129) u U3 HepaBeHCTBa

elf /ol < €[f/] (130)

(130) BepHO MoTOMY, UTO

— €'[f/¢] monyuaercs us e[f/p] 3ameHo# monTepma BHIA
fler,...,e,) HA €[f/p](e1/x1,. .. en/Tp), U

— u3 f <e[f/y] crenyer HepaBeHCTBO
fler, ... en) <el[f/oller/x1,. .. en/Tn)

B: Uz f < e|f/¢] n MmoHOTOHHOCTH F¥; clienyeT HepaBeHCTBO
elf /¢l < elelf/el/¢l.
Takum o6pasowm, fixp = (0,0') € @), otkyna cienyer 0 < o'. R

Teopema 18
[Iycte 3anana PII ¥ Buna

Y: p@=e

M TepM €' ToJlyuaeTcsi U3 e 3aMeHOH OIHOr0 U3 BXOXKIEHUH (DyHK-
LIMOHaJIbHOH TepeMeHHOH ¢ Ha PC 0.
Torna 0 = o/, rne X' : p(z) = €.

Jloka3aTeabCTBO.
Tk €lo/p] =elo/p] =0, T0o 0 — HT ¥, noatomy o’ < 0.

Jlokaxem Metonom BH, uto o < o’.
Onpenennm

oP:ngPg/

o P — P, F(f, f') ¥ (Fu(f), F(f))
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o unmer{4ZIh
JlokaxxeM, 4To BepHa UMILIHKauus p € Q = F(p) € Q, T.e.

FES RS i B

O603Ha4MM KOHBIOHKTHBHBIE UJieHbl B TpaBod yact (131) uepes

A U B, U OO0Ka»KeMmM, 4TO Ka)KIlbIﬁ K3 HHUX CJeayeT U3 JEeBOU 4YacTu
(131).

A: s f < f’ u MmoHOTOHHOCTH Fyy CjleyeT HepaBeHCTBO
elf /el < €lf'/¢l (132)

Hckomoe HepaBeHcTBO cienyeT u3 (132) u 13 HepaBeHCTBa

elf/e] < €'f /] (133)
(133) BepHO MOTOMY, UTO

— e[f /| nonyuaetcss U3 e 3aMeHOH BCeX BXOXAEHHH ¢ Ha
e

— €'[f/p] MOXKHO MOTYYHUTH U3 € 3aMeHOH

* OJIHOTO U3 BXOXKJEHHWH  Ha o, U
% OCTaJIbHBIX BXOXIEHUH ¢ — Ha f

- f<o.

B: U3 f < o v MOHOTOHHOCTH F¥, cliefyeT COOTHOILEHHe
elf/¢l <elo/p] = 0.
Takum o6pasom, fixyp = (0,0') € Q, otkyna cienyer 0 <o'. W

[TpuBenem nBa npumepa Bepuduxkaund PII ¢ ucnonbzoBanuem
9KBMBaJIeHTHBIX NpeobpasoBanuit PII.
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IIpumep 1
TpebyeTcs nokasatb, 4To o = o', THe

Y pz)=(r>10)?72 —10: pp(x + 13)
¥ op(x)=(x>10)7x—10: ¢(z + 3)

rne xr — THIa nat.
O6o03Haunm uepes3 X" DI, noayyaemyro U3 ¥ pacKpeITHEM MOJI-
TepMa, HaYMHAIOIIErocs CO BTOPOTO (:

Yo p(r)=(x>10)?7xz—-10: A

(x+13>10) 7?2+ 13—-10
top(x + 13 + 13)
CorsacHo Teopeme 17, o = o”.
Tx. 2 >0, To v 4+ 13 > 10, nosToMy MoxkHO ynpocTuth A 10
o(z + 3), B peayJsibTate 4ero mojydum X'

rneA:go(

IIpumep 2

Tpebyercs nokasath, UTo 0; = 03, Tle

e1(x) = p(x)? pspapaf(z) : g(x)
oF p2(r) = q(x)? psh(x) : k(x)
' (z) = p(x)? prpaf(x) : g(x)
wa(z) = q(z)? papsh(z) : p2k(x)

3aMeHUM B Y. NepBOe BXOXKIEHHE ¢ B €7 U 00a BXOXKIEHUS o
B e, Ha DC 09. DI, monyuuBLIyIOCH B pe3y/abTaTe 3TOH 3aMeHBHI,

0603HaYMM TeM ke cuMBoJioM Y. CorsacHo BeieckazanHomy, HHT
DI1

p1(w) = p(x)? 30002 f(x) : g(T)
S pa(z) = q(x)? p3h(z) : k(x)

p3(x) = p(z)? rpaf(z) : g(x)

pa(z) = q(2)? oapsh(z) : o2k(x)

cosnagaetr ¢ HHT ucxomuoit PII.
Onpenesnum 3aMKHYTO€e MOAMHOXeCTBO () C Ps::

dif {fEPZ | { 5—12;{3]04 }}
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HeTPYIIHO A0Ka3aTb, YTO BepHAa UMIIJIKKalHd

peEQR = Fx(p) e

fi=1s
T.e. U3 caenyeT, 4To
{ o2f2 = fa o

{ p(x)? fsoofof(x) = g(x) = p(x)? fifaf(z) : g(z) }
oo(q(x)? fsh(z) : k(x)) = q(x)? oaf3h(x) : o2k(z)

13 samknyrtoctu () cienyet, uto fixp, € @), T.e.

01 =03
0909 = 04
OTKYyJa cJielyeT UCKOMO€e PaBEHCTBO 01 = 03.

OTmeTHM, 4YTO B JAaHHOM IpuUMepe [0Kas3aTb TpeOyemoe CBOW-
CTBO 6e3 MCNOJb30BAHUS 9KBHUBAJNEHTHBIX Pe0OPa30BAHUHU J0BOJIb-
HO CJIOXKHO.

3akJjroueHuve

B crartbe Obla U3/0XKeHA ODHA M3 MaTeMAaTHUECKUX MomeJieid
(byHKLIMOHAJ/bHBIX POrpaMM, OCHOBaHHAsl Ha MOHSATHH HaUMeHblUeH
HeNnoJBHXXHOH TOYKHU HENpepblBHOIO (PYHKLHMOHAJAa Ha IOJHOM 4a-
CTUUHO YIOPSIIOUEHHOM MHOXKecCTBe. Dbllo BBeleHO MOHSATHE BbI-
YUCJUTEIBHOTO MPaBUJa, U OMKCAHO AocTaTouHoe ycaoBue (Teope-
Ma 14), npu BBHIOJHEHHH KOTOPOTO (DYHKIIHS, OnpenessieMasi Bbi-
YHUCJUTEJNbHBIM NIPaBUJIOM U (PYHKLHOHAJNBHOH NMPOrpaMMoH, coBMa-
J2eT ¢ HaWMeHblleld HEeNoABHKHOU TOYKOH 3TOW (PYyHKLHMOHAJNbHOH
nporpaMMbl. Tak:ke OBIJIM U3JI0’KeHbl OCHOBHble MeTOIbl BepU(pHKa-
UMM (PYHKLUHMOHAJNBHBIX NPOTPaMM — BBIUMCJAMTEJNbHAS WUHAYKLUHUSA U
CTPYKTYpHasl HHAYKLHS.

[lepeuncaum HekoTOpble aKTyaJ/bHble NMPOOJEMBl, CBI3aHHbIE C
M3JI0’KEHHBIM MaTepHaJioM.
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HaxoxneHne HeoOXOOMMOro W JOCTAaTOUHOTO YCJOBHS, KOTO-
pOMY NOJIXKHBI YIOBJIETBOPSITh BbIUMC/HUTENbHOE npaBuio C' U
(YHKLHOHAJbHAS MpOrpamMMa X, TPHU BBIIOJHEHHH KOTOPOTO
¢pyskunu Cy, ¥ 0 COBNAAAIOT.

[locTpoeHrne MeTOIOB aBTOMATHM3UPOBAHHOH BepHU(PUKALKH
(yHKLHMOHAJbHBIX NporpaMM. HaxoxaeHre 10cTaToOuHO IKPO-
KOro KJiacca ()yHKIIMOHAJbHBIX TPOrpaMM (BKJIFOYAKOIIEr0 BCe
pacCMOTpEeHHble B 3TOH CTaTbe (PYHKLHOHAJbHbIE MPOrpPaMMbl
Ha CHMBOJIbHBIX CTPOKax), TAaKOro, 4To TNpobjema pacro3Ha-
BaHUS COBMAJeHUS] HAUMEHbIUHX HEMONBHXKHBIX TOYEeK IBYX
pasNUYHBIX (PYHKLHOHAJNbHBIX MPOrpaMM M3 3TOrO KJacca aj-
TOPUTMHYECKH paspellrMa.

[TocTpoeHne aBTOMaTU3MPOBAHHBIX METOJOB CUHTe3a (DYyHKIH-
OHaJIbHBIX NPOrpaMM, e npobJsema CHHTe3a NOHUMaeTcs cJle-
AYIOUUM 00pa3oM: Mo 3aflaHHOH cucteMe Sys (PyHKLHOHAJb-
HbIX YPaBHEHWH, HEU3BECTHBIMU B KOTOPOHU SIBJAAKTCH (PYHK-
LIMOHAJbHbIE TIepeMeHHble !, ..., ¢", cootBercTBylomue HHT
HekoTopbiXx PII, ompenenuts, paspelmwnma Ju 3Ta cCUCTeMa, U
€CJId 12, TO MMOCTPOUTD 3TO PelleHUe, T.e. HAUTH TaKOU CIHUCOK
¥l ... X" hyHKUMOHAJBHBIX MPOTPAMM, YTO MOACTAHOBKA MX
HHT BMmecTo cooTBeTCTBYIOUIUX (PYHKLUHMOHANbHBIX MepeMeH-
HBIX ', ..., 0" B cucTeMy Sys OyIeT NPUBOAUTD K HCTHHHBIM
paBeHCTBaM.

HaxoxxneHue MeTOnOB ONTHMHU3ALHUH (DYHKIIMOHAJIbHBIX IPO-
rPaMM U BBIUHCJHUTEJbHBIX NPaBUJI, T.e. TAKUX METONOB, KOTO-
pble mo3BosisOT 1o 3agaHHod PII ¥ u 3agaHHOMY BBIYMCIIH-
TesibHOMY TIpaBusy C' MOCTPOUTH (eCJIH 3TO BO3MOXKHO) TaKue
®I1 ¥ u BeiuncaurensHoe npasuso C', uro uro Cy, = CY, 1
15 Kaxporo aprymenta d gynkuuu Cy BBIYMCJEHHE 3Hade-

Husi C%,(d) TpebyeT MeHbILIEro YKMC/a LIaroB 4eM BbIUHMC/IEHHEe
sHayeHus Cx(d).

OtmeTuM, uTO (OpPMYJHPOBKA HAHHOH 3aa4d MOXKET YTOu-
HATbCS ¥ MOAU(ULMPOBATHCS Pa3JUUHBIMU criocobamu. OnHO
U3 TaKMX yTOUHEHHH 3aKJ/I04aeTcs B TOM, YTOOBI paccMaTpH-
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BaTb BBIYHUCJAHTEJbHbBIE MpaBUJia, CBA3aHHbIE C MapaJJ/ie/IbHbIM
BBITTIOJTHEHHUEM onepaum?l Hal TepMaMu.
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