DOHOBBIN AJTOPUTM peIlleHus ABYMEPHOI
3aJ1a491 O JJOMUHUPOBAHUM

9.9. Tlacanos, /1. B. Edbpemor

B pabore ucciieiytoTcst aJropuTMbl MOUCKA, MUCIOJIb3yeMble B
®OHOBONI pexumMe, nu 1npejiraraeTcd MaTeMaTudeCKad MOJIe/Ib 3TUX
AJITOPUTMOB, OIIMpaloNiasCd Ha IIOHATUE I/IH(bOpl\/IaHI/IOHHOFO I'pa-
da. B pabore Takxke mpemraraercss (DOHOBBIN AJTOPUTM PEIIECHUS
JBYMEPHOM 33191 O JIOMUHUPOBAHUN C JITHEHHBIMA 3aTPATAMHE 110
TaMATU 1 KOHCTaHTHBIM B Cpe€/IHEM BpEeMEHEM ITOUCKa. Z];J’Iﬂ CpaBHe-
HUSI OTMETUM, ITO He(DOHOBBIN aJTOPUTM, CpeJiHee BpeMs TTOUCKa
KOTOPOT'O PABHO KOHCTAHTE ILTIOC CPEJIHEE BPEMsI IEPEIHNCICHIS OT-
Bera, TpebyeT KBaJAPATUIHBIX 3aTPAT 110 MaMSITH.

KuroueBble ciioBa: mHpoOpManuoHHO-rpadoBas MOJENb, 3a-
Jlaga o0 JJOMUHUPOBAHUH, (DOHOBBIH HOUCK.

1. BBeaenue

[pu permennn 3a189 NHGPOPMAITMOHHOTO TIOUCKA YACTO BOZHUKAIOT CHU-
Tyallny, KOrJa 9TH 3aJa9d MOXKHO PeliaTh B TaK HA3bIBAeMOM (POHOBOM
pexkume. [IpuBejiem JiBa MPOCTHIX MTpUMEPA.

[TonpzoBaTesib HEKOI NH(MOPMAIIMOHHO-CITPABOYHON CUCTEMBI JTAJT CH-
cTeMe 3aIpoc Ha MMOUCK U Telephb »KjeT oTBeT. [Ipu 9ToM BoBCe He 00si3a-
TEJIbHO, YTOOBI CUCTEMA ITOJIPOTOBUIA BCE JIOKYMEHTBI, BXOJISINNAE B OTBET,
a 3aTeM BBIJAJIA UX TOIH30BaTEe 0. MOXKHO cpa3y e MoCe HAXOXK/ICHIST
[IEPBOTO JIOKYMEHTA BBIJIATH €0 TOJIb30BATEIO, & IIOKA OH OCMBICJIUBAET
u 00pabaThiBaeT TOT JOKYMEHT, OCYIIECTBUTH OUCK BTOPOTO, TPETHETO
U OCTAJIbHBIX JOKYMEHTOB U BBIJIABATH UX 110 Mepe 00pabOTKU MOJIb30Ba-
TeJIeM OYEePEeTHOTO JTOKYMEHTa M3 OTBETA.

Bropoit mpumep. IlycTh Ha KOMIbIOTEpe UMEIOTCS JIBa TPOIEcca —
OJIUH BBINOJIHAET (DYHKIUA WHMOOPMAIMOHHON CHUCTEMBI, TO €CTb OCY-
IIECTBJISIET TIOUCK B 6a3e JAHHBIX 10 3aIPOCY U MOATOTOBKY JIOKYMEHTOB
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I3 OTBeTa, & BTOPOIl OTBedaeT 3a OTCBHLIKY HANJIEHHBIX NOKYMEHTOB 4e-
pe3 cetu cBA3u. [Ipu 3TOM mEpBLINl TPOIIECC MOXKET 10 Mepe HAXOXKICHUS
U TOJNOTOBKU OYEPEIHOTO IJIEMEHTa OTBETa 3aKJIaIbIBaTh ero B Oydep
oOMeHa, a BTOPOIl IIPOIECC MOXKET 10 Mepe TosiBjieHus B Oydepe obmena
JIOKYMEHTOB OTCBHIJIATH X aDOHEHTAM.

B oboux mpumepax B KaduecTBe BPEMEHHON CJIOKHOCTHU aJITOPUTMA, 10~
HCKa UMEET CMBICJ OpaTh CyMMAPHOE BPEMsI OXKUJIAHUS 0UEPEHOTO dJjIe-
MEHTa OTBETa I10JIb30BaTeeM CIIPABOYHON CHUCTEMBI B IIEPBOM CJIydae U
BTOPBIM IIPOIECCOM — BO BTOPOM. B mieaabHOM ciydae, KOrja BpeMst 00-
pabOTKM KazK/IOI0 3JIEMEHTa OTBETa, [TOJIb30BATE/IEM UM BTOPBIM ITPOIIEC-
coM 0OJIbIIIE BPEMEHHU TIOUCKA CJIEIYIONIEro jIeMeHTa OTBeTa HHpopMaIiu-
OHHOM CHCTEMOM, 3Ta BPEMEHHAas CJIO?KHOCTH PaBHA BPEMEHU OXKUJIAHUSA
IIEPBOT'O 3JIEMEHTa OTBETA.

Orcroma BUJHO, 9TO K aJrOPUTMaM Jijisi pabOThl B (DOHOBOM DPEXKH-
Me TPEeIbSBIIAIOTCS APyTrre TpeOOBAHMS, 110 CPABHEHUIO C OOBITHBIMU AJI-
ropurmamu. [[jisi (DOHOBBIX AJTOPUTMOB OCOOEHHO BaXKHa, CIOCOOHOCTH
OBICTPO TOJIyYATh MEPBBII JIEMEHT OTBETA, TOT/a KAaK BCE OCTAJLHBIE
MOXKHO IOJIy9aTh HE TaK OBICTPO, 38 OTPE3KU BPEMEHU, TPUOTHU3UTE b
HO PaBHbBIE BpeMeHU 0OPAbOTKU OJIHOTO IJIEMEHTa OTBETA IM0JIb30BATEIEM
aJICOPUTMA.

3aMeTuM Tak»Ke, 9TO B 3aj@dax, B KOTOPBIX IIPEJIOIAraeTcs, ITo
OTBET COJIEPXKUT TOJILKO OJIMH 3JIEMEHT, MOHATHE (POHOBOTO AJTOPUTMA
TepseT CMBICIL.

B pabore mpeniaraercst MaTeMaTHIecKasi MOJIEb, IpeIHA3HAUEHHAST
JIJIST MCCJIEJIOBAHUST CJIOZKHOCTU (DOHOBBIX AJITOPUTMOB TIOUCKA, U B PaM-
Kax 3TOI MOJIe I UCCJIeyeTCsd U3BeCTHas reoMeTpuyecKas 3aJada IIOUC-
Ka — JIByMepHAas 3a/iavda O JOMUHUPOBAHUN, KOTOPasi COCTOUT B IIONCKE
B KOHEYHOM IIOJIMHOXKECTBE TOYEK 2-MEPHOI'0O IIPOCTPAHCTBA BCEX TEX TO-
Y€K, KOTOPbIE He TPEBBINIAIOT II0 00OUM KOOPANHATAM 2-MEPHBIN BEKTOD-
zamnpoc. B jmanHO# pabore s 3TON 3a/1a9M MOJIYUEH AJITOPUTM C KOH-
CTAHTHOU B CpeJlHeM BPEMEHHOH CJIOXKHOCTBHIO U JIMHEWHBIMU 3aTpaTaMu
o namsTu. OTMeTHM, 9TO OOBIYHBIN, He (DOHOBBII, AJITOPUTM C AHAJIOT Y-
HOIl BPEeMEHHOH CJIOKHOCTBIO TPeOyeT KBaIPATUIHBIX 3aTPAT 10 MAMSITH.
B pabore [1| npeyrarajicst ajaropursm ¢ JIMHEHHBIMU 3aTpATAMK TTAMSITH W
KOHCTAHTHOW B CPEIHEM BPEMEHHON CJIO2KHOCTBIO JjIsi OOJIBIMMHCTBA 0a3
JIAHHBIX, HO TaM K€ OBLJIO ITOKAa3aHO, UTO CYIIECTBYIOT 9K30THIECKUEe Ha-
3bl JAHHBIX, /IS KOTOPBIX BPEMsl IOMCKa 3TUM aJIOPUTMOM B CpeJHEM
MIPOIIOPITUOHAIBHO MOIHOCTH 0a3bl JAHHBIX.
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PesysbrarTe! jganHOl paGoThl ObLIM AHOHCUPOBAHBL B [2].
ApTops! BeipaxkatoT Osarogapaocts B.B. Kyapsierery u A. C. Ilox-
KOJI3WHY 3a MOJIEP:KKY B pabore.

2. OcHoBHBIe TOHATUSA U (HOPMYJIUPOBKA pe-
3yJibTaTa

B coorBercrBum ¢ [3]| omumimeM MaTeMaTHUECKyIO MOJEIb (DOHOBBIX
AJITOPUTMOB TIOUCKA.

B kauecTBe Mozesin (DOHOBBIX AJTOPUTMOB TIOUCKA TIPEJJIATACTCS UC-
nosib3oBarh uHbopMmanmonnble rpadsl (UT'), Ho caoxkuaocrs UI' npes-
JlaraeTcsi BBOJIMTDH TO-JPYTOMY, TaK, U4TOOBI OHA OTPaykaja CJOXKHOCTh
(OHOBBIX AJITOPUTMOB.

[Tycts X — MHOXKECTBO 3aIIPOCOB C 38J]aHHBIM HA HEM BEPOSTHOCTHBIM
upocrpanctsoM (X, o, P), riie 0 — asnrebpa 1o/ MHOXKeCTB MHOXKecTBa X,
P — BepositHOCTHAast Mepa Ha 0; Y — MHOXKeCTBO 3amuceii (00beKTOB
HOWCKA); p — OmHapHoe oTHOIIeHNEe Ha X X Y, Ha3bIBAEMOE OTHOIICHUEM
noucka. [lsarepky S = (X,Y, p,0,P) 6ynem nasviars munom. Tpoiiky
I =(X,V,p), tne V — HEKOTOpOE KOHEYHOE MOJIMHOKECTBO MHOYKECTBA
Y, B masbHeiiiniemM HasbiBaeMoe Oubauomexot, OyJeM Ha3bIBaThb 3ajadeit
undopmarmonnoro noucka (3UIL) tuna S, u Gyxem cunrars, yro SUIL
I = (X,V,p) comepaTejlbHO COCTOUT B [IEPEYMCIIEHNN JIJIsl IIPOU3BOJIBHO
B3dTOrO 3ampoca © € X BCeX TeX W TOJbKO Tex 3amuceir y € V Takux,
9TO TY.

IIycts f — oaHOMECTHBIN IIPeMKAT, OlpeeseHHbIH Ha X , TO eCTh
[+ X — {0,1}. Muoxkecrso Ny = {x € X : f(x) = 1} nazosem zapak-
MEPUCTNUYECKUM MHOAHCECMEOM TIpenukaTa f.

Muozxkectso O(y, p) = {x € X : xpy} Hazsosem menvio 3anucu y € Y.

Oynxnmio Xy, : X — {0,1} rakyio, uro Ny, = O(y, p) Hazosem
Tapaxmepucmuseckol Gyrkyueti 3aImuch Y.

[Iycts F' — MHOXKECTBO CHMBOJIOB OJJHOMECTHBIX IMPEINKATOB, OIpe-
JleJIeHHbIX Ha MHOXKecTBe X, (G — MHOXKECTBO CHMBOJIOB OJTHOMECTHBIX
[epeKJIroYaTeieil, onpeaejeHHbix Ha MHOXKecTBe X . Ilom nepeksrouare-
JieM Oy/ieM MOHUMATh (PYHKIINI, 00JIACTHI0 3HAYEHUN KOTOPOIl sIBJISETCST
HAYAJIBHBII OTPe30K HarypaJsbHOro psja. [lapy F = (F,G) nazosem 6a-
30BBIM MHOYKECTBOM.
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[onsitue ungopmayuonrozo epaga (UI') Haj 6a30BBIM MHOKECTBOM
F = (F,G) onpenensiercs ciaeyomum obpasom. Bepercst koneanasi MHO-
TOTIOJIIOCHAST OPUEHTUPOBAHHAS CeTh. B Hell BeIOMpaeTCss HEKOTOPBIHM I10-
JIOC, KOTOPBIN Ha3biBaeTCss KOpHeM. OcTajibHbIE TIOJII0CA HA3BIBAIOTCS JIH-
CTBSIMH W UM IPUIIACHIBAIOTCS 3alUCH U3 Y, IPUIeM pPa3HBIM JINCThSIM
MOTYT OBbITh HIPUIIUCAHBI OJIMHAKOBBIE 3amucu. HeKoTophie BEPITUHBI CETH
(B TOM 4mCIIe 9TO MOIYT OBITH U HOJIIOCA) HA3BIBAIOTCS [EPEKII0UATEe b
HBIMU U UM IPUIUCHIBAIOTCH repekjouaresn u3 G. Pebpa, ucxosmniue u3
KAXK /IO U3 MEPEKJTIOUATEIbHBIX BEPIIUH, HyMEPYIOTCS TOJIPSIJI, HATUHAS C
1, 1 Ha3BIBAIOTCS TIEpeKIIoUaTeIbHBIMEI pebpamu. Pebpa, He siBIstrormecst
[MEPEKTI0YATEIHHBIMU, HA3BIBAIOTCS TPEJIMKATHBIMU W UM [TPUTTACHIBAIOT-
¢ mpeanKaThl n3 MHOXKecTBa F'. Takum 00pa3oM HATPY2KEHHYIO MHOI'O-
[IOJIFOCHYI0 OPUEHTHPOBAHHYIO ceTh HazbiBaeM UI' Has 6a30BBIM MHOXKeE-
creom F = (F,G).

Oynxuyuonuposarue HI' onpenensiercss cieayronmm obpaszom. Cka-
JKeM, 9TO IpeJMKAaTHOe Pedpo MpoBOAMT 3ampoc € X, ecjim 1peiu-
KaT, IPUIHNCAHHBIN 3TOMYy pebpy, MpUHUMAaEeT 3HadeHune 1 Ha 3ampoce x,
[Tepekirouarebaoe pebpPo, KOTOPOMY IPUIMCAH HOMED 71, TPOBOIUT 3a-
npoc x € X, ec/in IepPeK/I0ovaTe/ b, IPUIUCAHHBIN HAYaIy 9TOro pebpa,
HpUHUMAaET 3HadeHwe n Ha 3ampoce x. OpueHTHpOBaHHAS IEMOYKA pPe-
6ep mpoBoauT 3ampoc r € X, eciau Kaxkjoe pedpo MEMOYKH ITPOBOJIUAT
zamnpoc x. 3amnpoc x € X npoxomuT B Bepruny [ Ul ecau cymectByer
OpHMEHTHPOBaHHAs IEMOYKA, BEyINasi U3 KOPHS B BepiuHy [, KOTOpast
MIPOBOJIUT 3aIIpOC X. 3aIlNCh ¥, MIPUITMCAHHAS JIUCTY (, TIONAJaeT B OTBET
NI wa 3ampoc z € X, eciin 3anpoc x npoxomut B juct «. Orserom UI
U ma 3ampoc x Ha30BeM MHOXKECTBO 3amuceii, nmonasimux B orser UI' Ha
zanpoc &, u 0bo3naunm ero Jy(x). vy byskmuo Jy(x) Oygem caurarh
pesysbraroMm dyuknuonunposanus VI U.

[Iycrs nam pana ULl I = (X,V,p). Ckaxem, uro UT' U pewaem
BUII I = (X, V, p), ecrm Jy(x) ={y € V : zpy}.

[Iycts S — mekoropas Bepinuna WI. Tlpemukar, omnpejesieHHblll Ha
MHOXKECTBE 3aIllPOCOB, KOTOPBINl IMPUHUMAEeT 3HadYeHwe 1 Ha 3ampoce x,
€CJIU 3aITPOC TPOXOUT B BepiuHy 3, u ) — B IPOTUBHOM CJIyvae, HA30BEM
dbynkimeit bunsrpa Bepumuel 3 1 06o3HaUNM Qg ().

Obsemom Q(U) UT" U nazosem unciio pebep B rpade U.

Bsenem nousitue ghonosoti caoorcnocmu UI.

[TockosbKy Jjist (DOHOBBIX AJITOPUTMOB BayKHBI MOPSIIOK U MOMEHTHI
MTOSIBJIEHUST 3AIMMCEH B OTBETE, OIPEIe UM HEKOTOPYIO IPOIeIypy 00xo1a
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rpada U, KOTOpBIit B JaJbLHEHIIIEM ITOMOYKET OIPENEINTh HOBOE TTOHSTHE
CJIOXKHOCTH Halero rpada.

st Toro, 9T0OBI OIUCATH ITY MPOIEAYPY, CAeIaeM CJIeIYONINe Ipe -
MTOJTOXKEHUS:

e OyJaeM CYNTATh, 9YTO KaXKJIOMY PeOpy MbI MOXKEM BPEMEHHO IIPHUIIN-
CbIBaTh HOMED, KOTOPBIII HA30BEM IIyTE€BBIM;

® MOXKeM OTMeYdaTb BEPIHINHBI HEKOTOPBIM o6pa30M;

® HA30BEM MHOXKECTBO pebep, MCXOMUSAINUX W3 OIHON BEPITUHBI, IIyd-
KOM U OyJIeM CYHMTaTh, 9TO B KaXKJOM IIy9IKe OIPEEeH TOPsSI0K
ciesioBaHus pebep, TO eCThb CYIECTBYEeT pebpo epBoe, BTOPOE U T. .

Temnepb MBI MOXKEM IEPefTH K ONUCAHUIO IPOLELyPhl 00xona rpada
U, KoTopast mpejicTapjsieT coOOil JIMHEApU3aIllni0 BO BPEMEHHU ITPOIECca
norcka npu nomomy rpada U. BxogabiMu JaHHBIME IPOIELYPhI 00XO0-
na B oyayr uadopmanmonsbsiii rpad U u 3ampoc x € X. Beixomabimu
JAHHBIMA — YIIOPSAJI0YEHHOE MHOXKECTBO J 3amuceil, BXOOAIINX B OTBET
Ha 3aIpoc &, U IOCIeJ0BATEIbHOCTL | MOMEHTOB TOSIBJIEHHS 3aliceil B
OTBeETE.

Nrak, nycrs Ham ganbl UI' U u 3ampoc x, Torjga mporeaypy odxoia
B MO2KHO OIucaTrh CJIEILYONUM 00pa30M.
1) ( Mnunmanusanust nporecca obxo/a )
a) CoTpeM €O BCeX BEPIIHH OTMETKH.
) O6bsaBuM TekyIreil BeprmHoil Koperb rpada U.
) O6nysum cuerunk Bpemenu t = 0.
r) IlpucBouM cueTdnKy MyTeBbIX HOMEPOB 3Ha4YeHUe 1M = 1.
) [IpucsouMm HauaabHOE 3HaYeHWEe MHOXKecTBaM J u 7 J = O
nT =0.
e) Ilepeiinem K myHKTY 2.
2) ( Ipsimoit xox )
a) Ecsin rekyrasi BepuinHa — HernoMedeHHbIH jiuct rpada U, To

— 3aHOCHM B KOHEI[ MHOXKECTBa J 3aIliCh, ITPUHAIIEXKAIILY IO
TEKYIel BEePITUHE;

— 3aHOCUM B KOHEI| MHOXKECTBa 7 3HAYEHUE CUETUMKA Bpe-
MeHH t;
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nepexoguM K 1yHKTy 2(b).

6) OTMedaeM TEKyIILyIO BEPINHHY.

B) Ecsm Tekymmas Bepimaa ecTb TOUYKA MEPEKIIOYCHIS, TO:

BBIUNCJISIEM 3HAYEHUE MTePEKII0YaTe s, TPUINCAHHOTO Te-
KyIIeil Bepimie, Ha 3ampoce & (IycTh 9TO 3HAYEHNE PABHO
n);

yBeJIMUnBaeM Ha 1 3HAYEHME CYETYNKa BPEMEHU:
t=t+1;

ecu cpein pedbep, UCXOIAININX U3 TEKYIEeil BePITUHbI, HeT
pebpa ¢ HOMEPOM 7, TO NEPEXOJIUM K IIYHKTY 3;

ecJIi KOHel| pebpa ¢ HOMEPOM 1 OTMeYeHHAas BEPIIMHA, TO
HEPEXo/ UM K IIYHKTY 3;

pedpy ¢ HOMEPOM N, UCXOJAIIEMY U3 TEKYIIel BEePIIUHDI,
[PUIIUCHIBAEM IIyTEBOIH HOMED M, 00bABIISAEM KOHEIL 3TOr0
pebpa TekyIell BepIuHOil, npucBausaeM m = m + 1 u
BO3BpAITaeMcsl K IIyHKTY 2.

r) Eciu Tekymias Beprimia He sIBJISIETCS TOUKON MEPEKJIIOTCHIS,

TO:

€CJIM U3 TEKYINel BepINUHBI He UCXOIUT HU OJHO Pebpo
WIn U3 Hee UCXOIUT pedpo, MMeIolee IyTeBoil HOMeD, U
9TO pedpOo TOC/IeIHEE 0 MOPSJIKY CJAEJOBAHUS B IIyUKe
TeKyIe#l BePIuHbI, TO UJAEM K IYHKTY 3;

€CJIM U3 TEKYIell BePIUHbBI NCXOUT pebpo, uMeroIree 1my-
TEeBOI HOMEpP, TO CTUPAEM €ro ¢ 3TOro pebpa u BrIOMpaeM
CJIeIyTOINee 110 MOPsJIKY CJIEJIOBAHUS B IIy4YKe Pebpo; ec-
JIN 2Ke U3 TEKYIIEeil BEPIIUHBI HE UCXOIUT PedPO, UMEoITee
IIyTE€BOIl HOMED, TO BBIOMPAEM IIEPBOE 10 MOPSIJIKY CJIEJI0-
BaHUsI B IIyUYKe TEKyIIell BEPITUHBI pedPO;

MIPUCBANBAEM BLIOPAHHOMY pPeOPY IIyTeBOil HOMEp M
BBIUNCJISIEM IPUIIACAHHBINA BBIODAHHOMY DPeODPY IPEIUKAT
Ha 3anpoce x (IycTh ero 3HAUEHUEe PABHO N);
yBeJInurBaeM Ha 1 3HaYEeHHME CYETYMKA BPEMEHU:
t=t+1;

ecau n = 0, To Bo3BpaIaeMcsd K IYHKTY 2;

€CJT KOHEIT BIOPAHHOTO pebpa OTMEUeHHAs! BEPIITUHA, TO
BO3BpAITIaeMCs K IyHKTY 2;
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— ecsim n = 1, TO 00BSABIISIEM KOHEIT BRIOPAHHOTO pedpa TeKy-
el BepImHoi, mpucBanBaeM m = m+ 1 u Bo3Bpalmaemcs
K IIYHKTY 2.

3) ( O6parubrii xos, )

a) Ecsin u3 rexy1neii BepInHbI HCXOAUT PeOGPO, UMEIOITIEee 1y TeBOii
HOMEp, TO CTUpaeM ¢ pebpa 3TOT HOMED.

6) YMeHbIIaeM 3HAYCHIE CICTINKA IIYTEBBIX HOMEPOB:
m=m — L.

B) Ecim m = 0, To 3aHOCHM B KOHEII MHOXKECTBa 7 3HAUeHHE
CYeTYNKa BPEMEHH W 3aBepIraeM paboTy IpOIe/yPhL.

r) Eciu m > 0, o, 3Hauut, cymecTByer pebpo, BXOJsINee B Te-
KYyIIYIO BEPIIMHY U MMeEIOIee IIyTeBOil HOMEp m, BbiOUpaem
ero.

1) O6bsiBIsieM TeKyleli BEpPIIMHOM HaYai0 BHIOPAHHOTO pedpa.

e) Eciu Tekymias BeprinHa siBJsieTcsl TOUKO ePEKIIOUCHUsT, TO
BO3BpalllaeMcs K IIYHKTY 3.

’K) VHadue Bo3Bpammaemcs K IyHKTY 2.

Jlerko BUIETDH, 9TO JaHHAs MpOoIeaypa 00X0oma MO3BOJSET HOCETHTD
BCE BEPIIUHBI, (DYHKIMN (DUILTPOB KOTOPBIX IIPUHUMAIOT 3HadeHue 1 Ha
3ampoce x. 3HAYNT, Ha BBIXOJAE aJrOPUTMA MBI IIOJIy9aeM MHOXKECTBO J =
{Yiy,- -+, Yi,, }, coBnagawoiree ¢ orseroMm Jy(x) rpada U Ha 3ampoc x, u
MHOYKECTBO

T ={t1,t2, ... tm,tm+1},

rje t; — BpeMsl MOsIBJIEHUsI B oTBeTe i-0if 3amucu (1 = 1,...,m), tymp1 —
BpeMsi PabOTBHI MPOIEAYPhI, BLHIPAYKEHHOE B KOJUIECTBE BBITUCICHHDBIX
[IpEINKATOB U Iepeksodareseil. Ilpu Kkemanum ompeneanTh ero boJiee
TOYHO HAJIO COMOCTABUTH KAXKJIOMY IPEIUKATY W MEePEKTI0YATEI0 YHIC-
JIO, paBHOE BPEMEHH €I'0 BhIYHCeHUsI. Torma BpeMsi paboOThI POy PhI
OyeT paBHO CyMMe BpPeMEH BLIYHC/ICHHS BCEX IepeKjIovare/ieil u Ipe-
JIUKaToB. MOXKHO Tak»Ke yYUTBIBATH BpPeMsi OOpPATHOI'O XOJa, H3MEHsIst
COOTBETCTBYIOIIMM 0OPA30M 3HAYEHHNE CUCTUNKA BPEMEHU Ha mrare 3 mpo-
nenypbl. Ho B mamHoit paboTe MbI paccCMaTpUBaeM JIAIIL IPUOIMZKEeHnEe K
peaJIbHOMY BpPEMEHM BBIYUCJIEHUsI, TO €CTh MbI IIpeHedperaeM BCEMH 3a-
TpaTaMu BPEeMeHU, KPOMe BBIUHMCJIEHUs IIPEJINKATOB U IepeKIdaTesei,
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opu4yeM cauTaeM, 9TO Ka)KILbeI N3 HUX BBLIYHUCJ/ILAETCA 3a BPEMA, paBHOE
OJIHOMY TaKTYy.

Bsesiem teneps cioxkuocTh rpada U Tak, 9T0OBI OHA OTparkajia, CyIIil-
HOCTb (DOHOBOI'O aJIFOPUTMA.

[ycre nam manst II' U, 3anpoc x, a TakKe HEKOTOPBIH CyObeKT, KOTO-
pOro Ha30BeM noav3osamenem. Ilyctb Ha 06pabOTKY -0l 3aIlCH OTBETa
moJib30BaTe 0 Tpebyercs Bpems T;, ¢ = 1,...,m. [Ipegnosaraem, @ro
T1, T2, ..., T — HE3ABUCUMBIE OJMHAKOBO PaCIpe/Ie/IeHHbIE JeHCTBUTE/ b
HbIE CJIyJaliHble BeJtnduHbl. Torma 3a ciokHocTh rpada U nesrecoobpa3no
[PUHATH HE BCE BPEMs PAbOTHI IPOUEILYPHI {41, & TOJBKO TO BPEMS, KO-
TOpPOE TOJIL30BATEIb TPATUT «BIIYCTYIO», OKUJIasI HOSIBJICHHUSI O9e€PETHON

sanucu. O6oznaunm a1y Besnanny depes T(U, z, 11, ..., Tm).
1 T2 T3
—— ————
0 t1 to t3 ty

Puc. 1. MoMeHTBI TIOSIBJIEHUsT 9JIEMEHTOB OTBETa U WHTEPBAJIBI «Pa3Jly-
MU ».

Paccmorpum npumep, nzobpazkeHHblit Ha pucyHke 1. B arom npumepe
OTBET comep:KuT 3 3amucu. [loab3oBaTeb HAXOANTCS B COCTOSTHUN OYKI-
JAHUS TPUZKJIBI: CHAYAJIa B OXKHUIAHUY IIE€PBOI 3alMCH B TeUeHue t] Tak-
TOB BpPEMEHHU, 3aTeM B OXKUJIAHUK BTOPOIi 3anucy B Tedenue to — (&1 + 71)
W, HAKOHEIl, B OKUJAHUK 3aBepIleHns paborbl ajropurma (4Tobbl y6e-
JIATHCs, 9TO BOJIbIIE 3amuceil B oTBeTe Her) B Tedenue ty — (to + 7o + 73).
Taxum o6pa3omM, B 3TOM IpuUMepe

T(U,:L’,Tl,TQ,Tg) = t1—|—t2—(t1—|—7'1)—|-t4—(t2—|—7'2—|—7'3) =t4—7T1—T0—T3.

OTOT IpUMep WILIIOCTPUPYET CIIeIyIoMmuil OueBHIHbIH (haxT, ec/m t; —
9TO TIOCJIEJTHIIT MOMEHT BPEMEHH, Iepe]l KOTOPBIM I10JIb30BaTe b HaXO-
JUJICS B COCTOSHUM OKUJIQHUS, TO

j—1

TWU,x,11,...,Tm) =t; —Zn.

W 9T0 MOXKHO 3allicaTh HHAYE:

TWU,z,7i,...,Tm) = max (t; — Zn)

1<j<m~+1
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Oyuxrus T'(U,x, 71, ..., Ty) ABISETCA CAydailHON BEIMIHHON, KaK
uzMepuMast QYHKIUS OT CJIyYaAWHBIX BEJIUIUH T, ..., Tm. 1OLJA MBI MO-
ZKEM OIIPEIIE/INTh CJIOXKHOCTE rpada U Ha 3ampoce & KaK MaTeMaTHIeCcKoe
oxujanue 37oii caydaitnoit Besmaunsl T(U, x, 71, ..., Ty), TO €CTb

TWU,z) =M, .. TU,x,11,...,Tm).

CkaxkeM, 9T0 6a30BOE MHOYKECTBO J U3MEPUMOE, CITH KayKJIas (PYHK-
st u3 F — usMepuMasi (OTHOCHTEIBHO AJrebphbl o).
B [3, cTp. 188| mokazaHa cripaBeyIMBOCTD CJIEJIYIONIEN JIEMMBI.

Jlemma 1. FEcau 6azosoe muootcecmso F uamepumoe, mo das 1100020
HUI'U nad 6asosvim mroocecmeom F pynryus T'(U, x), kax dynryus om
T, ABAAEMCA CAYYAUHOT 8EAUNUHOU.

Hanee Bcioy Oy/1eM mpenosararb, 9To 6a30Boe MHOYKECTBO M3MEPH-
Moe.

Cnoxnocrpio UII' U HazoBeM MaTeMaTHIeCKOE OKUJIAHUE BEJNUNHDI
T(U,x), T0o ecTb 9nCIO

T(U) = M,T(U, z).

[Tycts nam mana wekas SUII 1. Ciaoxuoctwio 3amaun I npu 6a30BOM
MHOXKECTBe JF U 3aJIaHHOM O0beMe ¢ HA30BEM UHCJIO

T(I,F,q) =inf{T(U):UecU(l,F)uQU) < q},

riae U(I, F) — muoxkectBo Beex VT Ha i 6a30BbIM MHOXKECTBOM F, pelia-
rormnx 3UIT 1.
Huco

T(I,F) = inf{T(U) : U € U(I,F)}

Ha30BeM CJIOYKHOCTDHIO 3autadu I rmpu 6a30BOM MHOXKecTBe F.

Takum obpasom, BBeast HOBoe MoHsiTHe ciaoxkHocTn MIT m coorser-
crBylomee eif nouarue ciaoxuoctu 3UII, Mbl 3aBepimaeM ompeieaeHue
MaTeMaTHIECKON MOJeINn (POHOBBIX AJITOPUTMOB ITOUCKA.

Ha mmoxectse [0,1]2 x [0,1]% BBesiem ornomenune «<» CJIeIyoMuM
obpazoM:
(y',1?) < (2, 22) = y' < 2'&y? < 2.



142 9.9. T'acanos, /1. B. Edpemosn

[Iycts Y = [0,1) x [0,1] — muOX)ecTBO 3ammceit; V. = {y1,...,yx :
yi = (yl,y?), i=1,...,k} CY — 6ubmmorexa; X = [0,1) x [0, 1] — muo0-
JKECTBO 3aIIPOCOB; OTHOIIEHHE MOUCKA p 3a1aeTcst Ha X X Y CIIeLyonum
COOTHOIIICHUEM:

zpy <=y < w,

rie © = (21, 22), y = (y',y?), 10 ectb zpy <=y € [0, '] x [0, 2%]. Torma

3BUII I = (X, V, p) HasbIBaeTcst JBYMEPHOI 3aj1a4eil 0 JIOMUHUPOBAHUL.
3nech y KBajgparo X m Y BbIOpoIIeHa IpaBasi CTOPOHA TOJBKO B
[EeJIsTX yIo0CTBa JAJIbHENHIIero n3I0KeHus .
IIycr 0 <a<b< 1,

AZ;’: =la+@GE—-1)(b—-a)/ma+i(b—a)/m), i=1,...,m. (1)

[IycTn ggfb(:cl, r?) — mepexJoUaTeh TAKOM, YTO

gap(x'2?) = [(a' —a)-m/(b—a)] +1, (2)

rie [a] — Haubosibiee nesoe, He GoJIbIee, YeM a.
Ormernm, 9TO

gy (zt %) =1, ecmm at € AV (i=1,...,m).
ITycTn
(x',2%) = L, ecm sl <a acl0,1] (3)
Ja\F &)= 2, B IPOTUBHOM CiIydae Ty
1, ecm 2?2 >a
1 2\ 3 =
Jala',a%) = { 0, B IPOTHBHOM ciIy4ae ’ a € [0,1]. (4)
IIycTb
Gy ={giy(z',2%): 0<a<b<1,meN}, (5)
rne N — MHOXKeCTBO HaTypaJsIbHBIX UHCEI,
Gy = {ga(zt,2%) 1 a € [0,1]}, (6)
F ={f.(z",2%) :a €0,1]}. (7)
[Iycts
]::<F,G1UG2>* (8)

0a30BOC MHOZKECTBO
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Bynem mucats A(n) = B(n) npu n — 00, eciim CyIeCTByeT Takas
HOJIOZKUTEIbHAST KOHCTAHTA €, ITO, HAUYMHAs C HEKOTOPOrO HOMepa ny,
A(n) < c-B(n). Ecorm A = Bu B = A, to 6yjeM ropoputhb, uto A u B
PasHvL N0 NOPAJKY UpU N — 00 U obo3HadaTh A < B.

Cupase/iiBa CJIe/IyoIas TeopeMa.

Teopema 1. ITycmoe I = (X,V,p) — deymepras 3adava o domunupo-
sanuu, 2de |V| =k, F — 6azosoe mmoocecmeso, onpedeasemoe coommo-
wenuamy (2)-(8). Iyemv na X 3adano 6eposmmocmnoe npocmpancmeo
(X,0,P), u dynruus naommnocmu eeposmuocmu p(,y), onpedessrouas
gepoammnocmuyro mepy P, — oeparnuvena. Tozda ecau epems obpabom-
KU nosvaogamenem 10000 3anucy u3 OMeema He MeHbULe, Yem J, mo
cywecmeyem maxol ungopmavuornnwi epap U € U(I, F), wmo

T(U) <3, QU) =k,

npu k — 0o.

3. Pemmenue 3aja4m 1aJjisi OJHOCJIOMHBIX OHOJINO-
TeK

CkazeM, uto mapa Touek (y',3?), (z',2?) € [0,1)? cpasnuma, ecim
(v, y?) < (2, 2%) v (21, 2?) < (y',y?), B nporuBHOM ciTydae 3Ta mapa
TOYEK HA3BIBACTCS HECPAGHUMOT.

Mmuozkectso Touex S C [0, 1]2 HazoBeM caoem, ecim mobas mapa TOYeK
u3 S He cpaBHUMA.

B sTOoM pasjiesie Mbl IPEJIOKUM PeIleHne JIBYMEPHON 3aJa9i O J10-
MUHUPOBAHUY IIPU YCJIOBUM, ITO OHOIMOTEKA V SIBJISIETCS CJIOEM.

Jagum nedopmasibroe onmcanue ajaropurMma. [lycrs ma BxOmI ajro-
purMa nocrynaer sanpoc (x!, z?).

B 6ubsmoreke, yrnopsIOUeHHOM 110 BO3pACTAHUIO abCIUCC TOYEK U3
OMOIMOTEKN, HAXOANTCS HAMOOJBINAS MO abCImcce TOUKA, abCIcca KO-
Topoii He GosbIie, yeMm x!. DTa 3a7aUa COOTBETCTBYET BTODPOIl 33ja1e O
6m30cTH, onMCcaHHOl, Hanpumep, B |3, pasien 2.3| uwiau [4]. Pemars sty
zasa4y OyjieM MeTojioM, ormcaubiM B |3, Teopema 13| uu [4, Teopema 2|.
CorytacHo 9TUM TeopeMaM €€ MOXKHO PElIUThb 3a KOHCTAHTHOE B CPEJIHEeM
BpeMs C JTMHEHHBIME 3aTpaTaMU ITaMSTH.
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JlaJtee, HaUMHAST ¢ HAWIEHHOI TOYKM, IPOCMATPUBAEM TOUKU OUO/IMO-
TeKM B HAIIpaBJIeHUU yObIBaHUS abCIUCC U BKJIOYAEM UX B OTBET IIOKA
IIPOCMATPUBAEMble TOUKH 10 Op/uHaTe He Gosbine gem 22, Ilporece mpe-
KPAIAETCs, eC/IN OUepe/IHast TOUKA 110 OPMHATE GOJIbIIE YeM L2 UJIH eC/In
IIPOCMOTPEHBI BCE TOUYKU OMOJINOTEKMN.

[Iycrs a,b,c € [0,1], a < b. Pacemorpum obsiactb

Aupe = {(xl,xQ) ca<zl <be<a?< 1}. (9)

Ecrm BepositHocTHAst Mepa Ha [0, 1]? 3aaeTca dbyHKIMel MIOTHOCTH
BepoaraocTu p(z!, r?), TO BepoATHOCTH 3TOM O6IACTH paBHA

b 1
P(Aa,b,c) :/ / p(l'1,132)d131dl'2.

Onmcannas 3aja4a JJjisl OJHOCJIONHON OMOIMOTEKU, JexKalleil B ob-
nactu Agp o, OyIeT NCIOIB30BATLCS KaK BCIOMOraTe/IbHAs IIPH yCJIOBUH,
9TO 3aIpPOC HaXOMUTCA B obsactn Agyp .. IlosTomy ompenensem BeposT-
HOCTHYIO Mepy Ha 001acTi Agp . KaK YCIOBHYIO BEPOATHOCTE IIPH yCJIO-
BHHI, YTO 3allPOC HPUHAIJICIKUT Agp ., ¥ OHA onpejensercs (yHKImeil
IIJIOTHOCTHU BEPOATHOCTU

pa7b7c($17 1'2) = p($17 x2)/P(Aa7bvc)'
Bnech ecrecTBenHO mpesnoaraercs, 9ro P(Aqp ) > 0.

Jlemma 2. Ecau I = (Agpe, V,p) — dsymepras 3adawa o domunuposa-
nuu, makas wmo Vo — caot mougrocmu k, u'V C Agpe, P(Agpe) > 0,
spems 00pabomKy nosv3osamenem 4100017 3aNUCU U3 OMEBEMA He MEHBULE,
wem 1, F — 6a3060e MHOHCECTNBO, ONPEICAAEMOE COOMHOWEHUAMY (2)—
(8), dynruyus naommocmu sepoammocmu p(xt, z?), onpedeasowan sepo-
ammocmuyro mepy P na [0,1], ozpanunena xonemanmoti C, mo cyuse-
cmeyem UI’ UXb’C € U(I,F) maxot, wmo Q(UXb,c) <k(4+Cb—a)(l—

¢)/P(Aape)), T(UXb,c) <3

Hokazarenbcrso. Ilyers V= {(y},y3), (y3,93), ..., (yhy2)} n yt <
ys < - <yl HOyers B = {yl,yd,...,yi} — ynopsyouentoe no os-
pacTaHmio MHOKeCTBO aberuce Touek u3 V (y touku (yi,y?) wmerno yb —
abenucca, y? — opjunata). B MHOXKecTBe V Bee TOUKM HMEIOT Pas3/InyHble
abCICChl, TOCKOJIbKY V' — cJIoil.
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[Tycrs m =]kC(b— a)(1 — ¢)/P(Agp.)[- Tax xax C > 1, To m > k.
Ormerum, 9ro Jijisi paBHOMEpHOi BepositHocTHON Mepbl C' = 1 u C(b —
a)(1—c¢)/P(Agpe) = 1.

Ioctpoum UT U}, koropsiit 6yer permars BTOPYIO 3a1ady o 6.130-
CTHU JIJIsT MHOXKeCTBa, B.

BosbmeMm Bepmuny [y u 06bsiBuM ee KopHeM rpada. Beimycrum us fy
m pebep, IPUIUIIEM UM JHCJIa OT 1 710 m, 0ObABUM [3) TOUKON ITePEKJIIO-

YCHUS] U IPUITAIIEM €fi IIepeK/IoIaTesb g

ITycrs AZ;’} — MHOXKECTBA, olpejiesisieMble coorHommenusyu (1), B; =

AV NB, I =|By|, i=1,...,m.
7KOH€H pebpa ¢ HomMepoM 7 0603HAINM [3;.

st Becex @ Takux, 9T0 B; # &, BBIIOJHAM CJIEIYIONLYIO IPOIELYPY.
BoinycTunM u3 BepumHbl 3; 6unapHoe cbasancupoannoe jgepeso DB ¢
l; + 1 xoHueBbIME BepimHamu U BbICOTHI | logy(l; + 1)][.

Baeck u najiee Ja[ — HauMeHblIIee 11eJ10e, He MEHbIIee, YeM @, OuHaphoe
depeso — 3TO OPUEHTHPOBAHHOE JIEPEBO, B KaXKJyI0 BEPIIUHY KOTOPOIO,
KpOMe KODHsI, BXOJIUT OJIHO pPedpPO, W U3 KayKJIOW BEPIIUHBI KOTOPOTO,
KpOMe KOHIIEBBIX BEPIINH, HCXOIUT JIBa Pedpa; KopeHs — 9TO BEPIIUHA, B
KOTOPYIO HE BXOIUT HU OITHO PEOPO; KOHUEBbIE GEPULUHBL, — ITO BEPITUHDI
U3 KOTOPBIX HE MCXOJUT HU OJHO PeOpO; 6biCOma epulumv, — ITO JIJIH-
Ha IIyTH OT KOPHS K JAHHOW BEpIIUHE; COUNGHCUPOSAHHOE JEPEBO — ITO
JIEPEBO, BBICOTA KOHIIEBBIX BEPIIUH KOTOPOI'O OTJIMYAETCss He Oojiee deM
Ha 1; evicoma depesa — 9TO MaKCUMaJibHasl BBICOTA KOHIIEBBIX BEPIIUH
Jiepesa.

CorocTaBnM KOHIIEBBIM BepIiHaM 31oro jgepesa DB kpome mepsoit
(camoii J1eBoit), ciieBa HAIPABO B MOPsiIKE BO3PACTAHUST SJIEMEHTBI U3 B;.

3nech u majiee OyjieM IPEJCTAaBIATh JIEPEBO B BHUJIE HEKOTOPOH ero
VKJIQJIKA Ha TIJIOCKOCTU W MOHUMATH HAIPABJIEHUSI <BIPABO», <«BJIEBO»
KakK HaIllPpaBJIEHUsI Ha 3TOW IIJIOCKOCTH OTHOCHUTEJIFHO JAHHON YKJIAIKU.

J11s1 IpOM3BOJIBHON BHYTpeHHeil Beprmuubl 3 gepesa DB obosmatmm
gepes V3 MHOXKECTBO 4ucell, COOTBETCTBYIONUX KOHIIEBBIM BEePIIMHAM, JI0-
CTHKUMBIM U3 [3. 3J1eCh U Jlajiee BEPIIMHA & JOCTUNCUME U3 BEPIIUHBI
[, eciii CyIIecTBYeT OpUEHTUPOBAHHBIN IIyTh BeJAyIuii u3 § B Q.

Jly1s1 Ipon3BoJIbHON BHyTpeHHeil Beprmuel 3 nepea DB o6osnamamm

bg = min b
B beVﬂ/ ’

rie 3 — Komery mpaBoro pebpa, UCXoAdIero us f.
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O6bsIBUIM BCe BHyTpeHHHe Bepmmmubl jgepesa DB peprmmamu mepe-
KJIIOUEHHsI U I KasKJI0i BHYTpeHHel BepInubl 3 JIeBoMy pedpy, U3 Hee
BBIXOJIAIIEMY, IIPUIHAIIEM 1, & IpaBoMy — 2, a CaMOil BePITUHE IIPUIUIIEM
nepexoIaTeNb gy, (T).

IIycrs @ € {1,...,k}. O6oznauum j(i) Takoit Homep, uro j(i) < i,
liy > 0 m me cymecrsyer j' Taxoro, uro ly > 0, j' < i u j' > j(i), T0
ecTb j(i) — mHAEKC GaMKaiiiero CHU3y Helrycroro Muoxecrsa Bj. Ecim
TAKOro MHOXKecTBa Het, To j(i) = 0.

Teneps s Kazkaoro jepesa DB camyio neByio komreByio Bepimm-
HY JlepeBa OTOXKJECTBUM C CaMbIM IITPaBBIM JINICTOM JlepeBa DBJ'W, ecJm
(i) £0.

JLst KaxKk10T0 Takoro 4, 14ro l; = 0, BepiuHy [3; 0OTOXKIECTBUM C CAMBIM
npassM smcrom gepesa DBit) | ecomm (i) # 0.

Homyuenmbiit rpad u 6yger U U},

O6o3Ha4nM Yepe3 (; KOHIEBYIO BEPIIUHY, KOTOPOi MPUIIMCAHO YUCIIO
yil (1t =1,...,k), a uepe3 aq caMyio JIEBYIO KOHIIEBYIO BEDIIUHY B Ca-
MoM JieBoM siepese DPi. Jlerko mpoBeputs, 4To (BYHKIMMS HPOBOIMMOCTH
MeXK/[y KOpHeM u BepuiuHoii a; (i = 0,..., k) umeer Buj;

1 1 1
h'(l’l 513‘2) — 17 ecin y; <z < yi+17
nee 0, B IPOTUBHOM CJIydYae,

rJe yé =0, y,iJrl =1.

Honcumtaem o6bem rpada UL

[ockonbKy Kaxoe u3 DB ecth gepeBo, B KOTOPOM HOJIyCTeINeHD HC-
xo/a m060it BeprmuHLL pasra 2, To B DB Gyner posno 2- (Li+1)—2=2
pebep. Orcroma ciieryer, 9To

m
QUy)=m+2> li=m+2k (10)
i=1
[oncunraem cioxnoctsb rpaca UL .
Ob6o3nanM
L(u) = U, ecm 0 <u<3
| logy(u+1)+1, ecomu>3 ’

X;={(z"2?) € Appo: 2t € AZL”T; )

Pacemorpum nipoussosbublit sanpoc & = (21, 22) € Agp .. Hyers 2t €

Afz’rgl, 10 ectb ¥ € X;. lpu [; = 0 Bemonnserca T(UL,z) =1 = 1+L(l;).
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Ecau [; > 0, To 3ampoc x BBIAIET K HEKOTOPOI KOHIIEBOI BepINHE
nepesa DB u npu sToM on mpoitzer me 6omee 14 logy (I; + 1)[ mepeximio-
JaTesbHBIX BEPIINH U, 3HAIWT,

T(UL, z) < 1+]logy(l; + 1)[< 1+ L(L;).

ITo onpenenenuio

T(U}) = M, T(U,2) = / T(U}, ) Pldr) =

:Em:/ T(Uy,, x) Em: 1+ L)) - P(X;) =
3 =1

Tak kak m > k, To B cuiy Boruyroctu dbyuknun L(u) u cormacHo
aemme 14 u3 [3] makcumym Y ;" L(l;) pocruraercst, Korga l; MakcuMa/Ib-
HO OJMHAKOBBIE, TO €CTh k M3 HUX paBHBI 1, a ocrtajbHbie m — k — 0.
CienoBaTeIbHO

(b—a)(l—c¢) C

1
< .
T(Um) ~N 1 + m P(Aa,b,c)

k<2

Tenepn u3 Kaxk10it Bepmusbl o (i = 1,..., k) BlycTUM pebpo, Ipu-

IHIIEM 3TOMy pebpy NpejuKar f,o n KOHel 3Toro pebpa 0003HAMUM ;.
3

Bepimiunay v; 00bsgBUM JUCTOM U HOpunuiieM el 3amuch §;. [lockoabKy

IIONa/IaHNE B BEPIINHY (v; TapaHTUPYeET, 9TO yil < z!, To paBeHcTBO TIpe-

JIIKATa fy? (z',2?) emumume rapanTupyer, uto y? < 2, M TeMm caMbM
3aImich y; yaoBjieTsopser sanpocy = (x!, z?).

U1 makonen, u3 xaxjoro Jmmcra y; (i = 2,...,k) Boirycrum pebpo B
JIVCT 7Y;—1 U TIPUITAIIEM 3TOMY pedpy IpeInKaT fyz{l‘ Jlanmas mocaea0Ba-
TeJIbHOCTH pebep MO3BOJISIET JABUTATHCSI OT JINCTA K JIUCTY U, TEM CaMbIM,
OT 3aITUCH K 3aIUCH B MOPSJIKE YOBIBAHUS aOCIIUCC, & 3HAUWT, B TIOPSIIKE
BO3paCTaHUsT OPJUHAT, JIO TeX IOpP MOKa 3alliCH YIOBJIETBOPSIOT 3alPOCy
Z. DTy 1enb, cocrodiyo u3 k — 1 pebpa, OyJieM Ha3bIBaTb UENbIO nepe-
YUCACHUA OMBEM.

[Monyuausrmuiica UI' u 6yner uckombim rpacdom U Vb
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[TockoubKy Mol j1o6asusm 2k — 1 pebpo, To ¢ yuerom (10) obbem UT
U X be OyaeT paBeH

Qg = k(4 +C(b —a)(l —c)/P(Aape))-

[TockoJIbKy M3 BEPIUHBI (v; TIOCJIE TPOBEPKU fy? (x!, 2%) mbI cpasy 1o-
majaeM B JIUCT U JaJiee JIBUTAEMCSI TOJIBKO BJIOJIb JIUCTHEB, TO C yIETOM
TOro, YTO KarKJasi 3alich 00pabaThIBA€TCs MOJIb30BATE/IEM 0 KpalHeil
Mepe 1 TakT, mosiydaem, 9to Jjist hoHOBOU cjokHocTH UITT Uc‘: b,
BEJITUBO

. cupa-

TUY,,) <3.

a,b,c

Tem cambIM JITeMMa 2 JIOKa3aHa.

1
Y1
Yo
Y3
Yu

1 1 3
0 1 2 4
Puc. 2. Bubsmoreka V.

Ha pucynkax 2 u 3 msobpazkeH mpumep, Korja obnacts Agp . coB-
nagaer ¢ X, 1o ectb ¢ = 0, b = 1, ¢ = 0, ma X 3ajana paBHOMepHAsI
BEPOSITHOCTHAsT Mepa, To ecTb C' = 1, 6ubyimoreka coOCTOUT u3 4-X 3JIeMeH-
TOB U Mokaszana Ha pucynke 2. Torga UT' U&/ 1,0» TOCTPOEHHBII B TeMMe 2,
uMeeT BUJI, n300parkKeHHbIN Ha PUCYHKE 3.

Jlemma 3. Ecau I = (X,V,p) — deymepran 3adaua o domuruposaruu,
maxas wmo V. — caolt mownocmu k, epemsa obpabomku noavaosame-
Aem A000T 3anucu u3 omeema He meHvwe, wem 1, F — baszosoe MmHo-
orcecmeo, onpedeasemoe coomuowenuamu (2)—(8), mo cywecmeyem HUI
UV eU(I,F) maxot, wmo QUY) < 4k — 1, T(UV) <]logy(k + 1)[+1.

Hoxkazareascrso. V = {(y},v3), (¥3,43),..., (i, yd)} u yi < yi <
< y,i. IIycrs B = {y%,y%,...,y,}:}.
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Y1 i Y2 Y3 Y3 Y3 Y4

< <
< <

93,1
Puc. 3. UT' Uy, ;.

Bosbmem Bepminny [y n 00bsiBUM ee KopHeM rpada. Beimyctum us
BepIIHHLL [y GuHapHoe chanancuposannoe nepeso DB ¢ k41 konneseivu
BepImmHAME 1 BEICOTHI | logy(k + 1)[, amamormanoe nepesy DB xoropoe
OTIHICAHO B JIEMMe 2.

Ob6o3naunM Kak 1 paHee depes3 «; KOHIEBYIO BEPIUHY, KOTOPOil mpu-
nucano wneao yi (i = 1,...,k), a uepes ap caMyIo JIeByIO KOHIEBYIO
BepiuHy gepesa DB, 13 KaxK10ii BepIIMHBI v (¢ =1,...,k) Bburycrum
pebpo, MPUIIUIIEM STOMY PeOPY IpeauKaT fy? 1 KOHeIL 3Toro pebpa 0bo-
3HAYUM ;. Bepiuny 7; 00bsBUM JIMCTOM UM IPHUIUIIEM eil 3amuch y;. U
HAKOHEIl, U3 KaxkJoro jmcra y; (i = 2,...,k) BoimycTuM pebpo B JIUCT
Y;—1 W TPUIIHAIIEM 3TOMY Pedpy mIpeaukar fy?ﬂ' Hens, cocrosmyo u3
k — 1 pebpa u BeayIILyIO OT JINCTA K JINCTY, KAK W paHee Oy/eM Ha3bIBATD
UENDIO NEPEUUCACHUSA OMEBEMA.

Homyunsmmiicss T n 6yaer nckombiv rpacdom UV .
UT UV st 6ubmorexkn V' MOITHOCTH 3 IPHUBEJIEH Ha PUCYHKe 4.

Tlepeso DB conepxur 2k pebep, ete k pebep HCXOISAT U3 BEPIINH
(1t =1,...,k) u k — 1 pebep npuHajyiexkaT IeNU ePEIUCICHIs] OTBETA.
Tem cambiv o6bem U UY pasen Q(UY) = 4k — 1.

st moboro 3ampoca Mbl Beranc/sieM He 6ostee 1eM | logy (k+1)[ mepe-
KJII0uaTesIel, mpoxo/s 1o gepesy D, namee Bbrumciisiem oiun mpenKaT
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Y1 yi Y2 Y3 Y3

<
<

9yl

Puc. 4. UIT UV

TUIIA fy_z, [IOCJIe 9ero HAYMHAEM IIePedUC/IaTh OTBET, U 3HAYUT, (POHOBAS
K
CJIOXKHOCTB JlaJiee He YBEJIUINBACTCH.
Tem cambIM J1eMMa 3 JIoKa3aHa.

CanencrBue 1. Ecau I = (X, V, p) — dsymepnas 3adayua o domunuposa-
nuu, maxas wmo V.o — caotl mownocmu k < 4, epems obpabomku nosv-
308amenem 110601 3anucu u3 omeema He menvwe, yem 1, F — 6asosoe
MHOIHCECTNBO, ONpedesiemoe coommuouenuamy (2)-(8), mo cywecmeyem

uUruvY cU(I, F) maxot, wmo QUY) < 4k —1, T(UV) < 3.

4. Penienue AByMepHOl 3aJa9W O JOMUHUPOBAa-
HUU

IIycte V' C Y — KomeuHoe MHOXKECTBO TOdUeK. Touky y € V Haszo-
BEM MUHUMAALHOT MOYKOT MHOMCECMEa V| €ClTU HE CYIIECTBYeT JIpyToit
touknu y € V, Takoit, uro 3’ < y.

MHOXKeCTBO MUHHUMAJIBHBIX TOYEK MHOXKeCcTBa V' Oylem 0603HAaYAThH
qepe3 V| 1 Ha3BIBATH NEPSuIM caoem mruooxcecmea V. Ilonsarro, uro Vi
€CTb CJIOH, IOCKOJIbKY JII00asi Iapa Pa3HbIX MUHUMAJIBHBIX TOYEK MHOXKe-
CTBa HECpaBHUMA.

Tenepb HWHJIYKTHBHO OIIPEJIESUM IOCJEJYIONUE CJIOM MHOXKECTBA.
[Tycts yxe onpejiesieHnl Bee ¢aou BILOTH 10 (n — 1)-ro: Vi, Vo, ... V1.
[Tycrs V'\ U;:ll Vi # @. Torna n-m caoem mrootcecmea V Ha30BEM MHO-
JKeCTBO V,, MEHMMAJIBHBIX TOYEK MHOXKecTBa V '\ U?:_f Vi.

Ecm V,, # @ uV = J| Vi, To MHOKecTBO V' HA30BEM 1N~ CAOTHBIM.
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Jlemma 4. Ecau I = (X, V,p) — deymepraa 3adaua o domuruposaruu,
maxas wmo |V| = k < 4, epemsa obpabomxu noavsosamenrem 110601 3a-
nUCY U3 omeema He menvuie, uem 3, F — 0603060 MHOICECNBO, Onpe-
deasemoe coommowenuamu (2)-(8), mo cywecmeyem UL UV € U(I,F)
maxoti, wmo Q(UY) < 4k —1, T(U) < 3.

HoxkazareabcTBo. CrpaBeyinBOCTb ciydasi, korya k < 4 u V. — ojHO-
coitHas 6ubMoTeKa, CaeayeT U3 CJeCTBuSA 1.

Puc. 5. UT' UV .

Ha pucynke 5 nokazanbl octajbHble caydan. Tak puc. 5 a) onuceiBaer
UT, pemratommuit 3a1ady 1jisi ABYXCJIOWHON Oubmoreku momuoctu 2. YT
JUIS CJIydasi TPEXCIOMHON OMOIMOTEKH MOITHOCTU 3 CTPOUTCHA aHAJIOTHY-
uo, ripu 3toMm UT" Oymer umersb BeICOTY 6, /e HA MOC/IEIHUX SIpycax OyiaeT
[IPOBEPSITHCA TOCIEIHASA 3AIUCD.

Ha puc. 5 6) npusegen UI' jyist aByxciioiinoit 6ubimoreku u3 Tpex
9JIEMEHTOB, TJle Ha TepBOM cIoe 2 3jleMenTa yi u yo (yi < 9i), a s
9JIEMEHTA, Y3 CO BTOPOI'O CJIOSI BBLIITOJTHEHO y% < y%

Ha puc. 5 B) msobpaken UI' must aByxcooiinoii 6n6moTekn 3 Tpex
9JIEMEHTOB, Tlle¢ Ha IIEPBOM CJIO€ 2 3JIEMEHTa Y1 W Y2, & JJsI TPETHEro
3JIEMEHTa Y3 BBIIIOJIHEHO y% < y% < y%.

U naxoner, va puc. 5 r) npusegen UI' qyist qByxcioiinoit 6ubmorexku
U3 TPeX IJEMEHTOB, TJie Ha IEePBOM Cjoe 1 3JIeMEHT ¥1, & BTOPOM CJIO€
SJIEMEHTHI Yo 1 Y3 (Y4 < y%)

Venosue, aro umncio pebep He bosbire uem 4k — 1 mpoBepsieTcst Hemo-
cpeacrBernto. To, 4To poHOBas CJI0KHOCTH He O0JIbINe 3 ClIe/lyeT U3 TOro,
YTO KOJIMYECTBO BBIYHCJIEHUI JI0 JOCTHXKEHHS IIEPBOIO JINCTa U MEXKLY
JINCTHSIMU HE TPEBBINTaeT 3.
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Tem cambIiM J1eMMa 4 JIoKa3aHa.

IIycrs V' — n-cioiinas 6ubmmorexa, Vi = {yi1,¥i2,...,Yi} — i-it
cyroit 6ubsmorexku V', npudem V; yIiopsioden B IOPsijiKe BO3pacTanus adbc-
1yce, To ecTh Yy, < yilz << yilll_ (i=1,2,...,n). ObozHaunm

Vii={Wir1t €Visr 10, S Ytprs <WUijia .3 =12, L,i<n, (11)

rje yil,lﬁ-l = 1, 10 ectp V;; — 3T0 MHOXKecTBO TOUeK (i + 1)-ro citos,
abCIMCChl KOTOPBIX HAXOJATC MexK 1y abernuccamu j-it u (j + 1)-if Touek
1-Tr0 cjios oubamoreku V.

[ycts dymrknus mioTHocTH BeposTHocTH p(xl, 2?), ompemensiomas
BeposiTHOCTHYIO Mepy P mHa X, orpamwuena koucrauroit C, V. — n-
cioitnas 6ubsimoreka, rie n > 1. O6o3HayuM

C(yil,j—&-l - 3/,'17]')(1 - 3/@'27]')
P(A

Cy ={C}U vie{l,...,n—1},

1 1 2
Yij¥i+1 ,yl,j)

JELL LAy ) >0Vl > 30, (12)

!

Cy = C{pg&gf/C’ . (13)
JIemma 5. Ecau I = (X, V,p) — deymepnas 3adasa o domunuposanuu,
epema 06pabomKy NoAL306AMENEM M0DOT 3ANUCY U3 OMBEMA HE MEHBULE,
wem b, F — 6a3080€ MHOHCECMEO, ONPEIEAAEMOE COOMHOWEHUAMUY, (2)—
(8), Cy — seaununa, onpedeasemasn coomnowernusmu (12)—(13), mo cy-
wecmeyem UT UV € U(I, F) maxot, wmo Q(UY) < |V|(5.25 + Cy) u
T(UY) < 3.

HokazareabcTBo. CHavasa rpuBejieM HedOpMAaIbHOE OIUCAHUE AJITO-
puTMa, 00eCIeInBAIOINIero TpedyeMyIo CJI0KHOCTL. PasbuBaem 6ubinore-
Ky Ha cjion. [lajiee HAUMHAEM TIOUCK HA YIOPSIOYEHHOM 110 BO3PACTAHUIO
abcruce mepBoM cioe. st 3Toro GmHAPHBIM ITOMCKOM HAXOINM 3aIliCh
Y1,s C MaKCHMAaJbHOI abcuuccoil, He IpeBblmalomel abemuccy 3ampoca.
[IpoBepsiem momajaeT Jiu 3Ta 3aliCh B 3alpoc. Kcim HeT, To U HUKaKast
JIpyrasi 3alliChb B 3aIPOC IMOMACTb HE MOXKET, U 3HAYUT OTBET IyCT. Kcym
MOIIAJIAET, TO UJEM BJIOJIb IIEPBOIrO CJIOsi, COOMpasi 3aliCH, TOIAIAIIINE
B oTBeT. Jlajee mepexoanM K MOMCKY Ha BTOPOM cjioe. Ho OCKOIBKY u3
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TOTO, YTO 3aIlUCh Y1 ¢ HONAJACT B OTBET, U TOT'O, UTO OHA camas OOJIbIIast
110 abCICCe CPe/I 3aIuceil IePBOro CJIos, MONAJAIONINX B OTBET, CJIEILY-

€T, 4TO 3aIPOC IMPUHAJJIEXKUT MHOXKECTBY A, 1 . [Tosromy mowmck

U1Vt s 100 s
MaKCUMAaJIBLHON 1o abCIrece 3auch BTOPOTO CJI0s, He TPEBBIIIAIOIIEH Mo
abcIece 3a1poc, MOsKHO BECTH HE HA BCEM BTOPOM CJIOE, a Ha MHOXKECTBE
Vi,s. Ecam ke MuOXKecTBO V] ¢ IIyCTO, TO HCKOMOIL 3aIMChIO OyIeT MaKCU-
MaJIbHas 110 abCIucce 3aluch B MHOYKeCTBe Vi ;, TJle ¢ — MaKCHMAJIbHBII
HOMeD, Takoil, uro ¢ < s u Vi ; # &. Ilocsie cbopa B OTBET TOYEK BTOPOI'O
CJIOSI MBI QHAJIOTMYHO IEPEXOIUM K TPEeTheMYy M TaK Jajiee JIO0 TeX 0P
MOKa Ha KAKOM-TO CJIO€ HE OKAXKETCsl 3ammceil, Mmonajaionmux B OTBET, a
9T0 OyJIeT O3HAYaTh, YTO U Ha CJIOSX C OOJBIIUMU HOMEpaMU 3aIlUCel,
YJIOBJIETBOPSTIONINX 3aIPOCy HET, U TMOMCK MOYKHO TPEKPATHUTD.

[Mycrs V' — n-croitnast 6ubimoreka, yIOBIETBOPSIONAS yCIOBUAM
aemmbl. Ecin [V < 4, To cupaBeyinBoCTh yTBEPXK/IeHHsI JIEMMBL 5 cJie-
ayeT u3 jeMMbl 4, ecmu n = 1, To — U3 JEMMBI 3.

Pacemorpum coryuait, korga [V >3 un > 1.

IMycrs Vi = {y11,Y1,2,---, Y1, } — 1epBblit ciroii 6ubamorexn V', mpu-
yeM yil < yiQ << yill.

[ycrs B; = {yil, yi2, e ,yill} — YIOPSIZIOYEHHOE TT0 BO3PACTAHUIO
MHOXKECTBO abCIMCC TOYeK u3 V.

Ecrm I > 3, To moctponm UT' UL, nnsr muoxkecTsa By TOWHO Takske,
KaK 9TO JIeJajIoCh B JlIoKa3aresibeTse JeMMbl 2, riae m =|ly C[< 13 Cy +
1. Ecau [1 < 3, To mocrpoum UI' DBI, KaK OINCAHO B JOKAa3aTe/IHLCTBE
JIEMMBI 2.

Kax 6b110 Tokazano B emme 2, Q(UL) = m + 21, Q(DBY) = 214,
T(UL) <2uT(DP) <2 upu iy <3 cormacno jemme 3.

O60o3HAYMM HTepe3 () KOHIEBYIO BEPIINHY, KOTOPOi MPHIHCAHO THCIIO
yii (i=1,...,11), a uepe3 o} camyIo JIeByI0 KOHIIEBYIO BEpIIHHY.

Teneps u3 Kaxk10it BepmmHb! ) (i = 1,...,11) BBITycTHM 10 /1Ba peb-
pa M KaxXJIOMy M3 9TUX JIBYX pebep MPUIHIIEM TPeIHKaT fyii’ a KOHIIBI

sTuX pebep obozuauum . u 6}. Bepmuny v} o6baBMM JHMCTOM U TIPH-

nmmeM eft sammch yq ;. Homananue sanpoca x = (2!, 2?) B Bepimmy o)

1 a npemukar fy% (2!, 2?) zaBepmaer mpoBepKy
K

YJIOBJIETBOPSIET JIX 3alllCh Y1 ; 3aIIPOCy .

rapaHTUPYET, 9TO y%i <z

Jlaee u3 KazKJIOro JIUCTA %-1 (i =1,...,1l1) BbimycTuM pebpo B JILCT

fyil_l U IPUTIAIIIEM 3TOMY peOpy IpeIuKkaT fy% L Jlanmast mmocjie[0BaTe b
i

HOCTDH pe6ep Ha3bIBACTCA IIEIIBIO IIePpEYNC/ICHUdA OTBeTa. Ona nospossier
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JABUTI'aThCA OT JIMCTa K .HI/ICTy u, TeM CaMbIM, OT 3allMCU K 3allUCH B II0-
psiiKe yObIBaHus abCLMCC, & 3HAUNT, B IIOPLIKE BO3PACTAHU OPIAMHAT, JI0
TeX IOp IMOK& 3AIMCH YIOBJIETBOPSIIOT 3aIIPOCY .

Bepruny 6; Mbl Gy/eM HCHOJB30BAT IS IIPOJIOJIZKEHUs OUCKA Ha
cIeIyIoneM cyioe. JIerko mpoBepuTh, 9TO B KaXK/IYIO BEPIITUHY (51»1 (1 =
1,...,11) MOrYT IONACTB TOJIBKO 3AIIPOCHI U3 MHOXKECTBA Ayl -

1,0°Y1,i41Y1,4

MpbI opranu3oBaJid IIOUCK Ha IIEPBOM CJIOE.

Teneps mociieroBaTe/IbHO OyIeM OPraHM30BLIBATH IOMCK Ha, OCTAJIb-
HBIX CJIOSIX, HAUMHAsT cOo BToporo. OBo3HAUNM Yepe3 ¢ HOMED OYePeTHOTO
CJI0s1 JIJIs KOTOPOro MbI jocTpauBaem UI', 4robbl opraHn3oBaTh Ha HEM

nouck (¢ = 2,3,...,n). Ilpu srom npesmnonaraem, aro UI' just mownc-

Ka Ha MPEJBLIYIIHIX CJIOIX y2KEe IOCTPOEH U B HEM IHOCTPOEHBLI BEPIIMHDI
-1 .

6777 (i = 1,2,...,l4-1), B KOTOpbIE IIPOXOJAT 3AIIPOCHI UX MHOXKECTBA

A . ITosTOoMy TIpM yCJIOBMM, UTO 3aIpOC HONAJT B BEPIIH-

yqfl,i’yéfl,wrl?yg—l,i
HY 5;171, ITOMCK TOAXOJAIINX 3AIMCE U3 ¢-T0 CJIos He 00sI3aTeIbHO BECTH
Ha BCEM ¢-M CJIoe, & MOXKHO BecTu B MHOxKecTse Vj_1,;. Hanomuum, uro
Vy—1,i — 9TO MHOXKECTBO TOYEK ¢-TO CJIOfA, aOCIHCCH KOTOPBIX HAXOJATCA

1 1
MEKAY Yg—1,i ¥ Yg—1,i+1-

[TosTomy mist kaxkgoro takoro ¢ € {1,... 0,1}, aro |Vg_1 ;| > 0, MbI
IIpo/ieJiaeM Cjeylolue aeiicTeud.
_ 1
HYCTI) ‘/;]71,1' - {yq,tiayq,ti+17 s 7yq,ti+1*1}a npuieM y(Lti < - <
1 L1 1 1
Yartisa—1- Ilycrs By; = {yq’ti,yq’tﬁl, . 7yq,ti+171} — YHOPSIIOYEHHOE 110

BO3PACTAHMIO MHOXKECTBO abcrmce Todek u3 Vo_1 ;.

Ecm tiy; —t; < 3 wm P(A, 1 2 = 0, To u3 Bep-
i+l v ( yq—l,qu—l,ﬂ»l’yqfl,i) ’ P

1 )
mmnbl 6 mocrpoum UIN DBei| xax onmcano B JloKazaTelbeTBe JIeM-
-1
Mbl 2. Wnawe ns Bepmmubl 8] mocrpomm U Urlnl_ JI7IST MHOKECTBa,
B, ; TOYHO TaK)Ke, KaK 9TO JEJAJIOCh B JIOKA3ATEJbCTBE JEMMBL 2, T
J— . 1 1 2
mi =](tit1—t:) C(Z/qq,iﬂ - yqfl,i)(]‘ - yqfl,i)/P(Ay; )<
(tiy1 — ;) Cy + 1.
Kak Obuto nokasano B gemme 2, Q(UL) = my; + 2(tip1 — &),
By 1 By
Q(D ‘”) =2 (ti+1 — ti), T(Uml) < 2n T(D ‘”) < 2 IIpu (ti—i-l — ti) < 3.
Cnoxnocts T(DPai) s cayuas P(A = 0 MOXKHO He
( ) a y ( y;71,17y;71,i+17y371,i)
YUUTBIBATH, [MOCKOJIbKY MOCJEIHEe O3HAYAET, YTO BEPOSATHOCTH IOIAJIa-
-1
HUSI B BEPIIMHY 0; =~ paBHA HYJIO.
O6o3HaunUM Uepes o KOHIEBYIO BEpIINHY, KOTOPOIl IPHIIICAHO TUCIIO
. /
y;i (i =ti,. .., tiz1—1), a epes oy | camyro JIeByI0 KOHIEBYTO BePIITHHY.

1 2
—1,i'Yg—1,i+1'Yg—1,i
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[TocTpoennsrit  ¢parmMenT wuHMGOpPMAIIMOHHOTO Tpada 0003HATIM
q
Va—1,i"

Hos xaxxgoro @ € {1,2,...,1,-1} depe3 j(i) 0b03HAYNM TaKOil Mak-
cuMasbHbIil HoMep, uto j(i) < i u [Vy_y jiy| > 0. Ecim takoro nmomepa
uer, 1o j(i) = 0.

Teneps st kaxuoro ¢ € {1,2,..., 11} ecim [Vy_1 ;] >0ut;—1 >0,

/
TO OTOXK/IECTBUM BepImHbL o) | u of | (1erko nonsite, uro af. | camast
1 T T

npaBas BepinuHa droro tuna B VI U‘q, ,» TO €CTb ti—1 =144 —

q—1,5(i

q

Liy 1L

pe3yJjibTaTe 3TUX OTO}K,Z[GCTBJIGHI/II;'I MbI rZ[O6I/IBa,eMCH TOr'o, 9TO B BE€PIIMNHDbI
q 1

L _ 2 1
aj (i=1,...,l;) npoxomar Bce zanpocel x = (', x7), Takue, UTO Y, ; <

1 1
el <y
Temeps M3 KaxkKI0i BEPIMUHBI

-1
1), a ecin |Vy_1;| = 0, T0 oTOXKACCTBEM BepuUIMHBL §] U «

(i =1,2,...,l;) Beuycrum pe6po,

[IPUIIUIIEM €My IIPeJInKaT fyii, U KOHEIT 3TOro pebpa 0603HaATIM fyf. Bep-
MIAHY %‘5’ 0OBbABUM JINCTOM ¥ IIPHUIIUINEM eif 3armuch ¥y, ;. llomananue 3a-
npoca x = (z!, 22) B BepIHAEY ! rapanTupyer, uro y;i < !, a npesukar
fyii(y:l, 2?) 3aBepIIaeT IPOBEPKY YOBJIETBOPSCT JIH 3AIINChH Yq,i 3AIIPOCY

x. Ecim ucxonnast 6ubsmorexka V' OoJiee ueM ¢-CJIoiHAsT, TO €CTh 7L > ¢, TO
q
i
6 8 ) 6
JUKaT f,2 , U KOHEI STOro pebpa 0b03Ha UM 0, . ITY BEPIIUIY MBI Oy/ieM
g,
VICIIOIb30BATh JIJIsl IIPOJIOJIZKEHNsT TTONCKa Ha CJIEIYIONIEM CJIOE.

U3 BEPINUHDBI (v; BBITYCTUM €Ie OJHO PeOpo, KOTOPOMY IIPUIIMIIIEM IIpe-

Jlajee n3 KazKJI0ro JucTa fyg (1=2,3,...,l,) BolrycTuM pebpo B JuCT
v, n upunmmem sToMy pebpy HpeuKaT fyg . Jlanmast moc/ie[0BaTe b
HOCTB pebep eCTb Telb TEPEeIUCTICHUS orBera. OHa I03BOJISICT JABUrATHCS
[0 @-My CJIOIO OT 3alliCH K 3aIlUCU B MOPsiJIKE YOBIBAHUST aOCIUCC JI0 TEX
[IOP IIOKa 3aIINCH YJIOBJIETBOPSIOT 3aIIPOCY X.

ITocsie Toro Kax MbI CJieJIa€M OIHMCHIBAEMbIE IIOCTPOEHUS JIJIst [TOCJIE I~
HEro CJI0st IoCTpoeHue Tpebyemoro uHdopManuonHoro rpada UV 3asep-
MAETCH.

Jlerko npoBepuTb, YTO MOCTPOEHHBIN rpad B TOYHOCTH COOTBETCTBY-
€T OIMCAHHOMY paHee aJI'OPUTMy IIOMCKa U DeliaeT Hanry 3ajady [ =
(X, V,p).

[oncunraem douosyio ciaoxuocrts U UV,

Kak MbI y2Ke oTMedasn, COrJIacHO JieMMaM 2 U 3 cpejiiee BpeMsl ITOUC-
Ka TEePBOH 3alliCH HA MEPBOM CJIO€ HE MPEBLIIIaeT 3. Tenepnb MojacInTaeM
CKOJIbKO BPEMEHH MOXKET OBITh MOTPAYEHO Ha IMOUCK OYEPEeIHON 3aITuCH.
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OjiHO BBIYMC/IEHUE MTpEINKATa BHUIA fyﬁjfl’ 9TOOBI yOeIUThCA, 9TO CJie-

JIyIOIasl 3alliCh Ha, IEMN MePeYInC/IeHns OTBeTa HaM He ITOJIXOAuT. Bro-

poe BBIYUCJIEHUE IIPeJUKaTa BUJIA fyz , IPUTIICAHHOTO PEOPY, BELYIIEMY
q,?

B BEPIUHY (5?. Jlasee B cpesHeM 2 BBIYHUC/ICHHUSI MBI CII€/IaeM IIPU IIPO-
XOXKJeHnH 110 rpady Tuia U%@ i nepesy tuna DB, U ma mocmemnok
MBI BBIUHC/SIEM IPEIUKAT BUA fygﬂ o [IPUIUCAHHBIN PEOPY, BEAYIIEMY

1 1
U3 BEPIINHBI TUIIQ a;ﬁ_ B JIUCT ’)/;H_ . Tem CaMbIM, €CJIN I10JIb30BaTeJ/Ib

KazK/Lylo 3alich ob6pabaTsBaeT 1o KpaifHeil Mepe 5 TAaKTOB, TO BCE BpEMsI
OXKUJIAHWsI BBLILETCS B OXKHJAHWE [epBoii 3amcu. Takum obpa3oM Mbl
nokazasu, aro T(UY) < 3.

[oncunraem obbem U UV .

[Tycrs V' Hekuit pparMeHT HEKOTOPOIo CJI0st JIJIsi KOTOPOI'O MBI CTPO-
um UT tuma UYL, wm DB, u |V!| = 1 (1o ects V' ects 6o Vi, mbo
Vi j uist Hekotopsix ¢ € {1,2,...,n—1} u j € {1,2,...,;}). IlockonbKy
Cy > 1,10 Q(DB) =21 < Q(UL) < 1(2+ Cy) + 1. Crenosarensno
XYJUIIM corydaeM OyeT ciaydail, Korja Juis Kaskaoro dparventa Oyaer
crpouthes T tuma Ul | HO TIoc/ie iime cTpOsSTCsT TOMBKO €CITH GHCTO0 3J1e-
MeHTOB B (pparmente He MeHblie 4. Ciie/I0BaTe/IbHO MAKCHMAIBHOE THCIIO
UT tuma U}, we npeswimaer |V|/4, a cymmapHbiii mx 06beM He TTPEeBbI-
maer V| (2 + Cy) + |V|/4. U3 kax10ii BepUIMHbL TUIA (/f BBIXOAUT HE
6ostee 1ByX pebep, a 9uCI0 TaKuxX BepimH pasHo |V|, mosTomy cymmap-
HOe unciao takux pebep me mpesbimaer 2|V|. Ocrasocs ydecrs pebpa,
IPUHA/JIEXKAIIE [eSIM [IePeINCJIeHns] OTBeTa, KOTOPhIX He GoJiee, Yem
V| —n. Cymmupys see, nonyuaem Q(UY) < |V|(5.25 + Cy).

Tem cambIM JIeMMa 5 JIoKa3aHa.

Ys
n
Y2 .
Y3

Y4

1 3

0 1
2 1
Puc. 6. Bubsmoreka V.

PN
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Y5 Y5 Y6 ,
- 172

Yg

93,1
Puc. 7. UIT UV .

Ha pucynke 6 npuBejieH mpuMep JIBYXCJIOWHON OUOJINOTEKH, a Ha pU-
cyuxe 7 UIT' UV jyist s1oit 6ubmmorex.

Ocraercst 3aMeTUTh, YTO YTBEPXKJIEHNE TeOPeMbl 1 SBJISIETCST TPOCTHIM
CJICJICTBAEM JIEMMBI 5.
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