O06 anmpokcuMaliid peryJjasipHbIX SI3bIKOB
0e30macHbIMHI A3bBIKAMMU

A. B. Tasatenko

B pabote ncciemyorcs anmpoKCHMATHBHBIE CBOMCTBa be3omac-
HBIX $I3BIKOB, BBEJIEHHBIX B CTAThe «ABTOMATHBIE MOJEJN 3AIU-
[IEHHBIX KOMITBIOTEPHBIX CUCTEM». PaccMaTpuBaeTcs IpubJInzKeHne
[IPOM3BOJIBHBIX PETYISAPHBIX S3BIKOB CBEPXY U CHU3Y, & TAKIKE BO3-
MOXKHBIE 3HAYEHUsT DYHKIMH POCTA GE30TIACHBIX SI3BIKOB.

KuroueBbie ciioBa: 6e30MaCHBIE SI3BIKM, PETYJISPHBIE A3bIKH,
pUOJIMXKEHNE S3BIKOB, (DYHKIIMS POCTA.

1. OcHoOBHBIE IIOHATUSA 1 PeE3yJIbTaThl

Hamommum ompesiesienne 6e30MacHOTO SI3bIKa, BBEJIECHHOTO B pabo-
te [1]. ITog KoHedHBIM aBTOMATOM MBI Oy/eM HOHHMATh Y€TBEPKY V =
(A,Q,¢,q0), rjie A — KOHEIHOE MHOXKECTBO BXOJIHBIX CHMBOJIOB, () — KO-
HEYHOE MHOXKECTBO COCTOsTHEH, ¢ : A X () — ) — (pyHKIUS IEPEXO/IOB,
qo € Q — HaganmbHOe cocrosinme. Ilycte Q = S U I, npuuem SNI1 = @.
Cocrosinust u3 S HazoBeM 0E30IACHBIMU, cOCTosHust u3 I — Hebezorac-
ueivu. [lasee Gyiem mpejmoaraTh, 9TO HAYAILHOE COCTOSTHUE SIBJISIETCS
6e30IacHbIM, BCE COCTOSIHUSI JIOCTHZKUMbI U3 HadaabHOTrO, a |@Q| > 1.

O603naunM gepe3 A* MHOKECTBO BCEX KOHEUHBIX CJIOB B ajihaBute A.
Ecnu me oroBopeHo mpoTUBHOE, MBI 6y/IEM pacCMATPUBATH TOJBKO CJIOBA
HeHyJ1eBoil JymmHbl. OyHKIUST ¢ MOXKET OBbITH IPOJIOJIPKEHA HA MHOYKECTBO
A* X () IO MyBTUILINKATABHOCTH.

[TommuOX)KecTBO A* HasbiBaeTcs s3bIKOM. Kazkomy cioBy a € A* co-
orBercTByer cJoBO K(a) € QF, Kk(a) = ¢(a, qo). Hasosem cioBo o € A*
6esonacubiM, ecin k(o) € S*. Hasoeem sizbik A C A* GesomacHbM
(S-s13BIKOM), ecii Bce CJIoBa, cocTasistoniye A, 6e30macHbl, U HE CyIIe-
CTByeT OE30MACHBIX CJIOB, He MpUHaIeKammux A.
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[Tycts L — HEKOTOPBIN pery IsipHbIi SI3bIK B anidasute A. BesonacwHbrit
s36IK U HasbIBaeTcst 6e30macHbIM mpubnKenneMm cangy st L, econ U C
L, n ne cymectByer 6e30macHOro si3bika U’, J1sT KOTOPOrO BBINOJIHEHBI
smovenusa U C Lu U C U’'. Conepxkaresbo Gezonacnoe mpudInzKenue
CHU3Y — 3TO MAKCUMAJILHBIHN TI0 BKIIOYEHUIO S-sI13bIK, cofiepKatuiics B L.

[Tycrs L — HekoTODBIi peryisipHblil si3biK. 1o Teopeme Komun ([2]),
cymiecTByer KoHeuHblit apromar V = (A, Q, ¢, o), PACIO3HAIOIIMI A3BIK
L ¢ momornipio onMHOXKecTBa QQF C Q). Pacemorpum ciienyroriiee mpe-
obpazoBanue juarpamMmbl Mypa asromara V. JlobaBum OmHYy JIOMOTHU-
TEJILHYIO BEPIITUHY, COOTBETCTBYIONIYIO JTOMOJTHUTETHHOMY MOTJIONIAIOTIE-
My COCTOSTHUIO (;, U3 KOTOPOTO TIO JIOG0MY BXOJHOMY CHUMBOJIY aBTOMAT
MEPEXOJIUT B TO Ke COCTOSTHUE. PaccMOTPUM BCe TEPeXO/ibl B JIMarpaM-
me Mypa asromara V', Begymmue B cocrosinne u3z @ \ Qp, u nepeHamnpa-
BUM COOTBETCTBYIOIINE ITUM TIepexojiaM pebpa B ¢;. JIerko yBuaeTh, 4To
[OJTy YMBIIASACS KOHCTPYKIMA Oyer auarpammoii Mypa jiyist HeKoToporo
apromara V'. B kadecTBe 6e30IaCHBIX COCTOSHHIT HCIIOIL3YeM MHOMKE-
crBo S = {qo} UQp. Obo3naunm coorseTcTByommuii S 6e301aCHbBI S3bIK
yepes L.

Teopema 1. Jlaa mobozo peeyasaprozo aswka L cywecmeyem edun-
cmeennoe 6ezonacnoe npubausicenue cnusy U, coenadarowee ¢ L'. las
A106020 besonactozo azvika SL, omauunozo om A*, cywecmeyem cuem-
HOE YUCAO PELYAAPHIT A3KOS, Oasn Komopux SL asasemcesa npubiusice-
nuem crudy. Cyuecmeyem pezysapnoit asvk Ly u e2o bedonachoe npu-
bauorcernue crusy ULg, das xomopwz |Lo \ U Lg| = co.

[Iycts L. — HekoTopbIit peryssipublii s3Ik B asdasure A. Bezomac-
HBI 36K W HasbiBaeTcst 6E30MACHBIM TPUOIMKEHNEM CBepXy Jijist L,
ectu L C W, u ne cymecrByer Gezonacuoro sasbika W/, myis KoToporo
soinosensl Braouenus L € W' u W C W. Conepxarenbho Gezomac-
HOE NPUOBJINKEHNE CBEPXY — 3TO MUHUMAJIBHBIN 110 BKJIIOYEHUIO S-A3bIK,
comepxKarmnit L.

[Tycrs L — HekoTODBIi peryisipHblil si3biK. 1o Teopeme Komun ([2]),
cymiecTByer KoHeuHblit apromar V = (A, Q, ¢, o), PACIO3HAIONIMI A3BIK
L ¢ nomonpio noamuozkecTsa Qp C Q. O6o3HaunM yepes Qg MoIMHOKE-
CTBO (), COCTOSITIEE M3 BCEX COCTOSTHUIA, JTOCTUKUMBIX U3 §(, U3 KOTOPBIX
JIOCTHZKUMO XOTsI ObI OfiHO M3 cocTosiHuit u3 QQp. Ecim L wemyct, 0bo-
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sHauuM depe3 L S-s3bIK, cooTBeTCTBYIOMUiT aBroMary V n MHOXKECTBY
He30macHbIX cOCTOsIHMUIT Qg (JIErKO yBHJIETH, 9TO B 9TOM caydae gy € Qg).
B nporusroMm ciyuae oboznauum uepes L mycroii sizbik (B [1] mokaszano,
9TO MyCTOll f3bIK Oezomacen). O6o3naunm depes PL si3bIK, MOy IeHHbIIH

obbeuuenneM L u [L], tae [L] obo3HataeT MHOXKECTBO BCEX MPeUKCOB
ciaos u3 L (]2]).

Teopema 2. /Jlaa mobozo pezyasaprozo aswka L cywecmeyem edun-
cmeennoe Gezonacnoe npubausicenue ceepxry W, cosnadarowee ¢ L u
PL. Jlasa mobozo 6esonacnozo aswvka SL, codepocaweeo becrkoreunoe
YUCAO CAOB, CYULLCTNBYEM, CHEMHOE YUCAO PELYAAPHBLT A3BIKOS, OASL KOMO-
pux SL asasemcs npubsuscernuem ceepry. Cywecmeyem pesysapHvitl
asvx L1 u ezo 6esonacnoe npubausicerue ceepry W L1, das xomopux

’WLl \L1’ = Q.

[Tycts L — HEKOTODBIH peryisipublil si3biK, n € N. O603HaunM depe3
L(n) caoBa w3 L, juuHa koropbix pasHa n. Paccemorpum Gp @ N —
NU{0}, Gr(n) = > |L(n)|. GL(n) nasbBaercs dynknueil pocra s3bika

i<n
L ([5]). ConeprkarenbHO OHA O3HAYAET YUCIO CJIOB B L, JUIMHA KOTOPBIX
He npeBocxoiuT n. OYHKIMS POCTA MCIOIB3YeTCst JJist OIEHKH KadecTBa
NPUOIMKEHUI sI3bIKOB — B KadecTBe Mepbl OJHM30CTH s3bIKOB Ly u Lo

GrLinL
MOXKHO PacCMOTPeTh, HAIlpUMeP, OTHOIIIeHHNe ﬁ
1 2

OxapakTepu3yeM BO3MOXKHBIE TIpeJlesTbHbIe 3HAUeHMsT (DYHKII pocTa
0E30IaCHBIX SI3bIKOB U TOYHOCTH ITPUOJIMKEHUS CBEPXY U CHU3Y.

Teopema 3. Ilycmov SL — 6esonachoiti asvk. Toeda aubo cyuecmsyiom
c,C €R, ke NU{0}, p€ A, p> 1, makue wmo cn*p™ < GLgr(n) <
CnFp™, n — oo, aubo cywecmeyrom N € N u ¢ € NU {0}, maxoe wmo
GLsr(n) = ¢ das mobozo n > N, aubo cywecmeyrom p,q € N, p > q,

maxue wmo GLgr(n) = En+ o(n), aubo cywecmeyrom p,q € N, k € N,

k > 1, maxue wmo GLgr,(n) = gnk + o(n*).

Bynem roBopuTh, YTO s3bIK MMEET IIOJMHOMHAJILHBIA POCT, €CJIU €ro
bYHKINS POCTa aCUMIITOTUYECKN HE ITPEBOCXOIUT HEKOTOPBIH MTOJTUHOM.
B nporusnom ciydae 6yieM rOBOPATH, YTO POCT A3BIKA dKCIIOHCHIINAJIb-

)
HBII.
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Teopema 4. [Tycmv L — pezyaaprvili A3bK NOAUHOMUAADHOZ0 POCTA,
U(L) u W(L) — 6esonacnvie npubarusicenus L cnusy u ceepry. Hycmo
L pacnosnaemcsa asmomamom ¢ m cocmosnuamu. Ecau L umeem no-

aunomuasonwl pocm, U(L) uw W (L) maxoice umernm nosunomuasvrsit
) _ 1o GLy)(n) o GLL(n)

pocm; cywecmsyom npedeav, ¢ = nlLHgO CLitn) Y C = nlLHgO CLw (1) (m)”
npuvem 0 < ¢ < 1, £ < C < 1, ¢,C € Q; cywecmeyem pezyaapHoli
asvix LPy, dasa xomopozo ¢ = 0; cywecmeyem pezyiapnoil asvix LP,
das komopozo ¢ = C' = 1; daa mobwx p,q € N, p < q, cywecmeyem

PERYAAPHOIT ALK LPg, O0AS KOMOPO20 ¢ = g, u peayaapnoii azvx LP),

q
oas komopozo C' = g.

Teopema 5. Ecau L umeem axcnonernyuasvhvidi pocm, mo U(L) mo-
orcem uMembv KK NOAUHOMUANLHBT, MAK U IKCNOHEHUUAALHBITL POC,
W(L) umeem skcnonenyuasvro pocm, coenadaowud no nopaoky c
pocmom L. Ilpu smom daa awbwx p,q € N, p < q, cywecmeyrom
PELYAAPHBIE A3BIKU IKCTOHEHUUAAbH020 pocma LY, L2, das xomopox

. GL,1(n) P o1 GL;2(n) _ p
liminf ~—%~——~ =1£ hTan SUP a1 = o

n—00 GLW(Ll)(n) Bk W<L2>(”) q’

3ameuanwue. [Ipenena orHomennit GyHKIINI pOCTA B 9KCIIOHEHITAAILHOM
cIydae MOYKET He CyIeCTBOBATh. B KadecTBe MPUMEpPa MOXKHO PACCMOT-
PEeTH SI3bIK, COCTOANIAN W3 CJIOB YeTHOW JUIMHBI B ajipaBUTE HE MEHee,
YeM U3 JIBYX JIEMEHTOB. B 3TOM cilydae HUXKHUI TIpejiesl paBeH %, BEpX-

i 2
HUN — 3.

Conep:kaTesIbHO TeopeMbl 4 U § 03HAYAIOT, ITO OE30MACHOe TPHUOJIU-
JKEHUE CHU3Y MOXKET ObITh CKOJIb YTOJTHO JTAJIEKUM, TOra KaK Oe301macHoe
HpI/I6.HI/I)KeHI/Ie CBEPXY 110 POCTY OT/INMYIAE€TCA OT HpI/I6.HI/I}KaeMOFO A3bIKa B
KOHCTaHTy pa3. [Ipum 3ToM KOHCTaHTa MOXKET OBITH CKOJIb YIOJIHO OOJIb-
IIIO.

ApTOp BBIpaXKaeT TIybOKYI0 0JIaroJapHOCTb CBOEMY HAYJIHOMY PYKO-
BojuTesio, ji.¢.-M.H., pod. B.B. KyupssieBy 3a mocranoBku 3ajad u
BHUMaHUE K pabore.
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2. BcnomorareabpHbIe yYTBEpPpXK AeHMU A

JIlemma 1 (o mosmmaoMmmanbsHOM pocte). [lyems f @ N — N U {0},

omauuna om moosicdecmeennozo 0 u umeem 6ud Y. a;(n)nkip?, 2de
i
a;(n) — nepuoduueckue PYHKUUY, NPUHUMAGOULUE GA2EOPAUMECKUE 3HA-

wenus, npuvem a;(n) we pasno moocdecmeenromy 0, k; € NU{0}, p; —
Heompuuamervrbie arzebpaudeckue wucaa, p; < 1, u cymmuposanue ce-
demca no HEKOOPOMY KOHEUHOMY MHodcecmsy undekcos. Tozda p; = 1,
u 6ce 3navenusn a;(n) payuoHaNLHLL.

Joka3zaTeabcTBo. be3 orpanumdennst OOIHOCTH MOYKHO CUUTATH, UTO
MPU PA3IUIHBIX 3HAYEHUAX § JUO0 k;, UOO p; SABISAIOTCS PASTUIHBIMU
(B IPOTHBHOM CJIy4ae MPOCTO MPHUBEJIEM MTOJ00HbIE YJIEHBI — IIPH 9TOM @
OCTaHyTCS aJredbpanvdecKuMu; TaK Kak f OTIMYHA OT TOXKiecTBeHHOTO 0,
Haiijgercst a;(n), OWIMIHAsA OT TOXK/JecTBeHHOro 0).

[penonoxum, 91O JJIsT BCEX p; BBITIOJTHEHO HepaBeHCTBO p; < 1. B
9TOM CJIydae Bce ciaraembie ecTb o(l), m — 00, Tak KaK 9KCIIOHEHTa
pacreT ObIcTpee 060ro MuorowreHa. CaenoBaTe/bHO, HAUNHAS C HEKO-
toporo N € N, f(n) craner pasua 0. Tak kak Bce a;(n) nepuogudeckue,
MOYKHO CUUTATE, ITO UMEETCsT OOIIHH IEPHUOJT 7 TSI BCEX CaraeMbIx. Pac-
CMOTPUM TOAMHOXKECTBO JIJIAH, OTJIHIAIONINXCS Ha, BEIMTUHY, KPATHYIO T,
JIJIst KOTOPBIX XOTs Obl o/iuH 13 KodddunnenTon a; ne pasen 0. Boigeanm
cjaraeMoe, Jijisi KOTOporo a; He pasHo 0, a p; MaKCUMaJbHO. FEcanm Takux
cJIaraeMbIX HECKOJIBKO, BBIOEPEM M3 HUX CJIATAEMOe C MaKCUMATBLHBIM 3Ha~
gyenneM k;. Takoe ciaraemoe S(n) BeiOupaercss oaHO3Ha4HO. OYeBUHO,
YTO CyMMa OCTAaBIINXCS CJAraeMbIX cjaraeMbix ectb o(S(n)), n — oo.
CnenoBarenbHo, HaunHasg ¢ Hekoroporo N’ € N, sHadenue Bceil CyMMbl
LTSI BBIOPAHHOTO TIOIMHOYKECTBA, CJIOB OYJIET CTPOTO MOJIOKATETHLHBIM HJIH
CTPOro OTPHIATENBHBIM, B 3aBUCUMOCTU OT 3HaKa a; B S(n). Bosnukaer
MPOTUBOPEYNe C YCJTOBUEM, UTO JIJINH, J7IST KOTOPBIX THCJIO CJIOB OTJIATHO
oT 0, KOHEYHOE YHUCJIO.

[IycTs MakcumasbHoe p; paHo 1. Ilokaxkem, 4TO B 9TOM Cily4ae Bce
p; pasubl 1. Ipeanosoxum nnporuBHoe. PaccmoTpuM Bee ciiaraembie, st
KOTOPBIX p; < 1, M TIOAMHOXKECTBO HATYPAJIBHBIX TUCEJT, OTIUIAIOIIIXCS
Ha YHCJI0, KPATHOE T, MPUYEM XOTsI ObI OJTHO M3 BBIJEJEHHBIX Clarae-
MBIX Ha BBIOpAHHOM MOAMHOMXKecTBe oTaumdHo or 0. Ecum Bce cimaraemble
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¢ p; = 1 B BBIJIEIEHHOM IIOJIMHOYXKECTBe PAaBHBI (), AaHAJOTHUIHO IIPEJIbI-
IYIIEMY CJIyYalo IMOJydIaeM, UTO HadmHas C HEKOTOporo /N BCe CYyMMBI
o Momyso OyiyT 6osbine 0, HO MeHbIe 1, YTO HEBO3ZMOXKHO, TaK KakK
bYHKIINS MOXKET TPUHUMATDH TOJIBKO IEJIble 3HAMEHUS.

IIycTs xoTd OBl OsiHO csiaraemoe ¢ p; = 1 owmyno ot 0. Unjpykiuuneit
[0 CTEIIeHN MHOTOYJIEHA ITOKAXKeM, Y4TO B 9TOM cJydae Bce a;(n) Jiis ciia-
raeMbIX € p; = 1 B BBIJIEJIEHHOM IIOJIMHOYKECTBE PalMOHAJBHBL, U Bee a;(n)
Jyist ciraraeMbix ¢ p; < 1 pasubl 0. JleficTBUTE/ILHO, JJIsI MHOTOYJIEHOB CTe-
mean 0 9TO BepHO, TaK KaK Bce ciaaraembie ¢ p; < 1 crpemsres k 0 mpu
n — oo. s muOrOwIEeHa cTremenn 1 910 TakKe BepHO. JlelicTBUTENBHO,
IyCTb Ny — MepUoj BEIOGPaHHON mocsenoBaresbuoct, P(n) = an + b —
noJimHOMuAIbHAsE YacTh f, F(n) — skcnonennuaibaas dacthb f. Paccmor-
pum d(n) = f(n+ng) — f(n) na BeibpanHOM nojMHOKecTBe. OUeBHHO,
4T0 d(n) HPUHUMAET TOJIBKO IleJIble 3HAYEHUsI, IPU TOM IIOJMHOMHUAIb-
Hasi JacTh d(n) paBHA @ - Mo, & FKCIOHEHIMAJbHAs cTrpeMuTcs K 0 npu
n — oo. CieroBaTesibHO, @ - Mg 1eJIoe, U @ paruoHaibHo. [lycTh a umeer
BT g, rJe p 1eioe, a ¢ — HarypasabHoe. JTomuoxkum f(n) Ha g. Jomuo-
JKEHHBIN MHOTOYJIEH TaK:Ke TMPUHUMAET Te/Ible 3HAUEHUsI, TPUIeM JIMHEH-
Hasl 9aCTh JIAE€T TOJBKO Tiesble ciaraeMbie. CrieToBATEIBHO, TaK KaK IKC-
MOHEHTMATbHAST YaCTh cTpeMuTcs K 0, m — 00, OHA TOXKIECTBEHHO paBHA
0, a g - b menoe. CnenoBareabHo, b pannoHaIbLHOE.

[TycTh yTBEpXKIeHNE TOKA3aHO JIJIs MHOI'OYJIEHOB CTEIIEHU HE BBIIIE /.
Pacemorpum f(n), it KOTOPOI#i TIOJIMHOMHAIBHAST 9aCTh UMEeT CTeleHb
[+1. Pacemorpum f/(n) = f(n+ng)—f(n). Homuunomuansuast vacrs f'(n)
OyJIeT UMETh CTeIeHb [, & KOI(PMOUIIMEHTHI — JIMHEIHO BbIPAXKATHCSA e€pPe3
k03 dunmenTs moMHOMUAIBHOM YacTu f(n), npudeM KoI(DOUITEHTHI
JIMHEHHBIX COOTHOIIEHNH OyayT meabiMu. [1o WHAYKTUBHOMY MTPEIINoIo-
JKEHUIO, IKCIOHEeHMa bHast dacThb f'(n) pasua 0, u Bce K03DbUIMEHTLI
MOJIMHOMHUAJIBHON YACTH PAIMOHABHBL. JIWHeHbBIe COOTHOENTHUST Ha KO-
spdburmentsr f'(n) 06pasyioT cucreMy JIMHENHBIX yPABHEHWH, DEIUB KO-
TOPYIO, MOXKHO HaliTH Bce KOI(DUIMeHThI ToJMHOMHEAIBHON YacTu f(n),
KpoMe ¢BOOOIHOTrO wieHa. HectoxKHO yBUIETh, ITO MaTPUITA CUCTEMBI Oy-
JIeT BEPXHETPEYTOJIbHOMN, IpUYIeM JInaroHaJbHbIE JIEMEHTHI He paBHBI (.
B cuny panmoHaJIbHOCTH JIEBBIX U IIPABBIX YacTeil, Bce KO(DUITMEHTHI
HOJIMHOMUAJIbHOI JacTu f(n) OJHO3HAYHO BOCCTAHABJIUBAIOTCS U SIBJISI-
I0TCST PAITMOHATBHBIMA. PABEeHCTBO HYJTIO 9KCITOHEHITHAIBLHONW YACTH U Pa-
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ITMOHAaJIbHOCTDb CBO60,H,HOI‘O qJIeHa JOKa3bIBalOTCA aHaJIOT'MIHO JH/IHGIL/'IHOMy
CJIy4dalo. Jlemma, JOKa3aHa.

JIemma 2 (06 ouenke pocra). [lyemv L — nenycmot peeyaaproil
ALK, PACNOZHABAEMBLT ABMOMATNOM ¢ M. cocmosnusamu, W L — Gesonac-
noe npubaustcenue ceepry oas L. Toeda GLyr(n) S GLp(n)+GLp(n+
D+...+GLr(n+m—1), n — oo. Cywecmeyem pezyaaproi asvk L,
0Af KOMOPO20 MEPAGEHCTNEO NPECPAUAETNCA 6 ACUMNIMOMUYECKOE PAGEH-
cmeo.

HoxkaszaresbcrBo. Ob6osnaunm wepe3 L(n) u W L(n) uucio ciaos -
HbI M B COOTBETCTBYIOIIUX s3bIKax. llocTaBUM B COOTBETCTBHE CJIOBY
u3 o WL cnoso o us L no cienyiomemy npasuiay. Ilyers L pacro-
snaercs apromarom V. = (A, Q, ¢, qo, QF), ryie QF — MHOXKECTBO NpH-
HUMAIOIX COCTOsHUIA. PaccMmorpum Kparudaiiiiiee c¢jioBo 3, IepeBojisi-
mee V' wu3 cocrostust p(a,qp) B omHO u3 cocrosinmit QQp. Takoe cito-
BO CYIIIECTBYET B CUJIYy CBOIMCTBa MHUHMMAJBHOCTH OE3011aCHOIrO IpubdJin-
skenusi cepxy. Ilo mpunnumy smukos Hdupuxie 0 < [B] < m — 1.
o/ = «af. OueBngHO, YTO TPU TAKOM COOTBETCTBUHM PA3JUIHBIM CJIO-
BaM JytuHBI 1 13 W L coorBeTcTByIOT pasymunble cjaoa u3 L. Cremo-
BaTE/JIbHO MHOXKECTBO CJIOB JJIUHBI N B s13bike W L BiiO2keHO B 00beIu-
HEHUE MHOXKECTBa, CJIOB JJIUHBI OT 7. JI0 1.+ m — 1 B sa3bike L, TO ecTh
WL(n) < L(n)+ L(n+1)+...4+ L(n+m —1). IIpocymmuposas uepa-
BEHCTBA 10 N 1 TOOABUB HEIOCTAIONTNE HATAIBHBIE KOHCTAHTRI, TIOJTYIaeM
coornomenne GLyw L(n) S GLp(n)+GLr(n+1)+...+GLr(n+m—1),
n — oo.

Pacemorpnm si3bik Ly = ((a)™)*, paBHbI MHOXKECTBY BCEX CJIOB, CO-
cTosimux U3 OyKB @ C JJINHOMN, KpaTHOU m. JIerko yBUIETH, 9TO 3TOT SI3BIK
peryJisipeH, PacIio3HAETCs ABTOMATOM C 1M COCTOSIHUSIME (M He PACIO3Ha-
eTCsi aBTOMATOM C MEHBIITMM YHCJIOM COCTOSIHUIA), 1 (DYHKIHsI pOCTa paBHA
[n/m]. BesonacHbIM npUOJIMZKEHUEM CBEPXY 110 YCJIOBUIO HPEDUKCHOCTH
SIBJISIETCST SI3BIK @ ¢ (pyHKIMe#r pocta n. Takum 06pa3oM, aCHMIITOTHYIE-
CKOe HEpaBeHCTBO Jid L1 ImpeBpalaeTcs B aCUMITOTHYECKOE PaBEHCTBO.
JlemMma mokazaHa.
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3. lokazaTejabCTBO TeopeMbl 1

ITokazkem, uro L' saBisterca npubmmkennem couzy. CHavasia J10Ka-
xkem, uro L' C L. Ilyers a € L'. Tlo mocTpoeHunio, a Tak:Ke B CUILY
onpeiesienns 6e30MacHOroO sA3bIKa, NMpHU nojade Ha Bxox L' ciosa a as-
TOMAT BBIXOJIUT U3 HAYMAIBLHOI'O COCTOSHUSI, TIOC/IE Yero IIePEeMeIaeTcs 1mo
crocrosiausiM u3 MEHOKecTBa QFU{qo}. Ecin qo € QF, TO Bo3BpaIeHue B
Qo HEBO3MOXKHO, TaK KaK BCE IIEPEXOJIbl B COCTOAHUS, HE ITPUHAIJICXKAIITIE
Q r, nepenanpasJjieHbl B ¢;. Cjie0BaTe/IbHO, IIPH MOjade CJI0Ba (v HA BXOJ
aBromMary V aBToMar HepeiijieT B OJHO W3 COCTOSTHUN (QF, TO ecTh o € L.

ITokazkem, uto L' saBageTcs MakcUMaIbHbIM. [1peiIoIoKuM mpoTHB-
noe. Ilyers L' C U, U’ C L, u U’ asnsierca S-aspikoM. CiieloBaTesIbHO,
cymecrByer cinoso o € U', a € L'. Tlo nocrpoennto auarpamvbl Mypa
nisa L)y cioBa a mmeercst HermycToit npeduke o, mpy mojgade KOToporo
Ha BXOJ aBTOMAT, 3ajaiomuii L', mepexoqur B HeOGE30MaCHOe COCTOSTHUE,
TO €CTh BCOCTOsHME, He NpuHajyIexkamee Qp. Takum obpasom, o & L.
Tak xax [U'] C U’ ([1]), ¢ € U’, 910 1pOTUBOPEUUT OIPEICJICHUIO TIPU-
OJIM2KEHUs CHU3Y.

ITokaxkeMm, 4To pubIUKEHNE CHU3Y ABJSIETCA eauHCTBeHHBIM. [Ipes-
nojioxkuM niporuBHoe. [lycers Uy u Uy — 1aBa pa3invHbix TPUOJIMKEHUS
cunzy juiad a3bika L. Pacemorpum sizpik U Uy U Us. Tak xax Uy C L
uUs C L, to U C L. Tlokasxkem, uTo sI3bIKk U sBJIsIeTCsT OE30IMACHBIM.
[TpoBepum BbILIOJIHEHNE YCJIOBUIT KpuTepust 6e30nacHOCTH U3 paboThl [1].
VciioBrE HEIMyCTOThI MOXKET OBITH Y/IOBJIETBOPEHO BKJIIOUEHUEM ITYCTOTO
cioBa B Uy u Us (u, ciaenoBaresibio, B U). YejioBue perysisipHOCTH CJie-
nyer u3 peryssipuoctu U; u Uy u onepanuu obbeiuneHus. Brirodenue
[U] C U caenyer uz srmovennii (U] C Uy u [Uz] C Us. CiienoBarenbHo,
U moxkeT ObITh pacimupen 10 npubsmxkenns causy U'. Tax xak Uy u Us
pazsmunsl, u Uy C U, Uy C U’, To nmmbo Uy, mubo Us He aBjisgercs Mak-
CUMaJILHBIM 0€30TaCHBIM sI3BIKOM, cofepKarmuMca B L — nmpoTuBopedne.

[Tokaxkem, ITO JIIsT MPOU3BOJILHOTO GE30IIACHOTO SI3BIKA S L, OTJIMIHO-
ro ot A*, cyIecTByeT CUeTHOE YUCJIO PEryJISIPHBIX SI3BIKOB, JIJIsT KOTOPBIX
S L smisiercst mpubsm:kerneMm cHusy. Tak kak SL # A*, cymecrByer cjio-
BOo a € A" a ¢ SL. Ilyctb a € A. PaccmorpumM 110C/I€10BaTEIBHOCTD
CJIOB aa, aaa, . .. ,aa", . ... Paccemorpum siseiku Lgr(n), n € N, Lgr(n)
paBeH oObequHeHnIo SL U M-TOro 4jeHa MOCTPOEHHON IOCJIEI0BATE b
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Hocru. OueBugno, uro Lgr(n) perynsipusl. [Ipubimkenuem cHusy st
Lgr.(n) npu sirobom n 6yaer SL, Tak Kak H0xbs3biku Lgr(n), SABISIONIN-
ecst COOCTBEHHBIMU HAIMHOXKEeCTBaMU SL, HE yIOBIETBOPSIOT YCJIOBUIO
1peUKCHOCTH.

Paccmorpum s3b1K L, COCTOSINI U3 BCEX CJIOB 9eTHOM jymnHbL. Oue-
BUIHO, UTO L perynspen. bBezomacuoe npubtmxenue U Ly cCOCTOUT TOb-
KO M3 IIyCTOro cJioBa, nosromy |Lg \ ULg| = oo. Teopema jokazana.

4. Jloka3aTeJbCTBO TEOPEMBI 2

ITokazkem, uro L” ssnsercs npubaumzxkenuem csepxy. CHadasa J10Ka-
xkem, uro L C L”. Tlycrs o € L. Cienosaresibio, Ipu nojade o Ha BXOJ,
V' aBromar mepexoauT B cocrosinne n3 MHOXKecTBa (). CiiejioBaTesbHO,
BCE COCTOSIHUA, B KOTOPbIE TonaaeT V, okaxkyTea B Qg, To ectb a € L.

ITokazkem, uro L sBisgercs MUHUMAaIbLHBIM. 1IpeIIonoxKuM TpOTHB-
noe. Ilycro W/ C L”, L C W', u W aBnserca S-aspikom. CiiesoBaresih-
HO, cymecrsyer cioso « € L”, oo ¢ W'. Tlo mocrpoenuto L”, cymecrsyer
cs10B0 3 (BO3MOXKHO IIyCTOE), TAKOE YTO IIPH Mojiade Ha Bxox V ciosa af
aBromar nepeitger B cocrosaue u3 Q. CienoaresibHo, off mpuHaIE-
xur L. Tak kak L C W', aff € W'. Tak kak W' asnserca S-sa3bikoMm,
JITE HErO BBINIOJTHEHO CBOHCTBO npeduKcHocTH, TO ecTh o € W/ — mpo-
THUBOpEYHE.

[Tokaxkem, uro PL siBisiercss npubanxkenueM cBepxy. 1lo xpurepuio
6esonacnoctu s3bika ([1]), PL siBisiercst 6e30macHbIM (PErysisipHOCT CJie-
ayer u3 Teopembl Kimau, npedukcHocTh — 13 nocrpoenust). [lo mocrpo-
eanto L C PL. Tlokaxem, uro PL saBisiercss MuHUMAJBHBIM. [Ipemmosro-
»kuM iporusHoe. [Tycrs cymectByer S-sa3pik W st koroporo cripase/i-
mueo W” € PL u L CW". CnenosarenbHo, cymecTByeT cioso « € PL,
a g W". Tak kak L C W, «a gsiasgercsa npeduKcoM HEKOTOPOrO CJIOBa
B € L. Takum obpazom, 3 € W, a ¢ W, 410 npoTUBOPEYHT yCIOBUIO
1peUKCHOCTH.

ITokaxkeMm, aTo pubJIMAKEHNE CBEPXY SBJISAETCA eMHCTBeHHBIM. [Ipe-
nojioxkuM mporuBnoe. Ilycts Wi u Wy — nBa pasiumdHbIx mpubIImKeHms
cBepxy g s3bika L. Pacemorpum szpik W= Wy N Ws. Jlerko yBujern,
gro L C W'. Tlokaxkem, uro W' asnsterca 6esonacubim. Peryrsprocts W/
MOXKET OBITh YCTAHOBJIEHA C ITOMOIIBIO TeopeMbl KjnHu u paccMoTpeHust
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aBTOMATA, SBJIAIONIErOCs IIPSIMbBIM TPOU3BEIEHUEM aBTOMATOB, PACIIO3HA~
romux Wi n Way. Ilpedukcuocrs citenyer us npeduxcaocru Wi u Wy, Ta-
KM obpasoMm, W/ saBigerca HaJMHOKECTBOM HEKOTOPOTO MPHOJINKEHUST
cBepxy, orauanoro ot Wi mwin Wa, 910 IPOTUBOPEYUT MUHUMATIHHOCTH
W1 n WQ.

[Tokazkem, 9TO JIsi IPOU3BOJILHOTO GE30MaCHOr0 sI3bIKa S L, cocTost-
IIEero U3 GECKOHETHOTO MHOMKECTBA CJIOB, CYNIECTBYET CYETHOE YHCIIO Pe-
I'YJISIPHBIX SI3BIKOB, JJIsi KOTOPbIX SL siBJisieTcst NpUOJIMYKEHUEM CBEpXY.
Tak kak SL GeckoHeYeH, B HEM HAiJIeTCsd CYETHOE YUCJIO TIOIAPHO pas-
JITYHBIX CJIOB, JJIMHA KOTOPBIX He MeHbIne 2. O6pasyeM MOC/IeI0BaTe b
HOCTBH TAKHUX CJIOB W1, W3, ..., Wy, ... PACCMOTPHUM MOCJIEI0BATEILHOCTE
CJTOB W], Wh, ..., W), ..., HOCTPOEHHYIO IlyTeM OTOGPACBHIBAHUS HOC/Ie/HEl
OyKBBI B CJI0Bax w; JOIOJHUTEIBHON YUCTKH, B PE3yJIbTaTe KOTOPOH u3
MHOYKECTBa COBIIQIAIONIUX CJIOB OCTAETCA OJMH IIPEJCTaBUTEIL. Tak Kak
|A| < oo, mOC/IEA0BATENLHOCTD W, COCTOMT U3 CYETHOTO UUCIIA YJICHOB.
st mpoussosbHoro m € N pacemorpum si3bik SL(n) = SL \ w),. Bee
SL(n) peryssipabl (9TO HECJIOXKHO TOKA3aTh € IIOMOIIBIO TeopeMbl K,
PacCMOTPEB TIPSIMOE TIPOU3BEIEHIE aBTOMATOB, PACIIOZHAIONIUX A3BIKN S L
u A* \ w},) u nonapro pasnuuHbl (TaK Kak BCe W), HOLHAPHO DA3JINYHbI).
ITo nocrpoennio [SL(n)] = SL, tak Kak eIMHCTBEHHBLH IpedUKC CI0Ba
u3 SL(n), ne npunajpkexkamuii SL(n), ects w),.

B kadecTBe s13bIKa L1 PACCMOTPHUM SI3BIK, COCTOSAIIMN U3 BCEX CJIOB
JeTHOW JuHbI. BesomnacHoe npubsmkeHne CBEpXy B 9TOM ciydae Oyier
COCTOSITH U3 BCEX KOHEUHBIX CJIoB B ajdasure A, nosromy |WLi\ L] =
oo. Teopema nmokasaHa.

5. lokazaTejabCTBO TeopeMbl 3

B pabore [3] nokazaHo, 4T0 YUCIIO CJIOB JUIUHBL 1 B PEIYJISIPHOM SI3bIKE

L mozxer 6bITh BBIMuCIeno 10 dopmyne Y a;(n)nkip? rae unmnexe cym-
i
MHUpOBaHUs IpoberaeT HEeKOTOPOe KOHEYHOe MHOXKeCTBO, 3aBucsiiee oT L,

a;(n) — nepuojuyeckas GyHKIUs, IPUHIMAIOIIAs ajrebpaniecKue 3Ha-
vennst, k; € NU {0}, p; — nosoxuresbHoe asrebpandeckoe uucio. bes
OrpaHuIeHnst OOIHOCTH MOXKHO CIMTATDh, YTO PU PA3JINIHBIX 3HATCHHAX
i ymbo k;i, 6O p; ABISAIOTCA PA3JIUYHBIMU (B IIPOTUBHOM CJIydae IIPOCTO
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IpUBE/EM [O00HbIE UIEHBI — IIPH 9TOM @; OCTAHYTCs airebpamdecKn-
Tak KaK HAC MHTEPECYIOT IIpe/IeIbHbIe CBONCTBA, B CIIydae, Kora bec-
KOHeIHOe 9ncao a;(n) owimdHo or 0, MOXKHO CIHTaTh, 9TO a;(N) CTPOro
[EPUO/INIECKHE, TaK KaK M3MEHEHNE KOHETHOTO THC/IA CIaraeMbIX B 9TOM
cilydyae He MOBJIMSIET HA aCUMITOTHKY. JleficTBUTEIbHO, B CUILy JIEMMBI O
OJIMHOMHUAJIBHOM POCTE, CIIPABEIIMBO OJHO U3 CJIELYIONIHX YCIIOBHIi:

1) mepmomieckne gactu Bcex a;(n) pasusl 0;

2) cymiectByer a;(n) ¢ nepuoyecKoil yacrbio, He paBHoil 0, npuyem
JUIst Beex Takux a;(n) p; = 1;

3) cymiecTByer a;(n) ¢ nepuoyecKoil yacTbio, He paBHoil 0, npuyem
pi > 1.

[TpoanamusupyeM BO3MOKHBIC 3HAUCHUS (DYHKIUH POCTA.

Paccemorpum nepsoiit ciyaaii. [lycts N € N — jymmaa MakcuMaabHOTO
upeanepuoza a;(n). Torma ms moboro n € mathbbN, n > N, L(n) = 0,
ciejioBaTesIbHO, 3HadeHne (G7(n) CTAHOBUTCS II€JIOH HEOTPHUIATEesbHOl
KoHCTaHTOMN. [TokazkeM, 4TO Jijisi GE30MACHBIX A3BIKOB PEATU3YIOTCS BCE
BO3MOKHBIE IIeJIble HeoTpullaTesbubie KoHcranTel. [Tycrs ¢ € N U {0}.
Pacemorpum asromar ¢ ¢+ 1 cocrosinnem. Cocrostaue HoMep 1 siBJisieTcst
HAYaJIbHBIM, COCTOsIHME HOMEp ¢ + 1 siBjisiercs morsiomatornumM. 1o nep-
BOMY CHUMBOJIY aJIpaBUTa ABTOMAT HEPEXOJUT U3 COCTOSTHUSI HOMED i B
cocrostare HOMep ¢ + 1, ¢ = 1,2,...,¢c. OcrajgbHbIEe EPEXOJbI BEIYT B
noryomaomee cocrosgnue. COCTOAHUS ¢ HOMEpaMH OT 1 JI0 ¢ SABJIAIOT-
ca 6ezonacHbIME. JIETKO yBUIETD, UTO, BO-IIEPBLIX, IPUMEDP O0CTyKUBAET
POM3BOJILHBII BXOMHON adaBuT, U, BO-BTOPBIX, OE30IACHBIX CJIOB JIJIN-
HBI He O0Jiee ¢ POBHO ¢, a OE30MaCHBIX CJIOB JIIMHBLI Oojiee ¢ HeT.

Paccmorpum Bropoit ciyuait. s kaxkmoro i Y. = 0%a;(1)IF =<

!
%aniﬂ, n — o0, re ¢ — cpejnee 3Hadenune a;(l) mo nepuony. leii-
CTBUTEJIBHO, TPEIIEPUOANICCKYIO0 JaCTh KAK KOHCIHYIO U HE BIMAIONLYIO
HA ACUMIITOTHUKY JOOABKY MOYKHO 3aMEHHUTH Ha Nepuoaudeckyo. OmueHum
[(n4+1—t)/7]
CyMMy CBEpXy cymMmoii marerpajios I;(n) = / a;(t)(rx + t)Fid,
0

rae ¢t npoberaer 1o mnepuomy a;, obo3HadeHHOMY depe3 w. [i(n) =

ai(t)  ki+1

il , m — 00. OreHnM CyMMy CHHU3Y CyMMOR MHTEerpajioB Jy(n) =
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[(n—1)/7]
[ ai(t)(mz + t)kidx, tme t mpoGeraer mo mepmomy a;. Ji(n) =
0
ai(t) . ki+1
ki +1n
Chl 4, JIJIsl KOTOPBIX CTelleHb MaKCuMaJibHa. bBe3 orpaHudeHusi OOIHOCTH

, M — 00, YTO JIOKA3bIBAET yTBEpKJcHUe. BribepeM HHIECK-

MOXKEM CYUTATBH, 9TO TAKOH MHJIECKC €AUHCTBECHHBI — B IIPOTUBHOM CJIy-
yae MOXKHO IIPOCTO NPUBECTH I0JI00HBIE 4leHbl. O4YeBUIHO, YTO ACHMII-

nk n — 00, JIJid HEKOTOPBIX

TOTHKA B 9TOM ciydae coctaBut G (n) <
p.q, k€N

Ecmm |A| = 1, To Ge30macHblit 13bIK MO0 HOIIAAeT B YCJIOBHUS IEPBOTO

q

caydasi, Tu00 COCTOUT M3 BCEX KOHEUHBIX CJIOB, M B 9TOM CJIydae PyHKITUsI
pocra paBHa n. B masnbheiinem Mbl 6yjiem moiararh, aro |A| > 1.

IIycts k = 1. [lokazkeMm, 9TO B 9TOM CjIydae [jisi 6e30IaCHBIX SI3bIKOB
p = q. Heiicrurensho, juist aoboro n € N us pasencrsa Hyio L(n) cie-
ayer pasercTBo 0 L(n+1), Tak Kak B IPOTUBHOM CJIy4ae IpedUKC JIMHbI
n cJIoBa JUTHHBL 1 + 1 npuHajjexka Obl s3bIKy. 3adukcupyeMm p,q € N,
p = q. llocTpoum Ge3omacHbIil 3bIK ¢ DyHKIINEH POCTa ¢ aCUMITOTUKOMN
%n n — oo. B pabore [4] nokazano, 4To NpM HAJIUYUU €TUHCTBEHHO-
ro MPUHUMAIOIIETO COCTOSHUS ¢F JIEMEHTAPHBIN aBTOMAT, an/IBe;LeHan/I
Ha puc. 1, uMeeT (HYHKIUIO POCTa, ACUMIITOTHIECKA PABHYIO m,
n — o0, rjae k — YuCJI0 MUKJIOB, |; — JUINHA 4-TOrO IUKJIA, BCe n300pa-
JKEHHBIE ITEPEX0JIbl IIPOUCXOJISAT 110 OJJHOMY CUMBOJIY, & BCe HEIIOKA3aHHbIE
[IEPEXO/IbI BEYT B MTOTJIOIIAIOINEe COCTOsTHAE. PaccMOTPUM 3J1eMeHTapHBIit
aBTOMAT C OJHUM IUKJIOB JUINHBI ¢. OObSIBUM BCE COCTOSIHUsI, KPOME IIO-
DJIOIIAOIIErO, Ge3onacHbiMu. ClieiaeM JJIHHY «XBOCTa» U3 ¢ B ¢F PABHOI
p —q. st 106010 6€30I1acHOr0 COCTOSTHIST BHE ITUKJIA U «XBOCTA» UUCIIO
CJIOB, 3aKAHYMBAIONINXCS B TAKOM COCTOSIHWM, KOHEYHO U HE BJIUSET Ha
acuMnToTuKy. st 1r060r0 6e301acHOr0 COCTOSHAS B IUKJIE WJIH B «XBO-
cTe», KaK MOKa3aHO B [4], YMC/I0 IPUHUMAEMBIX 3TUM COCTOSTHUEM CJIOB
JUIMHBL He OOJIbINE 1 aCMITOTUYECKH DPABHO %. Tax kak TpuUHEMaeMoe
CJIOBO MOKET MPUBOJIUTH POBHO B OJHO IMPUHUMAIOIIEE COCTOSHUE, JIJIsi
[OJTyY€HUsI ODIIEro 9ncjia MPUHUMAEMBIX CJIOB HYKHO IPOBECTH CyMMU-
pPOBaHUE TI0 BCEM IIPUHUMAOINIUM COCTOSTHUASIM, JTAFOIIM BKJIAJl B ACHMII-
rToruky. Tak Kak Takux COCTOSHHUN p (¢ B IUKJIEe U P — ¢ B «XBOCTE» ),
roJiydaeM TpeOyeMyIo aCUMIITOTHKY.

[Iycrs k > 1. 3adukcupyem p, g € N u nocrpoum mpumep 6€301MacHOTO
SA3BIKA, ¢ ACUMIITOTHKON POCTa gnk . Paccmorpum sstemeHTapHbBIil aBTOMAT
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+ oy @
Puc. 1. Iuarpamva Mypa ssiemeHTapHOrO aBromMara u3 padborsl [4].

¢ k nuKjIaMu, TpUYeM JIJINHA TEPBOTO IUKJIA, BBIXOISIIET0 U3 BEPITHHBI
q1, PaBHA ¢, JUIMHA BCEX OCTAJBHBIX ITMKJ/IOB paBHA 1, JJIMHA <«XBOCTa»
paBHa k!-p— 1, 1 Bce COCTOSTHMS, KPOME TIOTJIOIIAOIIET0, SIBJISIIOTCS Oe3-
onacubiMu. ITo nokazannoMy B [4], BKJIaJ B ACHMITOTHKY (DYHKIIUH POCTa
Oy/ayT HaBaTh MPUHUMAIONINE COCTOSHUSA OT ¢k JI0 ¢F. TaKuX COCTOSHUI
k! p, To ecTb PYHKIWS POCTA ACUMIITOTUYECKY PaBHA gnk.

OrMmeTnM, 9TO B HOJUHOMHAJBHOM CJIy9ae MOITHOCTH BXOJHOIO aJi-

daBuTa MOXKET OBITH MPOU3BOJILHON, HAUNHAS C 2.

Paccmorpum Tpernit ciydait. Beigesnm 4ieHbl ¢ MAKCUMAJIBHBIM ;.
Cpean HUX BBIACIUM 9IEH ¢ MAKCUMaJIbHBIM k;. OYeBUIHO, TOJIBKO 9TOT
qjIeH Oy/ieT 1aBaTh BKIAT B aCHMOTOTHKY. [lycTs k; # 0. Boimuchisast un-
TerpaJibHbIE OIEHKH AHAJOTHYIHO IMOJUHOMUAILHOMY CJIy9alo, MOJIyIaeM,
410 (DYHKIIHS POCTA OIEHUBACTCs CHI3y dynKimeii ¢-nkitl Py 1Jisl HEKOTO-
kitlpn 11s mekoroporo
C € R. B kauecrBe nmpumepa 06e30I1aCHOI0 s3bIKa ¢ SKCIOHEHITUAJIbHBIM

poro ¢ € R, u oneruBaercsi ceepxy pyukiumit C' - n

POCTOM MOZKHO IIPUBECTH s13bIK A*, byHKIMsT pocTa KoToporo pasHa |A|™.
Teopema mokazaHa.

6. /lokazareabcTBO Teopembl 4
[Tycrs L — peryisipHblii sI3bIK IOJMHOMHAILHOIO pocta, U(L) — 6es-

onacHoe npubsnxkenne cansy, W (L) — 6e3omacHoe npubJinzKeHne CBepxy.
IIycts L pacmosnaeTcs aBTOMATOM C 1M COCTOSTHUSIMU.
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Tax xax U(L) C L, GLy(r)(n) < GLL(n), crenosarensuo poct U(L)
TakyKe nojmHoMuasbHblit. [lo Teopeme 3, G Ly ry(n) < %nkl, GLp(n) =<

P2pk2 11s1 HEKOTODPBIX P1,q1, P2, q2, k1, ka. CllenoBaTesbHO, CyIecTByeT

q2
AllMOHAJIBHBIN 1Ipenel ¢ = lim GLluw) (™)
p p W2 TG (n)

u3 toro, uro U(L) C L, a Takyke U3 TOrO, 4TO JIIsi JIOOOrO SI3BIKA €ro

. HepaBeHCTBa Ha C CJIelyIOT

dbyHKIINUS POCTa HEOTPUIATE/IBHA.

Huxusist onieHka B HEpaBEHCTBE JOCTUIAETCs, HAIPUMED, Ha S3bIKE,
COCTOSIIIIEM U3 OJIHOTO JIBYXOYKBEHHOTO CJIOBA (B 9TOM CJIydae Oe30macHoe
npubJIzKeHre CHU3Y IyCTo, ¥ Tipejiest paseH (), BepXHsisi — Ha TPOM3BOJIb-
HOM 0E30IIaCHOM $I3bIKE TOJIMHOMHMAJIBHOIO POCTa, OYEBUIHBIM 00pa3oM
COBIIQJIAIOIIEM CO CBOWM IPUOJINKEHUEM CHU3Y.

[Iycts p,q € N, p < q. Paccmorpum s13bIK, cocrostinuii u3 o0beiuHe-
HUsT MHOXKECTBA CJIOB U3 He DoJiee p OYKB @ U MHOXKECTBA CJIOB U3 OYKB @
JUIAHBL OT p 4 2 110 q + 1. Jlerko yBuaeTh, 4To 6e30macHoe mpudnzKeHne
CHU3Y OyJIeT COEepKaTh TOJBKO CJIOBA ITEPBOIO MHOYKECTBA, CJIEI0BATE b

HO OTHOIIeHNEe (PYHKIUH POCTa PABHO §7 HaynHasg ¢ n = q + 1.

B cumy Teopembr 3 m jemmbr 06 omenke pocta, GLyyy(n) S m -
GLp(n), cnenoBarensrno W (L) mmeer mosmmHoMuAIbHBIN poct. IIpmve-
Hslsl TeopeMy 3, IOJIydaeM, UTO CyIIEeCTBYET PAlMoHAIbHBIN npegen C =

: GLL(n) 1
lim ~~—&" . B cuny JjgemMMbl 00 onenke pocta, C > - mnpuyeM Ha
o L (1) (n) y it p ) Z o 1P

a3bIke L U3 JI0Ka3aTeIbCTBA JIEMMBI 00 OIEHKE POCTa JIOCTUTAETCS pa-
BeHCTBO. BepxHee nHepaBencTBo BbiTekaer u3 Biaoxkenust L C W (L). Hepa-
BEHCTBO IIPEBPAIAETCS B PABEHCTBO HA 0E30IACHBIX S3BIKAX MOJTMHOMU-
AJILHOT'O POCTa, COBIIAIAIONINX C CO CBOUM IPUOJIMKEHUEM CBEPXY.
[Iycte p,q¢ € N, p < q. PaccMoTpuM si3bIK, COCTOSIIMIT U3 CJIOB U3 OYKB
a nuHbl oT ¢ —p—+ 1 1o q. Jlerko yBujiers, uro 6e3o0macHoe mpubdJImKeHne
CBEPXY COCTOUT U3 BCEX CJIOB U3 OYKBBI ¢ JIJIMHBI HE DOJIee ¢, M OTHOIIEHUE

dbyHKIH pocTa paBHO g, HaunHasg ¢ N = ¢. Teopema JloKa3aHa.

7. lloka3aTeJbCTBO T€OpPEMBI 5

B nmanbneiiiem Mbl OyJeM CUNTATh, ITO BXOJIHOHN aJi(DaBUT COCTOUT
He MEeHee, UeM U3 JIByX CHMBOJIOB (B IIPOTHBHOM CJIydae SI3bIKM He MOIYT
MMETb SKCIHOHEHIUATBHBI POCT).
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ITocTponM mpuMepbl A3BIKOB, JOKA3LIBAIOIINX YTBEP:KIEHNUA, KACAIO-
Iuecsd MPUOJIMKEHN CHI3Y. PaccMOTpUM SI3BIK, COAEPXKAIuil Bce CJIOBa
JUIIHa He MeHee 2. JIerko yBuAETh, 9TO O€30IaCHOE IPUOJIMKEHIE CHH-
3y IyCTO, TO €CTh UMeeT KOHCTAHTHBINH POCT, TOTJIA KaK CaM SA3BIK NMeeT
SKCIIOHEHIIMAJBHBIN POCT.

PaccMoTpuM pon3BoJIbHBIN 6€30MMACHBII SI3bIK TIOJTHHOMHUAIBHOTO PO-
cra LP. CymecTBoBaHe TaKUX sI3bIKOB JIOKA3aHO B TeopeMe 3. PaccMoT-
puM cioso « € LP u sspik LP' = LP U aA*. B cuny cpoiicrBa mpe-
dukcHOCTH 0E30IaCHBIX SI3BIKOB, 0e30IacHOe TPUOIMKEHUE CHU3Y st
LP' cosnanaer ¢ LP. OueBugno, uro poct LP’ 3KCIIOHEHIINAILHBIIL.

Hakomnern, 6e3omacHbIM IpUOJIHKEHHEM CHU3Y I JIIOO0ro Oesorac-
HOT'O sI3BbIKa SKCIOHEHIMaIbHOro pocra LE (Hanpumep, A*) ciayxkur cam
LE.

Ilepeitnem kK aHan3y 6Ge30IACHOIO IMPUOIMKEHHsI CBEpXy. Paccmor-
pPUM TIPOU3BOJIBHBIN PEryJISIpHBIN SI3BIK KCIHOHEHIIUAJBHOIO pocTa L,
pACIIO3HaBaEeMblii aBTOMATOM C 171 COCTOSIHUSIMU, W €0 MpUOJIMKEHUEe
ceepxy W(L). ITo semme 06 onenke pocra, GLr(n) < GLwr(n) S
GLp(n) +GL(n+1)+ ...+ GLr(n +m — 1), n — co. B cuy skc-
MMOHEHITNAJIBHOCTH POCTa 0e3 OrPaHUIEHMST ODIITHOCTA MOYKO CIUTATH, UTO
GLwr(n) > 0. Ilogesum uepasencrso na G Ly 1 (n). U3 nokazarenbcrsa
TEOPEMBI 3 CJIEJIyeT, UTO BO3MOXKHBI J1Ba cirydast: 1160 G L (n) uMeer mo-
pagok nFp" s mexkoropuix k € N, p € A, p > 1, 6o GLL(n) nmeer
nopsiJIok p" Jijist HeKoToporo p € A, p > 1.

B nepsom ciyuae nmeem:

GL(n) L<m GLp(n) L(n+1) Lin+m-—1)
GLwr(n) =~ "GLwr(n)  GLwr(n) GLwr(n)
Tak kax L(n) mmeer mopsjok nF~!p" mpm n — oo mpasasg w€acTb
HEPABEHCTBA ACUMIITOTHIECKH DaBHA m%, OTKY/Ia CJIEJLYeT, UTO

L < GLL(n)
m Y GLWL(n) < 1
BO BTOPOM CJiy4da€ BOCIIOJIb3YyEMCA JEeMMOI 06 OIr'paHUYEHUN DOCTa 1

OIEHKOM, creyroreii u3 nopsika G L (n). Umeem:

GLwy(n) SGL(n) +GLy(n+1)+ ...+ GLr(n+m —1) S
m—1
SO gt = oL,
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Bocnosbayemcesi oneHkoit, BbiTekaromieit u3 nopsiika G'Lz(n) u mosyanm

Cpm—1
GL < GLL(n),
wr)(n) S - - L(n)
OTKY/a CJIEIyeT HEePABEHCTBO &-2—1 < GLL) < 1 5 5 00, YrBep-

Cpm—=1 ~ GLw)(n)
JKJieHue o nopsijike pocra W (L) nokazaHo.

Eciun B kauectBe L paccMOTpeTh MPOU3BOJIBHBIN OE30MACHBIN SA3BIK
9KCIOHEHIAIBHOr0 pocra, W (L) coBuajer ¢ L, n BepXHHUI N HUYKHUI
peJieibl U3 yTBEpXKIeHUS TeopeMmbl OyayT paHbl 1. Ilycts p,g € N,
p < q. Paccmorpum Bxozuoit asndasur momtnoctu ¢, A = {ai,az,..., a4},

P
u s3pik Lp = |J A*a;. B cwny croiictBa npedukcnoctu, Ge3onacHoe
p .
=1
npubsinzkeHne cBepxy cosnajgaer ¢ A*. Jlerko ysujerb, uro Le(n) =
q

pg" ! = %W(Lg )(n). CyMMupyst paBeHCTBO HO 7, IOJydYaeM, UTO OT-

HoleHne (PYHKIMI pocTa PaBHO %’. Teopema mokazana.
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