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HATUAX (PYHKIIHOHAJIBHOTO IIPOIPAMMHUPOBAHUS.

KuroueBble cJiioBa: MareMaTwdyecKas JIOTHKA, HEIOJHOTA
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rpaMMHUPOBaHUE.

1. BBenenue

Teopema I'€nemst 0 HemmoHOTE POPMATBHBIX JIOTHKO-MATEMATHIIECKUIX
cucreM (Ha3blBaeMasi HUXKe MPOCTO Teopemoii [Eesist) 3aHuMaer IeH-
TPAJBHOE TOJIOXKEHUE He TOJIBKO B MATEMATHYECKOH JIOTHKE, HO U BO
BCEM COBPEMEHHOM €CTEeCTBO3HaHWH. B cBoeil mcxoiHo#t hopMyInpoBKe
(em. [1]) meopema I'énenst orHOCHTC K (DOPMAJIBHBIM CHCTEMaM, B KO-
TOPBIX JIOIYCKAETCS BO3MOXKHOCTL MHTEepperarun apudmernku [Teano
(em. 2], [3]), m yrBepxaaer, uro ecau dopmasbHas cucTeMa

® BJIAETCA HerOTI/IBOpe‘IHBOﬁ, n

e 00/1aJIaeT BO3MOYKHOCTSIMU JIJIsi &JIEKBATHOI'O BBIDAXKEHWS B Heil
yrBepxkIenuii apudmeruku lleamo

TO 3Ta TeOPUs HE SABJSIETCH TOJTHOHN, TO €CTh HE MO3BOJISET ITOCTPOUTDH BbI-
BOJI BCEX UCTUHHBIX yTBep:KAeHuil. B 1ot hopMmymmpoBke eé jokazaresib-
CTBO OCHOBAHO Ha HyMeparuu (popMyJs U J0KA3aTE/IbCTB HATYPAIbHBIMHA
YHUCJaMU, U UMeET BBICOKYIO CJIOKHOCTb.

OnHaKo, ecjii PaCIIMPUTh CAHTAKCUC (POPMAJIBHONU apudMeTHKu, U
paccMaTpuBaTh Takne (POPMAIbHBIE CHCTEMBI, B KOTOPBIX MOYKHO BbIPa-
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2KaTh CBOMCTBA CHMBOJIbHBIX CTPOK, TO JIOKA3aTEJIbCTBO HEIOJHOTHI Ta-
KX (POpPMaJIbHBIX CHCTEM MOXKET OBITH CYIIECTBEHHO YIIpOIeHO. M3a-
raeMoe B HACTOSIIIEM TEKCTe JIOKA3aTeJbCTBO HEMOJHOTHI TaKUX CHUCTEM
siBJIsieTCst MojdpuKaIeil cojepzkaierocs B [3] jmokazareaberBa TeopeMbl
Iénenst. OcHoOBHAs Ujesl IPEAJIAraeMoOro J0Ka3aTe/IbCTBa 3aK/II0YaeTCs B

® MOJEJIMPOBAHNN BBIYNCIUTEIBHBIX IIPOIECCOB, CBA3AHHBIX C ITOHA-
THEM JIOTHIECKOT'O BBIBO/A, (PYHKITHOHAIBHBIMU TPOIPAMMAME, U

® eCTECTBEHHOM ITPEJICTAB/ICHUHN OIUCAHUI W CBOMCTB (DYHKIIMOHAb-
HBIX [IPOTPAMM JIOTUIECKUMU (DOPMYJIAMH.

2. AkcmomMaTmM4ecKuii MeToJI

CorytacHO OOIETPUHSATOMY MHEHWIO, HanboJiee MPABUIBHBIH CIIOCOD
OpraHU3aIMy HayIHBIX 3HAHWI 3aK/IF0UAETCS B MPEJICTABJIEHIN UX B BU-
Jie JIOTHYECKUX CJIEJICTBUH, BBIBEJIEHHBIX HA OCHOBE (POPMAJIBHBIX ITPABUII
BBIBOJ[& M3 HEKOTOPBIX UCXOIHBIX YTBEPKIEHUI, HCTHHHOCTH KOTOPBIX HE
[IOJIBEPraeTCst COMHEHUIO.

JlamHbIil crtocob opranm3anuu 3HAHWH HawboJIee MPEIITOYTUTEICH 110
CJICIYIOIIUM TTPUIUHAM.

1) Hanwmame y HeKOTOPOiT COBOKYITHOCTH 3HAHUI XOPOIIIEii JIOTHIeCKO
CTPYKTYPBLI CYIIECTBEHHO YIIPOIIAECT OBJIAJICHAE STUMU 3HAHUSIMU.

2) Jlormueckasi cTpykTypusanusi 3HaHUi objerdaer ux oOpabOTKYy U
CYIIIECTBEHHO IIOBLIMAET €€ OObEKTUBHOCTH W HAJAEKHOCTD, II0-
CKOJIBKY Takas 00paboTKa MOXKeT ObITh IIPOBEJIEHA TOJBKO IMOCPE/I-
cTBOM (OpMaJIbHBIX OIlepalliil HaJ CUMBOJIBHBIMHA CTPOKaMH, 6e3
[PUBJIEIEHUsT PACILIBIBIATO—HE(OPMAJIHLHON U CYObEKTUBHON WH-
TepIpeTAIui OHATUN, BRIPAXKAEMbIX 3TUMU CTpoKaMu. Kpome To-
ro, CBeJIeHIe 3a,/1a49n 00pabOTKMN 3HAHMUH K 3a1ate BBIIOJIHEHNS Olle-
paruii HaJl cTpOKaMu 00eCIeYnBaeT BO3MOXKHOCTH aBTOMATU3AIIMI
00paboTKN 3HAHMIA.

3) IockoapKy KpuTeprueMm HMCTHHHOCTH JIOTHYECKH CTPYKTYPUPOBAH-
HBIX 3HAHUN ABJSETCA UX COOTBETCTBHE HEKOTOPLIM CHHTAKCHYE-
CKUM IIPABUJIAM, TO JIOTUYIECKAsT CTPYKTYPHU3aIs 3HAHUN 0bjerda-
€T MPOBEPKY OIMMUOOYHOCTH B PACCYKICHUSX, B KOTOPBIX UCIIOJIb3Y-
IOTCSl 3TH 3HAHUS, IIOCKOJIbKY OHA I03BOJIAET CBECTH 3aJIady HaXOXK-
JIeHHUsI OITHOOK B PACCYZKJICHUAX K 33Jate MPOBEPKHU ITPABUILHOCTH
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HCIIOJIB30BaHUsA CUHTAKCUICCKUX IIPpaBHUJI IIPU CbOpMaJIbHI)IX orepa-
nudgax Ha/l CUMBOJIbHBIMU CTPOKaMM.

4) TlpejcraBiieHne COBOKYIIHOCTH 3HAHWN B BHJE JIOPMYECKHUX CJIE]I-
CTBUII M3 HEKOTOPBIX MCXOJHBIX NPUHIUIOB SBJIACTCH WHCTPYMEH-
TOM CHHTE€3a HOBBIX 3HaHUI, HOCKOJIbKY IIPOIECC IOy YeHUsT HOBBIX
BHAHUN MOYXKET UMETh BUJ (DOPMATHLHON KOMOWMHAIMH YK€ YCTAHOB-
JIEHHBIX YTBEPXKJIEHUI C NCIOJb30BaHUEM IOIXOIAIINX IIPABUJI JIO-
TUYECKOI'0 BBIBO/IA.

Haubosee mrom0TBOpHBIE PE3Y/IHTATHI PEAJIM3AIIS JAHHOW TOUYKN 3PEHUS
[IpUHEC/Ia, B MaTeMaTHKe, T/Ie y/IaJI0Ch IIPEJICTABATH BCE MOy YeHHHBIE pe-
3yJIBTATHI B BUJIE JIOTUYECKUX CJIEJICTBUI 13 HEDOJIBIIIOTO IHUCJIa HCXOIHBIX
MIPOCTBIX YTBEP:K/IEHUI, Ha3bIBaeMbIX aKkcuoMaMu. MeTo opranuzammun
3HAHUN B BUJE JIOTUIECKUX CJIEJICTBUN U3 AKCUOM IOJIYYMJI HA3BAaHUE aK-
CMOMAaTHUIECKOTO MeTOo/ia.

AKcuoMaTUIeCKUil METOJI, CTaJl UCTOYHUKOM OYPHOTO PA3BUTHUS MHO-
rux obJacTeil MaTeMaTuKu, 1 060raTu/I UX HOBBIMU ILIOJOTBOPHBIMHE I10/I-
XoJaMu U TUIyOOKmMHU pe3yibratamu. Hambojiee sipko 9TO MPOSBUIOCH B
ajirebpe, KoTopast, Hyrarojapst UCIOJb30BAHUIO B HEWl aKCHOMATHIECKOTO
MeTO/1a, 3aHs/1a IEHTPAJHLHOE TTOJIO2KEHNE B MAaTEMATHUKE.

Hekoropoe Bpewmsi cyrecTBoBajio yoexieHue, 9To Ha Oase akcuoma-
TUYIECKOTO METOJIa, MOYKHO IMOCTPOUTH BCIO MATEMATHKY, TO €CTh BCIO CO-
BOKYITHOCTDL UCTUHHBIX MATEMATUIECKUX YTBEPKJIEHUI MOXKHO IIPEICTa-
BUTL B BUJIE JIOTHIECKUX CJIEJICTBUII HEKOTOPBIX AKCHOM, YTO O3BOJIAT
CBECTH 33J1a4y TOJIYUYeHHs HOBLIX MATEMATHYEeCKUX 3HAHUI K BBIMOJIHE-
HUATO (POPMAIBHBIX OIEPAIUil HAJ[ CHMBOJILHBIMUA CTPOKAMHU II0 3apaHee
3aJJAaHHBIM ITPABUJIAM.

Onnako, kKak 0b110 yeranosieHo B 1931 rony [€nemiem, Hukakasi op-
MaJibHasl cucreMa (TO eCTh COBOKYIIHOCTH aKCHOM U IIPABUJI BBIBOJA) He
ABJISIETCS TIOJTHON, TO €CTh He MOXKET TTO3BOJIUTD MOy YUTh TAKIM MeXaHM-
YEeCKUM CIIOCOOOM BCIO COBOKYITHOCTH UCTUHHBIX MATEMATHIECKUX YTBEp-
XKuenuit. B gacTHOCTH, yTBEpXKJEHHE O TOM, 4TO JiaHHas (opMasibHAas
cucreMa HelpoTuBopednBa (TO eCTh B Heil HEBO3MOXKHO BBIBECTH JIBYX
B3aMMOUCKJIIOUAIOIINX [IPEJJIOZKEHIH) HEBO3MOXKHO 060CHOBATH METOJ[a~
MU JTAHHON (POPMaIbHON CHCTEMBI.

Teopema I'énens siByisiercst yoeuTeIbHBIM TTOATBEPKICHUEM TE3UCA O
TOM, YTO IVIABHBIN UCTOYHUK PA3BUTUS MAaTEMATUKU HAXOJIUTCS 33 €€ Ipe-
nesnanvu. Hamnbostee cyrecTBeHHbIE M3MEHEHUsT B MaTEMaTHKE, ITPUBOJI-
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e K BO3HUKHOBEHUIO HOBBIX, 00JI€€ CUJIbHBIX KOHIIEHIINN 1 CBI3aHHBIX C
HUMU (POPMAJIBLHBIX CUCTEM, HEBO3MOYKHBI B paMKaX (DUKCUPOBAHHOM CHUC-
TEeMBI IIOHATHI, OHX MOT'YT IIPOU30UTH TOJIBKO B PE3YJIBTATE B3aNMOIIPO-
HUKHOBEHUS U B3AUMOBJIUSIHUSI CAMBIX PA3HBIX 00JIACTell HAYIHOU, KYJIb-
TYPHOU U MPAKTUIECKON IesITeJbHOCTU. BesaKas NPpUHITMINAIBLHO HOBAs
u OoJiee cuiibHasi (popMaJibHAST CUCTEMa MOXKET OBITH TOJILKO H300peTe-
HUEM: COTJIACHO Teopeme [€resst, HUKaKuM JAPYyTruM 00pa3oM eé MOy IUTh
HEBO3MOXKHO.

3. Crpoku m PyHKOIUN HA HUX

3.1. CumMBOJIbHBIE CTPOKU

Bce 06bekThI, paccMaTpuBaeMble B MaTeMaTHKe, MOYKHO M300pa3uTh
CUMBOJIbHBIME CTPOKaMU (KOTOpbIe MbI HUXKe OyJIeM Ha3bIBATH IPOCTO
CTPOKaMM ), U OIICPAITIN Ha 00BHEKTaX MOXKHO ITPEJICTABATD B BUjie (DyHK-
Ui Ha CTPOKAX, U300ParKAIONIUX 3TH OObLEKTHI.

MsI mpefmoaraeM, 9To 3aJ@H0 HEKOTOPOoe KoHeuHoe MHOxKecTBO C,
3JIEMEHTBI KOTOPOro HazbiBaioTcs cumBoJiamu. B C Bxogar OyKBbI, 1ud-
PbI, CKOOKH, U HEKOTOPBIE JPyTue CHMBOJIDIL.

CTpoKoii Ha3LIBACTCS IIPOU3BOJIbLHAS KOHEYHAs [TOCIEJ0BATEILHOCTD
cuMBoJioB 13 C. COBOKYIIHOCTH BCEX CTPOK 0DO3HAYAETCS CHMBOJIOM S.
CymecTByeT Iycrast CTpOKa, OHA He COJIEPYKUT HU OJHOTO CUMBOJIA.

Bece dyukuum Ha CTpoKax, pacCMaTpHUBaeMble B HACTOMAIIEH CTaTbe,
ABJIAIOTCA YaCTUYIHBIMM, TO €CThb OHH I\/IOFyT 6LITL HE OoIIpeaesIeHbl JIJId
HEKOTOPBIX 3HAYEHUI CBOMX apryMEHTOB. DTHU (DYHKIMH JIEIATCI Ha JIBa
KJIACCA:

e 0OazoBble (DYHKIHH, U

o byHKINU, OupeessieMble IPHU ITOMOIN (PYyHKIMOHAJIBHBIX ITPO-
rpamM.

3.2. BazoBrbie hyHKIINN

CoBOKYITHOCTH 6a30BbIX (DYHKIMI UMeeT CJIEIYIOIINii BUI,
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1) if_then_else:S3 — S
st kaxknoit Tpoitkn (u, v, w) € S3
U, €CJIM U COCTOUT U3

def

if_then_else(u,v,w) OIHOr0 cuMBoOJIa 1

w, WHaIe

Hmxe snakocoueranne if_then_else(u,v,w) OyaeT COKpaIEHHO
3aIUCHIBATHCS B BUJIE
wtv:w
2) head: S — S
OTa QYHKIUA COMOCTABIACT
® KaxKJIOW HEIyCTOl CTPOKE U CTPOKY, COCTOSIILYIO U3 MEPBOIO
CUMBOJIA CTPOKHI U, U
® II[yCTOI CTPOKE — IIYCTYIO CTPOKY.
3) tail: S — S
OTa QYHKIUA COMOCTABIACT
® KAaXKJIOI HEIIyCTOI CTPOKE U CTPOKY, HIOJIyYaeMyIO U3 U yJaJie-
HUEM IIePBOI'0 CUMBOJI&, U
® IIyCTOH CTPOKE — IYCTYIO CTPOKY.
4) conc:S?—S
s kaxxnoit maper (u,v) € S? crpoka conc(u,v) mpeacrasiser
€000 KOHKATEHAIIO CTPOK U U U, TO €CTh
® CTPOKY @7 ... 0y by ... by, €CJIU U ¥ U UMEIOT BUJ| COOTBETCTBEH-
HO Q1...Qnp U by ...by,, THe M,n >0,
® CTPOKY v, €CJI CTPOKA U IIyCTa,
® CTPOKY U, €CJIU CTPOKA ¥ IIyCTa.
5) eq:S? =S
s xaskoit mapot (u,v) € S?

eqfu,) |

1, ectmu=w
0, wunaue

[=N

3.3. CTpyKTypupOBaHHbIE CTPOKHU

Hexkoropnie cTpoku Mbl Oy/ieM Ha3bIBATh CTPYKTYPUPOBAHHBIMU.
[Mousitue crpykrypuposannoii crpoku (CC) omnpejiesisiercsi MHLYKTUBHO.
[Tpu onpenenennn nousitusi CC UCHOIB3YeTCs] BCIIOMOTATE/IHHOE TTOHATHE
aToMa.
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e ATOMOM Ha3bIBAeTCsI IPOU3BOJIbHAS CTPOKA, HE cojiepxKaliast dbu-
I'yPHBIX CKOOOK (TO ecTh cumBosioB { u }).
Kazxpiit arom siBsistercs CC.

e Ecin ctpoku uq, ..., u, (rge n > 1) asastorcs CC, To cTpoka
{ug ... u,t
(mosryyaeMasi IPUIKMCHIBAHUEM K KOHKATEHAIIUU CTPOK U7, ..., Uy

ckoOku { ciieBa un ckoOku } cupasa) sipisiercst CC.

3.4. llepeMmeHHbIe, KOHCTAHTbI, BbIpAa*Ke€HUsI M IIOJICTa-
HOBKU

CC Buga {{var}u} (rme var — aroM u3 TPEX CHMBOJIOB V, & 1 ') MbI
Oy/ieM Ha3bIBaTh II€PEMEHHBIMUA.

CC Buga {{con}u} MbI OygemM Ha3bIBaTL KOHCTaHTaMu. Mbl OyieM
obozHavuaTh KOHCTaHTy BuAa {{con}ul} sHakocoueranumem u. CTpoka u
HA3LIBAETCS MHTEPIPEeTAIneil KOHCTAHTEI U.

CC Buzma {{funH{n}tu} (rme n — arom, npencrapisonmit cobO 3a-
[ICh HEKOTOPOTO TIOJIOXKUTEJILHOIO IEJION0 YHCjIa) Mbl OyJieM Ha3bIBATDH
dyskumonanbubiMu cuMmBosiamu (PC).

Eciu ©C f umeer Bug {{fun}{n}ul}, To aucno n B 3amnucu sroro ®C
HaspiBaercsd apHocTbio OC f, u oboznavaercs depesd ar(f). Ono pasny
KOJIMYECTBY apryMeHTOB y (byHKIMU, cOoTBeTcTBYOMER 3TroMmy PC.

CoBokymHocTh 6a30Bbix @C cocrout u3 cieayomux ustu PC:

1) {{fun}{3}{if_then_elsel}}
2) {{fun}{1}{head}}

3) {{fun}{1}{tail}}

4) {{fun}{2}{conc}}

5) {{fun}{2}{eq}}

Bpra)KeHI/IH CTPOATCA U3 IIEPpEMEHHBIX, KOHCTaHT 1 DC:

1) BCe IIepeMEeHHbIC 1 KOHCTAaHTDBI ABJIAIOTCA BbIPazKCHUAMMN, 1

2) s kaxkgoro @C f u KaxKJI0ro KOpTexKa BhIPAYKEeHUI

el,...,en (rmen=ar(f))
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CC
{{expr}fei...e,} (1)

ABJIAETCA BbIDazKEHHUEM.

B nensx yaobersa urenusi, Boipakenue Buja (1) Mbl OyjeM 3amnuchbl-
BaTh 3HAKOCOYETAHUEM

f(el, e ,en).
Huke MBI 6y,IL€M HCIIOJIb30BAaTh CJIE/IYIOIIee oboznauenne. Ecian
® ¢ — HEKOTOpPOE BBbIparKeHNe
® 71,...,Ty — CIHUCOK PA3/JUYIHBIX IE€PEMEHHDIX, U

® ¢{,...,6, — CIUCOK BbIpaKeHUi

TO 3HaKOCO4Y€TaHue

e(er/x1,...,en/xn)
0603HAuAeT BBIPAKEHHUE, IOJIydaeMoe U3 € 3aMEeHOH JIsi KaXKJIoro i €
{1,...,n} KaxKJI0ro BXOXKJIEHUsI [IEPEMEHHO} ; B € HA BbIPDAXKEHUE €;.

3.5. OyHKNNOHAJIbHBIE ITPOTPAMMBI

®yukimoHasiibHOe ypaBuenue — 310 CC Buma

{{fun_equation}f{xy...xz,}e} (2)
e
o f — mebazosniit PC,
® Iy,...,T, — CIUCOK Pa3JMYHBIX IIepeMeHHbIX, Tje n = ar(f) u
® ¢ — BBbIpa)kKeHHe, TaKOe, UTO KayKjas IepeMeHHasl, BXOJAIasl B e,

COJIEPXKUTCST B MHOXKECTBE {X1,...,Tp}.

B nessix ysobeTBa urenust, pyHKIMOHATIBHOE YpaBHEHUE BUJIA (2) Mbl
OyeM 3alMCHIBATD 3HAKOCOYETAHHEM

flxy,...,xn) =€
dyukumonasibHas nporpamma (PII) — sro CC, npejcrasiisiio-

mast coboil crucok PYHKIINOHAJIBHBIX YPAaBHEHU

fl($117' .. am1k1) = €1
: (3)
fn(xnla ce 7-Tnkn) = €n

rje
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e fi,..., fn — pasimunble HebazoBble OC, u

e kaxkblii Heba30Bblll PC, BXOASIMUI B KaKOe-JIMOO U3 BbIParXKEHUIT
€1,...,En, COJIEPKUTCS B CIUCKE

frooosfn (4)

@II (3) siBasiercst onpegenenneM dyHkiumii, coorsercrByomux PC
1, fn. MBI OyzmeM mpeamosiararh, 94TO apryMEHTAMHA W 3HAYEHUSIMU
BCcex paccmarpuBaeMbix Gyukimit seasores CC. Jlng kaxkmoro i =
1,...,n MbI OyjeMm obo3HadaTh QyHKINO, coorBeTcTByOMYy0 OC f;, Tem
Ke cuMBOJIOM f;. @yHKIUu f1,..., f,, BBIUACISIOTCS CTAHIAPTHON pe-
Kypcueit: eciim Tpebyercst BBIYUCTUTD 3HadeHue (ByHKIUN f; Ha KOPTEKe
apryMenToB (up, ..., U, ), TO JJIS 9TOTO BBIUUC/ISETCS 3HAYEHNE BhIparKe-
HUST

ei (u /@it ... uk, [Tik,) (5)

¥ MCKOMOE 3HaueHWIO fi(uj,...,Uy,) 1O OUPEJEJCHHIO OJIAraeTCs PaB-
HBIM 3HAYCHUIO BhIpazkeHust (5).

Beruncienne 3Havdennst BbIpazkeHust (5) IPOUCXOIUT O CIIEIYIOIEMY
PEKYPCUBHOMY MPABUILY.

e Eciu (5) mMeer BUJ w, TO €ro 3HAYCHUEM SIBJISETCS U.

e Eciu Boipaxkenue (5) numeer By

fler, - em)

rjie f — 6azoeiit OC, ommuneiii or if_then_else, TO BBIUUC/IS-
IOTCsl 3HAYEHUs BBIDAYKEHUH €], . .., el = v 3HaueHmne Bbipaxkenns (5)

IToJjtara€Tcsd paBHbIM 3HAYCHUIO (i)yHKHI/II/I f Ha COUCKE 3HAUYEHUU BbI-

/

oo/
paxkeHuit e7,...,€e,,.

e Eciu Boipaxkenue (5) numeer Bu/L
el 7eh el

TO CHAYAJIa BBIUUCJISETCS 3HAYEHNE BBIDAsKeHUs €, n
— ecJIM OHO PAaBHO CTPOKE U3 OJHOTO CHMBOJIA, 1, TO BBIYHCIACTCS
3HAYEHNE BLIPAYKEHUS €h,
— MHAUe — BBIUUCJISACTCS 3HAYCHUE BBIPAYKEHHUS €f
¥ 3HAUYEHHUE BbIpaykeHus (5) I10J1araeTcsi paBHBIM 3HAUCHUIO €) M
€% COOTBETCTBEHHO.
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e Ecim Beipazkennue (5) nmeer BuJ

fi(el, ... ,e;j)

rae PC f; npunagesknt crmcky (4), To 3HadYenne BeipaxkeHusi (5)
O ONPEJIEJICHUIO PABHO 3HAYEHHIO BBIPAYKEHUS

ej(€1/Tj1s - ek, /Tjk;)

KOTOPOE BBIUHUCIISIETCs 110 TOMY YKe IPABUILY, [0 KOTOPOMY BBIYKC-
JISIeTCsl 3HAUCHNE BbIpaykeHust (5).

Eciin onmcanHbIil BhIIIe IPOIECC HE 3aBEPINAETCS, TO MbI OyJ/IEM CIUTATH,
410 3HaUeHHEe QYHKIMY f; HA KOPTEXKe apryMeHTOB (U, . . . , Uy, ) HE OIpe-
JIEJIEHO.

3.6. lIpumepsnr PII

ITpuBeném nsa npumepa PII. Huxe

e cuMBoJI € obo3Hadaer KoucTanTy {{con}} (To ecTh MHTEPIPETAILET
KOHCTAHTBI € SIBJISIETCS IyCTasi CTPOKA), 1

e 3HaKOcOueTaHus eq, conc, head u tail 0603HATAIOT COOTBETCTBYIO-
mue 6azosbie OC.

1) ®II, ompenensomas GYHKIHIO 7ev, KOTOpasi peobpasyer Kaxk-
JIyI0 CTPOKY B CTPOKY, 3aIMCAHHYIO B 0OOPATHOM IOpsi/IKe (TO €CTh
rev(ay ...an) = ap...a1):

rev(z) = eq(x,e) 7 ¢
conc(rev(tail(z)), head(x))

2) Ilouck 3aJIaHHOl TOJCTPOKU & B CTPOKE y: pyHKIuUs sSubstring Bo3-
BpaIaeT
e 1, eciu e€ NEPBBII apr'yMeHT SBJSETCs IMOJCTPOKONH BTOPOIO
apryMeHnTa, u

e 0, mHave.
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substring(x,y) = (prefiz(z,y)) 71

( eay,e) 70

: ( : substring(z, tail(y))
prefiz(x,y) = eq(z,e) 71

req(y,e) 70
(head(z) = head(y)) ?

prefix(tail(x), tail(y))
\ 0

3.7. CBoiicTBO ajropurMm4ieckoii moaHotbr @I1

MuorkecTso Bcex PII 0b1am8€T CBOMCTBOM AJATOPUTMUIECKOMN I10JI-
HOTBI, KOTOPOE 3aK/II0YAETCsS B CJEIYIOIIEM: KarKiasi JacTudHasi (PyHK-
s HA CTPOKAX, BBITUCIUMAS B HEKOTOPOM HHTYUTUBHOM CMBICJI€, MOXKET
ObITEH ompeseseHa mpu nomornu Hekoropoir @II. Do cBoiicTBO JTI0KA3HI-
BaETCs TTOCPEJICTBOM MOJEIUPOBAHUS (DYHKIIMOHAILHBIMEI ITPOTPAMMAMEI
MammuH Teropunra. /lokazaTeqbcTBO OCHOBAHO HA IPEIIOIOXKEHUH, UTO
MHOXKECTBO MaIuH ThopuHra 00/1a/1aeT CBOWCTBOM AJTOPUTMUYIECKOMN
MIOJTHOTHI.

[Tycts nmeercst HekoTOpast MamuHa THIOPUHTA ¢ MHOYKECTBOM COCTO-
suuit Q u andaBuToM A CHMBOJIOB, KOTOPBIE MOTYT ObITH HAIMCAHBLI B
stueiikax JieHTbl. MBI OyzeM mpejosararh, 9o A He COmepKUT (PUryp-
HBIX CKOOOK (ecsiM Takue CKOOKM HPUCYTCTBYIOT B A, TO MbI MX KaK-
HUOY b epeobosHadnM). Takzke Mbl GyJIeM Mpe/nosaraThb, 9To

® BBEJEHHOE BBIIIE MHOXKECTBO cUMBOJIOB C CONEPKUT KaXK/IbIH CHM-
BOJI, BXOJIAIIWHA B A, u

e A comep:KuT IMPOGEJIBHBIN CHUMBOJI, KOTOPBIA MbI OyeM 0003Ha-
JaTh depes [3.

[Tycrs paGoTa 3TOi MalIMHBI OIIMCHIBAETCS OTOOPAsKEHHEM
§:QxA—QxAx{left,right}

Torma PII, coorBeTCTBYIOIIAsT 9TOI MaIUHE, OMPEIEIAETCA CJIELY FOIIIM
obpazom. ComocTaBUM KaxKJOMy COCTOSIHUIO ¢ € () HEKOTOpBIi Hebazo-
Boiit @C apHOCTH 2, KOTOPBII MBI OygeM 0003HaYaTh TaK »Ke, KaK U 9TO
cocTosinne, To ecThb depe3 q. Mckomast @II cocronT m3 cieayonmx ypas-
HEHUI:
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® ypaBHEHNE, COOTBETCTBYIONee (DYHKIUU f, KOTOPYIO BBIUUCIISIET
9Ta MalllMHa, UMeeT BH],

f(x) = qo(e, )

rae qo — HavYaJIbHOE€ COCTOAHMNE MallllHbI

o st Kaxkyoro q € @ ®IT conepxur ypashenune Buga q(r,y) = ...,
rie
— TepeMeHHas T COOTBETCTBYET 3aINCH Ha JIEHTE MAITAHBI CJIEBA
OT TOJIOBKU, TPOYUTAHHON CIpaBa HaJIEBO, U
— IIepeMeHHas Y COOTBETCTBYET 3allCU Ha JIEHTE IOJ, T'OJIOBKOI
U CcITpaBa OT HEE.

Ecin
— MHOXkecTBO A mmeer Bux {ai, ...},
— ¢ — HEKOTOPOE HE3aKJIIOUYNTEJILHOE COCTOSIHUE, 1
— d(q,a1) mmeer Buj, Hanpumep, (¢;,a;j, right)

TO ypaBHEHHE, COOTBETCTBYIONIEE COCTOSTHUIO ¢, UMEET BU]T

q(x,y) = eq(y,e) ? q(z, B)
eq(head(y),a1) ? qz(conc(a], x), tail(y))
),a

: eq(head(y),az) ?

Ecim — 3aKJIIOYUTEJIbHOE COCTOAHUE, TO COOTBETCTBYIOIIIEEC €M
’
ypaBHEHUE UMECT BUJL

q(z,y) = remove_blanks(y)

e dyuknus, coorercTByiomas ®C remove blanks, mefictyer
Ha CBOI apryMeHT IyTéM YJAJIEHUsI TPOOEJIbHBIX CUMBOJIOB B €0
IpaBoil 4acTu, TO €CTh

(remove_blanks(z) = eq(x,e) 7 ¢
?

s eq(last(x), B) 7 remove_blanks(rem _last(x))
last(x.) = eq(tail(x),e) ? head(x)

s last(tail(x))
rem_last(x) = eq(tail(x),e) 7 e

: conc(head(z), rem_last(tail(x)))
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3.8. UnTtepnperupyembie ®C

ITycrs u — @II Buma (3). Torma mus xkaxkmoro @ = 1,...,n ®C Buma
{{fun}{k;}{interpreted}u{i}} (6)

Ha3biBaeTcsd HHTEepHperupyeMbiM OC, 1 eMy COOTBETCTBYET Ta YKe Ca-
Mast DyHKIUA
fi:SM 8
koropasi coorsercreyer @C f; B OIT (3).
B nessix yjpobersa urennst, Mbl 6ygem obosnadars PC suza (6) 3ua-
KocoueTanmeM f;.

4. @opmyJIbl

4.1. IlouaTue dpopmMyJbl

Broipaskenne e Ha3bIBAETCSI MHTEPHPETUPYEMBIM, €CJIU 3TO JIU00 TIe-
peMeHHast, 1100 KOHCTaHTa, JUOO UMeeT BU/I

f(el,. .. ,en)

rjie f — 6aszoBblil wim naTepIiperupyembrii OC.
Jlnst KaxKJioil maphel €1, eo mHTEpIpEeTUpyeMbix Bbipaxkenuit CC

{{elem_fm} e; = ez} (7)

sipyisiercst (popmyitoit. @opmyiisl Buia (7) HA3BIBAIOTCS SJI€MEHTAPHBIMU
dopmynamu. B nensix yunobersa urenusi, dopmyiy Buiga (7) Mbl Gyiem
3alMChIBATh 3HAKOCOYUETAHUEM

€1 — €9
OcrabHble (GOPMYJIBI CTPOSITCSI CTAHIAPTHBIM 00pPa30M U3 3JIEMEH-
TapHBIX (POPMYJI IPU IOMOIIN OYJIEBCKUX CBA30K U KBaHTOPOB:
e ccim A u B — dopmyier, o CC
{{fm} A A B},
{{fm} A Vv B},
{{fm} A — B}, (8)
{{fm} A < B},
{{fm} ~A}

ABJSIIOTCS (POPMYIAMU, U
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e ecsiu A — popmynia u x — nepemenHasi, To CC
{{fm}Vz A} u {{fm} J = A}
ABJIAIOTCS (POPMYJIAMIE.

Mpr 6ytem 0603HAMATD HEdIeMeHTapHbIe (DOPMYJIBI TaK, KAK 3TO IPUHSITO
B MaTEeMaTUYIECKON JIOTUKE, TO €CTh 3HAKOCOYETaHUSIMU

AAB,AVB,...

COOTBETCTBEHHO.

[TonsiTusi CBOGOJHOIO M CBSI3AHHOTO BXOXKJICHUS IIEPEMEHHBIX B (hop-
MYJIBI OIIPEJIEJISIOTCS CTaHJIaPTHBIM 06pa3oM (cM., Hampumep, [2]).

Ecim A — dopmyna, ¥ — nepeMeHHasi, 1 € — BbIpayKeHHEe, TO 3Ha-
kocoueranne A(e/xr) obosnauaer dopmysty, nosydaemyo u3z A 3ameHoii
KaKJI0r0 CBOOOJIHOTO BXOK/ICHUSI TIepeMeHHOil © B A Ha BbIpazkeHue e.
[Tpu sToM, ecim HEOOXOMMO, IPOU3BOJIATCS IEPEMMEHOBAHUST CBSI3aHHBIX
nepeMeHHbIX B A (mogpobrocru cM. B [2], rir. 2).

4.2. VctuHHOCTH pOpPMYJI

[Mycrs A — mekoTopast popmynia, U X1, ..., T, — CIHCOK BCEX Tepe-
MEHHBIX, UMEOIINX CBODOIHBIE BXOXKIeHUs B A.

OzHayuBaHueM CBODOIHBIX ITEPEMEHHBIX B hopmysie A HaspIBaeTCs
[IPOU3BOJIbHBIN CIUCOK &£ BUIIA

al,...,0n

KaskJass KOMIIOHeHTa a; KoToporo sieisiercss CC u cOOTBETCTBYET Iiepe-
MEHHO#1 x; (C TeM Ke HOMEPOM) W3 CIIUCKA T, . .., Tp.
[TonsiTne mcTuHHOCTHU GOPMYJIbI A Ha O3HAUUBAHUU & OIPEIEISTeTCs
UHJYKIHEH 10 TOCTPOEHUIO (hOpMyYJIbl A:
e ecsim A mMeeT BUJ €1 = €9, TO OHA SIBJISIETCS UCTUHHOW Ha &, ecyin
3HAYEHUS BbIPAXKEHUIT

e1(a1 /o1, s anfTn) W ex(ar /o1, an [T)
b0 0ba HeompeaeseHbl, 00 00a OmpeaeeHbl U COBIAIAOT,

® VICTUHHOCTDL HEdJIEMEHTapHbIX (bOpM}/JI Ha O3HaYMUBaHUAX OIIpejIe-
JIdeTCdA CTaH/JJapPTHbBIM o6pa30M.

(DOpl\/IYJIa Ha3bIBa€TCA HCTHHHOﬁ, €CJIM OHa MCTUHHa Ha IIPOU3BOJIb-
HOM O3HAQYMBaHMNM.
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5. PopMaJibHbI€ CUCTEMBI

5.1. llonsaTue popmasibHOIT cUCTEMBI

®opmasibHasi CUCTEMA IIPEJCTaBIIsIeT CODON COBOKYITHOCTb AKCUOM
U IPaBUJI BBIBOJA, U OyJIeT HuKe 0003HAUaThCs cUMBOJIOM T . B m3mara-
eMBbIX HIXKe (DOPMYIUPOBKAX

e cuMBOJIBI A, B 0003HAYAIOT TPOU3BOJIBHBIE (DOPMYIIBI,

® CUMBOJIBI €, €1, €9 — IIPOU3BOJIbHBIE BBIPAYKEHUS,

® CUMBOJIBI X, Y, 2 — IIPOU3BOJIbHbIE IIEDEMEHHBIE,

® CUMBOJI C — IIPOU3BOJIbHYIO KOHCTAHTY.

5.1.1. AKcuombl

Axcuoma — 310 popMmyIIa, IPUHAIEIKAITAS OTHOMY U3 CJIETYIOIITIX
LIECTU MHOYKECTB.

1) Ilycrs
e T — pou3BOJIbHAS TABTOJIOTUSI JIOTUKH BBICKA3bIBAHUI, 1
® pi,...,Pn — CIMCOK BCEX OYJIEBBIX MEPEMEHHBIX, BXOJSAIINX B
T.
Torna mis kaxoro crimcka gopmyn suga Aj, ..., A, dopmyia

T(Al/pla cee aAn/pn)

(mostygaemast u3z T' 3aMeHOl Jiis Kaxkjoro i = 1,...,n KaxKJI0ro
BXOZKJICHUsI TIepeMeHHOl p; B T Ha COOTBETCTBYIOILYIO eif (hopmy.ry
A;) sIBJISIETCST AKCHOMOI.

2) KsanTopHbIe aKCHOMBI:
—(VzA) > Jz(-A4), —(FzA) < Va(-A) (9)

A VA, A+ dzA

(re x He umeer cBOG. BXOXKJeHUN B A)

Ac/z) — JzA (11)
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3) AKCHOMBI pABEHCTBA

r=uz (12)
(x=y) = (y=2) (13)
(x=y) = (y=2) = (x=2)) (14)
(e1 = e2) = (e(er1/x) = e(ez/x)) (15)
(e1 = e2) = (ex(e/x) = ez(e/x)) (16)
(e1 = e2) = (A(er/x) <> A(ez/x)) (17)
4) Axkcmomst Jyis if-then-else
L?y:z)=y, (07y:2)=2 (18)
5) Axcuombr jyisi 6a3oBbix PC: st
e kaxkjoro 6azosoro O®C f, u
o kaxkjoro crucka CC aq, ..., an, b, Takoro, 4rT0 3HaUEHNE (DYHK-
muu f Ha KOpTexke apryMeHTOB (aj,...,a,) PABHO b
dopmyira
flai,...,a,) =0 (19)

SABJISIETCS aKCHOMOM

6) Ilycrs v — O®II Buna (3), U ¢ — NPOM3BOJILHBIN MHJIEKC M3 MHOXKE-
crea {1,...,n}. Torma dopmyia

fiu(.’L‘il, e ,l’iki) = 6? (20)

rae el HOJIydaeTcs U3 BBIPAsKEHUS €; B IIPABOil YacTH -ro (yHK-
mroHasbHOro ypasnenus B 3roit PIT zamenoit xaxgoro OC f; na
cooTseTcTByIomuit emy unrepuperupyemstit @C [, saBnsercs ak-
CHOMOIA.
7) HonommurenbHoe MHO)KeCTBO akcnoMm Add  Ax, obramaioree cie-
JYIOIIUMHI CBOMCTBaMMU:
o kaxxas dopmyna n3d Add_Ax ucrunma
o mHOXKEeCTBO Add Ax pa3permMmo, To eCTh CyIIeCTBYeT alro-
PUTM, KOTOPBIHA JJIs KaxKIA0H (POPMYJIbL OIPENeIISeT, IPIHA,I-
JIE2KUT JIN OHa STOMy MHO)KeCTBy7 NJIN HET.

3 1aHHOrO ONpeiesieHust CJIe/IyeT, 9TO MHOXKECTBO BCEX aKCHOM 00J1a1aeT
TEMU 2Ke CBOicTBaMm, ITO M MHOXKecTBO Add Az, TO ecThb
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® KaXK/Iasl AKCUOMA SABJISIETCSI UCTUHHON (HOpMYJIOi, u

® MHO?KECTBO BCE€X aKCHUOM pPa3pelinmMo.

Paspemmmocts MHOXKECTBa, aKCHOM CJIelyeT W3 TOTO, 9TO IPUHAIIEIK-
HOCTH (GOPMYJIBI K JIFO0O0#H 13 BBIIIENEPEUNCIEHHBIX IPYIII (KPOME TOC/Ie/I-
HeI‘/’I) OTIPEESIeTC s 0 CUHTAKCHIECKON CTPYKType JAHHONW (DOPMYJIDL.

[TockosibKy MBI He JeTaau3upyeM BHJ aKCHOM W3 IOCJemHell TpyI-
IbI, TO B JEHCTBUTEJILHOCTH YIIOMSIHYTBIN BbIIe CUMBOJI | 00O3HaUaeT
HE KOHKPETHYIO (DOPMAJIbHYIO CHCTEMY, a MPOU3BOJIbHYIO (hOPMATHHYIO
CUCTEMY, MHOXKECTBO aKCHOM KOTOPO# MOXKET OBITH IIPEJICTABIEHO B BUJIE
COBOKYIIHOCTHU BBIIICIIEPEYNCICHHBIX I'PYIIIL.

5.1.2. TIlpaBujsia BbIBOJA

IIpaBusia BBIBOZIA TO3BOJISIOT MOJIYyYaTh U3 OMHUX (POPMYJ APyTrUe
dOPMYJIBI, U UMEIOT CJEAYIONINIA BHIL;:
1) modus ponens:
A— B, A
B

2) HaBeIINBaHNE KBaHTOPOB

A— B A— B
VeA — VB dxA — JzB

(21)

B kak[0M IIpaBujie BBIBOJA HaJl 4ePTOil M300pazkKeHbl OJ[HA UM JIBE
opmysibl (Ha3bIBaeMble IMTOCBIIKAMM ), 13 KOTOPBHIX BBIBOIUTCH (HOPMY-
J1a, PACIIOJIOXKEHHAsI 10J] 4epToil (HasbBaeMast 3aKodeHnem). Herpy-
HO JIOKa3aTb, YTO €CJIM IIOCBLIKU (MM IOCBLIKA) KAKOTO-JIHOO M3 STHX
IPaBUJI UCTHHHBI, TO 3aKJ/IOYCHHE TOXKe OyJeT UCTUHHBIM.

5.1.3. Ilousarue goka3arejbCTBa

[Tycrb A — nekoropasi hopmyia. JTokazarenbcrBom (B cucreme T )
dopmysier A mHaszeBaercss CC Buma

{{proof}A;... A} (22)
e Ay, ..., A, — GOPMYJIBI, TPUIEM
e A, =A u
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® It KaxKJioro ¢ = 1,...,n gopmyiia A; siBIseTcst
— Jinb0 aKCHOMO# cucTeMbl T,
— b0 3aKJIOYEHHEM HEKOTOPOTO IMpABUJIA BBIBOJA, MOCHLIKH
KOTOPOIro cojiep:karcst B MuoxkecTBe {Aq,..., A1}

DopmyJia Ha3bIBaeTCs JOKa3yeMoii (B 7)), eciin CyIecTByeT joKas3a-
TENHLCTBO B T 3TOM (hOPMYIIHL.

N3 BhIMIeCcKa3aHHOIO CJIELYET, 9TO eCau (POPMYJa sBJISETCS JTOKaA3ye-
MO, TO OHa SABJISETCI UCTUHHOWN.

N3 cpoiicTBa aaropurmudeckoit mosnoTel PII BhITEKAET CyiecTBOBa-
uue OII prf, onpenensroreit GYHKIUIO ¢ AByMsi apryMeHTaM#, KOTOPAast
Ha T1ape apryMeHTOB (U, v) IPUHUMAET 3HadYeHue 1, eciu u SBJIAeTCs J10-
KazarTeabcTBoM v (B T), u 0 — nHade.

Mpsr 6ymem cautaTh, aTo jgannas PII nmeer ciemyromuit BuI;:

(prf(u,v) =eq(last_fm(u),v)
eq(last(x), B) 7 remove_blanks(rem _last(z))

last_fm(m) = eq(tail(x),e) ? head(x)
s last(tail(z))

rem_last(x) = eq(tail(x),e) 7 e
: conc(head(x), rem _last(tail(x)))

5.2. Nurepuperupyemoctsb B 7 apudmeruku Ileano

Onucannast Bbillie cucreMa 7 siBsiercst 6osiee obieit, yem apudme-
tika Ileano (akCcHOMBI M IIpaBHJIa BBIBOJA KOTOPOi cM. B [2|, mi. 3), B
TOM CMBICJIE, 9TO O0BEKTHI U (POPMYIBl apudMeTuky [leaHo MOYKHO WH-
TEPIPETUPOBATH B A3BIKE CUCTEMBI T :

e HaTypaJIbHble YHUCJIa MOXKHO MHTEPIPETUPOBATHL CTPOKAMU U3 €/U-
HUII: KaxKJI0€ IIOJOXKUTEJILHOE YUCJIO N HHTEPIPETUPYETCs. CTPOKOi
u3 N eIMHUIL, 9ucjo () MHTePIPETUPYETCs IIyCTOM CTPOKOI,

o bYHKIMS CIOXKEHHUS WHTeprpeTupyercs 0a30Boit GyHKIHMEH conc
KOHKaTEHAIIUN CTPOK

o (hOyHKIUS B3ATUS CJIEIYIONIErO YUC/Ia HHTEPIPETUPYETCs (DYyHKITHEH
succ, onpenensgemoit cienyrorieit OII:

suce(x) = conce(x, 1)
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o byHKINS YMHOXKEHUS UHTEepIpeTupyercs pyHkimeit mult, ompee-
Jstemoit cienyroreit OIT:

mult(z,y) = eq(z,e) 7 e : conc(x, mult(tail(x),y))

Hnst kazkmoit popmynsl A si3bika apudmerukn [learno obo3HAINM CUMBO-
aom I(A) dopmyiny B si3bike cucreMbl T, KoTopast 1ojydaercs u3 A

® 3aMEHOII KOHCTaHT U (byHKL(I/IOHaJIbeIX CHUMBOJIOB Ha COOTBETCTBY-
omuyue MM KOHCTaHTbI U beHKL[I/IOHaJIbHI)Ie CHUMBOJIBI CUCTEMBI T, n

® 3aMeHOI Kaxk/10#1 mogdopmMyibl Buia Ve B Ha dopMyity Buga
Vz((nat(z) = 1) — B)

rjie pyHKIUs nat TPUHIMAET HA CBOEM apryMeHTe 3HaUeHUe

— 1, ecoii OH SIBJISIETCS CTPOKOM U3 €JIMHUIL UJIM ITYCTOU CTPOKOIL,
u
— 0 — unaue.

Herpy iHo npoBepuTh, 9ro Jyist KaxKaoi akcuombl A apudmernku leano
dopmyna I(A) siBisieTcst MCTHHHOI.
Ecsm cucrema T TakoBa, 4To €€ II0CIe/[Hsis TPYIIIA AKCHOM COJICPIKUT

e dopmysst Buga I(A), rie A — kakas-imbo u3 akcuom apudMeTuku
Ileano, n

e bopmysibl BUIA
A(e/x) — JzA

rje € — IPOU3BOJILHOE BhIpaskKeHue, Kaxkiplii Hebazosniit PC B Ko-
TOPOM €eCTh b0 succ, mbo mult

TO HETPY/JHO YCTAHOBUTDL, UTO JIJISA KaxKJ0il (hopMynnel A, nokasyemoii B
apudwmernke [Teano, dbopmyna [(A) Gyner nokaszyema B T .
5.3. BcriomoraresibHbBIE YTBEP2KIE€HUS

B sTOM nyHKTE MBI JIOKazKeM JIeMMbI, HEOOXOIMMBIE JJIsI JI0Ka3aTe /b
crBa Teopembl [€mers.

Jlemma 1. Ilycmo

o [ — basoswill uau unmepnpemupyemoili OC, u
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® ai,...,ar,b — cnucox CC, maxot, umo dopmyaa

flai,...,a) =0 (23)

ABAAEMCA UCTNUHHOU.
Tozda opmyaa (23) doxasyema.

HokazaresnbcrBo. Ecin f — 6azosbiit PC, To dopmyia (23) sisisiercs
AKCHOMOIi (M3 4eTBepTOll TPYIIIbI).
Ecmm xe f — narepnperupyemsiit @C, To ects f mmeer Buj f*, Tae

e u — PII, koropast noyvaercss uz PIT Buga (3) 3amenoil KaxkIo0ro
nebazoporo PC f; na ®C f]”, u
e ic{l,...,n}

TO U3 ONUCAHUS MPOIECCA BBIMUCICHUS 3HAYEHUS BBIPAYKEHUs B IIYHKTE
3.5 clIeyeT, 9To, CYIIECTBYET MOCIE0OBATETHFHOCTH BhIPaYKEHUM

€1,...,€em (24)
TaKasd, 9TO
_ fu
® C] _f@ (ﬂ??%)
e e, =0
® JIJId KazKI0I'0 l = ]., e, — 1 BbIPpa2KE€HUE €41 IIOJIydaeTCd U3 Bbl-

pakKeHud e; 3aMeHOI OJJHOTO U3 €ro II0JIBbIPAXKeHUI ¢ Ha BbIPAXKEHUE
S, IPUYEM MMEEeT MECTO OJIHO U3 CJIeJLyIONIUX YCJIOBHIL:
1)  — t umeer Bug f(ui,...,un), nae f — 6azossri OC, oramd-
Hblil oT if_then_else,
— § paBHO KOHCTaHTE v, TJIe ¥ — 3HadeHue 6a30B0il (PyHKITUH
f Ha Koprexke aprymMeHToB (up,. .., Up)
2) t umeer Buy 1 7 €] : €, u s paBHO €]
3) t umeer Buy 0 7 €] : €, u s paBHO €
4)  — tmmeer sup fi(ey,. .. ,e}cj)
— s pasHo e} (e} /T, . .. ,eﬁcj/xjkj)
3aMeTnM, 9TO B KaXKJIOM U3 3THX CJIy4IaeB (popmysa t = s SIBJISIETCS
JIOKa3yeMOI:
— B caydae 1 31o ciejyer u3 akcuombl Buja (19)
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— B ciIydasx 2 u 3 910 cyeyer u3 akcuoM (18)
— B cuydae 4 9ro caeyer n3 akcnoM suja (20) u (16)

s kaxknoro [ = 1,...,m — 1 cBaI3b MeXK/Iy BLIDAXKEHUSIMU €] U €141 B
cricke (24) MOXKHO BBIPA3UTh CJIEJYIONMM 0OPAa30M: CYIIECTBYET BbIpa-
2KEeHHe e, TaKoe, 4TO

ep =e(t/x), eyq1=e(s/x)

rie opmysia t = s mokasyema. Vicrosb3yst akcnombl Bujia (15) u npasuio
modus ponens, 3aK/II0YAEM, 9TO JJIst KaxKa0ro j = 1,...,m — 1 dopmysa
€j = €j41 J0Ka3zyeMma.

Ha ocHoBannm axcrnoM TPaH3UTUBHOCTU PABEHCTBA, OTCIO/A CJIEIYET
JIOKAa3yeMOCTb (DOPMYJIBL €] = €,,, KOTOopast CoBIajaer ¢ (23).

JIlemMma 2 (o memoaBuKHOUM TO4YKE). Jlas Kaocdol dopmyave A ¢ 00-
1Ol 60600101 NEpeMennoti T CYWecmayem 3amknymas (Mo ecms He co-
deporcawyasn c60600HBIT NEPEMEHHIT) POPMYAQ ©, MAKAA, WMO JOKA3YEMA
Ppopmy.aa

p < Alg/z) (25)

JokazaTeabcTBO. Mbl MOXKEM MIPEJITONIATATE, YTO BCE BXOXKJIEHU L B A
SIBJISIFOTCsT CBOOOIHBIMU (€CJIM 9TO He TaK, TO IIEPEUMEHYEM BCe CBsi3aHHbIE
BXOXKJIeHUsT & B A).

ObozHaunM 3HakocoueTanneM subst matepperupyembiit C, KoTopo-
My COOTBETCTBYET (DYHKITHUSI

subst : 8> = S

co cremyromum cBoiictBoM: st Kakioit mapel CC (a,b) subst(a,b) mo-
JIYIAeTCs U3 @ 3aMEHOH B Hell KaXKJI0oro BXOXK1eHusl rmepemenHoi x Ha CC
b.

O6oznaunm cumposiom B dbopmyiy A(subst(z,z)/x).

Uckomasi hopmyia ¢ umeer sug B( B /x). [Tockoabky

® eIMHCTBEHHOI CBOOOIHON mepeMeHHol B B saBiserca x, u

e Bce BXOXJieHUsI © B B mpn nojcranoBke (B /r) 3aMeHsiiorcs Ha
KOHCTaHTY B
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TO  3aMKHYyTa.

[Tockombky mepexon ot B K ¢ 3akiouaercs B 3amere B CC B kax10ro
BxOXKIeHus nepeMentoit x Ha CC B, To.mepexon oT B K ¢ 3aK/IH09aeTCsI
B 3amene B CC B kaxk10ro Bxoxaenus nepemennoii 2 na CC B, 1o ecTb
ucTuHHA HopMyJIa

subst(B, B) = ¢ (26)

Cornacuo semme 1, hopmysa (26) mokasyema. Vcrosnb3yst akcnomy Bujia
(17) u npasusio modus ponens, 3aKJIIOYAEM, YTO U3 J0Ka3yeMoCTH Gop-
MyJibl (26) ciieryer joka3yeMocTh (hopMyJIbl

A(subst(B, B)/z) <> A(g /)

KOTOpasi coBlajaer ¢ (25), Tak Kak JieBas 9acThb B HEl COBIIAJAET C .
JlemMma, jloKa3aHa.

Mgl 6y1eM HCII0JIB30BaTh Cileyiolnee 0003HaYeHHe: I KaXK10il (hop-
MyJibl A 3HaKocoueTanne A gBjsieTcst COKPAIEHHON 3aIUChI0 (hOPMYJIbI

Jz (prf(z,A) = 1)

Qopwmysna OA BeIpakaeT yTBEpKIeHHE O TOM, U4TO (hopmysia A siBjisteTcst
nokazyemoii (B cucreme T).

Jlemma 3. Ecau gopmyaa A doxasyema, mo gopmyasa OA moowce doka-
3yema.

HoxkazareabctBo. Eciin ¢popmysta A nokazyema, To cymiecrsyer CC u,
Takasi, 9To hpopMmysia

prf(u, A) =1 (27)

sipysiercst ucruanoit. CortacHo Jiemme 1, dopmyna (27) pokasyema. 1o
npasuity modus ponens, u3 (27) u u3 dbopmyibl

(prf(u, A) = 1) — 3z (prf(z,A) = 1) (28)

(koTopast siBiIsiercst akcuoMmoii Buja (11)) mosydaeM JI0Ka3yeMOCThb 3a-
KJIIoUeHnst uMIrKanmn (28), koropoe coBnagaer ¢ OA.

Jlemma 4. Ecau gopmyara DA dokasyema, mo dopmysa A moorce doka-
3yema.
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HoxkazareabcTBo. IlycTs nokasyema dopmyna OA, To ecTh j10Kazyema

dopmyaa
Jz (prf(z, 4) = 1)

[Tockosbky Kaxkgasi gokasyemas (popMysia siBIsSeTCS UCTUHHON, TO, CJie-
noBaresbho, cyiectByer CC u, Takasi, 1To hopMmysia

prf(u,A) =1

SIBJISIETCST UCTUHHOI, TO ecTb cymectByer CC w, sIBJSOMASCS JOKa3a-
TesbeTBOM (hopMysibl A, To ecTh popmyna A nokasyema. Jlemma jgokaza-
HA.

B nokaszaresbcTBe mocCIeIyommnx JJeMM MBI OysieMm canTarh, ato Pl
ompeiesifomast PyHKIUO prf, uMeeT ciemyronmit Bug: Mbl OyaeMm cam-
TaTh, 4To ganHas PII nmee

Jlemma 5. Jias awbvix gopmya A, B dokasyema umniukauyus
0(A — B) — (DA — OB) (29)

Jlemma 6. Jlaa mobwx gopmys A, B us doxasyemocmu uMnAUKGUUY
A — B caedyem doxazymocmsv umnaiukeyuu OA — OB.

HokazareabcTtBo. Ecin nokazyema umiukaius A — B, 1o 1o jem-
me 3 nokasyema dopmyna O(A — B), orkyjia, Ha OCHOBAHUU JIEMMBbI 5,
3aKJIF0YaeM, ITO JloKasyeMa nMmimkanus 04 — OB,

Jlemma 7. Jlaa moboti opmysve A dokasyema UMNAUKGUUA

0A — OO0A (30)

6. Teopema I'é nens

Teopema I'€nesist yTBep:Kaer, 9To ecju (popMasibHasi cucreMa T
HENPOTHBOpeunBa (TO €CTh B Hell HeJoKasyeMa JioxKHast hbopMmysia), TO
CyIIecTByeT 3aMKHyTas (opMmysia ¢, Takas, 9TO 006e (POPMYJILI @ U =
HetokazyeMbl B T . [TockosbKy ojiHa u3 (popMysT ¢, -1 UCTUHHA, TO, CJie-
JIOBATEJIbHO, CYIIECTBYET UCTUHHAS (POPMYJIa, KOTOpas He SIBJISETCS JI0-
KazyeMoii B cucreme T .
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st mocTpoenust Tako#t (popMysibl paccMOTpuM (hopMyITy

= Jy (prf(y,z) = 1)

EnuncreenHoit ¢cBoboIHOI mTepeMeHHON 3To# dhopMmyibl sBisiercst . [lo
JIeMMe O HeIOJ[BIKHOM TOYKe, CYIIeCTBYET 3aMKHyTas (POPMYJIa ¢, TaKas,
9TO JoKazyeMa (hopmyia

o < 3y (prfly, ¢) =1) (31)
Ucnonb3yst cumpost O, MoxkHO miepenucath (31) B Buje
@ = 7 Dgp (32)

Jlokaxkem, aT0O 00e GOPMYJIBI (p U —@ HEIOKA3YEMbI.

1) Ecau nokasyema ¢, To 1o jemme 3 gokasyema Oy, cnomnb3yst jgoka-
syeMyio ¢opmyiy (32), KOTOPYIO MOXKHO IIE€PEIICATH SKBUBAJICHT-
HBIM 06pa3oM B BHJIE

—p < Op (33)

HOJIy9a€eM JJOKa3yEMOCTb Q. ShVe} HEBO3MO2KHO, €CJIn T HEIIpoTu-
BOpe4duBa.

2) Ecim mokasyema —p, 10 u3 jokazyeMoctu (33) cieiyer, 4To J0Ka-
gyema dopmysa Oy, oTKya 110 jgeMmMme 4 ciielyer JI0Ka3yeMoCTh .
DT0 HEBO3MOXKHO, €CJIi 7 HEIPOTHBOPEUNBA.

OTMeTuM, YTO HEJIOKA3YEeMOCTh HEKOTOPOH WCTUHHOW (OPMYJIbI
HEBO3MOXKHO YCTPaHUTb ITyTEM PACHIUPEeHHs CUCTEMBI T j1006aB/IeHIEM
Hell TPOU3BOJILHOIO MEPEYUCIUMOIO MHOXKECTBA JIONOJHUTEBHBIX aKCH-
OM, TO €CTh TAKOI'0 MHOYKECTBA JIOMOJTHUTEIbHBIX aKCUOM, KaKjIas W3
KOTOPBIX $IBJISIETCsI UCTHHHO# hopmystoit u umeer Buj f(u), re

e [ — HekoTOpasi PUKCUPOBAHHAS BCIO/LY OIPEIEIEHHAS BHIUUCTIMAST
dbyuknus va CC, u

e u — npoussosbHas CC

[OTOMY, 9TO MOJIyIUBINAsACH cucreMa 7' OyeT UMeTh TO YK€ MHOYKECTBO
JIOKa3yeMbIX pOpMyJI, 9TO 1 HeKOTOpasd cucTeMa T ¢ pazpemuMbIM MHO-
JKECTBOM JIOIOJIHUTE/ILHBIX aKCHOM, a uMeHHo, 7" nonayuaercs uz 7T jio-
OaBIeHEM aKCHOM BHIA
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Cucrema T Gyner yIOBIeTBOPATHL TEM K€ yCIOBHAM, YTO M MCXOJHAA
cucrema T . ITosToMy, eciii OHa HENPOTUBOPEYUBA, TO B Hejl Toxe Oyaer
HeJIoKazyeMa HeKOTopas HCTHHHas (hOPMyIIa.

7. Hemoka3zyemMocTh HEONPOTUBOPEYNUBOCTU

O6o3naunm 3uakocoueranneMm Consis(7T) dopmyay =00, rae 0 —
TOXKJIECTBEHHO JIoKHasi (opmysa (orpunanue tasrosorun). Popmysa
Consis(T) BbIpazkaeT CBOWCTBO HEIPOTUBOPEUNUBOCTU CUCTEMBI T .

MokHO oKa3aTh, 9TO JIOKa3yeMa SKBUBAJICHITUS

@ <> Consis(T) (34)

e ¢ — dopmysia, oupeaesaéHHas B NpeablaynieM myHkTe. Kak ObLIo
YCTAHOBJIEHO, €ci | HeHpOTHBOpednBa, TO (OpMysa ¢ HeJloKasyeMa,
nosromy dopmyina Consis(T) rakxke Hejokasyema (B cucreme T).

YTBepKJIeHNE O HEJIOKA3yeMOCTH HelPOTHBOPEYMBOCTH (DOPMAIHHOM
CHCTEMBI CPEJICTBAMHU CAMOI 9TOH CHCTEMBl OOBIYHO HA3BIBAIOT BTOPOM
Teopemoii I'énes.

Omnnmiem cxeMy J10Ka3aTeIbCTBA SKBUBAJIEHINHN (34).

13 onpenenennit p u Consis(T) cuemyer, 4ro qokasyemocts (34) pas-
HOCHJIbHA JIOKA3yEeMOCTH SKBUBAJICHIIN

Oy > 00 (35)

st obocHOBaHMSI JIOKA3yeMOCTH SKBUBAJEHIUU (35) MBI JOKAXKEM,
49T0 JIoKa3yeMbl uMmiutnkanmnu O — 00 u 00 — Op.

1) TTockomnbky dopmyiia 0 — ¢ siBjIsieTCs aKCHOMOM (U3 TI€PBOii TPYII-
IIbI), TAK KaK

e ona umeer Bug (0 — p)(p/p), n
e 0 — p — TABTOJIOIUsl JIOTUKK BbICKA3bIBAHUIA
TO U3 JIEMMEBI 6 ciemyeT, 9To mokazyema mMminkars 00 — Oep.
2) Tockoubky dopmyina ¢ — (—p — 0) siBisieTcst akcuoMoii (13 1ep-
BOIl I'DYIIIBI), TAK KaK

e ona umeer Buj (p — (—p — 0))(p/p), u
° (p — (—|p — 0)) — TaBTOJIOTUA JIOTUKUA BBICKA3bIBAHWI
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TO TI0 JieMMe 6 JIoKa3yeMa MMIIJIUKAIIAS
Op = B(=p — 0)

OTKY/Ia, UCIIOJIb3Ys JEMMY O M IIPABHUJIO CUJIJIOTU3MA, TIOJIydaeM JI0-
Ka3yeMocTb (DOPMYJIbI

Op — (O0-¢ — 00) (36)

Uz (33) caemyer jokasyemocts (opmysbl Oy — =, OTKya 110
neMMe 6 cieyeT JoKa3yeMoCTh (POPMYJIbI

D0p — O (37)

N3 jlemmbr 7 caepyer mokaszyemocthb dopmysibl Oy — OOy, oTKYy-
Ja, yauTbiBas (37) U OPUMEHsisl IPABUJIO CUJUIOIU3MA, IOJIY9IaeM
JIOKa3yeMocThb popMyJibl Oy — O-p.

Ucnonbays (36) 1 akcuoMbl U3 1IE€PBOH DY BUIA

(A-(B—-C)—=((A—=B)—(A—=0C))

IIoJIydaeM JOKa3yeMOCTb MMIIJIMKAIIUN DSD — 00.
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