JInHEeNHbIA aJITOPUTM HOCTPOEHUH
JepeBbeB Pa3BOJKUN CUTHAJIA

T. P. CertapikoB

B pabore paccmaTpuBaeTcs 3ajata MOCTPOEHUs JepeBa pas-
BOJIKM CUTHAJIa C 33/IJ@HHBIMU BEeJMYUHAMU 33JI€PXKEK CHUT'HAJA JI0
JCTheB siepeBa. [Ipesoxken ajroputTMm, KOTOPDLIH I 3aJaHHOTO
MYJIBTUMHOKECTBa HATYyPaJJIbHBIX YHCEJI 32 JIMHEHOe BpeMsI CTPOUT
JEPEBO C BeJIMUYMHAMU 338/I€PKEK J10 JIUCTHEB JlepeBa, COBIAJIAIONIN-
MU C 3JIeMEHTaMH JAHHOI'O MYJIBTUMHOXKECTBA, U TOBOPHUT, YTO
TaKOe JIEPEBO TIOCTPOUTH HEJIb3S.

KﬂIOquI)Ie CJIOBa: CHHTE3 60.J'H>IIII/IX HUHTEIr'PaJIbHbIX CXeM,
pa3BojiKa cUrHAJA, JTePeBO OyDHEpPOB.

1. BBeaenue

[Ipu cuHTE3e OOJIBIIMX UHTEIPAJBHBIX CXEM YaCTO BOZHUKAIOT CETU C
OOJILIITIM BEeTBJIEHHEM, TO €CTh CUTYAIMHU, KOTJA CUT'HAJI C BBIXO/Ia HEKO-
TOPOrO JIOTUYIECKOT'O JIEMEHTA HAJIO IMOJIATh Ha BXOJBI OOJIBIIOrO JHCIIA
JPYTUX JIEMEHTOB, HaIpUMep, KOIJIa Pe3yJIbTaT HEKOTOPOI'O0 BBIYHCIIE-
HUsT MOXKET OBITh HCIIOJIB30BAH CPa3y BO MHOTHX MecTax. Kcau mpu 3Tom
BBIXOJI UCXOTHOT'O YIIPABJISIONIETO JIEMEHTa HAIIPSIMYIO MIOJaTh Ha BXO/IbI
YHOPaBJIsieMbIX 3JIEMEHTOB, TO €MKOCTh Ha BBIXOJle YIIPABJSIIONIETO 3JIe-
MeHTa Oy/IeT OYeHb DOJIBINON U 3aJ/IePXKKA JIAHHOI'O JIEMEHTA CTAHET He
npuemyeMoil. B Takux cirydasx UCIOIB3YIOT JI€PEBbs PA3BOJAKU CUTHAJIA,
KOTOpBIE COCTOAT u3 OydepoB, TO €CTh JIOTUUIECKUX JIEMEHTOB, PEAJIU-
3YIOMKUX TOXKIECTBEHHYIO (DYHKIINIO W UCHOJIL3YIONINUXC I YCUTEHUST
curtaja. TUIHIHBIM TPUMEPOM CETU C OOJIBIIUM BETBJICHUEM SIBJISIETCS
CeThb CHUHXPOHU3AIINN PETUCTPOB, TJ€ PErUCTP — 3TO YCTPOUCTBO, I103-
BOJISIIOIIEE COXPAHUTH PE3YJIbTAT BBIYUC/IEHUS IPEJIBIYIEro TaKTa JJIsd
WCIIOIb30BAaHUS B T€UEHUN MTOCIETYIONErO TaKTa. B ceTu CHHXPOHU3AIITT
PETUCTPOB YIIPABJIAIONINN KOHTAKT — 3TO BBIXOJ] YCTPOMCTBA, PeaTu3yio-
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IEro HEepPUOJNIecKUil CUrHaJ (9achl), a ylpaBJseMble KOHTAKThl — 5TO
VIIPABJIAIOIINAE BXOJIbI PEMMCTPOB, KOTOPHIE YKA3bIBAIOT MOMEHTHI, KOTJIA
H&JIO 3aCachlBaTh B PETMCTP HOBOE 3HAYEHME. 3aJiada ITOCTPOEHUsI CeTH
CUHXPOHU3AIMYI PErUCTPOB — 3aJiada IIOCTPOEHUS TAKOro JepeBa Oyde-
POB, UTO CUT'HAJI OT YIIPABJILIONIEr0 KOHTAKTA JI0 JII0OOr0 U3 YIIPABISIEMbIX
KOHTAKTOB JOXOIHUT 3a& OJMHAKOBOE BpEMsl, TO €CTh CHHXPOHHO. 3ajada
IMOCTPOEHUST CHHXPOHU3UPYIOIINX JIePEBbEB ONMUCHIBACTCSA U UCCJIEyeTCs,
nanpumep, B |1, 2, 3, 4]. Tenepp paccMorpuM cuTyaIuo, KOIja J1e1aeT-
Csl JIBa TOCJIETOBATEILHBIX BBIYUCJIEHUSI, KOTOPhIE COXPAHSIOTCS Ha pe-
TUCTPAX, MPUYIEM IIePBOE BBIYHC/ICHUE CIOXKHOE W 3aJaeTcs (HopmyJioit
OOJIBIION TJIyOMHBI, U PE3YyJIbTAT 3TOrO BBIYUCICHUS IIOAAETCs Ha BXOJ
[IEPBOI0 PEruCTPa, & BTOPOE BBIYUCJEHUE IIPOCTOE, 3a1aeTcst (PopMyJIoit
MaJIoii rIyOMHBI, OJHUM M3 apryMEHTOB 3TOH (DOPMYJIBbI SIBJIAETCHA BbI-
XOJT TIEPBOrO PErUCTPa, U Pe3yJIbTAT BTOPOTO BBIYHUC/ICHUS COXPAHSIETCS
Ha BTOpOoM perucrpe. IlockonbKy rirybmHa OpMYyJIbl IEPBOTO BHIYUC/IE-
HISI OOJIBINTAsT, & BBIYUCIEHNE HAJI0 BBITOJHUTH 38 OIWH TAKT, TO UTOOBI
BBIIIOJIHATH OI'PAHUYEHUST 110 TARMUHTY IIPHUJIETCS UCIIOJIB30BaTh MOIHbBIE
JIOPOT'OCTOSIIITAE SJIEMEHTDI JJTs peasim3anuu 3Toil popmysibl. Mex iy Tem
€CJIN TIOCJIAaTh OTIMPAIONIAN CUTHAJ Ha YIIPABJIAIONIAN BXOJI IIEPBOTO pe-
TUCTPa C HEKOTOPOU 3a/IeP>KKOii OTHOCUTEILHO BTOPOI'O PETUCTPA, TO €CTh
HE CHHXPOHHO, TO BpeMsl Ha BBIYUCJICHUE MEePBOHl (DOPMYJIbI yBEJIUIUTCS,
a Ha BpeMsl Ha BBIYHCJIEHHE BTOPOIl (POPMYJIbI yMEHBIITUTCS, TEM CAMBIM
VIOBJIETBOPUTDH OrpaHnuYueHns Taiimunra Oymet jerde. Vcnosp3oBanue ta-
KOI'O TIpHeMa OIUCaHO, HanpuMep, B [5]. Tem cambiv acuHXpoHHASsT J0CTAB-
Ka OTIHPAIOIIEro CUTHAJIA IO PEFUCTPOB MOYXKET CYIIECTBEHHO O0JIEIrIUTh
[POIIECC CUHTE3a JHIIOB, Jejast ux 6osee jemesbiMu. B 1] MoxkuO Hail-
TU U JAPYTHUE IPUMEPHI, KOI/Ia YIPAB/IAONNI CUTHA HAJI0 JOCTABUTDH 110
VIIPABJIEMbIX KOHTAKTOB 3a Pa3HOE BpeMsi, IPUYEM BpeMs 3aJI€PKKHU JI0
KaXKJI0T0 M3 YIPaBJIAEMbIX KOHTAKTOB CTPOTO OIPEJIEIeHHOE.

B maremarmyeckoil mocTaHOBKE 3Ta 3a/1a9a MOXKET ObITH ChOpMyIIu-
pOBaHa CJIEIYIOMNM O0OPa30M.

IIycTh 1aHO OpHEeHTHPOBAHHOE KOPHEBOE JIEpeBO. ByaeMm cunrarh, 910
OT KOPHS JIEpeBa K JINCThsIM BJIOJIbL pebep JiepeBa pacipoCTPAHSIETC S CHUT-
HaJl. B KaxKo#l BepIHE STOT CUTI'HAJ HCIBITHIBAET 3aJIEPXKKY, PaBHYIO
KOJIMIECTBY pebdep, UCXOIAINNX U3 JAHHON BEPINUHBI. Takoe JIonyIieHne
OIIPAaBIBIBACTCS TEM, UTO KarKJiasl BEPIIIHA JIepeBa 3To Oydep, a 3a1ep:K-
Ka Oydepa B JIOBOJILHO XOPOIIEM MPUOJINKEHUH IPOIOPINOHAILHA, CyM-
MapHOH eMKOCTH KOHTAKTOB, IMOJKJ/IFOYEHHBIX K Oydepy. A cymMmapHast
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€MKOCTb KOHTaKTOB IIDOIIOPIUOHAJIbHA YUCJ/IY KOHTAKTOB. Ha BCEM IIy-
TH OT KOpHsI K HEKOTOPON BepIMHE ( CUTHAJ WCIBITHIBACT 33JIEPXKKY,
PaBHYIO CYMMe 3aJIep2KeK BO BCEX BEPINNHAX, BXOJANNX B IIyTh, UCKJIIO-
Jast caMy BepIuHy «. Taxum o6pasoM, Jijist KayK0l BEPIITMHBI 3aIePyKKa
curHajia Oy/IeT IeJIbIM HeOTPUIIATEbHBIM THUC/IOM, KOTOPOE OHO3HAYTHO
BOCCTAHABJIMBAETCS TIO CTPYKTyYpe jiepena. Jjis jjaHHoro jaepeBa MOKHO
COCTABUTDH MYJBTUMHOXKECTBO {a1, a2, . .., Gy}, COCTOSIIEE U3 BEJTMIMH 32~
JIEpyKEK CUTHAJIA JI0 JINCThEB JIepeBa, TJe 1 — YUCJIO JINCTHEB.

Uccnenyemas 3a1a49a 3aKo9aeTcs B cieyomeM. [lycrs qano Myib-
TUMHOXKeCTBO {a1,as,...,a,} TEJIbIX HEOTPUIATEIbHBIX 4uces. 1peby-
€TCsT OIPEJIETUTD, CYIECTBYET JIU JIEPEBO, MYJILTUMHOXKECTBO 3aJePIKEK
CUTHAJIA JI0 JIUCTHEB KOTOPOIO COBHAJIAET C 3aJaHHBIM MYyJILTHMHOMKE-
cTtBoM. Eciin Takoe JiepeBo CyIecTBYeT, MyJbTUMHOYKECTBO HA30BEM pea-
AUYEMBIM, & COOTBETCTBYIOIIEE JIEPEBO — PEGAUSYOUUM JTAHHOE MYJTh-
TUMHO>KECTBO.

[Ipu ucceoOBAHUY TOCTABICHHONW 3a/Ia9H MTOJIYYEHBI CJIETYIONINE Pe-
3yJILTATHI.

BBOIH/ITCH XapaKTEepUCTUKa MYJIBTUMHOXKECTBa — YUCJIOBaAd (j‘:)yHKI_U/ISI7
BpeMsl BBIYUCJIEHUsT KOTOPOH MPOMOPIIMOHATBHO KOJUYIECTBY JIEMEHTOB
MYJIBTUMHOZKECTBA. ILOK&BBIB&QTC?{, 9TO €eCJId XapaKTEepUCTUuKa MYJILTH-
MHOYKECTBa, MTPEBOCXOUT 1, TO MYJTBTUMHOXKECTBO He peasu3yemo. Ec-
JIV 7K€ XapaKTEePUCTUKA MYJIGTUMHOKECTBA HE TIPEBOCXOIUT 5 /6, TO MyJIb-
TUMHOXKECTBO peanm3yemo. B obiacru (5/6, 1| Bo3MoKHBI 06a BapuaHTa.
Takum 06pazoM, XapakKTepUCTHKA JaeT HaM JIOCTATOYHOE YCJIOBHE Dea-
JIN3YEMOCTH W HEOOXOMMOE YCJIOBUE PEan3yeMOCTH, HO He JJaeT HeoOXo-
JAMOI'O U JJOCTATOYIHOI'O YCJIOBUA.

Tak>ke TPUBOIUTCA AJITOPUTM, PENIAIONIMN 331849y O PEAJIN3YyEMOCTH
B 00ImieM ciydae. Bpemsi ero paboThl JIjIsT 3aJ[aHHOTO MYyJIBTUMHOMKECTBA
JINMHEHTHO 3aBUCHUT OT YUCJIA SJIEMEHTOB MYJIBTUMHOZKECTBA.

ABTOp BBIpaxkaeT 6J1aroapHoOCTh mpodeccopy .. I'acaHoBy 3a 1m0-
CTAHOBKY 3aJla4d U IIOMOIIb B pabore.

2. OcHoOBHBIE TIOHATHUS W (POPMYJIMPOBKA pe-
3yJIbTATOB

[Mox myavmummroscecmeom OyjieM MOHUMATH MHOXKECTBO € TIOBTOPE-
HUAMH, B KOTOPOM KaKJbIl 3JIeMEHT UMeeT KPATHOCTb — IIeJIoe HeOTPH-
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aTe/JbHOE YHUC/IO0, IIPUYEM €CJIA KPATHOCTHL HEKOTOPOI'o 3JIeMEHTa paBHa,
HYJII0, TO OyJeM CUYMTaTh, YTO JAHHBIA 3JEMEHT OTCYTCTBYET B MYJIbTHU-
MHOXKECTBE, & CJIM KPATHOCTH OOJIBINE HYJIST, TO B MYJBTUMHOXKECTBE TIPH-
CyTCTBYET CTOJILKO 9K3EMILISIPOB 3JIEMEHTa KAKOBa €ro KPaTHOCTb.

Yepes M(A) o603HAYNM MAKCHUMAJBHBIA 3JEMEHT MYJIBTUMHOMKE-
crBa A.

Bynem wucnosnbzoBaTh cieayiomue (opMbl 3allUCH  MYJIBTHMHOMXKE-
crBa A:

e {ay,as,...,a,} — HepedncIeHre 3JEMEHTOB MYJIBTUMHOXKECTBA C
YYIETOM KPaTHOCTH, TO €CTb €CJIM KPATHOCTH 3JIEMEHTa paBHa k, TO
3JIEMEHT MOBTOPSIETCS B 3aIucu k pas;

o (ko,ki,ka,...,ky) — BEKTOp KpaTHOCTEil JIEMEHTOB, BXOJSIIUX B
MYJILTUMHOXKECTBO, Tje m > M(A), k; — KOJM4ecTBO 5JIeMEHTOB,
PaBHBIX %, B JIJAHHOM MYJIBTUMHOXKecTBe, ¢ = 0,1,... m.

O6ozHaunm 4gepes I — MHOMKECTBO BCEX MYJBLTUMHOMKECTB IIEJIBIX
HEOTPHUIATEIbHBIX unces, a yepe3 E = {0} — TpuBuajibHOe MyJIBTUMHO-
JKECTBO.

Yepes D 0603HAYMM MHOXKECTBO BCEX OPHEHTHPOBAHHBIX KOPHEBBIX
JIEPEBBEB, BCE pPebpa, KOTOPBIX OPMEHTHPOBAHBI OT KOPHS K JINCTHSIM.
Jlucm — 3To BepIIuHa JepeBa, U3 KOTOPOil He BBIXOAUT HU OJHO PeGpo.

Eciu oo — Bepuuna siepesa D € D, 1o vepes out () 0603HAIMM UUCIIO
pebep aepesa D, MCXOAAMMX U3 BEPIIMHBI (V.

Ecim ai,as,...,q; — OpHeHTHpoOBaHHad Ienb jgepesa D € D, rue
a1 — KopeHb JiepeBa D, To Besimunny z(a) = Zf:_ll out(a;) Gymem Ha3bI-
BaTh 3aJIePKKOil CHUIHAJIA JIO BEPIIMHBL ().

Eciu D — nepeso u3 ©, 1o uepes L(D) 0603HaUNM MHOKECTBO JiU-
cTheB Jiepesa D.

Ecim D — nepeso u3 ®, to mynsrumuoxkectso J(D) = {z(a) : a €
L(D)} HazoBeM MyJIBTUMHOXKECTBOM, peajn3yeMbiM jiepeoM D. VHbivu
CJIOBAMU MYJIBTUMHOXKECTBO, peajusyemoe jiepesoM D cocronT n3 3a1ep-
JKEeK CUT'HAJAa JI0 JINCTheB aepeBa D.

MyabTUMHOXKECTBO A HA3BIBAETCH DEAAUSYEMDIM, €CJIU TAKOE CyIIe-
creyer Jjiepeso D u3 ©, uro J(D) = A.

Yepes M, 0603HAUNM MHOXKECTBO BCEX PEAIN3YEMbIX MyJILTHMHO-
JKECTB.



JIMHEIHBIN aJITOPUTM TIOCTPOEHUS JIE€PEBHEB 179

Xapaxmepucmuroti wucaa a u3 Z, HazoeM byukiuio h: Zy — Q,
OIIPEIEIISIEMYTO CJIEIYIOITUM 0Opa30M:

1, a=0,1
37k, =3k, k=1,2,...
h(a) = ) 1 a rie
377.274 a=3k+2, tnek=0,1,2,...
37%.272 a=3k+4, e k=0,1,2,....
Xapaxmepucmukoti myavmummnoscecnsa A = {ay,as,...,an} uz M

HazoBeM QyHkImo S: M — Q, onpesensiemyto ciaeayomuM 06pazom:
n
S(A) =" h(a;).
=1

B uacrnocru, S(E) = h(0) = 1.

Bynem nucars A(n) = O(B(n)), ecau CymecTBYOT TaKue KOHCTAHTBI
€1 ¥ C2, 9TO, HAYMHASI C HEKOTOPOI'O HOMEpPA 7, BBIIOJIHAIOTC HEPABEH-
crBa ¢ B(n) < A(n) < c2B(n).

IIycrs A = (ko, k1, ..., km) — MysabTEMHOXKeCTBO U3 9N, TOra BeJIH-
anny [A|=>"", k; 6yseM Ha3bIBATL MOIIHOCTLIO MyJIBTHMHOXKECTBa A.

OCHOBHBIM Pe3YJIbTATOM JIAHHOI CTAThU SIBJISIFOTCS CJIEJLYIOIIIE Teo-
PEMBL.

Teopema 1. [Tyemv A € M. Tozda, ecau S(A)

% < S(A) < 1, mo so3movichv, 0ba sapuanma:

ecau S(A) > 1, mo A ¢ M,

< %, mo A € My,; ecau
Ae M, uru A ¢ My;
Teopema 2. Ilycmov A € M. Tozda 3adaua o peaausyemocmu A pewa-
emcsa 3a O(|A]) apudmemuueckur onepayuti Had UEABMU YUCAGMU.

3. Ilpocreiiiniue cBoiicTBa peaJjn3yeMbIX MYJib-
TUMHO2KECTB

[Iycts Besme manee A € M, a € Z.

Bynem nucars a € A, eciii KpaTHOCTD YHC/IA ¢ B MYyJIBTHMHOMXKECTBE
A Gosbitie HyTSI.

Mysnprumuozxectso AU {a} moyuaercst u3 mysprumuozkecrsa A yse-
JIMYeHneM KPATHOCTH YHCJIa ¢ B My/JabTuMHOXKecTBe A Ha enunuity. Myib-
tumuoKecTBo A\ {a} nosmywaercs us mysnprumaoKecTBa A yMEHbBIIEHTEM
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KPATHOCTH YHUCJIa @ B MYJIBTUMHOXKECTBe A Ha equHUIly, ecian a € A, u
A\{a} = A, ecin a ¢ A.

IMycrs A — NpPOM3BONBHOE MYJBTHMHOXKECTBO, COIEPIKAIIEE HEKOTO-
poe umcyio a, u v € N. Bremem cuemyromumii oneparop G(A,a,v)
AU{a+v}\{a}.

Ecim A — mynbruMHOXKecTBO, a € A, |A| > 2, T0 BBEIEM oneparop
H(A,a) = A\ {a}.

Bynem naseiBath G onepamopom yseiuvenus asemenma, a H — one-
PAMOPOM YOANCHUSA INEMEHNA.

Ecimu Fy, Fo — oneparopsl, To uepe3 F - F Oyiaem obo3HaIATH KOM-
ro3unuio oneparopos Fi, Fy.

YrBepxkaenue 1. [Tycmv A € My, B=F, - Fy-...- Fi(A), ede F; —
AUBO onepamop yeeAuNeHUA Inemenma, Aubo onepamop yoaseHus sne-
menma, © = 1, 2, ..., k. Toeda B € M,,.

HoxkazaresnbcTBo. loctaTouHo 1I0Ka3aTh, UTO OHEPATOPDI yBEIHICHI
9JIEMEHTA U YJAJeHHsl JIeMEeHTa He BBIBOJAT U3 KJIACCA peasi3yeMbIX
MYJIBTHMHOKECTB.

1) IIycrb @ — npoussosbublil sjement u3 A, v € N, C = G(4, a,v).
Paccmorpum Jiepeso, peanusyioniee A, 1 3aMEHUM JIUCT, 3a/1€PKKa KOTO-
pOro paBHa a, Ha IeNOYKY BepIiuH JymHbl v (M. puc. 1). Torypa nosnyuen-
HOe JiepeBo peasu3yer MysnbTuMHO)KecTBO AU{a+v}\{a} = G(4,a,v) =
C', To ecTb MyJIbTUMHOXKeCTBO C' peasmsyemo.

vV BEpLIHH

Puc. 1. Bamena jiucta Ha MEMOYKY BEPIIHH.

2) Ilycrs @ — nponsBosbublii ssement u3 A, C' = H(A, a). Paccmor-
puMm jgepeso D, peasnmsyromee A, 1 Bo3bMeM JINCT (v € 331epKKoit a. Pac-
CMOTPHIM IIyTh P OT KOPH# JiepeBa K «. Tax xak omeparop H ompeenen
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TosibKo 11pu |A| = 2, To cymecrsyer sucr S € D, 8 # a. CaenoBaresbHo,
CyIECTBYeT Takas BepimHa 7y € p, uro out(y) > 2. Bes orpannuenus
obraocT Oy/ieM CYUTATh, UTO BCE BEPIIUHBLI IYyTH P, PACIOJIOKEHHDIE
MEXKy Y M (¢, IMEIOT MUCXOJAIIYIO CTeleHb, paBHyIo 1.

Vramum n3 D ocTtaTok myTH OT KOPHSA K (v, PACIOJIOXKEHHBIN I0-
cate . OBo3HAYMM OCTaBIIYIOCSA YacTh noaaepesa 7y Kak Di. Torma mysib-
TUMHOYKECTBO 3aJIePKEK JIePeBa M3MEHUTCA CJICIYIOIUM 00pa3oM: JINCT
¢ 3aJepKKOil a OyleT yJaJieH, 3aJepKKU BCEeX JIMCTbeB u3 Dy yMeHb-
marcad Ha 1, a 3aJIepKKU OCTAJbHBIX JINCTHEB HE M3MEHSATCA. 3aMEHUM
BCce JincThbs n3 D; na nemoukn jymmabl 1 (eM. puc. 2), Torjga 3ajep:KKA
JIICTHEB — KOHIIOB 3THX HENOYeK IIPUMYT COOTBETCTBYIOIIUE HAYAIbLHBIE
3HAYCHHSA 3aJIePKEK IPe0O0Pa30BaHHBIX JINCTHEB. 1[0ydeHHOE B PE3ylb-
TaTe 3TUX NPeoOpa3oBaHMil JepeBO OYIET PeaTu30BbIBATH MYJILTUMHOMKE-
crBo A\ {a} = H(A,a) = C, 10 ectb MynbrumHOKecTBO C' peasmsyemo.

-~ ~ ~ ~
7/ N / N
/ N\ / \
[ \ I \
| \ | \
| 7 \ | 7q \
VAN / (RN !
\\ / \ \\ /
/ /
ALY 7 \\\‘Iﬁ -
! _

Puc. 2. Ynanenne Bepmuabl — ciydait f € Dy.

YrBepxkaenue 2. [lycmo A — peanrusyemoe myasvmummoocecmso. To-
2da cywecmsyem maxoe depeso D € ©, wmo J(D) = A, u daa mobot
sepwunv, o € D evinoansemes out(a)) < 3.

HoxkazareabcTBo. Paccmorpum nepepo D, peasmsytomee A. [lycts k —
KOJIMYecTBO BepmnH D ¢ mcxomsieil cremnenbio, npeBocxoasmeir 3. [1pu-
BeJleM KOHCTPYKTHBHYIO IIPOIEIyPy, epecTpauBalomntyio D Tak, 910 pe-
aJnM3yeMoe MYJIbTUMHOXKECTBO He MEHSETCH, & UMUC/IO0 BEPIIHH C HCXOIs-
el CTereHbo, MPeBOCXoIdAIIel 3, yMeHbinuTcs uHa 1. Torma, mpuMenun
5Ty nporeaypy K D k pas, mosyunm siepeso D’ peasmsytomiee A, mobast
BEPIIIHA KOTOPOI'o OYIET UMETh IOJIYCTEIeHb UCX0/Ia, He IIPEBOCXOISIIILY 0
3, u JyiemMa OyieT JJoKa3aHa.



182 T. P. Coertapikos

IIycts a € D, out(a) = v > 3. O6o3HaumM CBIHOBeH « Kak
Y1572y« -« Vo, & COOTBETCTBYIONINE UM TOAAepeBbs Kak Dy, Dg, ... D,,.
3aMeHnM (v Ha CJIAYIONLYIO KOHCTPYKIMIO: IIOCTABAM BMECTO HEe BEpIIIH-
uy o, out(a') = 2, u obozHaunm ceimoseit o kak 31 u fo. B kauecTse chi-
HOBeil 1 BO3bMEM 1 U 72, B KAUECTBE CHIHOBEH (5 BOZBMEM Y3, V4, - - - , Vo
ITocMoTpuM, KaKne H3MEHEHN IIPOM3OIILIN C 3aJepKKaMu Bepmud u3 D,
1=1,...,0.

[Tycrsb z1(A) — 3ajepKka BepHIMHBI A JI0 IIpeobpasoBaHusi, 2(A) —
3aJIep?KKa, COOTBETCTBYIONIEH A BEPHIMHBI MOCJIE IPEeOOpPa3OBaAHUSL.

Hnst soboit Beprmabl A € Dy, i = 3,...,v, umeem 22(A) = 2z1(A) —
v+ 2+ (v—2) = 2z1(A), TO €CTh 3aJEPKKU OCTAJIICH TPEIKHIMHU.

Hnst yoboit Bepmubt A € Dy i = 1,2, nmeem 2z2(N\) = z1(A) — v +
242 =2(\)—v+4 Tak kak v > 3 = v > 4, 10 22(\) < z1(N).
Torma, samenus Bee jinctbst u3 D1 u Dy Ha nenoukn jmmabt 21 (A) — 22(A),
HOJIyYUM HOBBIE JINCTBS C 3aJePKKAMHU, COBHAIAIONMINMUI C 3aJ1ePrKKAMU
uX 1npoobpa3oB JI0 peobpasoBanusi (CM. puc. 3).

/N h \ }’3-“ Y /N h \ 73 Ve
| ( !
\o o, \i g//

i i } 7(D-z(%) sepumn

Puc. 3. IlepecTpoiika gepeBa ¢ MOHUKEHUEM CTEIEHU BEPITUHLI.

CiiesloBaTeIbHO, PEAIN30BAHHOE IOy IE€HHBIM JIEPEBOM MYJIBTUMHO-
xkectBo ectb A. Ilpu srom out() = 2, out(B1) = 2, out(fB2) = v — 2,
B JIOCTPOEHHBIX IE[I0YKAX CTElleHH BEPIIMH He MPEeBOCXOJsT 1, creneHu
OCTAJIBHBIX BEPIIMH HE M3MEHHJINCH. TaKnM 00pa30oM, TOJIBKO JIIsi BEPIIIH-
HBl B2 out(f2) = v — 2 MOXKeT MoJIyauThCst Oostbie 3, mpu stoM out(Ss)
Oyner menbie out(a) va 2. Ecim out(B2) > 3, To npeobpasyem mojiepe-
BO BEPIIHHBI [J3 AHAJIOIMYIHO OJJIEPEBY BEPIIUHBI (v, KAK OBLIO OIKMCAHO
BBIIE, U OyjleM JeficTBOBaTh Tak J0 TeX 0P, HOKa CPEeJIU HOBBIX JI0-
OaBJIEHHBIX BEPINUH OYy/IeT POBHO OJ(HA BEPIIMHA C MCXOJAIIEH CTENEHBIO,
npeBocxogsiieii 3. Takum obpas3oM, HOJyduM JiepeBo, peasusyoree A,
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B KOTOPOM KOJIMYIECTBO BEPIIUH CO CTEIEHbIO, MPEeBOCXojdleit 3, Oyaer
Ha 1 Menbire, veM B D.

Takum obpa3om, JjIs PelieHus 33Ja9u O PEAJM3YEeMOCTH JIOCTATOU-
HO pacCMaTpUBATh peaJIM3YIONINe JI€PEBbsl C BEPIIMHAMU, IIOJIYCTEIIEHb
MCXO0J1a KOTOPBIX He MPEBOCXOJIAT 3.

4. OneparopHast POpPMYJIMPOBKA 33/1a41 O pea-
JIN3yEeMOCTH

OrnpetesiuM orepaTop gf , JeMCTBYIOIMUNA Ha MYJbTUMHOXKECTBax, I/e
t=1,....m,j=1,...,n. Ecmu k; > j, ¢ > j, TO moJI0KUM

gg(A) = (ko, ki,..., kz‘—j—l, kz‘_j—l—l, ki—j—i-l, vy ki, ki—j, ki+1, L. ,km),

B IIPOTUBHOM CJIy4ae I10JIaraeM, 4To glj- (A) me onpeieieH.

Obo3HAYTIM MHOXKECTBO OIIepaTOPOB gg,i =1,....m,5=1,...,nKak
S |
Eciu g (A) oupenesen, GyeM roBOpUTh, UTO g AGAAEMCA JONYCU-
MbLM MPeobpasosaHuem I TPOCTO NPEodPasosaruem s A.

ﬂﬂg HeTIOKH mpeobpasoBaHMit gfll, ggs, ey ggll MYJTBTUMHOYKECTBO
A =gl (gi2(... g}' (A) ...)) mazsosem docmudicumoim us A, ecim Bee mpe-
0b6pa30BaHUsl TEMOYKHU SIBJISIOTCS JIOMYCTUMBIMU JIJIsT CBOMX apr'yMeHTOB.

[ycts A = (ko,ki1,...,kn) € M,, D € ®, J(D) = A. Ilycrs
A, A2, ..., Ay — JmcThsa D, mmeromme OOIEro pOJUTENS (, TPHIEM
out(a) = v. Torma z(A\1) = z(A2) = -+ = z(\y) = a — HeKoTOpOE
YUCJI0, HE MEHbIIlee YeM 0.

Paccmorpum gepeso D, mosyuennoe uz D ynasmenumeM JHCTBEB i,
A2, ...y Ay. Torma a craner yucrom D', Crenosarensuo, J(D') = (ko,
kla tee k:afvfb k:afv + ]-7 k(l*U‘i’la s akafla ka -, ka+17 s 7k3m) = 93(14)

B nanbneiimem nojobuoe npeobpaszosanue Jjiepesa D Oynem obozna-
uare kKak GY(D), no amanorun ¢ npeoGpasosaHueM peasnusyeMoro D
MYJILTEMHOMKECTBa. TaknMm obpazom, D' = Gg (D)

Mo2KHO TPOJOIKATEL IIpeobpasoBbiBaTh D’ aHAIOrmYIHBIM CIOCOGOM
JIO TIOJIyYeHUsI TPUBHUAJIBLHOTO JjiepeBa Dg, COCTOAIIETO U3 OJHOTO KO-
usa. [Ipu srom J(Dy) = {0} = E — MyJIBTHMHOXKECTBO, COCTOSIIIEE
u3 omHOro Hyjsd. lorma, ecsm | — umcyio Beprud D, He SIBJISIONTUXCS
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JINCTBbAMU, TO JJISI HEKOTOPBIX 91,12, ... ,%],]1,]2,--.,J; Ooayanm E =
Ji( g2 Ji
9i, (giQ (- 9i, (A)...)).

CremoBaTebHO, PEATM3yeMOCTh MHOXKECTBA A MOXKHO CBECTH K 3a-
Jlade mosiydennst ' u3 A mociiejoBaTeIbHBIM TIPUMEHEHUEM OTIEpaTOPOB
u3 B rje m — MakKCUMAaJbHBIN seMent A, n = |A|.

HaJIOTWYHO, 33JIada MoIydeHus F u3 3aJJaHHoro MHoKectBa A mpu-

A , E A
MeHeHHeM ollepaTopos u3 &' MoxkeT OBITH CBeJeHA K 3aJiade O peasi-
gyemoctn A. TTo3TOMy MOXKHO CUMTATH 3TH 3aJI@9W IKBUBAJEHTHBHIMU U
oJIaraTh, YTO 3ajada MoJydeHust F u3 MHOYXKeCTBa A sBJIsIeTCs omnepa-
TOPHOHN (HOPMYTIUPOBKOI 387491 O peaTn3yeMocTu A.

B wacrHocTHn, m3 yTBepkKIeHUs 2 CIEAyeT, UTO 3aJlada O Peayin3ye-

MOCTH 3aJJaHHOT'O MHOZKECTBa A SKBUBaJICHTHA, 3a/1a49€ O IIOJIyY€HNN FE
3

my e m — MAaKCHUMAaJIbHbBINA

u3 A ¢ ucnosb3oBaHueM oIepaTopoB u3 &
yemMeHT A.

5. /loka3zaTeabCTBO TeopeMbl 1

Beinuiem HEKOTOpbIe 3HAUEHUsT XapaKTepUcTuku h(a) u paccMoTpuM
MPOCTENTIINE CBONCTBA ITOM (DYHKIIAMU.

h(0) =1, h(1) =1, h(2) = 3, h(3) =%, h(4) = 1, h(5) = ¢.
CsoiictBo 1. /[las a06ozo wucaa a € Zy svnoanerno h(a) > 0.

DTO HENOCPEJICTBEHHO CJIe/yeT U3 onpejiesenus h.

CsoiictBo 2. /Ias 1106020 namypaavrozo a evmoaneno h(a) < h(a—1).

HoxkazareabcTBo. s a < 5 9T0 BUIHO HEMOCPEACTBEHHO 10 3HAYEHU-
siM h, BBITUCAHHBIM BBITIIE.

st a > 5 paccMOTpUM TPHU CIIydas.

1)a =3k, k>2 Torma h(a) =37% <37 k1271 = h(3(k—1)+2) =
h(a —1).

2) a = 3k + 2, k > 2. Torma h(a) = 37F.271 < 37kl . 272 —
h(3(k —1)+4) = h(a —1).

3) a=3k+4, k> 1 Tormna h(a) =37%.272 < 3751 = p(3(k+1)) =
h(a —1).

Bo Bcex paccmorpennbix ciaydasx h(a) < h(a —1).

CaoiicTBo 2 03HaYaeT, uT0 h — HeBO3pacTarIas GYyHKIINS.

CsoiictBo 3. Ecau a — oo, mo h(a) — 0.
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HoxkazareabcTBo. Eciu a € Z,4, a — 00, TO BO BCeX TPeX BO3MOXKHBIX
BapuanTax a = 3k, a = 3k + 2, a = 3k 4+ 4 nmonyuum k — 0o, HO TOTrIa
h(a) =37%.27¢ =0, ce€{0,1,2}.

Yreepxkaenue 3. Jaa mobvir A = (ko ki, ... ,k )yem, je{1,2,3},
>

i€{1,2,...,m}, ecau g (A) onpedeaeno, mo S(g](A)) (A).
Hokazarenncrso. Ilycrs A = (ko,ki1,...,ky,) € 9. Paccmorpum pa-
puantsl j = 1,2,3 m B KaxkJOM BapHaHTe HOKaxkeM, 4ro ecan g (A)

OlIpeJIesIeH, TO S(g{(A)) > S(A).

U3 omnpejiesenust gg(A) CJIEJIyeT, UTO S(gg(A)) —S(A) =h(i—3j)—
jh(i). ITokaxkem, 4T0 BO BCex BapuanTtax Bbipakenue h(i — j) — jh(i)
Oy/leT HeOTPHUIATEIIbHBIM.

1) IIycrs j = 1. Torma h(i — 1) — h(i) > 0, Tak Kak h — HeBO3pacTa-
forast (PyHKIIHA.

CieloBaTesIbHO, S(gf(A)) > S(A).

2) Ilycrs j = 2. 31ech HY>KHO PACCMOTPETH PA3JIMIHBIE BAPUAHTHI
IS 4, YIUTBIBasl, 9TO 91'2 OlIpeJiesIeH TIpH & 2> 2.

a) i = 2. Torya h(z) = h(2) = %, h(i —2) = h(0) = 1, cirenoBaresbo

h0) —2h(2) =1-2=030

b) i = 3. Torna h(i) = h(3) = 3, h(i —2) = h(1) = 1, cienoBarebHO
h(%@M&—l——:§>0

c)i =3k+4 k= ? 1, . Torma h(i) = h(3k +4) = ﬁ,

h(i —2) = h(3k +2) =
75 — g5 =0>0.

3F
®1—3h+2kf12 . Torna h(i) = h(3k +2) = 55, h(i —2) =
h(3k) = 3k, CJIeI0BATEILHO h(3l<:) —2h(3k+2) = 3% - 3% =02>0.

e)i =3k, k=2,3,.... Torma h(i) = h(3k) = 2, h(i — 2) = h(3(k —

3

2)+4) = ﬁ, caenoBarensio h(3(k—2)+4)—2h(3k) = 3k,12 ;2 =
3223 _ > 0.
k92 — 3k.02 22 =

Bo Beex ciyuasx S(g2(A)) = S(A).

3) Iycrs j = 3. 31ech Hy»KHO PACCMOTPETh pa3/IMYHble BaPUAHTHI
1S 4, YIUTBIBas, 9TO gf’ OlIpe/JiesIeH TIpH & = 3.

a) i = 3. Torma h(i) = h(3) = 1, h(i —3) = h(0) = 1, ciesoBaTebHO
h(0) —3h(3) =1-2=0>0.

b) i = 4. Torna h(i) = h(4) = 1, h(i — 3) = h(1) = 1, cienoBarebHO
h(1) —3h(4) =1-2=1>0.
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¢)i=3k+2 k=1,2,.... Torna h(i) = h(3k +2) = 515, h(i —3) =
= 3,6711.2, caesoBaresibio h(3(k — 1) + 2) — 3h(3k + 2) =
L —2-=0>0.
d) i =3k, k=2,3,.... Torma h(i) = h(3k) = 5 h(i —3) =h(3(k —
1)) = g=r, c/1ejI0BaTEILHO h(3(k: —1)) —3h(3k) = 3k T — 3k =02>0.
e)i=3k+4,k=1,2,.... Torma h(i) = h(3k +4) = h(i—3) =

—

3k 227
h(3(k —1)+4) = 5 - 5z, cejiosarenbio h(3(k —1) +4) — 3h(3k +4) =
3k1122_3k22 O>O

Bo Beex ciyuasx S(g3(A)) = S(A). Yreepx/enne 1oKa3aHo.

3aMeTuM, 9TO B IIPOIECCE JTOKA3ATEIbCTBA ObLIN YCTAHOBJIEHBI CIIELy-
FOIIIE COOTHOIIEHUSI.

Caencrue 1. ITyemv A = (ko k1,..., ky) € M, g8 € 6(A), i > 4.
Tozda S(g}(A)) = S(A).

Caencrsue 2. ITyemv A = (ko k1,..., ky) € M, g7 € 6(A), i > 3.
Tozda npu i = 3k + 4 wau i = 3k + 2 noayuum S(g?(A)) = S(A),

anpui = 3k S(g3(A)) = S(A) + 355

HokazareabcTBo. Ob6a ciieycTBust ObUIn  (DAKTHIECKHA JOKA3AHBI
[IPU PACCMOTPEHUU BapUAHTOB 3) U 2) JOKA3aTeIbCTBA yTBEPXKICHUST 3.

VrBepxkaenue 4. s 4106020 peasusyemozo mysbmummnodcecmsa A
sunoanerno S(A) < 1.

HokazareabcrBo. Ilyctb A = (k(),kl, o ky) € M, Torma
CYIIECTBYIOT  TaKHe IpeobpasoBaHus gll,gw,...,gf-ll € &3, uro
g5 (gi2 (...gil (A)...)) = E. Tak xak S(F) = 1 u mo yrBepieHnio 3

Jutst obbix ¢ = 0,1,...,m, j = 1,2,3 Bblo/HEHO S(gg(A)) > S(A), To
ectb S(E) > S(A), mm S(A) < S(E) = 1.

OKBUBAJIECHTHON (DOPMYJIMPOBKOIl yTBEpKICHUS 4 ABJISETCH CIIELYI0-
mee yrsepxaenne: ecau A € M uw S(A) > 1, mo A ¢ M,.

Jlerko momobpars MyiabruMHOKECTBO A € 9, Takoe, uro S(A) = 1,
nanpumep A = {2,2}, to ectb onenka S(A) < 1 saBisiercs HeyJrydIiae-
moii. [TokazkeM, 9TO CyIIECTBYIOT MyJIbTUMHOKECTBA ¢ XapPAKTEPUCTHUKOI,
He IIPeBOCXOAIei 1, 1 He SBJIAIONIUECcd Pean3yeMbIMU.

[=2][¥2

VrBepxkaenue 5. Jlas 1106020 GEWECMEENN020 HUCAG G > 2 CYuje-
cmeyem makoe mysvmumrosrcecmso A € M, wmo S(A) < a u A ¢ M.
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HokazarenbcTBo. Ilycth a = % + ¢, € > 0. Ilo croiicTBy 3 XapakTepu-
CTUKM YHUC/Ia CYIIECTBYET TAKOe HATYpasbHOe ducjo m, uro h(m) < e.
MoxkHO cuuTaTh, ITO M > 3.

Pacemorpum A = {2,3,m} — MyJIBTUMHOXKECTBO, COCTOSINEE U3 TPEX
snementos. Mveem S(A) = h(2) + h(3) + h(m) = 5 + 2 + h(m) =
5 4+ h(m) < 2 4+ & = a. Ilpu sroM HeTPyAHO yGeAUTBLCS, UTO
JAHHOE MY/JILTUMHOMKECTBO HE sAB/ISETCs peasm3yeMbiM. B camom Jeie,
PacCMOTPHM JIOIycTHMblEe Ipeobpasoanust g € &3, nia A. Takux npe-
obpasosanmii Gyt Beero Tpu: g3, g3, gL, Ho S(gi (A)) = 1+%+h(m) > 1,
S(g3(A)) = 1+ + 34+ h(m) = 1+ h(m) > 1, To ectb nanHble NPeobpa-
30BaHMs, COIVIACHO yTBEPXKJICHUIO 4, IPUBOAAT K HEPEaJIu3yeMbIM MYJIb-
TUMHOMKeCTBaM. Ecin e mocyieopaTe/IbHo IPUMeHaTh gh, gt 1,..., g5,
To nostyunm MyasTaMuoskeetso A’ = {2,3,3}, S(4') = S+i+i =1 >1,
To ectb A’ TakKe He ABIAETCA peaym3yeMbiM. TakuM 00pa3oM, HUKAKH-
MU JIOIYCTUMBIMHU NPe00pa3oBaHuAME M3 A HEBOZMOXKHO IMOIYYUTH F.

Bnaunrt, S(A) < a, A ¢ M,.

YrBepxkaenue 6. Ecau A € M u S(A) < %, mo A € M,,.
<

5

Hokazarenncrso. Ilycts A € M, S(A) < z. Pasobbem joKazaTenbeTBo

HA J[BE YACTH. o ‘
1) Tlokazkem, 9TO CYIIECTBYIOT TaKie NPEOOPAasoBanus ), gz, . . . ,gfl’ €
&3, aro gfll (giQ2 (... gfl’ (A)...)) = A4, rae Ay yIOBIETBOPSIET CJIE/LYIOIIAM
cBoiicTBaM:

a) M (A4) < 4;

b) S (A4) < %

2) HemocpeIcTBEHHBIM 11epEOOPOM BCEX MYJIBTHMHOXKECTB, YIOBJIETBODSI-
IOIUM CBOiicTBaM a) u b), HOKaXkeM, 4To TaKue MyJbTHMHOMXKECTBA pea-
JIU3YEeMBbl.

1) Ecom M (A) < 4, o A yosiersopsier a) u B cuity Toro, 4ro S(A) <
% < %, A ynosnersopsier b).

IIyctre M(A) = m > 4. Ucnoms3yst jgomycrumble mpeobpaso-
BaHusl, OyJeM [OCIeI0BATEIbHO MOaydaTh U3 A MyJIbTUMHOMKECTBA
Ay Am—1,Am—2, ..., Ag Tak, uro M(A;) < iu Ay OyJer yJ0BIeTBOPSTD
ycsioBusiM a) u b).

[Monoxum A,, = A, rorma M(A,,) = M(A) = m < m. Iokaxewm,
Kak 1oJyduth A; 1 w3 A; upui=m,m—1,...,5.

[Mycrs v = 3k + b — Koym4uecTBO 37eMEHTOB A;, paBHBIX i, b < 3.
Oupegenm oneparop t: t = e (ToxecTBeHHbI oneparop), ecaun b = 0, u
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t = g* B niporuerOM caywae. Tlomoxum A;—1 = (t+(g3)%)(A;). Torma A;—1
He OyJIeT cojiep:KaTh JIEMEHTOB, paBHbIX i. CienoBarensno, M(A;—1) <
1 — 1.

s yreepxkaenus 3 ciemyer, aro S(Ay4) > S(As) = -+ > S(Ap) =
S(A). Ucnonbayst sro, onernm pasuoctsb S(Ay4) — S(A).

S(A1) — S(A) = S(Ay) — S(4s) + S(As) — S(Ag) + -+ S(Ap 1) —
S(Anm).

Ouennm pasuocts S(A;—1) — S(4;), i =5,6,...,m.

S(Ai1) — S(A) = S((t« (7)) (A) — S(Ar) = S((t  (69)*)(Ar)) -
S((g2)*(Ai)) + S((g3)*(4:) — S(4).

Tak kak i > 5, To 1o cieacreuio 1 yreepxienus 3 S(gi(A)) =
S(A), orxyma 5((%) (4i)) = S(Ai). Torna S(Ai—1) — S(Ai) = S((t
(99)9)(49) = S((g7)"(A:))-

Pacemorpum Bee jorycruMble BapuanThbl s t. [Ipu ¢ = e mosyaum
S((t % (62)4)(As)) = S((g)* (A1),

i t = g? oyt S((t(63))(A0)— S((62)* (A)) = h(i—1)—h(i).

Ilpu t = g?, yunrsiBast, 9To i > 5, U NPUMEHss CJIeJICTBHE 2 yTBep-
wienns 3, ipn 4 # 3k momyamm S((t* (93)%)(A4;)) = S((g?)*(A;)) u pm
i=3k oy S((tx (7)) (A40)) = S((9)*(Ai) = g7 < 305 = 375 =
525 — 3¢ = h(3(k — 1) +2) — h(3k) = h(i — 1) — h(i).

Bo Bcex cayuasx nomyanm S(A;—1) — S(A;) < h(i — 1) — h(7).

Torma S(Ag) — S(A) = S(Ay4) — S(As) + S(A5) — S(4g) + -+ +
S(Apm—1)—S(An) < h(4)—h(5)+h(5)—h(6)+---+h(m—1)—h(m) =
h(4) — h(m) < h(4) = %, orkyma S(As) < S(A) + 1< 2 +1 =1

Takum obpa3om, mepBas IacTh YTBEPXKICHUS JOKA3AHA.

2) TlokaxkeMm, 9TO BCe MYJBTUMHOXKECTBA, Y/IOBJIETBODSIOIIUE CBOfi-
cTBaM a) u b), peaausyeMsbl.

Ha pucynke 4 BbITICAHBI BCE 9TU MYJILTUMHOKECTBA HEIIOCPEICTBEHHO
U IPUBEJIEHBI PEAU3YIONINE UX JIEPEBbSI.

Takum 06pa3omM, yTBEpK/IEHUE TOKA3AHO.

Kombunupyst yrBepKjienus 4, 5 u 6, mojsyaum teopemy 1.

6. /lokazaTejabCTBO TeOpeMbI 2

Oupeesum MuoxkectBo IM*° = {A | M(A) < 2(|4| — 1)}
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AN
HEHPSIT
AN

Puc. 4. Bee mynbrumuoxkectsa, jjist kKotopbix M(A) < 4, S(A) < 15, u
PEATTH3YIOIIHE JICPEBbSI.

o

Yreepxkaenue 7. I[lycmv A € IM,. Tozda cywecmeyem maxoe depeco
D, wmo J(D) = A, u ecau o € D, out(a) = 1, u u3 sepwunv, o 6
sepwuny [ eedem pebpo, mo out(S) < 1.

HoxkazareabctBo. [lycrs nepeso D peanusyer A. Ilpemmosoxkum, 910
CyIIecTByeT Takas BepuimHa « jepesa D, uro out(a) = 1, u3 a B [ Beger
pebpo, u out(fB) > 1.

IIpeobpazyem nepeso D ciemyiomumM obpasoM. YiaaauM BepimnHy [,
IIO/IBECHUB BCEX €e CBIHOBEN K «v. BCG JINCTHhA ITIOTOMKU (¢ 3aMCEHUM Ha IIe-
[OYKHU U3 JIBYX BepIuH (OJHA BEPIIUHA CTEIEeHH 1, BTOpas — IMOTOMOK
nepBoit — smct). OTOXKIECTBUM HOBBIE JINCThSI JIePeBa C IPEeKHIMHE (y/1a-
JIeHHBIMU ) Jinctamu. [TocMOoTpuM, Kak U3MEHsITCs 33JIePXKKHU JI0 JIUCTHEB
JiepeBa mocje mpeoopasoOBaHuUs.

3aJIepKKN JI0 JIUCTHEB HE IMTOTOMKOB (¢ HE M3MEHATCA. 3aIEPKKU JI0
JIICTHEB IOTOMKOB v yMeHbIaTcs Ha 1 (13-3a ynasenust 3) u yBesndar-
cst Ha 1 (B cuity 3aMeHBl KaxKJIOTO JINCTA Ha IENOYKY U3 JIBYX BEPIIUH),
TO €CThb He m3MeHATCs. Takmm o0pa3oM, mocje mpeodpa30BaHUsT TaAKIKe
umeem J(D) = A. Ilpu 9TOM KOJMYECTBO BEPIIUH JIEPEBA, HAPYIIAIO-
IUX yCJIOBHE YTBEPXKeHUsI, YMEHbIuj0ch Ha 1. Ho Torma, nmpumensis
OIIMCAHHOE IIPeobpas3oBaHue MHOI'OKPATHO, MOJIydnuM JaepeBo Dy, ymoBire-
TBOPAIOIIEe YCIOBUIO YTBEPKICHUSA.
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VYrepxkaenne 8. [Iycmv A = {ai,az,...,an} € My, u daa wexo-
mopozo wucaa i u3 {1,2,...,n} ewnoaneno a; > 2(n — 1). Toeda

AU{2(n—D}\ {a;} € M,.

HoxkazaresbcTBo. COrtacHo yTBEPKIEHUIO 7, CYIIECTBYET TAKOE JIEPEBO
D, uro J(D) = A, ueciim @ € D, out(cr) = 1, u u3 BepIuHbl @ B BEPIIHHY
B Bejer pebpo, To out(f) < 1. Paccmorpum JiicT «v Takoi, 9To z, = a;,
1 0603HAYUM IIyTh OT KOpHs jiepeBa D 1o a kak (01, B2,...,0r = ).
Torja, B COOTBETCTBUMU CO CBOWCTBOM JiepeBa D, cyIecTByer Takoe Inucjio
s u3 {1,2,...,k}, aro out(f1) > 1, out(f2) > 1,...,0ut(Bs—1) > 1,
out(Bs) = out(fst1) = -+ = out(Br—1) = 1, out(Bx) = out(a) = 0.

[TycTs & — KoudecTBO BepiuH D ¢ UCXo/dmIeli cTenenbio 2, TO eCTh
BEPIINH, U3 KOTOPBIX BBIXOAUT 2 pebpa, y — KOJUIecTBO BepiuH D ¢
HCXOJIsIIIIeli crenenbio 3. Torma BepHO cooTHOIeHne & + 2y = n — 1. 910
cJlelyeT u3 Toro, 4ro Jiug r = y = 0 BO3MOXKHO TOJBKO M = 1, 1pu
YBeJIMYIEHNN T Ha 1 N TaK:Ke yBeJWIHBaeTcsI Ha 1, mpy yBeamdeHnn y Ha 1
N yBeJIMIUBAECTCS Ha 2, TO €CTh COOTHOIIEeHNE X+ 2y = n— 1 "HBapUaHTHO
OTHOCHUTEJIHHO TIOSIBJIEHUST B JIEPEBE HOBBIX BepHIUH crenenn 2 u 3. Takxke
OHO MHBAPUAHTHO OTHOCHTEILHO IIOSIBJICHUsI HOBBIX BEPINWH CTEHeHH 1,
TaK KaK BCE TPU BEJTMYUHDI T, Y, 7 [IPH ITOM HE MEHSIOTCS.

Nmeem zg, = Zj;% out(B;) <2x+3y=2(x+2y) —y <2 +2y) =
2(n — 1). C apyroit croponsl, z3, = a; > 2(n — 1). Tax xax out(fs) =
out(Bs+1) = -+ = out(fr—1) = 1, To cymecTByeT Takoe UYUCIO t, UTO
s <t <kmuzg =2(n—1). Torna, ecin yramurs u3 gepesa D Beprmne
Bi+1, Brt2s - - - Br, TO MOy unM Jiepeso, peanusytoniee AU{2(n—1)}\{a;}.

YrBepxkaenue 9. [Iycmv A € M, |A| = n u mysvmummoscecmso
A e M noayueno us A 3amenoli 6Cex NEMEHINOS, NPESLAUAIOULUL
2(n — 1), na 2(n — 1). Toeda 3adaua o pearusyemocmu A ceodumcea x
sadave o pearusyemocmu A’ 3a O(n) deticmeut.

JokazaresbcTBo. 13 yTBep:KaeHus 8 ciejyer, 4To eciu A peajmsye-
Mo, To A’ Takzke peanmzyemo. Tak kak A monyvaercs nz A ypesmdaenuenm
asteMenToB, To ecam A’ peamusyemo, To A Takxke peasmsyemo. Takum 06-
Pa3soM, MOYKHO BMECTO 3aJIa491 O PEATU3yeMOCTH A paccMaTpuBaTh 3a4ady
o peasmzyemoctu A’.

ITo nocrpoenuio A" umeem A’ € IM°. Obmee uuciao jeicruii npu
nosiyuenun A’ jmueitno sasucur ot n (dakrudecku, He Gosiee n 3amMeH
snementoB n3 A). CienoBarenbHo, 33/a9a 0 peajmu3yemoctn A cBemena
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K 3ajaue o peammsyemoctn A’ € 9M*° 3a O(n) nmeiicreuit. YTBep:KIeHne
JIOKa3aHO.

[Tycrs mano nepeso D. O6oznaunm depe3 K;(D) moamMuoxkecTBO BEp-
mmn D Takux, 9To 3a/eprKKa CUIHAJIA J10 KayKJ0il U3 HUX PaBHA i, TO €CTh
K;(D) = {a € D | zo, = i}. B wacrHocru, y s11060ro jiepeBa MHOXKECTBO
Ky 6yner comep:KaTh TOJLKO KOPEHb JIePeBa.

Vrepxkaenne 10. [Tyemo A= (ko, ki,... ki—1, ki, kit1, ... kn) €N,
k; > 2. Toeda B = (l{io,kl,. cookio ki + 1,k — 2,ki+1, . ,km) € mp.

HokazareabctBo. Paccmorpum jepeso D, peanusytomee A. Tak kak
k; > 2, To cymecTByOT BepmmHbl a1, € K;(D), aro ay,ay — -
cThsl JiepeBa. PazbepeM Bce BO3MOXKHbIE BAPUAHTHI KOMOUHAIHI TIPEJIKOB
sepima u3 K;(D) (dbakrmaeckn, mpeobpa3oBamuii, IPUMEHEHHBIX K BEp-
munam n3 K;(D)). Pazobbem ux Ha 3 corydast.

1) IMycrs cymecrByer Bepmmna v € K;(D) rakasi, uro npu mnpeob-
pasoBanugx D K < IpuUMEHsIOCH ITpeodpa3OBaHME G}. B cuny nepas-
JITYMMOCTHU BEPIINAH € OJMHAKOBLIMH 3aJIePXKKAMH MOYKHO CUYUTATDH, 94TO
v = ;. Pacemorpum nostydennoe nocie npeobpazosanust Gy jiepeso, u
CpaBHEM peajmsyemoe nM MysibruMHOMKecTBo A’ = gl (A) ¢ MysbTHMEO-
sxkectBoM B. Tak kak A’ = (]{70, kiy... kico kica+1, ki —1, ki, ... 7km)7
B = (ko,k1,... ki—o, ki1 + 1, ki —2,kit1,...,kn), T0 B nostyuaercsi u3
A’ ynajenueM ajieMeHTa i, TO €CTh HOJIy49UM, uTo B peanusyemo.

2) Ilycre cymecTBytor BepimHbl 1,72 € K;(D) makue, uro npwu
npeobpazoBanmax D K 71,72 TpuMensyioch mnpeobpazopanme G7. Cro-
Ba B CWJIy HEPa3JUIMMOCTH BEPIINH JIEPeBa C OJMHAKOBBIMU 3aJI€PIK-
KaMH MOXKHO CYHMTaTh, 9TO 73 = 1, Y2 = Q2. PaccMoTpum mHOJy-
YeHHOE II0CJIe 3TOr0 Npeodpa3s0oBaHMs JEpeBO, W CPABHUM peau3ye-
moe uM mysiprumaokectBo A' = g2(A) ¢ mymbrumHokectsom B. Tax
kak A = (ko, k1, .. kicg, ki—o + L ki1, ki — 2, ki1, ... ,km), B =
(ko, k1., ki—o,ki-1 + 1, k; — 2,kix1,...,km), To B nonyqaercss uz A’
yBeJIUYIeHneM dJIeMeHTa ¢ — 2 Ha 1, TO eCTh MojIyduM, 9To B peamusyemo.

3) Ilycts xo Beem v € K;(D) npumenssoch npeobpasosanue G.
Torma |K;—1(D)| = 3 -1, I € N. CrienoBareibHo, CyIeCTBYeT Takast
gepimmHa a3 € K;(D), uro as # a1, as # ag (BO3MOXKHO, (i3 MMeer
HEITyCTOe IOJ/IepeBo; 0e3 OrpaHwdeHus OOIIHOCTH MbI Oy/IeM CUYNTATD,
9TO (3 — JIMCT, TaK KaK B IIPOTHBHOM CJIydae JOCTATOYHO IPeBapU-
TeJILHO NIPUMEHUTD K TIOJJIEPEBY (r3 BCE NTPeodpa3oBaHus BEPINUH U CBe-
CTH TOT BAPUAHT K CJIydalo, Ijie (i3 — JIUCT). B crily HepasmauMocTH
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BEPIINH C OJIMHAKOBBIMU 3aJeP:KKaAMI MOYKHO CUMTATh, UTO K (1, (9, (i3
ObLIO TIPUMEHEHO 00Iree Mpeobpa3oBaHue Gf’. O6oznaunm A’ = g?(A).
Tak kax A’ = (k(), kiy.. . kica,kicg + 1, ko, kic1, ki — 3, ki1, .- ,km),
B = (ko,k1,... ki—o ki 1+ 1,k —2,kiz1,...,km), 70 A" nocrmxumo u3
B, max xak {i — 3} nosyuaercs u3 {i — 1,i} aBymMsi npeobpasoBaHUIMU
gl u g2 | (puc. 5). Cesosarensio, B peammsyenmo.

Puc. 5. YrBepxkaenne 10, caydait 3. @parMeHnThl JepeBbeB, PeATUIYIONINX

Au B.

Takum obpasom, BO Bcex BapuaHTax B peajim3yemMo, TO €CTb yTBep-
JKJIEHHE JIOKA3AHO.

VYrBepxkaenne 11. ITyemo A= (ko,k1,... ki1, ki, kit1, ... km) €M,
k; >5. Bydem cuumamo, wmo m=i+2 (3mozo moocrno dobumucs, npunu-
cas cnpasa x exmopy kpammnocmel A nexomopoe wucao nyaet). Toeda

B = (ko k1,... ki—o, ki1 + 1, ki =5, kg1, kigo + 7, kiys, ... k) €My,

HoxkazareabcTBo. Paccmorpum sepeso D, peanusytomee A. Tak kKak
ki > 5, To cymecrytor Bepmmnsl «; € K;(D), j =1,...,5, aro a;j —
JINCThsT JepeBa. PazbepeM Bce BOBMOYKHBIE BAPUAHTHI KOMOWMHAITII TIpeI-
koB BepuinH u3 K;(D) (dbaxruyecku, npeobpazoBanuii, MIpUMEHEHHBIX K
sepimam u3 K;(D)).

1) Ilycre cymecrsyer Bepimna v € K;(D) Takasi, 4T0 npu mpeo6-
pasopanmsix D K v mpumensioch npeobpaszosanue Gi. B cmiry mepas-
JITIMMOCTH BEPHIMH C OAMHAKOBLIMH 3aJePKKAMH MOYKHO CUHUTATDL, TTO
v = ai. Oboznaunm A" = gl(A) = (ko k1,... ki—o, ki1 + 1,k — 1,
kivi,kivo, kits, ... ,km). Paccemorpum B = (ko, ki,... ki—o,ki—1 + 1,
ki —2,kit1,kivo + 1,kixs, ..., kn). Tak xak B’ nonygaercs uz A’ yse-
JMUeHneM ¢ Ha 2, To oHo peajmusyemo. Ho B’ poctuzkumo uz B Tpems
npeobpasoBaHuAME g7 "t (puc. 6), To ectb B Tax»Ke peasmusyemo.

2) Ilycrb cymiecTBytoT BepuiMHBL 71,72,7v3 € K;(D) rakue, uro
npu npeobpazosanuax D K 71, 72,73 HPUMeHsIOCH peobpaszopanue Gf.
B cuiy Hepas/IMYMMOCTH BEPIIMH C OOWHAKOBBLIME 331€PXKKAMU MOK-
HO cumTaTh, 4To ; = «j, j = 1,2,3. Obosnaunm A = g}(A) =
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i+2

Puc. 6. YrBepxknenne 11, caydait 1. @parMeHnThI JepeBbEB, PeaTU3yIONINX

Au B.

(ko k1, .. kicaskics + 1 ki—o, kim1, ki — 3, ki1, kigo, Kigs, ..., km). Tak
xax A = g7 1 (97 2(9712(9712(B)))) (puc. 7), To B peanusyemo.

Puc. 7. YrBepxkaenne 11, cay4gait 2. DparMenTsl J1€PEBHEB, PEATU3YIONINAX
AuB.

3) Ilycrs xo Beem v € K;(D) npumenssoch npeoGpasosanue G7.
Torpa |K;(D)| = 2-1,1 € N. CieioBaresibHO, CyIIeCTBYeT Takasi Bep-
muna o € K;(D), aro o # o, j = 1,2,...,5 (BO3MOXKHO, ( HMe-
eT HeIyCcToe TOJIepPeBo; 0e3 orpaHuydeHus OOITHOCTH MbI OyaeM CUn-
TaTh, YTO (tg — JIACT, TAK KaK B IIPOTUBHOM CJIyYae JOCTATOYHO IIPe]l-
BapUTEILHO IIPUMEHHTH K IOIJIEPEBY (g BCe NPeoOpa30BaHUs BEPIIUH
U CBECTH TOT BapHaHT K CJIydaio, rje og — Jct). Torjga MoKHO cun-
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TATB, UTO K (11, (2, . . . , (tg OBUIN IIpUMenensl 3 peobpasosanust G2. O6o-
3HAYUM [OJIyUY€HHBbIE B PE3YJIbTaTe THX IIPeoOpa30BaHUil TPU BEPIIH-
mer w3 K;_2(D) xak v1,72,73, a Taxxe nonoknm A7 = ((g2)3)(A) =
(k‘g, ]{21, FPEN k‘z‘73, ki72—|—3, k'ifl, k‘i—6, k‘i+1, ki+2, k‘i+3, ey k‘m) 3,H,6Cb HEo0-
XOJUMO PACCMOTPETH BCE BApUAHTHI KOMOWHAIWIT IMPEJIKOB BEPIIUH W3
K;_9(D) (dakruueckn, npeobpa3oBaHuii, IPUMEHEHHBIX K BEPIIMHAM U3
K;_5(D)).

3a) Ilycrs cymecrByer Bepmuna § € K;_o(D) Takast, aro npu mpeod-
pasosanusx D Kk & npumensioch npeobpasosanne Gi_,. B cuiy nepas-
JITYUMOCTHU BEPIIUH C OJIMHAKOBBIMU 3aJI€P2KKAMHU MOYKHO CUMTATH, U4TO
d = 1. O6oznaunm A’ = gil_z(A”) = (ko,k1,... ki—a,ki—g + 1, ki_o + 2,
]{31;1, ]{21 - 6, ]{Zi+1, ]{Zi+2, ]{Zi+3, ceey ]{Zm) PaCCMOTpI/IM B/ = (k‘g, k‘l, e ,k‘l‘,4,
ki—s + 1, ki—o + 1, ki—1,ki — 5, ki1, kivo, Kits, ... ,km). Tak xax B’ 1o-
nyuaerca u3 A ypemuuennem i — 2 Ha 2, To oHO peasmsyemo. Ho B’ =
97197 (9} 2(9212(97,2(B))))) (puc. 8), 10 ecth B Takmke peanusyemo.

i.s EEEEK O XEEEEEEEERER R R R I I I R I I I I I I )

Puc. 8. YrBepxkaenune 11, ciaydait 3a. PparMeHTsl 1epeBbeB, peain3yio-
mux A un B.

3b) Ilycrs cymecrBytor BepiuHbl d1, 02, € K; (D) rakue, uro npu
npeobpazoBanusx D k d1,do mpuMeHsIOCh 1mpeobpasoBaHme G%_Q. B cu-
JIy HEpa3JMIuMOCTH BEPIIUH C OJMHAKOBBIMH 3aJIePyKKAMEI MOYKHO CUHU-
TaTh, 4to 0; = 7j, j = 1,2. Obosnasnm A’ = g2 ,(A") = (ko, k1,. ..,
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Kios,ki—a+1, ki3, kio+1,ki1,ki—6,kir1, kiro, kiys, ..., kn). Tax xak
A =g} (97 (9i (6}12(97,2(972(B)))))) (puc. 9), To B peanuzyewmo.

Puc. 9. YrBepxkaenue 11, ciayqait 3b. OparMeHThl J1epEBhEB, PEATHUIYIO-
mnx A n B.

3c) Iycrs ko Becem & € K; (D) npumensiioch npeobpasoBaHue
G? ,. B culy HEpasIMUMMOCTH BEPITHH C OJMHAKOBBIMHU 33 1ePiKKAMU
MOXKHO CYHTATh, 9TO K 71,72,73 OBLIO IPUMEHEHO OJIHO Npeobpaso-
panme G5 ,. Obosmaunm A" = g3 ,(A") = (ko,ki1,..., ki—¢,ki—s + 1,
ki_a,ki_g, ki_o ki1, k; — 6,]472‘_:,_1,]{72‘_:,_2,]{2'4_3,...,km). Tax xak A =
97-3(97-1(92(9212(9242(9712(B)))))) (puc. 10), To B peamsyeno.

TakuM 06pa3oM, BO BeeX BapuaHTax B peajmsyemo.

YrBepxkaenue 12. I[Iyemov A = (ko ki,...,kp) € My, @ €
{0, 1,... ,m}, k; > 10. Tozda A = (ko,k1, ceyki_a ks + 1,k o, ki1,
ki —3,kix1, ... ,k?m) € mp.

HoxkazareabctBo. Ilycrs jmepeso D peanmuzyer A. Tak kak k; > 10, To
CYIIECTBYIOT JIUCThSI (v, (2, . .., 19 € K;(D). Pacemorpum Bee jomycru-
mble npeobpasoanust K;(D) n nmokazkem, 4To BO BCEX CJIydasiX MOYKHO
[IEPECTPOUTDL JIEPEBO TaK, 9TO K (1, (2,3 OYJIeT IPHUMEHEHO Mpeodpa-
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Puc. 10. YrBepxkaenne 11, ciaydait 3c. PparMeHThl JIEPEBLEB, PeaIN3yIo-
mux A u B.

30BaHUe G?, u torga A" = (ko,k1,. .., ki—a, ki3 + 1, ki—o, ki—1, ki — 3,
Kivi,... km) €M,

1) Ilycrb cymiecTByOT JIMCTbsE 1,2, Y3 € K;(D), K KOTOpbiM GBLIO
IPUMEHEHO Tpeodpa30BaHMEe G?. Toria MOXKHO CYMTATD, UTO 7Y} = (&, J =
1,2,3, To ectb A’ peanusyemo.

2) ITycrs ko Beem Beprinuam u3 K; (D) npumensiiincs npeobpasoBanust
Gl u G?. Bocnosbsyemcst pesysibratamu yTeepskienuit 10 u 11.

[TycTh KOMMYIECTBO BEPIMUH, K KOTOPHIM TPUMEHSIIUCH TPE0OPa3oBa-
nus G, He Menbie 2. B ity HePa3IMMUMOCTH BEPITHH C OIMHAKOBLIMH
3aJIepKKAMU MOXKHO CUYUTATH, ITO JBE TAKUE BEPIITUHBI — JINCThS JIEPEBA.
[epectponm siepeso npeobpaszoBanemM G2 K STHM JBYM JIACTbAM, 1 060-
3HauuM nosryuentoe gepeso kKak D’. Tlo yrepzxaennio 10, My IbTHMHOMKe-
creo J(D') Gyner peanmmzyemo. Takum 06pasoM, pacCMOTpPEHHUE JIBYX TIPE-
obpasoBanmii G} CBOIUTCSA K PACCMOTPEHHIO OJIHOTO Tpeobpazopanust G2.
[Ipumensisi 9TH paccyKJIeHUsi MHOTOKPATHO, OJYYUM, 9TO KOJI-BO Bep-
IIUH, K KOTOPBIM IIPHMeHssIoch npeobpaszosanue G, ne npesocxomut 1.
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CJiesioBaTesIbHO, KOJIMUECTBO BEPIINH, K KOTOPBIM HPUMEHSIIIOCH Pent-
pasoanme G, pasustercst |K;(D)| — (|K;(D)| mod 2) > 10, Tak kax
|K;(D)| = k; > 10. B cuity Hepa3amIuMOCTU BePIINH € OJMHAKOBBIMU 3a-
JICP’KKaMH MOYKHO CUYHTAaTh, YTO IO KpaifHeil Mepe 10 m3 9Tux BepIimH
ABIAIOTCA JHCThAMI. Pacemorpum mymbrumuokectso A' = (g2)%(A),
[OJIyYCHHOE IOC/Ie IPUMEHEHHst IpeobpasoBanuii K stuM 10 JmcTbsm.
Ono 6yzer umers Bektop Kparaocreit (ko, ki, ..., ki—3,ki—o+5,ki—1,k; —
10, ki+1, ..., km). Ho Torga, corsiacuo yreepKienuto 11, MysIbTUMHOXKe-
CTBO AN == (k‘o, ]{31, ey ki,4, k‘z‘,g + 1, ]{31'72, ]{31'71, kz - 3, l{ii+1, ceey l{im) 6y,H,eT
peasim3yemMo. Y TBEpK/ICHUE JJOKA3aHO.

Obosmarg M° = {A = (ko k... k) | A € O, ki < 9, i =
0,1,...,m}.

YrBepxkaenune 13. [Tyemv A € M*°, |A| = n. Tozda cywecmeyem an-
eopumm, xomopwd 3a O(n) deticmeuts aubo ceodum 3adavy o peasusye-
mocmu A K 3a0ane 0 Peasusyemocmu HeKkomopo2o MYAbMUMHONCECTNEA
A’ € M, aubo onpedeasem, wmo A’ ne pearusyemo.

HoxkazaresbcrBo. [lycrs m = M(A). CoctaBuM ciietyoIuii aJropuTm.

[MTar 1. ITomoxuThb & = m.

[Tar 2. Cpapaurs k; u 10. Eciu k; > 10 u i < 3, coobuursb, uro A
He peajin3yeMo, u 3aepimuThb pabdory. Ecau k; > 10 u ¢ > 3, mosoxurh
k; =k;—3,ki_3 = k;_3+ 1 m nmoproputs mar 2. Ecim k; < 10, mo10kuTh
t =1 — 1 u nepeiitTu K mary 3.

[MTar 3. Ecim ¢ < 0, 3aBepmiuTh paboTy, nHaUe epeiiTn K Imary 2.

IIpeobpasopanus A na mare 2 ectsb g3 (A). Taxk Kax oHU coBepIIAeTCs
npu ¢ > 3, TO OHU SBJISIIOTCS JOMycTUMbIMEU. [Ipu sTOM mOCEe paboTh
AJITOPUTMAa, €CJIN BBIXOJ OBLI OCYIIECTBJICH Ha Iare 3, TO JJIs JII0O0ro ¢ €
{0,1,...,m} k; < 10, To ecThb eciu 0603Ha9UTH 38 A’ MyJILTUMHOXKECTBO,
nosydennoe u3 A mocse Bcex npeobpasosanuii, nmeem A’ € 9N°°.

Jlnst jioka3aTe/ibCcTBa YTBEPXKICHNUST OCTAJIOCH [TOKA3aTh CJIEJyIOIee:

1) BeiBogt 0 Hepeasnzyemoctu A npoucxonut, Korja A He peasmsyemo.

2) Ecim A peammsyemo u cosepmiaercsi npeobpazosamme g3 (A), To
[TOJTy YeHHOE MYJIBTUMHOXKECTBO TAKXKE SIBJISIETCS PEAIM3YEMbIM.

3) CyMMapHOe KOJMYECTBO BBIIIOJIHEHHBIX [TIAr0B JIMHEHO 3aBUCUT OT
n.

[Tokazkem criepBa 2) — 9TO HEMOCPEICTBEHHO CJIEyeT U3 YTBEPKJie-
Husi 12 U yCJI0BHil, IPU KOTOPBIX MIPpeo0pa30BaHUe COBEPINACTC Ha Iare
2 ajqropuTMa.
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st Toro, 4Tobbl moKa3aTh 1), JIOCTATOYHO 3aMETHTh, UTO eCJu k; =
10 mpu k < 2, 10 S(A) > 10-h(i) > 10/2 =5 > 1, oTKyua 110 yTBEpXKie-
HUIO 4 A He peaJ3yeMo.

3) OrneHnM KOJIM4YeCcTBO BBITOTHEHHbIX JeficTsuii. [1lar 1 BbimosHsieT-
cst 1 pas 3a Bce BpeMmsi pabOThI aJropuTMa. IIpm KarKaIoM BBITTOJTHEHUN
mara 2, He 3aBepIIaIoeM paboTy aJrOpUTMa, TPOUCKXOJUT OJTHO U3 JIBYX
JeficTBuii: ubO ¢ yMeHbImaeTcsd Ha 1, 100 BBITTOIHSIETCS Tpeodpa3oBaHme
g3 (A), To ecn |A| ymennmaercs na 2. Tak kak A € 9%, TO KOIUIECTBO
yMenblieHuit ¢ e npesocxogutT m+1 < 2n—2+1 = 2n — 1. KosimuecTso
ymenblnennii |A| va 2 #e npesocxoqur |A|/2 = n/2. OxHo BBIIOIHEHKE
mara 2 MOTJIO CTaTh (PUHAJIBHLIM Iieper 3aBepiinenneMm paborol. [Ilar 3
BBIIIOJIHSIETCSI CTOJIBKO K€ Pa3, CKOJIBKO IPOMCXOMJIO YMEHbINEHHE | Ha
mare 2.

CuiesroBaTeIbHO, CYMMAapHOE KOJUYECTBO BBIIOJIHEHHBIX ITArOB He
npesocxoqur 1 +2n — 14+ n/24+1+2n—1 = 9n/2 = O(n). Yun-
THIBasl, YTO BPEMsI BBIIIOJIHEHHs KazKJOrO Iara 3aHNMaeT KOHCTAHTHOE
BpeMsl, [OJIYYUM, YTO CyMMAapHOE BpeMsi paboThl ajropurma ectb O(n).
VTBep:KaeHne TOKA3aHO.

AJropuT™, onMCaHHBIR B XOJe JOKa3aTeJbCTBa yTBepxKJeHusa 13, B

JaabHeiimeM OyieM Ha3blBaTh AA20PUMMOM CNYCKA no 3.
~ IIpomssosbHoe fomycTuMoe npeobpazoBanne MyaIbTUMHOKecTBA G =

gfll gfj ----- gzj»ll, rie iq < dg < -+ < i, st 06X ¢ € {iy, i1+ 1,. .., }
orepatop g. BeTpewasicsa He Gostee 1 pas, a omepatop g7 — He GoJee e-
THIpEX pas, OyJeM HasblBaTb NOYMU MpoudHb.M npeobpasosanuem. V3
yTBepKIeHnit 11 m 12 ciemyer, 9TO JjId peleHusd 3aJa9W O Peau3y-
eMOCTH JIOCTATOYHO PACCMATPUBATL IOYTH TPOMUYHBIC IIPEoOpa3soBaHus
MYJILTUMHOKECTB.

IIyctrb A € 9M°°. Ownpemesum  muoxkectBo £,(A) = {4 €
M | M(A") < p u cymecTByeT mo4TH TPOMIHOe Hpeobpasosanne G =
gfll gfj Can -gil’, e p < i1 < i < --- < 4, Takoe, uro A’ =
G (g g (A) ).

Paccmorpum niponssosnsuoe A' = (ko, Ky, ..., k) € £,(A). B cuny To-
ro, 9TO B IENovKe npeobpa3oBaHuii gfll , ggj, ey ggll, npeobpaszytomeit A B
A" na moboro s € {1,2,...,l} BbmosHeHo is > p, js € {1,2,3}, momy-
quM, 4To kg = kg npu ¢ =0,1,...,p =3, ky = kg upu g =p—2,p—1,p.
TakumM 06pa3oM, JIst KOAUPOBAHKsL MyILTHMHOXKECTB 13 £, (A) gocrarod-
no suarhb 3 wncna (k,—kp, k, 1 —kp-1,k), o—kp_2). Jlna buxcuposanioro
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A’ 6ynem obosnauarb Tn uncaa coorsercreenno kak K(A') = (a,b,c).
Hust ynobersa Bmecro A' € £,(A) Hepenko GyjeM NPUMEHSITH 3alliCh
(a,b,c) € £,(A).

Io ompesenenmio, £37(4)(A) = {(0,0,...,0)}.

Ecnu (a,0,0) € £0(A), a+ko =1, 10 A € M), (TaKk KaK MOILYIUM, ITO
E nocrmxknmo u3 A). Ilpu sTom Bepro obpatHoe (n3 onpeenenust £o(A)).
Takum 0bOpazoM, 3aJady O pean3yeMOCTH MYJIbTUMHOXKeCTBa A MOXKHO
pemaTh mmyreM Haxoxkzaenust MuoxkectB £,(A), 0 < p < m = M(A), n
nposepku MHOkecTBa £0(A) Ha Hasuune Bekropa (a,0,0).

Paccmorpum A’ € £,(A), p = 0,1,...,m — 1, u nycrs A’ =
ggll (gfj( . ggll (A)...)). Torma BoamoxkHBI 1Ba BapuanTa: jubo i1 > p+ 1,
mbo CcymecTByeT Takoe s, 9ro is = p + 1,541 > p + 1. B nepsom ciy-
qae A" € £,11(A), Bo BrOpOM gfjill( gl (A)...) € £511(A). Takum
obpaszoM, ssmemeHTsl £,(A) mosmydaiorcst u3 91eMenToB £,41(A) coorBer-
crByfomuMy peobpasosanusimu. CiiesoBaresibHO, j1tst nostydenust £,(A)
nocrarodno, nmesi £,41(A), nepebparb moYTH TPOMUHBIE IIPe0OPa3OBa-
HUS gg; 41 BCEX 3JIEMEHTOB, PABHBIX P + 1, HPUHA/ICIKAIUX MYJIBTHMHO-
skectBaM 13 £,11(A).

YrBepxkaenune 14. [lyemv A = (ko,ki,...,kn) € M. Ecau daa
p > 0 umeemca £,(A), mo cywecmsyem cnocobd 6vinoAHUMD NOCTPO-

enue £,1(A) 3a O(|£,(A)|) deticmeu.

HoxkaszareanscrBo. [lonoxum £, 1(A) = @. BareMm paccMoTpuM Bce
A" € £,(A) (ro ecrb coorsercrByoume Tpoiiku (a,b, ¢)) — mosyunTcs
|£,(A)| Tpoek. ITokaxkeM, Kak Kaxk1yio Tpoiiky obpaborars 3a O(1).
PaccmorpuM oyt TpomvHbIE TpeobpasoBanust djaeMenToB A’ pas-
HBIX p (Takux sjementos Gyner k, = k, + a). Ilo onpesesenuio mouTH

TpomvHbIX peobpasosanuii G = (g3', g, ..., gy ), KOAMIECTBO peobpa-
30BaHMIA gf) He OyJieT MpeBOCXOIUTH 4, a KOJIMIEeCTBO g}) He Oyjier mpe-
BocxomuTh 1. Eciin mepebparh KOJMYIECTBO IPeobpasoBaHuii 912, (or 0 10
4) (obo3HAUUM €ro Kak t), TO KOJHYECTBO g}, OJIHO3HAYHO OIPEJICTUTCS
U3 OCTATKA OT JEeJIeHUSI k:; — 2 -t ma 3. Eciu stot ocrarok pasen 0 win
1, mostyunm 0 wm 1 mpeobpazoBanue g},, TO €CTb KOJIMYECTBO g}, u gg’
OTIPEJIENTUTCST OJTHO3HATHO, €CJIN YKe OCTATOK PaBeH 2, PACCMATPUBASMBIH
BapUaHT HE COOTBETCTBYET IOYTH TPOUIHOMY IMpeoOpaszoBaHmio. Takmm
00pazoM, KOJIMIeCTBO PACCMOTPEHHBIX BAPUAHTOB HE ITPEB30UIET KOJIMIe-
CTBa PACCMOTPEHHBIX 3HAYEHNUI ¢, TO eCTh IMOJIyIrM He OoJiee 5 BApUAHTOB,
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wm O(1). B kaxkoMm BapuanTe pesyabrupyontyio Tpoiiky (a', b, ) mis
MyJIbTUMHOKeCTBa 13 £, 1(A) JIerko moJIyInTh U3 KOJMIECTB Ipeobpa-
soBanmit g}, g3, go (v1,V2, V3 COOTBETCTBEHHO) — JOCTATOMHO NOJIOKUTE

=b+wv, V' = c+ vy, ¢ = v3. Bomosngas npu 3ToM 00beuHEHEE
Lp-1(4) = £, 1(A)U{(d,V, )}, nomyunm B urore nocrpoenue £, 1(A)
2 02, (A)])

Vreepxkaenue 15. I[Tyemv A = (ko,k1,...,kp) € M, M(A) = m.
Tozda dasn mobozo p € {0,1,...,m} swnoaneno |£,(A)] < 924.

JokazareabcTBo. [lokarkem 110 WHIAYKIUH, ITO JjIsI JIIOOOTO UUC/IA P €
{0,1,...,m} n soboro mynerumuoxecrsa A’ € £,(A), rne K(A') =
(a,b,c), Bomonueno a < 11, b < 10, ¢ < 6. Toraa noayunm |£,(A)| <
(11+1)- (10 +1)- (6 +1) = 924.

1) dost p = m umeem £,,(A) = {(0,0,0)}, roecrb a < 0,b <0, ¢ <
caegoBarenbHo a < 11, b < 10, ¢ < 6.

=

2) Iycrs qgist p > 0 yTBepK/eHHe BEPHO. PaccMOTPHM IIPOIEyDPY
nosydennst £,_1(A) u3 £,(A) u nokaxkem, 4ro ast p — 1 yTBepKIeHIE
raicke Oyser sepao. Pacemorpum npomwssosnoe A = (kg, kY, ... k) €
£,(A), K(A") = (a,b,c). Tax xax A € M, 10 k, < 9, otkyna k;, =
kp,+a < 9+11 = 20. PaccmoTpuM Bce IOYTH TPOUUIHBIC IIPEOOPA3OBAHUIA
ITUX k; sseMeHTOB. O003HAUNM KOJTUIECTBA g}), gg, gg B nipeoOpa3oBannu
KaK v1, U2, V3 COOTBeTcTBeHHO. Torna umeem vq < 1, vo < 4, v3 < k! / 3 <
20/3, o ectb v3 < 6. ITo dopmysam 1epecyera Jiist TIOJLYYEHHOTO OCJIE
npeobpaszoBanust Mysbrumuoxkecrsa A” € £, 1(A), K(A”) = (a1,b1,¢1),
moayunM a1 = b4+ v < 10+1 =11, 01 = c4+v2 < 64+4 =10, ¢ =
vg < 6. Cieposarensuo, st moboro A” € £, 1(A), K(A") = (a1,b1,¢1)
moryanM a1 < 11, by < 10, ¢; < 6

Vreepxkaenue 16. [Tyemo A = (ko,k1,...,kpn) € M, M(A) = m,
mozda 3adaua o peasusdyemocmu A pewaemces 3a O(m) deticmeudl.

HokazaresbcTBo. Bynem ucnosnbzoBars ciejytommii agropurs. Ilo-
crponM £,,(A), £—1(A), ..., Lo(A) u npoBepuM, cylecTByeT 1 TPOHKa
(a,0,0) € £9(A) rakasi, aro a + kg = 1, oTBer Ha TOT BOUPOC U OyIET
OTBETOM Ha 3aJlady O pean3yeMocTn A.

IMocrpoenne £,,(A) Tpebyer O(l) JleficTBHi.

Hmst moboro p = m,m — 1,...,1 nocrpoerne £, 1(A) u3 £,(4),
rpebyer O(1) zeiicTBuil, Tak Kak 1O yTBEP:KJIEHUIO 15 mMeem |£ (A)] <
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924 = O(1), un na nocrpoerne £, 1(A) cormacHo yrBepxaennio 14 Gymer
sarpadeno O(|£,(A)]) = O(1) neiicrBuit.

Torna na mocrpoenue Beex MHOKeCTB £,(A),p = m,m—1,...,0 6yzer
norpadeno O(m) geficTBuii.

DunajbHasi IPOBEPKa CyIIECTBOBaHUS TPONKU TpebyeT IIPOCMOTp
Bcex ameMeHToB £0(A), To ectb O(1) meiicTBuit.

Taxkum obpaszom, obree BpeMst paboThl anropurma ectb O(m).

JlokazaTeabCcTBO TeopeMbl 2. ByjeM HCIONb30BATH CIIEAYIONIHH aJl-
TOPUTM.

[IIar 1. CornacHo yTBEp:KJIeHUIO 9, CBEJIEM 3aJ1a9y O PEAJTU3yeMOCTH
A k 3aymaue o peanmsyemoctun A’ € M 3a O(n) neiicruit. s ynobersa
nosoxkum A = A’.

MTar 2. Ecom A ¢ 9°°, npumennm K A asropurwm ciycka no 3. Co-
[JIACHO yTBep:KJeHuo 13, Ha sToM mare 3a Bpems O(n) MOJyduM, 9TO
6o A He peamusyemo, Ju60 HOTyIUM MyJIbTUMHOKecTBO A’ € M. 3a-
Jada o peajmsyeMoctu A cBemena K 3amade o peaymsyemoctu A’. s
yao6cTBa mosioxkumM Terepb A = A’

[MTar 3. Ilpumensiss pe3yabTaThl yTBEPKIEHU 16, UCIOIB3YsT MHOYKE-
crBa £,(A), permmm 3agady o peammsyemoctu A 3a O(M(A)). IIpu srom
BCJIE/ICTBHE BbITosHeHust mara 1 sepro coornommenue M(A) < 2(n—1) =
O(n). Takum o6pa3oM, BpeMsl BBIIOJHEHUs] JAHHOIO IIara Tak:Ke eCTb
O(n).

Takum 06paszom, cymmapHoe BpeMsi paboThbl ajgroputma ectb O(n), u
TeopeMa 2 JI0OKa3aHa.

Crmcok mrepaTypbl

[1] Sherwani N.A. Algorithms for VLSI Physical Design Automation. —
Kluwer Academic Publishers, 2002.

[2] Tacanos 3.9., I[TpoBoposa A.JI. O cuHTe3e CHHXPOHU3UPYIONIUX JIe-
pesbeB // Marepuasnbr IX Mexynaponnoit koudepennun «uTes-
JIEKTYaJIbHBIE CHCTEMBI M KOMIIBIOTEPHbIE HayKu» (23-27 OKTAOps

2006 r.) T. 1, wacts 1. — M.: U31-B0 MeXaHMKO-MaTEMATHICCKOTO
daxkysbrera MI'Y, 2006. — C. 89-92.

[3] Tacanos 9.9., Jun A.A. IlocrpoeHne CHHXPOHU3UPYIONIUX J€pe-
BbeB // Wuremtekryanbuble cucrembl. — 2013. T. 17, Bem. 1-4. —
C. 293-297.



202 T. P. Coertapikos

[4] Pavisic I., Lu A., Zolotykh A. A., Gasanov E. E. Method in integrating
clock tree synthesis and timing optimization for an integrated circuit
design. US Patent: 6,550,044. — April 15, 2003.

[5] Lu A., Pavisic I., Zolotykh A. A., Gasanov E. E. Changing clock delays
in an integrated circuit for skew optimization. US Patent: 6,550,045. —
April 15, 2003.



