O BbIYMCIIEHUU HEKOTOPbIX
XapaKTepuCTuK KOHEYHbIX abeJIeBbIX

rpyIIn

K. III. Kabymnos, I'. A. Cepra

B nannoit pabore 1npejicraBiieHbl pe3yJIbTaThl IKCIIEPUMEHTAb-
HOI'0 aHAJIN3a CBOWCTB abesieBbIX I'PYIII B CBSI3U C UX KPUIITOIDa-
dbuvYecKnME IPUIIOKEHUAMEI. B crily CJI02KHOCTH BBIYUC/IUTEIBHOM
3a/la4l PacCMOTPEHbI I'PYIIIBI MaJIOro IIOPsIKa.

KuroueBble cjioBa: TOpSIOK 2-TPAH3UTUBHOCTH, abesieBa
IpyIa, KOHEYHAs TPYIa, CAMMETPUIHBINA mudp.

1. BBeaenue

[Ipy wucCHoOBL30BAHUN CHUMMETPUUIHBIX MIH(POB YACTO HEOOXOIUMO
MMeThb MHOXKECTBO IIpeobpasoBaTe/ieil KOJ0B, KOTOpPbie 00JIaIal0T PaBHO-
MEPHOCTBIO BEPOSTHOCTEN BO3MOYXKHBIX BBIXOJIOB BHE 3aBUCUMOCTH OT BXO-
Ja. VI3 MTaHHOTO MHOXKECTBa MOXKHO CJIyYallHBIM 00Pa30M BBIOUPATH IIpe-
obpa3zoBarenu i MU(MPOBAHUS WIH IEPECTAHOBKU BXOIHBIX JTAHHBIX.
OueBuiHO, ITO OOJIBIIIEE TTO MOIHOCTH MHOYKECTBO YI0DHEE B ITPUJIONKE-
HUSIX.

Jlannast paboTa siBJISIETCs MPOJIOJIXKEHUEM HUCCJIeI0BAHUS, [TPOBEICH-
Horo asropamu Layarerko A.B., Heuaesbim A. A., Ilankparbepbim A. E.
B pabore [1]. I[IpeacraBiieHbl pe3ysbraThl SKCIEPUMEHTATBLHOTO UCCIIEI0-
BaHUs abesIeBbIX IPYIII 10 HOpsiaka 16 BKIIOYNTEBHO, 8 TaAKXKe UX CPaB-
HUTEJILHBIN aHAJIN3.

ApTopbl BbIpaxkarT OjaromapHocTb 1.¢.-M.H. B.B. Kynpssiesy,
K.p.-m.H. A. E. [TankparbeBy u k.¢.-M.H. A. B. l'anarenko 3a mocTaHOBKY
3a/a41 U IEeHHDbIE YKA3AHUSI.
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2. OcHOBHBIE OIIpeieJeHUS

B nposoizkenne pesysbraToB paborsl [1|, B KoTopoil paccMarpuBaioT-
cst rpynnbl G u G, nopsiakoB 8, 9, 16 u nMerorue BUJI:

(1 — upeJcraBiieHue MUKIMIECKON IPYIIbl (Zyn, +) HOICTAHOBKAMI

g: (ﬂ?f‘g)a

(9 — TpejicTaBJIeHIE SJIEMEHTapPHON abeJIeBOil p-rpyIIIbl (Zg, @) noJcra-
HOBKaMU

g: (fﬂgég)a

IIPU €CTECTBEHHOM MpejcTaiennu aucesa uz ) (Q = 0,p"~1) p-uunpivu
BEKTOPaMU, COOTBETCTBYIONINMH P-UIHON 3AINCH, B JaHHOW paboTe m3y-
Y€HBI TPYIIbI BUsia Zo @ Ly, 7.4 ® 74 v 1pyrue abesIeBbl IPYIIIIbI MOPSIKOB
8, 9 m 16. lna ymobcrBa uTeHusi OHU OyIyT BBOIUTHCS JaJiee, IpUIeM
nymepanus rpyni (G, i = 1,5) BO Bcex pasjienax CBOsl, XOTS U MOMKET
coBnasiaTh (Hanpumep, G = Zg jyist rpymi nopsiika 8 u Gy = Zg jis
IpyIII Topsijika 9).

Bee nocuenyiomue o603Havdenusi B3sThl u3 paboTsl [1| B nensax ymo6-
CTBa JAJBHEHAIIIEro CpaBHEHUs MMOJIYIEHHBIX TIOKa3aTe el U MOKA3aTeIi,
oryO/IMKOBAHHLIX B JanHoi pabore. [IpuBenem umx.

B kadecTBe yC/IOXKHSIONMINX TPEOOPA30BAHUN PACCMATPUBAIOTCS U
CPaBHUBAIOTCST MEXKJTy CODO# ClIydafiHO TOPOXKIEHHBIE TOJICTAHOBKY W3
muozkects (G;h)F, tie h € S()) — MHOXKecTBe MepecTaHOBOK Ha (2. Die-
MEHTBI KasKJIOH U3 TPYIII MPOHYMEPOBAHBI TPOU3BOJBHBIM 0OPA30M:

G = {4, ,gf,’}?,l}, i=1,2,3.

ITopoxk nenne o/ ICTAHOBOK & € (Gih)k PaBHOCHUJIBHO IIOPOKJICHUIO YIIPaB-
JIIOIIUX KOMOWHAIIM, TO €CTh [TOC/IeI0BATEILHOCT 3HAYCHUN

817"'75kEQ

cJlydaiiHbIX paBHOMEpPHO paclipe/le/IeHHbIX Ha MHozkecTse 0, p~1 nezapnu-
CHUMBIX BEJIMYUH, U BBIYUCJIEHUIO CyMMapHOTO Iudpa;

E=g0h---gh e (Gin)".

S1
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MmuozkecTBO

Q<?> = {(a,b) : a,b € Q,a # b}

HA3BIBAETCSA MHOXKECTBOM HEHYJIEBLIX OMTIpaMM MHOMKeCTBa (2.

Marpuneil nmepexosHbIX BEPOSITHOCTEIl HEHYJIEBBIX OMI'DAMM MHOMKE-
cTBa cymmapubix mudpos (G;h)F maspsalor mx m marpuiy P ((Gih)F),
rie m = (¢> — q),q = p", CTPOKU W CTOJIOIBI KOTOPOil 3aHyMEPOBAHbLI B
OJIMHAKOBOM TOPsIJIKE JIEMEHTAMU U3 MHOYKECTBA OUTPAMM, U TAKyIO, ITO
HA [epecevdeHrn ee CTPOKK ¢ HomepoM (a,b) u crosbia ¢ HomepoMm (¢, d)
CTOUT YHCJIO

1
ab) _—_ ab
P(d) = q_kyk(cd)7
rie Vk(gg) YUCJIO YIPABISIOIUX KOMOUHAIMEA S1,- - , S, € ), KOTOpbIE

VAOBJIETBOPSIIOT YCJIOBHUIO

§(a) = ¢,&(b) = d.

MuozkectBo Gjh HasbiBaercs ocnosanueM mmubpa (Gih)F. s xax-
JIOTO OCHOBaHMUSI OLPEJE/ISETCs oKasaTeslb 2-TpansutusHoctu Oy (Gih),
KaK HanMeHbIIee HaTypajbHoe k Takoe, uto mmuoxectso (Gih)F 2-
TPAH3UTHUBHO, WJIM, JAPYTUME CJOBAMHU, MATPHIA IIEPEXOIHBIX BEPOATHO-
creil moJioxKuTesIbHA (KasKblil 371eMeHT GoJiblie HyJst). Ecin mogo6Horo
k ue cymecrsyer, To cunraor do(Gih) = oco.

Crout obparuTh BHUMaHUe, 9TO 11pH ycsaoun Ji(Gih) < 0o mocsiesio-
BATEILHOCTD PEryIAPHBIX JBAXKIBI cTOXacTHUecKHX Marpur Pa((Gih)F)
CXOJUTCS K PaBHOBeposTHOIH Marpure [2]. OueBujHO, TakxKe, 4TO €C/Iu
771 HekoTopoit crerenn | matpuma Py ((G;h)!) cramopuTest monosmTe -
Hoit, To u Bee Marpuipl Po((Gih)H*), nie s € N, Toxke MOJIOKUTETHHBL.

BbI,ZLeJIHIOTCH CJIeAYIOoIe XapaKTPUCTUKHA:

e 05(G;h) — KaK OCHOBHasi XapaKTePUCTHKA KPUITOrpahuIecKux Ka-
uecrs mudpos Buga (G;h);

e Ni(G;) — xommuecTBo nojcTanoBoK h € S(2), 1yist KOTOPBIX

02(Gih) = k;
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e Ni(Gi/H) — KOIMYECTBO MOJCTAHOBOK h U3 JAHHOTO IMOJMHOKE-

crBa H C S(2), /y1s KOTOPBIX
02(Gih) = k.

Jj1st  yCKOpeHUsl BBIYHMCJIEHU HCHOJIB3YIOTCS  BCIIOMOTaTeIbHbIe
daxTsr u3 paborsr [3]:
1. Beerna 02(G;h) > 3.

2. ImeroT MecTO COOTHOIIEHNA
Py((Gh)¥) = Py(Gh)* = Py(GhG)*L. Py(h),

U3 KOTOPBIX CJIEIyeT, 9TO MaTPHUIA Pz(Gh)k OTJINYAETCSI OT MaT-
PHITHI Pg(GhG)k’_1 JIMIIIb [IEPECTAHOBKOW CTOJIOIOB, & IOC/IEIHION0
MOXKHO BBIYUCJIUTH, UCIIOJIb3Ysl IPEICTABICHIE

Py(GhG) =T ® Q;(h),1 € N,
rie [ — paBHOBeposiTHOCTHas ¢ X ¢ MaTpuna, a Q;(h) sBisiercst
(g — 1) x (¢ — 1)-marpuneii, y KOTOpoii CTPOKH U CTOJIOIBI 3aHYMe-

POBaHbI HEHYJIEBBIMU 3JIEMEHTaAMU U3 QO u na nepeceveHnn CTPOKM!
C HOMEPOM U 1 CTOJI6ILa C HOMEPOM U CTOUT YHUCJIO

1
rre M( I ) — YUCJIO peNIeHnil YpaBHEHUS

h(z ® u) ® h(z) = v,

rjie @ — rpymmnoBas onepanust B Gy, ¢ = 1,2, 3.

3. PGBYJ'ILTaTbI BbIYACJ/INTEJIbBHOT'O 9KCIIEPpUMEH-

Ta OJIA TPYIIILI Zo & Zy

B Tabsinnie 1 npejcraBiieHbl CBOJAHDBIE JTaHHDLIE JJId YI00CTBA CpaBHE-

HUsI TIOJIyYeHHBIX 3HaUYCHUil. 3HAUEHUs!, MOJIyUYeHHbIE B JAHHOI paboTe,

BbIJICJICHBI 2KUPHDBIM.
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Tabiuna 1. 3navenus napamerpos Ni(G;).

k| G1Y¥Zs | G3 X Za®Zy | Go 273
< oo | 380912 36 480 32 256

3 32 384 20 480 10 752

4 6 528 13 568 16 128

5 - 1 792 5 376

6 - 128 -

7 - 0 -

8 - 512 -

Jlst 3 840 mepectanoBok h mokasaTeb 2-TPAH3UTUBHOCTH PaBEH OECKO-

HEYIHOCTH, 0oJiee TOTO :

e 536 mepecTaHOBOK COOTBETCTBYIOT IMEPUOIMIECKAM MATPUIIAM

(mepuosibl 5Tux Marpui pasiaudabl — 2, 3 u 4). Ilpumep nosyva-

FOIIUXCsT MATPUIL JJjist 1epectanoBku 5 2 3 4 1 6 7 0 upencrapiien

HI2Ke.

0.5
0
0
0

0.5
0
0

_ o O O O O

0

0 0 05 O
0 0 0 1
05 0 0 O
0 1 0 O
0 0 05 0
0 0 0 O
05 0 0 O

0
0
0.5
0
0
0
0.5]

,HaHHaH MaTpulla IIPpKW HNEPEMHOXKEHUN II€pecTaBJIsACT C€IUHHUIBI C

IJIABHOM Ha MOOOYHYIO JuaroHajb u 00paTHO, IEPUO/ paBeH 2.

e 3 304 mepecTaHOBKM COOTBETCTBYIOT WJIEMIIOTEHTHBIM MAaTPUIAM

(crofia BKJIIOYAIOTCS M TOXKJECTBEHHBIE (C/IMHUYHBIC) MATPHUILHI).

I/I,HGMHOTGHTHOCTB BbI6paHa, B Ka4deCTBe OIIpEJIC/IAI0NIETO CBOICTBa

n3-3a COOOPaXKEHUN HEy/IydIIaeMOCTH Mudpa MPU ero MHOTOKPaT-

noM npumenennu (P? = P).

Crour obparurh BuuManue, 4To 8! = 40320 = 36480 + 3304 + 536, To
€CTh BCE BO3MOXKHBIE IEPECTAHOBKH yUTEHBI U UCCJIETOBAHBI.

PaCCMOTpI/IM Hallll I'PYIIBbI C TOYKU 3PEHUsA CKOPOCTH CXOAUMOCTU

marput, Po((Gh)!) k paBHOBEpOsATHOIL.
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o Nl(Gi; 8)
BCe daeMenth m X m Marpunsl Py((Gh)!) nexar B umnTeppase
[L(1—¢), L(1+4¢)], Ho He Bee anementsr Marpunpr Py ((Gh)' 1) e-
JKaT B JaHHOM mHTepBaje. CTOAT OTMETHTDL, YTO B HAIlEM CJlydae

— KOJIMYECTBO MOJACTaHOBOK h € S(£2), /s KOTOpBIX

TAKIKe PACCMATPUBAIICEH He camu MaTpuisl Po((Gh)Y), a marpurs
Q;(h)=1, ns gero m, coryacHo cMBICITY, 3aMeHsIOCH Ha ¢ — 1.

Ta6mmma 2. 3nadenus napamerpos N;(Gy;0.5).

Jist BOSMOXKHOCTH CpaBHEHWs JIaHHBIX ¢ paboroil |1] mpusemem takzke

l G1=27Zs | Gg = 7o D7y Gg%Zg
3 6 144 2 048 0
4 25 216 25 600 10 752
) 3 584 4 352 16 128
6 1 536 3 840 o 378
7 1 536 0 0
8 012 0 0
9 128 128 0
10 256 0 0
11 0 256 0
12 0 0 0
13 0 0 0
14 0 0 0
15 0 256 0
Bcero | 38 912 36 480 32 256

aHaJorn4HyIo Tadbsuily ¢ € = 0.25:
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Ta6mmma 3. 3nagenns mapamerpos N;(Gy;0.25).

l G1¥Zs | G3 X Za®Zy | Go 273
3 1024 0 0
4 17 152 17 920 10 752
5 13 056 10 752 10 752
6 2 688 3 584 5 376
7 1792 3 072 5 376
8 2 048 512 0
9 256 0 0
10 0 0 0
11 512 128 0
12 0 0 0
13 128 0 0
14 256 0 0
15 0 256 0
16 0 0 0
17 0 0 0
18 0 0 0
19 0 0 0
20 0 0 0
21 0 256 0
Bcero | 38 912 36 480 32 256

Kak u B ciiyuae rpymn G u Go, ecim jijist Kakoil-inbo 1epecTanoBKI
h € S(2) marpuna Q2(h) B KAKOH-TO KOHEYHON CTEIEHN CTAHOBUTCS I10-
JIOXKUTEJIbHOI, TO 1 MaTpuna Q3(h) 1ist TaHHOI [IepeCTAHOBKU B HEKOTO-
poii cTeneHn cTaHeT MOJOKUTEILHON. AHAIOrMYHOE YTBEPKIEHIE UMeeT
MeCTO B CJIydae, KOrja Jiis epectaHoBKu h Marpuna (Q3(h) B HEKOTOpPOii
CTEIeHN CTAHOBUTCSI TIOJIOKUTEJIBHON — B 9TOM citydae u marpuna Q1 (h)
CTaHeT IIOJIO?KUTEJIbHOM B HEKOTOPOH KOHEYHON HATypaJIbHOW CTeleHU.
Takke, MOKHO OTMETUTD, YTO JIJIsi HEKOTOPBIX TIEPECTAHOBOK h MaTPHIIbI
Py((G3h)") cxonsaTes odenb MeyIeHHo.



72

K. III. Kabysos, I'. A. Cepra

4. Pe3ynbTaThl BHIYUCJIUTEIHLHOTO KCIEPUMEH-
Ta AJis I'PYIIT Hopsjika 9

ITpoBenen cpaBHUTEIBHBIN aHAIN3 CXOAUMOCTH MATPUIL IIEPEXOTHBIX

BeposATHOCTEN Jjisi abesieBbIX rpymm nopsiaka 9. Himke mpusenennr pe-

3yMBTaTHl BBRrAmCIeHnit snadennit N;j(G,0.5) u Nj(G;,0.25), tie Gy
Z32, GQ — Z%

Ta6mmma 4. 3uauenns: mapamerpos N;(Gy;0.5) n Nj(Gy;0.25) (cooTset-

CTBEHHO).
l G Go
3 43740 | 93312
4 259038 | 219024
5 38394 | 29808
6 10206 3888
7 1944 11664
8 4860 0
9 1944 0
10 972 0
11 0 0
12 0 0
13 0 0
14 486 0
> 14 0 0
Bcero | 361584 | 357696

OrmeruMm creyroriue hakThl:

l G Go
3 0 0
4 159408 | 155520
5 143370 | 174960
6 36450 9072
7 10206 6480
8 1944 7776
9 2916 3888
10 3402 0
11 972 0
12 972 0
13 486 0
14 972 0
15 0 0
16 0 0
17 0 0
18 0 0
19 0 0
20 486 0
> 20 0 0
Bcero | 361584 | 357696

e N3(Go,0.5) ma 49572 Gombme, wem N3(Gy,0.5).
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e /Iy BCEX NEpPeCTAaHOBOK MX MATPHIILI IIEPEXOIHBIX BEPOATHOCTE
TakoBbl, uTo N3(G;,0.25) = 0,7 =1,2.

e /i (G1 HEKOTOpBIE MATPUIIBI CXOAATCS JIOCTATOYHO MEJJICHHO, K
npuMepy, s Tpymbl Go mokasarens Nj(Ge,0.25) = 0 mpu [ > 9,
1o jytst rpytel Gy umeem Nog(G1, 0.25) = 486.

5. Pe3ynbTaTbl BBIYUCINUTEIHHOTO dKCIEPUMEH-
Ta JJid TPyl nopgaxka 16

B ciyuae p = 2,n = 4 MOpsiIOK CHUMMETPUIECKON Ipymbl paBeH 16!.
Bsuy HeBosmozkHOCTH Tepebopa 16! sHaueHunit Ha OCTYIHBIX IIPU IIPOBE-
JIEHUU PADOTHI BBIYUC/IUTE/IBHBIX MAITUHAX, /I AaHAJIN3a JTAHHON TPYIIIbI
HCIOJIB30BaH AJTOPUTM CJIYIANHON TeHepalyun 3J1eMEeHTOB U3 MacChuBa —
asroputym @umepa-Merca (asropurm KnyTa). Iloapo6uee 1mpo nero Mox-
HO IPOYMTATH, HAIIpUMeED, B paborax [4], [5].

Host 100 000 000 (100 mutH.) caygaifHbIx nepecTaHoBoK h € Sig, 110-
JIyYEHHBIX C I[OMOIIBIO yKA3aHHOrO ajaropurma (MHOXKecTBO H), OblLIn
MOCYUTAHBI JIAHHBIE /TSI 5 PA3TUIHBIX TPYIIIL:

G1 = Z16, G2 = Ly ® L4, Gy = Lo @ Ls,
Gy Z2 7P 7lo P Zy,Gs = Z4
1) Kommaecrso h € H, pyist kKotopeix J2(Gh) < 00

)
2) Kosmaecrso h € H, nist kotopsix 02(Gh) = oo
3) max{(f?g(Gh) 02(Gh) < oo}
) N,
) N.

4 (G /H)
5) Na(Gi/H)
Tabuna 5. 3nauenus napamerpos s rpymn Gy, i = 1,5.

Gl G2 G3 G4 G5
1199984 167 | 99 953 240 | 99 952 898 | 99 891 334 | 99 766 042
2 15 833 46 760 47 102 108 666 233 958
3 7 6 8 7 9
4199 559 867 | 96 581 642 | 96 493 051 | 75 470 644 | 6 036 375
5 <1% 3365 763 | 3456 269 | 24 370 103 | 93 080 529
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6. 3akJrodyeHue

Pe3ynbraTs! 3KCIIepUMEHTOB MOATBEPKIAIOT U YTOUHSIOT JAHHBIE, IT0-
Jy4eHHble B pabore [1], & MMEHHO, HOMOTralOT BBIJBUHYThH IUIIOTE3Y O TOM,
qTO

N3(G1) > N3(Gs) > N3(Ga).

Bonee Toro, xKommIecTBO MEPECTAHOBOK € KOHEYTHBIM IOKA3ATETEM 2-
TPAH3UTUBHOCTU OOJIbINE Jjist rpymin Bujga G .

YHuTBIBaS 3TO, HCHOMb30Banne Tpynn G = Z,n IPH IOCTPOCHUH KPUII-
TorpaduIecukx MPUMHUTHBOB MOXKET OKa3aThCsi Oojiee 3(DPEeKTUBHBIM,
YeM HUCIOJIb30BAHUE JPYTUX abesIeBbIX I'PYII MOpsijka p'.
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