ArmmrpokcuManusi BpeMEHHbBIX PsJI0B
JIOMAQHON KpaT4yaMilneil JJINHbI

M. X. MupxamuioB

B macrosmeit pabore paccMaTpuBaeTcs 3aada almpOKCHMa-
[N BPEMEHHBIX Ps/I0B JIOMAHBIMUA KpaTJailieil JJINHbI C 3aJaHHOM
TOYHOCTBIO. BpeMeHHOIi psiji MHTEePIPEeTUPYETCs TOCIEI0BATEILHO-
CTHIO TOUYEK IJIOCKOCTH, & 3a/[a1a AlllIPOKCUMAIIH ITOI 1ocJie/10Ba-
TEJILHOCTH JIOMAHOHN IIPUBOUT K ITOUCKY KPATIAUIIETO IyTH MEXK-
Jay aByMs orpeskamu. [lorydeH ajropuTM, pernaonuii oCTaBIeH-
HYIO 33Jla9y C HCIOJIb30BAHUEM IOCTPOEHUS I'pada BUIAMOCTU U
ajroputMma, JlefKcTphI.

KuroueBble cjioBa: ammpoKCUMallis TOYEK Ha, ILJTOCKOCTH,
rpad BUIUMOCTH, IJIOCKOCTh C MHOTOYTOJIBHBIMI IIPEISITCTBUSIM,
KpaTJyaiimuii myTh, aaropuT™ JlefiKcTphI.

1. BBenenue

ITox BpeMeHHBIM psiIOM MBI TOHUMAEM KOHEUHYIO IIOC/IEI0BATE b
HOCTD JIEACTBUTENBHBIX IHCe. AJITOPUTM, TIOJTyYeHHbBINH B HaCTOAIIEH pa-
60Te, TO3BOJISIET AIMPOKCUMUPOBATD BPEMEHHON Psif C 3aJIaHHON TOYHO-
CTBIO JIOMAHHOW KpaTdaiiieil qauubl. Takum o6pa3om, KOTupys BPeMeH-
HOH psJl IIOCAEI0BATEIbHOCTLIO BEPIINH IIOIYYEeHHONR JIOMaHHOM, MOXKHO
JOOUTHCST 3HAYUTEJILHOTO CoKATHsl UCXO/HOM nHdopmMarmn [1].

PaccmarpuBaeMas 3ajada NpUBOAUT K MIOCTPOEHUIO JIOMAHOM KpaT-
Yaumen qInHbl, TPOXOAAINEA Yepe3 3a/JaHHOe MHOXKECTBO OTPE3KOB PaB-
HOI1 JIJIMHBI U JIEXKAIUX HA TAPAJIIEJIBHBIX PSIMBIX. 3a/1a4ua [IOUCKa KpaT-
qajnero LyTu MexK/1y ABYyMs TOYKaMU Ha IIJIOCKOCTU C MHOI'OYI'OJIbHBIMU
[PENSITCTBUSIMI PACCMaTpuBasach, Hanpumep, B [2]. s perienusi pac-
CMaTpUBAEMOI B 3TOI paboTe 3a/1a9U Mbl, UCIOJIL3Ys CJIOKUBIIHIACS T10/I-
XOJI, CTPOUM HEKOTOPBIH BCIIOMOTATEIbHBIN I'pad U MPUMEHSIEM aJIlOPUTM
Heiikerper [3] ay1st norcka KpaTdaifiero my T MeKiy JBYMsl BEPITHHAMI
B 9TOM rpade.
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2. Onpegenenusi, 0003HaAYEHUS

Ha mtockocTn paccMOTpHM IPAMOYIOJILHYIO CHCTEMY KOODIUMHAT
Oxy. Ilyctb 3a7aHO MOJIOXKHUTETBHOE dHCJIO €. VMerorcs JioMaHble
ll(Al,An) = Al,AQ, N ,An n ZQ(Bl, Bn) = Bl,BQ, N ,Bn. Touka Al
nMeeT KOOpJAMHATHL (T, Yy; + €), a Touka B; — KoopauHaThl (T, Y; — €).
IIpu 3TOM mOCIENOBATEILHOCTL abCIUCC TOYEK A; CTPOro BO3pacTaerT, TO
eCTb T1 < T < ... < Ty

[Tycrs Touka T = T'(x,y) TakoBa, 4rt0: 1 < & < Tp,. Torya Haiigercs
i Takoe, uTo T; < T < Z;y1. Opaunary Touku orpeska [A;, A;11] ¢ abe-
mccoit 2 06o3HaunM y',a opamHATY TOUKM oTpeska [B;, Bii1] ¢ abenmccoit
x obosnauuM y”. Ecam npu stom v’ < y < 3/, To GyseM roBopurhb, UTO
rouka 1" jexkur Mexy jgomanbivu 11 (A1, A,) u la(B1, By).

Byzem ropoputs, uro durypa O jexur mex ity Jomanbivu [1(Aq, Ay,)
u lo(B1, By), ecim Bce Touku 3roit dburypsl sexar mexiy li(Ap, A,)
u lo(By,By). Iycts Z — MHOXKECTBO, COCTOsIIIiee M3 BCEX JIOMAHBIX
W, B 9aCTHOCTH, OTPE3KOB, JEXKAIIUX MexkJy JomanbiMu [1(A1, Ay,) u
lo(B1, Bp).-

MmuoxkectBo Bepiun jgomanoit [ (A, A, ) obosuatdum depes Pp, a MHO-
JKECTBO BepIInH JioMaHoil lo( By, By,) — depes Ps.

3. IlocranoBka 3agadm u OPMYJIUPOBKA pe-
3yJIbTATOB

TpebyeTcst COCTABUTDL aJIrOPUTM, KOTOPbIi 10 jomanbiM [q (A1, Ay) u
lo(B1, By,) cTpOUT JIOMaHYIO KpAaTYaiIieil [INHBL, COCUHSIONIYIO OTPe3-
ku [Ay, B1] u [Ay, By] u conepxarytocst B Z.

ITycTh S| — MHOXKECTBO NEPIEHIMKY/ISPOB, OMYIIEHHLIX U3 BEPIINH
nomanbix l1(Ag, Ay) u lo(Ba, By,) Ha orpe3ok [Aq, By], a So — MHOXKe-
CTBO NEPIEHJIUKYJ/ISPOB, OIYIEHHbIX U3 BepiiuH JoMaHbix l1(A1, A,_1)
u ly(B1, Bp—1) Ha oTpe3ok [A,, By].

Beenem coenytomme obosnavenusi: Ry = {T : T € [A1, B4],[T, H| €
Sl},RQ = {T T e [An,Bn], [T, H] S SQ}

OrnpenenuM cieayomuii rpad:

I'pad G = (V, W) nasbiBaercs rpadoM BHIUMOCTH, €CJIA JJIsT MHOXKE-
cTBa V ero BepmuH u MHOKecTBa W ero pebep BBLIIOJIHEHBI CJICAYIONINe
pPaBeHCTBA:
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V=5 UPQUR1UR2U{M,K}, rme M, K §7_f PLUP,UR;URy

W =W, UWeUW3UW,UWs, rne

Wi = {[A, B] A e [A1,Bl],B S (P1 U PQ) \ {Al,Bl}, [A, B]J_[Al,Bl],
A,B] € 7},

Wy ={[A,B]: A€ [A,,B,],B € (PLUP)\ {A,, B,},[A, B|L[A,, B,],
A,B] € 7},

Wy = {[A(xa,ya),B(mb,yb)] A, B e PUPyx, # xp, [A,B] € Z},

Wy ={[M,B]: B € Ry},

Ws ={[A,K]: A € Ra};

Bynem cunrarh, aTo Bec j0boro pedbpa u3 muoxkects Wy u Wy pasen
HyJII0, a Beca pebep n3 Wi U Wy U W3 paBHBI JJIMHE COOTBETCTBYIONINX
OTPE3KOB.

ITocrpous rpad Buaumoctu GG, ucnoyb3ys ajaropurM leikerpol, Haii-
JieM KpaTdafimmii myth Mexk ity Bepiunamu M un K. Jlajnee mokaxkem, 9T0
JIOMaHasi, COOTBETCTBYIOIIAs 3TOMY IIYTH, SBJISETCS KpaTdaiiiei cpe-
M BCeX HEMPEPBIBHBIX CIPSIMJISIEMBIX KPUBBIX, COEIUHSIIONINX OTPE3KN

[Al, Bl] nu [An, Bn]

Teopema 1. Jlas 410600 cnpamasemoti HenpepwvieHoti KpuGot, coedur.i-
rowet ompesxu [A1, B1] u [Ayn, By u codeporcawetica 6 Z, cywecmsyem
aomanas ¢ pebpamu us W, coedunsowan ompesxu [Aq, B1] u [An, By,
daura xKomopoti ne boaee, wem OAUHA UCTOOHOT KPUBOTL.

JokazaTesbcTBo. IlycTh uMeercs HeKOTOpas KpUBas L, coeIuHsIONmast
orpesku [A1, B1] u [Ay, By] n comepxamasics B Z. Ilokaxkem, 4To ee
MOXKHO 3aMEHHTH JIOMaHOM, coequHsitoneil orpesku [Ay, Bi] u [A,, By,
3BeHbsl KOTOPOil npuHaieskar W u 9To jymHa 3Toil JjoMaHoil Gyger He
bosbIire, Yem JuimHA L.

IIycts P = {AQ, As, ... ,Anfl} U {BQ,Bg, . ,anl}.

Iar 1.

[Tycts E/ — MHOXKECTBO TO4YEK, obpasyiomux Kpusyio L. O6osznadunm
uepes R = {[D',D"]|D’ € [A1,B1]NL,D" € E,D' # D"} — muox)ecTBO
TAKUX OTPE3KOB, uTo ojuu kKouer, D’ jexxur na [A1, B1] N L, a apyroii
koner; D" nexkut na L. Torga ecim B R conepxxurest orpesok (D', D] € Z
takoit, uro D" € [A,,, B,])NL, To orpesok [D’, D] 6yner e jyiunnee, uem
kpuBast L (Tak Kak MUHEMAJBLHOE DACCTOSHHME MEXKJY JBYMsS TOYKAMU
PABHO JIJIMHE OTPE3Ka, COEJIUHSIIONIETO HX).

Unave, 3D € E : [D';D] € RN Z u [D',D] couepKur 3jeMeHT
H, € P. Torma paccmorpum HoByto kpusyio L' = [D' D] U L(D’, D),
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riae L(D', D) — gacth kpusoii L, 3akmouennoil mexy Toukamu D’ u D.
Ouesuno, uro |L'| < |L.
[MTar 2.

Ilyctrb E’ — MHOMXKeCTBO TOueK, O0OpasylolluX 4YacTh KpPUBOIl
L'(Hy,D"),tne D" € [A,,, By)JNL'. O6o3naunm uepes R = {[D’, D"]|D’ =
Hy,D" € E',D’ # D"} — MHOXKeCTBO TaAKUX OTPE3KOB, YTO OJMH KOHEI]
D’ = Hy, a npyroit konen, D" nexxut na L'. Torna ecim B R copep:kurcst
orpesok [D', D"| € Z rakoit, uro D" € [A,,, B,]JNL’, To sicro, uTo 0Tpe3ok
(D', D"] 6yner ue nimunee, uem |L' (D', D")|, tne L' (D', D") — wacrb kpu-
Boit I/, sakmouennoii mexkry Toukamu D' u D”. Torna uepes L” o6ozna-
unm kpusyto L'\ L'(D', D")U[D’, D"]. Tax xax |[D’, D"]| < |L'(D',D")|,
To |L"| < |L].

Unaue, 3D € E': [D', D] € RN Z u [D', D] conepxur sement Hy €
P\ H;. Torga paccmorpum HoByio Kpusyio L’ = L'\ L'(D’, D) U [D’, D].
Tak xax |[D’, D]| < |L/(D’, D)|, ro |L"| < |L'|.

ITpoo/IzKast BLIIOJIHATL 3Ty HPOIELYPY, Ha HIare 1m IIOJLyYiM:

[MTar m.

ycrs E™~1) — muoxecTso Touek, 0BGpasyloNUX 4aCTh KPHBOM
L"U(H,, 4,D"), tne D" € [A,,B,) N LY. O6osnauum wepes
R = {[D',D"||D' = H,,_1,D" € E™1) D' # D"} — muoxecTBo Ta-
KX OTPe3KOoB, 4To oauH KoHen, D' = H,, 1, a apyroii konern D" je-
(m=1) Torma ecim B R comepsurcs orpesox [D',D"] € Z
taxoit, uro D" € [A,,Bn] N L™V 1o scuo, uto orpesox [D’, D]
6yner me mmmmee, gem |LM~D (D', D")|, rne L™~D(D', D") — wacrs
kpusoit L™~V saxmouennoit mexy toukamun D’ u D”. Torma wuepes
L™ obozuaunm kpusyio LD \ L"=1D(D' D") U [D’, D"]. Tak kax
(D, D"} < [Lt=D(D', D")], to |[L™] < [LIm= D).

Umawe, 3D € E™ Y . [D),D] € RN Z u [D', D] conepxur siie-
menr H,, € P\ U;”:_llH s. lorjia paccMOTpUM HOBYIO KpuByio L =
L»=1\ Lm=10(D' D) U [D', D). Tax xax |[D’,D]| < |L'(D', D), to
L] < LD,

O4eBuIHO, YTO YHMCJIO MArOB PACCMOTPEHHOI MPOIEAyPhl HE MPEBOC-
xomuT n — 1.

XKUT Ha L

Nrak, mogyunin JIOMaHYIO, JIAHA KOTOPOW HE MPEBOCXOUT JJIMHBI
M3HAYAJBHOI KPUBOIi, a Bce BepIIUHBI (OBITH MOXKET, TOJBKO KPOME KO-
HEYHBIX) IPUHAJJIe’KAT MHOKeCTBY P. IloaroMy Bce 3BeHbsl MOJTy YeHHOI
JIOMaHOM, KPOMe KOHEJIHBIX, IIPUHAIeKaT MHOXKecTBy W.



AnmnpokcuMariysi BpeMEeHHBIX PsJIOB JIOMAHOMN 177

[TokaxkeMm, ITO KOHEUHBIE 3BEHbsI MOXKHO 3aMEHUTDH JIOMAHBIMU, pedpa
KOTOPBIX IpuHaIe)KAT W U JUIMHBI KOTOPBIX HE OY/YT MPEBBIIIATE JJINH
COOTBETCTBYIOIINX 3BEHBEB.

Cayuait 1 (ucxoguasi kpuBasi L 3aMeHeHa JIOMAHOM, COCTOsIIIE
13 ABYX mjM 6oJiee OTPE3KOB).

PaceMoTpuM TOJIBKO TOCJIE/IHEE 3BEHO (JIJIsi TIEPBOTO 3BEHA PacCy K-
JEHUSA TPOBOJIATCH aHaJIOFI/Iqu).

Iar 1.

IIycrs [M, N] — nocieiuuii oTpe3oK JIOMaHOii, HMOCTPOEHHON B pe-
3yJIbTaTe MPUBEJIEHHOI BbIle mponeaypel, npudeMm M = (zpr,yy) € P,
N = (xvaN) € [An7Bn]7 Ap = (HUA,Z/A)v B, = (96373/3)

Touky M HazoBeM TEKyIIIEil.

[Iycre Q ={T : T € [A,,,B,] u [M,T] € Z}. OueBugno, uro Q # .
Hasee momoxKuMm:

Ymaz = max{y(T)|T € Q,y — opaunara Troukn T},

Ymin = min{y(T)|T € Q,y — opnunara touku T'}

Torna

1) eciu ypr < Ymin 4 Ymin = YB, TO cTpouM oTpe3ok [M, B,] € W;
ecit Ynr < Ymin U Ymin > YB, TO TMOJIOXKUM: Qmin = (vaymin)-
JdH € {By,Bs,...,Bp_1} N [M,Qmin]- Taxk Kak ymin < YN, TO
I[M, Qmin]| < |[M,N]|. Crpoum orpesok [M,Qmin]. Ho Tak xak
[M, Qin] MOKeT He cosiepzKaTbest B W, TO 3a TEKYIIYIO TOUKY BO3b-
MeM H ¥ Ha CJIeJyIONeM I1are paccMOTpuM oTpe3ok [H, Qmin].

2) eciu Ymin < YM < Ymaz, 10 3T : T € Q,[M,T|L[A,, B,]. Tak
kak [M,T] — orpe3ok MUHUMAJBHOI JyinHbI, coequnstomuii M u
[A,, By], To 3amennm orpesok [M, N| 1ocTpoeHHOI JIoMaHHON Ha
orpesok [M,T]. Torpa moaydumM JIOMAHYIO JIJIMHBL HE OOJIbIIEH, YeM
JUIMHA IPeAbLIyIIeil ¢ Ioc/Ie oM 3BeHoM u3 W.

3) ecy mbo YM > Ymaz 4 Ymaz = YA, 60 YM > Ymaz 4 Ymaz < YA,
TO TOCTYIAEM aHAJOTUYHO IIYHKTY 1.

Iar 2.
ITorTOpsieM TIpeIbIAYIINIA IIIar, HO JUId TeKyIei Toukn H.
[ToBTOpSsist TpUBEIEHHYTO TIPOIETY PY, HOJIydaeM TpeOyeMyIo JOMAHYIO.
Tak Kak 4YHCJIO MIArOB HE MOXKET IPEBOCXOAUTH N — 1, TO JNAaHHBIN
IIPOIECC 3aBEPIIUTCA 33 KOHEYHOE YMCJIO IIaroB, IPUYEM BCE 3BEHbs 110-
CTPOEHHON JIOMaHO OyayT comepkarbest B W.



178 M. X. Mupxamu10B

Cuyuait 2 (kpuBasi L 3aMeHeHa JIOMaHOM, COCTOSIIIENA U3 OJIHOTO

oTpe3Ka).

[Tycrs [M, N] — oTpe3oK, 3aMEHUBIIHUH UCXOJHYIO KPUBYIO, [IPUIEM
M = (zym,ym) € [A1, B, N = (zn,yn) € [An, Bp], An = (a,y4),
By, = (zB,yB).

Bynem apurars BBepx (BHH3) orpe3ok [M, N| mapaieibHO 10 Tex
1op, 1oka xorsi 6b1 ojun vtement H € {Ay,..., A} U{B,...,B,} He
Oyzer conepxkarbest B orpeske [M, N|. Torga, B3siB 38 TEKYILYIO TOYKY
H, cBeneM K IepBOMYy CJIydalo.

Takum 06pa3omM, MBI JI0Ka3a/H, 9TO JIOOYyI0 KpuByio L € Z, coemnu-
HstOILy 10 orpe3ku [Ay, Bi| u [A,,, By|, MoxKeM 3aMeHUTH JIOMAHOM, JjInHA
KOTOpOit Oymer He OoJibilie AIuHLI KpuBo#t L, nmpudem ee 3Beuba € W.
Teopema, j10Ka3aHa.

Caencrue 1. Jlauna kpamuatiuwezo nymu, COeOUHAIOULE20 OMPEIKU
[A1, B1] u [Ap, Bn] u npoxodawezo wepes 6ce npomescymoumovie 0mpesxu
[A;, Bil,i = 2,n — 1, pasna daune kpamuatiwezo nymu 6 epage 6udumo-
cmu, coedunarouiezo mouku M u K.

ABTop BbIpazkaer Gsiaromapuocth Anarosmio Asekcanjposudy a-
COBCKUX 3a Hay4YHOE PYKOBOJICTBO.

Crmcok JurepaTypbl

[1] Canomon [I. Cikarme maHHBIX, n300pazkenusi u 38yka. — M.: Texwno-
cdepa, 2004.

[2] Lee D.T., Preparata F.P. Euclidean shortest paths in the presence of
rectilinear barriers // Networks 14. — 1984.

[3] Dijkstra E. W. A note on two problems in connexion with graphs //
Numerische Mathematik. — 1959. V. 1. — P. 269-271.



