IIpuniun makcumyma IlonTpsiruna B
3ajiade C BpeMEHHBbIM 3ama3abIBaHuEM

I'. B. Bokos

B pabore bopmynupyercst 3aa49a ONTUMAJIBLHOTO YIIPABJIEHUS C
[TOCTOSIHHBIM 3alla3/IbIBAHUEM 110 BpeMeHu B (a30BOil IIepeMeHHOI
7 B IIEPEMEHHOI yIPaBJIEHUs, JJji KOTOPOIl JOKA3bIBAETCS Teope-
Ma, JIAoINasi HeOOXOUMBbIE YCJIOBHS ONTUMAJIBHOCTH pelleHus. B
KOHIIe pabOThI IPUBOIUTHCsS 0O0OIIEHNE JIAHHOI 3a/1a49U Ha CJLydail
GECKOHEYHOI'O MPOMEYKYTKA BPEMEHU.

KuroueBble cjioBa: TeOpust ONTUMAJILHOTO YIIPABICHUS, Tud-
depeHIraIbHBIE YPABHEHNSI C BPEMEHHBIM 3alla3/bIBAHIEM, HEO0-
XOJIUMBI€ YCJOBHUS ONTHMAIBLHOCTHU, IPUHIAI MAaKCAMyMa, KOHEY-
HBII 1 OECKOHEYIHDBINT BPEMEHHO TOPU30HT.

1. BBenenue

[Mpuniun MakcumMyMa B 3ajatde C 3alla3/IbIBAHIEM OCHOBLIBAETCS HA
nuddepeHInaIbHbIX YPABHEHUSIX ¢ OTKJIOHSIONIUMCS WJIU 3aI1a3/IbIBAI0-
UM apryMEHTOM, TO €CTh Ha TakuxX juddepeHInaibHbIX YPABHEHUSX, B
KOTOpBIe HEM3BeCTHasi (DYHKITUS U ee TPOU3BOJ/IHAS BXOJISIT, BOODIIE TOBO-
ps, P Pa3/INYHbIX 3HAYCHUSX apryMmenTa. lIpuMepoM MOXKeT CIyKUTh
cJIeIyIolee ypaBHEHNE, KOTOPOEe MbI OyIeM HCII0JIb30BaTh B JlaabHeHIeM

#(t) = f(t,2(t), z(t = 0)).

Buepsbie oTie/ibHbIE ypaBHEHUST TAKOTO TUIIA HOSBUINCH B JINTEPATY-
pe Bo Bropoii nonosure X VIII cronerns (Konmopcee, 1771 r.), HO cucre-
MaTHYECKOe UCCJIEOBAHIE HAYAJIOCH JIUIIb B X X Beke (0COOEHHO B KOHIIE
40-x romoB — A. /. Meunkuc B Hameii crpane, cMm. [4], E.M. Paiit u
P. Besumman 3a py6ekoM) B CBsi3U ¢ MOTPEGHOCTSIME [IPUKJIAHBIX HAYK.
B wacTHOCTH, OHU HAIIM CBOE IPUMEHEHUE W B IPUHIIAIIE MAKCAMYyMa
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JI. C. Honrpsirnua (cM. [5]), mosBuBImemMcst B Komre 50-X TOJ0B IIPOIILIO-
ro BeKa, YTO JIAJ0 MOIIHBII TOTIOK PA3BUTHUS ITOTO HanpasjeHus. Psi
aBTOpoB B Haeil crpane P. 'abacos, I'. JI. Xaparummsuau, A. C. Matse-
e, H. H. Kpacosckuit u 1p., a takxke 3a pybexxom lanamneit, Haunr, JIu
BHEC/IN DOJIBINOM BKJIAJ, B 9TO JEJIO.

B 1961 r. I.JI. Xaparumsmm (cMm. [6] u [5], c. 240-254) 0606t
OPUHIUIT MakcuMmyMa [JoHTpsirHA Ha CJrydail IOCTOSTHHOTO 3alias3/[biBa-
Hus B has3oBoil mepemMenHoit. B cBoeit pabore oH paccMaTpuBasl aBTO-
HOMHYIO cucTeMy auddepeHnraibHbIX ypaBHeHn 6e3 3anas3/biBaHus B
YIPABJICHIH.

Ero cospemennuku Yaur u JIu (Chyung and Lee, cm. [9]) B 1966 1.
HOJTY YUJTA TPUHITUIT MAKCUMYMa, JIJIsl HBABTOHOMHOIH cucreMbl jinddepeH-
[UAJIbHBIX yPAaBHEHUIl B JIMHEHHO-KBAPATHIHON 3ajade ONTHMAJILHOTO
yOpaBJIEHNUsT ¢ KPATHBIM 3ama3/ibiBaHneM B (a30Boil mepemMenHoii, Ho 6e3
3anas3npiBanug B yupapjenuu. o quneiino-KBaIpaTuIHON 3a1a4eil mo-
HUMaeTCss Ta, B KOTOpOil cucrema uddepeHInaabHbIX YPABHEHWIT sB-
JIsieTCsl JIMHEHHON 1m0 (ha30BOil MEPEMEHHON U yIpaBJIECHUIO, a (DYHKIINS,
JUTsT KOTOPOH peIaeTcsi 9KCTpeMaabHasT 3a/1a49a, KBaJpaTHIHO 3aBUCUT
OT 9THX K€ [epEeMEeHHBIX.

Mexy Tem Tananeii (Halanay, cm. [11]) B 1968 1. nokasasn HeoGxo-
JIUMBIE YCJIOBHS ONTUMAIBHOCTH JIjIst Gostee 00IIeil 3a/1a9r ONTHMAJIbLHO-
ro yOpaBJIeHUsI C 3ama3/biBaHueM KakK B (Hha30BOil MepeMeHHON, Tak U B
yupapjeanu. OH pacCMOTPEJ CrenuUIecKyo cucreMy JuddepeHab-
HBIX ypaBHEHUU B mHTerpaJsbHoi dpopme. Ero mokazarebcTBO OCHOBAHO
Ha abcTpakTHOM Meroje MHOkuTeseli Xecrernca (Hestenes, cm. [12]).

Iynr (Guinn, cm. [10]) B 1976 r. 1an HeoOXOTUMBIE YCIOBHS OLTH-
MaJILHOCTH B (hOpMeE CyIIEeCTBOBAHUST COIPSI?KEHHON. A €ro coBpeMeHHUK
Bakk (Bakke, cm. [8]) B 1981 r. mosty<u/I IpHHIHIT MAKCHMyMa B 1po0JIe-
Me ONTUMAJIHLHOTO YIPABJIECHUsS C KPATHBIM 3aIMa3/bIBAHIEM C TTOMOIIHIO
TEOPUH OIITUMAJIBHBIX ITOJIEH.

B 1988 r. nam cooreyecrBenuuk A.C. Marsees (cM. [3]) pacemorpest
6oJiee OOIYIO 3a/1a9y ONTHMAJIBLHOIO YIIPABJIEHUs C 3ala3/ILIBAHUEM, B
KOTOPO# MmapaMeTp 3ama3/IbIBaHUsT TPEJICTABIeH KaK (DYHKIINHST BPEMEHH.
[Ipudaem 0600ITIEHHOE 3aMa3/IBIBAHNE BXOJUT KaK B (pa30BYIO MEpEeMeH-
HYIO, TaK M B ylpaBjenue. Ero pesyibrarsl, Kak U pe3y/braThl [aianes,
HUMEIOT JIOCTATOYHO abCTPaKTHBII XapakTep, YTO 3aTPY/HIET UX MPAKTU-
JecKoe TMPUMEHEHNE.
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Huxe B pabote, Kak BKJIaJ[ B JAHHOE HAaIpaBjieHUE, OYJET MOCTAB-
JIeHa 3aJiava ONTUMAJBHOTO YIPAaBJIEHUs, COJEPKAIas MOCTOSHHBIE Ta-
paMeTphl 3ara3/blBanns, Kak B (a30BOil IIepEeMEHHO, TaK U B IIEPEMEH-
Hoit yupasienust. OHa onpejessiercss 6e3 TpebOBaHUSI ABTOHOMHOCTH U
JIMHEHHOCTH JIJIst CUCTeMbI qudpepeHnnaabibiX ypaBuennii. s nanmoi
3a1aun OyJIeT JI0Ka3aHa TeopeMa, KOTOpasi siBJISeTCs aHAJIONOM IIPUHITUIIA,
makcumyMma [loarpsirnna. OrpaHudeHus Ha BUJ] 3al1a3/[bIBAIOIICTO ITapa-
MEeTpa IMO3BOJISIOT 3AIMCATH HEOOXOIUMbIE YCJIOBHUS ONTHUMAJIBLHOCTUA Pe-
IIEHUsI B fBHOM BHUJIE, UTO JI€JIACT UX MPUTOTHBIMU JJIsi ITPAKTUIECKOTO
HCIIOJTb30BaHUSI.

2. IlocranoBka 3aga4n

st Havasa 1auM HEeCKOJIbKO OIpeJeIeHui

Onpepesienne 1. Qyukuus z(t) HA3BIBAETCS KyCOIHO-HEIIPEPHIBHON HA
orpeske [tg, t1], eciin oHa HenpepbIBHA BCIOY Ha [to, t1], 38 HCKIIOUEHHEM
KOHEYHOI'O YHUC/Ia TOUYEK Pa3pbiBa MEPBOrO POJIA.

Onpepesienne 2. Oyuxnus x(t) HABBIBAETCA KyCOYHO-IVIQJKON Ha OT-
peske [to,t1], ecsim oHA HenpepbIBHA, a ee MPOM3BOJHAs I(t) KyCOIHO-
HelpepbiBHA Ha [to, t1].

MHOKeCTBO BCeX KyCOUHO-HENPEPBIBHBIX U KYCOYHO-TVIAJIKUX (DYHK-
muii Ha orpeske |[top,l1], UPUHMMAMOIUX 3HAYEHUS W3 HEKOTOPOIO
muoxkecTBa M, obosmatmm coorsercrBenno uepes KC([to,t1], M) u
KCY([to, t1], M).

PaccMoTpuM 3a/1a4y:
F(w(),u() = /f(t,x(t),x(t—61),u(t),u(t—92))dt Linf, (1)

e z(+) € KCY([to, 1], R™) — cocTosimme cucTeMbl, min dbazoBast mepe-
MEHHAsT;

u(-) € KC([to,t1],U) — yupapiienne cucTeMoii, Wy yIpaBJsiolias e-
PEMeHHasT;

U C R" — MHOYXKECTBO BO3MOXKHBIX 3HAUEHUN yIIPaBJIEHUS;
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01 = const — napameTp 3amazbiBaHus (Ha30BOil T€PEMEHHOI;
0y = const — napameTp 3alla3/IbIBAHUs YIIPABJICHUS.

Nzmenenne cocTosiHMiT CHUCTEMBI ONMCHIBAETCH CjeyomuM audde-
PEHIUABHBIM YPaBHEHUEM C 3aIIa3/TbIBAHAEM:

&(t) = p(t, x(t), z(t — 01),u(t), u(t — 62)), t € [to, t1]. (2)

Yr06BI rapaHTHPOBATh CYIIECTBOBAHKE PEIICHUsT 3TOr0 yPaBHEHUsT, HeO0-
XOJIUMO 3aJIaTh HENIPEPBIBHYIO0 (DYHKIMIO Zo(+) TAKyIo, 4TO

x(t) = zo(t), t € [to — 01, 10], (3)
U KyCOYHO-HEIIPEPHIBHYO (DYHKIMIO U(+) TaKyo, 4TO

u(t) = uop(t), t € [to — 02,10). (4)
Bynem npeanonarars, 9ro dyHKIun

1 1 1 1
f:f(tvx 7"'7$nay 7"'7yn7u ,...,UT,U} ,...,U)T),

1 n 1 n 1 T
o=tz ,. .2y, oyt e, uw L wh),
onpegerennsie B (1), (2) u Takue, 4TO

f:GxUxU—R,
¢:GxUxU—R",

YJIOBJIETBOPSIOT CJIEJIYIOIIUM YCJIOBUEM: CAMU OHU M MX YaCTHBIE [IPOU3-
BOJIHBIE TIO TlepeMeHHbIM %, 4/ (i,j = 1,...,7m) HenpepbLIBHBI 110 COBO-
kymaocTr aprymentoB B G X U x U. I'me G — OTKpBITOE MHOXKECTBO B
npoctpancTtee R X R™ x R"™.

MowmenTbl Bpemenu tg u t1 OyjeM cauTarh (PUKCUPOBAHHBIMU. 3HAYE-
HUEe BEPXHEro Ipejesa t1 MOXKET ObITh, BOOOIIE TOBOPs, KAK KOHEYHBIM,
TakK U 6ECKOHEYHBIM, HO BO BTOPOM CJIydae MOYKET CJIYUUThCsT TaK, YTO MH-
rerpaJt B (1) pacxomurcs. Jauusiit caiyqaii (t1 = +00) 6yuer paccMoTpeH
Ho3JiHee, a JiIsl Hadajia, [PeJIIoJ0KAM, 9TO 3HAUYeHUe ] KOHETHO.
Ounpenenenne 3. Hazosem napy (z(-), u(+)) ynpaBisieMbIM [IPOIECCOM B
zazgade (1), (2), (3), (4), ecm:

a)ymnpasienue u(-) : [tg,t1] — U — Kycodno-HenpepbIBHAsT DYHKIUSL.
st onpejiesienrocTr GyjieM cauTarh, 9To u(-) HENPEPbIBHA CIIpaBa Jisi
tg <t <t u ciaeBa B TOYKe ty;
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6) dasosas Tpaekropus x(-) : [tg,t1] — R™ Kycouno-rnajikas dyHK-
st u ee rpacuk I' jiexkur B G

T = {(t,x(t),z(t — 1)) | to <t < t1} C G;

B) st Beex t € [to, t1], Kpome, ObITH MOXKET, TOUYEK pa3pbiBa YIIPaB-
nennst u(-), yukuus x(-) yaosiaerBopsier jauddepeHiaibHOMyY ypaBHe-
Huio (2).

Yipas/sieMblil IPOIEce HA3BIBAETCs JOMYCTUMBIM, €CJIH, KPOME TOrO,
BBIIIOJIHSTIOTCST HavdaIbHble yeoBus (3) u (4).

Homycrumblii ynpasisiemsrit mporiecce (Z(+),4(-)) Ha3bIBaeTCsS ONTH-
MaJIBHBIM, €CJIU Haiijercst takoe € > (0, 9TO JJIs BCSIKOTO JIOIyCTHMOTO
yupasisiemoro nporecca (x(-), u(+)) Takoro, 4ro

lz(t) — 2(t)| < e,Vt € [to, 1],

BBITIOJIHACTCA HEPpaBEHCTBO

;(t) t 7‘%( - 01)7ﬂ(t)7v)a
Avw(t) - So(tw%(t)?'%(t - 61)7ﬁ(t)7v)7

H(t,z,y,u,w) = H(t,z(t),z(t — 01),u(t),u(t — 02)) =
= ﬁ(t)go(t,x(t),x(t - 91)7u(t)7u(t - 62)) -
= Xof(t,x(t), x(t — 01),u(t), u(t — 02)). (5)

Nmeet MmecTo crteyionias TeopeMa, KOTOPYIO Mbl HA30BEM NPUHUUNOM
maxcumyma Honwmpazuna 6 3adave ¢ 3ana30b16aHUEM.
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Teopema 1. Ecau (Z(:),4(-)) — onmumarvhod donycmumviil npoyecc
das 3adavu (1), (2), (3), (4), mo cywecmeyrom mnoorcumenu Jlazpanorca
Xo =0, o1, p(-) € KCY([to,t1], R™), He pasnvie 00HoSpemento Hyamo
maKue, 4mo GuiNONHEHO

1. ypasnenue Direpa:

A [HL) - B+ 00, teftot— 0
Ep(t) N {—Hx(t), t e [tl — 61,t1]

2. npunyun marxcumyma Ilonmpazuna:

ma&c[H(t,:i",gj,v,w) + H(t+ 09,2,79,0,v)] =
ve
= H(t,:i",g),a,ﬁ)) + H(t + 927:%73)7&712))7 te [thtl - 92] (7>

max H(t, &,§,v,0) = H(t,#,9,4,), t €[t~ 02, t]
ve

3. yeaosue mpanceepcasbHoCmu:

plto) = i, pt1) = 0. (8)
Tne 5
Ha(t) = 8—AH(t,x,y,u,w).

3. llokazaTejabCTBO T€OpeMbI

st IpocTOTHI OYJIEM PACCMATPUBATEL CIydail, Korja n = 1. 910 Hu-
CKOJIBKO He yMaJisgeT 00Iero ciaydas, Korjga n € N mpou3BoJbHO, TaK Kak
B JIAHHOM CJIy4Yae yBEJMUUBAETCS TOJBKO I'DOMO3JIKOCTH BBIPasKeHUil, a
UX CYyTh OCTaeTCs TOM Ke.

3.1. UrosbyaTblie Bapuaruu
3.1.1. OmnpeneseHne UroJLYaTON Bapualluu

Haunem c¢ ompenenenusi 3jieMeHTApHONH — BeHEPIITPACCOBCKON —
uroJsipdaroil Bapuaruu. O6o3HaYUM Uepes

To = {7 € (to,t1) | 4(-) menpepbiBHa B T 1 T + 02}
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Badukcupyem Touky 7 € Tp, amement v € U u uncsio o > (0 HACTOIBKO
majioe, uro [T — «, 7| C Tp.
VYupasienne

Ua(t) = Ua(t; 7',7)) _ {j(t)y ecan t ¢ [7- _ aﬂ_) (9)

ecn t € [T — o, T)

HA30BEM 2AEMEHMAapHOl uzoavuamot sapuayuel ynpasaenus U(-). Pac-
cMoTpuM JuddepeHnnaabHOe paBHEHHE C 3aI1a3/IbIBAHIEM

:E(t) = Qo(twr(t)vm(t - el)vua(t)vua(t - 02))

¢ HaYaJbHBIM ycjoBueM st ba3oBoii mepeMeHHOi (3) M HAYATLHBIM
ycsroBueM juist yupasienus (4). ObosuatanM 3a x4 (t) = x4(t; 7,v) pemte-
Hue 9Toro ypasHenus. HazoseM 4 (t) anemernmaprots ueosvuamoti sapua-
yuett mpaexmopuu &(+), a napy (xq(t), uq(t)) sremernmaprots sapuayued
npouecca (Z(+),u(+)). [apy (7,v), onpenessroniyo 3Ty Bapuarmio, 6yem
HA3LIBATD IAEMEHMAPHOT U20AKOT.

3.1.2. Jlemma o cBoiicTBax 3JIEMEHTAPHOU Bapuamnuu

JIemma 1 (O cBoiicTBax 3ssemeHTapHO# Bapuamun). [lycmos  aae-
menmaphas uzoaka (T,v) gurcuposana. Tozda cyuecmeyem maxoe & >0,
ymo, npu 0 < a < &, 8vNOAHAEMCA:

1. mpaexmopus x,(t) onpedesena na ecem ompesxe [tg, t1] u npu o —
0+ 0! z,(t) = 2(t) pasnomepno na [to,t1];

2. nput > 7, 0 < a< @&, cywecmsyem u HENPEPBLIBHE 1O QL NPOU3BO0-
HAA %xa(t, T,0), Komopas npu o = 0 onpedeaena Kax npoussoonas
cnpaesa;

3. Ppynruyusa z(t) = %:pa(t;ﬂv)’a:o = lim Zelimv)=2® ., unmep-

a—0-+0 @
sane [T, T + 02) ydosaemeopsem duddepeniyuarvonomy ypasHeHuo

o) = {@x(t)z(t), telr,T+6] (10

O (t)2(t) + Py(t)2(t —61), te[T+01,t]

1Tak MBI 06O3HAMHIIN CTPEMIICHIE (¢ K HYJIIO CIIPABA.
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C HAYANABHBIM YCAOBUEM

(1) = @u(7) — ¢(7), (11)

a na ompesxe [T+ 0,t1]? ydosaemesopsem momy sice duddepenyu-
AAOHOMY YPABHEHUIO, HO C HAUGALHIM YCAOBUEM

2(T+ 02) = @Y (T + 02) — §(T + 02) + Z(7 + 62), (12)

20e Z(T 4 62) — snauenue pewenusn cucmemos JuP@hepenyuanv o
ypasrenut; (10) ¢ navasornom yeaosuem (11) 6 mouke t = 7 + 6,
NPOJOANCENHOE N0 HENPEPHIEHOCTIU.

JokazaTeabcTBo. JlokazaTebcTBO JIeMMbI OyJ/ieM IIPOBOIUTHL IO Ya-
crsim. CHauasia jlokazkeM Jyist cirydast, Korya dyHkuus 4(t) HenpepbIBHA.
Torma u3 (2) u B cwly yCJIOBUii, HAJOXKEHHBIX Ha (QYHKIMIO @, MOJYy-
JaeM, 4To Tpaekropus Z(-) HempepbiBHO Juddepennupyema Ha [to, t1].
Pacemorpum muddepenruaibubie ypaBHEHHS

&= go(t,x,y,ua(t),ua(t - 62))7 (13>

&= @(t,z,y,a(t), a(t - 02)). (14)

CoryacHo (9) npaBble 9acTH TUX yPaBHEHUH COBIAJIAIOT, IPH ¢ < T — «,

a Tak Kak To(t) = Z(t) = xo(t), upu t € [to — 61, 1to], TO MO Teopeme cytre-

CTBOBAHUS M €JMHCTBEHHOCTH PEIEHUsI JJisl YPABHEHUsI C 3ala3/IbIBAHI-

eM (eM. [7], ¢. 31-33), it t < T — @, () = Z(t) ¥ 110 HENPEPLIBHOCTH
pelleHust:

&(a) =z4(1 — @) = 2(1 — ). (15)

B gacrrocru, &1 () HenpepsBHO- b dEpeHIIpyeMa 110 o, KAk KOMIIO3U-
s HENPePBIBHO-InMdEepEeHIIPYeMbIX (YHKIIH, 1

£1(0) = (1), &(0) = —2(r) = —(7). (16)
O6ozuaunm v (t,s,&1) pelerne cieyoneit 3agaqan Kormm:

l‘(t) = (p(t,l‘(t),:f(t - 91)7U7ﬁ(t - 02))7
z(s) = &.

2Eciu 7 + 02 > t1, To sTOrO Cirydas He Gymer.

(17)
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MokHo cuntarh o > 0 HACTOJIBKO MaJIbIM, 9TO0 T—a > T—0;, 1 = 1,2.
Torma, nisi t € [T — «, 7|, tuddepenIaibHOe ypaBHEHHE € 3amas3/iblBa-
HUEM

l‘(t) = Qo(tvx(t)vm(t - 01)7Uaua(t - 92))7
z(t)y=z(t), te[r—a—~0i,7—aql.

SKBUBaJIEHTHO OObIKHOBEHHOMY JjinddepeHimagibHoMy ypaBHeHuo (17).

B cooTBeTcTBUU C JIOKAIBLHOI TEOPEMOI CyIIECTBOBAHUS U €IMHCTBEH-
uoctu (cum. [1], c. 169-173) moxxuO mojobpars Takne €1 > 0 u §; > 0, 4ro
v1(t, s,&1) onpejiesiena pu

|t — 7| < b1, |s—7] <01, &1 —2(T)] <eq,

a B cumiy Teopembl O juddepeHuaabHoil 3aBUCUMOCTA PEIIEHUl OT
HavdalbHBIX JaHHbIX  (eM. [1], c. 185-188) dyukuusa vy sBisercs
HelpepbIBHO- M bepeHIupyeMoii 0 COBOKYITHOCTH II€PEMEHHBIX.

Cornacuo (9) u (15), msa oupejenenusi x,(t) Ha oTpeske [T — «, 7]
MbI J0/KHBL B (17) nosoxuts & = §i(a) = &(7 —a) u s =7 — . Ecan
a1 < 61 BeIOpano Tak, 4ro |{1(a) — &(7)| < €1, 1o, mpu 0 < a < a,
MeeM

zo(t) =1(t, T —a,&(@), T—a<t<T.

B gactHOoCTH dyHKIMA
62(04) = 1'04(7_) = 1/1(7',7' - a7€1(a))7

Oyay4u cyneprio3unueil HerpepbIlBHO- M depeHITMPyeMbIX DYHKITHI, ca-
Ma, SBJIIETCS HENPEPLIBHO-IuMdMEpEeHIUPYeMOil IO o U, KPOME TOTO, BbI-
IIOJTHEHBI COOTHOIIIEHUS:

£(0) = (), £(0) = y(r) — (7).

Hasee, dynkuust v7 HenpepbiBHa B Touke (7,7,Z(T)), mupuuem
vi(r,7,2(1)) = 2(7), a dyukuus Z(-) menpepsiBHa B Touke 7. Ilosro-
My Jjtst Jioboro € > 0 cymectByer Takoe d > 0, 4To npu

t—7|<d, |[s—7|<d, [&—2(1)] <0

BBIIIOJIHATOTCA HEPAaBEHCTBA
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A (¢, 876(1) — (1) <e/2, (18)

|Z(t) — z(1)| < e/2.
BosbmeM moJioxkuTesibHoe (rp <O CTOJIb MaJibiM, 4To0bl pn 0 < a < ag

BBIIOJIHsIOCH HepaseHcTBO &1 (o) — &(7)| < 0. Torma st mo6oro ¢ €
[T —a, 7], s=7—au & =& (a) Oymer umerb MECTO HEPABEHCTBO

v (t, T — o, &1 () — 2(7)] < /2.

YunteiBast, 9t0 To(t) = v1(t, 7 — a, &1 (@), g 7 —a < ¢ < 7, noayvaem

[za(t) = 2(t)| = [ (t, 7 — o, &i(a)) — 2(1)] <
<t 7 —a&(@) — &(7)] + [&(r) — 2(t)] <
<eg/24ef2=e, T—a<t<T

[MockombKy 24 (t) = &(t), npu tg < t < 7 — o, To ayist Joboro £ > 0
Haiimerca Takoe oy > 0, aro mjst soboro «, 0 < a < aq, nMeeM

|za(t) —2(t)| <e, to <t < T (19)

Urak, jyist t € [tg, 7] MBI IOy TH/IH

ralt) = {:f;(t), t € [to, ™ — (20)

vi(t,7 —a, (1 —a)), telr—a,r]

Tenepb paccMorpuM 0Tpe3ok [7, 7 + 02 — af. Bes orpannyenusi o6
HOCTH MOKHO CUHTATh, 9TO #1 > 05, Torna w3 7 < t < 74 02 — a ciregyer,
910 T — 0y < t — 0y < 7 — o, orRyAa 10 (9) un(t — 02) = u(t — 62), u
T—01 <t—60 <T7—0q,orkyaa 10 (20) x4 (t —61) = z(t — 01). [Tosromy,
st t € [1,7 4+ 03 — ], ypaBrenue (13) ¢ yuerom (9) npumer Bu:

o(t) = @(t, x(t), £(t — 01), a(t), a(t — 02)). (21)

O6osuaunM uepes va(t, o) pellleHre 5TOro ypaBHEeH!sl ¢ HATaJIbHbIM YCJI0-
sueM z(7) = &2. Ilo Teopeme o nuddepennuanbHOll 3aBUCUMOCTH pelre-
HuUiT OOBIKHOBEHHBIX b hEPEHINATIBHBIX yPABHEHUI OT HAYAIbHBIX JIAH-
ubix (cM. [1], ¢. 185-188) mosytmm, uro cymectByeT €2 > 0 Takoe, 4TO
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byuxiust vo(t,&2) oupenenena npu [§o — T(T)| < €9, T < t < T+ 6y m
ABJISETCS HEIPEPBLIBHO AUdEPEHIUPYEMOii 110 COBOKYITHOCTH apr'yMeH-
roB. Torma, st onpenesiennst x,,(t) Ha orpeske [T, T + 0 — o, mosoxuM
& = &(a). Ecom g BeIOpano Tak, uro npu 0 < a < g BBIIOJIHSIETCS
HepaseHcTBo |€2(a) — &(7)| < €2, TO IPH TeX ke 3HAYCHHUSX (v MMEEM:

l’a(t) = Vg(t,fg(a)), t e [T,T + 69 — Oz].

B wacraOCTH 3Ta DyHKIWMSA, KAK CYIIEPIIO3UIUs HEIIPEePhIBHO-nuddepeH-
UpyeMbIX (BYHKIHI, caMa SIBJISETCS HEMpPePBIBHO-Iu(dEPEHIMPYEeMOii
no (t,a) mpu 7 < t < 7+ 60 mu 0 < o < ag. Urak, mpu 7 < t <
T+6; —an0 < a< a, cymecrByer u HenpepbiBHa 10 (t, &) 1po-
msBoMHAA =10 (t; 7, v). Obosnaumm M = MaXe(r r44,) (1), THE 2(t) =
Ta(t)—2(t)

- ,rorda, it 7 <t < 74+ 0y —an

d .
—Zo(t; T,V = lim
do Oé( L )‘Oé:O o \/0_;'_0
0 < a < ag, nmeeM:

|z (t) — 2(t)| < aM < asM.

BosbMeM HOJIOKHUTEIBHOE (r2 HACTOJIBKO MaJIeHbKUM, 4T0 agM < €, To-
ria
|za(t) —2(t)| <e, 1<t T+ 07— (22)

I[Tepeiisiem or ypashenusi (21), ¢ HauaabHBIM yeiaoBueM o = o), K
SKBUBAJIEHTHOMY MHTETrPAJIBHOMY yDPABHEHUIO:
¢
zo(t) = &2(a) + /Lp(a, zo(0), (0 —61),0(0),04(c — b3))do.  (23)

T

Juddepennupyst 370 ypaBHeHue 1o « u nojarag o = 0, HaxXoquM, 9TO Ha
unrepBajie [7, T+0s) byukiwys z(t) yaoirersopsier nuddepeHImaabHOMY
YPABHEHUIO

A(t) = @u(t)2(1) (24)
1 Ha4daJIbHOMY YCJIOBUIO

2(7) = @u(r) — ¢(7). (25)

ITonoxum
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roryia dyuknus 3(a) HenpepbiBHO auddepeHnupyeMa no « u, B CUILY
Toro, uro £2(0) = &(7), nmeem:

£3(0) = &(7 4 62), &(0) = —@(7 + 6a) + Z(7 + 62),

rie Z(7 + 02) 3uadenue penienusi ypasHenusi (24) ¢ HaYaJIbLHBIM YCIOBH-
eM (25) B ToUKe T + 63, IPOJIOJIKEHHOE 110 HEIIPEPHIBHOCTH.

[Tepexonst K oTpesKy [T + 03 — a, T + 03] u yuurbiBasi, uto 61 > 6y u
Q MaJIo, ToytyunM, uto ypasaenue (13) ¢ yuerom (9) mpumer Bu:

&(t) = p(t, x(t), £(t — 01),a(t), v).
O6osnaunm uepes v3(t, s,&3) pemenne cuemyromnieit 3amadan Korrm:

:E(t) = 90(t7 :E(t), j(t - 01)7 ﬂ(t)v U),

(26)

z(s) = &s.

OusaTb, B COOTBETCTBUM C JIOKAJIHLHON TEOpEeMOMl CyIecTBOBaHUs U

eIMHCTBEHHOCTH MOYKHO 10/100paTh takue €3 > 0 u d3 > 0, uro v3(t, s, E3)
ompeieieHa IPHU

’t— (T—‘r@g)‘ < 03, ’S— (T—‘r@g)‘ < 41, ’fg —.@(T-‘r@g)‘ < g3,

a B CHJIy TeopeMbl O nuddepeHmaj bLHoil 3aBUCUMOCTH PEIeHn OT Ha-
YaJbHBIX JAHHLIX (DYHKIUS V3 SABJISIETCS HENPEPLIBHO AuddepeHiupo-
BAHHOH 110 COBOKYITHOCTH HEPEMEHHBIX.

[Monoxkum &3 = &3(a) = &(T7+ 02— a) u s =7+ 03 — . Ecom a3 < J3
BBIOpaHO Tak, 410 |€3(a) — Z(T + 02)| < €3, To, npu 0 < a < a3, nMeeM

To(t) =v3(t, 7+ 62 — ,83()), T+ 02 —a <t <740

B uacrHoctu dbyHKIus x4 (t), Kak Cyneprosuiysi HernpepbiBHO udde-
PEeHIUpPYEeMbIX (DYHKIMHA, caMa sBJsieTCsl HellpepbiBHO jud depeHimpye-
Moit o (¢, ) mpu 7+ 03 —a <t <7+ 02 0 < a < as.

Tak kak ¢GyHKIuUs V3 HenpepblBHA B Touke (T + o, T + Oo, Z(7 + 02)),
upuueM v3(T + O, T + O, (7 + 03)) = &(7 + 02), a byukuus &(-) menpe-
PBIBHA B TOUKe T + B2, TO, MOCTYIasi 10 aHAJOTUU C BBINIEU3I0XKEHHDIM,
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yOexK1aeMcst, UTO st JOCTATOUYHO MaJioro ag, npu 0 < a < a3, BBIIOJI-
HEHO HEePaBEeHCTBO:

2o (t) — 2(t)] = |v3(t, 7 + 02 — @, §3(a) — 2(t)| <
< sty 74 02 — o, &3(a)) — (7 + 02)| + |Z(7 + 62) — 2(t)| <
<ef2+4¢e/2=¢, T4+ 0 —a<t< T+ 0s

[TockoubKy, mist tg < ¢ < 7 BbIIOJHSETC HepaBeHCTBO (19), a jyist 7 <
t < 7+ 62 — « BbmoOsHsIETCsT HepaBeHCTBO (22), TO Jis JoGoro € > 0
Haiizercst takoe ag = 0 (o = min(ay, e, a3)), aro s oboro o, 0 <
a < g, IMeeM

|za(t) —2(t)| < e, to <t <7+ 6. (27)

ITepeiisiem or ypashenusi (26), ¢ HauaabHBIM yeiaoBueM &3 = &3(a), K
SKBUBAJICHTHOMY MHTErPAJIbHOMY yDPABHEHUIO:

t

ra(t) = &3(a) + / o(0,20(0),#(0 — 1), 0(0),0)do.  (28)

TH+02—a
Juddepennupyst 370 ypaBHeHue mo « u noJyaras « = (0, Haxoqum
2(7 4 02) = &(0) + P (T + 02) = (7 + 02) = (7 + 02) + 2(7 + 02),
rie Z(T + 03) oupeseneno Boire. [Tomoxum
n(a) = xo (T + 02) = v3(T + 02,7 + 03 — , {3()), (29)

Ota yHKIWMS, OyAydn CyIepro3ulineli HempepbiBHO-TuddepeHIupye-
MBIX (QYHKIHU, cama HenpepbiBHO juddepeHmpyeMa mo o, U BbIIOJI-
HEHBI COOTHOIIICHUSI:

n(0) = &(t +63), 7'(0) =@L (T +02) — S(T 4 62) + Z(7 + 62).  (30)

Urak, jyist t € [tg, T + 03] Mbl Oy umIN

(t), € [to, 7 — o]
)t T — o, 2(1 — ), €r—a,r]
Talt) = vo(t, o (T ) ter, 7+ 60— q] (31)
v3(t, T+ 0y — a, 20 (7 + 02 — @), t€E[r+0—a,T+0]
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Ocrajioch onpefemuTs T, (t), ma t € [1 + Og,t1]3. na sroit memm
pazobbeM 0Tpe30K [T + Oa, 1] Ha momOTPE3KH

[T+027T+02+91]7"'7[T+02+(k71)0177—+02+k61]7[T+62+k91at1]7

rie k onpenensgercsa u3 ycaopus k = max{l;: € NU{0} | T+09+ k0 < tl}.
Hanee na kaxiuom orpeske [T + Oy + 1601, 7 + O + (i + 1)64], @ =
0,...,k* paccmorpum COOTBETCTBYIOIIEe OObIKHOBeHHOE MuddepeHIiu-
aJIbHOE ypaBHEHHUe

L(t) = p(t, x(t), va(t — 01),4(t), a(t — 62)) (32)
C Had9aJIbHBIM YCJIOBUEM
:E(T+92+i91) ::Ea(7'+02+i01). (33)

[Tosicaum 31O Gostee TOAPOOHO. BMecTo TOro 4To6Bl paccMaTpuBaTh
muddepennuaibHoe ypaBHeHne ¢ 3anasjpiBanuem (13) Ha orpeske [T +
0s,t1] ¢ HauanbHBIM yeaoBueM x(t) = x4(t), t € [T+ 02 — 01,7 + 03], rue
x4 (t) onpenensiercst u3 (31), Mbl pazobbeM oTpe3ok [T + fa, t1] Ha OO
TPE3KH M Ha KayKJOM 3TOM HOJO0TPE3KE PACCMOTPUM CBOE OOBLIKHOBEHHOE
muddepennmanbaoe ypasuenue. [Ipu 9T1oM Jijisi onpeenenust Uy (t), Mbl
Bocrosb3yeMcst dbopmyiioii (9). Terepb mosicHEM caM XOJ[ PacCyKJIeHHUs,
KOTODBIi elrfe Ha3bIBAIOT memod wazos(cm. [7], c. 17-25).

st Hagama paceMoTpuM OTpe3ok [T + 2,7 + 09 + 01] u 3amenum
z(t —61) B (13) ma x(t — 61) cormacuo (31), a uq(t) packpoem mo dop-
myqte (9). B pesysbrare Mbl mostyanm o0bikHOBeHHOE juddbepeHnuaibHoe
ypasaenue (32). Tak Kak Mbl UIlleM HEIPEPLIBHOE PEIleHne, TO B KaueCcTBe
HAYAJILHOIO YCJIOBHSI CJIeJyeT MOJIOKUTE (T + 02) = x4 (T + 02) = n(a).
Perterne sToro ypasnenust Ha orpeske [7+0a, T+02+601] oboznaunm gepes
Xo(t) = Xo(t,n(a)). Cormacno (9), a Takke B CUILy TEOPEMBI €UHCTBEH-
HOCTH T (1) Ha orpeske [T + O3, T + 09 + 61] coBnamaer ¢ Xo(t).

Hanee paccmorpum orpesok [T + Oy + 01,7 + 09 + 20| u 3amenum
z(t —01) B (13) Ha 24(t — 01) = Xo(t — 01). B pesysbrare Mbl oIy dnM
obbikaoBeHHOE uddepentuanbaoe ypapaenue (32). Tak Kak Mbl HIeM

3TIpenmonaraercs, 9To ¢ JOCTATOYHO BEJHKO, YTOOBI t1 > T + 2, Tak Kak HHAde
3TOTO CJIy4dasi BOoOIe He OyJIeT.
“TIpu i = k umeercs BBULY OTPE3OK [T 4 02 + k61, t1].
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HEIIPEPLIBHOE PENICHKE, TO B KAYECTBE HAYAJILHOIO YCJIOBHUS CJICIYET IIO-
n0xKUTh (T 4 02 + 61) = xo(7 + 02 + 01) = Xo(T + 02 + 61). Pemenne
9TOTO ypaBHEHUsI Ha oTpe3ke [T + Oy + 01,7 + 02 + 201] obozHaunm we-
pe3 X1(t) = X1(t, Xo(7 + 02 + 61)). Ousite B cuny (9) u mo Teopeme
eJINHCTBEHHOCTHU I, (t) Ha orpeske [T + 0o + 01,7 + O + 261] coBuayaer c

X1 ().
Ananornuno, paccMaTpuBasi BCe IMOCJIELYIONIME TOJ0TPE3KU, IOy~
UM, 9TO HA KayKJ0M oTpeske [T+0s+i61, 7+ 02+ (i+1)01], i =0,...,k,

xa(t) = Xz(t) = Xi(t,Xi_l(T + 05 + i@l)), rae X_l(’l') = xa(T) = n(a).
VYuaursiBas 310, nepemnuiieM 0oObIKHOBeHHOE TuddepeHnuaibHoe ypaBHe-
ure (32) ¢ HadaabHLIM yCaoBHEM (33) B 9KBHBAJIEHTHOH HHTEIDAJILHOM

dopme

l‘a(t) = Xz(t) = Xifl(T + 05 + igl) +
t

+ / (0,70 (0), 2alo — 61), (o), 4(0 — 02))do.
T+62+101

PackpeiBast X;_1(T 4 62 + i01) 1o sroit xe dopmyse, Buiors jio i = 0,
HOJIyuuM, 4TO Jisi t € [T + 0o, t1]

zo(t) = n(a) + / 0(0,24(0),x0(0 — 01),1(0),u(c — 02))do.  (34)
T+62

ITo Teopeme o muddepeHInaAIBHON 3aBUCUMOCTH PEIIeHU OOBIKHO-
BeHHBIX i depeHnnaibHbIX yPaBHEHHUI OT HaYaJIbHBIX JAHHBIX (CM. [1],
c. 185-188) mosyuaem, 4ro cymecrByer Takoe &£; > 0, uro dyHKIUs
zo(t) = X;(t) = Xi(t, Xi—1(7 + 02 +161)) onpenenena npu | X;_1(7+ 02+
i91)—j:(7+62+i61)] <&, THO+i01 <t < T+92+(i+1)61 N SBJISIET-
¢ HenpepbIBHO- 1M depeHIupoBaHHoi n Tak Jjd Kaxkaoro ¢ = 0,... k.
CrenoBaresbao, GyHKIUSA T, (t) onpemenena Ha orpeske [T + fo,t1] 1o
dbopmyite (34) u, Kak cyneprosurysi HerpepbIBHO- b GepEeHINPOBAHHBIX
dbyukuuii, cama siBisiercsi HenpepbiBHO- UM dOEPEHIMPOBaHHOil 110 (t, )
mpu 7+ 0 <t <t u0 < a< aq, 16 aq BEIOPAHO TaK, YTOOBI IIPU
0 < o < ay BbOIHSIUCH Bee HepaseHcTBa | X;_1 (7 + 02 +i01) — &(T +
Oy +i601)| < &;, 1 =0,..., k. Buaunr npu 7+ 0 <t < t1, 0 < o < ay,
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CYIIECTBYET M HENPEpBIBHA 0 (¢ TPOU3BOIHAS %xa(tn’,v). [Tonaras
& = min (g, arg), MBI BUJIUM, 9TO BEPHO BTOPOE yTBEPKJICHUE JIEMMBIL.
Huddepennupyst ypasaenne (34) no o u nosarast o = 0, HaXoUM

JIerko BHJETH, YTO 3TO UHTErPAJIbLHOE yPABHEHHE IKBUBAJIEHTHO yDPAaB-
nerno (10) ¢ mavasbabM yeaouem z(7 + 63) = 1/(0), coBnasaromumm
¢ (12) Beumy (30). Takum 06pa3oM, BEPHO TPeTbe yTBEPKJIEHUE JIEMMBbI.
OcraJioch J0Ka3aTh MepBOe yTBEep:KIeHne. Bhlllie Mbl y7Ke MOKA3aJIH, 9TO
OHO BBINOJIHEHO Ha OTpe3Ke [tg, T + Oo], 970 JIerKO BUJETH U3 HEPABEH-
crBa (22). OcTanoch MoKa3aTh, YTO OHO BBIIOJIHEHO U Ha OTpe3ke [to, t1].
wall)—i(1)

Ob6osraumM M = maxye(r4g,4,) 2(t), T1e 2(t) = ali}lg}ro — = Torja,

ana T+ 0 <t <t n0<a<da, umeem:
|zo(t) — 2(t)| < aM < aM.
BosbMem mostozkuTebHoe (& HACTOJBLKO MaeHbKUM, aTo M < €, Toria
|za(t) —2(t)| <e, T4+ 02 <t < 1. (35)

O6beuusst (22) ¢ (35), moydauM, 910 T, (t) paBHOMepHO Ha [tg,t1] cx0-
murest K Z(t), mpu 0 < o < @

VTak, MBI HOJYYUIM BCE YTBEPKJICHHS JIEMMBI JJI HEIPEPBIBHOIO
yupasjenus 4(-). Ocrasoch paccMOTPeTh Crydaii, Korja yrnpasienue 4 (-)
SIBJISIETCS KYCOYHO-HENPEpbIBHOM (dyHKnueii. s 3Toro mocrynum cJie-
ayrormuM obpazom. Jjist TpOCTOTHI MyCTh TOYEK pa3pbiBa OyJeT JiBe, CKa-
JKeM, o U g, TakzKe HPeJIIIoIoKuM, ITO TOUKA T, B KOTOPOii U(+) JI0/KHO
OBITH HETPEPBIBHBIM, PACIIOIOKEHA MEXKY HUME: tg < ] < T < g < t7.
Ha orpeske [tg, a1] nuddepennmanbubie ypasuenus (13) u (14), B koTo-
PBIX IIpU ¢ = (] HY’KHO CYUTATH yIPABJICHUE PABHBIM €0 IPEICTLHOMY
sHaveHnto u(a; —0) = t_}}gl_oﬁ(t), COBIIQJIAIOT U IO TEOPEME €/[MHCTBEH-

HOCTH X4 (t) = Z(t), upu t € [tg, aq].
Tenepsb mepeiijieM K OTpe3Ky [y, ], CHOBa moJjarasi Ha €ro IpaHu-
[ax ynpaBJjieHue PaBHBIM IpeebubiM 3HaderusiM 4« + 0) npu t = o
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u u(ag — 0) npu t = . 31aeck Mbl pemaeM uddepeHIuaIbHbEe yPaB-
uernst (13) u (14) ¢ navanpubiM yeaoBueM x(t) = &(t), t € [ag — 01, q].
OTHOCHTETBHO TOYKY T + f9 BOSMOXKHBI TPU CUTYAITUH:

1) T+605 € (al,ag)

2) T+ 60y = ay

3) T4+ 65 > ay
Pazbupas mo ormesbHOCTH 3TH cUTyanuu, yOexKIaeMcsi, UTO B KarK/I0i
U3 HUX BEPHBI BCE YTBEPXKJIEHUsI JJeMMbI. VITak, jieMMa OJTHOCTHIO J0Ka-
3aHa W JJIs OOINEro ciydasi, Korja yrnpasieHue U(:) sBjsieTcss KyCOIHO-
HEIIPEPBIBHOM (DyHKIIHEIA.

3.2. Jlemma o npupainenuu pyHKIINOHATIA

Homoxum (o) = F(xa(+), ua(-)) n mokazkem, ato sta byHKIMST THb-
depenrpyema cupasa B Touke o = 0. Pacemorpum citejtyromntyio 3a1ady:

J fa(t) = p()@a(t) + fiy(t + 61) — p(t + 01)y(t + 61),

Ep(t) = t e [to,tl — 91]
. ) (36)
fe(t) = p(t) P (t), t € [t1 — 01,t1]

p(t1) =0
JIemma 2 (O npupainennu yHKImoHaIa). [lycms 6bnoinaomes

8ce YCaosus, KOmopoie Mo cleaasu evaue, u nyems p(-) — pewerue cu-
cmemwi (36), mozda

NO0+0) = L) ua())|  =alro)
a=0+0
20e
folr) = Fr) + ol +62) = Fr +62) ~ p()B(r) -
arv) = 4 = ¢ —plr + B[N0 +02) — Glr + )], T+02 <t

fo(r) = f(r) = p(r)gh(r) — (7)), T+02 >t

HokazaTeabcTBo. Pacemorpum citydaii, korja 01 > 0. Cay4aii 07 < 6o
PaccMaTPUBAIOTCA AHAJIOIMYHO. Be3 orpanndyeHns O0IIHOCTH MOXKHO CYH-
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TaTh, 9TO t1 JOCTATOYHO BEJUKO, YTOOBI t1 — 0; > 7, ¢ = 1,2. Bocmosn-
30BABIIUCH COOTHOIIEHNEM (9) nmeem:

T

€(@) = x(0) = [ [£(t.a(®)zalt ~0).0,0(t - 02) ~ F(0)] de+

T—Q

T+05—a

+ / {f(t,xa(t),xa(t —01),4(t),a(t — 62)) — f(t)}dtJr

T
T+602

+ / [f(t,xa(t)axa(t—91),ﬁ(t),v)—f’(t)]dt+

T+05—a
t1

b [ [#walt)zate — 00),ate) e~ 62)) - Ft)] .
T4+605
[TockosibKy 10 JileMMe O CBOWCTBaX 3JIEMEHTAPHON Bapualuu Ty (t)
HENpepbIBHO- M dEepeHIimpyeMa mo «, TO, IMepPexois K MIpeaeay Ipu
a — 0+ 0, Bocrosib3yeMcsl TeOPEMOIl O CPeJIHEM U IIPUMEHUM OOBIMHOE
npaBusio JudepeHIinpoBaHns 1M0JI, 3HAKOM HHTErpaJa;

X(0+0) = f2(r) = f(r) + fo(r + 02) — f(7 + 02)+

T+601 t1
+ / fo(®)z(t)dt + / [fx(t)z(t)—i— Fy®)z(t — 01)|dt, (37)
T T+01

Hasee, p(-) ynosierBopsier cucreme (36), a z(-) yuosiersopsier judde-
pernuaibHoMy ypasHeruio (10) ¢ HadasbHbIM ycsoBueMm (11), mosromy
Ha nHTEpBae T <t < 7+ 64

%p(t)z(t) = (Jo0) + Fy(t+ 01) = p(t + 012 (¢ + 61)) 2(0);

Ha uHTepBaJe T+ 01 <t <t — 01

%p(t)z(t) = (Jol0) + Fy(t+ 1) = plt + 61)3 (¢ +61)) 2(8) +

+p(t) Py (t)2(t — 01);
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Ha nHTEpBaJe t1 — 01 <t <t

d

p(1)2(t) = Fa(D)2(t) + p(1) By (1)2( — 01);

YdauTeiBast 910, MOCIEHNE JiBa UHTerpaia B ¢opmyie (37) MOXKHO nepe-
HCATE CJIeLyIONIIM 00pa3oM

T+641 11 11
[ Btosar+ [ R0z + o - o] = [ Lowaar
T T4+601 T

PackpbiBast 3ToT mHTErpas u 6epst BO BHUMaHIE Kpaesoe yciaosue p(ty) =
0 u ycmosus (11), (12) aus z(+), umeem

X'(0+0) = f(7) = f(r) + fi(r +62) = f( +62)—
— p(T)[@u(7) = @(7)] = p(7 + 02) [Py, (T + 02) — H(7 + 02)].

Urak, siemma o mpupaiiennu GpyHKIMOHAIA TOJTHOCTHIO JOKA3aHA.

3.3. HokazaresbcTBa npuHNuia MmakcumyMma IloaTpsiru-
Ha B 3a/iave C 3alla3/bIBaHUEM

3.3.1. CBegeHne K KOHEYHOMEPHOI 3aave

ITo ompenenenuio rpaduk ONTUMAJIBHON (Pa30BOI TPACKTOPUU JICZKUT
B G. B cuty nepBoro yTBep:KieHUsI JIEMMbI O CBOHCTBaX 3JIeMEHTapHOI
Bapuanuu u3 1. 1 rpaduk T, (-) npu gocratouso MasisoMm « > 0 Takxke Jie-
xkut B G. [Tosromy napa (z4(+), uq(+)) ABISETCS JOIYCTHMBIM IIPOIECCOM
st 3agaqn (1), (2), (3), (4). Buaunt, ecom (£(-),4(+)) — onrTuMasbHbIL
Ipoliece, To Tpu MaJibiX o 2 0

x(@) = F(zal), ua(-)) = F(&(),a(-)) = x(0).

Caenoarenbio o = 0 sSIBJISETC JIOKAJIBHBIM PEIIEHUEM BCIIOMOI'aTe Ib-
HOIT 3a1a4m:

x(a) = Fza(-), ua(")) — inf
a>0

[Tpumenum k 970ii 3a7a4de npasuwio MHOkuTeseii Jlarpamka (em. [1],
c. 227):
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JIlemma 3. (IlpaBuio mHOxKuTesieit Jlarpam»ka st Bcromora-
TeJIbHOM 3ama4un). [lycmv 6unoanAOmesa 6ce Ycaosus, KOMOPvle Mol
cdeaany gviue. Tozda cyuecmsyrom maxue muoscumenu Jlaeparoica o,
A < 0, wmo

0 N

——(Aox(@) + Aa) =0
O a=0+0

ITockosbky A < 0, TO 3TO yCJIOBUE MOXKHO TIEPENNCATH B BUJIE )A\ox’ (0+
0) > 0. Ilpumenus nemmy 1. 2 noayaum: Aga(r,v) = 0. Teneps nosoxkum

p(-) = Aop(+), TOra mocC/Ie/HEee HEPABEHCTBO MOXKHO 3allUCATh B BHUJIE:

BT)@h(T) = [i(r) + B(T + 62)0, (7 + 02) — fis(r +62) <
7)@(r) = F(r) + BT + 02) (7 + 02) — f(7 +62),

opu 7 € [to,tl — 91]

AT)@L(T) = filr) < p(r)@(r) = f(7),

opu 7 € [tl — 61,t1]

Tak kak 7 € Ty u v € U 6bum nponssoabubl. Cl1eJ0BATEILHO MbI
JIOKa3aJIH, dro s Jiroboro 7 € Ty, u jyist aoboro v € U BbinosHeHo (7),
B cuiy (5). U nakoner nosoxxum [ = p(tp). Takum obpasom, Teopema
HOJTHOCTBIO JIOKA3aHA.

4. TlpwHNUNT MaKCUMyMa ¢ 0€CKOHEYHbIM UHTEP-
BaJIOM BpeMeHU

ITo MHOrEM IpUYIUHAM IPEIIIOIOKEHHE O TOM, YTO HHTEPBAJ BPEMEHH
beckonedeH, 6osiee ymobHO. /leiicTBUTEIBLHO, MHOTHE IIPOIECCHI B IIEJIOM
HE UMEIOT €CTECTBEHHON OCTAHOBKH B 0003PUMOM OYIyIEeM, IPUMEPOM
MOXKET CJIYKUTh [IPOTECC HAKOIIJIEHUST KAIUTaJIa B 9KOHOMUKE. XOTs MUP
U HE MOXKET CyIIEeCTBOBATH BEYHO, HO KaK W BCEr/a B MaTeMaTHIECKUX
MOJIEJISIX, TTPUOJINYKEHHO OIUCHIBAIOIINX PEAJIBHBIN MUD, 9acTO OKa3bIBa-
ercst 6ojiee YIAOOHBIM W HALVISIAHBIM [EPEHTH K IIpejiesy Tak, ITOOBI B
MOJIEJIN TOSIBUJIACH MaTeMaTHIecKasi OECKOHETHOCTh, COOTBETCTBYIOIIASI
OECKOHEIHOCTH 110 BPEMEHU PEabHOI0 MHUPA.
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QopMaTbHO €IMHCTBEHHOE W3MeHEeHWe B OMHUCAHUU MOJETN COCTOUT
B TOM, 4TO HAJO MOJIOXKUTH t1 = 400. OJHAKO TIepexo K Mpejery, Kak
BCerjia, Baever 3a coboil Hekoropslii puck. Oyuknunonas (1) renepsb siBisi-
eTCst HeCOOCTBEHHBIM MHTEI'PAJIOM, KOTOPBINl MOYKET, BOOOIIE TOBOPS, PaC-
XOIUThCs. UT0OBI 9TOro m36exKaTh, MOTpedyeM OrpaHUYEeHHOCTU (PYHK-
muit f U ¢, UX IPOU3BOIHBIX 10 IIE€PEMEHHBIM ', i/ (i,j =1,....,n) u
OrPAHUYEHHOCTH (DA30BOIl TepeMeHHOl Z(+), a TakXKe BHeECeM II0J] 3HAK
MHTerpaJia yObIBAIOILYIO SKCIOHEHTY C IIOKa3aTeJeM — p:

+oo
Fz(-),u() = / ft,x(t), z(t — 01),u(t), u(t — 6))e Ptdt — inf . (38)

Torna no npusnaky upuxie (cm.[2], ¢. 230) sror mHTErpas CXOUTCs.
Hastee jyist yyobcerBa OyieM HMPHJIEP:KUBATHCI TEX KE IPEIIOJIOKEeHU
n 00O3HAMEHMIi, KOTOpbIe MBI BBeIW paHee. HeTpyaHo HpoBepuTb, UTO
B JIOTIOJIHUTE/ILHBIX MTPEJINTOJIOKEHUAX, KaK CJICJICTBAE TEOPEMBI 1, BepHa
cIIeIyIonas TeopeMa:

Teopema 2. Ecau (Z(:),4(-)) — onmumarvhod donycmumviil npoyecc
das 3adawu (38), (2), (3), (4), mo cywecmesyrom mmoorcumenu Jlaeparorca:
o > 0, ii u kycouno nenpepusro-duddeperyupyeman Gyrrkyus p(-), ne
PasHBIe 00HOBPEMENHO HYAIO U TAKUE, 4MO 6BINOANENO

1. ypasrerue Diaepa:

Si(0) = ~H,(0) — Hy (e + 01),

2. npunyun marcumyma [lonmpazuna:
mgx{H(t,:%,gj,v,w) + H(t+02,2,9,0,0)} =
= H(t,&,79,0,%) + H(t + 0,2,9,0,0), t € [ty, +00)
3. ycaosue mpaHceepCcanbHOCmU:

lim p(t) =

t——+o0
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JlokazaTeabeTBO 9TO TEOPEMBI CTPOUTCS 10 TOMY K€ IPHUHIMIY, 9TO 1
JIOKa3aTeIbCTBO TeopeMbl 1. CXOAMMOCTh MHTErpaioB MBI yrke obecre-
qusn, 9T00bI 060CHOBaTH MM depeHIpoBanie 110 3HAKOM HHTErpaJia,
BocIosb3yeMcst pasusioM Jleitbuuna (cm. 2], ¢. 422). Xox u ujes Jloka-
3aTEJILCTBA OCTAIOTCST TEME JKE.
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