O KOHTEKCTHO-CBOOOIHBIX OUTIpPaMMHBIX
A3bIKaX

A. A. TleTromko

B cratee paccmarpuBarorcst si3bku B agadasure {ai, ..., an},
B CJIOBaX KOTOPBIX 3a(UKCUPOBAHA IO/ BCEX ITOCJIEIOBATETbHBIX
map a;a;- DTa J0JIsl OIUCHIBAETCsI TTOPOXK IAOIIEN MATPUIIEH sI3bIKA
©. ABrop HazBa) Takue s3bIKU OUrpaMMHBIMU. [1070OHBIM CBOi-
CTBOM 00JIAJIAIOT ecTecTBEeHHbIe s3bIKU. OKa3bIBAETCS, ITO CBOI-
CTBA TAKUX $3BIKOB OBITH IYCTHIMU, KOHEYHBIMU, PETYJISPHBIMI,
KOHTEKCTHO-CBOOOJIHBIMH MJIM KOHTEKCTHO-3aBUCUMBIMU IIPOBEPSI-
eMbl 110 MaTpuiie ©. B janHoii pabore 1mMoapodHO paccMaTpUBAETCst
BOIIPOC OECKOHEYHBIX KOHTEKCTHO-CBOOOIHBIX S3BIKOB.

KuroueBble cisioBa: Ourpamma, MaTpuila KpaTHOCTel Ou-
rpamMMm, OUTpaMMHBII sI3bIK, KOHTEKCTHO-CBOOOHBIN s3bIK, OPUEH-
TUPOBAHHBIN rpad, itepoB rpad.

1. Heobxoammble onpeaeeHMs

[Tycrs A (JA| = n < o0) — koneunslii andasur. [Iponymepyem Bce
6yksbl andasura A = {ay,as9,...,a,} n 3adukcupyeM 3Ty HyMepaIuio.

Omnpenenenne 1. Burpammoii B andasure A Ha3BIBAETCS JIBYXOYKBEH-
HOe CJI0BO a;aj,1 < 1,j < n.

Onpegesienne 2. Ha3oBeM KpaTHOCTBIO GUIrpaMMBI ;4 B CJIOBE (v
u obosHaumM uepes 0q,q, (), T7e a € A*, orobpaxkenne 0q,q, @ A" —
NU{0}, koropoe orpejieisiercsi KaK KOJMIeCTBO PA3JIMIHBIX PA3JIOKEHUI
ciaoBa a B Buge o = a;a;0” (/" € A*). llpu |a| < 2 3nadenue
0a;a; () TIOTOZKIM paBHBIM 0 IO OTPE/Ie/TeHHIO.

C yderoM BBEJIEHHBIX ONpEJeJIeHNi, 10 KaxKJIOMy CcJIoBy « € A*
MOJKHO ITOCTPOHTB KBaJpaTHylo MaTpuiy 6urpamm (O(«));_; pas-
Mepa 1 X n Takylo, 9ro Ha Mecre (i, ) MaTpuIlbl OyjIeT CTOSTh 3HAUEHUe

Oasa; ().
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O6o3HaYMM Uepe3 = MHOYKECTBO KBaJ[PATHBIX MaTpUIL pasMepa |A| X
| A|, KaXK/IbIil 97IEMEHT KOTOPBIX SIBJISIETCS [IEJIBIM HEOTPUIIATEIbHBIM UC-
aom. Taknm obpasom, Ya € A* numeem O(«) € =. Takxe, 31ech u janee
qepe3 O(«) Oyaem 0b6o3HAIATH MATPUILY OUTPAMM, TIOCTPOCHHYIO MO KOH-
KPETHOMY CJIOBY (v, & 9epe3 © — mpocTo HEKOTOPYIO MAaTPUIly U3 =, IpH
9TOM OyJIeM CUuTaTh, 4TO Ha Mecre (i,f) MaTpuipl © OyJer CTosTh 3HaA-
JeHue Haiaj.

Ounpenesienne 3. Hazoem 6GurpaMmMHbIM si3bIKOM L (©), HOPOXK1eH-
HBIM MaTpuileii © € =, MHOXKECTBO BCEX CJIOB, UMEIOIIUX OJIHY U Ty Ke
MaTpuily KparHocreii 6urpamm O, To ecrs L(©) = {f € A*|O(8) = ©}.

ITpumep. Ilycts A = {0,1}, o = 01011100.

Torsia sarpiia Grpasns e<a>—<§§g§g§ Z‘EEZ; ) _ (; ;)

[TocTpoum 1o npousBoJbHON MaTpuile © € = (Hanpumep, 110 O («) Jyist
HEKOTOPOTo «v) opueHTHpoBanublii rpad Ge Ha mrockocTu. Beprmnamu y
sroro rpada 6yayT Bce OyKBbI 3 ajdasura A, mpu 3ToM pedbpa OyryT co-
OTBETCTBOBATH ODUTpAMMAaM C YUETOM UX KPATHOCTEH, TO €CTh KPATHOCTH
0a;a; OyIeT mopoxaTh 0g,q; OPHEHTHPOBAHHbBIX Pebep a; — aj IPH § # j.
AHaJIOrmIHO, KPaTHOCTD 04,4, OyJeT OpOKIATE 0,4, LIETEID a; — ;.

Hpumep. A = {0,1}, a = 01011100.
000(0[) 901(0[) ) < 1 2 )
O(a) = = :
(o) ( Or0(a) O11(a) 2 2
[octponmm rpad Gg(y) Mo O(a) — cm. puc. 1.

Go1 =2

>

610=2

Puc. 1. I'pad Gg(q), nocTpoeHnslii mo Marpure O(a).

HanoMHUM HECKOJIBKO IMTUPOKO M3BECTHBIX MOHATUN, KACAIOIIUXCS ii-
JIEPOBBIX IIyTeN.
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IlyTem B opumeHTHpPOBAHHOM rpade HA3BIBAETCS TaKas IIOC/IeI0Ba~
TEeJIbHOCTD pebep 3Toro rpada, ITo KOHEI IPEIbIIYIero pebpa coBIaia-
er ¢ HadasoM ciemyiomntero. IIMkioM B opuenTupoBanHOM Ipade Ha3bI-
BAaETCsl TAKOM IyTh, 9TO HAYAJIO IEPBOro pebpa B 9TOM IIyTH COBIIAIAET
¢ KoHIOM mocjieqHero. IIpocTbIM IMUKJIOM B OpHEHTHPOBAHHOM rpade
HA3BIBAETCH NMUKJI 0e3 caMorepeceueHuil. DJIeMEeHTAPHBIM IUKJIOM B
OPHMEHTUPOBAHHOM Trpade Ha3bIBAETCS MPOCTON MUK 6e3 mapasiebHbIX
pebep. DitIepoOBbIM MYyTEM B OPUEHTUPOBAHHOM rpade HA3BIBACTCS Ta-
KOI IIyTb, KOTODPBI COJMEPKUT BCe pebpa 3Toro rpada. DiAIepoBbIM
MUKJIOM B OPHEHTHPOBAHHOM I'pade HA3BbIBAETCS TAKOW IUKJI, KOTOPBII
COIIEPKUT Bee pebpa sroro rpada. Ilomyaitnepos rpad — rpad, comep-
JKAIUN 3WIEPOB IyTh, KOTOPBI HE sIBJISETCS SUJIEPOBBIM ITUKJIOM. M-
aepoB rpad — rpad, cojepxkariuii 3iepos nukJi. Bepiimaa B opueHTH-
poBaHHOM rpade HA3BIBACTCHd M30JIMPOBAHHOM, €CJIM OHA HE SIBJISETCS
KOHIIOM WJIM HA4YaJIOM HU JJIs OIIHOTO pebpa 3Toro rpada.

B [1] mokaszanb jiBe ciieyomime BaxKHble TeOPEMb, MO3BOJISAIONINE JI0-
CTATOYHO IMPOCTO MMPOBEPSTH OPUEHTUPOBAHHDLIE I'Padbl HA HAJIUIHE dii-
JIEPOBBIX ITyTell U IUKJIOB:

Teopema 1. Opuenmuposannoil epad A6AAEMCA IUAEPOSHIM MO200 U
MoAbKO Mo2da, K020a 6LNOANAIOMCH caedytouue ycaosus: 1) Bee neuso-
AUPOBAHHBIE BEPULUHDBL AEIAHCAM, 6 00HOT KOMNOHEHME CEAZHOCTU COOM-
BEMCMBYI0ULE20 HEOPUEHMUPOBANH020 2pada; 2) V ecex sepuun koauue-
CMBO BLOOAWUT pebep PasHO KOAUMECMEY UCTOOAWUT pebep.

Teopema 2. Opuenmuposartvili epad ABAACMCA NOAYITAEPOSHIM MO~
2da u Moavko mozda, Koz2da eunosHAOMCA caedyrouue yeaosus: 1) Bee
HEUSOAUPOBAHHDBIE BEPULUHDL AEHCAN, 8 00HOT, KOMNOHEHME CEAZHOCTNU CO-
0OMBEMCMBYIOWEL20 HEOPUEHMUPOBaHH020 2pada; 2) YV ecex sepwun, Kpo-
Me 08YT, KOAUMECTMBO BTOOAWUT Pebep PasHO KOAUMECTNGY UCTOOAULUT
pebep. YV ocmaswuzrcs 08Yr epuiuM pasHOCMb KOAUYECTEA BLOOAUULT
pebep u Koauvecmsa ucxodauwux pebep pasna +1 u —1 coomeememeen-
HO.

Bosee nurepecen ciaydaii, Korma MbI pACCMATPUBAEM MATPHUILY KPAT-
HOCTell OurpamMM He Kak abCOIOTHOE OTPaHWYEHNe, a KaK 3aIaHie OTHO-
CUTEJIbHBIX 3HAYCHUN (nponopum‘/’l) OurpaMm, TO €CTb Caydail s3bIKa, B
koTopoM oTHoIeHust O,p(t) /0.4() 3aBUCAT TONBKO OT OYKB @, b, ¢, d € A,
Ocq(a) > 0, HO HE 3aBHUCAT OT CJIOBA (v U3 9TOrO sA3bIKA. OIPEEIIM TAKOi
SI3BIK.
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Onpenenenune 4. HazoBeM YaCTOTHBIM OUI'PAMMHBIM SI3BIKOM, 3aJIaH-
HBIM MaTpuIleil burpamMmm © € =, ciaeayomuii si36lK 1pu k € N:

Fo = | J L(k®),
k=1

TO €CThb SA3BIK, COCTOAIIMI M3 BCEX TaKUX cJoB 3, 4To HabOp KpaTHO-
creit stux cios O(F) kparen nHabopy ©, a umenno Fg = {f € A*|Fk €
N,9(p) = kO}, rue ymHoxkenne k Ha O mnoHMMaercsi Kak yMHOMKEHUE
cKaJIsipa Ha MaTpUILY.

2. KoHTeKcTHO-CBOOO/IHBIE OUTpPaMMHbBIE SI3bIKHT

B crarbe [2| gacrorHble GurpaMMHBIE A3BIKU OBLIM UCCJIEJI0BAHBI HA
KOHEYHOCTh U PeryJIsipHOCTb. B nanHO paboTe paccMaTpuBaeTCs BOIPOC
0 IPUHAJJIEZKHOCTH 3TUX SI3BIKOB K KJIACCY KOHTEKCTHO-CBOOOIHBIX.

Ciresyroniyto jseMMy ocTaBUM Oe3 JI0Ka3aTeIbCTBA B CHILy €r0 TPUBHU-
AJIBHOCTH.

Jlemma 1. B a060om yukse HG OPUEHMUPOSAHHOM 2page scezda codep-
AHCUMCA TOMA 6V, 00UH INEMERMAPHBIT UUKA.

OrpejiesiuM orepariio BEIYUTaHUsT Ha rpadax.

Omnpenenenne 5. PazHocTbhlo j1ByXx opueHTHpoBaHHBIX I'pados Go,
u Gg,, KOTOPbIM B3aMMHO-O/JJHO3HAYHO COOTBETCTBYIOT TaKHE MATPHILBI
KpaTHocTel burpamm ©1 u Oy, uro jist obbix 1 < 4, j < n cupaBein-
BO 014;0; = 02q,a;, HasbIBaeTCst Takoil rpad G, KOTOPOMY COOTBETCTBYET
MaTpHIla KpaTHOCTel ourpamm © = 01 — Oy. O603HAYMM TaKyIO Olepa-
muio yepe3 G = Go, \ Go,.

3ameyanwue. Jlerko 3aMeTUTh, YTO Pa3HOCTH JIBYX MIEPOBBIX IpadoB
(/7151 KOTOPBIX 3Ta ollepallysi onpejeneHa) OyaeT OJHUM U3 [HepeuncIeH-
HBIX BAPHAHTOB: &) 3iaepoBbiM rpadom; 6) rpadom, B KOTOpoM Gosiee
OJTHOM KOMIIOHEHTBHI CBA3HOCTH Pebep, KaxKjas U3 KOTOPBIX IIPeJICTaBIsi-
et coboii siisiepos rpad; B) rpadom 6e3 pedep.

Onpenenenne 6. O6001IeHHOI PA3HOCTBHIO JIBYX OPUEHTHPOBAHHBIX
rpadoB Gg, u Gg,, KOTOPBIM B3aNMHO-OHO3HAYHO COOTBETCTBYIOT Ta-
KHe MaTPUIlBl KpaTHOCTel burpamm ©1 u O, aro 1j1st Jiiobbix 1 < 7,5 < n
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cnpaBeinBo 014,q; = 02q,q;, Ha3bIBaeTCa Taxoil rpad G, KoTopomy co-
OTBETCTBYeT MaTpuIla KparHocTeil burpamm © = 01 — kOs, k € N, upu
5TOM oleparus pasHocTu st rpados Geo, u Gie, €llle OIpeJieieHa, a
st Go, u Gq1ye, — yxe Her. OBo3HAIMM TaKylO ONEpaIMIo uepes
G = Go, +~ Go,.

Iasiee HaM moTpedyercs CIeAyIOlIee BaykKHOE yTBEP:KICHUE OTHOCH-
TeJILHO pasbuenus silaepoBa rpada Ha HIepPOBLI 2Ke MOoArpadbl.

Onpenenenune 7. HazoBem N HeHy/eBbIX MaTpull O1, ..., 0N us3 = Jau-
HelHO He3aBUCHMbBIMU, €CJIU He CyIIeCTBYeT IeHCTBUTEIbLHBIX KO3(]-
dbunuentos ¢q,...,cy € R, (c1,...,¢en) # (0,...,0), Takux, 9TO BEPHO
N ) o
Y inq1€¢i0; = O, e O — nynesas mMarpuia n3 =. Hasosem N sitrepo-
BBIX rpadoB, 3aJaHHLIX HEHYJIEBLIMUA MATPHUIAMUA KPAaTHOCTEH OUrpaMm
O1,...,0N u3 =, He3aBUCUMbBIMU, €CJII MATPUILI KPaTHOCTEH OUrpaMm
O1,...,0N JIUHEHHO HE3ABUCUMBI.

Crenymormiyo TeopeMy, HECMOTPs Ha, YCJIOBHUS B TEPMUHAX MATPHUIIHI
KpaTHOCTel OurpamMm, OYJeM pacCMaTpPUBATBL KaK TEOPEMY C YCIOBUSIMU
Ha 3iytepoBsl rpadbl. Ham HeoOxomuMo OyIeT MoKa3aTh, 9TO €CJIu diijie-
poB rpad pasdbuBaeTcs B CyMMY TPEX HE3ABHCHMbBIX 3MJIEPOBBIX rpadoB
(¢ ygeTroM TOro, 4TO Jjisi HEKOTOPOI'O JIEMEHTAPHOTO IUKJ/Ia OOOIIEeHHAST
PA3HOCTDb UCXOIHOIO 3iijiepoBa rpada ¢ HUM OyJIeT pasjiaraTbCs B CyMMY
JIBYX HE3aBUCUMBIX 3JI€POBBIX rpadoB), TO CYIIECTBYET TaKoe pasbueHne
B CYMMYy TpeX 3i/IepOBLIX rpadoB, 9To 1Ba U3 HUX Oy/IyT UMETH YHUKAIb-
Hble (TO eCTh TaKue, KAKUX HeT Yy JBYX JIDYI'MX) OPHEeHTUPOBAHHbIe pebpa.

Teopema 3. I[lycmov mampuya kpammnocmeti 6uepamm © € Z, 3adarowan
2AePO8 2pa, PadAazaemcs 6 CYMMY MPExT AMUHETHO He3ABUCUMDLT MAT-
puy, © = 01409+ 03, npuuem Kaoxrcdas uz mampuy, O1, 09, O3 € = max-
oice 3adaem atinepos epad. Taxoice usdsecmmo, Wmo cywecmsyem maxot
anemenmapnuil stsepos yurs Ge, ¢ mampuyet kpamnocmed buzpamm
Op, wmo obobuernnan paznocmv Go + Ge, coomeemcmeyem mampuye
Kpamuocmet, buzpamm, KOMOPas Passa2aemca 6 Cymmy 2 sunetino neaa-
BUCUMDLT MAMPUY, Kpamuocmet, 6uzpamm, 3a0a10UUT ITUAEPOGDL UUKADL.
Tozda cywecmeytom maxue HeHYAEEbE MAMPUULL Kpamrocmet buzpamm
1,054,084 € E, sadarowyue stiaeposo, epagol, wmo O = O + 64 + O5,
U mpu amom cywecmsyrom maxue undexcos 1 < 4,5, k, 1 < n, wmo
/ _pn _ / / _ N0 —
j>0,¢9 =40 =0ub > 0,60 =054, = 0.

/
laa 2a;a; 3a;a; 2aa; laga;

okazarenbcTtBo. Bosbmem B rpade Go Takoil sjeMeHTapHbIA IUKJI
Ge, ¢ Marpuieil KpaTHocTell burpamm ©g, 4TO 000OIIEHHAS PAa3HOCTH
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Go+Geg, COOTBETCTBYET MaTPUIle KPATHOCTEN OUrpaMM, KOTopasi pas3Jjia-
raeTcs B CYMMY 2 JTMHEHHO HE3aBUCUMBIX SMIEPOBLIX MTHKJIOB. DTO MOXKHO
CIIENIATH 110 YCJIOBUIO TEOPEMBI.

O6oznaunm wepes G = Gg + Gg,, IPH 3TOM GyjieM CUUTATH, UTO
J1s1 HeKoroporo k € N oneparus pasHoctu st rpados Ge u Gre, ere
onpejiesena, a Wit Go u G419, — Y7Ke HET.

ITo mocTpoennio, Tak Kak He MoxKeM Oouiblte BbrunTaTh Go, u3 Geo,
T0 B G, €CcThb yHUKaJIbHOE PeOpPO, KOTOPOro HET B G'. Takke OYEBHIHO,
ato B G ecth yHuKabHOE pe6GpO, KoTOporo HeT B Gg,, MOCKOILKY B TPO-
tuBHOM ciydae G 6BLT 6b1 3itepoBbM THKIOM B rpacde Gg,, KOTODHIIt
caMm sBJISIeTCA dJIeMeHTApHBIM, To ecTh G = G, /TS HEKOTOPOTO HaTY-
paJibHOTO [, 1, cilejioBaresbHO, pesyiabrar G <+ Ge, ObL1 OBl rpadoM 6e3
pebep, 9TO MPOTHBOPEUNT PACCMATPUBAECMOMY CJIy9alo.

Ecrm G cocTouT n3 HecKoJIBbKIX (He MeHbITe IByX) KOMIOHEHT CBs3-
HOCTH pebep, KaxKiasi U3 KOTOPBIX IIPEJICTAB/IsIET CODON OpHEeHTUPOBAH-
HBII IIMKJI, TO MOYKEM VJIOBJIETBOPUTH yTBEPKJIECHUIO TEOPEMBI CJIEJIYI0-
M obpasom. Ilyers Gi,...,GL  m > 2 — xkommomeHTHI cBAZHOCTH B
G, a wx MaTpuIB GUTpaMM COOTBeTCTBeHHO paBHbl O1, ..., 0L . Tlo mo-
crpoenmio, B Gg, ecTh yHIKambHoe pebpo, Kotoporo wet B G (1, cieto-
BaTeNbHO, B JoboM m3 G, ..., GL ). Takxe B G' ecTh yHuKaBLHOE PEGPO,
kotoporo e B Gg,. IlycTh 3T0 yHUKambHOE pebpo u3 G comeprkuTes
B HEKOTOPOIT KOMIIOHEHTE Gzll Jutst Hekoroporo 1 < 43 < m (u npu 3rom
OYEBU/HO HE COJEPXKUTCsI B OCTAJIBHBIX KOMIIOHEHTaX ). BbIIejnM Takxke
HEKOTOPYIO KOMIIOHEHTY C Ipad oM G}Q, 1 <49 < m,ig # i1. Torma mosa-
ras O] = k@()“'z;n:l,jg{il,iz} @jl, 0, = @111, 0 = 91-12, U yYUTHLIBAs, 9TO
B Ge'l B G@/2 Oy/IyT yHUKaJbHBIE pebpa, IIPH 9TOM Bce TpH rpada G@'l ,
Gey 1 Gy, cOCTOAT U3 OHOM KoMIOHEHTHI cBsisHocTH (Goy 1 Goy — 110
nocrpoennio, G, — Tak KaK KOMIIOHEHTBI CBA3HOCTH Gi,...,GL Bosz-
HHUKJIM M3-3a TOTIO, YTO MbI yJAJININ yHHKaJbHBIe pebpa Gie, U3 U3Ha-
YaJILHOIO OJIHOCBA3HOrO (Gg, U IPU IPUCOCIUHEHUN 3TUX pebep oOpaTHO
K JIIOOOMY ITOJIMHOYKECTBY IOy Y€HHBIX 000COD/IEHHBIX KOMIIOHEHT CB3-
HOCTH MBI BCETJIa IIOJIyYNM OJIHY KOMIIOHEHTY CBSI3HOCTH) W SIBJISIIOTCSI
9iJIepOBbIME (CM. 3aMevaHie K ONPEJIEeHUI0 PA3HOCTH JIJisi SNHIEPOBBIX
rpadoB), TOJIyUUM yTBEPXKJICHUE TEOPEMBI.

Takum 00pa3oM, OCTATIOCH PACCMOTPETH CJIydail OJHOCBSA3HOIO HEILy-
croro rpacda G'. B G! ecth Kax MEHEMYM OJHO YHHKAJIBLHOE PeOPO, KO-
toporo mer B Gg,. O6ozHAMIM Bce 3TH yHUKambHble pebpa m3 G kax
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€1,...,er (mapajienabHble pebpa OyjeM cuuTaTh 3a OJHO), THe T > 1 —
UX KOJMIECTBO. PacCMOTPUM Telephb JBa CIIydas.

1) Ecin cymecrByer ssementapubii muka B G — o603HaumM coOT-
BETCTBYIIMI 3TOMy 1Ky rpad uepes G2 ¢ marpuneii 6urpamm 02 —
KOTODBIii HE COJMEPXKUT XOTsi ObI OJIHO pebpo U3 MHOXKeCTBa {e1,...,e,}
(mycth aTM pebpom Oyzer e;,1 < @ < 7), TO B CIydae OJHOCBSI3HOIO
rpada G2 = G' \ G? ¢ marpureit Gurpamm O3 MBI IOJIYYIM yTBEpIKie-
HUE TEOPEMbI, €CJIU B KAYECTBE HOBBIX TPEX MATPUI] OUIPAMM BO3bMEM:

1 = kB¢ (B G ectb yHuKagbHBIe peGpa 10 mocTpoeHum), 0) = o3
(G@/2 OTHOCBSI3eH U COJIePYKHUT YHUKAJIbHOE pebpo e;), 0 = 02 (G@g —
S/IeMenTapHbIi muK1). B cirydae ske MHorocssiznoro rpacda G2 mycers Kom-
TOHEHTa CBSI3HOCTH, CofleprKalias e;, 3ajaercss rpadbom G ¢ marpurieit
ourpamm O3. Toryia B KavecTBe HOBBIX TPEX MATDPHIL GHIPAMM BO3bMEM:

L' = kO (B G@/1 eCTh YHUKaJbHBbIE pebpa 110 HOCTpoeHu), ©) = @g
(G@/2 COIEPYKUT YHUKAJIbHOE pebpo ¢;), 4 = O — kOy — O3 (nockosbKy
rpad G@g = G'\ G} aBnstercss 0HOCBAZHBIM 1 SHJIEPOBBIM IO TeM Ke
MPUYIHHAM, 9TO U Ge/l B cJIydae ¢ MHOTOCBAZHBIM G'1).

2) JTroboit seMenTapubIit KT B G cOMEp:KUT B 06A3aTEILHOM TIO-
pAJIKe BCE YHUKAJIBHBIE pebpa €1, ..., €.

[ycrs cymectsyior 2 snementapubix mukiaa Cp,Co B G, 3amammbie
MOCTIEIOBATEILHOCTRIO pebep:

Cl = 62'1(5162‘252 N eirér,

CQ = eilaleg(i2)02 N eg(ir)ah

e 6ykBamMu 01,...,0q,01,...,0, ODO3HAYAIOTCS ITOCJIEIOBATETHHOCTH
pebep (BO3MOYKHO, ITyCThIe), KOTOPbIe OTHOBPEeMeHHo MpuHaiexkar u Gl
u Gg,, muoxecrsa {2,...,7} u {ig,..., i, } coBuamawor, g : {2,...,7} —
{2,...,r} — 6uexknus muOXkecTBa {2,...,7} Ha cebsl.

JokazkeM, 9T0 GUEKIUsl ¢ SIBJISIETCs TOXKJIECTBEHHBIM ONEPATOPOM (TO
ectb B nukyaax C u Co yHUKaIbHBIE pebpa €1, . . ., €, CICAYIOT B OJHOM U
TOM 2Ke HOPsJIKe). B IpOTHBHOM C/lydae CyIecTByeT HATYpaJbHbIe P, €
2, 7] Takue, uto p < g, u i, = g(iy). Torna B G! comepskures MUK

03 = 6,’151 N eipaqeg(iq+1)aq+1 N eg(ir)o'r-

B 9TOM IUKJIE BCEro Pa3JIMIHBIX yHI/IKaHLHbIX pe6ep n3 HAYaJIbHOT'O MHO-
kecrBa {e1,...,e,} MeHbie yeM p + (r — q) < r. 3Haunt, B 1ukie Cs
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HeT XOTsl Obl OJJHOrO Pebpa U3 MHOXKECTBA {e1,...,€,}, a B JI0OOM 3Je-
MEHTAPHOM, COJIEPXKAIIEMCsI B HEM, He OyJIeT TakxKe 9Toro pebpa. SHAUNT,
[0JIy4aeM IIPOTHBOPEYNe ¢ yCJIOBUEM JIAHHOTO IYHKTa 2).

Takum obpazoMm, ¢ — TOXKIECTBeHHBLI omeparop u Co =
€i101€i,02 ...€4,.0p.

PaccmorpumMm, nampumep, aiaemenTapabiii mukia C. B Hem mexx iy peb-
paMu U3 MHOYKECTBa {€eq, ..., €, } JIeXKar nocjiegoBarebHocTH pedep (Bo3-
MOZKHO, IIyCTBIE), KOTODPBIE IPUHAJIEXKAT jIeMeHTapHOMY 1Ky Ge,.
Paccmorpum, Hanmpumep, HOCI€I0BATEILHOCTD 01 MEXKJLY €;, U €;,. Eciu
BEPIINHA, COOTBETCTBYIONAsI KOHILYy pebpa e;,, He NPUHAJJIEIKUT KLY
Ge,, TO TOI/Ia €JIMHCTBEHHAs BO3MOYKHOCTb — BEPIIHHA, COOTBETCTBYIO-
1asi Havdasy pedpa e;,, COBIA/AET ¢ BEPIINHOI, COOTBETCTBYIONIEN KOHILY
pebpa e;,, & TakyKe II0C/IeI0BATEILHOCTL 01 — IycTas. Takxke 1 Oyzer
IIyCTOIl, ec/i BepIINHA, COOTBETCTBYIOIIAs HavYaly pebpa e;,, COBIaJaeT
C BEpIINHOII, COOTBETCTBYIOIIEN KOHILY Pebpa €;,, XOTsS U IPUHA IeXKa-
el UKy G@O (HOCKOJ‘ILKy UHOI BO3MOXKHBII Ciydail OObeIUHUTH €5,
U €;, — 3TO BECh IIOJIHLIN 3JIEMEHTAPHBINA IIUKJI G@O, HO B TaKOM CJIydae
[OJIY UMM ITUKJI C CAMOTIepeCceYeHNsIME, B TO BpeMs Kak C] — sjieMeHTap-
ublif). Ecm 2Ke BepImuHbl, cCOOTBETCTBYIONIE HAYATLY pedpa €;, U KOHILY
pebpa e;,, pa3in4Hbl 1 00e npuHayekaT UKLy Go,, TO IS MOJIy YeHUsT
9JIEMEHTAPHOIO (U COOTBETCTBEHHO Ge3 camorepeceuennii) rukia Cp Mbl
MeeM eJIMHCTBEHHYIO BO3MOYKHOCTE BBIOpATDH IIOC/IEI0BATE/ILHOCTD pebep
01 m3 Go,-

Takum obpasom, st joboro 1 < ¢ < 7 IOCIEI0BATE/HLHOCTL pe-
6ep 0; orpejiesisieTcss eIUHCTBEHHBIM 00pa30M. 3HAUUT, MTOCKOJIBKY I10-
PSIZIOK YHUKAJbHBIX pebep u3 MHOkKecTBa {€1,...,e.} B C1 u Cy —
OJINHAKOB, OJMHAKOBBLI M IIOCIEI0BATEILHOCTH COEINHSAIONMX UX pebep:
6 = o1,...,0, = 0,. 3HaunUT, 1 MeMeHTapHBbIe MNKILI C7 1 Cy 1oJIHO-
CTBIO COBIAIAIOT.

[omy4aem, aTo s Jganuoro myrkTa 2) G — 370 TIpOCTOil (TIOBTO-
PEHHBIIT HEe MEHee OJIHOTrO Pa3a 3JIEMEHTAPHBIN) UK. DTO IPOTHBOPEINT
Tomy, uTo MaTputna O — kO (coorsercrrytomas rpady G ) pasmaraercs
B CyMMYy 2 JIMHEIHO HE3aBUCUMBIX MJIEPOBBIX IIUKJIOB.

B urore, MbI Becerga MoxkeM pas3OUTh UCXOAHBIN rpad Ha Tpu sitiepo-
BBIX rpada ¢ yKa3aHHLIMU B YCJIOBHHM T€OPEMbI CBOMCTBAMHU Ha, COOTBET-
CTBYIOIINE MATPUIILI KPATHOCTEH OUIpaMM, OTKYIa U CIeIyeT YTBEpKIe-
HUE TEOPEMBI.
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Jlemma 2. Ilyemov mampuya kpamwnocmetd buzpamm © € =, 3adaro-
was 2UAePo8 2pad, PA3AALGEMCA 6 CYMMY MPET HEHYACEDIT MAMPUL,
O = 01 + O3 4+ O3, npuuem Kaxrcdaa u3d mampuy, O1, 09, O3 € = mak-
oice 3adaem otsepos epad. Ilpu smom cywecmsyrom makue UHIEKCH
1 < 4,5,k 1 < n, wmo 01,0, > 0, 02,0, = 0300, = 0 u O2g,6, > 0,
Otaga; = 0300, = 0. To2da cywecmeyrom makxue nenyaesvie Mampu-
yo kpammnocmed buezpamm O, 05, 05 € 2, 3adarowyue siaeposo epadl,
umo © = O] + 04 + Of, u npu smom cywecmesyom marue UHOEKCHL
1 < i,5, k1 < n, wmo (9’1(12,%, > 0, (9’2(12,%, = Géaiaj =0u (9’2%(” > 0,
llakaz = 95,%(11 = 0, a maxoice 2pap G@g umeem obuLue HeU30AUPOBAH-
Hble BEPULUHDL C 2PaPamu G@/1 U G@/Q.

HoxkazaTeabcTBo. Kak 1 B loKa3aTe/ibCTBE TeOpeMbl 3, Oy/ieM ornepupo-
BaTh HE C MATPUIIAMEU KPATHOCTE OUrpamm, a ¢ sitsiepoBbiMu rpacdamu. B
9TOM CJIydae HeOOXOMMO JIOKA3aTh, YTO €CJIN IepoB rpad pasjiaraercs
B CyMMYy TpPEX 3WJIEPOBBIX IpadoB, JIBa U3 KOTOPHIX 00JIAIAIOT YHUKAJIb-
HBIME pebpaMu, TO CyIIEeCTBYeT Takoe pa3dueHme UCXOAHOTro rpada Ha
TPHU SUIEPOBLIX, JIBA U3 KOTOPLIX MUMEIOT YHHUKAJbHbIE pedpa, Mpu KOTO-
POM KaXKblil n3 rpadoB ¢ YHUKAJIHHBIMUA pPeOpaMu MMeeT XOTs ObI OIHYy
001y 10 HEN3OJIUPOBAHHYIO BEPIIUHY C TPETHUM 3HIePOBBIM rpadom.

Ecsm ucxonnvie rpadst Gg,, Go, 1 Go, 00/1a1aI0T STUM CBOICTBOM,
TO OepeM B KavecTBe MCKOMBIX 3MJIEPOBBIX rpadOB MCXOJHbIE, U BCE J0-
Ka3aHo.

B mporusaOoM ciyuae rpad Ge, nmeer OOy HEN30JMPOBAHHYIO
BEPIIHHY POBHO ¢ onuuM u3 rpados Ge, n Ge, (He nmers BooOIIE 06IIIX
HeN30JIMPOBaHHBIX BepinH rpad Gg, He MOXKET, TaK KaK 110 YCJIOBHUIO BCe
Tpu rpada Ipyu CyMMUPOBAHUK UX MATPHUIL OUTPAMM JTAIOT OJHOCBAZHBIN
rpad) , mycTh I omnpejiesieHHocTH 9T0 Oyner Gg,. OdeBmmno, 4To B
5TOM cilydae Bce pebpa (o, yHHKasbHBI 1 rpada Ge,, 1 Ha060pOT,
[TOCKOJIBKY OHH HaXOJSITCSI B PA3HBIX KOMIIOHEHTAX CBSI3HOCTH.

[Tycts ©135 = O1 + O3, a sitnepos rpad, COOTBETCTBYOMIMIL 3TONH MaT-
pure 6urpamm — Gg,, (10 ectb Gg,; = Gg \ Ge,). Boigemum B rpade
G, Kakoi-HuOy/ b 3/IeMEHTAPHBIN IIUKJI, KOTOPOMY COOTBETCTBYeT rpad
Ge, ¢ marpuneit burpamm Op. CoryacHo jeMMe 1, 9TO Bcerjja MOXKHO
CJIETIATh.

O6oznaunm 4epes Gl = Gg,, + Go,, IpU 3TOM OyjieM CIUTATD, UTO
JIs1 HeKoToporo k € N oneparus passoctu s rpados Ge,, 1 Gire,
eme onpejenena, a i Goy, 1 Gpi1)e, — yxke ner. I'pad G' Bcerma
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Oyier HemycThIM, Tak Kak B rpade Gg, (1, coorBercrsenno, B Gg,,) €CTh
yHHEKaJIbHOE pebpo, koroporo Her B Go, (1, coorBercTBeHHO, B Go,).

ITo nocrpoennto, Tak Kak He MoxkeM OoJbine BerauTarh Go, u3 Go,;,
10 B G, €CThb YHUKAJIbHOE PeOPO, KOTOPOI'o HET B G, a taxke B Go,, TO-
CKOJIbKY OHH HAXOJSTCS B PA3HBIX KOMIIOHEHTaX CBSI3HOCTH. PaccMoTpum
Telrepb JIBa CJIyvasl.

1) 'pad G' cocTont m3 OHON KOMIOHEHTHI CBSI3HOCTH pebep, 3Ha-
9uT, OH 3iaepoB. B sTOM ciydae, 9TOOBI YIOBJIETBOPUTDL YTBEPIK/IE-
HUIO TEOpPeMbI, HeOOXOINMO B3SITh B KaYeCTBE HOBBIX MATPHIl OMTpaMM:

L = O — kO — Oy (marpuna 6urpamm rpaba G1), ©) = kg (coor-
BETCTBYIOMIH rpad nMeeT OOILyI0 HEM30/JMPOBAaHHYIO0 Bepmmuy ¢ G, a
TakKe 006J1a/[aeT YHUKAIbHLIME pebpamu 1o cpaphenmio ¢ Gl u Ge,),

[, = Oy (uMeet obmTyIo HEM30IMPOBaHHYTO BepmuHy ¢ G 110 e IoIo-
JKEHHIO, & TaKzKe 00J1a/IaeT yHUKAIbHBIMI pebpaMu 110 cpaBHeHHIO ¢ (g,

[0 YCJIOBUIO TEOPEMBbI, &, 3HAYUT, U ¢ rpadamu Geg u Ge’l ).

2) Ilycts rpad G umeer Gosiee oHOI KOMIIOHEHTHI CBA3HOCTH pebep.
B rakom citydae xoTsi ObI 0JIHA €r0 KOMIIOHEHTa CBSI3HOCTH UMEET ODIIYIO
Hen30JIMPOBaHHYI0 Bepmuny ¢ rpadom Gg,, IyCTb OHA HMeEeT MAaTPHILY
kparHocTn 6urpamm O, a coorsercrByomuii rpad — Ggr.

I'pad G? = Ge,; \ Got 3i1epoB U OIHOCBA3EH, MOCKOILKY 6O0JIbIIE
OJTHOII KOMIOHEHTHI cBs3HOCTH (! BOBHHMKIIM HM3-3a TOIO, YTO MBI ya-
JHIM yHUKaJIbHbIe pebpa Gre, U3 H3HAYAILHOIO OXHOCBaA3HOIO G@, .,
U TPU TPHUCOEJIMHEHNH 3TUX pebep 00paTHO K JIOOOMY IOJMHOXKECTBY
MOJTy YEHHBIX 0H0COOJIEHHBIX KOMIIOHEHT CBSI3HOCTH MBI BCETJIA TIOJIYIUM
OJTHY KOMIIOHEHTY CBsI3HOCTH. TOrjia, 4ToOBI YAOBJIETBOPUTEL yTBEPIKIE-
HUIO TEOPEMbI, HEOOXOMMO B3sITh B KAYECTBE HOBBIX MATPHI] OUIPAMM:

% = O! (coorsercryer xKommonenTe cBazHOCTH Gg1, KOTOPAs MMEET 00-
TTy10 HEM30/TMPOBAHHYTo BeprmHy ¢ rpadom Gg, ), O] = O1+603-6! (co-
orBeTcTBYeT rpady G2, KOTOPHIi UMeeT OOILYI0 HEM30IMPOBAHHYIO BEp-
muHy ¢ Ggi 10 IOCTPOEHUIO, IIPH 3TOM COJIEPKHUT Bce pebpa u3 Geg,,
KOTOPBIE Oy/IyT yHHKaJbHBIMU II0 cpaBHeHHIO ¢ Gg, IO IIPEIIIOJIOKe-
HUIO (He MMEIT OOIIMX HEeM30JIMPOBAHHBIX BEPIINH), U OJHOBPEMEHHO C
ITUM KOTOPBIE TaK2Ke II0 ITOCTPOCHUIO 6y/1€T YHUKaJIbHBIM IO CPDaBHEHUIO
¢ Gg1 Kak OT/IeJIbHOI KOMIIOHeHTe cBsi3HOCTH), Of = Oy (umeer oburyio
HEM30JIMPOBAHHYIO BepiHy ¢ (Gg1 1O MOCTPOEHHUIO, a TakxKe 00JaaeT
YHUKaJIbHBIME pebpamu 1o cpaBHeHmio ¢ (Gg,, 110 yCJIOBHIO TEOPEMBI, a,
3HAYWT, U ¢ rpadamu Geg n Ggy, ).
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Jlaiee HaM OTPeOYIOTCST HEKOTOPBIE OIpeie/ieHns U (PaKThI, Kacaio-
Ipecst F[PAMMATHK U KOHTEKCTHO-CBOOOJIHBIX SI3BIKOB.

I'pammarukoii HasbiBaercst yersépka GR = (3,T', P, S), raie ¥ — oc-
HOBHOI (MJIM TEPMUHAJIBHBI) asidaBuT, 3J€MEHTHl KOTOPOIO HA3BIBAIOT
TepMHUHAIAMEU (WM TEPMUHAJIBHBIMU CUMBOJIaMK), I’ — BcromoraTesib-
HBIi (MJIM HETEPMUHAJBHBIN) aidaBUT, JI€MEHTHI KOTOPOI'O HA3BIBAIOT
HeTepMHUHAIAME (HETEPMUHAJIBHBIMU WM BCIOMOTATEIbHBIMI CHMBOJIA-
mu), npejnosaraercs, 9ro NI = &, S € I' — BbliesieHHbIiT HeTepMUHAT,
Ha3bIBAEMbIil aKCHOMOIi (MM HadaIbHBIM HETEPMUHAJIOM ), P — KOHEUHOe
MHOKeCTBO ¢J10B BJa o — (3 (rme av € (S UT)*T(ZUD)*, g € (BUTl)¥),
KasKJI0€ TAaKOe CJIOBO HA3BIBAIOT MPABHJIOM BbBIBOJ@ (IIPOCTO MPAaBHIOM
WM IpojyKIweit), npu srom —¢ (X UT).

I'pammarika HasbiBaeTcst KOHTeKCTHO-cBoGonHO# (KC-rpammaru-
KOW), eciim Kaxkjoe ee npasmwio umeer Bujg R — o, tie R € T',a €
(X UT)*. dsbik nHassBaercs KoHTEKCTHO-cBOOOAHBIM (KC-s13B1KOM), €c-
s Hekoropast KC-rpaMmaTiKa €ro mopoxiaer.

ABromarom ¢ marasmHHOil mamsitbio (MITA) nasbiBaercs ce-
mepra M = (Q,%,T,9,qo, F,v), rae () — Hemycroe KOHEUHOE MHOXKe-
CTBO COCTOSIHWI, > — BXOmHON aydaBuT (C JOMOTHUTEIBHBIM CHMBO-
aoM komna ciosa ), I' — crekoBeiit (mam Mmarasmnubiit) andasur (¢
JIOIOJTHUTEJLHBIM CHMBOJIOM KOHI[A CTeKa V), § — KOHEYHOEe MHOXKe-
crBO Komaus Buga (q,a, B) = (¢',v,—) wm (q,a,B) = (¢,7, ), (tne
g€ Q,aeX,Bel,qd € Q,y €T*), unade rogopsi, § — KOHEIHOE TIOJI-
MHOZKecTBO MHOKeCTBa (Q X X X I') x (@ x I x {—, }), qo € Q — na-
JasibHOe cocrostane, F' C () — MHOYKECTBO 3aKJIIOYUTEJIbHBIX COCTOSHUIA,
Yo € I' — nauanbhoe cozmepkumoe creka (Marasuna). Ha kaxiom mmare
MIIA permraer, ciefyer Jin CABHHYTH yKa3aTelb Ha CJIEIYIONLYIO CIpaBa
sT9efiKy BXOJIHOM JICHTBI (<) WJIM OCTABUTH €ro Ha mecre ().

ABTOMaT JOIIyCKAET CJIOBO, 3aIlCAHHYIO Ha BXOJHOII JIEHTE, €C/IH OH
JIOIIIEJT JIO €€ KOHIIA M OKA3aJICs IIPH 9TOM B OJJHOM M3 3aKJIOUHTEIbHBIX
cocrostnmii. MHoOXKecTBO Beex cJioB, jonyckaemMbix MIIA M, nasbiBaercs
SI3BIKOM, paciio3HaBaembiM M, u obosnavaercss L(M).

s nokasaresberBa TOro, 9ro s13bIK st3Bisercss KC-sg3pikoM, Oymem
0JIB30BAThCs CJIe Iyomnieii Teopemoit (em. (3], [4] u [5]):

Teopema 4. Kaaccor KC-aswkos u asvikos, pacnosnasaemur MIIA, 6
MOYHOCTIU COBNAJAIOM.

Taksxke HaMm moHamMOOMTCA JemMa bapa—Xwuiiena, Takyke M3BECTHA
KaK JIeMMa O HaKauKe JIjisi KOHTEKCTHO-CBODOIHBIX A3BIKOB (cM. [6] 1 [7]).
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Jlemma 3 (Bapa—Xwuinemna). Jas awobozo KC-asvka L nad anrgasu-
mom A cyuwecmeyiom HaAMypaibHble “UCAG N1, Ty MAKUE, 4mMo A1060€
cr060 w € L npu |w| > ny npedemasumo 6 sude w = 01udavds, 2de
81,02,03 € A*, |uv| > 0, |udav| < na u caoso 61pFa%03 € L dns mobozo
k>0.

Teopema 5. Paccmompum mampuuy kpamruocmeti buzpamm © € =, 3a-
darowyro atiaepos epad. Ilpu amom nycmov sma Mampuye passazaemcs
8 CYMMY KaK MUHUMYM 06YT AUHETHO HE3ABUCUMDLT MAMPUY, MAKUL,
YMo KaHCAGA U3 MAMPUY, padsodicenus 3adaem atiepos epagp. Tozda:

1) Ecau mampuya kpamuocmeti 6uzpamm O pazaazaemces eduncmeen-
HM  00Pa30M 6 CYMMY O06YT AUHETUHO HE3ABUCUMBT mampuy O =
O1 + O2, coomsememeYOWUT NPOCTNBIM ITNEPOBHIM UUKAGM, U HE PG3-
AARAEMCA 8 CYMMY BOADULE20 KOAUNECTNEA AUHETHO HEZABUCUMDBLT MATM-
PUY, COOMBEMCMEYIOUWUT IUNEPOGHIM UUKAAM, MO Mo2da asbik Fg —
KOHMEKCMHO-c80000H bl

2) B npomusnom caysae asvk Fo ne asasemes konmexcmio-c60600HviMm.

Hoxka3zaresberBo. 1) st Hadaaa 3aMeTUM, 9TO B CJIydae eJINHCTBEH-
Horo pazyoxkenus Gg B CyMMy JIByX IIPOCTBIX 31JIepOBBIX ITUKJIOB Gg, U
Ge, BO3MOXKHBI jiBa ciaydas: au00 Gg, n Gg, NMEOT eJINHCTBEHHYIO 00-
Y10 HEM30JIMPOBAHHYIO BepIuny, Judo k > 1 obIuX HeMm30INPOBAHHBIX
BEPLIUH ;.. ., A4, IPAICM IYTb A, —» Ay —7 *°* —7 G5, —7 G5 CO-
JIepKUTCSI B 000MX 9TUX SMIEPOBBIX IUKJIAX. B MPOTUBHOM CJIyUae, eCjiu
eCcTh KaK MUHUMYM JiBe OOIIe Hen30JMPOBAHHBIE BEPIIMHBI (HALIPUMED,
a u b), MeXK/Iy KOTOPBIMHA y JIBYX IPOCTBIX SIIEPOBBIX IIUKJIOB JICKAT HE
napaJsuiesibHble pebpa (M [y TH U3 HapaJlleIbHbIX pebep), TO CyIecTBy-
eT JIPyroe pasjioXKeHHe MCXOIHOW MaTpuilbl © B CyMMy JBYX mjn OoJiee
JINHEHHO HE3aBUCHMBIX MIPOCTHIX SHIEPOBBIX IMKJIOB.

[IycTh st OmIpesie/IEeHHOCTH HATypaJjbHbIE M1 W Mg TAKOBBI, UTO
my < mg, nipu 3ToM 01 = M0, Oy = Mm20Y, rie rpacdu Ge(l) u Geg —
9JIeMEHTapHbIe IUKJIbL. Torjaa Jyist J0Ka3aTeJbCTBa OT HPOTUBHOIO (CM.
npeablIyuii ab3an) J0CTaTOYHO NPEeIIbsiBUTL JApyroe passoxenne Gg
B 1Ba (M1 = mg) u 6osee (my < Mgy) MPOCTHIX JIMHEHHO HE3ABUCUMBIX
SUJIEPOBBIX IUKJIOB — CM. PHC. 2 U puc. 3.

Takum obpazom, cirydail €MHCTBEHHOIO PA3JIOKEHUS B CYMMY JIBYX
[IPOCTBIX SUIEPOBBIX IUKJIOB MOYKHO IIPEJICTABUTD B ODIIEM BHJIE TaK, KaK
ITOKa3aHO Ha puc. 4.

CorutacHo Teopeme 4, jnocrarouno mocrpoutb MITA, Koropslil pacio-
3HaeT sI3bIK Fg.
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Puc. 2. Paznoxenne rpacda Go B cilyuae «COHAIIPABJIEHHBIX» IUKJIOB.

Om

Puc. 3. Paznoxenne rpada Go B ciiydae «IIPOTUBOIOJIOKHO HAIIPABJIEH-
HBIX» IMUKJIOB.

B kauecrse Bxozanoro andasura st MITA nonoxkum ¥ = AU {4}, u
IIyCTb Ha CTEKE B HaYaJbHBIIT MOMEHT BpEMEHU HaXOJIUTCA CUMBOJI 7Yy =
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a1 b1

a; b;

A, bk?
Puc. 4. Cny4ait eIMHCTBEHHOTO PA3JIOKEHUST B CYMMY JIBYX ITPOCTBIX 3ii-

JIEPOBLIX ITUKJIOB.

Z € I'. Takxke Oy/ieM CIUTATD, ITO aJI(DABUAT CTEKA COCTOUT BCETO U3 TPEX
cumsosios: I' = {Z, X, v}. Ilycrs F = {f}.

[TocTpoum mpaBmia mepexojia JJjis pacrio3HaBaHusl s3biKa Fg.

Cocrostnust Harmero MITA 6ymnem o6o3nadars B Be gl (aprew, C, al,n,
a?,m2,8), TE Aprey — TPEBLIYIIAS GYKBa CIOBA IPH JIBIKEHUH CJIEBa
narpaso, C' € {1,2} — Homep Texymero mukia, a' € A — nepsas Gyksa
mukia i € {1,2}, 0 < n; < m; — 1 — Kakoil «BUTOK» IUKJIA | B JAHHbII
MOMEHT COBepIaercsi (HauuHasi ¢ HyJIs 110 Moy m;), § € {1,2} —
KaKo UK/ jo0aBiisier cuMBol X B MarasuH (TO eCTbh, ecjau § = i, TO
pu npoxoxaennn nukia Go, cumsosr X j100aBiisieTcsl B Mara3uH, a IIpH
npoxoxaennu mukia Ge, , cuMBoi X, Haobopor, crupaercs). Takzke
cumBosioM Y GyjieM 0603HaYATh J000i 13 cuMBOJI0B X, Z (71151 IIPOCTOTHI,
9T00BI He Jiy6IMpoBaTh npasuia st X u Z).

st Havwasia paccMOTpPUM CHTyaIMio, Korja nepsasi Oyksa a; (1 <
i < k1) BXOIHOIO CJIOBa NMPHHAJJIEKUT TOJLKO MepBoMy IuKJIy. Tormia
mpaBuia OYIYT CJIeIyIOTIUMU:
(q0,ai, Z) — (¢%(ai, 1,a4,0,c5,0,1), Z, =),
(¢"(ai, 1, 01,01, cry,m2,0), 0041, Y) = (¢ (aig1, 1, a5, n1, Cry, 12, 6), Y, ),

(¢ (an,—1,1,a5,m1, Cg, 2, 6), any, Y) = (¢* (ary, 1, @i, n1, Chg, 2, 6),Y, ).
TakumM 06pa30M, MBI JIONILIA JI0 00Imeil yacTu muk/os. s Hee mpa-

BUJIa OY/yT TaKue:

(¢! (an,, C,ai,n1, cps,m2,6),¢1,Y) = (g8 (c1, C,ai,ny, cps, n2,8), Y, <),

(¢ (c1,C,ai,n1, cryym2,0),¢2,Y) = (¢*(ca, Cya;,m1, Crgy 2, 0), Y, <),
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(q (ck3 1, L, ai,n, ey m2,0), ks Y) = (¢! (g, 1, 04,11, g 2, 8), Y, <)
(ecm/I MBI JIBUTAJIUCD TI0 EPBOMY IMKJIY, TO HE MEHSEM CUETINK Ng2),
(¢ (Chy—1,2, 3,11, Chg, M2, 6),s Chgy Y ) — (¢F (Chgs 2, @i, M1, iy 2 + 1,6), Y,

<) mpu ng < Mg — 1 (ecau Mbl JIBUTATHCH 110 BTOPOMY IUKJLY, TO YBEJIU-
YMBAaEM CUYETUHK N9 HA CJIUHHUILY ),
(ql(ckg—b 2,ai,n1, Clgy, M2 — 1, 2)7 Cks» Y) - (ql(ckga 2,ai,n1, Cks» 0, 2)7 XY,
<) (monmceiBaeM X B MarasuH u OOHYJIIEM CUETUUK Mg, TaK Kak § = 2),
(ql(ckg—b 2,ai,n1, Clg, M2 — 1, ]-)7 Cks) X) - (ql(ck;:,, 2,ai,nq, Clkss 0, 1)7 A,
<) (cTupaem umeromnuiicsi B Marazuie X ¥ OOHYJISIEM CUETYUK Mg, Tak
Kak 0 = 1),
(ql(ck‘3—17 23 Qjy M1, Chgy T2 — ]-a 1)3 Clks s Z) — (ql(ck;;a 27 iy 115 Ckg,s 07 2)7XZ7
) (IOCKOJIBKY CTepeTh Hevero, To u3MeHsieM d ¢ 1 Ha 2 1 Ternepb yKe npu
[IPOX0/I€ TI0 BTOPOMY IHKJIY MBI JONUCHIBAEM CHUMBOJI X, 8 HE CTHPAEM;
TaKzKe OOHYJIsIeM CUETIUK 73).

Teneps y nac ectb BbIOOP — OO MBI IPOJIOJIKAM IIYyTh IO IEPBOMY

UKJTY, JInOO 10 BTOpoMy. PaccmoTpuMm oTie/ibHO 0068 BapUaHTA.
(qI(ckS, C, Qa;, N1, Clg, N2, 5), b1, Y) — (ql(bl, 2,a;,n1, Clks, N2, 5), Y, ‘—)),
(¢ (b1,2,a;,n1, Cry,12,0),b2,Y) = (¢% (b2, 2, ai,n1, crs, 12, 9), Y, <),

(qI(kal, 2, A, N1, Cky, N2, (5), bk2,Y) — (ql(ka, 2, Ay N1, Ckg, N2, (5),Y, ‘—)),

(ql(bkga 27 i, N1, Ckg, N2, 5)7 1, Y) — (qI(Cl7 27 Qjy M1, Clg, 102, 5)7 Y7 c_>)
HpI/IBe,ZLeHHbIe BbIIlI€ IIpaBWJla — JJIgd BTOPOI'O IMUKJIa. TeHepb apuBe-

JeM ocTaBIINICSI Ha60p IpaBWJI JJId IIEPBOro IMUKJIA.

(¢! (cy, C,aiyni, cpg,m2,8),a1,Y) = (¢f (a1, 1,a;,n1, g, n2,6), Y, =),

(ql(ab ]-a A, N1, Ckz, N2, 5)7 az, Y) - (ql(a27 ]-a A5, N1, Ckz, N2, 5)7 K c_>)7

I I
(q (aifla 17 @, N1, Cky, N2, 5)7 Qq, Y) — (q (aia 17 ai,n1+ 17 Cks, 102, 5)7 Y7 c_>)
npu ny < my — 1 (yBesimuuBaeM CYETUIHK 11 Ha €UHUILY ),

1 1
(q (ai—lv 17 aq, m1_17 Ckg, 12, 1)7 Gy, Y) — (q (a’i7 17 Qj, 07 Ckg, 12, 1)7 XY7 <_>)
(O6HyﬂHeM CYCTYHUK 71 U JOIIMChBIBAEM B Mara3mH CHUMBOJI X’ HOCKOHBKy
d=1),

1 1
(q (ai—lv 17 Az, M1 — 17 Ckg, 12, 2)7 Qj, X) — (q (aiv 17 aq, 07 Cks, 102, 2)7 A7 <_>)
(cTupaem mMerornuiicss B Marasune X 1 OOHyJIsieM CUETUHK 1], TAK KAk
5=2).

1 1
(q (ai—lv 17 aq, m1_17 Ckg, 12, 2)7 Gy, Z) — (q (a’iv 17 aq, 07 Ckg, M2, 1)7 XZ7 (_>)
(ITOCKOJIBKY CTepeTh Hedero, TO u3MeHsieM 6 ¢ 2 Ha 1 1 Tenepb yxKe Ipu
POXOJIE IO MEPBOMY UKLy MbI JONNACHLIBAEM CUMBOJ X, & HE CTHDPAEM;
TaKzKe OOHYJIsIeM CUETHIUK 7).
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OcTaJioch JIONOJHUTD IIPABUJIOM OKOHUYAHUS PACIIO3HABAHUS:
(¢ (ai, 1,ai,0,¢ks,0,0), 4, 2) = (f, Z, ).

AHaJIOTUYHO CTPOSATCS MPaBUja, €Cau IepBasi OYKBa BXOIHOIO CJIO-
Ba NPHUHAJIEKUT TOJBKO BTOpoMy Hukjy (Hanpumep, b, 1 < i < ko).
TosIbKO B 9TOM CJIydae BCe COCTOSTHHS Oy/IeM rmoMedaTs Kak ql! (aprew, C,
a',n1,a% na,d), 9TOOL TpaBHUIA /TS STUX CIIyYaeB He MePeceKauch.

Takum 06pa3oM, OCTAIOCh PACCMOTPETh CIydail, KOra neppast OyKBa
BXO/IHOT'O CJIOBA, ABJISETCs OOIIeil 11 000MX MUKJIOB. 1IycThb 3Toit 6yKBOit
oyner ¢;,1 < i < k3. 3aMeTuM, 4TO JAHHBINA CIydail OTJIMYAeTCA OT Bbl-
IIEONUCAHHBIX TEM, YTO MbI B CAMOM HadaJle He 3HAeM, 110 KAKOMY IUKJLY
UJeM — II03TOMY MOYKEM IIPOCTaBUTL B KadecTse 3HadeHus C' jroboe Juc-
Jjio (manpumep, 1), Bce paBHO MBI €0 3aTeM 3aMeHMM Ha BepHoe. Takike,
HAYaJIOM U KOHIIOM 00OMX IIMKJIOB Oyjer nepsas OyKBa — c;.
(qo,¢i, Z) — (" (ci,1,¢;,0,¢,0,1), Z, ),
(¢ (c;, C,ciyn1,ci,m2,0), civ1,Y) = (¢" 1 (ciy1, C, ciyna, i, na, )Y, <),
(e 1,C,ciony, ciyng, ), crs,Y ) = (M (chy, C, ciyma, iy, 0),Y, <),

Tenepb y HaC ecTb BLIGOP — JIMOO MBI IPOJIOJIKUM IIyTh 110 IIEPBOMY

UKLy, JU60 110 BTOpoMy. PaccMoTpuM OTIeabHO 06a BapHaHTa.
(" (ery, C, iy, ci,n2,0),a1,Y) = (¢ (a1, 1, 1,11, ¢4,m2,0), Y, ),
(¢ (a1,1,ci,n1,¢i,m2,0),a2,Y) = (¢ (as, 1, ¢;,n1, ¢i,n9,6),Y, ),

( 1

(g, 1,1, ¢,n1,¢,m2,8), axy,Y ) — (¢ (ag,, 1, ¢i,m1, ¢, n9,6),Y, <),

a1, ¢,m1, ¢i,m2,0),¢1,Y) = (¢"1(c1, 1, ¢i,m1, ¢5,m2,0), Y, <).
Amnajiornunble npaBuia BLITUCHIBAIOTCS U /ISl JIBUZKCHUS 110 BTOPOMY

KLY

(¢ ey, C,eiyna, ciyno, 6),01,Y) = (M1 (by,2,¢,m1, ¢i,n2,8), Y, <),

(qlll(bl,2,Ci,n1,ci,n2,5),b2,Y) — (qlll(b2,2,ci,n1,ci,ng,é),Y, ‘—)),

(q
(q

III III
(q (bk2,1,2,Ci,nl,Ci,TlQ,(S),b]@,Y)—)(q (bk2,2,Ci,n1,Ci,n2,5),Y,‘—>),
III III
(q (ka,2,Ci,n1,Ci,n2,5),Cl,Y) — (q (Cl,2,Ci,n1,Ci,n2,6),Y,;>).
TeHepI) JIOIIOJIHUM IITpaBUJIaMU IIPU JIBU2KCHUU I10 O6HLeI71 JaCTH IIHUK-
JIOB OT €1 JIO C;:
III III
(q (Cl,C,Ci,nl,Ci,TLQ,(S),CQ,Y)—> (q (CQ,C,Ci,nl,Ci,TlQ,(S),Y,%),
III
(Ci—27 Ca Ci, N1, Cy, N2, 5)7 Ci—1 7Y) — (q Ci1, Ca Ci, N1, Ci, N2, 5)7Y7 (_>)
M 3aBepmuM BaKHBIMU MIPABUJIAMHU, B KOTOPBIX OOHOBJISAIOTCH CYET-
yuKK (CHAaYaIa Jyist IIePBOrO IUKJIA, IIOTOM JIJIi BTOPOIO):

( 1
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(" (c;i1,1,¢5,n1,¢i,m2,0),¢,Y) = (¢" (5,1, ¢i,n1+1, ¢5,n2,0),Y, <)

npu ny < my — 1 (yBesmuuBaeM CYETUYHK N1 HA €IMHUILY ),

(" (c;i1,1,¢5,m1—1,¢5,n9,1),¢:,Y) = (¢! (c;, 1, ¢4,0, ¢i,m0,1), XY, <)

(O6HyﬂHeM CYCTYHUK 71 U JOIIMChBIBAEM B Mara3mH CHUMBOJI X, HOCKOHbe

5= 1),

g (cim1, 1 e, mi—1,¢,n9,2), ¢, X) = ("7 (¢i,1,¢4,0,¢5,n9,2), A, <)

CcTHpaeM HMeIoIyiics B Marasude X U OOHyJIeM CYETYHK 71, TaK KaK

5= 2),

(@' (ci 1,1, ¢5,m1—1,¢5,m2,2), ¢, Z) = (q" 1 (c;,1,¢;,0,¢5,m2,1), X Z, <)

(OCKOJIBKY CTepeTh Hedyero, TO u3MeHsieM O ¢ 2 Ha 1 u Tenepb yxke 1pu

HPOXOJIE IO IMEPBOMY LUKy MBI JIOIHACHLIBAEM CUMBOJI X, a HE CTHPAEM;

TakzKe OOHYJIsIeM CYETUUK 71 );

(¢ (cim1,2,¢i,n1,¢i,n2,0), ¢, Y) = (" (¢1, 2, ¢i,m1, ¢,m24+1,6), Y, <)

npu ng < mo — 1,

(" (c;_1,2,¢i,n1, ¢i,ma—1,2),¢:,Y) = (¢"1(ci, 2, ¢, 0, ¢i, no, 2), XY, =),

(" (c;i1,2,¢i,n1, ci,ma—1,1), ¢, X) = ("1 (¢;, 2, ¢, 0, ¢i,m9, 1), A, =),

(" (ci1,2,ciyn1, ¢, ma—1,1), ¢, Z) = ("1 (ci, 2, ¢, 0, ¢5,m9,2), XZ, ).
HaKOHeH, JOITOJTHUM IITPAaBUJIOM OKOHYaHMHA PaCIIO3HABaHWA:

(qIII(CZ‘, C, ¢, 0,¢4,0, 5), -, Z) — (f, Z, _).

Hamocienok ormerum gse Bemm. Bo-mepBbIx, eciu B obmieil dacTh
[IUKJIOB TOJILKO ojiHa Bepinuua (k3 = 1), b0 B OJHOM M3 IMKJIOB HET
yHUKaJIbHBIX ToueK (k1 = 0 wim ko = 0, OJHOBPEMEHHO OHU HE MOL'YT
ObITh paBHBI HYJIO, TaK KaK TOLJA IOJYy4YUM JBa HapaJLICJILHBIX peb-
pa ¢k, — €1, U HAIIM OUKJIBI COBIAJYT), TO HECJIOKHO 3aMETHTD, YTO
PacCy>KIeHU BBIIIE HE [IE€PECTAIOT ObITh BEPHBIMHU, & TOJLKO HEMHOI'O
YIPOIIAIOTCs TpaBuia (Mbl JKe paccMOTpesn HauboJiee oOIMil cirydait).
Bo-BTOpBIX, MOIIHOCTH MHOXKeCTBa, cocTosgamit MITA ayg pacnosnaBanus,
KOTOPBIil GBI MCIIOIBL30BAH B 3TOM JIOKA3ATeIbCTBE, paBHa 12mima| A3,

2) JauHbIil cirydaii MOXKHO pa3OUTh Ha TPH HOJIYHKTA.

2.1) Ilycrs Marpuna KparHocTell GurpamMM O, pasjiaraercs B CyMMY
Tpex JINHEHHO He3aBUCUMBIX MaTpuIl © = O + Oy + O3, npudeM KaxKgast
u3 Marpul] 01,09, O3 € = Takxke 3ajaer 3itaepos rpad. Takxke nspect-
HO, 4YTO CYIIECTBYET TaKOU 3JIeMEHTapHbIN 3i1J1epOB IIUKJI Geo C MaTpuIen
KpaTHOCTell burpamm O, uro obobinennas pasnoctb Gg <+ Gg, cooTBeT-
CTByeT MaTpHIle KPATHOCTEH OHUIpaMM, KOTOpas pas3jiaraercd B CyMMy 2
JIMHENHO HE3aBUCHUMBIX 3MUJIEPOBBIX ITUKJIOB.

B sToM cimydae nmpuMeHMM IIOC/IEIOBATEIHLHO CHAYAJA TEOPEMY 3, a
3areM jeMMmy 2. Takum obpa3om, OyJIeM MMETh, 9TO CYIIECTBYIOT TaKue
HeHyJIeBble MaTPHILI KpaTHocTeil Gurpamm O, 0%, 04 € =, sajxaomue
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sitsiepobl rpaderl, uto © = O] + 04+ 0%, 1 1pu TOM CyIIECTBYIOT TaKne
. / / !/ /
uugeKehl 1 <4, J, kL <y amo 0,0 > 0, 09,4, = O34,4, = 01 05, 5 >0,
lapa, = 30,4, = 0, @ Taxxke rpad Gey, uveeT O0lE HEN30/MPOBAHIbIE
BEpIIUHBI ¢ rpadaMu Ge’l u G@/2 .
CTh G — obImas Hem3oJMpoBaHHas BepmnHa y rpada Ggr ¢
Iy € A — obm p p y Ip Go,
rpadom Ge'l ,ab € A — obimas Hem30IMpOBaHHasT BEPIMHA Y Tpada G@g
¢ rpacom G@;-
BosbMeM 110 OJIHOMY CJIOBY CHENUATBLHOIO BUJIA U3 OUTPDAMMHBIX sI3bI-
KOB, 3aJIaHHBIX Kaxkaoii m3 marpun O], 05, 0%, Ilycrs aca € L(O)),
!/ !/
bpb € L(O)) u aya = ayibya € L(OY), tne o, 8,7, 7,72 € A*, upu-
qeM «, 3,71,Y2 MOTYT OBITH MYCTBIMU, & Y — TOJBKO B ciydae a = b.
WnrocTpaniust JJAaHHOTO CJIydasi ToKa3aHa Ha PHC. b.

!
S D
Y2

Puc. 5. Cay4gait Tpex 3iJIepOBBIX ITUKJIOB, J[Ba U3 KOTOPBIX UMEIOT YHU-
KaJIbHbIE pebpa.

Torma cioBo w = aaaybBbya € L(O). Torga juist so6oro Hary-
PAJILHOTO M CJIOBO Wy, = a(aa)™ (y1by2a)™ 1y1b(8b) ™ yea € L(m®) wu,
CJIEIOBATENBHO, Wy, € Fo.

OueBWIHO, YTO CYyIECTBYeT Takoe HaTypajbHOe 4ucjao m > (0, 9To
IJINHA, CpeaHel JacTh (71b’yga)m*1’yl CJIOBA, Wy, OyIeT 00JIbIe JuciIa 19
U3 JIEMMbBI 3, TIPH 9TOM |wy,| > ni. Ilycrs cioBo wy, = 61udavds, tae
lpv| > 0, |poor| < no.

Torna ynukaibHble GUIPAMMBI @G ¥ A1) OYIyT B CIIOBE Wy, OTCTOSATD
JIPYT OT ApyTa He MeHee "eM Ha JyIuHy cpejneit qactn (y1byea)™ 11, TO
ecTb He MeHee ueM Ha Mo + 1. 3HauuT, B pasbueHuu w,, = 0140203 B
MOJICJIOBE [402V HE MOTYT OJIHOBPEMEHHO HAXOJUTCA 00€ 9TH YHUKAHHBIE
OUTrpaMMbI.

Cornacao Jjiemme 3, ecii 93blK Fg — KOHTEKCTHO-CBOOOJIHBINA, TO B
HEM COJIEPIKUTCSI U CJIOBO wy = 010203 (mozcrasisiem 3Hadenue k = 0).
U3 ycnoBust |pr| > 0 cieyer, 4To npu BbIYEPKUBAHUU [IOJICJIOB [i U IV U3
CJIOBA Wy, KOJIMYECTBO OMIpaMM B HEM, C OJHON CTOPOHBI, YMEHBITUTCH
KaK MHHIMYM Ha 2 (BBIYEpKHYyTa OjHa OYKBa), a C JIPyroif CTOPOHBI, yBe-
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JamauTest Ha 1 (ecim TOJBKO OJIHO U3 [ U ¥ — HelycToe) uin Ha 2 (ecsu
oba [ 1 v — HEILyCThIe).

Eciu Hu B (4, HU B 1 He BXOJWJIa HU OJHA N3 YHUKAJBHBIX OUIPAMM,
TO HOJIYYUM, UTO YHUKAJILHBIX OUIpaMM B wy KaK MUHUMYM HE YMEHDIIIN-
JIOCh, a JIDYTUX — KAK MHUHAMYM YMEHBIIHJIOCh Ha OJIHY (Tak KakK CyM-
MapHO GUIPAMM CTAJI0 KAK MUHMMYM MEHBIIE Ha OJHY). B 3ToM ciydae
wo ¢ Fo 1 NpoTHBOpEYHE C YTBEPKJICHUEM JIEMMbI 3.

Teneps pacMoTpuM ciydaif, KOra B OJJHOM U3 [t ¥ V €CTh YHUKAJIbHAS
ourpaMma (IycTb JJIs OIPEJEIeHHOCTH a;a; B ). Ilociie BbIYepKUBaHUs
[ ¥ v MBI j100aBIisieM OT OJiHOi (Koryja v — mycroe) 10 AByX (Korja v —
Hemycroe) 6urpamm. Eciu jobaBisieM TOJBKO OJHY OUTDaAMMYy, TO UHC-
JI0 OUTPaMM @;a; KaK MAaKCHMYM OCTaHETCs IPEXKHUM, OUIpDaMM aja; —
KaK MUHUMYM He yMEHBLIIUTCS, a BCEro OMIpaMM CTaHET MEHLIIE. 3Ha-
ant, wy ¢ Fo. Ecin xke nobasiisiem jiBe GUrpaMMbl, TO BO3MOXKHBI J[Ba
CIIydasi: a) IUCJIO0 OUTPAMM @;(; KaK MAKCHMYyM OCTAHETCsI IIPEXKHUM, Ou-
rpaMM apa; — KaK MUHUMYM HE YMEHBIIHUTCs, a BCEro OMIpaMM CTAHeT
MeHbIIle; 6) YHCJIO OUIPAMM @;a; YBEIHIHTCS Ha 1, a 9HCI0 GUrpaMM
aa; — OCTaHETCs TaKUM 2Ke. B jmoboM u3 srux ciaydaeB wy ¢ Fg (Tak
KaK KPaTHOCTb BCeX OUIpaMM JOJIPKHA YMEHBINATCS WA yBEJIUINBATHCS
B OJHO W TO »Ke UHCJIO Pa3, a 3JIeChb MOJyJIaeM, UTO KPATHOCTH OJIHUX
YBEJIHMINBACTCS, & IPYTUX — YMEHBIACTCS MJIN OCTACTCS TaKIM JKe).

Takum 00pa3oM, YTBEpPXKIEHHE JIeMMbl 3 HUKOT/JA HE BBIIOJIHSIETCS
I Wy, € Fo, 1, cienoBareabno, Fg — He KOHTEKCTHO-CBOOOIHLIA SI3bIK.

2.2) CyImecTBYIOT JiBa PA3HbIX PA3JIOXKEHUsT MATPHIILI KpaTHOCTEl Ou-
rpamMMm O B cyMMYy JIBYX JIMHEIHO HE3aBUCUMBIX MaTpuil ©@ = 01 + Oy =
O3+ 0y, re pasimmyHbie MATpUIbl O1, O9, O3, ©4 COOTBETCTBYIOIINX IIPO-
CTBIM 3MJIEPOBLIM IIUKJIaM, U IIPKU 3ToM © He pasjaraercsa B CyMMy 0OJIb-
IIET0 KOJUYIECTBA, JIMHEHHO HE3aBUCUMbBIX MATPHUI, COOTBETCTBYIOIIMX 3ii-
JIEPOBBLIM ITUKJIAM.

Jlnsg Havaja yCTAHOBHUM IIapy BarKHLIX CJIEIACTBHN U3 Pa3JI0XKEHUS
O =01+ Oy = O3 + O4 B Haphl JUHEHHO HE3ABUCUMBIX IIPOCTBHIX Jiijie-
POBBIX ITUKJIOB.

Bo-mepBbIx, ecsm JijIst OHOTO Pa3J/IoXKeHust (JOIyCTHM, 9TO PA3JIOZKe-
e © = O] 4+ O3) 06a MPOCTHIX IMKJA COIEPKAT PEOPO €, TO ITO XKe
pebpo OyayT comep:KaTh 00a MPOCTLIX MUKJIA JJIsT JPYTOr0 PA3JIOXKEHUST
(B anHOM cirydae 910 O = O3 + O4). D10 TaK, OCKOJIBKY, JIBATASCH 110
HAIIPaBJIEHNIO pebpa e, Mbl PAHO WJIM [TO3/IHO IIPUJIEM B BEPIINHY, U3 KO-
TOPOI NCXOJUT IBa HelapaJsjIebHbIX pedpa e U ey, €1 # es. s ar60ro
pasyiokeHust © B JIFOOOM IIPOCTOM IIHUKJIE U U3 JIFOOOH BEPITUHBI UCXOJAT
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TOJIBKO OJIHO PeOPO (BO3MOXKHO, C COOTBETCTBYIOIIEH KPATHOCTHIO). 3Ha-
YUT, 3TH JBa HelapaJUle/bHBIX pedpa IPUHAJIEKAT Pa3HLIM IIPOCTHIM
[UKJIAM, ¥, CJIEJIOBATEJIFHO, ITyTh JI0 HUX, HAYWHASI C OPUEHTHPOBAHHOTO
pebpa e, cojepai pebpa, NpUHAJIeXKAIe 000UM IMKIaM (B JaHHOM
cJlydae COOTBETCTBYIOIUX MaTpuriaMm O3 u Oy).

Bo-Bropuix, eciau a — o0Inas HEH30JIMPOBAHHAS BEPIINHA JJIs LMK-
JioB ©1 1 Oy, TO OHa XKe Oyzer o0Ieil HeM30IUPOBAHHON U I ITUKJIOB
O3 u O4. Ecim a npunaiexxur obmeMmy pebpy e g ©1 n Oy, To 110
JIOKA3aHHOMY BBIIIE @ IPUHAIIECIKAT TOMY 2Ke obinemy pebpy e s Oz
u ©4. Eciu ke a He IPpUHAJJICKUT HUKAKOMY 00IeMy pebpy it O1 u
O, TO, OYEBUIHO, YTO B BEPIIMHY ¢ BXOIAT JBa HeIapaslle/bHLIX peb-
pa, U BLIXOAAT OBa HElapaslle/bHLIX pedpa. O4YeBUIHO, YTO 9TU YETLIPE
pebpa He MOrYT BXOAUTHL B OHUH IIPOCTON LUKJI, & JOJIXKHBI IIPUHAJIJIE-
JKATHb JABYM PA3JIAUHLIM IIPOCTLIM 3MJIEPOBLIM HUKJIAM. SHAYUT, BEPIITHA
a Oymer obmeit u st O3 u Oy.

PaceMmoTpum ponsBoIbHOE pas3iioKeHue, MyCTh 3T0 Oyger © = 01 +
O3. Yrke HEOJHOKPATHO IOKa3bIBAJIOCH, 4TO Kak B (Gg,, Tak u B Go,
JIOJIKHBI OBITH TaK Ha3blBaeMble YHUKaJbHbIE pebpa, KOTOPBIX HET B
nukJie-jponogHennu 1o Gg. PaccMoTpuM 1poM3BO/ILHBIN IPOCTOMH UK
U3 JIDYIOro pasJIoyKeHus, ImycTb 310 Oyner Gg,. C 0JHON CTOPOHBI, OH
JIOJIZKEH COJIEPKaTh yHHUKasbHble pebpa Kak u3 Gg,, Tak u u3 Ge,, Be/b
B IIPOTUBHOM CJIydae OH COepzKaj Obl pedpa TOJBKO M3 OJHOIO IIPOCTO-
ro nukia (Hanpumep, u3 Go,) u Takum obpaszoM cosraal oul ¢ Hum. C
Jipyroii croponsl, Gg, HE MOMKET COJIEPKATh BCE YHUKAJbHbIE peOpa HU
Go,, nun Gg,, TaKk KaK B IPOTUBHOM CJIydae 110 JOKA3AHHOMY OH TaKiKe
cozepkuT obmue pebpa 1ia Go, u Go, U, ClIeIOBATEIBHO, COBIIAIAET C
OIHUM U3 IPOCTLIX LMKJIOB U3 IIEPBOrO PA3JIOXKEHUSI.

SuaunT, 06a IPOCTLIX UK/ U3 OJHOIO PA3/IOKEHMS CONEpPXKAT YHHU-
KaJIbHbIe pebpa J1jist JII0OOro U3 MPOCTHIX IIUKJIOB BTOPOrO Pa3jioyKeHust (1
Haobopor). Terepb MOXKHO cBeCTH 9TOT ciaydaii K 1. 2.1).

IIycts a € A — obias Hem30IupoBaHHasl BEPIIMHA, Y IIPOCTOro Ipada
Ge, ¢ npocreivMu rpadamu Ge,, Go, 1 Ge, (TO, 9TO Takas BepIIHHA
CYIIECTBYET, OBLIIO TI0KA3AHO BBIIIIE).

BosbMeM 110 OIHOMY CJIOBY CIIEIAAIBLHOTO BHJIA U3 OUTPAMMHBIX SI3bI-
KOB, 3aJIaHHBIX KaxK/0il u3 marpui; 01,09, O3, 04. Ilycrs aca € L(01),
afa € L(O3), aya € L(O3) u ada € L(Oy), rue a, 8,7, € A*.

Torma cioBo w = aaadafaya € L(20). Torma jyist so6oro HaTy-
PAJILHOTO M CJIOBO Wy, = a(aa)™(da)™(Ba)™ (ya)™ € L(2m0O) u, ciemo-
BaTeIbHO, Wy, € Fo.
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Ou4eBWIHO, YTO CYIIECTBYeT Takoe HaTypajbHOe 4uucao m > 0, 9To
JUTHHA KaXKJION M3 J9acTell CJI0BA Wyy,, COOTBETCTBYIOIIEH JI000MY ITPOCTO-
My IHKJIy U3 pasjioxkeHuss O, Oyaer OoJibllle YUCIA Mo U3 JEMMBI 3, TO
€CTh

min(m|aa’|7 m|ﬁa’|7 m|’7a|7 m|5a|) > ng,

U 1pU 3TOM |wp,| > mq. Ilycrs ciioBo wy, = djuderds, tue |uv| > 0,
|pdav| < no.

Toria mMoICIOBO 102l CIIOBA Wyy, TIOJTHOCTHIO COJIEPXKUTCS JIMOO B YACTH
€1 = a(aa)™(0a)™(Ba)™, mubo B uactu €2 = a(da)™(Ba)™(ya)™, npuiem
JUTHHBI CPEJIHUX YacTel €1 U €9 DOJIBINE, YeM JITHHA (10l .

Hautee, 110 nokazannoMy Bbline, kpaiinue gactu a(aa)™ u a(fa)™ cio-
Ba €] COJIEPXKAT YHUKAJbHbIE OUIPAMMBI (110 OTHONIEHUIO JIPYT K JPYTY
U 10 OTHOINEHUIO K cpejHeil dactu a(da)™), To »Ke BEpHO U Jisi CJIoBa
€9. Tenepb, noBTOpsist paccyzkjaeHust u3 1. 2.1) 06 OTCyTCTBUU B3AUMHBIX
KOPPEeJISIIUil JI/IsT KPATHOCTEH YHUKAJIBHBIX W HEYHUKAJBHBIX GUIDaMM
JIsi cyioBa €1 (WM €2) TPU CTUpaHUU dacreil 4 U v (B TO BpeMsi Kak
B OCTAJIbHON YacTH CJI0Ba wy, — a(ya)™ (wm a(aa)™) — Bce ocTanoch
HEU3MEHHBIM ), TIPUXOJIUM K BBIBOJLY, UTO CJIOBO wy = 010203 ¢ Fo.

[Monyuaem mpoTuBOpevne ¢ JeMMO#H 3, W, 3HAYUT, A3bIK Fg — He
KOHTEKCTHO-CBODOJTHBIIA.

2.3) Ilycrs Marpuna KparHocTell GurpamMM O, pasjiaraercs B CyMMY
Tpex JINHEHHO He3aBUCUMBIX MaTpull © = 01 + Oy + O3, npuyemM Kaxk-
Jasg u3 Marpull ©1, 09, O3 € = Takxke 3ajaeT diepos rpad. [Ipu srom
He CYIIECTBYET TAKOI'O JIEMEHTapHOro 3it1epoBa mukia Gg, ¢ MaTpuei
KpaTHOCTell burpamm O, uTo 0bodmmennas pasnocts Gg + Gg, COOTBET-
CTByeT MaTpUIe KpaTHOCTeHl GUrpamMM, KOTOpasi pasjaracTcst B CyMMy 2
JINHEHHO HE3ABUCUMBIX SMJIEPOBBIX IUKJIOB.

B nanHOM cirydae jyist Jr000r0 3s1eMeHTapHOro nukia Ge, 06001eH-
Hasi pasHocTh Go + Gg, Bcerya OyeT IPeJICTaB/IATh HEKHil IIPOCTOl M-
JsiepoB muka (.

CaezieM 9TOT ciydvail K npeapiaymemMy B 1. 2.2). s sToro 3amernm,
YTO CyIIECTBYET KAK MAUHUMYM JBa PA3HBLIX PA3JIoKeHusa © B CyMMy ABYX
MaTPHIL, COOTBETCTBYIOMIMX IPOCTHIM 3HIepoBbIM IuKJIaM. OmaHO Takoe
pasJIoXKeHue CJaeyeT u3 yeaoBus: myctb ©p = k©g (momaraem, 4To jis
HekoToporo k € N oneparus paszuoctu jiist rpados Ge u Gieg, ele olpe-
nernena, a it Ge u G4 1), — y&Ke Her), O = © —kOq (coorsercTByeT
npocromy 1ukiy Gp).
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Ilyers ©2 = mO5,m € N, rae rpad Ge, — saementapubrit. Us
JaByx marpuil ©g u ©) HEeBO3MOXKHO € NOMOIIBIO JIMHEHHBIX KOMOMHA-
Uil COCTABUTH 3 JIMHEHHO HE3aBUCHMBIX MATPUIBI (BCHIOMHUM DPA3JI0ZKe-
He © = 01 + O + O3). Buauut, cymecTBYeT M0 KpailHell Mepe erre
OJIMH 9JIEMEHTAPHBIH IMKJI ¢ MaTpuIeil Of, He COBIAJAIOMNUN C HEPBbI-
mu asymst (O # ©p, 05 # 04). OueBnjno, 4ro B 910M Cciydae rpad
Ge + Gey Gyner npocreiM siieposbiv. [losaraem, UTo juist HEKOTOPOro
l € N omnepanusi paznoctu jisi rpadoB Gg u Gl@g elre oIpesiesieHa, a
ansa Ge u Gy 1ye, — yxe ner. Torza B KavecTBe HOBOro pasGHEHNsT HC-
XO/(HOIT MaTpuipl BozbMeM © = O3 + Oy, e O3 = 05,0, = © — [0},
ITo mocTpoenuio HoBble Marpunbl O3 1 ©4, COOTBETCTBYIONAE IIPOCTHIM
3MJIEPOBLIM IUKJIAM, OTJUYHBI OT MaTpul, ©1 u Os.

3HauuT, UMEEM JIBa PA3IUIHBIX PAasOUEHUSA MCXOIHON MaTPHUIILI KPaT-
HOCTEeH OUTpaMM B CyMMY JIBYX TPOCTBIX MTUKIOB: © = ©1+09 = O340,
K KOTODPBIM IIPHMEHNM DACCYXKJCHUS n3 II. 2.2) (3aMeTHM, 9TO TaM MBI
HUTLJIe He UCIOJIB30BaIl TOT akT, 4To © He pasjaraercss B cymmy k > 3
JIMHEHO HE3ABUCUMBIX MATPUIL, COOTBETCTBYIONIUX SHIEPOBBIM IIHKJIAM ).
[Tonyuaem, aTo s13bIK Fig — HE KOHTEKCTHO-CBODOTHBIIA.

Crmcok JurepaTypbl

[1] Ope O. Teopus rpacdos. — M.: Hayxka, 1980.

[2] Herromko A.A. O 6urpammubix s3bikax // JInckpernas maremaTy-
ka. — 2013. T. 25, Ne 3. — C. 64-77.

[3] Chomsky N. Context Free Grammars and Pushdown Storage // Quar-
terly Progress Report. — MIT Research Laboratory in Electronics,
1962. 65. — P. 187-194.

[4] Evey R.J. Application of Pushdown-Store Machines // AFIPS Procee-
dings of the Fall Joint Computer Conference. — 1963. — P. 215-227.

[5] Schiitzenberger M.P. On Context-Free Languages and Push-Down
Automata // Information and Control. — 1963. 6. — P. 246-264.

[6] Bar-Hillel Y., Perles M. M., Shamir E. On formal properties of simple
phrase-structure grammars // Z. fur Phonetik, Sprachwissenschaft,
und Kommunikationsforschung. — 1961. Vol. 14 (2). — P. 143-172.

[7] Bar-Hillel Y. Language and Information: Selected Essays on their

Theory and Application // Addison-Wesley series in logic. — Addison-
Wesley, 1964. — P. 116-150.



