Peanmuzaiimss MOHOTOHHBIX OyJIeBBIX
dbyHKIIIiT MOHOTOHHBIMI
nHMOPMAIIMOHHLIME T'padaMu

1O. C. lyrkun

PaccmaTpuBaercs 3a1a4a peanusanun Oy/IeBbIX (DYHKIHI ¢ T10-
MOIIBI0 MOHOTOHHBIX MH(DOPMAIIMOHHBIX I'PadoB, TO €CTh rpadoBs,
6a30B0€ MHOYKECTBO KOTOPBIX COCTOUT M3 TIEPEMEHHBIX 6€3 OTpHIla-
anit. TTosry<aeHbl ONEeHKU CJA0KHOCTH I PA3JUIHBIX MOIKIACCOB
3TOU 3a/a4u.

BBenenue

Nudopmarimonno-rpadoBblil MOJX0/, K PEIICHUI0 PA3IUIHBbIX 33789
XOPOIIIO 3aPEKOMEHI0BaJI cebsi Ha IpuMepe 3aJ1ad MOUCKa B Ha3ax JlaH-
ubIX [1]. OzmHaKo 3TOT 110/1X0/1 sIBJIsIETCsT GOJIee yHUBEPCATBHBIM U MOJIUTCS
JJIs ONMCAaHNA JOCTATOYHO IMIMPOKOT'O KJlacca aJTOPUTMOB, KOTODBIE HE
00s13aTe/IbHO CBABAHBI ¢ MH(POPMAITMOHHBIM MTOUCKOM. [JIABHBIM IIPEUMY-
IIIECTBOM TaKOTO ITOJX0/1a ABJIAETCA BO3MOXKHOCTD OIIEHUBATh BPEMEHHYIO
CJIOYKHOCTH OIUCHIBAEMOro ajiroputMa. CTPyKTypa IIOCTPOEHHOTO I'pada
33/1a€T 3Ty CJIO?KHOCTh OJHOBPEMEHHO C CAMHUM aJITOPUTMOM.

st peanuzaruu Oy/ieBbIX (PYHKIMI MIPUILYMAHO U UCCICIOBAHO MHO-
2KECTBO Pa3JIMYHBIX YIIPABJISAIONINX CUCTEM, TAKUX KaK KOHTAKTHBIE CXe-
MBI U CXeMbl U3 (PYHKIINOHAJILHBIX 3JieMeHTOB. Pusnieckne XapakTepu-
CTUKU TAKUX CXEM, TaKhe KaK 00beM U TJIyOuHa, XOPOIIO U3yU€HbI, U JIJIsi
HUX TOJIYYEHBI JIOCTATOYHO TOYHBIE ONEeHKHN. B wactnoctu, JlynmanoBbim
[3] mosyvena acuMnToTHKA OOBEMHOlN CJIOXKHOCTH KOHTAKTHBIX CXEM U
cxeM u3 PYHKIIMOHAJIBHBIX 3JIEMEHTOB.

O1HaKO, B CBSI3M C TOSIBJIEHUEM KOMITBIOTEPOB M POCTOM UX BBIUUC/IU-
TeJIbHBIX CIHOCOOHOCTEN B HACTOSINEE BPeMs pa3pabOTKa yIIPABJISIOIIIX
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CHUCTEM TECHO CBsi3aHA C UX MPOTPAMMHBIM MojiejinpoBanueM. [losTomy
BMecTe ¢ PUBUIECCKUMU XAPAKTEPUCTUKAMU YIIPABJISIIONINX CUCTEM HEO0-
XOJUMO YUIUTBIBATD CJIOXKHOCTb UX MOJICTMPOBAHUS HA KOMIIBIOTEDE.

Jlannast 3ajiada pacCMaTPUBAETCS Ha IPUMEPE KOHTAKTHBIX CXEM, a
MMEHHO, MCC/IeIyeTCsl TaK Ha3blBaeMas BPEMEHHAs CJI0YKHOCTH KOHTAKT-
HBIX CXeM, KOTOpasi XapaKTepu3yeT BpeMsi paboThl ajrOpUTMa, BbITHCIIs-
IOIEro peajaun3yemyio OyyieBy pyHKIHIO.

Lt OleHKU TaKO# CJIOKHOCTU HPUMEHSETCsT MHMOOPMAIUOHHO-IDa~
GOBBIIT TOIX0M, KOTOPLIN MMO3BOJIIET (HPOPMAIM30BAThH MOHATHE BPEMEH-
HOIl CJIOKHOCTH U TIOJIyIUTH €€ OIEHKH B TEPMUHAX JIEMEHTAPHBIX OIIe-
paruii.

B pabore |2] mpejicraBiieHbl pe3ysibTaThl 1l DEAU3aIii PA3INIHbIX
Oy/1eBbIX (DYHKIMIA C ITOMOIILI0 HH(MOPMAIMOHHLIX I'PadOB C MPOCTBIM
6a30BBIM MHOXKECTBOM, TO €CThb C 0A30BBLIM MHOYKECTBOM, COCTOSIIIAM U3
CeJIeKTOPOB W uX orTpunianmii. Tak ke TaM TPUBEIEHO HEOOJIBIIOE OT-
CTYILICHHUE IO TTOBOJIY BO3MOXKHOCTH BapbUPOBaHUsI 0230BOI0 MHOXKECTBA,
U KJ1accoB (DYHKIIHIA.

B nanmoit pabore ucciaeayoTcs KaacChl MOHOTOHHBIX (DYHKITUN 1 MO-
HOTOHHOE 0a30BOE MHOXKECTBO, COCTOSIIEE TOJBKO M3 CEJIEKTOPOB (MJIH
[POCTO TIepeMeHHbIX ). VHbopMmanmonHble rpadbl ¢ TaKUM 6a30BBIM MHO-
2KECTBOM HA3bIBAIOTCS MOHOTOHHBIMU.

[Tosydensl ciieyoniue ONEeHKN CJI0KHOCTH PEATH3AIUH MOHOTOHHBIX
Oy/1eBbIX (PYHKIMI C TTOMOIIBI0 MOHOTOHHBIX HH(MOPMAIMOHHBIX I'PadOB.

Hnsg dyukiun [lleHHOHA CIIOXKHOCTH peAIM3aIM MOHOTOHHBIX Oy-
JIEBBIX (PYHKIUIT MOHOTOHHBIMU WHMOPMAIMOHHBIMU T'padaMu IOy e~
HA aCUMIITOTUKa jorapudma. B kiracce npeBoBuIHBIX NHMOOPMAITHOHHBIX
rpacdos (nHGOPMAIMOHHBIX JIEPEBBEB) ITY OIEHKY YAJI0Ch YJIydIHUTh JI0
nopsijika. B obomx cirydasix CJIOXKHOCTb UMEET SKCIIOHEHIUAJILHBIN POCT
OT YHUCJIA TIEPEMEHHBIX (DYHKITHIA.

st mouTu Beex OyJieBbIX (DYHKITUN TTOJIyIeHa aCUMIITOTAKA Jorapud-
Ma CJIO?KHOCTH PEAJIN3AINA MOHOTOHHBIMU MH(MOPMAIMOHHBIMEU TI'pada-
MU, [IPU STOM CJIOZKHOCTb TaK»Ke UMEET IKCIIOHEHITUAJIBbHBINA POCT, OJIHAKO,
[TOKA3aTe b SKCIIOHEHTHI OTJIUYIACTCA OT ITOKA3ATEsIsI B OICHKE (PYHKIUU
[Iennona, 9T0 HE SABJASETCA TUIIMIHBIM JJISI OTICHOK CJIO?KHOCTHU OYJIEBBIX
dbyuxImit (HanpuMep Jyist 0ObEMHOIN CII0KHOCTU 3TU [IOKA3ATeH COBIIA~
naior). B kiacce nadOpMAIMOHHBIX JIEPEBBEB MOJIYYCH TIOPSIJIOK CJIOXKHO-
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CTH peasin3allui MOYTH BCEX MOHOTOHHBIX OYJIEBBIX (DYHKIINIA, CJI0?KHOCTD
TaK>Ke IMeeT SKCIOHEHIINAJIBHBIN POCT, HO MOKA3aTe/ b SKCIIOHEHTHI OTJIH-
JaeTcs OT IoKazaress B onenke pyHkimn [TleHHOHA. 9TO FOBOPUT O TOM,
YTO XYW ciiydail B 3ajiatde pean3auu 0y/IeBbix (OyHKINNH MOHOTOH-
HBIME HH(POPMAIMOHHBIME IrpadaMi — CKOpee HCKJIIOYEeHNe U3 MPaBII,
HeXKeIn 00ITas TeHACHITUs JJisi OOJIBIMMHCTBA OYJIEBBIX (DYHKITUIA.
Taxke B paboTe OTIEIHBHO PACCMOTPEH KJIACC CUMMETPUIECKUX TTOPO-
TOBBIX MOHOTOHHBIX (pyurmuil. [Ina dpyHKIuit 13 3T0r0 Kjaacca mojydeH
MOPAJIOK CJIOXKHOCTH PeaU3allMi B KJIACCE MOHOTOHHBIX MH(POPMAaIlMOH-
HBIX JIEPEBBEB, NMEIONMINI KCIOHEHIINAIBHBIM POCT, W MOJMHOMUAIBHAS
OIIEHKA, CJIOYKHOCTH PEAJM3AIINN B KJIACCE MOHOTOHHBIX MH(MOPMAIIHOHHBIX

rpados.

1. ITocranoBka 3agaum u OPMYJIUMPOBKA pe-
3yJIbTATOB

Hamomuum 6a30Bble MOHATHS, C KOTOPHIMU MBI pabOTaeM.

[Iycrs F' = {f1, f2,... } — HEKOTOpOE (BO3MOXKHO GECKOHEUHOE) MHO-
7KecTBO OyJieBbIX DyHKIHII (IIpeMKATOB).

Hnpopmayuonmovim epagom ¢ 6a30BbIM MHOXKeCTBOM F' OyneM Ha3bI-
BaTh CeTh (CBSI3HBIN OPUEHTHPOBAHHBIN Ipad ¢ HECKOJIBKUMHU BbIJIEJICH-
HBIME BEPIIMHAME — IOJIIOCAMHU), B KOTOPOIi OJIMH U3 MOJIIOCOB BBIIEJICH
U IIOMEYEH KaK KopeHb MHMOPMAIMOHHOIO Tpada, eIe HECKOIBKO TOJI0-
COB BBIJICJICHBI M HA3BIBAIOTCS KOHUEGbLMU BEPITUHAMA THMOOPMAITHOHHO-
ro rpada, a pebpam cetu npunucanbl pyHKInN u3 MHOXkKecTBa F. Kopenb
nHGOPMAIMOHHOTO rpada 0003HAYAETCS Vg U HA3BIBAETCI TAKXKE HA4AAL-
1ot BepruHOi rpacda. MHOXKECTBO KOHIEBLIX BEPHIMH w; 0003HAYAETCS
aepes W.

B nmannoit pabore BHUMaHHME OyJeT yJeaeHO 6A30BOMY MHOXKECTBY
FM | cocrosimeMy 13 BCEBOZMOXKHBIX CEJNEKTOPOB i (T, ..., x;, ). s
y/106CcTBa MBI OYyIeM OTOXKJECTBJISATH CEJIEKTOPBI U IEPEMEHHBIE, KOTO-
pele onn peasnu3yior. Torna maokecTBo FM Moker GBITH 3amucano Kak
{1, 22,...}, mogpaszymMeBasi, 4TO x; MPEJCTABISIET MHOXKECTBO BCEX Ce-
JIEKTOPOB, PaBHBIX ;.

Koria 970 OHATHO U3 KOHTEKCTA, BMECTO TEPMUHA UHPOPMAUUOHHDIL
epagh OYIeT UCIIOIBb30BATHCS TEPMUH 2pPa(p.
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[Iycts dukcupoBan HEKOTOPHIH nHMOpMAIMOHHBIH Tpad G.

Cunraercst, 9o pedbpo rpada GG ¢ IPUNHCAHHBIM €My 1-MEeCTHBIM IIpe-
mukaToM f mpoBoauT Habop a = (a1, a2, ...,a,) € {0,1}" Torma u ToJb-
ko Torma, Koryia f(a) = 1. Hanpumep, dyukius f = z; paBHa eIuHUIE
TOrjla M TOJBKO Torda, Korma a; = 1. Cumraem, 9TO ecjii MECTHOCTh
[pejiuKaTa, MMPUIMCAHHOIO pebpy, He COBIaJaeT C JUIMHHOM Habopa, TO
[IPOBOJIUMOCTE pebpa Ha TakoM Habope He MMeeT CMbIC/Ia, W He OIpe-
JIeJIEHA.

[Iyrem B nndopmanmonHom rpade Mbl Oy/ieM HA3bIBATH OPUEHTUPO-
BaHHYIO I€ITb.

TosopumM, uro Habop « € {0, 1}" 1poxXouT U3 BEPIIMHBI U] B BEPIINHY
vy (MM BepIMHA Vo JOCTHXKHMMA U3 v Ha Habope &), ecau B nHMOpMAa-
[IMOHHOM Tpade CYIIECTBYeT My Th U3 U1 B ¥ TAKOil, 9TO Bce pebpa 9TOro
nyTu mpoBojaT Habop «. Uepes 6, () Gyaem 0603HAYATH MHOXKECTBO
BEPIINH, JIOCTKUMBIX U3 v] Ha Habope a. Eciaum Bepiuna v He yka3zana
sIBHO, Oy/leM B KadecTBe Hee IOoJpa3yMeBaTh KOPeHb MH(MOPMAIMOHHOTO
rpacda. Tak, roBopum, uT0 HaOOP MPOXOAUT B BEPIIUHY VU, €CJIM OH IIPO-
XOJUT U3 KOPHS Uy B V.

[Tyrs B mabOpMaImoHHOM rpade HA3BIBAEM NPo8oJUMbLM, ECITH CYTIe-
cTByeT HabOp TaKoii, UYTO BCe pedpa IIyTU IPOBOIAT ITOT Habop. Nuawue
[y Th HA3BIBAETCS He NPoGoJuMbiLM (C HYJIEBOI TPOBOJUMOCTBIO).

Bepiiuny vo HazbBaeM cuavH0 JOCMUNCUMOT U3 BEPIIUHBI U1, €CJIU
CYIIECTBYET MPOBOIUMBIN IIYTh, COEIUHSIIONINI BEPIIMHBI U1 U Vs. Bep-
IIIUHA U HA3BIBAETCS CUJIBHO JOCTH2KUMOMN, €CJIM OHA CUJIBHO JIOCTUYKUMA
U3 KOPHS 1.

Ecnu nuadopmanmonnsiii rpad G sIBISIETCsT OpUEHTUPOBAHHBIM JIepe-
BOM (TO €CTb OH MIMeeT CTPYKTYDY JiepeBa, U Bce pebpa OpHEHTHPOBAHBI OT
KODHSI K JIUCTBSIM ), & TaKKe BCe KOHIEBbIe BepnHbl rpada G ABJISIIOTCS
JINCTBSIMU 3TOTO JiepeBa, To nHdopMaIuonubiil rpad G OyiaeM Ha3bIBATH
UHPOPMAUUOHHBIM depesom. IIJTMHY MUHUMAIBHOTO IIPOBOJIMMOIO ITYTH
U3 HAYAJLHOWU BEPIIMHBI JePeBa B KOHIEBYIO BEPIIMHY OYyJEeM HA3bIBATH
MUHUMAALHOT 8b,cOMOT ITOTO jepeBa. [TuHy MaKCUMAJIBHOTO TTPOBOH-
MOTO IIyTH W3 HAYAJBHON BEPIIUHBI JepeBa B KOHIEBYIO BEPIIUHY OyIeM
HA3BIBATDb MAKCUMAALHOT 8blcOmMOot 3TOTO JiepeBa. Ecin MuHuMabHAsT 1
MaKCHMaJIbHAsT BBICOTA JIEPEBa COBIAIAIOT, TO Oy/1eM HAa3bIBATH UX IIPOCTO
6v,comot.
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ToBopum, uro umHboOpManmonusiii rpad G ¢ 6a30BBIM MHOXKECTBOM
F = {f1, fo,...} peasmusyer OyueBy dbyukuuio (6. ¢.) f(z1,x2,...,Tn),
€CJI BCE MPEJUKAThHI, IpuirncaHibie pedbpam rpada G 3aBUCAT OT Iepe-
MEHHBIX I1,...,Tn, U J060i HAOop a € {0,1}", Ha KoTOpOM yHKIWMS
[MpUHUMAET 3HadeHue 1, IPOXOJINT M3 HAavYaJbHOU BepinuHbl rpada G B
OJIHY U3 KOHIIEBBIX BepIIHH, TO ecThb O, (o) N W # &, u sroboit HaGop
B € {0,1}", na koropom dyHKIWs TpuHUMaeT 3HadeHue 0, He IMPOXO-
JIAT HU B OJIHY M3 HUX, TO ecTb 0,,(8) N W = &. MuoxecrBo rpados ¢
6a30BbIM MHOXKECTBOM F', peanusyoomux dyHKIuio f, obo3HadaeM depe3
U(f, F).

Bazosoe muoxkecrso F' nHazwiBaercs WI'-mosnbIM B Kitacce OyJieBbIX
dyukmmit A, ecam Jys1 11060 OyeBoit byuknun f € A cyiecTByeT WH-
dopmanmonubiit rpad ¢ 6a30BbIM MHOXKECTBOM F') peanusyirommuit QyHK-
nuio f.

Bamernm, uro muoxkectso FM ne apnsgerca NT-nosmeiy Bo Beem Py,
Tak KaK HH(POPMAIMOHHBIMU T'padaMu ¢ TAKUM 0Aa30BBIM MHOXKECTBOM
MOZKHO PEAT30BaTh TOJIBKO MOHOTOHHBIE OyJieBbl DyHKINH (MOH. 6. . ).
OpHako, oHO siByisiercst VIT-TIoJTHBIM B KJjtacce MOHOTOHHBIX (byHKImii. [To
sroit npuunne MuoxkecTBo F'M HazpiBaeTcss MOHOTOHHBIM GA30BBLIM MHO-
xkectBoM. Undopmanumonnsiit rpad ¢ 6a30BbIM MHOXKECTBOM Fjy Oymem
HA3BIBATH MOHOMOHHbLM THHOPMAIIMOHHBIM TPpad oM.

KondaecTBo npeimkaToB, BEIUYACIEHHBIX Ha Habope « B rpade G 060-
saaunm vepe3 L(G, a). Cunraercst oHo cirejyomum obpazom. [Tomeua-
10TCs Bee BepiuHbl rpada G, B KoTopbie mnpoxoauT Habop «. Cunraem,
YTO B BEPIIUHE U BBIYUCJISIIOTCST T€ ITPEIUKATHI, KOTOPBIE ITPUITUCAHBI PED-
paM, BBIXOJIANIAM U3 3TOU BepinHbl. ObIee KOJUIECTBO BBIMUCIEHHBIX
[IpeIMKATOB Ha HADOpe @ paBHO CyMME I10 BCEM ITOMEYEHHBIM BEPIITMHAM
BBIYUCJIEHHBIX B HUX IIPEJIUKATOB, TO €CTh

LGa) = 3 w),

€Oy, ()

rie (v) — KosmaecTBO pebep, BBIXOAMANMX 13 v (HOJIyCTeleHb HCXO/Ia
BEPIIHHEBL V).

KosmiaecTBo mpeKaToB, BBIYHCICHHBIX Ha HabOpe «, HA3bIBACTCS
CJIOXKHOCTBIO Tpada Ha 9TOM Habope.
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IIycrs Ha MHOXKECTBE HAOOPOB BBEICHO BEPOATHOCTHOE IIPOCTPAH-
creo ({0,1}",0, P), rjie 0 — MHOXKECTBO BCeX IIOJMHOXKECTB OyJieBa Kyba
{0,1}", a P — BeposiTHOCTHasi Mepa Ha 3TOM MHOXKecTBe. CII0KHOCTBIO
nHMOPMAIMOHHOIO rpada HA30BEM BEJIUYUUHY

LG)= > L(G,a)P(a) = E.(L(G, ),
aef{0,1}n

rie P(a) — BepositHOCTH HAaBOpa (v B JAHHOM BEPOSITHOCTHOM ITPOCTPAH-
CTBe.

BepostaocThio pebpa Ha30BeM BEPOSATHOCTH MPOXOXKIeHUs Habopa B
BEpIIUHY, U3 KOTOPOH 9TO PeOPO BBIXOIUT. DTO €CTh BEPOSATHOCTH, C KO-
TOpO#i JTaHHOe PEOPO BBIMUCIISIETCS. DTY BEJMIHMHY MBI TaKxKe OyjieM Ha-
3bIBaTh CJIOYKHOCTBIO pebpa.

Jaee OyaeM 0 yMOJUAHUIO CUNTATL, UTO pacipejesienne HabOPOB
PABHOMEPHOE, TO €CTh BEPOSITHOCTHU TOSBJIEHUS BCEX HADOPOB PABHBI.

CrnoxHOCTBIO 0. . f Ha3BIBAETCS HUXKHSISI TPAHb CJIOXKHOCTH MHMOD-
MAIMOHHBIX I'PAdOB, PEATU3yOMUX 3Ty DYHKIHIO.

L(f,F)= inf L(G).
(£ F) = ot ) K&

B [2]| 6bL10 IOKA3aHO, YTO HUXKHsISI TPAHBb B ONPEJIETIEHUN CJIOXKHOCTH
nocruraercsi, 7o ectb B U(f, F') cymecryer rpad, CJI0}KHOCTH KOTOPOT'O
B TOYHOCTU paBHa ciokuOcTU (yHKiun f. Takue rpadnl Oyaem Ha3bI-
BaTb ONMUMAALHMY 71T DYHKIUN f, 1 TOBOPUTH, ITO OHU PEATU3YIOT
GyHKIUO [ ONTUMAILHO.

Jlist IpOM3BOILHOTO Kiacca 6yieBbix dyukimii A depes A™ 6y-
JeM 0bo3HauaTh Kiaace GyHKnuii f € A, 3aBuCANMX OT N HePEMEHHBIX.
Tax, PQ(n) OyaerT 0bo3HAYATEL KJ/IACC BCEX N-MECTHBIX OyJIeBbIX (DYHKITHUI,
a M — kjacc Bcex MOHOTOHHBIX OyieBbIX (DYHKIMI, 3aBUCSIIIX OT N
MEePEMEHHBIX.

Hastee, oka He cKazaHO 0OpaTHOE, B KadecTBE GA30BOI'0 MHOXKECTBA
6yaeM mogpasymesars F'M i Bropoit apryMenT B 0603HAMEHUN CJIOKHO-
cru omyckarh (Bmecro L(f, FM) 6ynem mucars L(f)).

Oynxkimeil [TleHHOHA CJIOXKHOCTU peaIM3aIii MOHOTOHHBIX OYJIEBBIX
byHKINNE N IepEMEHHBIX MOHOTOHHBIME HUH(MDOPMAIMOHHBIMEU Tpadamu
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HA30BEM MAKCHMAJIBHYIO CIOKHOCTH bynkmmii uz MM (oGosnauaem
L% (n)).
L"(n) = max L(f).
fem)

OrpejiesiuM Tak»Ke CJI0YKHOCTH PeAJM3aIuy OyJIeBbIX (PYHKIUH ¢ 10~
MOIIBI0 NHAMOPMAIIMOHHBIX JiepeBbeB u dyukimio [Ilennona st apeso-
BUIHBIX HH(POPMAIMOHHBIX I'PadOB.

ChnoxHocth peanusaiuu 6. ¢. f 1epeBom ornpeaesnmM Kak

L F)= inf L(D
p(f.F) = inf L(D)

rine D(f, F) — mHOXKecTBO MH(MOPMAIMOHHBIX JI€PEBLEB ¢ 6A30BBIM MHO-
xectBoM F', peanuzytonux GyHKIHAIO f.

Kax u B ciryuae rpados, B |2] 66110 noKa3aHo, 9T0 J1j1s1 110001 Oys1eBoii
dyHKIME cyIecTByeT onTuMabHoe NH(MOPMAIIMOHHOE JIEPEBO.

Takke B paMKax JAQHHON paboThl OyjieM MO YMOJIYAHUIO T0pa3yMe-
Barh F'M B KavecTBe 6a30BOr0 MHOMKECTBA U OIyCKATH BTOPOii ApryMeHT
B samcnu cioxnoct (Bmecto Lp(f, FM) 6ymem macars Lp(f)).

Oyuknuio [TlenHona B Kiracce JEpeBbEB ONPEJIETUM Kak

L (n) = max Lp(f).
FEMn)

Nrak, nenbio jganuoit pabOThl SBASIETCS CUHTE3 MUHUMAJILHOTO IIO
CJIOKHOCTH MOHOTOHHOTO nH(bOpPMAIMOHHOro rpada (wmm gepesa) st
IPOU3BOJILHON MOHOTOHHO Oys1eBO#l (PyHKINH, & TaKKe MOJIyIeHIe HUK-
Hell OIEHKU CJIO?KHOCTU TaKuX I'padoB.

ABTOPOM PabOTHI MOJIYIEHBI CJIEIYIOIIHE PE3YIbTATHI.

[Tony4ennt onenku dyukiuu [[lennona B kiracce nHOOPMAITMOHHBIX
JiepeBbeB 1 NH(MOPMAITMOHHBIX IPadOB.

Teopema 1. IIpu n — 0O 8vNOAHENHO
1 /3\"
R
ARG (2> |
logy L (n) ~ (logy 3 — 1)n.
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Haiinenbl OIeHKN CJIOXKHOCTH peajM3allui [MOYTU BceX (QyHKIHi
f(z1,...,2,) € M c HOMOIIBIO MOHOTOHHBIX HH(MOPMAIMOHHBIX JIEPEBHEB
u rpadoB.

Teopema 2. /Jlaa nowmu ecex f(x1,...,x,) € M npun — oo ewnoare-
HO

[\)
w3

Lp(f) =

log, L(f) ~

-

STE

SameTuM, 4TO OIeHKU i Gyukiyn llennona u st MOYTH BeeX
MOHOTOHHBIX OyJIeBbIX (DYHKIIMH OTIMYAIOTCS.
Tak:ke B paboTe OTIEIBHO PACCMOTPEH KJIACC CAMMETPUYIECKHUX TTOPO-
rOBBIX MOHOTOHHBIX byHKIHi ST, onpesessieMblil CJIeYIONUM 00Pa30M:
n
ST = {fy: fular,...,an) =14 Sla; = h, h =0,1,...,n}. D=
i=1
byHKIMIT U3 ITOro KJacca IMOJIydeH HOPSJIOK CJIOKHOCTH B KJjacce HH-
GOPMAITMOHHBIX TEPEBLEB M HEIKCITOHEHITHATBHAST OIMEHKA CJIOXKHOCTH B
KJ1acce NHOOPMAIMOHHBIX rpadoB.

Teopema 3. Jas mo60t fr(x1,...,2,) € ST npun — 00 6uNOAHEHO

LD(fh) = 27h : Cgv
n—h<L(fn) <h(n—h+1)>%

2. Hmxnaue OOEeHKMN CJIO2KHOCTHU

Ha‘lHeM C IMOJIYy9I€eHUA HU2KHUX OIIEHOK CJIO2KHOCTU PeaJIn3allin MOHO-
TOHHBIX OYJIeBBIX (DYHKIHI ¢ TOMOIIBHIO HHMOPMAIIMOHHBIX JEPEBHER.

JlokaxkeM cHadaJIa HECKOJIHLKO BCITOMOTATEHHBIX JIEMM.

ITycrs nana Hekoropast 6. d. f € M. Yepes N;(f) 6ynem obosHauarhb
qrCI0 HabopoB, Ha KOTOPBIX (DYHKIMA PaBHA i.

Murumanrvrom eecom dyaknnu f HazoBeM BeJmduHy min  |af, To
aeN1(f)

eCTh MUHUMAJIbHBIN BeCc HabOpa, HA KOTOPOM (DYHKIHS MPUHUMACT 3HAa-
yeHue 1.
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T'oBopumM, uro HAbOp @ = (ay,...,a,) € {0,1}" npedwecmsyem uru
pasen (ue Gosbie) Habopa B = (by,...,by), ecim a; < b, i =1,...,n
(obosnauaem « < [3). T'osopum, uro HAGOp « cTporo Menbiie Habopa [,
ecm o = B u v # B (obo3HawaeM <). AHAJIOTUYHO ONpeJiesisieM OTHOIIe-
HUSI >~ U .

Huzkneii eununeit dbyHskimu f HasbiBaeM HAOOp o Takoii, uro fla) =1,
a Jst Jio6oro Habopa [ < « BeimosaeHo f(5) = 0.

Jlemma 1. Ecau monomonnoe ungopmayuonnoe depeso D peaausyem
MOH. 0. P. [, mo munumarvHaa evicoma depesa D ne meHvULle MUHU-
MaAbHO20 6eca Pyrruyuy f.

HoxkazareabcTBo. O603HaYNM MUHUMAJILHBI Bec dyHKun f uepes h.

[IpeamoioxKuM, 970 MUHUMAJIBHAST BBICOTA JiepeBa [ CTporo MeHbIIe
h. 9T0 03HAYAET, YTO CYNIECTBYET TPOBOIUMBIH Iy Th Y U3 HAYAJILHON BEp-
IIUHBL JepeBa D B KOHIEBYIO, JJIMHA KOTOPOro MeHbine h. Paccmorpum
MHOYKECTBO TIPEINKATOB Ha pebpax 9Toro myTu. OGO3HAYNM 9TO MHOXKE-
creo uepes S = {x;,,...,x;, }. Torma |S| < h.

Pacemorpum nabop o = (aq,as,...,a,) Takoii, aro a; = 1 rtorja u
TOJILKO TOIJIA, KOra pejaukar r; € S. O4eBUIHO, 94TO KaXK bl IIpeJInKaT
u3 MHOXKecTBa S paBeH 1 Ha 3ToM Habope. Ciie/oBaTE/IBHO, KaxK,10e pedbpo
nyTHu 7y nposoguT Habop «. Ho 310 ozHavaeT, 4T0 HAOOP (v IPOXOIUT U3
HAYAJILHO BEPIIUHBI B KOHIIEBYO, CJIeI0BaTEIbHO, 3HaUeHNe (DYHKIIUN Ha
HEM JIOJI?KHO 6BITH paBHO 1. DTO MPOTUBOPEUUT TOMY, YTO MUHUMAJTHHBIH
Bec dyukiwu f paBed h, Tak Kak |a| < h.

Tem cambiM, JeMMa JIOKa3aHA.

Jlemma 2. Ecau monomonnoe ungopmayuonnoe depeso D peaausyem
MoH. 6. P. f, mo 6 abyro Konuesyrw sepwuny depesa D npoxodum we
boaee 00Hot Hudtcrnet; edunuyvt Gyrryuy f.

HokazareabcTBo. [Ipemmnoniokum, 1ro 310 He Tak. To ecTh B urdopma-
IUOHHOM JiepeBe [) CYITeCTBYeT KOHIEeBast BEPIITUHA, B KOTOPYIO MTPOXO/ISIT
JIBa Pa3JIMIHBIX Habopa () U (g, 00a ABJISIONINECS HUKHUMU €IMHATIAMEI
dyukun f.

3aMeTnM, UTO TaK KaK B JIEPEBE B KAXK/IyI0 KOHIIEBYIO BEPIIUHY Be-
JA€T TOJIBKO OJAWH IIyThb, TO MHOXKECTBO H3,6OpOB7 IPOXOJAIINX 10 3TOMY
Iy TH SIBJISIETCs1 HEKOTOPOii Tpaubio Oysea Kyba {0, 1}". CienoBaresbHo,
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€CJIU 9Ta IPaHb COAEpKUT 06a Habopa (v U (rg, TO OHA TAKIKE COJEPIKUT
UX MaKCHMAJIbHOI'O OOINEro IMpeIlecTBEHHNKA, TO €CTh MaKCUMAJIbHBII
Habop [, mjst Koroporo BbinosineHo B = a1 u f =X ag. CrenoBaresibHO,
Ha 3TOM Habope QYHKIWS f TOXKe JIOJKHA MPUHUMATH 3HadYeHue 1, 9To
HEBO3MOXKHO, TaK KaK (] U (o — HUXKHUE E€JIMHUIIBI, U HA BCEX MEHBIITUX
nabopax dyHKIus npunuMaer 3uadeHue (.

[Monyumimu nnporuBopedne, JieMMa JOKA3aHa.

Jlemma 3. FEcau ungopmavuonnoiti epagp G ¢ 6a3osvim mroscecmeom F
onmumanrvro peasudyem 6. d. f, mo 6 epage G nem ne cuavro docmu-
AHCUMDBLT BEPULUH.

HoxkazareabcTBo. [Ipenmnonoxum, uro B rpade G eCTb BepIInHA, B KO-
TOPYIO HE MPOXOJUT HU OHOr0 Habopa. Torna MbI MOXKEM YIAJUTH STY
BEPIINUHY BMECTE CO BCeMU pedpamu, UCXOISAIUMEI U3 ITOH BEpPIIUHBI, a
TakKe pebpo, Bemyiiee B 3Ty Bepiiuny. OueBuiHO, 9TO (DYHKINOHAIb-
HOCTb rpada npu 3TOM HE M3MEHHUTCS, TaK KaK JJIs KakJI0ro Habopa
MHOXKECTBO BEPIIUH, B KOTOPBIE OH IIPOXO/IUT, He m3MeHnTCsi. OTHAKO, KO-
I8 MBI IIPOJIE/IaeM TaKYIO IPOIEAYPY JJIsh BCEX HE CUJIBHO JIOCTUXKUMBIX
BEPIINH, Mbl 00S3aTEJILHO YJIAJUM XOTs ObI OJHO pebpO, KOTOPOE UMEJIO
CJIOKHOCTH, OTJINIHYI0 OT () (TO Pe6PO, KOTOPOE BEJIO M3 CHUIILHO JIOCTUKU-
MOl BepIINHbI B He CHJIBHO JocTikuMyto0). Ciie/loBaTe/IbHO, CII0KHOCTD
oJIy 4eHHOTO Tpada OyJ1eT CTPOro MEHbIIE CJIOKHOCTH UCXOHOrO Ipada,
XOTsI OH IO TIPEXKHEMY Oy/eT peajn30BbIBaTh (PYHKINIO f. DTO IPOTUBO-
PEYUT ONTUMAJBHOCTH UcxojHOro rpada G. CienoBare/ibHO, HE CUJIBHO
JIOCTUYKUMBIX BepIuH B rpade G ObITH HE MOYKET.
Jlemma nokazana.

Craencrue 1. Caooicrnocms 4106020 pebpa onmumasbH020 UHBOPMAUU-
omnno20 2paga cmpozo boavwe 0.

Jlemma 4. Ecau ungopmayuontoe depeso D ¢ 6a308vbM MHOHCECTNEOM
F onmumanvro peanusyem 6. ¢. f, mo ece npeduramoi, npunucaHHvle
pebpam npouseoavhozo nymu 6 depese D, pasiudHobL.

JokazaTeabcTBo. PaccMoTpum mipou3BosibHbM Iy Th B fAepese D. Ilyctn
B HEM €CTh JiBa pedpa €] U €z, KOTOPBIM IPUITUCAHBI OJINHAKOBBIE IIPE/IU-
karbl f;. Ilyctb pebpo ez (To, KOTOpOE Jajbllle OT HAavYaa IyTH) COe/H-
HSIET BEPIIUHBI v U v9. ClesaeM cjejyromniee mpeodpa3oBaHue: CTSHEM
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pebpo es B TOYKY, TO €CTh TIOMEHsIEM HadaJa BeeX pebep, BBIXOSIIIX 13
v9 (ecsu TakuWe ecThb), ¢ Uy Ha U1, U yJaJuM Pebpo es.

[Mokazkem, 910 PYHKITMOHATBLHOCTD JIepeBa MPHU ITOM HE M3MEHUTCS.
DTO0 HAIPSIMYIO CJIeJlyeT U3 TOro, YTO (PYHKIMST MPOBOIUMOCTH JTFOOOTO
MyTU U3 HAYaJILHON BEPITMHBI HEe M3MEHUTCSI, TAK KAK €CJIM KAKOH-JT100
HA0Op MPOXOJUJI 1Yepe3 yjajleHHoe pebpo ey, TO OH MPOXOIU U depe3
pebpo e; B cuiny japesoBugHocTH rpada. CremoBaresibHO, mpeaukar f;,
MPUIIACAHHBIN yIajeHHOMY pebpy, OCTaHeTCs] B KOHbIOHKITMH (DyHKITUN
MIPOBOJIMMOCTH U TIOCJIE Y/aJeHusT pebpa €.

[Tokaxkem Terepb, 9TO CJIOXKHOCTD ITOJIYI€HHOTO JIEpeBa CTPOro MEHb-
TIIe UCXOMHOTO. DTO CJIE/IyeT U3 TOTO, 9TO CJIOKHOCTD BCeX pebep ocTaHeT-
¢l TIpeXKHel, Tak Kak Bce HaOOPBI, MTPOXOJISIIINAE B BEPIITHHY V1, PO
B Hee depe3 pebpo €1, a CIeJ0BATe/IbHO, IpeIuKaT f; HA BCEX TaKUX Ha-
6opax paBeH 1, u yjajeHHoe pedpo ey HU OJHOTO HabOpa He OTMUIBTPO-
BeIBasI0. Hy 1 HakoHeIl, CJIOXKHOCTD yIaJieHHOro pebpa cTporo GoJibiie 0
o cienctBuio 1. [Tony4uaem mpoTnBopedne ¢ ONTUMATBEHOCTHIO HCXOTHOTO
JlepeBa.

JlemMma JokazaHa.

PaccMOTpuUM  CUMMeTPUYeCKHe IOPOroBble MOHOTOHHBIE (DYHKITUH
fn(z1, ..., x,) cemyromero Buja:

n
fular, ... an) :1@*2@1‘ = h, h <n,
=1

TO €CTh (PYHKIUSA [}, IPUHAMAET 3HadeHne 1 Ha Tex Habopax, YucJIO €JIu-
HUIL B KOTOPLIX HE MeHbIIe .

Yepes ST obozHaumM Kaace Bcex (DYHKIMII Takoro BUIA, TO €CThb
ST = {f,(z1,...,2,), h=0,1,...,n}. dns xaxmoro n xmacc ST
COMEPKUT POBHO N + 1 PYHKIMIO (¢ TOYHOCTHIO JIO TIEPEMMEHOBAHMUSI T1e-
PEMEHHBIX ).

JIemma 5. /Jlaa w060t 6. ¢. fr(x1,...,x,) € ST evinoanero
Lp(fn) = o htl. Cs

HoxkazareabcTBo. Paccmorpum mpon3BosibHOE HHGMOPMAIIMOHHOE JIepe-
Bo D, ontuMasibHO peajusymomiee pyHKImMO f. To, 9To Takoe mepeBo
CYIIECTBYET, MOKa3aHo B [2].
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ITo temmam 1 u 2 umeeM, YTO MUHUMAJIbHAsT BBICOTA JIEPEBA HE MEHb-
me h, a Tak»Ke B KayKJyI KOHIEBYIO BEPINUHY JepeBa [ MpPOXOIUT He
6oJtee oHOTO HAOOPA, SIBJISIIONIEroCs HUKHEH ennauieil pyakmum fr,.

OnHako, KaxkJasi HUXKHsIST €JIUHUIA (DYHKIUH f, B KAKyH-TO KOHIIE-
BYIO BepIIuHy gepeBa mpoxoauT. Ciie10BaTe/IbHO, MOYKHO 3aKJIIOYUTh, ITO
KayKJI0¥ HUXKHEH e IuHuIEe (DYHKIUN fj, MOXKHO TIOCTABUTH B COOTBETCTBUE
0 KpaiiHeli Mepe OIHY KOHIEBYIO BEpIIMHY, B KOTOPYIO OHA IIPOXOJIMUT,
TakK, UYTO Pa3HbIM HIKHUM €JIMHUIAM OYJEeT COIMOCTABJIEHBI pa3HbIE BEP-
MUHBL. PaccMOTpuM IIpON3BOJILHYIO TAKYIO BEPIIUHY W U IIYTh U3 HAUAIb-
HOIT BepmnHBI B w. [lo jemMme 4 Ha 9TOM IyTH BeeM pebpam IPUIUCAHBI
pa3IMYIHbIE IPEIUKATHI, CJEI0BATEIbHO, CJI0KHOCTD IIEPBOr0O pedbpa Iy TH
paBHa 1, a KaKII0ro CJIeIyIONero poBHO B pa3a MeHbIe. TakyKe O9eBU/I-
HO, 9TO 9TOT IYTh HE MOXKET COJEPXKATh Oojiee h Pa3IUIHBIX IPEINKAT,
TaK Kak TOLJa 10 HeMy Obl He IIPOXOLUIia HUXKHSAA eIUHANA PYHKIUU f},.
[TosTomy jytmHA 9TOTO IMyTH B TOYHOCTH paBHa h. CJI0XKHOCTDH MOCJIe IHE-
h+1. Tlocnemuee e pebpo OIHOZHATHO
COOTBETCTBYET KOHIIEBOI BepIliHE, B KOTOPYIO OHO BEJIET.

BHasi, YTO YMCIO0 HIKHUX ¢IMHHUI HOPOroBoil dynxmun fj, pasuo CF,
[OJIyJaeM OIEHKY CJIOXKHOCTH JiepeBa D:

L(D) > 27"t . o

ro pebpa, TeM caMmbiM, paBHa 2~

Orcroza ciieflyer yTBepXKJIeHne JIEMMBbI.
Paccmorpum moBesienne 310t orieHKN Kak MYHKIUUA OT h.

o=l .ch (h—1Dn—h+1)! n—-h+1

1 = - )
9—h+2 . oh-1 2(h)!(n — h)! 2h
2—h+l.ch +1
TOGCTBW)IHthgnT.
CretoBaTeIbHO, MAKCUMYM CJIOYKHOCTH JIOCTUTAETCA Tpu h = [”TH],

nt+1 n+1
pu sTom oma pasma 2[5 11 . C’,[L 3

% (%)n IIpu n — Q.

HOJIy‘IaeM, 9TO CIPaBEIJINBO CJIEAYIOIIEE YTBEPXKJICHUEC:

, 9TO aCHMIITOTHUYECKH PaBHO

Caencrsue 2. Ilpu n — 00 6biNoAHEHO

oz = (3)

™n
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[epeitnem Teneph K ciyvaro nHGOPMAIMOHHBIX rpadoOB.

JlokaskeM HEKOTOpBIE YTBEPXKJIEHUsI O CTPYKTYPE ONTHMAJbHBIX HH-
dopManMOHHBIX IpadOB i MOHOTOHHBIX (DYHKIIUN.

Bompoc cyrecrBoBanust onTHMAIBLHOTO rpada paccMorpeH B (2|, u
YCTAHOBJICHO, 9TO OH BCETJA CYIECTBYET JJIsi PABHOMEDPHOTO PACIIPE/ie-
JIEHWsT HabOPOB.

Jlemma 6. Ecau monomonnwiti ungopmayuornoidi epad G onmumaivro
pearudyem mon. 6. @. f, moeda das aobozo pebpa h epaga G cyuecmsy-
em nYmsv U3 HAUAALHOT GEPUUHDL 6 00HY U3 KOHUEBHLT, Codepircausull
pebpo h u nposodawut roms v, 00un HaOOP, AeAAOUWUTCA HUMHCHET edu-

nuyet gyrxyuy f.

HokazareabcTBo. i1 KaxK10it HIXKHeNH equHUNBl «« PyHKIMNA f pac-
CMOTPHM IIyTh, II0 KOTOPOMY OHa IIPOXOJUT B KOHIEBYIO BepmuHy. Takoit
[yTh 00sI3aTEJILHO CYIIECTBYET, TaK Kak rpad peasmsyer GyHKIUOO f, HO
MOZKeT ObITh He euHCTBeHHBIM. PUKCUpyeM OJIMH U3 TaKuX IyTeil (mpo-
U3BOJIbHBIN) 1 00603HAUNM €ro 4epes p,. Torja oueBmHO, UTO mOArpad
G’ rpacda G, 06pazoBanHbIil 0ObEMHEHNEM BCEX BBIJICICHHBIX IyTEH Do,
TakKe OyJIeT peasin30BbIBATE (PYHKINIO f, Tak Kak Jiroboit Habop, Ha KO-
TOpOM (PYHKIUS MPUHAMAET 3HadeHne 1, 6oJibline Jinbo paBeH HEKOTOPO
HU2KHEH equHuIe U, CIeJ0BaTe/]bHO, IPOHAeT 10 OJHOMY U3 3TUX IIyTel.

Eciu rpad G’ copnanaer ¢ G, To yTBepzK/ieHUe BBIIOJHEHO, TaK KaK
rpacd G’ cocrapiieH B TOYHOCTH U3 Iy Teil, IPOBOJASANIIX HUXKHHIE ¢IMHHIIbL.
Ecmu xxe G # G’, To rpad G’ ecTb HEeKOTOPBIil cOGCTBEHHDIH TOArpad
rpada G, 1 1o CjeJcTBUIO 1 €ro CJI0KHOCTb CTPOIO0 MEHBIIIE CJIOKHOCTH
rpacda (G, 94To HpOTUBOpPEUNUT onTUMaJibHOCTH G.

JlemMa jJoKa3aHa.

i-M cjioeM Oysiea Ky6a {0, 1}™ GyjeM Ha3bIBATH MHOXKECTBO HaOOPOB
Beca i, TO eCTb HADOPOB C 1 €TMHUIIAMHA.

Jlemma 7. Ecau monomonnoil un@opmayuonkoili epad G- onmumaivho
peasusyem mon. 0. @. f, y xomopotl 6ce HuNCHUE eUHUUDL PACTLOAOIICE-
HOL HA CAOAT Me BHIUWE §-20, MO CA0HCHOCTL A100020 pebdpa epaga G ne
menvwe 270,
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okazarenbcTBo. PaccMoTpuM mmpon3BosibHOE pedpo h W BepIuHy v,
u3 KoTopoit ouo BeixonuT. [lo jiemme 6 cyrecTByeT myTh U3 KOPHS B KOH-
IIEBYIO BEPINUHY, MPOXOISIINl depe3 pebpo h m mpoBoisdnmit Habop «,
SIBJIATOINMICST HUKHel enuauneit pyaknun f. OdeBWHO, UTO HAbOp «
IIPOXOJINT B BEPIINHY v. Torma B Hee MPOXOAAT W BCe HAOOPHI, HE MEHb-
mue (v, a UX He MeHbIme 27 Tak KaK B « He OOJIbINE 1 €IHHMUIL (o
ycaoBuio). OTcrofia clie/iyeT, YTo CJI0KHOCTD JIF0O0Tr0 pebpa, BBIXOIAIIETO
w3 BepmuHbl v (B ToM umcyie u h), He MenbIme 27 - 200 = 27,
JlemMa jJoKa3aHa.

Bameuanne. s 1epeBbeB B yTBEPXKICHUN JIEMMbI 7 MOYKHO 3aMEHHUTD
27" ma 277! (M. JOKa3aTeNHCTBO JIEMMBI ).

JlemMa 8. Ilpu n — 00 8vNOAHEHO

Sh 1 3 3\"
L (TL) Z 5 . R
2(logy 3 — 5)n v \2

okazarenbcTtBo. BymeM ucHosb30BaTh MOITHOCTHBIE COOOPAYKEHUsT
JUTST TIOJTy YEHUsT HUYKHEH OIEeHKH.

[Tycrs N(n, k) — quciao Hen30MOPGHBIX JIBYHOJIIOCHBIX KOHTAKTHBIX
CXeM, KOTOphbIe MMEIOT He Oojtee k pebep, HE COMEpPKAT M30JIUPOBAHHBIX
BEPIIUH, KPOME, MOXKET OLITh, IIOJIIOCOB, U COIEPYXKAT KOHTAKTHI JIHIIb
u3 MHOXKecTBa {Z1,...,Z,}. B [3] mokazano, uro ux umciao moxer GbITH
OLIEHEHO CBEPXY KakK

N(n, k) < (1 - k),

rJe ¢; — HEKOTOpas KOHCTaHTA.

O6osunaunm 4gepe3 N,(n, k) aHAJOIHIHOE HYUCJIO OPUEHTUPOBAHHBIX
KOHTaKTHBIX CXEM.

ITpu nepexo/ie K OPUEHTUPOBAHHBIM KOHTAKTHBIM CX€MaM HAJI0 YIECThb
JIBE BOBMOXKHBIE OPUEHTAINU KaxkJ0ro pebpa. TeM caMbiM 49MC/IO TaKuX
cxeM BozpacreT He Gosee dem B 2F pasz. CireoBaTeIbHO, OINEHKA UHCIIA
OPHEHTHUPOBAHHBIX KOHTAKTHBIX CXeM (& BMeCTe C HUMHU M 9YUCJIa MOHO-
TOHHBIX HHPOPMAIMOHHBIX I'PadOB, TAK KAK B CTPYKTYPHOM CMbBICJIE 3TO
OJIHO ¥ TO K€) OCTAHeTCs BepHa, HO /IS JIPYTOil KOHCTAHTHI ¢y = 2¢7.

No(n, k) < (g - nk)E. (1)
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PaccvoTpuMm MHOXKeCTBO BCeX OYJIEBBIX MOHOTOHHBIX (DYHKITHI OT 7
IIepeMEeHHbBIX, HUKHUE €JIUHUIBI KOTOPBIX PACIIOJIOYKEHBI He BBIIIE -TO

n).

ciosi OyneBa Kyba. Bymem obo3nadarh Takoe MHOXKECTBO dUepes Mi(
OueBnjiHO, 9TO |Mi(n)| > 20, Tak KakK MHOKECTBO Mi(n) COJIEPXKUT BCE
GYHKIINN, Y KOTOPBIX HUXKHUE €UHUIBI B TOYHOCTH HA i-M CJIOE.

Pacemorpum nHekoropyto dyskimio [;(n), u nycrb a;(n) — moust hyHK-
nuit f(21,...,2,) U3 Min), CJIO?KHOCTB KOTOPBIX He Gouibiie [;(n).

Kaxxoit Taxkoit byHKIMKA COTOCTABUM ONTUMAJBHBIN I'pad, KOTOPBIi
ee peasmzyer. CIIOXKHOCTB KazKJI0ro Takoro rpada oyer He 6osee 1;(n),
pUYeM Pas3HbIM QYHKIUSAM OY/IyT COOTBETCTBOBATH HEM30MOP(MHBIE I'pa-
dor. o slemme 7 umeem, 9T0 KOJUIECTBO Pebep B KaxKJIOM TakoM rpade
6yser we Gombie 2° - [;(n).

Nwmest onieHKy KomdIecTBa HEM30MOPGMHBIX OPUEHTHPOBAHHBIX rpadoB
¢ k pebpamu (1), Beimmmiem oreHky dncia GyHkmuit uz M, ") ¢ oot
He Goutbiie [;(n):

a;(n) - \Mi(”)! <f(ez-m- zizi(n))fli(n)_

ITycrs Teneps lj(n) = (1 — 5)%, rze d(i,n) — HEeKOTOpBIil mompa-
BOYHBIN KOo3(durment, Takoii, uro d(i,n) < 1, n — 00, KOTOPBIH MBI
onpegennm gasee. Ouernnm logy a;(n).

logy ai(n) < (1 — >% logs(ca(1 - €>d(f"n)> e

Ncnonb3yst acuMOTOTHKY wa nMeeM

n! V2mn(g)"

C = ~ ' e ' _
"odl(n—al) 2mi(2)t - \/2m(n — ) (Bt )n e
N 2mi(n — i) it(n —i)" " - 2rnl(1—1) ' Iin(1 = 1)r(=1) =
1 1 1
\/27'&'71 \/[ 1_7 11(17])1—1),” n — 00,

F,ILGI:%.
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Pacemorpum i(n) takoe, uro i(n) < n. Torma I =< 1.
Torna

; 1
log, C;, = —3 logy n— (Ilogy I+ (1—1)logy(1—1))n+o(logyn), n — oc.
IToncrasisist 970 B OLEHKY yIst v (), TOJTydaeM

CL(—(Ilogy I + (1 —I)logy(1 — 1)) + O(*2%2"))
d(i,m)

log, as(n) < (1—¢) ~Ci.

Teneps, eciu B kauectBe d(i,n) mbl BosbMeM —([logy I + (1 — I)
logy(1 — 1)), To moy4uM, uro npu i < n BeinosHeHo d(i,n) < 1, ciaemno-
BaTEJIbHO, BEPHO HEPABEHCTBO

logy ai(n) < —eCt 4 0(CY), n — oo. (2)

. n .

OTO 0O3HAYaeT, YTO JIOJIA HKIIMU1 U3 M( ) CO CJIO?KHOCTBIO MEHbIIIEN
’ [

l;(n) cTpeMuTCd K HYJIIO IIpUA 1 — 00. B 4acTHOCTHU, 3TO J1aeT OIIEHK JIdd

7 )

dynkiyuu [lennona: npn i = [”TH] [oJIy9aeM, 9To Jjuist joboro € > 0

HaiiIeTCd JOCTATOYHO OOJIBIIIOE N, ITO B Mi(n) ecTb QYHKIWs f CO CIIOXK-
. 271Gl 1 3 3\n

HOCTBIO, GourbIeii (1 —E)W ~(l=e)si———a——7—-(5)", n — oo

2(logy 3—%)71 V™
DTO JIaeT CJEIYIONIYI0 ACUMIITOTHYECKYIO oreHKy (yukiun [lerrona:

Sh 1 3 3\"
L (n)z2(log23%)n.\/7r_.(§) oo 3)

Tem cambiM, JleMMa JTOKa3aHA.

3. Peammu3zarus moporoBbix pyHKITHIA

Temepb ycTaHOBUM BEPXHIOIO OIEHKY CJIOXKHOCTH PeasIu3aluu IOPO-
roBBIX (DYHKITHI, PACCMOTPEHHBIX B pasjese 2.
3.1. Cayuaii rpadoB

[Ipemoxkum MeTO ] peasu3aliuy MOPOroBoit yHKIUN ¢ ITOMOIIIHIO MH-
dopMaIMOHHBIX I'PadOB.
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JIemma 9. /Jlaa w060t fr(z1,...,x,) € ST 6vinoaneno
n—h < L(fy) <h(n—h+1)%

Hokazaresbcrso. [lycrs jgana noporosasi byukuust fr(z1, T2, ..., 2,) €
ST. llpeaoxuM cHada a8 KOHCTPYKIIMIO, B KOTOPO# KpOME ITePEMEHHBIX
HEKOTOPBIM pebpaM OyayT IPUMUCAHBI (DYHKIINK, TOXK/IECTBEHHO PABHDLIE
1, To ecTb MPOCTO MPOBOAAIINE KOHTAKTHI. [lajlee M3 MOSIyUYeHHONU KOH-
CTPYKIUH IIyTeM 3aMeHbl pebep ¢ 1 Ha HEeKOTOpBIe MyYuKu pedep MOy M
rpacd B Hamem 6azuce.

Nrak, dukcupyem HavaJbHYIO M KOHIIEBYIO BepiiuHy rpada u mo-
crpouM n — h + 1 HemepeceKarmuxcs MenovYeK JJTUHBL f, CoOeTnHATONNX
9TU BepIMUHbL. OOO3HAYUM UX C1, €2, . . ., Cph_p+1. KaZKIasl MENOYKA ¢; CO-
crout u3 h pebep 1 MOXKeT OBITH IIPEICTABIEHA KaK V;0€i1V;1€42 - - - €ihVihs
rje e;; — CyThb pebpa 9Toil IENOYKH, a v;; — BepmuHbl Henouku. [Ipu-
9eM v;9 U VU, — COOTBETCTBEHHO KOPEHL U KOHIIEBas BeplinHa rpada,
CJIeTOBATEILHO, OHU COBHAMIAIOT JJIsI BCEX 1.

Temnepn 3a/1a/1MM CII0COO, KOTOPBIM MTEPEMEHHbBIE OVIYT MPUITUCHIBATH-
cst pebpaM KarxkKJ0i IEHOYKU.

Kaxkjiomy pebpy e;; IpHUIIHUIIEM IIePeMEeHHYIO Tji;_1. 1akK, nepBomy
pebpy TepBoil MErnoYKu Oy/eT MpUIcaHa MepeMeHHast T1_14] = L1, a
rocJie/IHeMy pebpy TOcje Hel Menouku OyieT HTPHUINCcaHa IepeMeHHas
Tn—h+1+h—1 = Tn-

Hanee, n3 Kaxoit IpOMEXKyTOYHOI BepIIUHLL V5, ¢ = 1,...,n — A,
j=1,...,h — 1 BeimycTuM pebpPO ¢ MOMETKOH 1 B COOTBETCTBYIOIIYIO €l
BepUIMHY V;41; B CJelyoneil napaJie/bHoi Hernodke.

[Tokaxkem, a0 IOCTPOEHHBIH rpad peaausyer pyHkuo fp,. leiicrsu-
TeJIbHO, JIFOOOI Iy Th U3 KOPHS B KOHIIEBYIO BEPIITHHY cocTOoUT u3 h pebep,
KOTOPBIM TIPHUIIUCAHBI IIE€PEMEHHbIE X;, U pebep ¢ OTMeTKOo# 1, mpudem
BCe IIePeMeHHbIe Ha pebdpax Pas3/indHbl, TaK KaK UX UHJEKCHI 00sA3aTe b
HO BO3PACTAIOT C IIEPEMEIEeHNEeM OT KOPHsI K KOHIICBOW BEpIIUHE U OT
nepBoii nenodkn K rnocieaneit. C apyroit croponsbl, j000# HAOOp mepe-
MEHHBIX JIJINHBI /i MBI MOYXKEM YIIOPSJIOYUTD [0 BO3PACTAHUIO UHJIEKCOB U
[IOCJIEI0BATEILHO BBIIE/IUTD IEMOYKY, 10 KOTOPOl OH mpoxoanT. Takum
0o0pas3oM, BCe HUXKHHUE EIUHUITLI (DYHKIUH, PEATU3YyEeMOil MOCTPOECHHBIM
rpadoM, UMEIOT B TOYHOCTH h €JIUHUYIHBLIX KOMIIOHEHT, CJIEIOBATE/ILHO
510 U ecTb GyHKIUs fr(T1,...,Tn).
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Tenepsb crenaeM 3ameny pebep, KOTOPbIM Ipurincana 1 Ha My9YKH pe-
6ep, KOTOPBIME TIPUIIHCAHBI HEKOTOPBIE II€PEeMEHHbIe, TaK, YTOObI (DyHK-
[MUOHAJIBLHOCTL rpada He uaMmeHusjach. CHadaja 3aMEHUM KaXKJioe Ta-
Koe pebpo ImydkoM u3 1 pebep, KOTOPLIM IPHUINCAHBI BCE IMEPEMEHHBIC
X1y ..., Ty OYHKIIHOHATIBHOCTD Ipada IPU STOM, OUE€BUJIHO, HE U3MEHUT-
cst. OJTHAKO MBI cefiuac MOKaXKeM, UTO TaKasl 3aMeHa M30BITOUHA, I MOXKHO
O00OUTHUCH MEHBIITUM YUCJIOM pebep.

[TousiTHO, 4TO ecyi MBI Oy/ieM BBIKUILIBATDL pedpa 3 KaKUX-TO ITyd-
KOB, TO IIPOBOJUMOCTE I'pada TOJIBKO YMEHBIIUTCS, CJIEIOBATEILHO, HY K-
HO CJIeJINTD JIUIIb, YTOOBI BCe HEOOXOAMMBbIE HAOOPHI IMTPOXOIMIN 10 STUM
nydykaM. PaccMoTpum, Hampumep, Iy9doK pedep, BeyIuil u3 BepITUHbI
V11 B BEPIIUHY V1. IIycTb Kakoii-To HAOOP MPOXOJUT 10 ITOMY YUKy U3
HavaJIbHOW BEPIMUHLI B KOHIEBYI0. Ho Torma ox 06s13aTeIbHO JTO2KEH ObLT
ObI IPOITH U IO PeOPY €11, YTODOBI MOMACTb B BepiuHy v11. Ciie/ioBaTe/ib-
HO, TIEpBasi ero KOMIIOHEeHTa 00st3aTe/ibHO paBHa 1. OTCroa caemayer, 4To
€CJIM MBI BBIKHHEM U3 STOIO IIyYKa Bce pedpa 3a UCK/IIOYEHHEM OJIHOTO
¢ TIOMETKOI 1, MPOBOJUMOCTH BCero rpacda He m3MeHUTCs. AHAIOrHd-
HO MOYKHO 3aKJIOUUTh, 9TO B JIIOOOM ITyUYKe, UCXOJSINEM U3 MEHOYKU C|
MOXKHO BBIKHMHYTBH BCe pebpa, 3a UCKJIFOUEHHEeM OJIHOIO ¢ IOMETKON I1.

[TpoBojist 10/106HBIE PACCYKICHUS, MPUJIEM K BBIBOLLY, UTO JJIsA C;-i
[EMTOYKHU JOCTATOYHO OCTABUTHL pedpa 1, ..., T;, BeIxosdiue u3 unee. Ho,
C IPYTo#l CTOPOHBI, TAK KAK CXeMa Y HAC [EHTPAJIbHO-CUMMETPUIHAS, JIJIsT
Ka K JI0il TaKOil IIEMOUKH TaKXKe JJOCTATOYHO OCTABUTH PEOPA Xjth, - - - , L.

Jlaee MO2KHO BBIOpPATD It KAXKIOTO IIYYKa, OJTHO U3 3TUX MHOYKECTB
Tak, 9T00BI CyMMapHasi CJIOKHOCTH rpada Oblia MUHUMAJILHON. B j1r060M
ciydae, CJIOKHOCTH rpada Oyaer He Oojblile, UeM 4YHCIO pedep B 3TOM
rpade, a nx se Gompme (n —h+1)h+ (b —1) - | n—h [2.

DTO0 J1aeT BEPXHIOK OIEHKY CJIOXKHOCTU (PYHKITUN

L(fn) < h(n —h+1)*,

Ocranoch 3aMeTUTh, YTO HUYKHsISI OIEHKA CJIEJyeT U3 JIEMMBbI 5 pa-
6orer [2] u Toro, uro (1(fn) = h u (o(fr) = n — h (byukuun ¢ u o
onpe/iesieHsl B [2]).

Jlemma nokazana.

3ameuanue. Jlemma 9 rOBOPHUT O TOM, HYTO BEPXHHAS OIEHKA
CJIOKHOCTH PEAIM3AIMNA HEKOTOPBIX MOPOroBbIX (yHKIWIA (HAIpUMED
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f[%](xl, ...,Ty)) C HOMOIIBIO MOHOTOHHBIX MHMOPMAIMOHHBIX I'PadOoB
MeHbIIle HUYKHEN OIEHKU CJIO?KHOCTH WX PEAJTU3AIUU C MOMOIIBIO JIepe-
BbEB (CM. yTBEDXK/JICHUE JIEMMBI 5). DTO 03HAYAET, YTO € MOMOIIIBIO TOJIHKO
JIEPEBBEB ONTUMAJIBLHONU CJIOKHOCTHU JIOCTUYD HEJIB34.

3.2. Cayuaii nepeBbeB

Jlemma 10. Jas mobot 6. . fr(z1,...,2,) € ST npu h < [5] cvinoa-
HEHO
Lp(fn) <10-27h*1ch,

HoxkazareabcTBo. Paccmorpum paziioxkenne GYHKIME [ B CIEIYIOMEM
BHUJIE:

fo(zr, 22, ... 2p) =

= (acl V $2)fh,1(x3, - ,l’n) V $1x2fh,2(x3, .. ,xn) V fh(ac3, . ,l'n).

Jlioboe paznoxenne ¢yuxnuu B 6azuce V, & 3amaer crnocod mocTpo-
UTh Ipad WiIn JepPeBo U3 Mo ArpadpoB WK MOJIEPEBBEB, COOTBETCTBYOIITUX
o/ YHKIIASIM B PA3JIOXKEHUH, & UMEHHO, TU3bIOHKIINS COOTBETCTBYET TIa-
pPAJIEJIBHOMY COeJIMHEHUIO TIOAIPadOB UJIH ITOJJIEPEBBER, 8 KOHBIOHKITUSI
[IOCJIEIOBATEILHOMY COEIUHEHUIO IpadOB UJIN JIEKAPTOBY IIPOU3BEJICHUIO
JIEPEBBEB, TO €CTh K KaXKJOH KOHIEBOI BEpIIUHE IEPBOrO JI€PEBa IPH-
CTpamBaeTCsi BTOPOe JIEPEBO.

Bamernm Takxke, 9ro jgepeBo Dp(xi,...,xn) i yHKIUM
fn(x1,...,2,) MoxknO moctpouts u3 gepesa Dj . (x1,...,Tp) A
fh—1(z1,...,2y), IPUCOEIMHUB K HEKOTOPHIM KOHIIEBBIM BEPIINHAM IO~

CJIeTHEro jiepeBa pebpa, KoTopblie OyIyT BECTH B BEPIIUHbBI, KOHIIEBBIE JIJIsT
nepesa Dy, A mmvenno, ecim B siepese D} | eCTb IIyTh C IIpeUKATaMH
Z1,...,Th_1 B KOHIEBYIO BEpIIUHY 3TOrO JIEpeBa, TO BBIIYCTUB U3 ITOMI
BEPIIIHMHLI PeOpa C MPEJUKATAMUI L}, Lh41, - - - , Ly, MBI HOJYIUM, YTO OHH
KaK pa3 o0pa3yloT KOHIEBbIE BEPIIHHBI JjIst jepea Dj (mosry<dusiimme-
¢S IYTH TPOIYCKAIOT B TOYHOCTU HAOOPBI, COOTBETCTBYIOIIUE HUKHIM
equHunaM byHKImU fp,). OueBHHO Tak:Ke, UTO U3 BCEX KOHIIEBBIX BEp-
muH gepesa D} | MOXKHO IIPOBECTH POBHO 110 OJIHOMY peOpy s KazK 1ot
HUKHEN enuHuTibl QYHKIUU ff,, TO €CTh BCETO C’ff pebep.
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TaxuM 06pa30M, MBI MOYXKEM PeAIU30BaTh JICPEBO JJIs beHKuHH (x1V
22) fr—1(x3,...,2n) V fr(z3,...,2,), mocTpous gepeso D)~ 1(303, cey Tp)
U BBIIYCTUB U3 BCEX €ro KOHIIEBLIX BEpIIMH 110 J(Ba pebpa ¢ IpeKaTa-
ME 1, T2, 9TOOBI PeaJM30BaTh MepByo KoHbioHKmmo, 1 C! , pebep c

[PEJUKATAMY T3, T4, ... , LTp_1 WIA Ly, HEOOXOIUMBIX JIJIsI PEATH3AIITT
bynxmun fp (w3, .., 7).

(DyHKuI/Ho x122fh—o(x3,...,2,) peamE3yeM OPOCTO  JIEPEBOM
Dy~ 2(303, ..., Zp), IOCTPOGHHOM Ha IOCJIEJI0BATEIHHO COEJIMHEHHBIX Peb-

pax C IpeIuKaTaMHu T U T9.

Hepeso st Beeit dyuximn fr(z1, 2, . .., Ty,) HOILyYaETCS, TAKAM 00~
pa3oM, IyTeM MapalIeJIbHOTO O0beIMHEHUS JIBYX TOJIBKO UTO ITOCTPOEH-
HBIX JI€PEBLEB.

Takum obOpazoM, MBI 3aJaJd AJTOPUTM IIOCTPOEHUSI JepeBa
DMz, ...,2,) u3 gepesbes D} ?(zs, ..., x,) m D} 5(xs3, ..., 3p).

Ocranoch onpejemmTsb, Kak OyyT BHIIAICTL Jepesba Dy misa h =
0, 1, Torma ocrajbHBIE JEPEBbsi OY/yT CTPOUTHCS U3 HUX (1 HE MOXKET
ObITh MeHbIIe h).

OueBnHO, YTO ONITUMATIBHBIM JlepeBoM D (21, . .., Ty ) A1t DyHKIHINT
fo(z1,...,2,) = 0 Gyzer mycroe JepeBo co ciaokuocTbio 0, a jist BhyHK-
wan fi(z1,...,2,) =21V -V, — gepeso DY (z1,...,Z,), cOCTOsIIEE N3
n mapaJjjielbHbIX pebep ¢ IpeIuKaTaMUu &1, X2, ..., Ly, BEAYIIAX B KOH-
1ieBble BepiuHbl. CJI0YKHOCTH TOCIEHETO JepeBa paBHa Nn.

ITo nmocrpoennto nepesa D} (1, ..., %), €r0 CIOKHOCTD YJIOBJIETBO-
psieT PEKYPPEHTHOMY COOTHOIIIEHHIO

L(D}) = L(DP~2) + 27" @ch—) +ct,) +1.5+0.25- L(D}72).

pebpa n3 KOHIEBBIX BEPIITUH DZ:? xlngZ:g(x:;,...,xn)
IToxkarkem, 9TO JJIsT HEKOTOPOTO c(n) BBIHOJIHAECTCH
n —h+1~h
L(Dy) <e(n) -2 Cy. (4)

Ouesujno, uro npu h = 0,1 u j0O60M 7 OLEHKA BBIIOJHIETCH IIPU
c(n) = 1. Ilycrs ¢(0) = ¢(1) = 1.

[Iycts Temeps h > 2 (a ciefoBaTesbHO U n > 2), W JUIst BCEX
ni, h1 < n, h dyskys ¢(ny) onpejeseHa Tak, YTO BBIIOJHEHA OIeHKa (4).
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Ucnonssyst pekyppenTHoe cooTromenne s L(D}') momydaem

L(D}) < e(n —2) - 272003 4271200 )+ Ol y) +

+1540.25 c(n—2) 27 "3Ch=2 =
= 27" (2:e(n—2)-Cp 75 +2C, 5+ +0.25-¢(n—2)-4C, 5) +15 =

_ 27h+1ch (2~c(n—2)+2)~h(n—h)+(n(—h)§7)1—h—1)+c(n—2)~h(h—1) +15 =
_ o—h+1h [ c(n—2)-h(2n—h—1)+(n—h)(n+h—1) 1.5.2h—1
= g~h+1ch ( e L ) .
HYCT]) d(n) — I}?ax 12(7’1—2)~h(27’L—hz1)_-‘yig’l’b—h)(n-‘rh—1)7 a C(TL) _ d(n) +
gg nn
max 2321 > 2. Torya BbIIO/IHEHO L(D7) < ¢(n) - 27"1CH | u ocra-

h

h<z O
JIOCB JINIIB ONEHHUTD ¢(n).

IIpu ¢(n) > 1 makcumyM B oupejeneHuu d(n) JOCTHUIaeTCs B TOUKE

[5]. Heiicreurensho, npoussoanas 1o h uucimTens pasna c(n — 2)(2n —

—2 1—c(n—2
2h —1) —2h + 1 u e y6bIBaer npu h < ﬁfz(n_)g) + 2(1+CC(&_2))), (careioBa-
TEJILHO M TP Beex h < 5).

Torna

c(n—2)-[5]Cn -5 -+ - [5)n+[5]-1)
n(n —1) ’

d(n) =

Ecin n — 4gernoe, TO nosyunm

d(n) =

Ecim n — HEYIETHOE, TO IIOJIyYINM

=) e n )y
d(n) = n(n —1) N
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Taxum obpasoM, BuguM, 4to ¢(n) = d(n) > 1, u ¢(n) — 3, n — oo.
oh—1
1.5(/%%
10, To d(n) < 9, u caenoBarensuo, ¢(n) < 10.
Buauur Vn c(n) < 10, Tak kak ¢(0) = ¢(1) =1 < 10.

1o O3Ha4daeT, 9TO

OueBuiHo, 9T0 IPHU h < % nMeeM < 1. Ilpuuem ecom ¢(n—2) <

L(D}) < 10-27h1ch,

Ho ciroxxaocTs (byHKIME IO ONpEE/IEHUIO He OOJIbINE YeM CJI0KHOCTD
JiepeBa, KoTopoe ee peasjudyeT. Takum oOpa3oM, jieMMa JTOKa3aHA.

Ob6benuusis pe3yabTaT TON JIEMMBI ¢ YTBEPKICHTeM JieMM 5 1 9 1o-
JlydaeM yTBepXKJIeHHe TeOPEMBI 3.

4. Peanusaliysi Npou3BOJIbLHOW MOHOTOHHOIT Oy-
JeBoii pyHKIUNI

JLst Ipon3BOJIBHON MOHOTOHHOI 6. . f HEOOXOMUMO ITOCTPOUTH MO-
HOTOHHBIN MH(MOPMAIMOHHBIN rpad, KOTOPBIH ee peajiu3yer u obJaiaeT
KaK MOYKHO MEHBIIIEH CJI0KHOCTBIO.

Haunem ¢ mocrpoenust nHMOPMAIMOHHOTO JI€PEBA, PEAJUIYIOIIETO
dyukmuo f. [lpudem OymaeM CTPOUTH €0 MyTEM BBIIETICHUS HEKOTOPBIX
BepiuH u pebep OyiieBa Kyba (paccmarpuBaeM OyieB Kyb kak rpad By,).
MoxkHO cUuTaTh, 9TO KaXKI0My pedbpy OysieBa Kyba mpunncana mepeMeH-
Hasl, KOTOpast pa3jiniaeT HaDOPbI, CBA3aHHbIE 3TUM pebpom. Torjaa pedbpy
uHMOPMAIIMOHHOTO JIepeBa Oy/IeT MPUITHCAH COOTBETCTBYIONTUIT TPETMKAT.

Kopnewm jiepeBa Oyjier sIBIATHC BepinnHa OysieBa Kyba, COOTBETCTBY-
tomast zabopy (0,0, ... ,0).

PaccmoTpum crieyrommuit aJropuT™ BbIJICJIEHUsT BEPIUH U pebep Oy-
JeBa Kyba. Bysem npocmarpuBarh Ky6 cBepXy BHU3 IO YPOBHSIM (TO €CTh
or mabopa (1,1,...,1) mo nadopa (0,0, ...,0)). Ha kaxom yposae Oy1em
BBIJIEJISITH MHOXKECTBO BEPINIUH Ky0a KOTOpBIE BOWIYT B MH(MOPMAIMOH-
HOE JIEPEBO, U B KOTOPBIE HAJTO TPOBECTH TIEMTOYUKY N3 HATAILHOMN BEPITHHBI
JepeBa. Bymecre ¢ BbljIeJIEHHEM TAKOI'O MHOXKECTBA Oy/I€eM OIHUCHIBATH, Ka-
KUMHU pedpaMu Hy2KHO COEIUHUTH ITU BEPIIUHBLI MeEXK 1y co00il, YTOObI B
UTOr'e MOJIYYMJIOCh JIEPEBO JOCTATOYHO MAJEHBKOW CJIOKHOCTH.
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st kaxkmoro cjos 4 dyepes A; 0003HaUUM MHOXKECTBO BepILIUH KyO0a,
B KOTOpBIe OYyJIEeT IPOBeJIeHa MEeM0YKa, M3 KOPHsI JepeBa.

Obozuaunm depes A pabodee MHOXKECTBO BEpIIUH, ¢ KOTOPBIM Oy-
net paborars ajaroputM. [lar agropurMa 6yaeT COCTOATH B OIPEACICHUN
MHOXKecTBa, A; 1151 i-ro ciosi. Ha miepBoM Imare ompeaeanTcss MHOXKECTBO
A, Ha ToOCTIEaHEM — MHOXKECTBO Ag.

Nrak, cauayaia pacCMOTPUM MHOXKECTBO BCEX HUKHUX €IMHUL, (PyHK-
nuun f. Yepes \; 0003HAUNM MHOXKECTBO TeX HUKHHMX €IUHUIL PYHKITIN
f, KoTophie JiexkaT Ha i-M cjioe OyjeBa Kyba.

Bo-tiepBbix, jist KayK10ro ¢JI0st ¢ B A; BOMIYT Bce HUXKHME €JIUHUIBI
9TOro cJios, To ecth A; C A;. s Bepxuero cjost n 6oJbine B A, HIYEro
BXOJIUTH He OyJieT (3aMeTuM, 9TO OH MOYKET OKa3aThCsl U ILyCTHIM).

Hanee, mycThb 7711 KAKOTO-TO €105t § + 1 MBI ompemenuan Ajyq.

3aHeceM ero B MHOXKECTBO A M BBIIIOJIHUM IIAr aJlOPUTMa JIJIs CJIOS
1. sHauayibHO B A; HaXOIsITCsI BCe HUXKHUE eMHUITLI cJiost §. lajee Oy-
JeM OpaTh 110 4 BeplIuHbl 13 A TaKMX, 9YTO OHU MMEIOT ODLIYIO0 CMEsKHYIO
BepmuHy Ha, cjioe ¢. Jia kaxkaoi Takoit derBepku OygemM 3aHOCUTH 00-
IIYI0 CMEXKHYIO BEPIIMHY B A;, a caMM BEpPUIMHBLI YAAISITH U3 pabodero
MHOXKeCTBa. [lycTh MBI IpoJiesTan TaHHYO OITEPAIAIO JIJIsT BCEX BO3MOXK-
HBIX 9eTBEPOK M3 PabOIero MHOXKECTBa, W OOJIbIIE ee HeIb3sl IPUMEHUTH
HU K KaKO# ocTaBIleiicsl YeTBepKe BepIIuH. Torma Jijisi BCeX OCTABIIIMXCS
B pabodeM MHOKECTBE BEPIINMH Mbl BLIOUPAEM IIPOU3BOJILHYIO CMEXKHYIO
BEPIIINHY Ha CJIOe ¢ W 3aHOCHM ee B A;, a camy BepIIUHY yIAaJasieM u3
pabouero MHOXKECTBA.

B pesynbraTte mpuMeHeHNs IBYX TaKUX Ollepaliuii paboiee MHOXKECTBO
CTaHeT IyCThIM, a A; OyIeT comep:KaTh Te BepLIMHLI, KOTOPLIe BOWIYT B
JIepeBo, peamsyoriee PYHKINI f.

Jlepero, peanuzytornee QYHKIUO [, TeM CaMbIM, CTPOUTCS CJIEITY-
IOIUM OYeBUIAHBIM o6pasoMm. Mbl pacrosiaraem MHOXKecTBa Ao (KOpeHb
nepesa), Aq,..., A, 10CII€I0BATEILHO HA PA3HBIX YPOBHIX OT KOPHS U
COeJIMHSIEM BEPIIMHBI Ha COCEIHHUX CJIOSIX pebpaMu COTJIACHO TOMY, Kak
dopMmupoBasinch MHOXKecTBa, A;. A MMEHHO, ecii BepIIMHA U Ha CJIOE §
Obl1a 0OpaszoBaHa B pe3yJbTaTe IEPBOil OMEpAIUU, TO OHA COCIUHSICTCS
pebpamu ¢ 4eTbIpbMsl BepinuHaMu Ha (i + 1)-M ciioe, KoTopbie ee 06pa3o-
Basin. Ecin ona 6p11a 0Opa3oBaHa OIHOI BEPIIMHON, TO OHA COEINHSIETCST
pebpoM € 9TOI BEPIINHOIA.
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Bce Beprunbl, Bxogsimue B A;, ¢ = 0, ..., n BblJeIsieM KaK KOHIIEBBIE
BepIuHbl jiepeBa. OQUeBUIHO, YTO B PE3yJIbTaTe MbI TOJIYIUM JEPEBO Ta-
KOe, UTO KaXKJIof HuKHell epunnie GyHKIUA f COOTBETCTBYET BEPIINUHA
9TOrO JepeBa, U K ITOH BEPIINUHE UIET POBHO O/IHA MEMOYKA, TPOBOIAIIAS
BCce HADOPBI, OoJIbINKE JIUOO PABHBIE TOW HUYKHEH €JIIMHUIIBI.

Takum 06pasoM, JepeBo B TOYHOCTU peayin3yeT (DYHKIHIO f.

OrneHuM Terepb CJI0KHOCTH TAKOTO JIEPEBA.

Bo-mepBbix, orteHnM 9HC/I0 BEPIINH Ha KaxKI0M cyioe 1+ 1 OyseBa Kyba
B, K KOTOPBIM MOIJIa OBITh TPUMEHEHA Olepalisi 2 HAIIero ajropuTMa.
MuoskecTBO Takux BepmnH K; JTOIKHO 007a1aTh CBOMCTBOM, UTO HUKAa-
Kue 4 ero BepIIMHbI HE UMEIOT CMEXKHOI BEpIIUHBI Ha i-M cJjoe OyJieBa
Kyba. V3BecTHO, uTOo Kaxkias Bepmmna (i+ 1)-ro cios Oysiea Ky6a B,
coeJMHEHA ¢ ¢ + 1 BepIMHAME -0 CJIOS, & KaxKJasd BEPIIUHA ¢-TO CJIOs
coesHeHa ¢ n — i BepuHaMu (i41)-ro ciosi. Torpa st 11060ii BepITMHBL
i-T'0 CJIOsI €CTh KaK MUHUMYM 1 — i — 3 BepIIHHbI Ha (i41)-M ci10e, KoTopble
e mpuHasexkat K;. Tak kax na i-m cyoe S (i) = C? Bepmmm, To Beero mo-
ayanm S(2)-(n—i—3) Bepruns, He npuHaexanmx ;. O1Hako, HEKOTO-
pbIe BEPIIUHBI MOIVIM OBITH MOCUYUTAHBI HECKOJIBLKO pa3, HO He Hojiee, ueM
1+ 1. CiaegoBaTeIbHO, KOJMYECTBO BEPIIUH Ha 1 + 1-M cjioe, He IpUHa/I-
gexamux K; Kak MuHAMyM S (z)”;ﬁ?’ MomaocTs MHOXKECTBa K;, TeMm
caMbIM, He 6oJlee, 4eM S(i+1)75(i)”;TiI3 = S(z)(%f”;;?’) = S(z)zJ%1

st mepeBa MOJICYET CJIOKHOCTH HE IIPEJCTABJISIET TPY/a, €CIU U3-

BECTHBI KOJIMYECTBA BEPIIUH Ha KarKJIOM CJIoe, & UMEHHO, CJIOKHOCTD Jie-
peBa B HallleM ciiy4ae OyJleT paBHa

L(D) = 3. %)
=1

Takum 06pa3oM, HAM Hy?KHO OLEHUTH JIUIIb MOITHOCTU MHOYKECTB A;.

Kazkioe MHOMXKeCTBO A; sIBiIsIeTCst 0ObeIHHEHIEM TPEX MHOMKECTB: \j,
Al, xoTopoe cocrout u3 BepINH, HOPOYK/IEHHLIX oneparyeli 1 anrropurma
nocTpoennst jepesa, n A%, KOTOpoe COCTOMT U3 BEPIIHH, TIOPOKJICHHBIX
oneparueil 2 aaropuTrMma.

2

st AY oleHKa CileJlyeT U3 TOJIBKO YTO JIOKA3aHHOIO YTBEPIKIICHHSI
a1 MHOYKecTBa K, a umenno, |A?| < S(z)Hi1 (kaktas Bepumua u3 K;
HOpOKJIaeT poBHO oy Bepmiuny B A?). Muoxecrso A} ornennm csepxy

A.
gax i1l ’4+1|.
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Takum o6pa30M, nMeeEM CUCTEMY HEPaBEHCTB:

Anl < [l )
A—t] < |Aaca| + 2S(n — 1) + el

e N
il < Il + 2786) + B,
e .
(A1 < Pl + §5(1) + 152,

JloMHOXKast HA COOTBETCTBYIONINE KOIMDPUITUEHTDI, IOy IaeM:

2 A, | < 27N,

2_n+2|An71| < 2—n+2|)\n71| + 2_n+2%5(n B 1) + 2*’ﬂ+21|An|’

. . o . —1 Ai
27| A < 27T\ | 4 27 B 6y bl

A1 < [h]+ 38(1) + 28

CyMMupysi Bce HEpaBEHCTBA, OJIyYaeM

n n n—1 3 1 n

—i41A . —i41y . —i+1 . - —i+1A .
§' 1:2 IA] < §' 1:2 W*E 1:2 —i+15(z)+2§ 1:2 ™
i= i= i= i=

[TepeHocuM camyio TIPAByIO CyMMY B JIEBYIO 9acTh U IOJCTABJISEM TIOJTY-
4yeHHyo olieHKy B (5). [losy4uaem

n n—1
. . 3 .
D) <Y 227 A+ Y227 80, (6)
i=1 =1

Bropoe ciaraemoe He 3aBHCUT OT KOHKPETHON (DYHKIIUH U MOXKET
OBITH OIEHEHO CJIELYIONINM O00Pa30M:

n—1

n—1
. 3 n!
2.2*14’1—5 _12 2 [ — 2 i 7/_;'_1
I R M e S
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Yepes R, (i) obosnaunm ey 21O koTopast paBHa ciioxHO-
cTH Bcex pebep, BXOAAIMX Ha i-# cjioit Oy/ieBa kyda. VImento sTa Beundn-
Ha, SBJIsIJIACH HIKHEN OIEHKON CJIOZKHOCTH PeaJIM3allii IIOPOTroBoil (pyHK-
1y f; ¢ MOMOIIBIO JiepeBbeB. R, = max R, (i) — MakcuMmaJbHas CJI0XK-

i=1,...,

HoCTB ciloeB Gyitesa Kyba. B pasiene 2 nokasamo, uro R, = R, ([%El])

sBJIsIeTCs HUKHell orenkoit dyukimu [Ilennona B Kiacce J1epeBbeB.
ITpo/IosIzKUM OIEHKY BTOPOrO cJlaraeMoro u3 HepaseHcTsa (6).

n—1

n—1
3 12
D 227250 > Rpy1(i+1)<12Rp4 ~ 18Ry, n — 0.
— 1+ 1 n+1 —

JIJ1s OIeHKM [IEpBOTO CJIAraeéMOro YCTAHOBHUM DPsiJi yTBEPIKICHUIA.

BBe/ieM OHSATHE TEHH TOYKU U MHOXKECTBA.

[Tycrs naHo Hekoropoe MHOXKecTBO S Beprus Oysesa Kyba {0,1}".
Tenvro T(S) muHOXKecTBa S HA30BEM MHOXKECTBO TaKUX HabOPOB U3
{0,1}™, 9ro st KazKJIOro U3 HUX UMEETCsl HPEJIIEeCTBYOIIH MO0 paB-
ublii Habop u3 S. To ecte T'(S) ={v | Jw € S : w < v}.

ITycrs v — npousBosibHast Bepimuna k-ro ciost u3 {0, 1}". Muoxecrso
sepmul w (k + r)-ro ciuost u3 {0,1}", rae r > 1 n k + r < n, Takux, 910
W >~ v, HA30BEM T-MeHbl0 BEPITUHBI V.

IIycts S = {v1,..., v} — HeKOTOpOE MHOXKECTBO BepinHd u3 {0, 11"

) ) m ) )

B KayKJOf M3 KOTOpLIX mMmeercs He Gojiee n — r ejunui,. [Ipu kaxiom
j = 1,2,...,r obosnaunm uepes T7(S) muoxkecrso sepimu u3 {0,1}",

KaxK/as U3 KOTOPBIX HPHHAJJIEIKUT j-TEHU HEKOTOPOH BEPIIHHBI U3 S.
Muozxkecrso T7(S) nHazoBéM j-menvio MHOXKeCTBA S.

Jlemma 11. Ilycmv M — nexomopoe MHoaHcecmeo epulh i-20 cAos Oy-
M T (M

sesa kyoa {0,1}", moeda % < %

Wum, 3aHumaemas mmroocecmaom M na caoe byaesa wyba me ymervua-

EmcsAa npu nepexode ® 1-menu 29moao mHodcecmaea.

. Apyeumu crosamu, doars eep-

Hoxka3zaresberBo. M3Becrro, uro kKaxaas BepiiuHa (i + 1)-ro citost co-
eJIuHeHa C ¢ + 1 BepIIMHAMU ¢-T'0 CJIOsI, a KaXKJasli BEPIINHA ¢-I'0 CJIOS
coesHena ¢ n — i BepimuaaMu (i 4+ 1)-ro ciosi. Torma obast BepimHa u3
MHOXKecTBa M coejuHeHa B TOYHOCTH C 1 — ¢ BEPIIMHAMHU M3 MHOYKECTBA
TY(M) na (i+1)-m croe. Oanako, Hekotopbie Bepmuael u3 T (M) MoryT
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OBITD CO€IMHEHDBI C HECKOJIbKMMU BEPIINHaAMM N3 M, HO He 6OJIee, 9eM C

i + 1. Creyosarenbio, kommdectso BepnmH B TH(M) He menbIe, dem
|M]-(n—1)
i+1
ave (i + 1)S(i + 1) = (n —1)S(i). Orcioga cienyer, IT0

. Mexy S(i) n S(i+ 1) MOKHO 3aIECATH OYEBUIHOE COOTHOIIE-

M) IM|-(n—i) _ [M]-(n—d) _ |M]
SiE+1) " (+1)SGE+1)  (m—i)S3E)  S@)

Yro n Tpe6OBaJIOCI> J0Ka3aThb.

Jlemma 12. Ilycmwv dana monomonnan gynkuus f, u Ay — MHOMHCECTNEO
ee HUIACHUT eQUHUY, HaA 1-M CA0e DYAEBa KYba, M020a 8bINOANEHO HePaset-
cmeo

[\l
<1
S(i)

n

=0
HoxkazaresbcTBo. O603HaUNM Yepe3 fi; MHOKECTBO BEPINUH i-TO CJI0S
OyseBa Ky0a, MPUHAJIEXKAIIUX T€HH MHOXKecTBa Ag U Ay U -+ U A;. Oue-
BUJIHO, 9TO fig = Ao ¥ pt; = T (pi—1) U s, i > 0. D10 cieayer us To-
ro, 9TO HUKAKasd HUZKHSS €IUHAIA He MOYKET NPUHAJJICKATH TEHN JIPYy-
roit HKHel equmuIEl, U Toro, uro T(S) = THS)u THTY(S) U - - U

11 1

THT(...(T*(S))...)).

PaccvoTrpum Teneph BETMIUHBI klg“(j) Hnst 1 = 0 umeem l“(—gl) = %,
a s ¢ > 0 umeem % = |T1(“’§é;|+w| = lTlé’E;;”' + klg/\(;l) Hcnonb3ys
aemmy 11 nmeem
il _ Tl N il A
S(i) S(i) Sy~ SGE—1)  S@)

()“IGBI/L[LHO7 9TO J0JIdd BEPIINH, IIPUHAJJICZKAIINX TeHN HUKHUX € ITUHUIL

Ha KazKJI0OM CJIOE€ HE oospire 1. B ToM 4nciae 9To BBIIOJIHEHO JIA N-TO

|2i
cnos. Vcnosnb3yst TOJBKO 9TO HOJIyYEHHYIO OIEHKY JIJIst () Hostyaem

|f1n lin—1] |\n
1> > > ...
S() ~ S(n—1) " S(n)

JlemMma mokazaHa.
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3aMeTuM, ITO PABEHCTBO B 9TOM HEPABEHCTBE JIOCTUTACTCS Ha JII0DO0it
moporoBoii pyakmuu fr, € ST, Tak Kak BCe HUMKHUE €IUHUIBI TAKUX
byHKIINN PACIIONIOKEHBI HA OJTHOM CJioe OysieBa KyOa.

Urak, BepHEMCsI K OIEHKE IIEPBOTO CJAraeMoro u3 HepaseHCTBa (6).
OueBuIHO, BBIIIOJHEHO

227N =) 2278 Al _
22N = 2 22l
- N Al
—2.%"R, <2-R, | <9R,,.
2 Ry <20 P 2

O6’be,IH/IHHH C OHeHKOfI JJIs BTOPOT'o cjlaracMoro, I1oJrydaem
L(D) < 2R, + 12R, 41 ~ 20R,,, n — oo.

MpbI moJIyYniv BEpPXHIOIO OIEHKY Ha CJIOXKHOCTH PeaJIM3allidl IPOn3-
BOJIbHO# MOH. 6. ¢. f C IOMOIIBIO JIEPEBBEB, TAKUM O0OPa30M, CIIPABE/I-
JINBA CJIEIYIONIAs JIeMMa.

JIemma 13. Jlas mo60t mon. 6. ¢. f(x1,...,2,) € M 6vnosneno
Lp(f) <2R, +12R,41.

O6beunsst 3TOT pe3yabTaT ¢ HuzKHeil onenkoii dynkiun [lennona B
ksacce rpados (1emmMa 8) U B Kiacce JiepeBbeB (CJe/cTBre 2) HoJrydaeM
yTBEepZKJIeHIe TeopeMbl 1.

5. OneHK’ CJI0XKHOCTHU /JIJIsi MOYTH BCEX MOHO-
TOHHBIX OyJ/IeBbIX (DYyHKIIHT

B sTom pazjiesie Mbl pACCMOTPUM OIEHKHU CJIOKHOCTH PEAJIABAIMH TI0-
YTH BCEX MOHOTOHHBIX OyJIEBBIX (DYHKIIHII C MOMOIIBE MOHOTOHHBIX WH-
dopManMOHHBIX I'PadOB.

OCHOBOIT 3TUX OIEHOK OyJIeT cJIyKuTh pesyiabrar Koprryrosa A. /1. o
KOHCTPYKITUU MOHOTOHHBIX OYJIEBBIX (PYHKIIHIA.
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Teopema 4 ([4]). Houmu wxaorcdas monomonnasn 6. ¢h. f(x1,...,2,)
umeem coxpawernyto 0.1.¢. D.(f) maxyro, wmo npu n — oo

n
e D.(f) cocmoum us r konsronkuud, 2de r ~ %C,[f],

® NPU YeMHBIT N 6 Kadtcoyro Konsronkyuto ud D.(f) exodum ne menee

5 — 1 u ne boaee 5 + 1 nepemennviz,

o npu HeuemHur N 6 Kadrcoyo konsonkyuto ud D.(f) exodum mne
n—3 n+3

menee 5= u ne boaee TS NepemMenmbLT.
DTy TeopeMy MOXKHO TakKe 1epedOpMyINPOBaTh JIPDYTUMHU CJIOBAMH,
a UMEHHO, ITO IIOYTHA BCE MOHOTOHHBIE OyJIEBBI (DYHKITUU UMEIOT ACHMII-

7
TOTHYIECKN %C,[F] HUKHUX €UMHUATT U BCE 9TU €JIMHUIBI PACITOIOKEHBI Ha
cioax ¢ [5] — 1 mo |§[+1.

Janee 6ynem MCMONB30BATH UJIEI0 U3 pasjena 2, COCTOSIIYIO B TOM,
ITO CJIOZKHOCTH MWH(MOPMAITHOHHOTO JEPeBa, PeaTn3yIoIero MOHOTOHHYIO
6. &. f, HE MeHbBIIE CyMMApPHON CJIOXKHOCTH pebep, BXOISIINX B KOHIIE-
BbI€ BEPIIMHBI, & TEX B CBOIO OYEpe/Ib HE MEHbIIle UUC/Ia HIKHIX €TUHUIL

byukiun f.
JIemma 14. Jas noumu ecex mon. 6. . f(x1,...,2,) € M 6vnosneno

ol2]
L Z — )

JokazaTeabcTBo. BosbMeMm nmponsBosibayo GyHKIMO f, yIOBICTBODSI-
IOIIYIO CBOMCTBAM B yTBEPKJIEHUU TEOPEMBbI 4.

st Hee cymecTByeT HHGMOPMAIIMOHHOE JiepeBo [, KOTOpoe pean3yer
9Ty (DYHKIUIO ONTHUMAJIBHO.

N3 nemmbl 2 ciieryer, 94To KaxK 0l HUXKHEH euanIe GyHKIUI f coor-
BETCTBYET 110 KpafiHeil Mepe OJiHa KOHIIeBas BepIuHa Jjiepesa D, mpuiem
JJI Ppa3HbIX HUZKHUX €JUHHUIL 9TU BEPHINHBLI Ppa3HBbIC. TaK KaK BCE€ HUXK-
Hue euHUIB pyHKIME [ PACHOIOXKEHB! He Bbime |5 [+1-ro crod, To u3
JIEMMBI 7 CJIEJLyeT, UYTO CJIOKHOCTH JIF0O0TO pebpa B jiepeBe D He MeHbIIe
27]%[, B TOM 9YHCJIE BCeX pebep, BEAyNINX B KOHIEBLIE BEPIIUHEI.

[TosTomy citokHOCTD JiepeBa D OIEHUBAETCS CHU3Y KaK YUCJIO HUXK-
HUX enuHuIl GYHKINN f yMHOXKEHHOE Ha MAUHUMAJBLHYIO CJIOKHOCTD Ped-
pa. Nmeem
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L)z hel it 2 LT
Jlammoe HepaBEHCTBO JIOKA3LIBAET JIEMMY.
JIemma 15. /Jlaa nowmu ecex mon. 6. . f(x1,...,2,) € M 6wnoaneno
951
L(f) 2 ——, n — <.

~ 2nymn’

JokazareabcTBo. s mosydeHus: HUXKHEH OIEHKHA B Kjacce rpados

BOCIIOJIB3YyEMCsl MOIIHOCTHOI OIIEHKO#, IIOJIy4YeHHO# B paz/ieie 2.
(n)

13+
KOTOPBIX HUXKHUE €JIMHUIIBI PACIIOJIOXKEHBI Ha CJIOSX HE BBIIIE ]%[—&—1. Teo-

PaccmorpuMm MHOXKeCTBO (DyHKITHIT TO €cTh TeX (DyHKIHil, y

peMa 4 yTBepKIaeT, ITO ]\4](2 1 COTEPZKUT HOYTH BCE MOHOTOHHBIE dyHK-
2

n or n nepeMenHbix. C Ipyroii CTOPOHBI, U3 HepaBeHCTBA (2) JeMMbI 8
CJIEJIYET, YTO B 9TOM MHOXKECTBE J0Jist (DYHKITUH, CJIO2KHOCTb KOTOPBIX HE

—18[-1 5[+
5)2 217°C,

6osbre (1 — W{_ﬂn) crpemnTes K 0 myrsa smoboro € > 0.

OTCIOIL& MO2KHO 3aKJ/IIOUYUTDH, 9TO IJIgd ITOYTU BCEX MOHOTOHHBIX (byHK—
HI/IIL/'I f CIIpaBE€/IJINBa CJICAYIOIIasd OIIEHKa Ha MX CJIO2KHOCTDb:

NERLIN R L

L2 am o ™ nyan

JlemMma, jtoKa3aHa.

Terrepn IpuBeIeM BEPXHIOIO OIEHKY JIJIS CJIOKHOCTU PeaIu3allii MO-
HOTOHHBIX (DYHKIIAN C IIOMOIIBI0 MOHOTOHHBIX MH(MOPMAITMOHHBIX JI€pe-
BbEB.

JIemma 16. /Jlaa nouwmu ecex mon. 6. g. f(x1,...,2,) € M 6wnoaneno

Lp(f) <42-278). ¢l n o .

okazarenabcTBo. PaccMoTpruM oporoByio yHKIHIO f[g]_l e STM,
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[To Teopeme 4 mouru Bce MOHOTOHHBIE OysieBbl dyukmuu f € M (n)
MeHbIIle Hee, TO eCThb ecyi (GpyHKIUs [ TPUHUMAET HAa KaKOM-TO Habope
3uadenune 1, To pyHKINA f[%]_l TOXKe IPUHUMAET Ha HeM 3HadeHue 1.

PaccmoTpuM npon3BosibHYI0 Takyio MYHKIUIO f U MOCTPOUM JEPEBO
D, xoTopoe ee peajin3yer.

Paz f menbie f[%]_l, 3HAYUT JJIs1 JI000H HUYKHEN euHUIBl o PyHK-
unn f HalijeTca HWKHsIS equHUNa £ OyHKINNT f[%],l Takasi, 9T0 o = 3.

IIycTn Df‘%]_l — JlepeBo, peajinzyioree OyHKIUIO f[%],l. N3 nemmebr 2
CJIEJIyeT, UTO TOrJa B 9TOM JePeBe Pa3Hble KOHIIEBbIE BEPIIUMHLI COOTBET-
CTBYIOT PA3HBIM HIKHUM eJUHUIAM (DyHKITIN f[%],l. Hepeso D j10J12KHO
00J18/1aTh TAKUM K€ CBOWCTBOM OTHOCHTEIHLHO (DYHKIMH f.

IepeBo D 6yneMm mojrydarh IyTeM JOCTPAUBAHUS JIepeBa ng]fl‘

Jns xkaxkaol HuxkHed equHUNb 3 QyHKIMNR f[%],l uepes DF%]—l(/B)
0003HAYNM OJTHY 13 KOHIIEBLIX BEPIIUH JepPeBa D%]_l, COOTBETCTBYIOITUX
9TOI HUKHETT eiHuUIEe (TO eCTh KOHIIEBYO BEPIIUHY, B KOTOPYO TPOXOJIUAT
HIDKHsIST eIuHATa, 3).

[Iycrs « = (aq,...,a,) — HuKHAA enuauna dbyskmun f. Ilycrs
g = (b1,...,b,) — HekoTOpasi HUXKHsisI eJUHHIA (DYHKIMN f[%],l Ta-
Kast, 9To o >~ (. IlycTb OHU pa3/IM4YaloTCs B KOMIIOHEHTAX Xj, ..., %;
dro suaunt, uto a;; = 1,b;; =0, j = 1,...,s. Ilpucrponm x Bepumne

s*

Df‘%]_l(ﬁ) HENOUKY pebep ¢ MPeIUKaATaMu Tj, , . .., L;, 1 OTMETHM KOHEY-
HYIO BEpIIUHY 9TOH IMENOYKN KaK KOHIEBYIO Bepiiuny jepesa D. Torma
MIOHSITHO, 9TO B 9Ty KOHIIEBYIO BEPIIUHY IIPOMIYyT B TOYHOCTH T€ HAOOPHI,
KOTOpBIe He MeHbIle Habopa «.

Tenepb, eciiu MbI TIPOJIETIAEM JAHHYIO OMEPAIMIO JJIt KaXKJI0M HUXK-
Hell equHUIBI DyHKIWH f, TO MOJIydnM, 9TO JepeBo D um mrore Oyjer
peasin30BbIBaTh PYHKINO f.

Temnepnb cunTaeM, ITO J1I€PEBO DF%]_l B TOYHOCTHU TO, KOTOPOE UCIOJTb-
30BaJIOCh B JloKazaTeabeTBe jieMMbl 10. OHO peasinzyer dyHKIIUIO f[%]_l.

Tora, BoO-11€PBBIX, €0 CJIOXKHOCTD YJIOBJIETBOPSIET HEPABEHCTBY

n e [2]-1
L(Dfay_;) < 102712 o2

a BO-BTOPBIX, BEPOATHOCTDb MPOXOXK/IeHUs HAOOpa B KOHIIEBYIO BEPIITUHY
n
JiepeBa Dfﬂ]il paBHA 2[5+
2
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Hamee, CIOXKHOCTb KaxKJIOW IEINOYKHM W3 KOHIIEBBIX BEPIIUH JiepeBa
_[r
D&]—l K KOHIIEBBIM BepIinHaM jepeBa [ He OoJiee 2 [51+1.9 (Ha camom
2

—_[r _
JIeJIe UX CJIOXKHOCTDL PaBHA, 2 [2]“‘1(2 — 27 pe | — jymma nenouxn).
Kommaecrso Hmkaux eaunui GyHknnn f (a4 3HAYAT ¥ IUCIO KOHIIE-

(5]
BBIX BEPIIHNH JjiepeBa D) acuMITOTHYECKH PABHO %an .
CyMMUupysT BCe BBIMECKA3AHHOE TTOJIYIAeM OIEHKY CJIOKHOCTH (DyHK-

nun f:
Lp(f) <10-27B1+2. g™t o541 9. %C,[ﬁ], n — oo.
[TpuBos OJOGHBIE OKOHYATEIHHO Oy daeM
Lp(f) <42.27[5]. C’,[ﬁ], n — 00.

JlemMma jmokazaHa.

O06beiuHsIsI ¢ HIDKHUME OlleHKaMu u3 jiemMM 14 u 15, mojryaaem yTBep-
2KJIEHUE TEeOPEMBI 2.

ApTOp BhIpaxkaeT 6JIaroapHOCTh ['ACaHOBY DJIbSIPY DJIBIAPOBUIY 34
ITIOCTAHOBKY 3aJIa9i W TMOMOIIL B IPOBEJEHUHN WCCJIE/IOBAHUS, & TaKXKe
Kynpsasuesy Basepuio Bopucosuuy 3a BuuManue, mposiBJIeHHOE K paboTe.
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