O cocTogHUAX KOHIEHCAIIIN aBTOMAaTHOI
MoO/eJId JIETKUX B YHCTOI cpejie

FO.T. Yepnona

B crarbe npemjioxkena aBroMaTHAsS MOJIEID MIPOIECCa CAMOOYN-
MMEeHUsT JIETKUX U IPOJIOJI?KAETCS M3y4YeHUe CBOMCTB €€ jmarpam-
Mbl Mypa. Boijesen ocobblil KJ1acC COCTOSIHMIA 3TOM JUAIPAMMBI, &
UMEHHO Te COCTOSIHHSI, KOTOPbIE MMEIOT HANOOJIbIIee YUCIIO TIPe Iiie-
CTBEHHUKOB B YHCTOU cpejie. B paboTte mpeJicTaBIeHO KPUTEPUATH-
HOE OIMMCAaHWe TaKUX COCTOSHUI, NX KOJMIECTBO, & TaKzKe HallIeHO
9UCJIO IPAMBIX TPEAITEeCTBEHHUKOB KaKJI0T0 COCTOSTHNIS KOHJIEHCa-
IN.

KuroueBbie ciioBa: aBromar, nuarpamma Mypa, siérkue, mpo-
IIeCC CAaMOOYUITIEHNSI, COCTOSTHIE KOHJICHCAIIHM.

BBenenue

B npenaraemoit pabore mpomosizkaeTcs usydenue HyHKIHOHIPOBA-
HHUsI JIETKUX YeJI0BeKa, Hadaroe B paborax [2|, [3| u [4]. B kadtecTBe ruas-
HOI (DYHKIMHU JIETKUX PACCMATPUBAETCsI CBOHCTBO UX CAMOOYMIIEHUsT KaK
OT BHYTPEHHETrO CEeKpeTa, Tak M OT HOCTYIAIONIEro N3BHE BEIECTBA B JIEr-
kue. B pabotre [2] ycranoBieHo, 9TO IPONECC CAMOOUHIIEHHST JIETKUX MO-
JKeT ObITH IIPOMOJIEINPOBAH € IOMOIILIO ABTOMATOB. 3/1€Ch MBI H3yYaeM
CBOHCTBA TaKUX aBTOMATOB.

Jlerkne o6pas3yIoT JAPEBOBH/IHYIO CTPYKTYPY OGPOHXOB, B KOTOPBIX MMe-
I0TCSI PECHIYKH, UIPAIOIINE POJIb ICKAJIATOPHOIO MEXaHN3Ma BBIBOJA KaK
BHYTPEHHErO CeKpeTa, TaK U IPUBHECEHHOIO M3BHE BEIeCTBa BO BHEII-
HIOIO Cpe/Ty. BpOHXH MMEIOT pasHble MPOIyCKHBIE CIIOCOOHOCTH U PA3HYIO
9dPEKTUBHOCTD pEeCHUUEK. UeM BBIIIE OT CaAMBIX MEJIKHX OPOHXOB, TEM
MOII[HEEe MEXaHM3M IIepe/Iadi BEIeCTBa N3HYTPH BOBHE.
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[Tpearoraraercst, 9T0 B MOMEHT ¢ PacHpejie;IeHO HEKOTOPOEe KOJIYIe-
CTBa BEIECTBa M0 PeCHUYKaM Jierkux. Torma B MomeHT t + 1 1o ompeie-
JIEHHBIM IIpaBUJIaM IIPOUCXOJUT IepeMellleHUe BEllleCTBA B JIEPKAX C IIOMO-
IIbI0 PECHUYEK 110 HAIIPABJIECHUIO K Tpaxee. DTOT HPOIECC POIOJIZKACTCS
JIO TIOJTHOT'O OCBODOXKIEHHSI JIEKUX OT 9TOI'O BEIECTBA.

Bosnukaer 3aj1aua moCTpOEHUST MOJEN JIETOYHOTO MEXaHU3Ma CAMO-
OYMIICHUS KaK B YCJIOBUAX YUCTOMN CPeJIbl, TAK U B YCJIOBUAX BO3MOXKHOI'O
3allblJICHUs JIEPKUX U3 CPe/ibl B IIPOLECCe JbIXaHUs, a TaKXKe 3a/1a49a U3y-
YeHUdA CBOUCTB 3TOU MOJEJN.

Panee aBropom ObliTa TOCTpOEHA TaKasi MOJEb IIPOIECCa CAMOOIHIIE-
HUS 3allbIJIEHHBIX JIETKUX B IPEJIIIOJI0KEHUN YUCTON CpeJIbl [3], B KOTOPO
oo GpyHKIMOHNPYyeT. Kak 0TMedeHO BBIIIe, aBTOPOM OBLIO MOKA3aHO, ITO
TakKasd MOJEJb SBJISICTCS aBTOMATHOM, W IIOTOMY Pas3Hble CBOICTBa IIPO-
1Iecca CaMOOYUIIEHNS MOTYT OBITh HCCIEIOBAHBI C IIOMOIIBIO U3y YEHUsT
COOTBETCTBYIOIIUX aBTOMATOB.

OcCHOBHOIT XapaKTepUCTUKON ABTOMATOB, KaK M3BeCTHO [1|, siBisier-
cdg ero guarpaMma Mypa, ITOCTpOeHre U U3ydeHue CBOMCTB KOTOPOi st
MOJIEe/IN JIETKUX O3HA4YaJsI0 Obl yCTAHOBJIEHHE CBOMCTB IIPOIIECCa UX CAMO-
OYUIIEHUS.

B npemtaraemoit pabore mpoBoauTCS U3ydeHHE 3TOH quarpaMmbl My-
pa. B xauecTBe XapaKTepHBIX COCTOAHUI IUarpaMMbl BEIOPDAHBI T€ COCTO-
STHUS, KOTOPbIE UMEIOT HanOOJIbIIIee YHUCIIO MPEIIeCTBEHHUKOB. Takue co-
CTOSTHUSI HA3BIBAIOTCS COCTOSHUSAMM KoHjeHcalnn. Cojuep:KaTeIbHO, 9TO
T€ COCTOSHMSA, JJIsI KOTOPBIX IIPEIbICTOPUs Haumbojee Heolpe/Ie/eHa.

OCHOBHBIMU pe3yJIbTATAMU IIPEJJIAraeMOil pabOThI SIBJISIFOTCS KPUTe-
pUaJIbHOE OIIMCAHUE TAKUX COCTOAHUN KOHAEHCAIIM, HAXOXKJIEHUE KOJIU-
4eCTBa 3TUX COCTOAHUM, & TaKzKe II0JIyYeHUe OLCHOK /JIJIs KOJINYeCTBa UX
IPeJIIIIeCTBEHHUKOB.

1. OcHOBHbIE MOHATHUS, IIOCTAHOBKA 33/1a4 U pe-
3yJIbTAThI

IIpencraBuM Jierkue MOJHBIM JAMXOTOMUYECKUM OPUEHTHPOBAHHBIM K
KOPHIO JIEPEBOM, KOTOpoe 6y/1eM Ha3bBaTh I-depesom n oboznagars D1,
CO CJIEIYIONMINMU TapaMeTPaMHU.
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[Tycts N — muHOX)KeCTBO HaTypaiabHbix dncesn u [, [ € N canraem riry-
6umHoit aroro I-gepesa. [Tosaraem, ato pe6po I-nepesa D!, uHnnmenTHoe
KOPHIO, uMeeT rryouny 1.

Kazkoe pe6po nz D~! pasmeseno ma n, n € N, paBHbIX dacTeil,
Ha3bIBAEMBIX DECHUMKAMU, N 3aHYMEPOBAHHBIX YUCJIaMU 4, & = 1,2, ..., n,
BO3PACTAOIINMI B HAIIpABJIeHNN, OOpATHOM OpHUEHTAIMN pebpa.

[punumem kaxkjomy pebdpy riybunst j, j = 1,2,...,0, nBa ducia
21=3b u 21797, e b, € N u < b, HA3BIBAEMBIX MAKCUMAALHOT HAZPY3-
K0t 1 Mepoli nepebpoca pecHUIeK pedep IIyOMHbI j COOTBETCTBEHHO.

Takoe I-nepeso D~! ¢ onmcaHHBIME BbIIIe mapaMerpaMu b,r,n u |
obozraamm D1(b, 7, n,1).

CBsiz2KeM C HEM HEKOTOPBII IIPOIECcC, KOTOPBI HA30BEM NPOUECCOM
duzarus. OH 0OYCTIOBJIEH PSIIOM JIOIYIIEHUIA.

Cunraem, aro B D~1(b,7,n, 1) 3a/aHbl pacupe/ie/ieHnst 3HAYCHHIT Ha-
IPY30K II0 BCEM PECHUYKAM, YUUTBIBAsA, UTO HAPYy3Ka MOXKET OBITh HY-
nepoit. Ilycrs V! — cymmapHas Harpyska II0 BCeM pecHUYKaM, a V —
MaKCUMaJIbHO BO3MOXKHAsI CyMMapHasi HArPy3Ka [0 BCEM PECHUYKaMm. V'
HazoBeM obsemom I-depesa (neexux), a V' — ucrodnvm obsemom 3azpy-
orcennocmu I-depesa.

I-nepeso D~1(b,r,n,1) ¢ mexomubiv obbemom 3arpyzenrocTn V/ o6o-
saaunm D~1(b,r,n,[; V).

Kazkmass pecHM4YKa OCYIIECTBIISET IIPUEM BEIEeCTBa U3BHE U 1mepedpoc
CBOell HATPY3KHU Ha CJIEJIYIONLYI0 PECHUYKY C MEHBIIIMM HOMEPOM BHYTPHU
pebpa.

IIpuem pecruuroti seuecmea, nmeroriero maccy d, d € Ng u d <
V — V', u3 BHemmeli cpeapl BHYTpH pebpa OCYIIECTBISETCS 110 CIIEYI0-
meMy HpaBuily (JJIsl 9TOr0 NPABUJIA OPHEHTAIUsT CUNTAETCsI OOPATHON K
38/IaHHON ).

A;) Ecau pecHnmuka nMeer MakCHMAJIbHYIO HATDY3KY, TO IIPUEM Be-
IIIECTBA HE OCYIIECTBJISIETCSI.

B;) [Ipu mHemakcuMaibHO# HArpy3Ke di HEpPBOil TAKOW PECHUYIKU OHA
OCYIIIECTBJISIET TIPHEM BeIeCTBa MAKCHUMAJIbHO BO3MOXKHON Macchl ds, Ta-
Koil, uro di + do < min(b,d), rae b — MakcuMaJsibHAsT HAPY3Ka 9TOi
PECHUYKH.

B;) Cuenyrommast 3a pecunukoit u3 B1) npunnmaer maccy ds, Kak u B
B1), ¢ 3amenoii Tam d Ha d — da.
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I'1) OcraBinasicst Macca BEIIECTBA OIyCKAETCsI JI0 CIIEYIONIEH PeCHIY-
KI ¢ DOJILIITUM HOMEPOM B pebpe, JJisi KOTOPOil He BBIIOJIHACTCA YCIOBUE
A1). Ona ocymiecTBisier nmpuem BerecTa 1o npasuwiy Bp) wm By).

1) Ecin pecunuka B paccMaTpuBaeMoM pebpe siBJIsieTcsl OCTIe/Held,
HEe yJIOBJIETBOPSIONIEH yCIOBHIO Aq), TO OCTABINASICS Macca BEIIeCTBa Jie-
JIATCsI TONoJIaM (ec/in Yuc/a0 HeYeTHOe, TO OJIHA U3 JacTeil Ha eJIUHUILY
GoJibIne JIPYroii); 1 Kaxk/as U3 JacTeil BeIecTBa BOCIPUHUMAECTCS COOT-
BETCTBYIONTUMH pebpaMu, KaK OIMMCAHO BBIIIE.

E;) IIporece, onucoiBaembrit nosunusivmu A )/l ), Haunnaercs ¢ peb-
pa, KOTOpOe MHIUIEHTHO KOPHIO.

Iepebpoc pecrunkoti sewecmea OCyIIECTBIISIETCS Ha, CJIEIYFOIIY IO pec-
HUYKY C MEHBIITIM HOMEPOM BHYTPH pedpa 10 TAKOMY IPABUILY.

As) Ecau cienyrorasi pecHIYKa UMeeT He HYJIEBYIO HATDY3KY, TO Tie-
pebpoc ¢ PECHUYKU HE OCYIIECTBISIETCS.

B2) Ecim narpyska pecHUYKH HE IIPEBOCXOJUT T, TJe I' — ee Mepa
nepebpoca, ¥ He BBIIOJIHEHO ycyioBre Ag), TO mepebpachlBaeTcst Ha CIIey-
IOMIYIO BCeA HAI'PDY3Ka PECHUYIKU U CIUTACTCA, 9TO €€ Harpy3Ka CTaHOBUTCHA
paBHOI HYJIIO.

Bs) Ecin Ha pecHuvke Harpyska m u m > r, TO OHa IepedpachBaeT
Ha CJIEYIONTYIO PECHUYKY HATPY3KY 7" U OCTABJISIET ¥ cebst HATPY3KY M —7.

Ecnu pecanuka B pebpe moc/ieHsIs, TO Tepebpoc HArpy3KU OCYIIECTB-
nsiercst 1o npasuitaMm Ag), Bg), Ba).

I'y) Ecim pebpo MHIMIEHTHO KOPHIO, TO Mepedpoc ¢ HAMMEHBIIE 1o
HOMEDY DPECHUYKH OCYIINECTBJISIETCSI B CpeJly 10 npaBuiaM Bg) u Ba) B
MPEJITOIOKEHN N, ITO CPeJia UTPAET POJTb PECHUYKHY C HYJIEBOH HATDY3KOI.

o) Eciin pebpo He MHIMIEHTHO KOPHIO, TO €CTh €r0 BEPIITHHA MHIH-
JIEHTHA CJIeJIyIoIeMy pebpy, TO Harpy3Ka ¢ HauMEHBIIEH 110 HOMEPY pec-
HIOYKY 3TOro pebpa mepegaeTcst HanbOJIBINeH 0 HOMEPY PECHUYKE JIpy-
roro pebpa 1o npasmiaMm Asg), Ba), Ba).

(jLH/ITa.eNI7 9TO IPOIECC JIbIXaHUA OCYIIECTBJIAECTCA B JJUCKPETHBIE MO-
MEHTBI Bpemenu ¢t = 1,2,3,...

B nepsbiit Moment I-mepeso D~ 1(b,r,n,l; V') nmeer zamannoe pac-
mpeJiesieHre HArpy30K 0 ero PECHUIKAM.

Ko BropoMy MOMEHTY OCyIIeCTBIIsieTCst TIpueM BerecTBa Maccoii d(1)
no npaswiam A1)-E;), u 3areMm ocyiiecrBisieTcss 1epebpoc HArpy30K C
PECHUYKH Ha PECHUYKY BO BCeM [-7epeBe Wi BHIOPOC B CPEIY B COOTBET-
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crBun ¢ npaBuwiaamu As), By), Bo), I'9), o). A eciu B Jjierkue mojaercst
Macca d, He TIPeBOCXOIsIIasi 00beMa, JIETKUX, TO Ta €€ 9aCTh, KOTOpasl He
ocejia Ha, PECHUYKAX, BHIOPACHIBAECTCS B CPEJLY.

Jpyrumu ciioBaMu, 3a OJIMH MOMEHT (IIIAr') IIPOUCXOJUT «BJIOX» U «Bbl-
JTOX ».

Ecmm B xaxknprit moment t = 1,2,3,... Bce pecHmukmu I[-mepeBa
D=Y(b,r,n,1; V') ocymecTBIMIOT MpHEM BelecTBa HYJEBOH MACCHI, TO
TaKoOW TIPOTECC HA3BIBACTCS MPOUECCOM CAMOOUUWEHUA ITOTO I-mepesa.
[Iporecec camoounIneHust 3aKaHINBAETCST B TAKOH MOMEHT {, B KOTOPOM
HArpy3KHN Beex pechmdek I-mepesa D~1(b,r,n,l; V') Buepsrle cramm pas-
HBIME HYJTIO.

[on pacpenenennem warpyskn V' I-nepesa D~1(b,7,n,1; V') Gyem
MOHUMATH JII000E M3 BO3MOYKHBIX PaClpee/IeHIil HArpy30K BCEX €ro pec-
HMYEeK TaKuX, 9TO CyMMAapHBIi 06beM ux Harpy3ok pasen V'. $Icno, uro
V! <V, e V. — obwem I-gepesa D=L(b,r,n,; V') u V = 2=1bnl. Ta-
K1e pacupejienenus OyJieM HasblBaTh Kon@uaypayuamu Harpyskun V' 1o
pecrnuakam I-nepesa D~1(b, 7, n,1).

Bamymepyem Bce pechmukm I-mepesa D~1(b,7,m,1) Takum obGpasom,
YTO PECHUYKA C HOMEPOM ijk siBjsgeTrcd k-oiff pecHUUIKON j-ro pebpa riry-
ouubl i, rae 1 < i< 1,1 <j <271 1 <k < n, aHymeparus pebep oHOM
rIyOUMHBL UIeT cjeBa HampaBo. Torja B KaXKIblil MOMEHT ¢ KOHUrypa-
mmo narpysku V' (t) B I-nepese DY (b, r,n,1) MoxkHO 3a1aTh HAGOPOM

q(t) = (qu11(t), qui2(t), - -, qijr(t), -, qar-1,(1))

B KOTOPOM KazKJlasl KOOp/IHATa, ¢;;; (1) PaBHA HAIDY3Ke PECHUYKHI C HOME-
pom ijk B Moment ¢, iprenm 0 < gk () < 27 n 2112111_1" qijk(t) = V'(1).
[Iycrh B mporecce camoouniennst kouduryparuu zarpysku V' (t) B
KasKJIbIii MOMEHT ¢ u3MeHstoTest 1o npasmiaM As) — /1,). Torga nporece
CAMOOYMINEHNS] MOYKHO IIPEJCTABUTH HEKOTOPBIM MHHUIUAILHBIM KOHEU-
HBIM aBTOMAaTOM 0e3 BBIXOJIa € OJHUM (PUHATBHBIM COCTOSTHHEM, 4TO Obl-
JIO CIICJIAHO aBTOPOM panee B crarhe |2|. Tam mocrpoen Takoit aBromar
U IIpejICTaB/IeHa cxeMaTndeckas guarpamma Mypa sroro asromara. Co-
CTOSIHUSIMU TIOCTPOEHHOTO aBTOMAaTa SIBJISIOTCA KOH(DUTYPAIMd HATPY3KI
V'(t) B I-nepese D~1(b,7,n,1). Takue kondburypamum Harpy3ox I-gepesa
D=Y(b,r,n,l) GyaeMm Ha3BIBATH JIa/ee COCTOSHUAME 3TOTO I-1epesa.
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O6o3nauMM MHOXKECTBO cocTognuil I-nepesa D~1(b,r,n,1) npn Bee-
BOBMOXKHBIX ero Harpyskax V'(t) uepes Q(b,n,1).
Baejiem nonsiTre cocrosunsa Konencanun s I-nepesa D~1(b, r,n, 1).
Umenno, g uz Q(b,n,l) cauraem cocmosnuem kondencayuu st I-nepesa
~1(b,r,n,1), ecitu B HEro 3a OIWH ITAr HEPEXOJUT HAMOOJILINEE HIC/IO
cocrostanii u3 Q(b,n,l), To ecTb cOCTOsIHEE ¢ UMeET HAMOOJIbIIIEE UUCIIO
[PeJIIIeCTBeHHUKOB (IIpoo6pasoB).
Hamumu  3amagamMu 6yayT BBISICHEHHE TOTO, KAaKWE COCTOSTHUST
g u3 Q(b,n,l) sBISIOTCS COCTOSHUSIMU KOHJIGHCAIMU JIIsd  [-JiepeBa
“L(b,r,n,1), HAXOMK/TEHIE X KOJTMYECTBA, a TAKYKe HAXOXKICHHE HHC-
Jla TpooOPa30B COCTOSTHUI KOHICHCAITH.
st pertiennst 3TUX 33129 BBIJIEIUM HEKOTOPBIE CBOWCTBA COCTOSTHUIA,
KOTOpBbIe Ha30BeM c¢;-ceoticmeamu mpu © = 1,2,3,4, 5.
OTMeTuM, 9TO ¢1-CBOWCTBO OY/IET OMpeIeIeHO TOIBKO TIpu b = 27, co-
U C3-CBOMCTBA — TOJIBKO TpH 7 < b < 27, a ¢4~ U C5-CBOMCTBA — TOJBKO
npu b =r.
Byzaem rosopurs, uto cocrosinue g u3 Q(b,n,l) obaagaer:

~ €1-C60TCME0M, €CIIM TPH JaHHOM ¢ BBINOJHEHO: ¢;j1 = 0, gijn
2=y g =2 tie 1 < i< 1,1 < j < 21‘*1 2<k<n—1,
upu ¢ = [ pbmosneno q;;1 = 0, gk = r, rae 1 < 2l_1 2<k<n—-2,
u b0 qi(n—1) = 7 1 0 < qyn < b — 7, mbo 1 g Qjn—1) ST —1m
Qijn = 0;

~ €2-C60TCM60M, €CIIN N — YeTHOe U IPH JAHHOM ¢ BBIIOJHEHO: Gjjp =
2=y gy = 0 Qij(Qk) = 27 m 1 < gjnsny < 20790 — 1), toe
1<i<l 1<j<2- 1<k<%;Hpni—leIHOHHeHoqul—O

qijin = 0,1 < qu(2k:+1) b TH Gk =T, 0ae 1 < j < 2l 1 kg2

— €3-C600CMGEOM, €CIIM N — HEYETHOE M NPHU JIAHHOM ¢ BBIIOJHEHO: PN
9ETHOM % Qjjp, = 2l=(+1)y 1 < < Qij(2k) S < 2- Z(b —7r)n qw(% 1) = =27 u
IIpU HEYETHOM % ;51 = 0 1 Tij(2k+1) S 2l=h Qij(2k) = o=t 1 <i < 1,

1< <271 <k <% npui =, xorga [ ueTHO, BHIIOIHEHO qun =0,
LS @jm) < b—THQZ](% =T, FIL€1<J<21 ! 1<7€<T,HPH
i = [, xorya [ meuerno, BumosHeno g1 = 0, gijo = 7, 0 < < -,

1< qjon—1) Sb—71 1 qjopy =7, mre 1 <j <2711 <k\ n,
—Cq4- CSO?:ZC'ITZGOM €CJIM N — YeTHOE U IIPU JaHHOM ¢ BBIIIOJIHEHO: Qz](nfl) =
0, gijn = 270FDb, 1 < gijon < 27 1 gyjop—1y) = 0, e 1 < i < I,
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1<j<27 1<k ”T_Z; upn ¢ = | BBIIONHEHO Gpj(n—1) = 0, qijn = 0,
1< @ijary < b1 grjor1) = 0, e 1< j <270 1<k < 252
— C5-C60UCMBOM, €CJIU N, — HEYETHOE U IIPU JAHHOM ¢ BBIIOJIHEHO: IIPU
gernoM i gijn, = 2770FDb 1 < Qij(2k—1) S 2=ib u Qijok) = 0 m 1pm
HEUEeTHOM & Gjjn = 0, 1 < gyj(2p) < 21=1p u Gijiek—1) = 0, tme 1 <4 <,
eciau [ werno n 1 < ¢ < [, ecsin [ Hederno, 1 < j < 2i_1, 1<k < "Tfl; pu
i = [, xorja | 1€THO, BBIIOIHEHO (ijn = 0, 1 < qij2r—1) < b 1 qjox) = 0,
rie 1 <j<27h 1<k <L

[Iycrs C' = {c1, 2, 3, ¢4, 5 }. Kutace Beex cocrosinmit ¢ uz Q(b,n,l) ¢
ci-coiictBoM 1pn ¢; € C' obozHaunM uYepe3 K.;, MOIIHOCTb MHOXKECTBA
K., — uepes |K,,|, a ancio npoobpa3os Kaxkaoro cocrosuusi ¢ usz K,
oGosHa1uM 1epes S, -

CupaBeyInEo CJIEAYIONIEe yTBEPKICHNE.

Teopema 1. Mrooiceemeso cocmoanuti kondencayuu I-depesa D~1(b,r,
n,l) coenadaem c:
a) K¢, ecau b > 2r;
6) K¢, npu wemnom n u ¢ K., npu newemmnom n, ecau r < b < 2r;
6) K., npu wemnom n u ¢ K., npu newemnom n, ecau b =r.

Crenyroliee yTBepXKJIeHNE JIaeT PelleHne 3a/a9i HAXO0XKJIEeHUsT KOJIU-
JecTBa BCEX COCTOSIHMI KOoHjeHcaluu I-1epeBa D_l(b, r,m,l).

Teopema 2. Cnpasedausvi caedyrousue pasencmaean:
2l—1
1) |Ke,| = 6%,
l_ L_g_ n_
2) [Kep| = ((b—r)* 712270702
—1
((b—r)Ql—l-QQZ—l—l)nT, ecau I wemno,
— n—1 n—1
(b—r)? D (ppg1)2t T G e,
I_ l_j_1\2_
4) ’KC4’ — (b2 1,921 1)2 1’
n

—1

5) ’K05’ = (b2171 ) 22l7171)7'

3) |Key| =

Caneacrsue 1. Hmeem mecmo:
1) |K.,| < 2(21'02*1)'(%*1), 2de cg = 1+ logy(b —1),

! n—1

22 2= 7= ecau | wemmo,
I—1.cp_n—1,

227 3=l ecau | nenemno,

2) |Kes| =
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2decs=n—1+(n—2)logy(b—r)+logy(b—1r+1),
3) | Ke,| < 22-ca=D(5-1)  p0e ¢y =1+ logy b,

1) |Koy| = 22-er=-25"
npu | — o0.

Tenepb paccMOTpUM 3329y HAXOXKJICHUST YHUCJIa TPOOOPA30B S K., CO-
CTOsTHUA KOHJIeHcarmu q u3 K., ms Beex ¢; € C.

n— n— 2
[Iycrs d} = log, (2 e ((1+\/5) 5_(1—v/5) 3) ),

2n73\/g
n__(1_ n\ 2
b (5 ()

dy = 7; 123 +110g2 r, djy=mn +9 1+1+710g%(3\/§ T,

/I __ on 1 __ 9n
I NI Sty B
p3:T+§'10g27’, P3s = 79 +§'10g2(3'r)a

n n 2
; [ G+vB)2—(1—V5)2
d4—log2<2 r ( 255 )):

n n 2
df = log, (6\/3.7" <(1+\/5)2+1—<1—\/5>2+1) >

23415

df = § + 5 -logy 7 + 3 - logy <(1+\/3)£;;(\1/;/3)%—3 >7

d5 = % + % -1logy (27 - 1) 4+ 2 - log, ((1+\/5)£22+—7;(\1/5\/g)ﬂ+r1 >7
ph =2+ 1 logyr + log, (uw%ﬁf;(%@@)’

Py =2+ logy(27 1) + log, <<1+¢5>"2%LT1<;5«5>"31 )

Teopema 3. Hmeem mecmo:
1) 227 g S, 522
2) 227N g S, <22
9) 92!~ -min(djp4 )+ 51 < SKC3 < 221—1,max(dg’pg)+%.l’
4) 22T S, g 22
5) 22171.min(dg,p’5)+%-l < SKC5 < 22l71'max(d’5’,p’5’)+%-l

npu | — oo.
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Caencreue 2. Hmeem mecmo logy Sk, =< 2! npu 1 — 00 das 6cex i =
1,2,3,4,5.

2. J/lokazaTesbCcTBa TeopeM
JlokarkeM psiJT BCHOMOTATEIbHBIX YTBEPIKIEHUI.

Jlemma 1. Ecau pebpa j u j + 1 ypoensa i unyudenmmnv, pebpy j' ypos-
mat—1,2de2 <i<n, 1<j< 2i_1, 1 <4 < 2i_2, mo coCcmos-
nue q I-depesa D~1(b,r,n,1), npu xomopom pacnpedeserue Hazpy3or no
mpem pecruukam ¢ womepamu ij1, i(5 + 1)1 w (i — 1)j'n maxoe, wmo
%ij1 = Gig+1)1 = 0 u qG—1)jm = 21~ umeem nauboavwee wucao npeo-
WECTNBEHHUKOB U3 BCEX COCMOAHUTE C UHDLM pacnpedeserue Hazpy3oK 1o
YKA3AHHDIM MPEM DECHUNKAM.

HokazaTeabcTBo. C 1epBBIX pecHUYEK pebep yPOBHS | Ha IMOCJIETHIOK
pecHUYKy pebpa ypoBH# ¢ — 1 MOXKET IepeaThbCsl Harpy3ka He 0oJiee
2.2~y [IpU HYJIEBOI HArpy3Ke IocjeaHeil pecHunIKN pebpa ypoBH 7 — 1,
TO eCThb C Kaxkoi pecHnuku ¢ HoMepamu 51 u i(j+ 1)1 He Gosiee, uem 1o
2=ir coorsercrBenno. ITokazkeM Temephb, ITO HAMOOJIbINEE YUCIIO BAPH-
AHTOB HAIPY30K pecHUYeK ¢ Homepamu ij1 u i(j+ 1)1 Gyzer upu yciosuu
Gij1 + Gigj41n = 27"

Hyere giji + i1 = ol=ip — g, e x = 0,1,2,...,2"%. Torya
mist mapsl (g1, qi(j+1)1) BOBMOXKHBI CJIEJIYIONINE BAPUAHTHI HATIPY3O0K:
(0,27 — ), (1,2 —2 — 1), (2,25 —2—2), ..., (2" r —2 —1,1)
u (217 — ,0). Orciofa ciejyer, 9To YMCIO BAPHAHTOB PACIDEICICHIIS
Harpy3oK I10 3TUM JIByM PeCHHYKaM PaBHO 2=t — z + 1. Bamernm, 4To
pu x—0 9HCII0 BAPHAHTOB OyjieT HAHGOIBIIAM, a uMeHHo 2 + 1.

Lyere gij1 + i1 = 2=t 4 2, te = 0,1,2,...,27 . Torna
TS TapBl (qij1, Gi(j+1)1) BO3MOXKHBI CJIeJIyIONIIE BAPHAHTHI HAIDY30K:
(z,27%), (z + 1,25 — 1), (x + 2,20 —2), ..., 2 — 1,2 + 1)
u (217, ). Orciona creyer, 4To YNCIO BAPHAHTOB PACIPEICICHIs Ha-
I'PY30K IO STHM J[ByM PECHIYKAM paBHO Takxke 2! ~'r — x4+ 1 u mpn x=0
YUCJIO BAPDUAHTOB OyIeT HAMOOIBITNM, 8 UMEHHO 2l=ip 4 1.

CrnemoBaTenbHO, COCTOSHUE, TIPU KOTOPOM PACIPEIEICHIE HATPY30K
1o TpeMm pecHmukam ¢ Homepamu ij1, i(j + 1)1 u (i — 1)j'n Takoe, uro
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%ij1 = Gi+n1 = 0 | q—1)jrm = 2l=ir Gymer mMeTh HAMGOIIBIIEE HHCIIO
MIPEINIECTBEHHNKOB U3 BCEX COCTOSHUM, MMEIOIINX WHOE paclipejiesieHne
Harpy30K II0 YKa3aHHBIM TPEeM pecHHYIKaM. Jlemma jokazana.

Jlemma 2. Ecau b > 2r, mo mmoocecmeo cocmosnutl xondencavyuu I-de-
peea D~1(b,7,n,1) cosnadaem ¢ K., .

JokazaTtenabcrso. Ilycrs [-nepeso D~ 1(b,r,n,l) B MomentT ¢, Tie ¢t =
1,2,3,..., Haxomurcs B cocTosiunu Koujencanun ¢(t) uz Q(b,n,l). Pac-
CMOTPHUM, KaK OHO yCTPOEHO.

Eciu n < 5, To iepebopoM BapuaHTOB PACIIPEJIETICHIS HATPY30K 110
pecrnmakam I-gepesa D~1(b, 7, n,1) MOXKHO y6eUTHCS, ITO B 9TOM CITydae
MHOKECTBO COCTOSIHUN KOHJIEHCAIMH COBIIAJIAIOT ¢ KJjlaccoM K, .

[Iycts n > 5. 3aMerum, 9TO, €CJIA JBE COCETHUE PECHUUKU OJTHOTO
pebpa B MOMEHT ¢ IMEIOT HArPy3KH, PABHBIE UX Mepe repebpoca, TO TaKoe
pacripe/ieyiecHie HArpy30K 10 9TUM JIBYM DECHHYKAM HMeeT HambOoJIbIlee
IHCJI0 TPEINeCTBeHHNKOB. Paccmorpum B I-1epese D’l(b7 r,n,l) deTbipe
MOJIPSLT, UIYIIAX PECHUYKN pebpa j ypPOBHS i, UMEIONne B pedpe mopsi/i-
koBble HOMepa k, k — 1, k—2u k-3, e 1 < j <271 1<i<lu
4 < k < n, 3arpyKeHnsle TaknM obpasoM, 4To 0 < gjk(t) < 2= (b — ),
ijh—1) () = 2777, Qij(r—ny(t) = 27" 1 0 < gijp—3) (1) < 277D

YuurniBasg mpaBuia Iiepedpoca BemecTBa pecHUYIKaMmu [-mgepesa
D=Y(b,r,n,1), 3aMeTiM, 9TO yKa3aHHOE PACIIpeIe/eHue HArPY30K MO Pec-
HudKaM ¢ HoMmepamu ijk, ij(k—1), ij(k—2) n ij(k—3) MOXKeT BO3HUKHY T
B MOMEHT BpeMmeHn ¢, rie t = 1,2,3,..., TOJIbKO U TOJBKO B TOM CJIydae,
KOTJIa B MOMEHT BpeMeHu ¢t — 1 uMeeT MeCTO OJHO U3 CJIEAYIONINX Pacipe-
JIeJIEHUl HAPY30K 110 HUM:

1) qijr(t=1) = qijr(t)+2" 7", qijp—1) (1) = 0, g (t—-1) =2"""r

nog ( 1 Qij(k— 3)() ) .
i3 (k=3) Qij(k— 3)(t)+2l tr, ecim Qij(k— d)(t) <2l_1(b_r) ’

) =
2) qije(t —1) = qijr(t), Gjge—1y(t—1)=2-2"""r, gt —1) =0
Tij(k—3) (1),
t—1 ! _ ; .

1 ij(k=3) ( ) { Qij(k—3) (t)+21"r, ecom qij(k—3) (t) < QIil(b )

Ecmm g;5,—3)(t) = 2!~y 1o monommmUTE O K 1) U 2) BOSHMKAIOT erme
JIBa, BO3MOXKHBIX BapHaHTa PACIPEJEJIeHNs] HAIPY30K 10 3TUM YeThIPEM
peCHIYKaM B MOMEHT BpemeHn ¢ — 1:
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3) Gijr(t—1) = qijr(t), Gjoe—1)(t—1) =2"7"r, o) (t—1) = 2217y
n Gije-3)(t —1) = 0;
4) qie(t — 1) = qije(t) + 277, qijge—1)(t —1) =0, qijp—n)(t —1) =

2270w qims)(t —1) = 0.

Ecmn q;x(t) = 277 u upu srom 0 < Gijs1y (1) < 21=i(b — r) wm
0 < qiji(t) < 21~y 1 pu sTOM Qij(k+1)(t) = 0, TO oTONTHUTEBHO K 1) 7
2) BOBHUKAIOT €II€e JIBa BO3MOXKHBIX BAPUAHTA PACIIPEJIE/IEHUsT HAIPY30K

II0 9TUM YeThIPEM PECHIYKAM B MOMEHT BpeMeHH ¢ — 1 (IpraeM OTJIMIHBIX
or 3) u 4)):

ij t),
5) qijr1)(t—1) = {Z;Eii;it;?”r s Qije(t=1) =0, gij—1)(t—1) =

. . i (e t),
270, i (= 1) =27 w0 gyt —1) = {Z;E’;_iiitiww

17 t )
6) qijr1)(t—1) = {Z;Ei:git;_’_yir s Qije(t—=1) =0, gj—1)(t—1) =

Qij(k—3) (O)+21 70"

Ciie10BaTEIbHO, ITOOBI YHUCJIO TPEJIIIECTBEHHUKOB JIJIsI COCTOSIHUSI,
UMEIOIIEro YKa3aHHOe PacIpe/lesieHie HAIPY30K 10 Y€ThIPEM PECHUIKAM
¢ vomepamu ijk, ij(k — 1), ij(k —2) u ij(k — 3), 6bLUI0 MAKCHMAJIBLHO
BO3MOYKHBIM HEOOXOJIMMO, YTOOBI qij(k,g)(t) = 27 u upu srom GO
Gijk(t) = 27" w0 0 < gy (t) < 279(b =), mbo 0 < gij(t) < 2'7'r u
ij(k+1)(t) = 0.

aJiee ipuMeHsieM OIMCAHHOE BBIIIE PACCyKJIEHIE K PECHIYKAM C HO-
wepantn i (k +1), ijk, ij(k — 1), ij(k —2) wij(k — 1), ij(k —2), ij(k — 3),
ij(k—4), 3arem — ¢ Homepamu ij(k+2), ij(k+1), ijk, ij(k—1) nij(k—2),
ij(k —3), ij(k —4), ij(k — 5) u Tak majee, M0Ka He JOiIEM JI0 PECHUYEK
¢ momepamu 52 u ij(n — 1) pebpa j yposns i I-nepesa D=1 (b, r,n,1).

3amMernM, 9TO pecHHIKa ¢ HoMepoM 111 mmeeT 0cobyI0 CHTyAIHio.
Omna JI0/DKHA UMeTh HyJIEBYIO HAIPY3KY, YTOOBI YUCJIO HPE/IIeCTBEHHU-
KOB OIMCAHHOTO COCTOsIHUSI PeOpa IePBOro YPOBHS OBLIO HAUOOJIBIITAM.
JeficTBUTE/IbHO, TAK KAK B KAXKJIblii MOMEHT BPEMEHU DECHUYKA C HOME-
pom 111 MmoxkeT BBIOpaChIBATH B Cpejly HArpy3Ky He OoJiee 2=1r 10 B
YKa3aHHOE COCTOSIHUE TOr0 pebpa mepeiiier Jiroboe CoCTOsTHUE, TIPU KO-
topom 6o 1 < qi11(t) < 271, 6o 0 < q11(t) < 287 'r, a ocrabubre

2277, gyt =1) =0 1 gygz)(t —1) = {qij(kg)(t)’
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PECHUYKH MMEIOT TaKKe Ke HATPY3KHU, TIPU KOTOPBIX 9TO COCTOSTHUE B CJIe-
JIYIOIIUIT MOMEHT BPEMEHU IE€PEiiIeT B ONMMCAHHOE COCTOSIHIE STOTO pedpa.

Takum 06pa3oM MOKA3aIU, ITO U3 BCEBO3MOXKHBIX PACIIPEIETCHUIN
HArpy30K 10 PeCHUYKaM pebpa YPOBHsS ¢ pacupejesieHne, Ipu KOTOPOM
qijn(t) = 27 e 1 < i <1,1<j <27, 2< k< n—2wumbo
Gijin—1)(t) =27 1 1 < qijn(t) < 277 (b—r), o 1 < i (n— y(t) <270
1 gijn(t) =0, ampui=1¢q(t) =0uqi(t) = 2= e 1 < k < n,
uMeeT HanbOJIbITIee YUCIO MPEIIeCTBEHHIKOB.

PaccmorpuMm Temepb cuTyannio Ha «CTBIKaX», TO €CTb Te JiBa pedpa
BXOJIAT B OJTHO.

ITycts pebpa j u 5 + 1 ypOBHH i MHIIEJICHTHLI pebpy j' yposHs i — 1,
me2<i<n, 1<j<271<j <272

[To smemme 1 mpum pacupefeieHHn HArPY30K O TPEM PECHUYKAM
Ha YKa3aHHOM <«CTBIKe», MpH KOTopoM @ij1(t) = ¢ijr1i(t) = 0 m
q(i—1)jn(t) = 2l=ir Gyer mMeTh HAMGOIIBIIIEE THCIIO IPE/IITECTBEHHIKOB.

Taxnm obpasom, cocrostaue q(t) us Q(b,n, 1), Takoe 1ro gij1(t ) =0,
qi]n()_Ql(H_l)T‘qk()_QZZT’I‘,ZLe]_<Z<l1<] 20712 <

k < n—1; npu i = [ Bemosneno q;1(t) = 0, q;x(t) = r, tae 1 < j <
2712 < k< n— 21/1m/16oqunl(t):r1/10 ql]n()éb—r,
mbo 1 < qjpn—1)(t) < 7 — 11 qyn(t) = 0, umeer manbobiee TUCIO
IIPe/IIIIeCTBEHHUKOB.

CremoBarenbHO, ecyi b > 21, TO BCe COCTOSTHUST KOHIEH AN 001,18~
IOT ¢1-CBOMCTBOM. 3HAYMT, MHOXKECTBO COCTOSIHUIT KOHteHcaimu I-aepesa
_1(b, r,m,1) B9TOM ciIydae coBmaaer ¢ kiaccom K., . Jlemma nokazana.

Jlemma 3. Ecau r < b < 2r, mo MHodHCeCmMB0 COCMOAHUL KOHOEHCAUUU
I-depesa D~Y(b,r,n,l) cosnadaem ¢ K., npu wemmnom n u ¢ K., npu
HEUETNHOM .

JokazaTenncrso. Ilycrs [-nepeso D~1(b,r,n,l) B MoMent ¢, Tie ¢t =
1,2,3,..., HaxomuTcs B cocTosiunu Koujencanun ¢(t) uz Q(b,n,l). Pac-
CMOTPHUM, KaK OHO yCTPOEHO.

3ameTnM, 9TO TaK Kak 1 < b < 2r, TO BCs HEHyJieBas Harpy3Ka pec-
HUYKH ¢ HOMEpPOM k pebpa ypoBHs ¢ He DoJiee, UeM 3a JIBa IIpUEMa [epe-
OpachIBaeTCs Ha COCEIHIOI0 BBIIIEJIEXKAIIYI0 PECHUUYKY ¢ HOMepoM k — 1:
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— Jinbo 1IepebPaChIBACTCST BCS HEHYJIEBas HATPY3Ka PECHUUYKU C HOME-
poM k, eci oHa He mpeBocxoauT 28 i, Ipn HYJIEBOI HAPY3Ke PECHIYKM
¢ HOMepoM k — 1;

— 6o cHAYATTA HepebpachiBaeTcs Harpyska 2/ Ha PECHHUKY ¢ HO-
MepoM k — 1, ecsin nocsie/iHsIS UMeeT HYJIEBYIO HArpy3Ky, a 3aTeM, KOIJia
oHa, 0cBODO/IUTCS, MepebpachiBacTCsd Ha Hee OCTABIIAsCS HArpy3Ka pec-
HUYKH C HOMEPOM k, He IIPEeBOCXOISIIAs ZI*i(b —r).

Orcrosa ciiefiyer, 9To0 pacCMaTPUBATh KaK BO3MOXKHBINA BApUaHT JIJIsT
COCTOSTHIST KOHJIEHCAIIUN HAIPY3KYy PECHUYKH OOJIBIIYIO, 9eM ee Mepa IIe-
pebpoca He MMeeT CMBIC/IA, TAK KAK B 9TOM CjIydae IOI00HAs HAarpy3Ka
9TOI PECHUYKN MOTJIa BO3HUKHYTH TOJHKO M3HAYAJIHHO, TO €CTh B COCTO-
SHUU, KOTOPOE MMEJJIO0 MECTO B HYJIEBOMI MOMEHT BpPEMEHM.

3amMernM, 9TO pecHHIKa ¢ HoMepoM 111 mmeeT 0coOYI0 CHTYAIHIO.
Ona [o/KHA UMETh HyJIEBYIO HArpy3Ky, 9TOOBI UMC/IO IIPEIIIeCTBEHHH-
KOB OITMCAHHOTO COCTOSHUsI pedpa IEepPBOro YPOBHA OBLIO HAMOOIBIIIIM.
JleiicTBUTENIBHO, TaK KaK B KaXKJIbli MOMEHT BPEMEHU PECHUYKA C HOME-
pom 111 MokeT BBIGpACHIBATL B Cpejy Harpysky me Gosee 2!7'r. 1o B
YKa3aHHOE COCTOsIHHE 3TOro pebpa rmepeitjer jrboe COCTOSIHUE, TP KO-
topom 6o 1 < qi11(t) < 271, 6o 0 < q11(t) < 2877, a ocrambubre
PECHUIKH UMEIOT TaKWe »Ke HAIPY3KH, IPU KOTOPBIX 3TO COCTOSTHUE B CJIe-
VIO MOMEHT BPEMEHHU IIePeiIeT B OIIMCAHHOE COCTOSIHIE 9TOr0 pebpa.

3aMeTnM, YTO HArpy3Ka BTOPON PECHUYKH pebpa MepBOro YpPOBHS
B cocTosanmu ¢(t) momxna 6brTh 2'7lr) 4TOGH WMC/IO TIpeIIeCTBeH Y-
KOB ObL10 HanbosbIuM. JleiicTBUTE/IbHO, €CJIM B MOMEHT BPEMEHHU ¢, TJIe
t = 1,2,3,..., Harpy3ka pecHHWYKH c HOMepoMm 112 paBHa 21y 1o
B MOMEHT BpeMeHH ¢t — 1 BO3MOXKHO OJHO U3 CJIEIYIONINX pacIpesesie-
HUIl HATPY30K 110 pecHUYKaM ¢ HoMepamu 112 m 113: gi12(t — 1) = 0,
quz(t —1) =271 + qu13(t), e qui3(t) = 0,1,2,...,271(b— 7). To ects
B aToM ciryuae nmeem 2071 (b — ) + 1 npemmectsenHnkos. Ecim ske B Mo-
MEHT BpeMeHHU , Harpy3Ka pecHu4IKu ¢ HomepoM 112 6bui1a ObI paBHA 112,
e 0 < qr12 < 2l_1r, TO B MOMEHT BpeMeHHU ¢ — 1 BO3MOXKHO OBLIO OBI
TOJIBKO OJTHO pachpejieJieHne HArpy30K 0 pecHHYKaM ¢ HoMmepamu 112
u 113 — qi12(t — 1) = 0, g113(t — 1) = q112(t). CienoBarenbHO, ITOOBI
q(t) GBLIO COCTOSTHMEM KOHJIEHCAIUH HEOOXOMMO, YTOObI BBIIOJIHAIOCH
qllg(t) = 2l=1p,
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Paccmorpum pecrumdku pebpa mepBoro ypoBHst ¢ HoMepamu 112 113,
114 u 115 (juist yobeTBa JOKA3aTeIbCTBA CUUTAEM, YTO KOJMIECTBO Pec-
HUYEK B KaxKIoM pebpe I-jiepeBa Govibiiie 5, B IPOTUBHOM CJIydae MOXKHO
yOeIuThCA B CHPABEJIMBOCTH yTBEPXKICHUS 11epedOPOM BAPUAHTOB Ha-
rpy3ku 1o pecandkam I-gepesa). [Tokazkem, uro eciu B cocrosituu ¢(t),
rne t = 1,2,3,..., UMeeT MeCcTO paclipejie/ieHre HAarpy30K IO 9TUM dYe-
THIPEM PecHHYKaM Takoe, uto qi12(t) = 287 e, 1 < quu3(t) < 2871 — 1),
quua(t) = 27 w1 < quis(t) < 271 (b — r), 1o cocrosmue q(t) nmeer
HaMOOJIbINIEE YUCJIO TIPEJIIECTBEHHUKOB. JleficTBUTE/IBHO, YKA3aHHOE PAC-
npejiesieHre HArpy30K I0 pecHWYKaM ¢ Homepamm 112, 113, 114 u 115
MOXKeT BO3HUKHYTL B MOMEHT BPEMEHM t TOJIBLKO U TOJIBKO B TOM CJIydae,
KOTJIa B MOMEHT BpeMeHU ¢ — 1 MMeeT MeCTO OJTHO U3 CJIEIYIONINX YeThIpex
pacipe/esieHuil Harpy30K 110 HUM:

1) quz(t—1) =0, quz(t — 1) =217 + qui3(t), qrua(t —1) =2""r m
qus(t —1) = qu5(1);

2) quz(t —1) = 0, qus(t — 1) = 2""'r + qui3(t), qua(t —1) = 0 m
qus(t —1) =271 4+ qu15(2);

3) qua(t—1) =271, quis(t — 1) = quis(t), qua(t —1) = 0 m quis(t —
1) =21 + quis(t);

4) qua(t — 1) = 271, qus(t — 1) = qus(t), qua(t —1) = 27 n
qus(t —1) = qui5(1).

Ecnu xe B MOMEHT BpeMeHU t HAIPpY3KHM pecHUYEK ¢ HoMepamu 114
u 115 B pebpe mepBoro ypoBHst umetoT Harpy3ku q14(t) = 0 u q115(t) <
2/=1y cooTBeTCTBEHHO, TO B MOMEHT BpeMeHH t — 1 MOYKeT MMeTh MecTo

O/THO U3 CJICAYIOIIUX TPEX paCHpe,Z[eJIeHI/Iﬁ Harpy3soK II0 peCHU4YKaM C HO-
Mepamu 112, 113, 114 u 115:

U) qua(t —1) =0, gus(t — 1) = 2" + qu13(t), qrua(t — 1) =0 m
qu15(t — 1) = 0;

2) qua(t—1) =271, quis(t—1) = 0, quia(t — 1) = qu13(t) m quis(t —
1) = qui5(t);

3) qua(t—1) =271 quig(t—1) = quis(t), quua(t—1) = 0 m qu15(t —
1) = 0.

Ecin »xe B MOMEHT BpemeHu t Harpy3Kd pecHHYeK ¢ Homepamu 114
u 115 B pebpe nepsoro yposHsi umerorT Harpysku 0 < qi4(t) < 2l=1y
u q15(t) < 271r coorsercrBenno, TO B MOMeHT Bpemenu t — 1 MoxKeT
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MMETh MECTO OJIHO U3 CJIEJIYIONUX YeThIPeX Paclpe/eJieHuil Harpy30K 1Mo
pecamyukam ¢ HoMepamu 112, 113, 114 u 115:

1) qua(t —1) = 0, qua(t — 1) = 27 'r + quia(t), quua(t — 1) = quua(t)
u quis(t — 1) = quis(2);

2") qua(t —1) = 0, qus(t — 1) = 2" + qus(t), qua(t —1) =0 m
qus(t — 1) = quua(l);

3") qua(t —1) = 271, qus(t — 1) = qus(t), qua(t —1) = 0 n
qus(t — 1) = quua(t);

4") quia(t — 1) =
qus(t — 1) = qui5(1).

Ho szamernum, uro B ciayudaax 2”) u 3”) B moment ¢ mmeer mecro
q115(t) = 0. Ho Torma, ecom g115(t) = 0, He BbmosHsoTest caydan 17)
u 4”) npu HenysneBoil HarpysKe pecHuUKH ¢ HoMepoM 116. OTmernm, uTo

27 quis(t — 1) = quis(t), qrua(t — 1) = qu1a(t) m

eCcJI peCHUYKa ¢ HoMepoM 116 mmeeT HyJIeBYIO HATPY3KY, TO B 9TOM CJIY-
Jae BO3MOXKHO BbINOJIHEHHE Beex derbipex ciaydaes 17), 27), 3") u 47),
HO TOTJIa YUCJIO IPEJIIECTBEHHUKOB Y TAKOr'O COCTOsIHUSI He OyJjieT Hau-
GOJIBIMM, TAK KaK HEHyJleBas HArpy3Ka PeCHHYKH ¢ HomepoM 115 (He
PEBOCXOJIAIIEH ee Mepbl mepebpoca) Moryia Obl BOSHUKHYTh 3a CUET TIepe-
bpoca 3Toit HArpy3Ku ¢ pecHnuku ¢ HoMepoMm 116. CireoBaresibHO, OO
soinosHstiorcst caydan 2”) u 3"), mbo caygan 1) u 47).

Jlajiee IpuMeHsieM OIMCAHHOE PACCYXKJICHNE K PECHUYIKAM ¢ HOMEpa-
vu 114, 115, 116 u 117 u Tak majiee, IpUMEHSISI OITUCAHHBIE PACCYKJICHUS
K pecHHYKaM Kaskoro pebpa I-mepesa D~1(b,7,n,1), Ho ¢ cooTBeTcTBYy-
IOIIMY 9TOMY PeOpy mapaMeTpaMi.

PacemoTpum Temeph CUTYAIIoO HA «CTBIKAX». 371eCh BO3MOYKHBI JIBA
caydasi, B 3aBUCUMOCTH OT YETHOCTH WJIM HEYETHOCTH UUCJIA PECHUYEK 7
B KazKJIOM pebpe.

ITycrb n — 4erHoe u pebpa j u j + 1 ypoBHs ¢ UHIE/IeHTHLI pebpy 5’
ypoBusg i — 1, e 2<i<n, 1 <j <27 1<j <272

ITo stemme 1 1ipu pacrpejiesieHuE HAIPY30K 110 YKA3aHHBIM TPEM PEc-
HEYKaM, TIPH KOTOPOM ¢1(t) = ¢i(j+1)1(t) = 0 1 q_1);m(t) = 2=ty
OyaeT UMeTh HAnbOJIbIIIee YUC/IO IIPEJIINEeCTBEHHUKOB.

CirenoBaTebHO, HAMOOJIbINIEE YUCJIO BAPUAHTOB PACIPE/ICIEHUS Ha-
IPY3KU 110 pecHMukaM ¢ HOoMepamu ij1 m i(j + 1)1 6ymer upum ycio-
B qij1(t) + Gigj1)1(t) = 2=y, Buaunt, 9TOGBI YMCIO HPEJIIECTBEH-
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HUKOB OBbLIO MAKCUMAJIHHO BO3MOYKHBIM JIOJIZKHO BBIIOJHATBCS YCIOBUE
q(i—1)jm(t) = 270,

BameruMm, 4YTO B C/Iydae, KOLJA 7 YETHO, BCE HUMKHHE PECHUIKU
I-nepesa D~Y(b,r,n,1) ¢ momepamu ljn, rue j = 1,2,...,2"7 1, gomxmbr
UMETh HyJIEBble HAIPY3KH, 9TOOBI MOI' UMETh MECTO CJIydail mepebpoca
BCell HArpy3KW JIJIsl HUXKHUX PeCHUYEK pebep ypoBHS [.

Takum obpasom, cocrosuue ¢(t) mz Q(b,n,l), Takoe uT0 G4jn(t) =
2=y g1 (t) = 0, Gijr) () = 27 1 1 < qjonpn)(t) < 27740 — ),
e 1 <71 <1I,1< j<2’1lgkgnT_Q;anilebmonHeHo
q11(t) = 0, quin(t) = 2721, 1 < quing)(t) < 2710 — 1) 1w quion (t) =
271 tne 1 < k < 252; npu i = | semonneno q;1(t) = 0, qiyn(t) =
1< qrjeansny(t) <b—7u qjony(t) = r, e 1 <j <271 1<k < 253,
uMeeT HauOOJIbINee YUC/I0 TPEINEeCTBEHHUKOB.

CuefioBareibio, ecin 7 < b < 2r m n 9YeTHO, TO BCE COCTOSIHUSA
KOHJICHCAIIUA 00JIaJIAI0T Co-CBOMCTBOM. 3HAYNAT, MHOXKECTBO COCTOSHUIA
konencanun I-gepesa D~Y(b,7,m,l) B 3TOM cilydae coBmaaeT c KJac-
com K,.

IIycts n — HevyeTHOe U pebpa j u j + 1 ypOBHS § UHIIEJIEHTHBI PEOPY
' ypoBus i — 1, e 2<i<n, 1 <j <27 1<y <2072
31ech BO3MOXKHbBI JIBa pPoda «CTBIKOB».

a) [IBa pebpa uerHOro ypoBHs i, rje i = 2,4,6,...,1, ecau | 4eTHO n
1 =2,4,6,...,l — 1, ecoiu | HeUETHO, BXOJAT B peOPO HEUETHOIO YPOBHSI
1—1;

6) IBa pebpa mevernoro yposus i, rue ¢/ = 3,5,7,...,1 — 1, ecsn [
yernon i’ = 3,5,7,...,1, eciu [ HeYeTHO, BXOAAT B peOPO 9€THOTO YPOBHSI
i’ —1.

B cayuae a) gBa pebpa ypoBHsI i MOYKHO DACCMATPHBATh KaK IIPO-
noskeHne pebpa ypoBHS ¢ — 1 U IPUMEHATH K PECHUYKAM HA <«CTBIKE»
9TUX pebep BBIIEONUCAHHOE PACCYK/ICHNE (TaK KaK He OCYIIECTBIISIeTCS
1epedpoc ¢ NEPBBIX PECHUYEK pebep YPOBHS ¢ Ha IIOCJIEJIHIOI0 PECHUY-
Ky pebpa yposHsi ¢ — 1). Torma umcsio mpe/inecTBeHHUKOB OyeT Hau-
OOJIBIIINM TIPHU CJIELYIOIIEM PACIPEIe/IEHAE HAIPY30K 10 9TUM PDECHUIKAM:
Gij1(t) = Gigrn(t) = 277 1< goyjm () <250V (0 7).

B caiyuae 6) curyarus Ha «CTBIKAX» aHAJIOTHMYHA CUTYAIUU HA «CThI-
Kax» B CJIydae 9YeTHOro m, paccMorpenHoro Beime. To ects, eciu ¢(t)
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ABJIAETCA COCTOSHIEM Komjencarmn jis I-nepesa D~1(b, v, n,1), To pac-
IpeJieieHne HArpy30K 10 TpeM pecHmdkam ¢ Homepamu 451, /(5 + 1)1
u (i — 1)j'n pomxno 6bTh TakuM — gyji(t) = Gy (t) = 0 m
qir—1)jm(t) = 2=y

3aMeTuM, UTO B ClIydae, KOTJAA [ 9UETHO, BCE HIKHUE PECHUIKN
I-nepesa D~Y(b,r,n,1) ¢ momepamu ljn, rue j = 1,2,...,2"7 1, gomxmbr
UMETDh HYJEBbIE HATPY3KH, ITOOBI MOT MMETb MECTO Caydail mepebpoca
BCeil HArpy3KU JIIsT HUPKHAX PEeCHUYeK pebep ypoeHs [. A B ciiydae, KOraa
| mewerno, Bce mizKHue pecunaku I-nepesa DL (b, r, n, 1) ¢ nomepamu [jn,
re 7 = 1,2,... 21 MOT'YT MMETh ellle U HyJeBble Harpy3KH, TO €CTh
Qin(t) =0,1,2,...,(b—1).

Takum obpazoM, HAMOOIbIIEE YUCIO IPEIIIECTBEHHUKOB HMEET CO-
crosmme q(t) us Q(b,n, 1), Takoe uTo: mpH YeTHOM i gijn(t) = 2/~ (D,
L < gijer)(t) < 2= (b —7) mn Qij2k—1)(t) = 2'=% u 1mpn HeueTHOM i
gij1(t) = 0, 1 < gijeriny(t) < 27 m gy (t) = 27, 1 <0 < |,
1< <271 <k < ”Tfl; npu ¢ = [, Korjga | 9eTHO, BBIIOJTHEHO

) =0, 1< qgjcam(t) <b*TH(Ilj(2k—1)()_2l e 1< j <27
1 <k < ”Tl, npu i = [, korja | HedeTHO, BBINOIHEHO qrj1(t) = O,
@j2(t) = 7,0 < qjn(t) <b—=7,1 < grjan—1)(t) < b—7 1 qj(or)(t) = 27"r,
me 1 <j<27, 1<k< 1.

CrnemoBaTenpHo, ecan r < b < 2r u n HEYETHO, BCE COCTOSTHUS KOH-
JleHcaIm 00JIaIaloT ¢3-CBOMCTBOM. 3HAYUNT, MHOYKECTBO COCTOSTHUN KOH-
nencaruu I-nepesa D~1(b,7,m,1l) B 9TOM cilydae COBIAJAET C KIACCOM
K.,. Jlemma noxasana.

/\

Jlemma 4. Ecau b = r, mo mmoocecmeo cocmosnuti xondencayuu I-de-
pesa D7L(b,7,n,1) cosnadaem ¢ K., npu wemmnom n u ¢ K., npu nevem-
HOM T0.

JokazaTenncrso. Ilycrs [-nepeso D~ 1(b,r,n,l) B MomentT ¢, Tie ¢t =
1,2,3,..., Haxomurcs B cocrosiunn Koujencanun ¢(t) uz Q(b,n,l). Pac-
CMOTPHM, KaK OHO yCTPOEHO.

3aMeTnuM, 9TO TaK KakK b = 7, TO BCA HEHyJIeBas Harpy3Ka PeCHUYKH
3a OJIMH IAr nepedpachblBaeTCsl Ha COCEIHIO BBIMIEIEXKAILYI0 PECHUUKY,
€CJIN TIOCJIeTHSISI IMEET HYJIEBYIO HATPY3KY.

3amMernM, 9TO pecHHIKa ¢ HoMepoM 111 mmeeT 0cobyI CHTYAIHio.
Ona [o/KHA UMETh HYJIEBYIO HArPy3Ky, YTOOBI UMC/IO IIPEIIIeCTBEHHH-
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KOB OIMUCAHHOTO COCTOsTHUsI pebpa MEePBOro YpPOBHST OBIIO HAHMOOJIBITIM.
JleficTBUTENIBHO, TAK KAK B KaXKJIBIi MOMEHT BPEMEHU PECHUIKA C HOME-
pom 111 MoxkeT BBIOpaChIBATH B Cpejly HArpy3Ky He OoJiee 2i=1r 10 B
yKa3aHHOEe COCTOSTHUE 9TOTO pebpa mepeiieT Joboe COCTOSHUe, MPU KO-
topom 6o 1 < qi11(t) < 271, 6o 0 < q11(t) < 287 'r, a ocrambubre
PECHUIKH UMEIOT TaKWe YKe HAIPY3KH, IPU KOTOPBIX 3TO COCTOSTHUE B CJle-
JIYIOTIUH MOMEHT BPEMEHU TIePeRJIeT B OMUCAHHOE COCTOSTHUE 9TOTO pebpa.

Paccmorpum pecHIYIKE pebpa EPBOTO YPOBHSI ¢ TAKUMHU Y€THBIMU HO-
mepamu 11k, aro k = 2,4,6,... ,n—2upu vernomnu k = 2,4,6,...,n—1
[IpU HEYIETHOM 7.

[Tycrs n — wernoe. Torga, aTobel cocrosinue ¢(t) nmeso HanbosbIIee
YUCJIO TIPEJIIIIECTBEHHNKOB HEOOXOMMO, YTOOBI PECHUYIKHU C Y€THBIMU HO-
mepamu 11k, time k = 2,4,6,...,n — 2, pebpa 1epBOro ypoBHsS HUMEJN
Harpysky qiix(t) Taxyo, uro 1 < quix(t) < 2710 s xasgoro k, a
PECHUYKH TOTO ke pebpa ¢ HEYeTHBLIME HOMEpPAMU — HYJIEBYIO HATPY3KY.
JeficrBuTenbHo, eciim B MOMeHT ¢, Tie t = 1,2,3,..., peCHUYKA C U€T-
HbiM HOMepoMm 11k, tnme k = 2,4,6,...,n — 2, B pebpe mepBOro ypOBHS
UMeeT HEHYJIeBYIO Harpy3Ky q11x(t), & pecHHUKa ¢ HEUYETHBIM HOMEPOM
11(k+1) — HysieByto HArpy3Ky, TO B MOMEHT BpeMeHH ¢ — 1 MOXkKeT UMeThb
MECTO OJTHO U3 CJIEIYIONUX TPEX paclpeeIeHuil Harpy30K M0 PeCHUYKaM
c momepamu 11(k — 1), 11k, 11(k+ 1) u 11(k + 2):

D) gk —1) =0, gup-n(t —1) =0u gt — 1) = que(®);

2) quk(t —1) =0, qrie—1)(t = 1) > 01 qriey1)(t — 1) = quix(?);

3) quk(t — 1) = quk(®), qu+(t —1) =0, (I11(k+2)(t —1)=0mn
q11(k—1)(t —1) > 0.

Ecmu ke B MomenT t, tie t = 1,2, 3, ..., PECHUYIKY C YeTHHIM HOMEPOM
11k u neuernbiM HoMepoM 11(k+1) B pebpe EPBOrO yPOBHSI IMEIOT HEHY-
JieBble HATPY3KH q11k(t) U q11(k41)(t) cooTBETCTBEHHO, TO B MOMEHT ¢ — 1
MOXKET UMETh MECTO OJIHO U3 CJIEJIYIOIINX JIBYX PacipeJiesIeHuil Harpy30K
1o pecunuakam ¢ nomepamu 11(k — 1), 11k, 11(k + 1) u 11(k + 2):

U) que( = 1) = que(t), que-n(t —1) > 01 quasy(t —1) =
(I11(k+1)(t);

2") que(t — 1) = qur(®), -1t —1) > 0, gyt —1) =0 m
q11(k+2) (t—1)= (I11(k+1)(t)-

Takum obpas3om, ecan XOTsi ObI OMHA PECHUYKA C HEUYETHBIM HOME-
pOM B pebpe TepBOTO YPOBHSI MIMeeT HEHYJIEBYIO HATPY3KY B MOMEHT &, TO
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cocrosinme ¢ (t) I-nepesa D~1(b,7,n,1), TP KOTOPOM HMMeET MECTO yKa-
3aHHOE PacCIpe/ie/ieHne HArPYy30K II0 PecHUYIKaM pedpa IepBOro ypoBHI,
MMeeT MEHBIIee YHCI0 MPE/IIeCTBEHHUKOB, YeM cocrosinue ¢(t) I-nepesa
D=Y(b,r,n,1), 1pu KOTOPOM pacipe ieleHne HarPy30K 110 PECHIIKaM ped-
pa IepBOro ypOBHS TAKOT'O, UYTO BCE PECHUYKHM C HEUYECTHBIMU HOMEDAMHU
UMEIOT HYJIEBbIE HAPY3KU, & C UeTHLIMU — HEHYJIEBBIE.

Jlajiee mpuMeHnsieM ONMHUCAHHOE PACCyXKJeHHe K KaxKaoMmy pebpy I-me-
pesa D~1(b,r,n,1).

Ho zamernm, uTo Bece HMKHUE PECHUYKHY [-/1€peBa ¢ YeTHBIMU HOMEPa-
Mmu ljn, tine j =1,2,... ,2l_1, JIOJKHBI UMETh HYJIEBbIE HAIPY3KH, ITOOBI
MOI' UIMeTh MeCTO CJiydaii 3) Jisi HUXKHUX PecHu4IeK pebep ypoBHs [, a,
TeM caMbIM, cocrostHue ¢(t) — HauboJIbIIee TUCIIO MPE/IIECTBEHHUKOB.

PaccmoTpuM Terepb CUTYAINI0 HA «CTHIKAX».

ITycrs pebpa j u j + 1 ypoBHs i nnneaenTHB pebpy j' ypoBHs ¢ — 1,
me2<i<n, 1<j<27 1 <5 <2072

ITo nmemme 1 cocrosinue, pu KOTOPOM pacIpejie/iIeHne HArpy30K 110
YKa3aHHBIM TPEM DeCHHYKaM Taxoro, 9To ¢ij1(t) = qj+11(t) = 0 m
q(i—1)jn(t) = 2=1h, GyneT nMeTh HaHGOJIBIIEE THCIIO PE/IITECTBEHHIKOB.

Takum obpasom, cocrosiane ¢(t) w3 Q(b,n,l), upum KoTOpOM
Gijn-1)() = 0, gijn(t) = 270FVb, 1 < gyjan) < 270 1 gjjap-1)(t) = 0,
F,ILel<i<l,1<j<2i_1,1<k‘<an;HpHi:leIHOJIHeHO
Qjm-1)(t) = 0, qjn(t) = 0, 1 < qjiam(t) < b 1 qor—1)(t) = 0, tre
1<5< 2l_1, 1<k "772, “MeeT HambOoJIbIlee YUCIO HPEeIIeCTBeHHN-
KOB.

CirenoBaTesibHO, €cjii b = 7 U M 9eTHO, TO BCE COCTOSIHUS KOHJIEHCA-
uu 00JIJIAI0T C4-CBONCTBOM. 3HAYUT, MHOYKECTBO COCTOSIHUI KOHJIEHCA-
mmn I-gepesa D=1 (b,7,n,1) B 9TOM ciiyuae coBmagaeT ¢ Kaaccom Ko, .

[Tycrs n meverno. Torma, urobbr cocrosinue ¢(t) mmesno HanbosbIee
YHUCJIO MPEJIIECTBEHHUKOB HEOOX0IMMO, YTOOBI PECHUYKH ¢ YEeTHBIMU HO-
mepamu 11k, time k = 2,4,6,...,n — 1, pebpa 1mepBoro ypoBHsS UMeJn
Harpysky qiix(t) Taxyio, aro 1 < quixp(t) < 270 s xaxmoro k, a
PECHUYKHU TOTO 2Ke pebpa ¢ HeYeTHBLIMU HOMEpaMU — HYJIEBYIO HAIDY3KY.
Heiicreurenibho, ecim B MoMeHT ¢, t = 1,2,3,..., peCHUYKA C YETHBIM
momepom 11k, k = 2,4,6,...,n—1, B pebpe 1epBoro ypoBHsi UMeeT HEeHY-
JIEBYIO HArpy3Ky q11x(t), a pecunuka ¢ HederHbIM HOMepoMm 11(k 4+ 1) —
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HYJIEBYTO HATPY3KY, TO B MOMEHT BpeMeH! t — 1 MOXKeT UMeTh MECTO OTHO
U3 CJIEJIYIOIIUX TPEX PaCIpeiesIeHN HAarpy30K 0 PECHIYKAM ¢ HOMEpaMu
11(k — 1), 11k, 11(k + 1) n 11(k +2): 1), 2) u 3).

Ecnu xe B moment ¢, £ = 1,2,3,..., PECHUYKHU C U€THBIM HOMEPOM
11k u veuernbim HoMepom 11(k+1) B pebpe mepBoOro ypoBHST IMEIOT HEHY-
JieBble HArPY3KH q11k(t) U q11(k41) () COOTBETCTBEHHO, TO B MOMeHT ¢ — 1
MOZKET MMETh MECTO OJIHO M3 CJIJYIONIUX JIBYX PACIpEJIeCHI HArPY30K
1o pecanvkam ¢ Homepamu 11(k — 1), 11k, 11(k+1) u 11(k+2): 1') n
2').

Takum obpas3om, ecan XOTst ObI OHA PECHUYKA C HEUYETHBIM HOME-
pPOM B pebpe TepBOTO YPOBHSI MIMeeT HEHYJIEBYIO HATPY3KY B MOMEHT &, TO
cocrosiame ¢ (t) I-nepesa D~1(b,7,n,[), TP KOTOPOM HMMeET MeCTO yKa-
3aHHOE pacIpejie/ieHre HArPY30K M0 PECHUYKaM pebpa TMepBOTO ypPOBHS,
MMeeT MEeHBbIIIee YNCJIO [IPEeJIIeCTBEHHUKOB, yeM cocrosiaue ¢(t) I-mepesa
D=Y(b,r,n,l), 1pu KOTOPOM pacHpe/ieieHne HarPy30K I10 PECHIYKaM peo-
pa MepBOro yPOBHS TAKOI'O, 9TO BCE PECHUYKN ¢ HEYETHHLIMU HOMEpPAMU
UMEIOT HYJIEBBIE HAIPY3KHU, & C YETHBIMUA — HEHYJIEBBIE.

Jlajtee mpuMeHsieM ONMCAHHOE PACCyKIeHHe K KaxKIoMy pebpy I-ie-
pesa D~L(b,r,n,1).

PaccMoTpuM Terneph CUTYaIyio Ha «CTHIKAX».

3/1eCch BO3MOYKHBI JIBA POJIA «CTBIKOB».

a) [IBa pebpa uderHOro ypoBHs i, rje i = 2,4,6,...,1, ecam | 4eTHO n
1 =2,4,6,...,l — 1, ecotu | HEeUETHO, BXOJAT B peOPO HEUETHOIO YPOBHSI
1 —1;

6) Ba pebpa nevernoro yposus i, rue ¢/ = 3,5,7,...,1 — 1, ecyn [
yernon i’ = 3,5,7,...,1, eciu [ HeYeTHO, BXOAAT B peOPO 9€THOTO YPOBHSI
i —1;

B ciryuae a) jiBa pebpa ypoBHS ¢ MOXKHO PACCMATPUBAThH KaK [PO0JI-
JKeHue pebpa ypoBHs ¢ — 1 U IPUMEHSATb K PECHUYKAM HA «CTBIKE» DTHUX
pebep BBIIIEONINCAHHOE paccyKjienne. Toraa 4nucso MmpeJiecTBeHHUKOB
OyeT HAMOOJIBIIIUM TIPU CJICIYIOIIEM pacipeie/ieHne HArPY30K M0 STUM
pecamukam: 1 < gjj1(t) < 2177 1 < ZiGj+1)1(t) < 21=p q(i—1)n(t) = 0.

B caiyuae 6) curyarus Ha «CTBIKAX» aHAJIOTMYHA CUTYAIUU HA «CThI-
Kax» B CJIydae 4YeTHOro m, paccMorpeHHoro Beime. To ects, eciu ¢(t)
ABJIFIETCA COCTOSTHIEM KoHjleHcarmu s I-nepesa D~1(b,r, n, 1), To pac-
IpeJieJieHne HArPY30K 110 TpeM pecHudkam ¢ Homepamu i'j1, i'(j + 1)1
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u (i — 1)j'n pomxno 6bTh TakuM — gyji(t) = Gy (t) = 0 m
q(ir—1)jm(t) = 217"

BameTnm, 9TO B CIydae, Korja | 4eTHO, Bce HUXKHUE PECHUIKH -1epe-
Ba D~Y(b,r,n,1) ¢ momepamu ljn, tae j = 1,2,..., 271 nomkusr umers
HyJIeBble HADY3KH, 9TOOBI MOT HUMETh MECTO CJIyYail 3) JiJist HUZKHUX Pec-
HIYeK pebep ypoBHs [, TakK Ke KaK U B CJIydae, KOryia, 1 IeTHO.

Takum 06pazom, HAMOOJIBITIEE TUCIIO IPE/INTECTBEHHUKOB UMEET COCTO-
stune q(t) u3 Q(b,n,l), upu KOTOPOM BBIIIOJIHEHO: [P €THOM { Gijn(t) =
2l=(i+1)p 1 < Gij2r—1)(t) < 2171y o Gij(2k)(t) = 0 m Tpm HeweTHOM i
Gijn(t) = 0, 1 < gijen)(t) < 27 m gijop—1y(t) = 0, tae 1 < i
ecau | werno u 1 < ¢ < I, ecsmm | Heyerno, 1 < j§211,1\k§%;
npu ¢ = [, Korga | "eTHo, BBIIOTHEHO qrjn(t) = 0, 1 < qjor—1)(t) < b m
Qj2r) () =0, e 1 < <27 1<k <

CnemoBarenbHo, eciam b = r U N HEYETHO, TO BCE COCTOSHUS KOHJIEH-
caruu o6JIaTAI0T C5-CBONCTBOM. 3HAYHUT, MHOYKECTBO COCTOSTHUI KOHJIEH-
camun I-epesa D~1(b, 7, n,1) B 9TOM Citydae comajaer ¢ KiaaccoMm K, .
JlemMma gmokazaHa.

Jlemma 5. FEcau n — wemmnoe, n = 2 u pebpo j yposHsa i, 2de i =
1,2,3,...,0, 5 =1,2,3,...,27 6 momenm t, t € N, obpasyem cocmo-
2=+ mpu i <, N =0
0 npui=1 ’ q’LJ(nfl)( ) - Y%
Gijaky () = 1, Gijeer—1)(t) = 0 daa ecex k = 1,2,3,...,5 — 1, mo xoau-
wecmeo npedwecmeennuros cocmoanus q(t) amozo pebpa pasHo:
o) LB —(1-V5)%
225
_ 1 5+_(1 F+1 .
6) ol—ip. { +v5)2 2+1(\[\/_) , ECAU 1<qij1(t71)<2l 'rugijn(t—1)=0,
1 Z_1 .
6) a+v5)? 7_1(\1/_\[)2 ,ecou qij1(t—1) =0 u gijn(t — 1) = 2170
o) 2l-iy . (+V5)E—(-V5)8

n

225

anue q(t), maxoe wmo gijn(t) =

,ecau gij1(t—1) =0 u gijn(t —1) =0,

cecau 1< gt —1) < 270 w gija(t — 1) =

ol=(i+1)

HoxkazaresabcTBo. Eciin n = 2, TO yTBepXKJeHHE JIEIKO IPOBEPSAETCSI
MHOJICTAHOBKOI JIBOMKM BMECTO N B BbIpa’KCHUA.

IIycts n > 2.

Coyuqait a). IlocunmraeM €HCIO IPEIIIECTBEHHUKOB cocrosiuus ¢(t)
pebpa j ypoBHS 4, Takux 4T0 ¢;j1(t — 1) =0 m g;n(t — 1) = 0.
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3aMeTuM, 9TO y BCEX MPE/IECTBEHHUKOB YKA3aHHOIO COCTOSIHUS JIAH-
HOTO pebpa pecHUYIKa C HOMEPOM £j2 B MOMEHT ¢ — 1 JoJ/IKHA UMeTDb HyJie-
BYIO HArPY3KY, YTOOBI B MOMEHT ¢t HAIPY3Ka IIePBOY PECHUYIKHU OCTABAJIACD
uyseBoit. Torma pecHnvdka ¢ HOMEPOM %53 B MOMeHT ¢ — 1 JI0JI’KHa, UMETh
€JIMHUYHYIO HATPY3KYy, 9TOOBI B MOMEHT t 3Ta Harpys3ka 1nepeOpOCH/IACh
Ha PECHUYKY ¢ HOMepoM ¢j2. HerysieBble HATPY3KH OCTAJIBHBIX PECHIYIEK
MOTYT OBbITh KaK OIIYIIEHbI HA COCEJIHUE HUXKHUE PECHUYIKU C HYJIEBBIMU
Harpy3KaMd, TaK W HAXOJUTHCA HA <«CBOUX» PECHUYKAX, HO, YUUTHIBAS
npaBusa nepedbpoca pecCHUIKON BeIecTBa, TAKUM 00pa30M, UTO TOJIBKO
JIBE COCEJIHUX PECHUYKU MOT'YT MMETh HEHYJIeBble HAIPY3KHU (U3 KOTOPBIX
HIDKHSS UMeeT eJUHUYHYIO Harpy3Ky B MOMEHTHI ¢t — 1 u ¢, a BepxHss
PECHUYIKA UMEET €IMHUIHYIO0 HAIPY3KY TOJBKO B MOMEHT ¢ — 1), Ipu 9TOM
JIBE HUKeJIeyKallie U XOTsi Obl OJIHA BbIIeseKalasi (OTHOCUTETbHO ITHX
JIBYX PECHUYEK C €MHIYHBIMI HAIDY3KAMHK) JOJZKHBl IMETh HyJIeBble Ha-
IPY3KH.

Takum 006pa3oM, MEPBBIM HPEJIIECTBEHHUKOM cocTosiiust ¢(t) peb-
pa j ypoBHsS ¢ OyIeT TakKoe COCTOsIHWE, IPU KOTOPOM BCE HEHYJIEBbIE
Harpy3KH PECHUYEK OIMYIeHbI HA COCEIHVE HIDKHUE PECHUYKH, TO €CTh
Gijn(t —1) =0, gij1(t = 1) = 0, gjjeam (t — 1) = 0, gijan+1)(t — 1) =1, rie
k=1,2,3,...,5 -1

Yuco npenecTBEHHUKOB, Y KOTOPBIX BCE HEHYJIEBBIE HATPY3KHU, KPO-
Me m, e m = 1,2,3,..., [”T_Q], OIIYIIIEHBbl Ha COCEJHUE HUXKHHE pec-
HUYIKH, PaBHO C&_m. JleficTBUTE/ILHO, HEOIYIIEHHON HATPY3KOH MO-

2KeT ObITh JIrobast 12/13 eIMHIIHBIX HAIPY30K KPOME€ HArpy30K PECHUYEK C
HOMepamu 451, i52, ij(n— 1) u ijn, 9ucsio nap CoCeJHUX PECHUYEK, KOTO-
pble 10 IIpaBuIaM repebpoca MOI'YT UMETh €INHUIHbIEe HArPy3KU, PaBHO
4 — (m—1) = 232 —m (13 4uCIA AP COCEHUX PECHHYEK BLIMHTA-
eM m — 1, TaK KaK MeXKJy IapaM{ COCEIHNX PECHUYIEK C eIUHUIHBIMHI
HaIrpy3KaMU JOJ2KHa OBITH XOTd ObI OJIHA Mapa COCEIHNX PECHUYEK C HYy-
sieBbiMu Harpy3kamn ). Cie/10BaTeIbHO, YUCIIO COYeTaHNH U3 ”T’Q —m map

COCE/IHUX PECHUYEK IIO 1T TaKUX IIap PECHUYICK PaBHO CT,Q
nod_

Takum 06pa3oM, UHCIIO HPEIIIECTBEHHUKOB cocTosiuust ¢(t) pebpa
J ypoBHs i, Takux uro ¢;1(t — 1) = 0 um gju(t — 1) = 0, pasHO

("2 ~m _ 22  A+VE)E—(1-v5)3
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Cayuait 6). [Tocunraem w9mcsao mpe/necTBeHHUKOB cocTosinust ¢(t)
pebpa j ypoBHs 4, Takux 910 1 < ¢451(t — 1) < 2=y g gijn(t —1) = 0.

Iycrs ¢;51(t — 1) = 1. Bamernm, 4To TOrja y HPEJIIECTBEHHUKOB
YKA3aHHOTO COCTOSIHUS JTAHHOTO pedpa PeCHUYIKA C HOMEPOM %72 B MOMEHT
t — 1 MOXKeT UMeTh KakK HYJIeBYIO, TaK M €JIMHUIHYIO HAIPY3KY.

B ciyuae, korga ¢;j2(t — 1) = 0, IpuMeHsieM BBIIIEONNCAHHOE PAC-
CyZKJIEHUEe | TI0JIy9aeM, 9TO YUCJIO TPEJIIIECTBEHHIKOB PACCMaTPUBOEMO-

(145) 2 —(1-/5) 2
2% /5 ’
B ciyuae, xorga gije(t — 1) = 1, pecanuknu ¢ HoMepamu 453 u ij4 B
MOMeHT ¢t — 1 JO/KHBI UMETh HyJIeBble HArpy3ku. HenyneBble Harpysku
OCTaJIbHBIX DECHUYIEK MOI'yT 6I)ITI) KaK OIIYII€HBbI Ha COCEJIHNE HHU2KHUE

ro CoCTosiHusi pebpa j yPOBHS ¢ B 9TOM cJjydae OyJer

PECHUYKH C HYJEBBIMU Harpy3KaMU, TaK W HAXOJIUTLCA Ha «CBOUX» PEC-
HUYKaX. 1eM caMbIM, €c/ii BEIOPOCUTH U3 PACCMOTPEHUS PECHUYIKHU C HO-
Mepamu 111 n 112, To K ocTaBmmMcs 1 — 2 peCHUIKaM MOYXKHO ITPUMEHUTH
BBINIEONTNCAHHOE PACCYXKIEHNUE I HAXOXKIEHUs UUCJIa TPEeIeCTBeHHU-
KOB, 3aMEHUB IIPU 9TOM YHUCJIO PECHUYEK 71 HA YUCJIO PECHUYEK 1 — 2.
Takum obpazoM, MOIydaeM, 9TO KOJMIECTBO MPEJIIECTBEHHUKOB CO-
crosirust ¢(t) pebpa j ypoBH: ¢, Takux 9TO ¢i51(t—1) = 1 1 gjjn(t—1) = 0,

paBHo (15 % —(1-v5)E +1+E"T*i] om . = 0RE-0VEE |
225 m=l At om 225
ST om S VG ¢ V) AN € E Vi) e L EV) E B
m=0 n—4 2%\/5 2%_1\/5
(15 F - (34vE) -(1-v5)E T 3-vE) _ (1vB)EH —a-vE) !
275 2575 -

Huesio npejecTBeHHUKOB cocTosinust ¢(t) pebpa j ypOBHS i, TAKUX
aro 1 < gijn(t — 1) < 2878 u giju(t — 1) = 0, odesummo, pasno 2"'r -
(14/5) 2T —(1—/5) 2 1!

23415 '

Cayuaii B). ITocumraeMm 4UmciIO Tpe/IIECTBEHHUKOB cocTosiHust (1)

pebpa j ypoBHS 4, TakuxX 4T0 ¢j1(t — 1) =0 1 g;jn(t — 1) = =i+ 1)y,

3aMeTnM, 9TO y BCEX MPEJIIIECTBEHHNKOB YKa3aHHOINO COCTOSIHUST JIAH-
HOTO pebpa pecHUYKa ¢ HoMepoM ij(n — 1) J10JKHA UMeTh B MOMEHT ¢ — 1
eIMHUIHYIO HAIPY3KY, & PECHUYIKA ¢ HOMepOM ij(n — 2) B MoMmeHT t — 1
OyJeT UMEeTh IPU ITOM HYJIEBYIO HArPYy3Ky. B momeHT ¢t — 1 BOBMOXKHBIE
BapUaHTbl HAI'PY30K OCTAJbHBIX PECHUYEK COBIAJIAIOT C BO3MOXKHBIMU Ba-
pHaHTaAMH HATIPY30K TeX Ke PeCHUYEK, KOTODbIe OIMCAHBI B CJydae a).
Tem cambiM, ecyin BBIOPOCUTH U3 PACCMOTPEHUS] PECHUYKH C HOMEDPAMHU
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ijn u ij(n — 1), To K ocTaBImIAMCST N — 2 PECHUYKAM MOYKHO ITPHMEHUTH
paccy»K/ieHre U3 ciaydasi a), 3aMeHuB n Ha 1 — 1.

Takum 06pa30M, YUCJIO MPEJIIeCTBEHHUKOB cocTosiaust ¢(t) pebpa j
ypOBH# ¢, Takux 4910 @i1(t — 1) = 0 n gin(t — 1) = 2=+ papmo
(1+f)“1—(1 vB)Et

315

Cﬂyqau r). Iocunraem 4MCIO TIpeJIIIECTBEHHUKOB cOCTOsiHUsT (T
pebpa j yposH# i, Takux uro 1 < ¢1(t — 1) < 2=t u Qijn(t — 1)
ol=(it1) .

~—

Y Bcex NPEeIIEeCTBEHHUKOB YKA3aHHOI'O COCTOSIHHSI JIAHHOIO pebpa
PECHUYKa ¢ HOMePOM ij(n — 1) J1o/zKHa UMeTb B MOMEHT ¢ — 1 e/JMHIIHY O
HATDY3KY, & PECHUYKa ¢ HOMepOM ij(n — 2) B MomeHT t — 1 Oyjer umerhb
IpHU 3TOM HYJIEBYIO Harpysky. B mMomenT t — 1 BO3MOKHBIE BapUAHTHI
HAIPY30K OCTAJbHBIX PECHUYEK COBIAJIAIOT C BO3ZMOXKHBIMU BapUaHTaMU
HATDY30K TeX YK€ PECHUYEK, KOTOpble onucanbl B ciaydae 6). Tem cambim,
ecsiu BBIOPOCUTH U3 PACCMOTPEHUs] PECHUYKH ¢ HoMepamu ijn u ij(n—1),
TO K OCTABIIUMCSI 1 — 2 PECHUYIKAM MOYKHO IIPUMEHUTDH PacCy KJIeHNe U3
ciydast 6), 3amMeHuB n Ha N — 1.

Takum 06pa30M, YUCJIO MPEJIIeCTBEHHUKOB cocTosiaust ¢(t) pebpa j
yposast i, Takux uto 1 < gij1(t — 1) < 27 u qijn(t — 1) = 2070y
(VR E-(1-vB) %

pasmo 2! . Jlemma mokazamna.

255
Jlemma 6. Fcau n — neuemmnoe, n = 3 u pebpo j ypoéwa i, 2de
1= 2,4,6,...,1 npu vemnom |l u i = 2,4,6,...,1 — 1 npu nevemnom [,
§=1,2,3,...,271 6 momenm t, t € N, obpasyem cocmosrue q(t), ma-
woe umo qijn(t) = 27T g0 ) () = 0, qijm) (1) = 0, Gij(an—1)(t) = 1
ons ecex k = 1,2,3,...,”7_1, Mo KOAUMECTNEO NPEIUECTNEEHHUKOE CO-
CTOAHUA q(t) 2mozo pe6pa PAGHO:
1+V5 1-V5) 2 I—(i+1
a) UHY5) 2_2_(\[ 5 , ecau giji(t —1) = 0 u gijp(t — 1) = 270D,
5) (1+v5) 2773(1 f)_, ecau qij1(t —1) =1 u giju(t — 1) = 2170 p)
272 V5
6) A+v5) _;;1(\1/5\/_) , ecau qij1(t —1) = 0 u qyn(t — 1) =0,

;) UEV9)"T —(-v5)"F

=gy s ecau giji(t—1) =1 u gijn(t — 1) = 0.
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dokazaTeabcTBo. PaccMoTpuM KazKJIblil U3 9THX CIIyYaeB.

Cayuail a). 3ameruM, 9T0, eciau yopaTh U3 PACCMOTPEHHsS PECHUY-
Ky ¢ HOMEpPOM %j1, TO BO3MOYXKHBIE BapHUaHTHI PACIIpe/ieIeHUs] HAIPY30K
[0 OCTAJBHBIM T — 1 pEeCHHYKAM pacCMaTpUBAEMOro pebpa B MOMEHT
t — 1 IOJTHOCTBIO COBIIQJAIOT C BOBMOXKHBLIMU BapUAHTAMU DPACIIPEJIesie-
HUsI HAIPY30K 10 PECHUYKAM B MOMEHT t — 1 B cjlydae I') JIeMMbI 5 [Ipu
gij1 = 1. CieoBaTesibHO, 1O JleMMe D TIOIydaeM, UTO HYHC/IO IIpeJe-
CTBEHHHKOB cocTostnus ¢(t) pebpa j ypoBHd i, Takux 4to ¢;;1(t — 1) =0
(1+v5)*T —(1-v5)*T"
2" 5 ’

u gijn(t — 1) = 270+ papno

Cutydaii 6). 3ameruM, 4T0, ecjim yOparh U3 pacCMOTPEHUsI PECHUUIKY
¢ HOMepOM ¢j1, TO BO3MOXKHBIE BAPUAHTHI pacIpeesieHns HArpy30K I10
OCTaJIbHBIM 1 — 1 pecHHYKaM paccMaTpuBaeMoro pebpa B MOMeHT t — 1
[OJIHOCTBIO COBIIAJIAIOT ¢ BO3MOXKHBIMY BAPUAHTAMU PACIPEIC/ICHUS Ha-
IPY30K 10 PECHHYKaM B MOMeHT t — 1 B ciydae B) jemMmbr 5. Crenosa-
TEJILHO, 110 JIEMME 5 IOJIYYaeM, YTO YUCIIO MPEINECTBEHHUKOB COCTOSTHISA
q(t) pebpa j yposus i, Takux 4uT0 ¢;51(t —1) =1 m gjn(t —1) = =i+ 1)y
(1+v5)"2 —(1-v5)"7"

2" /5 '

paBHO

Cutydaii B). 3ameruM, 4T0, ec/iu yOparh U3 pacCMOTPEHUs] PECHUUIKY
¢ HOMepOM 7j1, TO BO3MOXKHBIE BapMAHTBI PACIPEJIEICHIs HATPY30K II0
OCTAJILHBIM 71 — 1 pecHHYKaM paccMarpuBaeMoro pebpa B moment ¢t — 1
HOJTHOCTBIO COBIIAJIAIOT ¢ BO3BMOXKHBIMU BapUAHTAME DPACHPE/ICICHIs Ha-
IPY30K 110 pecHHYKaM B MoMeHT t — 1 B ciayuae 6) siemmbr 5. Ciiejioa-
TEJILHO, TI0 JIEMMe 5 MOy IaeM, ITO UUCIIO MPEIIECTBEHHIKOB COCTOSTHIST
q(t) pebpa j yposHs i, Takux 4910 ¢;j1(t — 1) = 0 1 ¢;jn,(t — 1) = 0, paBHO
(1+5)™F —(1-v5)"F

2" /5 '

Cuayuait r). 3amerum, 4ro, ecjau yopaTh U3 PACCMOTPEHUs PECHUYUKY
¢ HOMepoM ¢j1, TO BOBMOXKHBIE BapHAHTHI PACIIPEIEIEHIsT HATPY30K I10
OCTAJILHBIM 1 — 1 pecHHYKaM paccMarpuBaeMoro pebpa B MomeHt ¢t — 1
IIOJIHOCTBIO COBIIQJIAIOT C BO3MOXKHBIMHM BapUaHTaMU paclpe/iesieHus Ha-
IPY30K 110 pecHHYKaM B MOMeHT t — 1 B ciayuae a) jsiemmbl 5. CiiejioBa-
TEJIBHO, 110 JIEMME D IOJIydaeM, 4TO YUCJIO IIPE/IIIECTBEHHUKOB COCTOSHUS
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q(t) pebpa j ypoHs i, Takux 4T0 ¢451(t — 1) = 1 m ¢35, (t — 1) = 0, paBHO
1+v5)"Z —(1-v5)"T"
2”771\/5

Jlemma 7. Ecau n — wewemuoe, n > 3 u pebpo j yposha i, 2de i =
1,3,5,...,1 npu nevemmnom I wi = 1,3,5,...,1 — 1 npu wemmnom 1, j =
1,2,3,...,27Y g momenm t, t € N, obpasyem cocmosnue q(t), maxoe
umo Gijn(t) =0, Gijn-1)(t) =1, qijr)(t) =1, gijar—1)(t) = 0 dan ecex
k=1,2,3,..., 5 , MO KOAUMECTNGO NPeduecmeennukos cocmosnus q(t)
2Mmo20 pe6pa PaABHO:

n—3 n—3
o) UEVE)T (V)"

. JIlemma JOKa3aHa.

,ecau qiji(t —1) =0 u gijn(t — 1) =0,

2n773\/51 1
i (14vV5)"Z —1—vB) T I—i
6)2 ip. 1 ) 2%(\/51 L2 ecau 1<gijn(t—1)<27"r ugjn(t—1)=0,
1B T —(1—vB) "
8) ( ) 2%_1(\/5 ) , €C/i'u, ij1t—1)=0ugjn(t—1) =1,
n+
2) 2. (1+\/_)_2;+1(\1[\/_) ,ecau 1< g1 (t—1) <257 w giju(t—1)=1.
272 V5

HokazaTeabcTBo. PaccMoTpuM KazKIplit 13 9THX C/IyYIaes.

Cuyuait a). 3ameTnm, 4T0, ecin yopaTh U3 PACCMOTPEHUsI PECHUYUKY
C HOMEPOM ¢j7, TO BO3MOYKHBIE BAPUAHTHI PACIIPeie/IeHIs HATPY30K I10
ocTajibHBIM 1 — 1 pecHHYKaM paccMaTpuBaemMoro pebpa B MoMmeHT t — 1
[TOJTHOCTBIO COBITQJIAIOT C BO3MOXKHBIMU BapUAHTaAMU PACIIPEJIe/IeHUs Ha-
IPY30K IO PECHHYKaM B MOMeHT t — 1 B ciydae B) jemMmbr 5. Crenosa-
TeJIbHO, 110 JIEMME 5 ITOJIy9IaeM, UYTO YUCJIO MPEIIIIECTBEHHUKOB COCTOSTHUSI
q(t) pe6pa j ypOBHH i, Takux 4uTo ¢451(t — 1) = 0 m @45, (t — 1) = 0, pasHO
(1+v5) 2" *(1 VB T

2—2—\/_

Cuyuait 6). 3ameTuM, 4T0, ecin y6paTh M3 PACCMOTPEHUsI PECHUYUKY
C HOMEPOM ¢j7, TO BO3MOYKHBIE BAPUAHTHI PaCIIPeie/IeHIs HATPY30K I10
ocTajbHBIM 1 — 1 pecHHYKaM paccMaTpuBaemMoro pebpa B MoMmeHT t — 1
[IOJTHOCTBIO COBITQJIAIOT C BO3MOXKHBIMU BapUAHTAMU PACIPEJIe/IeHUs Ha-
IPY30K IO pecHUYIKaM B MoMeHT ¢ — 1 B ciaydvae r) jemmbl 5. Crenosa-
TeJIbHO, 110 JIEMME 5 ITOJIyIaeM, UYTO YUCJIO MPEIIIIECTBEHHUKOB COCTOSTHUSI
q(t) pebpa j ypOBHH 1, TaKHX T 1 <gji(t—1) < 2=t ¢ijn(t—1) =0,
s e *(1 VB T

2—2—\/_

pasro 2!
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Cuyuait B). 3ameTnM, 9T0, ecin y6paTh M3 PACCMOTPEHUsI PECHUYUKY
C HOMEPOM ¢j71, TO BO3MOYKHBIE BAPUAHTHI PACIIPeie/IeHIs HATPY30K I10
OCTAJILHBIM 1 — 1 pecHHYIKaM paccMaTpuBaeMoro pebpa B MoMeHT t — 1
[IOJTHOCTBIO COBITQIAIOT C BO3MOXKHBIMU BapUAHTaAMU DACIPEJIE/IeHUs Ha-
IPY30K 10 PECHHYKaM B MOMeEHT t — 1 B ciydae a) jemmbr 5. Crenosa-
TeJIbHO, T10 JIEMME 5 ITOJIyIaeM, UYTO YUCJIO MPEIIIECTBEHHUKOB COCTOSTHUSI
q(t) pe6pa j ypOBHH i, Takux 4To ¢4j1(t — 1) = 0 m @5, (t — 1) = 1, pasuO
(1+v5) "z 7(1 VE) T

2—2—\/_

Cuayuait r). 3amerum, 4ro, ecjau yopaTh U3 PACCMOTPEHUs PECHUYUKY
C HOMEPOM ¢j7, TO BO3MOYKHBIE BAPUAHTHI PACIIPeJie/IeHIs HATPY30K I10

OCTAJILHBIM 1 — 1 peCHUYKAM PacCMaTpUBaeMOro pebpa B MOMEHT ¢ — 1

HOJTHOCTBIO COBIAIAIOT ¢ BO3ZMOXKHBIMU BapUAHTAME PACIPEICJICHIS Ha-

IPY30K IO PeCHHYKaM B MOMeHT t — 1 B ciydae 6) jemmbr 5. Crenosa-

TEJILHO, TI0 JIEMME 5 TI0JIy9aeM, YTO YUCJIO MPEIIEeCTBEHHIKOB COCTOSTHIS

q(t) pebpa j ypoBHS i, TAKUX UTO 1 <gji(t—1) < 2=ty g Gijn(t—1) =1,
(1+v5)"F —(1-v5)"F

pasmo 2/t - T . Jlemma gokazaHa.
272 5
Jlemma 8. Fcau n — wemmnoe, n = 2 u pebpo j yposHsa i, 20e i =

1,2,3,...,0—1,5=1,2,3,...,271 s momenmt, t € N, obpazyem cocmo-
g — 9l—(i+1) g - g — ol—i
ARUE Q(t); makoe 4mo qUn(t) =2 r, szl(t) =0, qu(Qk)(t) =2""r
U Gijeoneny(t) = 1, 2de 1 < i < I, u npu i = 1 ewnoaneno qi1(t) = 0,
Uin(t) = 0, qijee+1)(t) = 1w iy (t) = 7 dan scex k =1,2,3,..., 252,
mo Koauuecmeo npedwecmeenukos cocmosnus q(t) amozo pebpa pasro:
a) 2272 (0> 2), ecau qiji(t — 1) = 0 u qijn(t — 1) = 20D
6) 2ir . 2571 ecau 1 < giji(t — 1) < 27 w gijn(t — 1) = 206+ )y
6)2272 (n>2) npul<i<l, ecau ¢ij1(t —1) =0 u gn(t—1) =0,
¢)3.2273 (n >4) urul (n=4) npui=1I, ecru g (t —1) =0,
2) 2l=ir. 25 ppul <i <1, ecaul < gij1(t—1) < 2l=ip ¢ijn(t—1) =0,
2)r-3-25"2 n>2) npui=1, ecaul < qu(t—1)<r

HoxkaszaresnbcrBo. Eciim n = 2, 1o yrBep:k/eHusi 6) U T') JIEIKO IPO-
BEPSIIOTCS TOJICTAHOBKON JTBONKNM BMECTO 1 B BBIpakeHUs. B OCTaIbHBIX
CJIydasixX MPeIecCTBEHHUKOB HE CYIIECTBYET.

IIycts n > 2. PaccMOTpUM KaXKABI M3 9TUX CIYYAEB.



588 FO.T. Yepnosa

Cayuait a). [Tocunraem 49mcsao mpe/mmecTBeHHUKOB cocTosinust ¢(t)
pebpa j ypoBHS 4, Takux 4970 ¢j1(t — 1) =0 u g;jn(t — 1) = ol=(iA1)y.,

3aMeTnM, 9TO Y BCEX MPEJITIECTBEHHNKOB YKA3aAHHOTO COCTOSTHUST JIAH-
HOTO pebpa pecHUYIKa C HOMEpOM £j2 B MOMEHT ¢ — 1 JoJ/IKHA UMeTDb HyJIe-
BYIO HArpy3KY, YTOOBI B MOMEHT ¢ HAIPy3Ka I1€PBOil PECHIUYKHU OCTABAIACh
uysieBoit. Torma pecHnvdka ¢ HOMEPOM %53 B MOMeHT ¢ — 1 JI0JI2KHa, UMETh
narpysky 207 + 1, uro6el B MoMenT ¢ marpyska 2/ mepeGpocmiach
Ha, PECHIYKY ¢ HOMepoM ij2. Harpysku 2!~/ ocTaibHBIX peCHIYEK MO-
I'yT OBITH KaK OIYIIEHbl Ha COCEJIHNE HUKHUE PECHUYKH C €JIMHUIHBIMU
Harpy3KaMH, TaK U HaXOAWUTbCsl HA <«CBOMUX» PECHUYKAX, HO, YUNTBHIBAsI
npaBmiia 1epedpoca PEeCHUYKON BeIecTBa, TAKUM 00Pa30M, UTO TOJBKO
JIBE COCEJIHUX PECHUYKHM MOIYT MMeTb HAIPY3KH OOJIbIle eJuHUIbI (13
KOTOPBIX HHYKHSS UMeeT HArpy3ky 2!~ 'r B MomenTst t — 1 1 t, a BepxHsist
pecunuka uMeer Harpy3ky 2! 7' + 1 B Moment t — 1), Ipu 9TOM OJIHA HU-
JKeJIeKAIasl U OJ[HA BBIIIEJIEXKAIAs PECHUYKE (OTHOCUTEIBHO 9THX JBYX
PECHUYEK C HAIPY3KaMu, GOJIBIIAME €/IMHUIIBI) JOJIZKHBI IMETh HAIDY3KH
1 u 0, cooTBETCTBEHHO.

Taxkum 06pa3oM, epBbIM IIPE/IIIECTBEHHUKOM COCTOsiHusI ¢(t) pebpa j
YPOBH# § OyJET TaKOe COCTOSIHUE, ITPU KOTOPOM BCE HATPY3KH PECHUYEK,
OOJIBIIINE eIMHUIIBI, OIYIIEHbI HA COCEIHHUE HI2KHHE PECHUYKHU, TO €CTh
Gijn(t—1) = 270FDr gin(t—1) = 0, q;jm)(t — 1) = 0, Gij(ansn)(t — 1) =
27 + 1, e k=1,2,3,...,2 - 1.

Yucno npeaiecTBEHHUKOB, Y KOTOPBIX BCE HATPY3KH, OOJIbIINE €1~
HUIIBI, KPOME 1M TaKUX HArpys3ok, rje m = 1,2,3,..., [%], OIyIIIEHBI
Ha COCE/IHME HUXKHUE PECHUYIKU, PABHO C%’fl. JleficTBUTEIHHO, HEOITY-
IMIEHHON HArPY3KOi MOXKeT ObITh JI00ast n3 HArpy30K, OOJIBIINX €JINHU-
IIbI, KPOME HArPY30K pecHUYeK ¢ Homepamu j1 u ijn. Yucso map cocel-
HUX PECHUYEK, KOTOPBIE 110 MpaBUjaM Iepedpoca MOTYT UMETh Harpys-
KU, OOJIBIIE EeIUMHUIIBI, PABHO ”T_Q = 5 — 1. Bamernm, 4TO YMCIO MAp
coceHNX pecHmdeK ¢ Harpyskamu 207 + 1 u 27 coBmasaer ¢ gmciom
map COCeTHUX pecHHYeK ¢ Harpy3kamu 1 m 0, COOTBETCTBEHHO, TaK KakK
MIOCJIeTHSIS TTapa HArPy30K PEeCHUYEK 00Pa3yeTcs MPU OIyCKAHUU HATPY3-
ki 270 Ha COCEIHIO HUYKHIOI PECHHYKY C €MHUYHOM HAIDY3KOIl Ipi
COXpAHEHNN €JMHUYHOM HAIPY3KU BEPXHEH pPeCHHYKH (MOXKHO CUUTATH,
9TO PECHUYKA ¢ HOMEPOM )N MMeeT HyJIeByIo Harpy3ky smecro 20—y
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9TOOBI TOJIYIUTh APy COCEJIHUX PeCHUYeK ¢ Harpy3kamu 1 u 0; Ha [mc-
JIO TIPEJIIIECTBEHHUKOB 9TOro pedbpa HArpy3ka caMoil HUXKHEH PeCHUIKU
B 9TOM ciydae He Biuger). CiiesopaTesibno, 9uCa0 codeTanuil ns 5 — 1
1nap COCeTHUX PECHUYeK II0 m Iap PecHUYeK C HarpyskKamu 2=l + 1 m

l—i 2m
2'7'r m m nap pecHudek c Harpy3kamu 1 u 0 paBHO Cg—l'

Takum 06pa30M, YUCJIO MPEJIIeCTBEHHUKOB cocrosiaust ¢(t) pebpa j
YPOBHS 4, TAKAX YTO qwl(t —1) =0wu gju(t—1) = 2=+ papmo

1+Z[ 4 ]CQm _Z[ 4 ]CQm _2——2

Coy4ait 6). [TocunraeM 9HCIO IPEIIECTBEHHUKOB cocrosiuust ¢(t)
pebpa j yposH# i, Takux uro 1 < ¢;1(t — 1) < 2=t u Gijn(t — 1) =
2l—(i+1)r

BaMeTuM, UTO B 9TOM Cjlydae YUC/IO MPEIIIeCTBEHHUKOB YKA3aHHO-
ro cocrostaust ¢(t) pebpa j ypoBHS 4, Takux 4ro ¢;1(t — 1) = 1 u
Gijn(t—1) = 2l_(i+1)r, paBHO 221, JleficTBUTETBEHO, €CTU [T BCEX TPe-
IIECTBEHHUKOB U3 CJIydasi a) MOJOKHUTh HAIPY3KY PECHUYKU C HOMEPOM
111 paBnyIo eiuHUIIBL, TO AJ1d pecHudek ¢ Homepamu 112 n 113 Bo3MOKHBI
JIBa BapuaHTa: qllg(t— 1) =0, Q113(t— 1) = 2171‘7’—‘1- lu qllg(t— 1) =9l
q113(t — 1) = 1. Bo3moxkHbBIe BApUAHTHI HAIDY30K OCTAJIbHBIX DECHUYECK
MH/IGHTHYHbI BADHAHTAM HArPY30K OCTAJIbHBIX PECHUYEK B ciydae a). Ta-
KM 00pa30M, UUCJIO MPEJIIIECTBEHHUKOB cocTostHust ¢(t) pebpa j ypoBHs
i, Takux 410 ¢4j1(t — 1) =1 m qn(t — 1) = 2=+ papro 22 . Cue-
JIOBATEIBHO, YKUCIIO MIPEJIIIeCTBEHHUKOB cocTosiHus ¢(t) pebpa j ypoBHsI
i, Takux uto 1 < giji(t — 1) < 27 u gijn(t — 1) = 27-0FDr ) pasno
2l=ip . 2571

Cayuaii B). ITocumraeMm 4€mciIO 1pe/IIECTBEHHUKOB cocTosiHust (1)
pebpa j ypoBHS 4, Takux 4T0 ¢;j1(t — 1) =0 m g;n(t — 1) = 0.

BameTuM, 9TO JOKA3aTeILCTBO B 3TOM ciydae npu 1 < @ < [ — 1
MHJIEHTHYIHO JIOKA3aTeIbCTBY CJydasl &) M, CJIeJI0BATeIbHO, YUCIIO HPeJi-
IECTBEHHUKOB cocTostnus ¢(t) pebpa j ypoBHs i, TAKHX 9TO ¢i51(t—1) = 0
u gijn(t — 1) = 0, paBHO 23~

Cotyuaaii /). Ipu i = [ 3aMeTnm, 910 KpoMe 22 ~2 Ipe/[IIeCTBeHHIKOB
U3 CJIydast B) €CTh €Ile MPEJIINECTBEHHUKH ¢ TAKMMU HAIPY3KAME PECHHU-
wex ¢ Homepamu [jn u lj(n —1), aro qijn(t — 1) = 1 u qj,—1)(t — 1) =0,
a BapHaHTBl HAIPY30K OCTAJILHBIX PECHUYEK TaKhe K€, KaK W B CJIydae
1 < i <1 —1. CienoBare/ibHO, YUCJIO TAKUX IPEINECTBEHHUKOB DPaB-
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n—2_ n_
HO 272 2 = 2273, BHaunuT, YHCIO MPEITECTBEHHIKOB cocTosnus q(t)

pebpa j yposus [, Takux uto q;1(t — 1) = 0 n g, (t — 1) = 0, pasuo
257242273 =3.2373

Cayuait r). Ilocunraem dumcsio mpenecTBeHHUKOB cocTosiust ¢(t)
pebpa j ypoBHs 4, Takux 910 1 < ¢451(t — 1) < 2=y g ¢ijn(t —1) = 0.

BameTumM, UTO JI0KA3aTeJIbCTBO B 3TOM ciaydae 1npu 1 < i < [ — 1 un-
JIEHTHYIHO JI0KA3aTeJIbCTBY CIydasi 0) ¥, CJIeJ0BaTeNbHO, TUCIIO [IPe/IIie-
CTBEHHHKOB cocTosnud ¢(t) pebpa j yposH# i, Takux 4To 1 < gj;1(t—1) <
2w gyt — 1) = 0, pasmo 2! - 2271,

Corywait '), Tpu i = [ 3amernm, 4To Kpome r - 22 ! npeymecrsennn-
KOB W3 CJIy4asi I') eCTh eIlle IIPeJIIIeCTBEHHUKN C TAKUMU HAIrPy3KaMU Pec-
HIaeK ¢ Homepamu [jn u lj(n—1), ato qj,(t—1) = 11 qjj(,—1)(t—1) = 0,
a BApUAHTBI HAIPY30K OCTAJIbHBIX PECHUYEK TAaKHUe K€, KaK U B CIydae
1 < i <1 —1. CaenoBarejibHO, YACI0 TAKUX IMPEJIINECTBEHHUKOB PABHO
2" = . 2572 BHaunT, THCIO MPEIECTEEHHNKOB COCTOAHNS q(t)
pe6pa j ypOBHH [, TaKuX 9TO 1 @1t —1) <7 m qjp(t —1) =0, paBro

re (2270 + 2__2) =3.7.2272 Jlemma [0Ka3aHA.

Jlemma 9. FEcau n — neuemmnoe, n = 3 u pebpo j ypoewa i, 2de
1 = 1,3,5,...,1 npu nevemmwom I vt = 1,3,5,...,1 — 1 npu uemmom
I, j=1,23,...,2 6 momenm t, t € N, obpasyem cocmosanue q(t),

maxoe umo ¢;j1(t) = 0, gijrtn)(t) = 1 u qijn)(t) = 2=l dna scex
k=1,2,3,..., ”T_l, MO KOAUMECTNEO NPEIUWECTNEENHUKOE cOCTnoANUA (1)
2mo20 pebpa pasHo:

a) 2"3 2, ecau gij1(t—1) =0,

6) 2= 2%171, ecau 1 < giji(t —1) < 2077,

HokazaTeabcTBo. PaccMoTpuM KazKIblit U3 9THX CJIyYaes.

Cuayuaait a). BameruM, 9T0, ecn 106aBUTh K PACCMATPUBAEMOMY peb-
py pecHHuKy ¢ HOMepoM ij(n + 1), Harpyska Koropoii B MomeHT ¢ — 1
HyJI€Basi, TO BO3MOXKHbIE BAPDUAHTHI pacIIpe/iesieHusi HArpy30K 1 + 1 pec-
HUYEK PACCMATPUBAEMOro pebpa B MOMEHT t — 1 MOJIHOCTBIO COBIIAJIAIOT C
BOBMOKHBIMU BapUAHTAMU PACIIPEJIC/ICHIUST HATPY30K PECHUYEK B MOMEHT
t — 1 B caygae B) jemMmbl 8. CiiefioBaTesIbHO, 10 JIeMMe 8 MOJIydaeM, 9To
YHCJIO TPEJIINIeCTBEHHUKOB cocTosiHus ¢(t) pebpa j ypoBHs 4, TAKUX YTO

¢ij1(t — 1) =0, paBHO 25 -2,
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Cuyuaait 6). BameruM, 970, ecn JT06aBUTh K PACCMATPUBAEMOMY peb-
py pecHHuKy ¢ HoMepoM ij(n + 1), Harpyska Koropoii B MomeHT ¢ — 1
HyJIeBasl, TO BO3MOXKHbIE BAPUAHTHI PacIpeesieHns Harpy3okK n + 1 pec-
HUYEK PACCMATPUBAEMOro pedpa B MOMEHT ¢ — 1 MOJIHOCTBIO COBIIAJIAIOT C
BO3MOKHBIMI BapUaHTAMU PACIIPEIEIEHIS HATPY30K PECHUYEK B MOMEHT
t — 1 B cayuae 1) jgemMmbl 8. CiieloBaTeILHO, 110 JIeMMe 8 [MoJIydaeM, 9To
YHCJIO TPEJIIECTBEHHUKOB cocTosinus ¢(t) pebpa j ypoBHSI i, TAKUX 4YTO

. . n+1
1<g(t—1)< 2l=ir pasro 2! - 272 ~1. Jlemma nokazana.

Jlemma 10. Ecau n — neuemuoe, n = 3 u pebpo j yposwsa i, 2de
1=2,4,6,...,1 npuvemnoml ui=2,4,6,...,l—1 npu nevemuoml, j =
1,2,3,...,271 g momenm t, t € N, obpasyem cocmosnue q(t), maxoe

. 9l—(i+1) <1,
wmo ijory(t) = 1, qijan—1)(t) = 2170w gin(t) = { 0, Tnpumi)ill

ons ecex k = 1,2,3,...,"771, MO KOAUMECTNGO NPEIUECTNEEHHUKOE CO-
cmosnus q(t) amozo pebpa pasho:

a) 2"T+1*1, ecau gijn(t — 1) = 2=y,

6) 91 npu 2 < i <1, ecau gijn(t —1) =0,
n+1

6’)3'2%72 npu i = 1[.

HokazaTeabcTBo. PaccMoTpuM KaxKaplit U3 9TUX CJIyUIaeB.

Cayuaii a). 3amernm, 4T0, ecyin J106aBUTH K pacCMaTpuBaeMoMy peb-
Py PECHUUKY CBEPXY C €JIMHUYHON HAPY3KOI B MOMEHT ¢ — 1 U IIOJIOKUT,
49TO ee HOMED — %j1, 3aTeM mepeHyMepoBaTh BCE OCTAJIBLHBIE PECHUIKHU Ta-
KM 00pa30M, 9TO MOCJIE/IHsIsT PECHIYKA B 9TOM pebpe OyIeT nMeTh HOMED
ij(n+ 1), TO BO3MOXKHBIE BApDHAHTBI pacIipe/ieieHns Harpy30k n + 1 pec-
HUYEK PACCMATPUBAEMOro pebpa B MOMEHT t — 1 MOJIHOCTBIO COBIIAJIAIOT C
BO3MO2KHBIMU BapuaHTaMU PaCIIpe/IeJICHUA Har'PY30K PECHUYEK B MOMEHT
t — 1 B cayuae 6) nemmbl 8. Ciie1oBaTesIbHO, TI0 JIEMMe 8 TI0JIyYaeM, ITo
YHCJIO TPEJIIECTBEHHUKOB cocTosinus ¢(t) pebpa j ypoBHSI 4, TAKUX HYTO
Gijn(t — 1) = 270FDp pagno 9" 1

Cuyuait 6). 3amMeTnm, 9TO 9TOT CAydail MHICHTHYEH CJIydaio a), Tak
KaK Harpy3ka HUKHEU DEeCHUYKU He MeHseTcs B MOMeHTHI t — 1 u ¢, a
CJIe/I0BATE/IbHO, HE BUSET Ha UUCJIO MPEJIIIECTBEHHUKOB PacCMaTpUBae-
Moro pebpa. 3HAUNUT, YKUCIIO MIPEIIECTBEHHUKOB cocTosiuust ¢(t) pebpa j

. ntl_q
YPOBHH i, TAKUX 4TO jjn(t — 1) = 0, paBHo 2 2 .
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Coayuaii 6'). Bamernm, uro, eciim 106aBUTH K PACCMATPUBAEMOMY Deb-
Py CBEpPXy PECHUYKY C €IMHUYIHON HAPrpy3KOil B MOMeHT t — 1 u moJio-
KATh, 9TO ee HOMep — [j1, 3aTeM mepeHyMepoBaTh BCE OCTAJIBHBIE DPEC-
HUYKH TAKUM 00OPa30M, UTO IIOCJIE/IHdAS PECHUYIKa B 3TOM pedbpe Oyier
umeThb HoMmep [j(n + 1), TO BOSMOXKHBIE BADHAHTBI PACIIPE/ICJICHUST HATDY-
30K N+ 1 pecHUYEK pacCMaTpPUBAEMOro pebpa B MOMEHT t — 1 TOTHOCTBHIO
COBIIAJIAIOT C BO3MOYKHBIMHU BapHAHTAME DaCIPe/Ie/IeHUsT HAIPY30K Pec-
HIUeK B MOMeHT ¢ — 1 B carydae ') siemmbr 8. CuieioBaTesibHO, 110 JieMMe 8
[OJIY YaeM, ‘{TO [T IPEIIECTBEHANKOB COCTOAHNA q(t) pebpa j ypoBHsi

[ paBHO 3 - 9" =2 JTemma JOKa3aHa.

Jlemma 11. Ecaun = 2 u pebpo j yposua i, 2de i = 1,2,3,...,1, j =

1,2,3,...,27Y g momenm t, t € N, obpasyem cocmosnue q(t), maxoe
ol—(i+1) ) | < l7 =

umo i1 (t) =0, gijn(t) = { 0, S gin(t) = 27 daa scex
k=23,....,n—1, mo xoauuecmeo npedwecmeennukxos cocmosarus q(t)
2M020 pe6pc21 pasmo:
a) (L+V/5) 2n:2(1\/g\/5) s ecau i1 (t—1) =0 u gijn(t — 1) > ol=(t1) .
6) 2!~ . (H\/g);n,\/(%,\/g)n’ ecau 1 < giji(t —1) <250 w qijn(t — 1) >
2l—(i+1)r7

n—3_(1__ n—3
6) (1+V5) 2n—3(\}g\/g) (m>2)npul <i<l, ecru gi(t—1) =0 u
Gijn(t —1) =0,

n—2_(1_ n—2
d) (1++/5) 2n7293 v5) npui =1, ecau g (t —1) =0,
e) 2= (1+\/g)n2—n1;1(1\/g\/g)n—1 npul <i<l, ecaul < gj(t—1) <2

u Qijn(t —1) =0,
Z)r- (1+V5)"—(1—v/5)"
275

HoxkazaresabcTBo. Eciin n = 2, 10 Bce yTBepKJIeHUsI KPOME CJIydasi B)
JIETKO TIPOBEPSIIOTCST MOJCTAHOBKON JTBOWKN BMECTO 7. B BhIpayKeHusi. B
cJlydae B) TPEJIIIECTBEHHUKOB HE CYIECTBYET.

IIycts n > 2. PaccMOTpUM KaXKAbI M3 9TUX CIYYAEB.

Coyuqait a). IlocunmraeM €HCIO IPEIIIECTBEHHUKOB cocrosiius ¢(t)
pebpa j ypoBHS 4, TakuxX 4T0 ¢ij1(t — 1) =0 m gin(t — 1) > =i+ 1),

3aMeTnM, 9TO y BCEX MPEJIIECTBEHHNKOB YKa3aHHOIO COCTOSIHUST JIaH-
HOrO pebpa pecHUYIKa C HOMEpPOM ij2 B MOMEHT t — 1 JIOJKHA HUMETh

npui =1, ecru 1 < g i1(t—1) <
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HYJIEBYIO HAIPY3KY, YTOOBI B MOMEHT ¢ HAIDY3Ka MEPBOl PECHUIKHU OCTA-
BaJiach HyJeBoit. Torma pecuuydka ¢ HoMepoM 453 B MoMeHT ¢ — 1 jmoJiKHa
MMeTh Harpy3ky 2 - 279, arobbr B MoMenT ¢ marpyska 2/ 'r mepeGpoci-
JIaCh Ha, PECHUYKY C HOMepoM ¢j2. Harpysku ocTajbHBIX PECHUYEK, paB-
apie 217 | MOryT GBITH KaK OIMYIIEHbI Ha COCEHHE HIDKHIE PECHIYKH,
TaK U HaXOJUTBHCS Ha «CBOUX» PECHHYKAaX, HO, YINTBIBas IIPABUJIA IIepe-
Opoca PEeCHUYKON BEIeCTBa, TAKUM 00pa30M, UTO, €CJIU PECHUYKA MMeeT
Harpysky 2 - 2170 wm 2l=(i41)p 4 9l=ip g yomenT t — 1, TO cocemsis
BEpPXHsIsl PECHUYKA JOJKHA UMETh HYJIeBYIO Harpy3Ky B MOMeHT t — 1.
Takum 06pa30M, YUCIIO IIPEJIIECTBEHHUKOB, Y KOTOPBIX 1M HArPY30K, IJIe
m=20,1,2,3,..., [”Tf?’], OIIYIIEHBI Ha COCEJIHVE HI2KHUE PECHUYKH, PaB-
o C)" 5_ . JleficTBUTEIbHO, YUCI0 PECHNYEK, HATPY3KN KOTOPBIX MOTYT
6bITh omyIeHsl, paBHo 1 —3 — 1 — (m—1) = n—3 —m (u3 n — 3 pecHu-
Y€K BLIYUTAEM PECHUYKY C HOMEPOM ¢jn, TaK KaK ee Harpy3Ka He MOXKeT
OBITH OIYIIEHHO, U BblYNTAaeM m — 1, TaK KakK MEXKJIy JBYyMsI DECHUY-
Kamn ¢ Harpyskamn 2 - 217 obs3aTenbHo J0MAKHA OBITh OHA PECHIUKA
¢ HysieBoil Harpyskoii). CriegoBaTe/ibHO, YUC/I0 COUeTaHuii u3 n — 3 — m
pecHHIYeK 110 1 TaKux pecHudex pasno C)' 5 .

Takum 06pa30M, YUCJIO MPEJIIeCTBEHHUKOB cocTosiaust ¢(t) pebpa j
ypOBH# ¢, Takux 4910 ¢i1(t — 1) = 0 n gjn(t — 1) > 2=+ pasmo
sl om @5

m=0 ~n—-3—-m — on—2,/5 :

Coyuqait 6). IlocunraeM 4HCIO IPEIIIECTBEHHUKOB cocrosiuus ¢(t)
pebpa j yposH# i, Takux uro 1 < ¢;1(t — 1) < 2=t u Gijn(t — 1) >
ol=(i+1)y.

SaMeTI/IM, 9TO B 9TOM CJiyda€e YUCJIO IIPEJANIECTBEHHUKOB YKa3aHHO-

ro cocrostaust ¢(t) pebpa j ypoBHS 4, Takux 4ro ¢;1(t — 1) = 1 m
Gijn(t — 1) = 2l_(i+1)7“, paBHO (1+\/g);n_\/(%_\/g)n. JlelicTBUTETLHO, €CIIH

JUIsl BCEX IIPEJIIIECTBEHHUKOB M3 CJlydasl a) IOJIOXKUTh HArpy3Ky pec-
HUYKH ¢ HOMepoM 111 paBHYIO eIWHUIIBI, TO JJid PECHUYEK C HOMepa-
mu 112 u 113 BO3MOXKHBI J[Ba BapuaHTa uX Harpy3ok: qii2(t — 1) = 0,
q113(t — 1) =2- 2171'7’ u qllg(t — 1) = 2171'7’, Q113(t — 1) = 2171'7“. Bosmozk-
Hble BAPUAHTHI HAIPY30K OCTAJBbHBIX PECHUYIEK WHICHTUIHBI BAPUAHTAM
HAIPY30K 9THX YK€ PeCHHYeK B ciydae a). Takum o6pasom, YUCIIo Hpeji-
IECTBEHHUKOB cocTostnus ¢(t) pebpa j ypoBHs 4, TAKHX 4TO i1 (t—1) =1
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n—1 n n
U Gijn(t—1) > 2=+ pagno Z[nz)] e = (1“/5)2”*\/%*‘/5) . Cire-

JIOBATEJIBHO, YKMCIIO MIPEJIIIeCTBEHHUKOB cocTosiHus ¢(t) pebpa j ypoBHsI
i, Takux uto 1 < giji(t — 1) < 27 u gijn(t — 1) > 21-0FDr ) pasno
ol—iy . (VB =(1=VB)"
2°V5
Coyuait B). ITocunraeM 4HCIO TpEIIECTBEHHUKOB cocrosiaust q(t)
pebpa j ypoBHs 4, Takux 49710 ¢j1(t — 1) =0 u g;n(t — 1) = 0.

Bamerum, 4To, eciu yopaTh U3 PACCMOTPEHHsI PECHUYKY € HOMEPOM
ijn, TO BO3MOYKHbBIE BAPHAHTHI PACIIPEICICHAST HAIPY30K 10 OCTAJIbLHBIM
n—1 pecHIYKaM paccMaTpuBaeMoro pebpa B MOMEHT t— 1 MOJTHOCTBIO COB-
HaJAaI0T ¢ BO3MOYKHBIMU BapHaHTAMU PACHpPEIeICHIs HATPY30K 110 pec-
HUYKaM B MOMeHT t — 1 B ciyudae a). CiieoBaTesbHO, YUCJIO TIPEJIIe-
CTBEHHHKOB cocTostHus ¢(t) pebpa j ypoBHs 4, Takux 4To ¢;;1(t — 1) =0

1+v5)" 3 —(1—5)" 3
¥ gijn(t — 1) = 0, paBHo (1+v5) 2%3(\/5 Ve

(1+5)" 3 —(1—v/5)"
2n—3\/5

[PeJIIIeCTBEHHUKOB U3 CJIydasi B) €CThb ellle HPEJIIIeCTBeHHUKY C TaKUMU
Harpy3KaMu pecHmdex ¢ Homepamu [jn n lj(n — 1), aro qjn(t —1) =7 u
Qj(n—1)(t—1) = 0, a BADHAHTBI HATPY30K OCTAJIBHBIX PECHITICK TAKIe 7Ke,
KakK ¥ B CJlyuae B). 3HAYUT, el yOpaTh U3 PACCMOTPEHHsI PECHUUKY C
HOMEPOM [j7, TO, TIOJIb3YSCH CJYUAEM B), IIOJIyUaEM, YTO KOJUIECTBO yKa-

(VB (VB

3aHHBIX IPEIIIECTBEHHUKOB PaBHO ST . CJretoBaTe IbHO,

Cayuaii 8'). Tlpu i = [ 3amerum, 9TO Kpome

obI1iee IHCII0 MPe/IIIeCTBEHHUKOB cocTosiust ¢(t) pebpa j ypoBHs [, Takux

R e E) A CE V) e SV

aro q;1(t — 1) = 0, paBHO 3BT + T =
(1+vB) 2 —(1—v5)" 2
277,72\/5 :

Cayuait r). Ilocunraem dumcsio mpenecTBeHHUKOB cocTosiaust ¢(t)
pebpa j ypoBHs 4, Takux 910 1 < ¢451(t — 1) < 2l=ip y gijn(t —1) = 0.

Bamerum, 9To, ecqm ybpaTh N3 PaCCMOTPEHHs] PECHUYKY ¢ HOMEPOM
ijn, TO BO3MOKHbIE BAPHAHTHI PACIIPEICICHAS HAIPY30K 10 OCTAJIbLHBIM
n—1 pecHIYKaM paccMaTpUBaeMOro pedpa B MOMEHT t— 1 HOJTHOCTBIO COB-
HaJal0T ¢ BO3MOYKHBIMU BapHaHTAMU PACHpPEIeICHIs HATPY30K 110 pec-
HIYKaM B MOMeHT t— 1 B ciydae 6). CiiefioBaTesibHO, YUCIIO TIPEJIIIeCTBEH-

HIKOB cocTostHus ¢(t) pebpa j yposms i, Takux uto 1 < g;j1(t—1) < 287

) n—1_(1_ n—1
u g;jn(t — 1) = 0, pasuo 2/~r - (1++/5) 2%1(\}5 VBl
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(A+vB)r—1—(1—E)n!
2715
IPEIIIECTBEHHUKOB U3 CJIydasi T') €CTh €Ile MPEJIIIECTBEHHUKHN ¢ TAKUMU
Harpy3KaMu pecHHYeK ¢ Homepamu [jn u [j(n — 1), aro qjn(t —1) =r
1 qi(n—1)(t — 1) = 0, a BADHAHTEI HATPY30K OCTATLHBIX PECHIIEK TaKue
JKe, KaK U B cJIydae T'). 3HaIuT, ecjau yopaTh U3 paCCMOTPEHUs] PECHUY-
Ky C HOMEpPOM [jn, TO, MOJb3YsICh CIydaeM T'), [OJIydaeM, 4TO KOJIude-

1 n—2__ 1— n—2

(A+VB)"2—(1—vVB)" 2 (v
2n-2,/5

JIOBaTeIbHO, ODIIee UnCJIO NPEJIIIeCTBEHHUKOB cocTosinust ¢(t) pebpa j

ERV e L V) L

Coywaii ). Tlpu 4 = | 3amerum, 9TO Kpome 7 -

CTBO yYKa3aHHBIX IIPpEJINICCTBEHHUKOB PDaBHO 7T -

yposust [, Takux 4aro 1 < g1(t — 1) < r, paBHO

277,71\/5
(1+\/_)"2n27—2(1\/g—\/_)" 2 _ (1+\/_)2n_\/%_\/_) . Jlemma mokaszaHa.
_ 05T -a-vE) Tt (1+V5) 2 -(1-V5) 2
IIycrb €1 = W y €2 = Py % )
_ V)i (VB Bt or — (14v5) T — (1 VB) T
22+1f 4 QT\/g ’
o= (HVB)"T (VD) (VBT (V)"
5 = n1 , €6 = nEl )
277 /5 272 5
o — (14+vB)n—3—(1—v5)"—3 _ (VB2 —(1—v5)" 2
7= 2n—3\/5 ) €8 = on— 2\/5 )
n—1_(1_ n—1 n
ey = (1+v/5) - lglf V) en0 = (1+\/_)2n\([ V)

SaMeTI/IM 9TO €1 < es < €3, €4 < €5 < € U €7 < €g < €9 < €10-
Jlemma 12. Umeem mecmo

-1, 02 -1, 02
92 logy (2r-e3) < SKC4 < 92 log, (6v/3r-€3)

npu [ — 00.

JokazareabcTBo. Tak Kak 9ucj0 mTpoodpa30B KazKJI0r0 COCTOSTHUS U3
KJjacca K., OIHO U TO 2Ke, TO IIOCUUTAEM UHUCJIO IIPOOOPA30B, HAIIPUMED,
cocrosus q(t) ms Ke,, Takoro 49to Gijn—1)(t) = 0, qijn(t) = b= (i+1)p..
Gijem ) =11 gjor)(t) =0,tme 1 < i <1,1<j <27 1<k <
”T_Q; npu ¢ = | BBITOTHEHO q1j(n—1)(t) = 0, qijn(t) = 0, @) (t) = 1 u
Qjs-1(t) =0, t1e 1 < j <271 1 <k < 252

OrneHnuM €BepXy M CHU3Y UUCIO ITPOOOPA30B COCTOSTHUS KOHIEHCAITHH
q(t) m3 K,.
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JI1st IoJTydeHnst ONEeHKHM CHU3Y MOCYMTAeM KOJMYECTBO TAKHUX IPE]I-
mecTBeHHNKOB coctostiust q(t) 3 K, I-nepesa D=1 (b, r,n,1), a0 g;jn(t—
1)=0,tmei=1,23,...,.luj=123,...,2""1

3amMernM, 9TO JjIs WHITUIEHTHBIX pebep j u j + 1 ypoBHS ¢, TIe ¢ =
2,3,...,0luj=1,23,...,2""1 — 1, I-nepesa D~'(b,r,n,l) B cocroamuu
q(t) mmetor mecto (27 — 1) - €2 + 2 - eg - €3 IPoOGPazoB, a s peGpa
nepsoro yposns I-nepesa D~1(b,r,n,l) B cocrosmuu q(t) 1o emme 5
mmeror Mecto 28717 - e3 4 €9 mpoobpazos. JeficTBATENIBHO, eCM HAIPY3KA
IIepBOii peCHUYKN pebpa j ypoBH: ¢ B MOMeHT ¢t — 1 paBHa ¢;;1(t — 1), rie
1 <gj(t—1) < ol=ty — 1, To Harpyska mepBoil pecHudkHu pedpa j + 1
YPOBH# ¢ B MOMEHT ¢ — 1 ompejiesieHa OJHO3HAMHO, & UMEHHO (j(; +1)1(t —
1) =27 — ¢ij1(t —1). Ilo memme 5 gmcsio mpoobpas3os pedpa j ypoBHS i
paBHO (ZZ’ir— 1)-e3, a Tak Kak HArpy3Ka [epBOii pECHUYKHU Pedpa yPOBHS
j + 1 onpejiesieHa OJHO3HAYHO TPU KAaXKJIOM 3HAYEHUU HATPY3KU IEPBOU
pecHUYKE pebpa j ypoBHS ¢, TO YHCJIO 1Ipoobpa3oB pebpa j + 1 ypoBHs
1 paBHO e3. Cjiel0BaTe/IbHO, €CJIM HAIPy3Ka IIePBOH pecHUYKH pebpa j
ypoBH# ¢ B MOMeHT ¢ — 1 paBna ¢;j1(t —1), rae 1 < ¢51(t—1) < o=ty — 1,
YHCJIO TPOOOPA30B MapPhl MHIUIACHTHBIX pedbep j u j + 1 ypoBHs i, T1e & =
2,3,...,0luj=1,23,...,2""1 — 1, I-nepesa D~'(b,r,n,l) B cocroanuu
q(t) pasro (2!7%r — 1) - €. Ecim marpyska mepsoii pecHmIkn pebpa j
ypoBHs i B MoMenT t — 1 pasma 2!7'r TO HArpy3Ka IEpBOHl PECHHYKH
pebpa j + 1 ypoBHs ¢ B MOMEHT ¢t — 1 ompejie/ieHa OIHO3HAYMHO, & UMEHHO
qi(jﬂ)l(t — 1) = 0. Tlo nemme 5 wmcsio mpoobpa3os pebpa j ypOBHS 4
paBHO €3, a YUCJIO Mpoobpa3oB pebpa j + 1 ypoBHA ¢ paBHO €. Eciam
HArpy3Ka IepBOil pecHUYKH pebpa j ypoBHS ¢ B MomeHT t — 1 paBHa
HYJIIO, TO HAIPY3Ka IePBOil pecHUYIKU pebdbpa j+ 1 ypoBHs ¢ B MOMeHT ¢ — 1
Onpe/ieJIeHa OJIHO3HAMHO, a UMEHHO (; +1)1(t — 1) = 2. Dror cayuait
CUMMETPHUYEH CJIydalo, KOrjia Harpy3Ka IIepBoil peCHUYKH pebpa j YPOBHsI
i B MomenT t — 1 pasna 2!, CireioBaTesIbHO, IS HHIIEHTHBIX pebep
juj+1yposus i, tnei=23,...,0uj=123...,2"1 —1 Inepesa
D= Y(b,r,n,1) B cocrostamm q(t) umetor Mecto (27 — 1) - €2 +2-eg - e3
IpoOOPa30B.

Ha xaxpom yposue ¢, tie ¢ = 2,3,...,[, KOJIUIeCTBO AP WHIIU-
JeHTHLIX pebep pasHo 2072, 3Haumt, umcyio mpoobpazos coctoguus q(t)
us K., I-nepesa DY(b,r,n,l), Takux uto g;jn(t — 1) = 0 npu Beex i
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. — —3 i—2
u j, pasao (271 ez 4+ eg) - L (270 — 1) -2 + 2 ex-e3)? " >
i . i L oi—1 - -
Ol—1+3y 2072 (1—i) | 1430, 2072 ,€;+21222 _ g2t ol '63171 -
225_1~(1+log2 r+2logy ea) 221_1~10g2(27‘~e§) pu 1 = o0.

2!=1.log, (27-€3)

Taxnm obpasowm, Sk, = 2 npu [ — o0.

Jlist oIy 9eHust ONEHKH CBEPXY 3aMETHUM, 9TO JJId MHIMJICHTHBIX Pe-
Gep juj+ 1 yposusii, e i =2,3,...,0—1nuj=1,23,...,271 -1,
I-nepesa D~1(b,7,m,1) B cocrosHmn ¢(t) KOMMYECTBO MPOOOPAZOB He TIpe-
BocxouT uncia (27 —1) - (e3 +e9)? +2-(ea+e1)- (e3+e2) + (e2 +e1)?,
JIsl MHIUJIEHTHBIX pebep yposHs [ aroro I-iepesa B cocrosinun ¢(t) nme-
foT MecTo He 6ostee (1 —1)-e2 +2-eg- e + €3 mpoobpazos, a KomIeCTEO
PEJIIECTBEHHUKOB JjIs pebpa MMepBOro ypoBHs 3TOro I-jgepesa B cOCTO-
anun q(t) o memme 5 pasno 2717 - (e3 4 e2) + ea + e1. JeiicTBurennHo,
[yCTh HATPY3Ka PECHUYIKU C HOMEPOM N pebpa ypoBHsi ¢ — 1 (MHIMIEHT-
HOro pebpam j u j + 1 ypoBHs i) B MoMeHT ¢ — 1 paBHa HyJo. Torja,
ec/Ii HArpy3Ka TepBoil pecHUYKM pebpa j ypOBHs ¢ B MOMeHT t — 1 pas-
ma gij1(t — 1), me 1 < gij1(t — 1) < 2!7% — 1, To marpyska mnepsoii
pecunvku pebpa j + 1 ypoBHs i@ B MOMeHT t — 1 ompejiesieHa OfHO3HAY-
HO, & MMEHHO ¢;(j+1)1(t — 1) = 27 — qij1(t — 1). To semme 5 «mesio
11poobpaszos pebpa j yposns i pasuo (27U — 1) - (e3 + e3), a Tak Kak
HArpy3Ka MepBOil PECHUIKN pebpa ypoBHsT j + 1 ompejienieHa OTHO3HATHO
IpU KaykJOM 3HAYEHUW HArPy3KHM NEPBOil pecHUYKH pebpa j, TO UnuCjo
npoobpasoB pebpa j + 1 paBHO ez + ez. CiieoBaTeIbHO, €CIM HAIPY3KA
IIepBoil pecHHYKN pebpa j ypoBHs ¢ B MOMeHT t — 1 paBHa ¢;j1(t — 1),
e 1 < giji(t—1) < o=ty — 1, To uuca0 MPOOOPAZOB MAPHI WHITHICHT-
HBIX pebep j u j + 1 yposns i I-nepesa D~1(b,r,n,l) B cocTosaum q(t)
pasuo (2!7% — 1) - (e3 + e2)?. Ecin marpyska mepsoii pecnmuku pebpa
J YpoBHd ¢ B MOMeHT ¢t — 1 paBHa 2l=tp 1o Harpy3ka MepBOil PECHUYKHI
pebpa j + 1 ypoBHs ¢ B MoMeHT ¢ — 1 ompejiesieHa OJIHO3HAYHO, & UMEHHO
Zij+1)1(t — 1) = 0. Tlo emme 5 wmcno mpoobpasos pebpa j ypOBHS i
PaBHO e3 + e, a Yuco0 mpoobpas3os pedbpa j + 1 ypoBHS i paBHO €3 + e7.
Ecnu marpyska niepBoii pecHnaku pebpa j ypoBHsI ¢ B MOMEHT t — 1 paBHa
HYJII0, TO HAarpy3ka [epBoil pecHuYku pebpa j + 1 ypoBHsS ¢ B MOMEHT
t — 1 omnpejiesieHa OJIHO3HAYHO, & MMEHHO qi(jﬂ)l(t —-1) = 2=ty Dror
caydail CHMMETPHUUEH CJIyYaio, KOTJa HArpy3Ka IepBoil pecHuYKku pedpa
J ypoBHs 7 B MOMeHT t — 1 paBHa o=y, IIycTh Harpyska peCHHYKHU C HO-
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MepoM 1 pebpa ypoBHst ¢ — 1 (uHIMIEHTHOTO pebpam j u j + 1 ypoBHs 1)
B MoMeHT ¢ — 1 He paBHa HyJr0. Tora, epBble U BTOPBIE PECHUIKE pebep
juj+1 ypoBHs ¢ B MOMEHT t — 1 JIOJ2KHBI UMETDH HyJeBble HArpy3ku. [1o
JeMMe 5 IHCIIo YKa3aHHBIX TpooGpa3oB pasHo (e + e1)?. CremoBaTests-
HO, JIJIsT MHIWJICHTHBIX pebep j u j + 1 ypoBHs &, e ¢ = 2,3,...,0—1mu
§=1,2,3...,201 — 1 T-nepesa D~1(b,7,n,1) B cocrosmm q(t) mmetor
Mecto ne Gostee, dem (217 —1)-(e3+e2)?+2-(ea+e1)-(e3+e2)+(ea+e1)?
npoobpaszos. Tak kax st pedbep ypoBHS | JOJZKHO BBITOJTHSITHCA yCJIO-
BHe q1jn(t — 1) = 0, TO /I MHIMJIEHTHBIX pebep 3Toro yposHs I-jepesa
D7Y(b,7,n,1) B cocrostnuu q(t) umetor mecto (1 —1)-€3 +2-e3 - e3 + €3
IpooOPa30B.

Ha kaxxmom yposue i, e ¢ = 2,3, ...,[, KOJUIECTBO AP WHITUICHT-
HBIX pebep pasuo 2072, 3HaunT, KOIMYecTBO Mpoobpasos cocrosmus q(t)
u3 K., I-nepesa D~1(b,7,n,1) ne npesocxomut unciaa (2117 - (e3 4 eg) +
eater)-((r—1)-e§+2-ex-e3+e3)* " TL_5((21 77 —1)- (e3+e2)?+2-(ea+
e1)-(estex) +(eaten)?)” < (2r+2)-es ((r+2)ed)” Ty ((2r -
1):22 €3 +2% - e3+22.e3)2 " <2 reg- (3r)2 M IR (32200
32 2 (3r) L 2T LT 2T T 2R (304 DT 2 =
9271 2l '33.25—2 ,egl < 92!~ (1+logy (r-v/27)+2logy Con1) _ 92~ '-logy (6v/3r-¢3)
npu [ — oo.

Taxum obpasom, Sk, < 92!~ 1 -log, (6v/3r-¢3) upu [ — oo.

CieioBaTe ILHO, 92~ logy (2r-e3) ¢ SK., <22 logy(6v/3re) pu [ — 00.
JlemMma mokazaHa.

JIlemMa 13. FEcau | wemno, mo umeem mecmo

S

221_1(g+%~10g2r+§~10g2 64)+%l < Sk < 221_1(%+%~10g2(27~r)+2~10g2 66)+%l
cs5

npu [ — 00.

HokazaresibcTBO. Tak Kak 9Mc/I0 MPooOpa3oB KasKJIOro COCTOSHUS U3
KJacca K, OIHO U TO »Ke, TO IIOCUUTAEM UHUCJIO IIPOOOPA30B, HAIIPUMED,
cocrostiust q(t) us K, Takoro uto mpu wernom i gijn(t) = 274Dy,
Qij(2k—1)(t) = 11 @325y (t) = O 1 mpu HeweTHOM 7 G (t) = 0, i) (1) = 1
u gijok—1)(t) = 0, e 1 < i < [, ecoim [ werno n 1 < i < [, ecym

[ mewerno, 1 < j < 2071 1 < k < "771; npu ¢ = [, Korma [ derHo,
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BBIIOMHEHO qrjn(t) = 0, qj2e—1)(t) = 1 1 qij(ny () = 0, rzie 1 < j < 277,
1<k <2t
OHCHI/IM CHHU3Y M1 CBEPXY YUCJIO HpOO6pa3OB COCTOAHMA KOHACHCaIIM1

q(t) m3 K.

st moJTydeHust OTeHKN CHU3Y ITOCYUTaeM KOJUYIeCTBO TaKWUX IPe]l-
mecTBeHHNKOB cocTostiust q(t) 3 K I-nepesa D=1 (b, r,n,1), a0 gjjn(t—
1)=0,tmei=1,23,...,.luj=123,...,2""1

3amMerumM, UTO JJIsi WHIUJAEHTHBIX pebep j u j + 1 ypoBHs 4, Tie
i=24,...,luj=1,23,...,2"" — 1, I-nepesa D~1(b,7,n,l) B cocro-
aunn ¢(t) KOJUUecTBO MPOOOPA30B PABHO €2, /IS WHIHJIEHTHBIX pebep
juj+1yposusa i, rne i = 3,5,...,0 —1nj=123,..,2°"1 -1,
I-nepesa D~Y(b,r,n,l) B cocrosEun q(t) KOMMIECTBO TMPOOGPA3OB PaB-
HO (2l_ir -1)- eg + 2 - e5 - eq, a st pebpa mepBoro ypoBHs I-jepesa
D=Y(b,7,n,1) B cocrosmum ¢(t) Mo Jemme 7 mmeroT Mecto 2711 - e5 + ey
poobpaszos. elicTBUTEIbHO, HAIPY3KH IIEPBBIX pecHrdeK pebdep j u j+1
ypoBHs ¢, Tyie @ = 2,4,...,l, B MoMeHT ¢ — 1 JOJI)KHBI OBITH HYJIEBBIMU.
ITo nemme 6 uwmcio mpoobpa3oB Mapbl UHIUIEHTHBIX pebep j u j + 1
YEeTHOI'O YPOBHS ¢ PaBHO e%. Eciin marpyska mepBoit pecHudku pebpa
J ypoBusi i, e ¢ = 3,5,...,0 — 1, B Moment t — 1 paBHa ¢;j1(t — 1),
e 1 < giji(t —1) < ol=iyp — 1, To Harpyska nepBoOil pecHHYIKH pPeb-
pa j + 1 ypoBusi ¢ B MOMeHT ¢t — 1 ompeseseHa OMHO3HATHO, a UMEHHO
GG+ (t—1) = o=ty — ¢ij1(t —1). ITo memme 7 umciio mpoobpazos pedbpa
Jj HEYEeTHOTO YPOBHS i PaBHO (2l_ir — 1) - e5, a Tak Kak HArpyska Iep-
BOI pecHUYKHU pedpa ypoBHS j + 1 omnpeseieHa OJHO3HAYMHO MPHU KAXKIOM
3HAYEHUU HATPY3KHU HEPBOI PECHUYKU pebpa j yPOBHS %, TO UUCJIO IPO-
obpazos pebpa j + 1 ypoBHst i paBHO e5. CjegoBaTe/IbHO, €/ HArpy3Ka
EPBO#l pecHUYKN pebpa j HEYETHOrO YPOBHs ¢ B MOMEHT t — 1 paBHa
giji(t — 1), tme 1 < gj1(t —1) < 2l=ir — 1, T0 WHCIIO TPOOGPA3OB IIa-
Pl UHITUJIEHTHBIX pebep j u j + 1 ypoBus ¢, e ¢ = 3,5,...,0 — 1 u
j=1,2,3,...,271 — 1, I-nepesa D~1(b,r,n,l) B cocrosmuu q(t) pas-
no (27 — 1) - eg. Eciin marpyska nepBoii pecHuuku pebpa j HEIeTHOrO
ypoBHs i B MoMeHnT t — 1 paBma 2!7'r TO HArpy3Ka IIEpBOHl PECHHYKH
pebpa j + 1 ypoBHs ¢ B MOMEHT ¢t — 1 omnpeje/ieHa OIHO3HAYMHO, & UMEHHO
qi(j+1)1(t — 1) = 0. TTo semme 7 4ucsio mpoobpas3oB pebpa j HEIETHOIO
VPOBHS i PaBHO €5, a YUCJO0 TPoodPa3oB pebpa j + 1 HeIeTHOTrO ypOBHS
i paBHO e4. Ecm Harpyska mepBoil pecHUYKH pebpa j HEYeTHOrO YPOB-
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Hs ¢ B MOMEHT ¢t — 1 paBHA HYJIIO, TO HAIDY3Ka II€PBOH pecHUYKU ped-
pa j + 1 ypoBusi ¢ B MOMeHT ¢t — 1 ompeseseHa OMHO3HAYHO, a UMEHHO
Qi(j+1)1(t — 1) = 27, DroT Ciryuail CHMMETPHUEH CJIyUalo, KOLJa Ha-
rpy3Ka IepBOil pecHUYKU pebpa j HEUYeTHOrO YPOBHHA ¢ B MOMEHT t — 1
paBHa 2=y Ciie1oBaTEIBHO, /TSI MHIIEICHTHIX pebep j u j+ 1 ypoBHst
i,tme i =3,5,...,0—1uj=1,23,...,2"1 — 1, I-nepesa D~1(b,7,n,I)
B coctogrmu ¢(t) mvetor mecto (207 — 1)(e2 + 2 - e5 - €4 TPoOGPazOB.

Ha kaxkjiom yposse i, tyie ¢ = 2,3, ... ,[, KOJIUIECTBO Hap UHIUJICHT-
HBIX pebep pasHo 212, Braunt, umcyio mpoobpaszos cocrosrus q(t) nz K.,
I-nepesa D~1(b, r,n,1), Takux 4to g;jn(t — 1) = 0 upm Beex i u j, pas-
HO (2l_17‘ -e5 + 64) . Hi:2,4,...,l(€%)21_2 . Hi:3757...75_1((2l_i7’ — 1) . 6% +2-
es - 64)2i_2 = Q=143 g5, 11 27200 | g5 127 622:1 27 _
2%.21714_%.5_% -7’%'2171—'_% -6il_1 - 221_1(g+%-10g2 r+2-log, 64)+

.....

1

5t pu [ — 0.
21_1(§+l-10g r+2.log e4)+l-l

Taxnm obpasom, ecin | weTHo, TO Sk, = 2 973082 3082 3

npu [ — oo.

Jlyist Tostydenust OIEHKU CBEPXY 3aMETHM, YTO JIjIs UHITUICHTHBIX pPe-
Gep juj+ 1 ypopus i, e i = 2,4,...,0—2nj=1,23,...,271 -1,
I-nepesa D=1(b,7,n,1) B cocrosmmu q(t) o emme 6 He Gostee (eg + eq +
2 - e5)? Mpoo6paszoB, I MHNUIEHTHLIX pebep j u j + 1 yposms i, e
i=2305,...,1—1uj=123...,271 -1 sroro I-nepesa B cocros-
mn q(t) ameno mpoobpazos ne Gosee (287 — 1) - (e5 + eg)? + 2 - (e5 +
eg) - (eq + e5) + (eq + e5)?, i wHIMIEHTHBIX pebep yposH# [ atoro I-
nepesa B cocroanmu ¢(t) mMetor Mecto me Gosee (e + eg)? Mpoobpaszos,
a KOJIMYECTBO 11PO0OPA30B /JIjId pebpa 11ePBOI'0 YPOBHS 110 JIEeMMe 7 PaBHO
2171 . (e5 4 eg) + eq + e5. JeiicTBUTENBHO, YCTh HAIPY3KA PECHUYKHU C
HOMEpOM 1 pebpa ypoBHst ¢ — 1 (uHImIeHTHOrO pebpam j u j+ 1 ypoBHs i,
e i = 3,5,...,l—1) B Mmoment t — 1 paBHa Hysr0. Torya, eciim Harpyska
IIepBoii pecHUYKN pebpa j ypoBHs i B MOMeHT t — 1 paBHa ¢;51(t — 1),
e 1 < giji(t—1) < 2=t — 1, 10 Harpy3Ka IIepBOil PEeCHUYKH ped-
pa 7 + 1 ypoBHd ¢ B MOMeHT ¢t — 1 onpe/jiejieHa OJHO3HAYHO, & UMEHHO
GG+ (t—1) = o=y — ¢ij1(t—1). ITo nemme 7 gamciio mpoobpasos pebpa
§ meuernoro yposns i pasHo (27 — 1) - (e5 + €g), a TaK Kak Harpys-
Ka 1epBoil pecHuYKH pebpa ypoBHs j + 1 ompejeseHa OJHO3HAYHO PU
KaXKJIOM 3HAYMEHUN HATPY3KU IEPBON PECHUYKHU pedpa j, TO UHUC/IO0 POod-
paszoB pebpa j + 1 paBHo e5 + eg. CiietoBaTEIbHO, €CJIH HATPY3Ka, IePBOi
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PeCHIYKHN pebpa j HeYeTHOIo ypoBHs i B MOMeHT ¢ — 1 paBHa g;;1(t — 1),
e 1 < giji(t—1) < 2/~ — 1, 10 uncI0 TPOOBPAZOB AP HHIHIEHTHBIX
pebep ju j+1 yposus i, tne i = 3,5,...,1—1uj=1,23,...,2°1 -1,
I-nepesa D~1(b,7,n,1) B cocrosmuu q(t) pasno (217 — 1) - (e5 + eg)?.
Eciin marpyska nepBoit pecHUYIKEU pedpa j HEIeTHOrO YPOBHS ¢ B MOMEHT
t — 1 pasua 2!~ To HarpysKa mepBoil pecHmukn peGpa j 4+ 1 ypoBHs i B
MOMeHT ¢ — 1 omnpezeseHa OJIHO3HAYHO, & UMEHHO qi(jﬂ)l(t —1)=0.TIlo
JieMMe 7 9ucjo mpoobpa3oB pedpa j HEUETHOTO YPOBHH ¢ PABHO €5 + €g,
a JucjIo mpoobpaz3os pedbpa j + 1 ypoBHs ¢ paBHO e4 + e5. Fcyim Harpyska
[IEPBOI PECHUYKHU pebpa j HEYETHOrO ypOBHS ¢ B MOMeHT t — 1 paBHa
HYJIIO, TO HAIPY3Ka [EepPBOH pecHUYKH pebpa j + 1 ypoBHS ¢ B MOMEHT
t — 1 onpejiesieHa OJIHO3HAYHO, & MMEHHO qi(jﬂ)l(t —-1) = 2l=ir Dror
ciaydail CHMMETPUYEH C/Iydalo, KOIjia HArpy3Ka IepBOi pecHUYIKu peb-
pa j HEYETHOTO ypPOBHHA ¢ B MOMeHT ¢t — 1 paBHa o=y, IIycTs Harpyska
PECHUYKH C HOMEepOM n pebpa ypoBHsI ¢ — 1 (umHIMIeHTHOrO pebpaM j
u j+ 1 yposus i, tue @ = 3,5,...,0 — 1) B moment t — 1 He paBHa
uyio. Torma, mepBble W BTOpPbIe peCHUYKHU pedbep j u j + 1 HedeTHOrO
VPOBHA ¢ B MOMEHT t — 1 JO/KHBI MMeTh HyJeBble Harpys3ku. 1lo jrem-
Me 7 9MCIIo yKasaHHBIX Tpoobpazob Oyier (ey4 + e5)?. Cieosaresbho,
JUTsi MHITUJEHTHBIX pebep j u j + 1 yposus ¢, Tie ¢ = 3,5,...,l — 1 un
§=1,2,3...,201 — 1 T-nepesa D~1(b,7,n,1) B cocrosmmu q(t) mmetor
Mecto He Gostee, dem (207 —1)-(e5+e6)2+2-(e5+e6)- (ea+e5)+ (es+e5)?
npoobpazoB. Tak Kak Jijisg pedbep ypoBHsI | JIO2KHO BBIIOJHIATHCS YCJIO-
BHE qjn(t — 1) = 0, TO J/Ist HHIEIEHTHBIX pebep 9Toro yposHs I-nepesa
D=Y(b,r,n,l) B cocrosmmu q(t) nmeror Mecto (e5 + eg)? MPOOGPaA3OB.

Ha kaxxmom yposue i, e ¢ = 2,3, ...,l, KOJUIECTBO AP WHITUICHT-
HBIX pebep pasuo 2072, BHaunT, KOIMYecTBO Mpoobpasos cocrosmus q(t)
u3 K., I-nepesa D~1(b,7,n,1) ne npesocxomur uncia (2117 - (eg + e5) +
es+eq) (eg+es)? Mg, 1 o(es+es+ea)?  Thi—gs. g 1((25r —
1)-(eg +e5)% +2-(e5+eq) - (e +e5) + (e5 + 64)2)?72 <roeg? L.
22171+l+1 . Hi:2,4,...,l—2(3€6)2171 . Hi:375,...,l—1((2l_ir - 1) ) 22 ’ 662 + 23 )
662 + 22. 662)2172 < 22171+l+17a . 6621_1+1+Zi:2,4,“.,l—2 2t 321':2,4,‘.‘,1—2 2=t
Hi:3,5,...,l—1(32‘2l_ir‘€62)2i_2 < 32 2 T A Iy s (1-0)22
711‘*‘21:3,5 ..... -1272 .6621_1+1+Ei;% 2t 2%'2171"‘%'”'% .7'%'2[71"‘% 21,

.66 -
3212 < 92!t (g + logy (27-7)+2-logy e6)+5 -1 mpu | — o0.
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Takum obpaszom, eciiu [ — deTHOE, TO

1—1.(14 1 1
SKC5 <22 ( +3 log2(27r)+210g266)+3l pu | — oo,

cJIe/10BaTeIbHO,
I—1 1 I—1 1 1
92 ( + 10g2r+ 10g264)+ l_< SK05 < 92 ( +5-logy (27-1)+2: 10g266)+3l
mpu | — oo. Jlemma nokazama.

JlemMa 14. FEcau | newemmuo, mo umeem mecmo

2,1 1
221~(—+— loggy r+logy 64) { SKC5 < 221~(§+§~10g2(27~7‘)+10g2 66)+§'l

npu | — oo.

okazarenabcTBo. Tak Kak 9nCI0 IpooOPa30B KarKI0I0 COCTOSTHHUS U3
kJjacca K, OIHO U TO Ke, TO IIOCUUTAEM UHUCJIO IIPOOOPA30B, HAIIPUMED,

cocrostiust q(t) us K, Takoro uto mpu wernom i gijn(t) = 274Dy,
Qij(2k—1)(t) = 11 @325y (t) = O 1 mpu HeweTHOM 7 Gy (t) = 0, i) (1) = 1
u gijek—1)(t) = 0, re 1 < i < I, ectm | werno w 1 < i < [, eciin
[ mewerno, 1 < j < 2071 1 < k < "771; npu ¢ = [, Korma [ 49eTHo,
BBITIONTHEHO 15 () = 0, qrj(2k—1) (t) Qjory(t) =0, tme 1 < j < 2071,
1<k <L

OreHrM CHU3Y U CBEPXY YHUCJIO MPOOOPA30B COCTOSIHUS KOHJICHCAIIN
q(t) m3 K.

JIyist oIy deHnst OIEHKM CHU3Y MOCYUTAEM KOJUIECTBO TAKHUX IPEJI-
mecTBeHHUKOB cocTognus (t) us K., I-nepesa D=1 (b, 7, n, 1), aro g (t—
1)=0,rnei=1,2,3,...,luj=1,23,...,21

BameTuM, 4To, KaK U B CIydae YeTHOro [, Jiisi HHIIUJIEHTHBIX pedep j
uj+1ypopusii, rei=2,4,...,0—1uj=1,23,...,27 —1, I-nepena

~1(b,r,n,1) B cocrosrmu ¢(t) KoamaecTBo POOOPA3OB TIO JeMMe 6 paBs-
HO e%, JUIsT MHIUJIEHTHBIX pebep j u j + 1 ypoBus ¢, e ¢ = 3,5,...,1
wj=123,...,271 1 ILnepesa D~1(b,r,n,l) B cocrosmmm ¢(t) xo-
JITYECTBO MPOOOPA30B IO JieMMe 7 PaBHO (2l_ir — 1)6% +2-e5-¢€q, a
nst pebpa mepsoro yposns I-iepesa D~1(b,r,n, 1) B cocrosmun ¢(t) 10
emme 7 umeror mecto 271 - es + e4 1pooGpasoB.
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Ha kaxkjiom yposwe i, tyie ¢ = 2,3, ... ,[, KOJIUIECTBO Hap UHIUJICHT-
HEIX pebep papno 27 2. 3Hauut, umcio mpoobpaszos coctosHus q(t) u3
K., I-nepesa D7Y(b,r,n,1), Takux 4o gijn(t — 1) = 0 upu Beex i u j,
pasuo (2717 - e5 + eq) - Hi:2,4,...,l71(6%)2i72 iz s, (27 — 1) - e2 +
2. e - 64)2i72 = 2171+2i:3,5,.“,z2i_2(l*i) . T1+Zi:3,5,m,l2i_2 e 2:1 2071

4 pu—
2l—1 - 225(%+%~10g2 r+logy e4)+

29l 1411 1ol 1 1,
292+3l+9'r32+3'e4 3alI/Il%OO.

(2,1, 1,
Takum obpaszom, eciu | HedyeTHO, TO S Koy 7 22 (5+3loga r+logz ea)+ 51

pu | — oo.

Jlist oy 9eHust ONEHKH CBEPXY 3aMETHUM, 9TO JJId MHIMJICHTHBIX Pe-
Gep juj+ 1 ypousi, e i =2,4,...,0—1nj=1,23,...,271 -1,
I-nepesa D~1(b,7,n,1) B cocrosmmm q(t) o emme 6 He Gostee (eg + eq +
2 - e5)? Mpoo6pazoB, A MHNUIEHTHLIX pebep j u j + 1 yposms i, e
i =35...,luj=123...,271 -1 sroro I-nepesa B cocrosHuI
q(t) mcnmo mpoobpazos 1o stemme 7 He Gomee (217 — 1) - (e5 + e6)? +
2 (e5+eg) - (es + e5) + (eq + e5)?, a KommgecTBO MPOOOPA30B JIs peb-
pa [IepBoro ypoBHs 3Toro I-jepeBa B cocrosiHum ¢(t) 1o jemme 7 paBHO
2171 (e5 + eg) + eq + e5.

Ha kaxxmom yposue i, e ¢ = 2,3, ...,l, KOJUIECTBO AP WHITUICHT-
HBIX pebep pasuo 2072, 3HaunT, KOIMYecTBO Mpoobpasos cocrosmus q(t)
u3 K., I-nepesa D~1(b,r,n,1) me npesocxomut wmcna (2171 - (e + e5) +
es+eq) Ti—o 4, 1—1(e6+e5+ 64)_21_1 Mizz5,. (27 —1) - (e +e5)* +2-
(65 + 64) . (66 + 65) + (65 + 64)2)21_2 < (QZT’ + 2) €6 - Hi:2,4,...,171(3€6)21_1 .

i1 , 2 1olil 1oyl
31+Zi:2,4,m,l—1 2 . Hi:3,5,...,l(32 . 21*170 . 662)21 < 21 .33 2+3 . €g3 2+3 .
221:3,5,...,1“‘@'2172 .T1+Zi:3,5 ..... 12072 (3 . 66)21:3,5,.,.,12171 = 2%'21"‘%'“‘% .

1o1,1 12,1 1
r32+s. (366)2L1 < 92" -(§+31ogy(27-7)+Hlog, eg)+ 31 npu 1 — 00,

Taxum obpasoM, ecin [ — HEIETHOE, TO
(241, . 1,
SKC5 < 92 (9-1—3 log, (27-7)+logs 66)+3 l upu | — 00,

cJe10BaTeJIbHO,

2L (24 Log, rdlogy eq )+ 241 2L (24 L1og, (277)+logy €6 )+ 21
2 (9 31082 22 4) 3 <SK05 #2 (9 3 8o ( ) ) 6) 3

pu | — oo. Jlemma jiokazaHa.
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JlemMma 15. Hmeem mecmo

221*1(n73+log2r) 481(02 4221_1~(n+1+10g2(r~\/§))

npu | — oo.

JokazaTeabcTBo. Tak kax 4ncjao mpoodOpPa3oB KaxKI0TO COCTOSHUS U3
kjacca K, OIHO U TO Ke, TO IIOCUUTAEM YHUCJIO IIPOOOPA30B, HAIPUMED,
cocrosiaust ¢(t) u3 K¢,, IpH KOTOPOM BBINOJHEHO: (jjn(t) = 217(”1)7',
gij1(t) = 0, qijen®) = 27 1 gjemn(t) = 1, e 1 < i <1, 1<
j <271 <k < "772; npn i = [ Bbmosnneno qj1(t) = 0, qn(t) = 0,
Qjarsn)(t) = 11 qjor (t) =7, tie 1 < j <271 1<k < 252

OrneHuM CBepXy U CHU3Y YUCIO IIPOOOPA30B COCTOSTHUS KOHIICHCAIIT
q(t) m3 K.

st mostydeHus OIEHKU CHU3Y MMOCUYUTAaEM KOJIMIECTBO TAKHUX IIPeJl-
mecTBeHHUKOB cocToanus (t) us K, I-nepesa D=1 (b, 7, n, 1), aro g (t—
1)=0,rnei=1,2,3,...,luj=1,23,...,2°1

3amMeTum, 4TO JJIsi UHIUJACHTHBIX pebep j u j + 1 ypoBHs 4, rje
i=23,...,0luj=1,23,...,271 —1 I-nepesa D~1(b,7,n,l) B cocTos-

. n 2 n n
nun q(t) mveror mecro (287 —1) - (25_1> +2-2271.2272 ppoobpasos,

a 1y1s pebpa nepporo yposus I-nepesa D~1(b,r,n,1) B cocrosmmm ¢(t) 1o
seMme 8 nveror mecro 201y 2371 4 9372 poobpasos. leficTBuTe/bHO,
€cJIi HArpy3Ka [epBOil pecHUYKHN pebpa j ypoBHs ¢ B MOMeHT ¢ — 1 paBHa
gin(t—1), tae 1 < gij1(t —1) < 2% — 1, To HArpy3Ka nepBoil pecHIIKH
pebpa j + 1 ypoBHA 7 B MOMeHT t — 1 ompezeeHa OIHO3HAYHO, & MMEH-
HO qi(j41)1(t — 1) = o=ty — ¢ij1(t — 1). Ilo memme 8 umcsio mpoobpaszos
pebpa j ypoBHs ¢ paBHO (21*1'7' —-1)- 2%_1, a TakK KakK Harpyska Imep-
BOIl pecHUYKHU pebpa ypoBHs j + 1 ompejiesieHa OIHO3HAYHO IPHU KAaXKJIOM
3HAYEHUHN HATPY3KH IEPBOH pecHUYKN pedpa j yPOBHS ¢, TO UUCIO IPO0D-
pa3oB pebpa j + 1 ypoBHs ¢ PABHO 251, CiieioBaTeIbHO, €CIU HArpy3Ka
IIepBOii PeCHUYKN pebpa j ypoBH# 4 B MOMeHT ¢ — 1 paBHa ¢;;1(t — 1), rie
1 <gjit—1) < 2l=t — 1, 10O umCI0 POOGPA3OB TAPHI MHITAIECHTHBIX
pebep j u j+ 1 yposust i, tne i = 2,3,...,luj = 1,23 ...,271 —1,
I-nepea D=1 (b,r,n,1) B cocrosmmu q(t) pasmo (28=r —1)- (2%_1)2. Ec-
JIM HAUPy3Ka MepBo#l pecHuuku pebpa j ypoBHH ¢ B MOMeHT ¢ — 1 paBHa
2l_ir, TO Harpy3Ka IIepBOil pecHUYKH pebpa j + 1 ypoBHsSI ¢ B MOMEHT
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t — 1 oupejiesieHa OHO3HAYHO, a UMEHHO qi(j+1)1(t —1) = 0. ITo jgemme 8
YUCTI0 TTPO0OPa30B pebpa j yPOBHsS ¢ PABHO 2%*1, a JUCJI0 TPoobpPa3oB
pebpa j + 1 ypoBHS ¢ pPaBHO 2272, Ecimn Harpy3Ka IMepBOU PEeCHUYKU
pebpa j ypoBHs ¢ B MOMEHT ¢ — 1 paBHa HYJIIO, TO HAIPY3Ka II€PBOI pec-
HUIKu pebpa j + 1 ypoBHst ¢ B MOMeHT t — 1 ompejie/iena OJIHO3HAMHO,
a UMeHHO G;(j41)1(t — 1) = 2=ty Dror ciryuail CHMMETpPHYUEH CIIyHalo,
KOTJ[a HArpy3Ka 1epBoil pecundku pebpa j ypoBHs ¢ B MOMeHT t — 1 pas-
na 2!, CiresoBaTesIbHO, TS MHIMIECHTHBIX pebep j un j + 1 ypoBHs
i, e i = 2,3,...,0luj = 1,23 ...,271 — 1 I-nepesa D~1(b,7,n,I)
B cocTostHIN ¢(t) mMeror mecto (207 — 1) - <2%_1>2 +2.2271.2572
IpoodPA3OB.

Ha xaxxmom yposue i, e ¢ = 2,3, ...,l, KOJUIECTBO AP WHIUIEHT-
HEIX pebep pasmo 2072,

Takum oOpa3oM, KOJMIECTBO TPooOpa3oB pebpa j yPOBHSA ¢ COCTOsI-
nust q(t) us K., I-nepesa D1(b,7,n,1), Takux uto g;jn(t — 1) = 0 npu
BCEX 7 W j, PABHO

2i—2

(2l—1r-2%*1 "2> I 2<(2l—ir1)-< Ll) 4+2.95-1 22> >
l i—

2[71+Zé:2 21'—2(171-) . 7’1+Zi:22i_2 ) (2%_2> 1+Zi:22 1 _ 221—171 . 712l—1 .

2l—1
n_ I=1(p_
(2 2) = 227 (n—3+logy 1) npu [ — 0o.
211 (n—3-+1
Taxnm obpasowm, Sk, = 2 (n=3+log27) 11py | — 0.
st moJtydeHust ONEHKHU CBEPXy 3aMEeTUM, 4TO JJIsi UHIIUJIEHTHBIX Pe-

6epj HJ+1 ypOBHH i’ F’He 1/ = 273""7l7 1 H] - 172737-.-72i_1 - 1)
I-nepesa D~1(b,r,n,1) B cocrosmmm q(t) KOJII/I‘IGCTBO Ipoo6pas30B He Tpe-

BocxomT wmeta (2070 — 1) - (2721* —&—2_*1) +2- (27217 —&-2_*1) .

(2%72 + 2%72> + <2%72 + 2%72)2, JUIT MHIUJIEHTHBIX pebep ypoBHs [
sroro I-gepesa B cocrosimm ¢(t) mo sleMme 8 MMeIOT MecTO He 6oee
(r—1)- <3 : 2%72)2 +2.3.2272.3.2273 4 <3 : 2%73>2 IPO0OPA30B,
a KOJIMIECTBO IIPOOOPa30B it pebpa HepBoro ypoBHs 3T0r0 I-1€peBa B
cocrosmmu q(t) mo emme 8 pasno 2!y < 14 2771) +2272 49272,

JleiicTBUTENIBHO, IIyCTh HAPY3KA PECHUYKH C HOMEPOM 7 pebpa ypOBHsI
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i — 1 (uanmaenTaoro pebpam j u j + 1 ypoBHst i) B MomenT ¢t — 1 pas-
una uyso. Torma, ecsim Harpy3ka IepBOil pecHUYKH pedpa j YpPOBHA ¢ B
momenT ¢t — 1 paBna ¢;j1(t —1), rae 1 < ¢ij1(t—1) < 2l=%r — 1, T0 HArPY3-
Ka 1epBOil pecHUYKHU pebpa j + 1 ypoBHs ¢ B MOMeHT t — 1 ompejesiena
OJIHOBHAYMHO, & UMEHHO ¢j(j4+1)1(t — 1) = 2171 — g;51(t — 1). Ho emme 8
9uCI0 TPoodpa3oB pebpa j YPOBHS ¢ PABHO (2l_ir -1)- <2%71 + 2%71),
a TaK Kak Harpy3Ka MepBoil pecHnukn pebpa ypoBHs j + 1 onpemesiena
OJ/IHO3HAYHO IPU KAXKJIOM 3HAYEHUU HArPy3KHU IEPBOil pecHUYKH pebpa
J, TO 9mcyI0 1poobpa3oB pebpa j + 1 paBHO 221 4 251 CuenoBarens-
HO, €CJIi Harpy3ka IepBoil pecHUYKH pebpa j ypoBHs ¢ B MOMEHT ¢ — 1
pasHa ¢;j1(t — 1), e 1 < ¢51(t — 1) < 2=ty — 1, To umcs0 IPOOGPaA3OB
napbl MHIUICHTHBIX pebep j u j + 1 yposud ¢, rme ¢ = 2,3,...,0l—1u
j=1,2,3,...,20=1 — 1 I-nepesa D~(b,7,n,l) B cocrosmuu ¢(t) pasHo
(2l_ir -1)- (2%71 + 2%71>2. Eciin marpyska mnepBoit pecHuuku pebpa
J YpoBHd % B MOMeHT ¢t — 1 paBHa 2=y 10 Harpy3Ka IepBOil peCHUYKU
pebpa j + 1 ypoBH: ¢ B MOMeHT ¢ — 1 OIIpejiesieHa OJIHO3HAYHO, a MMEHHO
qi(jﬂ)l(tf 1) = 0. ITo siemme 8 wmcsio mpoobpas3oB pebpa j yPOBHS i PABHO
2%71+2%71, a IucJI0 mpoobpas3os pebpa j+1 ypoBHS ¢ paBHO 2372492372,
Ecnu narpyska nepBoit pecundku pebpa j ypoBHs ¢ B MOMEHT t — 1 paBHa
HYJIIO, TO HAIPY3Ka NePBOil pecHUYIKU pebdpa j+ 1 ypoBHs ¢ B MOMeHT ¢t — 1
olpe/JiesieHa OJTHO3HAYHO, & UMEHHO qi(jﬂ)l(t —1) = 2. Dror cayuait
CUMMETPUYCH CJIyYalo, KOT/Ia HArPY3Ka IEepBOil PEeCHUYKU pedpa j ypoB-
Hs1 7 B MOMeHT ¢ — 1 pasua 2/, IlycTh HarpysKa PECHHUKE ¢ HOMEPOM 7
pebpa ypoBHsi i — 1 (MHIMIEHTHOrO pebpaM j u j + 1 ypoBHSI 1) B MOMEHT
t — 1 me paBHa HyJ0. TOr/Ia 1I€pBBIE U BTOPbIE peCHUYKU pebep j u j + 1
YPOBHS ¢ B MOMEHT ¢ — 1 JIO/2KHBI UMETDH HyJIeBble HArpy3ku. [lo siemme 8

n n 2
YUCI0 YKA3aHHBIX PO0Opa3oB Oy1erT (2572 + 2§*2> . CreoBaresibHo,
JJIsT UHITUJAECHTHBIX pebep j u j + 1 ypoBHd 4, tiae ¢ = 2,3,...,0l — 1 u
§=1,2,3...,2°1 — 1, I-nepesa D~1(b,7,n,1) B cocrosmmm q(t) mmeror

MecTo He 6ojiee, dem (2l_’r -1)- (25*1 + 25’1> +2- <2§’1 + 25*1> .
n n n n 2
(2572 + 2572> + (2572 + 2572) mpoobPa3oB.

Ha kaxxmom yposue i, e ¢ = 2,3, ...,l, KOJUIECTBO AP WHIUICHT-
HBIX pebep pasno 2172, Bnaunt, umcio npoobpaszos cocrognus q(t) n3 K,
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I-nepesa D~ (b, r, n, ) e 6oee <2l_1 <2771+2*’1) +2%*2+2%*2) X

X <ou—1)-(3 2——2> +2.3.2572.3. 2——34-(3-25—3> ) x
xIﬁ;iQQ“%rfl)-@%*1+2%*H2+2-(2%*1+2%*5-(25* +2272)+

( <
ol . (37“)2172'” . (22 1)21 141 32171 H171(32 9l—i,. (2%_1) )21'72 <

2
ol . (37“)25_2“ . (Qg—1)2l—1+1 RVEA D) D () Lt S S B L (3 -
2%—1) IZhoit 2=t 2t '33.25—2‘(25— )25—1 < 927 (nt14logy (rv/27))

npu | — o0.

Il
B
w

225_1~(n+1+10g2(r~\/f))

Taxnm obpasom, Sk, < pu | — oo.

-1 -1, S/
Cnenosaresbho, 22 (n—3+logy7) o Sk, < 92!~ (n+1+log, (r-v27)) npu
| — oo. JleMMa mokazamna.

JIlemmMa 16. FEcau | uemno, mo umeem mecmo

22171.(3%4-2_’_1 logy T) 2171.(9n3—17+%.10g2(3.7,))+l

<SK <2

npu | — oo.

okazaTeabcTBo. Tak Kak YHUCJIO TPOOOPA30B KaXKIOTO COCTOSTHUSI 13

KJ1acCa K03 OJHO M TO 2Ke, TO IIoCHHUTaeM 4YUCJIO Hp006pa30B, HallpuMep,

coctosimmst q(t) u3 Koy, TAKOro 9T0 mpPH HeTHOM i gijn(t) = 207Dy,

Gijry(t) = 1 1 gor—1)(t) = 2=y u npn mewerHOM i gij1(t) = O,
Gijae) (D) = 111 ijary(8) = 277, 1< < [ 1 <G <271 1<k < 2
npu ¢ = [, xorya | 4eTHO, BBINOIHEHO (pjn(t) = O, (II](Qk.)(t) =1mu
Qjk—1)(t) = r, e 1 < <2711 <k < ”T’l; upu i = [, kormga [

1

HEYETHO, BBIIOJHEHO %1( ) 0 %2( ) =71, ajn(t) = 1, qjer—1)(t) =
u qor)(t) =7, mel<j<25 1<k 1.

OLEHUM CHU3Y U CBEPXY YHUCJIO npoo6pa3OB COCTOSIHMSL KOHJICHCAITUI
q(t) m3 K.

JInst mostydeHus: OLEHKHM CHHU3Y IOCYMTAeM KOJMYECTBO TAKHUX IIPe/I-
mecTBeHHUKOB cocTostiust q(t) u3 K, I-nepesa D=1 (b, r,n,1), a0 g;jn(t—
1)=0,tmei=2,4,6,...,luj=123,...,2""1
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3amMeTum, 4TO JJIsi UHIUJACHTHBIX pebep j u j + 1 ypoBHs 4, TJe
i=2,4,...,0luj=123..,271 -1 Ingepesa D~1(b,r,n,l) B co-
2

n+171
crostHun ¢(t) KosmuecTBO 1pPoobpaszos 10 Jemme 10 paBHO (2 2 )

JUIsi MHITUJEHTHBIX pebep j u j + 1 yposus ¢, tie ¢ = 3,5,...,0l — 1 un
§=1,2,3,...,2"1 =1, I-nepesa D~1(b,7,n,1) B cocrosamnm q(t) KosIIC-
1—i ntl 4 ntl 41 ntl
CTBO Ipo06pa30B paBHO (2" 'r—1)- (2 2 ) +2-272 ‘272 , & JJIs
pebpa epsoro yposnus I-nepesa D~1(b,r,n,1) B cocrosmun q(t) 1m0 nem-
I-1 ntl_q ntl_9 .
Me 9 mmeroT MecTo 27 - 272 +272 poobpazos. [leiicTBuTe/1HHO,
€cJIi HArPY3Ka epBOil peCHUYIKHU pedbpa j ypoBHs &, riae ¢ = 3,5,...,1—1,
B MoMenT t— 1 pasna g;j1(t—1), tie 1 < g1 (t—1) < 2174 — 1, To marpys-
Ka 1epBoil pecHudku pebpa j + 1 ypoBHsi ¢ B MOMeHT ¢t — 1 omnpejesiena
OJTHOZHAYHO, & UMEHHO ¢j(j4+1)1(t — 1) = 27 — gij1(t — 1). Tlo emme 9
. . 1—i ntl 4
9HCJI0 TPOOOPa30B pebpa j HEYEeTHOro YPOBHs ¢ paBHO (2 'r—1)-2 27—
a TakK KaK HArpy3Ka I[epBoil pecHUYIKH pedpa ypoBH# j + 1 ompenesena
OJTHO3HAYHO IPU KarKJIOM 3HAUEHUU HAIPY3KHU IEePBOit peCHI/I‘IKI/I pebpa j
YPOBHS 4, TO 9UCJIO TTPO0OPa30B pebpa j+ 1 ypoBHS ¢ paBHO 2"3 1. Cite-
JI0BaTEJILHO, €CJIU HATPY3Ka IEPBOil peCHUYKHU pedpa j HEUeTHOTO yPOBHS
i B MoMmenT ¢t — 1 paBHa ¢;;1(t — 1), e 1 < gin(t — 1) < < 25 — 1, 10
YUCJIO TTPOOOPA3OB MMaphbl I/IHI_[I/I,ZLGHTHBIX pe6ep juj+1 ypOBHs{ 1, TIIe
i=35...,l—1uj=123,. L' — 1, I-nepesa D~ (brnl)

l—i,. _ ”—*171 "
COCTOSTHYN q(t) pasao (2'7'r 1) -2 . Ecim marpyska mepgoit

pecHUYKH pebpa j HEYeTHOrO YPOBHA ¢ B MOMEHT t — 1 paBHa 2L~ 10
Harpy3Ka nepBoil pecuuydku pedpa j + 1 ypoBHs ¢ B MoMeHT t — 1 ompe-
JIeJIeHa OJTHO3HAYHO, & UMEHHO qi(jﬂ)l(t — 1) = 0. Ilo semme 9 gucio

poobpa3oB pebpa j HEUETHOIO YPOBHS ¢ PABHO QnTH_l a 9IucIo mMpoob-
pa3oB pebpa j + 1 HeYeTHOro YpOBHs ¢ PaBHO 9" 2, Ecnu marpyska
[EPBO#l pecHUYKN pebpa j HEYETHOrO YPOBHs ¢ B MOMEHT t — 1 paBHa
HYJII0, TO HAarpy3ka MepBoil pecHUIku pebpa j + 1 ypoBHsS ¢ B MOMEHT
t — 1 onpejiesieHa OJIHO3HAYHO, & MMEHHO qi(jJrl)l(t —-1) = 2=ty Dror
ciaydail CHMMETPUYEH C/Iydalo, KOrjia HArpy3Ka IepBOi pecHUYIKu peb-
pa j HEYETHOr'o YPOBHH % B MOMEHT t — 1 paBHa 2l=1r CrenoBaresbHo,
JJIsT UHITUJAECHTHBIX pebep j u j + 1 yposHd 4, tiae ¢ = 3,5,...,0l — 1 u
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§=1,2,3...,271 — 1, I-nepesa D~1(b,7,n,1) B cocrosmmm q(t) mmeror

. ntl 2 ntl ntl
mecro (207 — 1) - (27_ ) +2-.272 ~1. 2% 72 ypoobpasos.
Ha xaxxmom yposue i, e ¢ = 2,3, ...,l, KOJUIECTBO AP WHITUICHT-

HBIX pebep paBHo 2¢=2. BuaunT, uncio mpoobpasos cocrognus q(t) us K,
I-nepesa D~ (b , n ,1), Takux 910 @jjn(t —1) =0 mpu ¢ = 2,4,6,...,ln
j=123,. 1 _ 1, pasno

n n 2\ 2
(2l Ly 27*1 +2 2 +1 ) . Hi:2,4,...,l ((2;11) >
21—2
Hi:3,5,...,l—1 <(2l ’Lr o 1) (2ifl> +9. 2"7“,1 27142r12) >

l i —
272(1-i) |14y 2i-2 < —"+1—1>Zi:12l '
-1 s i=3,5,...,1—1 . (272 —

i—2

> 25—1"‘21:3,5

.....

2l—1
5.9l—14 1 7 1ol—141 +1 I-1(3n+2 1, 1,
2§'2 +§'Z_§ -7’5'2 +3 . (2”7_1> = 22 ( 9 3 10%2’") 3l npu

l — o0.
1-1(3n+2 1. 1
Takum obpasom, ecsm | — wernoe, o Sk, = 92! (#5245 logo )+ 51
npu | — o0.

Js1 1ostyaeHnst OeHKY CBEPXy 3aMETHM, 9TO JIJIS HHIMJIEHTHBIX Pe-
Gep j u j+ 1 ypous i, rne i = 2,4,...,0 —2uj =1,2,3,...,2071 —
1, I-mepesa D_l(b r,m,l) B cocroguun ¢(t) mo Jsemme 10 He Gosree

" 2
(2 - + 2% 7 ) Ipoobpa3oB, JJIsi WHIUICHTHBIX pebep j u j + 1

ypoBH# i, riae i = 3,5,...,0 — 1 u j = 1,2,3,...,2"1 — 1, storo
I-nepeBa B cocrosHIN q(t) YUCJIO MPOOOPA30B HE IMPEBOCXOJUT HHCJIA
n+1 n+1 2 2

(2i=ir — 1) - (2"7“*1) F2.2" 2" 2 g <2T* ) , JUS AHI-
JIeHTHBIX pebep ypoHs [ storo I-jepesa B cocrostauu ¢(t) mo jemme 10

ntl
UMEIOT MeCTO <3 <272 2) IPOOOPA30B, a KOJUIECTBO MIPOOOPA3OB JIJIs

pebpa mepBoro ypoBHs 10 JieMMe 9 paBHO 2=y 9" 1 + 9" -2, Heii-
CTBUTEJILHO, IIyCTh HAIPY3Ka PECHUYKHU C HOMEPOM 71 pebpa ypoBHs ¢ — 1
(nunmaenTHOrO pebpam j u j + 1 yposus ¢, rjae i = 3,5,...,0 — 1) B Mo-
MeHT t — 1 paBua nysio. Torja, ecu Harpy3Ka mepBoil peCHUYKH pedbpa j
ypoBH# i B MOMeHT ¢t —1 paBHa ¢;j1(t—1), re 1 < g1 (t—1) < 2l=tr—1, To
Harpy3Ka IepBoil pecHuIku pedbpa j+1 ypoBHS ¢ B MOMEHT t— 1 ompeiesie-
HA OJIHOBHAYMHO, & MMEHHO ¢j(j41)1(t —1) = 217 — g;j1(t—1). Ho memme 9
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9HCII0 TPOoOGPa3oB pebpa j HedeTHoro ypoBHs i pasHo (2!~ —1)- 2%_1,

a TaK KaK Harpy3Ka MepBoil pecHnYKn pebpa ypoBHsi j + 1 ompemesiena
OJIHO3HAYHO TIPU KAXKJIOM 3HAYUEHUU HanySKI/I HepBOI/I pecuuuku pebpa j,
TO YHUCJIO TpoobpaszoB pebpa j + 1 paBHO 9" 1 . CirestoBatesibHO, ecyin
HArpy3Ka IIepBOil PECHUYKN pedpa j HEUETHOrO YPOBHS ¢ B MOMEHT t — 1
pasna ¢;;1(t — 1), tme 1 < g;j1(t — 1) < 2! — 1, T0 wmcno npoobpazon
napbl MHIMJICHTHBIX pebep j u j + 1 ypoBus ¢, tiae ¢ = 3,5,...,0 — 1 un
j =1,2,3,...,271 — 1, I-nepesa D~1(b,r,n,l) B cocrosmuu q(t) pas-

(o} (2171'7“ —-1)- (2n_+l_ )2. Ecnu marpyska mepBoit pecHundku pebpa j
HEYETHOI'O YPOBHA % B MOMeHT ¢t — 1 paBHa 2=t 10 Harpyska IepBoil
pecaumdku pebpa j + 1 ypoBHs ¢ B MOMeHT t — 1 ompejiesieHa OHO3HAY-

HO, a UMEHHO qi(jﬂ)l(t — 1) = 0. Tlo semme 9 umcso mpoobpasos pedbpa

H*l, a JucjIo mpoobpaszos pebpa j + 1

J HeYeTHOrO YPOBHS ¢ PaBHO 272
YPOBHS ¢ paBHO 2 "2 Ecm HArpy3Ka IepBoil peCHUYKHU pebpa j HedeT-
HOT'O YPOBHS ¢ B MOMEHT ¢ — 1 paBHa HYyJIIO, TO Harpy3Ka MI€PBOI PECHUIKHU
pebpa j + 1 ypoBHs ¢ B MOMeHT ¢ — 1 ompejiesieHa OJIHO3HATHO, & UMEHHO
qi(j+1)1(t —-1) = 2l=tr. Dror ciydail cuMMeTpHUYeH CJIydaro, Korjia Ha-
rpy3Ka I[epBOil pecHUYKU pedpa j HEUYeTHOro YPOBHSA ¢ B MOMEHT ¢ — 1
pasra 2/7'r. IIycTh HarpysKka peCHHYKH ¢ HOMEPOM 1 pebpa ypoBHsT i — 1
(nunmaenTHOTO pebpam j u j+1 yposusi i, tne i = 3,5,...,1—1) B MOMeHT
t — 1 ne pasua myso. Torna nepsbie U BTOpble pecHudKu pebep j u j + 1

HEYIEeTHOI'O YPOBHA 12 B MOMeHT t — 1 JOJIZKHBI UMETH HYJIEBbIE€ HaI'DY3KU.
2

ITo nemme 9 9nCiIO yKa3aHHBIX IPOOOPA30B PABHO (27]7“_2) . CrienioBa-
TeJIbHO, JIJIsl NHIINJIEHTHBIX pebep j u j+1 yposus &, rie ¢ = 3,5,...,1—1
wj=1,23,...,271 -1, I-nepesa D_l(b r,n l) B cocrostHuu ¢(t) UMerT
. n n 2
MecTo He Goitee, em (2!t —1)- <2%171) +2:2"5 12" +<2%172)

IpoOOPa30B.

Ha xaxmgom ypoBue i, tme ¢ = 2,3,...,l, KOJUIECTBO HAp WH-
IUIEHTHBIX pebep paBHO 272, BHAUYUT, KOJIMYECTBO IIPOOOPA3OB CO-
CTOSTHUST q(t) w3 K., I-nepesa D~1(b,r,n,l) me mpeBocxomuT [mCIA

ol— 9i—1
(2l 17" 272 - 2 ;1 2) (3 272 +1 2) 'Hi:2,4,...,l72 (2 ;1714»2%71)

Miss ((211 _1>_(n+ )2




O COCTOAHUAX KOHIACHCAIIMN MOJIEJIN JIETKIAX 611

ntl_q\gl—1 1 ntl_q\gi—1
r- (2 3 1)2 +1 22 +1 Hi:2,4,m,l72(2 L9273 1)2 .
21:72

. n+1 1— n+1 -1
Miss,..i (217 +2)- (@ 7)2) 7 <227 od . o327

. n - _ -1 N o2
Mi—ss5,...1-1(3:27r(2 2171)2)21 3327 398 2 T HS R s (D270

i—2 n - i— _

Pl 2izss, 12 . (2%*1)%'2 3t Yias a2 2%-? T+i-4

e RIC e e Bt IO G s EUNCEREE ey B

1—1.(9n+17 | 1. ) 1
Takum obpasom, ecu | werno, 10 Sk, < 921 (315 45 loga(3:1)) + 31

pu | — o0.
-1, (3nt2 1. 1.
Crnenosarenbro, ecim | — uernoe, To 22 (52 +5loga 1) +3:0 <
I=1,(9n+17 | 1, . 1,
Ske, < 92 (M5 5 loga (37) )51 upu | — oo. Jlemma nokasaHa.
JlemmMa 17. Ecau | newemmo, mo umeem Mmecmo

1—1(9n—23 | 2 1 I—1 (9n42 | 2 1
92! (252 42 logy )+ 5L < Sk < 927 (TR 4 5 logy (31) ) +5
3

<
npu [ — 00.

okazarenabcTBo. Tak Kak 9nCI0 IpooOPa30B KarKI0I0 COCTOSTHHUS U3
kJjacca K., OIHO U TO 2Ke, TO IIOCUUTAEM UHUCJIO IIPOOOPA30B, HAIIPUMED,

cocrosinus ¢(t) u3 K.,, TaKOro 4TO IPHU UYETHOM I Qjjn(t) = ol=(i+1) .
Gijary(t) = 1 1 gan—1)(t) :‘217’7' W IPH HETeTHOM i ¢ij1(t) = 0,
Gijczisn) (t) = 11 gijomy () = 27777, 1 <0< 1 1< <270 1< k<o
upu i = [, Koryja [ werno, BwiIoNHEHO qijn(t) = 0, @k (t) = 1 n

qu(Qk_l)(t) =r el <j<271<k< ”T_l; npu ¢ = [, Korjga [
HeYeTHO, BhIIOMHEHO qr51(t) = 0, q2(t) =7, qn(t) = 1, qu(gk,l)(t) =1
u ok (t) =7, tIe 1 < j < -1 1< k< ”T_l

O1eHrM CHU3Y U CBEPXY YHUC/IO MPOOOPA30B COCTOSIHUST KOHJIEHCAIUN
q(t) m3 K.

JlJ1st IoJIyueHnst ONEHKN CHU3Y MOCYUTAEM KOJMYECTBO TAKHUX IIPE]I-
mecTBeHHUKOB cocToanus q(t) us K, I-nepesa D=1 (b, 7, n, 1), uaro qn(t—
1)=0,rnei=2,4,6,...,0 —1mj=123...,21

BameTum, 4To, KaK U B CIydae YeTHOro [, Jiisi HHIUJIEHTHBIX pedep j
uj+1ypopusii, rei=2,4,...,0—1uj=1,23,...,27 —1, I-nepena
D=Y(b,r,n,1) B cocrosmmmu ¢(t) KommaecTso mpoo6pa3os 110 temme 10 pas-

n+41 2
HO <2%71) , JJIsl MHITUIEHTHBIX pebep j u j + 1 ypoBHH ¢, rhe ¢ =

3,5,...,lmj=1,23,...,2""1 — 1 I-nepesa D~'(b,7,n,l) B cocToanuu
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q(t) KomdecTBo IPoOGPaszoB 110 Jgemme 9 pasuo (207 —1) - (2%171> +

9.9" 1. 9" 2 , a 11 pebpa mepsoro yposus I-gepesa D~1(b, 7, n, 1)

-1 ol ntl_o
B cocrosianu ¢(t) mo ylemme 8 uMerorT mecto 281 - 272 +272 po-
00pasoB.

Ha kaxxmom yposue i, e ¢ = 2,3, ...,l, KOJUIECTBO AP WHITUICHT-
HBIX pebep paBHo 2¢=2. BuaunT, uncio mpoobpasos cocrognus q(t) us K,
I-nepesa D~ (b rn l) TaKHUX 9TO ¢jjn(t—1) = 0mpui = 2,4,6,...,1—1
nj=123,. L' — 1, pasuo

n n 21'—1
(2l_17’ . 2%1—1 + 27— ) . 1‘[1.:2,47 (2%1—1) .

21’—2
Mizs5..... <(2l r—1)- (271+1 1) +2- 2"+11.2n§12>

! 21
- i - 20
21*1+Zi:3,5,m,121 2(1*1).711+2i:3,5,“.,l21 2.(2”7“—2>21_1

WV

2l—1 _
1ol 1 n+l 1—1(9n—23 | 2
24+l (2 t 2) = 92T om ) R o 1 o0

1—1(9n—23 | 2 1.
Taxnm obpasom, ecsm | HewerHo, o Sk, = 92 (g 5 logy )+ 31

npu [ — oo.

ﬂﬂﬂ HOJIyquI/ISI OIICHKU CBery 3aMeTUuM, 4YTO JJId MHITUJICHTHBIX De-
Gep j u j+ 1 yposus i, rae i = 2,4,...,0l —1uj=1,23,...,271
1, I-nepesa D~ Y(b,7,n,l) B cocrosmmu q(t) mo smemme 10 mwe Gosee

n n 2
(2%_ —&—2%_1) poo0pa3oB, Jjisd WHIUIEHTHBIX pedep 7 u j + 1

ypoBHs i, rae i = 3,5,...,0lu j = 1,2,3,...,2""1 — 1, sroro I-nepena
B cocrosiaun ¢(t) dmcio Hp006pa3OB o semme 9 we Gosee (207 — 1) -

n n n n 2
(2%1*1> +2- 2i1’ -2 S 24 (2%172> , & KOJIMIECTBO ITPOOOPA30B

1151 pebpa 1epBoro ypoBHst 91oro I-jepesa B cocrosinnu ¢(t) 1o jgemme 9
n+1 n+1
pasro 2071y . 9" 1 + 2%~

Ha xaxkmgom ypoBue i, tme ¢ = 2,3,...,l, KOJUIECTBO HAp WH-
IUJICHTHBIX pebep paBHO 2072, BHAUMT, KOJIMYECTBO MPEIECTBEHHU-
koB cocrosmua q(t) ms K., I-nepesa D~1(b,7,n,l) me mpesocxomur

ntl ntl_q 21

qUCIIA (2l Ly 2n+1 +2n+1 ) cIi—04,.. 11 <2T*1+2T

i—2

3 n n n n 2 2
Hizs,5,...1 ((2”7' —1)- (Zi* ) 42.0"F 19" - +(2%72> ) <
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[un

_ 9i—2
ntl ntl i—1 . ntl
2lr2 2 1'1_[1':2,47,“,5_1(2-2 2 1)2 ILi—35,..1 ((Ql ‘r42)-(2 2 1)2) <
lolyg_2 ntl . i—1 _j ntl i—2
932"+l 37’-(2 2 1)1+Zz:2,4 ..... 1-12 ‘Hz‘:3?5,...,l(3'2l Zr-(2 2. )2)2’ <
2%'2l+l—% . (2%—1)%'214‘% .221:3,5,“.,1(1*1')'21_2 .T1+Zi:3,5,.“,l21_2 .3%'21—% .
1

+1 i—1 11 51—1, 1 4 1 o1, 1 1 90_2 l
(2°2 "NZimss.a 2T =992 Hylg s L3525 L (2% T2l g
1—1 (9n+2 | 2 1
22 (25242 logy (3) )+ 51 npu [ — oo.
I-1,(9n+2 4 2. )41
Takum obpasom, ecom [ meverno, To Sk, < 92! 1 (M 45 loga (31)) 451
npu [ — oo.

1—1(9n—23 | 2 1
CuteoBarenbho, eciu | — meuernoe, to 22 (#5245 1oga7)+5:1 <

-1, (9n+2 | 2 . 1.
Ske, < 9271 (#5245 logy (3:7) ) 45 npu | — oo. Jlemma nokasaHa.

C

Jlemma 18. Hmeem mecmo

-1, o2 -1, o2
92/ ! logy(2r-e7) < SKq < 92 log, (6v/3r-€2,)

npu [ — 00.

okazareabcTBo. Tak Kak YHUCJIO TPOOOPA30B KAXKIOTO COCTOSTHUSI 13
kiacca K. OIHO W TO ¥Ke, TO IOCYMTAEM YHCJIO MPOOOPA30B, HAIPU-
mep, cocrosimmst (t) uz K., Takoro uto g;j1(t) = 0, gijn(t) = 20700y,
qijn(t) = 2= e 1 < i< 1,1 <j<272< k< n—1; upn
i = 1 Bemosaeno qij1(t) = 0, qjn(t) = 0, qk(t) =r, tae 1 < j < 2=
2<k<n—-1.

OrneHnuM CBepXy M CHU3Y UUCIO ITPOOOPA30B COCTOSTHUS KOHIEHCAITHH
q(t) m3 K.

JIyist oIy deHnst OIEHKM CHU3Y MOCYUTAEM KOJUIECTBO TAKHUX IPEJI-
mecTBeHHNKOB coctostiust ¢(t) u3 K., I-nepesa D=1 (b, r,n,1), a0 g;jn(t—
1)=0,tmei=1,23,....luj=123,...,2""1

3amMernM, 9TO JJjIs WHITUIEHTHBIX pebep j u j + 1 ypoBHS ¢, TIe ¢ =
2,3,...,0luj=1,23,...,2""1 — 1, I-nepesa D~'(b,r,n,l) B cocroanuu
q(t) mmetor mecto (27 — 1) - €2 + 2 - eg - e7 IPoOGPazoB, a i peGpa
nepsoro yposus I-nepesa D~ !(b,r,n,l) B cocrogmmm q(t) mo memme 11
nmeror Mecto 2871 - eg + e7 poobpasos. JleHCTBUTEIBHO, €CIII HAPY3KA,
IIepBOii PeCHUYKN pebpa j ypoBH# 4 B MOMeHT ¢ — 1 paBHa ¢;;1(t — 1), rie
1 < gij1(t — 1) < 287% — 1, To marpyska nepsoii pecuuaku pebpa j + 1
YPOBHSI i B MOMeHT ¢ — 1 oTpejiesiena OJJHO3HAMHO, & UMEHHO ¢;(;4+1)1(t —
1) =27 — ¢ij1(t—1). o memme 11 umciio mpoobpazos pebpa j ypoBHH %
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pasuo (217 —1)-eg, a Tak Kak HArpy3Ka HepPBOH PECHIYKH peGpa yPOBHs
j + 1 onpejiesieHa OJHO3HAYHO TIPU KAaXKJIOM 3HAYEHUU HATPY3KU IEPBOU
pecHUYKEU pebpa j ypoBHS ¢, TO YUCJO 1Ipoobpa3oB pebpa j + 1 ypoBHs
1 paBHO eg. CjieloBaTe/IbHO, €CJIM HArpy3Ka IIepBOH pecHUYKH pebpa j
ypoBH# ¢ B MOMeHT ¢t —1 paBHa ¢;j1(t—1), re 1 < g1 (t—1) < 2l —1, To
YUCJIO TPOOOPA30B Maphl MHIUIACHTHBIX pedbep j u j + 1 ypoBHs i, T & =
2,3,...,0luj=1,23,...,2""1 — 1, I-nepesa D~'(b,r,n,l) B cocroanuu
q(t) pasro (2!7'r — 1) - e2. Ecim marpyska mepsoii pecHmIkn pebpa j
ypoBHs i B MoMeHnT t — 1 paBma 2! TO HArpy3Ka IEpBOHl PECHHYKH
pebpa j + 1 ypoBHs ¢ B MOMEHT ¢t — 1 ompejie/ieHa OIHO3HAYMHO, & UMEHHO
qi(jﬂ)l(t — 1) = 0. ITo semme 11 gmeno mpoobpazoB pebpa j ypoBHs
i PaBHO eg, a YUCJIO Poobpa3oB pebpa j + 1 ypoBHs ¢ paBHO e7. Ecin
Harpy3Ka IepBoil pecHUYKM pebpa j yPOBHS ¢ B MOMEHT ¢t — 1 paBHA HYJIIO,
TO HArpy3ka IepBOil pecHmdku pebpa j + 1 ypoBH# ¢ B MOMeHT t — 1
ompe/iesleHa OJJHO3HAMHO, a UMEHHO (; +1)1(t — 1) = 2. Dror cayuait
CUMMETPHYEH CJIyYalo, KOrjia Harpy3Ka IIepBoil peCHUYKH pebpa j YPOBHsI
i B MomenT t — 1 pasna 2! 7. CireioBaTeIbHO, IS MHIICHTHBIX pebep
juj+1yposus i, tnei=23,...,luj=123...,2"1 —1 Inepesa
D=Y(b,r,n,1) B cocrosmmm q(t) mmeror Mecto (207 — 1) - €3 +2-eg - €7
IpooOPa30B.

Ha xaxpom yposue ¢, tie ¢ = 2,3,...,[, KOJIUIECTBO Map WHIIU-
JeHTHLIX pebep pasHo 2072, 3Haumt, umcyio mpoobpazos coctosuus q(t)
us K., I-nepesa DY(b,r,n,l), Takux uto g;jn(t — 1) = 0 npu Beex i
u j, pasuo (271 - eg + er) - My (25 — 1) - €2 + 2 eg - e7)? 7 >
Ql—14300, 2172 (1—i) | 1+, 22 ,6;+Zﬁ:2 R e I '63171 -
225_1(1—‘,-log2 r+2logyer) 221_1~10g2(2r~e$) pu [ — 0o.

-1 2
Taxum obpasom, Sk, = 92 loga (2r€2) py | — o0,

JIJ1st oIy 9eHnst ONEHKH CBEPXY 3aMETHM, YTO JIJIS MHIUICHTHBIX pe-
Gep ju j+ 1 yposust 4, rie 4 = 2,3,...,0—1uj=1,23,...,2""1 -1,
I-nepesa D~Y(b,7,n,1) B cocrosanmmu ¢(t) KoImYecTBO TPOOOPAZOB He TIpe-
BocxouT uncia (287 —1)- (eg+e10)? +2- (eg+e10) - (e +e7) + (es +e7)?,
JUIsl MHIUJIEHTHBIX pebep yposHs [ storo I-mepesa B cocrosiauu ¢(t) mo
semme 11 umeror mecto He 6osee (1 —1) -3y +2- €19 - eg +e2 npoobpasos, a
KOJIMIECTBO MTPO0OPa30B st pebpa mepBoro ypoBHs 1o jemMe 11 paBHO
21711 (eg+e10) +er+eg. JeiicTBHTENBHO, IyCTh HAIPY3Ka PECHIYKHI C HO-
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MepoM 1 pebpa ypoBHs ¢ — 1 (uHImIenTHOrO pebpam j u j+ 1 ypoBHs i) B
MomenT t — 1 paBua myso. Torga, eciu HArpy3Ka nepBoit pecHndku pedbpa
J ypoBHs i B MOMeHT ¢t — 1 paBHa ¢;;1(t—1), t1e 1 < gi;1(t—1) < o=ty 1,
TO HArpy3Ka MepBoil pecuuyuku pebpa j+ 1 ypoBHs ¢ B MOMeHT ¢t — 1 ompe-
JleJieHa OJIHOZHAMHO, & UMEHHO gj(j41)1(t — 1) = 2170 — g1 (t — 1). Tlo
semme 11 unciio mpoo6pasos pebpa j yposus i pasno (2! —1)-(eg+e10,
a TaK KaK Harpy3Ka MepBoil pecHmYKn pebpa ypoBHs j + 1 ompemesiena
OJIHO3HAYHO TIPHU KaXKJIOM 3HAYCHUHU HAIPY3KU I[I€PBOH pecHUYKU pebpa
j, To ducyio mpoobpaszor pebpa j + 1 paBHO eg + e1g. CiiegoBaresibHO,
€CcJIM Harpy3Ka [epBOil pecHUYKN pebpa j ypOBHs ¢ B MOMeHT ¢t — 1 pas-
ma ¢;j1(t — 1), tme 1 < gn(t — 1) < 257% — 1, To umesno npoobpazos
napbl MHIMJICHTHBIX pebep j u j + 1 ypoBus ¢, e ¢ = 2,3,...,l —1n
j = 1,2,3,...,201 — 1 I-nepesa D~1(b,r,n,l) B cocrosmuu q(t) pas-
no (2!7% — 1) - (eg + e19)?. Ecim marpyska nepsoif pecHudkm pebpa j
ypoBHs ¢ B MOMeHT ¢ — 1 paBHa 21~ 1o Harpy3ka I1epBOil pecCHUYKH
pebpa j + 1 ypoBHs ¢ B MOMeHT ¢ — 1 ompejiesieHa OJIHO3HATHO, a UMEHHO
Zi(j+1)1(t — 1) = 0. Tlo remme 11 "mesio mpoobpaszos pebpa j ypoBHA i
PaBHO €9 + €19, a Yucjo TpoobpazoB pedbpa j + 1 ypoBHS ¢ paBHO e7 + eg.
Eciin marpyska mepBoit pecHudku pedpa j ypoBHs ¢ B MOMeHT t — 1 paBHa
HYJII0, TO HAarpy3ka [epBoil pecHuIku pebpa j 4+ 1 ypoBHsS ¢ B MOMEHT
t — 1 onpejiesieHa OJIHO3HAYHO, & MMEHHO qi(jﬂ)l(t —-1) = 2=ty Dror
ciydail CHMMETPHUUEH CJIyYaio, KOTJa HArpy3Ka IepBoil pecHuYKku pedpa
J ypoBHs 7 B MOMeHT t — 1 paBHa o=y, IIycTh Harpyska pecCHHYKHU C HO-
MepoM n pebpa ypoBHst i — 1 (uHImeHTHOrO pebpam j u j + 1 ypoBHs 1)
B MOMeHT t — 1 He paBHa HyJf0. Tora mepBbie 1 BTOpPble PECHUYKH pebep
juj+1ypoBHs ¢ B MOMEHT ¢ — 1 JOJIZKHBI UMETH HyJieBble Harpysku. Ilo
memme 11 |mesio yxazanubix mpoobpasos 6yzer (e7 + eg)?. CremoBaTess-
HO, JIjIsI UHITUJIEHTHRIX pebep j u j + 1 ypoBus 4, tne ¢ = 2,3,...,l—1u
§=1,2,3...,271 — 1, I-nepesa D~1(b,7,n,1) B cocrosmmm q(t) mmeror
MecTo He 6ostee, wem (2! —1)-(eg+e10)?+2-(eg+e10)- (eg+e7)+(eg+e7)?
IpoodPA30B.

Ha xaxpom yposue ¢, tie ¢ = 2,3,...,[, KOJIUIECTBO Map WHIIU-
JIEHTHBIX pebep paBHO 2¢72. BHauuT, KOJIMUECTBO IPOOOPAZOB COCTOSHMUS
q(t) m3 K, I-nepesa D~Y(b,r,n,1) ne npesocxomur uncra (2!71r - (eo +
eo) +es +er) ((r—1) e+ 2 esero+ed)? MY — 1) -
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1—2

(e10 + €9)? +2-(es +e7) - (e10+ eo) + (es + er)?)? " < (2 +2)- €10

r 4 2)e2)2 CITh(tr — 1) - 22 .62 + 23 - €2 4+ 22 - €2)2 T <
((r+ 2)ekg2 " TRy~ 1) 2 oy 4 20 ey 4 28 ) <
2l-e10- (3r)% Ttled, L5322t €)% < 2L (3r)2 T e, T
Y Ta (=2 T2 (30 )i 2T = 92T L2 g3 2
225_1~(1+10g2(r~\/f)+210g2 €10) — 225_1~10g2(6\/§r~e%0) pu [ — oo.

Taxum obpasom, Sk, =< 92!~ " logy (6v/3r-edy) npu [ — oo.

-1 2 -1 2
CuteoBarenbho, 22 1082(2re7) o SKcl < 22 logy (6/3r-¢3,) npu [ —
oo. Jlemma Jjiokazana.

lokazaTenabcTBO Teopemsbl 1. /[oKka3aTe bCTBO JAHHOTO YTBEPKIECHUS
ciaenyer u3 jgemMm 2, 3 u 4. Teopema mokazana.

HokazaTeabcTBO TeopeMbl 2. PaccMOTpUM KaK/IbIi U3 MATH CIIyYaeB.

Cuayuaait 1). Ilpn xaxmom 7, e 1 < j < 2l_1, Jinbo pecHUdIKa ¢ HO-
MepoM [jn, uMeer HAIPY3KY qijn, TA€ qijn € {1,2,...,b — r} u pecauuka
¢ Homepom [j(n — 1) umeer HArPY3KY qjj(n—1) = 7, MO0 PeCHUIKA C HO-
MepoM [jn mMeer Harpysky i, = 0 u pecHmuka ¢ HOMepoM [j(n — 1)
UMEET HATPY3KY Glj(n—1), 1€ qij(n—1) € {1,2,...,7}, a HATPY3KH OCTaIb-
HBIX PECHUYEK OIPEJIEeHbI OJHO3HATHO. SHAYHUT, peOPO j MOXKET UMETh
b —r 4+ r = b BapHaHTOB BO3MOXKHBIX HAIDY30K PECHUYEK C HOMEPAMU 7
un — 1. Tak kax B I-nepese D~1(b,r,n,l) na yposre | HaxomsTCs ol—1
pebep, TO YUCJIO COCTOSIHUI KOHJIeHCAIluH B Kjacce K., paBHO p2

Cayuaii 2). Ha kaxiom pebpe yposHsi ¢, ryie @ = 1,2, ..., 1, 1is Kax-
Joit m3 5§ — 1 pecHUYeK BO3MOYKHDI 21=%(b — r) BapuanTOB HArDY3KH, a
HAIPY3KHU OCTAIBLHBIX PECHUUEK OIpeeseHbl OAHO3HaIHO. ducio pebep
Ha yposHe i pasuo 2/~ 1. Crie10BaTe/ILHO, YHCI0 COCTOSHIN KOHICHCAIAM
B Kmacce K., pasno IT'_ (27 (b — r))Qiil(%fl) = 2G-D XL =02
(b — T)(%—l)Zizl 270 = o(5-D@ = () (D@D = ((p— )21
22l7171)g—1_

Cuayuait 3). Ha kaxaom pebpe yposust i, tie @ = 1,2,...,0 — 1, misa

KaK 0 13 ”T_l pecrryex Bo3MoxKHbI 2174 (b — 1) BAPHAHTOB HATDY3KH, a
HAIPY3KHU OCTA/IBLHBIX PECHUUEK OIpeeseHbl OAHO3HaIHO. ducio pebep
Ha ypoHe i pasuo 2!~ 1. Iyl BApHAHTOB HAIPY3KH PECHHYEK pebep ypoB-
HA l BO3MO2KHBI JIBa C/Iy4dasi B 3aBUCUMOCTH OT Y€THOCTU MJIX HEIETHOCTU

qucaa l.
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. n—1
ITycre | werno. Torga na KazxoM pebdpe ypoBHst [ JI/Ts KaxK 10l u3 5=

PECHUYEK BO3MOXKHBI b — " BADUAHTOB HAIDY3KH, & HAIPY3KH OCTAJIbHBIX
peCHIYEK OlpeJiesieHbl oHo3HaqH0. Cle/0BaTe/IbHO, HHCIO COCTOSHUI

! 1—i gimincl
KOHJIeHcaruu B Kitacce K¢, npu gernom [ pasuo II;_, (27" (b—r)) z =

b R L A R e D B G I S bl C D

((b— 74)2171 ) 2217171)”7‘1_

IIycts | meverno. Torma na KaxKmaoMm pebpe ypoBHsA [ i KaXKIOi
u3 ”Tfl — 1 pecHuvek BO3MOXKHBI b — r BAPDUAHTOB HATDY3KH, JJIsI CAMBIX
HIDKHUX PEeCHUYEK Ha pedpax ypoBHs | BO3MOXKHBI b— 1+ 1 BapuaHTOB Ha-
PY3KH, a HAIPY3KH OCTAJbHBIX PECHUUEK OIpeJIeeHbl oHo3HadHO. Cite-
JIOBATEeJIbHO, YHUCJIO COCTOSIHUI KOHJeHcauu B Ki1acce K., IIpU HEIeTHOM
[ paBuo (b — 7’)2171(%171} - (b—r+ 1)2l_1 : Hi:@l_i(b - r))z%l%l =

n

95 Lini (=027 () T i 22 (e )2 = o@D
-1 n—1 -1

(b= 7T b 1)

((b_r)2l—1.22l—l—1)"T_l, ecjiu | 4eTHO,

Takum obpaszom, |K..|= _ Z _
pasom, | K| e G s N L ey

Caywuaii 4). Ha kaxiom pebpe yposHsi ¢, rjie @ = 1,2, ..., 1, 1s Kax-
Joit 13 § — 1 pecHIIEK BO3MOKHBI 2=1h BapHaHTOB HAIDY3KH, & HAIDY3KH
OCTAJILHBIX PECHUYEK OIpeeeHbl OHO3HATHO. ducio pebep Ha ypoBHE
i pasro 271, CiiesioBaTeIBHO, YUCIO COCTOSHUI KOHJICHCAIIE B KJIACCE

. P 1 3 . 1 .
K., paBHO ngl(gl—zb)Q’ W31 o3-S =927 p(5-1) 27
o(5-1)(2' —-1-1) b(%*lml*l) _ (b21*1 . 2217171)%—1

Cuayuaait 5). Ha kax1om pebpe yposHs i, T7e i = 1,2,... , 1, mst Kaxk-
Jioit u3 ”T_l PECHIYIEK BO3MOKHBI 2/ b BADHAHTOB HAIDY3KH, 8 HAIPY3KH
OCTaJIbHBIX PECHUYEK OIPEJIEJICHBI OJHO3HAYHO. Hucso pebep Ha ypOBHE
i pasuo 27!, CiemoBaresibHO, YHCIO COCTOSHHN KOHIEHCAIMN B KJIAC-

1 1—i 9i—1 n—1 _ n—1 1_7 (l*’L‘)Qi_l n—1 l-, 2i—1
ce K., pasuo II;_,(2'7'D) 2 = 22 Za=1 cb 2 2=t

n—

9”3 (2'=1-1) i (2'-1) o (G 221_l_1)71. Teopema jokazana.

JokazaTeabcTBo Teopembl 3. /lokazaTe/bCTBO TAHHOTO yTBEPKICHUS
cienyer u3 jgemm 12, 13, 14, 15, 16, 17 u 18. Teopema jjoKa3aHa.

ABrop BeIpazkaeT mIyboKyto GJarogapHocTh akajeMukam Kynpsisie-
By Bamepuio Bopucosnuay u Uywamuny Asekcanapy ['puropbeButy 3a
[IOCTAHOBKY 3a/[aul U HAyIHOE PYKOBOJICTBO.
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