KBaznnemHuckarbl B 3agade
puoaAMKeHnss popMbI KPUBBIX

T. A. Pakueena

[Ipemmoxken u pazpaboran MeTos, POKYCHOI AITPOKCHMAIUN
IJIQJIKAX 3aMKHYTBIX KPUBBIX. Bazucom dokycHOro meroma sBiis-
ercsi ceMefcTBO MHOrO(OKYCHBIX JIEMHUCKAT, TAPAMETPAMU KOTO-
PBIX SIBJISIFOTCSI KOHEYHOE YUCJI0 (POKYCOB BHYTPU KPUBOIl U paJiuyc.
Anasmz 60see 0bIIero Kiacca KBa3MJIEMHUCKAT BBIJEISET ceMeii-
CTBO JIEMHHACKAT KaK Y/IOBJIETBOPSIIOIIee HanboJiee obImM TpeboBa-
HUSIM K (DYHKIIUH PACCTOSIHUS W OIUCAHUIO T€OMETPUIECKUX (DOPM
U X WHBAPUAHTOB.

«Bcsa Hayka moauHEHa UJiee aITpPOKCUMAIIAN. »
B. Paccen

[Tpubsimkenre KPUBBIX OCTAETCs BayKHOM 3ajatieil COBpeMEHHO mpu-
KJIQJIHOH MaTeMaTuKu. BoJibIlioe 9nciio MeToj10B, pa3paboTaHHbBIX JIJIsd pe-
IICHUS 3TON 3a1a4M, UCIOJAb3YyeT TOT WJIN UHON KJIACC alllIPOKCUMUPYIO-
mux QYHKIUI B 3aBUCUMOCTH OT TpebOBaHUil MPUKJIAIHON objacTu u
COOTBETCTBYIONMNX CBONHCTB KpUBLIX. [IIMPOKO MCIIOIb3yeMblil B KadecTBe
AIMIPOKCUMUPYIOMUX (DYHKIUH KJIACC TPUTOHOMETPUIECKUX TOJIMHOMOB
aJIcKBaTeH TaKUM CBOMCTBAM CUTHAJIOB, KaK IIEPUOJAUIHOCTD U IVIAJKOCTD.
B namnnoit pabore 00CyKIar0TCst MHOTO(MOKYCHBIE JIEMHUCKATHI KAK KJIACC
AIMIPOKCUMUPYIOMUX (DYyHKIUHN 7T aHAJIUTHIECKOTO TPUOJIMKeHst (DOop-
Mbl IVIQJIKUX 3aMKHYTBIX KPUBBIX, IIPUMEPLl KOTOPOI'O IIPUBEJCHBLI Ha
puc. 1.

1. K f-nemHUCKaTBI

Jlemuauckata — poKycHast KPUBasi, MOJHOCTHIO OIUCHIBAIOIIASICS CH-
CTEeMO#I KOHEYHOTO Yuca k TOUeK-(DOKYCOB BHYTPHU HEE U YHUCJIOBBIM IIa-
pamerpom R — pajuycom. OnpeiessiionuM THBAPUAHTOM JIEMHUCKATHI
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Puc. 1. Tlpumeps! (hbOKyCHOl alIpOKCUMAIINK JIEMHUCKATAMU (KPECTHKA-
MM OTMeYeHbI (DOKYCHI).

ABJIFETCS MOCTOSHHOE 3HAYEHUE BJIOJIb KPUBOU IIPOM3BEICHUS PACCTOS-
Huit ;10 Beex k dokycoB (puc. 2a), KOTOPBI MOXKHO 3allUCATH B BH/IE:

k
I =R~ (1)
j=1

raer; = +/(z —a;)? + (y — bj)? — €BKJIMIOBO PACCTOSIHHE OT HPOU3BOJIb-
HOIf TOYKHN JIEMHHUCKATBI ¢ KoopAuHaTamu (z,y) 10 j-ro dokyca f; ¢ ko-
opaunaTamu (aj, bj).

Bynem B nanmbheiinieM Ha3bIBATH: TOPSIIKOM JIEMHUCKATHI TIOJTHOE YHC-
J10 ee pokycoB k, k f-cucremoit wian k f-cTrpyKTypoit — POKyCHYIO cHCTEMY
u3 k dokycos f = {f1,..., fr} ¢ ux koopaunaramn {a;,b;}, j =1,...,k,
u k f-neMHucKaTaMu — JIeMHUCKATHI ¢ k f-cuctemoii. Bynem Tak»ke Ha3bI-
BaTh paccTosHue 10 kf-CucTeMbl B i-TOM TOYKE KPUBON TEKYIUM DPaIu-
YCOM B §-TOI TOYKEe U 0DO3HAYATH €ro uepe3 7;, ¢ = 1,...,n.

ANIpoKCHMaIMOHHBIE BO3MOXKHOCTH MHOTO(OKYCHBIX  JIEMHUCKAT
BrepBble uccienoBauch 1. Muiabbeprom [1]. VM nokazauno, 4ro jyist Ky-
COYHO-TJIAIKON 3aMKHYTO# 6e3 camonepecedenmit Kpusoit C' Ha TIOCKOCTH
BCEr/ia HafyTcs Takas cucreMa (OKYCOB U PAJIMYC, 9TO JJIst JTIOO0TO €
oTBeYAIONIas UM JIEMHUCKATa TPONET B £-OKPECTHOCTH MPOU3BOILHOM
Touku Kpusoit C'.
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2. CewmeiicTBO 130(POKYCHBIX JIEMHUCKAT

JIeMHUCKATEI IPEICTABIISIOT COOOM IVIaIKIe 3aMKHYThIE IIJIOCKIE KPH-
Bble 6e3 caMolepeceueHuil, HeodA3aTeIbHO OaHOCBsI3HbIe. [ist dpukcupo-
BaHHOIO Habopa k (POKYCOB JIEMHUCKATHI ¢ PA3HBLIMU PaluycamMu obpasy-
IOT CEMEHCTBO BJIOYKEHHBIX KPUBBIX OT k-CBSI3HBIX, JJIs MaJIbIX 3HAYECHUI
paauyca R, 10 OQHOCBABHBLIX, MJIs OOJIBIINX 3HAYEHUN, IMpUYeM KPUBLIE
¢ GOJIBIIUM PaJUyCcOM OXBATBLIBAIOT KPUBBIE C MEHBIIUM PaIuycoM 0e3
nepecedennii (puc. 2a). B onpejiesieHHOM Juaia3zone 3HAYEHUN PaJIyca
JIEMHUCKATBI 00J1aJ1a10T 0OJIBIION Bapuabe bHOCTBIO (DOPMBI, 00YC/IaBIIN-
BalOIell IpUMEHEeHNe UX B KA4eCTBE MPUOJIMKAIONNX (DYyHKIIWHA JIjIs 111~
POKOTo jinana3ona (hopM Kpusbix |1-4].

Puc. 2. CemeiicTBa n30hOKyCHBIX KPUBBIX: 1) JIEMHHUCKAT, 2) 3JUINIICOB.

3. MuorodokycHbIe JIEMHUCKATHI KaK KJacC al-
IMPOKCUMUPYIOIMNX (PYyHKITA

To 06cTosATe/IbCTBO, UTO ANIPOKCUMUPYIOMNI KJIACC JIEMHUCKAT
[PEJICTABJISIOT CODOM cemeticmeo eaadkux dynruyut, cOMKaeT paccMar-
pUBaeMbIil B JAHHOU paboTe MeTo/l (POKYCHOIO HMPUOIMKEHUS ¢ TAKUMHI
KJIACCHYIECKUMU METO/IAMU, KaK MPUOJIMKEHNE CTEIeHHBIMU UJIK TPUTOHO-
METPUYECKUMU MTOJIMHOMAaMHU. BMecTe ¢ TeM eCTh U NPUHIUITHAIBHOE OT-
Jimare (POKYCHOH ANIPOKCUMAIIUU OT 3TUX MeTo/I0B. CTeleHHAs U TPUTO-
HOMETPHUYECKAs AIPOKCUMAINN, 0a3UpPysCh HA MAPAMETPUUECKOM OIIU-
CAHUM KPUBBIX, aJIEKBATHBI 3aJadaM aHaJji3a CUTHAJIOB — OIHOMEPHBIX
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kpusbix. CTenenu cBOGOIABI MX SBJSIOTCH OOBEKTAMH JPYTUX IO OTHO-
IIEHUI0 K KPUBOil IPOCTPAHCTB U B OOLIEM C/Iydae He MHBAPUAHTHBI OT-
HOCHUTEJIBHO 1IPeoOpa30BaHuil CHCTEMbI KOOPJIMHAT, COXPAHAIOMUX hop-
My KDHUBOIi, TaKHX KaK CIBHI, IOBOPOT, mojobue. POKycHbIN MeTon 6o-
Jlee aJleKBaTeH 3a/1a49aM, CBA3aHHBIM C IIpeJICcTaBIeHneM (pOpMbl KPHBOIL.
Crenenn cBoGOJIBI JIEMHECKAT WHBAPHAHTHBI OTHOCHTEILHO 3THX HMPE06-
pasoBaHumil, B 4eM JIErKo y6euThes, IIOCKOIbKY M OObEKT MPHUO/IHKEHNUS,
TOYKU KPHBOH, 1 cBOOOIBI IPUO/IHKEHUs, (POKYCHI JIEMHUCKATDI, IPUHAI-
JIEZKAT OJTHOMY U TOMY K€ IPOCTPAHCTBY.

JeitcTBUTEILHO, CIBUIOBOE IIPE0OpPA30BaHUe CHCTEMBI KOODMHAT
2 = x+ Az, ¥y = y + Ay B paBHOil cTeleHH OTHOCUTCS KO BCEM TOY-
KaM IIJIOCKOCTH, OHO TIePeBOIUT JIEMHUCKATY B JIEMHUCKATY CO CMEIIeHHO
bOKYCHOI CHCTEMOI U TEM Ke PaIUyCOM:

k
[T /(@ + A2) = (a; + Ax))2 + (5 + Ay) — (b; + Ay))? =
j=1

k
=TI —a)+@-b) =R
j=1

Jlerko Takrke MOKa3aTh M MHBAPUAHTHOCTH OTHOCUTEJIBHO MPEOOPa3oBa-
HUI TOBOPOTA CUCTEMBI KOOP/IMHAT — 3TO MPpeo0pa30BaHue MOBOPAYUBACT
HA OJIMH TOT K€ YIOJI U TOYKK KpuBoii, 1 dokycel. B ypasuenue (1) koop-
JIMHATHI KPUBOI 1 (DOKYCOB BXOISAT B BUJIE PACCTOSHUN MEXK/Iy TOYKAMHI
u doxkycamu, a rpymnmna npeodpa3oBaHUil CJIBUTa U IIOBOPOTA — TI'PYIIIA
JIBIPKEHUN — COXpaHseT, KaK M3BECTHO, PACCTOSHUE MEXKJy TOYkaMu. B
pe3yJbTare MOBOPOTHOTO MPEOOPA30BAHMS ITOJIYUIUTCH HMOBEPHYTAS JIEM-
HUCKaTa ¢ POKYCHON CHCTEMOIl, MOBEPHYTOH Ha TOT Ke yIOJI, C IPEKHUM
pajuycoM u TOit ke (HOPMHBI.

[Ipubanrkenne JEMHICKATAME C OYEBUIHOCTHIO HHBAPUAHTHO U OTHO-
cuTesIbHO TpeobpasoBanus MacmTaba. [lonoxus ' = cx u y = cy, n,
peobpa3oBaB ypaBHEHUE JIEMHUCKATDL:

k k
[Ty =+ =472 =Tl —a)+ @ -6

;o Y
rie a; = caj, bj

k
1
I1 \/(93 —aj)?+ (y —b)* = c—kRk = R*,
j=1

= cbj, K BUJLY:
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[OJIYYAM CHOBa JIEMHUCKATY C IIPOIOPIIMOHAJIBHO MPeoOpa30BAHHBIME
dboxycamu u paguycom R’ = R/c. CiieioBaresibHO, JIEMHUCKATHI MHBAPU-
AHTBI C TOYHOCTBIO JI0 3HAYCHUS PAJUYCa U OTHOCUTEJIHHO MacIITabHOTO
peobpa3oBaHus.

Takum 0bpa3oM, ecTecTBEHHBIE TPEOOBAHUS, IIPEIbABIIsIEMbIE K KJIAC-
cy OYHKIHH, KOTOPhIE YI0OHO UCIOJIB30BATH s AIIIPOKCUMAIUU (DOP-
MBI KPUBBIX, SBJISIOTCS BBIIOJHEHHBIMU JJIS KJIacca MHOTO(MOKYCHBIX
JIEMHHCKAT.

4. IloctaHOBKa anIIpPOKCUMAIMOHHON 3a1a49u

Tenepnb, Korma JaHo MpeCcTaBIeHNe O CBOUCTBAX CeMeiCTBa JIEMHUC-
KaT, MOYXKHO CHOPMYJIMPOBATD 3389y TPUOJINKEHUS 3aMKHYTHIX KPUBbBIX
MHOTO(OKYCHBIMU JIEMHUCKATAMUA B KAYECTBE KJIACCA MPUOIUKAIONIIX
dyHKIHIIL:

IlycTn 3amanbl TPOM3BOIbHAS 3aMKHYTas KPUBasl HA IJIOCKOCTH CBO-
umu orcaeramu {T;,y;}, ¢ = 1,...,n W HEKOTOPBIl KpUTEpHii CXOJI-
crBa. Tpebyercss maiiTu BHyTpm sToit Kpusoit cucremy doxycos {f;},
j=1,...,k, TaKkyio, 9TO IPHU OIPEJEJCHHOM 3HaYeHNN pajuyca R coor-
BETCTBYIOIIAs UM JIEMHUCKATa, Oy/1eT OJiM3Ka K 3aJJaHHON KPUBOM B CMBIC-
Jie BBIOpAHHOTO KpuTepus. Takast MOCTAaHOBKA 3a]a4u 110 (POPMYJIUPOBKE
CBOCH He OT/INYaeTCd OT KJIACCUYECKOU aIIIPOKCUMAIIMOHHONU IIOCTAHOB-
ku. Pazjuyane cocTouT B OCOOEHHOCTSAX JIEMHUCKAT, KaK KJacca Ipudin-
2KAIOMUX (PYHKIUH, TPOSABJISIONINXCA B XapPAKTEPUCTUKAX UCCJIELYEMOTO
MeTo1a (POKYCHOrO HPUOIIKEHUS U OUPEACSIONINX €r0 MECTO B PsIy
IPYTUX TPAIUNMOHHBIX AIITPOKCUMAIIMOHHBIX METO/IOB.

5. Kpurepuu O6sm30cTH KPWUBBIX W TOYHOCTH
MTPUOJIM>KEeHU ST

OtHO#T M3 OCHOBHBIX MPOGJIEM, PEIeHHe KOTOPOi CBSI3aHO CO 3HAYHU-
TEJIbHBIMU TPYIHOCTSAMHU, SIBJISETCS OIPEIe/IeHNEe TOHATHS OJIN30CTU JIBYX
KpuBbIX. TpyaHOCTH 3TH, B CBOIO OY€pe/ib, O0YCIOBICHBI HEOIIPEIEIEHHO-
CTBIO YCTAHOBJICHHUSI COOTBETCTBUS MEXKJy TOUKamu Kpubbix. [Ipu mapa-
METPUIECKOM 3a/IAaHUN ANIPOKCUMUPYEMOl KPUBOI TaKOe COOTBETCTBUE
OIpeJiesiieTcs TapaMeTpoOM — B 3TOM CJIyvae, OJHAKO, PACCTOSTHUE TOJIY-
JaeTcs TaKrKe 3aBUCSIIIM OT mapaMerpusanuu. PoKycHbI MeTo CBOOO-
JIEH OT TTapaMeTPU3aIiN, YTO W BBHI3LIBAET JIOTOJHUTEILHBIE TPY/THOCTH
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[PU OIPeJIeJIEHUN OJIN30CTU AMMIPOKCUMUPYEMON M AIlllIPOKCUMUPYIOIIEit
KpuBbIX. [[0CKOJIbKY, KaK yKa3bIBAJIOCH BBIIIE, JIOCTUKUMOCTD TPEDyeMO-
ro NpubJIMKEHUS JIEMHUCKATAMEI OOECIIEINBACTCS YTBEPKJICHUEM O TOM,
9TO 1pU CHOPMYIUPOBAHHBIX B TIOCTAHOBKE 33/1a9M yCJIOBUSX JIEMHUCKA-
Ta, IPOXOJIAIIAs Yepe3 e-OKPECTHOCTh KaXKJOW TOUKN KPUBOI, CYIECTBY-
€T, TO COOTBETCTBUE MEXKJy TOYKAMH 3TUX JIByX KPUBBIX MOXKHO YCTa-
HOBHUTD CJIEJIYIOIUM €CTECTBEHHBIM 00pa30M: KaXKJI0f TOUYKE P MCXOJIHOM
KPUBOI IIOCTABUTH B COOTBETCTBHE OJIMKANIIYIO K HEHl TOUKY ¢ AIIPOKCHU-
MUDYIOIIEl JIEMHUCKATBI, PACCTOSIHIE MEXK/y KOTOpbIMU min d(p, ) MOXK-
HO WCIIOJIb30BATD JJIsI OIpeeseHus OJIM30CTH MeXK 1y KpuBbiMu. Kpure-
puit 6,IM30CTH ABYX KPUBBIX MOXKHO 33/1aTh KaK HEKOTOPBIH (DyHKIITMOHAT
OT 3TOr0 PACCTOsIHUsI, HAIpUMep, B MeTpuke C':

max min d(p, q).
P g

B nasmbmeiiem 3ToT Kpurepuii 6yIeT UCIIOIb30BAThC JIJIst OIEHKHU OJIN30-
CTU AITPOKCUMUPYEMON KPUBOH U AIIPOKCUMUPYIOIIEH ee JIeMHUCKATHI.
HazoBem ero L-kpurepuem.

CdopmymupoBaHHBbIIT TAKUM CIIOCOOOM KPHUTEPUil OJIM30CTU KPUBBIX
a3 deKTuBeH, HO MPEJICTABISET HEKOTOPBIE TPY/IHOCTH, KAK B IIJIAHE TEO-
PETUYECKOr0 aHajn3a, TaK U B BBIYUCJIUTEJIHLHOM IutaHe — L-Kpurepuit
OYeHb pecypcoeMKuil. B cBsi3u ¢ 3TuM B paboTe Ipe/jI02KEH eIlie OIUH KPU-
Tepuii, BHITEKAIONUN U3 CHEU(PUIeCKUX CBOICTB JIEMHUCKAT. 3aMETHUM,
YTO MPH TOYHOM COBIAJIEHUU AITPOKCUMUPYIOIIEH JIEMHUCKATHI C all-
[IPOKCUMHUPYEMOIl KPpUBOIl MCXO/IHAST KPUBasi OYIeT YIOBJIETBOPSIThH ypaB-
HEHUIO JieMHHCKaThI (1), 1 1109TOMY BJIOJIb Hee IIPOU3BE/IEHIEe PACCTOSTHUI
110 pokycoB Oy/eT COXPaHATb OCTOSHHBIM CBOe 3HadeHue. KcThb ocHo-
BaHUsI I0JIATaTh, YTO JIEMHHCKATa TeM OJIMXKe K KPHUBOW, YeM MEHBIIE
OTKJIOHEHNIE TEKYIIEro PaJayca 1, BJIOIb KPUBOH OT KOHCTAHTBI RF.

YVauroiBas 3Ty 0COOEHHOCTD JIEMHUCKAT, KPUTEPHUH OJIM30CTU MEXK LY
AIIIPOKCUMUPYIOIIEH JIEMHUCKATON U AIllIPOKCUMUPYEMOIl KPUBOM MOXK-
HO 3a/IaTh HA OCHOBE Mepbl pa30poca 3HaUYeHUs] paUyca BJIOJIb KPUBOIL,
Harpumep, B merpuke C:

k
ax Hri,j *Rk

i
Jj=1

max rika):m

(2

OnpeiesieHHbIT TaKUM 00pa3oM KpuTepuil OyjieM Has3blBaTh R-Kpurepu-
em, OH ucroyib3yercst B pazpaboTaHHbIX aJaropuTMax (hOKYCHOMN armmpok-
cumaryu Hapsiay ¢ L-kpurepuem [3-5].
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MoKHO MOKa3aTh, UTO MPH CTPEMJIEHHH K HYJIIO PACCTOSIHHS MEXK-
JIy KPHUBOl M JIEMHHCKATOH B CMBIC/IE€ L-KpUTEpHsI CTPEMSITCH K HYJIIO
1 KoJIeOaHNs 3HAYCHUI pa/nyca Ha KPUBOiI OTHOCHTEIHHO CPEIHErO €ro
3HAYEHNSI, TO €CTb CTPEMUTCS K HYJIO U PACCTOSHHUE MEXK1y KPHUBBIMU
B cMbIciie R-kpurepusi, n Ha000poT. L- m R-KpuTepun TONOJOrHIeCKH
SKBUBAJICHTHBI [4].

B npunnumne MozkHO 0Ka3aTh B 00pATHOE YTBEPZK/ICHIE, HO JIsl JaJlb-
Heifieil paboThl HEOOXOMMO OBLIIO 000CHOBATH HCIOJIB30BAHUE HAPSLY C
L-xpurepuem n R-xpurepus. Bropoii kpnrepuit ¢ IpakTHIECKOH TOUKH
3PEeHNUs MPOIIe IEPBOro, TaK KaK He TpeOyeT IMOCTPOEHMs JIEMHUCKATHI,
KpPOME TOrO, OH OPTFaHUYECKU HPUCYIN (DOKYCHOMY METOJLy, & aHAJIUTH-
deckast popMa €ro 3ajamus MO3BOJISIET HAJEATHCS Ha Gojiee yCIeIIHoe
HCIIOJIb30BAHUE €r0 U JIIsl TI0JIyYeHHs] TeOPETHIECKUX BBIBOJIOB.

6. KomMmboTepHbIe 3KCHEPUMEHTHI 110 ITPUOJIN-
2KEHUI0 KPUBBIX

Meron naxoxKaeHusi (pOKyCHOIO NPUOJINKEHUsI ITPOU3BOJILHON KpH-
BOIi pa3paboTaH B BUJE Pa3BETBJIEHHON AJITOPUTMUIECKON KOHCTDPYKIIHH,
oIpeAesIoNnIeil KOJIMIecTBO (POKYCOB, PaCIOJIOKEHHE (DOKYCOB U PAJIIYC
alpOKCUMUPYIONIe JeMHuCKATHI. [IpuBoIMMble HU2KE PE3yabTaThl KOM-
NBbIOTEPHBIX IKCIIEPUMEHTOB 110 MPUOINKEHNI0 KPUBBIX OJIYYEHBI B Pa-
6oTe ¢ pa3IUIHBIMYE BapUaHTaAMU aJI'OPUTMAa JIJIsT BEIECTBEHHON IIJIOCKO-
cru [3-5]. Tak Kak JieMHHCKAaTa UMEET €CTECTBEHHOE IPEJICTABICHUE Ha
KOMIIJIEKCHO! TIJIOCKOCTH, pa3paboTaH Tak»Ke KOMILIEKCHDLIH MeTon ¢o-
KycHoi#i annpokcumanun [7]. TIpomesypsl moncka napaMerpoB npubimKa-
OIel JIEMHUCKATDHI UCIIOJIB3YIOT B KAaUeCTBe PAbOUMX KPUTEPUU, CBI3AH-
Hbl€ C OTKJIOHEHWEM 3HAYEHUsl PAIUyCca Ha AIIPOKCUMHUPYEMON KPHUBOI
(R-xpurepun). TouHOCTD 2Ke Pe3YJILTHPYIONIErO IPUOINKEHNs] OI[EHIBA-
€TCsI TI0 PACCTOSHUIO HA IJIOCKOCTU MEXKJy UCXOIHON KPUBOH m mpubJin-
JKaoIIei ee sleMHUCKaToll (L-kpurepun).

Ha puc. 1 npencraBiensl pe3yabTaThl TPUOIMKEHIS KPUBLIX C AllPHU-
OPHO 3aJI[AHHBIM YUCJIOM (DOKYCOB: CEMUMOKYCHOU JIEMHUCKATBI M dM-
nupudeckoii kpusoii. Ha sToM m mociienyomux pucyHKax KPECTUKAMU
(3BE3710YKAME) OTMEYEHBI TIOJIOXKEHUsT (DOKYCOB, TOUKAMU — OTCYETHI UC-
XOJIHON KPHUBOI, COCTABJIAIONINE BXOAHYIO NH(MOPMAIIAIO JIJI aJrOPUTMA,
CILIONIHOM JINHUEH — pe3yJsibTaT annpokcuMalun (Jemuuckara). [1pubim-
JKeHMe TepBoil KpuBoit (puc. 1) OBLIO BBITOIHEHO C TETHI0 TECTUPOBAHUS
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TOYHOCTH PAabOThI AJITOPUTMA, TAK KAK KOOPJAMHATHI (POKYCOB OBbLIN U3-
BECTHBI 3apaHee. BHyTpEeHHUE JIMHUU — TPACKTOPUU JIBUXKEHUSA (POKYCOB
OT HAYAJIHLHOTO IIOJIOYKEHUSI B IIEHTPe KPUBO 710 KOHEYHOT'O UX pa3Mele-
HUsI. AJITOPUTM TIOKa3a/I BHICOKYIO TOYHOCTD MOMCKa (POKYCHON CHCTEMBL.
[Tpu pabore ¢ SMIUPUYIECKON KPHUBOIi (BTOPOil HA ITOM PUCYHKE) ajro-
PUTM Tak>Ke [OKa3aJj Xopoliee TpUbJIMKEHHe.

Ha puc. 3 npuBeseHbl pe3yibraTbl pabOThl AJTOPUTMA B YCJIOBUSIX
HEU3BECTHOTO Yncjia POKYyCcoB k, TO €CTh B YCJIOBUSAX, KOTJIA KPOME JIOKA-
Jm3anuu (pOKyCOB U 3HAUEHUST PAJINYCA, HEU3BECTHBIM ABJISIETCS U TPEOy-
eMoe KOn4aecTBO (pokycoB. Jg paboThl B TAKUX YCJIOBUSX B aJrOPUTMAaX
[IpeLyCMOTPEeHa, Ipotieaypa pasmuoxkenus: ¢hokycoB. Ha puc. 3 npusese-
HBI ITPOMEXKYTOUHBIE (ha3bl MPUOJIMKEHNSA TECTOBOM JIEMHUCKATDLI C HAPa-
[UBAHUEM YHUCIa (POKYCOB OT 3aBEIOMO HEIOCTATOYHOTO UX KOJUIECTBA
JI0 OKOHYATE/ILHOr0. BusyasibHas OleHKa CBUIETE/ILCTBYET O JOCTATOTHO
XOpOITeM KadecTBe npubmkenus. Jucyio GoKycoB, HaliIEeHHOE aJIrOPUT-
MOM, PaBHO 9, UTO SIBJISIETCsI BEPHBIM.

Puc. 3. Qokycnas armpokcumMaliust ¢ pasMHoxkeHueM Gokycos: 3, 5, 8, 9
dokycos.

B pabore ObLI BBINOJHEH TaKXKe CPABHUTEJbHBI AHAJIN3 TAPMOHU-
YECKOTO U (DOKYCHOI'O METOJIOB B TPeX BapUAHTAX: KPUBas TapMOHUYE-
CKOT'O IIPOUCXOXK/IeHNsI (IIPeJICTaBIeHHasl CyMMOil TapMOHUK ) IPUOIIMKa-
JIaCh JIEMHHCKATaMU, KpuBasi (hOKYCHOIO IIPOUCXOXKJIeHUS (JIEMHUCKATHI)
npuOJINKAJIACH TPUTOHOMETPUICCKUMU PSIAMU U, HAKOHEIl, ITPOU3BOJIb-
Hasi (SMIMPUYECKasi) KpUBasl IPUOJINZKAJIACH U TE€M, U JIDYTHM METOJIOM.
[Tpubmmkenns, moydeHHbIe 000UMU METOIAME, MOXKHO CUUTATDL YIOBJIC-
TBOPUTE/JILHBIMA U NPUOJU3UTEILHO PaBHO3ATPATHLIME. TaK, B CiIydae
SMIIUPUIECKON KPUBOIl, pe3ysIbTaTbl IKCIEPUMEHTa C KOTOPOH IIpUBe/ie-
bl Ha puc. 4, ommbka coctaBuiaa 0.026 s POKycHOro mpPUOIMKEHUST
(puc. 4a), u 0.061 myist rapmonndeckoro (puc. 46). Ilpu srom rapmonnde-
CKOMY MeToJly norpeboBasioch 22 mapamerpa (5 rapMoHUK), a (HOKyCcHO-
My — 17 mapamerpos (8 dokycos).

[IpoBejieHHBI CpaBHUTE/IBHBIN aHAN3 (HPOKYCHOTO METOJIA C KJIACCHU-



Ksasmiemuanckars B 3amade npubimkenns (GOpMbI KPUBBIX 87

6)

Puc. 4. Tlpubikenne smuupudeckoii Kpupoit: a) dboxycamu, 6) rapmo-
HUKAMHU.

YEeCKUM TapMOHMYECKUM METOJ/IOM CBHUIETEIbCTBYET 00 3 PeKTUBHOCTH
dokycHOro mpubIMKeHnsa. B ¢BA3KM ¢ 3TUM BO3HHUKAET €CTeCTBEHHBIN BO-
IIPOC O BOBMOXKHOCTH (DOKYCHOH aIllllpOKCHUMAIIMK B KJIacce APyrux, OJm3-
KNX K JIEMHUCKaTaM, (DOKYCHBIX KpHBBIX. [IpescrapisieT, B 9aCcTHOCTH,
HHTEPEC PacCMOTPETh OoJiee oOmIMii Kytace (pyHKIMH ¢ TOYKHU 3peHus 3a-
Jadu IpuO/IMzKeHns: POPMbl KPUBBIX U OIPEIACIUTH TEM CaMbIM MECTO
MHOT'O(DOKYCHBIX JIEMHUCKAT B PSIAY aHAJOIMYHBIX CEMEHCTB AITPOKCHU-

MUDPYIOMUX (DYHKITHIA.

7. AQauTUBHBIN MHBAPUAHT

Nupapuant MHOrodoKycHO# JjieMHUCKaThl B dhopme (1) mossossier
OIIPEJIESINTH €0 KaK MYJIBTHIIIMKATUBHBI MHBAPHAHT €BKJIMJIOBBIX Pac-
CTOSTHUIT MeK 1y JII000i1 ee TOUKO! U BceMu (okycamu. Paccmorpum 6osee
NIMPOKMI KJlacCc (PYyHKIIHIA, BKJ/IIOYAIOMNN KJIACC MHOIO(OKYCHBIX JIEM-
HHUCKAT KaK YaCTHDLIA cirydail.

YpaBreHue JeMHUCKATHI (1) MOXKHO MPUBECTH K &JJIUTUBHOMY HHBa-
puaHTy JIorapudMuyuecKux QyHKIUNA PACCTOSHUAN B BUJIE:

k
Zlnrj(ac,y) =5, (2)

rae S = kln R. AHaIOrnYHbIM IIUTUBHLIM HHBAPUAHTOM MOXKHO IIPE/I-
CTaBUTH M KJIACC KPUBBIX, SIBJISIONIUXCSI MHOTO(OKYCHBIM 000DOIIEHIEM
JIJTATICOB, JIJIs1 KOTOPBHIX WHBApUAHTHA CyMMa PaCcCTOSHUHI 10 JBYX ee
dOKYCOB BHYTPH KPHUBOIi:
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k

> r(z,y) =S (3)

Jj=1

MuorodoKycHble KpuBble ¢ aJ/IATUBHBIM WHBAPHAHTOM (3) Ha30BeM, 110
aHaJIOTUM C JIEMHHUCKaTaMH, MHOFO(bOKyCHbIMH QJUIATICAMU C Ppa/InyCcOM S
[TapameTpusoBannoe ceMeificTBO M30(OKYCHBIX 3JIJUIICOB IIPEJICTABJICHO
Ha puc. 16 iy Toi ke cucTeMbl (POKYCOB, UTO U CEMEHCTBO JIEMHUCKAT
Ha puc. la. [IpemesbHBIM cityvuaeM OOJIBINUX 3HAUEHUH S sIBJISIETCS] TAKIKE
OKPY?KHOCTB, /I MAJIBIX Ke 3HadeHuil S CBA3HOCTH KPHUBBIX, B OTIHYNE
OT JIEMHHCKAT, He HapyllaeTcsd — KPUBBIE, OCTaBaACh BBIIYKJIBIME, CTAIH-
BAIOTCA B TOUKY (B JIAHHOM CJlydae K OJHOMY (DOKYCY B BEpIIHHE TYIIOIO
yIVIa) ¢ HAUMEHBIIINM CyMMAapHBIM paccTostHueM J0 ¢okycos. CpaBHeHne
JIByX ceMeHCTB Ha puc. 1 HOKa3bIBaeT, 9TO MHOTOMOKYCHBIM JICMHUCKA-
TaM CBOHCTBEHHO 3HAYUTEJIHHO OOJjIbIIee pa3Hoobpasue hopM, deM MHO-
roOKyCHBIM 3JIJIUIICAM C TeMH ke (oKycamMu. B dacTHOCTH, B ciIydae
k-doxycos, 0bpa3yronux IpaBUIbHYIO CUCTEMY, PACIOJIOKEHHBIX B Bep-
IIMHAX TPABUILHOTO k-yTOJTBHUKA, K f-3JININCHI CTATUBAIOTCI K TEHTPY
OIMCAHHOW OKPY?KHOCTH, YTO XOPOIIO HJITIOCTPHUPYET ceMeicTBo 6 f-21-
JIMIICOB Ha pUC. 5B (M aHAJIOTUYHOE ceMeficTB 7 f-3/umicoB Ha puc. 56).

8. KBaszujieMHUCKaTBI

Vmess B Bumy OONIHOCTH NpEACTaBJICHUN CeMeHCTB MHOIOMOKYCHBIX
JeMHACKAT (2) 1 9/utucos (3), eCTECTBEHHO PACCMOTPETDH yDaBHEHUE:

o(rj(z,y)) =S (4)

k
=1

J

C TPOU3BOJIbHOI (hyHKIMEH , sBjsionieeca ux obobimernuem. Kpussbie,
onpeiesisieMble ypaBHeHneM (4), HazoBeM KasuieMHuCKaTamMu. OObIuHbIe
MHOTO(OKYCHBIE JIEMHUCKATBI MOJIYYAIOTCs, eCI MOJI0KUTh ¢(r) = InT,
a MHOTO(OKYCHBIE 3JIIUIICHI, €CJIU B3ATh B KA4eCTBE (Y TOXKJIECTBEHHOE
oToOparkeHwue.

Hacrosiast pabora mocBsiiieHa U3y4eHUI0 BO3IMOXKHOCTEN HCIIOJIH30-
BaHUS KBA3WJIEMHUCKAT B KQUECTBE KJIACCA AIMPOKCUMUPYIONINX KPUBDIX.
OCHOBHOI BBIBOJ[ COCTOUT B TOM, YTO JIEMHUCKATHI B HEKOTOPOM CMBICJIE
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ABJIAIOTCA HamnboJiee IIOAXOAAIII MMM JTJIA HpI/I6JII/I}K€HI/IH (bOpMI)I IIpoun3-
BOJIBHBIX KPHUBBIX CP€/IM BCEX KBAa3MJIEMHHCKAT IIPpU OIPE/ICJIEHHBIX TpE-
0OBaHUAX K AIIITPOKCUMAITMOHHOMY allllapaTy U K d)yHKHI/II/I @, & UMCHHO:

o byHKIUS ¢ JI0JKHA OBITH MOHOTOHHO BO3PACTAIOIIEi, MOCKOJIBbKY
IpeJicTaB/igeT co00il B HEKOTOPOM CMBIC/IE AHAJIOT PACCTOSTHMUS;

e (QyHKIUS ¢ JOJKHA 0DECIEYNBATD CJIOXKHOCTD AITPOKCHMAIIUOH-
HOT'O aIlliapaTa, JOCTATOIHYIO i TPUOJIMKEHNS TIAJKIX KPUBBIX
IIPOU3BOJILHON (DOPMBI;

® AIMIPOKCUMAIIMOHHBIN alapaT J0/2KEeH ObITh HHBAPUAHTHBIM OTHO-
CHTEJILHO IIPeobpa3oBaHuil, COXPAHSIONNX (opMy KPUBOIl — CIBU-
ra, IIOBOPOTa M TOI00USI.

HOCJIG,ILHGG Tpe6OBaHI/Ie pa36I/IBa€TCH Ha JiBa: MHBAPpUaHTHOCTH OTHOCH-
TEJIbHO JIBU?KE€HUA TBEP/JIOTO TeJa — CABUIM U IIOBOPOTHI, 1 MHBAPHUAHT-
HOCTH OTHOCHTEJIbHO HO,Z[O6I/IH.

a) B)

Puc. 5. CemeiictBo n30¢oKycHBIX 6 f-KBA3MIEMHICKAT € T€KCATOHAJIBHO
cucrenmoii doxycon: a) @(r) = /3 6) ¢(r) = In(r) (memmuckarsi); B)
@(r) = r (suIumncs).

9. BeinykJuable PyHKINN

[TepBbiit pe3yabTaT COCTOUT B TOM, UTO, €CJU (DYHKIMSA (© BBIIYKJIA,
TO U COOTBETCTBYIOIINE €li KBa3WJIEMHHUCKATHI, 3a/laBaeMble YPaBHEHUEM
(4), ABJSAIOTCS BBILYKJIBIME KPUBBIMU (MMEETCsI B BUJLY BBIIYKJIOCTb OI'pa-
HIYEHHOT'O €10 MHOXKeCTBa). JloKasareibeTBo 9Toro hakra 09eBUHO Cie-
JIyeT U3 CJIEJIYIONNUX yTBEPXKICHUM:
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1. Eciim ¢ — BbllyKJjas MOHOTOHHO BO3pacTaionias (yHKIHs, TO
dbyuxims o(r(x,y)) Toukn (x,y) Takzke BHIIYKIA (371€Ch (X, y) — KaK I
IpeKJie, €BKIINI0BO PACCTOSIHIAE OT TOUKH (X, Yy) 70 HEKOTOPOil (puKCHpo-
BAHHOI TOYKH ILJIOCKOCTH.

2. CymMma BBINYKJIBIX (DYHKIHMIT €CTh BBILYKJIast QyHKI;

3. Jlumust ypoBHS BBILYKJIOH (DYHKIMA €CTh BBITYKJ/IAas KPHBAsL.

IIpuBeieM JTOKa3aTEIBCTBA ITUX HECTIOKHBIX yTBEPIKICHUIL.

1. Bocrosibayemcst ciie Iy IoniM OIpeieIeHieM BBIILyKJI0CTH Oy HKIHI:

F(ap + Bq) < aF(p) + BF(q),

JUTsT JTFOOBIX TOYEK p W ¢ TJIOCKOCTH U JIFOOBIX YHCEe] (@ U (3 TaKUX, 9TO
a+ = 1. (Touku p u ¢ paccMaTpuBalOTCsl KAK BEKTOPBI € OOBIYHBIME
olepanusMy CJIOXKEHWsI ¥ YMHOXKeHUsI Ha cKassp). Tpebyercs, cienoBa-
TeJIbHO, JI0Ka3aTh BBINYKJIOCTh (yHKImu F(p) = ¢(r(p)). Moxwuo, Ge3
OrpaHuveHust OOIHOCTH, CIUTATH, UYTO '(P) — PACCTOSIHUE OT TOYKH P JI0
Havasa KoopauHat, To ecthb (p) = |p|. CorylacHo HepaBeHCTBY TPEYIOJIb-
HUKa UMeeM JIJIsT JIIOOBIX P, ¢, a, 3:

lap + Bq| < |ap| + |Bq| = alp| + Blql,
OTKy,ZLa, B CI/IJIy MOHOTOHHOCTHU U BI)IHyKJIOCTI/I (byHKHI/H/I (,0, 3aKJIIO49aeM:
o(r(ap+ Bq)) = ¢(lap + Bq|) < w(alp| + Blq|) <
< ap(|pl) + Be(lg]) = ap(r(p)) + Be(r(q)).

2. Jlns noka3aTebCTBA BTOPOIO YTBEPKJICHUS] PACCMOTPUM (DYHK-

IUIO:
F(p) =Y _ F(p).

I/ICHOJII)SYH TO 2Ke olIpejiejieHne, IOJIyInM:

Fap+Bq) =Y _ Filap+Bq) <Y _(aFj(p)+BF;(q)) = aF(p)+ BF(q).

3. Hakomer, jijist JIoKa3aTeIbCTBA, OCJIEHErO YTBEPKJICHHST PACCMOT-
pum muO)ectBo P @ P = {p: F(p) < S} — BHYTPEHHOCTbH JIMHUK
ypoBast F(p) = S u jokazkeM ero BblIyka0cTh. [lycTs p,q € P, 10 ecTh
F(p) < Su F(q) < S. Torna Besikast Touka ap + 3¢ orpeska [p, ] sexxur
B P, Tak Kak:

Fap + Bq) < aF(p) + BF(q) < aS+3S = 5.
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DTO U €CThb YCJIOBHE BBITYKJIOCTH MHOMKECTBA.

TakuMm 06pa3oM, ec/in PACCTOSTHUAE 3a/1aeTCs BBITYKJIBIMUA (DY HKIUSIME
(B JIAaHHOM CJIy4Yae 9TO BBIMYKJIOCTh BHU3), TO (YyHKIHMOHAJ (4) IOpOXK-
JIAeT TOJIBKO BBINYKJIble (BHU3) cemeiicTBa (byHKIMIA, KOTOPbIE HE MOTYT
ObITH B OOIIEM CJIydae UCIOJIb30BAHbI B KAUECTBE KJIACCa MPUOTKAIOIINX
dyukI@ii npu pazpaboTke anmpoKCUMAIMOHHOTO allapaTa. By KIbIMu
byHKIMSIMU PACCTOSHYS ONMPEIEIISTIOTC U MHOTO(OKYCHBIE SJUIUICHL (3),
HO3TOMY UX UCIIOJIb30BAHKE BO3ZMOYKHO TOJIBKO, €CJIH AllPUOPHO U3BECTHO,
4TO caMa allllPOKCUMUpYyeMast KpUBasl ABJISIETCS BBITYKJIOM.

10. MacmrabHasgs MHBAPUAHTHOCTDb

Bropoii pe3yibTaT OTHOCHTCS K MHBAPUAHTHOCTH OTHOCUTEIBHO IIpe-
obpazopannii jBukenns. OH 0becrieInBaeTCss MHBAPUAHTHOCTHIO OTHOCH-
TeJILbHO ITHX MPeoOpa30BaHUil €BKJIUIO0BA DPACCTOSHUS, CTOSIIErO B ap-
rymente dyukiponasna (4). Yro kacaercst mpeobpa3oBaHus MOI00UsT, TO
JIEMHUCKATBI, KaK ,0bLJIO TTOKA3aHO BBIIIE, 3TOMY TPEOOBAHUIO YIOBJIETBO-
PAIOT ¢ TOYHOCTBIO 10 3HadeHus: paamyca R. HTepecHo paccMoTpeTh
¢ nmo3unuii TpebOBaHUS WHBAPUAHTHOCTH K IIPEOOPA30BAHUIO MO00US U
MIPOM3BOJIbHBbIE KBA3WJIEMHUCKATEI. Y TBEPXKIEHNE COCTOUT B TOM, UTO €C-
J

Mw

@(rj(x,y)) = const, To n Zgo (rj(z,y))) = const,
J=1 7=1

KOTOpasi, BOOOIIE TOBOPsI, MOXKET UMETDL JIPYroe 3HAUCHUE.
[Ipennonoxum, 4ro GyHKIWs @(7) OUpeessier KJIace KBa3UIeMHUC-
KaT, MHBAPMAHTHBIX OTHOCUTEIHLHO IIpeobpasoBanust nogpobus. st mosry-
YeHUsT HeOOXOIUMBIX YCIOBUH MOXKHO PAcCMOTPETh Caydail JByX (hOKy-
COB.
YTBep:KIeHNEe COCTOUT B TOM, YTO:

ecim @(r1) + ¢(r2) = const, To u @(ar;) + ¢(ary) = const.

st moxasarenbeTBa ero 3adukcupyem (pokychl u onpeiesinM QyHK-
o F'(a, S) caemyronmm obpasoM: 3HadeHreM 9Toil GhyHKIuM Oy 1eM cau-
TaTh PajUyC KBA3WJIEMHUCKATDI, TOJIYYAIONeicss N3 KBa3MJIEMHUCKATHI
pajimyca S B pesyibTrare pacTsikeHusi ¢ koddduimentom «. Takum 06-
pazoM, i 000N TOYKM, JiesKalleil Ha KBa3WJIEMHHCKATE pajauyca S,
BBITIOJTHEHO PABEHCTBO:
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plary) + plary) = F(aS) = F(a, ¢(r1) + ¢(r2))-

Huddepennupyst KpaitHre 4IeHBI 3TONO0 PABEHCTBA 110 7] U 79, TOJIYyIUM:

0/ (0m) = 9 (a0, p(n) + plr2))¢ ()

0 (a2) = 9 (a0, p(n) + p(r2)) (72).

HOCJIG,ZLHI/IG YpaBHEHUA MOXKHO IIE€PpENNCAaTh B BUJIE:

¢'lar) 10F  ¢'(ary) 10F
¢'(r1)  adS @)  adS

IIpupaBHUBas JIeBble YACTU TOJyYUM, YTO OTHOIIIEHUE ITPOU3BOJHBIX HA
HOBOW KPUBOW M Ha MUCXOAHOA B OJHON M TON K€ TOYKE HE 3aBUCUT OT
9TON TOYKH, a 3aBUCUT TOJLKO OT . ODO3HAYMM 3TO OTHOIIEHHE Yepe3
g(a): / /

p'lar) _ ¢(ar)

o = ey, = 9@

¢'(r)  ¢(r2)

Juddepennupys najee 1Mo @, MOJIYyIUM:

rear) _
Jr) I

[Tpu a = 1 nmpaBasi yacTb ypasHeHusi obparaercs B Koucranry G = g(1).
B pesyabrare mosydnM ciemyiolee ypaBHEHUE:

e’ (r) = G¢/(r).
[Tpunsae obosnauenne ¥ = ¢, nonyuanm nuddepennmanbuoe ypaBHenue
[IEPBOTO TTOPSIJIKA:
) (r) = G(r),
pEeIIeHneM KOTOPOro, KaK M3BECTHO, OYJIET:
’lﬁ = 017’G.
Bosepamasics kK pyHKIUT 1), TOJTYyIUM OKOHYATEIHHO:

¢ _.G+1
_ G _ ) aar®T + Co, mpu G # 1,
o(r) C1/r dr + Cy { Cilnr + Cy, npu G = —1.
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Taxum obpazom, mosydaeM Kjiaacc PYHKIIN, 11T KOTOPBIX 3a1aHHbIA BbI-
e (pyHKIMOHA MHBapUAHTEH 110 OTHOIIEHUIO K IIPE0OPa30BaAHUIO MO0~
ous:

o(r) =clnr (5)

p(r) = cr, (6)

[EPBBIil 13 KOTOPBIX IIPEJICTABIISAET JEMHUCKATHI (2).

HenocpencTBennoit MmMOACTAHOBKOII TPOBEPSETCA, UTO HaWJIEHHBIE
bYHKIINU JIEHCTBUTEIBHO OIPEE/ISIIOT KJIACChl KBa3WJIEMHHUCKAT, MHBA-
PUAHTHBIX OTHOCHUTEJILHO IMO/I00Usi, IpUYIEM yrKe JijIst JIIoboro ducia o-
KYCOB.

Takum obpazom, WHTEpeC JJIs Tesieil AIPOKCUMAIIUN, KPOMe OObIU-
HBIX JIEMHHCKAT, JaBaeMbIX perrerueM (5), MOIYT HpPEJCTaBIsATH KBa-
3HJIEMHUCKATBI, OIpejiesisieMble creneHHbiME hyHKImsMu Bujga (6), mpu-
YeM TOJIBKO /15 3HavdeHni a B nipenenax 0 < o < 1. [eiicTBuTeIbHO, TPU
a > 1 dysakius ¢(r) mosydaercst BBITYKJION, 9T0, KAK HETPY/IHO TOKa-
3aTh, IPUBOJUT K BBIIYKJ/IOCTU BCEIO KJIACCA AIITPOKCUMUPYIOMNUX (DY HK-
Ui, CUJIBHO Cy2Kas KJIacc alnpokcuMupyembix dyukimit, [pu o < 0
dbyurims ¢(r) oxkaspiBaeTcst yObIBaroIieil, YTO POTUBOPEYUT TpebOBa-
HUIO MOHOTOHHOI'O BO3pacTaHus MOYHKIIUU, UMEIOIIEN CMBIC/T PACCTOSHUSI.

11. CemelicTBa KBa3MJIEMHUCKAT

[To marepuaiam 5Toi pabOTHI TPOBOIUIICS CPABHUTEJbHBI KOMITBIO-
TepHbIi skcriepuMenT. [ oiHO# u TOit Ke cucTeMbl (POKYCOB CTPOUIUCH
ceMeiicTBa KBa3UJIEMHICKAT ¢ MHBAPUAHTOM (4) 11J1st pasHbIX @-byHKITH
PaCCTOSIHYS | JIJIsI IMPOKOIO JIalia3oHa 3HadeHuii pajuyca S (puc. 6).

Ha puc. 6a (BBepxy) IpeJCTABIEHO CEMENHCTBO KPUBBIX C Jiorapud-
mMudeckoil dbynknueil paccrosmust ¢(r) = Inr, — cemeiflcTBO JleMHECKAT
(5). Buech, Kak U Ha pHC. 2a, TaK¥Ke HPOSIBUJINCH PACCMOTPEHHbIE BBIIIE
CBOICTBA, B 9aCTHOCTH, Y/EPXKUBaHUE JIEMHUCKATAME BCEX CBOUX (DOKY-
cos BHyTpu. Ha puc. 6a (BHH3Y) M300pazkeHO JIPyroe ceMeicTBO Kjacca
KBa3WJIEMHICKAT, 3a/aBaeMoe perterneM (6) st o = 1: p(r) = r — ce-
MeiicTBO MHOTO(OKYCHBIX 3JIIMIICOB. Bce KpUBbIe 9TOrO ceMeicTBa, Kak
1 Ha puc. 20, BBIIYKJbe, (hopMa UX OejiHa U TIPU YMEHBIIEHUH Payca
OHU «TepPSIOT» CBOU (POKYCHI, OCTABJIsIS MX 3a IpeJ/ieIaMiu KPUBOH (1 uem
GosibIie v > 1, TeM sipUe MPOSIBJISIIOTCS 9TU CBONCTBA).
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a) 6)

Puc. 6. CemeiicTBa MHOTO(OKYCHBIX KBa3MIEMHICKAT C PA3HOI (p-DyHK-
Iyell pacCTOSHUS: a) JIEMHUCKATDI (BBEpXY ), /utuichl (BHu3Y); 6) dyHK-
must paccrosmst: o(r) = /4 (BBepxy), o(r) = /2 (BHuzy).

Ha nByx npyrux pucynkax (60) mpeJcTaBIeHBI ele JBa ceMeiicTBa
KBa3UJIEMHICKAT, MOPOXKIaeMbIX pereHneM (6), ¢ DyHKIUSIMI PaccTosi-
aust: (1) = /r (puc. 66, Buusy) u ¢(r) = /r (puc. 66, BBepxy). Kpusbie
9TUX CEMENCTB y¥Ke He BCe BBINYKJ/bIe, B OTJINYKE OT SJLIUICOB, HO (op-
Ma ux OejHee, yeM (hopMa JIEMHUCKAT, U OHU, KaK ¥ 3JIIUIICHI, «TEPSIOT>
cBon (BOKYCBI, XOTSI U HE TaK «JIerko». CpaBHeHHe Ke ceMeiiCTB KPUBBIX
CO CcTeneHHbIME (DYHKIUAMEU paccTosuus (puc. 66) mMexkiay coboil moka-
3BIBAET, YTO CTENEHb, MPOSBIISIOMAACT B TaKUX XapaKTePUCTHKAX, KAk
yaep:KuBaHue (POKyCOB U BApPUAOEIbHOCTH (POPMBI, ¥ CEMEHCTBa C MEHb-
muM 3HadeHneM crerenn (puc. 66, BBepxy) Gosiblie, yeM y cemeiicTBa ¢
OOJILIITIM 3HAMEHUEM.

OTcrofa MOXKHO ¢JIeJIaTh BBIBOJI, YTO C BO3PACTAHMEM CTEIEHU KOP-
s n B dyHKImu paccrosuus f(r) = /1 cooTBETCTByIOINIEe CeMeHcTBO
KBa3WJIEMHHUCKAT OyJIeT OTJIAAThCs [0 CBOMM CBOMCTBaM OT ceMeficTBa
9JLINIICOB U TPUOIUAKATHCA K CEMEHCTBY JIEMHUCKAT. UTO eCTeCTBEHHO,
uMesi B BUJLy COOTHOIIEHNE, CBA3LIBAIONIEE KOPHU C JIOTapU(DOMOM:
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n(l — {/r) — Inr npu n — oco. (7)

CpaBHI/ITeJII)HbIe CBOIiCTBa KBa3WJIEMHUCKAT C Pa3HbIMU (bYHKL[I/IHMI/I
PacCTOdAHNA IIPUBEJICHBI B Ta6JII/IH€Z

Ounmuncer | Kopau JleMHUCKATBI
p=r @ =rl/n p=Inr
CBst3HOCTH CBSIBHAST TepsieT TepsieT
BCerya CBSIBHOCTH | CBSI3HOCTD
Dokychbl TepsieT TepsieT coXpaHsieT
doKych doKyChI doKyChI
BeIyKJIOCTD | BBIMYKJIasl | BBITYKJasi | BBIIYKJIO-
BCerya B OCHOBHOM | BOTHYyTasI

12. KoMIbOTEepHBII 3KCOEPUMEHT II0 IIPUOJIN-
JKEHUI0 KPUBBIX

Paccmorpennble cBoficTBa KBa3WJIEMHUCKAT, 3a/IaBaeMble PA3IMTHBI-
MU DYHKITUSMH PACCTOSHIS, OTPAXKAIOTCS W HA UX AIIPOKCUMAITMOHHBIX
cBoficTBax. B kKadecTBe miuIiocTpanuu Ha pUC. 7 TPUBEJEHBI IPUMEDHI
IpUOJINZKEHUsT OJTHON U TOM 2Ke SMITUPUIECKON KPUBOH MIeCTUMOKYCHBIME
kBaswieMHucKaTamu: ¢ f(r) = +/r (puc. 7a) u semuuckaramu (puc. 76).

Puc. 7. Tlpubnuzkenne SMIMPUYIECKOl KPUBOIi: &) KBa3HJIEMHHCKATAM,
a = 1/2; 6) JeMHECKATAMH.
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Kak XOponio BUJTHO U3 CpaBHEHNA PDHUCYHKOB, KBa3HJIEMHUCKATbl HE B

COCTOSTHUM TPHUOJIN3UTH 38JIAHHYI0 KPUBYIO, B TO BPEMs KakK MPUOJIMKE-
HUE, OCYIIECTBICHHOE C TEM K€ YUCJIOM (POKYCOB JIEMHUCKATAMH, MOYKET
ObITH IPU3HAHO BIIOJIHE YJIOBJIETBOPUTEIBHBIM [3].

Takum 06pa30M, aHaJI3 KJIacCa kif—KBaBI/IJIeMHI/ICKaT BbIJIEJIAET Ce-

MEHCTBO JIEMHUCKAT KaK YIOBJIETBOPsiIOliee Hambosiee obmumM TpeboBa-
HUSIM K (DYHKIIUUA PACCTOSTHUS M OIUCAHUIO N€OMETPUIECKUX (hOpPM U UX
WHBapHUaHTOB.
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