O caoucroctn OyJieBbIX (DYHKIUIA 1
dbyukuii k-3HaYHON JOTUKNI

T. C. Ynenosa

B crarbe BBOIMTCS MOHATHE CIOMCTOCTHU MOJHBIX CUCTEM B P,
k > 2. Ilosyuena oreHKa CBEPXY CJIOMCTOCTU MTPOM3BOJIBHOMN ITOJI-
moit cucremsr B Po. B ciyuae Py, k > 3, mpousBesieHo cBeseHme
pobJIeMbl KOHEYHOCTU CJIOUCTOCTHU ITOJIHBIX CHCTEM K IpobJieme
KOHeYHOCTH cjioucroctu cucreM Coynenkoro. Takzke mpuBeieH 10-
BOJIBHO IMUPOKUii Kiacce cucteM CIrymernkoro, CJIONCTOCTh KOTOPBIX
KOHEYHA.

KuroueBbie ciioBa: OysnmeBa dyukims, GyHKIuS k-3HATHON
JIOTMIKH, TIOJIHASI CUCTEMa, CJIOXKHOCTb, CJIOUCTOCTh.

BBengenue

B mannoit crarbe n3ydaeTrcsa CJIOUCTOCTh — Mepa CJIOKHOCTH CXEM W3
GYHKITMOHAILHBIX 37eMeHTOB. [loHsaTHe ClIoKHOCTH CcXeM U3 (PYyHKIHO-
HAJIBHBIX 9JIEMEHTOB |1| MOXKHO paccMaTpuBaTh € PA3HBIX TOYEK 3PEHUS.
OjiHa W3 HEUX — 3TO NPUHSITHE 38 CJOXKHOCTH CXEMBI KOJIMIECTBA 3JIe-
MEHTOB B 39T0ii cxeme [2]|. [pyras — wuccienoBanme mryOnHbl cxeM [3).
B sToit pabore paccMaTpuBaeTCs CJIOKHOCTH CxeM u3 (DYHKITNOHATHHBIX
9JIEMEHTOB B HECKOJILKO MHOM CMbIC/Ie. PaccMoTpuM cxeMy HaJl HEKOTO-
poii KOHeuHOIi moJtHOl cucremoii [1] B Py, k > 2. Jlust KaxK/0r0 371€MeHTa
13 JAHHOM IOJIHON CHCTEMBI PACCMOTPUM MHOYKECTBO BCEX CXEM, KOTOPHIE
MOXKHO ITOCTPOUTH HAJI CUCTEMOI, COCTOSIIIEl 13 OHOIO 9TOr0 JJIeMEHTA.
CocrapjisieM 6€CKOHEUHYIO IOJIHYIO CUCTEMY M3 BCEX TaKUX CXeM U CUU-
TaeM VIYOMHY JTAaHHON CXeMbl 13 (DYHKITHOHAJIBHBIX 3JIEMEHTOB HAJL ITOJTY-
4eHHOI OeCKOHEYHON MoJIHOM cucremoil. HaspiBaeMm 3Ty XapaKTepUCTUKY
CXEMBI CJIOMCTOCTBIO 9TOH CXeMbl. epe3 CJIONCTOCTh CXeM n3 (pyHKIHO-
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HAJILHBIX JIEMEHTOB, Peau3yOINX HEKOTOPYyIo dyHKIuoo u3 Py, ompe-
JIeTISIETCST CJIONCTOCTD 3Toi dbyukinu. [lagee ompenensercs CIOUCTOCTD
MOJIHBIX cucTeM B Pj. JlaHHBIN 1O/IX0/ K HMOHUMAHHUIO CJIOYXKHOCTH BO3-
HUK B IIpoIiecce paboThI CIIeNnabHOrO ceMuHapa «HelipoHHbIe ceTn» Ka-
dbenpsr MaremaTnueckoii Teopun uHTEIEKTYa bHbIX cucreM (MaTHC)
MexaHuKO-MaremaTudeckoro daxynbrera MIY um. M. B. Jlomonocosa.
B. C. IlosoBaukoB mokaszan B [4], aro nobyio HeifipoHHyIO cxemy 0e3 ma-
MSITH MOYKHO IPEJICTABUTH CXEMOW HaJl OECKOHEYHBIM MHOXKECTBOM 3jIe-
MEHTOB, COCTOSIIIMM U3 JIMHEHHBIX (DYHKINi (KOHCTAHT, YMHOKHUTECH Ha
KOHCTaHTY U CyMMATODPOB C JIFOOBIM YHCJIOM BXOJIOB) U JIBYX (DPUKCHPOBAH-
HBIX HEJIMHEHHBIX DYHKIUH, TPUYEM cxeMa 3Ta OyIeT UMeTh HeJIMHEHHY 0
riy6uny [4] ve 6osbiie nByx. CiieoBaTesibHO, JIOOYI0 HEHPOHHYIO CXEMY
MOXKHO IIPEJCTAaBUTHb CXEMOM KOHEYHOI CJIOUCTOCTU HaJ YKA3aHHON CHU-
CTEMOM.

OkasbiBaeTcsi, 9TO B cjydae OyJsieBbIX (DYHKIIUN CJIIOMCTOCTH JIIOOOI
[IOJTHOM CUCTEeMbI KOHedHa, 6ojiee Toro, ona ne 6osbire 5. B ciaydae P,
k > 3, upousBejicHO CBeJicHUE MPOOJIEMbl KOHEYHOCTU CJIOUCTOCTH IIPO-
U3BOJIBHBIX MTOJTHBIX CHUCTEM K IPODJIeMe KOHETHOCTH CJAOUCTOCTH CUCTEM
Chymnenkoro. Tak»ke TpuBeJIeH JIOBOJIBHO MUPOKHii Kjacc cucrem Ciry-
MEIKOT'0, CJIOUCTOCTb KOTOPBIX KOHEYHA.

1. IToctranoBka 3agaum u OPMYJIMPOBKA pe-
3yJIbTATOB

[Iycrs G = {g1,...,9n} — nonnas cucrema B Py, k > 2. Hazosem 610~
koM B HaJ {g;} cxeMy ¢ ofHUM BBIXOZOM HaJ[ cucteMoii {g; }. Obosnadmm

G; = {B|B— 6uok nazx {g;}} u G = U, G;.

Omnpenesienne 1. CouCTOCTBHIO CXEMBI ¢ C OJIHUM BBIXOJIOM HaJl CHCTe-
moit G B Py, k > 2 nasoBem unciio Sg(¢), paBHOe ryiyOuHe 9TOi CXeMBI.

Omnpenenenune 2. Cioucrocreio GyHKIyMn f € Pj, HaJl TOJTHON CHCTEMOT
G B Py, k > 2 naseaerca uncio Sg(f) = mingeo Sq(¢) , tie & —

MHOXKECTBO BCEX CXEM, peaju3yromux (yHKImo f Haj cucremoit G.

Omnpenenenune 3. Cioncrocthio 1mojHoN cucreMbl G B Py, k > 2 Oynem
HasbBaTh 4uca0 S(G), paBHOE MAKCUMyMY CJIOMCTOCTEN BCex (byHKIIHii
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f € Py nag G, eciim muoxecrBo uuces {Sq(f)|f € Py} orpanndeno.
Ecm ke 9T0 MHOXKECTBO HUHCEN SABJISIETCS HEOTPAHWYEHHBIM, TO OyJem
CYMTATH CJOMCTOCTH CUCTEMBI DABHON GECKOHEUHOCTH.

Hensb manmOi paboThl — UCCIEIOBAHUE CJIOUCTOCTEH MOJIHBIX CHCTEM
B Pk, k = 2.

Haunem co ciyqast Py. CHagajia pacCMOTPUM CJIy9aif ITOJTHBIX CHCTEM
u3 Py, cocrosimux u3 QyHKIWIA, 32aBUCSIIUX OT JBYX llepeMeHHbIX (DyHK-

uit 13 P(Q)) g sToro cilydas BepHa TeopeMa:
I 2 ). AL y p peMa:

2
Teopema 1. Jhobas nosnas cucmema G 6 P2( ) umeem CAOUCTOCTND, He
NPEGHIUAIOULYIO HETNBLPET.

ameuanue 1. Cywecmeyem noanas cucmema pynrxuyut om I8yr ne-
DEMEHHBIT, CAOUCTOCTVD KOMOPOT, PAGHA “EMBIPEM.

Jlanee paccMOTpPUM MPOU3BOJIBHBIE TIOJIHBIE CUCTEMBI B 5. Jlokazana
CJIeIyIoIasl TeopeMa:

Teopema 2. Jhobas noanas cucmema G 6 Py umeem caoucmocms, e
NPESHIUUAIOWLYIO NATNU.

[Tepeitnem k ucciaenoBanuio caydas Py, k > 3.

Onpeaeneunne 4. Cucrema Cayrenkoro B P, k > 3, — cucrema, cocTos-
k? ) )

mas u3 Bcex (PyHKIN, 3aBUCAIIUX OT OIHON IIEPEMEHHON, U CyIIeCTBEH-

HOit byHKIMY 2|, npuarMaloieii Bece k 3HaueHMIt.

Cornacao teopeme Cuymerkoro, cucrema Ciymenkoro B Py, k > 3,
SIBJISIETCS TIOJTHOM.

Omnpenenenune 5. Cucremoiir Cymenkoro, COOTBETCTBYOIIEH JTAHHON Cy-
mecTBeHHol GyHKIUN 3 Py, k > 3, HA30BEM CHCTEMY, COCTOSIIYIO W3
9TOl (PYHKINU U BCceX DYHKINN OIHON IepeMeHHoi B P.

Teopema 3. Ilycmo G — noanas cucmema 6 Py, k > 3. Fcau 6 G ecmo
cyuecmeertas GYHKUUA ¢, NPUHUMAOULAA 6ce k 3Havenutll, maxas 4mo
coomsememeyrwas el cucmema CAYneurozo umeem KOHEUHYW CAOU-
cmocmsv, mo caoucmocms cucmemv, G KOHEUHa.
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Crenyromast TeopeMa OKa3bIBaeT, 4To Jyjist Jioboro k > 3 B Py cy-
MIECTBYET JIOCTATOYHO IMUPOKUN KJIACC CYIIECTBEHHBIX (DYHKIUM, IpU-
HUMAIOIINX BCe k 3HAYEHUMN, TAKUX, ITO COOTBETCTBYIOIIHNE UM CHUCTEMBI
Cymenkoro uMeoT KOHETHYIO CJIOUCTOCTD.

Teopema 4. Ilycmv G — cucmema Cayneuxkozo 6 Py, k > 3,
g(x1,...,xy) € G — cywecmeennan Pynwrkyus, npunumarowan k sna-
wenutdi. Ilyemo cywecmeyrom nomepa i u j, i < j, i,j € [1,n], a max
orce Habop (a1, ..., 061, 0Giql, ..., Qj—1, Qjil,...,0n), s € Zi, Maxod,
umo GO, ..., Q4—1, Tiy Qigly--er 1, Tj, Oql,-..,0p,) = max(T;, ;)
npu z;,x; € {0,1}. Tozda cucmema G umeem KOHEWHYIO CAOUCTIOCTD.

2. JlokazaTeJabCTBO Pe3y/IbTaTOB

lokazareabcTBO Teopembr 1.

3ameuanue 2. Imy meopemy docmamouro doKa3ams ONf MUHUMAND-
HOLLT TOAHBLT CUCTEM, TO eCb 04 6a3Uc08. Imo caedyem u3 mozo, 4mo
npu J0BABAEHUU 6 NOAHYN CUCTNEMY HOBLLL PYHKUUL, ee CAOUCTNOCTD
MOIHCEM, MOABKO YMEHLUUMDBCA.

[Tepeuncaum Bce dbyuKImu u3 P, 3aBucsinme oT JAByX IEPEMEHHBIX,
C TOYHOCTBIO JIO [IEPECTAHOBKH apryMEeHTOB: T | Y, T | Yy, T — y, & > ¥,
T, r4y, ey zVy, x&y, 0, 1, z. Bece oboznavennst (pyHKINI B3SITHI
u3 [1].

PaccmorpuMm Tabuily TpUHAIIEKHOCTH ITUX (DYHKIUN MSATH TPE-
moJTHBIM KJtaccaMm 1g, 11, S, L, M:

(z,y) cly |ely |-y | x>y z c+y |2y | avy | &y 0 1
(0,0) 1 1 1 0 1 0 1 0 0 0 | 1
(0,1) 0 1 1 0 1 1 0 1 0 0 1
(1,0) 0 1 0 1 0 1 0 1 0 0 1
(1,1) 0 0 i 0 0 0 1 1 1 0| 1
To - - - + — + — + + + | =
T - - + - — — + + + - | +
S — — — — + — — — — — | =
L — — — — + + + - - + | +
M — — — = — — — + + + | +

Tabsma 1.
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OyHKIUS T TPUHAJJICKAT BCEM IIPEJIITOTHBIM KJIaCCaM.

Ucrnonw3yst Teopemy o dyukinuonanbroit mosHore ([1], crp. 40), pac-
CMOTPHUM BCEBO3MOXKHBIE 0a3uchl B Py, cocrosimue 3 QyHKINN, 3aBUCSI-
IUX OT JBYX MEPEMEHHBIX:

1) {z |y} {o by}

2) 6asuc cojaepKuT GYHKIMIO & — Y. Torjaa OH JIOJIZKEH COep:KaTh
Takke QyHKIUIO, He npunHajexaimyo 1. Bce 6asucel Takoro Buma:
{z =y, b {z =y, a+yh, {z =y 7} {z oy >y}

3) Gasuc comepuT QyHKIWO T > y. Torga OH JIOJZKEH COJEPKATh
TakKe QYHKIHNIO, He npuHayiexkantyio 1y, Bee 6a3ucer Takoro Buja, uc-
KJIIouast nepednciennble panee: {x >y, 1}, {z > y,z < y}, {z > y,T}.

4) 6asuc comepxkut QyHKIWO T. Torga oH JOJKEH CojlepKaTh TaKKe
dyuknuio, He npunayiexkaiyio L. Bee 6a3ucbl Takoro Bujia, UCKIIOYAs
nepeunciennble paree: {T,zVy}, {T,z&y}. Dru cucreMsl SIBISIOTCS TOJI-
HBIMY, TaK Kak GyHKIMN r&y 1 £V y TakxKe He TpUHAIeKAT Kaaccy S.

5) 6asuc comepRutT dyHKIuO x + y. Torma oH JOMKeH cojep:kaTh
TakkKe (PYHKIUIO, He MPUHAJIEXKAIYI0 1, U (PYHKIUIO, HE NPUHAJIE-
xkantyio L. Bee 6a3uchkl Takoro Bujia, UCKJIIOYAs ePEUUCIEHHbIE DAaHEe:
{z+y, zVvy, 1}, {z+vy, 2&y, 1}, {z+y, x &y, 2&y}, {z+y, <y,
zVy}.

6) Gasuc comepxkur GyHKIUIO T > y. Torma oH JIOJKEH COJepKaTh
TakKe (DYHKIUIO, He MpUHAJJIeKANYO 11, u OYHKIUIO, HE MPUHAJIe-
xkarmryo L. Bece 6a3uchl Takoro Bua, UCKJIIOYAs MEPEIUCICHHBIE paHee:
{z <y, xVy, 0}, {z <y, x&y, 0}.

7) byukim x V y, x&y, 0, 1, © nupuHaekaT IpenoIHOMY KIaccy
M, citesoBaTesIbHO, U3 HUX HEBO3MOXKHO COCTABUTH HU OJIHOTO Oasmca.

Bce niepeunciienHbie 6a3uchl UMEIOT CJIOUCTOCTH He GoJtee 4. DTo cite-
ayer u3 jgemm 1-11:

JIemma 1. Basucw {x | y} u {z | y} umerom caoucmocms, pasnyro
edunuye.

JokazaresbcTBO 04eBuIHO, Tak Kak dbyukimn = |y u x | y Hledde-
POBCKHE.

Jlemma 2. Basuc {x — y,g}, 2de g € T\ — Pynruua dsyx nepemennwir,
UMEEM CAOUCTNOCTIL, HE NPEBLIUANOULYIO TPEL.
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Hoxka3zaresbcerBo. Tak kak cucrema {& — y, g} moJHasi, TO U3 Hee MOXK-
HO MMOJIyYIUTh KOHCTAHTY 0, MpUYIEM JJIsT 9TOTO MOTPedyeTcs cxema CJIOU-
croctu k. JIroOyio OyHKITMIO MOXKHO HPEJICTABATH CXEMOW HaJl 6a31mcoM
{z — y,0} cioucroctu ne Gosbiie, yem 2. s soboii dyHkuuu f Bo3b-
MeM €€ PeaTM3aInio CXeMOM YKa3aHHOTO BUA U 3aMeHUM 31eMeHT ) B Helt
nojicxeMoii, peasmsytomieii Gynknuo 0 cxemoii HaJ 6asucom {x — y, g}
[Monyuum npencraienne dyukiun f cxemoii Haj 6asucom {x — y, g}
cioucTocTu He 6osbie, yeM k + 1.

PaccmoTpuM Bce (yHKIUU ¢ OT JBYX MEPEMEHHBIX, HE TPUHAJIEKA-
me 17, 1 JJTsT KaykKI0i 13 HUX HaliaeM 3HavueHue k.

1) g(xz,y) =0. k=1.

2)g(z,y)=x+y. x+x=0k=1

3)g(z,y) =.T=>x2=0. k=

) glx,y) =z >y.xa>x=0 k=1

5) g(z,y) =z | y. v | © — Weddeposckast dyukrus. k = 1.
6) g(x,y) =x | y. x | v — [eddeposckas dyukims. k = 1.

Takum obpaszom, Bcerma k < 2. CiemoBarebHO, CJIOUCTOCTL Has3uca
{r — vy, g}, e g ¢ T1 — dyHKIWs 2 1EpEeMeHHbIX, HE NPEBBIIaeT 3.
JlemMma mokazaHa.

JIemma 3. Basuc {x >y, g}, 2de g & Ty — Pynrxyusa deyr nepemennoir,
UMEEM, CAOUCTNOCTNG, HE NPECHIULAIOUWYIO TPEL.

JokazaTeJbCTBO aHAJOTUIHO JIOKA3ATEILCTBY JIEMMBI 2.

JIemma 4. Basuc {T,xVy} umeem caoucmocmo, ne npesvruarouyio ue-
muLpe.

HoxkazaresbcrBo. [lycrs f(z1,. .., z,) nmeer THO [1] Buga KiV. . VK,
Om,.
k>0, e K; :wgf&...&xj;”?.
[Tpeobpazyem kombioHKIMIO K;:
L .01 Om; __ 01 Omy;
K; —:le&...&xjmi = ) \/“‘V:Ejmi'
Torna ¢yHKIMO f MOXKHO IPEJCTABUTH CXEMOW BHUJA, TOKA3AHHOTO

Ha puc. 1.
CroucTocThb 9ToM cxeMbl He GoJibliie 4, a B CHJIy ITPOU3BOJIBHOCTU BbI-
6opa f, u cioucrocts 6asuca {Z, = V y} He 6osbiie 4. Jlemma gokaszana.
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\%

l

!
Puc. 1.

JIemma 5. Basuc {T,x&y} umeem caoucmocmo, ne npesviuarowyro e-
muLpe.

JokazaTeJbCcTBO aHAJOTUIHO JIOKA3ATEILCTBY JIEMMBI 4.

JIemma 6. Basuc {x +y,z Vy,1} umeem caoucmocmo, He npesviuaio-
wyro 06Yx.

HoxkazaresabcrBo. [Jokaxkem, uro (z+y)Vz = (zVz)+ (yVz)+z
z2=0= (z+vy) = (z) + (y) — Bepuo;
z=1=1=1+141 — BepHo.

Ucronb3yst 910 paBusio, Mbl MoykeM JiI00yIo (byHKIHIO f Ha i 6a3rucom
{z +y,1,2Vy} upeacrasurs B Buge f = Dy + ...+ Dy +c¢, c € {0,1},
p=0rne Di=xj V...V, p 20,i€[ln], Toecrb cxemoit Buja,
IMOKAa3aHHOT'O Ha pHUcC. 2.

JlokazkeM 3TO MpeJicTaBIeHne HHLYKIIUeH 10 KOJTMYECTBY 3JIEMEHTOB B
cxeme. Ecu B cxeme 1 3/1eMeHT, TO OHA y2Ke UMeET yKa3aHHbIH By, [lycThb
yTBEP:KJIEHUE BEPHO NPH KOJUYECTBE 3jeMeHTOB He Gosiee k. Jlokarkem
IPU KOJIMYIECTBE 3j1eMeHTOB, paBHoM k + 1. ITycTh mocsienuii smemeHT B
cxeMe —
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I To T

N L

(

Puc. 2.

S+

1) +. dyst AByX IHOACXEM, HOCTYIAIONIUX Ha BXOJbLI HOCJIEIHEro JIe-
MEHTa, BBIIOJIHEHO Ipeaiosiokenne uiykimn. CreoBarebHo, U BCs
cxema nmeet Buj (1).

2) 1. Toraa cxema umeer Buj (1).

3) V. Jast AByX HOJCXEM, HOCTYIAIONMX Ha BXOJbI ITOCJIEIHErO dJjIe-
MEHTa, BBIIIOJIHEHO IIPEIIooKeHne nuayKimn. Torma

f=D1+...4D) +c1)V(Di+...+ D2 +ca).

Joxazxkem, uto (Di +.. .+D;1)V(D%+. . .+Dz2) =Di+...+ Dy, tae

D! = xél V. \/l'Jk 1 =1,2wm D! = 1, unyxnmeit o ¢ = max(ky, k).
g = 1 — BepHO. Hpe,ILHOI[O)KI/IM, YTO YTBEpPXKIECHUE BEPHO HPU ¢ = 1,
JoKaxkKeM ipn ¢ = n + 1.

) f=(Di+ 1 -+ Dn-i—%) (Dg +... Dn-l—l) (D;H V(D 4.+
Dai))+ (D + ...+ DY) V(DF+ ...+ Dp )+ (Df+... + Dn+1)

(DL VD2 ) +(Dh V(D +D2>)+D1+l+((D1+ +D1>VDn+1)+
(D1+.. . 4+ Dp)V(Di 4.+ D))+ (Di+.. .4+ Dy) +(Di+.. .+ Djyy).
3/1ech HEKOTOPBIE Di MOT'YT ObITH paBHBI (.

ITo npesnonoKeHuIo MHIYKIINH, KaXKJI0€ U3 CJIAraeMbIX IPeJICTaBIISI-
erca B Bujie Dy + ...+ Dy, 3HAYUT, U BCe BbIPAKEHUE IIPEJICTABIISIETCS B
9TOM BU/IE.

Torna dyukuus f npencrasisiercs B Buge (1).
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CarenoBarenbro, GbyHKIUS f UMEET CJIOUCTOCTH He OoJiee 2, a B CHITY
POU3BOJILHOCTH BBIGOpa f, m cioucroctsh Gasuca {x +y, x V y, 1} He
6osbie 2. Jlemma mokazama.

JIlemma 7. Basuc {z + y,x&y, 1} umeem caoucmocmo, ne npesviuaro-
wyro Jd6yx.

lokazaTesabCcTBO. I3BECTHO TOXKIECTBO:

(x +y)&z = (2&2) + (y&=)

JanbHeiimee 10Ka3aTeIbLCTBO AaHAJIOTUIHO JOKA3ATEILCTBY JEMMBI 6,
TOJIBKO B JIAHHOM CJIydae Jijist Ipou3BosbHON dyHKuuu f(x1,. .., T,) nMe-
er mecro upegcrasyenne [ = K + ...+ K, +¢, tae c € {0,1},p >0, a
Ki=z;&...&xj, ,pq 2 0,q € [1,n]. Jlemma nokazana.

JIemma 8. Basuc {x + y,x <> y,x&y} umeem caoucmocmv, e npecvi-
wanwyr 06yr.

HoxkazareabcTBo. Bepuo toxpaecrso: 1 = x < z. Jlobas dyHknus
f(z1,...,2,) upencrasiasiercss B Buge f = Ki + ... + K + ¢, tae
c€0,Lk >0, aK; =ux;&...&x;, ,py =2 0,q € [1,n]. 3unaunt, npej-
crapisiercss u B Bugie f = K1+.. .+ Kp+(z <> ) wm f = K1+...+ K} 10
€CThb e MOYKHO TIPEJICTABUTDL CXEMOH CIOMCTOCTH He Hostee 2 Hal 6a3ucoM
{z+y, x <y, 2&y}. Jlemma jokasana.

JIemma 9. Basuc {x +y,x <> y,x V y} umeem konewHyo caoucmocmo,
HE NPESLIUAIOULYI0 IBYL.

,ZLOKa3aTeJIbCTBO 3TOI JIEMMbI aHAJIOTTIHO JI0Ka3aTEe/JIbCTBY JIEMMBbI 8.

JIemma 10. Basuc {x <> y,z Vy,0} umeem caoucmocmo, e npesuiua-
WY 08Y.

HokazaresnbcrBo. Jokaxem, uro (z <> y)Vz = (zVz) < (yV 2):
z2=0= (z < y) = (z) + (y) — BepHO;
z=1=1=1+¢1— Bepno.

Janpmeiiee 10Ka3aTEILCTBO AHAJIOTUYIHO JIOKA3ATEIBCTBY JIEMMBI 6,
TOJIBKO B JIAHHOM CJIydae Jijist Ipou3BosbHON byHKuuu f(x1,. .., T,) nMe-
er Mecto npejcrasienne f = Dy < ... <> D, < ¢, e ¢ € {0,1},p > 0,
aDi=x;V...Vaj,,pg 20,q¢€ [1,n]. Jlemma noka3ana.
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JIemma 11. Basuc {x <> y,x&y,0} umeem caoucmocmsv, ne npesviuia-
WY1 08Y.

HoxkazaresabcTBo. [Jokaxkem, uro (z <> y)&z = (z&z) > (y&z) < 2
z=0=0=0+« 0+ 0 — BepHo;

z=1= (x < y)=(x) < (y) < 1 — BepHo.

JasbHeliee 10Ka3aTeIbCTBO AHAJIOIMYHO JJOKA3ATEIbCTBY JIEMMBI 6,
TOJIBKO B JIAHHOM CJIydae Jijist Ipou3BosibHON dyHkuuu f(x1,. .., T,) nMe-
eT MecTo npejacTaBienne f = Ki < ...« K, < c,tne c€0,1,p >0, a
Ki=zj&... &z, ,pg > 0,q € [1,n]. Jlemma jrokazana.

[Tosyunim, 9T0 CAOUCTOCTH TPOU3BOILHOIO Hazuca B Py, cocTosiiero
u3 GYHKIMA ABYX HepeMeHHbIX, He Gojbire 4. A 3madnT (10 3aMeda-
HUIO 2) U CJIONCTOCTH IIPOU3BOJIBHOI MOJIHOM cucreMel B Py, cocrosimieit
3 GYHKIWH, 3aBUCAINX OT JIByX IepeMeHHBIX, He Oosbine 4. Teopema
JIOKa3aHa.

Hoxka3zaresbcTBo 3ameuanusi 1. Pacemorpum 6asuc {Z,x V y}. Ipen-
ITOJIOXKUM, UTO €ro CJOUCTOCTh He Oosbire 3. Haitmem oOmmumit Bum Bcex
byHKII, KOTOpPbIE IPEICTABIIAIOTCS CXEMaMH CJIOMCTOCTH He bojee 3
HaJ1 6asucom {T,x V y}:

1. Cnoucrocrb cxeMbl He 6oJibie 1. Torma sra cxema peaansyer QyHK-
IO BRJA T Wil 4, V...V x4,k > 1.

2. Ciroucrocth cxembl He 6osbine 2. [lociiennnii s1eMeHT B cxeme —

1) —. Ha ero BXoJ1 mocTynaeT BBIXOJL, MOJICXEMbI CJIOUCTOCTH He Gostee 1.
Torya cxema peanmusyer byHKIMIO B T; WiH T;, & ... &T;, , k > 1.

2) V. [oceannii cooit Ha KazKJOM U3 IyTell B CXeMe COCTOUT W3 JIe-
MeHTOB V. PaccMoTpuM mojicxeMy Hallleil CXeMBbl, MPEeJICTABJISIIONIYIO CO-
6oit 0O0beIuHEeHNE TTOCTETHAX CJI0EB KaxKI0ro IyTH B HAIEH CXeMe; BXObI
[IOJICXEMBI — BXOJ[bI HA 9TH CJIOM, BBIXOJ — BBIXOJ[ HAIIel cXeMbl. TaK Kak
dyuKIms xVy obragaeT CBORCTBAMI KOMMYTATUBHOCTH U aCCOIMATHBHO-
CTH, TO 3Ta IOJICXeMa peayn3yeT MyHKIWIO y1 V...V ys, s = 1. Ha Bxojbl
9TOM MOACXEMBI TIOCTYIIAIOT BBIXOIBI ITOJICXeM cyioncrocTr He Gostee 1. To-
rj1a BCA cXeMa peajin3yer MyHKIHIO Bujga D = l‘,?ll V...V :L"f: k> 1.

3. Ciroucrocth cxembl He 6osbine 3. Ilociiennnii 31eMeHT B cxeme —

1) =. Ha ero BXoJ mocTynaer BBIXOJ| MOJCXEMbI CJIOMCTOCTH He 6o-
see 2. Torna cxema peanmusyeT YHKIMIO BUJ Tjy V ...V x4,k > 1 um
zil & ..&x?:,k > 1.
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2) V. [oceannii cooit Ha KazKJOM U3 IyTell B CXeMe COCTOUT M3 JIe-
MeHTOB V. PaccMorpuM 1mojicxeMy Haleil CxeMbl, [PeJICTaBIISIONIYI0 CO-
6oii 0O'beIMHEHNE TTOCIIEIHIX CJIOEB KarKJIOro IYTH B HAIIEH cXeme; BXOJIbI
HOJICXEMBI — BXOJIBI Ha 9TH CJIOU, BBIXOJ — BBIXOJ HaIlel cxeMbl. Tak Kak
dyuxus x V y obsagaer CBORCTBAMU KOMMYTATHUBHOCTH W aCCOIMATHB-
HOCTH, TO 3Ta NOjcxema peasmsyeT GyHKImO y1 V...V ys, s = 1. Ha
BXOJIbI 3TOI MOJCXEMBI MOCTYIIAIOT BBIXOJBI TOJCXEM CJIOUCTOCTH He 6o-
stee 2. Torma Best cxema peasusyer (byHKIUO Bujga D = J:fll V...V xfk’“ \%
KiV..VK,k>2112>20,rne K; :fjl&...&fjpi,i > 1lp =21

[Monyunnu, aro dyHKIMM, peann3yeMble CXeMaMU CJIOUCTOCTU He 60-
Jee 3 Hajt 6asucom {T, xVy}, MOIYT UMETh JIBa BUJIA: l‘?ll& e &:13,7: Jk>1
wm D = ! v...vJ:gvalv...vKl,k > 1,0 > 0 e K; =
Ejl&' . .&fjpi,i =>1,p; 21

Pacemorpum dyuknmio f = (r1&zod&xs) V (T1&T2&7T3). Ee 3nave-
Hre paBHo 1 Toabko Ha Habopax (0,0,0) u (1,1,1). Ilpeamonoxum. aro
cJIONCTOCTD 9Toi byHKIuu He Gosee 3 Hay 6asucom {T,x V y}. Torua ee
MOZKHO 3alicaTh B 1) mwin 2) Buje:

1) a7 &5 &ad?

f(1,1,1)21:>0'120'220'3:1

f(0,0,0) =1=0,=09=03=0

[Tputusopeune.

2) (a&®1&T2&T3) V (b&T1&T2) V (c&T1&T3) V (d&T2&T3) V (e&exy V
g&l’g) V (h&l’g V Z&fl) V (]&fg) V (k&f3)
(1,0,0)=0=dVeVjVk=0;

(0,1,0)=0=cVgViVk=0;
(1,0,0) =0 =bVhViVj=0=
b=c=d=e=g=h=1=j=k=0;
f(0,0,0)=1=a=1,
F1,1,1)=1=0=1.

[TporuBopeune.

f
f
f

CanenoBarenbho, byukmuio f = (r1&xe&xs) V (T1&T2&T3) Henbsst
[PEJICTABATEL CXeMOi csioncrocTu He Gosiee 3 Haj Gasucom {T,x V y}.
Buauut, cioucrocth 6asuca {T,z V y} He meHee 4. A 1o Teopeme 1 ero
CJIONCTOCTD He Gostee 4. 3aMevanne JOKa3aHo.
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[Tepeiiiem K JOKa3aTENBCTBY TeOPEMBI 2. It 3TOro J0KaXKeM JIEMMBbI
12 u 13:

Jlemma 12. Jlwbas nosnas cucmema G 6 Py umeem KoHEUHYI0O CAOU-
cmocmao.

HoxkazareabcTBo. [lycts koncranTel 0 u 1 umetor cioucroctu kg u ki
COOTBETCTBEHHO HaJl MOJIHOf cucremoit {g1, ..., gn},

k= max(k:o, k‘l)

0¢T1,0¢5,1¢ Ty. B cucreme {g1,. .., gn} JTOTKHBL OBITH HEJIHHEH-
Hasl 1 HEMOHOTOHHAsT (DyHKIIUH.

1. Ilycrs B cucreme {g1, ..., gn} ecTb QyHKIWMs g1 Takue, 4T0 g1 & L,
g1 ¢ M. Torma cucrema {0,1,¢1} siBasiercst mosHoit. JIobyo dyHK-
o f MOXKHO TIpejicTaBuTh cxeMmoii Haj cucremoii {0,1,¢1} ciaoucro-
cru He Oostee, yeMm 2. djeMmeHTbl 0 1 1 B 3TOH cXeMe 3aMEHUM II0JICXe-
MaMmu, peaausyiomumu GyHkiEn 0 1 1 COOTBETCTBEHHO HAJ| CUCTEMOil
{91,--.,9n}. Torma cioucrocTs cxembl, peajusyomnieil GyHKIWoO [ HAL
cucremoit {g1,...,gn}, Oyzer He Gonee k + 1. B cuny npousBosibHOCTH
BeIGOpa yHKIMK f cioucrocts cucreMsl {gi, ..., gy} He Gosbine k + 1.

2. Ilycrs B cucreme {gi,...,gn} €cTb MYHKIUM g1 U go TaKue, UTO
g1 ¢ M,g1 € Lygo ¢ L,go € M. Tlo nemmMaM 0 HEMOHOTOHHO} U HeJIH-
HeitHol byHKIMK |1] OICTAHOBKOW KOHCTAHT M OTOXKJICCTBJICHUEM ITI€pe-
MEHHBIX U3 PYHKIUH ¢1 U go MOXKHO MOJIyUINTH COOTBETCTBEHHO (DyHKIIUN
g1(x) =T u gh(x1,r2) — HesmHelHYIO DYHKIUIO OT JBYX [EPEMEHHBIX.
Cucrema {0, 1, ¢}, gb} siBisiercst nosuoit B P, u cocront u3 yHKImii 1ByX
nepeMeHHbIX. 110 Teopeme 1 3Ta 1OJIHAST CUCTEMA UMEET KOHEUHYIO CJIO-
UCTOCTH §. Bo3bMeM IpejicTaB/ieHne MPOUu3BOJILHON (GyHKIMU f cxemoii
caoncroct < § HaJl 910l cucremoit. CxeMmbl, peanusyoniue GyHKIUN g)
u g5, maj cucremoii {0,1, g1, go} umeror cioncrocTs He Gojlee 2, Ce0Ba-
TesIbHO, cionctocTh dyHkimn f Ha cucremoii {0,1, g1, g2} He Gosblie
s+ 1. Bamennm semenTsl 0 1 1 B 3TOi cxeMe MOJCXeMaMu, PeaJIn3yIOIIu-

mu dyrknun 0 u 1 cxemamu HaJl cucreMoii {g1, ..., gn}, U MOTy9INM, 9TO
f mmeer cioucrocts He 6osee s + k Haz cucremoii {g1,...,g,}. B cuny
[IPOU3BOJILHOCTH BbIGOpa (DYHKIWMU f CJIOMCTOCTH CHUCTEMBL {g1,...,Jn}

He Gosibie s + k, TO eCTb KOHEJHA.
JlemMma goKa3aHa.

BBG,ZLGM BCIIOMOT'aT€/JIbHOE OIIpEeJIeJIEHUE.
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Onpepesnienne 6. Hasosem byukuuio ¢'(z,y) € P 2-cyxenumem

dbyuximn g(z1, ..., Ty) OTHOCUTEIBHO OTOXKIECTBICHUS (i1, ... 1), €CIH
dbyuxus ¢’ (x,y) monydaercst uz byukyu g(r1, ..., Ty) OTOKIECTBIIE
HHEM MEePeMEHHBIX Ty = ... = Tj, = T U Tj | = ... = Tj, = Y, # i

upu | # k,s € [0,m], i, € [1,m]| ms moboro p € [1,m].

JIemma 13. f(z1,...xy) € S moeda u moavko mozda, kozda das ao-
6020 s u3 [0,m] das mobozo omooicdecmenenusn (i1, ...,is) 2-cyscenue
Ppynxuuu f omrocumesvHo 3moz20 omosrclecmsieHus ecmob camodsot-
cmeennan GyrKkyua 00not nepemennos.

okazarenbcTBo. HeobxommMocTh 04eBrIHA, TaK KaK OTOXKIECTBICHNE
[epEeMEHHBIX — 5TO MOJACTAHOBKA CAMOIBOMCTBEHHON (DYHKIH, KJIACC Ca-
MOJIBOMCTBEHHBIX (DYHKIUI 3aMKHYT, I HE CYIIECTBYeT CaMOIBONCTBEH-
HBIX (DYHKIWIA, CYIIECTBEHHO 3aBUCSIIIX OT JIBYX MEPEMEHHBIX.
Hokazkem jtocrarounocts. [Tpeamnosnoxkum, aro f ¢ S. Torga 3 mabop

o = (01,...0m) Takoit, aro f(5) = f(5).

Bes orpannuenus obmHoctw, 01 = ... =05 =0,0541 =... =0y =1
u 2-cyxkenue MyHKIUU f OTHOCHTEbHO OTOXKIecTBIeHus (1,...,s) pas-
HO .

flx,...,z,y,...,y) = x = f(0,...,0,1,...1) =0, f@,...1,
0,...,0) =1, uro nporusopeuur pasercrsy f(5) = f(0).

HpOTI/IBOpe‘{I/Ie JTOKa3bIBa€T JIEMMY.

Joka3areabcTBo Teopemsl 2. IIpu jokazarenbcTse JeMMBI 12 OBLIO
MOJTYYI€HO, UTO CJOUCTOCTH JTI000MH moJHON cucteMbl G He Gombire s + k,
rJie § — CJIOUCTOCTD TOJTHOW CUCTEMBI, COCTOsATIEH U3 PYHKIINN JIBYX TIepe-
MEHHBIX, & k — MakcuMyM cjiouctocreit (pyukimit 0 u 1 Ha cucremoii G.

ITo Teopeme 1, s < 4.

PaccMoTpuM HECKOIBKO CIIydaes.

1. Ilycrs B cucreme G ectb byukus g : g1(z,...,x) = 0. Torma
B Heil ecTb Takxke byHKIUSA ga : go(T,...,z) = 1 wm go(x,...,x) =T
(nHave Bce PYHKIMM M3 MOJHON CHCTEMBI IIPpUHAJIEXKAT Kiaaccy 1o, 9To
HEBO3MOXKHO).

B nepsom cirydae dyuknun 0 u 1 uMeroT cjioncTocTh He 60see 1 HaJ
cucremoit G u cjaoucrocTs cucreMbl G He OoJIbIIIEe 5.
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Bo Bropom ciyuae dyuknuu 0 u 1 uMeroT cionctocts He 6otee 2 HaT
cucremoit G. Torga cioucrocts cucrembl GG He GoJsibie 6. Paccmorpum
9TOT CJLy4ai.

1) Ilycrs go ¢ L. Torpa cucrema {0, 1, go} siBasiercst nosuoit. JIro6yio
dbyurimo f MoxkHO npejcraBuTh cxemoit Hag cucremoii {0, 1, g2} cion-
croctu He 6ostee, geM 2. DnemenTsl 0 1 1 B 3TOH cxeMe 3aMEHUM TOJICXe-
Mamu, peasmsyromumu Gyakmr 0 u 1 coorBeTcTBEHHO HaJ cucTeMoil G.
Torma ciaoncTocTh cxeMbl, peanusywomieit dyurnuio f Ha cucremoii G,
bymer He Oostee k + 1 < 3. B cuty mpousBoibHOCTH BBIOOpa (PyHKIMH f
cJ0uCcTOCTh cucteMbl G He OoJibiiie 3.

2) Ilycre go € L Torma B cucreme G ectb DYyHKIUS g3, TaKasi qTO
g3 ¢ L. Tlo silemMme o HesmHeiHON (bYHKIMY IOJCTAHOBKOJ KOHCTAHT U
OTOXKJTECTBJIEHUEM MEPEMEHHBIX U3 (DYHKITUH g3 MOYKHO MOy YUTH (PyHK-
o gh (1, 22) — HesmHeHYIO BYHKIUIO OT ABYX nepeMeHHbIX. OG03Ha~
anM gh(x) = g2(z,...,x) = T. Cucrema {0,1,g5(x), g5(z,y)} aBiaser-
cs1 IOJIHOHM B P, m cocTouT u3 (PYHKINNA, 3aBUCSIIUX OT JIBYX II€pEMEH-
ueix. [To Teopeme 1 3Ta moHAsT cECTEMa MMeEET CJIOUCTOCTh § < 4, MpH-
geM (mo siemmam 1-11) s = 4 rosnbko Torja, korpa gh(z,y) = xzVy
uw gh(x,y) = =V y. Pacemorpum ciyqait s = 4. BosbMmem npejcras-
JIeHWe MpOU3BOJLHON dyHKIME f cxemoil ciomctocTn 4 HaJ CUCTEMOMN
{0,1, ¢5(2), g4(x,y)}. Cxema umeer B, NOKa3aHHBLL Ha puc. 3 (CM. JIeM-
MBI 4, 5).

Cxembl, peammsyomne ¢yukunn gh(x) u gh(r) Hax cucremoit
{0,1, 92,93} UMeOT CIIOUCTOCTH 2, CJIEIOBATEIILHO, CIIOUCTOCTD (DYHKIN
f wmax cucremoit {0,1, g1, go} He Gosbie 5. 3amenum smementsl 0 u 1 B
9TOI cxeme mojcxeMamu, peajusyornmmMu Gyakimn 0 u 1 cxemaMu HaT
cucremoit GG, M MOyInM cXeMy Ha puc. 4.

CrouncrocTs 3101 cxeMbl He Gostee 5. B cury mponssosibHOCTH BBIGOpaA
dyukmuu f croucrocts cucrembl G He GoJbiie 5.

2. Ilycrb B cucreme G ecrb dynkiws g; : gi(x,...,x) = 1. Anaso-
TUYHO MPEIBIIYIINEMY MYHKTY, CJIOUCTOCTH cucTeMbl G He GosbIie 5.

3. Hns moboit dyskiun g us cucrembr G ymbo g(z,...,x) = =z,
6o g(z,...,x) = T. Ecim 6b1 gi(x,...,x) = x mua Bee g; € G,
TO BCe (DYHKINU W3 TOJHON cucreMbl (G mpuHajexaan 6o1 Ty, 9ero
ObITh He MOXKeT. CJieoBaTeIbHO, B 9TOI CHCTEME CYIeCTBYeT (OyHKITUSI

g1 :gl(:E,...,:E):f.
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Ty Lp

Puc. 3.

g1 ¢ To,91 ¢ T1,91 ¢ M.
1) g1 ¢ 5791 EL

Torma g1(21,...,Tm) = Y ieq @i + ¢ g1(TT, ..., Tm) = Y1y il +
Yot a; + c. Tak kak gy ¢ S, To cymecrByer HaGop &, Takoii, 4To

g1(6) = ¢1(6). Caenosarensro, > v a; = 0, To ecTh cpe/u HUCE
a;,i = 1,...m, 9eTHOe YUCJIO HEHYJEBbIX. SHAUUT, g1(T1,...,Tm) =
i Tiy + ... iy, Ty, + ¢35 € [L,m],j € [1,2k]5is # i mpn s # L.
g1(z,...,x) = ¢. 1o mporuBOpEeIUT TOMY, UTO g1 (Z,\ ..., 2) € {x,T + 1}.

2) g1 ¢ S,91 ¢ L. B srom ciryuae cucrema {g;} sABJIsieTCsl HOJIHON 1
ee CJIOUCTOCTb paBHa 1.

3) g1 € S. Torga B nosmoit cucreme G ecrb Tak:ke MyHKIUSA go & S.

IIpencrasum dyuxmmio go(z1,...x,,) B Buge noaunoma zKeraakn-
Ha [1]: g2(21,...2m) = K1 +...+ Ks+¢,c € {0,1},s > 0, K; = zj, -
Ljn,; s T S [17m]7jl € [Ovm]vl S [Ln’i]vjp 7é qu ecm p 7é q. 92($7' : :E) =
P;_ 1z + c. Tak xax ga(z,...,x) = T + ¢, TO S JOIKO OBITH HEUET-
HBIM. DTO CBONCTBO (HEUETHOCTH KOJIMYECTBA KOHBIOHKIIUII B IIpe/ICTaBIe-
HAn QYHKIWH noarnHOMOM 2Kerajiknia) ocTanercss BEpHBIM JIIst JTI060r0
OTOXKJIECTBJICHUsI [IEPEMEHHBIX B 2. SHAUUT, IPH 2-CyKeHuu (OYHKIUH g2
OTHOCHUTEJIBHO JTI000T0 OTOXK/ECTBJIEHNSI [IePEMEHHBIX (i1, . .. ,%p), MOIYT
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T L. Tn

g1
il
g2

g2

g3

g2

g3

f

Puc. 4.

MOJIy YUThCA TOJILKO Takue PyHKIUU: £y + ¢, 2y +x +y + ¢, x + ¢,y + ¢,
rae ¢ € {0,1}.

a) Ilycrb kKakumM-u60 2-cykenuem GyHKIWN go OyaeT GyHKIms ry+ 1
(wm zy+z+y+1). Oyuxmus xy+ 1 (wim xy+xz+y+1) leddeporckast,
3HAYUT CHCTeMa {go} SIBJISIETCS TOJIHON M MMeET CJIOMCTOCTh, PABHYIO 1.
CreroBaTeIbHO, CIOUCTOCTD cucTeMbl G paBHa 1.

b) Ilycts KakuM-n60 2-cyzkenunem (YHKIUU go OyueT QyHKIWS Y.
Cucrema {T,zy} siBisiercs OJIHOI U UMeeT CJIOUCTOCTh, PaBHYIO 4, 3Ha-
qur cucreMa {gi, gs} SIBISETCS MOJHONW M UMEET CJIOUCTOCTDL He Gosee 4.
CreroBaTeIbHO, CIOUCTOCTD cucTeMbl G He 6osbiie 4.

¢) Ilycrp kakum-mu00 2-cyzkenuem GYHKIMU go Oyjer byHKIUs
xy+x+y=zVy. Cucrema {T,xy + = + y} siBasieTcst MOJHOI 1 UMe-
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eT CJOUCTOCTh, PaBHYIO 4, 3HAUUT cucTeMa {gi,ge} SIBISETCs TOJHON U
UMEET CJIONCTOCTh He Gosiee 4. CireloBATENIBHO, CJIOUCTOCTH CUCTEMBbI G
He Ooviblire 4.

d) IIpeamosoxkum, 910 2-cy:keHueM (DYHKIUU ¢o OTHOCHTETHHO JIHO-
6Oro OTOXK/IECTBIIEHUS IePEMEeHHBIX (i1, . . . , is) Oyuer dyHKIus  + ¢ uim
y+ c,c € {0,1}. Tlo memme 12, dbyukims go € S, 970 TPOTHBOPEUUT
YCJIOBUIO IIyHKTa 3).

SHAYUT, CJIOUCTOCTH JIFODOH TTOJTHON crcTeMbl Ipu k = 3 He OoJibiie 5.
CremoBaTeIbHO, HE CYIIECTBYET IOJIHBIX CUCTEM, UMEIOIIUX CJIOUCTOCTD
bousbiie 5. Teopema mokazaHa.

lokazaTeabcTBO TeopeMbl 3.

Bosbmem mnpoumsBosibHyOo moTHYIO cucremy G B Py, tine k > 3.
[Iycrs g(z1,...,2,) € G — cymecrBeHHas (DYHKIMsI, IPHHUMAIOIIAST
Bce k 3HauUeHUil, Takas, UTO COOTBETCTBYIOIIas eii cucrema CIryHernkoro
H = {g(z1,...,zn)} U{h(z)h(x) € Pk(;l)} UMeeT KOHEYHYIO CJIOHCTOCTH
N. Ilycrs Bce DYHKIIME OJIHOM IIEPEMEHHOI NMEIOT CJIOMCTOCTH He OoJiee
M wnan cucremoit G. BozbmeMm mnpousBosibHyto pyukiuio f € Py. [Ipen-
crapuM ee cxemoit ¢ cjaoucroctu He bostee N wag H. OuesujHo, J100yIO
cxemy HaJ[ G MOYKHO MPUBECTH K BHUJLY, B KOTOPOM Y €€ 3JIEMEHTOB He 0y-
JIET PA3BETBJISIONINXCA BBIXOJIOB, a CJIOUCTOCTh He cTaHeT Oouibiie. [lycrs
cxema 1 monygaercsa uz cxembl ¢ TakuM mpeodpazoBaHUEM.

Paccmorpum npomsBosibHBI 1myTh B cxeme ®p. Eciu B HeM ecTb
HECKOJIbKO TIOJPSJT UYIIUX JIEMEHTOM C OIHUM BXOJIOM: hi, ho, ..., hy,
TO UX MOYKHO 3aMEHUTH JIEMEHTOM, peajusyomuM QyHKimo h(z) =
hi(hg—1(. .. ha(hi(x))...)). IIpn Takom peobpa3OBaHUU CJIOUCTOCTD CXe-
MBI He yBeJUYIUTCs. Takyro »Ke OIepaliio MPOU3BeJeM JIJIsl BCeX IyTeit
B cxeme. CJioucTocTh MmosydmBIieiics cxembl Hay H He Gojee, gem N.
[TosTomMy B KaxKJI0M IIyTH 9TOil cxeMbl He 6osiee [N CJI0EB, COCTOSAIIMX U3
9JIEMEHTOB, PEAJIU3YIONINX CYIECTBEHHYIO MYHKIWO §(T1,. .., Ty).

Terepb 2sieMeHTBI h; 3aMEHUM TOJICXEMAMU, PEATUIYIONUMU (DYHK-
mn h;(x) vag G. Tak kak g € G, noxyuum cxemy Haj G. B Heii Bbibepem
[IPOM3BOJIbHBIN 1yTh. OH IPOXOUT Yepe3 He Oosiee, deM N TOJCXEM, pea-
musytormux dysxiyn hi(x) Hag G. ClIoucTocTh KayK 10l TaKOH MOJICXEMBbI
Hay G He Gosibie, vem M. OcTajbHBIE YaCTH 3TOTO IMYyTH IIPEJICTABJISI-
0T COOOM CJION, COCTOSINNE U3 JIEMEHTOB, PEATU3YIONINX CYIECTBEHHYIO
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dyukuuio g(z1,...,xy,). VIx ne 6oabire N. CieoBaTesbHO, KOJTMIECTBO
cJi0eB B BoiOpanuoM 1myTu ue 6osbiiie N + N - M. B cuny npousBobHOCTH
BBIOOpA IIYTHU, CJIOUCTOCTD CXEMBbI, & 3HAYUT, ¥ CJIOUCTOCTD (hyHKIUU [ He
6osbiie N + N - M. B cuny npousBo/bHOCTH BbIOOpa (DYyHKIMM, CJIOU-
cTOCTDb TOJIHOM cucteMbl G He Oosibiite N + N - M, a 3Ha4YuUT, KOHEYHA.
Teopema jokazana.

lokazaTeabcTBO TeopeMbl 4.

ITycrs G — cucrema Corynenkoro B Py, k > 3, g(x1,...,2,) — cyle-
crBeHHas yHKIus, npuHuMaomas k 3uadenunit. [lokakem, 1moJb3ysich
UHJIyKITeH, KaK ¢ IIOMOIIBIO 3TON CHCTEMbI MOXKHO IIOJIyYUTH BCe (PYHK-
uu 13 Py U OIEHUM UX CJIOUCTOCTb.

1) Basuc ungykuuu. [osyunm u3 G Bce dyHKIMHU, IPUHAMAOIINE
JIBa 3HAYEHUSI.

ObozuanM

x Vo1 y= g(a17' ey O 1, T, O ]y e O 1, Y, O], e - ,Oén)

— 910 MakcumyM Ha MHOkectBe {0, 1} x {0,1}.

Beejem dyukuuio jo(x) =1 upu z = 0 u 0, nnadge.

Torna &0y = Jjo(jo(x) Vo1 jo(y)), ecTb MUHUMYM Ha MHOYKECTBE
{0,1} x {0,1}. Ilycre h(x1,...,2m), h #Z const, — npousBosbHas QYHK-
s, IPUHEMaoast j1Ba 3uadenus, 0 u 1; Torma

hat,. . m) =\ o (@)& ... &jo,, (@m)&h(o1,. .. ,0m) =

01...0m
= \/ jo-1 (1‘1)&01 ...&Oljgm(l‘m)&()lh(gl,... ,O'm).
01...0m 01
Takum obpazom, dyskiwmst h(Z1,. .., Ty) MOXKET ObITH HOIYyYEHA U3 CH-

creMbl G, ipudeM ee ciiouctocthb Hagr G He Oouibiiie 5. Tak kak G comep-
KUT Bce (DYHKIMU OJTHON ITepeMEeHHON, TPUHUMAIOIIIIE JII0ObIe Ba 3HATe-
HUsI, TO MBI MO2KEM TaK>Ke MOJIy4IuTh u3 G Bce (PyHKIUHU, IIPUHUMAIOIINE
JioObIe JIBa, 3HAYEHUsI, UCIOJIb3YsI CXEMBI CJIOUCTOCTU He boJiee 6.

2) Tlycrs u3 G mocTpoeHbl Bce (DyHKIMHU, NpUHUMArONpe He GoJiee
l — 1 zunavenuii, | — 1 < k. IlokaxkeM, 9TO TOTJIa MOYKHO HOCTPOUTH BCE
dbyukiun u3 P, npunumaroriye | 3HaYeHU.

Jlnst mapHERIero joka3aresibcTBa HeobXommma
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JIemma 14. Ecau g(z1,...,%,) — cywecmseennan GynKuuL, npuHUMa-
ouwaa ne menee [l = 3 snauenud, mo naudymces N NoOMHOACECNE
G1,...,Gp muoorcecmea Zy, maxuzx, wmo 1 <| G; |[<1—1,(i=1,...,n)
u Ha MmHodcecmee Habopos (ai,...,an), 20e a; € Gi, mo ecmv Ha
G1 X ... X Gy, dynxyus f npurnumaem | 3navenud.

HoxkaszaresbcTBo npuse/ieHo B [1| crp. 57.

Bosbmem dyukimo g(z1, ..., x,). Ha ocnoBannu jgemmbr 1 Haiigyres
n nopmuoxkects Gy, ..., G, Takux, uro | G; |[< 1 —1(i=1,...,n), u Ha
A =Gy X ... x Gy, byuknua f npuaumaet | 3adeHuit 7, N1, ..., 1

[TycTh 5TH 3HAYEHWST IPUHUMAIOTCS COOTBETCTBEHHO Ha Habopax u3 A:

a0 = (ago), aéo), .. ,a%o)),
d(l) = (agl)v agl)v v 7a1(11))7
d(l_l) = (aglil)v aglil)v v 7a7(1l_1))7

TO €CTb
£@0) = o, f(@M) = my,..., f(@01) =iy

[Tokaxkem, KakuMm obpazoM u3 GyHKIUA cucreMbl G MOXKHO TOCTPO-
UTh [POU3BOJIbHYIO (DYHKIUIO h(Z1,..., %), IPUHIMAIONLYIO 3HAUEHUS
105 My -+ 5 M—1-

B camom gnene, dyukimo h(xi,...,T,) MOXKHO 33JaTh IPHU MOMO-
mu rabaunsl 2, B KOTopoit & = (01,...,0.). Oupenennm dyHKInmn
Yi(x1,...,2m), (j =1,...,n), upuanmaroniue He Gosee | — 1 3HaueHnmii,
TakK, KaK yKa3aHO B TabJnie 3.

‘ XTlyeoos T | B(T1, ..., Tm)
‘ O1,---,0m Ni(5)
Tabnuna 2.

h(:plv' e 7$m) = f(1/11(9317- e 7$m)7' e 7¢n(‘rla s axm))v TaK Kak
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L1y---rTm wj('rla"'axm)
i(5)
J1y...,0m ai
Tabsma 3.

f(wl(glw e Om)y 777/}71(0—17 s 7am)) = f(ai(&)v s 70‘%&)) = Ni(5)s
h(o1s- - 0m) = Ni(s)-

Ecmu cinoncrocrs Beex dyHkumit ¢;(z1,...,2m),(j = 1,...,n) He
6ostbiie Ny_1, To cioucroctb yHKIuu h(xy, . . ., Ty,) He 6osbime Nj_q+1.
Nwmes Bce dyHKIMT ¢ 38 IaHHBIMY | 3HAYEHUSAME 7)g, 1)1, - - - , J]—1, MOK-

HO B ciiy4ae | < k MOJIy4uTh npu 1oMoru (GYHKIIUUA OJHON HepeMeHHO
ocTaJibHble DYHKIINK € | 3HAYCHUSIMU, IPUIEM HX CJIOUCTOCTL OyIeT He
bosbire Nj_q + 2.

IToBTOpstem 3TOT mpoliecc 10 TeX Iop, MoKa He joiaem 10 | = k, n
Torya noctpouM Bee dyukmun n3 Py, Ux ciioncrocts He 6oJbINe, YeM

Ne1+2=Npo+4d=...=Nog+2(k—2) =6+2(k—2) =2k + 4.

CrenoBaTesibHO, CJIOMCTOCTH cucteMbl G He Oosibiie 2k + 4, TO ecTh
KoHeuHa. Teopema nokasaHa.

ApTop BBIpakaeT Oj1arogapHocTb JacoBckux A. A. 3a MOCTAHOBKY 3a-
Jlavn ¥ TIOMOIIb B paboTe.
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