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HMN3KOIIJIOTHOCTHBIX KO/10B

M. 3. Toxxkubaena

B nammoit pabore m3ydaiorcs KBa3UIIUKJIAYECKUE HU3KOILIOT-
HOCTHBIE KOJibl. [IpuBOINTCS BEPXHSIS OTIEHKA HA MUHIMAJILHOE Pac-
CTOSTHME, KOTOpasl 3aBUCHUT OT MHHUMAJIBHOIO M MaKCHUMaJIbHOT'O
KOJIMYECTBA €IUHUI] B CTOJIONAX IPOBEPOYHON MATPHUIIHI JTAHHOTO
KOJIa.

Kuao4deBble cjioBa: MUHUMAJLHOE PACCTOSHUE, KBASUIMKJIN-
YeCKNI HU3KOILJIOTHOCTHBIN KO/I.

BBe,Z[eHI/Ie 1 IIOCTaHOBKa 3ada4n

Kompl, ucnpapistionine ommbOKY, HCIOIB3YIOTCA I IepeIadn HHpop-
Mallii B KaHajax cBsasu ¢ mnryMoM. OJHUM 13 Hambojiee JacTo HCIIOJIb-
3yeMbIX B HACTOsIIIIEE BPEMs KJIACCOB KOJIOB SIBJISIETCS KJIACC HU3KOILIOT-
HocTHBIX KO7I0B (LDPC-kompr or anri. low-density parity-check). Buep-
Bble OHU ObLIH TIpeIoxKkenbl P. Tasmarepos [1] u mepeoTkpbiThl Gosiee uem
gepes 30 ser |2, 3|. IpyruM BazxKHBIM KJIACCOM KOJIOB SIBJISIETCSI, IIPEJIJIO-
skeHHblil TayHCeHIOM 1 Y3JJIOHOM, KJIACC KBa3UIUKJIMIECKUX KOJIOB [4].
Brumo mokazano, 9T0 KBAZUIIMK/IMIECKUE KOJbI SIBJISIIOTCS aCUMIITOTUYE-
cku xopoummu [5).

HauboJree nepceKTMBHBIM KJIACCOM HU3KOILJIOTHOCTHBIX KOIOB SABJIsI-
I0TCSl KBa3UIUK/IMIeCKNe HU3KOIIOTHOCTHBIE KOJIb [6]. C 0/1HOI cTOpOHBI
X KBa3HIUKJINYIECKas CTPYKTypa JeJaeT NX YIOOHBIMH JIJIsl IPaKTHdIe-
CKOII peajm3alnuu, a C APYyrofl jd UX JAEeKOAUPOBAHUS MOXKHO HUCIIOJb-
30BaTh JAEKOAEPHI ¢ MITKUMU perreHusMu. OHU y2Ke CTaal YacTbIo MHO-
I'UX COBPEMEHHBIX CTaHIapPTOB IepeJladn JaHHBIX, TakuxX Kak DVB-S2, 10
Gigabit Ethernet, WiMAX, Wi-Fi, LTE. HecmoTpst Ha TO, 9TO 3TH KOBI
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00J1aJa10T IJIOXUM MUHUMAJIBHBIM PACCTOSHUEM, KOTOPOE CBEPXY OTPaHU-
YEHO XOTb GOJIBINON, HO KOHCTAHTON |7|, KBA3UIMK/IMYECKIE HU3KOILJIOT-
HOCTHBIE KOJIbI ODECIIEYNBAIOT BBHICOKYIO CTEIIEHD MCIIPABJICHUS OIMHMOO0K.

Baxxmeitieit xapakKTepUCTHKON KO/1a, SIBJISIETCS €r0 MUHUMAJIHLHOE Pac-
crosinue. Jljisi MpOM3BOJIBHOIO JIMHEHHOIO KOJia OBLIO JIOKA3aHO, UTO
HaXOXK/IeHIEe MUHUMAJBLHOTO paccTosduus spjsercsa N P-rpynmnoit 3aga-
geii [8]. TTosromy mpejicTaBIslIOT MHTEPEC BEPXHUE M HUXKHUE OIEHKH MU-
HUMAJILHOTO PACCTOAHUSA JIMHEHHOIO KOJIa B 3aBUCUMOCTHU OT €ro Ilapa-
METPOB.

B mannoit ctaThbe NMPpUBOAUTCA BEPXHSAS OIEHKA MHUHUMAJIBLHOIO Pac-
CTOSIHUSI JIJIsi KBA3UITMK/IMIECKOI0 HU3KOIJIOTHOCTHOTO KOIa ¢ (PUKCUPO-
BAHHBIM MaKCUMAJIbHBIM U MUHUMAJIBHBIM KOJIMIECTBOM €JIMHUI] B CTOJI0-
1 TIOPOXKJIAIOIIEH MAaTPHUIlBl, KOTopast 0600IaeT W3BECTHYIO OIeHKY |[9].

OcHoOBHBIE IOHATHUS U olrpedeJjieHnA

O6o3naunm vepes Fo moste lastya us3 a1Byx as1emenTos. Torma mor FQ”X"
n [} Oyznem nosnpasyMeBaTh COOTBETCTBEHHO MHOYKECTBO MaTPHIL pa3Mep-
HOCTH M X 1 1 BEKTOPOB pa3MepHOCTH 7 HaJl mosieM Fo. OyHKImel Koau-
poBaHus Oy/ieM Ha3bIBATH oTobOpaxkenue @: [F ’2“ — [y, e k < n, xoTopoe
COIIOCTABJISIET KAXKJIOMY UHPOPMAUUOHHOMY CAOGY U € ]F’g’ HEKOTOPOE KO-
dosoe caoeo x = p(u) € Fy.

OOGBIYHO B TEOPUHU KOJMPOBAHUS M3YyUAOT He caMy (DYHKIHIO KOJIU-
pOBaHMsl, & MHOYKECTBO KOJIOBBIX CJI0B. HazoBeM (1, k)-KOOM MHOXKECTBO
sekropos C C F%, momuocts koToporo pasna 2. JTunedoui (n, k)-xom —
910 (1, k)-KOjI, KOTODPBIl $IBJISIeTCsl JIMHEHHBIM [POCTPAHCTBOM HAaJl I10-
jgeMm Fy. Ilocimennee TpeboBaHne SKBUBAJIEHTHO TOMY, UTO CYMMa JBYX
KOJIOBBIX CJIOB TOXKe OyJIeT KOJOBBIM CJI0BOM. JI106oil muneiinerit (n, k)-
KOJI MOZKHO 33JIaTh KaK MHOXKeCTBO perrenuii ypasaenns Hxz! = 0, rue
H e anfk)xn — nposepounas mampuya. Becom BekTopa v € Fy Oynem
HA3bIBATHh BEJIMYUHY, PABHYIO KOJIMYECTBY €ro HEHYJIEBBIX KOMIIOHEHT U
obozHavaTh ee wt(v).

Pacecmosnue no Xemmuney d(u,v) Mexky JBYyMsi BEKTOPAMU U,V €
F3 — sT0 KomdecTBO MO3UINUIl, B KOTOPBIX OHU OTyIn4aioTcd. Jlerko Bu-
JeTh, 9TO:

d(u,v) = wt(u 4 v),

rae u “+ ¥ — IMOKOMIIOHEHTHAA CyMMa II0 MOJIYJIIO JIBa BEKTOPOB U U V.
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HaI/IMeHleee paccTrodHne MexKJy Ppa3JIMYHbIMUA KOJIOBBIMHU CJIOBaMM
Kojia C HA3BIBAETCA MUHUMANDHDIM PACCTNOAHUEM:
dpmin(C) = min d(u,v).
u,veC
UFEV

MunnMabHOE pacCcTosiHUE JIMHEHHOTO Koja C PABHO MUHUMAJBHOMY
BeCy HEHYJIEBOI'O KOJOBOI'O CJIOBA, TAK KaK CyMMa JIFOOBIX JIBYX KOJIOBBIX
CJIOB TOXKe OYJ/IeT KOJIOBBIM CJIOBOM:

dmin(C) = min wt(u + v) = min wt(w).
u,veC weC
UFEV w#0

Hupkxyaanwmmroti mampuyeti OyaeM Ha3bIBATH KBIPATHYIO MATPHILY,
KaxKjasl CTPOKa KOTOPOM, HAYMHAS CO BTOPOM, TOJYydaeTCs U3 MPeblIy-
el MUKJINIECKIM CJIBUTOM BIIPABO HA OJIMH 9JIEMEHT. [[upKyAsHmHas ne-
PECMAHOBOUHAA MAMPUUG FTO TTUPKYJISTHTHAST MATPUIIA, B KA¥KJIOW CTPOKE
KOTOPOM POBHO OJTHA CJIVHUIIA.

Jlerko BuIeTh, 9TO JTI06AsT UPKYJISTHTHAS IEPECTAHOBOYHAST MATPUIIA
npeJcTaBser coboit Marpuiy mukandeckoro casura I(p) € FL*". B i-it
CTPOKE KOTOPOH €CTh PABHO OJIHA €MHUIA HA TO3UIUH § + P TIO MOJLYJTIO
r,oae p € {0,1,...,r —1}.

Omnpenenenne 1. Ksasuyurxiuveckutl HusKONLOMHOCMHBT K00 — ITO
JIMHENHBII KOJ, IPOBEPOYHAsT MATPHUIA KOTOPOTO BBITVISIIUT CJIETY IOIITAM
obpaszoM:

Hy Hop ... Hor-
Hiy Hyy ... Hij,
H = . . A . )
Hyj 10 Hjy-1p ... Hjy-11

JrxIr X T
e H € I , U Kaxkjaa nogMarpuna H; ; € Fo™" moxkeT ObITh 1160
MUPKYJISTHTHON TIepecTaHOBOYHON MaTpuIieil, Jubo HyJIeBOI MaTpuIei.

Ob6oznaunM uepes €; ¢ KJIaCC KBA3UIMK/INIECKUX HU3KOIIOTHOCTHBIX
KOJIOB, B KaXKJ0M CTOJIOINE IPOBEPOYHON MATPUIILI KOTOPBIX KOJUYECTBO
eIMHAT] He MeHbIIe deM t, u He Oosbire, dem s. Byaem nasbmats (0, 1)-
MaMpPuets TEJOTUCTEHHYI0 MATPUILY, COCTOSNILYIO U3 HyJIeH U eJIMHUIIL.
Onpenenenune 2. Becosoti mampuuets nas H €
(0, 1)-marpuna wt(H) = (b; ;) sx1, T€ b; j PABHO eIMHUIIE B CJIyYae, KOTIa
H; j — 9T0 IMPKYJISHTHAS IIePECTAHOBOYHAsI MATPHUIlA, U HYJIIO HHAYE.

IF2J mXIT yaspiBaeTCa
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PacecmorpuM cBoiicTBa MPOBEPOYHONT MATPUIHI KBASHITHKIAIECKOTO
HU3KOIIOTHOCTHOrO Koja. st mpoBepounoit marpuibl H € ]Fg””
Ja & s MOXKHO OIIpeJIe/INTh HEKOTOPbIE ee XapaKTePUCTUKHU, OOIIUe C Co-
OTBETCTBYyIOIIEH eii BecoBoit maTpuieit B = (bi,j) Jx1- Paccmorpum 4-i
crosiber; maTpurbl H. Kaxkaass equanmia JaHHOTO CTOJOIA BXOIUT POB-

KO-

HO B OJIHY IUPKYJISHTHYIO II€PECTAHOBOYHYIO MATPHUILy, KOTOpas B CBOIO
odepe/ib JIaeT OAHY €JIUHuIly B Marpune B, ecim ke H;; — Hysesas
MaTpuna, To b; ; paBHO Hy/m0. B TakoM ciydae cupaseiuBo CIeylomee
YTBEPXKJIEHUE:

Jlemma 1. /JIas K6a3UGUKAUMECKO20 HUSKONAOMMHOCMNO20 K004, 3a0aH-
nozo mnposepounoti mampuyet H € ™" kopunecmeo edunuy o ee
CMoabue pPasHo KOAUMECEY €UNUY, 6 COOMBEMCMBYIOUEM CMOAOYE
mampuyse B = wt(H).

SaMeTuM Tak:Ke, YTO aHAJOTMYIHOE YTBEPXKJIECHUE CIPABEIJIMBO M JIJIsI
CTPOK.

Omnpenenenne 3. Ilepmarenmom TeJOYUCIeHHON MaTpunbl A =
(@4,5)nxn OyIEM HA3BIBATH BEJIHYINHY

perm(A) = Z H aj.o(j)s

o j€[n]

rie cymma Gepercs 10 BceM n! mepecTaHOBKaM O MHOXKECTBa [n] =
{1,...,n}.

Iycrs 3amama nenounciennas Marpuna A = (@ j)nxn. Torma s
[IepMaHeHTa STOH MATPHILBI CIPABE/INBO CJle/lyomiee cBoiicTio [10]:

perm(A) = perm(AT).

[Tycts S 1pPOM3BOJIBHOE MOJAMHOXKECTBO MHOXKecTBa [I] MormHocTn
J+1, a B = (b; ;) x1 HeKOTOpas TeovncIentas marpuna. depes Bgy;
0003HaYKMM ee HOJMATPHILY, COCTABJIEHHYIO U3 CTOJIOLOB C MHICKCAMH U3
mHoxecrsa S\ {i}.

[Tycts C KBa3UIUKIMYECKUIl HU3KOILIOTHOCTHBIN KOJI, 33 JaHHBIH IIPO-
sepounoit marpureit H € Fy™*!" u B = wt(H). B pabore [7] npusesena
cJIe/lyIoNIasl OEeHKa Ha MUHMMAJILHOE PACCTOSHUS JIAHHOIO KOJA:

dmin(C) < min* perm(Bg\;), (1)

sc] «
|S|=J+11€5
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rje Mo min® MOHUMAETCs MUHUMYM 10 BCEM HEHYJIEBLIM 3HAYCHUSIM.
Hockoneky J x J marpuna Bg\; siBisercs (0, 1)-marpureii, To u3
OlIpe/ie/IeHUs TIepPMaHEHTa HEIIOCPEICTBEHHO CJIE/LYeT, YTO

perm(Bg\;) < J!.
Takum 06pa3oM, U3 ONEHKH 1 MOKHO HOJIYIUTh CJIEYIONIYIO OleHKY [7]:
dmin(C) < (J + 1)L (2)

PaccmoTpnm KBaznmukImdecknii nuskomtoTnocTHeil ko C € ¢ g, 3a-
JIaHHBIA IPoBepOoYHOi Marpuuei H € Fg I IIycrb KOIMYIECTBO €qIMHUIL
B cTpokax marpuiibl H mamuoro memnnine, 1em J. B sTom ciydae oren-
Ka 2 Oyzmer cujIbHO 3aBblleHHOR. [IpuBemeHHast HUXKe TeopeMa ABJISIeTCsT
060011IeHEM OIIEHKN 2 M BOCIIOJIHSIET 9TOT IIPOOE.

Teopema 1. ITycmv 3adan nexomopwili KEA3UYUKAUNECKUT HUSKOTLAOTN-
Hocmmwil kKod C € & s ¢ nposepounoti mampuuets H € IFQJTXIT. Tozda dan
€20 MUNHUMANDHO20 PACCTNOANUA CNPAGEOAUCH OUECHKA:

Apnin(C) < (J +1)s!77¢,

Hoxkazarennscrso. ITycrs (0,1)-marpuna B = (b; ;) x1 ABISETCS BeCo-
Boit maTpurieit i H. Bocrosbayemcesi oreHkoit 1:

IS|=J+1 i€S

Corunacno cpoiictsy nepmanenta perm(AT) = perm(A). Ucnonb3ys nepa-
BEHCTBO 3 [OJIyYHM:

dmin(C) < g&i{l}}* Zperm(Bg\i). (4)
|S|=J+1 €5

Kak noxaszano B [10], gt (0, 1)-marpunst A = (a; j)nxn ¢ KOJHIECTBOM
eJIMHUIL B I-ii CTPOKE, PABHBIM T;, CIPABEIJIUBO CJIe/LyIolee HePABEeHCTBO:

perm(A) < Hrill/”. (5)
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U3 semmer 1 caeyert, uTo Juig paccMaTpuBaeMoro kofa C € € ; Kommde-
CTBO eIMHUII B BeCOBOil Marpuiie B He MeHee, 4eM ¢, u He Oojiee, 9eM s.
Bocnonb3oBasmmch 9tuM (pakTOM U OMEHKOH 5 MOy IUM HEPABEHCTBO:

J

perm(Bg\i) < H s/t (6)
i=1

Bocnonb3oBasmicsh HepaBeHCTBOM 4 1 HEPABEHCTBOM 6, MTOJTYIHM:

dpmin(C) < min* st < (T + 1)sV,
Scl1] «
|S|=J+1 €S

9TO JIOKa3bIBACT JIAHHYIO TE€OPEMY.

3akJro4eHne

OCHOBHBIM pe3yIbTATOM JAHHON pabOTHI SBJISIETCS ONEHKA, TOJIYIeH-
Hasd B TeopeMe 1, Ha MUHUMAJILHOE PACCTOsIHNE KBA3UITUKINIECKOTO HU3-
KOIJIOTHOCTHOI'O KOJ[a, 3aJIAHHOIO MPOBEPOUYHON Mmarpureir H € IF‘QITX”,
YUCJI0 eJUHUI] B KAaXKJIOM CTOJIOIE KOTOPOil He MeHbIIe 4eM ¢, 1 He 6OJIb-
nre yem s. OHa yJydIiaeT U3BEeCTHYIO OIEHKY (2) Ha crydaii IPOBEPOYHBIX
MaTpHUIl, B KOTOPBIX BEPXHss I'PDAHUIA § HA KOJMYECTBO €JIUHUI] B CTOJIO-
[aX 3HAYUTETbHO MEHbIIE, YeM KOJUIECTBO IUPKYISHTHBIX CTPOK J. [Ipn
9TOM OICHKa (2) SIBJISIETCST YACTHBIM CJIydaeM HOJLy YeHHOil B paboTe OreH-
KW, €CJIN TOJIOXKUTL § =t = J.

ABTOp BBIpaXkaeT NPU3HATETHLHOCTH CBOEMY HAYIHOMY PYKOBOJIHU-
TEJII0 COTPYJIHUKY Kadeapbl MaTeMATHICCKON TEOPUU UHTEJICKTYAJIb-
HBIX CHCTEM MeXaHUKO-MaTeMaTrudeckKoro daxyiabreta MIWY x.d.-m.H.
I1. A. TTanTeseeBy 3a IIOMOIIB BO BpeMsi pabOThI HAJI CTATHENL.
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