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Paccmorpen BapmaHT TeOpHH BO3MOXKHOCTEH, ITO3BOJISIONTUI
OIIMCATH JIOIOBOPEHHOCTH HCCJIEI0BATEIHCKOM I'PYHIbI 00 00IIeit
JUIsi HUX MHTEPIpeTaliy HEKOTOPHIX 3HAYEHHH BO3MOXKHOCTH U
HEOOXOMMOCTH. DTO AT BO3MOYKHOCTb YTOYHUTH KPUTEPHUT OIITH-
MaJIbHOCTHU PEINAoINIero mpaBmia B 3aade ujentudurarmn. s
CIy4asi MOJEIUPOBAHUA CTOXACTHIECKOIO OObEKTa OIMCAH aJIro-
PUTM BOCCTAHOBJIEHUSI BO3MOYKHOCTH, IIPUHUMAIONIEH 3HAYEHUS B
IIKaJIe C HEeIO/IBUKHBIMU TOYKAMH, U CAMHUX ITHX TOYEK.

KiroueBnie cJioBa: BO3MOXKHOCTb, HeO6XOJJ,I/H\40CTb, J0I'0BO-
PEHHOCTD, OIITUMaJIbHOE Dellarolee IIpaBuJIo.

IIpeaucioBue

TpagummonHoe NCIOJIHL30BAHIE TEOPUHN BEPOATHOCTEN JJIsT MOJEIUPO-
BaHUs CJIyYailHOCTU U HEOIPEJIEJIEHHOCTH OOYCJIOBJIEHO JByMs ee (DyH-
JaMEHTaJIbHbIMU aCIIEKTaMU: MaTeMaTUIeCKUM, OCHOBAHHLIM Ha TEOpUU
Mepbl, ¥ SMIIUPUIECKUM, [O3BOJIAIOIIUM IIPU OIIPEAE/ICHHBIX YCIOBUAX Ha
OCHOBe Ha0JIIOIEHUH MOy IaTh CKOJIb YTOAHO TOYHYIO AITPOKCHMAIIIO UX
BEPOSITHOCTHOM MOJIEJIH, & IIPU U3BECTHON BEPOSITHOCTHOM MO/ HabJIIO-
JIeHU#l TIPeCKa3bIBaTh UX COOBITUHHO-IACTOTHRIE Pe3yabraThl. Ho smrm-
PUYECKUI aCleKT TEOPUU BEPOSITHOCTEN HE CTOJIb OOOCHOBAH, KAK MaTe-
MAaTUYCCKUH, IIOCKOJIbKY HE COIEPXKUT KPUTEPUs BEPOATHOCTHONU IIPUPO-
JIbl HADJIIOJIGHUNT M KPUTEPUsi BBIMIEYIIOMSIHYTBIX «OIPEJICJICHHBIX YCJIO-
BUil» HaOJIIO/EHNsI, & HEe BCAKUN SKCIIEPUMEHT CO CAyYaflHBIM HCXOIO0M

*Pabora BbIoHEeHA TIpK (hUHAHCOBOI mojepxkke PODU, npoek 14-07-00441.
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HMEET BEPOSITHOCTHYIO MOJe/Ib. KC/Iu »Ke SMIUPUIeCKHd BOCCTAHABJINBA-
€TCs1 BEpOSITHOCTHAsSI MOJIENb CJIOKHOTO, HO 3aBEJOMO CTOXACTHYECKOTO
00bEKTa, TO U B 3TOM CJIydae MOI'yT BO3SHUKHYTH IIPUHIIUIIUAJIBHBIE TPY/I-
HOCTH, CBA3AHHBIE C 9BOJIIOIUEH MojenpyeMoro oobekTa. C 3TuM U CBsi-
3aH MHTEPEC K HEBEPOSITHOCTHBIM MOJIEJISIM CJIYIaifHOCTH U HEOIpeIesIeH-
HOCTH.

[Ipu MomenmupoBaHUM BOIIONUOHUPYIOIIErO 00BEKTA TIPEJICTABIISIIOT
HHTEpeC TaKhe ero CBOWCTBa, KOTOPbIe HE MU3MEHSIIOTCS B XOje JI0O0i
JIOIIYCTUMOM €ro 3BoJionuu. B ciaydae, eciin 0ObEKT MOJIEUPYETCsi IIPO-
CTPAHCTBOM C Mepoii, KoTopasi npuHuMaer 3Hadenuss B [0, 1], a rpynma
n30MOpPU3MOB  TIOPOXKIAETCST TPYIIIONR BCEX BO3PACTAIONINX HENPEPHIB-
ubix Oueknuii [0, 1] B cebsi, 9TO COOTBETCTBYET COXPAHEHUIO JIMIIb YIIOPSsi-
JIOUYEHHOCTH 3HAUEHUI MePbI, 9TOT IIOAX0/] IIPUBOINT K IIEPBOMY BapUAHTY
Teopun BO3MOXKHOCTEl 1], KpaTko m3noxkeHHOMy B pasjese 1. B ciyuae,
ecsm MoJIeJIIpyIoIas 00beKT Mepa npuHuMaer 3Hadenus B [0, 1], a rpyn-
na u30MOpQU3MOB TIOPOKIAeTCst rpynioii orobpaxkenuii [0, 1] — [0, 1],
x — x% «a > 0, 9TO COOTBETCTBYET COXPAHEHUIO YITOPSIIOYEHHOCTH 3HA-
YeHWI MepPBbl U OTHOINEHUH JIOTapupMOB 3HAYEHUI, TIOCKOJIBKY TIpHU 0TOO-
paxkenuu T — x%, y — y< }E—”y‘ = iﬁ—xz, 9TOT IOJIXOJ] IIPUBOJUT K BTOPOMY
BapuaHTy Teopuu Bo3MoxkHOCTel [1|. B 910ii crarhe paccmarpusaercs
BapUaHT TEOPUH BO3MOYKHOCTEN ¢ MHOH IPyIIOi n30MOPMU3MOB.

Hekoropyto rpymiy ucciiemoBareseit MOXKeT He yCTpanBaTh HU ITOJTHO-
CTBIO PAHTOBas IIKaJa, B KOTOPO# CoJep:KaTeIbHO HHTEPIPETUPOBATHCS
MOT'YT TOJBKO 3HaveHwsd 0 m 1, HU IKaJia 3HAYEHUN BTOPOTO BapHUaH-
Ta TEOPUM BO3MOXKHOCTEHN, B KOTOPOI BO3MOYKHO TOJIBKO OJIHOBPEMEHHOE
COJIACOBAHHOE M3MEHEHUE BCeX 3HAUYEeHUN BO3MOXKHOCTH, HAIIPUMED, TO-
CKOJIBKY WM IIPUBBIYHO paboTaTh ¢ MepaMu, JIFOObIEe 3HATEHUSI KOTOPBIX
HHTEPIpeTUpyeMbI. [[JIs1 3TOro rpytma uccaegoBaTeneil MOXKeT JOroBO-
pUThCsT 00 OOIIEH JIIsT HUX HWHTEPIPETAINA HEKOTOPBIX 3HAYEHUN BO3-
MOKHOCTH, JIjisi 9ero 3TH HHTEPIPETHPYEMble 3HAYEHUST BO3MOXKHOCTU
JIOJIPKHBI HE 3aBHCETH OT BBIOOPA IMKaJI 3HAYEHUI BO3MOYKHOCTH U HEOD-
xoauMocTH. Hampumep, rpyTia ucceoBaTesieil MoyKeT JIOTOBOPUTHCS 00
obImeli HHTepIpeTaIliy 3HAUeHNsT BO3MOXKHOCTH 1/2 Kak «uHuddepenT-
HocTH». B Gostee obIeM ciIydae HEMOBUKHBIE TOYKM — TPAHUIIBI HETIO-
JIBUYKHBIX HWHTEPBAJIOB, IPUHAJJIE!KHOCTh KOTOPBIM 3HAYEHUI BO3MOKHO-
CTH ¥ HEODXOIMMOCTH COOBITHII MMEIOT OOIIyIO [IJIT HEKOTOPOro COODIIe-
CTBa MHTEPITPETAIAIO, & UCCJIEIOBATEb, COTIACHBIN ¢ TAKON MHTEpIpeTa-
e, 3a/1aeT yIopsI09eHHOCTh BO3MOYKHOCTEH 9JIeMEHTAPHBIX COOBITHUI
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¥ HEMOJIBUKHBIX TOYEK. [Ipu 9TOM KaK/blii HHTEPBAJI C HEIIOIBUKHBIMEI
KOHIIAME C CyKEHUEM YIIOPSIIOY€HHOCTH U OlEepaIinii n30MOpQEH IIKaJje
3HQYEHUN BO3MOXKHOCTEH JJIs IIepBOr0 BapuaHTa TEOPUU BO3MOXKHOCTEN.

1. DneMeHTHI TeOpuu BO3MOXKHOCTEIH [1]

Suavyenus Bo3moxkHocTu. Onpegermm mrany £ = ([0,1], <, +, X)
sHaveHuit BosMoxkHOCTH, caenyst |2, 3, 4| kak unrepsas [0, 1] ¢ ynopsiyo-
"eHHOCTDHIO <, caoxerneM + : [0, 1]2 — [0, 1] u ymuoxennem x : [0, 1]% —
[0,1], rpymry T aBroMopdusmos v : £ — L, TIOPOXKIEHHYIO TPYIITIOi
I' crporo MoHOTOHHBIX HenpepbiBHBIX Gynkuuit y(-) : [0,1] — [0,1],
~v(0) = 0, v(1) = 1, coxpaHsIIOIIUX YIOPSIOYEHHOCTh <, C KOMIIO3UIIENt
«0» B KauecTBe rpymmosoii oneparmi. ITockorsky I' — rpyria aBToMop-
dusmoB L, To Vy € T

7[0,1] = [0,1],Va,y € [0, 1] v(z+y) = v(z) +7(y),v(z xy) = y(z) Xv((y))-
1

Teopema 1 ([3, 2, 1]). Ecau

o + u x — nenpepwvienvie omobpasicenusa [0,1]% — [0, 1],
e Va,y€0,1]

rxy=yxz, Oxzx=0, 1xz=uz,
z+y=y+z, 0+z=2, 14+z=1,

o Vv €I swnoanenv ycaosus (1),
mo Y,y € [0, 1]
z +y = max{z,y},z x y = min{z,y}. (2)

Bosmoxkaocts npunumaer 3uadenust B [0, 1] u B paccmarpuBaemoit
B [5] «kauecrBenHoil» u paccmarpuBaeMoii B |5, 6, 7| «kojmdecTBeHHOI>

'Bosmorken u Apyroii MOAXOM: 3a[aTh TaKHMe OIEpAIIE HA IIKAJIE 3HAYEHHIl BO3-
MOYKHOCTH, KOTOPBIE allPHOPH YIAOBJIETBOPSIOT YCIOBUSM TEOPEMBI 1 U aHAJIOTY yCJIO-
Buit (1) mpu 1r060i SBOIOIME MOAEIUPYEMOTO OObEKTa, U OIPENEIUTb U3 yCJIO-
Buit (1) mMakcumasbHyIO rpynmy asromopdusmos. Ilpu BeiGope a + b = max{a, b},
a X b= min{a, b} 9TOT MOAXO IPUBOJUT K TEM 2Ke pe3yabraTaM. Bapuant, B KOTOpOM
a + b= max{a,b}, a X b = ab paccmorpen B [1, §1.16.1].
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TEOPUN BO3MOYKHOCTEI, HO B 3TUX paboTax He pacCMaTPUBAETCS IIMKAJA
3HaYEeHU BOZMOXKHOCTH M €€ TPYIIIa aBTOMOPpHU3MOB. Bribop omepariuit
max ¥ min, Kak npaBusio (UCKJovasi, Harpumep, [8|, rie Mmepa Heobxou-
MOCTH COOBITHSI OIpeIe/siyiach KakK (DYHKIIUsI OT BEPOATHOCTEH 3jIeMeH-
TAPHBIX COOBITHIA), IEPEXO/NII U3 TEOPUN HEYETKUX MHOXKECTB.

B «kauecTBeHHOI» Teopun BO3MOXKHOCTEl 9] paccMarpuBaercss BO3-
MOKHOCTBH, MHOXKECTBO 3HQUEHUI KOTOPOU — IPOU3BOJIbHAL IIOJIHAA Pe-
nierka ¢ jenenueM. Ho ucnonbzoBanue uarepsasia [0, 1] BMecTo mpowns-
BOJIBHOHM IIOJIHOIl pelleTKU He TOJIbKO JIaeT JIMHENHBIN 1IOPsJIOK, IIO3BO-
JISTIOIITUY COTJTacOBATh BO3MOXKHOCTH M BEPOATHOCTH, HO U ITO3BOJIAET WC-
[I0JIb30BaThL 00ODINEHNE KJIACCUIECKON TEOPUH MEpPHI JJIsi Hea [ IUTHBHBIX
mep |10, 11|, B gacTHOCTH, /1151 pacCMaTPUBAEMOIi Jlajiee Mepbl HeOOXO0 1~
MOCTH BBIIOJIHAETCA TeopeMa Eroposa. Bupodewm, cyimmectByer obobIeHne
Ha cJiydail Mepbl, IPUHNUMAIOIIEI 3HaUeHNsI B YIIOPSIJIOU€HHOM TOIIOJIOTH-
YEeCKOM BEKTOPHOM TIpocTpaHcTie [12].

Mepa Bo3moxKHOCTH. [ljIsT MHOXKECTBa 3JIEMEHTAPHBIX COOLITHI )
onpezenum [4] Boamoxkuocrs P @ A — L, rne A — o-anrebpa Ha ) pa-
BEHCTBaAMU

P(E)E + g(w) ™ sup P({w}), B € A,P(Q) = supg(w) €1, P(2) <0,
rie g(+) :  — £ — pacupe/iesienre BO3MOXKHOCTH.

DTU paBEeHCTBa ONPEJEJSIIOT (C TOYHOCTHIO JI0 BBIGOpA MHOXKECTBaA
3HAYEHUIT) Mepbl BO3MOXKHOCTH, PACCMOTpeHHbIe B |9, 5, 6, 7], HO B 9THX
paboTax HUKaK He 0DOCHOBBIBAETCS BLIOOD ONEpalUM, 10 KOTOPOil Mepa
BO3MOYKHOCTHU SIBJIACTCS PA3JIOKAMOIA.

Mepa BO3MOKHOCTH, 3ajlaHHast Ha IPOU3BOJILHOM o-anrebpe A, Beceraa
MOYKeT OBITH NPOJOJIZKEHa Ha MAKCUMAJILHYIO MO BKJIIOYEHUIO aJaredpy

P(X) [1,9, 13].

Mepa nHeobxoammocTu. IlocKoJIbKY BO3MOXKHOCTH ITPOTHBOIIOJIOXK-
HBIX COOBITHI CBsi3pIBaeT Jjimiib pasercrso P(Q) = P(E) + P(Q\ E),
KazKJ/l0e COOBbITHE OXapaKTePU30BAHO 3HAYEHUsIMU JBYX Mep: BO3MOMKHO-
cru P2 A — £ u neobxomumoct N : A — £ [14], npunumaomeii snase-
HUsI B JIyaJibHON L TIIKaJe L= ([0, 1], <, X), B KOTOPOif <y s x>y,
0=1,1=0,Ve,yel0,1]

ety Emin{e, y}, 2 Xy Emax{z, y}, (3)
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Y(z+y) = (@) +7(y), Y(xxy) = F(z)xF(y). T — rpynma asromopdus-

MOB ¥ IIKAJILI L. B
Mepa neobxomumoctu [14, 15| N : A — L onpejiessieTcs: paBeHCTBAMU

def 3 ydef .
N(E) = we—si‘z_\E h(w) = wégf\'EN(Q \{w}), E € A,

N(2) = inf hw) Lo, N©) L,
we

e h(-) : Q — £ — pacnpe/ieenue BO3MOKHOCTCI.

OTH PaBEHCTBA OLPEJIEISAIOT (KaK U JIJIsi BOSMOKHOCTH, C TOYHOCTBIO
JI0 BBIGOpA MHOYKECTBA 3HAUCHUH) Mepy HEOOXOMMOCTH, PACCMOTPEHHY IO
B [5, 6], HO B orymume or [5|, B obmem ciaydae Mepa HEOOXOIMMOCTH
He sIBJISIETCS JIyaJIbHON K Mepe BO3MOXKHOCTH, TO €CThb Mepa HeOOXO/[H-
MOCTH He 00si3aHa ObITH TAKOIf, YTO CyIIeCTBYeT aHTHUTOHHAs (DYHKIUs
6 :[0,1] — [0, 1], nust koropoit N(A) = 0(P(X \ A)), A € A (u Tem Gosee
MozkeT He BbIIONHATBCE N(A) = 1 — P(A), Kak B «KadeCTBEHHOI» Teo-
pun BosmozkHOCTel B [5, 6]). Kak n Bo3MOXKHOCTD, HEOOXOANMOCTH BCEr/Ia
MOZKeT OBbITH Ipojio/KeHa Ha P(X).

VcnoBHBIE U TIEpEXOHbIE BO3MOXKHOCTh U HEOOXOAUMOCTb.
B [1, 2| paccmoTpeHsi:

1) ycmoBHast orHOCHTENBHO o-aareOpel D C A BosmoxuOoCTh P(+|D) —
moboe pemenne ypaphenuss VD € D [P(:[D)dP|p = P(D N -),
D

ryie P |p — cyxenne P na D [15], [ fde:Gf sup min{ f(w), g(w)} —
D weD

WHTErpaJi OTHOCUTE/ILHO BO3MOXKHOCTH P ¢ pacupeenieHneM ¢ 1o
MHOKecTBY D o1 (byHKInu f; Tak onpejiesieHHAs BO3SMOXKHOCTD MO-
JKeT He OBITh BO3MOYKHOCTBIO N3-38 HEHOPMUPOBAHHOCTHU MJIM OTCYT-
CTBUS 0-aJINTUBHOCTH, T109TOMY B |3, 1, 2| B 97001 CBsI3U onpe/ieie-
Ha TIEPEXO/THAT BO3MOXKHOCTH KaK aHAJIOT MIEPEXOIHON BEPOATHOCTH;

2) ycmoBHOe pacipesesenue Bosmorkmocreii ¢él(+|-) (meobxommmocteit
hEIn(.|)) meuerkoro smementa &, mpumEMaomero smadennsi B X,
IPU YCJIOBUM PABEHCTBA HEYETKOIO 3JIEMEHTA 7), [PUHUMAIOIIEIO
3HavYeHUs B Y, 3HadYeHWio y — Jioboe pemenune Ve € X,Vy € Y
min{g*(z|y), sup ¢*"(,y)} = ¢*(z,y) (Vo € X,Vy € YV

r'eX

)
x

max{h¢" (z]y) inf hEN (2! y)} = h&M(x,y)) [16];
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3) orobpaxenne P(:|-) : A x Qo — [0,1] (N(-|-) : A1 x Q2 — [0,1]) —
nepexojiHas BO3MOXKHOCTH (Heobxoaumocts) Ha (Qg,Az), (21,.41),
ecam npu KaxJoM we € Qo P(-|lwa) (N(:|wz)) ecTtb BO3MOXKHOCTH
(neobxomumocTh) Ha (21, A7).

4) ycaosHasi npu yeiaosun B BosmoxHOCTh P(¢|B) B 1] onpenesena
KaK BO3MOXKHOCTB P(-NB) co 3HaYeHnsiMu B Ipeobpa3oBaHHON MIKa-
Jie, B KOTOpOii ncrunuocTs B abcomorna: nycrs gp @ [0,P(B)] —
[0,1] — npousBosibHasi HEPepbIBHAS BO3paCTAIONIAs OUEKIHsT, TO-
r1a Bo3MOKHOCTD Py, (| B) 1 A — [0, 1], onpesesiennast paBeHCTBOM
P,,(A|B) = gg(P(AN B)), — BapuaHnT ycJI0BHON OTHOCHTEJIBLHO B
BO3MOYKHOCTH, OTBedaronuii GyHKIMN ¢p, IPUYEM TaK Olpe/e/IeH-
Hasi YCJIOBHAsI BO3MOXKHOCTH BCEIJIa SIBJISIETCS BO3MOKHOCTBIO.

Yci10BHBIE BOBMOXKHOCTH U HEOOXOMMOCTH B 1., 2. aHAJIOIHYIHBI yCJIOBHOI
BO3MOXKHOCTH B <«KaueCTBEHHOM» Teopuu BO3MOXKHOCTeil |5, 17|, «kosm-
YeCTBEHHOIT» TeopHn BO3MOXKHOCTE |5, 7| M Teopun BEpOSITHOCTH.

MN3zomopdusm mkas 3HaYeHnH BO3MOXKHOCTUA. Kazkiplit aBToMOop-
busm vy 1 L = L, v L — L oupenensier nzomopbusm v : L — L,
v L — ZE’ v € T caemytomum obpasom: £ 3+ y(z) € 7L, A
V(@) € VL, x4y = y(zty) = (@) +7(y), wxy = (@ xy) = 7(x) X¥(Y),
r <y & @) <), vy € L, aty = y(aty) = @) F(y),
rxy = y(@xy) = y(@)xy(y), 2<y & (2)<y(y), z,y € L. Oosna-
qnm YL u Y L, v, € T, mkajnl, usomopdubie mragam L u L 1 Ha30BeM
STH NIKAJIbl <KOOP/MHATHBIME IIPeJCTaB/IeHusIMH» mKaa £ u L.

Tem cambiM Bee mKambl YL, v € T, £, 7 € T, usomopdubl, 1 mo-
6ol mccieoBaTe b COOOPA3HO CBOMM IIPEIITOYTEHUAM MOXKET BBIOpaTh
mobyto napy 7L u YL, 7,7 € I', a1 popMyIMPOBKYE HEUETKOH MOJIEIN.

[Tpu srom, Gyayun copMyJIMpOBaHHBIMU B HEKOTOPBIX Iapax (Ko-
OpIMHATHBIX npeacTasiennil) mkan £/, £ u £, L") Mogenn canTaior-
csl KBUBAJICHTHBIME, ecjii cyniecTsyer napa mxan £ = /'L = ~"L" u
L=FL =75"L" 47,7 €T, BKOTOPLIX X (POPMYIUPOBKH COBIIA-
JTAIOT, & COJIEPKATEIHLHO UCTOJKOBAHBI MOT'YT OBITH TOJIBKO T€, (hopMyIu-
DOBKH KOTOPBIX HE 3aBHCST OT Bbi6opa mKai L, £, TO ecTb OJIMHAKOBbI
JUTsL Bcex mccuietoBaresieit [18].

DTOT acleKT JaHHOI'O BapHaHTa TEOPHM BO3MOXKHOCTEH OINpejesisier
coJieprKaTeIbHYI0 MHTEPIPETAII0 BO3MOKHOCTH M HEOOXOIUMOCTH 1 aJl-
TOPUTMBI UX SMIUPUYIECKOTO BOCCTAHOBJICHUS, UTO CYIIECTBEHHO OTINYA-
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€TCA OT «KOJIMYECTBEHHOW» TEOPMHU BO3MOXKHOCTEH, IJie conepzKaTeIbHO
(KaK orpaHMYeHHE HA BEPOSITHOCTH COOBITHSI) MCTOJKOBAHO MOXKET OBbIThH
Jr060€ 3HAYEeHNe BOBMOXKHOCTH |5, 6, 7|, 1 Jiejiaer ero moxXoxKuM Ha «Kade-
CTBEHHYIO» TEOPHIO BO3MOKHOCTell [5, 9| u npejicraBiieHe BO3MOKHOCTH
MOHOTOHHBIM 110 BKJIIOYeHHIO Ipeanopsiikom Ha A [7]. Ho B «kauecTBeH-
HO#» TeOpUU BO3MOXKHOCTEH He pPACCMaTPUBACTCA SIBHO I'PYIIIAa aBTOMOD-
GU3MOB IIKAJIbI 3HAYEHU BO3MOXKHOCTH, IIO9TOMY B HEil HEJIb3sI OIpe/ie-
JIATD COJEPKAaTEe/JIbHO UHTEPIPETUPYEMbIe 3HAYCHUA BO3MOXKHOCTH.

CroxacTudecKue MO/IeJin BO3MOXKHOCTHA. Bosmoxknocts P cornaco-
Bana [19, 1] ¢ BepositHocTbio Pr, eciin VA, B € P(£)) BBIIOJHSIOTCS yCII0-
Bust Pr(A) < Pr(B) = P(4) < P(B) u P(4) =0 = Pr(A) = 0. IIycrs
MHOKECTBO 3JIEMEHTAPHBIX COOBITUII KOHEYHO WJIM CYETHO, BEPOATHOCTH
9JIEMEHTAPHBIX COOBITUi {pr;} U BO3MOXKHOCTH 3JIEMEHTAPHBIX COOBITHI
{p;} ynopsiI09€eHbI 0 HEBO3PACTAHUIO, TOIIA BO3MOKHOCTH MAKCUMAJIb-
HO (TO €CTh ¢ MAKCUMAJIBHBIM KOJMIECTBOM PA3AUYHBLL BO3MOKHOCTENT
3JIEMEHTApHBIX coObITHii) coryacoBana ¢ BepostHOCTHIO (Pr ~> P), ec-

(A (A
JM pP; > Piy1 & prj +pr; > 1up;, = py & Zprj-i-p?“z' < 1,

Jj=1 Jj=1

i=1,2,....

Takoe cTOXaCTHIECKOe MOJIEINPOBAHIE BO3SMOKHOCTH OTIINIAETCS KAK
OT CTOXAaCTHYECKOIO MOJIEJTMPOBAHUSI B «KAYECTBEHHON» TEOPUU BO3MOXK-
HOCTEI, IJIe OHO OTCYTCTBYET, TAK M OT CTOXaCTHIECKOTO MOJICHOBAHMUS
BO3MOXKHOCTH B «KOJINYECTBEHHO» TEOPHU BO3MOXKHOCTEH, Tjie BeposiT-
HOCTHAsI MHTEPIIPETAIsi BO3MOXKHOCTH OCHOBBIBAETCS HA PACCMOTPEHHU
BO3MOXKHOCTH KaK BEpXHeil BEPOSITHOCTH, & HEOOXOJMMOCTH — KaK HUK-
ueit Bepogrnocru (|20, 6, 7]). B [1, §2.7] u [3, m1. 5, §3] paccmorpeno
[IOCTPOCHHE Ha OCHOBE CJIy9ailHOrO MHOXKECTBA BapHAHTA BO3MOXKHOCTH,
SIBJISIIOITIETOCST BEPXHEH BEPOATHOCTBIO, HO BEPXHEH BEPOSITHOCTBIO SIBJISI-
eTCcsl IMEHHO OJIMH U3 9KBUBAJIEHTHBIX BAPUAHTOB BO3ZMOXKHOCTH, HUZKHET
BEPOSITHOCTBIO — OJIMH W3 9KBUBAJCHTHBIX BAPHAHTOB HEOOXOMMOCTH.

OMIIMPUIECKOE BOCCTAHOBJIEHME BO3MOXKHOCTU. IMIIMPUIECKAs
MHTEPIPETAINS BEPOSITHOCTH COOBITHSA KaK IMPEeIebHOI0 3HAYEHUST ero
YaCTOTLI II03BOJIAET, CKOJIb YI'O/IHO TOYHO IPEeICKa3aTh €ro 4acToTy B J0-
CTATOYHO JIJIMHHON IOCJ€J0BaTEeJbHOCTA B3aMMHO HE3aBUCHUMBIX HCIIbI-
TAHU JId U3BECTHON BEPOATHOCTHON MOJICU, €CJIU MOJE/b UCIbITAHUN
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ITIOCTOSHHA, W TIPUA TEX YK€ YCJIOBUAX CKOJIb YTOJHO TOYHO OIEHUTH BEPO-
SITHOCTD JIFOOOT'O CODBITHS, & CJIeJ0BATEIbHO, U MOJIEIb UCIBITAHUS, €CJIN
oHa mHemszBecTHa. Ho ecjin B mporiecce UCHBITAHUN UX BEPOSITHOCTHAST MO-
JIeJIb IPOU3BOJIBHO U3MEHSIETCS, TO YaCTOThI COOBITHIT HE XapaKTepU3yIoT
UX BEPOSATHOCTU W HE MO3BOJISIIOT BOCCTAHOBUTH BEPOSITHOCTHYIO MOJIENTH
KaK/IOTO UCIBITAHUSI, & BEPOSITHOCTU COOBITUIl HE TMPOTHO3UPYIOT UX Ua-
CTOTHI.

Kak mokazano B |21, 1, 22|, B ciiyuae KOHEUYHOIO MHOYKECTBA 3Jie-
MEHTAPHBIX COOBITHI MOXKHO SMIIUPUIECKA BOCCTAHOBUTH HA OCHOBE II.H.
KOHEYHOT'O YUCJIa, UCIIBITAHUN yIOPSII0UYEHHOCTh BOBMOXKHOCTel, He3o1m-
6OYHO COBIAJIAIONILYIO ¢ UCTHHHON KaK €CJId BEPOSITHOCTHU dJIEMEHTaAPHBIX
COOBITHH TIOCTOSIHHDI, TAK U €CJIU OHM W3MEHSIIOTCS IIPU BBITOJTHEHUN U3-
BeCTHBIX ycjioBuit [21, 1, 2|, eciim BeposiTHOCTHAST MOJIEJIb UCIIBITAHWI
OCTaeTCA COIVIACOBAHHOI C IMOCTOAHHOU BO3MOXKHOCTHOI MO/ICJIBIO.

B [1, 23| Takke onpe/iesieHbl METO/IbI TOCTPOEHHsI KOJIJIEKTUBHON IKC-
IIEPTHOM OIEHKH pPacIpe/ie/IeHNsT BO3MOXKHOCTEM HEYETKOTO JIEMEHTA, KO-
T8 SKCIEPTHI TPEJJIAraloT CBOW OIEHKH PACIPEIE/ICHUS HEUETKOTO dJIe-
MeHTa, U TPOBEPKHU T'AIOTE3 O HEKOMIIETEHTHOCTH WJIU CI'OBOPE SKCIEPTOB.

Takue cBOICTBa SMIUPUYECKOrO OIEHUBAHUS PACIPEIeeHus BO3-
MOXKHOCTHU CYIIIECTBEHHO OTJINYAIOT €ro OT SMIIMPUYECKOrO OIIEHUBAHUS
pacupenesieHnsa BO3MOXKHOCTENH B «KQYECTBEHHOI» TEOPUN BO3MOXKHOCTEH
HOpMUPOBaHHON dyHKIWel npasgononaodust [6, 5, 7| wim ¢ momorbio
JIOBEPUTEJIbHBIX UHTEPBaJIOB [24, 25, 7|. B ciaydae nocrpoeHusi KOJIIEK-
TUBHOI SKCIIEPTHOH OIEHKU IKCIEPTHI MOTYT HCIOJB30BATH Pa3IUIHLIE
MKAJIBI JIJIS CBOUX OIEHOK pacIIpejie/IeHIs BO3MOXKHOCTEN, B 9TOM 3aKJIIO-
JaeTcs MPUHIUIHAILHOE OTINYNE OT METOJIOB ITOCTPOEHUS SKCIIEPTHLIX
OIEHOK, paccMaTpuBaeMbiX B [26, 27, 7.

JyajbpHasi COrJIacOBAaHHOCTH BO3MOXKHOCTU UM HeOGXOAUMOCTH.
Ecim mepbt P u N mogenupyor croxacruueckuii oObeKT, TO OHU JLy-
aJbHO coracoBanbl |1, 2.3.2|, To ectb cymecrByer Takas dyHKuus 6
U3 Kjacca © HeNpepbIBHBIX CTPOr0 MOHOTOHHBIX (GyHKImil 6/, s Ko-
topeix 0'(0) = 1, /(1) = 0 (B owmune OT <«KaueCTBEHHOI» Teopuu
BosMokHOCTEH B [5], Tie 0(z) = 1 — z, x € [0,1]), uro VE € P(Q)
N(E) = 6(P(Q\ E)) u, crenosarenso, h(w) = 0(g(w)), w € Q. Ipu
stom O(z + y) = 0(x)F0(y), 0(z x y) = 0(x)x0(y), z,y € [0,1], u ecim
f — «HeweTKoe OTPUIIAHUE», TO «HEOOXOJAUMOCTL E» = «HEBO3MOKHOCTD

Q\ E».
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Onrumasnibabie pernenusi.  Cuenyst 1], pacemorpum Mozesnn HabIo-
JleHdsl ¥ IpaBuiIa npuHaTua pemenuil. I[Iycrs K — MHOXKecTBO cocTo-
SHUI HEYeTKOW cucTeMbl, I) — MHOYXKECTBO pPeIlleHUN O €e COCTOSHUH,
A — HeueTKOe MHOXKECTBO, OIPEJEJICHHOE CYOBEKTOM, IIPUHUMAIONIIM
pelliennst, Ha IIPOCTPAHCTBE C BO3MOXKHOCTBIO M HEOOXOJAMMOCTBHIO, IPH-
HuMarolee 3HadeHnst B Kiacce P(K x D) Bcex nmommuoxkects K X D,
Pt s EP((k,d) € A) (I ;< N((k,d) € A)), (k,d) € K x D, — Bo3mos-
HOCTB (HEOOXOIMMOCTD) MOTEPh, 00YCIOBICHHBIX NCIIOIb30BAHUEM HedeT-
KOI1 CHCTEMBI COIVIACHO PEIIEHHIO d O ee COCTOSTHAN, B TO BPEMSI KaK CHCTe-
Ma HaxoauTcs B coctogHuu k. CocrosHue ¢ HEYETKON CHCTEMBI H HAOJIIO-
Jenue § 3a Hell onpejie/ieHbl KaK apa HeUeTKUX 3JIeMEHTOB U 3a/[aHbl X
coBmecTHBIe pactpesenenns g% 1 X x K — [0,1] m h*¢ : X x K — [0, 1].
Tpotiky (g”’g,ﬁ%’g,l\) Ha30BeM MOJEIbIO UICHTU(PUKAINN, B KOTOPOI
g%, W€ XapaKTepu3yioT CBONCTBA CHCTEMBI (HEIETKYIO MOJIC/h CHCTEMBI
U CXeMbI HAOJIIOJCHIS 3a CHCTEMOIt), a HedIeTKOoe MHOXKeCTBO A XapakTe-
pHU3yeT BO3MOXKHOCTb U HEOOXOIUMOCTb HOTEPD.

B mpyroit momenu mpenTuduKaiun CyObeKT, MPUHUMAIONUN pere-
HIs1, oupejensieT cemeiicrso £ = (L,P(L),P’\’(k’d),N)"(k’d)), (k,d) €
K x D HeueTKuX MPOCTPAHCTB MOTEPh, TJIe A — HEUYETKUI JIEMEHT CO 3HA-
YEeHUSIMU B MHOXKECTBE 3JIEMEHTAPHBIX 1M0Teph L, 0TOOparkeHust P
(K xD)xP(L) = [0,1] u NM) 1 (K x D)x P(L) — [0,1] — nepexosssie
BO3MOXKHOCTb M HEOOX0auMOoCTh ijist ipocrpancts (K x D, P(K x D)),

(L,P(L)), plgd d:efP/\’(k’d)(V), nlg’d d:efN/\’(k’d)(V) — COOTBETCTBEHHO BO3-

MOXKHOCTb U HEOOXOJIUMOCTh MHOXKECTBA V IOTepPb, CYIIECTBEHHBIX JIJIsi
cyObeKTa, NPUHUMAIONIETO PelleHns, OTBEeYalonuX Iape (k,d) € K x D.
Torma mozens npenTndukamum — Tpoiika (g%’g,h”*f,ﬁ/\), B KOTOpOH
g7, ¢ XapaKTepHu3yIOT CBOMCTBA CHCTEMBI, a ceMeficTBO £ HedeTKmx
[IPOCTPAHCTB U MHOXKeCTBO V' oIpejiesieHbl CyObeKTOM, NPUHUMAIOIIM
peIlleHnsi, B COOTBETCTBUU C YCJIOBUSAMHE €€ (DYyHKITMOHUPOBAHUS ITPU, BO3-
MO2KHO, HEBEPHOII MHTEPIIPETAIITN €€ COCTOAHUN.

Perienne o cocTosiHUI CUCTEMBI OIIPEJIEJIMM KaK HEYeTKHIl 9JIeMeHT 0,
npuaIMarorit 3uatenna B8 D, 7€ D x X = [0,1] u %€ : D x X —
[0,1] — pacmpejieieHnst IEPEXOHON BO3MOXKHOCTH, JIaJjice Ha3bIBACMBIC
HEYETKUMHU IIPABUJIAMH DEIleHusi 0 O COCTOSIHUM CHUCTeMbl, OCHOBAHHBIMU
Ha HaOJIIO/IeHIN &, WM HEYEeTKUMHI [IPABUIAMA HICHTH(DUKAIIIH.

B [1, 28] paccMmoTpenbl ciieyomue KpUuTepin OIITUMATBHOCTH Pellia-
IONUX TPABUJI B 3a/ade naeHTudukanun (MX BEpCUN It BTOPOH MOjie-
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JI UHTEPIPETAIUN TOIYIAI0TCA 3aMEHOM plﬁ 4 Ha pl,)q‘ ds nlﬁ 4 Ha n12 g

pl,EfZXD)\A Ha P)"(k’d)(L \V)):

® BO3MOXKHOCTH IIOTE€Pb

PLA(F(;‘&) = sup plﬁd ><7T6|§(d’l') X gg’”(x,k:); (4)
zeXkeK,deD

[} HGO6XO,Z[I/IMOCTI) IIOTEPb

NLA@) = i max(nly g, 2 (d]x), B (@, k) (5)

[ HeO6XO,Z[I/IMOCTI) IIOTEPb, JAyaJibHad BOSMOXKHOCTU ITOTEPH

NLATE) =0(  sup 07" (nlp ) x 7K (d|z) x g5 (x, k)); (6)
zeX,keK,deD

° HGO6XO,Z[I/IMOCTB IIOoTEePh, JAOIOJIHUTE/IbHad K BO3MOXKHOCTHU IIOTEPb

NL(KXD)\A(W‘;‘g) =0( sup pl,(filXD)\A X7r5|§(d]a?) X gg’%(:c,k)),
zeX,keK,deD
(7)

[1, temma 6.4.5] naer ycIoBus SKBUBAJICHTHOCTH MIHUMU3AIIINN BO3-
MOXKHOCTH HOTEepb U JOIOJHHUTEIHHON K Heil HeoOXOJMMOCTH IIo-
Tepb;

nprYeM s KaXKJI0T0 KPUTEPHUsI CPeId ONTUMAIbLHBIX HEUYETKUX PeIlaio-
MPX IPaBIJI CyIIeCTBYIOT deTkue. Beibop D = K, plﬁd = Oka (nlﬁd =
Okd), k,d € K, cooTBeTCTByeT MUHUMU3AIMN BO3MOKHOCTHU (HEOOXOIUMO-
ctin) ommbku uieHTrduKam. [JocKoIbKy MOXKET OBITH OCTPOEHA CTO-
XacTUIecKask MOJIEIb BO3MOXKHOCTH, U3BecTeH |1]| mMeros pamjpoMusanuu
JIJIsI OCYIIIECTB/IEHNsT HEYETKUX PEIIeHHI, YTO CYIECTBEHHO IIPU PACCMOT-
PEHUHU TEOPETUKO-BO3MOXKHOCTHBIX MOJIEIE MATPUIHBIX UIP JIBYX CYOb-
€KTOB, IIOCKOJIbKY B 3TOM CJIydae CpPeId ONTHMAJIbHBIX CTpaTeruii, Kak
[PABUJIO, HET YeTKuX [29).

B «KauecTBEHHOW» ¥ <«KOJMYECTBEHHON» TEOpUH BO3MOXKHOCTEH |5,
27| Toxke paccMaTpHBAETCs BHIOOD PEINaoIIero MpaBujia Ha OCHOBE MHU-
HUMHA3AIIAA BO3MOKHOCTH M HEOOXOAUMOCTH IIOTEPh, HO M3-38 OTCYTCTBUS
crrocoba pasbIrpaTh HEYETKOE PEIIeHne M3HAYAILHO PaCCMATPUBAIOTCS
TOJIBKO YeTKHE PeIIaloline IIPaBuja, & OT CyObekTa, MPUHUMAIOIIETro
pertennsi, TpeOyeTcsi COM3MEPUTH BO3MOYKHOCTH COOBITHN W BO3MOXKHO-
CTH II0TEPb, 33/1aB (PYHKIINIO, OTOOPAKAIOIIYIO 3HAYEHUsT BO3MOXKHOCTEH
(HEOOXOMMOCTEl) COCTOSIHUI B MHOYKECTBO 3HAYEHUIT BO3SMOYKHOCTH I10-
Tepb.
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2. IlIkaabl 3HaYeHUT BO3MOXKHOCTEN U HEeoDXOo-
JANMOCTEeIi, MMeIoIle HellOABU>KHbIEe TOUYKU

IIycts L4 — mMKaja 3HaUeHHI BO3MOMKHOCTH C MHOMKECTBOM HeIIO-
neukabX Touek A U {0,1}, rpynma ee aBToMOphU3MOB olpeie/sieTcs
KjaaccoMm I'4 TaKuX HeNpepbIBHBIX CTPOr0 MOHOTOHHBIX dyHkimit y(+) :
[0,1] — [0,1], mus koropeix Ya € AU {0,1} ~v(a) = a, A C (0,1),

L 4 — WKaJa 3HaYeHuil HEOOXOIMMOCTH C MHOYKECTBOM HEITOIBUKHBIX

Touex AU {0, 1}, rpynma ce aBroMopdusmoB onpeensiercs Kiaaccom I i
TAKUX HENPEPBIBHBIX CTPOro MOHOTOHHBIX dyukimit Y(-) : [0,1] — [0, 1],
st xoropwix Va € AU{0,1} 3(a) = a, A € (0,1), upmuem MHoXkecTBa
Au A — xoneunble.

B [1] mkasibr 3HAUEHNIT BOSMOXKHOCTH U HEOOXOJMMOCTH C HETIOJIBUZK-
HBIMHE TOYKAMH OIIPEJICJICHBI Ha OCHOBE ITapaMETPUIECKUX OTOOPasKeHMit
()(\1/ : [07 1] - [07 1]7 (U)X = max{a,u}, ()(/1\ : [07 1] - [07 1]7 (u)g =
min{a, u}, KOMMyTUPYIOIIUX ¢ GUHAPHBIMYA OonepanusamMu +, X: (u*v), =
(w)Y *(v)), (uxv)r = (u)h* (v)>, u,v € 0,1], * € {+, x}. B cuny sroro
st m0oro pmmrerpas, by(-) b e £4 (py(F)Y = byy () = By(AY),
(0 (F)D = Dy (F) = by(f2). T fY 1 f oupesensmorcs pascrcrna.
vu fY(z) = (f(2))] u f2(z) = (f(2))2, coorBercTBenno. [losromy st
a; < Ajyq

((Pg(f))a)assr = Py, () = Pyl o))
— upejicrasienne (IPOEKIMsi) pP-MHTErpajga CO 3HAYCHUSMHU B IIKAJE
LD = ([ag, ais1], <, +, X), TI€ G4, Gy — HEMOIBUKHBIE TOUKH KA
L4 =JLY. Ho nockonpKy 3HAYEHIE WHTErPAJA OIPEIE/IsIeT SHAUCHIE
7

BCEX ero mpejcTaBienmii B «mommkanax» L) mceaenosarens, B wact-
HOCTH, HE MOYKET yJIydIlUTh 3a CYeT CYNIECTBOBAHUS KOJIJIEKTUBHON WH-
TEepIpPETAIN HEMOJIBUKHBIX TOYEK KAUYECTBO OINTHMAJIBLHOIO HEYETKOIO
PEIAIOIEro MPABUJIA, MOCKOJBbKY IIPOEKIMN BO3MOXKHOCTH ITIOTEDD JIJIsk
JIBYX DEIIAONUX PABUJ C OJMHAKOBOJ BO3MOXKHOCTBIO 1IOTEPH OY/IyT
paBHBI. PaccMOTpUM ere OJiMH BApUAHT TEOPUU BO3MOXKHOCTEl, TIPUHY-
MAIOIUX 3HAYEHUS] B IIKAJIE C HEIIOJBIZKHBIMEI TOUKAMHI.

Pasbuenne mMHoxkecTBa 3/I€MEHTAPHBIX COOBITHIT X HA MHOXKECTBA
{r € X :P({x}) < a} («manoBo3MOXKHBIC» 3jI€MEHTAPHbIE COOBITHS)
ui{r € X : P{z}) > a}, a € A, a rakxe pasbueHne MHOXKECTBa 3JIe-
MeHTapHbIX cobbiTuit X Ha muOokecTBa {x € X : N(X \ {z}) > a} u



88 1. A. Banakun

{z € X :NX\{z}) <a},a € A, oueBnino, He 3aBUCAT OT BBIGO-
pa IIKaJl 3HAUeHUH BO3MOXKHOCTU U HeoOxoxumoctu. [Toaromy st onpe-
JIeJIEHNST BKJIAJIa «MAJIOBO3MOXKHBIX» COOBITHIT B BOBMOKHOCTDH COOBITHS
€CTECTBEHHO OIPAHUYUTLCS MHTEIPHPOBAHUEM €ro XapaKTepHCTUYECKON
bYHKIIUE TOJIBKO 110 «MAJIOBO3MOZKHBIM» 3JIEMEHTAPHBIM COObITHsIM. [yt
9TOro onpeesuM, B ommrme ot [1], -5 — yaapuyio onepammio £4 — L4,
a € A paBeHCTBOM

x, ecmamzx<a
=" "a €A,
0, ecmmzx > a,

g — YHapHYIO Ollepalulio L i L i a€ A PaABEHCTBOM
T, ecHm T >a,. ~
:cg =<7 acA,
1, ecmmzx < a,

cM. puc. 1. Dru onepanuu 06JIAJAOT CIIEAYIONUME  CBOHCTBAMHU:
min{z,y}s = max{min{$$,y},min{x,yﬁ}}, v(zh) = ('y(x))ﬁ JUIsT JII000-
ro v € Ty (max{z,y}; = min{max{z}, y}, max{z,ys}}, ?(affg) = (?(:c))g
ayst moboro y € T 7).

1 ] s
?a : H&da '
‘ a % a 1
T x

Puc. 1. I'paduku byuximit ﬁ i g

Kak n B mkaje £ 1epBoro BapuaHTa TEOPUU BO3MOXKHOCTE, B IIKa-

e Lo x+y = max{r,y}, v X y = min{z,y}, 2,y € La (xty =
min{z,y}, Xy = max{z,y}, z,y € L 7), Tak xak JobaB/eHne ycJo-
Buit t X a =z, r+a=a,x € [0,a], xt Xxa=a,z+a=uz z € [al]
a € A, ocrasnsier B cuie Teopemy 1. [losTomy p- m n-maTerpassr 6ymayT
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uMeTh TOT e Buj [1], uro u B IIEDBOM BapuaHTe T€OPUH BO3MOXKHOCTEI:

py(f(-) = sup(f(z) x g(x)), n;(f(-) = Jnf (f( )%h(x)), no raxxe Gy-

reX

JIyT CYIIECTBOBATH U UHTETPAJIbI pgi(f(-))d:f sup(f(z) x g(z)k), a € A
@ zeX

u nm(f(.))gef 12&(]?(36);%(33)%), 4 € A, KaK U D- M D-MHTErDAIbL, sB-
.HHIO];_[I/IGCH nH:Ief/’IHbIMH BIIOJIHE A/JINTHBHLIME (OTHOCHTEJILHO <«CJIOZKE-
HHs> + = Max ¥ «YMHOXKEHHs» X = min s po,(-) U «clroxenus>
+ = min U «yMHOXKEHHs» X = max Jyis nhT( 1)) dyukimonasamn Ha
kiacce dyakmnit L(X) C (X — [0,1]), comepxkamiem BMecTe ¢ KaxK /o
napoit dyukumit fi(-), fao(-) bdynkmuo ((a x fi1) + (8 x f2))(+), oupese-
sennyto paeHCTBOM ((a X f1) 4+ (B % f2))(z) = (a x fi(x)) + (8 x fa(x))

Juist obbIx «, B € [0, 1], Ho npuHuMatonux 3Havenuss B [0,a] C L4 u

& yo 9( )& mpu npeoGpa-

la,1] C E coOTBETCTBEHHO. [T0CKOIBKY g()
sopanuu LA — YLA, Y ET 4, a € A m h( ) > fyoh( ) 1IpU IIpeobpas30Ba-
HUAN E — 'yﬁ 17 € I' g nist moboro a € A TO €CTh IPU [IPEOOPAZOBAHUI

IIKAJT 3HAMeHHH BO3MOKHOCTe 1 HeobxommocTeit g(-)y u h(- ) peobpa-
3YIOTCSL KaK PACIPE/IeICHIsI BOSMOXKHOCTEl 1 paCIpeIesIcHusT HeOOXO U~
MOCTEl, TO 9TU UHTETrPAJIbI IPeodpPa3yIOTCs TaK K€, KaK COOTBETCTBEHHO
p- U n-uHTerpasibl (KOTOpbIME OHU (POPMAILHO SIBJISIFOTCSI JJIsI «PACIIpe/ie-
JleHUsT» BOBMOMKHOCTCI g(+ )5 1 «pacIpeie/enus» Heo6X0IMOCTeil E()g)

3. MakcumajpHas COTJIACOBAHHOCTHL BEPOSATHO-
CTH C BO3MOXKHOCTBIO, IPUHUMAOIIE 3HavYe-
HUS B INKaJe C HeMOABM>KHBIMHA TOYKAMMU

Ecim uccnejoBaresist uHTEpecyeT Kiaace Pr BepOSTHOCTHBIX PACIpe-
nenenuit Pr @ P(X) — [0,1], ¢ KaxkabIM #3 KOTOPHIX MaKCHMAJIb-
HO corjlacoBaHa BO3MOKHOCTH P, 1o ectb VPr € Pr VA, B € P(X)
Pr(A) < Pr(B) = P(A) < P(B),P(A) = 0= Pr(A) = 0 u gyucisio pas-
JIMYHBIX 3HAUYEHUH BO3MOXKHOCTEH MAKCHMAJIBHO, TO €My HY?KHO 3aJIaTh
BEPOATHOCTHBIE HHTEpIpeTarun {pra}, a € A HemoABIAKHEIX TOYEK ITKa-
JIbl 3HAYEHUH BO3MOKHOCTH. [Tpu 9TOM HEIOBUZKHbIE TOUKHU IIKAJIbI 3HA-
"eHuii HeoOXoMMOoCTell He Gy Iy T He3aBUCHMBIMU OT HEOBUKHDIX TOYCK
IIKAJIbl 3HAUEHUTT BO3MOXKHOCTell 1 JoJKHbL ObiTh A = {1 — a}, a € A,
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Puc. 2. IIpumep rpaduxos dyuxmit f(-), g(+) u (f(+) Xg(-)ﬁ% sup (f(-) x

zeX
9()2) = a (caiesa) u f(-), h(-) u (F(-)XA()b), inf (f(-)XA()}) = a (cupa-

inf
zeX

a X BepOATHOCTHBbIe mHTepmperanmn cyts {pra} = {1 —pri'}, a@ € A,
a € A. Torma mo6oe BeposiTHOCTHOE pactpejenenue Pr : A — [0,1]
Oy/leT MaKCHMAJLHO COTVIACOBAHHBIM C DACHPEJIEJEHHEM BO3MOKHOCTER
P: A — L4, ecsin 0HO MAaKCUMAJIBHO COIVIACOBAHO ¢ P B cMbICiIe nep-
BOTO BAPMAHTA TEOPUU BO3MOXKHOCTEH (TO €CTh CyIEeCTBYeT MOHOTOHHAST
dbyuxust ' € TV, rakas, aro 7' (x) =0 < 2 =0, 7/ (1) = 1, u gst o60o-
ro A € P(X) P(A) = +/(Pr(A)), u aya moboit jpyroii BozmozkHoctu P’
TaKKe COIVIACOBAHHOI ¢ BEPOSITHOCTBIO, cylecTByeT Takas 7’ € IV, uro
VA e AP'(A) =+"(P(A))) u yIoBIeTBopsieT JONOIHUTETLHBIM YCTOBH-
SIM

P(B) > a = Pr(B) > pr’,
Vae A VB e A (B)>a=Pr(B)>pr

P(B) < a = Pr(B) < pra. (®)

ITpumep 1. ([1], mpumep 2.3.2) [TycTh MHOXKECTBO 3JIEMEHTAPHBIX CO-
ooiTnit 2 = {wy, wa, w3, wa}, A = P(Q), pr; = Pr({wi}) = ¢/(1 + q)%,
= 17"'73a pry = PI‘({(JJ4}) = 1/(1 "’Q)S, q > ]-’ A= {pI‘4,]_ -
pry —pry, 1 —pry,1/2}, prd = a, a € A. B3aumuo omHO3HAMHOE COOTBET-
CTBUE MeXKJly 3HAUYEHUsIMU BO3MOXKHOCTell (HeobxomumMocTeit) cobbiTuii u
UHTEpBAJIaMI, KOTOPBIM IIPUHAIIEIKAT BEPOATHOCTH COOBITHIA, ITOKA3aHO
Ha puc. 3.
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P 1 ................................. N 1 ........................................................
: D Lo Py e -
: : 6
: z P
1/2 ........................... ' 1/2
T—pryte _— :
1-pr,
L . P
Pragra; | Ayi 1/2 Ay A 12 Ay Ay P
0 . o— . . . . . 0 - . . .—‘-. . T
r//prg\sz 1-pr; pry Pr 1 0 1—pr, pry / !
P4 1—pr;—pry 1—pry / 1—pry

pry+pry  1—pry

Puc. 3. B3anMHO 0/HO3HAYHBIE COOTBETCTBUS @) MEXKJy 3HadYeHHAMU P
1 MUHUMAQJIBHBIMH 110 BKJIIOUYEHUIO MHTEPBAJIAMU, COJEPKAINNMHA MHOXKe-
crBa 3HaveHuii Pr, 6) mex 1y 3Hadenusivu N 1 MUHUMAJIbHBIME [0 BKJTIO-
YeHWIO MHTepPBaJIaMU, COIEPXKAIIMI MHOXKeCTBa 3HadeHuil Pr B npume-
pe 1.

4. DMOupudecKne BOCCTAHOBJIEHE BO3MOXKHO-
CTU, NPUHUMAIOMNIEN 3HAYEHUsS B IIKaJe C
HEMNO/IBU2KHBIMU TOYKaAMMU

ITycrs Q = {w1,...,Wws} — MHOXKECTBO 3JIeMEHTAPHBIX COOBITHUI, IIPO-
CTPAHCTBO C BO3MOYKHOCTBIO MOJIEJIUPYET CTOXaCTUIECKUH OOHEKT, KOH-
TPOJUPYIOMNI Pe3yJIbTAThl HAOIIOACHUI, YIIOPSI0IeHHOCTh BO3MOMKHO-
cTell 3JIEMEHTApHBIX COOBITUI IMIMPUYIECKU BOCCTAHOBJIEHA 110 aJITOPUT-
my |1, §3.4], ssileMeHTapHBIE COOBITHS YIOPSIOUEHbI 110 HEBO3PACTAHUIO

9acToT U L*(z’)d:efmin{j € {l,...,s} : p; = i}, L*(i)défmax{j €
{17"'75}:pj :pz}

4.1. Ciy4ait 3apaHee U3BECTHBIX HEMOABU2KHBIX TOYEK

IIycTh MHOXKeCTBO HEMOJBUYKHLIX TOYEK IMKAJILI 3HAYECHUN BO3MOXK-
HOCTH A ¥ WX BEPOSITHOCTHBIE WHTEPIIPETAIIAHN DIt 3a/IaHbI HCCIIE0BATE-
JeM (HalpuMmep, OH CYMTaeT, YTO CYIIEeCTBYIOT TaKue 3JIEMEHTapHbIe CO-
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OBITHsI, 9TO B JIIOOOM WCIBITAHUNA BEPOSITHOCTH MX OOBEIUHEHUST MEHBIITEe
@, & BEPOSITHOCTDH JIFODOOTO COOBITHS, BKJIIOUYAIOIIEIO0 XOTs ObI OJIHO 3JIe-
MeHTapHOe coObITHe He M3 9Toro Habopa, He MeHblie a). Torma sMuupu-
YECKOe YIIOPSIOUMBAHIE BO3MOXKHOCTEH 3JIEMEHTAPHBIX COOBITUI MTPOUC-
XOJIUT AHAJIOTHIHO aJITOPUTMY SMIUPUIECKOTO YIOPSAT0YEHNST BEPOSITHO-
creit [1, §3.3| ¢ 3amMeHOli OIHON U3 CPABHUBAEMBIX BEPOSITHOCTElH Ha pr,A:
amst BeeX 1 <@ < s mkaxkygoron = 1,2, ...

S
n 1 n
e ecin VL*()i) —prit > ) g L ‘ Z(‘) 1/](- )—prg‘Q < —6() s KaKMx-
j=tx(@
6o aj,as € A, ag =inf{a € A:a > a1}, 10 a1 < p; < ag;

S
e eciu % > I/](-n) — prfnnA < =63 10 p; < min A;
J=t(d)
(n)

e cC V., /- n,s)
e (i

= préaxA > 6) 10 p; > max A;

® HMHaYe IIPOJOJIZKAaTh HCIIbITaHUA,

rae ™

i — YacCTOTa dJIEeMEHTapHOI'o COOBITHS w; II0oCJIe T HEe3aBUCH-

2

MBIX HCbiTanmii, 6% = (Eln L

als)
Xy BEPOSTHOCTH ONIMOOYHBIX PeNleHHl. YCJIOBUS OCTAHOBKH C BEPOST-
HOCTBIO 1 3a KOHEYHOe YMCJIO UCIBITAaHUI Takyke aHasgoruvssl |1, §3.3]:

1/2
) , (s — 1)a'®) — onenka csep-

S
Vi € {1,...,s} Ya € A pr; # a, ‘ Z(')prj # a B ciIydae IIOCTOSIH-
J=t«(1
HBIX BEPOSITHOCTEH 3JIeMEHTapHbIX coObiThit u Vn > ng Vi € {1,...,s}
S
Ya € A min{|pr{” —prd[,| > pri” —prd [} > (14 €000, tne
J=ux (i)

n
n .
prg ) = % > Prj({w;}), Pr; — xonTposmpoBaBInas j-e HCIBITAHEE Be-
i=1
) 2
POSITHOCTD, €55 > 01 Y (al®))Fns < 00 B ciywae usMensonIXCs OT
n=1

HUCIIBITaHUA K HUCIIBITaAHHUIO BepOHTHOCTefI QJIEMEHTapPHbBIX COOBITHI.

4.2. Ciry4ait HeU3BECTHBIX HEIOJABUYKHBIX TOYEK

B sroM pasjese npearnonaraeTcs, 4To plrjl4 = a, a € A, TOCKOJb-
Ky yIsi J1000il qpyroil mHTepIpeTanun prt MOXKHO HEPEXOIOM K IIKa-
!/ .
ae L' = ~y,uaL, tae yyua ¢ [0,1] — [0,1] — npounssosbHOe HENpepbIB-
HOE CTPOTO BO3pacTarolliee OTOOparkeHme, st KOTOPOi ’ypT(A(O) = 0,
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Yprra(l) = 1, y,0a(a) = pr’A a € A, 10 ecTh mepeobO3HAMEHIEM TO-
YeK IIKAJIbl ¢ COXPAHEHHEM BCEX YIOPsJIOYEHHOCTEH, mepeiiTu K Takoii
naoTepupeTanumn HEeIIOJABU2KHBIX TOYEK.

OueBnIHO, YTO SMIMPUYECKH BOCCTAHOBJIEHBI MOIYT ObITbH TOJBKO
HENOJBU2KHbIE TOYKU, COTBETCTBYIOITUE HaI/I6OJIee CTpPOTHM OI'PaHUYCHU-
auM B (8), To ecTh Takme a, s Kotopeix a = sup{a’ € A:d < P{w})}
w a = inf{a’ € A:d > P({w})} musa mekoroporo w € .

4.2.1. Cay4aili BEepOsiTHOCTU, HE M3MEHHIOIIENCs B XOJe WC-
NBITAHU

B sTom citydae BoccTaHOBJIEHHE HEIOJIBMKHBIX TOYEK OCHOBAHO Ha
paccmorperroM B |1, §3.3.3| ajqropurme SMIMpUUECKOr0 UHTEPBAILHOTO
OIeHMBAHUsI BEPOSITHOCTE} ssieMeHTapHbIX cobbiTii. Kak nokasano B [1,

§3.3.3|, coberrne {Vi € {1,...,s} ]1/2-(”) —pri| <y/5 In 221} unrepsais-
HO OIICHUBAIOIIEE BEPOSITHOCTU 3JIEMEHTAPHBIX CO6I)ITI/II/I, HMeeT BEepOsiT-
HocTh He MeHee 1 — . IToaToMy ¢ TOIf »Ke BEPOSIHOCTBIO YIOPSIIOUEeH-
HOCTH BO3MOXKHOCTEH 9JIEMEHTAPHBIX COOBITUI 110 OTHOIICHHIO K HEIO-
JABHU2KHBIM TOYKaM TaKas 2Ke, KaK M K I'PAaHUYIHBIM TOYKaM MHOX>KECTBa

S

(n) 17, 3s—1 17, 3s—1
‘U1 Vo) —\ 20 In ==, Z( ( 5= In =5=) 1, T0 ecTb rpanunam
1= _L* Z

NHTEPBaJIOB, ITOJIyYalOIIUXCA O6’be):LI/IHeHI/IeM IIEePEKPBIBAIOIINXCA OIECHOK

MHTEPBAJIOB | PI,x(;), Z pr;
—L* Z

4.2.2. Cay4ail BepOSITHOCTU, U3MEHSIOMIENCA OT UCHBITAHUS
K MCHBITAHUIO

Ecimm pacupejiesieHusi BEpOSITHOCTU U3MEHSIIOTCSL OT UCHBITAHHS K
UCIIBITAHUIO TOJILKO JIUIIh NPHU YCJIOBUM MAKCHMAJIBbHON COrIACOBAH-
HOCTH C OJHUM U TeM K€ DACIpPEJICJIeHNeM BO3MOXKHOCTH, TO HEIIO-
JIBUKHBIE TOYKH SMIMPUIECKH BOCCTAHOBJIEHBI ObITH He MOryT. Ho ec-
JIM TAaKKe M3BECTHBI JIONOJHUTE/IbHbIE OIPAHUYECHHsI HA DA3HUILY MEXK-
JIy paCHpEJIeJIeHUsIMI BEPOATHOCTEl, TO B HEKOTOPBIX CJIydasX Hemo-
JIBUKHBIE TOUKU MOIYT ObITH SMIMPHYECKH BOCCTaHOBJEeHBI. Hanpumep,
ImycTh Jis Kaxkjoro ucmbitanns Vw € Q |Prj({w}) — Pro({w})]

g, e Pr; — KoHTpo/MpOBaBIIasi j-¢ HCIBITAHUE BEPOSTHOCTb, j >
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0. Torma c¢ BepoATHOCTBIO HE MeHee 1 — « YHOPSIIOYEHHOCTH BO3-
MOXKHOCTEl 9JIeMEHTapHBIX COOBITUN 110 OTHOINEHUI0 K HEIOIBUXK-
HBIM TOYKAM Takasd ke, KaK W K TPAHUYHBIM TOYKAM MHOXKECTBA

U [~ AT e & 0+ EmE

= J=u(7)

5. Hedyerkmue omnTumaJbHBIE pellleHUS B 3aJade
nAeHTUPUKAITIN

Kak u B [1], mycrb 3a7aHbl MHOXKECTBO COCTOSTHHIT HEYETKON CHCTe-
Mbl K, MHOXKECTBO peIeHuit o ee cocrogauu D, Moje/b nuaeHTuduKa-
man (g&% (-, ), h&%(-,-), A) cocrosmus » 1o HabIoIAEMOl Bestaune &, HO
pacIpe/ieJieHns] BO3MOXKHOCTEf 1 HeoOXOMMOCTell IPUHUMAIOT 3HAUEHUST
B IIKaJaX C HEIOJBHKHBIME TOYKAMU. AHAJOMMYHO II€EPBOMY BapHaH-
Ty TEOPUH BO3MOXKHOCTEIl [1|, BOSMOXKHOCTD HOTEPH IPU UCHOIb30BAHUM
HEYETKOrO permafomero npasmia /¢ ecrs

PLA (7% = sup plﬁd xml(d|x) x g8 (z, k). 9)
z€X,kEK,deD

B obmeMm ciyyae MOXKET CyIIECTBOBATH HECKOJBKO PEIIAIONINX Ipa-
BUJI, JUIsT KOTOPBIX BO3MOXKHOCTHU IIOTEPh OJAWMHAKOBLI: 1l = {7r>"‘5|£

PLA(n*08) = H}slél PLA(7%€)}. CemeiicrBo nmrerpason pgi(‘) I03BOJIsIET
T a

CY3UTD KJIACC OITUMAJIBHBIX PEIIAIONINX IPABIIL: IIyCTh {a; } | — ynops-
JIOUEHHOE TIO YOBIBAHUIO MHOXKECTBO A, TOTJIA MHOYKECTBO ONTUMAJBHBIX
perennii ects 11, Tae

I = {x*0l . x¥dl¢ ¢ Hiﬂ,PL,’}i(w*‘s‘f) :(Slgnin Psz\i (Y, i=1,...,n,
molsell; 1

(10)
e
PLy () = sup  (pliy xa(dlz) x g7 (2, k),
z€X keK,dED
— BO3MOXKHOCTH <«MaJIOBO3MOXKHBIX» (I/IMGIOH.H/IX BO3MOXKHOCTH MECHBIIIE
a;) TIOTEPb.
Mocxomicy PLA (1) = sup (n¢ (dja)b x f (w, dynlé (dla) fo, (z, ),
zeX,deD

rie f(z,d) = :u}}gplﬁd x g5 (2, k), fa,(z,d) = su}z(plﬁd xgg’”(x,k))ii,
€ €
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To perterune 3aa9u (10) MoxKeT GBITH MOy UEHO IIyTeM PEIIeHUs 3a/1adu

I = {76 . vo € X 71 € II;_y, PLY (7 |2) = - max PLA (7°1¥|2)},
€ll i—1
(11)

PLA (7°1¥|2) = sup (7€ (d|z)} x f(z,d) + 78 (d|z) x fo,(z,d)).
deD

IMpumep 2. Iycts A = {a}, K = {1,2,3},0€ X, D = K, ¢5%(0,1) =
€50 €5 B A )0k=d,

g°7%(0,3) = a > a, g~7(0,2) = B < a, pl4 Lk £d st sio6oro

pemasortero mpasmaa wOE(-|-) : w0l (1]0) = py, 70€(2]0) = po, %€(3]0) =

ps3, max{p1, p2,p3} = 1, BO3MOKHOCTH 1OTEPD Tipu & = () MUHUMAJIbHA U

paBHA (, HO TOJILKO JIJIS PEIIAIONIEro MpaBuia, y KOTOPOro p; = Py =

0,p3 =1, PLﬁl\i (7%]0), p1 = p2 = 0, p3 = 1 MunEMATEHA.

Kak u 17151 11epBOro BapuaHTa Teopun Bo3MOyKHOCTel B [1], cpenn pe-
menmit 3agagu (11) Beerma ecrs werkne: 08 (d* (z)|z) = 1, 7K (d|z) =
0, d # d*(x), tme d*(+) : X — D — npousBosibHas GyHKIws, st Vo € X
YZIOBJIETBODsIIONIast yeyoBuio fo, (r,d*(x)) = géig fa;(x,d) (mOCKOMBKY

JUIs O6Oro ETKOro NpaBuia NpuHsiTus pemenns 70 (d* (z)|z)h, = 0,
xe€ X, deD,).

AnanornvHo, HEOOGXOJAUMOCTD TI0TEPD IIPU UCHOJIb30BAHUYN HEYETKOTO
permasorero mpapma 7€ ecth

NLA(9K) = inf I3 TEH (o L
&) xeX,I;IelK,deDmaX(nkvd’V (dlz), h>*(z, k)),

Ny = {p*lE . NLA@*IE) = H}slél NLA(201€)} — mmuokecTBO permasornmix

[IPaBUJI, MUHUMU3UPYIOIUX HEOOXOIUMOCTD IIOTEPh, U CEMEWCTBO HHTE-
rpaJjioB nhT( ) MO3BOJISIET CY3UTH KJIACC ONTHMAJIBHBIX PEIIAIONINX Pa-

BIJI: IyCTb {G;}]"; — YHOPsAJOYEHHOE IO BO3PACTAHHUIO MHOMKECTBO A,
TOI[a MHOYXKECTBO ONTHUMAJILHBIX PelleHuii ectb Ny, /e

N; = {D*6|§ *6|§ € Ni_1, NLA( *EIE) —MI&nax NLA( 6|§)} i=1,...,n,
U ENz 1

NLA (7€) = inf 1, 00l RE# (2, k)]
ai(y ) xeX,ligK,dED(maX(n k,day (d|$)7 (:E? )))ai
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3akJroyeHne

B crarbe npe/jiozkeH BapuaHT TEOPUH BO3MOYKHOCTEH, TTO3BOJISTIOIITIIT
GOPMAJIBHO OIUCATH JIOTOBOPEHHOCTDH I'PYIINBI HCCIeI0BaTe el 06 obieit
HUHTEPIIPETAIIMA HEKOTOPBIX 3HAYEHUII BO3MOXKHOCTH, OTJIMYHBIX OT O u
1, ¥ mOKa3aHO CJIeyIoIee U3 STOr0 YTOYHEHNEe KPUTEPHUsl OINTUMAJIbHO-
CTHU PEIIAOIIEro MpaBuiia B 3a/1ade ueHTuduKanmu. TakKe OIICcaHo M-
[MUPUIECKOE BOCCTAHOBJIEHUE IIPOCTPAHCTBA C BO3MOXKHOCTBIO, TTPUHUMA-
fOIEeil 3HAUEHUsT B MIKAJE C HEIMOJBUKHBIMU TOYKAME, MOJEJIUPYIONIETO
CTOXACTUIECKUN OOBEKT MPU YCIOBUU KOHEYHOIO MHOXKECTBA dJIEMEHTAP-
HBIX COOBITHIA.

B zakroueHne MHE NMPUSTHO BBIPA3UTH OJIATOJAPHOCTH MOEMY HAyu-
HoMy pykoBomuTesio FOputo Ilerposuty IIbITREBY 3a MOCTAHOBKY 3a1a91
U ee 00CyXKIeHHeE.
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