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006 3dpPeKTUBHOCTU AJITOPUTMOB MAIITUHHOTO O0ydYeHUsd
JJISI HEKOTOPBIX KJIACCOB OyJieBbIX (DYyHKITHUIA

Apxunosa A.H. (Mocksa, MI'Y um. M. B. JIomonocosa)

a.n.arkhipova@yandex.Tu

B pab6ore [1| paccmarpusaercs Probably Approximately Correct
Model (PAC-mozenb) jist usydenusi 3(pOEeKTUBHOCTH aJlOPUTMOB Ma-
IITUHHOTO OOYY€eHNUsl, B KOTOPOW IIPEJIIIOIAraeTCs 33/ [aHUe PACIIPE/ICTICHUST
HA MHOXKECTBE MPUMEPOB U IEJIBI0 MTO3HAIOIIErO SIBJISIETCS HAXOXKIEHUE
CUIOTE3bI, AIMPOKCUMUPYIOIIEH T1e/IeByI0 (DYHKIMIO C 3apaHee 33 JaHHON
TOYHOCTHIO. B pabore nokasbiBaercst Hed(hHEKTUBHOCTL PADOTHI AJITOPUT-
Mma [lepcenTpon Ha KJracce JIMHEHHBIX TOPOrOBBIX DYHKIMIT U 3hdeKTuB-
HOCTBh Ha KJIAcCe BJIOXKEHHBbIX GyHKIui. [Ipu nokazaresbcTBe MEPBOTO
dakTa UCIOIB30BAJINCH OIIPEJIEJIEHUE U CBONCTBA (DYHKITUU XacTala, mo-
CTpOEHHe KOTOPOil MOXKHO HaiiTh B crarhe [2].

Takum 06pa3oM, KOCBEHHO YTBEPXKIA€TCsI HEIPUHAIEKHOCTD (DY HK-
un XacTaia KJiaccy BJIOKeHHBbIX QyHKIui. B gannoit pabore mosyveHo
PSIMOE JIOKA3aTeIbCTBO JIAHHOTO (hakTa.

VrBepxkaenue 1. F(f) — ¢ynrxyus Xacmada ne aesrcum 6 mmuoosrcecmee
NF,, ede NF,, — MHOMCECMBO BAOHCEHHVT HYHKUUT 0 N NEPEMEHHDVIL,
n=2"m 2> 3.

Ucrnonp3oBanne Kiracca MOPOroBbiX (DyHKIUH Jijist onpeieseHns d-
deKTUBHOCTU PAbOTHI PA3IUIHBIX AJTOPUTMOB IIPUBOJAUT K HEOOXOIUMO-
CTU U3yYeHUs] HEKOTPBIX UX CBOWCTB U B3aUMOCBSI3€IA.

ITycTb
/ / " . / "
p(f . f)= min ),
l@,/ G/—>f ,lwu G//—>f
rne lg, — f(x1,...,7,) — summeiinas cdopma, 3aaiomas HOpO-

ropyto dyskmuio f (suHeiiHo# dopMmoii HasbiBaeTcs (DYHKIMs BUIA
lgo(Ti,...,xn) =0 tiw;—o,w, € Z,i=1,...,n;0 € Z).
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YrBepxkaenue 2. Jan 210600 mpotxu dyrrxuyul euda

i—1
fi1ix1+ 200 +4x3+ ... +2i_1$i > Z2j_1,i >4,
j=1

HAPYULAETNCA HEPABEPCTNBO MPEY20ALHUKE OAA PYHKUUL p/, mo ecmb
p ([ f)>p(ff )+ (f )

Brarogapro moero Hay4uHoro pykoeoguresisi Upmarosa AuBapa Ajixa-
MOBUYa 3a IeHHbIE pEeKOMEHIaIlu 1 COBETHI.

Cnucok Jureparypbl

[1] Servedio R.A. On PAC Learning Using Winnow, Perceptron and a
Perceptron-Like Algorithm.

[2] Hastad J. On the size of weigts for threshold gates.
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O koHe4YHOI1 IIOPO2KJAEHHOCTHU NCYUUCJJIEHUA BbICKa3bIBaHUM
C IMPpOM3BOJIbBHBIMMA OIlepallusMM BbIBO/IAa

Boxkos I'. B. (Mocksa, MI'Y um. M. B. Jlomonocosa)

bokovgrigoriy@gmail. com

BaKHBIM CBOMCTBOM KJIACCHYIECKOTO MCUUCJICHUsT BbICKa3bIBaHUN |1]
SIBJISIETCA CYIIECTBOBAHNE KOHEYHOI'O MHOXKECTBA AKCHOM, M3 KOTOPBIX
BBIBOJIMMbI BCE TABTOJIOIMH 9TOr0 UCYUCIeHus . JlanHoe CBOCTBO Ha3bIBa~
0T KOHEYHO-TIOPOXKJIEHHOCTHIO MCYUC/IEeHUsA. [Ipu paciupennu MOHATHS
UCYUC/IEHUs] OOBIYHO Tpebyercs, YTOObI JIAHHOE CBOMCTBO COXPAHSIIOCH.
Tak B 1949 r. JI. Xenkun [2| nokasaj, 9To pacCIIUpeHHbIH (dbparMeHT
UCYUC/IEHNs] BBICKA3bIBAHUMN, COJEPIKAIIMNA KIACCHIECKYIO MMILTHKAIAIO,
KOHEYHO-IIOPOKJIEH OTHOCUTENLHOMN oniepanun modus ponens: ecyii BbIBO-
qumo A u A — B, to B BoiBoguMO. B jannoii pabore BBOIUTHCS B pac-
CMOTpPEHHUE PACIIMPEHHbIH (hparMeHT UCUUCIIEHUs] BBICKA3bIBAHUN C PO~
M3BOJIBHBIME MOJLyCHBIMU OIleparusiMi [3| 1 J0Ka3bIBAIOTCs HEOOXOIMMbIe
U JIOCTATOYHBIE YCJIOBHUS KOHEYHO-TIOPOXKJIEHHOCTH TAKOTO UCUUCIICHUS.

[Tycrb A — nekoropoe MHOXKecTBO U U = {u1,us,...,Up,...} —
CUeTHBIN ajihaBUT MEPEMEHHBIX Uy, 3HAYCHUSIMU KOTOPBIX SIBJISTEOTCSI
snemerTbl a u3 A. ObGosHaumm uepes P4 MHOXKeCTBO BceX (QyHKITHI
f(wiy, ..., u;,) co snadenusmu B A, tne i; < iy upn j < j', j,j =
1,...,n, n € N. 9ru pyHKIUN ABISIIOTCS OTOOpaykeHUsIMu Bujga [ :
A" — A, tme A" = A x...x A. Takue QpyHKIUM HHOILJA HA3BLIBAIOT

n
dbyukumsvu | A|-3Ha9HOl JTOrUKH.

MuoxkecTBo mrepementbix U OyjieM MHTEPIPETHPOBATD, KAK IT€pEMeH-
Hble BBICKA3LIBAHUSI, 8 MHOKECTBO A — KakK 3HAYEHUsI, KOTOPbIE MOTYT
[PUHUMATH BBICKAa3bIBaHUs. B Takoii nHTepnperaruu (PYHKINA U3 MHO-
KecTBa P4 MOXKHO paccMaTpUBaThH KakK JIOTHYECKHUE CBSI3KHM HAJl BBICKA-
spiBaHusMu. Ecim |A| = 2, 1o smemenramu MHoxkecrBa A Oyiayr 1 n
0, KOTOpBIE MHTEPIPETUPYIOTCS CTAHJIAPTHBIM 0Dpa30M, KaK UCTHHA U
JI03Kb. JI7Is1 TpOon3BOIbHOTO MHOYXKeCTBa A 06OOIIUM TOHSITHE UCTHHBI 1
JDKU CJIeryroruM obpasoM. IlycTs p — mpou3BOIBHBIN Npeankar Ha A,
TO ecTh orobpaxkenue p : A — Fo, tne Fy = {0,1}. Torma muOXecTBO
T = {a € A| pla) = 1} GyneM HHTEPIPETHPOBATL, KAK MHOXKECTBO
HCTHHHBIX 3Hadennii, a muoxecrso F = {a € A | p(a) = 0} — xax mmuo-
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skecTBO Jioxkubli 3Hadenuii. [lapy (T,F), mopoxeHHyIO IpeInKaToM p,
Oy/ieM Ha3BIBATD UCTMUHHOCTHLM Pa3duEHUEeM MHOKECTBA A.

Kaxxaplit npesukaT p IOpoXkKJaeT eCTeCTBeHHbI roMoMopdusM nat ,
MHOXKecTBa P4 B MHOXKeCTBO Bcex (yHKIuii JBy3HauHOl jorukn Py [4].
Dror romomopdusmM Kaxkoil dyuknuu f(z1,...,T,) u3 P4 comocras-
asier Takyio GyHKmoo f,(z1,...,%,) w3 P, 9ro mus moboro HabGopa
(01,...,0pn) € Ef u moboro og € Ey BBIIOIHEHO

fp(O'l,...,O'n) =0y <:>f(5'1,,a'n) - 5'0,

rne 6; =T, umpuo; =1, u6; =F, npuo; =0,:=0,1,...,n.

IIycts ¥ € P4 — xoneunoe mHoxkecTBO dynkiuit u X C U — mHo-
JKEeCTBO MEPEeMEHHbIX, Torja obosnadnM depe3 Py (X) MHOKECTBO Beex
dopMyJT HaJ JIOTHIECKUMI CBSI3KAMU W3 Y U MHOXKECTBOM II€PEMEHHBIX
X. Korna X = U muoxkectBo Px(X) Oyaem jist KpaTKocTH 0603HAYATD
qepes Oyx. Kaxmoit hopmyie § € $y MOKHO OHO3HATHO COIOCTABUTD
dbyukuuio fz € Py [4]. B sTom cirydae rosopsit, uto dhopMyIia § BeIpazka-
er dynxmmo fz. Popmyny § n3 Py OyleMm Ha3bIBATL Masmosozueti, TO
€CTh TOXKJIECTBEHHO MCTUHHON, OTHOCUTEILHO UCTUHHOCTHOTO Pa30ueHus
(T,F), ecmm fz(i1,...,0m) € T, upu JI0OBIX 3HAUEHHUSIX i1, ..., oy, U3 A,
rjge m — 3ro apHocTh (yHknuu fz. Oboznaumm vepes Th mHOKecTBO
BCcex TaBToOJIOrui B Py.

OrnpetesiuM TOHsITHE MOJTyCHOM oneparuu. Ilycts §o, §1, - - -, Sm Pas-
smanble bopmyisl u3z Py ({z1,...,x,}), Torna nabop (§1,. - ., Sm; o) 3a-
JlaeT MOJIYCHYIO omnepaiuio Ha Py, onpeie/IeHHyI0 CXeMOii:

Sl(xla"' axn)a"' a%m(xlv"' 7$n)

SO(xla cee 7$n)

Krnaccuaeckum nmpumMepoM MOIYCHOHN OIEpaliy siBJISeTCs orneparust modus

ponens:
xT1,T1 — T2

Z2
MHozKeCTBO BCeX MOAYCHBIX onepannii Ha @y ob6oznaunm yepes My, Hac
Oy/yT MHTEepecoBaTh He BCe MOJIYCHBIE OIlepalluu, a JIMIb Te w € My,
KOTOPBIE TABTOJIOIMU TepeBoaAT B TaBrosoruu w : Th — Th. Takue orre-
panun HazoseM jonycrumbivu [5] Ha Th. MHOXKecTBO Beex J0MyCTUMBIX
na Th onepamuii obosnaamm gepe3 Ory,.
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Muoxkectso Tasrojoruiit Th m MHOXKecTB momycTuMbix Ha Th orme-
panuii Q C Oy, obpasytor anrebpandeckyto cucremy (Th, ), koropyto
6y/1eM Ha3BIBATD UCHUCAEHUCM GBICKA3bIBAHU.

[Tycts 2 C Oy, — OpOU3BOJIBHOE MHOXKECTBO JsonyctuMbix Ha Th
MOJTyCHBIX omepartuii, Torma Ha Th MOXKHO OmpeseuTh omepaTop 3aMbl-
KaHWsl, HOPOXK/IeHHbIH onepaiusivu 13 €2 [6]. Dror oneparop Gyem 060-
sHavdaTh 4depes [|q. st npoussosbroro M C Th u A € Th dopmyny
A € [M]q nasoBeMm BbIBOIMMOI u3 MHOXkecTBa dopmys M u o6o3Ha-
quMm 310 uepe3 M Fq 2A. MuoxecrBo Taprosioruit Th 6ynem HasbBaTh
KOHEUHO-TIOPOXKJIEHHBIM OTHOCUTEJIBHO MHOXKECTBa, omeparuii ), ecju cy-
mecTByer Takoe KoneuHoe MuoxkecrBo M C Th, uro [M]q = Th. Ucuuc-
senne BoickasbiBauuit (Th, ) koneuHo-OpOXKIEHO, eciin MHOXKecTBO Th
KOHEUHO-TIOPOXKJIEHO OTHOCUTEIBHO MHOXKECTBa orepariuii §2.

[Mycrs X C U HEKOTOpOE MHOXKECTBO TEPEMEHHBIX, TOrIa 00O3HAa-
ynm gepe3 My (X) C My MHOXKECTBO BCEX OlepaIii Ha/l IepeMeHHbIME
n3 X:

My (X)={w e My |w=(F1,.--,8m;50),8i € Px(X), i=0,1,...,m}.

Byznem rooputs, uro onepanus w=(§1,...,8m;50) EMs{z1,...,2n})
BBIBOAMMa U3 MHOXKecTBa omepammii 3 C My, eciam CylecTByeT Ta-
Koe KOoHedHoe MHOxKecTBO Taprojoruit M C Th, uro mms maobbix dop-
mya Ui, ..., A0, B,...,8,, € Oy u3 BLIIOIHEHUsT ycaoBus ‘B; =
Fi(A1,...,A,) € Thyi =1,...,m cienyer BEIBOAUMOCTD

M, Bi,....,8, Fqo Fo(R1,...,%n).

BriBosimMoCTh onepanun w n3 MHOXKECTBa oneparuit () obo3HaInM depes
QOF w.

Omnpeiesnm HeCKOJIBKO KitaccoB dyukiuit. Oyukmmio f(z1,...,z,) €
P, HazoBeM aunelinot (MoHOMONHOU) OTHOCUTEIBHO IIPEIMKATa P, €C-
m f, = nat,(f) € Pp sBiserca JjuHeiHO# (MOHOTOHHOI) Oy/IeBCKOl
dyukmueit. MHOKECTBO BCeX JMHEHHBIX U MOHOTOHHBIX OTHOCUTEIBLHO P
dbynxmuit B P4 oboznauum coorsercTBeHno uepes L, u M,. ®ynknuio
f(z1,...,2n,y) € P4 HA30BEM UMNAUKAMUGHOT OTHOCUTEJILHO TIPE/KA-
Ta p, ecan i Gynknun f, = nat,(f) € P BblIOIHEHO

folot,...,0n,00) =000 <0y, i=1,...,n,
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rjie 0; € Ey. MHOXKecTBO BCexX MMIITUKATUBHBIX OTHOCUTEIBHO p PyHKITHI
B P4 obozHauuMm depes I,.

Teopema. Jlaa awbozo mmoscecmea A, awbozo npeduxama p wa A u
Kaotcd020 KOHEUHO20 MHOMCECMEA Ao2uMeckur c6a30k L C Pa cywe-
CMBYOM MAKUE KOHEUHBIE MHOodcecmea donycmumovix wa Th onepayud
QL(X), Qu(X), Q(f), f € X, wmo daa npouseosvrozo KoHeuH020 MHO-
orcecmesa onepayuti @ C Oty ucwucaenue (Th, Q) xoneurno-noposrcdero
moezda u MoAvko Mmozda, K0206 GHINOAHEHO TOMA bbl 00HO U3 YCAOBUL

1. ¥ C L, 1€ [nat,(X)] u Q- Qr(X);

2. X C M, 1€ [nat,(X)] uQt Qp(E);

3. Hatidemcsa maxan dynwyus f € [X]N1,, wmo Q'+ Qr(f);
3. Th=a.
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O6 ajropuTMUYECKOil HEPA3PEIINMOCT HPOBJIEMbI
BBIPA3MMOCTH TIPOTIO3UIIMOHAIIBHBIX MCYNCJIEHUM

Boxkos I'. B. (Mocksa, MI'Y um. M. B. Jlomonocosa)

bokovgrigoriy@gmail. com

B pabore paccmarpuBaercsi mpobjiemMa BBIPA3UMOCTH U IIOJI-
HOTBHI HPOUO3UIMOHAJIbHBIX UCYUCJICHUII ¢ MOILYCHBIMH OIl€paIlrs-
MH BBIBOJIA C TOYKHU 3PEHUS UX AJTOPUTMUYECKON Hepa3permmMo-
cru. Jloka3aHbl TOCTATOYHbBIE YCIOBUASA aJITOPUTMAIECKON Hepa3pe-
MIIMOCTH IIPOOJIEMBI BBIPA3UMOCTHU ITPOITO3UITNOHAIBHBIX UCUUCTIE-
HUI ¢ OJHOM MOJIyCHOM omeparueil BbiBosa. s ciydast KOHEIHO-
IOPOXKJICHHBIX UCYUCJICHUN ¢ OAHOI MOJIyCHO# onepanueil BbIBOJA
MOJIYY€HBI JJOCTATOYHbBIE YCJIOBUA AJITOPUTMAYECKONA HEPA3PEITUMO-
CTHU TTPOOJIEMBI TTOJTHOTHI.

1. BBenenue

[Tpobjiema BBIPA3UMOCTHU MPOTO3UITUOHAIBLHBIX UCUYUCICHUN BIIEPBHIE
6nL1a octasiena Tapckum B 1946 rony Ha kondepeHIun o mpodaemMam
MaTeMATUKH, TTOCBAIIECHHON JByxcoTaeTnio [IpuHcTOHCKOrO yHUBEpCUTE-
Ta [16]. [Tycrs Th HekoTOpoe MHOXKeCTBO (hOPMYJI, KOTOPOE HA30BEM TaB-
ToJiorusiMu, 1 {) — KOHEYHOE MHOXKECTBO JIOIYCTUMBIX ITPABHUJI HAJT TABTO-
aorusimu. [Tapa (Th, Q) obpasyer ucuuncienne. [Tpobiiema BbipazumMocTu
cocrouT B onucanuu Beex takux nap (L, M) koneunbix noamuoxkects Th,
JIJIst KOTOPBIX Bce (hopMyJibl MHOXKeCTBa M MOYXKHO BBIPA3UTDH U3 (GOPMYJI
MHOXKecTBa L mocpescrBoM tipasui ) [4].

B 1949 romy JIuaman u Ilocr [14] ony6imkoBaam KOPOTKYIO 3aMeT-
Ky, B KOTOpO#l 6e3 /IoKa3aTebcTBa, COPMYIUPOBAIN TUTOTE3y 00 ajro-
PUTMHIYECKON HEPA3PEITUMOCTH TPOOJIEMbBI TTOJTHOTHI JIJIsi KJIACCUIECKOTO
HCYNC/ICHNS] BBICKA3BIBAHUI HaJ[ CBsI3KaMu {V, —} ¢ eIMHCTBEHHON ore-
panuii:

z, zVy
Y
JlokazaTesbCTBO JIAHHOI'O DPE3yJIbTaTa IOCTEIIEHHO ObLIO BOCCTAHOBJIE-
HO TocjIeyonuMn apropamu. llepBeiM B 9TOM HampapiaeHuu Obu1 J3-
Buc [11], koropslit B 1958 romy omy6inKoBas HepBblii BapUAHT JI0Ka3a-
resibeTBa Teopembl Jlunuasta u [locra, nanee B 1963 roay Cunrserapu [15]
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u B 1964 — Hnrema [17] 3aBepmmm gokasaresnscrBo. Cregyer orme-
TUTH, YTO OHU HMCIIOJIb30BAJIM IKBUBAJIEHTHYIO CHCTEMY CBSI30K {—, =1} 1
oObruHyI0 oneparuio modus ponens. Hezasucumo ot vHux B 1958 romy Xap-
port [13] mocTpons KOHEYHYIO CHCTEMY aKCHOM HaJ| OMHAPHBIME CBSI3KH
{0, =} 1 KOHEYHOE MHOXKECTBO MPABHJI BBIBOJIA, JIJIsi KOTOPbIX pobiema
BBIPA3UMOCTH AJTOPUTMHUYECKU HEPASPEIINMA.

B 1963 roxy I'mmcroyn [12] 0606mun pesyabrar Jlunnana u Iocra
Ha CJIyvail MIpON3BOJILHON KOHEYHOW CHCTEMbBI CBI30K, U3 KOTOPBIX BbIPa-
3uMa UMIIIKanus. st 9Toro oH paccMoTpest OlMeparuio aHAJIoOr modus
ponens:

r, F(r,y)
y )
rine F,(z,y) — dopmysa, Beipakaromas UMIUIMKAIMIO, W [HOKA3aJl, 9TO
CYIIECTBYET KOHEYHOE MHOXKECTBO aKCHOM, JIJIsi KOTOPBIX MPO0JieMa Bbl-
Pa3UMOCTHU AJTOPUTMUYECKH HEPa3peInMa.

HezaBucumo ot pesynbrara JIunmana u Ilocta B Tom ke 1963 romy
Kysnrenos [5] 1okazasn ajropuTMIuecKyo Hepa3pelnmMOoCTh 1eJI0r0 Kilac-
ca 3aJiad JIjId MCYUCIECHUIN BBICKA3BIBAHUIT C omeparueil modus ponens,
Ky/la BXOJIUT MPpoO/IeMa 9KBUBAJIEHTHOCTH, TPOOJEMa TIOJHOTHI U BbIPa-
3UMOCTH. B omyimanm oT Apyrux aBTOPOB, KOTOPbIE B OCHOBHOM HCIIOJIB30-
BaJIN JJIs JIOKA3aTEIbCTBA AJITOPUTMUIECKON HEPA3PEIIMMOCTH OJHOPOI-
uole ponykiuu 1locta, Ky3Heros cBes mocTaBieHHbIE aJITOPUTMIIECKIE
pobJIEMbI UCUUCIEHUST BHICKA3BIBAHUN K BOIPOCY PEKYPCUBHON OTIE/IHU-
MOCTHU JIByX MHOYKECTB TABTOJIOTUA.

B 2009 aBropom paborbl HezaBucuMo ot Limjacroyna, CuHriierapu u
WNurema 6bL1a 10Ka3aHa TeopeMa JIumauaga u Ilocra mjs TaBTosioruit Hat
cesskamu {&, V, —, =} c oneparmeit modus ponens [1].

2. OcHOBHBIE TOHSTUS

[Iycrs B9 = {0,1}. Yepes P, 0603HaIMM MHOXKECTBO BCEX OYII€BCKUX
dbyukuuit [10]. Dementer MHOKecTBa Py OyjieM 0003HAYATH IIPOMMCHBI-
MU JIaTHHCKUMU OyKBaMu f, g, h,..., BO3MOXKHO, ¢ WHJEKcaMu. Juciio
CYIIECTBEHHBIX NepeMeHHbIX GyHKImn f € P, obosnaunm uepes s(f).
Ha muoxkectBe P, omnpejiesiiM onepaTop 3aMblKaHUs -], HOPOXKIEHHbII
onepanueii cynepnosumnuu [10]. Muoxkecrso @ C P, — 3aMKHYTO, €C/Iu

Q] = Q.
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Bynem cumrarh, YTO MMeEeTCs HEKOTOPBIH CUETHBIH YHHUBEPCYM IIepe-
MeHHbIX U, 3/IeMEHTBI KOTOPOro Oy/ieM 0003HAaYaTh MPOIMUCHBIMY JIATHH-
cKuMU OyKBaMu T, Y, Z, . . ., BO3BMOXKHO, ¢ HHJIeKcaMu. Kcjin MHOXKECTBO I1e-
peMeHHBIX U WHTEPIPETUPOBATDH, KaK IIEpEMEHHbIE BbICKA3bIBAHUSI, [TPHU-
HUMAIOIIE TOJIBKO 3HAYEHUS UCTUHA U JIOXKb, TO (hyHKIu u3 Po MOxK-
HO PaCCMATPUBATH KaK JIOTUIECKHUE CBSI3KHU HAJT JIAHHBIMU [T€PEMEHHBIMU.
Onpenenum nousitue opmyinl. Iycrs X C P, — KOHEYHOE MHOXKECTBO
dbyukmuit 1 X C U — HexoToOpoe MHOXKECTBO ITEPEMEHHBIX, TOraa (hop-
MYJION HaJ] JIOTUYECKUMHU CBSI3KAMH U3 Y, M MHOXKECTBOM II€PEMEHHBIX
X Haz0BeM CJI0BO (KOHEUYHYIO I10CJIEJI0BATEIbHOCTL) B asdasure X U X
KOTOpOe ompejieisiercs caemyomum obpazoM. CioBo & € X sapisiercs
dopmyiioit. Eciu ciosa 2y, ..., 2, — dopmynast u f € 3 — jlorudeckas
CBsI3Ka apHOCTHU N, Toraa cJioBo f2Aq ... 2, aBiasercs ¢popmysioit. Obo3HAa-
quM depe3 Px(X) MHOKECTBO Beex hOPMYJT HAJ[ JIOTHIECKUME CBSI3KAMU
u3 ¥ u muokecTBoM nepementbix X. Korma X = U muo)kecTBO P3(X)
OyaeM st KpaTKocTu 0003Ha4YaTh depe3 Py DiieMeHTh MHOXKecTBa Py
OyaeM obo3HaYATH CTPOYHBIMEU TroTmdecKuMu OykBamu 2, B, €, ..., BO3-
MOXKHO, ¢ unjekcamu. [Tojx pasencrsom dopmyn uz Py (X) Gymem noru-
MaTh PABEHCTBO COOTBETCTBYIONINX CJIOB B ajidasure > U X.

Qopmyna A € Py(X) sasasiercas noadopmyiioit dbopmyssl B €
Oy (X), ecam Haifiyres Takue ciaoBa o, € (XU X)*, aro B = a3 Aas.
CobcrBennbIME Oyj1eM HA3bIBATH Takue 1moaMopMyabl A popmysibl B, st
KoTOphIX 2 He coBnamaer ¢ B. OnpejaesuM MoHsITHE NIyOUHBI 1MOIMODP-
mysel A € $x(X) dopmynst B € $x(X). Ecim A coBnagaer ¢ B, To
rybuna 2 pasua nyso. [Iycrs 2 cobcrBennas noadopmyna B B u € —
MuHUMaJbHAs 1oadopMysia B B, st KoTopoil 2 siBjisieTcss coOCTBEeHHOM
nozdopmyIioit, Toraa, ecau riaybuna € pasua n € N, To ryiybuna 2 pasna
n + 1. Dnybuny nogdopmynsr /A dbopmyssr B Oyiem 0bo3HaUYATH Yepe3
doy ().

Bynem rosoputrb, uro dopmyna 2 € ®x 3aBucuT OT IIEPEMEHHOIO
x € U, ecm x spastercst nondopmysoir B 2. SaBucumocts opmysibl A
OT mepeMeHHON x 06o3HauNM depe3 A(x), 3aBUCHMOCTH OT MEPEMEHHbBIX

Tl ..., Ty — depe3 A(T1, ..., x,).
Kaxmoit dopmyie § € Py omHO3HAYHO corocTaBUM (DYHKIMIO U3
[ U {z}] [10], tme © € P» — roxkmecrBennas ¢ynkims. Ilockonbky

KaxK/Iy10 JIOTUIECKYIO CBA3KY U3 > MOYKHO NHTEPIPETUPOBATH KaK COOT-
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BETCTBYIONIYIO efi (PyHKIHMIO, TO M0 AHAJIOTHU C OMpeJIeIeHIeM (POPMYJIBI
MOYKHO OIPENIEINTD MOHATHE urmepnpemayuu gopmyaso. Kaxkaas mepe-
MeHHasT 33/Ta6T TOXKJIECTBEHHY IO (DYHKINIO U3 P, KoTOpyIo OyneMm 0603Ha~
YaTh TeM 2Ke CUMBOJIOM; ecu popmytam Ry, ..., 2, yKe COmocTaB/IeHbI
dbyuknun fi,..., fm, T0 dopmyiae fAU;...2,, comocraBum GYHKIUIO ¢
paBuyto dyukiwn f(f1,..., fm). Urak, kaxmoi dopmyine §F uz Py mMox-
HO conocTaBuTh PyHKImio n3 P, koropyio OyjeM obo3nadaTh depe3 fg.
B srom citydae 6yiem roBoputb, 4To hopMyIa § BbIpazkaeT QPyHKIHIO fz.

Dopmyny § u3 Py 6yiemM HA3BIBATH Ma6MOAO2UET WU TOKTECTBEHHO
ucTHHHOM, econt fg(i1,...,4y,) = 1, IpH JIOObIX BHAYCHUSIX 11, . . ., iy, U3
Es, tne m — sT0 apnocthb dynknun fz. Obosnaunm gepes Th muoxecTso
Bcex Taprosoruii B Oy

Th={Fe®s|fz =1}

Ha mmoxectse dopmyn Py ompemenum moHsTHE MOIYCHON orepa-
un [8]. [ycrs Fo, §1, - - - §m pasimanbie dopmyist u3 s ({x1,...,2,}),
rorna Habop (F1,...,8m;Jo) 3amaer omepanmio w : PF — Py, onpese-
JICHHYIO CJIEIYIOIIAM OOpPa30M:

W(él,...,gm):€0<:>3$1,.. IL"nE(I)E /\é’L 13:7, $1, LT ) )
e &o0,&1,..-,&m € Py, O603HAUMM MpaBy YacTh YCJIOBHUS dYepe3
R, (&0, &1, -+ ,&m), TOTIA OMEPAINIO W MOYKHO 3alucaTh B Buje A-dyHK-
muu [9):

w(gl, cee 7§m) = )\51,...,§m (60 ‘ Rw(€07€17 . 7§m))-

Canenys |2, 8] Takue oneparun Oyem 0603HAYATH B BHJIE CXEMBbI:

S1(T1y oy xn)y ey Sm(@r, ooy 2p)

13:0(:1717 cee 7$n)

KiaccnaeckuM mpuMepoM MOIYCHON OIEpaliy siBJISETCA omepalns modus
poneEns:

1,1 — T2
T2 '
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MHozkecTBO Bcex MOJIyCHBIX orepaliuit Ha Py, 06o3HaunM uepe3 My, Dite-
MEHTBI MHOXKeCTBa My OyeM 0003HAYATE IPOIUCHON IpeIecKoil OYKBOI
W, & MHOXKECTBA 3JIeMeHTOB U3 My — cTpodHON I'peueckoil OykBoii (2,
BO3MOYKHO, C WHJIEKCAMU.

Hac 6yayT mHTEpecoBaTh He BCE MOJYCHBIE OIEPAIUU, & JIUIIb Te
w € My, KOTOpbIe TaBTOJIOIMHU IIEPEBOIAT B TaBrojoruu w : Th — Th.
Takue onepanun HazoseM Jomycrumbivu |7] #Ha Th. MuoxecTBo Beex J10-
nycrumbix Ha Th omepanmit o6o3naunm gepes Oy,.

Kpome toro ompenennm na muoxkectse Th omeparuio 1mojicTaHOBKH.
[IycTs ) — TaBTOsIOTHS, COJEPXKAIAs [IEPEMEHHOE BBICKA3bIBAHUE T, a
8 — npousBosibHasg ¢opmyia u3d Pyx. Torma, ecau 3amenuts B A Bce
BXOXKJIeHUst T Ha ‘B, To nosydenHas dopmyna A(B) Toxke Gyjer Tas-
rosiorueit. B arom ciyuae Gyzem rosoputh, uro us A BeiBojuma 2A(B).
Omnepanuio 6y/ieM 3alUChIBATh B BUJIE CXEMBbI:

JlaHHYIO OIepaIio MOXKHO OIYCTUTD, €CJIM IIPEJIIOIAaraTh, 9TO KayKIast
TAaBTOJIOTHsl 3aJIa€T HE OJHY, a MHOKECTBO (DOPMYJI, IIOJIYYAIOIIUXCA U3
JIAHHON TPUMEHEHUEeM OIEepPAlui MOJCTAHOBKU K BCEBO3MOXKHBIX II€pe-
MEHHBIM JIaHHON TaBTOJI0ruu. [10/Ib3ysich CBORCTBOM HMEpeCcTaHOBOYHOCTH
ollepaInu TIOJICTAHOBKH OTHOCUTEIHLHO JII000# MOJYCHOM ollepaliuu, gajee
OyJ1eM OIyCKATh sIBHOE NTPUMEHEHNE OIEPAIH OJICTAHOBKH.

MuozkecTBo Taprosoruii Th ¥ MHOXKECTBO JIOIYCTUMBIX onepanuii §2
obpasytor asrebpandeckyio cucremy (Th, ), koropyio Gymem Ha3bIBATH
POIOBUIMOHAIBHBIM ucuucyaenueM. Ilycts Q@ C O — HpPOU3BOJIBHOE
MHOXKECTBO JloirycTuMbix Ha Th MoycHbIX oneparmii, Torja Ha Th MoxKHO
OIIPeJIeJIUTh OllepPaTOp 3aMbIKAHMUsI, TIOPOXK/IEHHBIN oneparmsivMu u3 §) [3].
Dror oneparop OyzeM 0603HAYATH Yepe3 [-]o min mpocTo Yepes [-], Koraa
MHOKeCTBO §) (PUKCHPOBAHO! .

HecioxKHO TIPOBEPUTD, YTO JJIst JTFOOOI0 MHOXKECTBO MOJLYCHBIX OIle-
panuii 2 C My, oneparop [-]q siBisieTcst ajarebpandecKux orepaTopo 3a-
MbIKaHust [3].

' Bo usbeskamne yBeImaeHns KOJTMYECTBa 0G03HAUEHNH, OIIepATOPI 3aMBIKAHMIST 15T
MHOXKECTB PA3JIMIHOM IPUPOJBI UMEIOT OHO U TOXKe 00o3HadeHue [-.
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MmuoxkecrBo Taprosiornit M C Th Ha3biBaeTcss 3aMKHYTBIM OTHO-
cuTesibHO MHOXKecTBa oneparmit €2, ecim [M]g = M u nosHbM, eciu
[M]q = Th. Jas npoussoasroro M C Th u A € Th dopmyay A € [M]q
Ha30BeM BBIBOIUMON u3 MHOXKecTBa popmysn M u Oymem 0003HAYATH 9TO
qepe3 M Fq 2 wiu npocro gepe3 M F 2L, eciim mHOX)ecTBO ) pukcupoBa-
0. MuoxkecTBo Taprosioruit Th Oynem Ha3bIBATH KOHETHO-TIOPOXK ICHHBIM
OTHOCUTEJILHO MHOXKECTBa oreparuii {1, ecju CyIecTByeT Takoe KOHEeU-
noe muoxkectBo M C Th, uro [M]q = Th. Ucuncienne BbicKa3biBanmii
(Th, Q) KOHEYHO-TIOPOKJIEHO, ecu MHO)KecTBO Th KOHEeYHO-TIOPOXKIeHO
OTHOCHUTEJIbHO MHOXKeCTBa oneparuit 2.

Kaxnyro dopmyny u3 Py MOXKHO HPEJACTABIATHL B BHUIE OPUEHTH-
POBAHHOTO JIEPEBA, JIUCTbsM KOTOPOI'O IPUIHCAHBI mepemerubie u3 U, a
BHYTPEHHUM BePIUHAM — 3JIeMEHThI MHOXKeCTBa Y. Kaxkioil mosuruu B
9TOM JIepeBe COOTBETCTBYET, C OJHON CTOPOHBI, 3jieMeHT MHO2KecTBa LU,
¢ apyroit — noadopmyna u3 ¢y Bregem dynkimu ¢ u n s 3aanus co-
OTBETCTBEHHO CUMBOJIA U TIOJIPOPMYJIbI JAHHOHM (DOPMYJIBI B JIAHHOMN O3~
nuu. [logurnuu B dpopmysie OyaeM 3a/1aBaTh CJIOBAMU HaJl MHOXKeCTBOM N.

Orobparkenue 1 corocTrapisieT Kaxioi dopmyse § € Py orobparxke-
aue ¢z : N* — XUUU{ L}, rme L — cumBos, me npunayrexxamuii XU U.
Ecim § € U, To

$, ecmu a=A,

vsla) = 1, wunave.
Ecmu § = f(F1,...,8k), TO
7 ecn o = A,
¥5(0) = { Y5, (8), ecma=iB, 1<i<k,
1, nHaJe.

Orobparkenue 1 conocrapjseT Kaxjoil dopmyse § € @y orobpakeHue
ng : N* = &y U{L}. Ecim § € U, To

F, ecim o= A,

o) =
(@) 1, wunage.
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Ecan § = f(1, .-+, 8k), 10

5, ecmn a = A,
ng(a) =  ¥5,(8), ecma=if, 1<i<k,
1, nHave.

Hecioxkuno 3aMeruTh, 9TO OTOOpaXKEHUS 1) U 1) CBSI3aHBI COOTHOIIIEHU-
eMm. s mro6oit popmysibl § € $y u Jiroboro ciioBa o € N* BBITOJTHEHO
03(0) = Gy (o) (A):

Beenem na wmmoxectBe dopmyn Py ornomenme <. Ilycrs A €
Oy ({z1,...,2,}) u B € Py, Torma NOJTOKUM

mg%:acl,...,one@z(m(cl,...,cn):%).

Cremyer cliesiaTh HECKOIBKO 3aMEUaHU 110 TOBO/Y OTHOIIeHus <. Kcim
dopmyna B momydera u3 GpopMmyabl 2 ¢ MOMOIIBIO OMEPAIUH TO/ICTa-
HoBKH, TO XA < B. B psage nmocieayonmx yTBepKIeHUN TaHHON PabOThI
BO3HUKHET HEOOXO/IMMOCTD B BBIJICJIEHUN U3 KOHKPETHOI'O MHOYKECTBA TaB-
TOJIOTUI TE€X TABTOJIOTH, KOTOPBIE SIBJISTFOTCSI B HEKOTOPOM TLJIAHE MUTHU-
MaJIbHBIMU OTHOCUTEJIbHO K. JIerko 3aMeTUTh, ITO MHOXKECTBO TABTOJIO-
ruii Th He comepKUT MUHUMAJIBHBIX 3JIEMEHTOB, ITOCKOJIBKY JTFOOAsT TaB-
TOJIOTUS CPABHUMA ¢ (DOPMYJION, MOJIYU€HHOW U3 JAHHOM TepEenMEHOBAHN-
eM IepeMeHHbIX 0e3 oToxkIecTBeHus. HazoBem Takue hopMy/ibl SKBUBA-
stenTHbIME. [TOCKOIBKY MCXO/IHOE MHOYXKECTBO HepeMeHHbIX U cueTHoe, TO
KasKJlasl TABTOJIOTHST MMEET CUETHOE UHCJIO SKBUBAJIEHTHBIX €l TaBTOJIO-
ruii. Gopmyisia, moydeHHAs U3 JIAHHON HEPEMMEHOBAHUEM I[T€PEMEHHBIX
6e3 OTOXKIECTBJICHHUS, BCErJa U3 Hee BLIBOAUTCI C IIOMOIILIO OIEPAITHI
[OJICTAHOBKU W HA00OPOT, IOITOMY Jlajiee OyJ/IeM IMPEe/IIIoIaraTb, ITO MbI
paboTaeM He ¢ KOHKPETHOH TABTOJIOTHMEN, & C IEeJIbIM KJIACCOM TaBTOJIO-
I'Uii, SKBUBAJICHTHBIX JIaHHOIL.

Dopmynbt A, B € Oy ({z1,...,2,}) OyieM HA3BIBATH COBMECTHBIME 1
mucarhb A ~ B, ecim cymecrBytor takue Cq,...,Ch, D1,..., D, € &y,
9TO

A(Ch, ..., Cp) = B(Dy,...,Dy).

Muoxkectso dopmynr M C $x(X) HA30BEM paspermMbiM B TaABTOJIO-
TUSX, €CJIN CYIIEeCTByeT Takoe orobpaxkernue o : X — Py, uro s j1r060it
dopmyiisl § € M Boimosaeno of € Th.
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[Iycrs M C &x(X) u §;,®; € Px(X), i =1,...,k, k> 1. Paccmor-
PUM CHCTEMY ypaBHEHUA

51 =0,
gm:®m

MmuoxkectBo dopmysn M B ypaBHEHUM UI'DAeT POJib 00JIACTU OIIpejesie-
uusi. Pemennem ypashenusi (*) OyzeM HasbiBaTh Takoe OTOOparKeHMe
0: X — Py, koropoe OyjeM HA3LIBATH IMOJICTAHOBKOM, UTO MHOXKECTBO
dbopmysn oM = {oF | § € M} pasperumo B TaBTOJIOTUSX ¥ JJIsI KAZKJIOTO
1 =1,..., k BBIIOJHEHO TOXKIECTBO 0§; = &;, rte = o3HAYAET CHHTAKCHU-
gyeckoe copmajienne dopmyi. Cucrema (*) paspermnma, eciu oHa MMeer
perienue.

PaceMoTpum nmpon3BOJIbHY IO MOJLYCHYTO OHEPAIio w = (F1, ..., §m; Fo)
rie §; € On(X™), i=1,...,m,u X" = {x1,...,2,}, KOTOpast 3a/1a€TCs1
COOTHOIIEHUEM:

w(éla"'agm)zéo:axla" IL"nE(I)E (/\éz 13:7, $1, B ))

Pasperratonium ypaBaennem aprymenta &, onepanun w(&y, . . ., &y ) 6yaem
Ha3bIBaTh YpaBHEHUE!

S5+ 8m F So = Tp-

O6osnaumm ero gepes &,.

Paszpemratonum rpadom aprymenta &, onepanun w (&, ..., &y, ) Ha30-
BeM rpad G, = (V), Ep), tne V, C X, x N, rie | € N rakoe MakcuMaiib-
HOE 9HCJI0, JIs KOTOPOrO CyIIecTByeT Takoe cjioBo o € N! uaro 6o
Vg, (o) #L, mibo g, (o) #L. Onpenenmum muokecrsa Vy, u E), cieyio-
M obpasom. Ilapa (z,a) € V), rorga u Tonbko Torma, Korja Haiiiercs
Takoe cjioso 3, juia Koroporo jmbo g, (Ba) = x u ¢z, (8) € X", m-
60 V5,(8) € X" u 5, (Ba) = x. Hapa ((z,a),(y,B8)) € E, Torna n

TOJIBKO TOTJIa, KOTJIa HaileTcst TaKoe CJIOBO <, 9To jubo o = A u Torma

V50 (7) = 2, ¥5,(78) =y, mibo B = A m roraa g, (yor) =z, g, (v) = .
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OmpejesnM OTHOIIEHNE SKBUBAJIEHTHOCTH ~;, Ha MHOXKECTBE Bep-
mun V), pazpemarommero rpada G,. OTHomenne ~, CTpOUTCH KOHCTPYK-
rusno. g kaxgoro (z,a) € V), momoxum (z,a) ~, (x,0), a mis
(xz,a), (y,8) € V), monoxum (x,c) ~p (y,[) TOrga u TOIBKO TOLJA,
KOIJIa HailjyTcst Takue skBuBajeHTHble Bepumusl (2, ), (v, 5) € V,,

/ / / / / /
4qTo 160 ((ac o), (ac,a)), ((y 0, (y,ﬁ)) € E,, mmbo ((ac,a), (2, )),
((v.8), (v, B")) € Ep. He co:KHO 1poBEpUTH, UTO SKBHBAJICHTHBIC BEp-
IIIAHBI TPUHAIJIEXKAT OJTHOM CBA3HOM KOMIIOHEHTe Trpada Gp.

Apryment &, onepannu w(y,. .., &y, ) Oyl1eM Ha3LIBATL HEPECTAHOBOY-

pry P P ) ) Y. P
HBIM, €CJII €ro pasperiafoliee ypaBHeHne &, MIMeeT DelleHne U Hai1yT-
Cs1 TaKne HeSKBHBAJICHTHBbIE BepIInHbL (T, ), (v, 5) € V, pasperaomiero
rpada Gp U3 OJIHON AIMKJIMYECKON KOMIIOHCHTBHI CBA3HOCTHU, TAKNE Pa3-

JIMYHBIE TIEPEMEHHBIE 21, . .., 24—1 € X", He NpUHAJIeKAILIE Fo U §p, U
TaKHe Pa3IudHble i1,...,%q € M \ {p}, 410
x,21 € §iy; 21,22 € gy -+ 2¢-1,Y € Fiy-

Pacrmpenunem onepanun w = (§1, ..., 8m; o), e §; € Px(X), i =
1,...,m, Ha3oBeM BCsKyio omepannio w' = (&1,..., 8, &), 1 Ko-
Topoit &1,...,&,, paspemmMbl B TaBroIOrHAX, &; % &; naA TOOBIX
1 <4 < 7 £ m u cynecTByeT Takas IojicraHoBga o : X — Py, gro
By = 0Fo U I KaxKIOro i € m/ Haiigercs Takoe J € m, uro &; = §j.
Pacmmpenne w’ 6yneM HasbIBaTh COOCTBEHHBLIM, €CJIU IS BCSIKOTO MHO-
secrsa Taprojoruit M = {2 € Th | Ji, 0 < i < m/, B; < A} sambikanus
[M]) u [M]g,y coBnajaior.

3. AaropurMuyeckasi Hepa3peIrmmMoCcTb pPobJieMbl BbIpa3u-
MOCTH

Teopema 1. Ecau [¥] = Py u cywecmeyem cobcmeennoe pacuuperue
onepayuy w € OTy, UMEIOUWEE NEPECMAHOBOYHBIT AP2YMENT, MO NPobAe-
ma svipaszumocmu oan ucwucaenus (Th,{w}) areopummuvecku ne pas-
PEWUMG.

JlokazaTesibCTBO yTBEPKJIEHUIA.

,HJIH HadaJla JOKazKeM BCIIOMOIr'aTeJIbHbIC JIEMMBI.
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Jlemma 1. [O6 yuudwunupyromieit nmoacranoske| [Ifycmov M C
Oy (X), §i,6; € Px(X), i=1,...,k, k> 1. Ecau cucmema ypasnenud

51 =0,
Sm:QSm

uMeem pewenue, mo cyuecmeyem maxas nodecmanoska of X —
O5(X), wmo das a0boeo pewenus o’ amoti cucmemuv, cyuecmeyem ma-
Kas nodemanoska o : X — ®x, umo o' = oo*.

HoxkazareabcTBo. OnuiiieM JIONyCTUMbIE SKBUBAJIEHTHBIE TIPEOOPA30Ba-
Hust cucTeMbl (¥), KaxK/10e u3 9TUX 1peoOpa30BaHuil He U3MEHsIeT MHOXKe-
CTBa PEIICHUN CUCTEMBI.

1) Ecim juisi mexoroporo i dopmyiasl §;, ®; umeror Bujy §; =
f&, ..., 2,) u & = g(Bq,...,B,,) COOTBETCTBEHHO, TJe N U M — ap-
HOCTH JIOTUIECKUX CBsI30K f u g. Ky f # g, To cucrema HeCcOBMECTHA H,
cJIeI0BaTe/IbHO, He UMeeT pelrtenusi. Eeim xke f = g, To 3aMeHsieM ypaBHe-
Hue §; = &; cucremsl (*) Ha rpymny ypasrenuii 2A; = By, ..., A, = B,.

2) Ecim §; coBnagaer ¢ &;, o ypaBHenue §; = &; yuaJjsercs.

3) Ecsm jyist Hekoroporo i ozHa u3 dopmyn §;, &; siBisieTcs mepe-
MeHHOI . s onpeseseHHOCTH OyjieM CYATATh, 4TO §; = &, CJIydaii,
Korja &; = x paccMaTpUBaeTCst aHAJIOIMIHO. Ecn epemMerHoe & He pu-
Hayiexkut &;, To noxcraBuM Gopmyiy &; BMECTO £ BO BCE OCTABIITHECS
ypaBHeHust cucteMbl. Ecim &; comepkut , To cucrema (*) He coBMecTHa.

[IpeobpasoBanue 1), B ciydae OPUMEHEHUSI K YPABHEHHUSIM MAaKCH-
MaJIbHO BO3MOXKHO# IJIyOUHBI, YMEHBIITAET YUCJIO YPaBHEHUHN JTaHHO, JIU-
60 GoJibieil TIyOMHBI, [TO3TOMY €r0 MOYXKHO IPUMEHUTDH JIAIIb KOHETHOE
uncsio pa3. IIpeobpasoBanne 2) yMeHbIIAT YUCJIO YPABHEHMUIl, [109TOMY
OHO TaKzKe MPUMEHNUMO JIMIIb KOHeYHOe 4Jnciao pas. [Ipeobpazosanue 3)
YMEHBIITaeT YNUCI0 MEPEMEHHBIX T MMEIOIINX sIBHOE BBIparkeHue r = ‘B,
Yepe3 OCTaJIbHbIE TIEPEMEHHBIE CUCTEMBI I UMEIOITIX 00Jiee OJIHOTO BXOXK-
JIEHUsI B CHCTEMY, [I03TOMY OHO IPUMEHUMO JIUIIh KOHEYHOE YHCJIO Pas.

Takum 06pa3oM, Ipolece MprUMeHeHus! K cucreMe ypaBaeruit (*) mpe-
obpazoBannii 1)-3) obpbIBaeTcst 3a KOHEUHOE YHCIO Pa3. Pesynbrupyio-
Iasi CUCTeMa, K KOTOPOil 3TH peobpa3s0BaHUs IPUMEHUMbI, MOXKET UMETh
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jamb Bug x1 = Aq,..., 2, = Ay, roe A; € @E(X\{:pl,...,xn}), 1=
1,...,n.

Bribepem B KadecTBe ¢* Takylo IMOACTAHOBKY, 9TO ¢ OoTOOparkaer
nepemennbie ; B dopmyant 2A;, i = 1,...,7m, a Ha OCTAIBHBIX IEpe-
MEHHBIX 13 X COBIAQJAET C TOXKJIECTBEHHLIM oToOpakenueMm. [lockosibky
o*(z;) = o™A; ans kaxgoro ¢ = 1,...,n, T0 0* — pelleHne CUCTEMBI
ypasrenuit (*).

[Ipeamonoxkum, uro o — pemnrerne cucrembl ypasaeruii (¥), Torma
o'(z;) = o'A; mag kaxgoro i@ = 1,...,n, nosromy o' (x;) = o'A; =
o'o*(x;) st Kazkmoro ¢ = 1,. .., n, Ha OCTAJILHBIX IEPEMEHHBIX 0 (1) =1,
nosromy o’ (x)=oc'0*(x). Crenosarensro, o’ =o’c*. Jlemma jokazana.

Cucrembr npoaykiuii Ilocta

Odnopodnas cucmema npodyryuu Ilocma — s1o Tpoiika T = (A, V, 1),

rne A ={aq,...,a,} — xoneunsiii andasur; V = {v1,...,v,} — MHOXKe-
crBO map Buma v; = (a;,q;), rae a; € A u o € A* He mycToe CJI0BO ISt
Kaxkgoro ¢ = 1,...,n; [ > 1 — HaTypajabHOE YUCTIO.

Bynem rosopurs, uro T' npumennma K cioBy § € A* ecim || > 1, n
He IpUMeHnMa B IpoTUBHOM ciy4ae. Cucrema T hyHKIMOHUDYET JieTep-
MUHUPOBAHO CJIEYIONTAM 00Pa30M, Ha, KAXK/IOM TaKTe CTUPAIOTCS TePBhIe
[ BYyKB BXOJHOT'O CJIOBa &, & K OCTABIIEMYCs CJIOBY CIIPaBa IPUIUCHIBACT-
cs CJIOBO (v, COOTBETCTBYIOIeE IepBoil OykBe a; ciosa £. PesynbraTom
npumenennsi T K ciioBy § = a;zy, rue |a;x| = I, 6yjaem Ha3bIBaTH CJIOBO
ya;. Pakt npumenumoctu 1 Oyjiem 0003HAYUATD Uepe3 a; Ty x, Y.

Berancnennem cucremsr T’ Ha BXOIHOM CITOBE & HA30BEM IETIOUKY CJIOB

T T T
§—>§1 —)fg—)

Bynem naswiBath cioso n € A* T-nponyknumeit ciosa £ € A* u nu-
catb & N 7), €CJIU OH MOKET OBITh MOJIyYeHO n3 & Ha KAKOM-ubOo Iare
BBIUUCJIEHUSI, TO €CTh CYIECTBYET KOHEUHAs MOCTIEIOBATEILHOCTL CJIOB
&,...,& € A" makas, uto & =€, =nu & Lgi_’_l, i=1,...,s— 1
Taxum obpaszom, & SN ¢ u u3 toro, uTo & SN n N ¢, caenyer & SN C.

Ecmu nocnemoparensuocts T-nipoayknumii ciioBa £ € A* KoHedHa, TO
Oy/ieM TOBOPUTH, ITO cucTeMa 1’ OCTAHABIMBAECTCI HA BXOTHOM CJOBE &,
u 3anuceiBaTh 910 depes 1'(€) |. st KaxK 101l 0JJHOPOJIHOMN CHCTEMBbI TIPO-
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nykrun [Tocra T = (A, V,[) mocraBuM BOIPOC O Pa3penImMoCTH 1pobJie-
MBI OCTAHOBKH 3TOH CHCTEMBI: CYIIECTBYET JIM AJTOPUTM, KOTOPBIH 110
JOOOMyY Halepes 3aJaHHoMYy cIoBy & € A* ycranaBauBaeT, KOHEUHO HJIN
OECKOHEYHO MHOYKECTBO €ro T-TIPOJyKIWii, TO €CTh OCTAHABIUBACTCS JIU
T na cinose & wim Het. MI3BeCcTHO, 9TO TIPOOIEMa OCTAHOBKH OJJHOPOIHBIX
cucrem npoaykiwit [Tocra asropurmudeckn Hepaspermmma [6].

Yr10o0b!I JJOKA3aTh AIrOPUTMUYECKYIO0 HEPA3PEIUMOCTD TPOOIEMbI BbI-
Pa3MMOCTH ITIPONO3UIMOHAILHOIO UCUUCIICHHS, CBEJeM K Heil mpobieMy
OCTAHOBKH OJIHOPOJHBIX cucTeM tpoayknuit [Tocra. s sroro mo Kaxk-
noit cucreme npoxykimii ITocra T M KaxKJI0My BXOJHOMY CJIOBY & IIO-
crpouM Takyio cucremy tasronoruit I'(T, ), aro T'(§) | Torma u ToabKo
Torja, kKoryia u3 I'(T, ) mocpe/icTBOM OIEpalii w BLIPA3UMO HEKOTOPOE
dukcupoBaHHOE MHOXKECTBO TaBTOJOrHMiA Y.

KO,Z[I/IpOBaHI/Ie CJIOB TaBTOJIOTUAMMN

IToCKOIBKY MHOYKECTBO JIOTUIECKUX CBA30K Y TIOJIHO, TO B 3aMbIKAHUN
cosiepkuTcst (byHKIMH KOHBIOHKIHS, I3 bIOHKIUS 1 oTpunanue. O6o3Ha-
YUM COOTBETCTBYyIONMME (hOpMyJIbl depe3 £ Ay, £V Yy U - COOTBETCTBEHHO.
Bynewm canrars, aro dopmynst Ay, xVy € Ox({z,y}), a ~x € Px({z}).
Ecimu o € {A, V}, T0 paccraHOBKY CKOGOK

(x10(zg0...0(xp_102y)))

OyeM CIUTATH CTAHJIAPTHON M COKPAIEHHO 0003HAYATE JAHHYIO (pOpMy-
JIy 4epe3
10X20...0Xy_10Tn.

Ecnu ne oroBopeno nporuBHoro, To OyzeM cauTarh, CKOOKU B (popMyax
paccTaBJICHbl CTAHIAPTHBIM 00PA30M.

OmpenenM CBOETO pojia KOIUPOBAHNE, COTIOCTABUB KaXK10i OyKBe ajl-
dasuTa A HEKOTOPYIO TABTOJIOTHIO OJHOZHAYHBIM OOpazoM. [ljis sToro
BBEJIEM YHUKAJIBHYIO Hepemenuyo v € U, KoTopyio OyaeM UCIIoIb30BaTD
TOJIBKO B KoJlax OykB u HurJe wHade. Komom OyKBbI a; Oy/ieM CIUTATH
TaBTOJIOTUIO

vV...VuV-o,
i

KOTOPYIO 0003HAYNM Yepe3 a;, ¢ = 1,...,Mn.
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Jlajiee, IpOM3BOJILHOMY HEIIYyCTOMY CJIOBY & = C1 ...Cs HaJ ajndaBu-
TOM A COIIOCTAaBUM KJIACC BCEX TABTOJIOIMI BHUIA ¢ A ... A Cg, C IPOU3-
BOJIBHOH PACCTAHOBKON CKODOK MEXKJy KOHBIOHKIUsIMU. [Ipon3BoIEHOTO
[IPEJICTABUTEJISI ITOrO KJacca ODO3HAYMM |epe3 E, KOTOpOro Oyjiem Ha-
3bIBaTh KOJOM cJjioBa &. Takum 0O6pa30M KarKJIblil IIPEJICTABUTEb OJIHOTO
KJIacca KOJUPyeT OLHO U TOXKe CJIOBO.

st ciioBa € = ¢y . .. ¢ 0bo3HauuM hopmysy ¢ A. .. ACs CO CTAaHIAPT-
HOII PACCTAHOBKOI CKODOK M€Ky KOHBIOHKIIUSIMU Y€PE3 ?, a dopmyiry

(EGTANG)N..)NGs

Jepe3 ? B cuity BBejieHHBIX 0003HAYEHMIT U 3aMeYaHUs O PACCTAHOBKE
CKODOK, Jjist J1i060it 6yKBBI a U cioBa & dopmyia @ A £ COBHAJAET €
dopmyiioit a, a popmyna & Aa coBnamaet ¢ GopmyJIoir a. ,HJE; BCSIKOT'O
cioBa & = by ... by dopmyny by A...Abs AT obozHaunMm depes £x. B ety
coryialeHu#i 0 cKobKax, Jijist JioObIx cjioB & u ) dopmysia €1 coBnajiaer
¢ dbopmytoit €.

IIpeobpa3zoBaHue omnepaliuu BbBIBOAA

ITycth w — MoOJycHas ollepalus U3 ycaoBusi TeopeMbl. IlycTh w' =
(F1, -y 8m; o), tae §; € Px(X), i =0,1,...,n, cobcTBeHHOE pacIIpe-
HIE OIEPAIUH W C IIEPECTAHOBOYHLIM apryMEHTOM P, TOTIA Pa3pellalonee
ypaBHeHue

31,"-,3m?3023p (*)

aprymenTa p umeer pentenne. ITo memme 1 cymecrsyer pemenne o: X —
Ox(X), Torna 0§ = 0. Oboznaunm gepes X ! MHOXKECTBO BCex Iepe-
MEHHBIX, coziepKalnuxcst B popmynax §;, ¢ = 1,...,m, unycrb o’ = oly,
orpaHMYeHNe IOJCTAHOBKH 0 Ha IepeMeHHble X', TO eCcTh Ha IepeMeHHbIX
ux X' o/ Bejier ceba TakKe, KaK U II0JICTAHOBKA O, & HA OCTAJILHBLIX IIepe-
MEHHBIX COBIIAJIaeT C TOXKIECTBEHHOI nojacranoBroit. Torna o’'§o = 0'Fp,
ecn §o € Ox(X'), unaue 0'Fy < 0'Fp. Bes orpanmdenns: obmiHocTH
OyJeM CYMTaTh, YTO §o HE UMeeT YHUKAJbHBIX HepeMeHHBLIX, TO eCTb
X' =X.

ITocKOJIbKY p IepecTaHOBOYHBI 3/IeMeHT onepalui w’, TO HaiiiyT-
Cs1 TaKne HeSKBHBAJICHTHBbIE BepInHbl (T, ), (v, 5) € V, paspermaomiero
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Fpa(ba Gp nus3 O,ZLHOIL/'I aIlI/IKJII/I‘IeCKOfl KOMIIOHEHTBI CBA3HOCTHU, TaKHUE Pa3-

JITYHBIC IIEPEMEHHbIE 21, . ..,2¢—1 € X", He IpUHaJIeKaIue §o U §p, U
TaKHe pasjndHble i1, ...,1; € ™ \ {p}, 410
x,21 € §iy; 21,22 € gy -+ 2¢-1,Y € Fiy-

ITockosbKy §1,- - -, Sm PA3PEIIUMBI B TABTOJIOTUSIX U 0 — YHUDUITUPYIO-
miee perenne ypapaerust (¥), 10 0§1, . .., 0§, TaKKe pa3peluMbl B TaB-
TOJIOTHSIX, [OITOMY CYIIECTBYET Takasl HojcTaHoBka o: X" — Px({u}),
uro go§; € Th nng kaxkzaoro ¢ = 1,...,m. O603HAYMM IOACTAHOBKY 00
yepes o.

Paccmorpum  KoMmoHeHTy cBsisHOCTH [, COJEPIKAIYIO BEPIIUHBI
(x,a), (y, B) € V. ComocraBuM KazKIOMy KJIACCY SKBUBAJECHTHOCTU STOMN
KOMIIOHEHTBI OTHOCUTEJIbHO OTHOIIEHNUS ~), HOBYIO yHHKAJIBHYIO IIEPEMEH-
uyto. [lockombky kommonenTa K He MMeET IUKJIOB, TO HAWIETCS KJIace
SKBUBAJICHTHOCTH, He cojepxKaiuii BepuH (z,d), s KOTOPBIX Iepe-
MEHHOE 2z BXOaUT B dopmyny §o. ComocTaBuM 5TON KOMIIOHEHTE Iepe-
MeHHOe w1 . PaccMoTpuM Kitace SKBUBAJIEHTHOCTH WHITHJIEHTHBI IIEPBOMY
kyaccy. VI3 onpesieienns SKBUBAJIEHTHOCTH ~) CJIEJYET, YTO TaKOil Kiacc
eauHcTBeHHBI. ColocTaBuM 9TO KOMIIOHEHTE IlepeMeHHoe wo. Jlasee 1mo
AHAJIOTUH, PACCMATPUBAEM KJIacC, OTIIMYHBIH OT MEPBOTO W WHITHICHTHBIH
BTOPOMY, €CJI OH CYIIECTBYET, TO OH €JIMHCTBEHHBIN M COMOCTABUM €MY
nepemMenHoe ws. VI Tak jajiee, 1oka He BCTPETHM KJIACC SKBUBAJIEHTHO-
cTH, He cojepKaruii BepuuH (2, d), Jyisi KOTOPBIX [EPEMEHHOE Z BXOJUT
B opmyrny §p. IlycTb 3TOil KOMIIOHEHTEe COIOCTABUIM IEPEMEHHOe Wy.
Tem cambIM KJIACChI 9KBUBAJEHTHOCTH KOMIIOHEHTHI K 00pasyioT Iemb
JJIAHEL k.

N3 cpoiicrBa paspemarommero rpada G, g JI00BIX JByX Bep-
mun (2',0/) u (y/,8') u3 OnHON KOMIIOHEHTBI CBSI3HOCTH BBINOJIHEHO
No(@) (@) = Mgy (B'). TlosTomy Haiiercs Takoe CJIOBO 7, UTO JJIs JIo-
6oit BepIHHBI (2,§) M3 KOMIOHEHTBI K BBIIOJHEHO 15, (07y) = u. s
KakJI0ii BepIIuHbI (z,0) U3 Kjacca, COOTBETCTBYIOIIETO MepeMEeHHO wy;,
3aMeHNM B (opmysie 7(z) mepeMeHHOe U B MO3UIMK 0 Ha HePEeMEeHHOe
w;. [Ipomenaem Takyro mporeaypy st Kaxkaoro ¢ = 1,..., k. I[lycts upn
STOM HEPEMEHHBIM I U Y COINOCTABHJIM IHEepPeMEHHBIC W, W W, COOTBET-
crerHo. [TockoibKy Bepiunbl (2, @), (y, 3) He SKBUBAJIEHTHBI, TO [l 7 V.
st onipesiesieHHOCTH Oy/IeM CIUTATh, UTO [t < V U V— i, = 7. PaccMoTpum
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— rue=l k—v+1
HOBBIE YHHKAJIBHbIC TIEPEMEHHBIE 1, . . . , Tp, TAC N = [F= |+ [F=2=] + 1.
O603Ha491MM OCTATOK OT JleJieHust (41— 1 Ha r gepes r’. 3aMeHnM epeMeHHoe
. ; / . /
w; ma xj, tae j = [HC]) na kasgoro i = 1,..., k. Ilyers [EE5] = s,
/

torga [“E5] = s+ 1.

ITocko/IbKYy TepeMeHHBIe 21, ...,Zq—1 He INpUHaJJIeXKaT §o U §p, TO
0(%) =z, i =1,...,q—1. Ilosromy HaiigeTcst TaKne CIOBA V1, . . . , Yg—1,
qTO0 ng(zi)(’yi) =u, 1 =1,...,q — 1. Ina KaxJioif IepeMeHHOI 2z; 3aMe-

HUM B dopmysie 0(z;) epeMeHHOe U B IO3UIMU <y; HA [EePEMEHHOe .
IIpomenaem Takyro mporeaypy s Kaxkmaoro ¢ = 1,...,q — 1.

[TosicTaHoBKY, MOJIyYEHHYIO YKa3aHHBIMH IIPEOOPA30BAHUAMU U3 I10/I-
CTaHOBKM 0, 0003HA4YMM Uepe3 0. be3 orpanmvenusi oOIIHOCTH Oyem
cunTaTh, 4T0 ¢ = 1, n = 4 m s = 2, oCTaJbHbIe CJIy4Yaul pPac-
cmarpuBafoTcs 1o axajgorun. Torma 73§, € ®x({z1,x2,23,u}), 780 €
Oy ({x2, 23, x4,u}), 8, € Pxu({xe,x3,u}), ocrampuble TaBTONOrMN
o5; € Px({z1,x2,x3,24,u}). Bamernm, UTO i He COBIAJIAET C D.
OGo3Ha4INM TaBTOJIOIHIO TFp Uepe3 (1, T2, T3), TABTOJIOIUIO OF( Uepe3
(x9,T3,T4), TABTOIOIHIO OF;, Yepe3 Ty —» T3, OCTABIIMECS TABTOJIO-
ruu 00BEMHUM B OJIHY TPYIILY, KOTOpPYIo 06o3Haunm 4depes H. @opmyra
Tr — y ABJIFAETCA aHaJIO'OM HUMILJINKAITUN, HOSTOMy JaJjiee 6y,ZLeM npumMe-
HATDH K Heil MOHATHS NOCBUIKU 1 3aK/II0YEHUs, aHAJOIMIHBIE CTaHIapTHOM
UMILJINKaIIN.

[TockoIbKy —omepanuss w Oyjydn NPUMEHEHHOH K TaBTOJIOTUSAM
(1,2, 23), 9 — x3, H BCerma Ha BBIXOJE JACT TABTOJIOTHUIO (T2, X3, L4),
TO TEM CaMbIM MMEETCS MOJLyCHasl OIepalusl, 3a/laHHas CXeMO

<$1,:E2,:E3>, o — $3,H

<$27 zs3, $4>

’
KOTOpasd ABJIACTCA COOCTBEHHBIM pacliupenuemM olepanum w.

ITosryuenune cucrem taBrosoruii ['(1,6) u T

[Iycrs T = (A, V,l) — onnHoponnast cucrema npomaykimii [Tocra, e

A ={as,...,a,} — xoneunslit andasur, V = {v1,...,v,} — MHO)KeCTBO
nap Bujga v; = (a5, q4), a; € A n a; € A* He mycToe CJI0BO JIJIsi KazKI0ro
t=1,...,n, 1l > 1u & € A" upousBosbHoe cjioBo. Torma Bo3bMEM B

kadectse ['(7',£) MHOXKeCTBO TaBTOJIOTHIA:
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(1) (x,& Be)

(2) @ot —xAa;, ausmseex a€ A Jal=1-1,1<i<n
(3) @mad —a), mmseex a€ A% |o|=1—1,1<i<n

(4) o =z, asmseex a€ A |a| <I—1

(5) x—w,

6) (xA@Ay)ANz— ((zAa)Ay) Az, pisBeex a€ A
(7) (xAa)ANy—xzA(@ANy), usBcex a € A

riie B — dbopmyita, onpe/ensiemast o creyomeMy npasuty. Ecmm [£] <
[, T0 B¢ = x, ecqm |{| = | u a; nepBas Gyksa ciosa &, To Be = aj, ecian
xe [§] >l u & =ain rae || =1—1, 10 B = 7 A a. N noGasum B
HEero MHOXKecTBO Taprojoruit H. O6o3naunm MHOKeCTBO TaBTosornit H,
(2), (3), (4), (5), (6), (7) uepes I'r u muOxKecTBO TapToOrHil H, (5), (6),
(7) — uepes R.

B xagectBe Y BO3bMEM MHOXKECTBO COCTOMAIIEE W3 TaBTOJOTHN
(x,z,x).

CsoiicrBa BhiBoguMbIx u3 I'(7,{) TaBTONOrMIT

Tor daxt, uro mia dopmyn A u B cylecTByeT Takas IOC/IEI0Ba-
TesibHOCTE popmyit g, ..., Ak, tae k = 1, 11 KOTOPOHl BBITOJIHEHO
MEA_ 1 — A, @ =1,...,k, bynem obo3HAYATD JjIst KPATKOCTH de-
pes M 2 = B, rme M — HEKOTOpOe MHOKECTBO TaBTOJIOTHIA.

Jlemma 2. /laa mobwx &,8,( € AT R+ (?/\3) /\E> = ?ﬁ/\z>
JlokazaTeJbCTBO. ,HOK&BBIB&T(E Oyaem MY KIEH 10 Jynitie ¢roba B.
Eciu |8] = 1, Torga dopmyna (€ A F) A ( coBmasaer ¢ g/j’ A €, cneno-
BaresbHo, RE (& N B)N ¢ = EB A ? no dopmyse (5). ITycrs Tenepn
B = ad, tue |6| = 1, rorma B R BbIBoJMMA CJIe/IyIONIAsl [EMOYKA NMILIH-
KaIlnii:

En@nonne & Gnd)n? & Ba7.
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[TepBasi mMILIMKAIMS €CTh IOJCTAHOBOYHBINA BapuaHT (opmyisr (6), a
BTOpasd IOJIyYeHa Ha OCHOBE IPEJIITOJIOYKEHNST MHITYKITUH.

Caencrsue 1. /lna mobwx £, € AT R ? A F = ? A F

JIemma 3. Jlna mobux &, 8 € AT R ? A ? = 5?
JokazaTeabcTBo. /lokazbiBarh OyiaeM WHIYKIHEH 110 JjinHe cJjioBa &.
Ecin || = 1, 10 ectb £ = a, Torma dopmyna & A [ coBnagaer ¢ (ﬁ,
caenoBaresbio, RE & A f = af no dopwmyie (5). Ecan || = 2, To ecTb
& =ab, rorma R+ £ A 5 = af 1o dopwmyse (7). [Iycrs Teneps € = da,
rie |§] > 1, Torga B R BbIBOAMMA CIIEYIONIAST [EITOYKA UMILTUKATIUIL:

(?/\a)/\ﬁ Q ?/\cﬁ SN gﬁ

[TepBasi UMIUIMKAIMsT €CTh OJCTAHOBOUHBL BapuanT dopmyist (7), a
BTOpas IOJIyYeHa Ha OCHOBE IIPEIIOJIOXKEHUS UHIYKIIUH.

Caencrsue 2. /lna mobwix £, € AT R ? A F = 5?
Jlemma 4. Emugﬂﬁ, moFTl—?éﬁ

Hoxkaszaresnbcrso. [lockonbky T npumennma k &, To €] > 1. ECJII/I 1€l =1
u & =a;0, 70 f = a; nuno dopmyie (3) umeem I'r F a;0 = o). Ecom e
€] >1u & =aid¢, |0|=1—1, 10 8= uB 'y BEIBOIMMA TIEIIOYKA:

aoe D Cram 2 Cal,

rie Ca 2 ectb npuMenenne ciegacTsus 2. Tem caMmbIM jtokazanu, 4ro I'p -
=

Jlnst mpom3BOJILHOTO MHOXKEeCTBa TaBTosoruit M obo3HaINM  dUe-
pe3 (M) mHOxecTBO cocrosiiiee u3 taprosoruii H, u3 rasrosormii A,
JUTsT KOTOPBIX CYIIECTBYIOT Takue Gopmyasl Bi,..., B, € M, gro
w(B1,...,By) = A, a rakxke u3 Taprosoruii A, s KOTOPHIX CyIie-
cTByIOT Takasi popmysa B € M u nojcranoBka o, 9to A = 8.

Homoxknm 'y = I'(T,€) u I'py1 = (), Torma [I(T,€)]w = Unzol'n.
[TokazkeMm Ternepb, uro u3 dhopmyir muoxkecrsa I'(T, £) 10 HEKOTOPOTO Ia-
ra N BbraucjeHul cucremMbl T’ Ha BXOJHOM CJIOBe £ MBI HE MOXKEM BbIBE-
cru HU oy opmyiy Buya (2, B, B) HUKAK MHaYe, KPOMe KakK I10JIb3Y-
sick hopmytamu (2) u (3), rapaHTUPYIOMMMHI, YTO CJIOBO [3, KOIUPYEMOe
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dopmyiioit [, siBiaseTcs TPoAyKimein cucrembl 1 Ha BXOJIHOM cJjioBe &.
st Hayasa JIOKaXKeM CJIEJIYIONIYIO JIEMMY, YTBEPK/IAIOILYI0, YTO TOJIHKO
dopmyiibl onpeiesieHHOro B BBIBOIMMBI 3 cucteMbl (T, ).

Jlemma 5. ITycmob cucmema npodyxuuts T, 6yoyuu npumenennol ¥ cro8y
& € A*, ne ocmanosunacy 3a N wazo6 ceoeti pabomot, mozda 0Af 4106020
n < N muooicecmso I'y, cocmoum auwib u3 nodcmano8ouwhvix 8apuanmos
dopmya us Tp u dopmyna suda (x, 3,vy), 2de B — %00 crosa 3 € A*.

HoxkazareabcTBo. [lokaxkem jiemMy wunpaykiumeil mo n. Bece dopmysisr
u3 [(T,§) umeror ykasaHHbIH BHJ, 109TOMY Jyist 'y yTBepXK/eHue Bep-
no. Ilycrs ono BepHO st Becex n' < n, JgokaxkeMm ero s n. Ilo-
CKOJIbKY OIlepallsl IOJCTAHOBKH HE MeHsIeT BUJ (DOPMYJI, PACCMOTPUM
TOJIbKO omeparuio w. llycrs dopmyna € € T, nonydena u3 Gopmys
B1,...,8B,, € T,,_1. Ilo Beibopy mnozacranoBku & GopmyJsl By, ..., B,
ecThb TOJICTAHOBOYHBIE BapuaHThl dopmyi (x,y, z), © — y u dopmysa H.
[Mockosbky H C T, u dopmyssl (x,y,2), £ — Yy caMu He COBMECTHBI,
a TakXKe He COBMECTHBI HU ¢ OoyiHO dopmysoii u3 H, To MOXKHO orpa-
HUYIUTHCST TOJIBKO PACCMOTPEHUEM II0JICTAHOBOUYHBIX BapUAHTOB (hOPMYJI
(x,y,2), x = y.

Uraxk, nycrs dopmyra € nomydena u3 dhopmyn (A, B, E), B — € €
T,,—1, TOT1a TI0 TIPEIIOIOXKEHNIO UHIYKINHN B siBjisieTcs: (popMysioit Buia
B, tue B/ — TIO/ICTAHOBOYHBIN BaApUAHT Koja cyioBa € A* a B — € —
€CTh TOJICTAHOBOYHBIH BapuauT GpopMysabl u3 ['r. BozaMoxKHbI ciemxyioriue
caydan

1) @opmyina B — € noxyuena u3s (2), (3), (5), (6) nam (7). Bo Bcex
CIydasixX, €CJU IMOCBLIKA UMILINKAIINA WMeeT BUT B/, TO U 3aKJOUYEHNE
UMEET TOT K€ BUJI.

2) ®opmyna B — € nonydena u3 (4). DTOT caydail He BO3ZMOXKEH,
MTOCKOJIbKY (popMmysia B Oblia ObI 1I0/ICTAHOBOYHBIM BAPUAHTOM (DOPMYJIBI
B JUIsl HEKOTOPOT'O CJIOBA, [3, IUIMHA KOTOPOI'O MEHBIIE [, YTO O3HAYAJIO GBI
OCTAHOBKY CHUCTeMBbI ', 1ero He MOYKeT OBITH 110 BbIOOpPY N.

JlemMa jJoKa3aHa.

U3 onmcannoro B jiemme 5 Boioga dopmyit us ['(T, £) menocpe icrBeH-
HO CJIETYET yTBEPKJICHUE.

Caencrsue 3. Ecau usz I'(T,£) ewsoduma gopmyaa euda (Ql,B/, B), ade
B/ — nodcmanosounvill sapuatm xoda caosa 8 € A*, mo natidymes ma-
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wue popmyavt € u D, das womopuix dopmyaa (&, 3,D) evisoduma uz
I(T,¢).

JlemmMma 6. [Tycmos cucmema npodyrkuuti 1", 6yoywu npumenennoti k¥ caosy
£ € A", ne ocmanosusacy 3a N wazo6 ceoeti pabomot, mozda 0is A106020
n < N u mobozo crosa B € A*, ecau (A, 3,B) € Ty, daa nexomopoix

T
popmya A u B, mo £ = (.
HokazareabcTBo. [lokaxkem jemmy muayknueit mo n. Ecium n = 0, To
— - T
(2, 5,B) MoxkeT cOBHAJATL TOJILKO C (z,§, %5> u upu srom { = &.
[TycTh yTBEp:KIeHNE JIEMMBI BEPHO JJIs BCex 1/ < 1, JIOKAZKEM €ro Jis 1.
Ecom (A, 3,B) nonyuena us dbopmyisr (€, 5 , D) ¢ MOMOII(BIO OTIepa-
[N TIOJICTAHOBKH, TO M3-3a OCOOEHHOCTEI KO,ZLI/IpOBaHI/IH 5 Hemmmyenmo

conasaer ¢ 3. Torya 110 HPeIIOIOKEHIIO HHYKIHT & =z B.

Ecm (A, 8,B) nonyuena us dopmyn (€,90,8),D — B € T u
H ¢ nomormpio omeparuu w. CoryacHo jemme 5 U CIEICTBUIO 3 MOXKHO
CYUTATD, 9TO © HMMeeT BHJ 0 JJIsi HEKOToporo ciosa 6 € A*. Torma mo

MIPE/IOIOKEHNT0 UHIYKINN & L. 5. Bosmownr CJIETYIOIINE CITydan

1) ®opmyna 6 — 3 HOTydeHa ¢ HOMOIIBIO MOJCTAHOBKH U3 (2) MiIu
(3). Torma § AN B u, ciepoBaresbHo, (& N B) = (¢ L5 T B).

2) @opmyna & — 3 TOJIyHUeHa ¢ MOMOIIBIO TIOJCTAHOBKH 13 (4). DTOT
cJlydail He BO3MOXKEH, MOCKOJIBKY CJIOBO 0 UMEJIO Obl JIIMHY MEHBIIIYTO
geM [, 9TO 03HAYAJIO Obl OCTAHOBKY CHCTEMBI T, 4ero He MOKeT ObITH T10
BBIOODY V.

3) ®opmyna § — (B momydena ¢ nmomombio nojctanosku u3 (5), (6)
umn (7). Torga § u 3 KOJIBI OJIHOTO U TOTO Ke CJIoBa 3 U, CJIeI0BATEIbHO,
§¢= 8.

JlemMa jJoKa3aHa.

Csenenue npobJieMbl OCTAaHOBKH K MpobJieMe BbIPAa3UMOCTH

Jlemma 7. Jlas ecaxoti odnopodrol cucmemuv, npodykuuts Hocma T =
(A, V,1) u npoussoavrozo crosa & € A* T(§) | mozda u moavko moeda,
xoeda (z,z, ) € [['(T,§)]fw-

HokazaresnbcrBo. lokaxem npsimoe yrepkienue. [Iycrs T'(€) |, To-
ryia Halifercst Takoe cjaoBo [ € A*) jajmMHa KOTOPOro MeHbIne [. 3HAUWT,
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sgmbo ¢ = B, smbo 1o yemme 4 I'p ? = ? U3 dopmynsr (4) nmeem
I'r+ f = z, nockosbky cucrema I'(T,£) comepKuUT TaBTOJIOTUIO ?, TO
C TIOMOIIBIO OIEPAINU W MOXKHO BbIpasuTh dbopmyiy (5, x,z), oTKy1a,
OJIHOKpATHBIM IIpUMeHeHHneM oliepaiuyu w K dopmyinam (B, z,x) u (5),
BBIPAKAEM UCKOMYIO TABTOJIOTUIO (T, X, X).

Hoxaxem obparnoe yrsepxienue. [lyers (z,z,r) € [['(T,§)].y, HO
T we ocranosumack Ha ciose &. Torma 1o emve 5 [['(T', €)]4,) He comep-
JKUT TABTOJIOTUM (T, X, X ), 4ero ObITh He MOXKET. JleMMa JloKazaHa.

HokazareabcTBo TeopeMb! 1

[IpeanonoKuM IPOTUBHOE, TO €CTh CyIIECTBYeT ajroput™m A, pema-
IOIINii 3a/1a1y BBIPA3MMOCTH KOHEUHBIX CHCTEM TaBTOJIOrHiA. PaceMoTpum
POU3BOJIBHYIO OJHOPOAHYI0 cucremy npoiykiumii [Tocra T = (A, V1) u
cioBo £ € A*. Tak kak cucrema ['(T,£) KoHEUHA, TO C HOMOIIBIO AJITO-
puTMa A MOXKHO ITPOBEPHUTH, BBIpA3MMa Jin u3 Hee dopmyna (T, x, T) uim
uer. [To semme 7 numeem: ecau (z, x,x) Boipasuma u3 I'(T, ) ¢ nomonipo
orepanuu w, To cucrema 1, Oyaydn NPpUMEHEHHON K CJI0BY &, OCTAHOBUT-
cst, ecan ke (x, x, x) He Bbipasuma u3 ['(T, €) ¢ noMoIIpio orepanun w, To
cucrema T He OCTAHOBHUTCSI Ha CJIoBe &. DTO O3HAYAET, UTO ajropuTm A
HO3BOJISIET PEIIUTD IIPOOJIEMY OCTAHOBKH JIJIsi OJIHOPOJIHON CUCTEMBI ITPO-
nykmuu [locta 3. B cuty anropurMudeckoil Hepa3permMOCTh MTOCIe THe
noJiy9aeM IpoTuBopedne. TeopeMa JTOKa3aHa.

4. AnropurMuyYeckasi HEPa3pPEHIMMOCTb ITPO6JIEMbI MOJIHOTHI

PaccMoTpuM TIPOM3BOJILHYIO MOJYCHYIO olepanuio w € My, yio-
BJICTBOPSAIONIYIO YCJIOBHIO TeopeMbl 1 u obpasoBaHHOE eil MCUHCIeHue
(Th,{w}). Hycrs I'(T,§) — MHO)KeCTBO TaBTOJIOIHii, OLpe/eJeHHOEe B
npeapyem pasgene. Ob6osnaunm MHOKecTBO dopmyn {2 € Py |
(x,y,z) < A} wepes T, Torja crupape/yinBa CJIeLyOINIAst JTEMMA.

JIemma 8. Ecau mmoorcecmso masmonoeuti T, noano 6 (Th,{w}), mo
das 6caxoti 00nopodrotls cucmemuvr npodykuyuts ITocma T = (A, V, 1) u npo-
u3604v1020 cno6a £ € A* cucmema T ocmanosumes na 6xodnom caose &

mozda u moavko mozda, kozda muostcecmso masmonozul I'(T, &) noaro
6 (Th, {w}).
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ITockoJibKy mpobJieMa 0OCTaHOBKH OMHOPOIHBIX CUCTEM IIPOLYKITUIA 110~
CTa aJTOPUTMUYECKN HepaspermMa, TO KaK CJIEJCTBUE W3 ITOU JIEMMBbI
UMeEeM CJIETYIONTYIO TEOPEMY.

Teopema 2. Jlaa 410601 NOAHOT CUCTEMDL NORUYECKUT CEA30K X U A0~
6ot modycroti onepayuy w € OTy, umeroweti cobCcmeennoe pacuupenue
¢ nepecmano8ouHbLM apeymenmom, cyuecmeyem ucwucaenue (Th, {w}),
0 KOMOPO20 NPOOAEMA NONHOMDL AAZOPUMMUNECKY, HE PASPEULUMA.

lokazaTesbCTBO JieMMbI 8.

Hokazkem npsimoe yreepzkjenne. Ilycrs T'(€) |, Torga mo semme 7
u3 muoxkecra I'(T,£) ¢ IOMONIBIO Ollepalii W BbIPA3UMA TABTOJIOIHSI
(x,z, ). JlokasaresbcTBa TaKKe CJIEILYeT, YTO HOMUMO (X, X, T) BBIPA3H-
Ma U TaBrojorus (x,y,z). C IOMOIIBIO OIEPAIUY TOJCTAHOBKH MOXKEM
nostyuuts Brmodenue T, C [['(T,&)], . ITockomnbky MuO)kecTBO T, 110JIHO,
to n muoxkectso I'(T, §) rakxke nosuo B (Th, {w}).

Hokaxkem obparnoe yrBepxienue. [lockosnbky I'(T,€) mosHo B
(Th,{w}), To (z,2,7) € [[(T,§)]{0}, TOTMIA, CHOBA MpUMeHAs JeMMYy 7,
nosygaem 1'(§) . Jlemma jrokazama.
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ITocTpoeHne CUHXPOHU3UPYIOIINX JEPEBHEB
T'acanoB 3.9., Tun A. A. (Mocksa, MI'V um. M. B. Jlomonocosa)

el gasanov@mail.ru

B nanmoit pabore paccMarpuBaeTCs u3BeCTHAsd IpobJieMa CHUHXPO-
HUBAIMNA CUTHAJIA, BOZHUKAIOIIAS [IPUA ITPOU3BOJICTBE IJEKTPOHHBIX CXEM
(aumos). OHa cocTouT B TOM, 4TOOBI OT HEKOTOPOH TOYKHM 4uIna (HCTOY-
HIKA) JI0 HEKOTOPBIX JIPYTUX TOUEK YUl (CTOKOB) CUTHAJT JIOXOIMJI OJIHO-
BpeEMEHHO. B qUIlaX B KQ9E€CTBE NCTOYHNKaA BBICTYIIA€T BbIXO/ I'€eHEepaTOpa
MEPUOJIUICCKUX CUTHAJIOB, OIPEJIEIISIONUX TAKTOBYIO YaCTOTy YHUIIA, & B
Ka4yeCTBE CTOKOB — YIIPaBJIAIONIAE BXO/Ibl PErUCTPOB, KOTOPLIE OIIpeJie-
JIIIOT COCTOSTHHE YHIIa B KaXKJbIi MOMeHT BpeMmeHHu. OJIHOBPEMEHHOCTH
MOCTYIUIEHUsI CUTHAJIA TAPAHTUPYET OJITHOMOMEHTHOCTb U3MEHEHUS COCTO-
STHUsT YUIa Yepe3 PaBHBIE IMPOMEKYTKI BPeMeHH. JTa, 3ajada peliajiach
KaK JIJIsl YMCTO [TPOM3BOJICTBEHHBIX AJTOPUTMOB |1, Tak 1 HA MOJIETBHBIX
obbekTax |2, 3|. B manHoii pabore MCIOJIB3yeTCs MOJIe/b, IPe/I0zKEeHHAsT
B [3].

B katecTBe mMojesin Mbl OyjieM pacCMaTpPUBATL OPUEHTUPOBAHHDIE JIe-
PEBbsI C KOPHEM, KaK/1ast BEPIIMHA KOTOPBIX JIE?KUT HA, TIJIOCKON 1EJI09HC-
JIGHHOM pelleTKe, Kaxkjioe pebpo COeJMHSIET JIBe COCE/HIE BEPITUHBI Ie-
JIOYHMCJIEHHON PENIeTKH (TO eCTh KaXK/[0e pedpo nuMeeT JUInHy 1, a cTerneHb
MHIMJIEHTHOCTH KaXKJI0#i BepInHbI He Gostee 4), 1 Bce pebpa HAIIPABJICHBI
OT KOPHS K KOHIIEBBIM BEPIITUHAM, IIPH 9TOM KOPEeHb — 3TO BEPIIUHA, B KO-
TOPYIO He BXOJUT HU OJTHO PeOPO, a U3 KOHUEEHLT Gepuitt HEe UCXOIUT HU
onuoro pebpa. Ha pucynke 1 mpuBeneH npumep Takoro JaepesBa, IpUIeM
KOPEHbB JIepeBa [MOMEYEH TPEYTOJILHUKOM, & KOHIEBbIE BEPIIUHBI ITOMeYe-
HBbI >KUpHbIME TouKamu. OpueHTaIusi pebep Ha PUCYHKe HE IPUBEJIEHA,
TaK Kak Iocjie (pUKCAIMA KOPHsI OHA OIPEJIEJISETCs OTHO3ZHATHO.

Hoaycmenenvio ucroda eepwunv, IepeBa HA30BEM THCIO pebep, mc-
XOJIATIUX U3 BEPIUHDI.

3adepoickoti eepwunb, IepeBa HA30BEM €€ IMOJIYCTENeHb MCXOJa, 3a-
depotckoti nymu B JepeBe — CYMMY 3aJIep>KeK BCEX BEpIINUH IYyTH, a 3a-
depoickoti do KoHUE60T epuluMbL IEPeBa — 3aJIEPKKY MYTH, BEIYIIETO OT
KOPHsI K 9TOI KOHIIeBOil BepInHe. Takoe ompeie/ieHne 3a1ep>KK1 MPO/INK-
TOBAHO TEXHOJIOTMIECKUMU OCOOEHHOCTSIMU PACIIPOCTPAHEHUSI CUTHAJIOB B
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Puc. 1. TIpumep moCTPOEHHOTO CHHXPOHUZUPYIOIIETO JepeBa i KOHU-
rypamun K € Ky.

qnmnax. [IoHaTh 5T 0COOEHHOCTH MOXKET IOMOYb CJIEIYIONIasT «BOIHAS»
unreprperarusd. [IpeacraBumM, 9TO B KaXKJIOH BEpIIHHE CTOUT HACOC, a
KazK/[0e MCXosinee pebpo 9T0 KaHaJjbl, JaHHBIM HACOCOM 3allOJIHSIEMBbIE.
Hacoc Bkittogaercs, ecin 3aIiojiHeH KaHasl, COOTBETCTBYIOMIUI BXOIHOMY
pedpy BEpIIMHBI, [TOITOMY HACOCHI, COOTBETCTBYIOINIAE KOHIIAM HCXOIsI-
X pedep BKJIIOYATCS TOJBKO TOTJA, KOIJA 3aIlOJIHSITCS KAHAJIBI, COOT-
BETCTBYIOIIUE JIAHHBIM pebpam. A BpeMmsl 3all0JTHEHUs] KaHAJOB ITPOIOp-
[IMOHAJIBHO UX KOJIMYECTBY.

Kongueyparyueti Ha30BeM MHOXKECTBO TOYEK IIJIOCKOH METOTUCIEHHON
PEIeTKH, OJIHA U3 KOTOPBIX Ha3bIBAETCS UCTMOYHUKOM, & OCTAJIbHBIE TOU-
KU KOH(UTYpaIuu Ha3bIBAIOTCA cmokamu. Ha pucynke 1 npusesien mnpu-
Mep KoH(pUTypaIuu, NpudeM UCTOYHUK IIOMEYEeH TPEYTOJHLHUKOM, & CTO-
KU — KUPHBIMUA TOYKAMHU.

OcHoBHast 3a/1a4a; JJid 3aJIJaHHOI KoHuUryparun Touek K 1mocTrponTh
JiepeBo A, KOpeHb KOTOPOI0 COBIAJIAET ¢ HCTOYHUKOM, MHOYKECTBO KOHIIE-
BBIX BEPIIUH KOTOPOTO COJEPKUT MHOXKECTBO CTOKOB KOHpuryparnuu K
7 3aJIepKKa JI0 BCEX KOHIIEBBIX BEPINWH JEPEBa, ABJIAIONIUXCI CTOKAMU
KOHpUTypanun, oanHakosa. lepero A, mocTpoenHoe Jijist KOHMDUTYPAITHT
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K n obrajaomee JaHHBIME CBOMCTBaMuU, OyIeM Ha3bIBATH CUHIPOHUSU-
pyrowum u obosnadars A(K).

HedopmaabHo, CHHXPOHM3HPYIOIIEE JEPEBO ITO3BOJISET JIOCTABIIATD
CUT'HaJI OT MCTOYHUKa 3a OJMHAKOBOE BpEMsd 0 KazK/I0T'0 U3 CTOKOB. Ha.
pucynke 1 mpuBeeH IpUMep CHHXPOHH3MPYIOMIEro JepeBa, I Onpee-
JIHHO! paHee KOHMUTYpaIUn.

OTmernM, 9TO B CHHXPOHH3UPYIOMIEM JIE€PEBE MOTYT OBITH KOHIEBDIE
BEPIIKMHBI HE COBIAJAMONINE CO CTOKAMU.

Paccmosmuem Mexkty JBYMsI TOYKAME IIOCKOCTH @ = (g, Yq) U @' =
(Tar, Yor) HAZOBEM "mciio pla,a’) = |xq — Tor| 4 [Ya — Yar|-

. /
r(K) = min  p(a,a’) — MUHEMAJIBHOE PACCTOSTHUE MEXKJLy JIIO-
a,a’ €K, a#a’

ObIMU JBYMSI pa3HbIMU TOUKamu Koudurypamun K.
st HaTypaJIbHOTO M BBEJEM CJICYIONINI KIacC KOH(MUryparui

Km ={K :r(K) > m}.

Konduryparuio Touek, js KOTOPOH HEBO3MOXKHO MOCTPOUTH CHH-
XPOHUBUPYIOIIEe IePeBO, Oy/IeM Ha3BIBATD A0GYULKOU.

B pa6ore [3| 6bu10 OKa3aH0o, uTO B KiIaccax K u Ky CymecTByor J10-
BYIIIKHU, ¥ UTO JjIs Jitoboi KoHurypanun u3 IC,, tiae n = 5, cyliecrsyer
cUHXpOoHU3UpYyoIiee JiepeBo. OcraBasics OTKPBITBIM BOIPOC Jjist KOHMU-
ryparuit u3 K3 u 4. Pe3ynbraTsl gaHHON pabOThI TO3BOJISIIOT MOJIYIUTH
OKOHYATEJIbHbIE OTBETHI HA JIAHHBIE BOIIPOCHI.

Teopema 1. B xaacce K3 cywecmeyem aosyuwka.

Teopema 2. Jlas moboti kongueypauyuu K € K4 moocno nocmpoums
CURTPOHUBUPYIOWEE DEPEBO.

N nest nokazaTesbeTBa TEOPEMbI 2 OCHOBBIBAETCS HA, CJIEJLYOIIEM AJITO-
pUTMe MMOCTPOEHUSI CUHXPOHU3UPYIOIINX JIEPEBBER, CXEMATUIECKU H300-
pPaskeHHOM Ha pucC. 2.

1) CoeauHSIIOTCS O YeThIPE COCEJHUX CTOKA B OJJHO CHHXPOHU3UDY-
IoITee TIOJJIEPEBO, C TMOAKOPHEM B HEKOTOPOH Touke perieTku. B ciydae
€CJIN CTOKOB OKA3bIBAETCSI MEHBIIE, TO B HY2KHOM MecTe J00aBjisieM «(uK-
TUBHOE» PEOPO JIJIsi COXPAHEHUST CUMMETDHH.

2) ajiee mepBbIil pa3 OTPayKaeM CXeMy COeJIMHEHUsI OTHOCUTEIHHO
HPSMON Ha KOTOPOU JIe2KAT 2 COCETHUX COETMHEHHBIX CTOKA ITOJJIEPEBA,
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Puc. 2. CxeMa coeiuHEHNS IOIJIEPEBLEB.

1 BTOPO# pa3 OTHOCUTEJIbHO IIPAMON HepIIeHINKYIAPHON IIePBOIl HPAMOI.
W coenmnsiem oToOpaskeHHON CXeMOI coceaHIe CTOKM.

3) CoeMHSIIOTCs J1Ba COCETHUX TIOJKOPHSI, OT KOTOPBIX ObLIN OCTPOe-
HBI 110/IIEPEBb JTOCTABJIAIONIAE CUTHAJIBI B IIPEJIBIYIIIEM IIAare OJIHO 110/JI-
nepeBo. B ciaydae eciin B KAKUX-TO TOJJIEPEBbIX HE XBATAET CTOKOB, TO
B COOTBETCTBYIOIIUX MECTaX J00ABJILAIOTCS JJIs COXPAHEHUS] CUMMETPUHU
«(UKTUBHBIE> PEOPA.

4) Tlosropsiercst 2-ii miar, 10 TeX HOP IIOKa HEe BYJIET YIOKEHO JIEPEeBO
JUUTsT BCEX TOYEK KOHMUIYpPAIUu.

epeBo, puBeIeHHOE HA PUC. 1, ABJISIETCS IEPEBOM, TOCTPOSHHBIM 10
JTAHHOMY aJITOPUTMY.
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IIpencraBiienust 3J10eMEeHTOB YaCTUYHO-yOPSJOYEHHbBIX
ajrebpandeckux cucteM pparMeHTaMu

I'pyuckuii 1. C., Makcumenko U. U. (Jouenk, UIIMM HAH
YKpauHbl)

1im@bank-prsp.dn.ua

BBenenue

OnHoi u3 BaxkKHEHIINX MPOo6JIeM TEOPUN JUCKPETHBIX CUCTEM SIBJISIET-
Csl aHAJIM3 [OBeJIeHNsI 0ObeKTa (aBroMara, IIoMedeHHOro rpada) mocpei-
CTBOM HPOBEJICHUS C HUM SKCIepuMeHToB |1, 2|.

B pa6orax |1, 3| 61 BBeieH 1 OOOCHOBAH IMOJAXOJ K UCCIIECOBAHIIO
KOHTPOJIbHBIX U PACIO3HAIOIMIMX SKCIEPUMEHTOB B KJIACCaX aBTOMATOB
MI/I.HI/I Ha OCHOBE€ HUX IIpeJACTaBJICHHA CIICIIUAJIbHBIMH OKPECTHOCTAMMH B
METPHUYECKUX [IPOCTPAHCTBAX aBTOMATOB. Jljisg G3POBCKONM METPUKHU, OT-
pazkaroreii 6IM30CTh ABTOMATOB 110 [OBEJIEHNIO, ObLIN HaiijeHbl [3] KOH-
CTPYKTHUBHBIE KPUTEPUU CYIIECTBOBAHUS KOHTPOJILHLIX SKCIIEPUMEHTOB.

Janubiii MeToJ uCrob30Ban B 4] Jyisi HECTPYKTYPHUPOBAHHBIX OOb-
€KTOB U UX JIECKPHUIITOPOB.

B HacTosiIeil crarbe 3TOT MOAX0 PACIPOCTPAHEH Ha ajredbpandecKue
CHCTEMBI CIIEINAJBLHOTO B, 0DOOIIatoIIe KIacchkl aBToMaTos Muan u
[IOMEYEHHLIX rpadoB.

1. OcHOoBHBIC IIOHSITUS U orpeaeJgeHnd

Pacemorpum anrebpandeckyto cucremy suza (A, <,n), rjae A — cyer-
HOE MHOXKECTBO 00beKTOB, < — mpeanopstyiok u n : A — NT U {oco} —
HEBO3pAaCTAIONIas (PYHKITUS CJI0KHOCTH.

HBa oobekra A u B skeubajenTHbl (A = B), eciu 0JHOBPEMEHHO
A< Bu B < A Kaxupiii o0bekT A OIHOZHAYHO OIPENeJIsieTCsl MHO-
skecrBamu dparmentoB Fr(A) = {B € A|B < A} u xodparmenros
CoFr(A) = {B € A|B £ A}. O6bekr A ¢ KOHEUHOIT Ci10KHOCTBIO 1 (A)
Ha30BeM (DUHUTHBIM U UHGMUHUTHBIM B IpoTUBHOM ciydae. OobekT C
siBJIsieTCst pazjiessonmM st oobektoB A u B ( C € S(A,B) ), ecin
Boimosteno oo u3 yesosuit (C < Au C € B) nm (C L Au C < B).
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Cucremy (A, <,n) HazoBeM (bUHUTHO PA3JICJUMOIL, €CIH JJisi JIIOOBIX
JIBYX HEIKBUBAJIEHTHBIX OOBEKTOB CYIIECTBYET (PUHUTHBIA OOBEKT, MX
pa3Aes A0,

Ha wmuokecTBe OOBHEKTOB BBENIEM <«PACCTOSIHUE» MEXKJY OO0BHEKTaMU
[ anamormaHo «63poBcKoity Merpuke 3|, mosaras (A, B) = 0, eciu
A=Bu (A B)=1/r, tne r = inf{n(C)|C € S(A, B)} B nmporusHOM
ciydae. Hepes LimF 0603HAYMM MHOXKECTBO MPEJIEIBHBIX 00BEKTOB [4]
g FFC AL

[Tapy obbekroB (A, B) € Fr(Ag) x CoFr(Ap) HazoBeM mpejcTaBie-
HUEeM TSt Tpou3BOLHBIX Ag € A u F C A, ecym jyist moboro C € F u3
sriouenust (A, B) € Fr(C) x CoFr(C) soirekaer C = Ay.

Cucrema (A, <,n) CHIBHO HEIPEJCTABAMA, €CJIHU JIJIsI BCIKOIO 0ObeK-
Ta A € A He cylecTByeT mpecTaBIeHne OTHOCHTETbHO A m A.

Cucremy (A, <,n) Ha30BeM JIMHENHO yHOPsIOYEHHOI, ecom A — Ju-
HEHHO yIOPSsITOUEHO.

Cucrema (A, <,n) BCIOJy IJIOTHA, €CJIH Jist JIIOOBIX 00bekTOB A, B u3
cootnomenusi A < B BbITekaeT cyinecreoBanue oobexTa C, JJisT KOTOPOTO
A<C<B.

Bgejiem asrebpandeckue cucrembl 00bekToB Bujia (A, <, V, A n), rie
< — mpeaAnopsiiok, V, /A — UIeMIOTEHTHBIE, KOMMYTATHBHBIE U ACCOIHAa-
THBHbIE BCIOJIy OIIpeJieJIeHHbIe Gunaphblie onepaiuu, n : A — N1TU{oo} —
HeyObIBaOIIAasi (DYHKIINS CJIO2KHOCTHU, U CIIPABEIIUBLI CJICIYIOIINE aKCU-
OMBI:

1. st Jir00BIX JIBYX 00beKTOB A u B BBINIOJIHEHBI cooTHOMEHNsT A <
AVB u AAB < A,

2. ist J00bIX 00beKTOB A1, Ao, B € A uz A1 < B, Ay < B cunenyer
A1 VA, < B;

3. st mobbix 00bekToB A1, Ao, B € A u3 A1 € B, Ay € B BBITEKaeT
Al AAQ §<\ B;

4. st JobbIX AByX 06bekToB A, B € A mnonaraem, uro n(AVB) =
maz(n(A),n(B)) u n(AAB) = min(n(A),n(B)).

Hazsosem asrebpandeckyio cucremy (A, <,V,/A n) JIOKaJIbHO 3aMK-
HyTOi1, ecau st Besikoro A € A muoxkectBa Fr(A) u CoFr(A) samkiy-
ThI OTHOCHUTEIBHO CIETHOrO WHcia omepanuit V u /A COOTBETCTBEHHO.

Baejiem omeparuto © Ha mapamvu 06bexTos (Ag, By), (As, By) € A2,
noJjiarasg (Al, Bl) ® (AQ, BQ) = (A1VA2, BlﬂBg)
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2. IIpeacraBumocts anrebpamvieckux cucreM Buga (A, <, n)

NmeeT MecTo cemyiomuii KpuTepuil CHIILHOM HETPeICTaBUMOCTH:

YrBepxkaenune 1. [lycmo dana sumnetino ynopadowennas cucmema
(A, <,n). Cucmema cuavro Henpedcmasuma mozoa u moabko mozoa, Ko-
2da ona ABAAEMCA 6C100Y NAOMHOU.

B pab6ore [4] 6bu1 mosyueH MeTpUUeCKHil KPUTEPHil CyIeCTBOBAHMUSI
(GUHUTHBIX MIPEJICTABICHUI HECTPYKTYPUPOBAHHBIX 00beKTOB. Jljist mipo-
MU3BOJILHBIX AJIre0panvIecKuX CUCTEM IOIOOHBIN KpUTepuit B O0IIEM CJIy-
Jae He BBIIOJIHEH:

Teopema 2. Jlana @unumno pazdesumasn ar2ebpauveckas Cucmema
(A, <,n). Ecau dasn npouseoavrivr Ag € A u F C A cywecmsyem du-
nummoe npedcmasaenue, mozda Ag ¢ limF. Obpammnoe ymeepoicderue
HEGEPHO.

3. IIpeacraBuMOCTL  ajiredbpamvecKux CHUCTEM  BHUIA

(A7 <7 v? A,l’l)

Ausrebpanyeckast crpykrypa cucrem Buja (A, <,V, A n) onucana B

VrBepxkaenue 3. Anzebpauueckas cucmema suda (A, <,V,A n) sae-
AAEMCA 6eprHeti NOAYPEUeTKOT, HO HE PEUemKoTi 6 obuLem CAYUae.

CupageyinBo

Yreepxkaenue 4. /[as A0KAAHO 3AMEHYMBLT AA2EOPAUMECKUT CUCTEM
(A, <, V, A n) cywecmsyem npedcmasaerue das ecaroeo Ag € A u npo-
U3604vH020 mHodicecmea F C A.

Jlist UHUTHO Pa3AeTUMbIX U JIOKAJBHO 3aMKHYTHIX areOpandecKux
cucreM Bujia (A, <, V, /A, n) cupaBe/yinB MeTpUYIeCKuii Kpurepuii puHuT-
HOM IIPeJICTAaBUMOCTU:

Teopema 5. Quuummnoe npedcmasasenue oas Ag € A u MmHoocecmsa
F C A cywecmeyem moezda u moavko moeda, xoeda Ag & LimF.

Anrebpandeckast CTPYKTYpa MPEJCTABICHUN B (DUHUTHO Pa3IeTMMbBIX
U JIOKAJIbHO 3aMKHYTBHIX ajirebpamdeckux cucremax (A, <,V,A n) onu-
CBIBAETCS CJIELYIONIEit
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Teopema 6. 1. Mnootcecmeso npedecmasaenutl oas Purcuposanmur Ay u
F asasemea udemnomenmuot u KOMMYMamMuUeHot nosyepynnot 0mmo-
CUMENDHO ONEPAUUY O.

2. Mnootcecmso urnummoir npedcmasieruti dan Gurcuposarnur Ag

u F asaaemea udemnomenmmot u KoMMYmMamuenot noayepynnot om-
HOCUMENDHO ONeParuy ©.

3akJroueHue

B nanmoit pabore 0000IIEH MeTPpUYIECKU KPUTEPUil IPEICTABUMOCTH,

HOJIy9eHHbIl paHee aBTOpaMu Jjisi KJaaccoB aBromaroB Mwuaum [1, 3| u

KJIACCOB HECTPYKTYPUPOBAHHBIX 00HEKTOB [4].

1]
2l

13l

4]
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Pemerka 3aMKHYTBIX KJIACCOB CaMO/IBOMCTBEHHBIX
dbyHkIMiiT TPEeX3HAYHON JIOTUKU

2Ky . H. (Mocksa, MI'V um. M. B. Jlomomnocosa)

zhuk@intsys.msu.mu

B pabore ommchiBaeTcsl pemreTka 3aMKHYTBIX KJIACCOB TPeX-
3HAYHOI JIOTMKY, KOTOPBIE BKJIAIBIBAIOTCSI B IIPEJIIIOJIHBII KJIACC Ca-
MOBO#CTBEHHBIX QyHKINN. Takke B paboTe ONMUCAHBI PA3TAIHBIE
CBOMCTBA 9TOH PEIIeTKH: BBIIEJIEHBI BCE KOHETHO-TIOPOXKICHHDBIE 1
[IPEINKATO-OMNCYyEeMbIe KJIACCHI; HAIEHBI MOITHOCTHA HAJIPEIIETOK
U TIO/IPENIETOK JIJIsi BCEX KJIACCOB.

BBenaenue

B pa6orax [1, 2| 9. ITocr ommcarn Bce 3aMKHYTBIH KJIaCChI JBY3HATHOI
sioruku. X 0oKa3a/ioch CIETHOE KOJUYECTBO, IMPUUIEM BCE OHM KOHETHO-
nopoxkieasl. Ho B 1959 romy 6bLIO 1TOKAa3aHO, UTO y2KE€ B TPEX3HATHON
JIOTUKE KOHTHHYYM 3aMKHYTBIX Ki1accoB. C. B. f6uonckuii [4| onucas see
[PEJIOJIHbIE KJIACCHI Tpex3HadHo Joruku. Okasanock |5, 7], 4To Bo Beex
MIPE/IMOJIHBIX KJIACCaX KPOME IIPEIIIOHOr0 KJIacca JTUHEHHbIX (PyHKIUI
KOHTUHYYM 3aMKHYTBIX ITOJTKJIACCOB.

B nmacrosgmieit pabore uccienyercsa CTpyKTypa 3aMKHYTBIX KJIACCOB B
[PEJIIIOJIHOM KJIACCE CaMOJIBONCTBEHHBIX (DYHKIH. BaskHbie pe3ysibraThl
B 3roit obyiactu 6bn mosiydersl C. C. MapuenkopeiM. OH OIucal MHO-
rue 3aMKHYTBIE KJIacchl [6], a TakzKe JOKa3aj, 9TO PEIIeTKa 3aMKHYTHIX
KJIACCOB CaMOJIBONCTBEeHHBIX (byHKIWIT KoHTHHYaJ bHa |7|. Ho mHecmorps
Ha KOHTUHYaJIbHOCTDb, aBTOPY VJAJOCh B SIBHOM BHJIE OIUCATH CTPYKTY-
Py BCEX 3aMKHYTBIX KJIACCOB CAMOBOUCTBEHHBIX (MyHKIMIL. C TOMOIIBIO
9TOT'O OIMCAHUSA, B PADOTE JIOKA3BIBAIOTCH PAa3IMYHbIE CBONCTBA ITOJIY YeH-
HOIl perreTKr. B 9aCTHOCTH BBIJIEISAIOTCS BCE KOHETHO-TIOPOXKIEHHBIE U
IPEINKATHO-OMUCYEeMbIe KJIACCHI, HAlIEHbI MOITHOCTU TOJIKJIACCOB U HA/I-
KJIACCOB JIJIT KaXKJIOTO 3aMKHYTOT'O KJIacca.

Onucanue penieTkKu 3aMKHYTbIX KJIaCCOB

ITyecre N = {1,2,3,...} — MHOXKeCTBO BCeX HATyDaJbHbIX YHCEl,
No = NU{0}, Ex ={0,1,2,... ,k — 1}, P, — mMHO)ecTBO BCcex dyHK-
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nunii k-3HaqHON JOTUKH, [, — MHOXKECTBO BCEX OTHOIIEHHMI WJIN IIpe uKa-
ToB k-3naunoit jyioruku. B pabore nmpegukarsl OyjieM n300pazkaTh B BUJIE
MaTPHI], B KOTOPBIX CTOJIOIAM COOTBETCTBYIOT HAOOPHI, Ha, KOTOPBIX IIpe-
mukar npuHnmaer 3uadenue 1. s S C Ry vepes Pol(S) obosnaunm
MHOXKECTBO BCeX (PYHKINN u3 Pj, COXpaHSIOMNX KaKIblii IPEeINKaT U3
MHO>KeCTBa, S.

ITycrb m € Ny, n € No, Ay,..., A C{1,2,...,n}, A;U...UA4,, =
{1,2,...,n}. (B cayuae, ectu n = 0 nmeem A) = Ay = ... = A, = D).
Torna npeaukar ma, .. A, € R™*™ onpeesisieTcs CJIeIyIOMUIM COOTHO-
IIIEHIEM:

TAL,....Am ($17 e Ty Y1, - 7yn) =1
TOYHO TOTJIA, KOTJIA BBINOJIHSIOTCS CJICYIONIHAe YCIOBUSI:
1) z; € {0,1} mysa moboro i € {1,...,m};
2) (x; =1)V (y; € {0,1}) nas mobsix i € {1,...,m}, j € Aj;

3) XOTst ObI OJIHO U3 3HAUEHUIT X1, . .., Ty, Y1, - - , Yp OTIIMIHO OT HYJIS.
Yepes II" 0b603HAUUM MHOXKECTBO BCEX TaKUX IpenukaToB. IlycTs
n= Yy onip= U orao=yin.
3<m+n<l n<lm+n>3 !

Ha mmoxkecrse II onpejernsiercss pedpieKCHBHOE 1 TPAH3UTHBHOE OH-
napuoe ornomenne S [9]. Ilpm sToM J0Ka3bIBaeTCst, 9TO JyIst JIIOOOIO
p € I pomosnnsiercsa {o € U|o < p} C 1™,

Ilycrs 0 : B3 — E3,0(0) =1, (1) =0, 0(2) = 2. Kaxaomy npe/u-
KATy p COIOCTABUM IPEJHUKAT p*, IBOHCTBEHHDLIH OTHOCUTEIBHO 3aMEHDI
HYJIs HA €J[UHHAILY

pr (1, ... xn) = plo(xr),0(x2),...,0(xp)).

Mz S C R monoxum S* := {p|p* € S}.
Bynem rosopurb, uro MuO)ecTBO F C Il 3aMKHYTO OTHOCHTEIBHO
OTHOIIEHUST <, €CJIn

Vpe ENp €Tl (p Sp = p €F).

[TIycty F' C 11, mmosmoxkum

01 2 0 0
C’lone(F)—Pol(FU{(l 9 0),(0 1
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o . f{0 12y (11000
Clone (F)—POZ(F U{(l 5 O)’(O 10 1 2)})

Tereps onpee M ceMeicTBO 3aMKHYTHIX KJIACCOB Y.

CewmeiictBo Y. IIycts F' C Il HerrycTo u 3aMKHYTO OTHOCUTEJIHLHO OT-
womenust S, Torga Clone(F'), Clone*(F) € Y. JIpyrux 3aMKHYTBIX KJIac-
coB B cemeiicTBe T HeT.

Teopema 1. ITycmov Fy, F5 C 11 nenycmor u 3aMKEHymMs, 0OMHOCUMEALHO
omnowenusn S, mozda Clone(Fy) C Clone(Fy) <= Fy D Fb.
Caencrsue. [lycmv Fy, Fo C II nenycmoie u 3amrxnymovie ommocumens-
Ho omnowenus S, npuuém Fy # Fy, mozda Clone(Fy) # Clone(F3).

OrnpeiesiuM HEKOTOPBIE IPEIUKATHI, KOTOpPBIE MTOHAIO0ATCST HAM B
JaJbHENIeM:

(0 1 2 (0 1 2 (01 1 1
p+1—1207PT—1027PN—00127
00111 0000
=g 101 2) Pe=|00 L1

01 01

pr(zr1,x9,23) =1 <= x1 + 12 = 2x3(Mod 3),
pr2(z1, e, x3,24) = 1 <= (Vi 2; €{0,1}) A (z1+22 = x3+24(M0d 2)),

)

1 1
0 1
1 1
d 3
pun(Ti,...,xy) =1 <=

— Viz; € {0,1Hh)A(z1=1)V(ra=1)V...V(x,=1)),

Pan(T1,. ., xp) =1 <
— Vi, € {0, 1) A((z1 =0)V (22 =0) V...V (2, =0)),

p:701($1,$2,l‘3) =1<=
= (21 =1) V(21 = 0) A (22,23 € {0,1}) A (z2 = 3)),

p:710($1,$2,l‘3) =1<—=
= (21 =0) V(21 = 1) A (22,23 € {0,1}) A (z2 = 3)),



Cekuus «/IpckperHas MareMaTuKa U MareMaTudeckas kKubepueruka» 305

p:7012($1,l‘2,l‘3) =1 <= (1‘1 = 1) V ((:El = 0) A (:EQ = 1‘3)),
p:7102($1,l‘2,l‘3) =1 <= (1‘1 = 0) V ((:El = 1) A (:EQ = 1‘3)),

OnpenenuM emg jBa ceMefcTBa 3aMKHYTBIX KJIACCOB:
CemeilicTBO O.

S = Pol ({p41}). So = Pol ({p41.(0)}), SL = Pol ({p41, p1})
1S = [{( +1)(mod3)}], SLo = Pol ({p+1,p1. (0)}).

T = Pol ({p41,}), C=Pol ({p11,(0 1)}),

() (]

DM =D NM, DN = Pol ({p+1,pn,pN})
TD=TND, TM=TNM, TN =DNNT,
L = Pol ({p+1,pr2}), TL=LNT, Ca = LNM,
TCy =C2NT, O = [{z}].

CewmeiictBo ®. s n > 2

an = Pol ({py1,pvn}), An = Pol ({p11,prn})
anhM=a,"M, A\M=A,NM,

anN = Pol ({p11, pv,n: pn}) . AaN = Pol ({p+1, panpPN}) ;

Aoo :ﬂam A= mAn,
n n

aseM = []anM, A M =[] ApM,
n n

axN =[anN, AN =[] AuN,
n n

aP = Pol ({p+1,pq}), AP = Pol ({p+1,05}) ,
aPN = Pol ({p11,pq,pn}), APN = Pol ({ps1,05,px})

aPy = Pol ({py1,pq, pw, }), AP1 = Pol ({p11,0H: v }) -
aP, =aP; N POZ(W{LQ, n}); APy = APy N POZ(WELQ,...,W,})? rae n = 2.

seey
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aP, = ﬂaPn, AP, = ﬂAPn,
n n

aQ = Pol ({p+1,p=01}), AQ = Pol ({p11,p=10}),
aW = Pol ({p+1,p=012}) , AW = Pol ({p+41,p=102}) -

Teopema 2. Mnooicecmso TUOUP codeporcum ece 3amrrymoie KAaccot,
Komopuie exaadviearomesn 6 Pol ({p41}) .

Puc. 1. CrpykTypa 3aMKHYTBIX KJIACCOB.

ITonmapHas BIOXKMMOCTH 3aMKHYTBIX KJIACCOB JPYT B ApyTra JJisl ce-
MeiicTB © n ® cxemaruyHo mzobpazkeHa Ha puc. 1 B Buje rpada, rie 3a-
MKHYTBIM KJIACCaM COOTBETCTBYIOT BEpIINHBI rpada. Be BepIimHbl rpa-
da M; n My coeanHeHBI CIUIONTHBIM pebpoM, mpuuéMm M pacrooxKeHa
BoIte My, Touno Torma, Korma Ms C M, m He CyIIecTByeT 3aMKHYTOT'O
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kiacca M’ rakoro uro My C M’ C M. dse sepmunnt rpada M u
My coemunennbl nmynkTupoMm, npuiém M pacmosiokena Boire Mo, TOU-
HO Torja, Korya Mo C My u cymiectByeT OGECKOHEYHAST TOCJIEIOBATE b
HOCTb 3aMKHYTBHIX KyiaccoB K1 D Ky D K3 D ..., Takag uro Ky C My;
N K; = Ms; ecou My € M’ C My, to M' = K; nis kakoro-to i. B

HEKOTOPBIX JAPYTUX CIAydask MyHKTUPHOE PEOPO MEXKJIy JIBYMsI BEPITHHA-
MU TIOMEIAETCS B MYHKTUPHBIN 9JIIUIIC. DTO O3HAYAET, YTO BJIOXKUMOCTD
9THUX KJIACCOB He IMOAXOIUT IO, IPEABIAYINNE JIBA CIIydas.

Takyke Ha puc. 1 n306parkeHbl HEKOTOPbIE 3aMKHYThIE KJIACCHI U3 Ce-
meiictBa Y. Juist n 2> 3 nmostoxkum

apmo = Clone(II" N1Ily), Apmo = Clone* (II" N1ly),

);
)y AnToo = Clone™ (I1"),
a7 = Clone(Ily), Asmo = Clone*(Ily),
Ao = Clone(Il), Amoo = Clone*(11),
)
)

anmoo = Clone(II"

agny = Clone(ﬂ{l} {1}) A37T1 = Clone*(ﬂ{l},{l}),

agmg = Clone(m(1y z), Asmz = Clone™ (71} o)

CasoiicTBa cemeiicts O, P u T

SamkHy T Kiacc M C P3 Ha3blBaeTCs KOHETHO-ITOPOXKJIEHHBIM, €C-
JIL cymiecTByeT KoHeuHoe muoxkectBo My C M, takoe uro M = [My).
BamkuyThIil Kiacc M C Ps; Ha3blBaeTCsl MPEIUKATHO-OIUCYEMBIM, €CJIH
cymecTByer KoHeuHnoe MHoxkectBo S C R, takoe uro M = Pol(S). Kax
cJIeJlyeT W3 IIpeJIbLIyIIell TyIaBbl, BCe 3aMKHYThHIE KJIACCHI B ceMeiicTBax O
n ¢ KoHEeYHO-TIOPOKIeHBI. [TomoxkuMm

p1 < p2 = p1 S p2 A (p2 S p1)
Bound(F) :={peclllp¢g F,No€ll(c < p=0 € F)}.

Teopema 3. IIycmo F C 11, F' — nenycmo u 3aMEHYMO OMHOCUMEND-
HO ommHoweruA S, moada Clone(F) KOHEUHO-NOPodIcIeH mowHo mozada,
Kozda mmoorcecmeo Bound(F') xoneuno.

Caenctue. [lycmv F C 1, F — nenycmo u 3aMEHYMO OMHOCUMENDHO

omnowenus S, |F| < oo, mozda Clone(F') xoneurno-noposicden.
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Teopema 4. Samxrnymud xaacc M € OUP npedukrammo-onucyem mouno
moada, xo2da

M ¢ {80, Ao, 2 M, Ao oM, a,oN, A N, aPoo, AP}

Teopema 5. Ilycmo F C II, F — nenycmo u 3aMEHYMO 0MHOCUMEAD-
Ho omuowenua S, mozda Clone(F') npedukammno-onucyem mouro moeda,
xoeda F' xoneuno.

[Iycts My, My — 3amkHyTHIe Kitacchl u3 Y UPUO, mpuuém My C Mo,
Torga Oy/ieM roBoputh, uro My — noakaacc Ms, a My — naakitacc M.
Cremyromue TeOpeMbl OMUCHIBAIOT MOIIHOCTH MHOXKECTBA ITOJIKJIACCOB U
HaJIKJIACCOB I 3aMKHYTBIX KjaccoB u3 Y U P U ©.

Teopema 6. I[Tycmo F' C II — nenycmo u 3aMKHYMO OMHOCUMEALHO O~
Howerua S, mozda mowsHocmy muodcecmea nodkaaccoe Clone(F) kom-

MUHYAAbHA o200 U4 Mmoavko moezda, kozda F # 11. Mowrnocms mHoorce-
cmea nodkaaccos Axomoo = Clone(Il) xoneuna.

Teopema 7. Ilycmv M € © U @, mozda mowprocms mroocecmsa noo-
xaaccos M

e cuémmua, ecau M € {aP,aPN,aPq,aP;, aPg3, ..., AP, APN,
AP,, AP,, AP;,...},

o xonmunyasvha, ecau M € {S,;So,C,M,a, A, axcM, A M,
aoN, AN}, wubo M € |J {an, An,anM, AyM, a,N, A,,N},

n=2
® KOHEYHA 6 OCTNAADHBIL CAYHAAL.

Teopema 8. [Iycmo F' C II — nenycmo u 3aMEHYMO OMHOCUMEALHO O~
Howerus S, mozda MmowsHocmy mrodcecmsa wadkaaccoe Clone(F) kom-
munyasvhna, ecau Fcodeporcum beckoneumnoe noomMmoocecmso, cocmos-
WEE U3 NONAPHO HECPAEHUMBLL NPEOUKAMOB; KOHEUHa, ECAU F' — Koneuno;

U CYEMHE 8 OCTNANDHBIT CAYHAAL.

CaenctBue. Jas n > 3 MOWHOCTD MHONCECTNEG HAOKAGCCO8 AnTao KO-
HEeUHQ.

Teopema 9. Ilycmv M € © U &, mozda mousnocms MHoHcecmsa Hao-
xaaccos M
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o cuémmna, ecau M € {as,Ac,acM, A M, a, N, A N,aP,
aPN,aP;,aP,,aP;,..., AP, APN, AP, AP,, AP3,.. .},

o xonmunyasvna, ecau M € {aPs, APy,aQ, AQ,aW, AW, Ca,
TC,, 0},

® KOHEYHA 6 OCTNAADHBIL CAYHAAL.

YcsoBHO T'OBOD#, U3 9TUX TEOPEM U CJCACTBUA CJIEJYET, 9TO KOHTHUHY-

M 3al\/IKHyTbIX KJIaCCOB PaCIIOJIO?KEH Ha pHUC. 1 B6J'H/I3I/I TOYKHN AT oo, TAK
KakK JJIst JTI0OOTO 11 > 3 MOIITHOCTH MHOYKECTBA, HAIKJIACCOB ap T o KOHETHA,
U JJIs1 JII00OT0 m > 1 MOIIHOCTH MHOXKECTBa HaJAKJIaccoB aP., cuérHa.

1]
2l
13l

4]
5]
(6]

17l

18]
19]
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O HekoTOpbIX acriekTax Teopembl Pumana — Poxa Ha
KOHEYHBIX rpadax

NBanoB U. O. (Mocksa, MI'V um. M. B. JIomonocosa)

truefet@gmail.com

B cBoeit pabore |1] Matthew Baker u Serguei Norine cupoernuposa-
JIN XOPOIIIO u3BecTHYIO Teopemy Pumana — Poxa na rpadsl, paccmarpu-
Basl HA HUX IIeJIOYUC/IEHHBIE JIMBU30PbI. [Ipu 9TOM OHM YCTAHOBUJIN CBSI3b
cBoOeil Teopun ¢ Heckojbko m3aMmenénuo#t Chip-Firing Game, Benénnoit
Biggs’om B |2]. Biggs B cBoux paborax |3, 4, 5| mpoBomuT CBsi3b 3TOi
UIPBI ¢ XPOMATHIECKUM IucjoM Ipada u nosmaomom Tutte, xapakrepu-
3YIOIIUM CTeleHb cBsisHocTu rpada. B [6] Obuta mokasana Teopema Pu-
MaHa — Poxa J1j1s IUBU30POB C paIlliOHAIHLHO-3HATHBIMU JIEMEHTAMMU.

Jamaas paboTa MOCBSIIIEHa HEOOXOIUMOCTH HaxXOXKAeHUs 3pHeKTrB-
HOTO ajIrOPUTMa, HAXOJSIIEr0 BBIMTPHINIHYIO CTPATEruio, JIMOO yTBep-
JKJIAIOIIEr0, 9TO €€ He CYIIECTBYET. DTOT Ke AJITOPUTM IOMOXKET B Ha-
XOXKJIEHNN Pa3MePHOCTH JIMHEHHON 000J0YKN AUBU30PA, BBEIEHHON B [1]
Teopema 1.Cywecmesyem anzopumm, xomopuiti pewaem Chip-Firing
Game daa dususopa na noarom epade ¢ n eepuunamy 3a 2n° + 1 onepa-
UU0.

Teopema 2.Cywecmsyem anzopumm, rxomopwut pewaem Chip-Firing
Game daa dusudopa Ha NOAHOM 08YIONGHOM epade ¢ N U M SEPUUHA-
MU 8 doasax coomeememeenio 3a 2n® + 5n + 3mn +m + 1 onepayuii.

Braromapio moero nay4roro pykosoauresist pmaroBa AuBapa Ajixa-
MOBHUYa, 3 IeHHbIE PEKOMEHIAITUN U COBETHI.
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O cJI0’KHOCTU TEeCTUPOBAaHUS JIOTUYECKUX yCTPOICTB Ha
HEKOTOpble TUNbI HEUCITPABHOCTEMN

Nkpamos A. A. (Mocksa, MI'V nm. M. B. Jlomonocosa)

melan44@mail.Tu

B crarpe paccMaTpuBaIOTCs CIIOXKHOCTH TECTHPOBAHUS HA PA3HOTHII-
Hble HENCIPABHOCTHU. [IjIs1 HEKOTOPBIX KJIACCOB TMOJIYUE€HBI TOYHBIE 3HAE-
HUs, 7 IPYTUX BEepPXHUE U HUXKHUE OIEHKH. TakkKe pacCMOTpPeH Cirydait
JIUTsI TIOYTH BeeX Oy/ieBbIX (DYHKIMIT Ha KJIACC MHBEPCHBIX HEUCIIPABHOCTEH
U HUKHSAS OIEHKA JIJIs MIEePeyThIBAHUN He Oojiee NBYX MEpPEeMEHHBIX

Omnpenenenne. HencnpasaocTbio HazoBeM orobpazkenume ¢: Ef — @),
rie Q@ C EY u3a € EY: p(a) # a.

Omnpepesnenne. [Iposepsiomum TecToM 11 Kacca HencnpasHocTeilt ¢ u
dbyuxmpn f € Py(n) nasoem I C EY takoe, auto Vo € & Ja € T

flp(a)) # fla).

Ounpenenenne. ChoxkuocTtbio TectupoBanus byskiyu f € Py(n) Ha
Kjlacc Hemcnpasuocreit ® nasosem L(f, ®) = min |T| cpexn Bcex mpo-
BepsoNUX TecToB 1.

Omnpenenenne. CoKHOCTBIO TECTUPOBAHUSI KJlacca HeucnpasHocTeil P
ans Po(n) masosem semmaniy L(n, ®) = maxsep, ) L(f, ©).
Onpepesenne. Kiraccom muBepcHbIx HencnpasrocTeit Fl2, HA30BeM MHO-
KECTBO BCeX Y, @ Py () = a® o, 0 € EY {0}. Yepes F2 (p) oboznatum
KJIACC TaKUX @y, 9TO ||o|| = p.

Teopema 1. Jlas noumu ecex f € Py(n) L(f, an(l)) =1.
Joka3areabcTBo. PaccMoTpuM nponsBosibHEIL HAOOp & € EY. Bcee Ha-
6OpBI 3, HAXOISIMECS OT HEro Ha PaccTosHui 1 1m0 XeMMuHry, o6pasy-
0T 1ap, B KOTOPBIH paccMaTpuBaeMasi HEUCIPABHOCTb MOYKET TI€PEBECTH
namueii nabop. Ecan f(&) # f(B) mist Beex Takux (3, T0 HAGOD G sIBIIsi-
eTCsl TEeCTOBBIM Jiist JaHHol dbyHKnuu. OmeHnM KomuecTBo (hyHKIMi, y
KOTOPBIX CYIIECTBYeT Takoil Habop. Yucao HAOOPOB, Y KOTOPBIX HYKHO
sadukcupoBaTh 3HaYeHust paBHo n + 1. Tenepnb BozbMeM apyrue n + 1
HabOPOB, CBA3AHHBIX TPeOOBAHMEM HA paccTogHue. ToObI reHepupyeMbie
3716Ch (DYHKIUH HE COBIIAJIN, MbI BBIYEDKHEM U3 BO3MOXKHBIX 3HAYEHUI Ha
npeapLymux n + 1 Habope To 3HaUeHue, UTO 3aDUKCUPOBAJIN HA IIPEIbI-
aymem mare. Homyuny 27T — 1 3pavennit na mux. Takum obpasom, Ha,
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KazKJIOM ITOCJIeAYIOIIEM IIare Mbl PeHeprupyeM pasjaudable dyHknnn. [To-
cumTaeM UX 00Iee KOJIMYECTBO:

t(n) . t(n)—1 2n+1 1 k
3 SR o it R
k=1

1 _ 22”77171 . 2’!’L+1 — 22"

antl 1 ™
1 - 2n+1

N 22"77171 .

3xech t(n) — Yucao BO3MOXKHBIX pa3buenuii Oyiesa Kyba Ha 11apbl pajiu-

yca 1. DTo 9ncyio paBHO YHCIY KOJIOB XEMMUHIa, UCIPABIIAIONINX OIHY

ommubKy, TO ecTb t(n) = on—llogz nl—1  Takpn o6pasomM, mouru Bee GyIeBbI
" 2

dbyHKIME UMeoT TecToBRIT HAaboOp Ha F, (1).

Onpenenenune. Kiaccom HencupaBHOCTEN THIIA KOHBIOHKTUBHBIX CJIU-
HaHui Si HA30BEM KJIacc pa3bueHnii MHOYXKECTBa 1epeMeHHbIX X 1 3Ha-
YeHUEM MEePEeMEHHON T; OYIeT sABIATHCT MUHUMAJIbLHOE 3HAUEHUE U3 BCEX
[IEPEMEHHDBIX €€ MHOXKECTBA.

Omnpenenenne. Kiaccom nemcnpaBHOCTell THIIA KOHBIOHKTHBHBIX CJIN-
nanuit S3 Ha30BeM KJjacc pazbMeHwil MHOYKECTBa ITepeMeHHbIX X ™ I 3Ha-
YeHneM IIepeMeHHOM x; OyJeT ABIATbCA MaKCHMaJIbHOE 3HAUYEHHE U3 BCEX
IIepEMEHHBIX €€ MHOXKECTBa.

B [1] natores mmzknss u sepxuss omenkm: n— 1< L(n, SSUFZ (1)) <n
(ITpesyioxkenue 18). Tokaxkem cieiyroree:

Teopema 2. Vn >2 L(n,S2UF?2(1)) =n.

HokazareabcTBo. Paccmorpum dyukmmo x1&xa& . .. &x,. Kaxmupiii
Habop ciaost n — 1 nposepsieT 3Ty (DYHKIUIO Ha CJIMIIAHUE IIePEeMeHHOI,
paBHoil Ha HeM (0, C OCTAJIbHLIMU IIEPEMEHHBIMU. SHAYUT, JOCTATOYHO
n — 1 Habopa, 4TOOBI IPOBEPUTHL Ha BCE HEHCIPABHOCTH THUIIA CJIMIIAHUSI
(ocTaBIasicst HepeMeHHasi, KOTopasl CPeJin BCeX B3sIThIX HAOOPOB IIPHHIU-
MaeT 3HadeHue 1, y»Ke IpoBepeHa Ha CIUIIaHKNe, TaK KaK BCE OCTAJIbLHDLIE
or Hee otesieHbl). OHAKO, 3Ta OCTABIIASCS NEPEMEHHas He [TPOBEPEHa
Ha nHBepcuto. CireoBaTe/ibHO, HEOOXOIUMO JTOOABUTH OCTABIIANCS HADOD
u3 cjiost n— 1 Jyist TpoBepKHU Ha MHBepCHio (Jinbo HAGOP M3 BCEX €JMHMUIL).
Taxum 06pa3oM, CJIO2KHOCTb TECTUPOBAHUS ITON (PYHKITUU PABHA 7.

[To mnpuHIUIy JABOHCTBEHHOCTH BEPHO CJIEJIYIONIEE YTBEP:KIEHUE
(BozbMeM dyHKIUIO 1 V X2 V...V Xy):
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Teopema 3. Vn > 2 L(n,S; UFZ2(1)) =n.

Tax xax umeem L(n,S2) = n — 1 (nokazano B [1]), To 110 MpunIH-

ny asoiicTennocTH BepHo L(n, S2) = n — 1. 3naunt, oueBmIHA ONEHKA
L(n,52 U S%) < 2(n—1). JlokaxkeM, 4T0 3/1eCh BEDHO PABEHCTBO:
Teopema 4. Vn >3 L(n,S2USE) =2(n—1).
HokazareascTBo. Paccmorpum dyukuuo (r1 V zo V ... V x,) @
r1&x0& . . . &y, i1 TecTHpOBAHUST Ha BCE BUJIBI CAUNAHUS HYXKHO IO
n — 1 Habopy co cimoeB 1 u n — 1. Tak Kak B 9TOM cJ/iydae OHHU HE Iepece-
KaIOTCsT, TO MOJTYIAEM PaBEHCTBRO.

N3 teopem 2, 3, 4 monyvyaeM cJieICTBUE:

Teopema 5. Vn >2 2n—2< L(n,S2US; UFZ2(1)) <2n—1.
Omnpenenenne. [lepecTaHoBKa § MHOMKECTBA WHJIEKCOB MEPEMEHHBIX W3
X"™ Ha3bIBaeTCs HEUCIIPABHOCTHIO TUIIA TEPEIyThbIBAHUS KPATHOCTU P =
> sign|s(i) — i, ecom p > 0.

Ob60o3HaunM KJIacc HEUCIPABHOCTEH TUIA TEPEITy THIBAHUS HaJ, AJred-
poit sorukn depes W2, Kiacc TaKux HeMCIPABHOCTEHl KPATHOCTH P —
qepes W2(p).

Teopema 6. L(n, W2(2)) >n — 1.

HoxkazareabcTBo. [locTponm cireytoniyo GhyHKINIO: TyCTh OHA BCIOY

paBHa 1, KpoMme ciejyronmx Habopos: B cioe n — 1 nabop (1,...,1,0),
B cioe n — 2 Habop (1,...,1,0,0) u Tak masmee Jo ciost 1 ¢ HABOpOM
(1,0,...,0). Torma stu HAGOPHI GyayT TecTOBbIMEH (MX 1 — 1): KaxKblii

POBEPsieT YHUKAJIBHYIO HEUCIIPABHOCTD (J171s1 HAOOpa M3 CJI0s § IepecTa-
HOBKY IIEDEMEHHBIX T; U T;i], KOTOPYIO HUKaKHe Jpyrue HabOpbl HE IIPO-
BepstioT. ClieJoBaTeNIbHO, CJIOKHOCTHL TECTHPOBAHUSI HA IE€PEIyThIBAHIEe
He OoJiee JIBYX I€PEMEHHBIX HE MeHbIne n — 1.

Bripazkaio 671arolapHOCTb 3a MOMOIIb B HAIIMCAHUU PaOOTHI CBOEMY
Hay4YHOMY pykKoBojuTeso KynpsisieBy Basepuio Bopucosuuy.

Crcok JurepaTypbl
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Jlekomrio3uiiusi rpada 1o cpejiHeiil MIOTHOCTH
MaromenoB A. M., MaromenoB M. A. (Maxaukaia)

magomedtagir! Qyandex.Tu

s sayiannoro rpada G = (V, E), tae V — muo)ecTBo Bepiun, F —
MHOKECTBO PEbep (JI0IyCKaloTCsl apaJiiebHble pEOpa u meTiiu), 0603Ha-
9UM HaubOJIBIIYIO cTerneHb BepunHbl depe3 A(G), a nanbosbliee 3Ha-
veHne «cpeaneii miornoctu» noarpada G = (V/,E') C G (orHOmeHust
qncia pébep |E’| k unciay sepumn |[V/|) — wepes mad (G).

B [1, 2] mocrpoens! anaropurmbl Bblumcsenus mad (G) 3a BpeMs
OM(|VI,|V]+|E])log|V]), tne M(a,b) — Bpemsi HAXOXKJEHHUSI MUHI-
MaJILHOT'O pa3pe3a B CeTU C @ BepmmHaMu u b pédbpamu.

[TousiTrie cpejHeli MJIOTHOCTH I'pada UCIONb3YeTCsl B 33/1a9aX ONTH-
Muzanuu pacrnucanuii. Ilycrh KaxkKIoMy npuOOpy M3 HEKOTOPOIrO 3aJ1aH-
HOT'O MHOXKECTBA MIPEINUCaH s oOpaboTku HaboOp W3 JBYyX TpeboBa-
Huil — ssemenToB MHOXKecTBa {1,2,...,n} (HeobsI3aTEILHO PA3JINIHBIX ),
HAJ| KazKJIbIM U3 JIBYX TPEOOBaHUil IPUOOP JIOJIZKEH BBIIOJIHUTE OIIEPAIIUIO
eJIMHUYHOl JIJINTeJIbHOCTH; OJTHOBPpEMeHHO TpeboBanue (nau npubop) Mo-
JKeT ydacTBOBaTh pasBe JIMIIb B ofHOi oneparuu. Econ G = (V, E) —
rpad ¢ muoxkecrsoMm BepumH V' = {vy,...,v,}, rie kosmdecTBo pédep
B (v, V;) B MHOKeCTBe [ paBHO KOJIMYeCTBY IPUOOPOB C HPE/IIICAH-
HBIM HAOOPOM (i, 7), TO pe3yJIbTaT CTaThi |3] (OPMYIUPYETCsT CIIe Ly FOTIIM
obpazom: nocmpoenue pacnucarus nevemmnotl daumenvrocmu A(G), ade
KaotcOvili npubop 6LINOAHACTN 3ANAGHUPOSAIHHYLE ONEPAUUYU 6 NOCAEI06A-
MENLHDLE NPOMEACYMKU BPEMEHU, BO3MONCHO M020a U MOALKO Mo2da,
xo2da

mad (G) < |A(G)/2] . (1)

Hnst A(G) = 5 pesyabrar 6611 TIONTyUeH paree B [4].

3/1ech 1 HUKe OMpaHryYeHre PacCMOTpeHHsl TpacdaMi HeIeTHOMN cTere-
HU 00'bSICHSIETCSI HE TOJIBKO COOOPayKeHUIMU KPATKOCTH, HO U TeM 00CTOsI-
TEJLCTBOM, ITO PACCMOTPEHHUE /it rpadOB YeTHOI CTEIeHH CyIIeCTBEHHO
nporre (n 6asupyercst Ha Kiaaccuaeckoii Teopeme Ilerepcena o paszbuenun
CBSI3HOTO PEryJIssipHOrO Tpada HYeTHOH CTENeHM Ha TaMUJIBTOHOBBI ITHK-

bt [5]).
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B sajauax omruMmusanyy pacrnucaHuii (M WHTEPBAJIbLHON pEGEPHOI
packpacku rpada) BocTpebOBaHBI Takne pas3OueHus! pacnucanus (rpa-
da), rae cymecTBOBaHE peIeHNs 3a/1a49u JIJisi BCero pacrucanus (rpa-
da) paBHOCHIIBHO CYIIECTBOBAHKIO PEIEHNsI COOTBETCTBYOIIET 10/13a/1a~
91 It KazKJ0To Hojpaciucanus (moarpada) — sjaeMenTa pa3oneHus.

IIycrs G = (V, E) — rpad He4eTHON cTeleHH, p; ¥ Py — HEYEeTHbIE
HATypaJbHBIE UUCJIA,

pr+pe=AG)+1; 3<p<AG) -2, i=12

Pazbuenne muoxkectBa E na noavmuokectBa Fp u Eo OyneMm Ha3bIBaTh
dexomnosuyuet no cpedned naomrocmu, eciau nonarpadot G u Go rpada
G, nopox/JieHHbIe cOOTBeTCTBeHHO F 1 Ey, y10BiIeTBOPSIOT ycoBusiM: 1)
I8 Kazk7oil BepmuHbl v € V' paseHcTBa dg,v = p; U dg, ,v =Dp3—; — 1
PABHOCUJIbHBI

2) A(Gh) = pi

3) mad (G;) < |pi/2];i=1,2

Teopema. /lexomnosuyus epaga G no cpedneti naommnocmu cywecmsy-
em mozda u Moavko mozda, Kozda umeem mecmo (1).

Bamernm, urto csoiictBo (1) mpu A(G) = 3 gBiIsieTcst HACIIE/LYEMBIM 1
O3HAYAeT, ITO BCsIKAs CBsA3HAas KOMIOHeHTa rpada G comepxkutr He 6osee
OJTHOT'O IHKJIA.

Pabora Boimosinena npu dunancosoit mojepkke PIUIT «Hayuanbie u
HayYHO-TIeJarorudeckKue Kaipbl nHHoBarmonuoii Poccumy» Ne 2011-1.3.2—
111-017/12.
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O dopmysiax umcsa KJIacCOB 3KBUBAJIEHTHOCTU U YUCJIE
MOPOTOBbIX (DYyHKIIUA

Hocos M. B. (Mocksa, MI'Y um. M. B. Jlomonocosa)

munosov@rambler.ru

B pabore mpescraBiens HeKOTOpbIe (POPMYJIBI YUC/IA KIACCOB
9KBUBAJEHTHOCTH, KOTOPbIE UCIIOIB30BAHBI JIJIsI BBIBOJIA KOMOMHA-
TOPHOTO apudMETHIECKOTO BbIPAYKEHNUs, 3a/AI0IIEr0 YNUCII0 TOPO-
TOBBIX (PYHKIIUN.

1. HekoTopbie popmMyJibl Yncia KJIaCCOB SKBUBAJIEHTHOCTH

ITycth Ha KOHEYHOM MHOXKecTBe M BBEJIEHO OTHONIEHUE SKBUBAJICHT-
socru, dbyukus 7 : M x M — {0,1} onpenensiercst cieyomum obpa-

30M:

1
r(a,b) =<’

0, eciu a u b He SKBUBAJEHTHBI.

ecyii a U b SKBUBAJICHTHDI,

ITycte N — 1ncyio Kj1accoB SKBUBaJeHTHOCTU. CIIpaBeJIMBhI CJIe 1y OIIHe
dopMyIbI

1
N=2 s

aceM

beM
N=Y Y S ren [0 rb).
a€EM BCM,#2 ‘6’ bep b

BO BTOpO#t popmysie tipu = M nocsennee npoussejieaune pasao 1. Vme-
IOT MECTO IIPOCThIe KOMOMHATOPHbBIE YTBEPIKICHUS

VrBepxkaenue 1. [Tycmov q; — nepemennwvie, i = 1,...,|M|, mozda
1
> WHQiH(l — i) =
BCM,B#2 i€g  1gp
| M|

-y (_1)m+1(1+%+...+%> oo J]w

m=1 BCM,|B|l=mi€f
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YT1BepxkaeHue 2. [Iycmv nepemernvie q; npurumarom anaverud 0 u 1,
M — npoussoavhoe koneurnoe mroocecmeo, m € {1,... |M|}, moeada

Z HQ’L': !Zs(m7j)(QI+...+Q|M|)jv
j=1

BEM,|B|=mich

S|~

2de s(m,j) — wucaa Cmupaunza nepeozo poda.
Takum obpa3oM, MOIydaeM BbIPaXKEHUE YHUCJIA KJIACCOB SKBUBAJICHT-

HOCTHU

|M] |M] t

1 N1,
N:;(l)lﬂ Z<1+§+...+3>ﬁs(j,l) Z Zr(a,b)

=1 a€M \beM

2. Ywucsio mmoporoBbix QyHKITHH

st cirydast HOpOTroBbIX (DYHKIUI 1 IEPEMEHHBIX UCCIICIYEM BeJIMYr-

Hy
Z r(a,b).
b
IIycts a;,b; — 1esible Yucya, Mo MOIY/IIO He O0JIbIle JI000r0 HATYPAJIb-
HOTO 4uciIa mo, my = (n + l)n%l,

fla,b,x)=(2a121+...42apzy+2a0+1)(2b121+. . . +2byxp+2bg+1),
z e EY | f(a,b,x)] < 2mo(n+1)+1)* = k,m = (2k)*.

IMycrs M — MHOXKECTBO MEIBIX TOYEK [—mo,mo]n+1. Ornomenne
SKBUBAJICHTHOCTH Ha M: 1Be IeJjble TOYKM SKBHBAJICHTHBI, €CJIM 3aJ1a-
BaeMble MMU II0pOroBble (byHKIUHU paBHbl (Touke a = (aj,...,a,) CO-
OTBETCTBYET IOPOroBad (QpyHKIHH, OIpeaeaseMas 3HAKOM BbIPasKeHMIt
a1z1 + ... + apxy + ap wim 2a121 + ... + 24,2, + 209 + 1). UsBecrHO,
YTO IpHU YKA3AHHOM 1M IPHUBEICHHOE COOTBETCTBUE ABJIACTCA CIOPBHEK-
TuBHbIM. Torma

rav = I1 (- S T +0e 0 -5

. m!
J?EEQ ]:1



Cekuus «/IuckperHas MareMaTuKa U MareMaTudeckas KubepHeruka» 319

Anasnornano YTBEP2KIACHUIO 2 MOKHO JJOKa3aThb

Yreepxkaenuue 3. [lycmv ¢; — nepemennvie, NPUHUMAGIOULUE SHAYCHUL
Ounu 1,i=1,...,n, moada

H(I—Qz‘)z(il)n s(n+1Lp+1)(q1+...+aq)".
i=1 p=0

[IpuMensist ero K pacCMaTpUBAEMOMY CJIYYalo MOJTydaeM

> r(a,b) = 2MZ 2" +1,p+1) x

b p=0
p
S (S 0
b r j=1
YrBepxkaenue 4. Hmeem MeCmo CACOYIOWEE PA3AOIHCEHUE
m km
[Tr+0. (F+8) =) =D af,
j=1 =0

2de

7=0
"t (<1)mi (m+ 1.5+ 1) (k) x
%((mp)!)j (km)! kfl by Gt L1140
o k!p! (km — p)!p! izops m , i ,

0<lil<km.
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JokazaTesabCcTBO. 3aluiineM ¢ HEOIPeIeJIEHHBIMU KoM DUITUIICHTAMU

m km
H (fHER) =) =D af,
j=1 [=0
nonyqaeM CI/ICTeMy
co = TT0y (k! = j) =TT (k) — ) =
=Y s(m+ 1,5+ D(K(})),
o+ ettt Crm =0 (R (Y =) =
=Z£w@~gﬂ+ww&fwy
co+2c1+ ...+ 2", = H;n:1(k'(k+2) —j) =

=Y ystm+ 1,5+ D(E(Y)),

co+ kmey + ..+ (km)* ey, = H;n:1(k'(k+kkm) —Jj) =
\ =" g s(m+ 1,5+ 1) (k! (FHEm).

Torma

>y s(m+ 1, + 1)(k')jDzj
(km)!(km —1)!... 1! ’

riae Dy; — ciepyronuii onpeiemTeb

C] =

I kyJ ! k
1 0.0t (h) ot gkm
YRS DS Lo P IR G S L
Dy = 1 2.9t (B2 gl gkm
-1 (k+km\J I+1 k

. l
Paznoxum 1o nepsoit crpoke Dyj = Dy + (—1)" Dy, Tie nepBoe ciara-
emoe Dy;; — crejyromuil onpeie/mTeb
-1 (k+1\7 41 km
1...1 (5 M C O |

-1 (k+2y7  ol+1 km
Dy, = 2...2 ("2 22

km. .. (k:m)l:i (’”',f’;@)j @ﬁ)’“ . (km)F™
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BTOpOE cyaraemoe Doj; — CIeIyIomuil oupeeIuTe b

1 0...01 oitL . okm
1 1...11 11 1km
Dy = 1 2.2 ol gkm

1 km...(km)™ (km)™ L (km)P™
Ilocnemaumit u3BecTen
Doty = (=" s (km + 1,1 + 1) (km)! (km — 1)! (km — 2)!.. .11,

[Tepepiit onpesenuTens Dyj; paziaraem 110 [-oMy cToJOILy HOJIy4daem

km N
i k?+7, J
Dy = Z(-UH ( k: ) Qit,

i=1
rjie (Q; — OupeseuTe b

Lot (B gt pkm

22070 (Rr2))) ol | okm

Qi =

k.. (km)' ™t (TR (km) L (m)P

Ot OIIpeJIeJINTE/IN U3BECTHDBI, I10JIyY9aeM

km s
(k+\ (km)!... 1) . ‘
D11 = —1l+z M)t A i _

v ;( : ( k > ((km — 0y ~* 14, i=1 i1, km),

vie Skm—1(1,...,i—1,i+1, ..., km) pe3yibraT HOICTAHOBKH B SJI€MEHTAD-
HBII CUMMETPHYECKUI MHOTOUJIEH crenieHn km —[ ot km — 1 mepeMeHHbIX
YKa3aHHBIX 9HCe/I. DTa BEJUINHA HAXOJUTCS, TOJIb3YSICh COOTHOIIEHHEM

Sq(1,...i—1i+1,....km)=S4(1,....i—1,4,i+1,... km)—
iSqq(1,...i—1,i+1,... km).

Apudmerniueckue mpeodpPaszoBaHUsi MPUBOAAT K CHOPMYJIUPOBAHHOMY
PEe3YJIbTATY.
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W3 sToro yYTBEPKJICHNUA T10JIyJaeM

l 1 A (—l)m km A\
( r(avb>): S 2 S@ LD Y | = D w17
b " p=0 b " g=0 T

Bripaxkenne Bo BHYTpeHHHX CKOOKax

qu:Z(Qalxl+...+2anxn+2a0+1)qX

x x

><(261x1+...+2bnxn+2b0+1)‘1:Z Z
T BC{l,...,n}|Bl<q

Z d! 1) (2ag + 1)7° l_I(Qai)ji+1 1_[317Z ()

e
Jo! Tlicp (i e s

jO:j’i7€67
Jo+ S ues dima—18]

Suauur

km km
q _

Yo(Lr)-Xy ¥ %

a=0 ¢ 9=0 @ B1,B2C{L,..n} J10,314,€51,520,92i,€P2,
Jro+3 e, J1i=q—181]
j20+21632 Jei=q—|B82|

cq(g))?2n 1105
10720 T i, (G1i + D' Tiep, (G20 + 1!
(2a0 + 1) TT (2a:)™ " (200 + 1) [T (20> 1.
i€pl i€p2
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BBG,ILGM MHO2KEeCTBO

I' = {(51732,j10»{j1i,i € B}, 720, 12,1 € B2}, q) |
BB C{L,...,n},jo+ Y jui+ 1Bl =qjo+ Y joi + 18l =4,

1€61 1€62
J10,J1i € Z,1 € B1,J20,J2i € Z,1 € o,

J10 = 0,515 = 0,7 € B1,J20 = 0,J2; = 0,7 € 52,0 < g < km}»

9JIEMEHTBI KOTOPOIro MOXKHO mepeHymepoBarh | = 1,.. ., |['|. Tlepernmmem
dbopmyiry
T
Zcq (Z fQ) Z (2"~ 1B )U52(l)|(2a +1)J10(l) H (2a1i)j”(l)+1 %
q=0 1=1 ieB1(l)
(2bg + 1) ] (2ba)O*1,
ieB2(l)
w(l) = cq(l) (g (l)!)2 ‘
10 (D420 O Lieg, 0y (16 (D) + DM Ligg, ) (G2i(1) + 1)!
Torma
km p
> (e (2] -
b q=0 T
- Z( 3 #Qm—zgl|B1(i)UB2(i)|w »
b 1/1,...,11‘1—“,l/1+...+lj|r‘:p Vit ’VIFI'
T T,
H (w(i)") (2ag + I)Zizl vifio(i) H (2ad)z (Gra@+Dwe) o
=1 depa (4)

(2 + )Z 020 T (2bg) = G+ 1)”1')).
depa (i)
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[Tonyuaem BbIpakeHUe YHCJIA TOPOTOBBIX (DYHKITUT

(2m0+1)(n+1) (2m0+1)("+1) . N
M= 2 DT D <1+‘+--.+—.)f.s<y‘,z> x
=1 py 2 J) J
3 (S U e
| NP
a 2”. p:O (m')
Z Lzpn—Eli'llﬁl(i)UBg(i)m %
nl,...,vp!
ViV |D V1t AV r =P ’ » M0
IT| ‘ I S Gl 1
H (w (i)l’z) (2@0 4 1) i—1J10(2)v; H (2ad) i1 (J1a(i Vi o
=1 dep (i)
bo=mo -
S (@b + 1T i) |
b0:—m0

bg=mo

I
H Z (2bd)222‘1(j2d(i)+1)w )

dEBQ(i) bdzfmo

ITosiBuBIIMECST CTEIEHHBIE CYMMbI U3BECTHDI

izzm it oh <1 + (_1)h> ’§ (dj 1> Bi(m + 1)1,

i=—m h + 1 =0
i=m h+1
_ 1+ (-1)" d+1
2+ 1=
i;%(“%) h+1 Z; i )

x By ((2m + 1)1 = 2 (m 4+ 1)) 4 2m + 1)"

[ToxcranoBka BhIpazkeHUit CyMM depe3 ducja BepHysin, Bo3BeleHue
B CTelleHb U BHOBb CYMMUPOBAHUE CTENEHEl TPUBOAUT K CJI0KHOMY ITpe/I-
CTaBJIEHUIO YHCJ/Ia TTIOPOrOBLIX (DYHKIINI Yepe3 KOMOMHATOPHBIE CHMBOJIDI.
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NuTerpanbuasi popmysia dmcijia IOPOroBbiX (byHKIU
Hocos M. B. (Mocksa, MI'V nm. M. B. Jlomonocosa)

munosov@rambler.ru

[Tycrs F moporosast byHKIMS OT N IEPEMEHHBIX, a = (Gg, a1, - - . , Ay ),
x = (x1,...,2,). U3BecTHO, uTO €€ MOXKHO 3a1aTh dyHKIHEl f1(a,x), rue

fila,x) = a1 + ... + apx, + ag,
ag, A1, ... 0y € 24,
|a”L| PZ_]- n,

P=|(n+ 1) |
OueBniHO, Tora F' MOXKHO 3a71aTh (DyHKIIHEN
fla,z) =2a121 + ... + 2apx, + 2a9 + 1,

IPU 3TOM Pas3Jie/Isionias IUIePIIOCKOCTh He HPOXOJUT Yepe3 BepIIMHEI
Kyba, TO eCTh IPUHUMAET IeJible 3HavYeHus BHe uarepsaia (—1,1). Oge-
BUJIHO,4TO MOXKHO ornpejeantb (yHkimo G(a,z), KoTopas obecredur
«IIOpa3psAHble» IeHCTBUS B HUKEIIPHBEICHHBIX (hopMy/iaxX. B BbIpazke-
HUNn

> (fla,x) f(b,2)G(b,x))

b,x

ko3bdurments! pu G (b, ) — 11€1bIe TOJIOKUTEIbHBIE YHCIA, CIIU T1TI0C-
KOCTH C HAIIPABJSIONIUMA BEKTOPaAMHU ¢ U b ONpPeNessioT TOYKY T B
[OJIyIIPOCTPAHCTBAX OJHOTO 3HAKA, B IIPOTUBHOM CJIydae — IeJIble OT-
punareybibie. [To MOay0 KO(MDMUIUEHTHI HE TPEBOCXOJAT BETUIUHBI
(2(n + 1)P)2.Ecam ipn (bUKCHPOBAHHOM 3HAYEHUN b M BCEX BEKTOPax &,
KO3 DUIUEHTHI TOJI0KUTEBHBI, TO 3TO 3HAYUT, ITO ILJIOCKOCTH, OIPEIe-
JisleMble BEKTOPaMu a ¥ b, JIeJisiT BepIIUHbI Kyba ouHakoBo. ViMeeT MecTo
CJIeJIyIONIee OUEBUIHOE yTBEpKIeHne. Kc/im Ha KOHeYHOM MHOxKecTBe M
BBEJICHO OTHOIICHUE SKBUBAJIECHTHOCTH ~, TOTJA

M/~ = S~y xwy)

xeM yeM
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OGo3HasnM wepes B MHOMKECTBO BCEX MEIBIX Todek Kyba [— P, P](+1)

YrBepxkaenue. Yucao nopozoswix dynrkuyui 3adaemcea Gopmyaot

1
N / < 2mi (Chep aery (f(a0)f (b,a:)G(b,m)))t) '
0 @€B

1Bl

Z Z H H Z —2milG(byx)t

j= 1 lBGB bepzeky I=1

I | 3 I0(Seme) I (o) | |

b¢epB \ 'CEZ, xz€y
|’Y|>1
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O CcJI0XKHOCTU pacrno3HaBaHUs JMCKPETHBIX 00pa30B
MmJIOCKUX puryp

ITaBnos M. B. (Mocksa, MI'TY «Crankumn»)

anhromanio@gmazil. com

BaMKHYTOE MHOXKECTBO TOYEK JCHCTBUTEIBHON IMIOCKOCTH (ILJIOCKAsT
dburypa) npu oTobpaykeHUr Ha EeJIOYUCICHHbI KBAJIPAT MOPOXKIAET JHC-
KpeTHbIit 00pa3 durypsl. Ilpu jeiictBun Ha maHHYIO DUTYPY JIBHXKE-
HUSIMA W3 3aJaHHOTO Kjacca K BO3HUKaeT HAbOP JMCKPETHBIX 00pa-
30B, MHTEPIPETUPYEMBINI KaK MHOXKECTBO €IUHUII OYJIEBCKPH (DYHKIIUU.
ITox ciioxkHOCTBIO pacio3HaBaHusl (PUTYPhI OTHOCUTE/IHHO JTAHHOTO KJIac-
ca JIBUXKEHU I TTOHUMAETCs CJIOKHOCTD PEAJIN3AINN ITOH (DYHKIUH CXeMO
u3 QYHKIIMOHAJIBHBIX 3JIEMEHTOB. Y Ka3aHO MHOYXKECTBO (DUTYD, JIjId KOTO-
pPOTro OIUCAHUE CJIOKHOCTUA OTHOCUTEJILHO BPAIEHUH SKCIIOHEHITHOHAIbHA
KakK (QYHKIUS OT PA3MEPOB IEJIOUUCCHHOIO KBa/IpaTa.

Hekoropble nuHefiHbIE OIEHKHM CJIO2KHOCTU JIJIsi PAcCCMaTPUBAEMOTO
nojxosa Obun nostyudensl B [1]. Tlogxon cBsi3aHHBIN ¢ HOCTPOEHHEM CO-
OTBETCTBYIONMX I'padoB usydex B [2].

ITnockoit purypoii 6yaem Ha3bIBATH 3aMKHYTOE TIOJIMHOXKECTBO Jeii-
cTBUTEIBHOM 10cKocT R?. BBeieM MOHATHE [UCKPETHIO H306ParKeHust
GuUrypsoi.

IIycrs durypa ® ma R? maxomurcss BHYTpH KBajpaTa B, pasMepoMm
n X n. Yriel KBapara pacrnojoxensl B Toukax (0,0)(0,n)(n,n)(n,0), u
KBaJIpaT pasbuT Ha N’ KJIETOK C IPAHUIAME Ha, IEeJIOYNCICHHON PelleTKe.
Ilycts 0;; — mapameTp, Takoit 4To eciu B Kierke (i,j) 6e3 IpaHHUIbI
ecTb TOYKU urypswl, To 0; ; = 1, unade o; ; = 0. Iomyuusmmiicsas mabop
0;j,1 <i<n,1<j<n, byleM HaspIBaTh U300pazkeHneM (OUrypbI.

Bynem rosoputs, 410 KileTka (i, j) 3aKpAINBAETCs, €CIIH 0; j MEHsIET
sunauenue ¢ 0 Ha 1, u packpamuBaercs, ecau ¢ 1 Ha (.

Pacemorpum kitace gpukennit K. [lycrs K(®) — mHOKecTBO duryp,
oJtydyaeMbix u3 ¢ ¢ moMoIpio JBrKeHui n3 K U JieXKalux BHYTPU KBa/I-
para B,,. MHuoxkecTBo n3obpaxkenuit kaxjoit dpurypst u3 K (P) obosna-
anm H (P, K). B srom muokecTBe He 6osee 2™ sementos. Paccmorpim
Takyto OyneBy OYyHKIWMO fo i (T1,1,212,- - Tnn—1,%n,n) OT n? nepemen-
HBIX, 9TO fo K (01,1,...,0nn) =1 <= (011,...,0nn) € H(®, K). Bynem
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rOBOPUTH, 4TO fg g pacrnozHaer ob6pa3 Gurypsl ¢ mpu 3aJaHHOM Kiacce
nBrKernit K.

[Tycrs L(f) — MUHUMAJIbHAS CJIOKHOCTH peajusaiun GyHKImn f B
6asuce (V, A, ) byHKIMOHAIBHBIX 9JEMEHTOB [4].

[Tycts 3ajaHa TI0OC/IE0BATEIBHOCTL K, KJIACCOB JIBUXKEHWH, N =
1,2,.... Hac umrepecyer mnowenmenme Lk, 1(n) = géaBXn L(fe K,) upn
n — oo.

Hanee nyist kaxkgoro n = 1,2,... B KauecrBe K, OyjeMm Oparh Bpa-
IIeHre BOKPYT TOYKH, IIpUHAJJIeKameil ksajapary B,. BosbmeM KieTky
([3] + 1,[5] + 1) namero xBasipara. Beibepem B neii Touky O, Tak, 4ro
1 1

7» @ JIO BEPXHEN 3.

paccTodHue 10 HpaBOfI I'PaHuIbl KJIETKNA 2

Teopema. Cywecmeyem nocaedosamenvrocms gueyp {P1, Py, ...} das

nocaedosamenvrocmu kaaccos {Ky,}, wmo L(fo, k,) 2 %, ede k = [2].

ITocTpoenue dpurypni

Puc. 1. Oxpyxuoctu C;.

Qukcupyem n. Obo3naunm Touky O, kak O. IIpoBesem oKpyKHOCTH
C1,Cy,...,Cy c iearpamu B O U ¢ pajimycamu %, %, ey i +2(k—1). Ilpm
k = [%] onn momemaroTcs B KBaJpare, Tak Kak 2+2(k—1) < [§], npuyem
C; xacaercs seBoit rpanuipl Kiaetku ([§] 41, [§]427), n nmuxakue u3 sTux

OKPY2KHOCTEl HE IIepeceKaloT ee.
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IIpoBenem ropusoHTaNbHBI y4 U3 Touku O Bipaso. s Todek Ha
OKPY?KHOCTAX BBEJIEM KOODJIMHATY (0, PABHYIO YIJIOBOH BEJMYUHE JIyTH,
COEJIMHAIONIEH Ty TOYKY € TOYKOH IepecedeHus Jgyda U OKDPYKHOCTH,
IIPUYEM JIyTa HAIIPABJIEHA OT TOYKH IlepecevdeHust IPOTUB YacOBOil CTpeJI-
ku. ¢ € [0,2m) Iycrs ¢ =21t u t € [0,1).

Pacemorpum okpyzkuocTh C;. BhljmesnM cieayrornee MOIMHOKECTBO
M; Ha meil. ByneM cuuTaTh, 9TO JBOUYHOE IIPEJICTABJIEHIE { HE OKAHYH-
BaeTcs Ha nepuojuyeckyo 1. Ilycrs y nBomvyHOro passoxkenus ¢ Ha i-M
MecTe ocse 3alsAToil crouT equuuna. Torma Touka ¢ KoopjauHaTon 27t
HMPUHAJIEZKNAT ITOMY MHOXKECTBY. Takum obpazom MHOxkecTBO M; cocTo-
ut u3 2071 nyr u umeer Bug,

2 2T . .
M ={pl 57 (21 - 1) <o < 572j,) = 1,2,3,...2 1.

k
TTonosxxum M = U M.
i=1
[IycTs 3amanbl BOUYHBIE HAOOPBI 0.y, JAaunoit k, m = 1,...p. IlycTb
qucao Sy (0 < 8y < 1) B JIBOMYHOM MPEJCTABICHUM WMEET BUJL

0,0,00.... BagaauM MHOXKECTBO JyT Ha OoKpyzkHOCTH Cf:
P
L; = U {Q2msm < © < 2m(sm +27)},
m=1

k
L= U L;. Haxonern paccmorpum A = M ﬂ L.
i=1
Iycrs a(i, j, k) — nyra okpyzxkuoctu Cj, 3ajaBaemMasi yIJIOBBIMU KO-
OpJMHATAMUI BUJIA

227k (j —1) < o < 2n27F;

JUIsL TeX j, 9TO Jayra 6e3 KOHIIOB IIOJHOCTBIO JIESKUT B A, a TouHee 1jis j
BUJIAQ
k=il — 1) 4ul=1,...,20 o =1,... 2%

IIpoBenem KacareibHbIe |epe3 KOHILI jyru. Paccmorpum  urypy
F(i,j,k,&;), orpaHuYeHHYI0 STUMU KacaTeJbHBIMHU, Jyroi a(i,j, k), u
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Puc. 2. Qurypa F(i, ], k,&;).

OKPY?KHOCTBIO ¢ IleHTpoM O U pauycoM Ha &; 6ok, dem y C;, g; < 1.
Takum obpaszom durypa F (i, j, k,&;) nesmkoMm cofepurcst B KoJible R;,
TOJIIIIHA KOTOPOI'O PaBHA &;.

sl I M,

Puc. 3. IIpumep ©. Puc. 4. Hpyroit npumep P.

[Tocrpoum Takue urypsr st Kaxkaoit ayru a(i, j, k) C A u BosbMeM

k
ux obbemunenue. Ilycrs F' = UF(i,j,k,ei), C = UCi, o = FUC.
Takum obpazom nosyunu uckomyio ¢urypy ®. Ha pucynke 3 npumep
burypst it n = 12 1 MHOXKECTBa, BCEX JIBOUYHBIX HAOOPOB JIJIMHBI 3, HA
pucynke 4 st moxkectsa {000,011,101,110,111}.
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Jlemma 1. Oxpyorcriocmu Cq,Co, . .., Cr ne npoxodam uepes sepuiumvl
KAEMOK U He KACUOMCA IpYyeux CmopoH KAEMOK.

Od4eBHIHO, YTO ITH OKPYZKHOCTU HE KACAIOTCS JIDYTUX CTOPOH KJIETOK,
TaK KaK Pajilnyc MMeeT BU/L i +2(i — 1), a upu KacaHuu JPyrux CTOPOH
KJIETOK PaJINyC JOJI2KEH OBITH BUJIA % + 1, % + | win i +2k+1,tne l —
eJsoe.

[Iyctes C; npoxoauT depe3 BepIIMHY YIJIa KJIETKH, & UMEHHO 4Yepe3
TOYKY C KOOpJUHATaMu (T + % +1,y+ % +m), e (x,y) — KOOpAUHATEI
O, | u m — nenste. Torma o reopeme Iludaropa

(i +1)% + (% +m)? = (i +2(i — 1))%

IlokaxkeM, UTO ypaBHEHHEe He UMeeT pPelleHuil B IeJblx aucaax. leficTBu-
TEJIBHO,

o1 1 1
Pr-+—+m’+m+—=—+(i—1)+4>G-1),

2 16 416
1 11
212+l+§+2m2+2m+§=§+2(i—1)+8(i—1)2,
1 : . 2 2 2
522(171)+8(2—1) — (2I° +1+2m* 4 2m).

IIpaBas gacTb 11e71a51, a JieBas HET, TO €CTh HET PEIIeHUs B IEJIbIX YUC/Iax.
Ilepennmenyem nepemennble o; j GYHKIUH fo g CAEIYIONUIM 06pa3oM:
Yi = T[2]42i[2]+1 UPH 1 <7 < k, a octapiuecst mepeMeHHbIe U3 HaboOpa
x; j 0OO3HAMUM Y€PE3 Ykt1 - - - Yp2-
Hamomuum, uro durypa ¢ xapakrepusyercs nHabOpOM MapamMeTpoB
€i,t = 1...k, Koropble 3a/1at0T TOJIIUHY KoJiel, R;, ¢ = 1 ...k ¢ BHyTpeH-
k

Heil okpykHOoCcThIO C;, nmokpbiBaomux gurypy ®. Ilycts R = U R;.
=1

JIemma 2. Cywecmeyem nabop (g; > 0,1 = 1...k) maxod, wmo npu
spawenuy © soxpye O 3HaUEHUA NEPEMERHOIT Yjt ] - - - Yn2 NOCTLOAHNDL.

N3 jemmbr 1 citestyer, 9To Jist Kaxkoi okpy2kHOocTu C; CyIecTByeT
g; > 0 Takoe, UTO IPU YBEJIMIEHUN PAJINYCa OKPY>KHOCTH HA &; PUCYHOK
OKPY?KHOCTH M3MEHHTCs TOJIBKO Ha Kierke ([5]+ 27, [5] 4+ 1). Taxmum o06-
pa3oM JHCKpeTHble n3obpaxkenust [R; u C; OTIMYalOTCA TOJILKO B KJIETKE
(2] + 20, 15] +1).
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[Ipu Takom BoIOOPE €;: C' C & C R, a 310 3HaunT, uro ® 1pu Bparie-
HuU BOKPYT O MOXKET OTJINIATHCS OT n3jidoparkenusi C' TOJIBKO Ha KJIETKAX
([3] +2i,[5] + 1), KoTophIX Beero k MTYK, a Ha OCTATLHBLIX KICTKAX 3Ha-
JeHue To ke. JlemMa jjoKas3aHa.

Hastee mocMoTpuM Kakue HAOOPBI Oy/IyT MOJIydaThCsd HA Y1, . . . Yi [IPA
pamtennu burypel . B cuny nmocrpoennsi durypor ®: y; = 1 Tonbko
eciu Touka KacaHus C; CO CTOPOHOI KJIETKH COOTBETCTBYIOIIEH Y; TPHU
[MOBOPOTE TIPUHAJJIEYXKUT A, HO He JIEXKUT Ha, KOHIlE Jyru u3 A.

JIemma 3. IIpu epawernuu gueypo. ® eoxpye O, wabop nepemermvir
(Y1, - - Yk) npunumaem snaverus u3 {om,} uau (0,...,0).

B coorBercrBun ¢ mepenyMepaleil nepeMeHHbIX QYHKINN fo o Ie-
perymepyem camu kiaerkm: ([§] + 2i,[§] + 1) ma i mpu 1 < 7 < k, a

octaipubie Ha k + 1,...,n?. Ilycts ® moBepHy/IM Ha Lo @ MO Y9acOBOIL
CTpEJIKE.
Iycrs o= B gBomunOM mpezcTaBennn umeer Buj 0,0 .. .. Torma ecmm

o € {om}, TO TOUKN Kacanust okpyzkHOCTel Cj CO CTOPOHAMM KJIETKH
i TPUHAJJIE’KAT ONPEJEIEHHOMY BbIlie MHOXKecTBY Jyr L. Tosbko ec-
JIN TOYKa KAaCAHUsI CO CTOPOHOIN KJETKH ¢ NMPUHAJJIEXKUT ONpeJIeIeHHO-
My Boire A, to y; = 1 mo nocrpoeruto duryper ®. Ecim 0,0000... <
5= < 0,0111..., 10 (y1,...,yx) = (0). B ciyqae 0 ¢ {op} nomyamm
(.- ue) = (0,...,0).

Crout 3aMeTUTH, YTO JJIs KAXKJIOTO 0y, MOXKHO yKa3aTh ¢ (HAIIpUMep
¢ =27m-0,01), Takoe 4TO HPU HOBOPOTE HA ITOT Yyroi (Y1,...,Yx) = (0).
A sto 3maunt, uro (yi,...,yx) = (0,...,0) wm (y1,...,yx) = (Om) A
HEKOTOPOTO M.

Takum 06pa3oM Jjisi MHOMKECTBa HabOPOB 0y, mosyduan dpurypy P,
KOTOpasi TIpu BpailieHnn BOKPyT O MMeEeT Takue JUCKPETHbIe N300pake-
HUs, Y KOTOPBIX HAOOP IEPEMEHHBIX Y1, . .. Y, NPUHUMAET 3HAYEHUS O,
win (0,...,0), a HABOP Yk 1, - - - Yp2 [MOCTOSIHEH.

Jlemma 4. Ecau g(y17 o 7yk) o noa(ﬁyHmAUﬂ f(y17 vy Yks Yk+1, - - - 7Z/m);
mo L(f) = L(g) — 3.

Ecm g HOILbeHKLH/IH f7 TO g(y17 cee 7yk) = f(y17 e 7yk77_k+17 cee 7Tm)7
n1st Hekotoporo naGopa (TR ... ™). Tloxcrasisas B cxemy byHKIUM
f Bmecto (Yrit, .- -, Ym) HABOp KomcTamt (TFFL ...

L(g) < L(f) +3.

, 7") MOJIydnM, 9TO
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JokazaTeabCcTBO TeOpeMbI

ITo m3BecTHBIM HEKHUM oleHkaM [3| L(k) 2 %, TO €CThb CYyIIECTBY-
eT mocJseioBaTeabHoCTh GyHKIMi gx = g(y1,...,Yk), 9ro L(gr) 2 %
Bosbmem makune dyukuuu g(yq, ..., yk), 9ro g(0,...,0) = 1.

Hycrs [§] = k um muoxkectBo eunun DYHKIHE gy ecTh {0}
[Mocrpoum  mis {0y} dburypy P,. Torma gr 6Gyaer noadynkium-
eit fo, K,(Y1,--.Yp2), coorBercrByiomeil dburype ®. 11 no smemme 4:
L(fa, k) 2 %

AsTop BeIpazkaet 6arogapuocts C. B. Anermuny, moj pyKOBOJICTBOM
KOTOPOI'O BBIIOJIHEHA paboTa.
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TeopeTnko-BO3MO>KHOCTHbIE MO/I€JIA MAaTPUUYHBIX UTP JIBYX
CyObEKTOB B JIByX BapMaHTaX TEOPUN BO3MOXKHOCTeEI

IManunun C. C., IIeiteeB FO. II. (Mocksa, MI'Y
um. M. B. Jlomonocosa)

papilin@physics.msu.ru, yuri.pytyev@gmail.com

1. Bo3MmokHOCTHAsT MOAeJIb MATPUYHOIM UTPbI JIBYX CyObek-
TOB

B urpe yuactByior apa cyObekTa, «<urpok A» m «urpok Bx. Urpokm
npuHUMAOT Hederkue pertennst « € {1,...,m} u g € {1,...,n} Hesanu-
CHMO JIDYT OT JpyTa,

pf ' PAa =i) >0, max p =1, (1)
1<i<m
Bdef 5B o _ B _
p; = P?(8=7) >0, Jax pj =1, (2)

€CTb pacIpejieJieHnsi BO3MOXKHOCTel pertennii urpokamu. Habopwr BO3-
MOXKHOCTEH OIpeesisIioT HeueTKue, min Gpa3uduiinpoBaHHble, CTPATEI TN
MPUHATHS perteruii urpokos A un B.

OrpeiesiuM MATPHILY MEPEXOJHBIX BO3MOXKHOCTeH cobbitust W, aite-

. def . .
MeHTBI KoTopoil s;; = P(Wla = i,8 = j) 3amalor 3aBHCHEMOCTD IIe-

PEXOIHON BO3MOXKHOCTH W OT peleHnii urpoKoB, TOTIA G03MOAHCHOCTILL
cobvmua W xax @yrwkyus Hevemrur cmpamezutl u2poxos

def
P(W|p*,p”) = max s;; ep; e p}’ = S(p*,p"), (3)
1<j<n

IJle ® ecTh Ollepallis YMHOXKEHUsI BO3MOXKHOCTEl: MUHUMYM B II€PBOM
BapUaHTe TEOPUU BO3MOXKHOCTEH U «OOBITHOE» YMHOXKEHNE BO BTOPOM.

Bynem cuurtarh, 9TO B paccMaTpuUBaeMoil Urpe Jjist Uurpoka A coObl-
tue W — «BBIUTDBINI», & JUId B — <IIpOUrPHIIT», W IMOSTOMY HUIPOK A
CTPEMUTCS MaKCUMU3UPOBATH BO3MOXKHOCTDL 3, & UI'POK B — MUHMMU3U-
poBaTh.
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Maxcumunmyro cmpamezuro p*» uepoka A ompeesmm Kak soboe pe-
IIIEeHNE 33191

: *A _B : A _By def
min S(p**,p°) = max min S(p™,p°) = Smazmins (4)
pBePB pAePA pBePB
L€ Smazmin HA30BEM MAKCUMUHHOT 803MOHCHOCTBIO.
MHO2keCcTBO BCEX MAKCUMHUHHBIX CTPATEruil mo 4 3a/1aeTcs yCIOBUEM
min max s;; e p;* = min max s;;. (5)
Igsn 1<ism 1<j<n 1<i<m
Musnumarcryio cmpamezuio pL uzpoxa B onpeesmn Kak moboe perenme
3a0a4K

A B . A B, def
max S(p 7p*) = 1nin - max S(p P ) = Sminmax, (6>
pAepa pBePB pAepA
B KOTOPOI Siinmaz HAZ0BEM MUHUMAKCHOT 603MONCHOCTIDIO.
MHOKECTBO BCeX MUHHMAKCHBIX cTparermii pP B 6 ompenensiercs
ycJ1o0BUEM
B .
max max S;;)ep,;) = min max S;;. 7
1<j<n((1<i<m i) ® Pj) 1<j<n 1<ism 7 (7)
Teopema 1. B 10601 00nomampuunoti uzpe cyu,ecmeyiom MaKCUMUH-
Hble p*A U MUHUMAKCHDLE p]*3 cmpamez2uu, NPUYEM MAKCUMUHHAA 603-
MOHCHOCTD 8bluPpuIUG U MUHUMAKCHAA 603MONCHOCITD NPOULPIULAG PAG-
Hbl
_ def
Smazmin = Sminmaezr = § = 1IN INaX S;j. (8)
1<j<n 1<i<m

Llas 11061 MaKCUMUHHOT p*A U MUHUMAKCHOU p*B cmpameaud

S(p*A,pB) = s; mpotixa (p*»,pB,5) ecmn pewenue odnomampuot ue-

DL

1, i=ig
Yemmran cmpamezus uepoxa A, 6 xomopot pit = L, T =
0, @ # i,
1,...,m, ABAAEMCA MAKCUMUNHOT, eCAU NN j<n Sigj = S.

Yemrue MAKCUMUHHDIE CMPAMEUU CYULecmsyrom ne oas A0t
MAMPUUDL NEPETOOHBIT 803MONHCHOCTNET.

1, j53=17Jo, .
Yemxan cmpameeus uepokxa B, 6 xomopoti p? = 0’ ; ” ;O’ j =
) 07

1,...,n, asaaemes MUuHUMAKCHOT, ECAU MAX]<i<m Sijo = S-
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Yemrue MUHUMAKCHDIE CMPAME2UL CYWECMEYIOM 0ad 110600 Mmam-
DUUDBL NEPETOOHBLT BO3MONCHOCTET.

B mepBoM 1 BTOpOoM BapmaHTaX TEOPUU BO3ZMOXKHOCTEH (DOpPMyJIMpPOB-
Ka T€OPEMbI BBITJISIIT OJUHAKOBO, BKJ/IIOUAs COBIIAJICHUE TIEH UTPhI. YCJI0-
BUS Ha MHOXKECTBA BCEX MAKCUMUHHBIX U BCEX MIUHUMAKCHBIX CTPATETHil
OTJINYAIOTCH Ollepaliieil YMHOXKEHIT BO3MOXKHOCTEI.

2. Bo3MoKHOCTHasI MO/IeJTb OMMaTPUIHON UTPHI

B reopun BosmoxkuocTeit 3uadenust P(W) u P(Q\W) me 3aBucar apyr
OT JIpyTa OJJHO3HAYHO, U MOJIEJIb OJJHOMATPUYIHON MIPbI HE MOXKET OXa-
PaKTEpU30BaTh CHUTYAIMIO, B KOTOPOI HIPOK A CUHTAET <«BBIUI'PBLIIIEM»
cobbitre W, a urpok B cunraer «Bbmrpeiems cobeirue Q\ W. s
OIMCAHUS TAKUX CHTYAI[MH CJIeJyeT BBECTH MATPHIBI IIE€PEXOHBIX BO3-

mozkuocreit W u Q\ W:

5 o P(W|a=1i,8=j),
tij def PQ\Wla=1i,8=7j),

max(si;,t;;) =1, i=1,....m, j=1,...,n
COOTBeTCTBeHHO
def
P(W|p*,pP) = max s;; e pi e pi’ = S(p*,pP°), (9)
1<i<m
1<j<n
B def
P(Q\ Wip*,p®) = max t;; e pi' e pj = T(p",p%).  (10)
12]\<n

Jliist paccMaTpuBaeMoii Urpbl MOZKHO HOCTABATH JIBE 3aJIa491: MAKCUMU3a-
UM 1 MAHUMU3AIAH.

B samade MakcuMmsanuu I[eb HMIpoKa A — MaKCHMU3HPOBATH
P(W|p?,pB), a nems urpoxka B — maxcuvusuposars P(Q\ WpA, pP).
Touka pasrosecus B TaKOH 3a/ade — mapa cTpaTeruit (p*A, pB), as xo-

TOprX BBIITIOJIHAETCA yC.HOBI/Ie
A A A
vpt e PA S(pt,pP)
vpB e PB T(p A, pB)

S(p*, pB);

<
< T(p**,pd).
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B zajiave MunnMusayn eyt nrpoka A — mMuHEME3HpoBaTh P(Q\W),
a 1esb urpoka B — muanMmusuposars P(W). Touka pasnosecus — napa

crpareruii (p*2, pB), mrs xKoropex

A A A A
vpt e P St pl) = S, pd);
vpP e PP T(p*,p") = T(p™, pl).
Teopema 2. B 21060t 6umampuunot uepe ¢ 3a0a4ets MaKCUMUSGUUY CY-
wecmeyrom mouky pasnosecus. Ilapa wemxur cmpameeut (i*,j.) ecmo

MOUKA PAGHOGECUS 0200 U MOoAbKO mozda, Ko2da

max S;j, = Sj*i.; MmMax tjxi = t;x; .
1<i<m 0* T iggn Y I

Touku pasHoGeCUA U3 HeMKUT Cmpamezuli MO2Ym Kak CYWEeCmeosamy,
MaK U He cywecmeosams 6 sasucumocmu om mampuy, {si;} u {t;;} ne-
PETOONBIT B03MOIHCHOCTNED.

B 6umampuunoti uepe ¢ 3a0a4ett MUHUMUSAUUL MOYKY PAGHOGECUA
MOYM KK CYWECMBOBAMY, TAK U HE CYWECNEOEAMD 6 3A6UCUMOCTIU
om mampuy, nepexoonsir 603modcrocmet. Ecau mowku pasrosecus cy-
wecmeyom, mo cpedu HUT eCb U oYKUY PABHOBECUA U3 YEMKUL CMPa-
meeud. [lapa wemxuxr cmpamezut (1%, j.) ecmov mowka pasnosecus mozoa
U MoAbKo mozda, Ko20a

min S;x; = S;i,; min t;;, = t;x,, .
1<j<n 7 T 1<i<m T I

Ecau maxux nap mem, mo 8 coomeemcmseuy ¢ 8vULeCKA3AHHHLM MOYEK
PABHOBECUA, 6 MOM Hucse U3 PasuPuuyuposannvxr cmpamezuli, 6 3adade
MUHUMUSAYUUL HEm.

>
>

B mepBoM 1 BTOpOM BapmaHTaX TEOPUU BO3ZMOXKHOCTEH (hOpMyJIMpPOB-
K& TE€OPEMBbI BBIIVISJIT OIUHAKOBO.

Pabora Bwimosinena mpu dunancopoit nomggepxkke PODU, mnpoekt
Ne11-07-00722-a.
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Cnabo3aMKHYTbIE€ KJacChl JJUHEMHBIX OyJieBbIX (hyHKITUIA
ITerpoBa O. A. (Mocksa, MI'Y um. M. B. Jlomonocosa)
hellga.01@mail.ru

B nmanmoii crarbe paccmarpusatorcss napsl (f,t), tiae f — Oysesa
dbyukius, ¢ — Harypagbuoe unciao uian (), Ha3bIBaeMoe BPEeMEHHOH 3a-
Jepkkoil. Ha MHOXKecTBe TaKmX Hap OHpesesseTcs OlNepalns CHHXPOH-
HOIl CYIIEPIIO3UIINK 110 aHAJIOIMU C onepalueil cyneprosuiuu s Oysre-
BbIX dyHnknuii. Jlamee paccMaTpUBAIOTCS I€PBble IPOEKIIMNA MHOXKETCB
nap (f,t) u Jyist HUX oupejesisieTcst TOHSITHE CJIabON 3aMKHYTOCTH 110
AHAJIOTUU C 3aAMKHYTOCTBIO JIjIst OyJIEBbIX (DYHKITHIA.

B nanHHO# cTaThe ONUCHLIBAIOTCS CIA003aMKHYThIE KJIAaCChl MHOXKECTB,
COCTOAIINX U3 JIMHENHBIX (DYHKIIHIA.

1. OcHoBHbIE TTOHATUA U3 aJaredpbl OyJIeBbIx QPyHKI[HA

Brenewm ciremytonue 0bo3HaMeHUS .

Mmuozkecrso {0, 1} obosnaunm depes Ea, Torga EY — nekapToBO Ipo-
U3BEICHNIE 1 COMHOXKUTEeH [y,

Orobpaxkenne f : EY — FEo Ha3bpiBaeTcsa OyJICBBIM.

[Iycrs U = {uq,us, ...} — cuerHslii ajdaBuT nepeMeHHbIX, IPHHAMA-
forux 3Hadenus u3 Fs. Torma orobpazkenne f MOXKHO WHTEPIIPETHPOBATD
Kax Gynknmo f(ujy, ..., uj, ), KOTOpas OIpeJe/IAeTCs, BO-IEePBbIX, 0T00-
paxkeHueMm f, a BO-BTODPBIX, YKa3aHHEM IIE€PEMEHHBIX, OT KOTOPBIX OHa
3aBucuT. Takme GYHKIUN U nepeMeHnbie up € U, Ha3bIBAIOTCS TaKXKe
oynesbivu. Kiace Bcex OyseBbix ¢dyuknnii obosnadaem Cf.

Byzaem rooputh, uro Gynesa dyukims f(x1,...,Z, ..., Ty) Cyllle-
CTBEHHO 3aBUCUT OT IIEPEMEHON ;, eC/n HAIyTCs ABa Takux Habopa
dl == (Otl, e ,ai,l,(),aiﬂ, e ,Oén) n
&2 = (Ozl, ey O, 1, (078 PU ,an),

rakue, 9To 3Hadenus f(&1) u f(Gg) pasnudHbL.

Hanee, mys 0603HaUEHUST IEPEMEHHBIX OyJ/IeM MHOIA HCIOJIb30BATD
JIATUHCKUE OYKBBI X, Y, 2, BO3MOXKHO, C HHJIEKCAMH.

Ha npounssosibHoM MHOXKecTBe OysieBbIX byHKImil M MOXKHO MHJIyK-
THBHO BBECTH MOHATHE (POPMYJILL.
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1. Hycrs f(x1,...,2,) — dynkuus u3 M; Torma BbIpayKeHHe
f(z1,...,x,) aBasercsa dopmyiioit vHax M.

2. Ilycre f(x1,...,2,) — dysknus us M u B crpoke Gy, . .., Gy Kaxk-
Jtoe Beipaxkenue (; siBjisieTcst Jinbo opmysioit Hag M, mbo nepeMeHHO
u3 U, torja seipaxkenne f(Gy,...,Gy) asiasercs dopmysioii vagx M.

Kinacc Bcex dopmyn nan M obozuagaerca <M >.

Hastee, kaxoit dbopmysre A n3 <M > WHIYKTUBHO COIIOCTABJISIETCS
dbyukius u3z M, nazpiBaemas cyrepro3uriueit naa M.

1. Eciin dopmyna A uz <M > sBisiercst BoipakenueMm f(z1,...,%y,)
rakuM, 9ro dyuknus f(xy,...,x,) npuaaguexkur M, To A comocrasiisi-
eMm OymeBy dyukimio f(xy,...,%,), KOTOPYIO HAa3bIBAEM CyIEPIO3UIHedi
maa M.

2. Ilycrs dbopmyaa A umeer sun f(Gh, ..., Gy), tue f(x1,...,2,) ecTh
dyuknus u3z M, a kaxjioe Bbipaxkenue G; sBisiercst 1ubo Gopmysioi Hay
M, mubo nepemennoit u3 U. ConocraBuMm kaxkjiomy (; BbIpaykKeHHe (;,
rjie g; — OyineBa dyuknus, eciu G; — dopmyna vag M, u g; — nepeMen-
Hadg uj;, ecau (G — 9Ta nepeMennas. B pesysbTare HOIyYnM BBIPAsKCHUE
f(g1,-..,gn). Paccmorpum ero kak dbyHKImoO h(y1,...,Ym) OT MHOKE-
crBa nepemenabix U = {y1,...,ym}, COmEPKAIIErO TOYHO BCe Te mepe-
MEHHBIE, OT KOTOPBIX 3aBUCHT XOTsI ObI OjHa wx (pyHKIUi g; u f. DTy
6yseBy dbyHkImio h conocrasiseMm Boipaxkenuio f(Gy, ..., G,,) 1 Ha3bIBA-
eM cyneprosunueit Haj M.

Kirace Beex cynepriosunmit nag M obosnadaercs [M].

Tpoiika (M, <M>,[M]) HasbiBaercss aurebpoii (dyHKIMOHAIBHOI
CHCTEMOI1 ), TOPOXKICHHON MHO)KecTBOM M.

Omeparop [] obsrajiaer ciielyomnyMu CBOACTBaMU:

1) [M] 2 M,
2) My 2 My = [M;] 2 [Ma],
3) [[M]] = [M],

U Ha3bIBAaeTCA 3aMbIKanueM. MuoxkecTso M Ha3bIBAETCH 3aMKHYTBIM, €C-
a [M] =M.

ToBopsit, uro muoxkectBo M BhIpasumo uepes My, ecim [Ma] O M.



340 WuTesekTyasbHble CHCTEMBI U KOMITBIOTEPHBIE HAYKA

Mmuozxkecrso M; C M nasbiBaercst moaubiM B M, ecom [My] = M. B
cJIydae, ecJii MHOXKeCTBO M KOHeYHO, MHOXKeCTBO M Ha3bIBaeTCs KOHEY-
HO TIOPOKJIEHHBIM.

MuoxkectBo M7 C M HazbIBaeTCsI TPEANOJIHBIM B M, eciii OHO SIBJISI-
ercsl 3aMKHYTBHIM, 1 st J1t060it dyuknun f, takoit uro f € M, f ¢ My,
Bepro [My U{f}] = M.

MuoxkectBo M HaswBaeTcst 6azucom B M, ecnn oo motHO B M, HO
BCSIKO€ €ro cOOCTBEHHOE HOJMHOXKECTBO yrKe He 1oJHO B M.

MuoxkectBo (M) Bcex 3aMKHYTBIX HOJAMHOXKECTB MHOXKecTBa M 00-
pagyer YaCTUYHBIN MOPSIOK MO OTHOIIEHUIO BKJIOUYEHUS. DTOT MOPSIIOK
HA3BIBAETCS PEIIETKON 3aMKHYTBIX KJIaccoB B M U IIpeCTaBIISIOT B BHJIE
rpacda. Bepmunamu storo rpada gBIgOTCI 3aMKHYTbIE KJIACCHI OyJie-
BBIX (DYHKIUH, BJIOKEHNE KOTOPBIX JIPYT B Apyra obo3HadaeTCs pedpoM,
OPUEHTUPOBAHHBIM OT 00JIee IMIMPOKOro KJacca K KJIACCy, BJIOKEHHOMY B
HETO.

BamknyThle MHOKecTBa 13 X (C) HasbBatoTcst Kiaccamu [locra.

Oyukius f HA3bIBAETCS CAMOJIBOIICTBEHHOM, €CIM BEPHO

f(:fla"' ajn) = f(xl,... ,(En).
Paccmorpum npesicraienue OyseBbix dyHKIM B 6asuce
{xl *T2,T1 + 2, 07 1}3

KOTOPO€ Ha3bIBaCTCA PA3JIO2ZKEHHUEM B ITOJIMHOMOM 2Keraskunna.

Bynesa dyukuust f(z1,...,x,), deit nomunom 2Kerajknua nmeer Buj
Ya;x; +d,
Ha3bIBACTCA JIMHENHON.

ITycrs ¢ € Es. Tosopsit, uro Gysnesa dbyukuus f(z1,. .., T,) COXpaHs-
eT KOHCTaHTy ¢, ecan f(c,...,c) = c.

[Tycrs nambl n1Ba HabOpa o = (a1, ..., ) u B = (B1,...,Bn), Takue,
qTo npu JEOOBIX ¢ < n BepHO «; < ;. LoBopsit, uro HabOp « Tpe-
mecrByer Habopy ([ um mumyr o < (. Bynesa dbyukius f(x1,...,x,)
Ha3bIBAETCSl MOHOTOHHOM, ecsin st JIH0ObIX HAaGopoB o = (Qv, ..., Q) U

B = (P1,...,Bn) u3 coornommenus o < 5 caenyer, aro f(a) < f(B).
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Bynesa dyuknus f naseiBaercs a-byukiweii, ecaun f(x,...,x) = .
Bynesa dyuknus f naswpiBaercs [-yuknueii, ecom f(x,...,x) = 1.
Bynesa dyuknus f naswiBaercs y-dyuknueit, ecin f(z,...,x) = 0.
Bynesa dyuknus f HaswbiBaercs d-dbyuknumei, eciau f(z,...,x) =z + 1.

2. Onepailiusi CHHXPOHHOII CyIepno3uiuu

Pacemorpum napst (f,t), riae f — Oyiesa dyHKIWs , t — HATYpaJIbHOE
qucio wim 0, Ha3biBaeMoe BPEMEHHOM 3a/1ePKKOii.
Obo3naIM

Ci={(f,t)| feC,t=0,1,2...},
Cl={(f,t)| feC,t=1,2...},

rjie C] — MHOXKeCTBO OyJIeBbIX (DYHKIIHIA.

Bynem rosoputrb, uro ssementsl (fi,t) u (f2,t) coBmagator, ecsu
dyuxuu fi u fo COBOAIAIOT, TO €CTh COBIAJIAIOT MX MHOXKECTBa CyIIe-
CTBEHHBIX IE€PEMEHHBIX, W Ha JII0O60M HabOpe 3HAYEHMH CyNeCTBEHHBIX
HepeMeHbIX 3HaYeHnst yHKIUH COBIIAIAIOT.

Ha npoussosibroM MuOkectBe B C C] ompejiesnM oleparop CHH-
XPOHHOM cyneprozunuu. JIJjist 3Toro pacCMOTpUM CJIeLyONIIe OIEePAIlUn.

1. Onepanust nepenMeHoOBaHUsI TIEPEMEHHBIX.

IIycrs (f(x1,...,%iy...,Zy),t) € B u y — HEKOTOpAasl [IePEMEHHAsI.

Torja pesyjabTaToM IPUMEHEHHs OIepAIliH TIePEeMMEHOBAHUS Tepe-
MEHHO T; B IIEPEMEHHYIO Y K jeMenTy (f(Z1,...,%;,...,Zy),t) sABiIsieT-
cst eMenT (f(z1,...,Y,...,Tpn),1).

2. Ouepanust IOJCTAHOBKHU.

Jyist 9T0ii onepanun OTOXKJIECTBUM KazKIyI0 IIEPEMEHHYIO X; C 3JIEMEH-
oM (z4,0).

[Tycrh ganbl aseMenTsl MHOXKecTBa B € CY

(f(.fl, e ,l'n),tl), (gl,tg), ey (gn,tg).

Torja pesysbraToM NOPUMEHEHHUs! OIEPAIUH  [OJCTAHOBKU 3JIEMEHTOB
(91,t2), ..., (gn,t2) B 21ement (f(x1,...,2,),t1) sABISETCS JIEMEHT

(f(gl7 B 7gn)7t1 + t2)7

riae f(g1,...,9n) — OObIYHAsS Ccymeprnosunus QyHKIUi gi,...,9, 1 f.
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Suement (F,T) Ha3biBaeTCsi CHHXPOHHOIN CyTIEPIIO3HUIIUE HAJl MHOYKE-
crBoM B € CY, ecimm oH MOXKeT OBITH IIOJIydeH U3 3JIEMEHTOB MHOXKeCTBa
B ¢ noMoIipio oreparuii mepenMeHOBaHUs TIEPEMEHHBIX U TIOJICTAHOBKH.

Krnacc Bcex cmHXpoOHHBIX cymeprio3uriuii Haj B obo3Hadmm depes
[Bl...

MHozkecTBo B Ha3bIBaeTCsi CHHXPOHHO-3aMKHYThIM, eciiu|B].. = B.

MuoxkectBo By cHHXPOHHO-BBIpa3uMo 4epes Ba, ecin [Balq. 2 Bj.

MuoxkectBo By C B Ha3bBaeTCsd CHUHXPOHHO-TIOJHBIM B B, ecin
[Bi]ce = B.

3. Ci1abo3aMKHYTBIE KJIacChl OyJI€BBIX (PYyHKITHM

[TIycrs B C Cf. OauuakoBble QyHKIME MOIYT BXOJUTh B B ¢ pasHbIMU
3a/IepKKaMHU.

Muozkectso Gynesbix dyukuuit M = {f € Cy | 3t > 0: (f,t) € B}
HA3BIBAETCs IIEPBOIT IIpoeKIueil MuokecTBa B n obosnadaercss Pri(B).

MHmuozxkectBo GysieBbix dyHKIMI M HazbiBaeTcs crabo3aMKHYTHIM, €C-
JIM CYIIECTBYET CHHXPOHHO-3aMKHyTOe MHO)ecTBo B’ C Cf takoe, uto
PryB'=M.

MmuozkecTBo OyseBpIx dynkImit M Ha3bIBAETCA IOIOXKUTEIBHO-CIIA-
BOBAMKHYTBIM, €CJIM CYIIECTBYET CHHXPOHHO-3aMKHYTOe MHOKeCTBO B/ C
C{ rakoe, uro Pr;B’ = M. TlonoxureabHo-c1ab03aMKHY TOE MHOXKECTBO
SABJIAETCS CIaD03aMKHY THIM.

Bce zamknyThIe Kitacce! [locTa ABIISIOTCS TTOIOXKUTEILHO-CIIA003aMK-
HYTBIMH. DTO CJIeJyeT U3 TOrO, YTO Olepallis CHHXPOHHOI CyIIePIIO3UIINH
Ha obbekTax (f,t) ciabee onepanuy Cylepro3UIMu Ha MHOYKeCTBe OyJie-
BBIX (ODYHKIIUI B TOM CMBICJIE, YTO IepBas MPOEKINd CHHXPOHHOTO 3aMbl-
Kauust Pry([M]e.) siBisiercss moaMHoykecTBOM MHOXKecrBa [Prq(M)]. A

Jutst Jioboro 3amkHyTOro Kiacca [locta P u joboro kiacca M, Takoro,
aro P = Pri(M) Bepuo

P =Pri(M)C Pri([M]e.) C [Pri(M)] =[P] = P.

To ectnb Bee Bimouenus obpaiatorcst B pasencrsa u P = Pry([M]e.) mis
soboro M, rakoro, uro P = Pri(M).
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CyImecTByIOT Tak:ke CIab03aMKHYTBIE KJIACCHI, HE SIBJISIONINECT 3a-
MKHyTbIME KJjtaccamu Ilocta. Hampumep, paccMoTpuM MHOKECTBO

S={(f,0),(p,t) |peY,feSt=12..},

rie Y = {p | p(x1,...,24) = ©(Z1,...,Tp)} — MHONKECTBO HYETHBIX
byuxmit, a S = {f | f(z1,...,2,) = f(Z1,...,Ty)} — MHOXKeCTBO ca-
MOJBONCTBEHHBIX (DyHKIIHIA.

ITepsast npoekius muoxkecrsa S {f, ¢ | ¢ € Y, f € S} Gyzner cnabosa-
MKHYTBIM KJIACCOM, TaK KaK Ie€pBas IMPOEKIUs CHHXPOHHOTO 3aMbIKAHUS
MHOXKECTBa S GyJIeT COIepKATh BCe TeTHBIE U CAMOIBOICTBEHHBIE (DyHK-
[UN.

PaccmorpuM nBa 3aMKHYTHIX Kitacca llocta M; m My, Takme, 9To
Mo C M;.

Byzem ropopurs, uro napa MHoxkects (M7, Ma) OTHOCHTCSI K IEPBOMY
THILY, €CJIU HE CYNIECTBYET CJIaDO3aMKHYTOr0 MHOXKeCTBa K, TAaKOro 9to
My, C K C M;.

Bynem rosoputs, uro napa muoxects (Mj, Ma) orHOCHTCS KO BTO-
POMY THILY, €CJIM HE CYIIECTBYET IIOJIOKUTEJIbHO-CIab03aMKHYTOTO MHO-
xkectBa K, Takoro uro My C K C Mj, HO cyniecTByeT CJ1ab03aMKHYTOE
mMHOZKeCTBO K/ (He SIBISIONIEEcst MOJIOKUTETBHO-CIA003aMKHY THIM), Ta-
Koe uro My C K’ C Mj.

Byzaem roeoputh, uro napa muoxkects (Mj, My) oTHOCHTCST K TpETbe-
My THILY, €CJIM CYIIECTBYET IOJIOKHUTETHbHO-CJIA003aMKHYTOE MHOXKECTBO
K, Takoe uro My C K C M.

4. Cnabo3aMKHYTbIe KJIACCHI JIMHENHBIX OyJIeBbIX PyHKI[UA

Bee MHOXKECTBO JIMHEHHBIX (DYHKIUI MOYKHO pas3je/InTh Ha YeTbIpe
KJIacca.
— Kuacce (1): smneitabie y-yHKImU, 70 ecrb GyHKIUM, 0OpaINaonuecs
OpHU OTOXKJECTBJIEHUN TepeMeHHbIX B 0. B JlaHHBIi Kj1ace BXOJAAT KOH-
cranra 0 n byrkmun suma 28 x;.
— Kuace (2): nuneitabie a-byHKImI, T0 ecTh GyHKIMU, 0OpaIaonecs
IPHU OTOXKJIECTBJICHUN MEPEMEHHBIX B . B maHHbIi Kiaace BXOaAT (pyHK-

2k+1,,
oUu BUJa Y50
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— Kuace (3): nmneiinbie S-dyHKImm, To ecTb GyHKIMT, 0OpaIaonecs
[PU OTOXKJIECTBJIEHUN TIepEMEHHBIX B 1. B JlaHHBII Kjacc BXOIAT KOH-
craiTa 1 1 QYHKINN BUIA E?ﬁlxi + 1.

— Kunacc (4): nuueitnsie §-byHKInM, 10 ecTh (DyHKIMH, 0OpaIaonme-
Cs1 TP OTOKJIECTBJIEHUN TIepeMeHHBIX B = + 1. B jaHHBIH Kjacc BXOgAT
GyHKIUN BHIA E?f{lxi + 1.

Jlemwma 1. Ecau caabodamknymolil Kaace AUHETHbLT yrryutl codepacum
xoms 6w, 00ny Pynrkyuo ud Kaacca (i), CYWECMEEHHO 3ABUCAULYIO OM
deyx usu boaee nepementvir, mo daHHbLl KAGCC J0AdCEH COOEPIHCAMD Ue-
AuKom secw kaace (i).

HokazaresnbcrBo. Ecim dyukius f npunajyiexkur kiaccy (1) m or-
JIMYHA OT KOHCTAHTHI (), TO OTOXKJECTBIEHUEM IIE€PEMEHHBIX U3 Hee MO-
JKeM TI0JIyIUTh (DYHKIWMIO 1 + To. VI3 nmaper (21 + x9,t), te t — npous-
BOJIbHAS 3aJIePyKKa, MOJCTAHOBKON B ceOsl MOYKHO IIOJIyYUTH Haphl BUJA
(214 ...+ xor, 2°71H), a U3 JAHHBIX TIAD OTOYKIECTBIICHIEM MEPEMEHHBIX
MOZKEM TOJIy4UTh U J100y10 dyHKINO 13 Ki1acca (1) ¢ HeKoTopoii 3a1epx-
koii. Crie10BaTeIbHO, CIA003aMKHYTBII KJIACC, COJEpKAIIUil HEKOTOPYIO
dbyuximo 3 kiaacca (1), ommunyio or 0, cojepkur Bech Kiace (1).

AHaJIOTUYHBIE PACCYXKJIEHUsT BEPHBI JUIsT JIFOOOH (DYHKIIMH U3 KJIacca
(2), omanoit or x, g moboit dyHknE U3 Kiacca (3), OIMIHOR 0T
KOHCTaHTHI 1, u Jyist 110601t dyHKImN n3 kiaacca (4), owmyaHoii or x + 1.
JlemMma jmokazaHa.

Paccmorpum MHOXKeCTBa JIMHEHHBIX DYHKIMIA, MoJTydaeMble IpU pas-
JIMYHBIX 00beanHenusx kaaccos (1)—(4). Oobeaunenne knaccos (i) u (j)
Oyem obo3HaIaTh Kak Kiacc (ij).

Moxno 3ameruts, uro (1234) = L1, (23) = L, (12) = L3, (2) = Ly,
(24) = Ls.

Bynmem roBoputh, 9TO paccMaTpuBaeM KJIACC C HYJICBBIME 3aJ1CDiK-
KaMM, eCJIM HPUINChIBaeM BeeM (DYHKIMMSIM U3 9TOTO KJIACCa 3aJICPIKKH
paBHbIe HY/II0. ByJieM roBopuTh, 4T0 paccMarpuBaeM (GyHKIHIO ¢ 0JI0-
JKUTEJIBHOI 33/1eP2KKOI, €CJIN IPHUITICHIBAEM (DYHKIINHA BCEBO3ZMOYKHBIE I10-
JIOKUTEJIbHBIE 33/IEPKKH. ByJIeM rOBOPUTD, 4TO PACCMATPHBAEM KJIACC C
IIOJIO?KUTEIBHBIME 33/I€P2KKAMH, €C/IH PUIUCHIBACM BCeM (DYHKIUAM K3
9TOrO KJIACCA BCEBO3MOXKHBIE MOJIOXKHUTEJILHbIE 3a/IePXKKH.
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JIemma 2. Crabosamrnymuid kaace, codepotcauyuti kaace (4), codepotcum
Kaace (2).

HoxkaszaresbcrBo. Paccmorpnm Hekoropyio dyHknmo u3 kiacca (4) ¢
IPOM3BOJILHOI 3aJIepKKOil U paCCMOTPHM CHUHXPOHHYIO CyIIEpPIO3HUIINIO,
HojICTaB/IsAsA Ty (PYHKIUIO B cebsd BMECTO BCEX CBOMX apryMEHTOB, IIe-
perMeHOBaB HEKOTOPLIM 00pa30oM IepeMeHHbIe. B pesysbrare HOJIydum
dbyuxmo n3 Kinacca (2).

JlanHnas CHMHXpOHHAs CYHEpPIO3UIMS JIOMYCTUMA, TaK KaK 3aJIePrKKH
y 00DBEKTOB, IMOACTABJISIEMbIX B apryMEHTBI, OJIMHAKOBLI. JItobas (pyHK-
nust u3 Kiaacca (2) ¢ Npou3BOJILHOMN 3aJIePKKOi, KPOME TOXKJIECTBEHHOI,
HOPOXK/IaeT BeCh KJace (2) ¢ HEKOTOPbIM HabOpOM 3ajiepkek. Takum 06-
pasom, Kiacc (4) nopoxjaer Kiacc (2), u cjaabo3aMKHYTBIN KJacc, co-
nepxRamuii kiace (4), Jomken comepkarh u kiaace (2). Jlemma gokazana.

CuencrBue u3 ngeMmmsl 2. Kaaccw (4),(14),(34), (134) ne asasomesa
CAADO3AMEHYNBIMU.

JIemma 3. Kaaccew (1), (3), (13) asasromea noaostcumenvro-caabo3amx-
Hymomu, a xaacco, (124), (234) ne asasromea caabo3aMERYMBIMU KAAC-
camu.

HoxkazaresbcTBo. OTOXKIECTBIEHNE IEPEMEHHBIX MIEPEBOIUT (DyHKITUIO
u3 kiacca (i) B dyHkImio u3 kuacca (4).

Kuaceer (1), (3), (13) aBisiioTcst MOIOKHTEILHO-CIA003aMKHY THIMH
KjaccamMu. B KauecTBe 3aJ1epKeK JIOCTATOUHO PACCMOTPEThH JIFOObIE T10JI0-
KuTeabHble qucia. Obo3HaIMM 9T KJacChl cooTBeTcTBeHHO SL1, SLo,
SLs.

Kiace (124) ne siBsiercst ci1abo3aMKHY TBIM, TaK KaK [IPH TI0JICTAHOBKE
B dyHKIMO U3 Kiacca (4) dyukimit u3 kiacca (1) nomyunm GyHKIUO
u3 kiacca (3).

Ananornuno, kiace (234) He siBiisieTcst cJ1ab03aMKHY ThIM, TaK Kak [IPU
HOJICTaHOBKe B QYHKIMIO 13 Kiacca (4) dyHkimit u3 kiacca (3) mosry amm
dbyuximo n3 kiaacca (1). Jlemma nokasana.

JIemma 4. Kaacc (123) asasemca cAab03aMEHYMbBM, HO HE ABAAECMCA
NOAOIAHCUMENLHO-CAADOSAMKHYMDIM.

HokazaresnnscrBo. Kiace (123) sisisiercst ciabosaMkuyThiM. JeficTBu-
TeJIbHO, JIOCTATOYHO PACCMOTpeTh (byHKIuu u3 kiaaccoB (1) u (3) ¢ mo-
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JIOXKUTEJIbHBIME 3aJIepyKKaMu, a GYHKIMI U3 KJacca (2) ¢ HyJeBbIME 3a-
nepxkkamu. ObozHayuM 31oT Kiaacc SLy.

B 10 ke Bpems kiacc S Ly He ABISIETCS TOIOKUTETHHO-CIA003aMKHY-
THIM: B Kj1acce (2) ecrTb TOKjiecTBeHHAas: (DYHKIWS T, IyCTh eil IPUIIcaHa
HOJIOXKUTEIbHAST 3a/lepKKa t1, B Kiacce (1) ectb dyHKIus x + ¥y, mycrb
eil mpunrcaHa IMOJIOKUTEIbHAST 3aJIePKKa to. [logcTaBuM TOXKECTBEHHY O
dyukuuio z B cebst to — 1 pas, moayunm napy (x,tp - t2). [Homcrasum
x + y B cebsa BMecTo 00oMX aprymMeHToB t; — 1 pa3, mpeaBapuTe/IbHO
[EPEUMEHOBAB [IEPEMEHHbIE TaK, YTOOBI Y PA3HBbIX KOIWil ObLIA pa3HbIe
nepemenbie. [lomyaum mapy (E?t:ll_lxi,tl - tg). OTOXKIECTBUM BCe Iepe-
MEeHHBIe, KPOMe IIePBbIX JIBYX, MOJydYnM napy (1 + z2,t1 - t2). B kmacce
(3) ecrb dyHnkIms 1 + xo + 1 ¢ HeKoTOPOIi 3aepxkKoil t. IToxcraBum
napbl (x,tq - t2), (y + z,t1 - t2) B mapy (x1 + y1 + 1,¢), nomyuum mapy
(x+y+ 2+ 1,T), uepas npoekiusi KOTOPOil IPUHAIEKUT Kiaccy (4).
JlemMma 4 mokazaHa.

Beenem obosnauenne: fi) =0, fo) =z, fzy =1, fuy =z + 1.

Paccmorpnm Tenepsb ciiytail, Korjia MHOXKECTBO KPOMe IIPOIHX COJIep-
xuT dyEKIEO f(;) M3 KMacca (i).

O6osnaum obbemunenne Knacca (i) n dynknun f;) xak (ij).

Mmnoxectso, cocrosmee Tonbko U3 dyHKIuM f(;) 0003HAUMM Kak
kitacc (7).

Herpyano Buzern, uro (2) = 01,(3) = Oq,(1) = O3,(24) = Oy,
(23) = Os, (12) = Og, (13) = O7, (123) = Os, (1234) = Oy.
Jlemma 5. Kaace (4) nopooicdaem xaacc (2), nosmomy ecau 6 caabosa-

MEHRYMLG Kaace 6xodum exatouen xkaacc (4), mo doasicen Gumy exat0UeN
Kaace (2).

Kaace (14) noposicdaem xaacc (3), xaacc (34) noposrcdaem waace (1),
kaacc (14) nopoowcdaem waace (3), xaacc (34) nopooicdaem xaacc (1),

kaace (24) noposcdaem xaace (4).

HokazareascrBo. Ecin jnana napa (x + 1,t), rae t — nponsBosibHast
3aJIepKKa, TO U3 Hee TIOJICTAHOBKON B cebsi MOXKHO TIOJIyIuTh tapy (x, 2t),
crIe/loBaTeNbHO, Kiace (4) mopoxkiaer kimace (2).

U3z nap (0,t1),(x + 1),t2, Tae 1 u to — NPOM3BOJIbHBIE 3aJEPXKKIH,
MOKHO nostyunTh napy (1,¢; + t2), a us nap (1,¢1),(x + 1),te, e t; u
to — IPOU3BOJILHBIE 3aJIEPXKKH, MOXKHO 110JayauTh napy (0,t1 + t2), cie-
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nosaresibho, Kiacce (14) mopoxaer kiace (3), a knace (34) nopoxiaer
kiace (1).

Us nap (X2, 2;,t1), (x+1,t2), Tae t1 1ty — NPOM3BOJILHBIE 33,ICPIKKH,
MOKHO TomynTh napy (X282, + 1,1 +t2), us nap (25,2, +1,t1), (x +
1,t3), ryie t1 U ty — TPOMBBOJILHBIE 3aJIEPIKKHU, MOXKHO TIOJYIUTH Hapy
(S2F 2,1 + t2), U3 map (E?ﬁ;“lxi,tl), (x + 1,t2), vae t; u to — npous-
BOJIBHDBIE 33,1CPAKKH, MOXKHO MOy InTh napy (LH e, + 1,11 +t2), cieo-
BaresibHo, Kiacc (14) mopoxaer kinace (3), knace (34) mopoxiaer Kiace

(1), kmacc (24) nopoxaaer kinace (4). Jlemma nokazana.

Jlemma 6. Kaacew (12),(12), (23), (23), (123), (123), (123), (123), (1234),
(1234) asamromea cAabO3AMEHYMBLMU KAQCCAMU, HO HE ABAAIOMCA NOAO-
HCUMENOHO-CAAOOZAMEHYMBMU KAACCAMU.

JokazarenbcrBo. Kiace (12) spistercst c/1ab03aMKHYTBIM KJIACCOM.
JIJ1s1 JToKa3aTebeTBa JJOCTATOYHO PACCMOTPETD KJiace (2) ¢ HyJIeBbIMHU 3a-
nepskkamu, a Kiaace (1) ¢ nonoxuTesnbHoil 3aj1ep:Kkoit. O603HaIUM STOT
c1ab03aMKHY ThIM KJtace SLs.

Kitacc SLs He sIBJsieTCsT MOJIOXKHUTETBHO-CIAD03aMKHY THIM: TOXKIe-
creennyto dbynkmuio z € (2) ¢ HeHyseBoil 3aj1epxKoit u koncranty 0 € (1)
C HEHYJIEBOI 3aJIEPYKKOI MOYXKHO CHHXPOHU3UPOBATD, MIOJICTABUB KAXK /YO
dyuKIMo B cebs Heobxoaumoe aucyo pas. [locse sToro, mojacrasisis BMe-
CTO TEPBBIX JIBYX MEPEMEHHbIX (DYHKIMK T1 + T + 3 € (2) TOXKIeCTBEH-
Hble QYHKIINNA, & BMECTO IOC/IeIHel mepeMenHoit — Kouctaunty 0, moJry-
quM DYHKIIUIO T1+ o C HEKOTOPOU 3aJIePXKKOM, U, CJIeI0BATEILHO, U BECh

kisacc (1).

Knace (23) sBasiercst c1abo3aMKHYTBIM KJIACCOM: PACCMOTPUM KJIACC
(2) ¢ nyneBoii 3aJepkKoii, a Kiaacc (3) pacCMOTPUM C IIOJIOZKHUTEIBHOI
3aiepkkoit. ObozHatuM 3TOT Kjaacce S Lg.

Kiace SLg He gBiIgeTcs MOJ0KUATEIBHO-CIIa003aMKHYTBHIM KJIACCOM

6 )
pacCyKIeHUsI TOBTOPAIOT JIOKA3ATEIbCTBO AHAJOTHYIHOTO YTBEPXKICHUS
st SLs.

Kiace (123) siBiisiercst c/1ab03aMKHY THIM KJIACCOM: PACCMOTPUM KJIACC
(2) ¢ HyJIeBBIMU 3aJePXKKAMHE, KJIAcC (3) ¢ MOJIOXKUTEIBLHON 3a/IPIKKOI,
kiace (1) ¢ monozkurenbHoit 3aepxkkoit. O6o3uaunmM sTor Kitace SLy.
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Knacc SL7 me saBIIsteTcst MOJIOXKUTEITHLHO-CIAO03aMKHYTBIM KJIACCOM,
TaK Kak U3 JJOKa3aTesIbCTBa JIeMMBbI 6 ciiejyer, uro Kiacce (12) mopoxaer
Bech Kiace (1) B ciryuae MOJOKUTEIbHBIX 3a/I€PIKEK.

Kuacenrt (12), (23), (123) sBasiores c1ab03aMKHY TBIMH, TaK Kak KJIac-
cot (1),(3),(13) MOXKHO paccMaTPUBATEL C HOJIOXKHUTEIBLHBIMI 3a/1ePIKKa-
MU, U J106aBIeHHe TOXKIecTBeHHON hyHKImm T € (2) ¢ HyJIeBoil 3aj1epK-
KOil He Iopokjaer Hudero Hooro. O6osnaumm 3tu Kjaccel SLg, SLo,
SLlO.

Kiracesr SLg, SLg, SL1g He SIBISIIOTCS TOJIOKUTETBHO-CJIA003aMKHY-
ThIMH. J{0Ka3aTebCTBO JTAHHOTO YTBEPXKICHHS aHATOTUIHO PACCMOTpPe-
HUIO NIPEJBULYIINX CIydaeB (KaxK/blil pa3 CMOXKeM II0JY4IUThb JIMOO BeCh

ksacc (2) smbo Bech Kiacc (4)).

Knace (123) aBngercst ciabozaMKHyThIM. JleficTBUTEIBHO, JI0CTATOY-
HO paccMoTpeTh Bee dbyHKIMM U3 Kiacca (12) ¢ HyJIeBbIME 3a/IepXKKaAM,

korcTanTy 0 € (1) ¢ mosIoKUTENbLHOM 3aJepKKOit 1 KoHcranty 1 € (3) ¢
MTOJIOYKUTEIBbHOI 3a1epxKKoil. Obo3HaunM 10T Kjaacc SLq1.

Knace SLyj He sIBIsIETCS MOJOKUTETBHO-CITA003AMKHY TBIM KJIACCOM.
JeficTBUTE/ILHO, CHHXPOHU3UPYST TOXKJIECTBEHHYIO (DYHKIMIO U3 KJacca
(2) u dynkuuio 1 + x9 u3 Kiacca (1) m mojcrapisisi uX B (DYHKIUIO
y1 +y2 + 1 € (3), mouyuum dyukuuo = + x1 + x9 + 1 € (4).

Knace (123) sieasiercst ciiabozaMKHYTBIM. PaceMoTpuM Bee byHKIUM
u3 Kiacca (23) ¢ HyJIeBbIME 3a/IePXKKaMU, KOHCTAHTY 1 ¢ [OJI0KUTesIbHOT
3aJIepKKOil 1 KOHCTAaHTY () ¢ TOJIOKUTENLHON 3a/1ep:KKoii. OBGo3HAINM
sToT KJIace SLis.

Kiracc S Lo He SIBISIETCST TOJIOXKUTEIBHO-C/IA003aMKHY THIM KJIACCOM.
PaccMoTpenne aHajlornaHo ciiydaio Kiaacca (123).

Kuacce (1234) sisnstercs crabozaMKiyThiM. PacemoTpuM byHKIMM U3
kiacca (24) ¢ HyJeBbIME 3aJiep:KKaMi, KOHCTaHTY ( ¢ MOJOKHUTETHHOM
3aJIep’KKOIl ¥ KOHCTAaHTY 1 ¢ MOJIOXKUTEbHON 3ajep:kkoit. Obo3HATNM
sToT Kiacc SLis.

Knace SLi3 He sIBIsIETCS MOJOKUTEIBLHO-CIa003aMKHY TBIM KJIACCOM,
Tak Kak U3 JIOKa3aTebeTBa JeMMbl 6 ciiesyet, uro (12) mopoxiaer Bech
kiacc (1) B cirydae MoJIOXKUTEIbHBIX 3a/1€PIKEK.

Kuacce (1234) sinstercs ciabozaMKiyThiM. PacemoTpuM byHKIMM U3
kiacca (13) ¢ monokuTenbHBIME 3aepkKamu, dbyukmuio T + 1 € (4) ¢
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HYJIEBOI 3aJI€PXKKOil, TOXKIECTBEHHYIO (DYHKIMIO C HYJIEBOH 3aI€PXKKOIA.
O6oznaunM 3ToT Kytacce SLig.

Kiracc SLy4 He siBJIsteTCSI TIOJIOXKUATETBHO-CIAD03aMKHYTBIM, TaK KakK
U3 JIoKa3aTeIbeTha JeMMbl 6 ciejyer, uto kKiaacc (12) mopoxKjaer Bech
Ksace (2) B ciydae IIOJOXKHUTEIbHBIX 3a/iepKek. JleMma JloKa3aHa.

Jlemma 7. Kaacew (1234),(1234), (13), (123), (13), (123), (124), (234) ne
ABAAIOMCA, CAGOO3AMEHYMOLMU.

okazaTesabcTBo. Kak OBLIO MMOKAa3aHO B JOKA3aTEJILCTBE JIEMMBI 3,
kiace (124) mopoxaer kiacc (3), cienosarensno, Kiace (1234) ne sip-
JisieTcs cJ1ab03aMKHY ThIM.

Ananornuno, kiacc (234) mnopoxkpaer kiacce (1), ciegoBaresbHO,
kiace (1234) ne sBsieTcst CJIaGO3aAMKHY THIM.

Knace (13) ue siBisiercst cl1abO3aMKHYTBIM, TaK KaK €CJIH PACCMOT-
pers 0 € (1) ¢ HyseBoit 3aj1ep:KKoil, To n3 Kiacca (3) mosyunm hyHKIIIO
u3 kiacca (4), a 3Haaur u cam Kiacc (4), mogcrasus 0 BMeCTO OJHOM 13
nepeMeHHbIX. Eciii ke paceMorpers 0 ¢ HOJIOXKUTEILHOMN 3aJ1ePXKKOI ¢ 1
HeKoTOpyIo DyHKIMIO f n3 Kiacca (3), OTIMYHYIO OT KOHCTAHTHI 1, ¢ 110~
JIOZKUTEIBHOI 33IEPKKOI o, TO mozicTaBsist 0 B cebst ta—1 pas, a f B cebs
t1 — 1 pa3 moayuum 0 u HekoTopyio dbyHkuo F € (3) u3 (sABIsroryrocs
t — 1-oii urepanueil f) ¢ onuMHAKOBBIMU 3ajiepKKamu t - to. Tlogcrasiss
B F' BMecTO Bcex IepeMeHHBIX, KpoMe OJHOH, camy F', a BMecTo ocTas-
meiicst nepeMerHoi dyHKImo 0 ¢ 3a1epKKOil ¢y - ty moydaeM dyHKIHIO
u3 kiacca (1). Ecim xe B3aTh Bee dynkunm u3 kiacca (3), OTIHYIHBIE
OT KOHCTaHTBI, C HYJIEBBIMH 3aJICP’KKAMU, TO IHOJYIUM BCe (DYHKIUU W3
Ksacca (2).

Kunace (123) Toxke He siBjisiercs: c/1abo3aMKHYTBIM, TaK Kak J06aBie-
HUE TOXK/ICTBEHHON (DYHKI[MU HE HOPOXKJIAET HUYEro HOBOTO.

Knace (13) ue siBisiercst c1ab03aMKHYTBIM, TaK KaK €CJIH PACCMOT-
perh Kjacc (3) ¢ HyJ1eBoil 3aj1epKKoii, To u3 Kiaacca (1) mosyunm Kiace
(4). Ecim 3xe paceMoTpeTh KoHCTanTy 1 € (3) ¢ mostozKuTebHol 3a1eprK-
KOIf 1 ele HeKOTOpyIo (byHKIHIO 13 Kiacca (1), OTIMIHYI0 OT KOHCTAHThI
0, ¢ MOJIOKUTEJIbHOl 3aIePXKKOM, TO mosydaeM dyHKIUO u3 Kiacca (3)
(paccysK/JieHust aHaIOrUUHBI CTydalo ¢ KiaaccoM (13)). Ecou xe B3aTh Bee
dbyuximn u3 kiracca (1), oTIMYHbIE OT KOHCTAHTBI C HYJIEBBIME 381D~
KaMu, TO mostyunM Bee dyHKImn u3 kiacca (2). CieoBaresbHO, Kace
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(123) Toxke He stBIsieTCs CIAGO3AMKHYTBIM (TaK Kak J00OaBJICHUE TOXK e
CTBEHHOI (DYHKIMN He IIOPOXKAaeT HUYEro HOBOIO).

Knace (124) ne sijisteTcs c/1abo3aMKHYTBIM, TaK KaK IPHU MOJCTAHOB-
ke KoHcTaHThl 0 € (1) B HekoTOpyIO (byHKIMIO U3 Kiacca (4) mosydaem
koucranty 1 € (3).

Kuace (234) He siBisiercsi c1ab03aMKHY THIM, TaK KaK IIPHU II0CTAHOB-
Ke KOHCTaHTBl 1 € (3) B HekoTOpyIo (byHKIMIO U3 Kiacca (4) mosydaem
koucranry 0 € (1). Jlemma jnokaszana.

Teopema 1. Kaaccv, L1 — Ly, 01 — Og, SL1 — SLy4 Asamomen caabo3a-
MEHYMBMU, NPU dmom Kkaaccwos L1 — Ly, O1 — Og, SL1 — SL3 asasomcs
NOAOHCUMENOHO-CAADOZAMEHYMBMU KAACCAMU.

Apyeux cara603aMERYMBLL KAACCO8 AUHETHBT GUHKUUT He cyuie-
cmeyem.

HdokazaTeabcTBO Teopembl. U3 jiemmbl 1 ciemyet, 9To cjiabo3aMKHY-
THI KJj1acc JinHeHHbIX byHKImii, cojepKamuii dyHKImu u3 kiacca (i),
JbO COZIEPKUT BeCh Kiiacc (i), JubO COMEPKUT TOJBKO (DbYHKITHIO Jom
HUKaKYIO JIpyryio GyHKIuo u3 Kiacca (i).

Cuesoparenbo, c1ab03aMKHYTBIH KJIace JIMHEHbIX DYHKIU HMe-
ex omt w3 mnow: (), (i), (1K), (ik1), (), (i), i), (T3, (7). (k).
(egkl), (igk), (egkl), (ijkl), rne i, j,k, 1 € {1,2,3,4}.

N3 jmemmbl 2 ciestyer, 9To cpean KiaaccoB Buna (i), (i), (ijk), (ijkl)
cs1ab03aMKHY THIMU MOT'YT OBITH TOJILKO Kitaccsl (1), (2), (3), (4), (12), (13),
(14),(23),(24), (34), (123), (124), (134), (234), (1234).

N3 nux (1234) = Ll, (23) = LQ, (12) = L3, (2) = L47 (24) = L5.

U3 semm 3 u 4 cirejryer, 9TO Cpejiu OCTABIINXCsE KaccoB Buja (i), (i7),
(ijk), (ijkl) cnabo3aMKHYTHIMU BJIAIOTCA TONBKO SL1—SLy, mnputdem
Kjaccol SLy, SLo, SL3 sSIBASIOTCS MOJIOXKUTETBHO-CIA003aMKHY THIMI.

U3 tlemm 2 n 5 coiejtyer, 4To cpei KIaccos Bujia (1), (i7), (ijk), (ijkl),
(i7),(ijk),(igkl),(igk),(ij kL), (ijkl) cs1a603aMKHY TBIMU MOT'YT OBITH TOJIb-
ko kitaccot (12), (12), (13), (13), (23), (23), (123), (123), (123), (123), (123),
(123), (124), (234), (1234), (1234), (1234), (1234).

)_: 017 ( )__:__027 ( ) = 037 (QZL) = 047 (23) = 057 (ii) = 067
3) = Os, (1234) = Oy.

N3 nux

(13) = O7, (
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W3 nemm 6 m 7 ciemyer, 9TO CPeIM OCTABIINXCA KJIACCOB Cjaabo3a-
MKHYTBIMHU SIBJISTEOTCST TOJIBKO Kjtacchl S Ly — S L14, KOTOpBIe HE SIBJISIFOTCSI
TOJIOYKUTEILHO-CIab03aMKHY ThIMU. 'Teopema 1 goKa3aHa.

N3 teopemsbr 1 ciemyer

Teopema 2. Cnpasedausvl caedyrowue noioHCERUS.

a) Hapw  waaccos  aunetnwx dynwkuut (Ls, Ly), (Ls,O4), (L4, 01),
(04,0), 2de O; asasemesa npednosom 6 O;, OMHOCAMCA K NEPEOMY
muny;

6) Iapw waaccos (L1, L), (L1, Ls), (L1, Ls), (L2, Ls), (L3, Ls), (L2, Os),
(L3, Og), (L1,09) ommuocames Ko 6mopomy muny.

ABTOp BBIpazkaer 0JIar0JAPHOCTL CBOEMY HAyYHOMY DPYKOBOIUTEIO
Kynpsasuesy B.bB. 3a momors B Hay4uHOH HeATEIbHOCTH W HAITUCAHIH
ITaHHOU CTaTbU.
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Cnabo3aMKHYTbIE€ KJIACChI CAMO/JIBOMCTBEHHBIX OYJIe€BbIX
dbysKIMi
ITerpoBa O. A. (Mocksa, MI'Y um. M. B. JIomonocosa)
hellga.01@mail.ru

1. 3aMbIKaHEe OTHOCUTEJILHO OII€PAlUU CyHepPIIO3UINN

Brenem cirenyrotie 0603HaAMEHUS.

Mmuozkecrso {0, 1} obosnaunm depes Ea, Torga EY — nekapToBO Ipo-
U3BEICHNIE 11 COMHOXKUTEeH [y,

Orobpaxkenne f: EY — Fy Ha3bIBaeTCs OyJIEBBIM.

ITycrs U = {uq,ug, ...} — cuerHslil ajdaBuT epeMeHHbIX, IPHHIMA~
forux 3uadenus u3 Fo. Torma orobpakenue f MOXKHO UHTEPIPETHPOBATD
Kax Gynknmo f(ujy, ..., uj, ), KOTOpas OIpPeJe/IAeTCs, BO-IEPBbIX, 0T00-
paxkeHueMm f, a BO-BTOPBIX, YKa3aHHEM II€PEMEHHBIX, OT KOTOPBIX OHa
3aBuCHT. Takne YHKIMM U HepeMeHHble ur € U, HA3BIBAIOTCS TaKXKe
oynesbivu. Kiace Bcex OyseBbix GyHKImiA obosHadaem Cf.

Hasee, misg ob6o3HAMEHNsT TEPEMEHHBIX Oy/IeM WHOTIA UCIIOIH30BATD
JlaTuHCKUE OyKBBI I, Y, Z, BOBMOXKHO, C UHJIEKCAMHU.

Ha mpousBosibHoM MHOXKecTBe OysieBbIX (byHKIuil M MOXKHO WHJTYK-
THUBHO BBECTHU IOHSITHE (POPMYJIBI.

1. Hycrs f(x1,...,2,) — dynkuusa u3 M; Torma BbIpaykeHHe
f(z1,...,x,) aBasercsa dbopmyitoit vHax M.

2. lycrs f(x1,...,z,) — dyskius uz M u B crpoke G, . .., Gy, Kax-
Joe Beipaxkenue G; sBiisiercs jinbo dhopmysioit wag M, mbo nepeMeHHOi
u3 U, torna Beipaxkenue f(Gy,...,Gy) saBisiercst dopmyiioii nay M.

Kiacc Bcex dopmyn nag M obosnadaercs <M >.

Hastee, kaxoit dbopmysre A n3 <M > WHIYKTUBHO COIIOCTABJISIETCS
dbyukius u3z M, nazeiBaemas cyrepro3urueit naa M.

1. Eciim dopmyna A uz <M > ssisiercst BoipakenueMm f(z1,...,%,)
rakuM, 9ro dyuknus f(xy,...,x,) npuaagaekur M, To A comocrasiis-
eMm OyneBy dyukimio f(xy,...,%,), KOTOPYIO Ha3bIBAEM CyIEPIO3UIHedi
mang M.

2. Ilycrs dbopmyaa A umeer sun f(Gy,...,Gy), tue f(x1,...,T,) ecTh
dyuknus u3z M, a kaxjioe Bbipaxkenue G; sBisiercst 1ubo Gopmysioin Hay
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M, 6o nepemennoii uz U. ComnocraBuM kaxkjomy (G; BbIpazkeHnue g;,
rjie g; — OyneBa pyuknust, eciu G; — dopmyna vHag M, u g; — mepeMen-
Has uj;, eci G; — 9rTa nepeMenHas. B pesysbraTe HOIyYnM BbIPaXKeHNe
f(g1,--.,9n). Paccmorpum ero kak dyHkuuoo h(yi,...,Ym) OT MHOKE-
crBa nepemenubix U’ = {y1,...,ym}, COIEPIKAIIErO TOUHO BCE Te Hepe-
MEHHBIE, OT KOTOPBIX 3aBUCHT XOTs Obl ojHa ux (QyHKImiA g; u f. ATy
6yseBy dyHKImo h conocrasisieM Boipaxkenuio f(Gy, ..., G,,) 1 Ha3bIBa-
eM cyneprosuriueit vam M.

Kirace Beex cyneprnosuruit mag M obosnagaercs [M].

Tpoiika (M, <M>,[M]) nassiBaercsa anrebpoit (dyHKIMOHAIBLHOM
CHUCTEMOIH ), OPOXK/IEHHON MHOXKecTBOM M.

Oueparop || obiajaeT cieay UM CBOHCTBAME:

1)[M] 2 M;
2)M1 2 M2 = [Ml] 2 [MQ];
3)[[M]] = [M].

1 Ha3bIBaeTCs 3aMblKanueM. MuoxkecTBo M Ha3bIBaeTCA 3aMKHYTBIM, €C-
a [M] =M.

TosopsiT, uTo MHOX)KecTBO M7 Bbipasumo 4epes My, ecau [Ma] O M.

Muozxkecrtso M; C M nasbiBaercst noaubiM B M, ecom [Mq] = M. B
cydae, ecJii MHOXKeCTBO M1 KOHEYHO, MHOXKeCTBO M Ha3bIBAETCA KOHEU-
HO IIOPOXKICHHBIM.

MuoxkectBo M7 C M HazbIBaeTcsI TPEANOJIHBIM B M, eciiin OHO SIBJISI-
ercsl 3aMKHYTBIM, 1 st J1t060it dyuknun f, takoit uro f € M, f ¢ My,
Bepro [My U{f}] = M.

MmuoxkecrBo My HasbiBaerca 6asucoM B M, ecsim oHO 1tosiHo B M, HO
BCAKOE €ro cOOCTBEHHOE IIOMHOXKECTBO y2Ke He MojHO B M.

MuozkecrBo X (M) Bcex 3aMKHYTBIX HOJMHOXKECTB MHOXKecTBa M 06-
pa3yer 4aCTUYHBII MOPSIIOK 110 OTHOINEHUIO BKJIIOYEHUSI. JTOT IOPSIIOK
HA3BIBACTCS PEIIETKON 3aMKHYTBIX KJIACCOB B M U MPEICTABIIAIOT B BUIE
rpacda. Bepmmuamu sroro rpada SBIAIOTCS 3aMKHYTBIE KJIACCHI OyJre-
BBIX (DYHKIUH, BJIOKEHNE KOTOPBIX JIPYT B Apyra obo3HadaeTcs pedpom,
OPUEHTUPOBAHHBIM OT 00Jjiee MUPOKOTO KJIACCA K KJIACCY, BJIOKCHHOMY B
HEro.

BamkuyThle MHOKecTBa 13 X (CY) HasbBatoTcst Kiaccamu [locra.
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Oyukius f Ha3BIBAETCS CaAMOJIBONCTBEHHOM, €C/ii BEPHO

f(:fla"' ajn) = f(xl,... ,(En).
Paccmorpum npesncrasienue OysaeBbix GyHKuilt B 6a3uce
{1.1 $X2,T1 + o, 07 1}

KOTOPO€ Ha3bIBaCTCA PA3JIO2ZKEHHUEM B ITOJIMHOMOM 2Kerajkunna.

Bynesa dyukuust f(z1,...,x,), deit nomunom 2Kerajknua nmeer Buj
Ya;x; +d,
Ha3bIBaeTCsl JTUHEHHOM.

[Tycrs ¢ € Ey. ToBopsrt, aro 6ynesa dyukius f(z1,...,Ty,) COXpaHs-
eT KOHCTaHTy ¢, ecan f(c,...,c) = c.

[Tycrs nansl gBa Habopa a = (aq,...,an) u B = (B1,..., n), Takue,
qro npy JEOOBIX ¢ < n BepHO «; < ;. LoBopsit, uro HabOp « Tpe-
mecrByer Habopy ([ um mumyr o < (. Bynesa dyukius f(x1,...,x,)
Ha3bIBAETCS MOHOTOHHOM, ecsin st JII0ObIX HabopoB o = (Qv, ..., Q) U
B = (P1,...,Bn) u3 coornomenus o < 5 caenyer, aro f(a) < f(B).

Bynesa dyuknust f naswsiBaercst a-gyukiumeii, ecm f(x,...,z) = .

Bynesa dyuknus f nassiBaercs [-dyukuumeit, ecim f(z,...,x) = 1.

Bynesa dyuknust f nassiBaercs y-byukiueit, ecau f(x,...,x) = 0.

Bynesa dyukius f naseiBaercs o-dyukimeii, ecin f(x,...,z)=x+1.

MHO2KeCcTBO BCeX CaMOIBOMCTBEHHBIX OYJIEBBIX (DYHKIINI 0003HATAET-
Co D3.

MuoxkecTBO CaMOIBONCTBEHHBIX MOHOTOHHBIX OyJIeBbIX (DYyHKIINH,
obosnagaercsa Ds.

MmuozkecTBO 6y/IeBBIX QYHKIHUI, coXxpaHsomux KoHcTauTel 0 u 1, 060-
snagaercs Cy.

MHuo2kecTBO CaMOIBONCTBEHHBIX OV/IEeBbIX (DYHKIINN, COXPaHSIONINX
koHcTauThl 0 u 1, obo3uagaercsa Di.

MHO2KeCcTBO CaMOIBOMCTBEHHBIX JIMHEHHBIX OyJIeBbIX (DyHKIIMiA, 060-
sHavaercst Ls.

Muo2kecTBO CaMOIBONCTBEHHBIX JIMHEHHBIX OyJIeBbIX (DYHKIIHN, CO-
XpaHsomux KoucrauTel 0 u 1, obosnagaercss Ly.
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MuoxectBa D3, Do, D1, Ly, L5 ABIAOTCH 3aMKHYTBIMH KJIACCAMU OT-
HOCHUTEJILHO OIIEPAIUHU CYIIEPIO3UITHH.

Taxk>ke 3aMKHYTBIMI KJIACCAMU JIMHEHHBIX (DYHKIIAN SIBJISIIOTCS CJIe-
JIYIOTIHE KJIACCHI OJHOMECTHBIX (DYHKITUIA:

O1={z},04 = {z,x + 1}.

2. Omnepailius CHMHXPOHHO CyIiepno3uiuu

Pacemorpum naper (f,t), rue f — GyieBa dyHkius , ¢ — HATYpaIbHOE
qucao uian 0, Ha3pIBaeMOe BPEMEHHOU 33/I€P2KKOM.
Obo3na M

Cr=A{(ft)| feC,t=0,1,2...},
CY={(f,t)| feCt=1,2...},

rjie C] — MHOXKeCTBO OyJIeBbIX (DYHKIIHIA.

Ha npoussosibroM MuOkectBe B C C] onpejiesnM oleparop CHH-
XPOHHOM cyneprozunuu. JIJjist 3Toro pacCMOTpUM CJIeLyONIIe OIEePAIlUn.

1. Onepanust nepenMeHoOBaHUsI TIEPEMEHHBIX.

IMycrs (f(x1,..., 4. .., 2Tpn),t) € B u y — HEKOTOpasi II€PEMEHHASI.

Torja pesyjabTaToM IPUMEHEHHs OIepAIlii IePEeMMEHOBAHUS Tepe-
MEHHO T; B IIEPEMEHHYIO Y K ajeMenTy (f(Z1,...,%;,...,Zy),t) sABiIsieT-
cst eMenT (f(z1,...,Y,...,ZTpn),1).

2. Omneparysi OJICTAHOBKH.

JLu1s1 3T0it Onepanum OTOKIECTBUM KasKLyI0 IIEPEMEHHYIO I; C JIEMEH-
ToM (z;,0).

[Tycrh manbl aseMenTsl MHOXKecTBa B € CY

(f(.fl, e ,l'n),tl), (gl,tg), ey (gn,tg).

Torya pesysbTaToM PUMEHEHHsI OIIEPAIMH [OJCTAHOBKU 3JIEMEHTOB
(g1,%2),- - - ,(gn,t2) B ssmement (f(x1,...,%y),t1) ABISETCS SJIEMEHT

(f(gl7 B 7gn)7t1 + t2)7

riae f(g1,...,9n) — PE3yJIbTAT MOACTAHOBKU (DYHKIWMHA g1, ..., g, BMECTO
aprymenToB QyHKIun f.
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Suement (F,T) Ha3biBaeTCsi CHHXPOHHOIN CyTIEPIIO3HUIIUE HAJl MHOYKE-
crBoM B € CY, ecimm oH MOXKeT OBITH IIOJIydeH U3 3JIEMEHTOB MHOXKeCTBa
B ¢ nomomnipio onepanuii nepenMeHOBaHUs IEPEMEHHBIX M ITOJICTAHOBKH.

Kracc Bcex CHMHXpPOHHBIX cyleprio3unuii Haj B obo3HadmMm depes
[B]ce. MuOXKeCTBO B Ha3BIBACTCSI CHHXPOHHO-3aMKHY ThIM, ec/ii[B].. = B.
MuoxkecTBO B CHHXPOHHO-BBIpA3nUMO 4epe3 Ba, ecin [Bslq. 2 By. Muo-
»kectBO B C B Ha3bIBaeTCsl CHHXPOHHO-TIOJHBIM B B, ecin [Bi]q. = B.

3. Ci1abo3aMKHYTBIE KJIacChl OyJI€BbIX (DYyHKITHM

[TIycrs B C Cf. OuuakoBble QyHKIME MOIYT BXOJUTh B B ¢ pasHbIMU
3aJ1ep2KKaMU.

Mmuozkectso Oynesbix dynknuit M = {f € Cy | 3t > 0: (f,t) € B}
Ha3bIBAETCs 11€PBOIl IIpoeKIeil MuHOKecTBa B u obosnauaercss Pry(B).

MHmuozkectBo GysieBbix dyHKIMi M HazbiBaeTcsd crabo3aMKHYTHIM, €C-
JIM CYIIECTBYET CHHXPOHHO-3aMKHyTOe MHO)KecTBo B’ C (] takoe, uto
PryB'=M.

MmuozkecTBo OyseBpIx dynkmit M Ha3bIBAETCA IOIOKUTEIBHO-CIIA-
GOBAMKHYTBIM, €CJIM CYIIECTBYET CHHXPOHHO-3aMKHYTOe MHOKeCTBO B/ C
C{ rakoe, uro Pr; B’ = M. TlonoxureabHo-c1ab03aMKHY TOE MHOXKECTBO
SABJIAETCS C1aD03aMKHY THIM.

Bce zamknayTHIe Kitacce! [locTa ABIISIOTCS TOIOKUTEIBHO-CIA003aMK-
HYTBIMH. DTO CJIeJlyeT U3 TOrO, YTO OIEepPAallisi CUHXPOHHOII Cyleprosn-
mun Ha obbekTax (f,t) ciabee omeparu CyIepIO3UIMN HA MHOMKECTBE
Oy/1ebIX (DYHKIMI B TOM CMBICJIE, YTO IIePBasi IPOEKINs CUHXPOHHOI'O 3a-
mbikanust Pri([M]..) sBasercs nogMuokecTBOM MHOXKecTBa [Pri(M)]. A
Jyis jioboro 3aMKHyTOro Kitacca I[locra P u jioboro kiacca M, Taxkoro,

gro P = Pri(M) BepHO
P =Pri(M)C Pri([M]e.) C [Pri(M)] =[P] = P.

To ectnb Bee BrioUenus obpaiaiorcs B pasencrsa u P = Pry([M]..) mis
soboro M, rakoro, uro P = Pri(M).

CyImecTByIOT TakxKe CIa003aMKHYTBIE KJIACCHI, HE SIBIISIIOIINECS 3a-
MKHYTbIMI Kiaccamu [Tocra. Hamprimvep, paccMoTpuM MHOMXKECTBO

S={(f,0),(p,t) |@eY, feSt=12,..},
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rie Y = {p | p(x1,...,24) = ©(Z1,...,Tp)} — MHONKECTBO HYETHBIX
byuxmit, a S = {f | f(z1,...,2,) = f(ZT1,...,Ty)} — MHOKeCTBO ca-
MOJBONCTBEHHBIX (DyHKIIHIA.

Iepaast npoexmus Muoxkectsa S {f, ¢ | ¢ € Y, f € S} 6yner crabosa-
MKHYTBIM KJIACCOM, TaK KaK IepBasl MPOEKIUs CHHXPOHHOTO 3aMbIKAHUSI
MHOKECTBa S GyIeT COIEPKATH BCE YETHBIE I CAMOIBOICTBEHHBIE (yHK-
IUH.

PaccmorpuM 1Ba 3aMKHYTBHIX Kitacca llocta M; m My, Takme, 9To
Ms C M;.

Byzem ropopurs, uro napa MHoxkects (M7, Ma) OTHOCHTCSI K IEPBOMY
THILY, €CJIU HE CYNIECTBYET CJIaDO3aMKHYTOr0 MHOXKeCTBa K, TAaKOro 9to
My, C K C M;.

Bynem rosoputs, uro napa muoxects (Mj, Ma) orHOCHTCS KO BTO-
POMY THILY, €CJIU HE CYIIECTBYET MOJIOKUTEIbHO-CIa003aMKHYTOTO MHO-
xkectBa K, takoro uro Mo C K C M, HO cymiecTByeT Caab03aMKHYTOE
muOKecTBO K’ (He SBJISIONIEecs: MOJIOKUTEIbHO-CIIab03aMKHYTBIM ), Ta-
Koe uto My C K' C M;.

Bynem rosoputs, uro napa muoxects (My, My) oTHOCHTCST K TPEThe-
My THILY, €CJIU CYIIECTBYET IMOJIOKUTETbHO-CJIAD03aMKHYTOEe MHOXKECTBO
K, takoe uro My C K C M.

4. Cpabo3aMKHYTBIE€ KJIACChI CAMO/IBONCTBEHHBIX OYJI€eBBIX
dbyukImit

Jlemma 1. Ecau B C C},PriB = Dy, f € Ds, f ¢ D1, mo das npous-
soavnozo t € N U{0} swnoaneno Dy = Pri[BU{(f,t)}]cc-

HokazaTeabcTBo. Bee camompoiicTBeHHbIe (DYHKIIUMHU HEISATCI HA Q- U
o-pynuknuu. Kmace Dy comep:kuT Bce CaMOIBOWCTBEHHDBIE (-(DYHKITHN.
s moboit  camonBoiicTBenno#t dyHKIMn f ¢ BEKTOPOM 3HAYEHUIN
(f1,-.., fn) cymecrByer camojBoiicTBeHHasi (DYHKIMs ¢ ¢ HADOPOM 3Ha-
qenuit (g1,...,9n) = (fi,-.., fn), OOPATHBHIM K BeKTOPY 3HaueHuii (yHK-
nun f. ComocraBuM Jipyr npyry takue dyHKiun f u g.

[Tycrs mana mapa (fs,t), vae f siBisiercst caMOJIBORCTBEHHOM J-pyHK-
nueii, 1o ectb f5 € Ds, fs ¢ D1. OToXKieCTBIEHIEM [IepEMEeHHbIX (DYHK-
mn f5 U3 JAHHON Tapbl MOYXKHO moJy4nTh mapy (z + 1,t). Temeps, mis
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MPOM3BOJILHOM CaAMOIBOMCTBEHHOM §-PYyHKIMA ¢ PACCMOTPUM COOTBET-
CBYOTLYIO a-byHKIHIIO f, paBHYIO oTpurianmio byHKINN g. B MHOXKecTBe
nap B cymecrsyer napa (f,t1). Ucmonab3yst onepanuio nojcTaHOBKI Napbl
(f,t1) Buapy (z+1,t) mozkem nostyunts napy (g, t+t;1). Tak Kak paccyx-
JIEHIE TIPOBEJICHO JIJTsT TPOU3BOJILHOM caMOIBONCTBEHHOM J-DYHKINN g, TO
10TOOHBIM 00PA30M MOXKEM IOJIYUUTh BCE CAMOJIBONICTBEHHBIE J-(DyHKITUN
C HEKOTOPBIMU 3ajiepKKamu. JaHHOoe MHOXKECTBO B 00beguHeHnu ¢ B B
[IEePBOI MTPOEKITUN JIaCT Bech Kjacc Dj3. Jlemma nokazana.

O6osuaunm Cy = {(f,t) | f € Cy,t =0,1,2...}.
Jlemma 2. Ecau B C CY, mo [Pr1B] = Pri[B..

HoxkazareabcTBo. Cy — MHOXKeCTBO Bcex OyiieBbix a-dynkiwmit. [Tycts
nmaubl napsl  (f,t) w (g,t1), tme f(z1,...,2,) — oa-byHKIUS €U
g(x1,...,Tym) — a-byskius. OTOXKIECTBICHIEM EPEMEHHBIX U3 JIaH-
HBIX [Iap MOXKHO HOJIyunThb napbl (z,t) u (z,t1). Ilpumenum onepanuro
IIOJICTAHOBKH 1 KOIWil djeMenta (x,t1) B snement (f(z1,...,%,),t), mO0-
ayqaum ssemenT (f,t + t1). Tenepb npuMeHUM OIEPAIMIO TI0JCTAHOBKH
m xommit snementa (x,t) B snement (g(z1,...,%Tm),t1), TOIYIHM 3Je-
meHT (g,t+t1). Takum obpasom, Mbl ostyunsm GyHKIWMN f U g ¢ OUHA-
KOBBIMHE 3aJiepyKKaMu. [IprMensist TaHHOe PacCyKJIeHne K MPOM3BOJIbLHO-

My MHOXKeCTBY {(g1,t1),- .-, (gn,tn)} C B, MOXKEM HOJIYIUTH MHOKECTBO
{(g1,t1 + ...+ tn),. .., (gn,t1 + ... + tn)}. CaenosaresnbHo, umMes po-
u3BosibHOe MHOXKecTBO map {(f(x1,...,2n),t)(g1,t1),---,(gn,tn)} C B

BCEryla MOXKHO IIPUMEHHTD OIIEPAIUIO IMOJACTAHOBKU U IOJYyYHUTH Iapy
(f(g1y---y9n),t+1t1+ ... +1t,). Orciona ciemyer yrBep:KIeHHE JIEMMBI.
JlemMma, j1oKa3aHa.

O6oznaunm Dy = {(f,t) | f € Do, t =0,1,2...}.

JIemma 3. Ecau B C Dy, u cywecmeyem napa (f,t) € B, makaa , wmo
f #x, mo Pri[Bl. = Ds.

HoxkaszaresberBo. 1o emme 2 tak kak Do C Dy, 1o Pry[B].. = [Pr1B].
MuoxkectBo [PryB] siBiisiercst 3aMKHY TBIM MHOXKECTBOM MOHOTOHHBIX Ca-
MoJBOficTBeHHbIX (yHKIWA, pu s1oM [PriB| # {x}, Tak kak 1o ycio-
suio B [Pr1B] ectb meroxkjecrBennas dyukius f. EauncrBeHHbIM 3a-
MKHYTBIM KJIACCOM MOHOTOHHBIX CAMOJBONCTBEHHBIX (DyHKITHUIL, ComeprKa-
UM HETOXKAECTBeHHbIe (PyHKIUH, sABjasgerca Do. JlemMma nokasana.
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Jlemma 4. U3 w0601 neaunetinot camodsoticmeennoti pynryuu nodema-
HOBKOUT NEPEMENHBIT MONCHO NOAYHUMD 00HY U3 CACOYOWUT PYHKUUT:
yz + xy + xz(+1)
yz +ay +xz +y+ 2(+1)
yz +xy+xz +x+y(+1)
yz +ay+xz+ o+ 2(+1).

dokazareabcTBo. llcnosb3yeM M3BECTHLIN pe3yJIbTAT: W3 HEJIUHEHHOMN
GYHKIIUN [PU  [TOMOIIKA TIOJICTAHOBKU IIEPEMEHHBIX MOYXKHO IOJIYIUTh
HEJIMHEHHYO OyJsieBy (DYHKIIMIO OT JBYX IEPEMEHHBIX, MO0 (PYHKIIUIO OT
TpEeX IMEPEMEHHDBIX, L-KOMIIOHCHTa KOTOPOIl HEeJIMHEHHA.

[IpumenuM paHHBIE pe3yabTaT K IIPOU3BOJILHON HeJIuHeHHO# ca-
MOJiBoicTBeHHON dyHKkinn. HemuHefiHbIX caMOIBONCTBEHHBIX (DyHKITH
OT JIBYX IIEpeMeHHBIX He cyrnecTByer. CJie/loBaTesIbHO, U3 JaHHONH (DYHK-
MU TIPU ITIOMONIN IIOJCTAHOBKHM II€PEMEHHBIX MOXKHO IOJYyYUTh HeJIH-
HeliHyTo OyJieBy (DYHKITHIO OT TPEX IePEMEHHBIX, L-KOMIIOHEHTA KOTOPOi
uHesuHeltHa. CyIIecTByeT BCEro IMEeCTHAIATh CaMOIBONCTBEHHBIX (DYHK-
IUif OT TpexX IEePEeMEHHBIX, OHU OIPEJEe/IAI0TCA CBOMMU 3HAYCHUAMHU Ha
nepBbIX 4derhipex nabopax. [losioBuna u3 stux GyHKIMI ABASIOTCS JIN-
weitubivu (xz, x+1, y, y+1, 2z, z+ 1, x+y+ 2z, x + y+ z+1). Ocrasmmecs
BOCEMb (DYHKIINI ABJISIIOTCS HEJIMHEHHBIMU CAMOJIBONCTBEHHBIMU:

Yz +xy +xz

yzt+zry+xz+y+=z

Yyz+rxy+zxz+x+y

Yz +rxy+xTrz+x+ =2

yz+zxzy+xz+1

yz+zxzy+zrzz+y+z2+1

yz+zxzy+zrzz+rx+y+1

yz+zy+xz+x+z+ 1.

JlemMa jJoKa3aHa.

Teopema 1. Ilapw. xaaccos (Ds, D), (D2,01), (D1,Ds3), (D1, Ls),
(D3, Ls) omnocamesa x nepeomy muny.

HoxkazareabcTso. [lo jsemme 1, ecoim paccMOTpeTh MHOXKECTBO I1ap, CO-
crosimux u3 GyHKIWMA 13 D] ¥ HEKOTOPOil (IIPOU3BOJILHOI) 3a1ePXKKH,
U 700aBUTH K 9TOMY MHOXKECTBY Hapy u3 (QyHKIMM, HE TPUHAJICXKAIIICH
D1, ¢ HEKOTOPOIT 33/IePKKOI1, TO B ITEPBOI TPOEKITNN CUHXPOHHOTO 3aMbI-
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KaHNs IOJIyYeHHOTO MHOXKECTBa Hap IOJYyYATCHA BeCh KJIAacC CaMOIBOM-
crBennbix dyukuuii Ds. CrenoBaresbho, napa muoxkects (Ds, D1) oTHO-
CHATCA K IIEPBOMY THILY.

Ilo nemmMe 2 mepBasg TPOEKIWS CHHXPOHHOIO 3aMBIKAHWUS HEKOTOPO-
r0 MHOXKECTBa Q-(pYHKIUI C NPOU3BOJBLHBIMU 33JEPXKKAMU COBIIAIAET
C 3aMBIKAHUEM 3TOTO MHOXKECTBa Q-(YHKIINN OTHOCUTEIBHO OIEepaIuu
cyneprosutiuu. MuoxkectBo [ cOCTOUT U3 BCEX CAMOJBONCTBEHHBIX -
dyHKIN, cIe0BaTEIbHO, TIepBasi IPOEKIINsl JTI0O0I0 CHHXPOHHO 3aMKHY-
TOrO MHOXKECTBA AP, COCTOAINMX ux GyHKIuu u3 [ 1 HEKOTOpoil Bpe-
MEHHOI sIBJIsieTcsd 3aMKHYTbIM KjaccoM llocra. Takum obpasom, mapbl
muOKecTB (D1, Do) u (D1, Ly) OTHOCATCST K [IEPBOMY THUILY.

ITo semme 3 napa muOXKecTB (Dg, O1) OTHOCHTCS K II€EPBOMY THILY.

PaccmorpuM MHOXKECTBO Tap, COCTOSIININX W3 JIMHEHHON CaMOIBOM-
CTBEHHON (DYHKIINU U HEKOTOPO# 3ajiepkKu. Cpeiu HUX CYIIECTBYIOT Ta-
pol (z,t1), (x1 + 22 + x3,10), (1 + 2 + 23 + 1,t1). JTobaBum K nanHOMY
MHOXKECTBY TapPy, COCTOSINYIO U3 HEJIMHEHHON caMO/IBONCTBEeHHON (DyHK-
mun f ¢ HEKOTOPOU 3aJIePKKOI t.

ITo emme 4 u3 pyHKIMK f TOACTAHOBKOI IMepeMEHHBIX MOXKHO ITOJIY-
YUTh CAMOJIBOMCTBEHHYIO (DYHKIIMIO OT TPEX IIEPEMEHHBIX BUJIA XY + T2 +
yzt+oarr+agy+asz+ 5, rae oy, az, a3, 0 € {0,1} n g +as+a3 = 0. Tax
Kak y HAc ecTb napsl (x,t1), (y,t1), (2,t1), HoaydaeMble HepenMEHOBAHUE
HepEeMEeHHON B mape (ac,tl), TO AHAJOTUYHON ITOJACTAHOBKOU IEPEMEHHBIX
u3 napsl (f,t) MmoxkeM nosyunts napy (xy + xz+yz + a1z + agy + azz +
Bt +1).

[TepenmenoBanue mepeMEHHBIX MOy Iae€M AP (acy +xz+yz+oor+
asy+aiz+p6,t1+t) u (zy+rz+yz+asz+oy+asz+ 6, t1+t). llpumenum
OLIEPAIINIO ITIOACTAHOBKHY ITOJIYY€HHBIX 11D B 9JIEMEHT (a:l +xot+x3+0, tg),
nosyuuM napy (zy + xz + yz,t; + tg +t), rae byukmus zy + vz + yz
siBysieTcst a-dyHKImeit n 6asucom kinacca Dy. K nape (xy 4+ xz +yz,t1 +
tg + t) npuMennMo yTBepKJeHne JiemMMbl 2. CieoBaTebHO, U3 Iaphl
(xy + xz + yz,t1 + tg + ) MOYXKEM MOJIYYUTh MHOXKECTBO Map, MepBOii
MIPOEKITHel KOTOPOro sABJIIeTCS Bechb Kijacc Di.

Jasee 3amerum, uTto dpyHKIud 1 + To + 23 + 1 He npunaaexxkut Dy .
A Tak Kak BbIIIE JJOKa3aHO, 9TO napa MuHOX)ecTB (D3, D1) oTHOCHTCS K
[IeEPBOMY THUILY, TO MOXKHO IIOJIYIUTh MHOXKECTBO I1ap, IIepBOil mpoeKInei
KOTOPOT'O fABJIsIeTC Bech Kjacc Ds.
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CaentoBarenbho, napa (Ds, L) orHocuTcst K iepomy Tuiy. Teopema
JIOKa3aHa.

Jlemma 5. Jlaa 1106020 cAG603GMEHYMO20 KAGCCE COMOOBOTUCMEEHHDIT
bynesvir GyrKyul 6epHO MOYHO 00HO U3 YMEEPHCIEHUL:

1. Jlannwvitd kaace cocmoum moavko u3 a-@ynkuyuts U AGAAECMCHA 30~
MEHYMBM KAGCCOM

2. [as xaocdot a-pynkuyuu f us dannozo xaacca dpynkuua, pasnas
ompuyanulo f, makotce npuHaoIeHcUm 0GHHOMY KAACCY.

HokazareabcTBo. Kaxkas camonBoiicTBeHHast (DyHKITUS SIBJISETCS JIH-
60 a-dyHkHei, 60 §-pyHKIHEI.

N3 jlemmbr 2 ciepyet, 9TO ecin CJAaDO3AMKHYTBIN KJIACC COIEPIKUT
HEKOTOPOE MHOXKECTBO (-(PYHKIINN, TO OHO COJIEPXKUT 3aMbIKAHUE ITOI'O
MHOYXKecTBa. U, eciin TAHHBIN KJIAcC HE COMEPKUT O-PyHKIMIHA, TO BBITOJ-
HsleTcsl yTBepKeHne 1.

Ecnu mamublif Kiaace cOMEpKUT XOTA 6bI OJHY 0-(DYHKIIHIO, TO B CO-
OTBETCTBYIOIIEM MHOXKECTBE Iap, COCTOAMMX U3 (PYHKIUU U 3aJICPIKKH,
KpoMe MHOXKecTBa 1ap Buja (fu,t), mepBble MPOEKINHA KOTOPBIX sIBJISIOT-
cst -pyHKIWMsIMU, eCTh X0Tsl Obl ojiHa 1apa (g,t1), rae g — o-byHKIusL.
Torma oTOXKAECTBJIEHNEM IMEPEMEHHBIX B JAHHOM 3JIEMEHTEe MOXKHO IIO-
ayanthb napy (x + 1,1), a mocjie IpuUMeHEHUs! ONepaIii II0JCTAHOBKH
B Heé 971eMeHTOB (fq,1) MOXKHO IIOJIYIUTH MHOXKECTBO 3JIEMEHTOB BUJIA
(fa + 1,t + t1), mepBoii mpoekiweii KOTOPOro OyIET MHOXKECTBO OTPHIIA-
HUM BceX q-(PYHKINN, BXOIAIIUX B PACCMATPUBAEMBIH CIa003aMKHY ThHI
kjacc. CiieoBaTeIbHO, B 3TOM CJIyYae BBIIOJHSIETCH yTBEPXKIeHue 2.

JlemMa jJoKa3aHa.

Teopema 2. Caabo3aMEHYMBLMU KAACCAMU CAMOIBOTCTNEEHHHLT OYAEEDIT
Ppynxuut asamomes xaaccor llocma Dy, Do, D1, Ly, Ly, O4, O1, a max-
oice mmooicecmeo Dy, cocmoawee u3 6cer Gynkuutl, NPuHAOAEHCAUUT
Do, u pynryutd, o6pamHovir ¥ HUM.

Kaace Dy A6AAEMCA NOAOAHCUMEADHO-CAGOOZAMEHYMBLM.

HoxkazareabctBo. [lo Jsiemme 5 000l €j1aD03aMKHYTBI KJIacc ca-
MOJIBOMCTBEHHBIX OV/IEBLIX (DYHKIUH sIBJIgeTCA JTUOO 3aMKHYTHIM KJIaC-
coM a-pYHKINN, TO €CTh COBIAIAET C OJHUM u3 KJyaccoB Do, Dy, Ly,
O, mmbo pacnajaercs Ha JiBe YaCTH: OJIHA YacTh — 3aMKHYTBIH KJacc
a-dyHKIH, Bropasi 9acTh — MHOYKECTBO OTPUIIAHUI 3TUX -DyHKITHIA.
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Ecnu neppasi yactsb coBunajiaer ¢ Dy, TO cjab03aMKHYTBIN KJIACC COB-
majaer ¢ Ds.

Ecnu nepBast qactb coBnajiaer ¢ Ly, TO ciab03aMKHYTBIN KJIACC COB-
majaer ¢ Ls.

Ecnu nepBasi vacts coBmagaer ¢ 01, TO c1abO3aMKHYTBIN KJIACC COB-
najaer ¢ Oy.

Ecnu nepBast gactb coBmagaer ¢ Do, TO HOJydaeM CIa003aMKHY ThIi
kJytacc Dy, cocrosimuii u3 GyHKIuMi, npuHaieKanux Dy, 1 UX OTpuiia-
HUH.

Ecnu pacemorpers dyukimn u3 Dy O BCEBO3MOXKHBIMUA I€THBIMU 3a-
JIepKKaMu, a (DyHKIUH, SABJISIONINECS OTpulianusaMu MyHkiuit u3 Da, co
BCEBO3MOYKHBIMU HEUYETHBIMU, TO HPU CUHXPOHHOM 3aMBIKAHUU HUIETO
HOBOT'O HE TIOSIBUTCH.

CrenoBarenbHo, Kjaace Dy SBISETCA TOJIOXKUTEIbHO-CJIA003aMKHY-
TBIM KJaccoM. Teopema mokazaHa.

Cnucok Jureparypbl

[1] Kyuapsiues B. B., Baoxuna I'. H., Knan 2K., Kyapsisues B. B. Asre6-
pa sioruku. — M.; JIobssra, 2006.



Cekmus «/Ipckpernas MaTeMaTHKa W MaTeMaTHdecKad KuOepHeTuKa» 303

O yacTOTHBLIX siI3bIKAX Ha OMTrpaMmax
ITetromiko A. A. (Mocksa, MI'V um. M. B. Jlomonocosa)

petsan@newmail.ru

ITycts A (|A| < 00) — komeunsrit andasur, a L C A* — HekoTOpbIit
SI3BIK HAJ[ 9TUM aJihaBUTOM.

ITo KaxKI0My CJIOBY (v $13bIKA L MOXKHO IIOCTPOUTH MATPUILy OUIPaMM
(n())a,bea, TAKYIO UTO Ngp(0r) — 9TO YHCIIO PSAJIOM PsAJIOM CTOSAIINX OyKB
ab B ciioBe . B mamHo# cTaThe perraercst odOpaTHast 3a1a1Ua — 10 MATPHUILE
n(q) ycraHoBUTH HEKOTOpBIE cBOiicTBa sizbika L(n(a)), To ecTh MHOXKe-
CTBa BCeX CJIOB, MMeroIux Marpuily 6urpamm n(«). [loxyuennsie s3biku
L(n(«)) ynaercs xiaccudunupoBarh.

IIpumep. Ilycrs A = {0,1}, o = 01011100.
noo(a) n01(a) 1 2
Torma marpuria 6urpamm n(a) = = .
( ) nlo(a) nn(a) 2 2
PaccmorpuM cHadasa pe3yabTaT, Kacaloluiics PEryIsipPHOCTA SI3bIKA,
B KOTOPOM 3aJIaHbI HEKOTOPbLIE OTPAHUYEHUS Ha KAKOE-TO ITOIMHOXKECTBO
9JIEMEHTOB MATPUIIHI OHUTPaMM.

Teopema 1. ITycmw sadan nabop k < oo 6uzpamm B = (B, ..., B), 20e
1Bi| = 2,i = 1...k, a maxoice nabop ompesxos ¢ = ([ct,cd], ..., [c},ch]),
ede ¢f < ¢h,¢; € NU{0},i = 1...k,j = 1...2. Toeda asvix Lgs =
{a| ng,(a) €c},cb],i=1...k} peeyaapen.

Bosiee uHTEpECHBIH Coryvail, KOrjia Mbl pACCMATPUBAEM MATPHUILY OU-
rpaMM He Kak abCOJIIOTHOe OrpaHUYeHne, a KaK 3a/[aHue OTHOCUTEJIbHBIX
3HAUEHWH OUIPAMM, TO €CTh $I3bIKa, B KOTOPOM COXPAHSIIOTCS OTHOIIIE-
Hust Ngp(@) /neqg(a) Va,bye,d € Ayneg(a) > 0. st Gostee jeraibHONO
PaCCMOTPEHHsT HaM HOTPEOYeTCst Psijl ONPEJIeJICHHI.

Onpegesienne. HazoeM 4acTOTHBIM S3BIKOM Ha OMIPaMMax, 3aJaHHbIM
marpuiieii Gurpamm n(a), ciaeayonmit s3pik upu k € N:
oo

FUn(a) = U L(kn(a))
k=1
[Tocrpoum o marpurie n(a) OpueHTUPOBaHHBIH rpad G(a) HA 1LTOC-
kocTu. Beprmmaamu y 9Toro rpada 6yayT Bce OyKBbI U3 ajipaButa A, npu
5TOM pebpa Oy IyT COOTBETCTBOBATH OUTpAMMAM C yIETOM UX KPATHOCTEIR,
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TO €CThb KPATHOCTb Mgp(cr) ByJeT MOpOXKIATh Map(() OPHEHTHPOBAHHBIX
pebep a — b. AHAJIOrMYIHO, KPATHOCTD Nec (@) ByaeT MopoxIaTh M)
neresb ¢ — C.

Onpenenenne. HazoseM opreHTUpOBaHHBIN I'pad 3iiIePOBBIM, €CJIM €C-
JIV BBIIOJTHSIIOTCSL cJietytornue yesoBust: 1) Bee Bepinusbl, siBistroryecst
HaJaJIbHOW MM KOHEYHON BepIIMHON XOTsI ObI OMHOTO pebpa, JexKaT B
OJIHOY KOMIIOHEHTE CBA3HOCTH COOTBETCTBYIOIIEI'0 HEOPUEHTUPOBAHHOI'O
rpaca; 2) ¥V Bcex BEpIIMH KOJMYECTBO BXOJSIIHUX pebep PaBHO KOJMde-
CTBY HCXOJSIIUX pedep.

Onpenenenne. HazoBem opueHTHPOBaHHBIA I'pad MOYTH SHIEPOBBIM,
eCJIM BBITIOJIHSIOTCS cJieftytorue yeaosusi: 1) Bee BepiuHbl, siBIstioniie-
cs HAIaJIbHON MM KOHEUHOM BEePINHON XOTsI ObI OHOTO pebpa, JieXKaT B
OJHON KOMIIOHEHTE CBA3HOCTU COOTBETCTBYIOIIECI'O HEOPUEHTUPOBAHHOI'O
rpada; 2) YV Bcex BepIInH, KpOMe JIBYX, KOJUIECTBO BXOJSNIMX pebep pas-
HO KOJIMYECTBY UCXOJSIINX pebep. Y OCTABIIUXCH JABYX BEPIIUH PA3HOCTH
KOJIMYECTBA BXOJANNX pedep U KOJUIeCTBa UCXOIAINUX pedep paBHa +1
1 —1 coOTBETCTBEHHO.

Kak mokazano B [1], B silsiepoBoM rpade cyImiecTByer SiliepoB UK
(To eCTh TaKOH INKJ, KOTOPBIH COMEPKUT BCe pedbpa, MPUIeM KarxKI0e —
TOJIbKO OJIH Da3), a B IOYTU JHJIEPOBOM — 3ilJIepOB MyTb, HE SIBJISIO-
muiica 3i1epoBbIM [IUKJIOM (To €CTb TaKO# IIyThb, KOTOPBI COLCPKUT BCe
pebpa, mpuyueM KarKJ0e — TOJIBKO OJIUH Pa3, U IIPHU STOM HadajbHAs Bep-
IIHHA HE COBIAJACT C KOHEUIHOI).

Teopema 2. [Iycmwv s3adana mampuua 6uepamm n(e). Toeda:

1) Ecau opuenmuposannvii 2pagh Gq) A6AALMCA FTUAEPOGHIM, MO 6 “a-
cmommom asvike Fiiy(q) cuemmoe wucao cros;

2) Ecau opuenmuposannoiti epadh Gr(q) AGAAEMCA NOUMU IUACPOGHIM,
Mo 6 HaCTNOMHOM A3bIKE Flup(q) KONEUHOE HENYALB0E HUCAO CAOG, UMEIO-
WUT 00UHAKOBYIO DAUHY;

8) Ecau opuenmuposannviii epadh G o) He AGAALMCA HU FUAEPOGHLM, HU
nowmU SUAEPOGHLM, MO 6 HACTNOMHOM A3bIKE F\ (o) HEM M 001020 caosa.

OueBnHO, 9TO ecim BBIIOJMHSIOTCS yeaosust 2) uan 3) Teopemsbr 2,
TO A3BIK Fly (o), B KOTOPOM He GoJiee YeM KOHETHOE 1IHCIIO CIIOB, Oyer
perynsapueiM. IlosToMy mHTEpecen BoIpoc, Korjia oH Oy/ieT ABJIAThCA pe-
IyJISIPHBIM IIPH yCJIoBHHA 1).
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Omnpenenenne. HazoseMm /Be HeHy/IeBbIe MATPUIIBI 121 U 19 OJUHAKOBOIO
pazMepa HEeKOJUIMHEAPHBIMH, €CJIM He CYIIECTBYET HEHYJIEBBIX JIeHCTBU-
TeJIbHBIX KO(DDUIMeHToB c1,cy € R, (c1,¢2) # (0,0), Takux, 9T0 BEpHO
ciny + cang = 0.

Teopema 3. ITycmov A, |A| < 0o — nexomopuili kxonewrwid argasum. /a-
aee, nycmy 3adana mampuya buzpamm n(a) makas, ¥mo coomeemcemey-
rouguti el opuenmuposannvil epadh Gpq) Acasemea sdreposwim. Tozda:
1) Ecau cywecmsyem maxoe pasaodicerue n(a) 6 cymmy 08Yx HEHYALEHLT
nexoaruneaproir mampuy n(a) = n(ay) + n(az) makxoe, wmo obe mam-
puywt () u n(az) sadarom opuernmuposanmvie epahvt G,y U Gr(as),
KOMOPbIe AGAAOMEA FUAEPOGHMU, MO AZUK [ (o) Hepeayaapen;

2) B npomushom cayuae A3k Fun(a) pezyaapen.

Omako manHas TeOpeMa JTaeT CAUIIKOM OOIHe YCJIOBUS HA MATPUILY
burpamm. PaccMoTpruM 9acTHBINR, HO YACTO MUCHOJIB3YEMbIH HA MPAKTHKE
ciaydait 1ByxOyKBEeHHOrO aJihaBuTa.

Teopema 4. ITyemv A = {0,1}. Jlasee, nycmo 3adana mampuya 6u-
epamm n(a) maxas, wmo coomeememeyowull el opueHMUPOBarHbLY
epag G () Asasemes stareposvim. Toeda:
1) Aswix Fun(a) nepeeyasapen, ecau 3i,i € {0,1} maxoe, wmo nj;(a) > 0,
u npu omom Ju # v,u,v € {0, 1} maxue, wmo ny,(a) > 0;
2) HAsvik Fp (o) peeyaspen, ecau Ji,i € {0,1} maxoe, wmo ni(a) > 0, u
npu amom Yu,v € {0,1}, (7,7) # (u,v) éwnoansemea ny,(a) = 0;
8) Hsvin Flp(a) peeyaapen npu noo(a) = nii(a) = 0.

OTMmeTnM, 9TO JIJIst JIOKA3aTeIbCTBa JBYX IOCJIEIHUX TEOPEM HAaIpsi-
MYIO HCIOJIb30BaJIach Teopema KJIMHEM O MpeJCTaBUMOCTH DETy/ISPHBIX
cobbiTnit B aBTomare (cMm. [2]).

ABTOp BBIpazkaeT 6JATOMAPHOCTH CBOEMY HAyYHOMY DPYKOBOIUTEIIO,
n.¢d.-M.H., npodeccopy Babumy 1. H., 3a moctanoBKy 3a/auu u IeHHDIE
YKa3aHUs.

Crmcok JurepaTypbl

[1] Ope O. Teopus rpacdos. — M.: Hayka, 1980.
[2] Kyupsieues B.B., Asemun C.B., Iloakonsun A. C. Beejenune B Teo-
puto aBTomaroB. — M.: Hayka, 1985.
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O AByx MeToaax paclio3HABaHUS YKBUBAJIEHTHOCTU B
ajredpandeckKnx MOJeJIsIX IMIPOrpaMm

ITonnoBuenko P. . (Mocksa, HUBI] MI'Y um. M. B. Jlomonocosa)
Baxapos B. A. (Mocksa, MI'Y um. M. B. Jlomonocora, ¢-r BMK)

rip @uuv. srcc.msu. su, zakh@cs.msu.su

Ha3Ha.quI/Ie ,[La.HHOIU/I crTaTbu — O6p3,TI/ITb BHUMaHHUEe Ha OJWH U3 II0-
CJIEJIHAX PE3YJILTATOB B TEOPUU MOJEJEH ITOCIeIOBATEIbHBIX ITPOTPAMM.
B Heit maércst mpeacrapiaenne o6 aaredpanviecKux MOJIEISX IporpaMm, ob
OCHOBHBIX ITPOOJIEMaX WX TEOPHUH, YCJIOBHUAX, B KOTOPHIX OHU PACCMATPHU-
BalOTCdA, 1 KOHIEIIUAX, Je2KallluX B OCHOBE ABYX HpaKTI/IKyel\IbIX METOI0B
pacro3HaBaHus SKBUBaJeHTHOCTH. DOpMyIUpYIOTCA pe3yJIbTaThl, OJIY-
YCHHbIC 9TUMU METOJaMU U IIpUMEHUMbIE B IIPOT'PaAaMMUDOBaHNN.

AsreGpanyeckne Mogiesin IporpamMM BeejieHbI B [4] kak 06obuieHue
JIBYX MOJIEJIEll MTOC/IE/IOBATEIbHBIX [IPOTPAMM — OIIEPATOPHBIX cxeM JIs-
nyHoBa-fHoBa [3, 6] u auckperHbIX peobpasosaresteii [iymkosa-Jlern-
geBckoro |[1]. O6bekThl anrebpamdeckoil MOJEIN MMEHYIOTCS CXeMaMU
nporpamM. B rTeopuu ajrebpandeckux Mojesieil mporpaMM OCHOBHOM siB-
JsieTcst npobJieMa SKBUBaJIEHTHBIX IpeobpazoBanuii (3.11.) B Mojean. OHa
3aK/II0YAETCS B HMOCTPOCHUH CUCTEMBI 3.I1., TOJHOW B MOJIEIU, TO €CTh
VIOBJIETBOPSIONIEH TPEOOBAHUIO: JJIsI JIOOBIX NBYX SKBUBAJIEHTHBIX CXEM
U3 3TOU MOJIEJI CYIIECTBYEeT KOHEYHAas IEHOYKa 3.I1., TPUHAJIEIKAITUX
CHCTEeMe U TPAHCIUPYIOias OJHy U3 cxeM B jpyryio. [Ipobiema s.1. pac-
CMATPHUBAETCs TOJBKO B MOJIEJISIX C PA3PEIIUMOil TPobIeMOil SKBUBAJICHT-
HOCTH, TO €CTh IIPEJIIOIAraeTCs HAJInIne aJITOPUTMa, KOTOPBIN paclio3Ha-
€T 9KBUBAJICHTHOCTH CXeM B MOjiesin. TakuM oOpa3oM, Ha IIEepBOE MECTO B
uccijie10Baindgax BBIXOAUT HpO6JIeMa. AKBUBAJICHTHOCTHU B MOJICJIN.

Autrebpanmdeckre MOJIEH CTPOSITCST HaJ| JIBYMsI KOHEYHBIME aJi(paBH-
TaM#i — aiaBUTOM Y OIEpPATOPHBIX CUMBOJIOB M ajidaBuToM P jormde-
CKUX IepeMeHHbIX, TpuauMatorux 3uadenus 0 u 1. Bee anrebpamdeckue
MOJIEJIN TIPOrPAMM HUMEIOT ODIIUM MHOXKECTBO CBOUX OOBEKTOB — CXEM
IIPOrpaMM U OTJIUYAIOTCS JPYT OT JPyra OTHOIIEHHEM SKBUBAJICHTHOCTH
MEXKJIy CXeMaMHU. JTH OTHOIIEHUsI BBOJSITCS €IMHOOODPA3HO, OIIPEeJIeIsisi
TEeM CaMbIM BCE MHOXKeCTBO Mojeseit. CyIecTBeHHOM sIBJISIeTC s
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Teopema 1. IIpobaemul sxsUBANEHMHOCU U 3.1, 6 N1000U aszebpaue-
ckoti modeau npoepamm wad Y, P ceodames x 0dnouménnvim npobaeman
6 MOOEAAT MAMPUIHBLT cxem nad Y , P.

Ha ocuoanuu 310it TeopemMbl 00e mTpob/IeMbl PACCMATPUBAIOTCA B MO-
Jesisix MaTpudHbix cxeM. Onuriem nx. Marpuunas cxema Haz Y, P npes-
cTaBjisieT coDOM KOHEUYHBIN rpad C AByMs BBIIEIEHHBIMU BEPITUHAMU —
BXOJIOM 0€3 3aXOJSIUX B HEro JIyT' U BBIXOJIOM 0e3 HCXOMIANINX U3 Hero
JIyT; OCTaJIbHBIE BEPIIUHBI HAJEIEHbI MeTKaMu U3 Y ; U3 KaxKJIOi BepIiiu-
HbI rpada, KPoMe BBIXOJIa, UCXOMAT JIYIU B KOJIMYECTBE, PABHOM UUCITY
HAOOPOB 3HAYEHWH BCEX MEPEMEHHBIX 3 P (MHOXKECTBO TaKnX HabGOPOB
obosHauaercss X ), U IOMEeYeHbl PA3INIHBIMI HAOOPAMH.

MatpudHble CXeMbl BBITOJTHSAIOTCH Ha (QYHKIUSIX, OTOOPAXKAIOIIUX
MHOZKECTBO BCE€X IEIIOYEK OIIepaTOPHBIX CHMBOJIOB U3 Y (OHI/I Ha3bIBa-
I0TCsI OLIEPATOPHBIMHE TlernoukaMu) B MHOKecTBO X . Takne dyHknun Ha-
3BIBAIOTCA (DYHKIUSIME PA3METKU. BbIoHEeHNnEe cXeMbl Ha (DYHKIINNA Pa3-
METKH 3aKJII0YaeTCsd B 00XOJE€ CXeMbl, KOTOPBIi HAUUHAETCS B €€ BXOJIE
C IIyCTOH OIIepaTOPHON IIEIIOYKON U COIIPOBOXKIAETCA IIPUIINCBIBAHUEM K
TEKyIIEeH ONepaToOpHON MEMOYKEe CUMBOJIA, COMIOCTABICHHOIO BEPIIMHE IIPU
Iepexo/ie 4epes3 Hee; 1P 3TOM BBIXO/[ U3 BEPIIUHBI IIPOUCXOIUT 110 JIyTe,
oMeveHHo#t Tem HabopoM u3 X, KOTODBIH sB/IseTCs 3HaYeHUEM (DYHK-
[UU PA3METKHU Ha IOJIyYeHHON IerovKe. Pe3ysibraToM BBIIIOJTHEHUS CXe-
MbI CHUTAETCA HENOYKa, IMOJyY€HHad K MOMEHTY JIOCTUZKEHHA BbBIXO/Ia
CXEMBbI; MHAYE PE3yJIbTaT He OIpEJeeH. DKBUBAJICHTHOCTh CXEM OIIpe-
JeJideTcd BbI60pOlVI JABYX IIapaMeTPOB: OTHOIICHUA IKBUBAJICHTHOCTHU V
B MHOXKECTBE OIIEPATOPHBIX IENOYeK HaJ Y | IOoJAMHOXKecTBa L Jo1ny-
CTUMBIX (DYHKIINI pa3MeTKu: TPeOyeTcs, YTOOBI Ha JII00O0W JTOIMYCTUMO
bYHKIINN pa3sMeTKH Pe3YJIbTAT BBITOJHEHUS Ha HEl OJIHOI M3 cXeM ObLI
OIIpEJIEJIEH, €CJIN OIIPEJIeJIEH Pe3yJIbTaT BBIINOJIHEHUs JPyTroil, U 3TU pe-
3yJIbTAThI ObLIN V-5KBUBaJIeHTHBIMUA. C BBEJIEHUEM TaKON 9KBUBAJIEHTHO-
cru nostydaercst (v, L)-Moziesib MaTpuaHbIX cxeM HaJ[ Y, P.

K macrostinemy BpeMeHU TPEJIOXKEHBbI J[Ba METOJA Pa3PEIICHUs K-
BUBAJICHTHOCTU B MOJEJISAX MATPHYHBIX cXeM — ofuH B [5| u apyroii B
[2]. O6a meToza paccmMaTpuBaiOT coueTaeMble MapIIPYThI B CXeMaX, CPaB-
HUBAaEMbIX HA SKBUBAJEHTHOCTH, TO €CTh IMYTHU B CXeMaX, HAUUHAIONIU-
ecd B UX BXOJAX U IIpoJiaraeMble OOIedl s HUX JOIMyCTUMON (QyHK-
nueil pazmerku. B TepMuHAX codeTaeMbIX MapIIPYTOB (DOPMYIUPYETCS
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KPUTEPHUil 9KBUBAJEHTHOCTH CXeM. BbIgessercs ceMeiiCTBO yIopsiI0vIeH-
HBIX MOJIeJIei: B Takoil Momenan Jirobasi omepaTopHasi MEmovKa He UMeeT
V-3KBHUBAJIEHTHBIX € MOIIENOoYeK, & JOMYCTUMBIMI SIBJISTIOTCS BCe (DYyHK-
I pa3sMeTKH, COXPaHAIoIe CBOé 3HAQYEHUE Ha VV-OKBUBAJICHTHBIX OIIE-
paToOpHBIX IenodkaxX. OCHOBaHUEM 3TOMY ABJISIETCSI TO, YTO B TAKUX MO-
JIEJISIX COUeTaeMOCTh MAPIIPYTOB AJITOPUTMUYIECKH PACIO3HABAEMa, a B
MaTPUIHON cxeme JII000H MapIIpyT MPOKJIaIbIBACTCS HEKOTOPOW OITy-
cTuMOi (PyHKIIMEH pa3MeTKH.

Mertoy B |5] HalesieH Ha pacrio3HaBaHUe SKBUBAJIEHTHOCTH, B IIPOIECCE
KOTOPOI'0 YCTAHABJIUBAIOTCS CBOMCTBA CTPYKTYPHI SKBUBAJCHTHBIX CXEM.
Tlocnearee HEOOXOAUMO JJIST pPEITeHusT MPOOIeMbI 3.11. KOHIENIIs 3TOro
METOJIa — OCYIIECTBUTH IIPOBEPKY IKBUBAJIEHTHOCTH JIBYX CXEM IIPOCMOT-
POM coveTaeMbIX MapLprTOB B HUX, UMECIOIINX KOHeqHyIO JUINHY, KOoTOpas
ompezesieTcs pasMepaMu cxem. lokazana

Teopema 2. [Ipobiema IK6UBANEHMHOCTNU 6 YPAGHOBEULEHHOT MOJEAU C
AEBBIM U NPABHIM COKPLULEHUEM PA3PEUWUMA 30 NOAUHOMUGALHOE BPEMS
OMHOCUMENDHO PABMEPOS CPAGHUBAEMBLL CTEM; 68 MAKOT MOJCAU DEWEHA
U NPpobaema 3.1.

HazBamnubie B TeopeMe 2 MOJIE/I — 9TO YACTHBIN BUJT YIIOPSIOIEHHBIX
MoJiesiell, B KOTOPBIX V-3KBUBAJIEHTHBIE TETIOYKN PaBHLI O JIJIUHE U CO-
XPaHSIIOT V-9KBUBAJICHTHOCTD MPU COKPAIICHUN UX HA V-9KBUBAJCHTHDLIE
npeduKehl (JIeBast COKPATUMOCTE) U cydDdUKCHI (IIpaBasi COKPATUMOCTD ).

AJTBTepHATUBHBIN TIOAXOM, K TIOCTPOEHUIO 3D (PDEKTUBHBIX aJrOPUTMOB
pelennsi 3aJa4dn IPOBEPKU SKBUBAJEHTHOCTH CXE€M IIPOTPAMM IPEJLy-
CMATPHUBAET CBEJICHUE 3TOU 3aJadu K MpobJieMe IIyCTOThI JIJIsi JIBYXJICH-
TOYHBIX OJIHOCTOPOHHMX JI€TePMUHMPOBaHHBIX MaimmH (2-DM) creru-
aJbHOrO BUJA. 719 MpOBEPKH SKBUBAJIEHTHOCTH JIBYX MATPUUHBIX CXEM
71, Ty B (v, L)-Mmozesnn HeobxomumMo nocrpouts 2-DM D, onmcbiBarolyo
OTHOIIIEHNE SKBUBAJEHTHOCTU I OMEPATOPHBIX IEMOYEK, TO €CTh PACIO-
3HAIONIYIO BCE V-9KBUBAJICHTHDBIE TTAPbI OIIEPATOPHBIX Iernovek. Jlokazana

Teopema 3. Ommuowenue IKEUBANEHTVHOCTU UV ONEPAMOPHBIL UENOYEK
mooicem boimo onucano 2-DM moeda u moavko mozda, xozda (v, L)-mo-
deav AsaAeMCA YnopadouerHot.

Hamee mts mapsl cxeM w1, T 1 2-DM D,,, onucbIBafoIIeit OTHOIIIEHTE
SKBHUBAJEHTHOCTH U OIEPATOPHBIX IEI0YEK, CTPOUTCS KOMOMHUPOBAHHA
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2-DM K (my,ma, D)), KOTOpasi IpUHUMAET B KAYeCTBE BXOJIHBIX JIAHHBIX,
3aIMCAHHBIX Ha ee JIEHTaX, Mapbl MAPIIPYTOB B CX€MaxX 7] U 7M. YCTPOLi-
cTBO KOMOMHEpOoBaHHOK 2-DM TakoBO, 9TO CIpaBenBa

Teopema 4. Ecau 2-DM D,, onucvieaem aK8USAAEHMHOCTID IV ONEPAITNOD-
HOLT YENOUEK, o CTemvl, T U Ty IKkeusarenmuss 6 (v, L)-modeau moezda
u moAavko moeda, Kozda xomburuposantas mawuna K(my,wa, D))

A: pacnosnaem nycmoe GUHGPHOE OMHOWEHUE U

B: 6 xaotcdom beckoneunom npozore 6ECKOHEUHO HACTNO CHUMBIBaEM OaH-
Hble HA 00eUT NENMAL.

Pazpermumocts 1pobJieMbl IIyCTOTHI JIJIsi HEKOTOPBIX KJIACCOB KOMOU-
HUpOBaHHBIX MauH K (71,79, D)) obecreunBaer

Teopema 5. Ecau 9K6UBAAEHMHOCMY UV ONEPAMOPHBLL UENOUEK ONUCHL-
saemcsa 2-DM D,,, umerowets xoneuroe mroxcecmeo F donycrkarowux co-
cmoanut, u cremvl T U Ty oKeusasenmmuvs 6 (v, L)-modesu, mo wucao
cocmoanut Komburuposarnot mawunve K (w1, me, D,), docmustcumvix us
ee nauaavnozo cocmoanus, ozpanuseno eeauvunot 20UFI(ml+m2])

Caencreue 1. FEcau omuowenue sKEUSAACHIMHOCTIU UV ONEPAMOPHDIL
UENOYeK PA3PEWUMO 30 NOAUHOMUGALHOE 8PeMA U onucveaemcsa 2-DM
D, umerwed xonewrnoe mroocecmeo F donyckarowux cocmoaruti, mo
npobaema IK6uGaNEHMHOCTIU cxem npoepamm 6 (v, L)-modesu npunadae-
aotcum Kaaccy caodtcnocmu co-NP.

CaenctBue 2. Eciu omHoweHue 9K8UBAAEHTMHOCTNU U ONEPATMOPHBIL Ue-
novex onucveaemcsa xorwewnoti 2-DM D,,, mo npobaema 2K8UBAAEHMHO-
cmu cxem npozpamm 6 (v, L)-modeau npunadiescum Kiaccy CA0HCHOCTIU

NLOG.

Pabotra Boimonena npu noaepxkke OIIIT «Hayumrbie n nayaHo-mena-
roruvyecKre KaJipbl mHHOBaImonHo# Poccuus 2009-2013 r.r.
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O npoBepKe 3KBUBAJIEHTHOCTH MOCJIEOBATEIbHBIX U
PEKYPCUBHBIX IIPOrpaMM Ha yHOPsJ0YeHHBIX
MOJIyTPYHNIOBBIX HIKAJIaX

ITonsimos B. B. (Mocksa, MI'Y um. M. B. Jlomonocora, ¢-r BMK)

valdus@yandex.ru

[Tpob6iema SKBUBAJIEHTHOCTA TPOTPAMM B IIUPOKOM CMBbIC/IE (hOpMy-
JINPYETCs CIASAYIOMUM 00pa30M: TPEOYETCs BBISCHUTH, UMEIOT JIU 38 1aH-
HbIE [IPOrPAMMBI OJIMHAKOBOE IOBeJicHUe. B jnannoit pabore B KadecTBe
dopMaM3aIl MOHATHS TPOIPAMMBI UCIIOJIB3YETCsT MOJIETb PEKYPCUB-
HBIX [IPOTPaMM, MpeJJIozKeHHasi B 3amerke [1| u obobmaromast Moesib
BBIUUCJIEHUI TIOCJIE0BATE/IBHBIX [TPOTPAMM.

B pabore [2] Gbuia npeiozkeHa MeTOMKA MCCIE0BAHUST IPOOJIEMbI
SKBUBAJEHTHOCTHU JINHEHHBIX YHAPHBIX PEKYPCUBHBIX ITPOIPAMM, CEMaH-
THKa KOTOPBIX OIKMCHIBAETCST YPABHOBEIIEHHBIMHU TOJIYTPYIIIIOBBIME IITKA~
sgiamu. [lesb JaHHOTO MCC/IEIOBAHUST COCTOUT B OOODIEHUN STOW METOJIH-
KU Ha 6oJjiee MUPOKUI KJIaCC CEMAHTHUK, OMMMCHIBAEMBIX YIIOPSI0OUEHHBIME
[OJIYTPYHIIOBBIMY MTKAJIAMH.

CunraeM 3aJaHHBIME KOHEUHBINH aidaBuT A 6a30BBIX (DYHKINN u
koHeuHbIT asipapur C' 0a30BbIX PEIUKATOB. TakxKe 3aJlaH CYETHO-
6eckoneuHbIil asdaut F' 3aro/loBKOB QyHKIINI, KOTOPbIE MOT'YT UCIOJIb-
30BaThcsl B mporpamme. Crioso B andasure A U F' 6yieM Ha3bIBaTh Tep-
MoM. MHOXKecTBO Bcex TepMoB OysieM obo3Ha4daTh 3amuckio 1'erm. Tepm
t Gy/1eM Ha3bIBATh OA30BBIM, ecyin t € A v IUHEHHBIM, €CJTM OH SIBJISTETCST
6a30BbIM MM TIpejcTaBuM B Buje t = t' ft” rue t', ' — GazoBble TepMbI,
fekF.

[Tox yHapHOil peKypCcHUBHOI HporpaMmMoil OyjieM TOHUMATH CUCTEMY
m = (Fr,D,T), tie Fr C F — KOHEYHOE MHOXKECTBO 3ar0JIOBKOB (DYHK-
nuit, onpenenseMbix B nporpamme, D : Fp x C — Term — onucanue
byukmuit, T € Term — 3anpoc TporpaMMbl. YHAPHYIO PEKYPCUBHYIO
nporpamMmy Oy/ieM Ha3bIBATh JUHEHHOM, ec/in ee 3alpoc U 00JaCTh 3HAa-
genuil pyukiuun D cyTb JinHeiiHbIe TepMbI. JIMHEHHYIO0 YHAPHYIO PEKyp-
CUBHYIO IIPOIpaMMy Jiajiee OyIeM Ha3bIBaTh IIPOCTO IMPOrPaMMOii.

Canoxuocts || nporpammbl m = (Fy, D,T') onpeesuM CJeiyonum
obpasom: || = |T|+ 3 e, cec |1 D(f,0).
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CeMaHTHKa MPOTPAMMBI OTIPEJIEIAETC MOJIEIbI0 — cuctemoit M =
(S,s0,R,§), tme S — NPOM3BOJILHOE MHOXKECTBO COCTOSIHUiI JIAHHBIX,
sg € S — mauasbHOe cocrosiame, R : S x A — S — dyukimsa mpeobpaso-
BaHUsI JaHHBIX, £ : S — C — OlleHKa UCTHMHHOCTHU MPEIUKATOB HA COCTO-
SHUSX JaHHbiX. Hapsiay ¢ dpyukmueit R 6yj1eM UCIoIb30BaTh €6 paciii-
perne R* ¢ MHOXKecTBa A Ha MHOXKeCTBO 6a30BbIX TepMOB: R*(s,\) = s,
R*(s,ah) = R*(R(s,a), h). Bmecro 3amucu R*(sg, h) mis kparkoctu Oy-
JIeM HCIOJIb30BATDh 3aIUCh [h)].

Tpaccoit nporpammer m = (T, F, D) GyjieM Ha3bIBATH KOHEIHYIO WJIH
OECKOHEUHYIO IOCJIEIOBATEIBHOCTE TEPMOB, HAMHHAOILYIOCS C 3aIlpoca
MpOrpaMMbl U TaKyIO0, UTO KayKJbIH CJIEIYIOMNN TEepM MOJyJIaeTcsT U3
MPEJIBIIYINEro 3aMeHOM BXOJISAIIErO B HETO 3arojioBKa GyHKINUK [ Ha TepM
D(f,c), rne ¢ — npou3BosIbHBINA 6a30BbIi peuKaT. Tpaccy mporpaMmb
7 OyJileM HasblBaTh ee BbluncjenueMm B mojenn M = (S, sg, R, &), eciu
BBITIOJTHEHBI CJIE/TYTOTINAE YCIOBUST:

1) eciim OHa KOHEYHA, TO OKAHYUBAETCsI OA30BBIM TEPMOM U

2) upu 3amene tepma t' ft” f € F, na repm t' D(f, c)t” 6azoBblit mpe-
JMKaT ¢ oupejessiercs 1o upasmiy ¢ = E([t']).

B zagannoii mojgenu My 3ajiaHHON IPOIrPaMMbI T CYIIECTBYET POBHO
OJTHO BbIamcyenue. Ecim Belauc/ienne aBisieTcss KOHEIHBIM, TO €TI0 Pe3yJIb-
TATOM O0'bSIBJISIETCSI COCTOSTHUE JIAHHBIX [t]|, OTBedatoree ero mocjaeHeMy
TepMmy t. JIBe mporpamMMbr OyieM CUUTATh SKBUBAJEHTHLIMEU B Mozean M,
eCc/IM UX BBIUHUCJIEHUST B 3TOH Momenn Jubo oba OecKOHEUHBI, JIOO 00a
KOHEYHBI ¥ UMEIOT OJIMHAKOBBINA pe3y/IbTar.

[Mox mkasoit F = (S, sg, R) GyJieM moHUMAaTh MHOXKECTBO BCEX MOJIE-
aeit Buga M = (S, s0, R,§), rue dyuknus € npoussosibHa. IIporpammsbr
71, Ty OyJieM cunTaTh SKBUBAJEHTHBIMU Ha mKaje JF (m] ~r Tg), ec-
JII OHU SKBUBAJEHTHBLI B JIIOOON MOJE/IH, OIpeae/sseMOil 9TOi IIKaJIoi.
[IIkayy Tak»kKe MOXKHO PacMaTpUBATh KAK OPUEHTHPOBAHHDIA MOMETEH-
HBIH rpad ¢ BbIJIEJEHHBIM KOPHEM S(.

MIkany F = (S, so, R) OyJieM Ha3bIBaTh MOJIyTPYIIIOBOI, €CIM MHO-
JKECTBO COCTOstHUiT ImKaJbl [h] ¢ omeparmeii [hi][ha] = [h1h2] obpasyer
[OJIyTPYTILY, W YIOPSJOYEHHO, ecm Jyist JIIoObIX 6a30BbIX TepMmos t', ¢
BepHo HepaserncTso [t't"] # [t']. s kparkoctn GyjieM OTOXKIECTBISATDH



Cexkmmsa «/InckpeTHast MaTeMaTHKa U MATEMATHIECKast KAOEPHETAKa» 373

[OJIYTPYIIIOBYIO MIKAJY W OIMUCHIBAEMYIO €il IMOJIyTpyIIy. ¥ IOpsiIO9€eH-
HYIO IOJIyTPYIIIIOBYIO IKAJIY JaJiee Oy/ieM Ha3bIBATH ITPOCTO IIKAJIOM.

Bresiertbie MOHSATHS TO3BOJISIOT [TOCTABUTH IIPODJIEMY SKBUBAJICHT-
HOCTH MPOTPaMM CJIEAYIOMUM 00pa3oM: JIst 3aIaHHON IIKa bl F ¥ 3a-
JIAHHOM TTapbl IPOTPaMM 771, Mo IPOBEPUTH BBIIOJHUMOCTb COOTHOIIEHUS
T ~F T9.

Byaem rosoputs, uro nporpamma m = (Fr, D,T) upejicrasieHa B
HOpMaJibHOU opme, eciu T = f € F., nnsa scex ¢ € C, f € F;
repm D(f,c¢) mubo Gazosblii, b0 mpejacraBuMm B BHue aft, a € A,
[ € Fr, t € A%, B Fy BblJIe/IeH CHENUAIbHbIA CUMBOJ fj,f TaKoif, 9To
D(fing,¢) = afins n Bce cumBoibl Fr, KpoMe fi,f, MOXKHO IIOC/IEI0BA-
resibHOCTRIO 3aMeHn f Ha D(f,c¢) npusectn kK 6a30BbIM TepMam. B [2]
OBLIO MMOKA3aHO, YTO JI00as IporpaMMa MOYKET ObITh MPUBEJIEHA K HOP-
MaJIbHOI (hopMe 3a MMOJTMHOMUATIBLHOE BPEMSI U C BO3PACTAHUEM CJIOXKHO-
CTU TIPOrpaMMbl He 60Jjiee YeM B TOJIMHOMHUAJIbHOE TIHcsIo pas3. [loaromy B
JaJIbHEHIIIEM CUYUTaeM, UTO TPOIPAMMBI yIKe MPUBEICHBI K HOPMAJIbHOMN
dopme.

Yerpepky K = (W,U,w",w*), rie W — KOHEYHO MOPOKICHHBIH MO-
HOH/I C OoIleparnieil * u HeHTpaJIbHBIM 3jeMeHTOM e, U — ero moaMOHOUT
u wt,w* € W, 6yieMm Ha3bLIBaTh KPUTEPUAILHON CHCTEMOI JJIsl IIKAJIbI
F, ecnu

e cymecTsyer romomopdusMm ¢ : F x F — U Takoit, uto w’ *
©(s1,82) *w* = e < 51 = s9,

e ypasHenune X xw = e, rje w € U x w*, uMeer He Gojee OITHOIO
pellleHns OTHOCUTEIBHO X 1

e ypasrerne w * X = e, e w € w' x U, uMeer He Gojiee OTHOIO
pellleHnst OTHOCUTENBHO X .

[TycTs Teneps 3aJaHbI TPOTPAMMBI 71, o, MKaJa JF U KpUTepUATbHAS
cucrema K jyist 9Toit mkajel. OmuineMm rpad COBMECTHBIX BBIUUCIEHUI
Gy 7wy TPOIPAMM T1, 2.

Bepmmnamu rpada siBistiorest uersepku Buga (G, Ga, w, W), rjue
G; € Fp, U{\}, w € w" x U, w € U * w*. IIpoussosbHOIl 11ape TepMOB

/ " / " /) *
suga 11 = t) fit], To = thfothy, tne t,t7 € A*, fi € Fr, U {A} (ecom

fi = A, o t!! = X), coorsercrByer Bepmmna rpada Vi, 1, = (f1, f2, w™ *
e([t], [t5]), o([t1], [t5]) * w™).
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[Mycrs Try = TriTTy, Tre = TriTsTy, tne T;,T) € Term — upo-
M3BOJILHBIE TPACCHI MPOTPAMM 71, My, PeaJn3yeMble B HEKOTOPOil oOIeit
mozes (tepm T orcyrcryer, ecan TepMm 1; 6a3oBblil), mpuueM ecin
T; = tifit?, 1o ¢; = &([t}]). dyru rpada Gy, r, OIUUCHIBAIOTCS YETHIPb-
Mt catydasimi. Ecoi cocrostnust [t)], [t5] coBnamaror wim He JOCTHKUMBIL
JPYT U3 Jpyra, TO W3 Bepmmusl V7, B Bepmmiy Viv gy HCXOAUT J1y-
ra, Hecymas Metky (c1,c2). Ecam tepm T 6asoBblit i cocrosinue [t]]
JIOCTHKHMO W3 cocTognus [th], To 3 Bepmmnet Vry 1, B Bepuuny Vi, 7y
HCXOJIUT JlyTa, Hecymast MeTKy (&, ¢z). Econ repm T 6a30BbIi wu cocTo-
stHEe [th] ocTrKuMO 3 cocrosinust [t)], To u3 BepiuHbl Vr, 7, B BepuinHy
Vs 1, ucxozut nyra, Hecyiast MeTky (ci,€). Bo Beex ocrabbIxX ciyHasx
U3 BEePIINHBL V7, 7, HE UCXOJUT HUKAKIX JyT.

Kopuewm rpacda obbssagercss sepmuna (f1, fo, wt, w*), e f; — 3a-
IpOC mporpamMmMbl ;. [ mpocToThl (hOPMYJIMPOBOK JIajiee CIMTAEM, UTO
rpad Gr, r, COIEPKUT TOJIBKO BEPIINHBI, JOCTHZKUAMBIE U3 KODHSI.

B rpade Gy, r, 0000 BBIIEIAIOTCS OIPOBEPTalONIe BEPIIMHBI U
onpogsepraiomue MKIbL. Onpopepraiomasi BEPIIMHA — BEPIIMHA BUJIA
(A, A\, w, ), rye w * W # e. OUpoBepraroNMil UK — UKL, TPEThH KOM-
IMOHEHTHI BCEX BEPIINH KOTOPOTO JiexKaT B oaHOM m3 MHOXkecTB U, U,
rie U = {w™ * p(sq, s2)|s1 < 52}, Us = {w™' x¢(s1, 82)|s2 < 51} (31€6CH
samuch s’ < s” o3mHagaer, uTo cocTosHue s” JTOCTUIKUMO U3 COCTOSHUS S
Ha mKaae F).

Teopema 1. m ~r Ty moada u moavko moeda, kozda 6 2pagpe G, r,
HEMm ONPOGEPLAIOUWLUT GEPULUH, U OTNPOCEPLAIOULUTL UUKAOG.

Teopema 2. Ecau wxana F umeem xpumepuasvnyro cucmemy K, mo
T ~F T Mo20a u moavko moeada, xo020a 2pag Gr, , ne codeparcum onpo-
BEP2ANOULUT BEPWUH U ONPOCEPLAIOWUT UUKAOE U €20 PAISMED 02DAHUYEH
sesumunot 200 | 20e n = |my| + |mol.

Teopema 3. Fcau wkana F umeem xpumepuaavHyro cucmemy K =
(W, U, w*,w*), monoud W asaaemca epynnoti u npobaemvi 0oCmuicu-
MOCTNU COCNOAHUT WKAADL U PABEHCTNEA INEMEHNOE MOHOUAA NOAUHO-
MUANBHO PASPEULUMDL, MO U NPOOAEMA IKEUBANEHMHOCNU T ~F To Pa3-
DEWUMG.

Pabora Boimonnena mpu momuaep:xkke DI «Hayuwmbie u maywHo-
TIeJIaroruyecKue Kaipbl nHHOBaImoHHoit Poccumy 2009-2013 rr.
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Anrebpanyeckasi xapaKTepusanus SI3bIKOB, JOILyCTUMbBIX B
OTMEYeHHBIX T'padax

IIpsinnunukosa E. A. ([Jouenk, ['ocyapcTBentbiit yHuBepeureT
UHQMOPMATUKI U UCKYCCTBEHHOIO MHTEJIEKTA)

Pryanichnikovae@gmail.com

B reopun KOHEYHBLIX aBTOMATOB OJHUM U3 BAasKHEINNX DPe3yJIbTaToB
siBJIsIeTCs TeopeMa KimmHu, B KOTOpOil yTBEPKIACTCsI, YTO KJIACC S3BIKOB,
PACIO3HABACMBIX KOHEIHBIMU ABTOMATAMHU, COBIAJACT C KJIACCOM PAILHO-
HAJIBHBIX S3bIKOB, IPE/ICTABUMBIX PEry/IAPHBIMU BBIPA’KECHUSAMNI aIreOphl
Konnn [1]. OcnoBrast mesb JlaHHO# paboThl — JIOKA3aTh AHAJIOIHIHYIO
TeopeMy [ijIst GoJlee IMIUPOKOro KJIAcca OTMEeYeHHBIX IpadoB 1 aare6p.

I'pacdbom ¢ ormedeHHbIMU Jyramu (KOHEYHBIM ABTOMATOM) HA30BEM
gerBepky G = (Q, E, X, i), ryie (Q — KOHEUHOe MHOXKeCTBO Bepinut; F C
Q x Q — MHOX)KecTBO JiyT; X — KOHEYHOE MHOXKECTBO OTMETOK JIyT; i :
E — X — dbyHKIMS OTMETOK JIyT.

I'pacdom ¢ ormMedeHHBIME BepinHAMU Ha30BeM 4derBepky G = (Q, E,
X, p), vae Q — KoHeuHOe MHOXKecTBO BepinnH, E C @ X () — MHO)KeCTBO
JiyT; X — KOHEYHOE MHOXKECTBO OTMETOK BepIuH; 4 @ ¢ — X — pyHKIws
OTMETOK BEPIIUH.

[TosHoCcTBIO OTMeueHHBIM Tpadom HazoseM uderBepky G = (Q, E,
X, i), rie (Q — KOHEYHOE MHOXKeCTBO BepiwH, |Q| = n; F C Q X Q —
MHOXKECTBO JyT; X — KOHEYHOE MHOXKECTBO OTMETOK; it : QU FE — X —
GYHKIMST OTMETOK BEPIIH U JIyT.

[Tyrem B rpade OyjieM Ha3BIBATH KOHEUHYIO MOCJIE0BATETLHOCTD BEP-
muH | = q192 . . . gk, 1€ (¢i, gi+1) = €; € E. Bepruny ¢ 6y/ieM Ha3biBaTh
HAYAJILHON BEPIUHON IyTH [, BEPIIUHY ¢ — KOHEYHON BEPIITUHON IIyTH.

Ormerkoit iyt | = ¢1q3 ... qx B Tpade ¢ OTMEUEHHBIMU JiyraMu Oy-
JIEM Ha3bIBATh MOC/IEI0BATEILHOCTD OTMETOK BXOJSIIUX B 9TOT Iy Th JyT
pler)p(ez) ... u(eg—1). Ormerkoit mytn | = q1q2 . . . i B rpade ¢ oTMedeH-
HBIMU BepIHIMHAMU Oy/IeM Ha3bIBATh MOCJIEI0BATEILHOCTH OTMETOK Bep-
e (4(q1)(q2) - - - 11(qx ). Ormerkoit mytu [ = q1q2 . . . @ B MOJHOCTBIO OT-
MedeHHOM rpade Oy/1eM HasbIBaTh 9epeIyIoILyIocs MOCIeI0BATEILHOCTD

ormetok sepumt 1 ayr fi(qr)(en)u(g2)ules) . . . 1(gr)-
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[Iycts I C (Q — MHOXKECTBO HavaJIbHBIX BepiuH rpada, F C () —
MHOXKECTBO (PUHAJIBHBIX BepimuH. OTMETKH BCeX IIyTeill B OTMEYeHHOM
rpade (G, HaYaIbHBIE BEPIIUHBI KOTOPBIX IPUHAJJICY)KAT MHOXKECTBY I, a
KOHEUHBbIE — MHOXKECTBY F', HA30BeM sI3bIKOM, JOITyCKaeMbiM rpacdom G,
u obosnaanm L(G).

IIycte X — koneunsbrit ajdasur; X* — MHOXKECTBO BCeX CJIOB KO-
HeYHOU JuinHBI B ajidaBure X; X — MHOXKECTBO BCEeX CJIOB JIJINHBI 1L B
asdasuTe X; X=" — MHOXKECTBO BCEX CJIOB KOHEUHOII JUINHBI B ajipaBUTe
X, nymmHa KOTOPBIX OOJIBINE WK PABHA N.

Ormpesiesium Ha, MHO2KecTBe X ¥ 9aCTUUHYIO OMHAPHYIO OIEPAIUIO s
CKJIEMBAHUS JIBYX CJIOB C IAPAMETPOM 7 CJIEIYIONIMM 00PAa30M: JJIsi BCEX
wy,wy € X*

n TYz, ecn wy = xy, we = yz, y € X
w1 Wy =
He OINPE/IEIEHO B IPOTUBHOM CJIyUae.

n X* n
Omeparsi o0 acconmaTuBHa IpuU JIIOOOM 7, TO ecrb (2% |0

) u
>n n
(2X7" o) — momyrpymmbL.
n
HeitrpabHbIil 9/1EMEHT 1O OIepallid O CYIINECTBYET TOIJA W TOJIb-
KO TOT/a, KOTJa OHA OIIpejieieHa HAa MHOXKECTBE sI3BIKOB, B KOTOPBIX HET
CJIOB, JJIMHA KOTOPBIX MeHbIIe 1. Ecim HeATpaIbHBIH 9JIeMEeHT CyIIecTBY-
n X* n
er, To on paser X". Takum obpaszom, mosyrpyimma (2 o) siBjsieTcst Mo-
HOMJIOM TOJIBKO Tipu 1 = 0.
Bsenem na s3pikax L, R C X* ciemayromnine omnepaiiun:
1) LUR={w:w € L wmw € R},
n n
2) LoR={wjows:w; € Luws € R};
n oo
3) Lt = J L, tme L' = L; L' = L' o L nyst Beex i > 1.
=1

JI1st XapaKTepu3alu A3bIKOB, IPEJICTABUMBIX B OTMEYEHHBIX rpadax,
* M n >n n n
paccmoTpuM asreGpel (2%, 0, U, +, @) u (2577 0,U, *, X", @).
>n n n
Bce anrebpor (2X ,0,U, %, X &) SBJISIOTCS TIOJTYKOJIbIIAMU.

X* n n n
Aurebpa (2%, 0,U, +, &) Gy/ieT UMETh €[MHUILY 10 OIIEPAIMU O TOJIb-
n
KO B ciydae, Koryia n = 0 U onepalyst o COBIAJIAeT ¢ KOHKaTeHAIlUel, a

paccMaTpuBaeMasi ajaredpa sBjsieTcs ajaredpoil peryssipubix s3bIkoB. Bo
BCEX OCTAJIbHBIX CJIyYasX 9TU ajrebpbl He OY/IYT HOJIyKOJIbIAMHE.
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* N n
Perynsipabie Bbipaxkenusi B ajirebpe (2X ,0,U, +, &) ompejiesinm cire-

JIYIOTIIM 00Pa30M:

1) @ siBiIsieTCsl PEry/IsipPHBIM BBIDAsKEHUEM U IIPEJICTABIISACT SI3bIK
L(@) =;

2) T SABJISIETCSI PEryJISIPHBIM BbIPAXKEHUEM U HPEJICTABIISIET SI3bIK
L(z)={2} mmascex v € |J X%

0<i<n+1

3) Eciin R u (Q — peryssipHble BbIDAYKEHUs, IPEJICTABIISIONINE SI3bIKI

L(R) u L(Q) coorsercTBenno, To Bupazkenus (RoQ), (RUQ), (Ri)
TaKIKe sIBJISIIOTCsI peryJisipabivu, npudem L(R o Q) = L(R) o L(Q),

n

L(RUQ) = L(R) UL(Q), L(R*) = (L(R))".

Teopema 1. Hzvx L C X* donycmum 6 epage ¢ ommevernvimu y-
2amu, 2pae ¢ OMMEUCHHBIMU BEPUWUHAMU U TOAHOCTIDIO OTMMEUCHHOM
epage mozda u Moavko moeda, Ko2da OH ONUCHIBAETNCA PELYAAPHBIM Ebi-

o o * N n
pasiceruem 1000t arzebpul U3 cemeticmaea (2X ,0,U, +, @).

Ora TeopeMa B HEKOTOPOM CMBICJIE AHAJIOIMYHA IIMPOKO U3BECTHOMN
TeopeMe KimHUM 111 KOHEYHBIX aBTOMAaTOB. B ciydae, korja n = 0 u
PacCMATPUBAIOTCA TOJILKO T'padbl ¢ OTMEYEHHBIMU JyraMu, Teopema 1
coBraiaer ¢ Teopemoit Komnn.

Ha ocHoBe nokazaresbcTBa TeOPEMbl pa3pabOTaHbl METO/IbI aHAIH3a
U CHHTE3a A3BIKOB, IIPEJCTABUMBIX B OTMEUYEHHBIX I'padax.

[TockoJibKy JijIsI ONIMCAHMSI OJIHOIO M TOI'O JKe KJlacca rpadoB MOXK-
HO HUCIIOJIb30BaTh PA3JIUIHbIE AJreOphl, NIPeJICTaBIsSIeT HHTEPEC BOIIPOC O
CBA3U TAKUX ajredp MexxJy COOOI.

n2

* N1 ni * n2
Teopema 2. Jlas deyx areebp (2%, 0,U,+,@) u (25, 0,U,+,9) 6
cayuae, ko2da my < N, cywecmeyem maxoe omobpascenue p : 2% —
2% komopoe asnsemcs zomomoppusmom. Ecau ng > ny, mo 2omomop-
dpuama Hem.

PaccmaTrpuBaemoe B TeopeMe 0TOOparKeHUE sABJISETCST UHHEKITHEH, T0-
* N1 ni
9TOMY B CjIydae, Korjia ny < neo, ajarebpa (2X , 0,U, 4+, 9) uzomopdHO
xX* N2 n2
BJIOXKUMa, B ajredpy (2 , 0,U, +, @), npudeM 00pa3 @ SIBJIAETCS TOIA-

- * N2 n2
re6poit (2%, 0, U, +, @), a 3HaUNT, BCe pacCMATPUBAEMbIE aareOphl BXO-
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AT B OJHO KBaBI/IMHOFOO6pa3I/Ie, B KOTOPOE BXOJIUT aﬂre6pa PEryJIAPHDBIX
A3BIKOB.

Teopema 3. [Tycmob R(n) — MmHoocecmeo cex pe2ysapHul 8uLparcenuli

* N n
anz2ebpvl (2X ,0,U,+,2). Ecau ny < ng, mo cywecmeyem maxoe 0moo-
pasicenue ¥ : R(ny) — R(ng), xomopoe coxpansem aA3vik pe2ysapHozo
BHIPANCEHUA, MO ECMb, ECAU T — IMO PELYAAPHOE GLIPANCEHUE A2ED-
DL (2X*,73,U,$,®), L(r) — aswk, npedcmasasemvili smum pezyinp-
HoLM GLpadicenuem, mo (r) — amo pezyaapHoe evipadicerue anzebpol
(2%,8,0, %, @) u L(w(r)) = L(r).

B nammoit pabore paccMaTpuBaiOTCs SI3LIKU, JOMYCTUMbIE B OTMEUeH-
HBIX rpadax: rpadax ¢ OTMEIEHHBIMA JyraMu, rpadax ¢ OTMEIEHHBIMA
BepmuHaMy 1 rpadax, B KOTOPBIX OTMEYEeHbI U JIyTU, 1 BepmuHbl. Haiie-
Ha aJredpanyecKkas XapaKTepU3alus TaKUX A3BIKOB, pazpaboTaHbl METO-
JIbl UX aHaIu3a M cuHTe3a. VcciemoBanbl OCHOBHbBIE CBOMCTBA ceMeicTBa
aaredp A3LIKOB, JOIYCTHMbBIX B OTMEYEHHBIX Ipadax.

Cnucok Jureparypbl

[1] Anderson J. Automata Theory with Modern Applications. —
Cambridge: Cambridge University Press, 2006.

[2] Kanuronosa lO.B., JlermueBckuit A.A. Maremarnudeckasi Teopus
IPOEKTUPOBAHUS BBIYUCINTETbHBIX cucreM. — M.: Hayka, 1988.
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Basucel B P-MHO>KkecTBax
Pogun A. A. (Mocksa, MI'V um. M. B. Jlomonocosa)
tyman307@rambler.ru

B pabore paccMaTpHBAIOTCS IPEJIITOIHDBIE KJIACCHI, COIEPXKAIINE
BCe 0.-71. (DYHKIIUU, B KAXKJIOM COCTOSTHUM KOTOPBIX DPEAU3YeTCs
dyHKIMA U3 HEKOTOPOTO 3aMKHYTOTO Kiiacca D aareOpbl-JIOruKu
(P-muoxecrBa). PaccmarpuBaercs 3aj1a4a 0 CylnecTBOBaHUN 6a3u-
ca B pa3jInvIHbIX P-MHOXKeCTBax.

BBenaenue

Yepesz P? 0603HAUNM MHOMKECTBO BCEX OIPAHIMYCHHO-ETEPMUHIPO-
BaHHBIX (DYHKIHMI (aBTOMATHBIX OTOOparKeHMii), BXOJHbIE U BBIXOJHbBIE
[epeMeHHbIE KOTOPBIX MPUHUMAKOT 3HAYEHUS U3 MHOXKECTBa OeCKOHedU-
HBIX ITOCJIEOBATEILHOCTEH, COCTABJCHHBIX W3 HYyJIell u equHuUIl. Byaem
CUMTaTh, YTO Ha MHOKecTBe P2 ompesesena oneparus cymeprosurmmu|l].

ITycre D — upoussosbHbIii 3aMKHYTHIH Kiaacc [Tocra [2]. Beegewm
moHATHe P-MHOXKeCcTBa, MOPOXKJIEHHOIO KJIacCoM ), — 3TO MHOXKECTBO
BCEX OIPAHMYEHHO-JIeTEPMUHUPOBAHHBIX (0.-11.) DYHKIWIA, B KaXK/JOM CO-
CTOSIHUU KOTOPBIX peasndyercs (QyHKIUS AJredpbi-JIOTUKU, TPUHAJIJIE-
xamas D. Bynem obo3HauaTh Takoe MHOXKeCTBO depe3 Pp. OueBuiHO,
P-MHO2KECTBO MOXKHO PacCMATPUBATh, KAK CAMOCTOSITEJIBLHYIO (DyHKITHO-
HaJbHYIO CHCTEMY, U TOTJA BO3HUKAET PsJ CTAHIAPTHBIX JIjid (PYyHKITHO-
HAJIBHBIX cucTeM 3a1ad. B [1] mokasamno, uto B P2 cymecTsyer nommas
cHCTeMa, He cojeprKalias 6asmca, BMecTe ¢ TeM, B P2 MOMKHO BBIIEJIHTH
6azuc. C 3TOil TOYKM 3pEHUs] WHTEPEC IPEJICTABISIET aHAJOTUYHAS 3a-
nada it PYHKIIMOHAJIBHON cUCTeMbl Pp, MOPOXK/IEHHON MTPON3BOJILHBIM
MHOXKecTBOM D).

Henbio manmoit pabOThI ABJIAETCS TOKA3ATEILCTBO CEIYIONINX YTBEP-
JKIIEeHUIA.

Teopema 1. Ilycmw 0,1,z € D. Toeda 6 Pp cywecmeyem nosnas cu-
cmema, He codepotcauan basuca.

Teopema 2. Ilycmo 0,1,z € D. To2da ¢ Pp cywecmeyem basuc.



Ceknust «/Iuckpernast MaTemMaTuka U MareMaTudeckasi kubepHerukay 381

Teopema 3. ITycmws nopoorcdarowee mmoscecmeo D codeporcum mooicde-
cmeenHy10 PynKuuIo a.-a. U Gynkyuto ompuyarus. Toeda 6 Pp cywe-
CMBYEM NOANHAA CUCTNEME, U3 KOMOPOT HEAL3A BBIOEAUMD OG3UC.

Teopema 4. I[lycmv nopooicdarousee mroocecmseo D codeporcum mooic-
decmeentyro GyHKkuu0 a.-a. u Gynryuro ompuyarus. Toeda 6 Pp cyuse-
cmeyem basuc.

HokazareabcTBo TeopeMb! 1

[Iycrs p = {p1,...,pq} — MHOKECTBO (DYHKIMI a.-JI., KOTOPOE SIBJIsi-
ercst Gasucom B D. Corsacuo (3], Takoit 6asuc Beerjga cymecrsyer. O6o-
saaanM depe3 R = {Ry,..., R4} MHOXKeCTBO 0.-1. QYHKIMI ¢ OJHUM CO-
CTOSTHUEM, TAKUX, 9TO B cocTosdumu dyHKIunu R; peanusyerca GyHKIUsI
a.-J. p;. OueBuynHo, 9To TOXKJAECTBeHHBbIe (0 M 1 NMPUHAJIEKAT 3aMbIKa-
uuo R.

SaduKcupyeM MPOU3BOJILHOE HATYPAJIbHOE YHUCJIO M U PACCMOTPUM
nponsBoJibHBIE 2™ 0.-1. dyHKIMH. [IycTh B COBOKYITHOCTH OHU 3aBUCAT OT
[MEPEMEHHBIX T, ... ,Tn. Kaxk10il QYHKIUT MOXKHO B3aUMHOOTHO3ZHATHO
COITOCTaBUTH JIBOMYHBIN HaOOp JauHBI m. To ecTh B KadecTBe HOMepa
dyHKIIMK OyIeM pacCMaTpUBATh 3HaUEeHUE 3TOro Habopa. OO03HAUUM ITH
0.-11. byHKIUU 9epe3 foo.05- - -, f11.1-

PaccmorpuMm cxeMy, m300pakeHHYIO Ha puc. 1, KOTOpasi peajim3yer
HEKOTOPYIO 0.-7. GyHKIMO h(T1,...,2Tn, Y1, ., Ym,2). B OI0Kax, 06o-
3HadeHHbIX Fog. o, ..., F11..1, peanudyiorcs o.-1. yHKIUA foo.0, - - -, f11..1
coorBeTcTBeHHO. B 6/10K€ M|, THEe (v — JIBOMYHBIN HAOOP JJIUHBI M, pPe-
aJIM3yeTcsi Takas O.-J. (PYHKIUs, YTO €€ 3HAYEeHUE B HEPBbIH MOMEHT
BpPEMEHU paBHO | TOTJ@ W TOJBKO TOrJA, KOIJA JBOUYHBIA HabOp 3HAa-
YeHUIl BXOJHBIX IIEPEMEHHBIX B IEPBBII MOMEHT BPEMEHH DaBeH v, TO
ectb (y1(1),...,ym(1)) = a. Beixog dbyskuuu B 6ioke M, B ocTayib-
HbIe MOMEHTBI BpeMenu Beerjia pasen 0. Biok M, peanuzyer o.-1. dyHK-
IIUIO0 OT OJIHOI II€PEeMEHHOI, KOTOpas IIPOILyCKaeT 3HadYeHue IIepeMeHHONI
B II€PBBIIl MOMEHT BpeMeHHU U BbljaeT () BO BCE MOCJEYIONNe MOMEHTHI.
B 6usiokax, 0603HaUEHHBIX V, peaqn3yercsl JU3bIOHKIUS, B Ojokax & —
KOH'BIOHKITUS, B OjioKax (Gy — HyJieBas 3aJiepKKa.

[Iycte B 1IepBBIT MOMEHT BpeMeHH HaOOP BXOJHBIX IEPEMEHHBIX
(y1(1),...,Ym(1)) npunuMaeT 3HadUeHUE (. DTO O3HAYAET, UTO HA BLIXO-
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ne 6sioka M, peanu3yercs eIWHHUIA B IIEPBLIE MOMEHT BPEMEHH, & BbI-
XOJI, BCeX OCTaJILHBIX O710K0B Mpg, 3 # o paBen HyJIiO B IEPBBIIl MOMEHT.
CremoBaTeIbHO, B IEPBBII MOMEHT BPEMEHHU HA BBIXOE CXEMbI IOSIBJISI-
ercsi 3Hauenne z(1), a B ocTajbHble MOMEHTBI Ha BXOJIbI OC/IE/HEl TH3b-
TOHKITUHU TIOJAETCA TOJBKO OJIHO 3HAYEHUE, OTJIMIHOE OT TOXKIECTBEHHOI'O
HyJIs, 9TO 3HavYeHue (QYHKIUH fo. Takum obpa3om, HauMHAsI CO BTOPO-
ro MOMeHTa BpeMenu, QpyHKIUS h «paboraer» Kak onHa 13 (QyHKIUI
f00..05 - - 5 f11..1- Kakast KOHKpeTHO (DYHKIIHSI [TOJIYUNTCsI, 32BUCUT OT 3Ha-
YEHUI TEPEMEHHBIX %1, - - . , Ysn B IEPBBI MOMEHT BPEMEHH.

ITposepum, uro h € Pp. [l 3T0 HY2KHO paccMOTpPeTh (DYHKIUHN &.-JT.,
KOTOPBIE PEaM3yIOTCsl B COCTOSHUSAX h. B mepBbIii MOMEHT peasn3yercs
Z — TOYXKJIECTBEHHAsT (DYHKIMS a.-J1. Bo Bce ocTajibHBIE MOMEHTHI PeaJjIn3y-
ercst PYHKIUST a.-JI., KOTOpasi TaKyKe Peain3yeTcsi B OJIHOM U3 COCTOSTHUI
0.-71. byuknuu f,, Koropas npunaiexkut Pp. CiaenoBareinbHo, h Takxke
npunayiekuT Pp.

z X X ¥y Ym X Xn » Ym xq Xn Wit b 0

R Tt
| M || Fovo | [ Moo | | B || Me | | Fusa | [ Mana |

Puc. 1.
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[Mokazkem, aro foo. 0,---, f11.1 € [hU R]. Paccmorpum npon3BosibHY 0
dyukmuo f,. [lycrs B HATa BHOM cOcTOSTHUM f,, peanu3dyercs OyHKII
a-i. a(xy,...,x,). llycrs A(xq,...,2,) — HCTUHHOCTHAST O.-J1. (DYHKIUS,
B COCTOSIHUU KOTOpPOI#i peasnzyercs a. Ilycrs C; — TOXKIeCTBEeHHBIH HOJIB,
ecyu i-it pas3psn Habopa « paser 0, u C; — TOXKJIECTBEHHAs €IUMHUIIA B
nporuBHOM ciydae, i € {1,...,m}. OueBnnno, A,C; € R. Paccmorpum
CYTIEPIIO3UITHIO

hz1, ... &, Cry.o o, Cry ATy, ooy p)).

N3 onpenenenns dyHKimu h ciemyeT, ITO BBIXOJ TAKOH CyIepIrio3u-
[N COBIIAJIAET C BBIXOIOM [, B JiI0OOH MomeHT Bpemenu. PyHkumio h
Oy/eM Ha3bIBATh TeHEPATOPOM it PYHKIWMA foo. 0y - - -, f11.1-

[Tepenymepyem HekoTOpbIM 0b6pasom Bce dbyukmuu uz Pp \ R. Dt0
MOXKHO CJIeJIaTh, TOCKOJIbKY Pp comep:kuT cdeTHoe dncio dpyukmii. [To-
CTPOMM HyMEpAaINI0 TaKUM 00pa3oM, 4TOOBbI Jijig JIIOOOr0 HATYpPaIbHO-
ro m > 0 ¢dyukumsa ¢ momepom 2" + 1 gBjsijlach NeHEPATOPOM IIJIst
Bcex (yHKIMI ¢ HOMepamu, He mpeBocxosdiumu 2. Byrem 0603Ha4uaTDh
dyuknuio ¢ Homepom 2™ + 1 gepes h,,. Paccmorpum GeckoHevuHyIO CH-
cremy DyHKIUN

N = R| J{h}.
i>1

OueBuano, cucrema N nosHa. IlpeamnomokmM, n3 Hee MOXKHO BBIIE-
suTh 6azuc. Oyukiun u3 R 00s3aTe/IbHO TOXKHBI IIPUCYTCTBOBAThL B Oa-
31ce, MMOCKOJIbKY Bce (byHKIMH h,y, MPOIIYCKAIOT 3HAYEHUE IIEPEMEHHON 2z B
nepBbIii MoMeHT BpeMenu. [locko/bKy 6a3uc He MOXKET ObITh KOHEYHBIM,
B HEM IIPUCYTCTBYIOT X0Ta Obl iBe dyuknuu h;, h;,i < j. Ho, mo mocrpo-
ennio, h; € [RU h;]. CinegoBarenbro, GyHKIMIO h; MOKHO HCKIIOYHTH
u3 6asuca 6e3 norepu cBoiicTBa MOAHOTHL. CleaoBaTeIbHO, 9TO He H6a3uc.
Teopema jokazana.

JdokazareabcTBO TeopeMbl 2

B [1] (C. 175-178) npuseaen mnpumep Gasuca B P OTHOCHTEIBHO CY-
neprosunuy. ITokaxeM, IT0 KOHCTPYKIIHS, OMICAHHAS] TaM, ¢ HEKOTOPBI-
ME MOJIU(DUKAINAAMEA [IEPEHOCUTCS U HA PaCcCMATpPUBAEMbIil caydait. Jljs
9TOro HaM IoHaobuTcs nonsitue F-cpoiicrsa, BBemenuoe B [4].
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[ycrs f(x1,...,2,) — 0-a. dyskun u3 Pp. Bygem cunrars, uro
nepemenHasi x; GyHKun f objamraer F-CBOWCTBOM Ha CBEPXCJIOBE 7, €C-
JIM CyIIECTBYIOT MOMEHT BpeMeHHU t(y TaKoil, 9TO I JIIOOBIX CBEPXCJIOB
bl, e 7bi—17 bi+1, e 7bn 3Ha4YeHue

b = f(bl,. .. ,bi_l,’y,bi_;,_l,. .. 7bn)

TakoBo, 4To Y(t) = b(t) st sroGoro t > t.

NHuade 1oBOpsi, eciii MOJaTh CBEPXCJOBO 7y Ha -l BXox (yHKIuu f,
OHa TOCTENEHHO TPEBPATUTCS B MPOBOIHUK U OY/IET MPOIMYCKATH Mepe-
MEHHYTO ;.

Brenennoe monsiTwe MO3BOJSIET KOAMPOBATH aBTOMAT C TOMOIIHIO
KJII0Ua, KOTOPBIM sIBJISIETCs] DECKOHEUHAs! TT0CJIe/I0BATEJIbHOCTD (CBEPXCIIO-
Bo). Ilepuopmyeckoe CBEpXCJI0BO MOXKHO pacCMaTpUBaTh KaK KOHCTAHT-
HYTO 0.-11. pyHKImoo. OUeBUIHO, UTO BCE KOHCTAHTHBIE (DYHKIIUU TTPUHAJI-
Jexar Pp, MOCKOIBKY B KaXKJIOM COCTOSTHUN KOHCTAHTHOW 0.-JT. (PyHKIUN
peauzyercs jnbo 0, 6o 1, m 0,1 € D.

JIemma 1. IIyemo f(x1,...,2,) — 0.-0. ¢pynkyus us Pp, v — ceepx-
caoeo. Cywecmeyem 0.-0. dynwyua f(x1,...,25,2) € Pp makaa, wmo
BHINOAHEHDL CACOYIOUWUE YCAOBUA:

1) f/(xlv"'vxna/y) = f(xlv"'axn);

2) Hepemennasn z dynkyuu h obaadaem F-ceoticmom na 10601 no-
€A€008GMENLHOCTIU, OMAUYHOT O, 7.

Paccmorpum  ciemyrontyto cxemy, peanusyomyio f/. 31ech cumBo-
JIOM p OTMEYEHA IOJICXEMA, PEAJUIYIONAas MNCTUHHOCTHYIO O.-J. (PyHK-
MO, B COCTOSIHUSIX KOTOPOW peasmsyercss yHKIus a.-i. p(xi,xs) =
122V T122, cuMBoJIOM & 0DO3HAUEHA KOH'BIOHKITUSI, 8 CAMBOJIOM U (PYHK-
st v(x1, X2, x3) = T123 V x2T3, G — eIUHUIHAS 3aJI€PKKA, Y — KOH-
CTAHTHAA O.-J. (PYHKIMSA, PEAJUIYIONas OECKOHEUHYIO MOCJIEI0BATEb-
HOCTb 7.

Jlo Tex 1op, moka Ha BXOJ 2z IOCTYIIAET IOCJIEI0BATEIBHOCTDL 7y, Ha
Tpernii BXoa 6j10Ka v OyjeT TmoCTymaTh 1, W Ha BBIXOJE CHCTEMBI OyjIeT
peanm30BbIBaThCsl 3Hadenne Gpyukimu f. Takum obpazoM, mepBoe yciio-
BH€ BBIITOJIHEHO.

[Tycth Ha BXOJ 2 IIOJAETCSA MOCJEJI0BATEILHOCTDL ', OTIMYHAS OT
7,7 (to) # (to). Torga Ha TpeTuit BX0s 6J10Ka v OyIeT NOCTYHATH 3HAYUE-
une 0 B 060 MOMEHT BpemeHu, OosbInmii tg. OTciona cieayer, 9To Ha
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]
-

-+

O

Puc. 2.

BBIXOJIE CXeMbI OyJIeT Peasm30BbIBATHCS I0CIEI0BATENbHOCTD, OTIMYHAA
oT ' JMIIb B KOHEYHOM YHCJIe Pa3psiJioB, YTO O3HAYAET CIIPABE/JINBOCTD
BTOPOT'O YCJIOBUSI.

Ocraoch mpoBepuTh, 9To GyHKIM [/, IOCTpOEHHAsS TAKUM 00pa30oM,
npunayiexkut Pp. HelictBuTeIbHO, ec/in Ha TpeTuil Bxo/1 0JI0Ka v MOCTY-
naer 3Hadenue 1, To Ha Bbixox dpyHKIMK [’ mocrymaer sHadenue f B 3TOT
MOMeHT BpeMeHu. DyHKIUS a.-JI., peaju3yeMasi B COCTOSHUHU (DyHKITUN
f, mpuaagexxur D, nockonbky f € Pp. Ecim ma Tperuit Bxom 6s10ka v
nocrynaer 3uadenne 0, To GpyHKMs ' HAXOAUTCA B COCTOAHHUU, B KOTO-
poMm peanusyercs jmbo 0, mbo 1. To ecthb, y dynknuu f' 10CTHKAMBI
TOJIBKO T€ COCTOsIHUsI, B KOTOPBIX peasjusyiorca dyukiun u3 D. Jlemma
JTOKA3aHA.

Bynem tucars h = K (f,7), eciiu h kopupyer f ¢ HOMOIIBIO KJIIOYa, 7.
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st nocrpoenust 6asuca paccmorpum cucremy N = R U {hy, ho ...},
OMHUCAHHYIO B JIOKA3aTeIbCTBE TeopeMbl 1. Obo3HaunM Yepe3 Z; 3aMbIKa-
uue MuokecTBa R U {h;},i > 0, uepes Zy obosna4unm [R).

Ilycts Z — xoHe4YHOE MHOXKECTBO 0.-J1. dyHKImil. Bribepem usz sto-
ro MHOXKECTBA O.-J1. (PYHKIINIO, UMEIONTYI0 HANOOJIbIIIee YHCI0 COCTOSTHUN
u o6o3HaunM 310 unciao depes n(Z). Ilycrs H, — MHOXKeCTBO BCex Iie-
PHUOMYECKIX ITOCJIE0BATEILHOCTEHN, ¥ KOTOPBIX JJIMHBI IEPHOJIOB 00pa-
3YIOT MHOXKECTBO UHCEJI, NIPEJCTABUMBIX B BUJE Pi'ps’...pSm. rie Bee
pj,J = 1,...,m — mpocTble 4ucia, He npesocxoidmue n. Paccmorpum
METIOYKY BJIOYKEHHBIX MHOXKECTB

Z0CZ1CZyC ...

HeC.HO}KHO BI/I,I[eT]), YTO U3 9TOU OEeIIOYKHN MO2KHO BbBILJICJINTD 6eCKOHGQHyIO
HOIEIIOYKY
ZoC Zy S 2y C ..

TaKYyT0, 9TO JIsl TOOOTO HATYPAIBHOTO j BO MHOXKeCTBe Z;, \ Z;,_, cofep-
JKHUTCSA XOT Obl 0jiHa KOHCTaHTHast 0.-J1. PyuKius C;;, nepuoji KOTopoit
ABJIACTCSA TPOCTHIM YHCJIOM, TPEBOCXOAIIM 1.(Z;, ).

Ouesnnno, uro cucrema N’ = R U {hj,, hi, ...} Takxe nomana. Pac-
CMOTPHM CHCTEMY

N" = RU{K (hi,, Co), K (hiy, Ciy), -, K (hi, 1, Ci,) ..},

e Cp — TOXKJECTBeHHbIN HOIb. OHa TaKXKe IOJIHA, MOCKOJIbKY depe3
Hee Belpazuma cucrema N'. TTokazkem, uro N apisierca 6asucom. Huxa-
Kyi0o QYHKINO 13 R HeIb3st UCKJIIOYUTL 063 MOTepU CBOWCTBA MOJIHOTHI,
[IOCKOJIBKY Bce (PYHKIIUHU, HE NMpUHAJIeKaIme R IpoIyCcKaT 3HAYEHNE
OJTHO¥ W3 BXOJHBIX [TEPEMEHHBIX B IIEPBBIi MOMEHT BpeMeHu. PaccMorpum
MHOXKECTBO

NJ/‘/ =RU {K(hilch)vK(hizv Ci1)7 s 7K(h’7jj7c’£j71)}'

[To TOCTPOEHUIO, OHO COXPAHSAET MHOMKECTBO OECKOHEUHBIX IIOCTIC-

posarenbiocreit Hyzy [1]. C npyroit croponsr, sobas dynkius
- "

K (hiy 5 Ciy ), k > j raxeke coxpausier Hy,(z.y. Hosromy N'\K (hi; ,, Ci;)

HenoJHa Jyia joooro j. Crenosarensno, N apnsercs 6azucom. Teopema

JIOKa3aHa.
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dokazareabcTBO TeopeMbl 3

Iycrs p = {p1,...,pq} — MHOKeCTBO DYHKIWI a.-JI., KOTOPOE SIBJIsi-
ercst 6asucom B D. O6osnaunm yepe3s R = {Ry, ..., Ry} MHOXKeCTBO 0.-71.
bYHKIHUI ¢ OMHUM COCTOSTHUEM, TAKUX, IYTO B cocTosuun pyuknuu R; pe-
ajym3yercss pyHKIUs a.-j1. p;. OUeBUIHO, ITO TOXKJIECTBEHHOE OTPHUIIAHUE
[MPUHAJJICKAT 3aMbIKAHUIO K.

SadukcupyeM MPOU3BOJILHOE HATYPAJIbHOE YHUCJIO M U PACCMOTPUM
npousBoJibHBIE 2™ 0.-J1. dyHKIMA. [IycTh B COBOKYITHOCTH OHU 3aBUCAT OT
[MEPEMEHHBIX T, ... ,Tn. Kaxk10i QYHKIUT MOXKHO B3aUMHOOTHO3ZHATHO
COIIOCTaBUTH JIBOMYHBI HaOOp JuHbl m. To ecTh B KadecTBe HOMepa
dyHKIIMT OyIeM paccMaTpUBaTh 3HaUeHHE 3TOro Habopa. OG03HAYNM 3TH

0.-21. dynkmuu gepes foo.0,- -, f11..1-
PaccmoTpum cxemy, M300paKeHHYI0 Ha PHC. 3, KOTOpas peajn3yeT

HEKOTOPYIO 0.-71. dyHKIuo A(Z1,...,Tn, Y1, .., Y2m, 2). B 6iaokax, 06o-
3HaveHHbIX Fyo. 0, -- ., F11..1, peanusyorcs 0.-11. GYHKIUA fog. 0, - - -, f11..1
coorBercTBeHHO. B 6itoke My, e av = (au, ..., Qy) — JIBOUYHBINA HAOOD

JUTHHBIL 1M, Peau3yeTcs Takas O.-J1. (PYHKIUs, 9TO ee 3HAYUEHUE B IePBLIi
MOMEHT BPEMEHU PABHO 1 TOIJIa U TOJIBKO TOLJIa, KOTJa JBOUYHBIN HADOD
3HAYECHUN BXOIHBIX IEPEMEHHBIX B IIEPBLII MOMEHT BPEMEHU YJI0BJIETBO-
pdeT CJIEeIYIONNAM yCIOBUAM:

y1(1) +y2(1) = o, .- y2m—1(1) + yom(1) = am.

Brixon dyukiun B 60ke M, B ocTajbHble MOMEHTHI BPEMEHU BCETJa
pasen 0. Biok M, peanmusyer o.-71. GYHKIMIO OT OIHOI II€PEMEHHOI, KO-
TOpagd IPOIyCKaeT 3HadeHUe IIePEeMEHHON B IIePBBbIII MOMEHT BpeMeHU U
BefaerT 0 BO BCe moOCseLyromue MOMeHTH. B 6iiokax, 0603HavMeHHBIX V,
peasin3yeTcs JU3bIOHKIWA, B O10kax & — KoHbIOHKIWS, B 610Kax Gy —
HyJIeBast 3a/I€PKKa.

IIycts B mepBblif MOMeHT BpeMeHu jgBomuHbli mabop (y1(l) +
y2(1), ..., y2m—1(1) + Y2 (1)) npunNIMaeT 3HAUECHHEE (. DTO O3HAUAET, ITO
Ha BbIXOZle Osioka M, peasmsyeTcsl eJIMHUIA B HEPBBII MOMEHT BpeMe-
HI, a BBIXOJl BCEX OCTAJbHBIX OiI0KOB Mg, 3 # o paBeH HyJIIO B II€pBbIil
MoMeHT. Ci1e/I0BaTe/IbHO, B IIEPBBIl MOMEHT BPEMEHH Ha BBIXOJIE CXEMBI
nosiBsisiercst 3HadeHue z(1), a B ocrajbHbIE MOMEHTBI Ha BXOJIbI I1OCJIEJI-
Heil AU3BIOHKIUA [I0/IA€TCs TOILKO OJIHO 3HAYEHNE, OTJIMIHOE OT TOXK/Ie-
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CTBEHHOTO HYJIs, 3TO 3HadeHne GyHKuu f,. Takum obpazoMm, HadunHas
CO BTOPOrO0 MOMEHTa BpeMenu, dyHKIMs h MOIeJupyeT OJHy nu3 (PyHK-
it foo.0,-- -, f11..1. Kakas KOHKpeTHO (DYHKIUST Oy IUTCST, 3aBUCUT OT
3HQYEHUN IIepEeMEHHBbIX Y1, ..., Y2, B IIEPBBIII MOMEHT BPEMEHU.

[Tposepum, uro h € Pp. [l 3T0 Hy2KHO paccMOTPeTh (DYHKIUHI &.-JI.,
KOTOpBIE PEATN3YIOTCST B COCTOSTHUAX h. B TIepBBIi MOMEHT pean3yeTcst
Z — TOXKJIECTBEHHAsT (DYHKIMS a.-J1. Bo Bce ocTajibHBIE MOMEHTHI PeaJjIn3y-
ercst (PYHKIUS &.-J1., KOTOpask TaK¥Ke PEeAJN3yeTcs B OJTHOM U3 COCTOSTHUM
0.-11. byuknuu f,, Koropas npunaiexkut Pp. CiaenoBarenbHo, h Takxke
npunayiekuT Pp.

[Tokaxkem, uro foo.0,---,f11.1 € [h U R]. Paccmorpum mponsBosib-
Hyto GyHKIWO f,. [lycTh B HagaabHOM COCTOSTHUE f, pEATU3yETCsT
dbyuxys a.-u. a(zy,...,x,). lyers A(zq,...,2T,) — UICTHHHOCTHASL O.-]1.
GYHKIMSA, B COCTOSTHUU KOTOpOi peanusyercd a. llycTs o.-71. pyHK-
mmn p1(x), ..., pom(x) oupenensirorest cieayromum o6pasoM: pa;_1(z) =
woi(x) = m, ecom i-ii paspsiy Habopa « paseH 0, u @o—1(x) = =z,
poi(r) = T, ecom i-it pasps nabopa « pasen 0, ¢ € {1,...,m}. Oue-
BujiHO, A, hj € R. PaccMOTpuM Cyleprio3uIuio

h(z1, ... xn,01(x), ..., 0om(x), A(x1, ..., 20)).

N3 onpenesienust pyHKImMKM h CIeIyeT, YTO BBIXOJ, TAKOU CYIIEPIIO3U-
LIUU COBIIAJAET C BBIXOAOM fo B J000H MoMeHT BpeMenu. DyHKIuO h
OyeM Ha3bIBATH reHepaTopoM st byHKmui foo. 0y, f11.1-

ObozuauuM depes S, MHOXKECTBO BCeX 0.-1I. (byHKIui u3 Pp, 3aBucs-
X He 0oJiee YeM OT 7 TIePEMEHHBIX U UMEIOIIUX IIPH 9TOM He Oojiee n
cocrostanii. KonmdaecTBo Takux (GyHKIIN KOHEIHO, ITO3TOMY JIJIsT KarKI0T0O
MHOKECTBa, S;, MOXKHO IIOCTPOUTHL IeHepaTop h,.

Paccvorpum 6ecKOHEUHYIO crCTeMy (OYHKIINMA

N = R| J{h}.

i1

OueBuyiHo, cucrema N mojHa. 1IpeanosioxknmM, U3 Hee MOXKHO BbIjie-
stk 6azuc. Oyukiun n3 R 00s3aTe/IbHO JTOJIKHBI IPUCY TCTBOBATH B Oa-
3uce, MOCKOJbKY Bce (pyHKIMH h,y, TPOITYCKAIOT 3HAYEHUE IIEPEMEHHON 2 B
epBbIil MOMeHT BpeMeHH. [TockosibKy 6a3uc He MOXKET OBbITh KOHEUHBIM,
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Puc. 3.

B HEM HPUCYTCTBYIOT XOTsl Obl JBe pyHKuuu h;, hj Takue, 9To j npesoc-
XOJIUT ¥ KOJIMIECTBO MEPEMEHHBIX, U KOJUIECTBO COCTOSTHUH (DYHKIMU h;.
Torna, mo mocrpoenuto, h; € [RUh;|. CrenoBarensro, GyHKIMO 7 MOXK-
HO MCKJTIOYUTD U3 ba3uca 6e3 morepu cBoicTBa MOTHOTHI. Clie0BaTEebHO,
sT0 He basuc. Teopema mokazaHa.

dokazareabcTBO TeopeMbl 4

Jlist moKazaTeabeTBa CyNIEeCTBOBAHUS DA3MCa STOr0 HAM IIOHAI00MTCST
0606menne F-cpoiicTsa. KoauposaTh aBTOMATBI ¢ HOMOMIBIO KOHCTAHT-
HBIX 0.-JI. (DYHKIMH yzKe He HOJIyYUTCsl, MOCKOJbKY OHU MOT'YT He IIpHU-
HaIexkaTh P-muoxkectsy Pp. IlosTomy B KadecTBe Kiroda OymeM HC-
HOJIB30BATh 0.-71. (DYHKIMH, 3aBUCSIIIE OT OJHON IepeMEeHHOIA.

[ycrs f(z1,...,2,), o(x) — 0.-1. dyukmn u3 Pp. Pacemorpum 0.-71.
byuxuuo  f'(21, ..., Tn,Y1,Y2), KOTOPask PEANU3yeTCsl IIPECTABIEHHOI
HIKE CXeMOit. 3/1eCh CUMBOJIOM p OTMeYeHa MOJICXeMa, peau3yolast uc-
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TUHHOCTHYIO O.-7. (DYHKIIMIO, B COCTOSIHUSX KOTOPOIi peaymsyercs yHK-
st a.-J1. p(x1, T2) = T1x2 VT T2, CUMBOJIOM & 0003HAYEHA KOHBIOHKIUS,
a cumBosioMm v dbyukius v(r1, T, x3) = 123 V xed3, G1 — eIuHUYHAsS
3aJiepKKa, ¢ — 0.-11. dbyHKIus ©(x).

Eciin va B0/ Yo mojiaBaTh 3HadeHue ¢(y1) B KaXK/Iblii MOMEHT BpeMe-
HU, TO HA TpeTuil Bxoj OJioka v Bcerma OyIeT MoCTynarh 1, u Ha BLIXOJIE
cucTeMbl OYyJIeT peasm30BbIBaThCst 3HadeHnue dyukiwmu f. Ecim okaxker-
csd, 94TO 3HAYEHUS IOCJIEHUX JIBYX BXOJIOB HE YJIOBJIETBOPSAIOT YCJIOBHIO
©(y1) = y2, Ha TpeTmii BXOJ O0Ka v Oyjger mocrynarb 0 U OH HAYHET
IIPOITYCKATh 3HAYEHUE BXOJA 2.

Xy Xn ¥ ¥z

Puc. 4.
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ITposepuM, urto dbyHKIMA f’, HOCTpOEHHAsS TAKUM 00Pa30M, MPUHAJI-
gexkut Pp. JleficTBUTEIBHO, €C/iM HA TPETUil BXOJ OJIOKA ¥ MOCTyIAeT
sHadenue 1, To Ha BHIXOH dyHKIMK [’ MOCTyNnaeT 3HaYeHue f B 9TOT MO-
MeHT BpeMeHu. OyHKIHS a.-JI., peajn3yeMasl B COCTOSTHUU (DYHKIUH [,
npunayiexkut D, nockobky f € Pp. Eciu na tperuit 8xos 6Ji0Ka v 110-
crymaer suadenne 0, To Ha Bbxo yHKIMEU [’ MOCTyNIaeT 3HAYCHUE B
5TOT MOMeHT Bpemenu. To ecthb, y dynkuuu f’ JOCTHKHMBI TOJBKO Te
COCTOSIHUSI, B KOTOPBIX peann3yorca GyHKIun u3 D.

Bysem roBopuTh, 9TO MOCTpoeHHas TakuM obpazoM dyHKIms f' KO-
qupyer f ¢ IOMOIIBIO Kitoua ¢ 1 obo3HadaTh depe3 K (f, ¢).

3amedyanue. B HEKOTOPBLIX ciydasx He 00S3aTe/IbHO MMETh KJIIOY, IJIsI
TOro, 4TOObI «PaCKOIUPOBaTh» 0.-1. dynKnuoo. Hanpumep, nycts f/ ko-
JApYEeT HEKOTOPYIO 0.-1I. PYHKIUIO f, IIe B KaUeCTBE KJI0Ya BBICTYIIAET
TOXKJIECTBEHHOE oTpunanue. Jjst Toro, 9Tobbl € «pacKoIUpPOBATHY J0-
CTATOYHO IIOJICTABUTEL B HOCJEAHME JIBa BXoAa (MGyHKIMK f' TOXKIeCTBEeH-
vele 0 1 1, mpu 3TOM He 00s13aTeILHO UMeTh oTpulianue. st Toro, 4To0Ob!
«B3JIOMaTh» (PYHKIUIO, JOCTATOYHO IIOJABATL Ha IOCAEIHUE JIBa BXOIA
3HAYEHUSsI, YJIOBJIETBOPSIOIINE YCJIOBHUIO ¢(Y1) = Yo.

st mocrpoenns: 6asuca pacemorpum cucremy N = RU {hy, hy ...},
OIMCAHHYIO B JOKA3aTeJbCTBE IpeAblaylneil TeopeMbl. BoigegnM u3 Hee
6eckoneunyto nogcucremy N’ = RU{hy,, hp, ...}, vae p1, p2,. .. — mocie-
JIOBATEILHOCTb BCEX IMPOCTBLIX YUCE], YIOPSI0UYeHHAsI [0 BO3PACTAHMUIO.
Ouesno, N/ TakzKke 10JHA.

ITycrs p — npocroe gucsio. Obo3HaunM depes gp () Takyro 0.-1. PyHK-
o, uro g,(x(t)) = x(t), ecmm t xparno p u gy(x(t)) = x(t) B nporus-
HoM citydae. O9eBH/IHO, g, UMEET p COCTOSIHUN, 1mo3TOMY gp € RU {hy}.
IIycts H,, — MHOYXKECTBO BCEX MEPHUOIUYIECKUX IOC/ICI0BATEILHOCTEH, V
KOTOPBIX JJIMHBI TIEPUOJIOB 0OPa3yIOT MHOYKECTBO UHCEJT, TMPEICTABUMBIX
B BUJIC Py p5’ ... pim, Tae Bee pj,j = 1,...,Mm — IPOCTbIE YHUC/IA, HE IIpe-
BOCXO/ISITIINE 7.

PaccmorpuMm cucremy

Nj/'/ = RU {K(hplvgl)vK(hp27gp1)v"- 7K(hpjvgpj71)"'}7

KOTOpas TaKz>Ke II0oJIHa. HOKa}KeM, 4TO OHA ABJIACTCA DA3UCOM.
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Hukakyio dyukiuio u3 R Helb3st UCK/IIOYUTh 0e3 1oTepu CBOMCTBA
MIOJTHOTHI, MTOCKOJIbKY BCe (DYHKIUHU, HE NIpUHA JIeXKAIIe R mporyckaoT
3HAYEHUE OJHON U3 BXOJHBIX IIEPEMEHHBIX B IIEPBBII MOMEHT BPEMEHHU.

Paccmorpum MHOXKECTBO

Nj/'/ = R U {K(hplvgl)v K(hp27gp1)7 e 7K(hpj7gpj—l)}'

[To mocTpoeHnio, OHO COXpaHSET MHOXKECTBO OECKOHEYHBIX MOCJIEI0BA-
renbnocreit Hy,.. C npyroit cropous, jmobas ¢yukima K (hp, w1 9 )s
k > j Taxoke coxpanser H,,. Ilostomy, N” \ K(hy,,,,gp,;) Henomna s
moboro j. Cnenosarensno, N” asisterca 6azucom. Teopema mokazana.

ABTOp BBIpazkaeT IyOOKYIO OJArOJAPHOCTD CBOEMY HAYIHOMY DY-
koBoguTeI0 Tpod. B. A. ByeBuuy 3a mocTaHOBKY 3a/1a9u U COEHCTBYE
B XO/le BBINOJIHEHUSI JIaHHON paboThl, a Takxke nupod. C.B. Ajnemuny un
npod. B.B. KyapsineBy 3a BHuUMaHue K Heil.
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BpIcTpBhIit aJITOPUTM ITOCTPOEHUS JIJIst k-3HAYHBIX DYHKITUNI
IOJIMHOMOB [0 COCTaBHOMY MO/LYJIIO k

CenesneBa C. H. (Mocksa, MI'Y um. M. B. JIomonocosa)

selezn@cs.msu. su

BBenenue

PaccmarpuBaercss 3ajiata MpOBEPKU HOJMHOMUAJIHHOCTH Kk-3HATHBIX
dbyukuumit (byHknuit HaK KosJblaMu BeIYETOB 10 Moayso k). V3ectHo,
9TO KaxKjiast k-3HavdHast (PyHKIMS MOYXKET OBITH 3a/IaHa TOJTUHOMOM II0 MO-
Jyimo k B TOM M TOJIBKO B TOM CJIydae, ecyid ecyim k — mpocroe aucio|l].
Ceueznenoii C. H. B [2]| 6bL1 1Ipe ij107KeH IPAKTHYECKN IIPUMEHUMBIH aJIro-
PUTM, KOTOPBIH 110 BEKTOPY 3HavUeHUil k-3HadHOil dyHKIUN f (1:1, cey X)),
rjie k = p™, p — mpocToe Yucio, m > 2, OupeesseT, 3a1aeTcs Jau f 1o-
JITHOMOM IT0 MOJyJIIO k, ¥ B CJIydae MOJIOXKUTETLHOIO OTBETa, HAXOIUT ee
KAHOHMYECKUI TIOJIMHOM, TPUYEM AJITOPUTM HMEET OMTOBYIO CJIO2KHOCTD
O(N), tne N = k™ — jmmHa BekTOpa 3HaueHWH (GYHKIUH. DTOT ajro-
PUTM MOXKHO OOOOIIUTD Ha CJIydail IPOM3BOJIHLHOIO COCTABHOTO YHCHA K,
[P 9TOM €r0 CJIO2KHOCTH OCTAETCsI TaKOM Ke.

B wnacrosmeit 3amMerke MOAPOOHO PACCMATPUBACTCHA CIydail MpOu3-
BOJILHOTO cocTtaBHOrO k. [IpuBesieHo onmcanne ajropuTMa, KOTOPBIH 110
BEKTOPY 3HaveHuil k-3naunoii dbyukmmu f(xy,...,T,) oupeeiser, 3a/1a-
ercst i 9Ta QYHKIU TOJTUHOMOM IO MOAYJIO K, B CJIydae IOJIOXKUTE b
HOT'O OTBETa CTPOUT OJUH U3 €e IOJUHOMOB, IPUYEM AJITOPUTM HMEET
6urosyto cioxkHocte O(N), tne N = k™ — jyimHa BeKTOpa 3HAYeHUii

byukun f.

OcHOBHBIE IOHATUA

Ilycrs k > 2, E, = {0,1,...,k—1}. ®yukuusa f(x1,...,z,) Ha3bIBa-
erca k-snaunoti, ecm f: B} — Ep, rnen=1,2,....

MuoxkecTBO Beex k-3HAUHBIX (DYHKINH 0003HAYNM Kak P, MHOXKe-
CTBO BCeX k-3HAYHBIX (DYHKIUN, 3aBUCSIINX OT TEPEMEHHBIX X1, ..., Tn,
obozHaunM Kak P}’

[Tycrsb Z — muOXKecTBO nebix unces; Zy = Z/(k) = {0,1,..., k—1} —
KOJIBITO BBIYETOB 110 MOIyJIIO k, rae k > 1.
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Oyuxnua f(z1,...,2,) € P’ 3adaemca nosuromom no modymo k,
ecsn HafiieTcss Takoi MOJMHOM P(X1, ..., Ty) € Zg[x1, ..., @y, 9TO

p(x1, ..., xn) = f(x1,...,20).

MuoxkecTBO k-3HaYHBIX (DYHKITHH, 33TAIONUXCS TOJUHOMAME TI0 MO-
Jiyatio k, obosnaunM kak Poly, m 6yjaeM Ha3bIBaTh WX MOJUHOMUATLHBIMHA.

Ussecrho [1], aro Poly = Py Torja un TOJLKO TOrja, Korja k — mpo-
CTOE UHCJIO.

BricTphle aJIrOPUTMBI TIOCTPOEHUST 110 BEKTOPY 3HAYEHUN K-3HATHOMN
dyukuun f(x1,...,x,) ee MOJUHOMA IO MOJYJIIO k TIPU IPOCTHIX k TIpei-
aoxkenbl appuiioseiv I I1., Canoxenko A.A. (1977 r., [3]) qsa k = 2,
Tapanuukossim 0. B. (2004 1.) jy1si mpOM3BOIBHOIO MIPOCTOTO YHCTA K.
CJI0’KHOCTD 9THX aIropuTMOB (B ajaropurmudeckoit mojean CP) pasua
O(N log N) 6uroBbix oneparmii, rje N = k™ — jayinHa BeKTOpa 3HAYCHUIA
byHKIHN.

Memannnosbiv JI. T (1995 1. [4]) ommcan asropurs, mpoBepsirormii
10 BeKTOPY 3HaueHuil k-3naunoit byskiun f(x1,...,x,) s k = p™, tie
P — MPOCTOE YUCTIO, M > 2, SABJSeTCs Jin PYHKIMS f TOJTMHOMUATBHOM
U B CJIy4Yae IOJIOXKUTEJBHOI'O OTBETAa CTPOSANIUN KAKOW-TO €€ TOJIMHOM.
Croxuoctb sroro anropurma pasaa O(N log™ N) onepanuii, rie N =
k™ — myinHa BeKTOpa 3HAYEHUN (DYHKIIAML.

Cesesnesoii C. H. (2011 r. [2]) upeiozkeH ajaropur™, poBepsiroIuii
10 BeKTOPY 3HaueHuil k-3naunoit byskun f(x1,...,x,) s k = p™, tie
P — MPOCTOE YUCTIO, M = 2, SABJSeTCs Jin PYHKIMS f TOJTMHOMUATBHOM
U B CJIy4ae MOJIOKUTEJHHOIO OTBETA CTPOSINU €6 KAHOHUYECKU T0JIU-
oM. CuiozkHOCTH 3TOrO asropurma (B ajaropurmudeckoit mojenn CPI)
pasra O(N) 6uroBbix onepanuii, tae N = k™ — jyimHa BeKTOpa 3HaUe-
Huil GyHKIUH. DTOT aJropuT™M 0000IAeTCS Ha CJIydail ITPOU3BOIBLHOTO
COCTABHOTO K, M CJIOXKHOCTH €0 OCTAETCS TAKOW IKe.

B nacrosiieit 3amMeTke ONUIIIEM 3TOT aJrOPUTM I CJydasi MpPOU3-
BOJILHOT'O COCTaBHOI'O 4ucJa k.

AnroputrM pacno3HaBaHUS NOJMHOMUAIBHOCTU U IIOCTPOE-
HHUS MOJIMHOMOB

B xadecTBe alropuTMHYECKO MOJEIN PACCMOTPUM CXeMbl U3 (YHK-
roHaIbHBIX dsteMenToB (CPD) B HekoTopoM mosHoM B Py 6asuce. 1oz
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CJIOXKHOCTBIO aJropuTMa 6y/1eM MOHUMATh IUCI0 (PYHKITHOHATBHDBIX JJ1e-
MeHTOB B cooTBercTBytoIeit CDI.

Teopema. ITycmv k — cocmasnoe wucao. Mosicho nocmpoumnb demepmu-
HuposarHvill arzopumm (6 anzopummuseckot modesu CDD), komopuili
das npouseorvrot pyrryuu f(r1,...,x,) € PJ' no sexkmopy ee snavenud
onpedensem, sepno au, wmo f € Pol}l, u e cayuae noroscumenvrozo om-
sema cmpoum Kaxoli-mo ee noaunom co caodichocmuvio O(N) 6umoswix
onepayuti (¢ wucaom gyrryuonaronux sremenmos O(N)), ede N = k™ —
dAuHa 8eKMOPa 3HaMeHUT PYHKUUL.

JokasareabcTBo. OnuiieM ajaropuT™M, KOTOPBIH JjIsl ITPOU3BOJIBLHON
dbyaxnun f € P’ 10 BeKTOpY ee 3HaYCHUIT OIpeJie/iseT, ABIAeTCs JIH OHA
MOJIMHOMHUAJIBHON, U B CJIydae IOJIOKATEJIHFHOIO0 OTBETa CTPONUT KaKOU-TO

€¢ IIOJIMHOM.

. pmr

_ o mi
ITycrs k — cocraBHOE umcno, k = pi*' - --- - p]

pa3/IMYHbIE TPOCTHIE YHCTIa, 1M; > 1.

, TJe p; — TOIapHO

Ecmu r = 1, To ectb k = p™, rme p — mpocToe Uucio, m = 2, —
BOCITIOJIb3YEeMCsI aJITOPUTMOM U3 [2].

IIycts r > 2. Torma KoJbIO Zj €CTb NpsiMasi CyMMa, HIEaJIOB, M30-
MOP(MHBIX KOJIBIIAM me.

Iar 1. Iycrs d; = p)™,i=1,...,r.

ycre « = (a1,...,a,) € E} u = (b1,...,by) € E}. Byaem
TOBOPHUTL, 9TO HADOPBI @ u 3 cpasHumv, 1o Modysmo d; 1 0603HAIATD
a = f(mod d;), eciu

a] = bl(mod dz), ey Oy = bn(mod dl)

ITo croiicTBaM TOJUHOMOB HaJ[ KOJIBIIAMHU BBIYETOB 110 MOJYJIO Kk €cju
bynxnus f(xq,...,2,) € Poly, To mas mobbix Habopos «, f € Ef u3
Toro, uro a = f(mod d;), crenyer f(a) = f(B)(mod d;).

BeimmotTHUM POBEPKY 9TOI0 HEOOXOIUMOTO YCJIOBUS TOJUHOMHUATIBHO-
cru it dyskumn f (1, ..., Ty).

st aTOrO JIUIs Kaki0r0 %, ¢ = 1,...,7, CPABHUBaEM 3HAUYEHUs (DyHK-
nnn f Ha Habopax, CPaBHHMBIX 110 MO0 p;*. Tak Kak CpaBHUMOCTD
HabOPOB 110 MOJLYJIIO P; * 33J1a¢T OTHOIICHIE SKBUBAJICHTHOCTH Ha MHOMKE-
cTBe B}, TO IPOBEPKY JJIst KAXKJIOTO ¢ MOYXKHO BBIIIOJTHUTD CO CJIOXKHOCTBIO
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O(N). Braunt, ciaoxaocTh mara 1 Oymer Takxke O(N) GUTOBBIX olepa-
UAA.

Ecim xorst 661 oj1HaK /11 yCI0BHE He BbInoHseTcst, 10 f ¢ Poly. Una-
4e, MepexouM K Imary 2.

ITTar 2. ITo kuraiickoii Teopeme 006 OCTATKAX COIOCTABUM KarKIOMY

ssieMeHTy a € Ej onao3HavHbIil HAGODP (a1,...,a,) € Ejm X o X Epme,
1
SIBJISTIOTIAICST PEITEHUEeM CUCTEMBI CPaBHEHMIA:
— . mi — m
a = a;(mod pi"),...,a = a,(mod p;"").
B cmiy Bemossennoro ycmosus mara 1 dyskmmn f(xq,...,2,) € Pl
conocrasjsiercst Habop dyukmit (f1,..., fr) € P;m1 X oo ;Lml.
1 1
Teneps mmst xkaxkao0ro 4, ¢ = 1,...,7, HAJIO MPOBEPUTH 3aTACTCS JIH
dbyuxiwsa fi(zy,...,x)) € Ppmi HOJIMHOMOM II0 MOJYJIIO p,; ' U B Cllydae
7

MOJTOYKUTETLHOTO OTBETa HAWTH KAKON-TO €€ TIOJTMHOM.

Bocnonb3yemest 13BECTHBIME aJITOPUTMAMI.

Ecmu m; = 1, To mpuMeHUM aJarOpUTMBI TOCTPOEHUST TTOJTMHOMOB TIPU
npocrbix p; (laspusos I I1., Canoxenko A. A. [3|, Tapanuukos FO.B.).
[Monyuum BekTOp KO3 DUIMEHTOB mOanHOMa (DYHKIUUA f; CO CJIOXKHO-
creio O(p;""n).

Ecmu m; > 2, To mpuMeHNM aJrOpUTMbI PACTO3HABAHUS TOJIMHO-
MUAJIBLHOCTH U HOCTPOEHHsI HOJMHOMOB LpH cocrasHbX p;° (Cesesne-
sa C.H. [2]). Ecu f; ¢ Pol,mi, To f ¢ Poly. Nnave, nomyunm BekTop
KO3(DDUITHEHTOB KAHOHIECKOTO TIOJTHHOMA dyHKIUU f; CO CIOKHOCTHIO
O(p;"™).

Crnoxnocts mara 2 pasaa O(N).

ITar 3. Eciu Bce byHKIME f; — MOJMHOMUABHBI (KaXK1ast 10 CBOEMY
MOJLYJTIO), TO ONSITh-TAKK [0 KUTAiCKON Teopeme 00 ocTaTKax 1o Habopy
K03 PUITUEHTOB ¢ € Ep;m yo+ ¢ € Epme ipn MOHOME X B IOJIMHOMAX
dbyukuit fi,..., f, cOOTBETCTBEHHO HaiijeMm Ko3ddduiument ¢ € . upn
MoHOMe X B TOJHMHOME (DYHKIUHU f, SBJISTIONINNACS PENTeHNEeM CUCTEMbI
CpaBHEHUIL:

¢ =ci(mod pi"),...,c=c¢.(mod p*").

Beinosauts mar 3 MoxKHO o ciroKHOCTBI0 O(N).
Teopema jokazana.

Pabora nomuepkana POOU, rpanter 09-01-00701a, 10-01-00768a.
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ITopsinok dbyukiuu IllenHoHa JII HAKOILJIEHHOTO
BETBJIEHUA cXeM U3 (PYHKIMOHAJIBHBIX 3JIEMEHTOB

CrapukoB A. O. (Mocksa, MI'Y um. M. B. JIomonocosa)

alexey.starikov@mail.ru

BBenaenue

O/tHO#T M3 OCHOBHBIX 3aJlad CUHTE3a CXeM 13 (PYHKIMOHAJBHBIX 3JIe-
menToB (CPD) sBisiercss CHHTE3 CXeM, MUHUMAJIBHBIX OTHOCHTEBHO
HEKOTOPOH 3a/IaHHOM XapaKTepUCTUKU. [[jis OlEeHKN KadecTBa KOHKPET-
HBIX AJTOPUTMOB CHHTE3a OBIBAET MOJIE3HBIM COMOCTABJIEHUE ACCHMIITO-
TUKU CJIOXKHOCTHU JaHHOro aJyiroputrma ¢ ¢yuakiueii [llennona mjias mu-
HUMAJIbHOM cxeMmbl. AccumMnrornka yuknun [lennona Jijist CIOXKHOCTH,
MIPEJICTABISEMO B BHJIE KOJMYECTBA JIEMEHTOB B CXEME B CTAHIAPTHOM
Gasuce, 6buta naiizena O.B. Jlymanoseim B paGore [4]. Accumnrornka
dyuknun [Ilennona st CJI0KHOCTH, 38JIAHHON TVIyOMHOW CXEMBI B IIPO-
M3BOJILHOM OecKoHeyHoM Oasuce, ObLia Haiinena O. M. Kacum-3ae B pa-
6ore [5].

Ucxomst 3 HEKOTOPBIX CBOWCTB MPAKTHUECKON pPEan3allui CXeM W3
(byHKIMOHAIBHBIX 97IEMEHTOB |7], MIMeeT CMBICII PACCMOTPETh XapaKTepH-
CTHUKY, CBSI3AHHYIO C TOIMOJIOTHEH COeTMHEHNUS SJIEMEHTOB CXeMbl. B maH-
HoOil pabore uccnenayercsa dpyukius [lennona s CJIO2KHOCTH, TIPEICTAB-
JIEHHON B BUJIe HAKOILJIEHHOTO BETBJIEHWS, TO €CTh CyMMAPHOTO BETBJIE-
HUs MPOBOJA TI0 IIyTU OT BXO/a CXEeMbI K €€ BbIXOy. B KadecTBe Oasmca
paccMaTpUBaeTCst crangapTHas cucrema {V, &, -}, gomnosHeHHAS TOXK 16
creennoit dyuxmueit {x}.

Kaxk okazanoch, meronsr cunresa [Ilennona [1] u Jlynanosa [4] na-
IOT CXeMbI ¢ GOJIBINNM HAKOIJIEHHBIM BeTBJICHHEM (TOpsijiKa He MEeHbIIe
O(2™)). IIpu 5T70M IIOCTPOEHHBIIl ABTOPOM METOJI, OCHOBAHHBII Ha «OaJiaH-
cupoBKke» coBepiennoit JIH® ¢ moMoIbio BCTaABOK JIPEBOBUIHBIX CXEM W3
TOXKJIECTBEHHBIX (DYHKIINH, J1ajI JIOCTATOYHO XOPOIIYIO OleHKy. B pabo-
T€ 3TOT METO/] UCIIOJIb3YyeTCA JJIsA MMOJIyICHU A BerHeI‘/’I OIICHKU 3HaYCHMNA
dyukmun [Tlennona s HAKOTIJIEHHOTO BETBJIEHUs. ABTOPOM TOJIydYeHA
TaKyKe HUXKHSS OIleHKa, JIaollasi B COBOKYITHOCTH C BepXHel IOpPsiIKO-
Byto oreHky O(n), Ipu 9TOM BepXHsisl OINEHKA OTIMYACTCS OT HUXKHENH
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MeHee 4eM B JiBa pasa. [Ij1d JoKa3aTebcTBa HUXKHENH OIEHKH ITPUMEHSIOT-
CsI MOIITHOCTHBIE COOOPaXKeHUsI, IPUBEIEHHBIE B JTOKA3aTEILCTBE HUKHEMH
onenkn dyuknuu [lennona st kosmaecrsa snementos COD [1].

OcHOBHBIE ITIOHATUA U pe3yJibTaTbl

Bynem ncxomnTh u3 onpenesieHnst cXeMbl U3 (PYHKIIMOHAJIBHBIX 3JIe-
MEHTOB KaK HAIPY?KEHHOI'O OPUEHTUPOBAHHOTO I'pada.

Bepmuabl opueHTpoBaHHOIO I'pada, B KOTOPbIe HE BXOIUT HHU OHO-
ro pebpa, HazbBarOTCA ucTokamu. Oprpad HA3BIBAETCS AIUKITICCKIM,
ecJM B HEM HET OPHEHTHPOBAHHBIX IMKJIOB. B amukanaeckom oprpade
[JIyOMHON BEpIIMHBI I/ HA3BIBAETCH MAKCHUMAJIbHOE YUCIO pebep B opu-
E€HTUPOBAHHOM IIYTH M3 KAKOro-mO0 McToka B BepruHy v. Oprpad Ha-
3bIBACTCS YIHOPSJOUCHHBIM, €CJIN JJIs KaXKJIOf BEPIIUHBI V;, B KOTOPYIO
BxomuT k; pebep, 3ajiaH MOPAJIOK €1, €2, .. . , ek, ITUX pedep.

Cucremy b ={g1,92,.-.,9m}, 0jie Bce g; — DYHKIMH ajreOpbl JIOTU-
KH, OyJileM Ha3bBaTh 06a3ucoM (QYHKIIMOHAJILHBIX 3JIeMEHTOB. B jtaibheii-
ImeM, Kak IPaBUJIO, OyJ/ieM MOoApa3yMeBaTh Mo 6a3ucoM (OyHKIIMOHA b
HBIX 3jeMeHTOB cucreMmy by = {V,&,—,z}. Tak kak Bce a1 byHKIMNI
CUMMETPHUYHBI OTHOCUTE/IBHO CBOMX IIEPEMEHHBIX, TO pedpa, BXOJISIIIE B
KaXK/IyI0 BEPIIUHY, MOXKHO He yHOPSI0UNBATH.

Cxemoit n3 dynknnonanbusx daementos (CDD) maj 6asucom b Ha-
3bIBAETCH AINMKJIMICCKUN YIOPSIOUEHHBI oprpad, B KOTOPOM:

1) KaKJI0OMy HCTOKY IPHIIICAHA HEKOTOPAsl [IepEeMEeHHasl, IIPHYeM Pa3-
HBIM UCTOKAM [PUIICAHBI PA3HbIE TIEPEMEHHbIE (HCTOKU IIPHU 9TOM HA3bI-
BaIOTCsI BXOJIAME CXEMbI, a MPUIACAHHBIE MM [I€PEMEHHBIE — BXOIHBIMU
[IEPEMEHHBIMN )

2) KaxKJIoif BepluHe, B KOTOPYIO BXOJAT k > 1 pebep, npunucaxa
dbyukuus usz 6asuca b, 3aBucsas or k nepeMeHHbIX (BepIMHA ¢ TPUIIH-
caHHOI (DyHKIMeH IIPH 9TOM Ha3bIBAeTCs (DYHKIMOHATIBHBIM 3JIEMEHTOM );

3) HEKOTOpPBIE BEPIINHBI BbIJIEJIEHbI KAK BBIXOJIbI (MICTOKHU TaKZKe MOI'YT
SIBJISITCST BBIXOJIAMU ).

WNunykiumeit o riyOuHe ¢ BEpIIUHBIL IV OpeiesisieTcst GyHKIWs f,, pe-
ajim3yemasi B JlaHHON Bepmmue. Eciau ¢ = 0, TO ecTb ¥ — UCTOK, U V NIpU-
nucaHa mepeMeHHas x;, 1o f, = z;. llycts peammsyembie dyHKIUN yxe
OIIPEJIEJIEHBI JIJIS BCEX BEPINUH IJIyOMHBI MEHbIEH, deM qg. Paccmorpum
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BEpIIUHY ¥ TUIyOUHBI g, B KOTOPYIO BXOJISIT pebpa ey, €3, . . . , € U3 BEPIITUH
V1,V2,...,VE, 1 B 3TUX BEpIINHAX peaju3yrorcs (yukuu f1, fo, ..., fi.
[Tycrs Bepuune v npunucana dyukys g(zr1,...,x;). Torma B v pean-
syercst dyukiws f, = g(f1, fa,- - fx)-

Bynem roBoputh, 4To cxema peasim3yer cucteMy (DYHKIW, pealiu-
3yeMbIX B ee BbIxojax. Cxema peajiu3yer JIaHHYIO (DYHKIIUIO, ecJii OHA
peayin3yer ee XOTst Obl HA OJTHOM W3 BBIXOJOB.

C0XKHOCTBIO CXeMbl 13 (PYHKIMOHAJBHBIX 3JIEMEHTOB HA3BIBAETCS
quca0 QYHKUIIOHAJIBHBIX 9JIEMEHTOB B cxeMe. Byjiem 0603HAYATH CJI0XK-
HOCTDL 1uepe3 L.

HazoBeM mpoBojiom, ucxoisiium u3 HyHKIMOHAJIBHOIO 3JIEMEHTa U,
MHOYKECTBO BEPIIUH {11, ..., VF}, B KOTOPbIE U3 JIEMEHTa ¥ UIyT pebpa.
BetrsiieHneM mpoBojia Ha30BEM YUC/IO BEpIUH F' B COOTBETCTBYIONIEM €My
MuoxkecTBe. OO03HAYNM BETBJICHHUE IIPOBOJIA, UCXOSINErO U3 BEPIIUHBI U,
gepe3 F(v). Byaem canrars, 4To eciin u3 v He BBIXOJUT HU OJHOTO pebpa,
To F(v) = 1.

ITpu sTOM OysieM cUnTaTh, YTO BETBJIEHNE BXOOB 3AIIPEINEHO, TO €CTh
JTs1 JTI0O0r0o UCTOKa 1y cupaseymso F(vg) = 1.

IIycrs P = (vp,v1, V2, ..., Vy) — IyTh U3 UCTOKA 1 (BXOJIHOI BepIIH-
HBI) B BBIXOJHYIO BEDIINHY U,. Ha30oBeM HAKOIJIEHHBIM BETBJIEHHEM IO
nytn P Bennuuny

n
F(P)=> F(w).
=1
Hazosem naxoriennsim BerBiennem CPD S Benuauny

F(S) = max F(P).

P — nyTh 13 BX0J1a B BBIXOJ,

Beenem dynkiuio [llennona st Hakonersoro sersienust COD 1o
dopmyie

F(S).

ABTOpoM monyuens! cieyrornue orenkn dhyukiun [lernona mst ma-

F(n) = max min
feP2(n)  f peamusyerca CDI S

KOIIJICHHOI'O B€TBJICHUA:

Teopema 1. Jlasa cwem u3 GyuHKUUOHAANGHOLT SACMEHMOE HAO 6A3UCOM
BO = {\/, &7 ™ :E}

F(n) $](3logs 2 + 1)n[ + ] logy n[ +1.



Cekmusa «/Inckpernas MaTeMaTHKa I MaTeMaTHdeckas kuOepHeruka» 401

Teopema 2. /[laa cxem u3 GYHEUUOHAADHBIT INEMEHMOE HAOD OA3UCOM

BO = {V, &, -, .f}
F(n) 2 3(logs 2)n — 6(logs 2) logy n — 3.

N3 Teopem 1 u 2 HEMOCPEICTBEHHO CJIETyeT
Cuaencrsue 1. I[lopadok ¢ynruyuu [enrnona F(n) nad 6asucom By pasen
O(n).

Kpowme Toro, auxkusist oretnka ¢dpyukiun [lennona 1y HAKOILIEHHOTO
BerBJieHuss CPI cyrecTBeHHA:
Caencrsue 2. Jlas noumu ecex gynxuutll ud Po nopadox naumenvuuezo
HAKONAEHHO20 BEMBACHUA CPEOU CTEM U3 PYHKUUOHANOHHLL IAEMEHMOE,
peasusyiowur dannyro gynryulo, cosnadaem c nopadxom yrrxuuy Ilew-
HONG.

ABTop BbIpaxKkaeT 6JAr0apHOCTH CBOEMY HAYIHOMY PYKOBOJUTEIIIO
. B. Kyuepenko 3a IOCTaHOBKY 3a/la4/ U BHUMaHUE K paboTe U aka/ie-
Muky B.DB. KynpssiieBy 3a 1ieHHbIE COBETBI U 3aMeYaHUs.
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O MUHUMU3aUU CJIOXKHOCTU HPEJICTABJICHUS OyIeBbIX
dyHkIMiT 13 HEKOTOPHIX KJIACCOB

Yebypaxun U. P. (Mocksa)

cybernetics@mati.Tu

BBenenue

Pacemarpusaercst 3amada peanmsarun 6yesbix dyukuuii (BPD) B
KJacce (popMys 1 — cxeM u3 (DyHKIMOHAIBHBIX ssieMenToB (D) B Gasuce
ZKeranmkuma, a Tak»Ke MOJTy9IeHUsT TPU STOM 110 BO3MOYKHOCTH MUHUMAJTb-
HBIX 3HAYEHWH MoKazaresefl coskHOCTH. OT CIOKHOCTH-KAYECTBA, ITUX
CXEM 3aBUCSIT OCHOBHBIE XaPAKTEPUCTUKN BHITUCIUTETBHBIX U YIIPABJISIIO-
mux cucreM. [IpoBonMbIe nCC/IeIOBaHUS B 9TOM 06JIACTH CBUIETETHCTBY-
0T, 9TO TOJIyUEeHHEe MUHMMAJBHOIO PEIeHns] HEM30EXKHO IMPeIoiaraer
UCTIOTF30BaHNE AMTOPUTMOB mepebopHoro xapakTepa. CiiefcTBHEM 3TO-
ro SIBJIsIeTCsT OOJIbINAasi TPYJIOEMKOCTh IOMCKA TAKOI'O PEIeHUs YIKe JIJIst
dyuKIM HEOOJIBIION pa3MEPHOCTHA. DTO IIPUBOIUT K pa3pabOTKe HOBBIX
IOJIXO/I0B TIOCTAHOBKU 339K U €€ PeIleHusl, 3aMeTHO OTJIUIAIONIAXCST 110
TPYAO0EMKOCTH OT TIepeGopHbIX [1-3].

CumBost - (TOYKA) UCIOIB3YeTCsl JIJist 0003HAUEHUsT JIOTHIECKOTO UJIH
apudMeTnIeckoro yMHoxKeHust [4-6].

1. ByneBbl dyHkInu, 6a3uckl, popmMysibl U cxemMbl n3z DI,
MOKAa3aTeJIN CJIOYKHOCTH

Hycrs f (f™ wm f(X)) — Gynesa dbyHKIUs, 3aBHCAIAsS OT N TIe-
peMeHHBIX u3 MHOKecTBa X = {z1,...,x,}. [lox 6asucom G nonumaem
KOHEYHYIO (DYHKIMOHATBHO MOJHYI cucremy B® (wim coorBeTcTBYyIO-
mux OI), B wacrnocru, — G = {&, D, 1} misa Beex OyseBbix dyHKIuMIL.
Cunraem, uro dynkuus ) sanaercs dopmymoit F(™ B Gasuce G. B ka-
JecTBE MEpPhI CJIOYKHOCTHU TpejicTaBienus dyukiun f dhopmymnoit F wim
cxemoii S u3 @D onpejesisieM COOTBETCTBYIOIIHE TOKA3ATEN (IHCKPET-
uble dyHKIMoHaIb!): Lo(f, G) — cymMMapHOe YmcJIO BXOXKJICHUHA CHMBO-
JI0B niepeMeHHbIX B dbopmyiny F; Lp(f,G) — uucio 6asucHbix moadop-
mya B F; Depp(f,G) — ruybuna F; Lg(f,G) — ancio @ B cxeme S,
Deps(f,G) — rnybuna cxembr S.
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[To mpakTHYecKuM COOOPAXKEHUSM IMOKA3ATEJN CJIOKHOCTA MUHUMU-
supyem. Ilpu npeacrasiennn B® B kiacce dopmys (B/roUast cKoHG0U-
HblE) JIsi MUHUMU3AIUKA [OKa3aTesIell CJI0KHOCTH UCIOJIL3YIOTCS 9KBU-
BaJIGHTHBIE TPEOOPA30BaHUsl, — B KJIACCE CXEM JIJIsT MUHUMUBAIUN TUCJIa,
DD JONONHUTETHHO TPUMEHSIETCST BETBJICHUE UX BBIXOJOB [4-9)].

2. ®yukuuoHanbuble ypaBHeHusi (DY)

Hanomunm onpesieenme @Y oma 1 [4-9]: f™) = h(f*~D 2,), tre
n > 2, f@ — pavanbuas dyukius, (2 — GyHKIUS peKypCHl, BXOIs-
masi B 6a3uc G wim upejcrapisieMas depe3 OasucHbie dyukinn. O606-
M sror i OY. s nonmunoma ZKeranxuna F() onpenesnsiem BekTop
P TOBTOPSIEMOCTH IIepEeMEHHbIX MHOKecTBa X = {T1,...,%i,...,Tp} B
dopmyre F™ 10 ectb p = (p1,...,Dis - - -, Pn), L€ HEPEMEHHAS T'; TOBTO-
psterest B dopmyne F( wucio p; pas. 3aoamo momydaem Lo (F (n) G) =
D lim1 Pi

[ycrs p; = max{p1,...,Di,--.,Pn}, Toraa OV tuna 1 umeer BuJ]
) — ((;,31 . F(n—1),1> EBF(n—1),2> : (1)

rjie BepXHHUE MHJIEKChI 1 U 2 — HOMEpa COOTBETCTBYIOIIUX OCTATOYHBIX
noadyHKumii, 3aBucsamux or yucia (n — 1) nepemennsix. Ha ocroBe s10-
ro @Y crpoutcs ajropuT™M rpaJIieHTHOrO TUIIA, TO3BOJISIIONIUI Oy YNTh
Tpebyemyio dopmyity F™ . C nomompio (1) mostyvaemM BEPXHIOK OIEHKY
cnoxxnoctn Lp. Ha KakJioMm 1miare ajropurMa Jijisi COOTBETCTBYIOIIE ITe-
pemennoit x; (1 < ¢ < n — 2) npumensiercst He GoJIbIE JIBYX GA3MCHBIX
oreparuii u He OoJiee JIByX OCTATOYHBIX noadyHKimil. s ocrapmmxcs
110/1bOPMYJI, 3ABUCSIINX OT IMEPEMEHHBIX Tp_1 U Ly, DA UX IPEJICTABIIE-
HUU MOXKeT oTpeboBaThcsa He OoJiee YeThIpEx OazucHbIx dyukmuit. VTo-
ro, nomyuaem Lp(F(™, G) < 2",

3. DuiemenTapubie cummerpudeckue mosnmHoMmsl (DCIT) 2Ke-
rajgkuHa |7, 8|

Pacemorpum DCII 2Kerankuua Fj(n), rj1e n — 4uCIO HepEMEHHBIX,
1 — CTeIleHb MMOJIMHOMA, TO ecTh 2 <N < N, 1 <1 < n.
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Fl(n)(xl,..-,xn) :x1@~~-@$n,
FQ(n)(xlw",xn) =21 -29Dx1-23D... DTp_1" Tnp, (2)
Fr(bn)({pl,...,xn) =1 ... Tp.

(n)

Ilpu i = 1 wn n nosy4daem kiuaccsl GyHKImil «B» u «&» (10 ectp F)

(n) )

wia F, ), Nyt KOTOPBIX TTOJIyYeHbI CJIEIYIOIINIE COBIIAIAIONINE OTIEHKN
La(Fl(n)v G)min = La(Fén)y G)min =n,
LF(Fl(n)v G)min = LS(Fl(n)y G)min = LF(F’r(Ln)7 G)min =
= Ls(F™, G)min =1 — 1,
DepF(Fl(n)a G)min = DepS(Fl(n)v G)rnin = D€PF(F1£n)a G)min =
= Deps(FY", G)min = [logy n].
ITpu momomu PV tunos 1 wau 2 mOJyYEHBI U APYTHE OIEHKH ITOKa-
3aTesieli CJIOXKHOCTH, M3 KOTOPBIX HIXKE MOTPEOyIOTCst cieyrorue [4-8|:

2(”) G Jin = 31— 5,  Lg(F\™, @) = bn — 13,
S(FM.G)=m —25  Lg(F™,G)=9n—41, (3)
Ls(F™,G) = 11n — 61.

Ls(F:
L

(n+1)

Ipusora @Y (1) x Bugy F; = Fi(n) @ (Tpt1 - Fi(f%), rae n > 2,

(n)

2 < i< n—1, ynobro zammcesars DCII F;™ npu nomory tabsupt [9].

n .
Hna 9CII ZKerankuna F; ( ), e n — YUCJIO0 TEePEMEHHBbIX U 1 —

CTelleHb IIOJMHOMA, IIOCTABUM 3aJady BbiBoja oreHku Lg(F; £ ,G3) =
Lg(i,n) =U(i,n) mug n > 2, 1 <i < n. Jnsg uMeronmuxcst OEeHOK CI07K-
socru U (i,n) (3) BeinoHUM IpeobpasoBanus, pasbuBas KayKyio U3 HUX
Ha Tpu ajrebpanveckue cjaraemMbie (KpoMme IepBOil U BTOPOii oueHOK).
Urak, u3 kaxaoit U(i,n), 3 < i < n — 1, BblmessieM nepBoe cJiarae-
Moe (n— 1), 3aTeM u3 OCTABIIEroCsi BIPAYXKEHUsl BbIJIEJIsIeM [IPOU3Be/IeHIe
(1—1)-(2n —4). Torma ocrapmasicsi 9acTh — cerouHas OYyHKIWA u; (u;:
4,12, 24, 40, ..., ms 3Ha"YeHnit aprymenTa i, 3 < i < n — 1), nosydaercs
BBIUATAHUEM M3 UCXOHOTO BBIPAYKEHUS MEPBBIX JBYX CJIATa€MbIX:

U(1,n) = Ls(F"”,G) =n -1,

U(2,n) = Lg(F} ) JG)=3n—5=(n—1)+ (2n—4),
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U@3,n) = Ls(F",G) =5n—13 = (n—1) +2(2n — 4) — 4,
U(4,n) = LS(F4(”), G)=Tn—25=(n—1)+32n—4) — 12,
U(s,n) = Ls(F\™,G) = 9n — 41 = (n — 1) + 4(2n — 4) — 24,

U(6,n) = Lg(F, £ G)=11n— 61 = (n— 1) +5(2n — 4) — 40, ...

st dyHKINN u; cCOCTaB/IsIeM PA3HOCTH IEPBOIO, BTOPOTO U JIajiee IIo-
PSIZIKOB, [IOKa He TI0JIyYnM HyJIeBYIO CTpOKY (ecsin cymecrsyer). V3 Toro,
YTO PA3HOCTH TPETHErO MOPSIAKA PABHBI HYJIIO, CJIEAyeT BTOPOM MOPSIIOK
JI7IsT MHOTOUJIEHA, U; C HEOIpeIeJeHHBIMU KO3 DUImeHTaMu, TO €CTh

ui:a0~i2+a1-i+a2. (4)
Pemaem cucremy ypasrennii, noiaydaemyto us (4) st i = 3, 4,5:

a0-52+a1-5+a2:24,
a0-42+a1-4+a2=12,
ap-3%4ai-3+as =4

Haxomum ag = 2; a3 = —6; ag = 4. Takum obpazom, yHKIUA U; =
2.i2—6-i4+4. C TPEThEl COCTABJIAIONIEIT NCKOMas OIEHKA CJIOKHOCTHU

U(i,n) = Ls(F™,G) = (n—1)+(i—1)-(2:n—4) — (2-42 —6-i+4). (5)

Nrak, aHATMTHYIECKN [OJIy I€Ha BEPXHsIsl OIeHKa rmoKas3areis Lg(F; " ,G).
st onieHoK (5) BBICKA3bIBACTCS THIIOTE3a, CIIPABEJIMBAsT IS TOKA3a~

TeJeit Lg(Fl(n), G),n Lg(Fn ) , G): 3Havenus nokasaresst Lg cioxkHocTn,
noJiydaeMble Ipu nomony dbyHKImoHana (5) MUHIMAJIbHBIE.
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On five types of stability of multicriteria combinatorial
minimin problem

Emelichev V. A. (Belarusian State University)
Karelkina O. V. (University of Turku)
Kuzmin K. G. (Belarusian State University)
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In this work, we address the issue of qualitative characteristics of
stability of discrete multicriteria optimization problems (see, e.g. [2]).
Analysis of the five most known stability types has been carried out
for two multicriteria minimin combinatorial problems: with Pareto and
lexicographic principles of optimality. As a result necessary and at the
same time sufficient conditions for each stability type are obtained as
well as interrelation between these types are revealed.

Let A; be the i-th row of matrix A = [a;;] € R, n > 1, m > 2,
T be a non empty system of non empty sets N,, = {1,2,...,m} (called
trajectories), i.e. T C 2¥m \ {@}, |T'| > 2. Let the components of vector-
function f(t, A) = (f1(t, A1), f2(t, A2), ..., fn(t, An)) be defined on T' by
minimin criteria (see, e.g. [3])

fi(t,Ai) = I?EI? aij — Igéljfﬂl, 1 € Ny,

On the set T" we define two binary relations of domination

t- e f(LA) = A) A fA) # ST A),
th " < ke N, (fult, Ax) > fut', Ap) A
N k= HllIl{Z €N, : fl(t,Al) 7& fl(t/,Al)})

Using these relations we specify the Pareto set and lexicographic set
respectively:

P A)={teT: VWeT (tP;At’)},

L"A)={teT: VieT (tL;At’)}.
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Here and further the line over a binary relation means the negation of
the relation.

Thus two n-criteria combinatorial problems with minimin criteria
arise: the problem Z}(A) of finding the Pareto set P"(A) and the problem
Z}(A) of finding the lexicographic set L™ (A).

Since 2 < |T'| < oo then @ # L™"(A) C P"(A) for any A € R™™.

Let us put into consideration the Smale set and the Slater set
respectively:

Sm'(A)={teT: W eT\(1} (= 1),

SIMA)={teT: v eT\{t} (t;> )},

WheretS>At’ & f(t,A) = f(t,A) andtsiAt’ & f(t,A) > f(t,A).

Let us denote for brevity any of the sets P™"(A) or L™(A) by M™(A)
and a multicriteria problem of finding M"™(A) by Z},(A).

We will investigate the five known (see, e.g., [1]) stability types of the
multicriteria problem Z};(A). The problem Z},(A) is called S;-stable if
there exists e > 0 such that for any A’ € Q(e) we have M™(A 4+ A’) C
M™(A); Sp-stable if there exists € > 0 such that for any A’ € Q(e) we
have M™(A) N M"™(A+ A") # &; Ss-stable if there exists € > 0 such that
for any A" € Q(e) we have M"™(A) C M"™(A+ A’); Sy-stable if there exists
e > 0 such that for any A’ € Q(g) we have M"(A) = M"(A+ A’) and
Ss-stable if there exist ¢ > 0 and t° € M™(A) such that for any A’ € Q(e)
we have t0 € M"(A + A'). Here Q(e) = {A' € R™™ . || 4| < €} is
the set of perturbing matrices A" = [a},] with rows Aj, i € N, [|[A']| =
max{|az;| : (4,5) € Np X N}

Remark 1. Directly from the given definitions it follows:
1) if the problem Z},(A) is S;-stable, then it is Sp-stable,
2) if the problem Z},(A) is Ss-stable, then it is Ss-stable,
3) the problem Z},(A) is Ss-stable if and only if it is S;- and Sz-stable,
4) if the problem Z},(A) is Ss-stable, then it is Sa-stable.
Let us denote N;(t, A;) = Argmin{a;; : j € t}, i € Ny, and

V(t, A, I) =[] Ni(t, A;), I C N,.
el
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The problem with Pareto principle of optimality

For vector v = (v1,v9,...,v,) € R™ and set I = {iy,i2,...,ix} C Np,
i1 < g < ... < i, we introduce notation vy = (v;;, iy, ..., Vi, ).
We put Pi(t, A) = {t' € P"(4): f(t,A) > (£, A)},

It,t)y={i€ Ny fi(t,A;) = fi(t', A)}.

Theorem 1. Z}(A), n > 1, is Sy-stable iff for any trajectory t € SI"(A)
and vector v € V(t, A, Ny,,) there exists trajectory t* € P™(t, A) such that
UI(t,t*) S V(t*, A, I(t, t*)

This statement indicates that for any trajectory ¢t € SI™(A) there
exists trajectory t* € P™(t, A) which is invariant to small perturbations
of problem parameters.

Theorem 2. Z}(A), n > 1, is Sp-stable for any matriz A € R™*™.

For trajectory ¢t € P™(A) we introduce a set Q(t,A) = {t' € T :
[t A) = f(t',A)}.

Theorem 3. Z}(A), n > 1, is Sg-stable iff for any trajectories t €
P™(A), t' € Q(t,A) and any index i € N, the inclusion N;(t,A;) 2
N;(t', A;) is valid.

Condition given above indicates that for any two equivalent trajecto-
ries t and ¢’ the equality V (¢, A, N,,) = V (¢, A, N,;) must hold.

The next result follows from theorems 1 and 3 by virtue of remark 1.
Theorem 4. Z}(A), n > 1, is Sy-stable iff both statements hold:

(i) Vt € SI"(A) Yv € V(t, A, N,,) 3t* € P"(t, A) (ve V(" A IttY))),
(11) vVt € Pn(A) vt e Q(t,A) Vi € N, (Nz(t,AZ) ) Nz(t/,AZ))
Theorem 5. Z(A), n > 1, is Ss-stable iff there exists trajectory t° €
P"(A) such that for any trajectory t € Q(t°, A) and any index i € N,, the
inclusion N;(t°, A;) D N;(t, A;) is valid.

This condition indicates of the existence of efficient trajectory ¢ such
that for all trajectories ¢ equivalent to it the inclusion V(t°, A, N,,) 2
V(t, A, Ny,,) holds.

Summarizing the results obtained in theorems 1-5 and taking into
account remark 1, we conclude that relations between different stability
types of the problem Zp}(A) are described by the following scheme:
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sy CSrstability >

S-stability >=p S-stability >

The problem with lexicographic principle of optimality

Let us introduce a set of indexes M(t) = {i € N,, : t € L'(A4;)}. It
is easy to see that for ¢t € L7 (A) we have @ # M(t) = N, C N, where
g=max{i € N, :t € L'(A)} = |M(t)|.

Theorem 6. For the problem Z}(A), n > 1, the following statements are
equivalent:

(i) Z}(A) is Si-stable, (i) Z}(A) is Sa-stable,

(ili) V¢ € LY(A) Yo e V(t, A, M(t)) Jt* € L"(A) (v e V(t*, A M(1))).

Statement (iii) indicates that for any non lexicographic trajectory
t € L(A) there exists trajectory t* € L™(A) that will not allow trajectory
t to become lexicographically optimal under small perturbations.

Theorem 7. For the problem Z}(A), n > 1, the following statements are

equivalent:

(i) Z}(A) is Sz-stable,  (ii) Z}(A) is Sy-stable,

(iii) Ve € L"(A) Vie N, V'€ LI(A) (Ni(t,A;) 2 Ni(t', 4;)).
Statement (iii) indicates that any trajectory ¢ € L™(A) must not be

dominated by trajectories L!'(A), i € Ny, under small perturbations of

problem parameters.

Theorem 8. Z(A), n > 1, is Ss-stable iff there exists trajectory t° €
L™(A) such that for any index i € Ny, and any trajectory t € L'(A) the
inclusion N;(t°, A;) D N;(t, A;) is valid.

This statement indicates of that there exists lexicographically optimal
trajectory tY which must not be dominated by trajectories L(A),i € Ny,
under small perturbations of problem parameters.

Summarizing the results obtained in theorems 6, 7 and 8, taking
into account remark 1, we conclude that the relations between different
stability types of the problem Z}(A) are described by the following
scheme:
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S'-stability Si-stability
§ )= iy D= ( 4
S:-stability Si-stability
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On the 2D order curves over finite ring
Skobelev V. V. (Donetsk, IAMM of NAS of Ukraine)
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Applications of algebraic models (especially of elliptic curves) in
modern cryptography has stimulated research of properties of algebraic
curves over arbitrary finite associative-commutative ring X = (K, +,-)
with the unit. In [1] systematically investigated the 2d and the 3d order
curves. In the given paper are presented some properties of curves

T :apna? + appwy + any® + a1x + azy + ag = 0, (1)

where ai1,a12,a22,a1,0a9,00 € K and (a11, aig, a22) 7é (0, O, 0).

The graph of I' can be characterized in the following way.

Let as—;3—; # 0 and a;; = a12 = a; = 0 where either 7 =1, or i = 2.
The graph of T is the set of all solutions (zg,yo) € K? either of equation
agy? +agy+ag =0 (i = 1), or of equation a1;2? + a1z +ag =0 (i = 2).

Let az—;3—; # 0, a;; = a12 = 0 and a; # 0 where either ¢ = 1, or
1=2.

Theorem 1. Let Char K # 2. If i = 1 and there exist elements b,c €
K\{0} such that azs = cb® and as = 2cb then the graph of T is the set
of all points (xq,vo) € K? such that (wo,uo) = (byo + 1,20) is a solution
of equation cw?® + aju + (ap — ¢) = 0. If i = 2 and there exist elements
b,c € K\{0} such that a1 = cb® u ay = 2cb then the graph of T is the set
of all points (xg,yo) € K? such that (wo,uo) = (bxo + 1,y0) is a solution
of equation cw?® + aju + (ag — ¢) = 0.

Let a11 = age = 0 and ajs # 0.

Theorem 2. Ifa; = ag = 0 then the graph of T is the set of all points
(xo,90) € K? such that (o,y0) is a solution of equation ajazy + ag = 0.
If ag # 0 and there exists an element ¢ € K\{0} such that as = cajo then
the graph of T is the set of all points (xg,1y0) € K? such that (ug,v) =
(a12y0 + a1, zo + ¢) is a solution of equation uv + (ag — cay) = 0. If
a1 # 0 and there exists an element ¢ € K\{0} such that a; = cajz then
the graph of T is the set of all points (xo,y0) € K? such that (ug,vo) =
(@120 + ag, yo + ¢) is a solution of equation uwv + (ag — caz) = 0.
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Let a;; #0 (i =1,2) and a; #0 (j = 1,2).

Theorem 3. Let Char K # 2 and there exist elements by,bs,c,d €
K\{0} such that a1; = cb?, a1a = 2cbiba, asy = cb3, a3 = dby and
as = dby. The graph of T is the set of all points (zg,y0) € K? such that
wo = bizo + bayo is a solution of equation cw? + dw + ag = 0.

Let a;; # 0, az—i3—; = 0 and aj2 # 0, where either 7 = 1, or 7 = 2.
The graph of I is the set of all solutions (zg,y) € K? either of equation
z(ap1x + ay) + a1z + asy + ap = 0 (i = 1), or of equation y(azy +
CL12:E) +a1x + a2y + ag = 0 (Z = 2)

Let Char K # 2, a;; # 0 (i = 1,2) and either a1 = 0, or ag = 0. If
a; = 0 and there exist elements by, by, c,d € K\{0} such that asy = db?,
as = 2dbc and ag = dc? then the graph of T' is the set of all solutions
(w0, 10) € K? of equation x(a11x + aioy) + d(by + ¢)? = 0. If az = 0 and
there exist elements by, bs,c,d € K\{0} such that a;; = db?, a; = 2dbc
and ag = dc? then the graph of T is the set of all solutions (xg,v) € K?
of equation y(agey + aijaz) + d(bx + c)? = 0.

Canonical form of I' can be characterized in the following way.

Let
T u
<>:A(), where A:<0411 0412)‘
Yy v Q21 (22
Linear operator A annihilates linear form

h(z,y) = a1x + agy
if and only if aja11 + asae; = 0 and ayaq2 4+ asase = 0. Thus any linear
operator that annihilates linear form h(x,y) is not a bijection.
Theorem 4. In the result of linear transformation A quadric form
f(z,y) = ana® + arpay + axny?

can be transformed into the form g(u,v) = byyu® + bagv? if and only if
there exist elements a1, 12, o1, aiog € K, such that

2(6111(111(112 + a2204210z22) + a12(04110z22 + apar) =0,
where
by — 2 2
11 = a11097 + a12011 Q21 + G205

2 2
and bgy = a11099 + a1200120092 + A220055.
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Corollary 1. In the result of linear transformation A quadric form
f(z,y) can be transformed into the form g(u,v) = byu? if and only if
there exist elements aq1, 12, a1, oy € K such that

2(a11a11002 + agaoiag2) + a2 + agaanr) =0

2 2
and a11aqy + a12002029 + ag2059 = 0.

Corollary 2. In the result of linear transformation A quadric form
f(z,y) can be transformed into the form g(u,v) = bgv? if and only if
there exist elements a1, 12, o1, a9 € K such that

2(anaiiong + axogia) + az(ariags + ajpag) =0

2 2
and aj1ayy + ajpaiiag; + azeag; = 0.

Corollary 3. In the result of linear transformation A quadric form
f(z,y) can be transformed into the form g(u,v) = biguv if and only if
there exist elements a1, 12, o1, a9 € K such that

2 2
ar1aq; + apariao +azgay; =0

2 2
and ai1aqy + a12002022 + age0, = 0.

Remark. The reason for extraction of equation bisuv 4+ ag = 0 is the
following. Linear form bjsuv+ag in a ring can be transformed by bijection
u=U+ 6V, v = U + ¢V into the form ypU? + §¢V? if and only
if there exists elements v, 9, p,% € K such that, aro vy — dp # 0 and
biz(v¢ + ) = 0.

Further investigations can be connected with analysis of non-trivial
subclasses of curves.
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