AJropuT™M BOCCTaHOBJIEHISI N300pazKeHsI
110 ero Komay

I1.T. ArauamBuin

B pamkax InuCKpeTHO-reoOMeTPUYEcKOro MOJXO0/a K PacIo3Ha-
BaHUIO 00pPa30B IIPEJICTABJIEH AJTOPUTM, BBIYHC/ISIIOMINN 110 KOy
BCe KJIACCHI &’-9KBUBAJIEHTHBIX N300parKeHnii ¢ JTAHHBIM KOJOM. AJI-
FOPUTM IIPUMEHUM K N300ParKeHUsSIM IIPOM3BOJILHOM Pa3sMepPHOCTH
n > 2, IpUYeM ero BPEeMEeHHasl CJIO2KHOCTH JIMHEWHO 3aBUCHT OT
YUCJIA TOYEK B M300parKeHUH.

KuroueBble ciioBa: pacrno3HaBanne o6pa3oB, KO H300parke-
HUsI, aJICOPAUTM BOCCTAHOBJICHHUS M300DaKEHUsI, BPEMEHHAs CJIOXK-
HOCTb.

1. BBeaenue

JInCKpeTHO-reOMEeTPUYIECKHM ITO/IX0/T PACCMATPUBACT M300parKeHUs
KaK KOHEYHBbIE MHOYXKECTBA TOYEK B KOHEYHOMEPHOM EBKJIMJOBOM ITPO-
crpancrBe. Ko m3obpazkeHnsi — 3TO OIpeje/ieHHast YUCI0Bas Xapak-
TEPUCTUKA, WHBapPUAHTHAS OTHOCHTEILHO addUHHBIX Mpeobpa3oBaHMil
n3o6pazkenus. JanHoe HapaBseHue oIy dnsio paspurue B Kuure [1], rie,
B YACTHOCTHU, UCCJIEIYeTCs BO3MOXKHOCTH BOCCTAHOBJIEHUST M300PaKEHMIT
[0 UX KOJ[aM B JIByMEPHOM ¥ TPEXMEPHOM ciiydasix. B pabore [2| anasio-
ruvnas mpobJieMa UCC/IeIyeTCs B O0IIeM CIydae MPOnU3BO/ILHON KOHETHOMN
pazmepHocTH. [Ij1s1 9TOTO BBOJUTCS BCIIOMOTaTeIbHAsA XapaKTePUCTUKA, —
p-kog1 (Mo/mduIMpoBaHHbIA KoJ). B ommdne or 0CHOBHOTO KOJa f4-KOJ
COIIEP?KUT YMCJIa CO 3HAKOM U B TOYHOCTU XapPaKTEPU3yeT CBOWCTBO N300-
pakenuiit 6bITH ahHUHHO-IKBUBAIEHTHBIMI C COXPAHEHHEM HYMEDPAIHH.
CBsi3b KOJIa U I-KOJA JAeT HEOOXOMMbIE U JOCTATOYHBIE YCJIOBUSI, OIPe-
JIEJIATONIIE M300paskeHusl, JIJI KOTOPBIX BO3MOXKHO OJJHO3HAYHOE BOCCTA-
HOBJIEHUE TI0 KOJIY.



184 II.T. Aranamsuinn

Kpowme cyrecTBoBanns Takoil BO3MOYKHOCTU, WHTEPECHA KOHCTPYK-
THUBHAsl 9aCTh BOIIPOCA — aJITOPUTM BOCCTAHOBJIEHUS] M300paKeHUs II0
ero Koiy. B nByMepHOM U TPEXMEPHOM CJIyYasX TaKOW aJrOPUTM MOXKET
OBITH OMMCAH Ha MeOMETPUYIECKOM si3bIke. B obIieM cirydae Tpebyercs 1e-
PEXOJT K AHAJIMTUIECKOMY IPeICTaBIeHIIO Koma. OCHOBHAS UesT 3aKJII0-
4aeTCd B PACCTAHOBKE 3HAKOB JIJId 3JIEMEHTOB KOJIa C IEJIbIO [OJIYyYeHUS
p-xoma. HermocpencTBennbiil mepebop BCeX paCcCTAHOBOK 3HAKOB U IIPO-
Be€pKa UX KOPPEKTHOCTHU IIPUBOJAUT K aJI'OPUTMY, BpEMEHHAdA CJI0KHOCTb
KOTOPOI'O PACTET 3KCIOHEHIIUAJIHLHO C POCTOM UHCJIa TOYEK B M300pazke-
aHun. C yIeToM Toro, 9To n300parkKeHnsi MOT'YT COJIEPXKATH OOJIBIIIOE THCIIO
TOYEK, TAKOI aJIrOPUTM He siBIsIeTCsI 3(PhPEKTUBHBIM.

B macrostieit pabore mpeacTaBieH aJrOPUTM, BITHCISIIONINN 110 KOILY
BCe KJIACChl M300parkeHnil ¢ JAaHHBIM KOJIOM, IMPUYEM BPEMEHHAS CJIO0XK-
HOCTDb aJI'OPUTMa JIMHEHHO 3aBUCUT OT YHCJIa TOYEK B n30bpazkeHuu. Jjist
3TOI'0 PACCMaTPUBAECTCSA MAaTPUYHOE IIPEJICTABJICHUE KOJIa U IOJIMATPUIIBI
CIIenuaJIbHOrO Buaa. Ilepexom oT 3KCHOHEHITNAIBHON K JTMHEHHON CI0K-
HOCTHU JIOCTUTaeTCd 3a CYET PAJa 3aKOHOMEDHOCTEMN, IMO3BOJIAIONIAX CO-
KpaTuTh mepebop BapMaHTOB PACCTAHOBOK 3HAKOB. JIaHHBIN aaropuTMm
IpUMEHUM K M300parkeHsIM ITPOU3BOJIbHON pa3MEepHOCTH 71 = 2.

2. IlpeaBapuresbHBIE CBE/IEeHUS

Bcrony mamee paccmarpuBaercs npoctpancTtso R™ n > 2. Ilox Toukoir
¢ ungekcom p € N OyjeM HOHMMATH YIOPSJIOYEHHYIO Tapy (X,p), e
x = (z1,...,2,) — BekTOp U3 R™.

Onpepenenne 1. ([2]) Hsobpasiceruem B R™ HazbiBaeTCS KOHEUHOE MHO-
JKECTBO MHJIEKCUPOBAHHBIX TOYEK, HE JICZKAIIUX B OJHOI THIIEPIIIOCKOCTI
U 3aHYMEPOBAHHBIX WHeKcamu 1,...,k B ciy4dae k Touek, k € N.

st uzobpaxkenusi A depes |A| Gymem ob03HAYATH YHCIIO TOYEK B
uzobpazkennn, a uepes Ny = {1,...,|A]} — mHoxecTBO uHIEKCOB Yy
TOYEK M300parKeHus.

Ounpenesnenne 2. ([2]) sa uzobpakenust A; u Ay, cocrosiiye u3 oju-
HakoBoro uncsa Touek (|A;| = |As|), HA3BIBAIOTCS @ ’-9K6UBAAEHMHBLMU,
ecsiu cymecrsyer adpdunHoe IpeobpazoBanue, IPU KOTOPOM KazK1asl TOY-
ka 3 A; ¢ mgekcom p € Ny | orobpazkaercs B Touky u3 Ag ¢ Tem xe
MHJIEKCOM P € Ny,
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Paccmorpum nzobpakerune A. BeegeM npon3BosibHY 0 adpHUHHYIO CH-

CTeMy KOoOopaumHaT B RTL’ " IIyCTb (1'11), N .CL'I;L) — KOOpAumHaTbl TOYKH C WH-
JekcoM p € Ny B 910l cncreme KoopanHAT. J[j1st IpOM3BOIBHBIX NHJIEK-
COB P1y---sPn+1591y - -+ 5qn+1 S N|A| onpene/JmmM MHICKCUPOBaHHOE YUCJIO
P1---Pn+1,
/’qu---anrl .
R S | 2l 1
P1---Pn+1 —
MQIM(]nJrl - . . . . . . . .
x117n+1 . xﬁnjtl 1 x({nJrl . x%n+l 1

3/ech B Cllydyae PaBeHCTBA 3HAMEHATE sl HyJII0 I0JIaraeM, UTo 3Have-
Hue M{,’;;;;ggﬁ He OIIpeJIeJIeHO, U OylieM 0003HadYaTh TAKON CiIydail 3HAKOM
0o. s xkparkocTtu obo3HadaeM HAOOPHI WHJEKCOB 3arjIaBHON OYKBOii,

nanpumep, P = (p1,...,pp41), ¥ OUIIEM B TaKOM ciiydae P € le. s

MHJ/IEKCUPOBAHHBIX {HCeI BUJA [i; 5" momydaem koporkoe oGosHate-

HIIE ,ug , & HAbOPBI UHJIEKCOB P 1 () HA3BIBAEM GEPTHUM U HUNCHUM HAOO-
pamu COOTBeTCTBEHHO. IlepecTraHoBKa MHIEKCOB B BEPXHEM WJIM HUXKHEM
Ha.60an MO2KET IIPUBECTU K U3MEHCHNIO 3HaKa IHCJIa /,LS, HO HE U3MEHAET
ero abCoIIOTHOIO 3HAYEHUSI.

Onpenenenne 3. ([2]) MuoxkecTBO MHACKCHPOBAHHBIX 4ucea p-14 =
{,u5|P,Q € le} Ha3bIBaeTCs [i-kKodom m3obpazkenust A. Kodom n300-
pazkennsi A Ha3bIBACTCS MHOXKECTBO HHJICKCHDOBAHHBLIX wnces Ty =

P n+1 P _|,P
{05IP,Q € NI {1}, e pby = |ub|.

[Tycrs myst HeKOTOpOro HaboOpa MHIEKCOB S = (S1,...,S8p4+1) € le
BBITIOJTHSIETCST YCJTOBHE ug # 00. ObozHaunM wepes u? 9JIEMEHT [I-KOJIA,
Yy KOTOPOIr'0 HUXKHUI HADOD siBJisieTcss HaObopoM S, a BepxHUil HAOOP ecThb
(81,-+++8j—1,D,Sj4+1s---+8n+1), TO €CTb j-il HHIEKC Habopa S 3aMmelrneH
HUHJIEKCOM P.

Onpenenenne 4. ([2]) Habop unjekcos S HA3BIBACTCS CUMNACKCHbIM

nabopom. MHOKECTBO {,u? Ip € Ny, j € Nyji1} HaspiBaercs xam0ue6vim
NOOMHOHCECTNEOM [4-K00a, [4-1'4 OTHOCHTEJIBHO CHMILJIEKCHOTO Habopa S.

AHAaJIOTUYIHO CJIyYaro [-KOJa BBOISATCS IOHSITHS 3JIEMEHTA KOIA, CUM-
IJIEKCHOTO HA0OPa MHJIIEKCOB U KJIIOYEBOI0 MOAMHOXKECTBA KOJIA.

Jlemma 1 ([2]). Jaa ao60z0 undexca p € Njg| 6vinoanaemesa coommo-
wenue:

w4 b =1 (1)
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JIemma 2 ([2]). Hasn ao6vix nabopos P = (p1,...,Ppni1) € le, Q=

(q1y---,Gny1) € N|"A+‘1 6EPHG CAIYIOWAA HOPMYAQ:
A
P I A vy
ro = a1 @ (2)
Ky o Mg
M({7l+l L MZT;

3decw 6 CAYHae paserHcmea 3HaAMEHAMENA HYAN0 TLONG2AEM ,U,g = Q.

JIemma 3 ([2]). Kaowcdomy waaccy a’-sxsusasenmmuox usobpasrcenud
coomsememayem eOUHCMBEHHBLT [1-K0d, ABAAMMOUUTCA [L-KODOM OAA KadHC-
dozo u3obpasicenusn u3 xaacca. Jlanmnoe coomeemcemeue AGAAEMCA Ouek-
yued.

3. IlocTranoBka 3amaun

Ilycrs T = (t;;) — mpousBosibHAs MaTpHUIla pa3Mepa k X m ¢ aje-
mertamu u3 R. Yepes M(T') obosmatmm kiacc Bcex marpun A = (a;5)
pazmepa k x m, [l KOTOPBIX |a;;| = [t;].

Oupenenienne 5. /e marpuiiel A u B u3 kinacca M(T), HasbiBaroTcs
oKeusaseHmHbMu U obosHadaorcs A ~ B, ecam ofHy W3 HEX MOYKHO
peobpazoBaTh B JIPYIYIO, YMHOXKas HEKOTOPBIE CTPOKH U CTOJIOIBI Ha
—1.

ITycTn {p? Ip € N| Al J € Npj1} — kiroueBoe HOIMHOXKECTBO Kogia 14
OTHOCHUTEJILHO HEKOTOPOI'O CHMILIEKCHOrO Habopa mHjekcosB S, a TP =
(tpj) — marpuna pasmepa |A| x (n + 1), onpejiesieHHast COOTHOIIEHIEM
tpj = ﬂ?, pE N\A|7 S Nn-‘rl-

Oupenesienne 6. Ilpoussosibhas marpuna TH € M(TP) nasbiBaer-
e mampuyett koda T4 OTHOCUTETHHO CHUMILIEKCHOTO HAabOpa WHIEKCOB
S. DuremeHTHl MATpUIBI Koga 1 obo3nadaem depes ,u? . Marpuna xo-
Jla HA3BIBACTCSL NPaGuAbHol, eCll JyIst Kaxkaoit ee crpoku (uf, ..., ub 1)
BBINOJIHsACTCsT cooTHOIeHne (1) u it ro0bIX ABYX HaOOPOB HMHIECKCOB
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P,Q e le BBIIIOJIHSIETCS COOTHOIIIEHHE | ,ug\ = pg, e IuCIo ug omnpe-
nessiercst hopmyiioit (2).

N3 nemmer 2, teMMbl 3 1 onpeiesieHust 6 CJIeIyeT IPOCTOe yTBEPXK Ie-
HUE:

Yreepxkaeuue 1. Kaowcdomy xaaccy a’-sxeusasenmmsit usobpasiceruil
coomeemcmeyem eOUHCMEEHHAA NPasuIbHaA mampuya xkoda T, coena-
dauaa ¢ KAOUESHIM TOOMHOHCECTNEOM [h-K00a KaHCA020 U300DAAHCEHUS
Kaacca (npu Burcuposannom cumnaexchom nabope). dannoe coomeem-
cmeue asasemcs buexyued.

C nmomoIpio yTBep:KaeHus 1 3a/1a9a 0 BOCCTAHOBJIEHUN N300parKeHMs
C TOYHOCTBIO JI0 &’-9KBUBAJIEHTHOCTH 110 €r0 KOy CBOIUTCA K CJIETyIONIei
3aJa49e:

Samava. /laa uzobpasicenus A ussecmen e20 K00 Tq u nexomopuidi cum-
naekcHuLll nabop undexcos S. Tpebyemcea natimu 6ce NpasusbHbLE MATN-
puust koda T4 oOmMHOCUMEADHO CuMNAEKCHO20 HAOOPa S.

3aMeTnM, 9TO JAHHYIO 33/1a9y MOXKHO PEIINTb OYEBUIHBIM CIIOCOOOM:
nepebparb Bece Marpuilbl Koga TH € M(TP), nposepsist Jijis KayK 0l u3
HUX YCJIOBUSI MMPABUILHON MATPHUIBl Kojia. Ho Takoil crrocob oka3bIiBaeTcs
HE(DDEKTUBHBIM ¢ BBIYUCTUTEIBHON TOUKM 3PEHUs], TaK KaK JJIs IUCIIa
N marpur koxa sepua ouenka 2141 < N < 200HDIAl IMOTOMY TPAMOI
mepebop MPUBOIUT K IKCIOHEHITHAJJIHHON CJIO?KHOCTU II0 OTHOIIEHUIO K
YUCTIy TOYEK B m3obpakenun. [lasee Oyzier mnpejiokerHo 6osee 3 dek-
THUBHOE DPeIlleHre, NMEIOIee JTUHEHHYIO OIEHKY CJIOXKHOCTU BBITHCJICHUI.

4. BcromMmorarejibHbIE JIEMMbI

s kBagparnoit marpunsl A depes ||A|| obosnauaem abcosoTHOE
3HadeHue ee oupegeauTesd. s mpous3BoabHON Marpuinbl A HasbiBaeM
610k0M AR ¢ moxMAaTpHILy, OOPA30BAHIYIO HE€PeCceUeHIeM CTPOK U3 MHO-
xkectBa, R u crosidnos u3 muoxkectsa C. Ilycts T4 — Kom m300parkeHust
A; S = (81,-..,8n41) — HEKOTODBIil CUMILIEKCHBI HAOOD WHJIEKCOB JIJIsI
kojga Tx; R u C — nBa MHOXKECTBA HHJIEKCOB Takux, 4dro R C N| Al
C C Npq1, |[R| = |C|. O6o3naunm 4epes Pg p ¢ Takoil HaOOp HHJIEKCOB,
KOTODBIil CONEP’KUT BCe MHJIEKCHI U3 MHOXKeCTBa, R 1 Bce HHIEKCHI 5 € S,

st kotopeix j ¢ C. U3 ycnosust |R| = |C| caenyer, ato Ps o € le,
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P
1 MO’KHO PACCMOTPETH 3JIEMEHT KOJIa P g SRC Xorsa nabop Ps g c onpee-

S R,C
JIAE€TCA C TOYHOCTBIO 10 TEPECTaHOBKU MHAEKCOB, YUCJIO p IIpu 3TOM

HEe MEHAETCA, ITO obecrieunBaeT KOPPEKTHOCTL €ro OornpeaesIeHud.

Jlemma 4. Mampuua xoda TH seasemcea npasusvhoti moada u MoAbKo

mozda, ko2da das kaxncAol ee cmporu eunoanaemca coomuowenue (1) u

das Kasrcdozo ee Kkeadpammnozo 6aoka Th ~ 6LINOAHAEINCA COOTHOUEHUE
]

P,
ITR Il = ps™™°.

okazaTenabcTBo. Tpebyercss moKa3arTh, YTO B OIPEICICHUN TPABU/Ib-

HOIl MATPUIIBI KOJa BBIOJHEHHE COOTHOIICHUS | M5| = pg JUIsT BCeX Ha-

oopos P,(Q € Nrjl PABHOCUJILHO BBINOJIHEHNIO coorHomtenust |[Th || =
gl

Ps r,c

pg” " 1A BCeX KBaJpaTHBIX 0J10KOB T g c-

ITokazkeM CHadaJIa, 4TO BepHO coorHomnenue |[Th cll=1 MPS | Heit-
CTBUTEJILHO, KaXKJIasi CTPOKA, COOTBETCTBYIOIIAS I/IHJLLGKCy s;€8,j¢0C,
umeer Bug (0,...,0,1,0,...,0), rae exqununa crour Ha j-it nosunuu. [To-
9TOMY IIPH BBIYHCJIEHUU YHUCIA ugs’R’C 1o dopmyie (2) ocraercst TOJBKO
MUHOD, COOTBETCTBYIONUIT OJIOKY T}’é ¢~ UTax, ocraerca JloKazaTh paBHO-

CHJIBHOCTH YCJIOBHIA |u5] = pQ ]MSSRC] = gSRC

Eciu B Habope P cyIecTBYIOT OJMHAKOBBIE WUHJIEKCHI, TO BBITOJIHSI-
eTCsl TOXKJIECTBO | M5| = pg = 0. Eciin ke Habop P cocTouT U3 MOMApHO
PA3JINIHBIX MHJIEKCOB, TO, OYEBUIHO, CYIIECTBYIOT MHOXKecTBa R u C Ta-
kne, 4o P = Pgs r ¢. Orcrona ciemyer, 9To

P P, I
g™ = ps™ ™, (YR,C,|R| = |C)) & |ug|=ps, (VP e NI,

U3 cooTHommeHmit ,ug =uk/ ,ug u pg =pk/ pg CJIeJIyeT, UTO
P P 1 P P 1
lus| = ps, (VP € NTLAT ) & pgl=rg (VP,Q € NTLAT )-
O0beuHsIs Pe3yJIbTaThI, MOJIyUaeM TpedyeMoe:
P P
gl = G, (VP.Q NI & |ug™ | = pg™™9, (YR, C,|R| = |C]).

Jlemma 4 moxkaszana.

Onpenenenune 7. KpajpaTHas MaTpuria pasmepa m X m, m > 2 Ha3bl-
BaeTCs UenHotl mampuuyeti, eCJIu B KaXKJI0M CTPOKEe W B KaXKJIOM CTOJIOIE
MAaTPHUIIHGI UMEETCS POBHO JIBA HEHYJIEBBIX dJIEMEHTA.
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OrnpetesuTe b MEIHON MATPHUIThI HA3bIBAEM IEITHBIM OIIPEIe/INTEIEM.
Tax>ke Oyz1eM rOBOPUTH O UETHBIL MUHOPAL.

JIemma 5. [Tyemo T — uennas mampuya, u A, B € M(T). Coommo-
wenue ||A]| = ||B|| swnoansemes mozda u moavko moeda, Kozda wucao
SAEMENTNOG, Ha KOMOPLT mampuivs A u B pazaunaiomes, wemmno.

JokazaTeabcTBo. Cunraem, 910 MaTpulia A UMeeT CJIeyIOIInii BULI:

aill a2 0 0 e 0

0 a22 Q93 0 cee 0

0 T 0 am-—2m—2 am-2m—1 0

o --- 0 0 Gm—1m-1 Gm—1m
ami 0 - 0 0 o T

Hemmyto mMaTpuily Bcermga MOXKHO MPUBECTH K TAKOMY BUIY C IIOMO-
B0 TIEPECTAHOBKU CTPOK U CTOJIOIIOB, UYTO HE MEHsIeT abCOJIFOTHOTO 3HA-
geHus ee ompejenutesisi. HeTpyaHo Buiersb, 9TO i aDCOJIIOTHOIO 3HA-
YeHUsT OIPeJIeTUTENST MaTPHUILl A BEpHO:

HAH = ]an et Amm — a1 v ... .am_lmaml\.

OueBniHO0, N3MEHEHNE 3HAKOB y YETHOTO UHCJIa 9IEMEHTOB a;; He n3-
MeHHT 3HadeHne ||Al|; Ha0bopoT, M3MEHeHNe 3HAKOB y HEUETHOIO UHCIIA
9JIEMEHTOB @;; MEHsICT 3HaYCHUe Ha

|(111 e Qmm T Q12 am,lmam1|.
JlemMma 5 mokazaHa.

Jlemma 6. Ilycmv T — nexomopas mampuua. Paccmompum mampuiyvs
A = (a;j) u B = (bjj), A,B € M(T). Ecau sce coomsemcmsyroujue uyen-
note muropor mamputy, A u B cosnadarom no abcosommomy 3Haueruo,
mo A ~ B. Obpammno, ecau A ~ B, mo ece (1e moavko uennwie) coom-
semcmeyrowue munopv. mampuy, A u B cosnadarom no abcosrommomy
SHAUEHUI.

okazareabcTBo. Bropoe yTBepxkienue cieyeT W3 TOrO, YTO IIPU
YMHOXKEHUHU CTPOK WJIK CTOJIOIOB MATPHUIBI HA —1 abCOJIIOTHBIE 3HAYE-
HUSI €€ MUHOPOB HE MEHSIOTCS.
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Jlokarkem mepBoe yTBepKIAeHHE. PaccMOTpuM MaTpHUIly Pa3/IHIus
D = (d;j), xoTopasi opeJiesseTcs CIeyIOIM 00Pa3OM:

0,  aj = by =0;
dij = § +1, aij =bi; #0;
—1, aij = —bij 7é 0.

OueBuo, A ~ B Torja m TOJBKO TOrya, KOTJIa YMHOXKEHHUEM Ha
—1 HEKOTOPBIX CTPOK U CTOJIOIOB MATPHUIILI [ MOYKHO ITOJIYIUTH MATPHU-
iy 6e3 asieMeHTOB — 1. 3aMeTHM, 9TO COOTBETCTBYIOIINE TIEITHBIE MUHODBI
MaTpuii A u B coBmajamT 1Mo abCOJFOTHOMY 3HAYEHUIO TOTIA U TOJIb-
KO TOIJIa, KOTJI[A& B COOTBETCTBYIOIIEH IMEIMHON MoaMaTpuile Marpuiibl [
MMEeETCsl YeTHOE YUCIIO 3JIeMeHTOB —1 (9710 citepyer u3 jemmbl 5). Takum
00pa3oM, JIOCTATOIHO JOKA3ATH CJIEIYIOINIee YTBEPKICHNE: €CIU BCE TIETI-
HBIE I[TOJIMATPUIIBI MATPHUILI [ COMEPAKAT YETHOE UYUCJIO JIEMEHTOB —1,
TO yMHOKeHHeM Ha — 1 HEKOTOPBIX CTPOK ¥ CTOJIOIOB MaTpUIBl 1D MOXKHO
MOJIYIUTh MATPUILy 0e3 31eMeHTOB —1.

Eciu marpuria D cocTonT u3 OHON CTPOKHU, TO YTBEPK/IEHNUE BEPHO.
[IycTb 3TO yTBEpXKJi€HUE BEPHO JIJIsi BCEX MATPHUI] ¢ MEHBIIUM YHCJIOM
CTpOK, ueM y MaTpuiibl D). JIokaxkeM, UTO yTBEPXKIEHNE BEPHO JJIsl MaT-
putisl D.

[Iyctn D— moaMaTpuIia MaTpuilbl D, 00pa30BaHHON BCEMU CTPOKAMU
MaTpuiibl D HaumHast co BTOpoit crpoku. [lo mpesnoioxkeHuro Jiisi mo/I-
MaTpuipl ) yTBep:KIeHHe BepHO. YMHOXKAs Ha —1 HEKOTOpBIE CTPOKH
¥ CTOJIOIBI MATPUIB! D, HCKIIIOMNM BCe 3/1eMeHTbl —1 B moamarpuue D.
3aMeTuM, 9TO IPHU TAKUX MPEOOPA3OBAHUSX UETHOCTH UHCJIA IJIEMEHTOB
—1 B HmemHbIX MMOJAMATPUINIAX MATPUIBl [ HE W3MEHUTCS.

ObozuaunMm vepe3 R MHOXKECTBO BCeX CTPOK, a depes C MHOXKe-
CcTBO Bcex cToJibroB Mmarpuiibl D. CdopmupyeM IOCIeI0BATEBHOCTD
MHOXKECTB CTPOK Rj, Ro, ... W 10OCJEI0BATEILHOCTD MHOYXKECTB CTOJIOIOB
C1,Cs, . ... MuoxectBo Ri cocTOMT TOJILKO M3 IIEPBO# CTPOKM MaTPUIIHI
D. Muozxkecro (1 COCTONT U3 BCeX TaKUX CTOJIONOB, 4TO 6s10K DR, ) CO-
CTOUT TOJIBKO U3 3JIeMeHTOB — 1. 3/1eCh U jajiee Mbl [IPEIToaraeM, 9To B
[EPBO# CTPOKE CYIIECTBYIOT 3JIeMEHThI — 1, nHade MaTpuria D yKe mpuBe-
JieHa K Tpebyemomy Buty. MuoxkecTBO Cj11 COCTOUT U3 BCEX TAKUX CTOJIO-

‘ i1 HE COJIEP2KUT HYJIEBBIX

j:
cTosibros, ¢ > 1. MuoxkectBo R;yi COCTOUT M3 BCEX TAKUX CTPOK MHO-

1
nos muoxkecrsa C'\ (|J Cj), aro 6iok Dpg, ¢
1
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%

xecrsa R\ (|J Rj), uro 610k DR, c,,, HE CONEPIKUT HYIEBLIX CTPOK,

i+1
j=1
1> 1.
~ i ~ i
Besiem obosnauennss R; = R\ (U Rj) u C; = C'\ (U Cj). Torma
=1 =1
BEPHO: ’ ’
Buooxku D3 ~ _ COCTOAT

nD
Ri11,Ciq1 R;,Cit1

TOJIBKO U3 HYJIEBBIX 9JIeMEHTOB, ¢ > 1. (*)

ITpemmonoxkum, uro npu ¢ > 2 cymecrsyeT 010K Dg, ¢, cojepza-
Ui XOTs ObI OJUH HEHYJIEeBO 3jeMeHT. Torma MOXKHO BLIOPATh CTPOKHU
rn € Ry,...,7 € R; u crostount ¢ € C4,...,¢; € Cj, Tak 910 6JI0K
Dy ... i) fer,.. e} OOPa3yeT IenHyo noamMaTpuily Marpuipl D, comepxia-
ILYIO0 €JIMHCTBEHHBIN jieMeHT —1 (Ha mepeceYeHun CTPOKH 1| U CTOJIOIa
€1). DTO UPUBOAUT K IIPOTUBOPEUHIO C IIPE/IIOTIOKEHIEM O I€THOCTH THC-
Ja semenToB —1. Takum obpas3om, BepHO:

Brokn Dp, ¢, COCTOSIT TOJIBKO U3 HYJIEBBIX JIEMEHTOB, i > 2. ()

Tax kak muoxkecrBa R u C' KOHeUHBI, TO HocaeaoBaTeabHoCcT Ry, Ro, . ..
u Cy,Cs,... Takyke KoHEUYHBI. [lycTh B IepBOil mOC/I€I0BATEIBHOCTH K
s71eMeHToB: Rq,..., Rg; BO BTOpPOil IOCJIEIOBATEILHOCTH 171 9JIEMEHTOB:
C1,...,Cy. U3 mHeBO3MOKHOCTH (DOPMUPOBAHWUST MHOMXKECTBa Rjy1 Cie-
Jayer, 9To 6JI0K Dﬁk,CkH COCTOMT TOJIBLKO M3 HYJIEBBIX 3JIEMEHTOB, JINOO
MyCT. AHAJIOTUYIHO, N3 HEBO3MOXKHOCTH (DOPMUPOBaHUsST MHOKECTBA Chyy 41
caesyer, 91o 610K D Run. Gy COCTOHT TOJIBKO I3 HYJICBBIX 9/ICMEHTOB, Jbo

mycT. YuaureiBast cBoiicTBa (%) U (), mosydaeM:

Baoku D ,D_  m ubD _ COCTOAT
(U Rj),C1 Be(U Cy) (U R;j).Cm
j=2 Jj=2 j=1

TOJILKO W3 HYJIEBBIX JIEMEHTOB, 00 ImycTsl.  (**%)

YMHOXKUM Ha — 1 KaxKIyI0 CTPOKY M3 MHOMKECTBa [y, M KaXKIbIil CTOJI-
6er; u3 maokects C1 u C)y,. Ilpu 3TOM 11peobpazoBaHny 3HAKHU JIEMEHTOB
B Osokax D u Ds =~ He U3MEHSATCs, a 3HAKU 3JIEMEHTOB B 0JIO-

Ry,C1 Ri,Cm
ke Dpg, ¢, U3MeHsT 30aK. Bce ocTaibHbIe 31EMEHTHI B PACCMaTPUBAeMbIX
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CTPOKaxX ¥ CTOJIONAX PaBHBI HYJIIO (B CJlydae HEIyCTOTHI COOTBETCTBYIO-
X MHOXKECTB) B cuity cBoiicrBa (***). Takum obpasom, mocse JTAHHBIX
npeobpazoBanuii Bce 37eMeHThl —1 Oy/IyT UCKJIIOUeHbI U3 MaTpuIsl D.

Urak, nayknueit mo duciy crpok marpunsl D mosydaem Tpebyemoe
yTBepxkienue. Jlemma 6 jokazaHa.

5. Aaroputm

Bepuemcsa k 3ajate 0 IMOCTPOCHUH BCEX MPABUIBHBIX MATPHUIL KOIA
Ha OCHOBe Kojia 14 u cuMiniekcHoro Habopa S. Jlajiee onmmcbiBaeTcst ajiro-
PUTM, KOTOPBII CTPOUT HEKOTOPOE MHOYKECTBO MAaTPHIL Kojia. B Teopeme 1
JIOKa3bIBaeTCs, YTO 3TO MHOXKECTBO COCTOUT U3 IIPAaBUJIbHBIX MaTPHIL KO-
JIa U TOJIbKO M3 HUX. B Teopeme 2 TOKA3BIBAETCH, UTO AJTOPUTM HUMEET
JINHEHHYIO BPEMEHHYIO CJIOKHOCTH 110 OTHOIIEHHUIO K IUCJIY TOYEK B U300-
pazKeHuu.

Ucronb3yembie 0003HAYECHMS:
Tx — xox uzobpaxkenust A.
S — CUMILIEKCHBINT HAOOD MHJIEKCOB.
p‘? — 3JIEMEHTBI KJIFOYEBOT'O IMOIMHOXKECTBA KOJa 14 OTHOCUTE/IHBHO CHM-
ILJIEKCHOTO Habopa S.
MP — nonmuoxkectBo N, 1, onpenessiemoe kak MP={j € Nn+1|p§ #0}.
G = (V, E) — Bcuomoraresnbusblii rpad. Kaxnas sepumna p € V coorser-
crByer muoxkectBy MP. Pebpo (p, q) € E nuposopurcest, eciiu MPNMYT # &.
O0beaunenne MHOXKecTB MP, COOTBETCTBYIOIINX BEPIIUHAM HEKOTOPOI
CBSI3HOI KOMITOHEHTHI rpada (G, HA3bIBAEM TAKKe CBSI3HON KOMIIOHEHTOM
n obozHagaem uepes K.
R — MHOXECTBO CBSI3HBIX KOMIIOHEHT K.
P — uytb B rpade G.
M, J — BcioMoraTeJibHbIE MHOYKECTBA UHJIEKCOB U3 N4 1.
TH, TH — yarpunsl Koja.
{15, if; — sa1eMenTBI MATpHIL KOJA.
R — nommuoxkecTBO nHIEKCOB U3 N| 4|, COOTBETCTBYIOIMX CTPOKAM Mat-
PHIIBI KOJIA.
C' — NOJAMHOXKECTBO HHIEKCOB U3 Nj 11, COOTBETCTBYIOIIUX CTOJIOIAM
MaTPHILI KOIA.
Tgc — 6s10Kk Marpuibl Koga T, coorBercTBytomuit Mmaoxkecteam R u C.

P, .
pss’R’C — 3JIeMeHT Koj1a 1’4, COOTBETCTBYIONINN MHOXKECTBAM RuC.
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o={o; =+1j=1,...,n+ 1} — npoussosbHblil HabOp 3 +1 NJIUHBI
n+ 1.

% — MHOXKECTBO MATPHIL KOA, ITOJYyIEeHHBIX B Pe3y/Ibrare paboThl ajro-
puTMa.

AHI‘OpI/ITM COCTOHUT U3 ABYX 3TaIlOB U COJACPZKUT HECKOJIbKO BCIIOMOTIa-
TeJbHBIX nporeayp. ComaepKanue ajJropuTMa IPeICTaBIeHO B BUJIE IICEB-
JIOKOJIa: II0CJIe HA3BaHUsI MPOIEYD YKA3bIBAIOTCS BXOIHBIE M BBIXOJIHBIE
JaHHbBIE JIJIsT 9TUX IIPOIELyP; OIepaTop MPUCBauBaHusl 0003HAYAECTCA de-
pe3 «:=»; CpaBHEHUE BEIECTBEHHbIX YHCeJ (KAK U MX I[PEJCTABJICHNUE)
[IPOU3BOUTCS ¢ HEKOTOPOH TOYHOCTBIO.

Anropnt™m: Ty, S — D
OTan 1 — nocTpoeHne HavasbHOW MaTpuubl koga: 14, S — TH.
DTan 2 — NOCTpoeHUe MHOXeCTBa MaTpuy koga: TH — B,

}
Otan 1: Ty, S — TH
{
Whnuynanuzauyusa: V .= @, E = 3, R := O.
Lukn Ly no nhaexkcam p € Niy4:
Mpoueaypa «CdopmuposaTs cTpoky»: T4, S, p — {u? ;.‘ill,Mp.
NHuymanusmpyem BcnomoratensHoe MHoxecTBo: M := &,
Unkn Lo no komnoHentam K € R:
Ecam MP N K # @, To:
O6Hoensiem BCcnomoraTtensHoe MHoxecTBo: M = MP N K.
Bbibupaem nponseonbHblii unaekc 7' € M.
Nhuumanusnpyem scnomoratensHoe mHoxectso: J := {j'}.
Lvkn Ls noka J # M:
Buibrpaem npoussonbHbili ungekc j7 € M\ J.
Mpoueaypa «Cdopmmposatsb nytb»: G, 7', 7" — P.
Mpoueaypa «Cchopmuposats mHoxectsa»: P, M, J, p,j —
R,C,j.
Ecnn [|Tg ol # pISDS‘R’C, TO: 1t} == —pl.
ObHoensiem panubie: j' :=j, J := J U {j}.
Koneu uukna Ls.
Konew, ecnn.
Koney uukna L.
Ecan M # MP, to:
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Mpoueaypa «OBHOBUTE KOMMOHEHTLIY: R, MP — R.
Mpouenypa «O6HoBuTh rpacpy: G, MP — G.
Konew, ecnn.
KoHeu, uukna L.

}

Kommenmapuu. B mponenype «ChopMupoBaThH CTPOKY» 9JIEMEHTHI MaT-
PHUIIBI KOJa WHUIINAIU3UPYIOTCA SJIEMEHTaMH KJIFOYEBOI'O IIOIMHOXKECTBA,
kozma. B mponenype «ChopMupoBaTh MyTh» BBIOMPAETCS IEOYKA MHO-
JKECTB CO cIelnuaabHbIMU cBoiicTBaMmu. Ha ee ocroe B mponemype «Cdop-
MHUPOBaTh MHOXKECTBa» BBIOMPAIOTCS JIBA MHOXKECTBA WHIEKCOB, OIPEIe-
JIAIOIINX KBaJpaTHBINA OJIOK B MaTpulle Koma. Jlaiee Beraucisiercss abco-
JIIOTHOE 3HAYEHUE OIpeeuTe s OJI0Ka U CPABHUBAETCH C COOTBETCTBYIO-
KM 371eMeHToM Koaa. OT pe3ysbrara CpaBHEHHUS 3aBUCUT BHIOOD 3HAKOB
B 9JIeMEeHTaX MaTpHuIlkl Komaa. Ecan muOXKecTtBo MP He comepKuTcst HU B
OJIHOIl KOMIIOHEHTE CBSI3HOCTHU IIEJIUKOM, TO IIOCJIE MUKJa Lo BBIIOIHSIET-
cst HepaseHcTBO M # MP. Bepuo n obparHoe. Takum o6pasoM, ycjioBue
M # MP paBHOCUJIBHO U3MEHEHHUIO MHOXKECTBA KOMIIOHEHT R — B 9TOM
cJlydae 3allyCKatoTcst mponeaypbl « OOHOBUTH KOMIIOHEHTEI> U « OOHOBUTH
rpad». B urore Oyer mosryuena HEKOTOpas MaTPHUIA KOJ/A, KOTOPast I0-
CTyIIaeT Ha BXOJ dTalla, 2.

dtan 2: TH - ©
WNuuumanuzauus: 9 := .
Uukn L1 no Habopam o
Uwukn Lo no nugekcam p € N|A‘:
n+1
[ns kaxgoro j nonaraem ,&? = aj,u?, o= ‘21 ﬂ?.
J:

Ecam Y = —1, To meHsiem 3Hakn ﬂ? Ona Bcex j.
WHaue: ecnm > # 1, To nepexoaum Kk cregytowemy Habopy o.
Konew uunkna Lo.
Ecm T/ ¢ D, 1o ® := D U {TH}.
KoHeu, uukna L.

}

Kommenmapuu. Ouepeaast MaTpunia koja 1" mosrydaercs U3 HadaIbHOM
MaTpuIbl Koja 1T# ¢ MOMOIIbI0 YMHOXKEHHUsT CTOJIOIOB Ha +1 B cooTBeT-
CTBUU C HADOPOM O, a TaKXKe M3MEHEHUs] 3HAKOB HEKOTOPBIX CTPOK TaK,
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4TOOBI CyMMa, 3JIEMEHTOB BO BCEX CTPOKaX paBHsIoch 1. Ecim 910 HEBO3-
MOKHO, TO PACCMATPUBAETCS CJieyionuil Habop o.

Mpoueaypa «CdopmuposaTs cTpoky»: T4, S, p — {u? ;‘ill,Mp
{
WHuymannzauus: M?P .= @.
Unknno j:=1,...,n+1:
Popmupyem p-to cTpoky MaTpuusl koga TH: pif) := pf.
Popmupyem mMHoxecTso MP: ecnu pf # 0, To MP := MP U {j}.
KoHew, uukna.

}
Mpoueaypa «Cdopmuposats nyte»: G, 5, 7" — P
{
Haxogum Bepwmty M7 € V rpada G, Takyto uyto j' € MY .
Haxogum Bepwmty M9 € V rpada G, Takyto uto j” € M7,
B rpade G Haxogum KpaTyaiiwuii nyTe MeXAy BepLurHaMU MY w M9
P = (MO M®,... M3, M%), q = ¢, q ="
Ecan j/ € M, to ypansem M?% un3 P.

}

Mpoueaypa «Ccopmupoeats MHoxecTBa»: P, M, J,p,j — R,C,j
{
Nhuumanusnpyem mHoxectea: R := {p}, C := {j'}.
Uwnkn no sepwuHam M9 nytn P:
Ecam M% — He nepBas BepluinHa, TO:
Buibupaem j € M% N M%-1 n nonaraem C := C U {j}.
Konew, ecnn.
[Nobasnsiem nngekc Bepwmnb: R := RU {q;}.
Ecam (M \ J)NM% # &, To:
Beibupaem j € (M \ J) N M% v nonaraem C := C' U {j}.
Bbixogum 13 uukna.
Konew, ecnn.
Konew, unkna.

}

Mpoueaypa «ObHOBUTL KOMMOHEHTBIY: R, MP — R

{

Nunuymannsaums Hosoit komnoHenTsl: K/ = MP.
Unkn no komnoHentam K € R:
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Ecwm KNMP £, 70 K':=K' UK, 8:= &\ {K}.

KoHew, unkna.
DNobaensiem cpopmmposattyto komnoreHTy: & := KU {K'}.

}

Mpoueaypa «O6HoBuTh rpacpy: G, MP — G

{

V =V Uu{MP}.
Uunkn no M9 e (V' \ {MP}):

Ecm M9 C MP, to ynansiem BepwunHy M9 n BCe MHUMAEHTHbIE e
pebpa.
NHave: ecru MINMP # @, 7o E:= EU{(¢,p)}.

KoHew, unkna.

}

Jlemma 7. Paccmompum pabomy arzopumma wa amane 1. Bunoansiom-
cA caedyrugue ceotcmesa:

1) Jaa waorcdot umepayuu yukaa Ly mmoorcecmea undexcos R u C

MaKoswvl, YMo 6A0K T}’é c Asasemces yennol mampuyed.
gl

2) JTas ouepedroti umepayuu yukaa Ly 06o3nawum wepes {j1, jo} napy

P P
undexcos us C, daa Komopuir #0 u iy # 0. Iocae oxonua-
Hus pabomos yukaa Ly mnoorcecmso nap {j1,j2} obpasyem cesasroe
CemMetucmeo MHOAHCECTNG, 00BedUHENUE KOTNOPHIL COCTNABAAEM MHO-
aorcecmeo M = MP N K.

3) das waosrcdot umepayuu yursa Ly sepro: [R| <n+1, |[V|<n+1.

lokazaTejabCTBO.

1) Muoxectea R u C' dopmupyorcest B pesyibrare paboThl MpoIie-

nyp «CdopmupoBars myTh» u «CdhopmupoBarh MHOXKecTBay. 1lo
MOCTPOEHUI0 P — KpaTdailiimii myTh MeXK/y JBYMS BEPITHHAME
rpada, mo3TOMy IepeceKaTbCs MOI'YT TOJBKO COCETHUE BEPITUHBL:
MY% N M%+1 £ @, Tlpu 970OM HaYAIbHASA U KOHEYHAsT BEPIIUHDI Ty~
TH nepecekaroTcs ¢ MHOkecTBoM MP. B nporenype «Cdopmupo-
BaTbh MHOXKECTBa» BBIOMPAETCsI TIepBasi TOC/Ie HAIabHOW BEPIINHA,
KOTOpasi Tak»ke mepecekaercs ¢ MuoxkecrBom MP. Tak obpasyercs
3aMKHyTas 1enb u3 MHOXKecTBa, MP u ydactka mytu P, B KOTOPOi
TOJIBKO COCEJIHHME BEPIIMHBI UMEIOT HEeIycToe nepeceveHue. M3 kax-
JIOTO TAKOT'O IIepecevdeHusi BLIOMPAETCs O OJHOMY WHJEKCY — TaK
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obpasyercst MmHOXKecTBO C. MHIEKCHI caMUX BEPINHWH Ienu ob6pasy-
10T MHO)kKecTBO R. Paccmorpum nmpowmssosibabit naaeke ¢ € R. Ilo
ompenenennto MaokectBa M? BepHO: ug 2 0 TOJIBKO JIJTsT MHJEKCOB
j € M1. Ho u3 Bcex unjyiekcoB j € C poBHo JiBa cojiepxkarcsa B M9 —
9TO WHJEKCHI U3 MEePEeCedeHril ¢ COCETHUMH BepIIMHAME Iiernu. Ta-
KM 00pa30M, B KaxK10# cTpoke 6J10Ka Tg,c COJIEPXKUTCST POBHO JIBA
HEHYJIEBBIX 3JIEMEHTa. PaccMOTpuM Ipou3BOJIbHBIN nHiekc j € C.
Torma Britouenue j € MY BBIIOJIHSAETCS POBHO JJIsi JIBYX WHJIEK-
COB ¢ — 3TO WHJEKCHI COCEIHUX BEPIIUH Ienu. Takum oOpas3oM, B
KazKJ0M CToJI01e OJIOKa, Tg,c COJIEPKUTCS POBHO B HEHYJIEBBIX
3JIEMEHTa. DTO W O3HAYAET, UTO OJIOK OyJIeT MENHON MaTpUIei.

B o6o3HaYeHUsAX alrOPUTMa MHJIEKC ji — 3TO MHJIEKC j', a MHJIEKC
jo — aro ungekc j. Ha ciemyrtomeit nrepamyuu nukia L3 ungexc j
[TOJIATAETCA PABHBIM HHJIEKCY J, TO €CThb WHJIEKC j1 U3 OYepeHOMN
mapbl — 3TO WHJEKC jo U3 IPebIIyIIeil Tapbl. DTO U 03HAYAET, ITO

napbl {j1, j2} 00pa3yIOT CBI3HOE CEMENCTBO MHOXKECTB.
Mmuoxkectso J C M dopmupyercst u3 HHIEKCOB j1, jo. Ha Kaxk1oit

uTepanuu 1muKIa Ly MHOKECTBO J TIOMOJTHSIETCST OUePETHBIM WHJIeK-
coM j (To ectb ja). lukn Lg 3akanumsaer pabory, koryja J = M.
Takum 06pa3oM, Mmocie OKOHYaHusT paboThl ukiaa L3 obbeanHeHme
nap {ji,jo} obpasyer muoxecrso M = MP N K.

Jlns kaxkJio#f CBsA3HOW KOMIIOHEHTBI K € R BEpHO BKJIIOYEHUE
K C Np11. Kpome Toro, jiiobbie /1Be KOMIIOHEHTBI HE ITEPECEKAIOTCS,
W 9TO CBOMCTBO COXPAHSETCS HA BCEX UTepaIUsSxX Iukga L. Yun-
TBIBasi, ITO KaXKJiash KOMIIOHEHTA COJIEPYKUT XOTs Obl OJMH MHJIEKC,
HOJIyYaeM OIEHKY JIJIsl YUC/Ia CBA3HBIX KOMIIOHEHT: |R| < n + 1.

I'pad G crpourcs TakuMm 0obOpazoM, 9TO KaxKJasi €ro BEpIINHA He
COJIEPKUTCS HU B OJTHOI CBSA3HON KOMIIOHEHTE OCTABIIIEIOCS MHOXKE-
crBa BepiuH. [109TOMY CBSI3HBIE KOMIIOHEHTHI rpada MOXKHO pas-
JIeJTUTH Ha J[Ba TUIIA: COJIEpKaIlne TOJIbKO Bepiunabl M9, mjis KoTo-
peix |[MY| > 2; conepxkaiiue €JMHCTBEHHYIO BEPINUHY, COCTOSIILY IO
3 oxHOro mHAeKca. s kommorneHThl K obosHaunMm uepes Vi umc-
JIO BepinuH, a 4depe3 N YUCI0 UHIEKCOB B JIAHHON KOMIIOHEHTE.
ITokaxkem, uto Vi < N I KayKI0i KOMIIOHEHTHI K 1epBoro Tu-
ma. Hokaxkem sto mumykimeit mo Vi . Ilpu Vi = 1 yrBepxknenue
BepHo. [lycts Vi < N npu Vi = k. JlokaxkeM HEpaBEHCTBO IPHU
Vi = k+ 1. Qukcupyem 1npousBoJibHyio Bepiuny M9 KoMIOHEHTHI
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K u paccMOTpuUM OCTaBIIMECS] BEPIMUHBI. Y YUTHIBAs YIIOMSIHYTOE
cBoiicTBo rpada u HepaseHcTBo |MY| > 2 nosydaeM JiBe BO3MOXK-
HOCTH:

a) OcraBiirecsi BEPIIMHBI PACIAIAIOTCS HA HECKOJIBKO CBS3HBIX
kommonenT Ky, ..., K¢, t > 2. Tlo npeano/ioyKeHnio nHIyKITNK
BepHO Vi, < Nk, + =1,...,t. Tak xax Vg = Vi, +... +
VKt—i-lI/It}Q, TOVKQNK1+...+NKt—t+1<NK.

6) OcraBuinecst BepIInHbl 00Pa3yIOT OJHY CBI3HYIO KOMIIOHEHTY
K'. Torma M7 ne conep:KuTcss B Heil MOJHOCTBIO, M HOTOMY
BepHO HepaBeHCTBO Ngr < Ng. Tak xak Vg = Vgr+ 1 1
Vi < Ngr, 1o Vg < Ngr < Ng.

Urak, naayknueir mo Vi mokazano, uro Vi < N st BCeX KOM-
IIOHEHT II€ePBOro TUIIA. Z[JIH KOMIIOHEHT BTOPOI'O TUIIQ BBLITTIOJTHACTCA
paBencTBo Vi = Nk = 1, a moTomy Jijist BCeX BepIIuH rpada BepHO

VI=> Vk <Y Nk <|Npp|=n+1.
Jlemma 7 jokasana.

Teopema 1. Ecau mmooicecmeo undekcuposannmx wuces T4 Acaaemca
K0dom HeKomopozo udobpasicenun A, mo 6 peaysvmame pabomu, GA20-
puUMMa 6YOYm NoAYHEHs: BCE NPABUALHBIE MaAMPUYs, Koda Ty ommuocu-
MEABHO CUMNAEKCHO20 Habopa S U MOADKO OHU.

HokazareabcTBo. CHadasia MoKaxkeM, 9To Ha Tare 1 Oyjer moyydena
marpuna kona T, yiossersopsiomas coornomenmo ||Tp o] = pgs’R’C
JJ1s1 JTI060ro KBajparHoro 6Jioka 1T E,C"

[To ycmoBuio MHOXKECTBO WHIECKCHUPOBAHHBIX WHCET 14 SBISETCS KO-
noMm HekoToporo uzobpazkenus A. ITycrs T# — npaBuiibHas MaTPHIA KO-
Jla, COOTBETCTBYIONAsT KIIOYEBOMY TIOJMHOYKECTBY pU-KOJA M300ParKeHUsT
A (orHOCHTENBHO CHMILIEKCHOTO Habopa S). O6osnaunm depes T} mar-
puity, 06pa3oBaHHyI0 HEePBBIMU k cTpoKamu Marpunbl TH. Anamormano
onpesensieM marpuiy T}

IIpenosnozkumM, 4ro st Hekoroporo k > 1 sbuonusiercs T ~ Tk‘? :
Pacemorpum (k + 1)-10 crpoky marpunpr 17 41 DTa CTpPOKa OIpe/iesis-
ercst Ha (k + 1)-it nrepamum muxma o uagekcam p € Njyj. Cormacho
OyHKTY 1 JleMMbl 7 B IUKJIE TIO KOMIOHeHTaM K € R ajlropuT™M Haxo-
T MHOXKecTBa nHjiekcoB R n C, JiJIst KOTOPBIX MaTpuiia T}%,C SIBJTSICTCST
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. P,
nenHoil u BbimosHsierTcs coornomenne |[Th || = pg™™¢. Uz npapuib-
tl
HOCTH MaTpuIpl Kojga T corsacHo jemme 4 ciie/yer aHAJIOIHYIHOE CO-
I Ps r,c
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MAaTPHIIBI T]g 1 TOJIBKO B TeX cTONIONAx j, it KOTOpbIX j ¢ K mupn Beex

K € K. Ho rorma ,u? = 0 opu p # k+ 1. Eciim M;?Jrl = —ﬂerl, TO

YMHOXKUM Ha —1 cTosbery j MaTpuIibl Tlg 41 Tak mosmyanmM MaTpuIty Tlg 11
COBIIA/IAIOINYIO C MaTpHUIlEi T,f Y1
M i

Nrax, marpuna T, 41 MOXer ObITh Tpeobpaszobana B maTpuily 1} 41
IyTeM YMHOXKEHUsI HEKOTOPBIX €€ CTPOK U CTOJIOIOB Ha — 1, 9TO 03HAYAET
9KBUBAJIEHTHOCTDL MAaTPUIL T]f 41 | T]f 41 Mpl mokaszanm, ITO eCau JIJIsT
HEKOTOpOro k > 1 BbIOJIHSIETCS T,f ~ ,é‘ , TO BBIIOJIHAETCS | T,ff 1™
Tlf 41- YUINTBIBas OYEBHJHYIO SKBHBAJIEHTHOCTD T ~ TV, no unjyknun

nonyaaem TH ~ T#. Ho Torma st J06BIX KBaJIPATHBIX OJIOKOB Tﬁ(]

i I _ Q 7
u Ty o sepuo ||Tg of| = [[Tg ol Cornacno nemme 4 jyis marpunpr T
m _ Psgc
BbInOHsAeTCs cootHomenue [T ~|| = pg , IO9TOMY U JIJIsI MaTPHIILI
P
T* ppmonnstercst coornomenne |[Th || = pg” ™, uro n rpebosasock

JOKa3aTb.

Jajtee mokakem, 9To Ha 3Tare 2 OyIAyT MOJyJIeHbl BCE NMPABUJIbHBIE
MAaTPHUIILI KOJI& W TOJIBKO OHU.
Ha stame 1 anropurm HaxomuT marpuity koja 1", ya0BIeTBOPSIONLYIO

Ps r,c

coorromennio [Ty of| = pg surs gnoboro KpaapatHoro 6ioka T .

HyCTb JJIA HeKOTOpOfI MaTPpHUIIbI TH TakyKe BBIIIOJIHAETCS COOTHOIIEHHUE

- P -
i — Psre i
1T ol = pg Azt oboro KBaaparroro 6;o0ka Ty . 910 paBHOCHIIL-

HO COOTHOIIIEHUIO HT}% oll =1IT% |, koTopoe B cBOIO OUEPEL PABHOCHIIL-
) )

HO ycJoBUIO 1’ E,C ~ 570 COIJIaCHO JieMMe 6.

C y4aeroM JieMMBI 4 TIOJTy9aeM, 9TO BCe IPABUJIbHBIE MATPHUIIBI KO —
sto Marpuisl T#, skBuBasienTHbIe Marpuiie TH U yIOBIETBOPSIONIHE CO-
ornorrennio (1). VIMeHHO 9TH ycsioBHSI M IPOBEPSieT AJITOPUTM B ITHKJIE
o o. Teopema 1 nokazana.

Caencreue 1. Cywecmseyem e 6onee 2" pasAuMHOLL KAGACCOE a -
IKBUBAAEHMHBLT U300Pascenut ¢ xodom Ty.

HokazaTeabcTBo. COrIaCHO YTBEPXKIEHNUIO 1 0 OMEKINH MEXK1y MHOMKe-
CTBOM KJIACCOB M300paKeHWil U MHOYXKECTBOM HPABUJIBHBIX MATPHI KOJA
JIOCTATOYHO JI0KA3aTh, YTO JIJIsi HEKOTOPOIrO (IIPOU3BOJILHOTO) CHMILIEKC-
HOrO Habopa S YnCJI0 TPABWIBHBIX MATPHIL Koga 1’4 OTHOCUTETBHO HabO0-
pa S He mpeBocxoaut uucsa 2". JIs 3Toro BoCIob3yeMcst TPUBEIEHHBIM
BBIIIE &JITOPUTMOM.
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Bce IIpaBUJILHbBIC MaTPUIIbI KOJa M TOJIBKO OHN BBIYUCJIAIOTCA Ha BTO-
poM 3Tare ajropurMa. [1o9ToMy UX 4KC/IO He IPEBOCXOAUT YUCTIa UTEpa-
IMii IUKJIa 10 0, a IOTOMY ¥ 4mcia Habopos o, pasHoro 2"l Ho ecsu
IS HEKOTOPOro Habopa ¢ HOJIyUeHa HIpaBHIbHAS MaTpHia koma 17, 1o
¥ [uist Habopa —o Gy/eT mosrydena Ta yKe IpaBHIbHAs MaTpHIa koma TF
(u3MeHsist 3HAKM CTPOK, MOJIydaeM TOT ke pesdysbrar). Takum obpaszom,
OIlEHKa YJIyUIIaeTCs B JBa pasa W YHCJIO MMPABUJIBHBIX MATPHI] KOJa He
npeocxomuT 4dnciaa 2". Cuaemncreue 1 10Ka3aHO.

Teopema 2. Cywecmsyem peasu3ayus ar20puUmmae ¢ 8PeMeHHoti CA0IC-

nocmuto C(n)|Al], 2de C(n) = O(nd™ + nt).

HokazaresbcTBo. Paccmorpum cirejyroriee Ipe/ICTaBICHIE JTAHHBIX
JUIsl UCIIOJIb3YeMBbIX B anropurme oobekTo [3]. Kom, marpunsr koma u
CHMIIJIEKCHBIHI HAOOP MHJEKCOB HPEJICTABIISIOTCS C IOMOIIBIO MACCHBOB.
Mmuoxkecra MP, K, M, J 1peicTaB/siioTCs ¢ TOMOIIBIO OUTOBBIX MaCCH-
BOB JIMHBI 1+ 1, 4T0 1no3BoJisieT GopMUpOBaTh OObLEMHEHNE, [Iepecede-
HHE ¥ Pa3sHOCTh MHOXKeCTB 3a BpeMst O(n), U OIpeessdTh IPUHAIEXK-
HOCTB 9JIeMeHTa MHOXKecTBY 3a BpeMst O(1). Muoxecrso 8 komnonent K
[PEJICTABIISETCS C IIOMOIIBIO CBSI3HOTO CIMCKA, ITO [O3BOJISACT BBIIOJIHSITD
JIOCTYII WJIM YJIaJIeHne [IPOU3BOJIbHON KoMioHeHThl K 3a Bpemst O(n), a
JobaBieHne HOBOIT KOMIOHEHTHI 3a BpeMsi O(1). AHAIOrHYHO ¢ TOMOIIIBIO
CBSIBHBIX CIIMCKOB IIPEJCTABJISIIOTCS Iy Th P, MHOXKecTBa uHIeKcoB R u C|
muoxkectBo D. I'pad G = (V, E) npencrasisiercs ¢ nomonipio |V| crme-
KOB CMEXKHOCTEfi, 4TO MO3BOJIsAET JI00ABJSATh HOBYIO BEDIINHY 3a BpEMsI
O(1), nobaBisaTh HOBOe PeOPO MM YAAJISTh BEPIIMHY C WHIMICHTHBIMA
eit pebpamu 3a Bpemst O(|V]).

OtieHuM BpeMsi BBIIIOJIHEHUST KAXK IO [POIIE Ly Pbl:

IIpouedypa « Chopmuposams cmpokys. Kaxkiast urepanus 1uKIia Bbl-
nosinsiercs 3a Bpemsi O(1), Bcero mrepanuit n + 1. B urore nosyuaem
Bpemst O(n).

IHpouedypa «Cpopmuposams nymuvs. COTJIACHO MyHKTY 3 JIEMMBI 7
mmveeM |V| < n+ 1. Takum obpaszom, 3a spemst O(|V]) = O(n) 6y1yT upo-
CMOTPEHBI BCe BepIIUHBI rpada 1 BeIOpaHbI Te JaBe BeprmuHbl M ‘1/, M ‘1”,
KOTOpBIe cojiepKaT uHjekcesl j', j” coorsercreenno. Kpardaiimmit myTh
HAXOJMM C IOMOIILIO [IOMCKa B INMUPUHY [4], KOTOPBIl BBIIOJIHSETCS 3a
spema O(|V|?) = O(n?). Tlpoepka n moc/eayiomee yaaaeHne IepBoit
BepIIuHLL IyTn npousBources 3a Bpems O(|V|) = O(n). B nrore moy-
qaem Bpems O(n?).
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Ipouedypa «Cpopmuposams muoocecmeas. VIHUIMaIN3AIUS MHO-
xkectB R, C npoucxonut 3a Bpemsi O(1). B Tesie nukia OCHOBHBIE BBIYHIC-
JIEHUSI OTHOCATCA K OIIEPAIUSAM HaJ ONTOBBIMU MACCUBAMMI, YTO MPUBOIUT
K orenke O(n). Yucno urepanuii 1uk/a He 60JIbIe, YeM BEPINUH B HAM-
JIEHHOM IIyTH, W OLEHUBAETCA 4ducjoMm n + 1. B mrore nmomydaem Bpemst
O(n?).

Ipouedypa «Ob6nosumsd Komnonernmuts. OCHOBHBIE BBIMHUCJIEHUS TPO-
U3BOJIATCs B nukJie. Tesio nukiia oimosHsiercst 3a spems O(n). CornacuHo
nyHKTY 3 jemMbl 7 umeeM |R| < n + 1, 4ro Jaer COOTBETCTBYIOIILYIO
OLICHKY [l YHC/Ia nTeparumii mukaa. B urore momydaem spems O(n?).

Ipouedypa «Obrosums epags. Teno 1MUKA BBIMOJIHAETCS 38 BpeMs
O(n), Koau4ecTBO UTepanuii nuK/a He Gosbine n + 1. B urore nosyuaem
spemsa O(n?).

Onennm BpeMsi BBIIIOJIHEHNST drara 1:

Huxa Lg. Ilpouenyper «CdopmupoBarh myTh» u «CdopMupoBarh
MHOYKeCTBa» BbIoHsA0TCs 3a Bpems O(n?). Beraucsenne onpetesmresis
6r1oxa T ¢ MOJKHO OCYIIECTBUTD 38 BpeMst O(|R?) = O(n?), ucnomssya
metos, Taycea [5]. Ocranbuble onepaiyn BbimosHsIIOTC 3a BpeMst O(n).
Yucno mreparuii 1uK/a HE MPEBOCXOIUT MOITHOCTH MHOXKecTtBa M. B
urore mostydaem spems O(n3)|M]|.

Huxa Lo. 3a cyer mukiia L3 BpeMsi BBIIIOJHEHNs TeJa IMuK/a Lo ore-
ruBaercs Kak O(n?)|M|. Cymmupys 3Ty BeJMIIHY MO BCeM KOMIIOHEHTAM
K € R u yunreiBasi, uro Ug M = Ug (K N MP) = MP, nony4yaem Bpemst
O(n?)|MP| = O(n?).

Huxa Ly . Iponeaypa «ChopMupoBaTh CTPOKY » BBIIOJIHSIETCS 38 Bpe-
M O(n). Hukn Lo semosmserca 3a spems O(n?). Iporemypsr «O6mHo-
BUTL KOMIIOHEHTHI» 1 «O6HOBUTEL Tpad» BhImOAHAIOTCH 32 BpeMs O(n?).
Ocrasibible onepanuu BoiosHs0TCst 3a Bpemst O(n). Yucsao urepanuii
nuksta Ly pasro |A|. B urore nomydaem spems O(n?)|Al, koropoe n taer
OIIEHKY JIJIsI BpeMeHM BBIMOJIHEHUS Tana 1.

OneHnM BpeMs BBIITOJTHEHUS dTana 2:

Teso nukia Lo Beiosnsiercs 3a BpeMst O(n). Yucsio ureparmit ukiia
Lo ue npesocxoput unciaa |A|. Hucsio urepanumii muksia Ly paBHO ontl,
[TpoBepka coBIajieHus BYX MATPHUI| KOJa BBIIOIHICTCA 3a BpeMs (n +
1)|A|. Ha i-it urepanuu 1nuksiaa Lq Hy»KHO npoBecTH He GoJiee i TAKUX
IPOBEPOK Ha COBIAJIEHNUE, UTO JAeT B CYMME TI0 BCEM UTEPAITUSIM TOPSIKA
(2"*1)2 nporepok. B urore mts srama 2 nomydaem spemst O(nd™)|Al.



