YacTu4uHoe yraJibIBaHNEe CBEPXCOOBITHIA,
MTOPOXKJEHHBIX TPOCTHIMU
LL(1)-rpamMmmaTukamMu

A. A. Mactuxura

ABTOMAT yrajipiBaeT CUMBOJI BXOJIHOM TIOCJIE/IOBATEILHOCTH, €C-
JIM OH BBIJAET STOT CUMBOJI Ha BBIXOJIE B TPEIBIAYIIUA MOMEHT
Bpemenu. B pabore paccMOTpeH BOIPOC, MOXKHO JIM C IIOMOIIBIO
JIETEPMUHUPOBAHHOTO aBTOMATA YaCTUIHO MPEIBOCXUTUTH HEKOTO-
poe CBepXCODBITHE, TO €CTh yraJaTh HEKOTOPYIO HEHYJIEBYIO JOJIIO
CHUMBOJIOB Ka2KJIOTO CBEPXCJIOBA U3 3TOT0 cBepxcobbITust. [Tosryuens
KPUTEPUil U AJITOPUTM, MTO3BOJISIONIUE STO YCTAHOBUTD JIJIsI CBEPX-
COOBITHI, 0OPA30BAHHBIX CBEPXUTEPAIMEH SI3BIKOB, MTOPOXKJIEHHBIX
upoctbivu L L(1)-rpamMmmaTukamu.

KuiroueBble CJI0Ba: yraJIbIBAIOIIIe AaBTOMATBI, ABTOMATHI C Ma-
ra3MHHON IIaMATBIO, YaCTUIHOE yraJblBaHue, CBePXCOOBITHS, IIPO-
croie LL(1)-rpamMmaTuki.

1. BBeaenue

B crarbe paccMaTpuBaeTcs IPEJIBOCXUINEHNE CBEPXCOOBITHIT HAJ| aJl-
dasurom {0, 1} onpeseseHHOrO BHja C OMOIIBIO JIeTEPMUHUPOBAHHBIX
aBroMaToB. llonsaTne aBToMaTa ¢ IpeIBOCXUIIEHNEM BO3HHKJIO €Ille B Ha-
JaJie Pa3BUTUsI TEOPUU aBTOMATOB [1].

OTO O3HAYAET, YTO ABTOMAT HCIIOJIL3YeT He TOJILKO JIAHHBIE, yIKe 110~
CTYTIMBINAE Ha BXOJ, HO M HEKOTOPBIE 3HAYEHUSI, KOTOPHIE JIOJXKHBI MO~
CTYIUTH B OyJIyIIIEeM.

B nammoit pabore paccMaTpUBaIOTCST MAITIHBI, UCITOJIB3YIOIIAE TOJBKO
uHMOPMAIIIIO, KOTOPas yKe MOCTYIIMIa Ha BXOJ, W IBLITAIONIHECS TP
CKa3aTh HA BBIXOJHOM KaHaJje TO, UYTO MOCTYITUT.
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B crarbe [2] paccMarpuBasinch KOHEUHBIE ABTOMATHI, yraJibIBAIOIIIE
CBEPXCJIOBO WJIM MHOXKECTBO CBEPXCJIOB. DTO 3HAMUIIO, 9TO Uepe3 HEKOTO-
poe KOHEYHOe BpeMsl aBTOMAT HaUYUHAET YraJblBaTh KaxKJ bl CJIe Iy Ouit
CHAMBOJI, TO €CTh Ha BBIXOJ/IE B MOMEHT BPEMEHH ¢ BBIJIABATH JIEMEHT BXO/I-
HOt II0CJI€/I0BaTEIbHOCTA ¢ HOMEPOM ¢ + 1.

Bruio mokazaHo, 9To yraJibiBAeMO TOJIBKO MHOYKECTBO MTEPUOIMIECKIX
CBEPXCJIOB ¢ (PUKCUPOBAHHBIM ITEPUOIOM.

B crarbe [3] 66110 BBEJEHO MOHSTHE YACTUIHOIO yraJbIBAHUS, KOTO-
poOe IMeeT MECTO, €CJIM HEKOTODBIM aBTOMAaT yraJblBaeT HEHYJIEBYIO JOJIIO
CHMBOJIOB CBEPXCJIOBA.

BBojuTcst creneHb yraJibiBaHUsI KaK IIpeJiesl OTHOIIEHUS YUC/Ia BEPHO
[IPE/ICKA3aHHBIX CUMBOJIOB 3a BpeMsi ¢ OT HatvaJjia CJI0Ba K JJInHe peduKca
t pu ¢, yCTPEMJIEHHOM K OECKOHEYHOCTH.

B saBucumocTu ot Toro, 6parh S HUXKHWI WM BEPXHUIl Ipelel B
clydae, ecJii OHU He PaBHBI, MEHSAETCs CMBICI 3a/adu. B mepBoM ciry-
qae yraJiblBaHue JIOJIKHO IPOUCXOJIUTh PEryJIdpHO, BHE 3aBUCUMOCTHU OT
TOr0, KOTJ[a M3MEepSITh JIOJII0 YIralaHHBIX cUMBOJIOB. Cilydail »Ke BepxHe-
ro mpejielia UWIIOCTPUPYET CATYAIIUIO, KOIJIa Y yIaIbIBAIONIEI0 €CTh BO3-
MOXKHOCTb CAMOCTOSITE/ILHO BBIOUPATH, KOIJA IMOJICIUTHLIBATEL ITY IOJIIO.
Kcrarn, B 9TOM CciIydyae HECYIIECTBEHHO, YTO MIOCIEI0BATEILHOCTE OECKO-
HeYHasl, TaK KaK MOXKHO BBIYUCJISTH JIOJIIO B MOMEHT OKOHYAHUSA CJIOBA.
YactuyHast yraJblBaeMOCTb UCCJIEIYETC HE3aBUCUMO JIJIsT CJIYIaeB BepX-
Hell cTeleHd W HU2KHe CTeleHU.

PaccmarpuBaercst gacTudHasi yrablBaeMOCTh MHOYKECTB CBEDXCJIOB.
Crenenb yraJibiBaHHs MHOXKECTBA OIPEJIE/ISIeTCs KaK TOYHAs HUZKHSIS
IpaHb CTEMEHN TI0 BCEM CBEPXCIOBAM 9TOTO MHOXKECTBa. Takmm obpaszoM,
YIATHBIM CAIUTACTCS CJIyUail, eC/IU Ha BXOJ, HEKOTOPOH MAIWHBI TOTACT-
Cs1 HEM3BECTHAs TIOCTIEIOBATEILHOCTh W3 HyJel W eIUHUI U3 M3BECTHO-
0 MHOXKECTBA, W MAIHMHA TapAHTUPOBAHHO MPE/ICKA3BIBACT HEKOTOPYIO
HEHYJIEBYIO JIOJIIO CUMBOJIOB.

B crarbe [4] 6b11 Oy YeH KpUTepuii YacTUIHON yTabIBAEMOCTH JIJIsT
00IIeperyJIsIpPHBIX CBEPXCOOBITHIA.

MuoxkecTBa, paccMaTpuBaeMble B JAHHON paboTe — CBEPXUTEPAINN
HEKOTOPBIX KOHTEKCTHO-CBOOOJIHBIX SI3BIKOB, & WMMEHHO MOPOXKIEHHbBIX
npocteiMu L L(1)-rpamMmmaTikamu.



YacTtuanoe yrajablBaHne CBEPXCOOBITHIM 415

JL1st HUX [IOJIy YeH KPUTEPUl, OLPeIeIsSIIOIIMIA 110 IPAMMATHUKE, €CTh JIA
JaCTUYHad yFa,I[bIBa.eMOCTI), B Cﬂyqae ITOJIO?KUTEJIBHOT'O OTBETa CTPOUTCA
YraJbIBAIOIIMIA aJIrOPUTM, Pealn3yeMbIil aBTOMATOM C Mara3MHHON IaMsl-
THIO. T‘I&CTI/I“IHaH yFaﬂbIBaeMOCT]) paccMaTpuBaeTCdA B CMbBICJIE BEPXHEI'0 1
HUZKHETO IPEeJesIoB IO BEPHO IPEeICKa3aHHbIX CUMBOJIOB. Kpurepuu u
AJITOPUTMBI JIJIfd 9TUX ABYX Cﬂyqa.eB pPa3anvIarOTCd.

HOJIyqGHbI OIICHKU J1OJIN y1"&,,[[]:)1]3&HI/IS[7 npu4deM OHU JOCTUZKHUMBI, TO
€CTb JIJIsI MHOYKECTB C HaUMEHbIIeH BO3MOKHON CTEIEeHbIO IIPEIJIOXKEHHEIE
AJIPOPUTMBI YTAJIbIBAIOT UMEHHO CTOJILKO.

Pesysibrarsl JanHoil paboThl anoHcupoBaHbl B [6]. ABTOp BbIpazKa-
er GstarogapHoOCTh mpodeccopy .. ['acaHOBY 3a IMOCTAHOBKY 3aja49u U
IOMOIIL B pabore.

2. OcHoBHBIe TOHATUSA U (POPMYJIUPOBKaA pe-
3yJIbTATOB

By,ILGM HCIIOJIB30BaTDH CJIE/IYIOINe 0003HAYCHUS:

e A" — MHOXKeCTBO Bcex cJIOB B ajidpaBute A, 10 onpesesieHnto OyreMm
CUUTATh, ITO IycToe cjoBo A mpuHayieskur A*,

e A° — MHOXKECTBO BCEX CBEPXCJIOB B ajdasure A,

e |a| — dauna cioBa a € A*. Ilo onpegenennio |[A| =0,

e a(n) — m-blil SJIEMEHT CJIOBA WK CBEPXCJIOBA @,

e npefukc CJIOBa WU CBEPXCJIOBA @ HEKOTOPOW JJIMHBI 71—
a(l)...a(n),

e cobvmue — mogmuoxkectBo A* \ {A}, ceeprcobrimue — nonmuOKe-
cTBO A%,

e ab — KonKaMeHayus CJIOB a U b,

e Ri1Rs — npoussedenue cobbitusg 1 M cOOBITAS MM CBEPXCOOBITHS

Ry, To ectb Bee cioBa (cBepxcsioBa) Buza ab, rie a € Ry,b € Ry,

n

e ¢ = a...a, 37eCb a4 MOXKET OBITH CJIOBOM WU COOBITHEM, N —
N——

n
HaTypaJIbHOE U MOXKET OBITD PpaBHO OO,

e R* — umepayus cobuitus R, To ectb R* = RUR?UR3U...UR'.. .,
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e R*™ — ceeprumepayus cobbitust R, To ectb R = {ajazas ... |a; €

R,i=1,23,...}.

Bynem paccmarpuBarh Kiace JIeTEPMUHUPOBAHHBIX, HO, BO3MOXKHO,
OeckOHEeYHBIX aBTOMaToB IMN.

BreixojiHOE CBEPXCJIOBO HEKOTOPOro aproMara 2l HpPHU IOJave HA €ro
BXOJT CBEpXCIIoBa o GyjieM 0603HauaTh uepes yo. JleTepMIHIPOBAHHOCTD
aBroMaTa O3HavaeT, YTO II0CJIe MOJadl Ha €ro BXOJ ¢ IEepPBBbIX CHMBO-
JIOB CBEPXCJIOBA (v OH OJIHO3HAYHO BBLJIAET HEKOTOPBIH BBIXOIHON CHMBOJI
ya(t).

Aromar 2 yeadwsaem ceeprcaoso o € {0,1}° ¢ (nuoicnet) cmene-
noto o € [0, 1], ecam

o) = limy e S~ [530) —0li + 1)) =0
=1

2 yeadwsaem ceeprcaoso o € {0,1}°° ¢ sepaneti cmenenwvio o € [0, 1],
ecyu

(0) = i soey 3(1~2(0) —ali + D)) =0
=1

Asromar 2 wacmuuno yeadvweaem MHOKeCTBO cBepxcioB A (uwacmuy-
HO Yyeadvieaem B CMbICIe BEPXHErO Ipejieria), ecjm Jyisi Jioboro a € A
maiizercs Takoe o > 0, 4o BRmOMHEHO Y > 0 > 0 (F(a) > 0 > 0).
MmuoxkectBo A wacmuywno yzadvieaemo, eciu HARJIEeTCs YACTUTHO yTa/Ibl-
Baromuit ero apromar 2.

Cmenend yeadveanus MHOXKeCTBA A

A(A) = inf M(a).
acA

I'pammamuroti nasbiBaercs dersepka (N, T, P, S) = G, riue N — mHo-
JKECTBO HeTepMHUHAIBHBIX cuMBosioB (janee HC), T — muOXKecTBO Tep-
MHUHAJIBHBIX CHMBOJIOB, npudeM N NT = @&, MHOXKecTBO npasui P —
KOHEYHOEe MoMHOXKecTBO MHOKectBa (N UT)*N(N UT)* x (N UT)*,
BBIJIeJICHHDIH HaYaIbHbIT cuMBosl S € N (akcrmoma).

Henouka cumposioB dary u3 (N UT)* nenocpedemeento svieoduma u3
0B~ (obosnaunm day = 057), ecin f — « € P.
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Lemouka u 6veoduma n3 « (0603HAUNM v = (1), €CJIU CYIIECTBYIOT
TaKue oq,...,0, 9TO 0 = Q] = Q2 = ... = Q) = U.

MHOXKeCTBO BBIBOJUMBIX U3 AKCHOMBI S TIEMOYEK, HE COMEPIKAIIX
HETEPMUHAJILHBIX CUMBOJIOB, €CTh A3blK, Nopoxcoennvili epammamurots G
(oboznavaercs L(G)).

I'pammaTrka Ha3BIBAETCS KOHMEKCMHO-C60600HOT, €CTU KaXKI0e ee
npasuio umeer Bujg A — a, e A € Ny € (N UT)* .

[TycTh mj1s1 KaXKJ0r0 HETEPMUHAJBLHOINO CHMBOJIA TPAMMATHKU €CTh
JI0O0 OJTHO TPABUJIO BBIBOJA, 100 He Gostee |T'| mpaBmi, Takux 4To

A= aron, A = agan, ..., A = ayoy, tie a; € T,a; # aj upu i # j,
i,j=1,...,n,n <|T|,a; € (TUN)*.

Takast rpammaTrka HasbiBaeTcs npocmot LL(1)-zpammamurots nim
pasdesernoti epammamukrot.

Bynem paccMarpuBaTh MHOXKECTBA CBEPXCJIOB, 00Pa30BAHHBIE CBEPXU-
Teparueil KOHTeKCTHO-CBOOOIHOTO si3biKa L((G), OPOKIEHHOrO IPOCTOi
L L(1)-rpaMMaTHKOIL.

I'pammaTrka HAXOAUTCS B HOPMaAbHOT opme ['petibax, ecim Bee ipa-
Bwita umeror Bugx A — aBy ... By, vine By,..., By € N,a € T)umu A — a,
wm S — A. Ilpuuem, eciau rpammaruka npocrast LL(1)-, nyst Kazkaoro
HEeTEePMUHAJILHOIO cuMBOJIa He 6ostee | 1| Komam 1 (¢ pa3sHBIMU TEPMUHAIb-
HBIMU CHMBOJIAMH).

CumBonr A docmusicum u3 cumeoaa B, ecim matinyres takme o € T,
g€ (TUN)*, aro B =* aAp.

CumBos A rpammaTuku G Ha3BIBAETCS JOCTNUMCUMbLM, €CITA HAKITY T-
et rakne o € T* 5 € (T U N)*, uro S =* aAS. lnaye cumBos Ha3bIBa-
eTcst HEAOCTNUNHCUMbBLM.

Herepmuna bHBIN CUMBOJI A Ha3BIBAETCS MYNUKOSbLM, €CJIA HE Hali-
Jlercst Takoro cyiosa 3 € T uaro A =* 3.

Jlajiee paccMaTpuBaeM rpaMMaTUKKN B HOpMaJbHON dopme ['peitbax u
CYMTaEM, YTO HEIOCTUKUMBIE U TYMUKOBBIE CUMBOJIBI OTCYTCTBYIOT. Tak-
JKe CIUTAEM, UTO aKCHMOMa He BCTPeYaeTcs B IPABoil YacTu IpaBuil. bymem
TOI/Ia TOBOPHUTD, UTO I'PAMMATHKA HAXOIUTCS B HOPMAALHOU opme.

Hurke mokazano, 9TO MpH TPUBEJIEHAN TPAMMATHKA K HOPMAaJILHOMN
dopme ona ocraercst npocroit LL(1)-rpaMmMaTukoii.

Asmomam ¢ mazasunnoti namamoio (nanee — MII-aBromar) — 310
cemepka (@, %, T, Z, ®, qo, F'), rjie () — MHOXKECTBO COCTOSIHUIA, BBIJIEICH-
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HOE HAYaJIbHOE COCTosiHuE ¢ € () m Hekoropoe MHOXKecTBO F' C () 3a-
KJIIOUUTEJILHBIX COCTOsHMIT, Y. — BxoaHoi ajdasut, ' — marasunHbIif
andasut, ¢ — MHOKECTBO KOMAH, KarKjas KOMaHJa — OTOOpaskeHue
(Q@XxE XD — QxT*), Z — cumBou Jyisi 0603HAYEHNSI IIyCTOIO MarasuHa.

Kongueypayuet 6ynem HasbiBath napy (¢,€),q € Q,& € T'*: rexyinee
COCTOSTHVE W COJIEPXKUMOE CTeKa, TybmHoit creka — kommdecrso HC B
CTEKE B JIAHHLIA MOMEHT.

MII-aBromar paboTaeT TMOTAKTOBO. ABTOMAT JeTEepMUHUPOBAHHBIN,
TO €CTb M3 KaKJ0i KOH(MUTYypAIUHU IO BO3JEHCTBHEM OJHOI BXOIHOM
OYKBBI BBIBOIUTCA He Hojiee OJIHOM KOH(DUIYPAIIHH.

MII-aBromar donyckaem asvik L, ecinm TOIHKO TOCTE TOMAYN CJIOB
a € L na HavasbHyo KoHuUrypammo (g, S) aBTOMaT HPUXOJUT B KOH-
dburypanuio (¢,7),q € F.

U3BecTHO, YTO $3BIK, MOPOXKJIEHHBINH 1pocroit LL(1)-rpaMMarTukoii,
nonyckaercss MII-aBromarom ¢ onauMm coctostnueM. [locTpouMm Takoit as-
TOMAT ¢ MarasuHHOI namsThio st Takoii rpammaruku (N, {0,1}, S, P).

Q={ad=F=q

Y ={0,1},' = NU{Z}, Z — cumBox Jyisi 0603HaY€HNs] IIyCTOIO
CTeKa, B HAYAJIBHBII MOMEHT BPEMEHH B CTEKE COJIEPXKUTCS CUMBOJI S.

®={(¢,a,A = q,a): A— aa € P}

Cnoso a € {0, 1}* momyckaercsa asromarom ({qo},{0,1}, T, Z, @), ec-
JIM TIOCJIE €r0 TIOJIaYH Ha HavdaJIbHYI0 KoHburypanuio (go, S) aBroMar npu-
x0T B KoHburyparuio (qo, Z).

OmpenennM, Kak aBTOMAT JIOMYCKAET CBEPXUTEPAINIO ST3bIKA, TTOPOK-
JEHHOrO TOI Ke I'paMMaTHUKOI.

Pacmmpum muOXKecTBO KoMan . [list kaxkmoro mpasuia S — aq €
P, Takoro 4ro « He Irycroe cJIoBo, JobaBuM KoMaHiy (o, Z,a — o, ) U
nobaBum KoMauy (qo, Z,a — qo, Z) st Kaxjaoro S — a € P.

MIT-asromar ({go},{0,1}, T, Z, ®) donyckaem ceeprumepayuto L(G),
ec/Ii TIpU Tojiade JIIoOOro CBEPXCIOBA M3 TOTO0 MHOXKECTBA OH OKa3bIBa-
ercst B Koundurypanuu Z 6eCKOHETHOe UUC/IO Pas.

Teopema 1. Mnooicecmeo ceeprcaos, obpazosannoe ceeprumepaluet
aswka L(Q), nopoostcdennozo npocmoti LL(1)-epammamuroti G 6 nop-
MAALHOT Popme, HACTUYHO Y2a0blBAEMO 6 CMBICAE HUICHET cmenenuy
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moezda u MoAvko moezda, ko2da Toms 6b. 0An 00H020 HEMEPMUHAALHOZ0
CUMBOAA, 2DAMMATMUKY CYWECTNEYEM, TOALKO 00HO NPABUAO 6BE0Ja.

Pacemorpum rpammvaruky G = (N, {0,1}, P, S) B HopMasbHOil dhop-
Me.

BeejieM napaMerpbl rpaMMaTHKH: YHCIO HETEPMUHAJIBHBIX CHMBOJIOB
|IN| =nu L — MakcumasibHast JiUIHHA TpaBr/Ia (JJIMHON IpaBH/Ia HA30BEM
ancsio HC B ipaBoit yactu KOMaHibl).

O6osnaunm 3a G(n, L) xnace npocrerx LL(1)-rpaMmaruk ¢ sTuMm
rapaMeTpamMu.

3a GO(n, L) 06o3HaumM KIace TakuX rpaMMaTik u3 G(n, L), KoTopole
SIBJISIFOTCS] YACTUYHO yTa/IbIBAEMBIMH.

Teopema 2. /[asa npoussosvhwr n = 2,L > 1

L—-1
inf  sup A((L(G)>®) = ,
GEGO (n,L) AeM e

inf  sup A((L(G)™®) = 1.
GEGO(1,L) AeM

Hasosem mpaBmio rpaMMaTHKU —pPE2YAAPHLLM, €CJIU OHO WMeeT
Bug A — aB (riybuna creka coorsercrBytomero MII-asromara e
yBesmuuBaercst), A, B € N. HazoseMm npaBuiio cmuparouyum, eciii npasi-
J0 umeet Bug A — a (rrybuna creka ymenbinaercs). OcrajbHble IpaBUIa
HA30BEM YOAUHHAIOULUMU.

HC B docmuotcum no peeyasaprvim npasusam no caosy o« u3d HC' A,
€CJIM CYIIECTBYIOT PEryJIspHbIE IPABUIIA

A— a(l)Al,
A1 — Oé(2)A2,

A|a| — a(|a|)B

Ecnu cymecrByer Takoe ¢JI0OBO o, To B docmuotcum us A no peayasap-
HOIM NPASUAGM.

Hazosem peeyanaproti curvro-c6a3noti xomnomenmot R MHOMeCTBO
HC, nonapHo HOCTHAKHUMBIX JIPYT U3 JAPYTa 10 PErYAsPHBIM IIPABIIAM.
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Buvizodom w3 perynapHoil CHILHO-CBA3HOM KOMIIOHEHTbI R nasosem
upasuio i A € R, He ABJIdIONeecss PErygPHbIM WM UMEIOIIee BU/L
A —aB,tne B¢ R.

Omnumiem anropurm D, pazgensitomuiit HC rpammarnkn G = (N,
{0,1}, S, P) Ha KJacchl CJejyomuM 06pa3oM.

1-it mmar.

PaccmoTpum peryssipable CHIBHO-CBSI3HBIE KOMIIOHEHTHI, BCE BBIXOBI
U3 KOTOPBIX SIBJISIIOTCSI CTHPAOIIUMHI, 3aHECEM UX B Kjacc Di.

Hasee ymammm u3 rpamvaruku HC w3 wkmacca Dp. To ects mpe-
obpasyem rpammaruky G B rpammaruky G’ = (N',{0,1}, S, P’), rue
N’ = N\ Dy, a P’ nonyuaercst u3 P yjajeHueM IpaBujl, HAUNHAIOIINX-
Cs1 ¢ 97IeMeHTOB )1 M BBIUEPKUBAHUEM 3JeMEHTOB [)1 M3 MpaBBIX dacTeil
JIDYTUX COJAEPKAIMX UX TPABIUI.

Hanpuwmep, eciiu D1 = {A}, To npasuio B — aAC uz P B P’ Gyner
umerhb Bug B — aC.

Ilycts cueramo ¢ 1maros.

Omnmem (¢ + 1)-it mar.

B rpammarike G paccMoTpEM CHIIBHO-CBSI3HBIE PEryJIsPHBIE KOM-
[OHEHTHI, BCE BBIXOJbI U3 KOTOPBIX ABJAI0TCH crupatomumu. Bee HC us
TaKUX KOMIIOHEHT 3aHeceM B Kjacc D;iq.

YiagauM u3 mMpaBu TpaMMATHKN TpaBuja, HadnHamonmecs ¢ HC u3
kiacca D1, a Tak»kKe BBIYEPKHEM 3JIeMeHTbI ;i1 U3 JAPYyTrUX MPaBUIL.
oy uusiiyiocs rpamMmariky nasosem GUTL),

AJIropuTM OCTaHABIMBAETCSI, KOTJIa HEKOTOPBIH Kjace Dy, OKa3bIBaeT-

¢ IyCT Wik Ha k-oM 1mare o0beuHeHne KJIacCoB Ui-“:lDi €CTh MHOYKECTBO
Bcex HC N.

Teopema 3. Mwnoowcecmeo ceepxcaos (L(G))*°, 20e G = (N,{0,1},
S, P) — npocmas LL(1)-epammamura 6 nopmarvhotl gopme, wacmu-
HO Y2adblBaAEMbIM 6 CMBICAE BEPTHET CMeENneny Mo2da u moavko mozda,
K020 Nocae pabomovl AA20PUMME BHINOAHEHO UleDi % N, ede k — no-
MED WaA2A, HA KOMOPOM GAZOPUMM D 0CMAHOBUACA.

ObozHaunM | — MEHEMAJIbHAST JJIUHA [TPABUJIA I'PAMMATHAKH.
ITyctb R = max;—q 1, kT, TJAe T; — MaKCUMaJIbHOE KOJIIIE€CTBO HC
B PEryJIAPHON CUJIBHO-CBA3HONW KOMIIOHEHTE B I'PaMMAaTHKE G,
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O603HaYMM T2 HABGOTBIITYIO JTTHHY TIeTH PETy/ISPHBIX TPABUJ B TPaM-
MaTuKe G(i), TO €CcTb HambOoJIbIllee 7, TAKOe UYTO CylnecTBylor A; —
a1lo, As — a9ds,..., A, — a,Ar1q € P&, npudeMm Aq, ..., A,q11 TO-
ITapHO pa3JIMYIHBI.

R. =max;—o, 1 ri.

O6o3HaunM 34 é(l , L, R.) knacc npocreix LL(1)-rpammaruk ¢ napa-
merpamu [, L, R,..

3a éo(l,L,RC) 0003HAUYUM KJIACC TAKUX PAMMATUK U3 é(l,L,RC),
KOTOPBIE ABJIAIOTCS YACTHYHO yIabIBACMBIMHU.

Teopema 4. /[aa npoussorvhvir L > 1, R.,1 > 1

inf sup Em((L(G))OO) =
GeG(l,L,R.) AeM

, l 1 L—-1
= min .
I+1"Re+ 1" L(R(L—-1)+ L)k -1
3. yI‘a,ZLLIBaHI/Ie B CMBbICJIE€e HU2KHETO IIpeJejia

JIemma 1. /lns npocmoti LL(1)-epammamuru cywecmesyem 2pammamu-
K@ 68 HOPMaAbHOT Popme, NOPoNHCIAIOULAL MOM, dHCe A3BIK U ABAANOUYAACH
npocmoti LL((1)-epammamurod.

JokazaTeabcTBO. YiagmuMm HejaocTmKuMbie 1 Tynukoele HC. Hucso
IpaBmJl MOIJIO TOJHKO YMEHBIUTLCA. BBenenue jononaurensroro HC
BMECTO aKCHOMBI B MPABON YaCTH TaKyKe HE BJIMSIET HA YHUCTIO MPABUIT
JUIS KasKJI0r0 CUMBOJIA.

[Tokazkem, uro Jsobast npocrast LL(1)-rpaMMaTuka npu MpuBeICHIN
K HOpMauIbHOH (opme I'peiibax Takzke ocraercs mpocroii LL(1)-rpamma-
TUKOM.

st 9TOrO0 MCIOJIB3yeM aaropuTM, OHUCAHHBI B [5].

Beenem smmeiinbiii mopsimoxk Ha Mmuoxkecrse HC N = Aq, ..., Ap:
Al < Ay < ... < A, upnuem ecoiu A — Ba € Pya € (T'UN)*, 10
A < B. D10 MOXKHO ¢JiesiaTh, Tak Kak B mpocroit LL(1)-rpammaruke
He MOXKeT ObITh mpasuia A — Aq, Tak Kak 3T0 ObLIO Obl €IUHCTBEHHOE
mpaBuJIo st A, a TOTa OH TYMUKOBBIH. Tak»Ke M3 ompe e enust TpOCTOH



422 A. A. Macruxuna

LL(1)-rpamMaTuku cjeiyer, 9To HeBo3MOxKeH ciay4dait A < Bu B < A
OJTHOBPEMEHHO, TaK Kak Torna A u B TynukogsbIe.

[Tocnenosarensuo pacemorpum HC A, 1, Ap_a,..., Aq.

Ecmu ecrs mpasmio Buma A; — Ajo,j > i (oHO MOXeT OBITH OfI-
HO, MHAYe NPAaBUJIA JOJZKHBl HAYMHATHCS C TEPMHHAIBLHOTO CHMBOJIA),
TO 3aMEHHM ero Ha OJHO mim jasa npasmna A; — foa, ecm A; — 3,
p € T(T'UN)*(nmpasuna A; — [ ynanum). Ioyunsimasics rpaMMaTHKa,
TakKe sipjsiercst upoctoii LL(1)-rpaMMaTukoii.

[Tocste 9TOM TMpOTIETYyPHI BCE TMpaBUIa HAYHHAIOTCS C TEPMUHATIHLHBIX
CUMBOJIOB Jibo ¢ A.

Pacemorpum kazkaoe mpasumo A — aXy ... X, a € T, X; € TUN.
Ecmu X; € T, To 3amenumM B 3ToM nipaBuje X; Ha JOMOJTHUTETHHBIN XZ{ €
N u nobasum X; — X

[Monyuennasi rpaMMaTHKa HAXOJUTCST B HOPMAaJILHON popMe U sIBJIsI-
ercst npocroit LL(1)-rpammarukoit. Jlemma 1 gokasana.

JIemma 2. B epammamure G € G(n,L),n > 2L > 1 daa aobwzx
HEMEPMUHAALHBLL CuM60a06 A u B, maxux, wmo A docmuosicum usz B,
natidemes caoso o € {0,1, Ay, maxoe, wmo B =* o, u

o] < Ln 1 Ly (L2 %), ecau B — akcuoma,
la| < L" = =L 4 k(Ln2 7”‘4;:11_% unaue,

ede k — wucao exoocdenuti A 6 o, aig — wucao HC, us xomopux nedo-
cmustcum A.

JokazaTeabcTBo. /lokaxkeM yTBepKJeHHE JIEMMbI CHAYAJA JJIsT CJIy-
vast, korga k = 0, To ectb o € {0, 1}*

Paccmorpum B € N u o HauMeHbIIe# JjIuHbl, Takoe 410 B =* .
BoiBog v MOXKHO TIpeICTaBUTh KaK IOCIEI0BATEILHOCTD HEITOCPEICTBEH-
HBIX BBIBOJIOB B = a1 = a9 = ... = «. ConocraBuMm BeIBOIY B =* «
OPHEHTUPOBAHHOE OT KOPHSI JEPEBO CJIEIYIONUM 00pa30M.

B — xopenb jepeBa. [lepeBo mocTpamBaercst mocjie KaykJIoro HEIo-
CPEeJICTBEHHOTO BBIBO/IA.

Eciu B = a1 = aA;... A, 1o u3 xopus Beixomur k + 1 pebpo, a
BepIuHaM (II0Ka — JIMCThsIM) IPUINCAHBI CJI€BA HAIPABO a, A1, ..., A.

[Tycrs mocTpoero fepeBo 10 BbIBOJA . Ilycrh o = 1 AB, iy =
516CY1 ... CiB2, TO ecTh B rpamMaTuke ecTh npasmio A — bCy ... Cy. To-
IJIa U3 JIECTA, COOTBETCTBYIONIEMY JTAHHOMY BXOXKJIeHUIO ciuMBoJia A (eciu
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CYNTATH CJIeBa HAIpaBo, TO ero Homep |f1| + 1) mposesem t + 1 pebpo, a
HOBBIM BEPIIUHAM IpUIAIIEeM cjieBa Hampaso b, C,...,C;.

B pesyibrare moCTpOEHHSI JIUCTLAME JepeBa OyAyT TePMUHAILHLIE
CHUMBOJILL.

HaszoBeM Takoe zepeBo depesom 6visoda.

Ha pucynke 1 npuseseH npuMep IMOCTPOEHHs JePeBa BHIBOJIA.

Bricoroii nepesa 6ymeM Ha3bIBATH HAKOOJIbIIEE KOJUYECTBO BEPIIUH B
OPMEHTUPOBAHHOM IIyTU OT KOPHS JI0 JINCTA BKJIIOYATEIHLHO. ByieM roBo-
PUTh, YTO BEPIINHA WX IPUINCAHHLIA eli CHMBOJI HAXOAUTC Ha BBICOTE h
OT KOPHSI, €CJIN KOJUYIECTBO BEPIUH HA IyTH OT KOPHSI JI0 9TOH BEPITUHbBI
ecThb h.

Puc. 1. Hepeso BoiBosa st S = aAB = abAB = abaB = abab.

ITokaxkeM, 4TO B JiepeBe BBLIBOJA KPATUaIIero CJoBa v HU B OJHOM
IyTH OT KOPHS JIO BEPIIMHBLI HE MOXKET BCTpedarhbcs Kakoi-anbo D € N
6oJiee OIHOTO pasza.

HeiicrBuresbho, mycts B =% a1 D, ag, e ag, e € {0,1}*. Ilycrs
racke D =* 31D fs, B1, B2 € {0,1}, u a = a1 18202, tie D =~ fy.
Ho rorja cioBo oy fag Takxke BeIBOAUMO U3 B, u ero jumHa | foag| <
||, 9TO IPOTHBOPEYUT TOMY, YTO (v — HAUMEHBINEH JJINHBI.
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Takum obpa3oM, JI€peBO BBIBOJA HE MOXKET ObITh BBICOTHI OOJIbIIEH,
geM oxuH mwiroc dnciao HC 6Ge3 yuera A, mpudem, Tak Kak aKCHOMa He
MOXKeT OBbITh BbIBeseHa HM u3 Kakoro HC, ecim B — He akcmoma, TO
JIepeBO HE MOXKET ObITh BBICOTHI, OoJibIeil n — 1.

Kaxxmomy HermocpeacTBeHHOMY BBIBOJLY COOTBETCTBYET OJiHA, OYKBa
cJI0Ba v, a Tak Kak i Kaxkjoro HC B BBIBOJIE €CTh HEIOCPEICTBEHHBIIH
BBIBOJI, JUIMHA, cJioBa paBHa unciay HC B jiepeBe BBIBOIA.

Taknm obpazoM, HAMMEHbBIIasT JIINHA CJIOBa o He mTpeBocxonuT 1+ L+

_17 _
s+ L2 ==L ecmn B — akcnoma, u o < 1+ L+... 4+ L3 =
Lh—2-1

77 uHadve.

n—1—1iy

Puc. 2. Beisog ciosa B asndasure {0,1, D}.

Hpe,ILHOJIO}KI/IM Tenepb, 9YTO CUMBOJI A BCTPETUJICA B CJIOBE (¥ 1 pas.

PaccmoTpuM BBIBOJL CJIOBA HAMMEHBINEH JIJIMHBI 13 aKCUOMBI. Eciin oH
conepxkur D, Takoii, uro D — acAf € P,a, 3 € N*,a € {0,1}, To Ha
BBICOTE OT KOpHs He 6ojiee n—1—14, MOTOMY YTO Ha IIyTH OT KOpHA K D He
BCTpEYANCH HU A, HI CHMBOJIBI, U3 KOTOPBIX A HemocTmKuM. Boisemnem
u3 osaoro cumBosia D HC A. Takeke B nmpapoit yactu npasuia D — acAS
MOTYT BCTPETUTHCSI JIIOObIE HETEPMUHAJIBHBIE CHMBOJIBI, KpoMe S u A,
TaK Ke, KaK W B KpaTdaillmx BbIBOJax n3 HuX. Jlepepo BbIBOga u3 I
comepkuT, camoe 6ompmree, 1+ 1+ (L —1)(1+ L+ ...+ L"3) HC.

[osromy jummna o He npesocxomut 1+ L+ ...+ L2 — Ziio Lt +
T+ (L) 4... + L") 41 =120+ (L7241 - YA, L) =

Ln—1_1 n—2  Latl_[
I—1 + L - T I—-1 -
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Eciu BeIBOJ C/OBa HAMMEHBINEN JJIMHBI HE COIEPXKUT ), Takoil 4To
D — aaAB € P, on conepxxur Fj, j =1,...,n— 2, TaKoil 4TO CyIIECTBY-
0T [IPABUJIA

Fo = amam Fri1Bm € Py i, B € N*, a, €{0,1}, m=3j,...,n—2,

F, 1=D — aaAB € P.

Taxue HC B BBIBOJIE BCeria eCTh, Tak KakK A JOCTMXKUM M3 aKCHOMBI,
u B Kpaitnem ciydae Fj = S.

Bribepem mambosibiiiee j, TaKoe UTO B BBIBOJE KpaTUaMIIero CjaoBa
upucyrcrsyer Fj, no orcyrcrBytor Fjiq,...,F, 1.

Toryna HC F); mosBiisieTcst Ha BBICOTE OT KOPHA He OOJIBIIEH j —i4, &
BCE JIEPEBO BBIBOJIA BBICOTHI He GoJibIeit n — (n — j) = j.

Takum obpasom, mmuHa ciosa [y € {0,1, Fj}*, Takoro uro B =* [,
Bol <14+ L+...+ L1414 L%

Paccmorpum BeiBog Fj — aC ... CiFj11Ciqq ... Cy, t < L—1, 1 coBa
HauMeHbIel 1uHbl, BeiBogumble u3 C1,. .., Cy, Fj 1. Ilocnenosarenbio
IPOBEPUM, y9acTBYIOT i B 3Tux BbiBojax HC A, F,_q,..., Fj 0. IlycTn
ectb Fji;,,172 > 1, mo mer A, Fj,i > j + i2. BricoTa Kaxkjoro jepesa me
Gostbiite j + ip — 1 (HeT Takyke aKCHOMBI), & Fji, He MOI HOSBUTHCS Ha
BbIcOTE, GosibIeil (j 4+ iy — 1) —igq — j, Tak Kak u3 j HC, BoIBOAUMBIX B
KpaTJaiieM cjiope u3 S, He BeiBOAUINCE HU A, Hu Fj 0 = j,...,n — 2,
clle/IoBaTe/IbHO, OHU He MOTYT BCTpeTuThes Ha 1yTu K Fji,,. Eciu B BbI-
BOJI€ CJIOB HAMMEHbIIIeH JIJINHBI He BCTPETHUJICST HU OJIMH U3 3TUX CUMBOJIOB,
TO 00baABUM Fj o0 = Fjyq.

[TosTomy HamMeHbIIas JJIMHA TaKOro CJjoBa (1 B  ajdaBure
{0,1, Fj44,}, uro Fj =* 1, ne upesocxopur 1+ L(1+L+...+LIT272) 4
1- Z“‘ﬂ "LP <1+ L7+ .. 4 LIt 3peck 1 coorsercrsyer F;,
KOTOPBIil y»Ke OBLI MOCYUTAaH Ha IPEJbIIyINeM Iare B JUIMHE cJIoBa [y,
BBIBEJICHHOT'O U3 S, I03TOMY B ODINEH JIJIMHE CJIOBA IUHUIIA Y IUTHIBATbCS
He OyJIeT.

Ha crnenytomenm mare nepexoqum Kk HC Fjy;,, cTpouM i Hero, Kak u

a Fj, cnoso fa B andasure {0,1, Fp, i, },13 > iz, Takoe uro Fj;, =
B2, u ero mmmna LIt 4 LIt 41

Yucsio maros He 6osbiie n — j — 1.

Taxum 06pa3oM, cyMMapHas JnHa cioBa |af < 14 Liath 4 [iat2 4

+ Ln72 + Ln72.

[Tycrs Temepn B crioBe o comepskutcs k 6yks A.
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CumBosl A HEHOCPEICTBEHHO BBIBOIUTCA n3 Hekoroperx D!, ..., Dt
t < k. st cosa B € {0,1, DY, ... D'}*, takoro uto S =* 3, BumOTHE-
HO |B| < 1+L+.. .—i—L”’Q—t(%), TaK KaK OHU HE MOT'YT TOABATHCA
Ha, BBICOTE, OOJIBITIE 11 — 1 — i 4.

ITycThb B KasK/JIOM HCIIOJIL30BAHHOM B o ipasmiie D' — aa; AB;, o, B; €
N* B mpaBoii yacru conep:kures k; 6yks A, k1 +...+ k; = k. U3 ocrajin-
ubix L—k; HC BoiBesiem ciioBa HanMmenbineit juuabl (< 14+ L+ . .—&—L”*S).

Torna

la] K1+ L+ +L" 24+ (L—k)(A+...+L" %) +.. .+ (L—k)(1+

ALYt (EATSLy g D2 (D —k) (14 A L)t —

HEATLY L 4 L2t 4 L2 EAT Ly (4
Ln—S) < 2?1—02 Li+ k(Ln—2 . Lifztll—L) _ LnL_jl_l + k(Ln—2 _ LiflLtll—L)

B ciyugae B # S B gepese BeiBoga o DY, ... D! takske ne Bcrpeua-
ercs S.

Takum obpaszom, eciim B # S|

2 _1 ) Lia+l _ T,

< k(L™
ol S = + A L—1

).

JlemMma 2 mokazaHa.
3ameuyanue. OneHKa B JIeMMe 2 HE MOXKET OBITH yJIyUIleHA.

Paccmopum crienyroriryto rpammaruky G € é(n,L). JmmHa Kask o
komanpt 0,1 wim L, a,b € {0,1}.
S—alp-9-iy . An-2-i,, S = blnoiy,...In—2-i,,

Ii1 — al; . IZ,IZ+1—>bI Tyi=1,...,n—3—ia,
Il — CLJl . Jl,Il — bInfgsz .. .In,Q,zAA,

A — a,
JZ‘—)aJi+1...Ji+1,Ji—)in+1...Ji+1,i:1,...,iA—1,

JiA —>a,J¢A — b.
Jlis maHHON TpaMMAaTHKU M I Kaxkjoro k, takoro uro 0 < k <
n—1__
L2 Va € {0,1, A}*, takoro, uto S =* «, BumOMHEHO || > LL—l L4

_ a1
R(L"2 = 25),

Takzke j1s KazK/J0ro k, TakOro 4ro < k< L" 2 Va € {0,1, A},
—2 1

ia+1_
+k(Ln2 - LA =E),

Takoro, 4ro Iy =% «, BbIIOJIHEHO || >
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dokazareabcTBo Teopembl 1. Jocmamournocms.

Ilycrs Ay,..., Ay — HC TonpKO ¢ OHIM IPABHJIOM BBIBOJIA.

Cuauasia comocrasum kaxjgomy HC B € N, merky u(B), paBHYIO
JUTHHE KpaTdaiineil BLIBOAMMON 13 HEro TePMUHAIBHON IEIOYKH, CIIe/Ty-
FOIIIIM 0OPa30M.

Hns xaxgoro HC, Takoro uro B — a, nomoxum p(B) = 1.

Ocranbubiv HC npucsonm nepemennsie metku pf (C') = +00.

IHlar anropurma.

Pacemorpum cumson C, rakoii, uto C' — aCy ...Cy € P u cuMBoiaM
(4, ..., Cy npucsoensl nocrosinabie MeTKu ((Ch), . .., u(Cy). Ipucsonm C'
nepemennyto Metky f/(C) = min{u/(C), u(C1) +p(Ca) +. ..+ u(Cy) +1}.

[Tokaxkem, modemy Haiiercst Takoit cumpost C, ecyin erie He Bcem HC
MPUMICAHa TOCTOSTHHAST METKA.

Tak kax Bce HC mocTrzKuMBbI, paccCMOTPUM JIEPEBO BBIBOJIA HEKOTOPO-
rO CJIOBA U3 JAHHON rpammaTuku, cogepxkaiiee HC 6e3 moCTOSHHBIX Me-
ToK. Eciin nekoropast Bepuiuaa D ¢ IOCTOSTHHO METKOM ABJISIETCS KOPHEM
nojiepesa, e Kaxkjgomy HC npumnmcana mocTossHHAs MeTKa, UM TEePMU-
HAJIBHBIN CUMBOJI, YJIAJIUM 9TO MOJJIEPEBO, OCTABUB TOJLKO €r0 KOpeHb D.
Torna smcTbsivu siepeBa ctanyT Bepinuibl ¢ HC ¢ OCTOSTHHBIME MeTKaMU
U TepMUHAJIbHBIE CUMBOJIBL. OUeBUIHO, Hali/IeTCs BepINnHa, Bce pebpa u3
KOTOpOit BenyT K jmuctbsaM. Ha Puc.3 npusenen mpumep.

Hajiee n3 mepeMeHHbIX METOK BBIOMPAETCsl HAMMEHbINAasi, 1 COOTBET-
creytomemy HC npucsansaercst nocrosinnast Merka pu(C) = u/(C).

[[Tar aymopuTMa MOBTOPSIETCS JI0 TEX MOP, MoKa Kaxkaomy HC He Oy-
JIET COIMOCTABJIEHA TMOCTOSTHHAST MeTKa. MakcuMmaabHOe YUC/IO IMaroB —
IN| — 1. Merka p(B) paBHa HauMeHBINEH JJIMHE CJIOBA (v, TAKOTO 9UTO
B =" a.

Teneps Tem HC, u3 koropbix pocrumkumbl Kakue-unOynb HC us
Ayq,..., A, (obosratmm 310 MHOKecTBO £ C N), IPUCBOMM CHadaJIa IIe-
pemennsie MeTku V' (B) = 400, a HC Aj,..., A, — nocrosiHHbIe METKH
v(A;) =0,i=1,...,p.

Paccmorpum mipaBmiia, B 1paBoii YacTH KOTOPBIX COJEPXKUTCS XOTsI
Ob1 onHa OykBa Ajp, ..., Ap(Takme ecTh, TaK KaK OHU JOCTHKUMBL): B —
aCy ... A;...Cy. Torna v (B) = min{v/(B), u(C1) + ... + u(Cy) + 1}.

JaJiee n3 nepeMeHHBIX METOK BBIOMPAETCS] HAMMEHBIIIAsT, K STOMY CHM-
BOJIy IPUCBaUBeTCs nocrostuHas Merka: v(B) = v/(B).
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b A B b B A
% /s a

Puc. 3. p(A) = u(B) = 1,4/(C) = 3.

ITar anropurma.

PaccmarpuBatorcs Takme KOMaHbl, 9TO B UX mpasoit yactn ects HC
¢ nocrosinoit merkoit v. To ectb B — aCy...C; € P, u ompejesieHbl
v(Ciy), - v(Cyy), {in, .o i} CH{L, ...t} myers i <idg < ... <.

Torna v/(B) = min{s/(B), v(Ciy) + Xicqr,.. o\ fin...iy #(Ci) + 1}

Hanee soibupaercst oqun HC Cp = argminger (V' (C)), u s Hero
l/(Co) = V/(Co).

[Tar agropurMa HoBTOpsieTCst 710 Tex op, noka sceM HC B € E ne
OyJLy T IPUCBOEHBI IOCTOSTHHBIE MeTKHU. U0 1maros He npesocxoaut |E|.

Besmmanna v(C) ects cymma jimnHbl KpaTdaiiniero ciosa [ € {0,1}F,
raxoro uro C' = BA;€, € € {0,1, Ay,..., Ay}, 1 nmH KpaTdaifmmx cjioB,
BBIBO/IMMBIX 13 nosiBuBImxcst HC u3 N\ E.

Beir mocrpoern MIT-asromar ¢ ommmm cocrostameM ({qo}, {0,1},T,
Z,®), nouyckarommuii (L(G))*°. ITocrpoum na ero ocuose MII-asromar A
C M COCTOSTHUSIMU, TaKrKe JIOIyCKAIONHI CBEPXUTEPAIIIO JIAHHOTO SI3bIKA
U 3aJ13/[UM JUIsl Hero BbixoiHyto dyHkimo f: Q X N — {0,1} crenyro-
UM 00pa30M.
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Q={qa,Ae N}, ¥ ={0,1},T ={NUZ}.

YTo6bI 3a1aTh MHOKECTBO KoMan 1 &, onpegenum cHadasa byHKIUIO
e:QxI'x{0,1} - Qu f.

2(as,S,a) = o, ccmn v(S) = 1+ v(C) + X' u(C) n S —
aCCy ... Cy, wnave p(gs, S, a) = qs. N

flge,C) =a,ecim C — bCy...C...C, € Puv(C)=1+4+v(C)+
St (G mm C € N\ E,C —bCy...Com p(C) =1+ 34, u(Ch).

f(ga,C) =a, ccmn C = bCy...Cym w(C) =1+ w(C).

[ycrs C - aCé€e Pu A€ E. N

Torma ¢(qa,C,a) = qg, ecmu v(A) = 1+ v(C) + S u(Cy) mom
f(ga,C) = a.
©(qa,C,a) = qa, unade.

Ecmm A€ N\ E, 1o ¢(qa,C,a) = qg.

Muoxkecrso komang ® = {(¢,B,a — r,§),B € N, € N*,a €
{0,1},¢,7 € Q, rakux uro (g9, B,a — qo,&) € P ur = p(q,B,a)}.

Taxkum obpazom, kaxomy HC comocraiisiercst 6ykBa, OTJIMYIHAS OT
epBoit OYKBBI KpaTuaiiiiero cjaosa, npusojsiiero MII-asromar B kondu-
I'yPaIMIo C BEPXHUM CHMBOJIOM U3 A1, ..., A), WK cI0Ba, yMEHBIIAIOIIETO
[UIyOMHY CTeKa.

[Toxcunraem crenens yragbiBanus s MII-aBromarta ¢ Takoi BBIXOI-
HOI (hyHKIIHEIA.

Haxongce B xonduryparnuu ¢ sepxunm HC 3 Ay,..., Ay, aBTomar
BCEIJIa yraJIbIBaeT CJIeIYIONINN CUMBOJI.

[IycTh aBTOMAT HAXOIUTCSI B HEKOTOPOM COCTOSTHUH ().

BeIxo1bI OpraHu30BaHbl TaK, YTO aBTOMAT BhIJIAET OYKBY, OTJIUIHYIO
oT OyKBBI KpaTdaiiliero cjaosa, npusoggdmiero B Ay, ..., A,. Cocrosnue
MOXKET U3MEHUTbCSI TIOCTIe Yra lbIBaHus min mmocsie goctmxkenust HC ¢ mer-
KO V.

Bo Bropowm citydae 910 cioBo [ mpogosrkaercs. Ilosromy 1o jiemme 2
JJTIHA TAKOTO HEYTaIaHHOTO CJIOBA He DOJIbIIIe Liatl g =242
U paHee, 9eM 4Yepe3 9TO KOJUYIECTBO IIAr0B, IPOU30MIET yrabIBAHUE.

[Tocyie yranpiBanus aBTOMAT OKa3bIBaeTCsd B cocTostHuu (. Eeaun C
u3 F, 1jisi Hero moBTOPAIOTCS Te XKe paccykienus. Eciu cocrosinve e
u3 F, To HeyrajlaHHbIE BBIBOJIbI TAKXKe COCTABJISIOT KpaTdailliee CJI0BO,
[pUYIeM UX JJINHBI OB YITEHBI B I/ 38 MCKJIIOUEHUEM CJIydasi, €CJIU 3TU
HC BoiBesiennsr uz A;,i =1,...,p.
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Han6osrbInast JJIHHA TAKOTO CJI0BA, BLIBOANMOTO n3 A;, < 14. ..+ LA,
k 1
1+...+Ln72+kLn72 2 1+...+Ln72+Ln72 .

ITosToMy crereHb yrajblBaHus =
Taxum obpasom, ¢ (L(G)>®) >
JIoCTaTOuHOCTD JIOKA3aHA.

1
14+L+...+L"—342L"—2 > 0.

Heobxodumocms. Ilycrs ecTh HEKOTOPOE yCTpO#CTBO B, KOTOpOE 1a-
CTUYHO yTaJIbIBaeT JAHHOE MHOXKECTBO CBEPXCJIOB. Ero BhixojHasi dyHK-
IUsI COIOCTABJISIET TEKyIlleMy pedHKCy C€jIoBa «f; BBIXOJHYIO OyKBY
¥(al) € {0,1}. Tlocrpoum CBEpXCJIOBO (v, CTENEHb yTabIBAHUS JAHHBIM
YCTPOUCTBOM paBHA HYJIIO.

IIycrs a(1) = a, u at) = ¥(ali—1) 10 Hekoroporo t = hy. Pacemor-
puMm pabory MII-asromara, momyckatomero (L(G))%°, Ha 9TOM OTpe3Ke.
O6oznaunm 3a ¢(3,£) comep:kuMoe creKa B KOH(UIYpaIUu, B KOTOPOI
okazkercst MII-apromar nocsie mogaqn ciosa  Ha KoHbUryparmio (o, ).

st Toro, urobsl cBepxcsioBo « € (L(G))*° HyKHO, uTo6bl Ji1, lo, . . .,
takue ato ¢(ali;, Z) = Z,j =1,2,...

Kakosa 6b1 v Obu1a riybuna creka MII-aBromarta B MmomenT hi, Haii-
Jercs Konednoe cyoBo a(hy+1) ... a(hy+g1), Takoe, aro o(alp, 441, Z) =
Z.

HaJsee jronmiem MoJHOCTBIO HEyTalaHHOe CJI0BO JIHHBL he = 2+ (h +
g1), a moToM c¢JioBo, npuBojsiiee MII-aBromar B Z, JIHHBL gs.

ITycTh cuenamo ¢ maroB: mocTpoeH npeduKe CBEpXC/IoBa (¢ JIJINHBL b1+
g1+ ..+ h;+g;. Jomurem mojiHOCTBIO HEYTaJAHHOE CJIOBO JIJIMHBL Ry =
(t+1)-(h1+g1+...+h;+¢i), a3arem cioBo, nupusossinee MII-apromar
B Z, HEKOTOPOIl NINHHI g;41. VI Tak majee.

B momentw Bpemenu hy + g1 + . . . + hy + g« MIl-aBromat Oyner naxo-
JIThCs B KOH(MUIYPAIMA € IMyCTBIM MarasuHoM, mosromy « € (L(G))>.
A B MmomeHTBI hy + g1 + ... + hy + g1 + A1 TONSA yTaTaHHBIX CHMBOJIOB
oyner < 154%2
Taxum obpasom, crenenn ¢ (a) < lim, _,OOHLQ =0.
Teopema 1 jokazana.

HoxkazaresibctBo Teopembl 2. Ecim n = 1, rpammaruka G Ha-
XoauTCst B HOpMaJsibHOI dopme, a (L(G))>° 9acTHYHO yrajpBaeMo, TO
B I'PaMMaTHKe MOXkKeT ObITh TOJBLKO OfHO mpasuio S — a. Torma sro
CBEPXCOOBITHE MOXKET yraJblBAThCA KOHEYHBIM aBTOMATOM, BbLIJIAIONIIM
KOHCTAHTY @, ¥ CTEIleHb yraJbIBaHus pasHa 1.
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PacemoTrpum cienyrorntyto rpaMMaTuky G ST TPOU3BOIBHBIX 1 2> 2,
L > 1. nunra kaxporo npasuia L win 1.

S — CLIn,Q . In,QA, S — b,

A— CLIn,Q . In,Q,

Ij — aljfl...ljfl,lj — bIj,1 ...ijl,j = 2,... , N — 2,

Il — a, Il — b.

Pacemorpum HEKOTOpOE yCTPOiicTBO B ¢ BBIXOIHOI dyHKIWme 1 (w)
OT y2Ke MOCTYIUBIIER JacTu cjioBa w. [locTponm cBEpXC/IOBO (v M3 CBEPXU-
reparn si3bika L(Go). Ecom B Haganbueiit Moment ¢ (A) = a, To cBepx-
cs10BO b™ He Oy/eT yrajblBaThCsd, IMOKA BBIXOJ HE U3MEHUTCH.

Ecmm ¢(A) = b (wm ¢(bb...b) = b), o nycrs a(l) = a. Hamnee
MOKHO crpouth (i) = ¥ (aj;—1) 70 Tex mop, moKa He OyJIeT JIOCTUTHYT
cumBosl A, uro npousoiizier He panee, uem yepe3 1+ (L—1)(1+L+...+
L”_3) = L™ 2 pakroB. [Tociie 0JHOrO BO3BMOYKHOIO YraJaHHOTO CHUMBOJIA
CHOBa MOXKHO T10/[aBaTh Ha BX0oj (i) = ¥ (a];—1) CTOJIBKO TAKTOB j, 4TOOBI
S =* a];. Bunno, uro j > 1+L+.. AL 3420772 Jlasblie CBEPXCIIOBO
CTPOUTCST AHAJIOTUIHO.

1 _
1+L+...+Ln—342Ln—2
T JWIst pousBosibHOrO B € M.

Crenens yragpsamns c® (L(Go)>®) < c®(a) <

1 _ L—1
n—1_1q _o oQLn—1_[n—2_
L—1 +Ln
Ta,K KaK JIJigd IPEeIJIOZKEHHOI'0 B JJOKa3aTeJILCTBE TEOPEMbI 1 aBTOMa~

Ta 2 JJIA JIIOOOr0 4aCTUYHO yraabiBaeMoro CBerCO6I)ITI/IH BBIIIOJIHACTCHA

A(L(G)®) > s, Teopema 2 jioKasaHa.

4. YrajaplBaHHEe B CMbIC/I€ BEPXHETO IIpeaeja

dokazareabcTBO Teopembl 3. Jocmamounocms.

Pacemorpum npocryio LL(1)-rpamvaruky G B HOpMaJsibHOI dopme.

Bagaaum Beixoauayto dyukrmio [ N — {0, 1}, 3aBucsiiyo ot Bepx-
HUX HeTepMUHAJIbHBIX cuMBosioB creka MIl-asromara ({go},{0,1},T,

Z,®) =
s xaxmoro ¢ = 0, ..., k BBIIOJHUM CJIEYIOIIIEE.
B rpammaruxke G® (cumraem GO = G) paccmorpuMm 9JIEMEHTBI

D;qq1. Hust KaxK10fl CHIIBHO-CBSI3HON PErysIsipHONl KOMIIOHEHTH! [ BbIOe-
PEM OJIMH CTHPAIOIIUI BBIXOM, ITPOU3BOIbHBIM obpasoM. s takoro HC
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A — aB,B ¢ R nasnauum soxon: f(A) = b. s ocranmsupx HC us R
PACCTABUM BBIXOJIBI CJIEJYIOIIMM OOpPAa30OM.

1-it mrar.

Brermenum HC, u3 koTopbix jgoctuzkumo 1o oot 6ykse. Torma ecin
©(q,x) = 4, 1o f(q) = T. Boigenennsie HC oboszHatmnm kak kmace Q'

[Tycte cnemano ¢ — 1 maros. Onurem ¢-if mar.

Ecmu nna wexoroporo HC A € }NE, Ha KOTOPOM eIlle He OIpe/IeIeHa
BBIXOJHAS (PYHKIMS, U JIJIT HEKOTOporo & Beimoaneno A — B, B € @',
To f(A) = 7. U3 Beex Takux HC obpasyem knacce Q' (paccMoTpeHHBIE Ha
[PEJBIYIIEM IIare COCTOSTHUS YaJisieM U3 PACCMOTPEHUs ).

N Tak pmastee.

Jliast ocraBumxcsi smementos rpammaruki G() paccraBuM BBIXOJBI
CTIETYIOTIM 0OPa30M.

Tz rex HC, kotopuie ne pormm B UY_| D;, Ha BhIXOIE Gy/IeT HAYATD-
Hasi OykBa crupatoniero npasmwia: f(A) = a, ecin A — a.

JLiist KarK10#1 peryJisipHOil KOMIIOHEHThI ]Aé BBIOMPAETCST HECTUPAIOIIIIT
Boixot A — aCy...Cyt > 1, nius wero f(A) = b. st ocranbHbIX d1e-
MeHTOB R BBIXOJIBI PACCTABJISIOTCS TAK YK€, KAK BbIIIE JLJIst PeryJIsipHOI
KOMTIOHEHTBI UleDi. Hns ocranbabix HC BeIOupaercs: jiobasi OyKBa B
KavyecTBe BBIXOJIA.

ITepenecem snauenust f(A) na snementst A rpavmmaruku G.

Takum 06pa3zoM BceM HETEPMUHAJILHBIM CHUMBOJIAM COTIOCTABJIEHBI BhI-
XOJ[HBIE CUMBOJIBI.

Jlokaskem, 9TO MpPU TAKOH PACCTAHOBKE BBIXOJHBIX CHUMBOJIOB MHOYKE-
CTBO OYJIeT YACTUYIHO YTAJIAHO B CMBICJIE BEPXHETO MPEJIea.

Pacemorpum npoussosibaoe cjioBo u3 L(G) ay ... ag, IoJjaHHOE Ha Ha-
JasbHy10 KoHburypanuio (qo, S) niu xva koudurypamumio (qo, Z) MII-as-
TOMAaTa. t CUMBOJIAM CJIOBa COOTBETCTBYIOT ¢ KOH(MDUTYpAIUit U ¢ mepexo-
JIOB OT OJIHON KOH(UTYPAIMH K CJIeTyIOIIei.

OTH t Mepexo/ioB MOYXKHO IIPEJICTABUTh KAK CYMMY I€PEXOJ0B IO pe-
TYJISPHBIM, CTHPAIONAM ¥ YJTHHHAONMM TpaBuwiaM t = n, + ng + ny.
Jlaee O6ymem Ha3bIBATh UX COOTBETCTBEHHO PErY/ISPHBIMU, CTHPAIOITUMU
U YJTHHHSTIOTIAMHI TIEPEXOJIAMU.

PaccMOTpIM OT/IETLHO TIepexo/nl Tt cuMBoJIoB 13 UF_ D; u octasn-
HbIX. Paccmorpum crupatomue nepexojnl st HC He u3 UleDi. Omu,
OYEBHJIHO, BCe yrajlanbl. KakoBa J0JIsT HEyTraJaHHbIX Tepexonos? Yucsao
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VUIMHHAIONINX IIEPEXO0B MCEHbIIE YUCJIa CTUPAaIOIMUX IIEPEXOJI0B B l pa3
Ng !

ns+n; = I+1°

CKOJIbKO BO3MOYXKHO HEYTAJIAHHBIX PEryJISPHBIX mepexooB? Ecau pe-

IYJISIPHBIX TI€PEXOJIOB OBbLIO Nl > R, MOApsi, TO JIOJIsI yraJJAHHBIX PEry-
JIAPHBIX IIEPEXOJIOB OyIer > % TaK KakK I KaKJI0r0 PEryJasipHOIO IIHK-
JIa, BBIXOJIBI PACCTaBJIEHBI TaK, 9TO paHbIle, deM nocie R — 1 Heyrajgan-
HBIX PEryJspHBIX mepexooB MIl-aBroMar wiiw yrajpiBeT, WJIM BBIXOJIAT

(nim eme menbine): [-np < ng =

U3 KOMIIOHEHTEL.

Ecim npomio n), < R, peryiasipHbIX NEpexojioB NOJApsil, U BCE OHU
He ObLIM yraJaHbl, TO MM OyIeT COOTBETCTBOBATL IO KpaiiHeil Mepe
OJIMH yTaJIaHHBIi cTUparomuii mepexos, To ectb n,. < R - nl. U torga
=

s 1
nh4nl, = Re+1°
HOJIb3yHC]) HEPpaBEHCTBOM

a+b

R b,A,Be N
A+B 7a777 E )

> min( a b )
> min(—, =

A’ B
TOJTyaeM, 9TO JI0JIs YTaJIaHHbIX Tlepexosio ne n3 UY_| D; B nanmoM ciiose
He Menbine min (5t , 1)

Retl) 1
Teneps paccmorpum HC uz UleDi, MIEPEXObI JIJI HUX TOXKE MOXKHO
pa3e/IuTh Ha, YJJIMHHSIIONINE, CTUPAIONINE W perysipubie: di, dg, d,.. Jas
HIX BBIOJTHEHbI Te e COOTHONIEHHs, ITO 1 JIsl TIepexoy1oB me u3 UF_ D;.
OHako cTUparoline mepexoIbl He Beeria OyayT yralaHbl.
Paccmorpum crupatoniuit nepexon w3 Dy, wmanpumep, uz HC D —
a. Dror HC noskeH OBLI HOSIBUTHCST B CTeKe, TO ecTb A — aaDpf €
P. Eciu sror ymmmasionuit nepexoy, 6out yragan (f(A) = a), To on
COOTBECTBYET HEYTAJTAHHOMY CTHUPAIOIIEMY, XOTsS BO3MOYKHO, HE OJTHOMY.
B ciyuae f(A) # a ectb apa Bapuanta. Hepsoiit — A ¢ US| D, Torma B
rpammarike GF) coorBercTByIONIMil MEPEXO HE MOT GBITH CTHPAIOIILIM
A — a, TOTOMY 9TO TOTJia OH ObLI ObI yraJiaH, 3HAYNT, B MPABON TacTH
KOMaH/Ibl eCTh 1o Kpaitueit mepe 1 HC ¢ UleDi. Buaunt, HC € UleDi
B JIAHHOM CJIOBe He Gouibiiie, yeM B L — 1 pas Gosbiie, uem HC ¢ UleDi.
B ciyuae ke A € UK D; mysxu0 npocsenTs, riie A HOSBUIOCH B CTeKe.
U3 Bcex t Tepexo/IoB MOXKHO BBIJIETUTD TOCTIETIOBATEIBHOCTD:
A = oy Ajur1 By, oy, By € NYu=1,...,5—1,
A = ag,



434 A. A. Macruxuna

mel<il<...<i <t—1,A4;=D¢cDy,Ap,...,Aj-1 € UleDi, a
ngis Aj semoseno f(A;) = ap wm Ajp — apay BBy, B ¢ Uk D;.

YKe YHOMUHAJIOCH, II0YeMy B CJlydae HeyrajblBaHus cumBosia A ¢
UleDi COOTBETCTBYIOIIUI MTEPEXOJT COMEPKUT B IPABON 9aCTU XOTs OBI
OJIMH CUMBOJI HE U3 UleDi. [Tokaxkem Temnepb, MovUeMy JaHHYIO ITOC/IE-
JI0BaTEJIbHOCTb MOXKHO BBIJEJIUTH, TO €CTh ITOYEeMYy HEBO3MOXKEH CJIydait
Ap =Z,f(Z) # a;.

[IycTb, neficTBUTEIBHO, BCE MIEPEXOJIBI — JIEMEHTHI U,’leDi, 9TO 3Ha-
YUT, YTO B IIPaBOM YaCTU KarKJIOW KOMaHJbl TOJILKO 3JIEMEHTDI UleD,-,
[PUYEM 3TO BEPHO U JIJIsI IEPEX0/ia 1o BTopoii Oykse mist kKaxkoro HC. Ho
Tak Kak A;1 = Z, Bce HC, KoTOpble MOI'YT BBIBEJIEHBI U3 aKCUOMBI, TIPH-
HaJJIe2KaT UleDi. Tak Kak m3HAYAIBLHO PACCMATPUBACTCA IPAMMATUKA
6e3 HEJOCTUKUMBIX CUMBOJIOB, TO 3TO IPOTHUBOPEYUE C IIPEIIIOI0KEHIEM,
aro He Bce HC — 3j1eMeHTHI UleDi.

[TosmcunTaem, Kakas HaUOOIBINA JJIUHA § MOXKET ObITH y TaKO# Ienu
[IEPEXO/IOB.

o ycnomio Ajs,...,A; € UK D;. Ussectno, wro B Taxoii merm
s7eMeHT D); MOXKEeT BO3HUKHYTH TOJIBKO B IpaBoil yactu Komau bl HC
€ Dy, < 4, npuuem uncio Heyrajganubix HC € D; noapsj He MOKeT
npesocxouTh max(R., R — 1) = R, u3-3a pacCTAaHOBKHU BBIXOJIOB B I'DaM-
maruke GO~ | pre snementsr D 06pasyior OHY MM HECKOJIBKO CHIILHO-
CBSI3HBIX PEryJIsipHbIX KOMIOHeHT. Takum obpasom j < (R, + 1) - k.

Ecmu mepexon u3 A;1 66T yrajaH, TO OH COOTBETCTBYET HEYTATAHHOMY
cruparoriemy A;; = D. Ho Moryin 6bITh IpyTre HeyTraJaHHbIe CTHPAIOIITIE
[IEPEXOIbI, JJIsi KOTOPBIX IMOMOOHAs IEIb MPUBOJAUT K TOMY K€ CaMOMYy
A;. OnennM ux 9mcIo.

[Toncunraem makcumasbaoe uncio HC B kaxkioMm kitacce D;, X cym-
Ma BMECTe C eJIMHUIEH, COOTBETCTBYIONIEH A;1, 6y/IeT paBHa IUCTy HEro-
CPEJICTBEHHDBIX BLIBOJOB, TO €CTh YUCY TEPMUHAJIBHBIX CUMBOJIOB B JIAH-
HOM BBIBOJIE.

HC u3 Dy, ecnn onn BBIBOAMMBI 3 A;1, MOYXKET TOSBUTHCS, CAMOE
6oabiee, L - (R, + 1). Ilpudem u3 HUX TOJBKO L MOrYT OBITH BBIBEJICHBI
HETIOCPEJICTBEHHO u3 A;1, a octanmbuble — u3 apyrux HC uz Dy.

[Iycts HC u3 D; BoiBesieHo HekoTopoe uuncio 1. U3 Tex snemeHTOB
D;, Ju1si KOTOPBIX COOTBETCTByIOMIee IpaBmio rpamvarukn G crupa-
IOIe, MO2KET OBITh BbIBEJIEHO, camoe GoJibiee, o L HC uz Dy, a u3
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ocTaJbHBIX (T7e mepexo peryssapueiii) — no L — 1. Tak kak cruparormmii
[IePEX0J] MOXKET OBITH TOJBLKO OJINH, & PEryJasapHbIX, camoe OoJbiiee, R,
To HanbosbIree ynciao HC us Dy — % “(L+ R(L—1))(R.+1).
Takum o6pazom, Haunbosbiiee yucio HC uz D; — (R.+1)- L(R.(L—1)+
L)1,

[Tosromy obIriee YnMCIIO HEYTraJaHHBIX II€PEXOJIOB, COOTBETCTBYIONIIX
OJIHOMY yTa/IaHHOMY:

[y

B

i LR+ D((R(L-1)+L)F-1)
B (Re(L—1)+L)—1

L(Rc + 1)(RC(L - 1) + L)

.
Il
o

B apyrom ciaydae u3z A; Bejer nepexoj B HEKOTOpbIil B ¢ UleD,-,
a jus takux HC yrazbiBarcs 1o KpaifHeit mepe ojuH cuMmBOI u3 R, +
1w [ u3 [ + 1. Ilpu sToM jyiMHA OCTAJIBLHOIO BLIBOJA YMEHDLIIAETCS
HA Z;:OI(RC + 1)(Re(L — 1) + L)}, uro Gompmme, uem R, + 1 u [ + 1.
CreioBaTeIbHO, CTElleHb yraJlbIBaHUs HE MEHbIe, 9eM B IPEJIbLIYIIeM
caydae.

BepxHioio crerenb yraJbiBaHus MOYXKHO OIEHUTH KakK

l 1 L—-1

L™ Zmin 4 D TR D+ DF =T

RC+1)((RC(L—1)+L)k—1))_1 _ Re(L—1)+L-1
- (

L(
rak Kak (1 + (Re(L-DFL)—1 Re+1)(L(Re(L—1)+L)F—1)

L—1
L(R.(L—1)+L)F—1"
Takum 06pa30M, MHOYKECTBO YACTUYHO yTraJIbIBAEMO B CMBIC/IE BEPX-
Hero 1pejesia. JloctaTodHOCTD JI0KA3aHA.

Heobxodumocmn.

Tenepb MOKakeM, UTO B CJIydae, KOIJIa BCe HETEPMUHAIBHBIE CUMBO-
1 rpamvarukn G oo B UF_| D;, muoxkectso (L(G))™ me awasercs
JACTUYHO YTa IbIBACMbIM.

ITpeIro/102KuM, 9TO €CTh HEKOTOPOE yCTPOiicTBO B, KOTOpOEe JacTuy-
HO yTaJpIBaeT JIAHHOE MHOXKECTBO CBEPXCJIOB. Ero BbIXOAHAs yHKIUS
COIIOCTABJISAET TeKyIeMy IpedUKCy cJIoBa <) BBIXOAHYIO OYKBY () €
{0,1}.

Pacemorpum  pabory MIl-aBromara, monyckatomero (L(G))™°, Ha
9TOM OTPE3KE.
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st Toro, 1To6s! cBepxcsioBo o € (L(G))*>° myzkno, arobsr Jiq, io, . . .,
takue uto ¢(ali;, Z) = Z,j =1,2,...

st kaxxnoro HC (a, cieoBaresibho, 1 715 KaxK 101 KOHGUTYpaIium )
€CTb POBHO JiBa 1epexoja, nnade Bce HC ne moryiu 661 ObITH B UleDi. By-
JIEM CTPOUTH CBEPXCJIOBO (v U3 JIAHHOI'O MHOXKECTBA, CTEIEHb YTaIbIBAHUSI
KOTOPOro OyJIeT paBHa HYJIIO.

[Iycts mepBast OykBa cepxciioBa a; = (, aBTOMAT OKa3bIBAETCS B
HEKOTOPOit KoHpuryparuu v € ['*, riae ryouna creka He 6osibiine L. Pac-
CMOTPHUM BepXHUII CUMBOJI cTeka Bi : v = By u crocobbl €ro crupanusi.

ITar 1.

ITycrs By € Dy, k' < k. Tlogaaum Ha 3Ty KOH(MUIYPAIUIO TOJHOCTHIO
HEYTaJbIBAEMOE CJIOBO JUIMHBL 711 Gpy1 = Y(7,a2...ap),p = 1,...,7].
Ecnmn ninst mekoroporo p* < rp + 1 Bbimosneno ¢(ag...ap, B1y') =
Ci...Cw, tne C; € Dy, k" < K',i = 1,...,t, To mepexouM K CJie-
JLYIOIIEMY IIAry.

Wnage nomaauM — Jlajlee  CJIOBO  Qp 41 ... Gp 4¢*, TAKOE, HUTO
(p(al o Qg gpr, Z) =Ct... Ct’)//, e C; € Dku,k// < k/,i =1,...,t, tue
t* < R, tax kak B rpammaruke G~ 910 peryispuas cuibHO-CB3HASN
KOMITOHEHTA, BCE BBIXOIbI U3 KOTOPOH cTuparoriue, a R — HambosbIee
quciao HC B peryssipHOil cCHJIbHO-CBS3HON KOMITOHEHTE.

[Tocsie aTO# HIpONEAYPBI B CTEK MOIVIO JIODABUTHCs, caMoe OoJibliee,
(r1 +t*—1)- L HC u3 kmnaccos Dy, kK" < k.

HTar 2.

[Iycts rnybuna creka paBHa go. st TEKyIIero BEPXHErO CHUMBOJIA
CTeKa B% n3 Knacca Dy TaKxKe IO IM TOJHOCTBIO HEYTAAHHOE CJIOBO
JIIHBL 1. Kcau 3a BpeMs 1ojilaqu 3TOro CJI0Ba He IIPOU3OILIO0 CTUPAHUS
B% WJIM 3aMEHBI €eI'0 Ha, CUMBOJIBI U3 KJIACCOB UleDi C MEHBIIIIM HOMEPOM,
TO TIOJIAEM CJIOBO JJIMHBLI He OoJibIliell R, KOTOpoe He OCTaBJIIeT B CTEKe
BBIIIE TIyOUHBI ¢o CUMBOJIBI U3 KJIACCOB [); ¢ MEHBIIIUM HOMEPOM 1.

N rmak masee. Tocse kaxkjoro mrara rryOMHa CT€Ka MOYXKET yBEJIU-
YUBaTHCsI, HO TOSBJISIIOTCsT Totbko HC w3 UleDi C HOMEPOM, MEHBIITAM
HOMepa KJlacca BEpPXHEI'0 CHUMBOJIa B HayaJe Iara.

Yepes KoHEUHOE YUCJIO MAroB JOCTUrHeTCsS KoHdmurypamus 7 . [Tpo-
JieJiaeM Ty 2Ke OIEPAITUIO JIJIsi OCTAJbHBIX 9JIEMEHTOB CTEKa. AUCJIO IIIaroB
Bo3pacreT He Gosiee, ueM B L pa3. B utore aBromar okaxkercss B KOH(bpU-
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rypamuu (qo, Z), TO €CThb CJIOBO aj ... a,1 OyJeT MPUHAJJIEKATb CBEPXU-
TepaIun JaHHOTO s3bIKA.
Ha kaxkmom mare mocTpoeHusl 3TOrO CJIOBA JOJI YTaaHHBIX CHMBO-

JIOB, OYEBUJ/IHO, HE IIPEBOCXO/IUT < L IIpuaem 3Ta oreHKa BEepHA

t*
ri+t* S ri+R°
U JIJTsT KasKJI0ro MpeduKca CIoBa.
Bynem cTpouTh cBEPXC/IOBO JAJIbIIe TAKUM K€ 00pa30M, TOJILKO J10-

OaBJIdd HEYyIraJJaHHOE CJIOBO JIJIMHBI 7; Ha KazKJIOM OTPE3KE Upi-141 ... Ayi.

Bagagnm r; = R - (28 — 1). Torga jo/s yrajaHHBIX CEMBOJIOB OyjieT
ri E = 2—11 Jytumbl orpeskoB n'Tt — n? Gymxyr BO3pacrarn, a
3

CTEIeHDb yTaIbIBAHUST YMEHBIIATHCS.

JlokakeM HEPaABEHCTBO

He OoJIbIIe

a+t+b 1 a b
gl S T
A5 <32t Bk

Beproe pu A < B, % > %. Umn, ato 1o e camoe, 2aB% + 2bA? >
ABa+ ABb + aB? + bA%.

Hano % > %.

JomuoKuM 06e JacTn Ha MOJI0KUTeIbHBII MHOXKUTENb B — A 1 npu-
BejieM K obmieMy 3Hadenarento: aB(B — A) > Ab(B — A). Packpbis cko6-
KM, HOJIy4nM TpebyeMoe HepaBeHCTBO.

Ecmu w; — dwWcmo  yrajaHHbIX  CHMBOJIOB B OTPE3KE  CJIOBA
Qpi—141 -« . Qpi, TO P = hmt—wo%-
[Ipumensist HePaBEHCTBO U TO, UTO —— L=t < %, [IOJTY IUM
_B . Ui U2 Ut—1 Ut
¢” < lim ( + 4+ ...+ +—) <

oo 20-Tpl T 20=2(n2 — pl) 2(nt-T —nt)  nl

t
<lim (27 +...+27% = lim — =0.

t—o00 t—oo 20
TeopeMa 3 JOKa3aHa.

dokazareabcTBO TeopeMbl 4.
Paccmorpum Tpu ciaydas.

1)
l l 1 L-1

1 M R T TR ) b =

Paccmorpum ciefyrontyto rpammaruky Gj.
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Z—aA...A Z —b,
——

!
A—bA...A A—a.
S——

l
st IpoM3BOJILHOIO aBTOMATa C BBIXOAOM 2| MOCTPOUM ITOJIHOCTHIO

HEYTaJIaHHOE CJIOBO (v JUTHHBI S. Tora HalijieTcst Takoe CJIOBO 3, U4To aff €
!

G{. puuewm || < 145(1—1). Takum 06pa3oM J0JIs1 yraJaHHBIX CHMBOJIOB

HE IIPEBOCXOIUT

Bl 1+sl-1) _zf1+§< l
s+I8l Ts+1+s(-1) 1+ T+

ITosromy st caosa (o) € (L(GY))™ BepHO

l
—A 0
< —.
#((08)*) < g
Tak Kak HpeJJIOKEeHHBI B Teopeme 3 aBTOMAT yIraJblBAeT 3TO MHO-
JKECTBO CO CTEIEHBIO, HE MEHbIIei HLI, YTBEpPIK/ICHIE JIOKA3AHO.
2)
1 . l 1 L—-1
——— = min{ , , -
R.+1 I+ 1 R+ 1 L(RJ(L—1) + L)k — 1

s
Paccmorpum rpammaruky Gy .

Z%aAl,bAl,

A — aAiH,Ai — bAH_l,i =1,...,R.— 1,
ARC — a,ARC — bB,

B — a,B — bBB.

st m060ro B MOXKHO HOCTPOUTDH IMOJIHOCTBIO HEYTraJaHHOE CJIOBO
JUIMHbL R., 3aTeM, eC/ii aBTOMAT BBIIACT b, TO CJIOBO JIAHHON rpaMMaTHKH
Oy/leT TOJHOCTBIO HeyraJaHHbIM. Ecin Oyser BbLIaHA @, TO CBEPXUTEPa-
nmedt Taxoro ciosa nosmyunres o € (L(Gl))>, Takoe uro ¢F () < ﬁ.

Tak Kak Il aBTOMaTa U3 JI0KA3aTeJbCTBA TEOPEMbl 3 BBIIOJIHEHO
A(L(GY™) = ﬁ, YTBEpK/IEHUE JJOKA3aHO.
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L—-1 _
L(R(L—1)+L)k—1

l 1 L—-1
I+1"Re+1"L(R(L—-1)+ L)k -1

.

= min{

"
Paccmorpum rpammvaruky Gy

Z —aA}.. AL Z —bC,
———

L
C —a,— bCC,
i i+1 41 1 i i+1 41 1
Ab = AT Ajy A AL S DATT AL A,
—_—— —_——

-1 -1
i=1,...,R.—1,j=2,...k—1,

R.—1 1 »41 1 Rc.—1 1 1
— —

-1 l

AL = aAT AL 5 bAT i =1, R, — 1,
Al — a, Afle — b

Paccmorpum paboTy mpousBOJILHOTO aBTOMAaTa B Ha C/I0BaX ITOM
rpaMMaTuKi. Eciii BLIXOI B HaYaJIbHBIA MOMEHT BpPeMeHH b, TO IIOIa M
@ ¥ IOJTHOCTBIO HEYTaJAHHOE CJIOBO (v JJINHBI Zf:_ol L(R.+1)(R.(L—1)+
L)?, u Torma aa GyjeT HOTHOCTBIO HeyraJaHHbBIM. ECIH e BBIXOJ @, TO

o L—1
JUIS CTIOBA GQ IO YTAJIAHHBIX CHMBOJIOB — -y ey -

A rtak kak Jist aBroMmara 2

_ . L—1
(00)) > [ Ty T

Teopema 4 j0Ka3aHa.
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