Huxnsasa OIl€HKAa HAa MAKCUMAJbHYIO NJHUHY
nepunoaa BbIXOIlHOfI ImocJeaoBaTeJIbHOCTH
ABTOHOMHOIO aBTOMaTa C Mara3mHHOU
NnamMmsaTbio

H. E. MBauoB

Panee aBTOpoM OBLIO 10Ka3aHO, YTO aBTOMAaThl C MarasuHHOH
MaMsATbIO COXPAHSIOT TepPUOAUYECKHe MOCJeN0BaTeNbHOCTH, U Oblia
NpHUBeleHa 3KCIIOHEHIIMaNbHasl OT XapaKTepPUCTHK aBTOMaTa OLeHKa
CBepXy Ha MakCHMaJsbHYIO NJIUHY nepuona. [Hanee mis caydas, Ko-
raa angaBUT Mara3uHa COCTOUT U3 OIHOTO CHMBOJA, aBTOPY YAAJ0Ch
TOHM3HUTb OOILIYI0 OLEHKY N0 KBaapaTH4yHoH. B naHHo# paGore mo-
Ka3aHo, UTO B CJydae, KOra B MaraspHe aBTOMaTa UMeeTCsl XOTs Obl
IBa CUMBOJIa, TO CYLIeCTBEHHO TOHW3UTb BEPXHIOI0 OLEHKY HeJb3s,
TaK KaK yIajoCh MOCTPOUTH MPUMEPHl aBTOMATOB, KOTOpble TeHepH-
PYIOT MOCJIEI0BAJBHOCTH C 3KCIIOHEHIMAJNbHON AJIMHOH MepHoza.

KuiroueBble cjioBa: aBTOMaT C Mara3MHHOHM MaMsiTbio, JeTepMH-
HUPOBaHHas (YHKUMS, IepUOAHYEeCKHe MOC/e10BaTeNbHOCTH.

BBenenue

ABTOMAT ¢ MarasMHHOH MaMsTbi0 BO3HMK B MaTeMaTHKe B CBSI3H C
pasBUTHEM TeopHU (PopMasbHBIX sI3bIKOB. OH SIBJISIETCST Paclo3HOBATEEM
1151 KOHTEKCTHO-CBOOOAHBIX TpaMMaTHK. BaXKHOCTb MarasuHOB (H3BecCT-
HBIX Tak»Ke MO0J Ha3BaHWEM CTEKOB) B Mpoleccax 00paboTKH sI3bIKOB Oblja
ocosHaHa B Hadase 1950-x romos. drtunrep|[l] u UloTuendepxke [2] mep-
BbIMH (hOpMaJIM30BaJK MOHSITHE aBTOMAaTa C MarasdHHOH MaMsTbio. DKBHU-
BaJIEHHOCTb aBTOMATOB C Mara3uHHOW MaMsIThi0 ¥ KOHTEKCTHO-CBOOOIHBIX
rpaMMaTHK Obljia MokasaHa XoMcKuM([3] u dBul4].
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OueHb CKOpO CTaJI0 MOHSITHO, YTO KJacC KOHTEKTHO-CBOOOAHBIX $3bl-
KOB YCTPOeH CJIO’KHee KJjacca pery/spHeiXx. B paborax [5, 6] mosiBU/IHCDH
NIPUMephl aJFOPUTMHUUYECKH HepaspellaeMblX NpobJseM, a HMEHHO:

e He CyLleCTByeT aJiIrOpuTMa, MO3BOJAIONIEI0 YCTAHOBHUTH PABEHCTBO
ABYX KOHTQCTHO-CBO60,U,HbIX SI3bIKOB.

e He cylecTByeT aJjropuTMa IpOBEPKH, UYTO OIUH KOHTEKTHO-
CBOOOJHBIN SI3BIK JIEXKUT B APYTrOM.

e He cylecTByeT aJjroputMa IIpPOBEPKM, 4YTO IlepeceyeHHe OBYX
KOHTEKCTHO-CBOOO/HBIX 3bIKOB SIBJISETCS MYCTHIM.

e He cymiecTByeT anroputma NpoBepKH KOHTEKCTHO-CBOOOIHOTO SI3bIKA
Ha perynspHoOCTb.

3amMeTHM, 4TO BCe 3TH MPOOJEMbl paspeliuMbl B KJacce peryJsipHbIX
sI13bIKOB. VccsienoBaHusi KX CBOMCTBOB JIOBOJIBHO CKOPO C(hOPMHUPOBAJIH TEO-
pUI0O aBTOMAaTOB KaK OTAEJbHOE HarpaBjieHHe NAUCKPETHOH MaTeMaTHKH.
BO3HHUKJIH y2Ke caMOCTOsITe/IbHbIE 3a7auk OMUCAHUS aBTOMATOB Kak (PyHK-
IIMOHAJIbHBIX CHUCTeM. DBIIM J0Ka3aHbl TakWe (hyHIaMeHTaJbHble CBOHCTBa
aBTOMAaToB Kak Mpeobpa3oBatesiedl, Kak COXpaHeHHe MePHOAHMYECKHX I0-
CJIeI0BaTEeIbHOCTEH U KaK CJIEACTBHE OTCYTCTBHE KOHEUHBIX IMOJHBIX CH-
cteM (oTHocHTesnbHO cyneprnosuiuu)(7]. I.H. Ba6unbeim 6bls10 n0Ka3aHo,
YTO UTO apHOCTb MHOXECTBa aBTOMAaTHBIX (DYHKUHH paBHA ABYM (aHaJjor
13-oi mpo6sembl [wabbepra mns aBTomaTHbIX (yHkuuii) [8]. IetanabHo
TepUOiIMUeCKHe CBOHMCTBA KOHEUHBIX aBTOMaroB H3yuua A.A. JleTyHoB-
CKHH, TOJHOCTbIO OMHCAB MEPHUOMbl BBIXOAHBIX MOCJEN0BATENbHOCTEH, KO-
TOpble MOXKET I'eHEePHUPOBATh MPOW3BOJIBHBIH aBTOMAT W3 3aMbIKaHHS KO-
HeuHOH cuctembl aBTomaros [9, 10].

OkasaJjiochb, 4YTO MHOTHE TEXHUKH pabOThl C KOHEYHBIMH aBTOMAaTaMU
M PEryJsipHbIMH $I3bIKaMH JIJIT aBTOMATOB C Mara3MHHOH MaMsATbIO He pa-
6oraloT. B yacTHocTH, OBLIO MOKAa3aHO, UTO KJACCHI SI3BIKOB, PAa3MO3HO-
BaeMbIX Je€TEePMUHHPOBAHHBIMM aBTOMAaTaMH C Mara3WHHOH MaMsiThbio, He
paBeH KJacCy BCeX KOHTEKCTHO-CBOOOIHBIX $I3bIKOB, a SIBJISIETCS €ro co0-
CTBeHHBIM moaMHOXKecTBOM [11, 2]. TeM He MeHee HEKOTOpbIE MPOIBHKE-
HUsI B M3yYeHHH aBTOMATOB C Mara3uHHOH MaMsIThi0 KaK (PyHKIHOHAJbHBIX
cucteM ectb. B [12] b0 m0Ka3aHO, UTO aBTOMAThl ¢ Mara3uHHOH MaMsi-
ThIO COXPaHSIIOT MepUoAHYecKUe mMocJjenoBareabHocTH. B [13] Oblia naHa
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OLleHKa Ha JJIMHY BBIXOJLHOH MOCJEe0BaTe/bHOCTb B 3aBUCHMOCTH OT T€pH-
0712 BXOIHOH M XapakTepucTHK aBToMata. OKasasoch, YTO B ciaydae, KOraa
MarasuH npejcTaB/seT co0oil cueTurK (To ecTb ai(aBUT MarasuHa couep-
JKHUT TOJIBKO OIMH CHMBOJ), MOXHO CYIIECTBEHHO MOHHM3UTh OLEHKY Ha
TNepHoJ BBIXOIHOH nocsenoBaresnbHOCTH [14]. WHTepecHBl M npyrue mon-
XO[BI 110 U3YYEeHHIO MEePUOAUYHBIX CBOUCTB (PYHKUHUH U s13bIKOB. J[0BOJIBHO
SPKHE NpUMep — M3ydyeHHe YaCcTOTHBIX s3bIKOB [15, 16].

B nanHo#l pa6oTe OyneT MokasaHo, 4TO B 0OILleM CJyyae CYLeCTBEHHO
MOHU3UTh OLEHKY, naHHyio B [13], He ymaercs. PaGora BKJOuaeT B ce-
651 5 pasnesoB. B pasnene 2 gopmysaupyrOTCs OCHOBHBIE ONpefeseHUst U
0003HaueHHUsl, UCIOJb3yeMble Jajee. B caenyrouem pasgese NpUBOAATCA
(hOpMYJIUPOBKH IJIaBHOU TeopeMbl. OCHOBHBIE TPUMEPHI U MOCTPOEHUS TIPH-
BOISATCS B pasnese 4. B KoHIe paboThl MPUBEIEHO 3aKJ/JIIOUEHHE U CIHUCOK
MCIOJ/1b3YeMOH JIUTepaTypbl.

Onpenenenus

MHuuMa bHbBIM €eTePMUHUPOBAHHBIM aBTOMAaTOM C Mara3wuHOH Mamsi-
ThiO OyleM Ha3biBaTb "NEeBSATKY"

P = {A7 Qv B7 F) P, sz)v m, quYO}’

rie A — BxonHo# anaBuT, Q — KOHEYHOE MHOXKECTBO COCTOsIHH, B —
BBIXOIHOU ajdasut, I' — andaBut namsaTu (aapaBUT JEHTbl MarasuHa),
w: AxQx(IT'UX) = Q — dyHkuus nepexonos, ¢ : AxQ x (T'UX) - B
— ¢yskuus Boixona, 1 : AxQ x (I'UN) — I' — dbyHKuus namsti, qo € @
— HauaJibHOe COCTOsIHHE, Yy € ['* — HauasbHas 3aMuCb B MarasuHe.

OyHKIHMOHUPOBaHHE P MOXHO OTpeNeSUTh C TOMOLIbIO CHCTEMBI Ka-
HOHHUYECKHX ypaBHEHHH, KOTOpble 3alal0T B KaXKAbli MOMEHT BpeMeHH t
cocTosiHHe aBToMaTa ((t), 3amucaHHOe B MarasuHe cjoBO Y(t), U BBIXOX
aBTomarta b(t) mpu mopade Ha BXon a(t):

q(0) = qo,

7(0) = 0,

z(t) = LS(v(t)),

q(t+1) = p(a(t),q(t), 2(t)),

vt +1) = S(y#)n(a(?),q(?), 2(t)),
[0(t) = ¥(a(t), q(t), 2(1))
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roe LS : I — I' U {\} Bo3BpaiiaeT mnocjefHHil CHMBOJ NPH Mofade
Henyctoro cioBa U LS(A) = A\, a S : ' — I'™*— crupaer nocsenHuit
CHMBOJI BXOAHOTO cJjioBa U S(A) = .

WMunnuanbHelil aBTOMAT ¢ MarasdHHON MaMfATbIO onejlessieT AeTepMH-
HUpOBaHHYIO (QyHKUHO f : A* — B*. O6o3Haunm M (A, B) MHOXeCTBO
JleTePMUHHAPOBAHHBIX (DYHKLUH, NOPOKIaeMbIX aBTOMaTaMH C Mara3uHHOU
namsatbio. OtmernM, uto M(A, B) COLEPXKUT MHOXKECTBO OrpaHHUEHHO-
JeTepMHUHUPOBAHHBIX (QYHKIHH.

O6osnauuM n = |Q|, m = |T'|, k = max In(q, z)| n 6ynem ro-

(9,2)€EQxTU{A}
BOPHTH, 4T0 P € M(n, m, k). 31ecb n — YHUCIO COCTOSIHUH, 1M — apHOCTb

MarasuHa, k — MaKCHMaJjibHOe BO3MOXKHasi JJIMHAa 3alWCH B MarasuH 3a
ONIUH TaKT.

Bynewm rosoputs, uto Py = {Q, B,T", ¢, %, 1n,q0,7}, — WHULHAJbHBIH
aBTOMAT C MarasMHHOH MaMsiThio 0e3 BXO/a, €CJH OH YAOBJETBOPSIET CH-
cTeMe KaHOHMYEeCKHX YpaBHEHHI:

¢

\

B Tex xe 0603HauYeHHUSIX N = ,m=1T|, k= max 2
Qm =0 k= max fne.2)

1 OyleM TOBOPHUTb, UTO aBTOMAaT C MarasWHHOW MaMsaTbhio 6e3 Bxoma Py €
Mo(n,m, k).
B paGore [13] Oblna mokasaHa cjaempyioliasi TeopeMa.

Teopema 1. [Tycmo f: A* — B* u f € M(A, B). Toeda | npeobpasyem
nepuoouiecKkue c8epxcio8a 8 nepuoduiecKue.

Jlnsi aBTOMaTa ¢ Mara3uHHOH namsTblo 6e3 Bxoma o6o3Haunm L(P)
LJIMHY TepHofia MePHOAUYeCcKOl MO0C/e0BaTebHOCTH, KOTOPYIO OH TeHe-
pupyet. Hac Oyner uHTepecoBaTh MakcHMasbHasi AJHHA NEPHOAA B KJacce
aBTomatoB Mo(n, m, k), a UIMeHHO:

L k) = L(P).
(n,m, k) peAlx (P)

178



Huxusas OllEHKa Ha MakKCUMaJIbHYIO OJHUHY Tiephuona BBIXOJHOU TOCJeN0BaTe b-
HOCTH aBTOHOMHOTI'O aBTOMaTa ¢ Mara3MHHOH MaMsIThbIO

B pa6ore [13] 6blna naHa ouenka Ha (yHKuuio L(n,m,k).

TeopeMa 2. Hycmb P = {Qanr7907¢7777QO770}_ ABMOHOMHYLL A6~
momam ¢ maeaszunHol namamoro. Toeda diuma nepuoda nepuoduye-

cKoll ﬂOC/LeaOBame/leOcmb, Komopyro P ceHepupyem He 60./LbLLl€, uem
n(m+1)
> k' eden=|Q
=0

, k= max ,Z
woeirupy 10 ?)

n(m+1) '
L(n,m,k) < Z k.
=0

, m=|T , Mo ecmo

OkasbiBaercsi, uto npu |I'| > 1 cyluecTBEHHO 3Ty OLEHKY HeJb3si 10-
HU3UTb. B caenytouiem pasmesie GyayT npuBedeHbl MPUMEPhl aBTOHOMHBIX
ABTOMAaTOB C Mara3MHHOH MaMsITbi0, KOTOPble T€HEPHPYIOT MOC/eA0BaTE N b-
HOCTb C TIE€PHOIOM, IKCIOHEHIHANbHO 3ABUCSIIMM OT XapaKTEPUCTHK aB-
TOMATa.

JIast OLEHKM MJIMHBI TEpuoga aBTOHOMHOTO aBTOMAaTa C MarasuH-
HOH MaMsIThI0 YIOOHO MOJb30BaTbCs CJAEAYIOLIMMU (QYHKUUAMH: w(q,”y) :
QxT* - NU{oo} u m(q,7) : @ x '™ — @, KoTopble PpopmMasbHO Onpese-
JIUM CJIeYIOIUM 00pasoM. ITycTb aBTOMAT HaXOAHUTCS B COCTOSIHUH ¢, a B
MarasuHe JIEXKHUT CJI0BO 7. Ecsii cyIiecTByeT Takoe MUHUMAJIbHOE MOJIOXKHU-
TeJIbHOEe KOJIMUECTBO TAKTOB T PAGOTHI aBTOMATa, UTO MarasuH CTAHOBHUTCS
MyCThIM, @ aBTOMAT MEPEXOAUT B COCTOsIHHE ¢/, TO MOJNOXKUM, 4TO w(q, 2)
=71, amn(q,2) = ¢ unHaue w(q, z) = 0o, a 3HayeHue (g, 2) He OMPeIEJIEHO.

OcHoBHbIE pe3yJbTaThl

Teopema 3. [lpum > 1, k>1un— oo

n k+1 1 n |
k—1))e nm,
elogmn> k — 1(6( )

Lin,m, k) > log,, (

Jloka3aTeqbCTBO OCHOBHOU TeOpP€eMbI

OueHka CHHU3y, NpUBeNEHHAash B TeopeMe, OylaeT AOKa3aHa MyTeM IO-
cTpoeHusi mnpumepa. PuHanbHOE T[OCTPOEHHE OMHCAHO B IpHMepe 4.
OcTtanbHble IPUMEpPbl MPUBENEHbl 1/ OOBSICHEHHUS HIed, 3a/0XKEHHBIX B
HeM.
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IIpumep 1.

[IycTb aBTOHOMHBIH aBTOMAaT ¢ Mara3uHHOH mamsAThlo P, =
{Q? B7F7(p7777w7qn7A} 6 Mo(n7m7k)’ Fﬂe B = {071}? Q = {QI"">QH}1
r={1,..,m}, m>1,

17 q = 4n, Z:)\a

Git1, ¢=¢i, 1 €{1l,..,n—1},
©(0,2) = Gn, 4= qn, 2=,
@, 49=qm, 2F M
2 q# an,
n(q,2) = A, q¢=qn,2=m,
z4+1, ¢g=qn, z#m

Huxe npuBenem nuarpammy 3Toro aBToMara. [lepexombl aBTomaTa OIH-
CHIBAIOTCS CJIEAYIOIUM IIAGJOHOM Zz/7), TO €CThb M3 JIaHHOTO COCTOSIHHS,
NPy 3HAYeHWM BepXHEero CHMBOJA MarasMHa z, aBTOMAaT 3alUChIBaeT Ha
BBIXOAHYIO JIEHTY mapy (q,z), a B Mara3uHe CTHPaeT MOCJEIHHUEH CHUMBOJI
U JomuchiBaeT cyoBo 7). Cjenyollee cOCTOsIHME yKasbiBaeT crtpeska. s
yno6cTBa 3anucu Gopmys OyaeM CUUTaTb, YTO IyCTOMY 3HAUEHHUIO A COOT-
BECTBYeT 3HayeHue z = 0.

TNzl o 2/ zfz* N zf2F ¥
|1 ———®» q; —» —P',ﬁ'r.—l qs
.._“-_-J ; "*x_____f"l -ww '\_____.-"'l

r Y

z/z+1
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OueBHIHO, YTO w(qy, m) = 1. VI3 ypaBHeHUH cjenyeT, 4TO

w(gn, m—1) = 14+w(q1,m) = 2+w(q2,m(k*1)+1) = 3+w(q3,m2(k*1)+1) =..

=n+ w(qn, m("_l)(k_l)H) =n+((n—1)(k—-1)+ 1w(gn,m)
AmnanornyHo, nosydaem, 4To
W(gn,i— 1) =n+((n—1(k—-1)4+ Dw(gn,i), i=1,....,m
Jlemma 1. [lycmo dana cucmema ypasrenuil
'xo =a + bxy,

T = a+b$2,

Tm—1 = a+ brp,

Tm = C

ede a, b, ¢ — Hekomopule delicmaumenvHoie napamempot, npuiem b # 1.

Toeoda
b —1

b—1

To=a +b"e.

Jloka3aTeabcTBO 1.

zo=a+br; =a+b(a+ b)) =a+ab+ b’ry = "
—a+ab+ab’ +bVPr3=..=a(l+b+b>+ ..+ Y + 0"z,

Omcroda u noryuaem, 4mo

b —1
b—1

To=a +b"c,

umo u mpe603a/L00b doka3aame.

[Tpumensist ieMMy K nosyderHo# cucreme (a = n, b= (n—1)(k—1)+1,
¢ = 1), noayyaem, 4To
(n—1k-1)+1)m—-1
(n—1)(k—1)

w(qn, 0) = w(gn, A) =1 +((n=D(k=1)+1)™
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[Ipu n — oo

W(qn,0) ~n(n(k — 1)1+ (n(k — 1))" = n™k(k — 1)™ 1.

[Tepuon BEIXOAHO#H MOCJ/IE0BATENBHOCTH paBeH w (g, A) —1 ~ n™k(k—
1)™=! npu n — oc.

Janee Bo Bcex oCTa/bHBIX NpUMepax OyAeT MOENHPOBATBHCS TOJBKO
YTO pPAcCMOTPEHHBIH aBTOMAT C Mara3uHHOH mamATbio. [lockoabKy 3TOT
aBTOMAaT OJHO3HAYHO 3a[AeTCs YHUCJIOM COCTOSIHMH n M apHOCTbIO Mara-
3UHa M, TO 3TH uWcaa OyoyT TMapamMeTpaMHu B CJAeAYIOUIUX TpPUMeEpax U
6ynyT oGosHauatbesi m' U m' cooTBecTBeHHO. [TOCKOJIBKY apHOCTb Ma-
rasuHOB MOJEJIHPYIOIIEro U MOJeNHPYyeMOro aBToMara He COBMNAJaloT, TO
OymeM HCMoJb30BaTh CUMBOJ # N 0603HaueHHUs1 Kofa cUMBoJia. To ecThb
#1, #2,..., #m’ — 3TO KOABl CUMBOJIOB Mara3uHa MOIEJUPYEMOTO aBTO-
MaTa, 3amucaHHble B ajdaBuTe Mopeaupyioulero. [To ymonmuanuio 6ynem
cumtath, uto m’ = m<, To ecThb KOmBl OyAyT CIOBAMH NJHHEL d IpHUYeM
Habop KoioB OyleM cyMuTaTb JeKCUKorpadpuyecku ynopsinodeHHbIM. [lo-
CKOJIBKY aBTOMAaT CTHpaeT 3a TAKT MOCJeIHUH CHMBOJ Mara3uHa, TO KOHb
OyoyT TONABaTbCsl MepPEeBEPHYTBHIMHM, TO €CTb yTOpsiioueBaHHe MO (akTy
Oymet obpaTHbIM Jiekcukorpaduueckum. st m = 2 u d’ = 3 koupsl GynyT
MUMeTb CJAYAYIOLIHUH BUI:

#1 | 111
#2 | 211
#3 | 121
#4 | 221
#5 | 112
#6 | 212
#7 | 122
#8 | 222

IIpumep 2.

[lycTb aBTOHOMHBIH aBTOMaT ¢ MarasuHHOH mnamsteio P(n',m') =
{Q,B,T,0,m,1,21,A\} € Mo(n,m,k), rne m' = 2¢, B = {0,1}, Q =
RUQ1UQ2U..UQy, Qi = {qi1,4i2s s Giymrs }» B={r1,7m2,73, 000, Ty =
41,2, Tm/+1 = 41,3, s Tm/+m/'—2 = q1m/>;T2m/—1 = 71} (paBeHCTBO O3Ha-
YaeT, YTO HEKOTOPBIM COCTOSIHHS OBIJIIO NMPUCBOEHO HECKOJNBKO HMEH [IJ5
yno6eTBa 3amucH npasua nepexona), I' = {1,2},
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-1},

m' — 1},

rm’72}7

V(g %) = 1, ¢g=2z1, z= A,
0,
Giv1j, 4= G, 1 €{1,...,0/
Qj+1, 4= qwj, J € {1,
plg.z) =g 0 e
@1, q=711, 2= A,
Toi, q=Ti 2 =1,
(7241, q=Ti, 2 =2
(#jz, q=4qij, ¢# qum, v €T,
#m/7 q = qn',m’,
n(g:2) = @, @€ {rga—1,Tyw—1, s
T, q="Tm_1, 2=1,
A,

Huxke npuBemem nuarpammy 3Toro aBtoMara. [lepexonbl aBTOMara onu-
CHIBAIOTCS CJIEAYIOIUM IIAGJOHOM Zz/7), TO €CThb M3 JIaHHOTO COCTOSIHHS,
Npy 3HaYeHUH BepxXHero CUMBOJA MarasdHa z, aBTOMaT 3allMCbiBaeT Ha

BBIXOIHYIO JIEHTY mapy (q, z

), a B MarasduHe CTHUpaeT MoCJeJHUH CUMBOJ U

IONHKCBIBaeT c/10Bo 7). Crepyioliee COCTOsSIHUE yKa3blBaeT CTPeJKa.

Afx ‘\ f#lx N1 [l
L1’11 J LLl . _,_r O, 1)
N\ _A#1x N
/ o
1;‘:?"( qlﬂ\ f#2x f#2x Iq, ,)
v T J
~— /#Zx ~
1,1‘/‘.*! 2: -1 | i
1/ AN
/ ) A 2y Qu
#4 L 1”-,'{\ 2 ;}’\ T'im +1-I TN
(Y ~—ut . ~— vue (3w
! . . J#m - 1)x -
M,
X I\,{/ —% :
e )\ o famlx /7N [#m'x ’_'\
"\ — 2‘:‘_ B 1‘,’3_»’?‘2“,. _2:| P\QZ.M'JJ - . Pl Ow’ ﬂ'j]
\.__\ 22 "('.",,._ ) '-(-q,__ \,_/ S \
A N h }
. 2/ 7
T J#m
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JI71S OLEeHKU [NJIMHBl MEePHOAa BBIXOAHOW MOC/EN0BAaTENbHOCTH BBEAEM
BEJIMUHHBI TIepeMeHHbIe w;, @ = 0, ...,m’ W BHIYUCIHUM HX:

Wy = w(ry, #m') =d',

Wm/—1 = w(rla #(m,_l)) = dl_HU(Ql,m’a'Z) = d/+1+w(QQ,m’a #m/x) ==
=d 41 =14 w(qu g, FM) T x) = d + 0"+ w(r, (FM)) =
=d +n' +n'w(gy g, #m') =d + 10/ + 0wy =0+ (0 + Dwyy.
3amMeTuM, 4To 118 i = 2, ...,m/ — 1 BBEIIIOJHEHO

W(Tl, (#i)n/+1) =d+ w(q1,i+17 (#Z)n/x)
Hcnonb3yst 3T0 paBeHCTBO, MOAYyYaeM
wi1 = w(r, #(i — 1) = d + wlgi, o) = d + 0’ +w(gripr, (F0)" z) =

=0 4+ w(ry, (#)" ) =n' + (0 + Dw(r, #6 — 1)) =n' 4+ (0’ + Dw;.
To ectb mast @ = 2,...,m’ BbimosHeHo, 4T0 w;i—1 = n' + (n' + 1)w; u
Wy = d'.

[TocsieHee paBeHCTBO HEMHOTO OTJIMYAETCS OT MPEbIAYIIKX:
wo=w(r,\) =14+w(q@i,z)=1+n"+(n +1)w;.
[TosTOMYy BMECTO wy 100GABHM B CHCTEMY
wo=wo+d—1=n"+(n+1)w;.

[Ipumensisi JeMMy K mosydeHHod cucreme (a =n', b=n'+1, c=d'),
roJiy4aem, 4to

wo=1—d4wy=0 +1)"(d +1)—d~d @ +1)"
Ipu n — 00.

Yuurteiast, uto d’' =logy m' u |Q| =n =n'm’ +m' — 1 nonyuaem:

C(n+1\™
wo ~ loggm - .
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Ecau nonoxuts m’ = "TJfl, HaXxoJUM, 4YTO

n+1)

1
wy > el Inn.

[Tosryunnu, 4yTo NMepuoA BBIXOAHOH MOCJEN0BATEbHOCTH NaHHOTO aBTOMaTa
¢ MarasuHHOH MaMATbIO aCCHMITOTHUECKH He MeHbe e+ (™1 Inn.

B pazo6paHHOM BbhIlllEe TTPUMeEpPe C POCTOM YHCJTIA COCTOSIHUM TPOUCXO-
JUT POCT AJHHBI CJOB, MUIIYUIMXCS B MarasuH. B crenyiouiem npumepe
3adukcupyem k > 1 — MakKCUMaJbHYIO [JIHHY CJOBa, KOTOpPOE aBTOMAT

MOXKEeT 3amucaTh B MarasuvH 3a OJUH TakT PaboTHL.
IIpumep 3.

Monudrurpyem npeabaylied npuMep TakuM o06pa3oM, UTOObI MONYYHTh
IKCIOHEHLHAJNbHYI0 OT XapaKTepUCTUK aBTOMaTa OLEeHKY Ha MepHUOA Bbl-
XONHOTO CJI0Ba OJ/51 aBTOMara ¢ (PUKCHPOBAHHBIMH MapamMeTpaMud n U k.
Bocnonbsyemcs caenytoiied uneeil. C pocToM umMcsaa COCTOSIHUH OyneT
pacTH W mJMHa KOmoB d'. 3HAUMT, YTO C HEKOTOPOrO MOMEHTa [Jis TOTO,
4TOOBI 3aMKcaTh OAMH KOJI, HaM MOTPeGyeTCsi HCIOMb30BaTh § = (kd—_/ﬁ co-
CTOSIHUH, KaXKJI0e U3 KOTOPBIX OyIeT MUCaTh B Mara3WH HEKOTOPBIH ¢par-
MEHT KO3, TO €CTb #j = #1j#2]...Fsj. 3anuiem paboTy aBTOoMaTa 60-
Jee (hopMaJIbHO.

PaccMoTprM aBTOHOMHBIE aBTOMAT ¢ MarasuHHoi namsiteio P(n',m’, k)
{Q,B,T,0,0,%, @pr i, A} € Mo(n,m, k), tne m’ = 2¢, B = {0,1},
Q=RUQUQU...UQu, Qi = {¢} ;l7 € {1,2,....m"}, 1 € {1,2,...,s}},
R={r1,m2,73, s Tiy = Q1.2, Tm/ 41 = Q135+ T/’ —2 = Q!> T2m/ —1 =
r1} (paBeHCTBO 0O3HA4yaeT, YTO HEKOTOPHIM COCTOSIHHS OBbLJIO MPUCBOEHO
HECKOJIbKO UMeH /s yAo6CTBa 3amucH npasua nepexona), I' = {1,2},

Blgz)=q 0 1T A=A
0,

(a5', a=dl; 1#s,

Ghrss a=q0 i€ {10 —1},

q%,j-ﬁ-lv 4=qy JE {1,...,m' — 1},

0(¢,2) = {71, 4= s

qil? q=r1, 2=\,

T, q=7T; 2=1,

T2%+1, q =T 2= 2
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#1jr, 4=d} 0 4 F Gy T ET,
#sm', 4= a5,

T, qE{Tow 1, Towr 1 gy T2}
T, q="Tm—1, 2=1,

A,

n(g, z)

\

Huke npusemem nuarpammy 3toro aetomara. [lepexomel aBTomara
OMHUCBHIBAIOTCS CJEAYIOLIUM [a0J0OHOM 2/7, TO €CTb W3 AaHHOTO COCTOSI-
HHS, TIPY 3HAUEHHWH BEpPXHEro CHMBOJIA MarasuHa z, aBTOMAaT 3alMCBIBAET
Ha BBIXOHYIO JIEHTY napy (¢, z), @ B MarasuHe CTUPaeT MOCJAeAHUN CHMBOJI
U JOTMHCBIBaeT ¢/oBo 7). Cjenyioliee COCTOSIHUE yKa3blBaeT CTPEJIKa.

f#:1x

" 7 \i\ 1.
T 2 o ¥ fofm’ — 1) T
J# %

o ng.ﬁ.'x.7.4'WZ,:|'X,‘#S,::¢V;.7.‘

JI/71s1 OUEHKH [NJIMHBl MEPHUOAA BBIXOAHOW MOC/EN0BATENbHOCTH BBEAEM
BEJIMUMHBI [IepeMeHHble w;, ¢ = 0, ...,/ ¥ BBIYUCIUM HX:

Wy = w(ry, #m) =d',
wim—1 = w(r1, #(m'=1)) = d'+w(qrm, z) = d'+s+w(gem, #m'z) = ... =
= d 4 s5(n = 1) + W(qu s, #F#) " z) = d 4 s’ + w(r, (#M)Y) =
=d + sn' +n'w(qy m, #m') =d + sn’ + 0w,y = sn’ + (0" + Dwpy.
3amMeTuM, 4To sl i = 2,...,m’ — 1 BbIIOJHEHO

w(re, (#0)" ) = d+ w(quir, (#0)" ).
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I/ICHOJ'IbSYH 3TO PaBEHCTBO, MOJy4YaeM

wi1 = w(ry, #(i — 1)) = d +w(qri, ) = d + s’ + w(qrivt, (#)" ) =

= sn/ +w(ry, (#0)" ) = s/ + (0 + Dw(ry, #(i— 1)) = sn’ + (0 +1)w;.

To ects mast @ = 2,...,m’ BBIMOJHEHO, UTO w;—1 = sn’ + (n' + 1)w; u
Wm! = d/.
[TocsieHee paBeHCTBO HEMHOTO OTJIMYAETCS OT MPEAbIAYIIHX:

wo =w(r,A\) =1+w(q1,z) =1+sn"+ (0 + 1)ws.
[ToaTomy BMecTO wy n06aBUM B CHCTEMY
wy=wo+d—1=sn"+ (0 + 1)w.

[pumensist ieMMy K moJydeHHol cucteme (a = sn/, b=n'+1, c=d'),
noJiyyaem, 4To

wo=1—d+wh= 0 +1)"(d+s)—d.
YuureiBast, uto d' = logom/, |Q =n=sn'm' +m' —1u s = [kd—_ll]
nosryyaem

n+1+(s—Dm'\™ log, m/
o= (M logzm’ +157771) -

—logy,m’ 2> logym

,k+1<n(k—1) )’"

k—1 \m/'logym’

Ecau nosoxute m' = elnglgn’ noJiyyaeMm, 4To
n k+1 1_n
> lo _ k—1))elosan,
v 2 oy () etk - 1)

HOJIy‘{I/IJ'II/I, 4YTO [I€PUOL BBIXOJHOM I10CJI€IOBATEJbHOCTH JTAaHHOI'O
aBToMaTa C MaraspuHHOH 1 namMsaTbld AaCCHMIITOTHUYECKH He€ MeHblle

logy <eloz,~2n> ktl(e(k — 1)) Toman,

Bo Bcex mpeablAyIIMX MpUMepax pacCMaTpPUBaIUCh aBToMaTthl ¢ || =
2. Ilepefinem Kk paccmoTpeHHto obutero caydas |I'| =m > 1.
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IIpumep 4.

PaccMoTprm aBTOHOMHBIH aBTOMAT ¢ MarasuHHoi namsiteio P(n',m’, k,m) =
/ d’
{QaBara(pvn7w7QH’,m/a)\} € MO(nvma k)v rne m = m-, B = {071}’
— _ L4 !

Q = RUQ1UQ2U ... UQyu, Q; = {qi,j|j e {1,2,..,.m'}, | €
{1721"'78}}1 R = {T17T21T37"'7rm’ = 41,2, Tm'+1 = 41,3, -, Tm/4+m’'—2 =
@1m/sT2m'—1 = r1} (PaBEHCTBO O3HAYaeT, YTO HEKOTOPHIM COCTOSHUS Obl-
JIO TIPUCBOEHO HECKOJIbKO HMEH MJis yI00CTBa 3alkCH MpaBUJ Tepexoa),
T ={1,2,..m},

q =z, Z:)\a

U(g,2) = (1)’

1
qijy_ ’ q:qzl7]7 Z#S,

q21+1’j’ = qfvj’ IS {17 "'7n/ - 1}7
q%’jJrl’ q= qu',j’ ] € {17 ...,m’ — 1}7

p(g,2) = s
T, 4= Gy s
aty, q=r1, 2=\
T2%i4+2—1, 4 =T4
#1984 =}y QF &Gy s TET,
H#sm', 4= @y s
(¢ 2) = 9@, qE€{r w1, a1 s T2},
T, q=Tpo1, ZF M,
A,

Huxxe npusenmem nuarpammy 3storo astomara. Ilepexonel aBTomara
ONHUCHIBAIOTCS CJENYIOLUM IIa0JOHOM 2z/7, TO €CTb W3 HaHHOTO COCTOSI-
HUS, TIPM 3HAUYEHUM BepXHero CUMBOJA MarasuHa z, aBTOMaT 3alHCbIBAeT
Ha BBIXOIHYIO JIEHTY Tapy (q, z), 8 B MarasuHe CTUPaeT MOCJeIAHHHA CUMBOJI
U JONHcbiBaeT ¢/10Bo 7). Crepyioliee COCTOsSIHUE yKa3blBaeT CTpeJKa.
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ILJ'IH OLUEHKH IJIMHBI Mepuoaa BBIXOJHOM IIOCJIEJ0BATEJIbHOCTH BBEIEM
BEJIMUKMHDBI [IEpEeMEHHbIE w;, 1= 0, ...,m/ W BBIYHUCJHUM HX:

Wy = w(ry, #m') =d',

W—1 = w(ry, #(m'=1)) = d/—f—w(ql,m/,x) = d/—f—s—i—w(qgmz, #m/x) = ...
=d + (0 — 1) + W(qu g, ()" 2) = d' + 50’ 4 w(ry, (Fm)V) =
=d + sn' + n'w(gu g, #m') =d + sn’ + n'wpy = sn' + (0 + 1wy

3ameTuM, 4To A1 i = 2,...,m’ — 1 BBINOJHEHO
wlre, (#)™ ) = d+ w(guip, (#0)" ).

Hcnonb3ys 310 paBeHCTBO, MoJay4yaeM

Wij—1 = OJ(T']_, #(Z - 1)) = d/ + W(q:[’i, .CC) = d/ + STL/ + W(q17i+]_, (#’L)n/{E) =
= sn' +w(ry, (#i)"q'l) =sn'+ (0 +Dw(ry, #(i—1)) = sn’ + (0 + 1)w;.
To ectb mast & = 2,...,m’ BBINOJHEHO, UTO w;—1 = sn’ + (n' + 1)w; u
Wy = d'.
[TocsieHee paBeHCTBO HEMHOIO OTJIMYAETCS OT MPEAbIAYIIHX:
wo=w(r;,\) =14+w(qri,z) =1+sn + (0 + 1)w;.

[TosTomy BMecTO wp N06aBUM B CHCTEMY

wo=wo+d —1=sn"+(n +1)w.
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[pumeHnsist ieMMy K moJydeHHo# cucteme (a = sn/, b=n'+1, c=d'),
10JTy4aeM, 4To

wo=1-d +wj=(n+ D™ (d +s)—d.
YuursiBas, uto d' = log,, m', |Q| =n=sn'm'+m' —1u s = [kill]
nostyuaem

/

1 —)m\™ 1 !
o — (n+ + (s )m> <logmm’+[0gmm1>—

sm/ k—1

—log,,, m’ > log,, m

k1 ( n(k —1) >m

k—1 \m'log,, m'

Ecau nosnoxutrs m’ = ﬁ, noJiyyaeM, 4To
n E+1 1_n
> 1 k — 1))elogmn =
wO ~ Ogm (610gmn> k' _ 1(6( ))
= 1 kj — ]_ elnn nm‘
Ogm (elogmn) k—l(e( ))

HOJIy‘-II/IJH/I, 4yTo [epuon BbIXOIIHOﬁ rmocJienoBaTeJIbHOCTH OJAaHHOI'O

aBTOMarTa C MaFaSHHHOfI {[aI\;IIHTb}O ACCUMIITOTHYECKH He MEHBbIIIe
n k+1 cTom

log,, (s ) KEH(e(k — 1)) Fom .

elog,, n

3akJjroueHue

OCHOBHBIM pe3y/bTaTOM JAHHOU PaboTHI IBJASETCS MOCTPOEHUE MpHUMe-
POB aBTOHOMHBIX aBTOMATOB C Mara3uHHOM NMaMsATbIO, KOTOPble TeHEPUPYIOT
MOCJIEIOBATEJbHOCTH, TIEPHOMBI KOTOPBIX SKCIOHEHI[HAJNBHO 3aBUCAT OT Xa-
PaKTEPUCTHK aBTOMAaTa. DTOT Pe3y/bTaT MOKa3blBaeT, YTO MepPHONHUECKHe
CBOMCTBA aBTOMATOB C ONHOOYKBEHHBIM MAara3wHOM CYIIECTBEHHO OTJINYa-
IOTCS OT CBOHCTB aBTOMATOB, BHYTpPeHHHe aJjihaBUThl KOTOPHIX COIEpKaT
X0Ts1 OBl Ba CUMBOJIA.
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Lower estimate for max period of realtime
pushdown automaton output

[.E. Ivanov

Earlier the author proved that realtime pushdown
automaton function saves the set of periodic sequences and
found exponential estimate for the period of output. For
realtime one-counter transducer this estimate may be reduced
to quadratic. In this paper the author found lower exponential
estimate for the period of output if stack alphabet contains at
least two symbols.

Keywords: realtime pushdown automaton, deterministic
function, periodic sequences.
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