O KOHCTPYKTUBHOII XapaKTepu3ainun
IMOPOTOBBLIX (PYHKITUII, THBAPUAHTHBIX
OTHOCUTEJIbHO I'PYIII IepeCcTaHOBOK

A.TI. CokoJsio

B pabote paccMaTpuBaioTCsT KJIACCHI TOPOTOBBIX (DYHKITAHN, WH-
BApPUAHTHBIX OTHOCHUTEJIFHO TPYII IepecTaHoBoOK. [losyueno moJ-
HOE OIMCAHWE JTAHHBIX KJIACCOB B TEPMHUHAX TPYIII IIEPECTAHOBOK,
COXpaHAMUX pas3duenus. [lokazaHo, UTO «ITOYTU BCE» IIOPOTOBHIE
MYHKIMY SIBJISTFOTCSI HECUMMETPUYECKUME, TO €CTh WHBAPUAHTHbBI-
MM OTHOCHUTEJIHHO JIUIIh TOXK/IECTBEHHON mepecTanoBku. Pacemar-
PHUBAIOTCS BOIPOCHI CJOXKHOCTH 3aJ[aHUsI TTOPOTOBBIX (DYHKIIHIA TIe-
JIOYHMCJIEHHBIMA JIuHetHbIME (opMamu. BBeeno monsarue pasmaxa
roporosoii pyukuu. [TosryyeHbl BepxHsist 1 HUXKHsIsI OIIEHKU Ha Be-
JINYMHY pa3Maxa Jijis [IOPOTrOBbIX (DYHKIHUil, MHBAPUAHTHBIX OTHO-
CUTEJIBHO T'PYIIIT IEPECTAHOBOK. Vceieryercst CJIOXKHOCTh B3aUMHOMN
[IEPECTPOIKY MOPOTOBBIX (DYHKIWIA, NHBAPUAHTHBIX OTHOCUTEIHLHO
IPYIII TIEPECTAHOBOK, IyTEM TOIIArOBOT0 n3MeHeHust Koddh durimeH-
TOB JinHefAHbIX hopM. [TosydeHsr BepxHss 1 HUKHSIS OIEHKH CJIOXK-
HOCTH IIEPECTPONKYU B XYJIIIIEM CJIyYae.

KurrouyeBbie cjioBa: 10poroBbie (DyHKIUHU, CJIOKHOCTH 0Dyde-
HUus Helipocereil.

BBenenue

[Toporoseie dyHKIUN aareOPbl JIOTUKU SBJSIOTCS MaTEMATHIECKOI
MOJIEIbIO HellpoHOB. OHM TIPEICTaBIISIIOT HHTEpeC OJ1aroapst CBOUM YHU-
BEPCAJIBHBIM BBIYMCJIUTEILHBIM BO3MOXKHOCTSIM, a TaK2Ke OJiarojiapsi BO3-
MOXKHOCTU ux oOydenusi. [locsenmnee CBOHMCTBO ¢ yCIEXOM NPUMEHSIETCS
Ha [PAKTUKE [PU PEIEHNU IIJI0X0 (DOpMAaIu3yeMbIX 3a/1ad.
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B kadecTBe cpejicTBa 3ajiaHuS MOPOTOBBIX (QYHKIUN B pabore pac-
CMaTPUBAIOTCA JIMHEHHBIe (DOPMBI BUIa TiwWi + ... + TpW, — 0 C MEJI0-
YUCTCHHBIME KO3 MUITMEHTAME U CBODOIHBIM YJIEHOM.

B pabore paccmaTpuBaioTCs KJIACCHI IMOPOTOBBIX (DYHKIINM, WHBAPU-
AHTHBIX OTHOCUTEJILHO TPYII IepecTaHoBOK. [lomydeno moamoe onucanme
JJAHHBIX KJIACCOB B TE€PMUHAX T'PYIII II€PECTAHOBOK, COXPAHSIONINX pPa3-
OreHre HA MHOXKECTBE IEePEMEHHBIX. TaKxKe MOKA3aHO, U4TO «IIOYTH BCE»
IOPOroBbie (DYHKIUU SBJISAIOTCS HECUMMETPUIECKUMH, TO €CTh WHBapHU-
AHTHBIMHA OTHOCHUTEJIBHO JIMIIb TOXKJECTBEHHOI IIepEeCTaHOBKU.

PaccmarpuBaioTcss BOIIPOCH CJIO2KHOCTH 3aIaHUsT [TOPOTOBBIX (DYHK-
it [eJIOYUCeHHbIME JuHeiiubiMu  hopmamu. [lig xapakrepusanuu
CJIOYKHOCTH JINHEHHBIX (DOPM BBEJICHO TOHsATHE pa3Maxa. [losryueHbr Bepx-
Hslsl U HYDKHSISI OIIEHKM Ha BEJUYUUHY pa3Maxa JJis MOPOrOBbIX (DyHKIH,
MHBAPUAHTHBIX OTHOCUTEJIBHO IPYIII NEPECTAHOBOK.

Uccnenyercs ciokHOCTL peobpa30BaHus OJHON ITOPOroBOil (hyHK-
11U, 33/IAHHON JIMHEWHO# (hbOpMOit, K JPYTOil, IIyTeM IOIIaroBoro m3me-
HeHusT Ko HuimenToB guneitnoil popmbl. B KadecTBe MephI CJIOXKHOCTH
JIAHHOTO TIPOIECca IMPUHUMAETCS n3MeHeHne Ko3(hMUIneHTa UiIn cBobOI-
HOTO “IJIeHa JImHeHOM (hopMbl Ha enuHuIly. JIaHHBIN TPOIecC MOXKET HH-
TEePIPETUPOBATHCS KaK MPOIece 00ydeHus HEHPOHA ¢ MOPOroBOil DyHK-
nuen akKTUBAIIUN.

B pabore [2], jyisi XapaKTepu3alu CJA0XKHOCTH OOyYeHHUs] B KJIACCe
BCEX MOPOTOBbIX (DYHKIIHUIT HCCIIe0BaIaCh IIEHHOHOBCKAst QyHKIWMs p (1).
OHa roBopuUT 0 TOM, CKOJIbKO MUHUMAJIBHO JIOCTATOTHO BBIMIOJIHUTE €JTU-
HUYHBIX MOJIUMUKAINN HCXOIHON JIMHEHHONW (DOPMBI OT 71 IIEPEMEHHBIX
I 3aJIaHUs 2KeJIaeMOil ToporoBoil yHKINN. BbLIO MOKa3aHOo, YTO IpU
CTPEMJIEHUN 1 K GECKOHEIHOCTH BeamdnHa log, p (n) pacrer 1o mopsijiky
kak n logy n. B pabore [4] mokazaHo, 4TO JyIst IOYTH BCEX HAP HOPOrOBBIX
GYHKIUNE OT 1 MEPEMEHHBIX CJ0KHOCTH IEPECTPONKN OMHONM MOPOroBOit
dbyHuKINN, 33 aHHON JIMHEHHOW (OpMOii, B JAPYTyI0 C POCTOM 7 PacTeT
9KCIIOHEHINAJIBHO.

B namnoit pabore paccMOTPEH BOIIPOC O CJIO2KHOCTU B3aUMHOI TIepe-
CTPOMKM BHYTPH KJIACCOB IMOPOTOBBIX (DYHKIINI, MHBAPUAHTHBIX OTHOCHU-
TeJIBLHO TPYIII IePECTAHOBOK, 33JaHHBIX Ha MHOXKeCTBe epeMeHHbIX. []o-
JIyueHbl BEPXHSSI U HUKHSAS OIEHKU CJIO?KHOCTU IIEPECTPONKH B XYyJIIIEM
ciydJae.
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1. OcHoBHBIE IIOHATHNA, IIOCTaAaHOBKUW 1 pe3yJIbTa-
ThbI

IIycre U = {uq,ug,...} — cuernslii andasur nepemeHsbix. Kaxoe
U3 MEPEMEHHBIX U; MOYKET MPUHUMATH 3HAYEHUS W3 MHOXKeCcTBa [y =
{0,1}. B nasbueiinem Bo uzbexkaHue yrnorpebJIeHus! CII0KHBIX HHIEKCOB
MBI OyJ/IeM HUCIOJIB30BaTh it 00o3HadeHusi OyKB ajidaButa U meTacum-
BOJIBI T; C UHJEKCAMHU WU 0e3 HUX.

Brejiem omnpesienienust jiuneiHol hopMbl U TOporoBoit dpyukmuu. Jlu-
Hetnot opmoti HazoBeM (DYHKITUIO BUIA

n
lgo (X1, 2n) = E T,W; — O,
i=1

rje w; U 0 CyTh Iesible duciaa upu i=1,...,n. Bekrop @W=(w1,...,wy,)
HA3bIBAIOT BEKTOPOM BECOBBIX KO3 IUIMEHTOB, a ¢ — moporom. s
IIPOCTOTHI MHOTa OysieM 0003HaYaTh JHHEHHYI0 GopMYy lg o (21, ..., Tn)
COOTBETCTBYIOIIMM HAODOPOM BECOBBIX KO3 PUITMEHTOB U I[OpOra, —
(wi,...,wp,0).

Oyukups f (z1,...,2,) @ EY — FEj, Ha3bIBaeTcst nopo206odl, eciu
cymecTByer suHeitnasgs Gopma by o (T1,...,%n) = T1w1 + ... + Tpwyp — 0

Takas, 94TO

n

1, ecn ) wjw; — o = 0;

fly, o) =9 7 = T
0, unaue.

B sTom citygae roBopuM, 4ro aunetlinan gopma lg, 3adaem nopozo-
syt pynkyuro f(xy,...,Ty), U 3AMUCHIBAETCS ITO TAK:

lqj;jg — f(l'l, A ,xn),

WJIH TIPOCTO fig o

MHOXKeCTBO BCEX MOPOTOBBIX (PYHKIUI OT M MEPEMEHHBIX 1, ..., Ty
obozuaunm TM.

B cBst3u ¢ Tem, uTo JsmHeitHBIE (DOPMBI C MEJOUYHUCIEHHBIMU KO3(bdu-
[IMEHTAMU U IIOPOTOM IIO3BOJIAIOT 33/1aTh JIIOOYIO TOPOrOBYIO (DYHKIIHIO,
Jlajee B paboTe pacCMaTpPUBAIOTCS TOJIBKO TaKue JIMHEHHbIE (DOPMBL.
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Paccmorpum mepectanoBry m € Sy, e S, — IPyIIa mepecTaHOBOK
Hai MuHOKecTBOM ), = {1,...,n}. Byaem HasbiBaTh moporosyio (yHK-
0 f UHEAPUAHMHOT, OMHOCUMENLHO NEPECTNAHOGKY T, €CJI

f(xlv"' 7$n) =f (xﬂ'(l)7"' 7$TF(7’L)) :

Jlerko BUJIETH, YTO ecyiu f WHBAPHAHTHA OTHOCHTEJILHO IE€PECTaHO-
BOK 711 W 79, TO OHa TaKXKe MHBapHaHTHa OTHOCHUTEJIbBHO II€pEeCTaHOBKH
71 - T, HOJIYYAIOIEHCs B Pe3yJbraTe MOCJIeJI0BATEIBHOIO HPUMEHEHHST
IEePeCTaHOBOK o 1 1. OTCIOMa CeyeT, 9To Jyist KaxKaoi noarpynnst G
IPYIIIBI IEPECTAHOBOK \S;, CYIIECTBYET MHOMKECTBO MOPOrOBBLIX (DyHKIHIA
T, MHBApHAHTHBIX OTHOCHTEJBHO HepecTaHOBOK 13 (. BosHukaer ecre-
CTBEHHBII BOIPOC: CKOJIBKO CYIIECTBYET PA3JIMIHBIX KIaccoB 17 M Kak
OHU OMHUCHIBAIOTCS !

Dnementsl a,b € (), HazOoBeM T-aKBUBAAEHMHVLMU, ecin a = T ()
JUIst HEKOTOpOro mesoro r. OTHOIIEHHe T-5KBUBAJIEHTHOCTH DabuBAET

MHOKECTBO §2,, Ha IOIapHO Helepecekaromuecss Kiaaccol O1, ..., Ok, Ko-
TOpBIE IPUHATO HA3BIBATH T-0pOUMAMU.
Hasee, nycts R = {Ry, ..., Ry} — HeKoTOpOE pasbueHne MHOXKECTBA

Q,. ToBopsT, uTo s7MeMenTHl a,b € (), 9K8UBAAEHMNBL OMHOCUMENDLHO
pasbuenus R, ecnn a u b mpuHaajexxar OqHOMY U TOMY Ke ITOAMHOYKECTBY
R; pasbuenusi R, u obosnadaercs 3o tak: a ~ b(mod R).

Bynem roBopuTh, 4TO IepecTaHOBKA T cOXpaHsieT pasbuenue R, eciu
JUTst BCSIKOTO a € €, Boimosneno a ~ 7 (a) (mod R).

Teopema 1. Ecau nopozosas dywkuusa f € TT uneapuarmmua omocu-
meavho nepecmanosku ™ € Sy, u O1,...,0r — w-opbumo,, mo [ unea-
PUAHIHA OTHOCUMEABLHO 6CAK0T nepecmanosku ™ € Sy, coxpanaowert
pasbuenue O1,...,0O.

ITycre R = {Ry,..., Ry} — pasbuenune muoxkecrsa (). [Toporosyio
dyuknuio f Ha3oBeM R-CHMMETPUYECKOM, €CJiu OHa WHBAPUAHTHA OTHO-
CUTEJIbHO BCSKOI MEPEeCTAaHOBKH, coxpaHsiioieil pa3buenue R. U3 Teope-
MbI 1 ClIe/yeT, 9TO KaKJIblil KJIACC MMOPOrOBBIX (DYHKIWI, MHBAPUAHTHIX
OTHOCUTEJILHO HEKOTOPOH I'PYIIIBI MEPECTAHOBOK, OJHO3HAYHO 3a/1a€TCs
COOTBETCTBYIOMNM pazdbueHneM R MHOXKecTBa rnepeMeHHbIX. BepHo u 06-
paTHoe: BCsiKOMY pa30bueHnio R MHOXKECTBa IMEPEMEHHBIX COOTBETCTBYET
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KJIACC R-CUMMETPHYECKUX [TOPOrOBBIX (DYHKINI, HHBAPUAHTHBIX OTHOCHU-
TeJIbHO TEePEeCTAHOBOK, COXPAHSIIONUX pas3buenne R.

[Tepemennbie R-cuMMerpudeckoil byHKINN, TPUHAJIEYKAIIUE OJTHOMY
KJIACCY 9KBHUBaJEHTHOCTH R;, Oy/ieM Ha3bIBaTh CUMMEMPULHDLMU.

[ToporoByo GyHKIUIO HA3BIBAIOT CUMMEMPUYECKOT, €CJU OHA WH-
BapHaHTHA OTHOCHUTEJIBHO BCSIKON IepecTaHoBKU. Ha3oBeM MOpPOroByIO
DYHKIIAIO HECUMMEMPUYECKOT, €CJIN OHA WHBAPUAHTHA OTHOCHUTEJIHHO
JINIIb TO)K,I[GCTBGHHOI‘/’I ImepeCTaHOBKHU.

PaccmoTpum ciieyromniue Mephl CJI0XKHOCTH JIMHERHBIX (DOPM U ITOPO-
rOBBIX (PYHKITHI

L (lw,o—) =max (|wi|,...,|w,],|o]),
L(f)= min L(is).

rjie MUHUMYM Oepercs 110 BCeM IIeJI0UUCIeHHBIM JIMHeHbIM bopmaM [ 4,
sagaromuM dyuknuo f. Besmauny L (f) nazosem pasmaxom dbyHKImA f.

Paccmorpum MuozkecTBO Ty, ) HOPOTOBBIX (DYHKIHUII OT 1 IepeMeH-
HBIX, rjie n < m - k, Takux, 4r0 g Kaxkaoi dyuxnuu f us 1p, i cymie-
cryer pasbuenne R = {Ry,..., Ry} muoxecrsa , = {1,...,n} Takoe,
qro max (|R1],...,|Rg|) = m u f asiserca R-cuvmmerpudeckoit. [lapa-
MeTD M XapaKTepu3yeT MaKCUMAaJIbHBI pasMep KJiacca CUMMETPUN: €CJIT
m = 1, To QyHKIUS — HECUMMETPHUIECKasi, €CJIU KE M = M, TO CUM-
Merpuieckasi. [lapamerp k xapakrepusyer 4mC/IO HE3ABUCUMBIX KJIACCOB
CUMMETPUH.

Omnpenenmm Beawanny L (m, k) ciemyromnmm ob6paszom

L(m,k)= max L(f),
F€Tm k

rjie MaKCUMyM GepeTcst 10 BceM MOPoroseiM dyHKIuAM f u3 Kiacca Ty, k.
CorepskaTesIbHO JIaHHAST BEJIMUINHA XapaKTepu3yeT BO3MOXKHBIN pasMax
MOPOTOBOIl PYHKIUI ¢ MAKCUMAJIBHBIM Pa3MEPOM KJIACCA CUMMETPUU —
M U YUCJIOM HE3aBUCHUMBIX KJIACCOB CUMMeTpuu — k.

Nmeer mecTo ciiefyromuii pe3ysibTaT, XapaKTepU3yoIii BeIUInHY

L (m,k).
Teopema 2. Fcau k — oo, mo

2%k10gk+o(k) < L(m,k) < mktL. 2%klogk+o(k).



530 A.TI. CoxkoJsoB

Beesiem noHsiTHE paccTOSHUS MEXKY JUHEHHBbIME (hOpMaMU U ITOPO-
TOBBIME (DYHKITHSIMIE.

Ilycth lgr o 1 L g — nuneiinbie (hopMbl OT 1 epeMeHHbIX. Paccro-
STHUEM MeXKJLy JTUHeHHbIMU bopMaMu [y 5+ U Lgr o Ha30BEM CJIeIYIOILY 10
BEJINIUHY

n
/ 7 / "
o (lar il o) = |0 = 0"+ 3 Juf — wf|.
=1
DTy BeJIMYMHY UHTEPIPETUPYEM KaK HEOOXOIUMOCTD CJIeJIATh 0 ITOCIe-

JIOBATEJIbHBIX €IMHUYHBIX U3MEHEHUI KOMIIOHEHT OJIHOM JIMHEHHOH (hop-
MBI, 9TOOBI TIOJYIUTE APYTYI0. Paccmosanuem meoscdy nopozosvimu Pyr-

yuamu f'(x1,...,xn) 1 f’(x1,...,2,) HA30BEM BeJUYMHY
"y =  min 10" .
p(f5 1) L, p (51"
lu’;‘”,a“‘)f“

Oupejenum Besmauny p (m, k) caemyrommm o6pazom

— / "
p(m7k)_ /I}’/laX p(f?f)?
f7f eTm,k
L !/ "
rjle MaKCUMyM OepeTcst 1o BceM mapaM moporoeeix gyukmmii f') f7 u3
knacca T, . Jannas BeuunHa XapaKTepU3yeT PacCTOSHUE MEXKy Hau-
6oJiee yraaeHHBIMYA TOPOTOBBIMU (DYHKIIUAME, HE DOJIee €M C 17 B3AaUMHO
CUMMETPUYHBIMH [IEPEMEHHBIMU, U YHCJIOM KJIACCOB CUMMETpUu — K.
Nmeer MecTO cremyromias TeopeMa, XapaKTepU3YIOMas CJIOKHOCTD
B3aUMHOI TIepPecTPONKN BHYTPH KJIACCOB IMOPOTOBBIX (DYHKIU, WHBAPU-
AHTHBIX OTHOCUTEJILHO I'DYIII IIEPECTaHOBOK.

Teopema 3. Ecau k — oo, mo
m- 2%k10gk+o(k) < p(m,k) < mkt2. 2%k10gk+o(k).

PaccmorpuMm  siBe  mocienoBaTeabHOCTH MHOXKeCTB: Aq,As,... nu

/ !/ / .
1, A5, ..., tne A; O A} nns Beex . I'oBopdT, 9TO «IIOYTH BCE» SJIEMEHTBI

A; coBnasaor ¢ snementamu A, ecin

A
lim |Ai =1.

im0 | Al
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NmeeTr MecTO criemyromnas TeopeMa, XapaKTepU3yIOoas 00 HECHM-
METPUYIECKUX MTOPOTOBBIX (PYHKITHIA.

Teopema 4. [lowmu 6ce nopo2osvie GYHKUUY HECUMMEMPULECKUE.

2. J/loka3aTeJabCTBO TeopeMbl 1
Paccmorpum cirywait, korma

O1 = {1,....k},
02 = {k—‘rl},

O, = {n}.

NubiMu cioBaMu, 1MepecTaHOBKA 7 COJACPXKUT €IUHCTBEHHBIN ITUKJI,
COCTOSIIIHI U3 dJ1eMeHTOB MHOXKecTBa {1, ..., k}. Tlokaxkem, uro B TakoMm
cilydae I BCAKO# nepecTaHoBKU 11 € S), BBIIOJIHEHO

[z, ... zn) = f (J:Tr/(l),...,xﬂ/(k),karl,...,xn) .

Tax Kak BcsiKasi I€pecTaHOBKa m € S, OJHO3HAYHO PACKJIAILIBAET-
cs1 B NPOM3BEJIEHNE HE3aBHCUMBIX ITUKJIOB, TO OTCIO/a Oy/eT CIeI0BaTh
YTBEPXKIEHUE T€OPEMBI.

ITosioxxum

xk‘-i—l - ak‘+17

U PACCMOTPHUM ITOPOTOBYIO (DYHKITUIO

g(xla"'axk‘) :f(xlv"'7$k7ak‘+17"'7an)-

s joKa3aTesIbCTBa TEOPEMbBI JOCTATOYHO IIOKA3aTh, YTO ¢ SBJIHAETCS
cummerpudeckoit dpynknmeit. To ecTh 1y1s Besgkoii nepectanoBku 7' € Sy,
BBITIOJTHEHO

g(x1,...,2) =g (:Eﬂf(l),...,xﬂz(k)) )
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ITpero/102KuM  IPOTUBHOE: ITyCTh Haiijercss nepectanoBka m € Sp,
TaKas 9ITO

g(‘rla"' amk) 7é g (:Eﬂ”’(l)v"' 7:L‘7r’(k)) :

To ectb Jyist HEKOTOpOTO Habopa o = (ay,. .., ax)

g(ar,. an) # g (ar (1), s (i) -

Bes orpanuuenusi o0mHOCTH 110J02KUM, 9TO ¢ (o) = 1.
ITo yciroBuio TeopeMbl nMeeM

g(z1,...,21) =g (xﬂ(l),...,xﬂ(k)) )

Pacemorpum Muokecrso nabopos P = {a,m(a),..., 7 ! (a)}, mae
§ — mopsAJoK mepecraHoBku 7. MuokecTtBo P mnpejscrasiser coboit Bce
HAOOPBI, MOJYYAIONUXCA U3 ( IPUMEHEHUEM IIEPECTAHOBKU 7 BO BCEX
BO3BMOXKHBIX CTeMeHsX. Tak Kak ¢ MHBAPUAHTHA OTHOCHUTETHHO MepecTa-
HOBKHU T, TO Jijisi BCSIKOro Habopa 7y € P BepHo g () = 1.

CrepoBarebHO, I JIMHEHHON (OpPMBbI (wl,...,wn,a), 3a/1a1011ei
dyuKIMO f, UMeeT MECTO CJIEYIONIasi CUCTEeMa HEPABEHCTR

w-a—o =0,
w-7(a) — 0o =0,

757 Ha) -0 > 0.

g

CiioKuB BCE HEpaBEHCTBa BMeECTeE, II0JIyIYUM

s—1
w Zwi(a)fs c=20
=0
Jlerko BuzEeTDH, 9TO
s—1 ‘
Yor(@) =), (@),
=0

rie [ (o) — 4gucio euHuI; B HAGOpe (.
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CeroBaTebHO,

Hasee, paccMoTpuM Habop 3 = (aﬂ/(l), . ,a,r/(k)). ITo mpeamosioxke-
uuio g () = 0.
Pacemorpuy Muozkectso Habopos P’ = {3, 7 (B),..., 7571 (8)}. Tax

Kak (QYHKIMS ¢ MHBApDUAHTHA OTHOCUTEJLHO NEPECTAHOBKU 7, TO JIJIs
Bestkoro Habopa v € P’ BepHo

g(v)=0.

CJIG,ZLOB&TGJH)HO, nMeeT MEeCTO CUCTeMa HEepaBEHCTB

-B—0 <0,
'W(ﬁ)—0'<07

SIS

ST

- (B) — o < 0.
AHaJIOPUIHBIM 00Pa30M MPUXOJUM K BBIBOJLY, 9ITO

@-((B),...,1(8)) —s-0 <0.

Ocranoch 3amernts, uro [ () = [ (a), Tak Kak [ moJayvaercs U3 o IpH
nomonu 1epectanoBku 7. Ilpunum k nporusopeunto. CiieoBaTesbHO
dbyHKIUSA g — CUMMeTPUYECKasl.

Teopema JlokazaHa.

3. /loka3aTeabCTBO TeOpeMbl 2

Pacemorpum  pasbuenne R = {Rj,...,Ri} wmHOXKecTBa £, =
{1,...,n}. MuoxectBo BCcex R-CHMMETPHYECKHX HOPOTOBBLIX (hyHKITHI
OT n nepeMeHHbIX obozHaunm 1. Meer mecro ciiejyiomast jieMma, Xa-
PAKTEPHU3YIONas OCODEHHOCTH 3aJIaHus R-CUMMETPUYIECKUX TOPOTOBBIX
byHKIN TUHeHHBIMI POPMaMU.

JIemma 1 (O6 ocpennennu kosddurmentoB). Feau R = {Ry,...,
R} — pasbuenue mmoorcecmsa €, = {1,...,n}, nopoeosas dynryus f
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asasemces R-cummempueckoti u aunetinas gopmaly » = (w1, ..., Wy, 0)

zadaem f, mo aunetinan gopma ly = (w;l(l), . ,w;l(n), O'), 2de h(a)=

e |R|Zw’“

maxoce 3adaem Pynryuro f.

ecau a € R;, u

HokazaresnbcrBo. Pacemorpum coryuait, korma R = {{1,...,1},{l + 1},
{lt+2},...,{n}}. Homoxum

Ti+1 = Qp41,

Tn = Qp.

B Takom ciayuae

loo (X1, ., 21,0141, ..., 0p) = E Ti-w; + Z aj - w; — o.

j=l+1

Pacemorpum mmmneiinyio dopmy lgr o (21, ..., 2;) = (w1, ..., wy,0), Tae

n
g a; - w; + o,

j=l+1

u 3aj1aBaeMylo eii noporosyio gyukinuio f”. OueBugHo, 4TO

f//(xlv"'vxl) :f(.Tl,...,I’l,al+1,...,an).

Tak xax moporosast byHkIusa f ABIgETCS R-CHMMETPHIECKOH, TO O

reopeme 1 dbyuknus f” apiasercsa cummerpudeckoii. IlokazkeM, 4To Jn-
l
neitnast popma lgs o (T1,...,2;) = (w',...,w',0), tie w' = % > wj, Tak-
i=1
1"
Ke 3ajaeT moporosyto ¢gyukmuo [
Ecau f” (b1,...,b;) = 1 na nekoropom natope (by,...,b), To

l
ij-wj—GZO.
7j=1
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ITokaxkem, aTo
l

ij-w'—GEO.
j=1

Paccemorpum mabop (b, . ... b)), Takoit YTO KOJIUIECTBO €IMHUAIL B HEM
1> sVl )
COBIIAJIAET C KOJMIECTBOM eauuutl B Habope (by, ..., b;) u, npu srom, cym-
Ma
!
§ /
Jj=1

NPUHIMAET MUHAMAJbHOE 3HAYEHNE CPEIM BCEX JIBOMYHBIX HAOOPOB C Ta-

KHUM >Ke 4mcyioM ejunuil. Tak xkak dynkmnus f” — cummerpuueckas, To
" / 7\

fry,...,0) =1

OueBwIHO, YTO
l l

Zb}-w/ >Zb;~-wi.

j=1 7j=1

l
Carenosarenpro, > b -w' —60 > 0.

J=1
Cayuait, xorma f” (by,...,b) = 0, paccMaTpuBaeTcss aHAJOTHIHBIM
06pas30oM, 3a TeM JIMIIb HUCKIodeHneM, ITo Habop (b, ..., b)) BoOupaeTcs

TaK, ITOOBI CyMMa

l
J=1

[PUHAMAJIA MAKCUMAJIFHOE 3HAUEHHE.
Takum obpaszom, mHeliHas hopma

/
ly o (@1, xp) = [ W, .. W Wi, ..., wy, 0
—_———

3aJaeT UCXoaHyo QyHKIUo f.

st moKa3aTeIbCTBA JIEMMBI OCTAJIOCh 3AMETHTh, ITO OMUCAHHAST TTPO-
eIy pa ocpeaHeHnst Koo OUIMEeHTOB JUHEHHON (POPMBI MOXKET OBITH ITPO-
BeJICHA, HE3aBUCHMO JIJIsT KaXKJIOT0 Kjacca sKBuBaseHTHoctn R;. Jlemwma
JTOKA3aHA.
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lokazaTeabCcTBO TeopeMbl 2.

JlokarkeM BEPXHIOIO OIEHKY.

3aMeTuM, 9TO BCAKas MOpOroBas GpyHKIuUs f OT N HepeMEHHBIX O-
HO3HAYHO ONpe/JiesideTcs CBOMMHU 3HaYeHnsAMM Ha Habopax u3 L. Bce-
ro Takux HabopoB mmeercs 2". PaccMoTpum cieayrontyio cucremy u3 2™

HEPABEHCTB
& (- —0>0),
" 1)
& (ai -0 < 0) .
;€ B\ Ny

— n. 5 — n. I n . .
Bnech a; = (ai,...,a,) € Ey;i=1,...,2"; Ny={a€ E} : f(a)=1} —
MHOYKECTBO HabOPOB, Ha KOTOPBIX (byHKIUsA f MPUHUMaeT 3HadeHue 1.
OuesmiHO, UTO Besikast jmHelHag gopma (w1, . .., Wy, ), YIAOBJIETBO-
psifolas JaHHoi cucreme, OyaeT 3ajaBarh f.
Pacemorpun BexTopa o, o € By takue uro

/ mn
; (i1, ..., Qin, 1) 1uist Beex a; € By,
1/ /

i = i ecmma; € Npn

1 /

i —aq;, THaJe.

PaccmorpuMm citenyroniyio cucremy u3 2" HepaBeHCTB

" =/
& (of -’ >1), (2)
OzZ'EE';
=l __ / /
rne @ = (wi,...,w), ).
Jlerko BuJieTh, 4TO BesaKad JuHeitHas popMa W, ABIAIONIeascs perie-
HHEeM cHCTeMBbI (2), TakxKe sIBJIsteTCst perenneM cucreMsl (1). st sToro

- __ / / _ /
JOCTATOYHO TOJIOKUTD W = (W),...,w;,), a 0 = —w),_ ;.

ITo ycnosuio TeopeMmbl [ sdBiseTcs R-CHMMeTPUYECKONH MOPOroBOit
dbyuxuwmeit, rie R = {Ry,..., Ry} — HEeKoTOpOe pa3bueHne MHOKEeCTBa
Q, ={1,...,n}. IIpu srom,

max (|R1|,...,|Rk]) = m.

Be3 orpannmyennst 0OITHOCTH TOJIOKUM, UTO

R1 = {1,...,7’1},

R, = {n—rg+1,...,n},
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e ;= |Ri|, i =1,... k.
B Takowm ciydae, mo jsiemme 1 mafinercs juneitnas dpopma

"

! 1 1
wl,...7w1,...7wk,...7'I,Uk.,o— 5
T Tk
rae
1
"
7 E: 7
|R;| -
JER;

Tak:Ke 3aamomasa f.
CiietoBaTe/IbHO, BCAKOE PEIeHre CUCTEMbI U3 2" HepaBeHCTB

& (o @' >1), (3)

OzZ'EE';
rie W' = (w’l’, W, wgﬂ), Takxke 3ajaeT perenne cucreMbl (1). s
9TOTO JOCTATOMHO HOJIOKUTE W = (wy,...,wy), a 0 = —w), ;. Ormernm

TaKXKe, 9TO 10 JemmMe 1, cucrema (3) mMeer XoTst Obl OJJHO PelleHHe.

BameTumM, uTo BeKTOp W comepxKuT He Gojee k + 1 pa3ImIHBIX KOM-
nonenT. CiieoBaTesIbHO, MHOXKECTBO BCEX DellleHuii cucreMbl (3) mpeji-
crayisier coGoii BHITYK/IbIH MEOrOrpanHnk M B mpocrpancrse RFTL. B
SKCTpPEeMaJIbHBIX Toukax M HekoTopbie k + 1 HepaBeHCTB 0OpaIAIOTCS
B crporue pasencrsa. Iycrs (wf,...,w) ;) — HekoTOpas SKCTpeMAb-
Hasl TouKa MHororpannuka M. B takom ciydae nabop w” ymosiaersopsier
CJeYIONIell cucreMe ypaBHeHueil

A.(w’ll,...,wg+1)T:(1,...,1)T,

e A = Hain(k+1)x(k+1) — MaTpuna, Ko3hb@UIUEHTH a;; KOTOPOH 110
MOJLYJIIO HE MPEBOCXOJAT 11 — MOIITHOCTh MaKCUMAaJIbHOTO KJIACCA SKBU-
BaJIeHTHOCTH R;.
ITo npasuny Kpamepa manmasi cucrema nMeeT CJeIyIOINee pelieHne
"no_ Ai, =1
w; = K, 1=
e A — omnpejgenureb Marpulbl A, a A; — onpejennrenas MaTpUIbl A;,
mosrygaemMoit m3 A 3aMmeHoit i-ro cTosONa Ha eTUHUYHBIN BeKTOp. BuaHo,

U
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9TO IPU JieJeHNH HA A KOMIIOHEHTBI W, MOTYT IOJIYyIHTBCS HELEeIbIMH,

OJTHAKO, JIETKO BUJIETH, YTO IPU JIOMHOYKEHUH BCEX KOMITIOHEHT JIMHEHHOMN
/! 1/ Ls

dopmbI (wl, ce, W +1) Ha A 3ajaBaeMast eif moporopast QyHKIUs HE W3-

MEHHTCs, & 3HAYCHHs] KOMIOHEHT W, CTaHyT meJabMH. 1109TOMy MOXKHO

[oJIaraTh, 4TO
" .
w, =A;,1=1,....k+ 1.

7

Kak y:ke ormevdasioch paHee, 3JIEMEHTBI MaTpPUIBI A 10 MOJIYJIIO He
PEBOCXOJIAT M, IO9TOMY 10 Teopeme Amamapa [1] umeem

k+1k+1

A% < H Za?j.

i=1 j=1
CrenoBaresibHO,
A2 < ((k+1)-m2)" = (k4 DL 20D,

B wurore, nomy4yum

1
w'/i/ < mk+1 . 2§klog k+0(l€)‘

Bepxusisi oreHka JJoKa3aHa, JOKaXKeM HUZKHIOIO OICHKY.
B paGore [3] 6610 noKazano, 4To npn k — 00 HaiijeTcs Takas HOpo-
ropast ynxmus g € TF, aro

L (g) > 2%k10gk+o(k)'

Paccvorpum R-cummerpudeckyto noporosyio dyakmuio f € T™, Ta-
Kyto, uto n =k - m,

Ry = {1,...,m},

R, = {(k—=1)-m+1,....,k-m}

flz,0,...,0,...,2,0,....0 | =g (z1,...,2p).
|R1] | Ry

Ouesnno, uro L (f) > L (g). Teopema gokazana.
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4. /loka3zaTeJbCTBO TeopeMbl 3

Jns moKa3aTeILCTBA BEPXHEH OIMEHKH JIOCTATOYHO 3aMETHUTL, HUTO
n<k-mmu
p(m,k)<2-(n+1)-L(m,k).

CrnenoBarebHo,
p(m,k) <2-(m-k+1) - mhtl. gakloghtolk)
PacKkpbIB CKOOKH, IHOJIyIHM
p(m, k) < mkt+2 . 9zklogk+o(k)

JloKkazKeM HUKHIOIO OIIEHKY.
B pa6ore [3] 66110 nokazano, uTo npu k — 0o HaifijieTcs Takas napa
noporoseix byuximii ¢', g € TF, aro

P (g/ g//) > 2%klog kto(k)

Paccmorpum R-cummerpudeckue noporosble dyukimn ¢, 9" € T,
rme n = k-m,

Ry = {1,...,m},

R, = {(k—=1)-m+1,....,k-m}

TaKue, 9To

fl 2,050, 24,0,...,0 | =4 (21,...,28),

|R1| | Ry

" 1
1 x1,0,...,0,...,2k,0,...,0 | =¢" (x1,...,2x) .
| R | Ry

Ouesunno, uro p (f', f) = m- p(g'.g"). Cnenosarensuo,
p(m,k)>m- 9zklogk+o(k)

TeopeMa JOKa3aHa.
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5. llokazaTeabCTBO TeopeMbl 4

Ob6ozuaaum NST" — MHOXKECTBO HECUMMETPUUIECKUX IOPOTOBBIX
byHKINNE OT N ePEMEHHBIX, TO €CTb (PYHKIUl, KOTOPbIe WHBAPUAHTHBI
OTHOCHUTEJILHO JIUIITH TOYKJIECTBEHHOH MePECTAHOBKH.

[ToporoByio dyHKINIO, KOTOpast He SBJISETCH HECUMMETPUYECKO, Ha-
30BeM wacmuuno cummempuyeckot. Obosnaunm PST™ = T"\NST"™ —
MHOXKECTBO YaCTUYHO CUMMETPUIECKUX MOPOTOBBIX (DYHKIHI OT 1 TIepe-
MEHHBIX.

3aMeTnM, YTO BCAKas YACTHIHO CUMMETPHUUECKas MOporobas yHK-
st f 1o semme 1 MozkeT ObITH 3ajaHa JnHeHOH dopmMoit (w1, . .., Wy, o)
He GoJsiee, ueM ¢ n — 1 pas3imIHbIME BeCOBbIMU KO3 durimentamu. Takmm
obpaszoM, HalijyTcd o0 KpailHeil Mepe JiBa PaBHBIX BECOBBIX KO3(hDUIU-
erTa. bes orpanmdenns OOIIHOCTH MOJIOKUM, 9TO IT€PEMEHHBIE X1 U 9
CUMMETPHUYHBI, TO €CTh W] = Wo.

Paznoxkum GpyHKIMO f 110 MEPBBIM JIBYM IT€PEMEHHBIM

f (1‘1, . ,:En) =Z1Zy fjlj2 (1‘3, ... ,:En) V x1Z9 - fmlfm (1‘3, .. ,:En) vV
V Z122 + frymy (X3, Tn) V 2122+ frymy (T340, Tn),
rie
j}1£2($37 7xn) f(0707x37 7xn)7
fxli‘g ($37" 7xn) - f(1707x37 '7xn)7
j51x2($37" 7xn) - f(0717x37 '7xn)7
fx1x2 ($37 7~rn) f (17 1,%3, 7xn)

3ameTuM, 9T0 QYHKIMA fz,75, fr170s f3120 1 fr,z, TAKIKE SIBJISIIOTCS
[IOPOIOBBIMM, TaK KK OHU 3aJIal0TCs JIMHEHHBIMU (POPMaMU

(w3, ..., wp,0),
(wg,...,wp,0 —wi),
(ws, ..., Wy, 0 —w3),

(ws, ..., wy,0 —wy —ws),

COOTBETCTBEHHO.
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Tak KaK mepeMeHHble ] U Ty CUMMETPHYIHBL, TO fr 7z, = fiizs-
Ha puc. 1 nzobpazken 6yses ky6 E4, Ha KOTOpoM 33J1aHa DyHKIus f.
ZKupHble IYHKTHPHbIE JUHUA 0D03HAYAIOT T'MIIEPIVIOCKOCTH lz 70, lx 7o,

Z:Tc1ac2 n lac1ac2a 3aJIaloIIKe OPOroBble (DYHKIUN fa’cw’cga fx15c2a fa’c1x2 n fx1x2:
COOTBETCTBEHHO.

Puc. 1. Pazyoxkerune nmoporosoit pyHKIun f 110 MEpEMEHHBIM X1 U I2.

Pacemorpum muoxkectBo S (f) moporoseix dyHKIuiA, KOTOpBIE 3818~
IOTCsI BCeBO3MOXKHBIMU JIMHEHHBIMU hopMamu Bujia (W], wh, ws, ..., Wy, o),
rae w) + wh = wy + we. Jlerko BUAETH, UTO NIt BCsiKOi (DyHKIME ¢ U3
muokecTBa S (f) BbITOIHEHO

g(0,0,z3,...,2,) = f(0,0,23,...,29);
g(Ll,zs,...,2,) = f(1,1,23,...,2,).

Bapuanusi BecoBbIx K03 DUIMEHTOB W] U W) HIPUBOIUT K [APAJLIIEIb-
HOMY CIBUI'Y TI'HIIEPIIOCKOCTEN ly 7, U lz, z,, HO HE MEHsIET IIOJIOXKEHUE
NIOCKOCTEN g o ¥ U7, -

BamMernM, UTO MaJbIMU BapUAIUsIME BECOBBIX KO3(DbUIIEHTOB w]
W wh MOYKHO TIOJyuHTDb MO KpaitHeil Mepe 2" 2 pasimuHbIe TOPOrOBbLIE
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dbyHKIMHI, MOCIEI0BATELHO OTIEsAsT TOUKN OHOro u3 nojaky6os { (0,1,
0,...,0),...,(0,1,1,...,1)} wmm {(1,0,0,...,0),...,(1,0,1,...,1)}.

Takum 00pazoMm, KaxKJOW YACTHIHO CHMMETPUYIECKON MOPOroBOit
(DYHKIME OJ[HO3HAYMHO COOTBETCTBYET II0 KpaifHeil Mepe 272 mecuMmer-
puteckue moporosbie pyukiuu. CremoBaTebHo,

|T"| > 2"~2.|PST™|.

B urore nomyuaem
_|PsT™|
lim ———
n—00 ‘T”‘

=0.

TeopeMa JOKa3aHa.

BaaromapaocTn

AsTop Gmaromaput mpodeccopa Basepust Bopucosuua KynapsiBriesa
3a IIOCTAHOBKY 331U, a TaKXKe yJIaCTHUKOB ceMuHapa «Kubepueruka n
nndopMaTuKay 3a MeHHbIe 00CYXKICHNUsI, BOSHUKABIIINE 110 X0y pabOThHI.
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