O mpaBmabHBIX ceMeilicTBax (pyHKITHIIA,
UCIIOJIb3YEMbBIX J1Jid 3aJaHUd JIATUHCKUX
KBaJIpaTOB

1. O. Prikos

B pabore mokazano, 9T0 npasusvHocms cemMeiicTBa (DYHKIIHA
9KBUBAJEHTHA IPABUJILHOCTHU CEMENCTB, BOSHUKAIOIINX HA CUALHDBLL
KOMNOHEHMAL U OA0KALT KOMIIOHEHT 2pagia cyulecmeennot 3a6Uct-
Mmocmu cemeiicrsa dynkiuii. Perraercsa 3asia4a ypoienus cemeii-
cTBa, rpad CyMIEeCTBEHHON 3aBUCUMOCTH KOTOPOTO COJEPKUT <« MPU-
8UaNOHBLT» nymob. [Ipu 3TOM yrpomeHnn cemMeiicTBa CBOMCTBO IIpa-
BUJIBHOCTU He MeHsieTcs. llosiydeHHble pe3ysibTaThl CIIPABEI MBI
st cemeficTB byuknuit k-3nadnoit joruku, riae k > 2.

KuroueBbie ciioBa: npaBuiibHbIE ceMeiicTBa (DYHKITHIA, JIATHH-
CKUe KBaJIpaThl.

BBenenue

B coBpemenHOM MHUpe 3aJ1a9d 3aIUThHl MHOOPMAIMH CTAHOBSITCS BCE
bostee akTyasbHbIME. [losiBiIsieTcst HEOOXOIWMOCTH WCIOJIL30BAHUSA AG-
MUHCKUT K6a0pamos i udpoBannsd. JIATHHCKUM KBaIpPaTOM HOPSIIKA,
7 HA3BIBAETCS MATPUIA pasMepa N X 7, 3aII0JHEeHHAS dJIEMEHTAMHI HEKO-
Toporo MHO}KecTBa €, || = n, Takum 06pazOM, UTO B KAXKJION e CTPOKe
¥ B KaKJIOM CTOJIOIE BCe 97IeMEeHThI pa3andubl. PakTUIecKn, TATUHCKII
KBajIpar sBJsiercs: Tabuneii Ko (Tabsureil yMHOXKEeHUsT) KBa3UIPyI-
B, AJIreOPaAnIecKoil CHCTeMBbI ¢ OMHAPHOI Olepalineil, B KOTOPOW JTOIyC-
KaeTcsl JiejieHne (KBa3urpylia siBJIsSleTCsi HEKOTOPBIM 0000IIEHIeM TDYII-
ubl). JlaTuHCKHE KBaIpaThl MIMPOKO HPUMEHSIOTCS BO MHOTHX O0JIACTSX
MaTeMaTUKU, B YaCTHOCTH, B TEOPUU KOAMPOBAHUS M 3aIuTe UHQPOPMA-
. B cBoeit pabore o cBsizn B cekpernbix cucremax |7] K. lennon jo-
Ka3aJjl, 9To ITUQPhI, TOCTPOEHHBIE Ha JIATUHCKUX KBaJIpaTax, 00JIa aioT
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CBOJICTBOM COBEPIIIEHHON CEeKPeTHOCTH. UTOOLI HE XPAHUTH BCE JJIEMEH-
ThI JIATUHCKOTO KBaJ[paTa, UX 9acTo 3aJal0T (PyHKIIMOHATIBHO, TO €CTh C
HOMOMIBLIO (DYHKIMU, CTABAIIEH B COOTBETCTBUE CTPOKE U CTOJIOILY 3Je-
MEHT, HAXOJSIIUICs Ha X Iepecedenun. B pabore [2| mpusogures cro-
€00 TIOCTPOEHUST TTAPAMETPUIECKOIO CEMEHCTBA JIATHHCKUX KBAJPATOB C
HOMOIIBIO cemeiicTBa OyJieBbIX (DYHKIMA, 06J1a/1a10Iero CBONCTBOM Npa-
BUABHOCTNU.

[Tycrs mano cemeiictBo OyneBbix dyukumii f = (f1(z1,...,2n),--.,
fn(21,...,2n)) OT N LEPEMEHHBIX 21,...,2n. Llycrb mi(z1,Y1),- -,
T Ty Yn) — cEMEHCTBO OyJIeBBIX (DYHKIHUI OT JBYX nepeMeHHbIX. Onpe-
JleJiuM cucTeMy OyiieBbIX MyHKIMA ¢ = (g1,...,0n) OT 2n HEepPeMEeHHBIX
Tlyeey Ty Yl - - Yp COOTHOIICHUSIMU

g =z1+y+ film(z,v1), - T (Tn,Yn)),
g2 =22+ y2 + fo(mi(z1,91), - s T (TnsYUn)),

gn = Tp + Yn + fn(7T1(371,Z/1)7 cee 77Tn(xnayn))-

Bysnem roBopuTh, UTO ceMefcTBO OyIEBBIX HKIH =
)
(f1, fay- -+, fn) sIBIISIETCS IPABUJIBHBIM, €CJIU JJIsl JTIIOOBIX PA3JIMIHBIX Ha-
6opoB nepemeHHbIX 2’ = (21, 25, ..., 20) u 2" = (2], 2l,...,2') cymecrBy-
eT a € 1,n Takoe, YTO BBITOJHEHO

2y 2 falFh s ) = falH e 2.

OkasbiBaeTcsi, ceMeiiCTBO ¢ 3a/1aeT JATUHCKUAN KBaJpaT MpU JFOOOM
cemeiicree DyHKIWH m1(21,Y1), ..., Tn(Tn, Yn) TOTA U TOJLKO TOTJIA KO-
ra ceMeiicTBo f obsiaiaeT CBOWCTBOM IPaBHILHOCTH. TakuMm oOpasoM ¢
IIOMOIIIBIO JTI060r0 npaBuibHOrO cemeiicrsa dyukuuii f = (f1, fo, ..., fn)
MOXKHO IIOJIyYaTh PA3JIMUHBbIE JIATUHCKUE KBaJIPATHI, BAPbUPYS CUCTEMY
bYHKIUR-TIADAMETPOB 71, T2, . . . , Ty

CrouT 3aMETHTBH, UTO CXOXKHUM CIIOCOOOM MOXKHO 3aJiaBaTh JIATHH-
CKHUEe KBaJ[PATHI HAJ[ BEKTOPAMH 3JIEMEHTOB P-3HAYTHOI JIOTUKU U abeJIeBbIX
rpymi. Bosee moxpo6HO 06 9TOM MOXKHO y3HATH B craTbe [4].

BosMmoxkHOCTE 3a7aBaTh C IMOMOIIBIO ITPABUJIBHBIX CEMEHCTB ITHPO-
KHe KJIACCHI JIATUHCKUX KBaJIPATOB JIEJIAET aKTYAJbHBIM H3yUIeHUE TUX
CEeMEICTB, UX CBOMCTB, IIOMCK AJI'OPUTMOB IIPOBEPKH CBOMCTBA IIPaBHJIb-
HOCTH ¥ JIDyI'He 33/a9i. DTOMY MOCBsIeHbl paborel |1, 2, 3, 4], a Takxke
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pabora asropa [8]. B pabore [1| npeioxken KpurTepuil IpaBHJILHOCTH,
CBOJAIINHN 3319y MPOBEPKH MPABUJILHOCTH K MPOBEPKE HAJIUYHUS B IIO-
smHOMAax 7KerajiIkmHa BCEBOBMOXKHBIX ITPOU3BEICHNN (DYHKITUN U3 ceMeii-
CTBa YIEHOB omnpejiesieHHoro Buja. B pabore [2| BBeseno nounsitue epagha
cyu,ecmeernoti 3a8UcCuUMOCmMY, ceMeicTBa (PYHKIMHI U PAIOM Pe3yIbTaToOB
[MOKA3aHO, YTO CTPYKTYpa 3TOro rpada mmeer OOJBINOE 3HAUCHUE JIJIsI
PaBWILHOCTU. TaK, ceMefcTBO DYHKINN ¢ alUKJIMIHBIM rpadoM cyIie-
CTBEHHON 3aBUCUMOCTH — IIPABUJIBHOE, JJIsI CeMefCTB JIMHEHHBIX (DYHK-
Uil TPaBUWJIBHOCTH 9KBUBAJIEHTHA OTCYTCTBUIO ITUKJIOB B rpade. st ce-
MeicTB MyIbTHAMDPUHHBIX PYHKIUH TPABUILHOCTD IKBUBAJIEHTHA TOXK-
JecTBeHHOMY paBeHcTBY 0 mpomsBejieHusi (DYHKIMIA IO KaXKJIOMY ITUKJLY.
B paborax |3, 4] pe3ysibrarsl 06001I€HbI Ha CJIyYan p-3HAYHON JIOTUKH.

Nmerommuecs pe3ysibTaThl O CBA3U MPABUILHOCTH C IUKJIOBON CTPYK-
Typoii rpada CyIecTBeHHON 3aBUCUMOCTH B ciydae OyHKITIHI OIpe ie/IeH-
HBIX KJIACCOB HaBEJIM HA UJEI0 UCIOJIL30BAHUS CTPYKTYPLI 3TOro rpada
B cJlydae Npou3BOJIbHBIX (dyHKIWmii. B pabore aBropa (8| sra umes Gbuia
peasm3oBana. [lokazano, 9To rpad CyIeCTBEHHON 3aBUCUMOCTH MOXKET
OBITH UCIOJIB30BAH JjIsi POBEPKU MPABUJIBHOCTU B CJIydae ITPOU3BOJIb-
HBIX Oy/ieBbIX (DyHKIMII, & UMEHHO, MMPOBEPKa IPABUILHOCTHA CBOIUTCS
K IIPOBEPKE IIPABWJIBHOCTH CeMeHCTB (DYHKITUI, BOSHUKAIOMINX HA CUJIb-
HBIX KOMITOHEHTaX 3Toro rpada. Tem #e Mmenee, eciu rpad He JOIMYCKAET
PA3JIOZKEHUST HA CUJIbHBbIE KOMIIOHEHTHI, JJOOUTHCSI CHUYKEHUST CJIOKHOCTHU
MIPOBEPKY ITPABUJILHOCTH II0 CPABHEHUIO C IMPAMBIM I1€pe0OPOM ITUM Me-
TOJIOM HE YIAeTCsl.

[esbio jaHHON PabOTHI SIBJISIETCsT  YIPOIIeHHE ([0 CPABHEHUIO C
IPeJIbIIYIIUMEA Pe3yJIbTaTaMi) 3a/Ia4i [IPOBEPKHU IPABUJILHOCTH (KaK B
caydae ceMeificTB OysIeBbIX (DYHKIUI, TaK U B CJIyUae CeMeicTB (DyHKIUit
k-3HAYHON JIOTMKM) € HOMOIIBIO UCHOJIb30BAHUS MHMOPMAIUN O CTPYK-
Type Trpada CyIeCTBEHHON 3aBUCUMOCTU, HE OI'DAHUYUBASICH CJIydasiMU
cemeficTB (DYHKIUN U3 OMPEJEEHHBIX KJIACCOB.

ITpaBusbHBIE ceMmelicTBa (pyHKITIIA

st Havasa BBEIEM OCHOBHBIE OIIPE/IC/ICHIUS.

Ounpenenienne 1. Cemeiicreo dyukuuit f = (f1, fo,..., fn) OT mepe-
MEHHBIX X1, X2, . , Ly HA3BIBAETCS NPAGUALHBLM, €CJTU JJIs JTIOObIX JIBYX
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Pa3JIMIHBIX HAOOPOB 3HaueHnil nepemennbix @’ = (z},xh, ..., a)) n " =

(«f, 2, ..., a) cymecrByer o € 1, n Takoe, YTO BBIIOJHEHO

1{1 75 l‘g, fa(l'/) = foz(x//)'

B nannoit pabore Mbl He OyeM OIPaHUYUBATHCA CJIydaeM OyJIEBCKUX
dyuknuit. Mbl Oy/eM paccMaTpUBATh PABUJIBHBIE CeMeicTBa (DyHKITHI
HaJT MHOKECTBOM 3JIEMEHTOB k-3HAUHOM JIoruku, k > 2.

N3 onpesiesiennst mpaBUIbHOTO ceMeicTBa (DYHKIUI B YACTHOCTH CJIe-
JIyeT, 9To JId Joboro i € 1,n hyHKImA f; He 3aBUCHT CyIECTBEHHO OT
NEePEMEHHON ;.

Baxkuyto poJib 1pu u3y9YeHnn MpaBUIbHBIX CeMEHCTB UrpatoT rpadbl
CYLLICCTBEHHON 3aBUCUMOCTU 3TUX CEMEICTB.

Onpepenienne 2. ['pagom cyuecmeenioti 3a6UCUMOCTIY CEMEHCTBa
byuxmit f = (f1,..., fn) OT IEPEMEHHBIX X1, ..., Ty HA3BIBAETCS OPUEH-
ruposannbii rpad Gr = (V, E), tne V ={1,2,...,n}, a E = {(i,7) : f;
CYIIECTBEHHO 3aBHCHT OT T; }.

ITo crpykType rpada cyIecTBeHHO! 3aBUCHMOCTH ceMeiicTBa (yHK-
it (B JasibHeiineM it KpaTKOCTH Oy/1eM Ha3bIBATh ero rpadgoM ceMeii-
CTBa) MOYKHO JIEJIATH OIIPEJICJICHHBIE BBIBOJIBI O TIPABUJIBHOCTH CeMENCTBa.
Tak, Hanpumep, ecu rpad CeMelcTBa He COMEPXKUT IHUKJIOB, TO 9TO Ce-
MelicTBO npaBuiibHO. ObparHoe HeBepHO. Tak»Ke, MOCKOJIBbKY (DYHKIMH B
IIpaBUJIBHOM ceMelicTBe He 3aBUCAT CYIIECTBEHHO OT IIEPEMEHHBIX C TEM
JKe MHIEKCOM, B I'pade IPaBUIbHOIO CeMeicTBa He MOXKET ObITh IeTeIb.

Kax yxe 6buio ckazaHo Bbime, B paborax [2, 3, 4] mpejcrapiens
CIIOCOOBI YIIPOIEHNs IIPOBEPKHU MPaBUJILHOCTU JJIsI CeMEeHCTB byHKIU
ompeaeeHHbIX KJIACCOB C IIOMOIIBI0O HHPOPMAIIUN O IIUKJIOBOIl CTPYKTYpe
rpada cemeiictBa. B mamnoit pabore MbI Oy/ieM paccCMaTpPUBATEH CEMEHCTBa
MPOU3BOJIbHBLIX (PYHKIIUIA U YBUIUM, 9TO U B TAKOM CJIydae HH(MOPMAIUs
0 cTpyKType rpada cemeiicTBa MOXKeT OBITH BECHbMa, IIOJIE3HOIA.

Tenepp HaAM MOHAIO0ATCA HEKOTOPBIE HOHATHSI U3 TEOPUHU I'PadOB.

Omnpenenenne 3. OpueHTHPOBAHHLIN Tpad HAZBIBACTCST CUALHO CEA3-
HblM, WX CUADHBLM, €CJITH JIIODBIE JIBE €ro BEPIIUHBI B3ANMHO JIOCTUXKU-
MBI.

Onpenenenune 4. Cuavholi xomnonermot rpada Ha3BIBACTCS MAKCHU-
MaJIbHBII CHJIBHBIN TOArpad.
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Omnpenenenne 5. Kondewcayuet (daxmopepagom, epadom curvhoiz
rkomnonenm) rpada G HazbiBaercs rpad G¥, MHOKECTBOM BepIIHUH KO-
TOPOro CJyKUT MHOXKecTBO {S71,S9,...,S5,,} BCEX CHIBHBIX KOMIIOHEHT
rpacda G, a myra uier uz S; K S;, ecim B rpacde G umeercs 110 Kpaii-
Hell Mepe ojiHa JyTa, WyIlas U3 HEKOTOPOWH BEPIIMHBI KOMIIOHEHTHI S; K
BEpIITUHE KOMIIOHEHTHI 5.

Onpenenenune 6. s moboro nogmuoxkecrsa Bepinud S rpada G no-
POAHCOCHHBLM IMUM MHOHCECTNEOM Nodzpadiom (sepuiuntvim nodepagdom)
<S> Ha3bIBaETCS MaKCUMAJBHBIH mojrpad rpada (G, MHOXKECTBOM Bep-
[IIUH KOTOPOTO SIBJISIETCS S

Tak:ke HEOOXOINMO HAIIOMHHUTH HEKOTOPBIE PE3YJIbTATHI U3 TEOPUU
rpacos.

JIemma 1 ([5]). Kondencauus G* awobozo epaga G ne codeporcum opu-
EHTNUPOBAHHVLT UUKAOE.

JIemma 2 ([5]). B wmobom ayuriuunom epage(epage 6e3 yukaos) ecmo
GEPWUNA, KOMOPAA HE ACAAEMCA NAMAAOM (KONUoM) Hu 00HOl u3 dye

epadha.

s opMyITUPOBKE CJIEYIONIUX PE3yJIbTaTOB ODOOIIUM TOHSITHE
[IPABUJILHOTO ceMelicTBa (DYHKIUN CIIEYIONMIM 00pa3oM.

Oupenenenne 7. CemeiicrBo dyuknuii f;1 = (f;), @ € I, or nepemeHHbIX
xzy = (z;),5 € J, 1 C J, GyneM Ha3BIBATb NPAEUALHBIM, €CII TIPU JIFOOBIX
3HAYEHUSAX BEKTOPA mOJ\I = (29), k € J\I, cemeiictro fr = (f;),i € I, tae

f= f‘x]\lzx()\ , IPABUJIBHO B CMBICJIE TIEPBOHAYAJILHOI'O OIIPEIEIEHUS.
. J\I

ITycts I — HEKOTOpOE MHOXKECTBO MHjeKcoB, rye I C [1,n] u e =
(€a), @ € I, €4 € {0,1} — cemeiicTBO KOHCTAHT C MHJIEKCAMHI U3 MHOKE-
crBa I. Onpenenum cemeiicrso dynkuuit fO, = (f°), i € CI, tne CI —
JonosiHerne Muoxkectsa I B [1, n], monarast jis moboro A € CT

@) = fA@)|somen, €L

Jpyrumu cjioBamu, ff\) — 3T0 QYHKIHUHU ceMelicTBa f ¢ HMHIEKCAMH U3
MHO)kecTBa, C'I, B KOTOPBIX II€peMEHHbIe C MHAeKCaMu u3 I 3aMeleHbl
KOHCTAHTaAMU CEMEHCTBA £7.
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JIemma 3 ([1]). Cemeticmeo ¢ynruuti f npasusvho mozda u moavko
moezda, Kozda Oasn 106020 muosicecmea I C [1,n] u amobozo cemeticmsa
Koncmanm g1 cemeticmeo fO; npasuavho.

[Iporre roBopsi, ecu cemeitcTBO (byHKIUI IPABUIBHO, TO IPU (PUKCA-
uu Jiro60ro Habopa MepeMeHHbBIX KOHCTAHTAME IOy YaeTCs MPABUILHOE
ceMeicTBO (DYHKIIHIA.

CaencrBue 1. Ecau cemeticmso f = (f;), i € I, npasuavio 6 nexo-
MOPOM CMbBICAE, MO OAf M00020 nodmmosicecmea K C I cemeticmeo
f=(fx), k € K, npasuavro 6 cmoicae 106020 onpedenenus.

JlokarkeM CJIeIYIONIYyIO TeOPEMY.

Teopema 1 (Kpurepwuit npaBunbaoctn). Ilyemv f = (f;), i €
[1,n] — cemeticmso gynryuii om nepemennur i, ...,Tn. f NpasuivHo
moada u moavko moeda, xozda VI : <I> — cuavholi 2pagd, NPABUALHO
cemeticmeo fr = (f;), i € I.

HoxkazareabcTBo. Heobxomumocts. Eciu f mnpaBuiabHO, TO 1O CJief-
CTBHIO M3 JIEMMBI TIPABUILHBI Takxke cemeiictsa fr = (f;), 1 € I.

Hocrarounocts. Ilycts fr npaBuisro VI @ <I> — cuibHBIN moArpad
rpacda G. JlokaxkeMm, uro Torma f npasuiabho. [Tycts 910 He Tak. Ilycrh
CBOJICTBO TPaBUILHOCTH HapyllaeTca Ha mape nHabopos x’ u x”. O6ozna-
anM I = {i : 2} # 2} Ilycrs <I> cocrouT u3 k CHILHBIX KOMIIOHEHT
I,Ir,...,I1,k > 1. Torga mo jgemMme 2 cpeanm 3TUX k CHIBHBIX KOMIIO-
HEeHT Hafi/leTcsi KOMIIOHEHTa, He sABJISIIONAsiCsl KOHIIOM HU OJHOW U3 JIyT B
dakroprpade G*. Be3 orpanutenus ob6IMHOCTH OYIEM CUATATH, 9TO ITO
koMmrionenTa I; = {i11,412,...,414 }. DT0 03Ha4YaeT, 4TO PYHKIUH CceMeli-
crBa f7, 3aBUCAT CYIIECTBEHHO TOJBKO OT IIEPEMEHHBIX Tf,. Paccmorpum
nabop z” = («f',...,2)) rakoit, uro z/ = af wpn i € I, '
upu ¢ € I. Ouesumnno, uaro f;(z") = f;(2") upu i € I, cnenosarennbuo
Vi € [1,n], ecom o, # &, fi(2") # fi(2""). Takum oGpasom, ceoiicTBO 11pa-
BUJILHOCTH Hapyliaercs Ha cuiabHoM nojarpade I rpada G. [Moayunau
nporuBopeure. Teopema g0Ka3aHa.

_ /
= x;

N3 nokazaTe/ibcTBa BBINEU3JI0KEHHONW TEOPEeMbl CTAHOBUTCS ITOHSIT-
HO, 9TO JJIsT ITPOBEPKU IMPABUIBHOCTU IO OIPEIEJIEHNIO He 00sI3aTeThHO
IIPOBEPSITH BBIINOJHEHNS CBOWCTBA IMPABUILHOCTH Ha KaxKJIOW Iape Habo-
poB. JlocTaTovHO MPOBEPHUTH TOJIBKO T€ HADOPHI, KOTOPHIE Pa3INIAIOTCS
Ha BEpIHHAX, 00PA3YIONINX CUJIbHBIE BEPITUHHDbIE TOArPAdLI.
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JIornaHBIM CJTeICTBUEM MIPEIBIIYINEN TEOPEMBI SIBJISIETCS CJIEIYIONTast
TeopeMa.

Teopema 2 (Kpwurepwuit npaBunbaoctn). Ilyemv [ = (f;), i €
[1,n], — cemeticmso gynryui, xKondencayus G’} epagpa Gy cocmoum us k
gepwun I, I, ..., I. Toeda f npasuavro mozda u moavko moada, xoz2da
npasuvrvl cemeticmea fr, = (fi), i€ I;, j=1,... k.

Takum 00pazoM, ¢ MOMOIIBIO BBIIEU3/I02KEHHOI TEOPEMBI IIPOBEPKY
[PABUJILHOCTU DOJIBIIIONO CeMeicTBa (DYHKITI MOYKHO CBECTH K IIPOBEp-
Ke CeMeiiCTB Ha CHJIbHBIX KOMIOHeHTaX. CTOUT 3aMeTUTh, 9TO Teleph
JIUTsT IPOBEPKH IIPABUJIBHOCTH CEMENHCTB (PYHKINI Ha CUIbHBIX KOMITOHEH-
Tax (pUKCHPOBATH HEOOXOJUMO HE BCE ITEPEMEHHBIE JIDYTUX KOMIIOHEHT, a
TOJILKO Te, OT KOTOPBIX (DYHKIMKA KOMIIOHEHT MOI'YT 3aBUCETH CYIIECTBEH-
HO. 3a CYeT 9TOro0 MOXKHO JIOOUThCs YIIPOINEHUsT 3aa9l [TPOBEPKH MPa-
BIJIBHOCTH. DTOT Pe3yJIbTaT MIPUBOIUT HAC K 3aJa9aM [TOCTPOeHus rpada
CYIIECTBEHHON 3aBUCUMOCTH ¥ TIOUCKA CUJIBHBIX KOMIIOHEHT B 9TOM I'Da-
de. B pabore [8] onmcano, kak 3tu 3aga9u MOryT ObITH 3(hMEKTHBHO
PeIlleHbl JJIsT CeMeNCTE OyIeBbIX (DYHKIW, 3a/JaHHBIX B BHJIE MMOJTUHOMA
2Keraskuna.

3a1aInMCsT BOIPOCOM: MOYKHO JIM 3a/a9y IIPOBEPKH PABUIBHOCTH
YVIPOCTHUTD €Ile CUJIbHEE W €CJIA Jia, TO KAKUM YCJIOBUSM JTOJIKEH YII0-
BJIETBOPSITH rpad cemeiictBa? OKas3bIBAeTCsI, MOXKHO, B TOM CJIydae, eCJIu
CUJIbHBIE KOMIIOHEHTHI Irpada JOMYyCKAIOT Pa3JioyKeHne Ha, OJIOKU.

Onpenenenue 8. Baoxom rpacda G HaspiBaercs noarpad B, ymosiie-
TBOPAIOIINI OHOMY M3 TPEX yCJIOBUIL:

1) B cocrout u3 oHOi n3ogupoBaHHON BepinuHbl rpada G

2) B 1opoxKaeTcsl eJIMHCTBEHHBIM PeBGPOM, KOTOPOe SIBJISIETCS [Iepe-
mefikom B G

3) B siBasieTcss MaKCUMAaJIbHBIM JIBYXCBsI3HBIM Horpadom rpada G.

Kak m3Bectno n3 teopuu rpados, OJIOKH MOTYT MEPECEKATHCH TOJIb-
KO 10 waprupam. IIpu 3ToMm Karxkaasi mapa OJIOKOB MOXKET MTEPECEKAThCS
TOJIBKO II0 OJTHOMY IITapHUPY.

Onpenenenune 9. Illapnup — BepiimHa, Ocjie yIajJeHUsT KOTOPOW u3
rpaca 9ucjI0 KOMIIOHEHT CBA3HOCTU I'pada BLIPAcTaeT.

IIpenamosioxkuM, 4TO rpad CyIIECTBEHHON 3aBHUCUMOCTH ceMeiicTBa
dyuknuit f upencrasisiercst B Buie obbeauHerus rpados G u Ga, 1e-
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PECEKAIOIINXC 110 oHOol BepimHe. [lonsarno, uro G u Gy 351€Ch — 00b-
eIUHEHNsT HECKOJIBLKUX OJIOKOB.

G:Gl UG27G1 == (‘/17E1)7G2 = (V27E2)7
VinVo={m},Vi={1,2,... m},Vo={m,...,n}.

Jlokazkem ciiejryrolee yTBepK/I€HUE.

VYrBepxkaenune 1. Cemeticmeo ¢ynrkuutd f = (f1, f2,.-., fn) npa-
6UNBLHO o020 U MoAbKO moz2da, Ko20a npasusvib, cemelicmea fl1 =

(fl?fQ?"'?fm) ufzz(fmaafn)

okazareabctBo. HeobxommmocTs odeBnmHa. JloKaskeM T0CTATOY-
noctnb. Ilyers f! u f2 npasuabnbie. IIpeamnonokum, uTo cemeiicTBo f He
sBsiercst npasuiabHbiM. Torma 3(a), ..., 2) = o' # 2" = (of,...,2)):
eciu xl, # b, 10 fo(2') # fa(2”) . O6osnauum I = {«: x), # 2}

1) I C [1,m] — mpoTHBOpedne ¢ MPaBUIBHOCTBIO f L

2) I C [m,n] — mpoTuBOpeYne ¢ HPABUILHOCTHIO f2

3) I C [1,m — 1] U [m + 1,n] Paccmorpum mabopsr o’ u 2" =
(@, x, e g, xy). Torma fi(2") = fi(a!) mpum i € [1,...,m —
1] mak kak 3T (YHKIUM HE 3aBUCAT CyNECTBEHHO OT IEPEMEHHBIX
T4l - - Tn. Pacemorpum muoOkectBo J = {a : 2l # a2/}, OueBumo,
aro J C [1,m —1],J C I. Torma npu « € J, fo(2') # fo(2") = fa(2").
[TosTyumM MPOTUBOPEYHE ¢ HPABIIBHOCTLIO f1.

4) I ¢ [1,m],I € [m,n],m € I. Paccmorpum cieayromue HaGOPBI:

/

i
2" = (1./17 s 7xlm—17$;n7xlrln+1’ T ,1';;)
2" — (x/17.._7x’rn_1,gj%7xlrlrl+1,...,37;;)
2
Tax kak f! — mpauibnoe, fn(2") = fn (™). Iycrs al, # 2.

PaccmorpuMm BapuaHTBI:
a) a <m. foa(x///) - fa(x/) # foa(x//)
6) o >m. fa(xml) = fa(x//) # fa(l'/)
B) @ = m. B aroM ciydae cipaseyinBo 0J{HO U3 JIBYX: Jubo fp, (z

fm (") # fm(2"), mubo fi(2"") = fin(z") # fm(z"). B neppom ciyuae
II0/TydaeM IMPOTHBOPEYHE C IIPABIILHOCTBIO f2. Bo BTOPOM — IIPOTHBO-

////)

peune ¢ IpaBUILHOCTBIO f 1.
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VTBeprKIeHne T0KA3aHO.

[TpsimbIM citeICTBHEM JIOKA3aHHOTO YTBEPKIEHUS U IIPEIbILY X Pe-
3YJITATOB SABJISETCS CJIEIYIONasl TeopeMa.

Teopema 3. Ilycmo epagp G cemeticmsa f cocmoum u3 k cusvHvix Kom-
nonewm I, Is, ..., I, xaorcdas u3 xomopwlxr donyckaem padiodcerue Ha
b1, b, ..., by brokos coomsememeento (Biy UBjpU...UBy, = 1;). Tozda
[ npasuavno < fp,; npasuavro Vi, j.

JeitcTBUTEILHO, €Ci MBI OyJIeM II0CJIEIOBATE/ILHO PaCKJIaIbIBATH
KaXK/IyI0 CHJIbHYIO KOMIIOHEHTY Halmero rpada Ha 2 JacTu, IIepeceKaio-
IIUXCs 110 OJHON BEPINMHE, TO B MTOrE€ MbI IOJYYUM Pa3JIOKEHHEe BCEX
CHJILHBIX KOMITOHEHT Ha 0/ioku. Takmm o6paszoM, Mbl CBEJIN IPOBEPKY Ce-
MeiCTBa Ha IPaBUJIbHOCTD K IIPOBEPKE Ha IPABUJILHOCTDL CEMECTB (hyHK-
it Ha OJIOKaX CHIBHBIX KOMITOHEHT Trpada ceMmeicTna.

DTOT pe3yJbTaT MO3BOJISIET CYIIECTBEHHO YIIPOCTUTH IIPOBEPKY IIpa-
BUJIBHOCTH B CJIydae C OOJIBIIIUM KOJHUYIECTBOM CHJIBHBIX KOMIIOHEHT
U/WIN B CIydae, eCi KOMIOHEHTBI PACHAJAIOTCsa Ha OOJIBINTOe KOJIMTe-
CTBO OJIOKOB.

Teneps paccmoTpum cirydait, Korja rpad cemeficTBa mmeeT ompeie-
JIEHHBIE «TPUBHAJILHBIE» YYACTKM, U MOCMOTPUM, KaK MOYKHO yIPOCTUTD
[IPOBEPKY Ha MPABUJILHOCTH B 9TOM CJIydae.

Omnpenenenune 10. Mapwpymom B OpUeHTUPOBAHHOM Tpade HA3BIBACT-
Cs1 YepeJIyIoIIasicsl IOCIEI0OBATEBHOCT BEPIIIH U JIYT Vg, €1, U1, - - - 5 Eny Upy
B KOTOPOIl KaxKjasi J{yra e; ecTb (U;_1,v;).

Onpenenenune 11. [lymem B OpuEeHTHPOBAHHOM rpade HA3BIBACTCS
MapIIpyT, B KOTOPOM BCE BEPIIUHBI Pa3JINIHBI.

Omnpenenenne 12. [Toaycmenenvio uczoda d- (v) (saxoda d* (v)) Bepmu-
HbI U HA3BIBAETCsI YHMCJIO BEPIIUH, CMEKHBIX 13 V(K ).

Wrak, MBI TPEANOJOXKUM, UYTO B Tpade ceMeificTBa CyIIECTBYeT
Iy Th %, (i(), i1),11, (il, 12),12, -+« b, (im, im+1)s im+1 TAKOI, ITO d+(ij) =
d~(ij) =1Vj € 1,m (x). Torna xaxmas uz Gynxuuit fi,. .., fp, 3aBucur
CYIITECTBEHHO TOJBKO OT OJTHOW TepeMeHHo#, a dyurmun fo, fr+1,-- -, fa
HE 3aBUCAT CYIECTBEHHO OT MEPEMEHHBIX X1, . .., Lm—_1. 1103TOMY MOKHO
BBECTH CJIEJIyIOIINE OHO3HAICHMSI:

T0(@o, Tma1s - -, ) = folxo, 21, ..., 2n),
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fi(@o) = fi(zo, 21, .., xn),

fr(@m—1) = fm(wo, 21, ..., Tn),
f,’n+1(x0,xm,xm+1, cos Tp) = fg1(xo, 21, -0, X)),
Frn2 (20, Tty -+, Tn) = fnaa(T0, 21, -+, Tn),
(@0, Tty -5 Tn) = fu(To, 1,0, ).

HokazkeM ciieryionee yTBepjienne (6e3 orpanndenus oOHocTu Oy1eMm
cantarh, 4to ig = 0,41 = 1,...,9ms1 = m+ 1).

YrBepxkaenune 2. Cemeticmeo f = (fo,..., fn) co ceoticmeom (x) npa-
BUABHO MO20a U MOALKO M020a, K020G NPABUALHO Caedyrouee CeMeCmeEo

g = (907gmagm+17"' 7gn)7 ede

gO(x()axm?- .. ,fl?n) — f()(l'(),fl?l,. .. 7xn) = f6($07xm+17' .. 7$n)7
gm(x()?xma cee 7xn) == fl(l'o,l'l, cee 7xn) = f{(x0)7
gm—i—l(x()?xma cee 7xn) - fm—&-l(x()?xlw .. 7xn) = f7/n+1(x07xm7' .. 7fcn)7
gm+2($07$m7~ .. 71.77,) == fm+2(l’0,$1, cee 71.77,) = fr/n+2(x07xm+17' .. 71.77,)7
9n($07$m7~ e 7xn) = fn(x()?xl?' e 7xn) = frlL(x()?xm—i—la cee 7xn)-

HoxkazareabcTrBo. Heobxomumocts. [lycrs f mpasuibHo. Jlokaxkem, aTo
TOrJIa M ¢ UPABWIBHO. LIPEIONIOKUM, UTO 9TO HE TaK, TO €CTh § He
sIBJISIeTCs IpaBUIIbHBIM. DYHKIMEU ceMeficTBa ¢ 3aBUCIAT OT IEePEeMEeHHbBIX
T0, T, T, - - - » Tn. Paccmorpum napy mabopos ' = (zf, ), ..., x)) #
(z(,xl ..., xh) = 2, HAa KOTOPOM HAPYIIACTCS CBONCTBO IPABHIILHO-
— y . / "
cru. Ilycrs I = {i € {O,m,m + 1,...,n} : z, # z]}. Paccmorpum
nabopst y' = (xp,2),...,x,) u y" = (zf,2Y,...,x)), KoTOpbIE SABIIS-
1oTcst jonoaHenHbiMu Habopamu ' u x”. Tlo onpesesienuio cemeiicTsa g,
: / / Z 2
Vi € {0,m +1,...,n} semonnsorcs g;(z') = fi(y') u gi(2”) = fi(y").
Crenosarenbho, Vi € IN{0,m +1,...,n} semonnsiercs f;(y') # fi(y").
Toria ocraercsi pacCMOTPETH 2 Cirydast:
/! /! _ / _ "o [/ —

a) m ¢ I. Betbupaem 2] = 24 = -+~ =2, | =z =25 = - =
z 1 =0. Torpa [ He SIBISIOTCS IPABUJIBHBIM CEMEHCTBOM.

6) m € I. Torna z), # ., gm(2’) # gm(z”), crenoBaresnbHo,
f1(xh) # f'(zf) u x # x{j. Beibepem maGopsl y' u y” rakum obpasom,
ITOOBI BBITIOJTHSJIACH CJIEJIYIONINE HEPABEHCTBA:
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fa(x1) # fal@?),
fa(a) # fa(xs),

[TonstiTHO, UuTO Takme HAOGOPBI BCerja MOXKHO HaiiTu. CemoBaTebHO,
Vi € [1,m], fi(y") # fi(y"). Boie mbl ywxke nokazamu, uro Vi € I N
{0,m+1,...,n}, fi(y) # fi(v"). Takum o6pazom, MbI j0Ka3aIH, 9TO f
He sBJifgeTca nMpaBuabHbIM. [IporuBopeune. HeobxomumocTs goKa3aHa.

Jocrarounocts. ITpeamionoKum, 9To g — IpaBuibHoe cemeiicTio. Jo-
KaykeM, 9To f TakKKe NpaBuibHO. IIycTh 3TO He Tak, TO €CTh f He sAB-
JII€TCs TIPaBUJIbHBIM. IlycTh 3TO CBOHCTBO Hapyliaerca Ha mnape Habo-
pos ' = (x(,x),...,2)) # (zf,2),...,2)) = 2”. O6oznaunm y' =
(@, xly,s -y ah), ¥ = (xg, 2z, ..., zr). Kak yxe GbLIO CKa3aHO BbIIIE
(B apyrux obosnadenusix), Vi € {0,m +1,...,n}q(y") = fi(2'),9:(y") =
fi(x"). Mycrs I = {i : 2} # 2} Torma Vi € TN {0,m +1,...,n}
9i(y") # gi(y"), rax xax fi(2') # fi(z").

a) IN{l,...,m} = &. Torma nosyuaem, 94T0 g He SABJISETCS TPABUIH-
HBIM cemeiicTBoM. [Iporusopedne.

6) IN{l,...,m} # @ Hdocrarouno g0Ka3aTh, 910 G (Y') # gm(y").
IIpemmonoxkum uro I € I N{l,...,m}. Torma fl( " # fl( ") u, Tak
Kak f; 3aBUCHT cymeCTBeHHo TOJIBKO OT Xj_1, xl 1 F xl 1- lloaro-
My fie 1( " # fia(@”), x)_y # x_o m 1.1 B urore momydaem, d9ro
v F ) £ AR Towomsy galy) = ) = @)
g(y) = FL() = Fi(&"), gm(t/) # gm(y"). Taxims opaons, norysaca
IPOTUBOPEYHNE C MPABUILHOCTHIO ceMeficTBa g. J[ocTaTo9HOCTh ToKa3aHa.

VTBepKIeHNE JOKAa3aHO.

Taxkum obpazom, eciin B rpade ceMeficTBa CyIEeCTBYeT IyTh CO CBOU-
CTBOM (%), TO TaKOe CeMefiCcTBO MOXKHO PeJIyIIuPOBAThH C COXPAHEHUEM I1pa~
BHJIbHOCTH. TOYHO TaK 2Ke 9TO CeMEeHCTBO MOYKHO YBEININBATD, J00ABJIsIsI
HOBBIE BEPIIUHBI B IENOYKY.

3akJIo4eHne

B jmannOit pabore OCHOBHOE BHUMAaHHUE OBLIO YIEJIEHO IPaUICCKIM
XapaKTepUCTUKaM IpadOoB CeMEWCTB M TOMY, KaK UX MOXKHO HCIIOIb30-
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BaTh I IPOBEPKH npaBuiabHocTh. [lokaszano, 9To B ciry4dae, Koraa rpad
JIOIIYyCKAeT pa3JIO?KEHUWE Ha CUJIbHbIE KOMIIOHEHTBI U, B JlaJIbHEHIIEeM, Ha
0J10KH, TIPOBEPKa MIPABUIBHOCTH CBOJUTCS K IMPOBEPKE MPABUIBHOCTH Ce-
MeICTB, BOSHUKAIOIINX Ha 9TUX KOMIIOHEHTaX M OJI0KaX KOMIIOHEHT. Tak-
2Ke pelraeTcd 3a/a4a yIPOIIeHUd IIPABUJIBHOIO CEMENUCTBa B Cilyvae, eCjIu
rpacd cemeiicTBa CONEP:KUT HEKOTOPBI «TPUBUAJILHBIN» IyTh — B 9TOM
cJlydae BCe BHYTPEHHUE TOYKH IIyTH MOYKHO 3aMEHUTH Ha ofay. [Ipu sTom
U3MEHEHMH CeMeiicTBa M ero rpada (OyHKIINS, COOTBETCTBYIONIAsT HOBOM
TOYKe, HacjeayeT (pyHKIMIO OJHON 13 ToYeK rpada, i CBONCTBO IIPaBUIb-
HOCTHU CEMeNCTBA HE MEHSIETCH.

ApTop BbIpaxkaer Onaromapaocth Hocoy B. A. 3a mayunoe pykoBoj-
CTBO U IIOCTAHOBKY 3aJ1a4U.
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