PacnmdpoBka moImHOMAAJIBHBIX
dbyHKIMiT paHKNPOBAHUSA

C.U. Xerait

B pabore paccmarpuBaercs 3amada pacuindpPOBKY TOJTTHOMIE-
AJIBHBIX (DYHKINN PAHXKUPOBaHUA. B caydae Korjga GyHKIINs paH-
JKAPOBAHUSA 3aBUCHUT OT M3BECTHOU IIePEMEHHOHN JIMHEWHO Ipenjo-
2KeH aJIrOpUTM paCHII/ICprBKI/I C TOYHOCTBIO JJO MYJIbTHUIIJINKATUB-
HOI'O MHOXKHUTEJISI C U3BECTHOI MIOTPENITHOCTHIO, a TaK 2Ke €r'o OIleH-
ka cioxkuoctu. [Ipercrasien kmacc pyHKIUi, I8 KOTOPBIX Cy-
IIECTBYET AJITOPUTM, OIPEIEIISIONNI It KAKON U3 IepeMeHHbBIX
COOTBETCTBYIOMIII MOHOM UMEET HANMEHBIIIYIO CTEIIEHb U HANMEHb-
Uit 110 MOJYJI0 crapimuii Kodddunnent. Jlana oreHka CI0KHOCTH
JIAHHOTO aJITOPUTMA.

Kuao4geBble ciioBa: pacmmdpoBKa GYHKIWMIA, (DYHKINH paH-
JKAPOBaHUS, [IPOJIBUKEHNE BEO-CAITOB.

1. BBeaenue

NurencuBHoe pa3BuTHe BeO-TEXHOJOIUN MPHUBEIO K IOSBJICHUIO HA
PBIHKE KOMITAHU{, MPEJJIAraioNnX YCJIYTH [0 IPOJIBUKEHUIO0 BeO-CaiiTOB.
Bajaua TaKuX KOMIIAHWI COCTOMT B TOM, YTOOBI JIJIsT 33 aHHOTO IIOWC-
KOBOT'O 3alpoca TaK W3MEHHTb HUCXOIHBIA BeO-CAilT, 9TOOBI OH OKa3aJl-
¢Sl B IIEPBBIX CTPOYKAX BBIIAYN WHTEPHET-TIOUCKOBUKOB IO JIAHHOMY 3a-
npocy. Ilpeamosoxkum, 9T0 pM (PUKCHPOBAHHOM ITOMCKOBOM 3aIIPOCe
WHTEPHET-ITONCKOBUK KaXKJIOMY BeO-CAfTy COITOCTABJISIET HEKOTOPBIH BEK-
TOP M-MEPHOT0 €BKJ/INJI0BA MPOCTPAHCTBA, HA3BIBAEMBIIl BEKTOPOM caiiTa.
IIpenmosokum Ham m3BecTHa Ta QyHKIMA comnocTastenus. [Ipemqmoro-
KUM TakKe, 9TO CYIIEeCTBYeT HeKasd (PYHKIUS PAHKUPOBAHUS B COOT-
BETCTBUU C KOTOPOIl MHTEPHET-IIONCKOBUK YIOPSI0UUBAET BEKTOPA, CO-
OTBETCTBYIOINE CAiTaM, U B TAKOM IMOPsIIKe BLIBOJIUT OTBET HA JAHHBIN
3anpoc. bynem nosaratb, 9To QYHKINS PAHKUPOBAHUS HAM He U3BECT-
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Ha, HO MBI XOTeJIN ObI ee y3HaTh, HOCKOJIBKY 3TO IIOMO2KET BbIBECTH HAIIl
calT B BEpXHUE CTPOYKU CIUCKa ITOMCKOBUKA.

CraHmapTHas IPoIleLypa pacmndpPoBKH (PYHKIINIA, TPEIIOIararoast
BO3MOXKHOCTH CIIPOCUTDH Y OpaKyJia 3HadeHne (PpyHKIIMU Ha BEKTOPE 3Ha-
YeHHuil apryMeHTOB, 3JIeCh He IPOIJIET, TOCKOJIBKY €CJIHU JlayKe IPeIIIo0-
KHUTb, 9TO MBI CMOYXKeM C(POPMUPOBATEL CANUT C 3aJaHHBIM BEKTOPOM Caii-
Ta, TO MOUCKOBUK HE COOOIMUT HAM 3HAaYeHWEe (DYHKIINUA PAHKUPOBAHUST
HA JAHHOM BEKTOpE. 3aTO eC/iu MbI CPOPMHUPYEM JIBa caiiTa ¢ pasHbIMU
BEKTOPaMH, TO Mbl CMOYXKEM y3HATh Ha KAKOM W3 3TUX BEKTOPOB 3HAUYEHUE
bYHKIINN PAHKUPOBAHUS OOJIbINE, TOJHKO B3TJITHYB KaKOi U3 CATOB BbI-
e B criucke. TeM caMbIM Y HAC BO3HUKAET 3a/a4a PACITUPPOBKU C HOBBIM
BH/JIOM 3allPOCOB K OPaKyJIy, KOTOPbIIl HA30BEM 3aIIpOCOM HA CpaBHEHHE.

Urax, 1mycTh HaM JaHO MHOXKECTBO F' DyHKII pamKupoBaHusi, Jei-
creyromux u3 R™ B R. Ilycts f Hekoropasi Hem3BecTHast (PyHKIUS U3
F. Banpocom Ha cpaBHeHHe Ha3blBaeTcst mapa Tovek (a,b). OrBeroMm Ha
sanpoc (a,b) naswBaercs unciao sign(f(a) — f(b)). Ham paspemaercs
3a/1aBaTh JIIOObIE 3alIPOCHI Ha CPABHEHUE U C IIOMOIIBIO HUX XOUETCsI Pac-

mudpoBaTh GyHKINO f.

B pabote mokasbiBaeTCs, UTO €CJU MHOYXKECTBO (DYHKITUI paHKUPO-
BaHud I’ ecTb MHOXKECTBO TOJIMHOMOB OT MHOTHX I€PEMEHHBIX TaKUX,
9TO KaXKJIbIII MOHOM ITOJIMHOMA SBJIsieTCsT (PYHKIMEH OHOM ImepeMeHHOi,
[IPUYIEM CPEIU MOHOMOB CYIIECTBYET XOTsI Obl OJJMH MOHOM CTeleH: 1,
TO €CThb (PYHKIIUsI PAHXKUPOBAHUS 3aBUCHUT JIMHEHHO OT KAKON-TO U3 TIe-
PEMEHHBIX, MPUYEeM YKA3aHO OT KaKOW, TO KaxKjas (DYHKIUS U3 ITOTO
KJIACCA MOXKET OBITh pacHimdpoBaHa ¢ TOYHOCTHIO JIO MHOXKHUTENS C Ha-
nepeJ 3aJlaHHOi TOYHOCTBIO. [IpuveM, ecim 3aBeIOMO M3BECTHO, UTO Ha
paccMaTpuBaeMOM OTPE3Ke IIOJIMHOMBI OIPAHUYCHBI KOHCTAHTOH!, TO J1aHa
OIIEHKa KOJIMYIECTBA 3aIlPOCOB HA CPABHEHUE AJITOPUTMa PACHIn(DPOBKH.

[Ipencrasien Kiacc GyHKINIA, /)T KOTOPBIX MOYXKHO OTBICKATH HOMEP
[IEPEMEHHON 10 KOTOPOH 3Ta (DyHKIMSA 3aBUCUT JIMHEWHO, €CJTU U3BECTHO,
9TO XOTs OBbI Of[HA TaKas IepeMeHHas cylecTByeT. st Toro ke Kiacca
dyHKIN JaHa OleHKa KOJUYECTBA 3aIlPOCOB Ha CPABHEHHE AJI'OPUTMAa
HaXOXK/JEeHUs MOHOMAa C HaUMEHBbIIeH CTEeleHbIO U HAaUMEHBIIUM 3HaAYCHU-
eM MOJIyJIsl CTapIIero K03 uiineHTa.

ABTOD BBIpaXkaeT 6J1aroIapHOCTh Ipodeccopy . . l'acaHoBy 3a Ha-
y4HOE PYKOBOJICTBO U IIOMOIIb B paboTe.
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2. IlocranoBka 3amaum m ¢OPMYJIHPOBKA pe-
3yJIbTATOB

[Iycts ®,, — HEKOTOpPBIN Kitace dyHKIMiA, geiicrBytonux n3 R™ B R.
Orobpaxkenne suja x : P, — Z Ha30BEM Tapaxmepucmuxol GyHrkuul us
®,,. Eciin f € @, To 3navenue x(f) HazoBeM zapaxmepucmurol @yrk-
yuu f uz ®,.

[Mox sanpocom ma cpasrernue Gynem HOHUMATh Hapy Habopos (a,b)
3HaUYEHUil nepeMeHHBIX yHKIUU f, rue a,b € R™.

Mo omeemom wma 3anpoc na cpasHerue 3HAK PA3HOCTH SHAYCHUIN
dbyuxImu Ha 3THX Habopax, To ecthb uncso sign(f(a) — f(b)).

[ox anzopummom pacwugposru OyreM TTOHUMATH YCJIOBHBIA 9KCITe-
PUMEHT, KOTOPBIH [MOCJIEI0BATEILHO T€HEPUPYET 3AIPOChl HA CPABHEHUE
B 3aBUCHMOCTH OT OTBETOB Ha IpEJbIAYINNE 3aIIpOoCchl. ByaemM roBopurh,
ITO  AA20PUMM  pacwu@posuisaem xapaxmepucmuky X dyaxmmn fu3
®,,, eciu 3HaYEHUs] OTBETOB HA 3AIPOCHl HA CPABHEHUE, CreHEPUPOBaH-
Hble YCJIOBHBIM SKCIIEPUMEHTOM, OJIHO3HAUHO ompesessitor uucio x(f)
npu ycaopun, ato f € ®,. CkaxkeM, 9TO a.A20pUMM PACUWUPPOSHIEAEM,
zapaxmepucmury Pynruutd uz @y, ecau oH pacmudpPOBBIBAECT XapaKTe-
puCTUKY Kaxkjaoi pyukiun f u3z O,.

MHO>XKeCTBO BCeX AJITOPUTMOB, PACHIA(POBBIBAIOIINX XapaKTEePUCTH-
Ky x dyskiuii u3 kiaacca ®,, oboznaunm vepes A(P,, x).

Cnootenocmoro (A, x, f) anreopumma A na zapaxmepucmure X
dyrxyuu f OyaeM Ha3bIBATh YHCJIO 3alPOCOB Ha CpaBHEHHUE, Tpebyemoe
asropurmy A s pacmugpoBKru Xapakrepuctuku x dyukiun f. By-
JTIeM HA3BIBATD CAONHCHOCTDIO AA20pUMMA A 0Af Tapakmepucmuky X Ha
kaacce @, Benmuuny p(A, O, x) = JICIGI%X o(A, x, f).

n

Dyukuuio (P, x) = e Jrﬁ}bn X)go(A, ®,,, X) GyzieM Ha3BIBATDH CAOIHC-

HOCTMDIO pCLCWU&pOG?{IU rapaxmepucmuru X Ha Kaacce (I)n

PesynbraTel 1o pacimudpoBKe JHHEHHBIX (DYHKIMI PaHKUPOBAHUSI,
To ectb dyHKIMi Buga f(r1,...,2,) = 121 + o2 + ... + CpTy + Cpta,
e ¢; € Ryi=1,...,n+ 1, moryr 6bITh HaiijgeHsr B [1].

B nmammoit pabore paccmaTrpuBaeTcs caydail, Korjaa MyHKINAS PAHKU-
pPoOBaHuA 3aBUCHUT OT Ka)KILOfI Hepel\IeHHOﬁ ITIOJIMHOMUAJIBHO.

B uwacrHOCTH, KOrja M3BECTHO, YTO (DYHKIUS PAHXKUPOBAHUS MMe-
eT JII/IHefIHyIO 3aBUCUMOCTB I10 O,Z[HOfI n3 NnepeMeHHbIX ITPUBOJIUTCA aJIiro-
PUTM, KOTOPBIH ITO3BOJISIET pacimdpoBaTh (DyHKIMIO PAHXKUPOBAHUSA Ha,



216 C. . Xerait

OTPe3Ke ¢ TOYHOCTHIO JI0 MYJBTUILIMKATUBHOTO MHOXKHUTEJSI C HaIllepel
3aJIAHHOM MOTPEITHOCTHIO.

[Iycts D — HEKOTOpPOE MHOXKECTBO IEHCTBUTE/IBHBIX UUCE].

[Tycts Pp — 10IMHOYXKECTBO KJIACCa MOJTMHOMHUAIBHBIX (PYHKITHH, JTeii-
crByiomux u3 R B R, ompe/ie/leHHBIX CIEIYIONINM 00Pa3oM:

Pp = {an:c" +an12" V4 as? +arx
neN,aq €D,i=1,...,na, #0}.

3amMeTnM, 9TO CBOOOIHBIE WIEHBI B (DYHKIUSX OTCYTCTBYIOT, TaK KakK
X 3HAYEHUsI HE BJIUSIOT Ha PA3HOCTb 3HAYEHUN ITUX PyHKITHIA.

O6osnasmm P = {f | f € Pp,deg(f) < k}, rne k € N, deg(f) — s1o
CTeTeHDb moyimHoMa, f .

Bynem paccmarpuBarh ciremyomuii Kiaace QyHKIII PAHXKUPOBAHIS

\I/%’m: Zfl(xl) : fiEPg,i:L...,m s

rme D — 970 mapaMerp OTBeYAIONuil 3a OrpaHudenne Kod(OUINEeHTOB
ITOJIMTHOMOB, BXOJISAIIUX B CYMMY, & 1 — HATypaJbHOE YHCJI0, OTBEYAIOIee
3a MaKCHUMAJ/IbHYIO CTEIIeHb 9THX IOJMHOMOB, M — HATYPaJbHOE YHCIIO,
3a/a101ee apHOCTL (PYHKIUH, TO €CTh OIPEIEISIONee YUCJIO TePEMEH-
HBIX, OT KOTOPBIX 3aBUCHAT (pYHKIMSI. Bapbupys MHOKECTBO [ TOJIY IUM
pa3Hble KJIacChl PYHKITHIA.

B ciyuae, xorma D = R, Oymem paccmarpuBaTh B KadecTBe (DyHK-
Ui PaHKUPOBaHUS (PYHKIIUN, KOTOPBIE XOTsI Obl OT OJHON IepeMeHHOI
3aBucAT juHeiino. be3 orpannvenust obmHOCTH OyIEM CIUTATh, 9TO ITU
GYHKIINN 3aBUCST JUHEHHO OT IOCJIEIHEH IMepeMeHHO, TO eCTh OyaeM
paccMaTpUBaThL CJIEIYIOMMA Kiaace (pyHKIMH paHKIPOBAHMS

gl = Zfz )+ A - fi € PEi=1,...,m —1,am #0

=1

O603Ha9UM

"—{CCR : [C]=n+1}, (1)

T0 ecTb C™ — 3TO MHOYKECTBO BCEBO3MOXKHBIX MHOXKECTB U3 1.+ 1 ronapHo
PA3JIMIHBIX BEIIECTBEHHDLIX YHCE.
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Tak ke obozHaunM
E'={ECR : |[E|=n+1, |e|<¢eVeec E}, (2)

TO ecThb £ — 9TO MHOXKECTBO BCEBO3MOXKHBIX MHOXKECTB U3 1 + 1 Beme-
CTBEHHBIX YHCEJI 110 MOJLYJIIO He IPEBOCXOJISIINX .
— n — n
Ecmu C = {cp,c1,...,¢cn} €C™" e >0u E ={eg,€1,...,6n} €EZ, TO

0003HaYNM
n

MOP(y =3 W (3)

— (z — )’ (c)
n
rie w(x) = H (x — ¢;), w'(x) — npoussoxuast GyskIUM wW(T).
=0
Eciu [a,b] — oTpe3oK BelecTBeHHOl IPSIMOii, TO YUCIIO

Macgf = sup sup ]MCE(x)\ (4)
’ Ec&r x€a,b)

HA30BEM KOIPHUUUEHMOM NOZPEUHOCTNU PACWUUPPosKU Ha ompeske [a, b]
B Toukax C.

st BermecTBeHHOTO Yncia a Yepe3 [a] 0003Ha MM TIeJIyI0 9aCTh YUCIIA
a, a Jepe3 |a[ — HaMMeHbIIIee 11eJI0e He MEeHBIIIee YeM d.

Teopema 1. Ecau (z1,...,%m) = Z?Ql () + amzy, € \P%’m’L,
C € C", npuuem Ve € C ¢ € [a,b], u das arwbozo nomepai € {1,...,m—1}

na ompesxe [a,b] dynwyua fi(z) ydosaemeopaem ycaosuro l{;(,f|)| <M,

Mo cyuecmsyem makotl as20pumm pacuu@posky GyHKUul us Kaac-
n,m,L

ca U™, wmo dan moboeo € € (0,1) no pesysvmamam npumerie-

HUA 9MO20 AN20PUMMA pacuwudposku K dynkyuu Y(x1, ..., Ty) Modcem

6vimv nocmpoena makas Gyrkyus Y(T1, ..., Tm), N0 HA MHONHCECTNEE
[a,b]" ! x R ewmnoansemes

~

D1,y ) — (@, 2) fam] | < (m = 1M

IIpurem na amo nompebyemca e 6oace wem (m—1)(n+1)(]logy 2 [+1)+
1 sanpocos Ha cpasrerue.

O6osuauum Dy = {—M,—-M +1,...,.M — 1, M}, tne M € N.
Ilycrs f(x) € Pp,,. O6o3naunm 3a hst(f) crapmmit HenyIeBoit Koad-
dbunpent dyuximn f(x).
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Teopema 2. Cywecmeyem maxot anrzopumm pacuu@posku Gyrruul
n,m . _ m

us xaacca Wi ', wmo das mobol dynryuu Y1, xm) = D0 filxs)

u3 \IITIL)ZL on noaeoasem 3a He boaee wem 2m — 1 sanpocos wa cpashe-

Hue onpedesums makotl womep ig € {1,...,m}, wmo dasn amobozo dpy-

eozo nomepa i € {1,...,m} ewnoaneno aubo deg(fi,) < deg(fi), aubo

deg(fiy) = deg(fi) u |hst(fi))| < |hst(fi)l-

Cnencreue 1. Ecau P(a1,...,0m) = >0 fi(w) € U5 u cpedu
dyrnkuyut fi(x), i = 1,...,m, ecmv zomsa 6vi 00na Aunelnas, Mo cy-
wecmseyem aA20pumm pacuudposru, Komopuili GuAGAACM, NO KaKOT U3
nepemennur PyHKUuA P(T1, . .., Ty) 346UCUM AUHETHO.

3. llokazaTeabCTBO TeopeMbl 1

Yepes a’, a € R, i € {1,2,...,m}, obozmauum BexTop u3 R™, y
KOTOPOI'O Ha i-M MEeCTe CTOUT YHCJIO 4, & B OCTAJBHBIX IIO3UIUSX THUCIIO
0. B wacrnocru, 0! — 370 Hy/eBoit BeKTOP.

ITycrs y nac ectb mHekast GyHKIWS ¢(T1,...,%,) = fi(z1) + ... +
fm(zm),m € Nym > 1. Paccmorpum 3ampoc Ha cpapuenme (a',b’),
1 < 4,7 < m. OueBugHO, YTO JAHHBIH 3ampoc OyJeT CPABHUBATH 3HA-
wenne GyHKnun f;j(x) B Touke a co 3HadenneM (yHKuun f;(z) B TOUKe
b, OCKOJIBKY OTBET Ha 9TOT 3ampoc pasen sign(f;(a) — f;(b)).

[Myctb (21, ..., Tm) = Z:i_ll () + amay, € \P%’W’L. Paccemorpum
XapaKTePUCTUKY Sy, (1)) = sign(a.m,).

JIlemma 1. Hmeem mecmo pasencmeo cp(\If]%’m’L, Sm) = 1.

HokazaresbcrBo. [leficrBurenbro, xapakrepuctuka Sy, (1)) Moxer
ObITH pacmudpPOBaHa ¢ IOMOIILIO OSHOIO 3aIIPOCa Ha CPAaBHEHUE, & MMEH-
mo (1™,01).

BosbMeM 1nponsBoIbHYI0 BDYHKIUIO G(T1, ..., Ty) = Z:i}l gi(x;) +
T, € \P%’W’L.

Coracro JilemMe 1 MBI 3a OJMH 3aIpOC Ha CPABHEHHE MOXKEM y3HATD
3HAK YHUCJIA Ay, TOITOMY 0€3 OrpaHMYeHUsT OOIIHOCTH MOYKEM CUYHTATh,
970 Ay, > 0. Ho camo 4nciio a,, HaM y3HaTh 3aTpyHuTe bH0. [ToaroMmy
NPUHSAB BEJIUIUHY (I, 38 CIMHHAILy MBI HOJCIATAEM OTHOCHTEILHOIO HEro
BCE OCTAJIbHbIE KOI(DDUITMEHTHI.
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Tem cambiM QakTUIecKu Mbl BMecTO MYHKIMU (1, ..., Tn,) Oy-
JIeM pacinudpoBbIBATh MYHKIUIO Y (T1, ..., Tm) = G(T1, ..., Tm)/Cm =
221_11 (@) + T, T fi = gifam, 1 =1,...,m — 1.

Bamernm, uto ¥ (b™) = b, Tem caMmbIM 3ampoc Ha cpasaenme (a’,b™)
O3BOJIsAET CpaBHUBATE fi(a) ¢ dmucsoM b.

st Toro urober pacimdpoBarh (X1, . . ., Ty,) HYKHO JiuIs QyHKIHT
fi(z),i=1,...,m — 1, oupeseaurs ee KO3(PHOUIMEHTHL.

ITokarkeM Kak 9TOI0 MOXKHO JIOOUTHCs, UCIIOJIB3Ysl JIMHEHHYIO (DYHK-
U0,

SadukcupyeM IPOU3BOJBLHOE JEHCTBUTEIBFHOE YUCIO ¢ OTJIMIHOE OT
uysisi. [lonsrraemcest onpenesnth 3uadenue dbyskimn f;(x) B ToUKe a.

AnropurMm onpenesienust 3HadeHus f;(a) 6yer cocTosaTh U3 JIByX
staroB. Ha mepBoM 3Tare OyJeT onpeiessiThCa OTPE30K, B KOTOPOM Jie-
KUt 3Hadenue f;(a). A Ha BTOpoM srTale 3T0 3HaUeHHe OyjleM HAXOIWUTh
¢ HEKOTOPOI Halepe I 33 IaHHONH TOYHOCTHIO €.

Hepswuiii aman. OuH U3 KOHIIOB HCKOMOT'O OTPE3Ka 3aKPEINM B TOUKE
0. Ha mepBoMm 1mmiare momaiuM 3aIpoc (ai, 0), 1m0 3HAKy OTBETa Ha 3AIPOC
OIIpeJIe/IMM Ha KaKOU MOJIyIIPAMOM PacCIIOJIO?KEeH BTOPOl KOHEIl MCKOMO-
ro orpeska. Eciim 3Hak OoTBeTa Ha 3alPOC IMOJOKUTEIbHBIN, TO BTOPOIt
KOHeII, cJIeJlyeT UCKAThL Ha MOJIOXKUTEJLHON mosynpsamoii. Ecan 3nak or-
pULATENbHBINA, TO COOTBETCTBEHHO HA OTPUIATEIHBHOM.

PaccmoTpum caydail Korga BTOPOH KOHEI[ JIEXKAT Ha IOJOXKUTEb-
Hoit osympsivoit. Torta GysieM MmojaBaTh 3aIpockl Ha cpaBHenue (af, o),
e {by }52; — 9TO NPOM3BOJIbHAS CTPOTO BO3PACTAIOIIAS TI0C/IEI0BATEIb-
HOCTD IIOJIOXKHTEJIbHBIX uucel. [Tomoxxum by = 0. 3anpockl 6ymem moma-
BaTh JI0 TeX IO, MOKa He HaileTcsa Takoe ducyo K, 9To pesyabTraT Ha 3a-
npoc (a’, b7) GysieT oTpuIaTe bHLIM WK PaBHBIM Hymo. Ec/i pesymbrar
pasen 0, To 3Havenue GyHkuuu f;(r) B TOUKE T = G MOJOKUM PABHBIM
bx ¥ BTOPOIi 3Tall aJropuTMa JIJId JaHHOI TOYKHU He npuMeHsdercs. MHaue
3a UCKOMBIIl OTPe30K mpuHuMaeM [bg 1, b].

B ciyvae, Korja BTOPOIl KOHEIL JIEXKUT Ha OTPUIATEIbHOM MOy Ipsi-
Moit, Gysem mnomasars sanpochl (a’, (—bk)™), tae {bi}32, — 3To npo-
U3BOJIbHASI CTPOTO BO3PACTAIOIIAS [IOCJIEI0BATELHOCTD MOJI0KUTEJIbHBIX
qnces. Kak u panee, mosoxkuMm by = 0. 3ampochkl OyaeM IOJaBaTh JI0
TeX IOp, MOKa He Hafijercs Takoe 4ucjo K, 4To pe3ysbraT Ha 3alpoc
(a’, (=bg)™) ByaeT MONOKUTETLHBIM WM PABHLIM HyJI0. ECIH pesyb-

tar paseH 0 To 3HavYeHne GyHKIUN f;(2) B TOUKE & = @ MOJIOKUM DABHBIM
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—bg. B aTOM citytae BTOpOIt 9Tall ajJropuTMa Jijisd JAHHOW TOYKU HE IPHU-
MeHsteTcsi. VIHaue 3a UCKOMBIA OTpe30K npuHuMaeM [—bg, —bg—1].

Bmopot aman. Ilycts 3nauenne Gynkuun f;(x) B TOUKe @ JIEXKUT B
orpeske [c,d]. Haiinem snauenne dynkimn f;(x) B TOUKe @ ¢ TOYHOCTHIO
JIO € CJIEIYTONINM 0OPA30M.

Beesem xapakTepucTuky Vfc’f’d(w) = [@], e € (0,1). Dra xapak-
TEPUCTHUKA ITOMOKET BBIYMC/INTH 3HadeHwne dyHKiwmn f;(x) B ToUke a ¢
TOYHOCTBIO JIO £ IIPU YCJOBUY, YTO OHO MPHHAJJIEKUT OTPE3KY [c, d].

JIemma 2. Jlas wmobwx i € {1,...,m—1}, e € (0,1), ¢,d,a € R maxuz,

wmo ¢ < d, fi(a) € [¢,d], umeem mecmo pasencmeo @(W%’W’L,Vf(’f’d)

] log, %[

HoxkaszaresbcerBo. Ecim € > d — ¢, To mosokum fo’d(w) = 0. B stom
cilydae Ha He TOTpeboBaJsICs H OJIMH 3alIPOC Ha cpaBHeHue. B mpoTusHOM
cilydae T0JIeJIUM OTPe30K [¢, d] Ha HellepeceKaoIuecsi OTPE3KN JIJINHBI £.
O4eBHIHO, YTO XapaKTepUCTHKA, %féc’d [OKa3bIBAET HOMED OTPE3Ka JIJIH-
HBI £ B KOTODBIii T1011a1aeT BesmanHa f;(a).

[yctsb t = c+(d—c)/2. 3anas 3ampoc Ha cpasrenne (a’, ™), MBI cpab-
uuM f;(a) co 3nauenuem dyukiun f;(x) B cepepune orpeska [c, d]. dasee,
JefiCTBYsT AHAJIOTIMHO, MBI GHHAPHBIM TTOHCKOM 3a | logy 4=[ sampocos na
CpaBHEHUE MOXKEeM HalThu HOMep V;f’d.

[TonsITHO, YTO M3 MOIITHOCTHBIX COOOparkeHM 3a MeHbIIlee YNCJIO 3a-
POCOB HAWTU BEJIMIUHY %féc’d B OOIIEM CJiydae HeIb3sl.

3ameuanue. K coxkajeHuio, B MPUBEIEHHOM BBIIE AJTOPUTME, B IaCT-
HOCTH B IIEPBOI YaCTU, HEBO3MOXKHO JIaTh HUKAKON TOYHOI OIEHKHU Ha KO-
JITYECTBO TPebyeMbIX 3aIPOCOB. ljist TOro 94To0bI 1aTh MOJ0OHY IO OIEHKY,
OyeM cInTaTh, 9YTO Ha KOHKPETHOM OTPE3KEe PACCMaTPUBAEMbBIE TTOJIMHO-
MBI 10 MOJIYJ/TIO OTpaHUYeHbl Hamepel n3BecTHbIM uncaoM M > 0. Torma
B YCJIOBHSIX JIEMMBI 2 MOXKHO CYuTaTh, 4ro ecyu fi(a) > 0, TO 0Tpe3ok

[c,d] = [0, M], ecm e fi(a) <0, To [e,d] = [-M,0].

Urax, 3a 3navenue Gyukuun f;() B TOUKe @ BO3bMEM 3HAYEHUE MOJTY-
YeHHOEe Ha MEPBOM Ilare ajropuTMa, €CJii BTOPOI Iar HE BBIITOJIHSIIC.
Eciin xe BTOpOI miar BBINOJHSAJICH TO 3a 3HadYeHHe (DYHKIMH BO3bMEM
YUCI0 PABHOE C + € * mféc’d(w).

B nommuome f;(x) nmeercs n; HemsBecTHBIX KodbduimenToB. Boide-
peM elrie n; NPOU3BOJIbHBIE PA3JINYHbIE TOYKH U HaiijileM 3Ha4UeHus dyHK-
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mun f;(x) B 9rux Toukax. Takum o6pasoM MbI IOy IHJIH TAOJIHUILY 3HAYe-
HU PYHKIUNA, COCTOSIIYIO U3 1; + 1 CTpoKu.

Monyumnmm n; + 1 mapy «aprymeHT — 3HadeHue pyHKiuny». [Ipume-
HUM uHTeprHoJsinuonyo dopmyiay Jlarpamka. Cormacuo [2] u cuenan-
HBIM IPE/IIOJIOKEHUSIM TI0JTy YeHHbIi nosmuaoM f/(z) Gyler HOIMHOMOM
CTeIleHN N;, 3HAYeHUA KOTOpOI‘O Oy/IyT OTIMIATHCST OT 3HAYCHUI HCKOMO-

ro nosimaoMa, f;(z) B ; Pa3, He CYNTasl IOrPENIHOCTE, BHECEHHYIO IIPH

|a
U3MEpPEHNH 3HAYEHUN (DyHKIUN.

Jlemma 3. Ilycmov f(x) € Py — noaunom cmenenu n. Iycmv € €
(0,1). ITycmov y; — npubausicennvie snavenus gynrkuuu f(x) 6 mou-

kaxr x;, © = 0,1,...,n, maxue, wmo |f(z;) — yi| < e. Iycmo
n

Lyp(z) = ; %yﬁ — uKmepnoAAma 6 movkar (T;,Y;),i =

0,1,...,n; [a,b] — npoussoavrwti ompesox u C = {xg,... mn} To-
2da Ha ompesne [a, b] eepno wmo |f(z) — Ln(z)| < MSF, 2de M, ’5 =

a,b ’
n

sup sup |Z @) )6@|,w(m):H($—xi).

lei|<e z€[a,b] i—0

HokazaresnbcTBo. Pacemorpum unrepniosstuty Ly, (x). Iyers g; = y; +
ei, tie lg;| < e, ay; = f(x;). Torna

n

e e w@)
g0 D e e L Dy e

i=0
- w(x)
Ho ; myz = f(z), Tak kaK f(r) — HOJIMHOM CTeleHH N, a
3HAYUT COBIAJACT CO CBOEH MHTEPHOJISHTOM [2].
Torna
|f(z) = Ln(z)| = | €| sup | p ———— i
Z ' z€la,b] Z :E_:EZ ) '
Cie
< sup sup | gl =M,
h lei|<e z€[a,b] Z ) 5 b’
HokazaresbcTBo Teopemst 1. [lycrs ¥(x1, ..., xm) = fi(z1)+fo(x2)+

vt St (@) + @, € \I/%’m’]“.
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Badukcupyem MHOXKecTBO Touek muTepnossinun C = {cg,...,c,} €
cr.
|fi(x)]

[am]

[Tycrs st mobwix ¢ € {1,...,m—1},z € [a,b] uzBectHO, UTO <
M.

N3 memmbr 1 cemyet, 9TO 3HAK KOIMDDUIUEHT @y, MOKHO BBISICHUTD
3a OJIH 3AIPOC Ha, CPABHEHUE.

Tenepn st Kaxkjoro Homepa i € {1,2,...,m — 1} u Kaxjgoro Ho-
mepa j € {0,1,...,n} nponenaem ciejyromiee. 3a OJHU 3aIPOC Ha CPAB-
HeHUe (02,01) ompezesnsieM 3naK ancna fi(c;). Ecam fi(¢;) > 0, To omnpe-
JiesisteM oTpesok [, d] = [0, M], eciin xke fi(a) < 0, TO ycraHaBimBaem
[¢,d] = [~M,0]. Teneps cormacuo jemme 2 mbl 3a ] logy 2 [ sanpocos na
CpaBHEHUE BLIYHUC/ISIEM XapaKTEePUCTUKY V;&:’d, TO €CTb Y3HAEM 3HAUEHUE
dbynkim fj(x) B TOUKe T = ¢; ¢ TOYHOCTHIO JIO €.

Tem canmbim Beero Ham norpebyercst (m — 1)(n + 1)(]logy £ [+1) + 1
3aITPOCOB HA CPABHEHHE.

Coryacuo Jsilemme 3 st Kazkjioro nosmuoma fi(z), i € {1,2,...,m —

Ce
1}, marma norpentHocTs He npessimaer M ;" CiieioBaTesIbHO CyMMapHasT
b

i 1)MCe
[IOIPEIHOCTh BOCCTAHOBJIEHHO# (DyHKIMU He TpeBbiniaer (m — 1) ab -
Teopema 1 mokazana.

4. Jloka3aTeJbCTBO T€OPeMbI 2

,HOKa}KeM HECKOJIBKO BCIIOMOI'aT€/JIbHBbIX yTBep)K,HeHHfI.

Jlemma 4. Ecau f(x) = apz™, a, € Dy \{0}, g(x) = ap_12™ P+ ... +
asx? 4+ arw, a; € Dyryi = 1,...,n — 1, mo daa moboz0 eewecmeenozo
wucaa T makoezo, wmo |x| = 2Mn, ewnoaneno |f(x)| > 2|g(x)|.

JoxkazarenncTso. Ouesnmo, uto |g(z)| < M(|Jz" Y + ... + |[22| + |=z|).
[Iycrs || > 2Mn, Torna |ay||z| = 2Mn. Cienoarenbao

|f(@)] = lan|le]® > 2Mnja|"™ > 2M (2" + ... + |z]) > 2|g(x)].

Iycrs f(x) € Pp,,. Obo3naunm 3a hst(f) crapmmit HenyieBoit Koad-
dburnment dyuxipn f(x).

ycrs (21, ..., Tm) = Yoy filwi) € \II’BE BsejieM XapaKTepuCTH-
Ky Sign;(¢) = sign(hst(f;)). Dra xapakrepucTuka yKas3blBaeT Ha 3HAK
CTapIiero HeHyJIeBoro KoddduimenTa IMOJIMHOMA, 3aBUCAINETO OT IIepe-
MEHHOUN ;.
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JIemma 5. HMmeem mecmo pasencmeo 4,0(\11%’1\7?, Sign;) = 1.

HoxkazarenbcTso. Hamomumm, 110 a’ — 3T0 BEKTOpP COOTBETCTBYIONIEH
JUIMHBI, TAKOl, YTO Ha §-M MECTE CTOUT YUCIIO @, & OCTAJIbHbIE KOMIOHEHTHI
PABHBI HYJIIO.

Iycrs ¢ € @5 dynkiusa sasucsmas ot m nepementbix. Torya co-
riacHo Jtemme 4, omasas sanpoc Buga ((2nM)¢0), MOKHO y3HATH 3HAK
CTapliero HeHy/eBoro Kosdddurpenra GyHKINN 3aBUCSIIEH OT epeMeH-
HOW Z;.

Jlemma 6. Ecau f(x),g9(z) € Pp, ., f(z) = apa? + ... + azx? + ay,
g(z) = aja*+ ... +aha? +alz, p.k <n,ap £0, a), #0, sy = sign(a,),
sq = sign(a},), mo sign(syf(2Mn) — sqg(2Mn)) > 0, moeda u moavko
mozda, K020a 6LINOAHAETNCA 0OHO U3 HUICENEPEUUCAEHHBIT YCAOGUL: AUOO
p > k; aubo p = k u cywecmsyem makot nomep t € {0,1,...,p—1}, wmo
Sfap = Sglp, SfAp 1 = Sgly 1, SfAp 41 = Syl 411, MO Sfap ¢ >
SgQp—¢-

HokazaTesbcTBo. JoKazkeM OT MPOTUBHOTO JIOCTATOYHOCTD.

Ilycrs sign(sysf(2Mn) — sqg(2Mn)) > 0, HO cieJICTBHAE HE BBIIOJI-
HSIETCsI, TO ecTh jubo p < k, mbo p = k m gas a00Oro HOMEpA
t€{0,1,...,p — 1} BoinomseTCS S50p 1 < 8905 4-

Pacemorpum 110 orziesibHOCTH 06a Cydast.

ITIycrs Bepuo, uto p < k. Torma pasmocts s¢f(x) — sgg(x) MoxHO
NpeICTABUTh B BUIe —Syafr’ + r(x), rme 7(z) € Pg;}l. Ho cormacno
nemme 4 B Touke x = 2Mn UMeeT MecTo HepaBeHcTso | —sqal | > |r(z)|.
9710 3HaunT, uro sign(ssf(2Mn) — sq9(2Mn)) < 0. IlpoTuBopetne.

IIycts Teneph BepHO, uTOo p = k u jyig Joboro Homepa t €
{0,1,...,p—1} Bemonmsercs spa, ¢ < sga, ;. Ho Torma sy f(x) < sgg(x)
u sign(sgf(x) — sgg(x)) < 0. Ilpumm k mpoTuBOpedmIO.

Jlokarkem HEOOXOIMMOCTD. PaccMOTpHUM KaKJIbIil U3 C/IyvIaes.

ITycrs p > k, Torma pasHocTb MOXKHO HPEACTaBUTL B Bue Sff(x) —
sq9(x) = spapa? + g(x), e g(x) € Pg;i. CornacHo Jjiemme 4 st
x = 2Mn BumoHSETCS HepaBeHCTBO |SpapxP| > |g(x)|. CiaenoBaresnn-
HO, HOCKOJIBKY S papa? > 0 B Touke x = 2Mn, 10 u s¢f(x) — sqg(x) > 0.

[lyctb p = k u cymecrByer takoit Homep t € {0,1,...,p — 1},
MTO Spap = Sglp, SpAp-1 = Sglp gy, SfAp_t41 = Sglp 4y, HO
Spap_¢ > sga;,t. Torya pa3HOCTbL MOXKHO IIPEJICTAaBUTHL B BujE Sy f(x) —
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sgg(x) = (spap—y — sgaj_,)aP~t + g(x), rne g(z) € Pgwt . Amaso-
IMYHO, COTJIACHO JiemMMe 4 it = 2Mn BbIIOJIHSETCS HEPaBEHCTBO
((sfap—t — sga),_,)aP~t| > |g(x)|. CnemoBarenbHo, HOCKOIBKY (S fap_¢ —
$ga)_,)aP~t > 0 B Touke © = 2Mn, 10 u sff(x) — sgg(x) > 0. Jlemma
JIoKa3aHa.

Joka3zaTeJabCcTBO TeopeMbI 2.

Myeem ¥(z1,...,2m) = fi(z1) + ... + fm(@m), e fi(z) € Pp,,
1=1,....m

N3 jeMMbl 5 BBITEKAeT, 9TO 3a M 3alpPOCOB Ha CPABHEHHE BHJIA
((2Mmn)?,0) MOXKHO y3HATL 3HAKH BCEX CTAPIIMX HEHYJIEBBIX KO-
enroB byukuuii fi(z),i=1,...,m.

Paccmorpum npoussosbubie dynkuun f; u fj, ¢ # j. Ilycrs um co-
OTBETCTBYIOT 3HAKH S§; U Sj. XOTHM IOHSTH y KaKOil n3 9Tux byHKImii
OoJIbIlIe cTapIiasi CTEleHb, a IPU WX PABEHCTBE y KaKON m3 yHKIUi
GoJIbIIe 10 MO0 KO3 duIEenT npu crapiieii crenenu. Eciu 3naku s;
W $j OJIMHAKOBBIE, TO HO/IRJIUM 3anpoc Ha cpasuenue ((2Mn)?, (2Mn)7), a
econ pasmbie, To — samnpoc (0, (2Mn)? +(2Mn)*). B pesysbrate MbI y3HA-
eMm 3HaK pasHocti S¢f(2Mn) — sgg(2Mn), 1 1O 3TOMY 3HAKY COIVIACHO
JieMMe 6 MBI IOJTy9MM OTBET Ha WHTEPECYIOMUil HAC BOIPOC.

[TonsaTHO, uTO 3a M — 1 TAKOro PoJa 3aIPOCOB MbI OLPEIEIUM KaKast
13 QYHKIMH UMeeT MAKCHMAJILHYIO CTapUIyIO CTEIICHb WJIM MAKCHMAJIb-
HBIA 110 MOYJTI0 KO3(DMUIMEHT TIPU CTapIneii CTeneHn MpU OJMHAKOBBIX
CTapIINX CTENEHSAX y HECKOJLKHUX (OyHKIHIA.

Teopema 2 mokazaHa.

5. OneHka IMOrpentHOCTHA

Kak BujiHO u3 yTBEpXKIEHHS TEOPEMBI 1, JJis OIEHKHU HOFpeéHHO—
o 15
CTH pacIIu(POBKH 3aJIaHHOIM cbyHKuI/H/I Hy)KHO onenuth uuciao M ;- =
b

C.E _
sup sup |M**"(z)] = sup sup | g T
E€En zefab) Beer vefap) = (¥ — ci)w (Cz)
Jae 3TO JIOBOJBHO TPYy/HAsA 3a/laua, OJHAKO, DU MPU MAJIbIX 3HAYEHHSIX

7 1 HEKOTOPBIX OIPaHUYEHUIX Ha MHOXKeCTBO C' MOYKHO IIOJIYIUTH JOCTa~
TOYHO XOPOIINE OIEHKHU.

g;|. B obmem ciy-

Baech Mbl pacemorpum ciydau, korma |C| € {3,4,5}, Gosee Toro
PACCTOSTHUA MEZKJLy JIFOOBIME JBYMSI IO MLyIIUMI 3JIeMEHTAMH PaB-
HBl U OTJIMYHBI OT Hyss, T0 ectb C' = {cg,c1,...,¢,}, n € {3,4,5},
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cp < ¢ < ... < ¢y u aa kaxgoro sHomepa i € {0,...,n — 1} BepHO
Ci+1 — ¢ = C1 — Cp-

Jlemma 7. Ecau e > 0, f(x) — wsadpamuyunas dynkyus maras, 4mo
f(0) =0, f(=1) = e_1, f(1) = &1, npuvem das aobozo i € {—1,1}
swinoaneno |e;| < e, mo daa mobozo x € [—1,1] sepno, wmo |f(x)| < e.
Hoxkazarennctso. Ilycts w(r) = (v + Dz(z — 1) = 23 — 2. Torma
W(x) =322 — 1.

[Tpumenum waTEpTIONATIMOHHYIO hopmyy Jlarpamxka

B w(z)-e_1 w(x)-0 w(w)-e1
L) = e e D T 0w T - Do)
_ w(x)- e n w(x) - eq
G oD @ ()

[onsitao, uro f(x) = Lo(z), mockonbky f(z) — mosmHOM cTereHu 2,

a 3HAYUT COBIAJAET CO CBOeil mHTepHoNstHTON Lo(x) cormacHo [2].
J:(x 1) + (z+1)z

CuenoBarenbro f(x) = —52>=¢1. Onuenum 31y QyHKIHIO

110 MOJLYJIIO Ha oTpeske [—1;1]: |f( )| < (|$(m Dle—q]|+[(x+1)x||er]) <

<rm<x—1>r+\<x+1>m\>sdﬁf ().

Paccymorpum dynximo g(z) na orpeske [—1,0]: g(z) = $(z(z — 1) —
(x 4+ 1)x)e = —xe, 10 ectb g(7) < € npu x € [—1,0].

Pacemorpum dyuxiuio g(z) na orpeske [0,1]: g(z) = 1 (—z(z — 1) +
(x + 1)z)e = xe, 10 ectb g(x) < € npu x € [0, 1].

CanenoBarenbro Ha orpeske [—1, 1] Bepro, uro | f(x)]

N

€.
O603HaUNM M:f = infoeen MS&E.

YrBepxkaenue 1. Ecau €,a,b € R, ¢ > 0, a < b, mo eepno, umo
M2 < 3e.

HoxkazaresbcrBo. Pacemorpum muoxkectso C' = {cg, c1,c2}, tie ¢g =
a, ¢ = “TH’, co = b. PaccmoTpuM TpOM3BOIBHOE MHOXKECTBO F =
{e0,€1,62} € 2, 10 ectb |g;| < &, i =0,1,2. Torma MYF(z) = Ly(z) =
S22 A8 e ecrn kpagparuunas Gynkuus rakas, uto Lo(a) = &
i=0 z—c))w' (c) &1 AP YHKII, 2(a) = €o,
atby _ —
LQ( 2 ) = &1, Lg(b) = &9.
Pacemorpum dyukimo f(x) = Lg(ﬂm + “—H’) — €1, KOTOpAasi MOJIy-
tena 13 Lo(z) napaule/bHbIM IIEPEHOCOM, IepeBoJsmmM TouKy (42, &1)



226 C. . Xerait

B Touky (0,0), u pacrsiKeHHeM WM CXKaTHeM BJOJIb ocu abcruce. [To-

usatao, uro f(—1) = Lz(anb + anrb) e1 = Lo(a) —e1 = g9 — €1,
F(0) = Lo(%2)—e1 =0, f(1) = (bza—i-%)— = Lo(b)—e1 = e2—e7.

[Mockosbky |eg — 1| < 2 u |eg — 1] < 2¢, TO coriacHo Jiemme 7
cupaseyiueo | f(x)] < 2e st soboro x € [—1, 1]. Orciona ciesyer, 9ro

|La(Y52%2 + 42| = |f(2) —e1] < 3e upn 2 € [-1,1] n |Lo(z)| < 3¢
upu z € [a,b]. CresloBaTesnbHoO, SUPLe(q ) |MEE ()] < 3¢, u B cumy npo-
U3BOJILHOCTH MHOXKecTBa F = {g¢,€1,€2} nosyvaem Mf’f < Macl’f =
SUPgegn SUPge(a,b] ’MC’E( )| 3e.
Jlemma 8. Ecau € > 0, f(x) — wybuueckud noaunom maxod, wmo
f(0) =0, f(—-1) = e_1, f(1) = €1, f(2) = 2 npuvem das a0bozo
i € {—1,1,2} swnoaneno |g;| < &, mo daa moboeo x € [—1,2] sepro, wmo
|f(2)] < (17 + TVT)e < 1.32¢.
Hoxkazaresabctso. [lycrs w(z) = (x+ 1)z(x —1)(z — 2). Torma w'(x) =
42% — 622 — 27 + 2.

[TpuMenuM nHTEpPHOAAIMOHHYIO0 (hopmy.ry Jlarpanxka

w(z) w(z) w(z)
Ls(x) = 0+ €1+
S e 1) Y E e () R E T
w(z) __ w(@) w(z) w(z)

Te2w®” T e () e @)

[ousitio, uro f(x) = L3(z), nockonbky f(x) — HOJIHHOM CTeneHu 3,
a 3HAYUT COBIAJAET CO CBoeil maTepnosstHToil L3(x) cormacHo [2].

Caenosaresnbho f(x)=— x(x_lg(x_z) £_1— (x+1)§(x—2) 1+ (xﬂ)fé(x_l) €9.

OuennM 31y (DYHKIMIO 110 MO0 Ha orpeske [—1,2]:

If( )| <
Lo —1) (@ —2)l[e 1] +3/(@+ Da(@—2)|er |+ |+ Dala—1)lleal) <
(lz(z — 1)(z — 2)| +3|(z + Da(z — 2)| +|(z + Da(z — 1)) g(2)e.

Pacemorpum dyukmuio g(z) na orpeske [—1,0].

g(x) = %(—w(w —1)(e—2)+3(x+a(z —2) + (¢ + Da(z - 1) =
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Haiinem 3navenns dyHkiun h(2) B TOUKax KCTPeMyMa I Ha KOHIIAX
orpeska [—1,0]. Hockombky A (z) = 3(22—1), Tox1 = 1, 19 = —1 — TOU-
ki sKcrpemyMa dyuknuu h(x). OmHako, xp jsexuT BHe orpeska [—1,0].
Tak kak h(—1) = 2, To g(—1) = 1. ITockoseky h(0) = 0, To g(0) = 0.
CrenoBaresnbro Ha orpeske [—1,0] Boinosneno HepaBeHcTBo g(z) < 1.

Hasee pacemorpum dyukimio g(z) ua orpeske [0, 1].

1
g(z) = Z(z(z = (@ = 2) =3(z + Dz - 2) — (¢ + Da(z - 1)) =
1 1
= —Qm(xQ —-3) = —§h($).
N3 rouek sxcrpemyma dyHKnun h(x) TOMBKO TOUKA T = 1 JI€xKuT
na orpeske [0,1]. Taxk kak h(1) = —2, 1o ¢g(1) = 1. CuemoBarenbHo Ha

orpeske [0, 1] BbimosHeno nepasencTso g(x) < 1.
Hanee pacemorpum dyuknmio g(x) Ha orpeske [1,2].

o(z) = (2o~ Dz —2) = 3z + Da(e —2) + @z + Dae 1)) =

= —%m(wz — 2z — 1)d§f - %q(m)
Haiigem 3nadenusi dbynkiuu ¢(x) B TOUYKAX SKCTPEMyMa U Ha KOH-
nax orpeska [1,2]. Tockombky ¢'(x) = 322 — 4z — 1, To 71 = Q%ﬁv
To = 2+Tﬁ — TOYKHU IKCTpeMyMa (PpyHKIUU q(g;) OJlHAKO, 71 JIEKUT BHE

orpeska [1,2]. Tak xak ¢(1) = —2 u ¢(2) = —2, 10 g(1) = ¢(2) = 1. Ilo-
CKOJIBKY q(%T\ﬁ) = —Z(174+7V7), 10 g(z%ﬁ) = 5-(17+7V/7). Cirezto-
BATEJILHO Ha OTPe3Ke [1, 2] BBIIOJIHEHO HEPABEHCTBO ¢(T) < 2—17(17—{—7\/7 ).

Torna na orpeske [—1,2] Bepro, uro | f(z)] < (174 7v7)e < 1.32¢.

YT1Bepxkaenue 2. Fcau €,a,b € R, ¢ > 0, a < b, mo eepno, umo
MP: < 3.64e.

HokazaresnbcTBo. Pacemorpum muoxkecrso C' = {cg, ¢1, ¢a, ¢35}, rj1e g =
a,cp=a+ I’_T“, co = a+ %(b —a), c3 = b. PaccmoTpuM nponsBosibHOE
muokecTBo B = {e0,61,€2,63} € E3, To ect |g;| <&, =0,1,2,3. Torma
C,E _ _ 3 w(x) ) . .
M (z) = L3(z) = >"5_, =)o) € €CTh KyOMueCKuii 0IMHOM TaKoif,
b— 2
uro L3(a) = eo, Lz(a+ *5%) = €1, L3(a + 5(b — a)) = &2, L3(b) = e3.
_ b—a 2a+b

Paccemorpum dynkmmo f(x) = L3(*5%2+=5=) —¢c1, KOTOpas Hoyyde-

Ha u3 L3(x) mapasuiesbHbIM [IePEHOCOM, HEePEBOJISIIUM TOUKY (2“; b e)
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B Touky (0,0), u pacTsizKeHHeM W CzKaTueM BJoJib ocu abenucce. [TorsiT-
wo, uro f(—1) = Ly(%52 + 252) — 61 = L3(a) — 1 = €0 — &1, f(0) =
L3(2aT+b) —e1=0, f(1) = Lg(lFTa + Qa;b) —&1 = Lg(%%) —€1] = €9 — €7,
f(2) = L5 + 2088) — ey = Ly(b) —e1 = &5 — 1.

IMockoubKy |g9 — 1| < 2¢, |e2 —51| 2e u |e3 —e1| < 2¢, TO coracuHo
nemme 8 cipaseyuso |f(z)| < £ (17 + 7v/7)e ana moboro z € [—1,2].
Orcrona corejtyet, 9To |L3(b3aac+2“+b)] = |f(z)—e1] < (ZAT+TVT)+1)e
npu = € [—1,2] n |Ls(z )]\(27(174—7\/_)—1-1)6 upu x € [a,b].

CJIG,Z[OBaTeJII)HO M , < Macbs < (F(A7+T7VT) + 1)e < 3.64e.

JIemma 9. Ecaue > O, f(z) — noaurom cmenenu 4 maxod, wmo f(0) =
0, f(=2) =e_2 f(—1) =e_1, f(1) = €1, f(2) = g2 npuuem daa mobozo
i€{-2,-1,1,2} swnoaneno |g;| < &, mo das aobozo x € [—2,2] eepro,
umo | f(z)| < 28

Hoxkazaresascrso. [lycrs w(z) = (v + 2)(z + )a(z — 1)(x — 2). Torga
W'(x) = bzt — 1522 + 4.
[Tpumenum waTEpHIONAIIMOHHYIO hopmysy Jlarpamka

_ eow(z) e_w(z) w(z)-0
L) = et T e T @ 0w
g1w(x) sw(r)
T e 2w @)
e_gw(x) e_1w(z) e1w(x) gow(x)

@ (2(=2)  @+D(-1)  (r-D'(1) (2 -2)w(2)

Ionsitro, uro f(x) = L4(z), mockosbky f(z) — mosmHoM crerenu 4,
a 3HAYUT COBIAJAET CO CBOeil mHTepnosstHToil L4(x) cormacHo [2].
Caenosarensro f(z) = W#572 — wéffl _
(z4+2)(z+1)z(x—2) (z4+2)(z+1)z(xz—1)
6 &1 + 24

€2. OneHnM 3Ty (DYHKITUIO TI0 MOJLYJTIO
Ha oTpeske [—2,2]:

[f(@)] < 214(!(13+1) (z—=1)(z—=2)|le—2[+4[(x+2)x(x—1)(z—-2)[le 1|+

+4|(z+2)(xz + Vaz(x — 2)||ler| + [(x + 2)(z + Da(z — 1)||ez]) <

< 57+ V(e — 1z = 2]+ 4@ + Datz — (e - D)+
def

+4|(z+2)(z + Da(x — 2)| + [(x + 2)(x + 1)x(x — 1)|))e = g(x)e.
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ITockombky

g9(=z) =
= S (o)) (~a—1) (a2 +4l(~a+2)(~a) (o~ 1) (~a—2)|+
+4[(—z+2)(—z+1)(—z)(—z—-2)|+|(—z+2)(—2x+1)(—z)(—z — 1))
= oI+ 2@ + Dol — DI +4l(z + (@ + Dalz — 2|+
FA + 2~ D@ - D] +1(@ + Dale — Dz - 2)) = g(e),

To g(x) — 4yerHas DYHKIUS, IOITOMY JOCTATOUYHO UCCJIEI0BATH €€ [OBe-
JieHre Ha orpeske [—2,0].
Paccmorpum dyukrumio g(z) na orpeske [—2, —1].

o(r) = g7 ((z + Dale — )z —2) ~ 4z + Do~ D(w —2)-

—4dx+2)(z+1z(z—-2)— (z+2)(z+ 1)z(x—1)) =

1 of 1 1 1
= co(-2" — 2’ 8u 4 1)d:f6xh(m) < Slallh(@)] < 5lh(@).

Haiisiem snavenust pysxiuu h(z) B TOYKaX SKCTPEMyMa U HA KOHIAX
orpeska [—2, —1]. Tlockonbky h'(z) = —62? — 22 +8, T0 21 = —3, T3 =
1 — roukn sxcrpemyma byukiwn h(z). OgHAKO, To JEKAT BHE OTPE3KA
[—2, —1]. Tak kak h(—2) = —3, h(—3) = 632 u h(—1) = —6, To g(—2) <
1, 9(—3) <25 mg(-1) <2

CuenoBarenbHO Ha OTpe3Ke [—2, —1] BbIOIHEHO HEpaBeHCTBO g(x) <

Pacemorpum dyukmuio g(z) na orpeske [—1;0].

g(x) = %(—(m + Da(x—1)(z —2) —4(x 4+ 2)z(z — 1)(x — 2)+

+4(z+2)(z+ Dz(z - 2)+ (x+2)(z + Da(z - 1)) =

- %q(m).

2
Haiisiem 3navenust pyHKImy ¢(x) B TOUYKAX 9KCTPEMyMa M Ha KOHIAX
orpeska [—1,0]. [Tockombky ¢'(7) = 3(x?—1), To 21 = —1, 29 = 1 — TOU-

ku sxcrpemyMa dyskmun ¢(x). OpHako, Ty Jexkur BHe orpeska [—1,0].
Tak kak ¢(—1) =2 u ¢(0) =0, To g(—1) =1 u g(0) = 0.
Crenosarensro Ha orpeske [—1,0] dyukuus g(x) < 1.
Torsa na orpeske [—2, 2] BepHo, uro |f(z)] < 247¢.
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YT1Bepxkaenue 3. Ecau €,a,b € R, ¢ > 0, a < b, mo sepno, umo
de 38

Ma,b < 58_16

HokazaresbcrBo. Pacemorpum muoxecrBo C' = {cg, ¢, ¢a,c3,¢4}, T11E

o =a,c =a+ bfT“, co = a-+ bfT“, c3 = 3b4+“, ¢4 = b. Paccmorpum

npomsBosIbHOE MHOKecTBO E = {£0,61,62,63,64} € &2, 10 ectb |g;| <

e, i = 0,1,2,3,4. Torma MSE(z) = Ly(z) = SF %51 eCcTh

1=0 (z—c;)w’

Ky6udecKuit noaunoM Takoit, uto Ly(a) = go, La(352) = &1, Ly(%EL) =
&9, L4(a—23b) = &3, L4(b) = &4.

Pacemorpum dbyuknuio f(x) = L4(b_—ax + “—‘H’) — €9, KOTOpas IOJIy-
veHa u3 L4 () napasiesibHbIM II€PEHOCOM, MEPEBOJISIIIUM TOUKY (“H’ €9)
B Touky (0,0), n pacTsizkeHHeM HJIH CXKaTHeM BJOJIb ocu abcmucc. [To-
HITHO, YTO ( 2) = L4 (%+%%) — &9 = L4(CL) — &9 = &g — €9,
f(=1) = L4(“Zb+“7+b — &2 = L4(3CLTH’) —& = €1 — &, f(0) =
Ly () —ea =0, f(1) = Ly (552 + b)) —e = Ly (252) —29 = 35—,
f() L4(b2a—|— +)—62:L4(b)—52:a€3—52

[Tockosbky |eg—e3a| < 2¢, |61 —e3a] < 2¢, l[ez—ea| < 2e u |g4—e9| < 2,
TO coryiacHo Jiemme 9 cupasemso | f(z)| < 43 e s Jioboro x € [—2, 2].

~—

Otcionia cienyer, uto |Ly(25%x 4+ 442)| = |f( ) — 2| < 58c npn z €
[=2,2] n |La(z)| < 5816 upu z € [a, b].
CieoBaTe/IbHO M ’5 < Mcs 5%—86
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