O KOHCTPYKTUBHOII XapaKTepu3anun
IMIOPOTOBBLIX (PYHKITUIA

A.TI. CokosioB

BBenenue

IToporoseie dpyHKIIHN aIreOpbl JIOTUKU MIPEICTABSIOT HHTEPEC B CBSI-
31 C IPOCTOTONW TEXHUYECKON peaM3allid, a TakKe OJiarogapst CBOUM
BBIYUCIUTE/ILHBIM BO3MOYKHOCTSIM.

CpejicTBOM 3aJIaHus TOPOTOBLIX (DYHKIIUN SABJISIOTCS JIMHEHBIE (DOp-
MBI BUJa TiWi + ... + Tp,wy, — 0. Ilpu 3TOM MOryT paccMaTpuBaThCH
JinHeiiHbie (OPMBI, KaK C JeHCTBUTE/ILHBIMHU, TAK U C IEJIOYUCJICHHBI-
Mu Kodddurimentamu. Mbl oTMedaeM, 9TO BLIPA3UTE/ILHBIE BO3MOXKHOCTH
JIAHHBIX CIIOCOOOB SKBUBAJIEHTHBI, TO €CTb Jii0basi ToporoBasi pyHKIus f
MOXKeT OBbITh 3aJjaHa HEKOTOPOH JIMHEHHONH (DOPMOI ¢ IEI0UUCICHHBIMEI
ko3 durtmeHTaMN.

BBojinrces nonsiTre curHaTypbl OoporoBoii (pyHkImn f kak HabOp 3Ha-
KOB KO3 PUIMEHTOB HEKOTOpO# JimHelHO# (opMbl, 3ajatomeit f. Oka-
3bIBAETCH, YTO ecJi f CYIECTBEHHO 3aBUCUT OT BCEX CBOMX IEPEMEHHBIX,
TO curHarypa f ornpejessieTcss OqHO3HAYHBIM 00pa3oM. BoJjiee Toro, oTHO-
IIIEHIEe PABEHCTBA CUTHATYD Pa30dMBAET MHOXKECTBO CYIIECTBEHHBIX ITOPO-
roBbIX (byHKIMH Ha 2" B3aUMHO HEIIEPECEeKAIOIIINXC S PABHOMOIIIHBIX KJIaC-
COB, OJIHUM U3 KOTOPBIX SABJISETCH KJIACC MOHOTOHHBIX IIOPOTOBBIX (DYHK-
nnit. Takum 06pa3oM, CTPYKTypa KJIacca MOHOTOHHBIX ITOPOTOBBIX (DYHK-
Ui TIOJTHOCTBIO OIpPEJe/IeT CTPYKTYPY KJlacca BCeX IMOPOTOBBIX (DYHK-
HIA.

B pabote ucciieryercs CioXKHOCTh MPeodPa30BAHUS OHON TTOPOTOBOI
byHKIUN, 3aIaHHON JIMHEHHOW (OpPMOit, K APYroil, myTeM I0CJeI0Ba-
TEJBLHOrO M3MeHeHus K03 PUuImeHToB JuHeiiHoi dpopmbl. B KadecTBe Me-
PBI CJIOXKHOCTY ITPUHUMAETCS U3MeHeHne KoaduiinenTa uin cBoOOIHOTO
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wieHa JInHEHHON hopMBbI Ha euauILy. JJaHHBIH poriece MOXKeT UHTepIIpe-
TUPOBATLCS KAK IPOIECC 00yUeHUsT HeiffpoHa C MOpPOroBoit MyHKIEH aK-
TuBanun. JJis XapakTepu3aIun CJI0XKHOCTH ODyUeHUs B XY/IIEM CJIydae
BBOJIUTCSI IIeHHOHOBCKast pyHKIwst p(n). OHA rOBOPUT O TOM, CKOJIBKO
MUHUMAJBHO JIOCTATOYHO BBIIOJTHUTH €JIMHUIHBIX MOIUMUKAIUI UCXO/I-
HOH JinHelHo! (OPMBI OT 1 IEPEMEHHBIX Il 33aHUA YKEeJIAeMOM I10-
poroBoit dyuknuu. B pabore mokasbiBaeTcs, 9TO IPU CTPEMJICHUH 70 K
BEeCKOHETHOCTH BeJIMYnHa 1og p(n) pacrer 110 IopsifKy Kak nlogn.

st 060#t ToporoBoit (hpyHKIUU CYIIECTBYET OECKOHEYHOE MHOYKEe-
CTBO 3a1aI0ux ee JuHEHHbIX dopm. Jluneitnbie GopMbl HA30BEM SKBU-
BaJICHTHBIMU, €CJIM OHU 33JIAI0T OHY U TY Ke MOporopyio ¢pyHkuo. MHo-
2KECTBO BCEX CYIIECTBEHHBIX JUHEHHBIX (DOPM € MEJIOUUCIEHHBIMUA KO-
durmerTaMu 1 CBOOOJHBIM WJIEHOM, 33IAIOIIIX MOPOTOBYI0 QPYHKIHIO f,
oboznaunm U (f). Jlerko Bujers, aro muoxkectso U (f) 3aMKHYTO OTHOCH-
TeJIbHO OIEpAaIlny CJIOYKeHUsT JTUHEHHBIX dopM. B pabore mokasaHO, UTO
Besikoe MHOXKeCTBO U(f) COMEpKUT eMHCTBEHHBIN 6a3uC OTHOCHTE b
HO OIIepaIiy CJIOYKEHUS JIMHEHHBIX (DOPM, KOTODPBI SABJISETCH CYETHBIM
U Pa3pelMbIM, a TaKKe OMUCAaH aJTOPUTM, KOTOPBII IOCJIeI0BATETHHO
crpout 6asuc muoxkectBa U (f) mis 3aianHoii oporosoit dbyHknuu f.

1. OcHOBHBIE TIOHSATHsI, TIOCTAHOBKU U PE3YJIHTATHI

Bsenem ompenenenust jmHeiHOW (POPMBI W IOPOroBO#  (PYHKITUM.
ITycte R — MHOXKECTBO JI€HCTBUTEILHBIX UHCEN, TOTIA AuHetHol dop-
MOT Ha30BeM (DyHKIIMIO

n
lgo (X1, 2n) = g TiW; — O,
i=1

ompeseseHHyI0 Ha MHOXKecTBe R”.

Baecy W = (wi,...,wy,) — BEKTOP BECOBBIX KOI(DMUIINEHTOB, & 0 —
nopor. Eciin Bce BecoBble KO DUIUEHTHI TOJI0KATEIbHBIE, TO OyIeM Ha-
3bIBATH TAKYIO JIMHEHHYIO (DOPMY Nn0A0HCUMEALHO-0NPEJeseHHOT.

Oynkuus f(x1,...,2,) : BEY — E, tne Ey = {0, 1}, nasoiBaercs
nopo2060t, ecm cymecTByeT uneitHass dopma lg , (T1,. .., T,) = T1wi+
...+ Tpw, — 0 Takad, 4To
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n
) 1, ecm ) wiw; —o = 0;
f(l'l, ,an) = i=1
0, unaue.
B arom ciydae rosopuM, 4To saunetinas gopma lg , sadaem nopozo-

syt pynryuto f(xy,...,T,) ¥ 32MUCHIBAEM ITO TAK

lgo — flx1, ..., 2n) wma fgo (21,...,%p) .

MHO2KeCcTBO BCeX MOPOTOBBIX (pyHKIMT obo3HaunM RT .

[Toporosas dyukiwst f(z1, ...,x,) Ha3bBaETCA Z-N0P0o2060U, e€ciu
cyIecTByeT JjuHelHas dopMa x1wi + ... + TpWy — 0 C METOUUCTCHHBIME
ko3 dunmentamu u noporom, sanatomas Gyukuuo f(z1,...,z,). MHo-
2KECTBO Z-1moporoBbix dyHKIm obozuadnm ZT.

Bosnnkaer Bompoc, Kak cOOTHOCATCs Kjacchl dyukmuit Z1T u RT7?
Unmeer MecTo creyromniast TeopemMa.

Teopema 1. Kaaccwo, ZT u RT cosnadarom.

B cBsa3u ¢ Teopemoii 1 mastee, ecim 3T0 He Oy/eT OroBapuBaTHCs OT-
JIeTTBHO, OyJIeM pacCMATPUBATDL JUHEHHDBIE (POPMBI TOJBLKO € MEJIOTHCIICH-
HBIMH KO3(PUITUEHTAMI U ITOPOTOM.

Curnarypoit muneitnoit popmbl Lz » = T1w1+. . .+ T, Wy, — 0 HA3BIBAEM

BEKTOD S (lu;’g) = (81,...,8p), TAKOIii 4TO:
1, ecrmw; > 0;
S; =
0, maade,
ang i =1,...,n.
Byzaem rosoputh, uro dyuknus f (x1,...,T,) CYIECTBEHHO 3aBHCHT
oT 1mepeMeHHoro x;, i € {1,...,n}, eciu HaiijayTcs jBa HabOpa
a = (ala"' aaiflvoaal?kl?"' 7an)7
/
o = (alv"'7ai—1717ai+17"' 7an)7

rakue, uro f (a) # f (o).

IToporosyio dbyHKIUIO canTaeM cyuecmaerHoti, eCiu OHa CyIEeCTBEH-
HO 3aBHCHT OT BCEX CBOMX IT€PEMEHHBIX.

Jluneitnyio bopmy g sigma OyJieM Ha3bIBATD CYINECTBEHHOMH, €C/IU 3a-
JlaBaeMasl efo Ioporosasi PyHKIUsI CYIIEeCTBEHHA.
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Teopema 2. Ecau lg, u lg o 3adarom  cywecmeennyio nopo2o6yio
dpynxuuro f, mo s (lwyg) =35 (lw/,gl).

N3 Teopembr 2 ciieyer, ITO CUTHATY A JIMHEHHONW (DOPMBI CyIIIECTBEH-
HOIT TIOPOroBOIt (byHKIMHU [ OJHOZHAYHO ONPEJIE/IsieTcs ToH (hyHKIHe,
qro obosHauaeM § (f). OTHOIIEHNE paBEHCTBA CUTHATYD SIBJISIETCSI OTHO-
IMIEHEM SKBUBAJIEHTHOCTU U 3aJ[a€T pa3dHeHNe MHOXKECTBa CYIIECTBEH-
HBIX ITOPOTOBBIX (DYHKIINI HA KJIACCHI SKBUBAJIEHTHOCTU. BO3HUKAET BO-
[IPOC: CKOJIBKO 3THX KJIACCOB U KaK OHU ycTpoeHbl! Clemyromnas TeopeMa
JaeT OTBET Ha JaHHBII BOIIPOC.

Ilycre x,d € Fy, Torna

d x, ecmu d = 1;
x, ectn d = 0.

®Oynknun anre6pst goruku f (z1,...,2,) 1 f'(x1,...,2,) HA30BEM
CHMMETPHYIHBIMI OTHOCHTEJIBHO HMEPEMEHHBIX T, ..., L5 U1,...,0 €
{1,...,n}; ecin

d dn
f(:z:l,...,:vn):f/<:1311,...,xn),

rae s Beex j € {1,...,n} BbinoaHeHo

dj =0, ecm j € {il,...,ik};
d; = 1, nnaue.

ITycrs M u M’ nBa MHO)KecTBa (DyHKIHI, 3aBUCSIIUX OT EPEMEHHBIX
Z1,...,%,. Hazosem Muoxkectsa M u M’ cuMMeTpUYHBIMU OTHOCUTE/ILHO
HEPEMEHHDIX L, - .., Li; i1, ..., € {1,...,n}, ecom yist moboit dyHk-
mun f € M maiinerca dyuxmus f° € M’ cumverpudnas eif OTHOCHTE b
HO [EPEMEHHBIX Tj,, ..., T, , U, Haobopor, st joboit dynkmun [ € M’
Halijiercst cumMeTpuynast et yukius f € M.

Hazosem muoxectsa M u M’ cUMMETPUYHBIMM, €CJIM OHU CHMMeET-
PUYHBI OTHOCUTEJIbHO HEKOTOPOT'O HEIYCTOI0 MHOXKECTBA MEPEeMEHHbIX.

Obozuaunm depe3 Z1™ MHOXKECTBO TOPOTOBBIX (DYHKIIUN OT 1 Iepe-
MEHHBIX. MHOXKECTBO CyNIECTBEHHBIX OPOTOBBIX (DYHKIHI OT 1 epeMeH-
HBIX 00O3HAYMM Yepe3 77",
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Teopema 3. (Teopema o cuenamypax). Omuowenue paseHcmsa cuzna-
myp pa3busaem MHoAHCeCmeo ZT" na 2" ssaummo CUMMEMPUYHBLL DAG-
HOMOWHBLT MHOAHCECTNEA, OOHUM U3 KOMOPYLL ABAAETNCA MHONCECTNEO MO-
HOMOHHBIT CYULECTNBEHHBLL NOPOLOSHIT PYHKUULT 0 N NEPEMEHHBLL.

Beenem noHsiTHE paccTOSTHUSI MEXKIy JTUHEHHBIME (bopMaMu M IIOPO-
TOBBIMU (DYHKITHSTMH.

Ilycrs Ly o 1 g gr — maneitabie (pOpPMBL OT 7 IEPEMEHHBIX. Y/ialeH-
HOCTBIO MEXK/Ty JIMHEHHBIMEI (POPMaMU Ly o 1 L o1 HA30BEM CJIEIyIOILY IO
BEJINYNHY:

n
/ " / "
p(lwljo./;lw//’a.//) = ‘O’ — 0 ‘ + E ‘wl *U),L- .
=1

9Ty BeJIMYUHY MHTEPIPETUPYEM, KaK HEOOXOJUMOCTD CJIeJIaTh p TO-
CJIEJIOBATEIIbHBIX €ANHUYHBLIX W3MEHEHUIT KOMIIOHEHT OJIHOU JIMHEHHON
GdOpMBI, 9TOOBI MTOTYIUTH JIPYTYIO.

ITycrs 3amansl noporosbie dbyuxmmu f/(x1, ... xy) u f’(x1,...,2,).
PaccrostHueMm Mexkly HUMU HA30BEM BEJTUIUHY:

p(f1f7) = min - p(I507).

l'lD
"
Lgn ol —f

3ech MUHHMYM OepeTca 1O BceM JIMHEHHBbIM dopMaM g sigmar U
L sigmar, 3amatomum dynkuun ' u f”, coorsercrBeHHO.
Omnpesiesm Besmauny p (n) CIeAyIONUM 06pa3oM:

o Y/
pn) =, max p(f51").

JlaHHast BeJMUYMHA XapaKTepU3yeT PacCTOsiHUEe MeXK/Iy HauboJiee y/iajleH-
HBIME TIOPOIOBBIMU (DYHKIMSIME OT 7. nepeMeHHbIX. Ciiejyoree yTBep-
JKJIEHUE XapaKTepu3yeT BeJUduHy p (n).

Teopema 4. Umeem mecmo

logy p (n) < nlogyn, npun — oo.
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[Iycrs f(x1,...,2,) — noporoBasi dbyHKIWs, a l; u ly — JuHEHbIE
¢opMBI OT N TIEpeMeHHbIX, 3aarrue f. JIerko BUIeTh, 9TO JIUHEHAs
dbopma lq +15 Takxke 3agaer dyuknuio f. Oboznadum U (f) — MHOKECTBO
JINHEHHBIX (DOPM OT 7 IepeMeHHbIX, 3aafonmx f. Kak y»ke oTMedaioch
panee, MHOKecTBO U (f) 3aMKHYTO OTHOCHTEJIBHO OIIEPAIUY CJIOXKEHUSI.
Bosuukaer Boupoc, cojgepxkurces g B U (f) 6a3uc OTHOCHTENBHO Onepa-
uu ciaoxkenusa? Ecan ja, TO sBASIeTCsT M OH KOHEYHBIM, U CKOJIBKO Pa3-
Jm4aHbIX 6azucos cogepxkurcst B U (f). Cuesytommast reopema JiaeT OTBETHI
Ha 9TH BOIPOCHT.

Teopema 5. /[Las 060t nopozosots pyrkyuu f(x1,. .., Ty,) MHOKMCECME0
U (f) codeporcum eduncmesernviii 6a3uc ommocumesbHo onepayul cAodice-
HUA, KOMOPBILT ABAAECMCA CUEMHDBIM U PA3PEULUMDBIM.

OrmernM, 9TO B J0Ka3aTebcTBe TeopeMbl 5 sIBHO OIUCAH aJrOPUTM,
KOTODBIii TOC/Ie/I0BATEIbHO cTpouT basuc MuokecTBa U (f).

2. /lokazaTeJbCcTBO TeopeMbl 1

N3 onpenenenus knaccoB Z1 u RT, ouesumno, cienyet, uro Z1T C
RT. Jlokaxkem obpaTHOe BioKeHue. HeTpy/iHO BUJIETh, YTO CIIPABEJJINBO
YTBEPKICHUE.

Jlemma 1. Ecaulg e — f(21,...,%p), mo daa 1106020 noaosicumenvrio-
20 wucaa k 6ydem eepho l.g .o — f(x1,...,2p).

Ilycts jama JmmHeiinas ¢opma lg, W HPOU3BOJIbHAs TOYKA ( =

(ai,...,a,) € EF. Obosnaunm p; (@) MHHEMaJIbHOE PACCTOSHHE OT
n

TOYKHN (v JIO IUIOCKOCTH [, 33/IaHHOil ypaBHEeHnEeM Y | z;w; — o = 0.
i=1

Jlemma 2. Hmeem mecmo
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HoxkaszaresbcrBo. Ilycrs § = (by,...,b,) € R” — Touka Ha MIOCKO-
ctu [, paccTosTHIE OT KOTOPOH JI0 TOYKM (v MUHMMAJIBLHO.

3a/1a4a HAXOXKJICHUS TOYKU [ MOXKET OBbITH 3aIlMCAHA, TaK:
L 2
lnf Z (bZ - ai) )
B \i=1
n
Z blwl —o=0.
=1

st pertierus qanHoit 3aa4du cocraBuM pyHKIuio Jlarpamxka:

L(b1,...,bp) = )\OZ(bi —a;)*+ M Zbiwi —0
=1 i—1

HeobxoaumbiM yeoBueM sKCTpeMyMa B 3ajatde 1 sBJSeTCS PaBEHCTBO
HYJII0 YaCTHBIX IPOMU3BOAHBIX (hyHKIuE Jlarpam:xa IO IepeMeHHBIM
bi,...,by, TO ecTh

L, =0,i=1...n.

Taxum obpasom,
b, = o (2b1 — 2@1) + Awy = 0;

L0 = Ao (an — Qan) + AMw, = 0.

n
Paccmorpum ciiefyromue ciydan:

1) mycrs A\g = 0, B TakoMm ciaydae A; = 0, ciieJ0BaTEIbHO, BCE MHOXKU-
Tesn Jlarpam:ka paBHBI HYJIIO, ITOTOMY JAaHHBIN CiIydail HEBO3MO-
JKEH;

2) mycrb A\g = 1, Torga jist Beex i uMeeM b; = a; — %Alwi.
st HAXOXKIeHUsT \] TIOJICTABUM II0JIyI€HHbIE BbIpayKeHus s b; B
OorpaHUYeHHe 3aa91 1 BUIA

n

Zaiwi — %)\1 iwf —o=0.
i=1

=1
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CemoBaTeibHO,

Takum obpazom, Omkaliilias K ¢ TOYKA IIOCKOCTH [ JIIs BCeX 1
UMeEET CJIEYIONIe KOOPINHATHI

n
wi | Y ajw; —o
J=1

bi = a; — m
> ws
i=1
Ksagpar MuHUMAJILHOTO PACCTOSIHUS, COOTBETCTBEHHO, PaBEH

Pty (@) = > (b —ai)’ =
=1

1

n
| Wi 2
Jj=

1

n
ajwj — 0 Z ajwj — 0
Jj=1
2
wy

i=1 >

n
Jj=1 Jj=1

CeroBaTeibHO,

JlemMma mokazaHa.

Jlemma 3. Ecau @ € R", 0 € R u e > 0, mo natioymea w € Z"
u o' € 7Z makue, wmo 0as yeaa ¥ medncdy sexmopamu W u W u 04
paccmoanuti py, (o), daa 6cex o = (aq, ..., a,) € EY bydem svinoaneno

Plg,o (a) — Plgi o1 ()| <euvua<e.
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dokazareabcTBo. s 10Ka3aTEIbCTBA JIOCTATOYHO IMMOCTPOUTH TaKyIO
HOC/IeI0BATEIbHOCTD JTMHEHHBIX DOPM L, o1 s iy a5 - + 5 ligy o4 » - -+ € TEIIBI-

MH KoaddunmenTaMmu 1 oporoM, 4ITo hm Py, (@) — Plys, o, (a)) =0
k—oo ’

IS BceX v U lim cos vy, = lim ek

k—oo k— o0 @l 1Wk

TOpaMu W U W.

= 1, re v, — yros Mexk/jly Bek-

PaccmoTrpum JiecsTrIHOE IPEICTaBICHIE KOMIIOHEHT W; BEKTOPa W 1
opora o
Ww; = (wio,wﬂ wlk),
0 = (80,5182 .. 8k ...).

S,ZLer W10y - - -y Wno, S0 — LEJIbIE YaCTU KOMIIOHCHT BEKTOpa w n mopora
o.
ITostoxxum
W = (<w10...w1k),(wgo..‘wgw,...,(wno...wnk))
u

op = (S0-.-Sk) -

13 aHHOTO MpeJCTaBIeHns caeayeT, aTo Wy, — 10% -0, o — 10F - o upn
k — 00, a, CclIeI0BaTEJILHO,

n
Y ajwg;—ok
=1

lim (plﬂ (@) — pr- (a)) = lim [ = — =
— W0k N n n
k—o0 k—o0 : \/Z wl%j

n
Z ajwj—o Z ajwj—o

lim

j=1 —
j=1

@ - Wy, 10% - @ - @
lm —— = lim ——— = 1.
ko0 [ - [T koo 10F - [ - ]

3

JlemMma, jtoKa3aHa.

Jlemma 4. Cnpasedauso coomnowenue RT C ZT.



372

A.TI. CokoJioB

HoxkazareabcTBo. Paccmorpum nponsBosibHy 0 R-110porosyio pyHKIINIO

f(acl,..

., Tp), 3ajaBaeMyto JImHeiHOH (opmoii lgo, THE W;,0 € R, 0 =

1...n. Jluneitnas dbopma [z, 3ajmaer B mpocrpancTse R™ Takyro rumep-
IJIOCKOCTD, YTO 10 Pa3Hble CTOPOHBI OT Hee GyHKIws f(x1, ..., T,) IpH-
HUMAaeT pas3/InIHble 3HAUCHUS.

Paccmorpum Tpu ciydas:

1)

mn
Bce Toukn Oyrero kyba £ jexkaT 10 0JIHy CTOPOHY OT THIEpIIIOC-
KOCTH, 3aJiaBaeMoii juHeiinoit popmoil [y .

B rakom cayuae f(x1, ...,x,) aBasercs koucrantoit 0 mam 1. B
oboux ciaydasgx BuiHO, 9r0o f(Z1, ...,T) € ZT. js storo jo-
CTATOYHO PacCMOTpeTh JuHeinble hopMel g, = 1 u Ly o = —1,
COOTBETCTBEHHO.

Toukn Oyrnero xKyba F3 pacnosioXkKeHbI 110 0O6e CTOPOHBEI OT T'HIIEep-
IJIOCKOCTH, 3a/iaBaeMoil JInHEHHON dhopMoit lwm U HU OJIHA U3 HUX

He JIEXKUT Ha JJAHHOU THUIEPIITIOCKOCTH.
PaccmorpuM Bemauny

pe = I pri o ().
OdeBuIHO, YTO B OKpecTHOCTH V' (luj’(,) = {U ER":py, (v) < p*}
HET HU OJHON Toukm Oysero kyba. Ilycte B — miap ¢ 1eHTpOM B
TOYKE (%, cee %) U pajuycoM 4 B rakom ciydae Bce Touku Oy-
Jjlero Ky0a Jiexkar B rpejienax mapa B. U3 jemmbr 3 cieyer, UTo
CYIIECTBYeT T'HIEPILIOCKOCTh, 3ajlaHHas JnHeiiHo# dopmoil [y o,
rae w0’ € Z, 1 =1...n, takasi, 9T0 B Ipejesax B OHA JIEKUT B
okpecTHOCTH V (lwvg). CiieioBaTeIbHO, COOTBETCTBYIOIIEE €if pas-
buenne Oysero kyba OyJeT coBnauaTh ¢ pa3OueHUEM, 3a/[aBACMbIM
mneitHoi hopmoii Uy . CaegoBaTebHo, HAIIACH TaKasd JIMHEHHASA
dopma Ly o1, Tie wi, 0’ € Z, i = 1...n, 9ro 3anaBaeMas eii mOpo-
roasi pyHKuus copuajaer ¢ f(zy,...,Ty,).
Toukn Oysero kyba E3 pacmoozkeHBI IO 00e CTOPOHBI OT TI'HIIEP-
IJIOCKOCTH, 3ajaBaeMoil juHeitnoit dbopmoit Iz ,, a Takxke cylie-
CTBYIOT TOUKH OyJjiero Kyba, Jiexkaliye Ha JTaHHO MUMePILIOCKOCTH.
Paccmorpum Besimuanny

pe= B Pl (@),

lu_z‘,a(a)#o
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Jlerko BueTH, uTO JMHEHAasA opMa Ly £s 38/14€T TAKOE JKe Pas-
Ouenue, Kak [ ,, IIpH 3TOM HU OJIHa U3 TOYEK OyJsiero Kyba He JIeKHUT
Ha 3a/aBaeMOil €10 TUIEePILIOCKOCTH. TaknuM 0oOpa30M, JTaHHbINA CJIy-
Jail CBOJMTCS K IIPEJIBIIYIIEMY.

JlemMma, j1oKa3aHa.
N3 jremMbl 4 ciaeayer yTBep:KIeHHE TeOpeMbl 1.

CaencrBue. (O MajblX M3MEHEHHUSIX BECOB W mopora). Feau aunetinan
dpopma lg 5 3adaem nopozosyro dyrxyuro f(x1,...,Ty), U naockocmo Ly »
He Nporodum Hu wepes o0ny mouky byaeeo xyba, mo natidemcs maroe
e>0, e €R, wmo dan ecex i € {1,...,n} ewnoaneno

l(wl7---/“]1'—17wi+57wi+1»---7wn)70' = [z, 20),

a marxotce

Vwr,..own)ote = f (1, 2p) .

3. /lokazareabcTBO Teopem 2 u 3

Ouesnno, uro eciau f(x1, ..., x,) — CyleCTBEHHAs TIOPOroBast PyHK-
Ust, TO HU OJMH U3 KOo3(purmenTos jmHeiinoit dhopmbl L », 3a1arommeit
f, HEe MOXKeT paBHATBHCH HyJO. JloKarXkeM cJieyrolnee BCIIOMOTATEIbHOE
YTBEPXKIEHNUE.

JIemma 5. Ecau f(x1,...,%,) — cCywecmsennas nopo2osas Gynkyus u

lgo — f(x1,...,20), mo dynxyua f acaraemcs MoOHOMONHOU MOUHO
moeda, xozda s (lwv(,) =(1,...,1).

HokazarenbcTtBo. [locrarounocrs odeBmana. Jlokaxkem HeoOXom-
mocTb. Hazosem nabop a € E3 HuzKHell e uHuIeit MOHOTOHHON QyHKITUH

f(x1,...,2n), ecim f(a) = 1, a Ha mobom Habope o € EY, o < a, umeer
mecro f(a') = 0. Tak kak dhyHKIUA f MOHOTOHHAs, TO OHA OJJHO3HAYHO
3a/18€TCsT MHOXKECTBOM CBOMX HHKHUX €IUHHIL OV, ..., Qum, T€ o € EY;

k = 1...m. PaccMOTpUM COKpAIIEHHYIO JU3BIOHKTHBHYIO HOPMAJILHYIO
dbopmy
B=AVAyV...VA,
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Jutst byukimn f, rae A; — mpocTast IMILUIMKAHTA, COOTBETCTBYIOMTAST HUK-
Heit equnune oy, ¢ = 1...m. Ilepemennoe z;, j = 1...n, BXOJUT B UM-
mIUKaHTy A; TOYHO Torya, KOTja Ha j-# mo3unmuu Habop «; MPUHAMAET
3HaveHne 1.

Tak kak f cymecTBeHHBIM 00pa30M 3aBUCUT OT BCEX CBOMX IE€pPEMeH-
HBIX, TO JIJIsi BCIKOI'O IEPEMEHHOT0 T;, ¢ = 1...n, HalijileTcs XoTs Obl OJIHA

nmimkanTa Aj, j € {1,...,m}, 3aBucsamas or x;. Paccmorpum zHabops
Otj = (al, e i1, 1,ai+1, e ,an) 5
/
Oéj = (al, sy, O,ai+1, ce ,an) .

Ilycts mekoropasi ymneitnas gopma [y, 3amaer f. Tak kax o
HUKHsISI €IMHATIA f, TO UMEIOT MeCTO HepaBEeHCTBA

wiay + ...t wi—1a;-1 +w; - 1 +wip1a41 + ...+ wpay —o 20,
wial + ... +Fwi—1ai—1 +w; - 0+ w1041 + ... Fwpay — o <0,

9TO BO3MOXKHO TOJIBKO B ciaydae w; > 0.
/

Tak Kak cooTsercTBYyIONIE HAOOPDI (v U (V)

HalayTCs JJId KaxKJ0ro

[EPEMEHHOIO T;, TO § (lfu;’(,) =(1,...,1). Jlemma joka3zaHa.
Iycrs fgo(x1, ..., %) — Z-noporosas (byHKIMs, 33/laHHAs JIHHEH-
HOit (bopMOIt 15 . PacemoTpum nponssosbHbit BekTop 6 = (d1,. .. ,dy,) €

E7. Hazosem J-upeobpasoBanueM Z-10pOroBoii (OyHKIUH OIIEepaTop,
OIpeJIe/ICHHbINT HAa MHOXKeCTBe Z71 W NPUHUMAIOINIUN 3HAYEHUS Ha HEM
2Ke. DTOT OIepaTop 3AIMCHIBACTCH TaK

d [f’lﬁ,o’(‘rla 7xn):| = f’tﬁ’,o”(xla "'7xn)7

rie
wh = w;, ecom d; = 1,
w; = —w;, nHade,

n
o=0+> (di—1)w;,
i=1

SN ST

npu i =1...n.
OrmeTnM BaxKHBIE CBOMCTBa §-IIpeobpa3oBaHus Z-TOpOTOBO# yHK-
[IUN.
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Jlemma 6. Ecau fg (21, ...,2,) € ZT, § = (dy, ..., dy) € Ef ua =
(a1, ...,an) € EY, mo

foo(ar, ...a )—6[fwa(a1,...,aﬁ">].

JokazaTeabcTBO. YTBEpKJICHUE JIEMMbI BBITEKACT U3 CJICIYIONIAX CO-
obOparkeHwuii.

Bnavenne GyHKIWN fi, (a1, ..., ay) OUPEIEIAETCA 3HAKOM BBIPaZKe-
HUST
n
E a;w; — o
=1
Suauenne GyHKIUNA O { fo.0 (aill, ...,aﬁ")], B CBOIO OY€epe/ib, OIIPees-

€TCsdA SHAKOM BbIDazKeHU I

n

Z (*1)di+1 S ajw; + i (1—d;)w; —o.
i=1

i=1

Jlerko BuzeThb, 4TO Ha Beex Habopax a = (aj, ..., a,) € EY 3nadenns
JMaHHBIX CYMM paBHBL. JlemMMa JoKa3aHa.

Takum ob6pasoMm, J-ipeobpasoBaHUe IMOPOKIAET CUMMETPUIHYIO
GYHKITIIO. .

O6o3naunM yepes Z1'; MHOXKECTBO BCEX CYIIECTBEHHBIX Z-1I0OPOIOBbIX
GyHKIMIT OT N TEPEMEHHBIX, UMEIONNX CUTHATYPY S.

Caencrsue.
1) Ecwus,d € B, f,f' € ZT,, [ # [/, mo §[f] # 0 [f'].
2) Ecau d =s(f), mod[f] — monomonnas nopozosas dyrkyusa.

Jlemma 7. Ecau s,s' € EY us#s', mo ZT.NZTy =@

dokazaTeabcTBoO. HyCTb f (acl, .. mn) CyIIECTBEHHAsT Z-TI0POroBast
dyukmusa takas, 9ro f € ZT , fe ZT . Torya CcymecTByIOT JTHMHEHHBIE
dbopmbl Iy, 1 lg o, 3amaromue f, takue, uro w; > 0, ecim s; = 1,
w; < 0, ecsn s; = 0; a Takke w) > 0, ecimn 8, = 1, w); < 0, ecan s, = 0,
COOTBETCTBEHHO.
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[Monozkum 6 = s 1 BBIIOJHUM J-TipeobpazoBanne GyHKIUN f, 3a7aH-
Hoit dhopmamit [, 1 Ly 5. [To nemme 6 umeem

0 [f@c (:pl,...,xn)] =9 [fw',a/ (:pl,...,xn)] )

Tak Kak BEKTOp § = S, TO U3 CJAEJCTBUS JIEeMMbI 6 B JIeBO dYacTh
9TOTO BBIPAXKEHUS] UMEEM MOHOTOHHYIO (PYHKIIUIO OT N-IIEPEMEHHBIX, a
B mpaBoil dactu — (YHKIUIO, HE SBJISIONIYIOCS MOHOTOHHOM, TakK Kak
s # s'. Tlony4yennoe IpOTHBOPEUNE 3aBEPINACT JTOKA3ATETHCTBO JIEMMBI.

N3 Jlemmbl 7 caenyer Teopema 2.

HokazaTeabcTBo TeopeMmsbl 3. U3 Jlemmbr 7 ciiemyer, 910
2"1
—_—n —_—nNn
2T = U ZT, ,
K3
i=1

rae s1 = (0,...,0); s2 = (0,...,0,1); ...5 son = (1,...,1); upu s1OM,
ccamn i # j, 10 ZTy N ZT, = .

[Iycrs s # (1,...,1), 6 = s. Paccmorpum MHOXKeCTBO 0 [/Z\Tﬂ =

{(5 [f]: f€ ﬁ:} ITo ciuescrButo u3 jseMMbl 6 JJaHHOE MHOYKECTBO Oy/1eT

COCTOSITh TOJILKO U3 MOHOTOHHBIX HOPOroBBIX (yukmuii. BepHo takxke u

obparnoe: ecim §' = (§), TO 131 11060 MOHOTOHHOI TOPOroBoil dhyHKINK
f u3 ZT (4, 1) BEpHO, 9TO S [f] € ZT?O,...,O)- CrneroBaTeIbHO, €Clin § = 8,
TO

—n ——n

—n
Cnenosarenbno, kinaccel Z T, i € {1,...,2"}, B3aUMHO CHMMETPHYIHBI
¥ paBHOMOIIHBI. TeopeMa JoKa3aHa.

4. ]Jloka3zaTeJbCTBO Teopembl 4
PaccmorpuMm cireyroniyo Mepy CJIOXKHOCTH JUHEHHOH (hopMbI

L (lw,a) = max (|w1|,...,|w,|,|o]).
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st moporoBoit pyHKIuu f orpeaesuM BeJuInHy

L(f)= min L (lg,).
lu_z‘,a*)f
3/iecb MUHUMYM OepeTcsi 110 BCeM JIMHEHHBIM (hopMaM ¢ MeJbIMU KO-
dunmenTamu, 3aga0muM GYHKIAO f.
PaccmorpuM aHAIOTHYIHYIO XapaKTEPUCTHUKY Mg MHOXKecTBa Z1™
BHJIA
L(n)= min L(f).
(m) = min L)
Ouesnno, uro p(n) < (n+1) - L(n). Yrobsl onennts p (n) mocrarod-
HO paccMoTpeTh (hyHKIWIO f € ZT", Ha KOTOPO JIOCTUTAeTCsl BEJIMINHA
L (n). Bes orpanndenusi O6IMIHOCTH MOYKHO CYMTATh, 4TO f — MOHOTOH-
nast. Cnegosare/bHo, Bee KohMUIMEnTs! uHeiHol hOpMBI L -, 3a71a-
fomeii f, nojoxkureabHbl. [Ipu aToM, X0Tst ObI OtMH U3 HUX paBeH L (n).
Pacemorpum noporosyio dyukmuio f' = f. ITo Teopeme «o curnarypax»
Bce KoadppuImenTsl JuHeitHol (hopMbl, 3amatomeil f/, oTpuIaTebLHEL.
Cnenosarensho, p (f, f') = L (n).
[Tonyaaem

log L(n) <logp(n) <logL(n)+log(n+1). (2)

Takum 06pazom, jiist oleHKY Jiorapudma p (1) J0CTATOYHO ONEHUTH
aorapucdwm log L (n).

Ouenum log L (n) cepxy.

[Toporosasi dbyukuust f (z1,...,%,) OJHO3HATHO OIPEJIEJISIETCS CBOU-
MU 3HaYCHHAME Ha Habopax u3 Ej. Bcero takmx mabopos mmeercs 2".
Paccvorpum crieyroryto cucremy u3 2" HepaBeHCTB

OéiENf
& (ai-u_f*o<0). (3)
a€ER\Ng
Bunec «; = (a1,...,a,) € 5y 4 o= 1,...,2" Ny =

{a € E} : f(a) =1} — mHOXKECTBO HAGOPOB, HA KOTOPLIX (byHKIwms f
MpUHUMAaeT 3HaveHue 1.

OueBn,1HO, 4TO JII000H HAGOD (W1, . . . , Wy, T), YIOBJIETBOPSIONIAIL JTaH-
HOIt cucTeme, Oy/ieT onpeiesaTh auHeinyio dopMy [y ,, 3aamomyio f.
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Paccmorpum BekTopa o, off € ESH, TaK#e 4TO

! n
o = (a1, ..., 0, 1) 1 Beex oy € By,
no__ 1 )
ap = ay, ecmn o; € Ny n
no_
o = —qv, UHade.

PaccemorpuMm caenyrontyio cucremy u3 2" HepaBeHCTB

I —
OéiEE'él
- / /
rne @ = (Wi, ..., w),q).

Jlerko BuzeTh, 9TO JI060E W, SIBJISIONIEECs PelleHreM CUcTeMbl (4),
3aj1aeT Takxke perienue cucreMbl (3). st 9TOr0 JOCTATOYHO MOJIOKUTH
- / / _ /

W= (wy,...,wp), a0 =—w,_ .

OueBn/IHO, YTO MHOXKECTBO BCEX DellleHuii cucreMbl (4) mpecraiis-
er coboil BLIyK/IbIH MEOTOrpanHuk M B mpocrpancree R, B skcrpe-
MaJIbHBIX TOYKax M HeKoTopble n+ 1 HepaBeHCTB 0OPAIIAIOTCS B CTPOTHUE
pagercTia. [lycTs W — npousBo/bHAs SKCTpEMaIbHast TOYKa MHOIOTDaH-

_»/ _— .. ..
uuka M. B takoMm ciayuae jist ' nupun A = HaUH(m_1 a;; € Lk
UMEET MECTO CJIeJIYIOIIas CUCTeMa yPaBHEHUEH

A =1.

)x(n+1)’

IIo mpaBmity Kpamepa namnas cucremMa UMeeT CJeyIOIIee PelleHne

w; = K;izl...n—&—l,
rge A — ompeneaureab MaTpulbl A, a A; — olpeaeaure/b MaTpULbL A;,
moJtygaeMoit u3 A 3aMeHOi ¢-T0 CTOJIOIA Ha BEKTOP IIPAaBBIN YacTeil.
OrmeTnM, 9T0 B onpeneuTessax A\; i-ii ¢cTogber] COCTOUT TOJIBKO U3
equnUIl. e crosberr Ha 2, ¥ BBIYATAS] M3 BCEX OCTAILHBIX CTOJIOIOB
st Beex @ € {1,...,n + 1} moixydaem

A =2 Al

rJge olpeae/jmTe/In A{L COCTOAT TOJIBKO M3 3JIEMCHTOB :t%,

Teopeme Ajiamapa |2| 6yer BbIOIHEHO

IIO3TOMY IIO

n+1
1 n+1 n 1\ 2z
Al < (3 1) = (B si=1..n+1,
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3HAYNUT,
1 n+1
n —+ 2
spea()
OcraJjoch 3aMeTUThb, 9TO w’ = |A| -0’ TakxKe ABJIAETCS penienueM Cu-

crembl (4), npu sToM 3HaueHns w; nesste. Cie0BaTENBHO,

1 ntl
2
sovea (75)”

1 1
log L (n) < %-bg(nJrl)—n: §nlogn+o(n).

st onenku log L (n) cHusy npuBesieM 6e3 J0Ka3aTeIbLCTBA, CJIELyT0-
11 U3BECTHDLIA pe3ysibTar.

Teopema 6. (/1]) Ecaun =2¥ k€N, k> 3, mo cywecmeyem nopozo-
saa gynkyua f(x1,...,T,) maxas, wmo

L(f) > et gbniomnn
~ 2n )

B cayuae, ecom n # 28, k € N, pacemorpum n/ = 20827 Quesnno,
4TO

% n < 2082l </ — ollesan) gy

Baech || — nanboJibliee 1e10€ YUCI0, He IPUBOCXOJIsIee T («OKpyTJIe-
HUE BHU3» ).

Tak kak n' — cremnendb nBoiiku, BozbMeM Gynknuio [ (1, ..., %, ) U3
TeopeMbI 6.

Hanee, ponomaum f' (UKTUBHBLIME IIePEMEHHBIMHE 10 (DYHKIIUH
f(z1,...,zy). OgeBugno, uro mist L (f) Gymer uMeTb MECTO CJieryrorast

OIIEHKA:

) (f) > _672n1°g<3/2)2%n10gn7%n.
n

Takum obpazoMm, 1T TPOU3BOJIBHOTO N UMEEM:

1
log L (n) > anogn—i—o(n).
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OO6beIMHUB BEPXHIO U HUXKHIOO OleHKN Jyist log L (n), nosyyaem
1 1
anognJr o(n)<logL(n) < §nlogn+ o(n),

YeM yCTaHaBJIUBAEM TeopeMy 4.

5. lokazaTejbCTBO TeOpeMbl 5

Be cymecrsennble jmHeiinble HOpMbI [, 1 lg o OyjeM Ha3bIBaTh
IKEUGANECHMHBLMU 1 0003HAYIATE L5 ; ~ Ly 57, €CIIH 33/JaBAEMblIe UMU O~
porosble PYHKIMI PABHBI, TO €CTb fi s = fi o

Kax y»ke ormeuasioch panee, MEOXKecTBO U ( f) 3aMKHYTO OTHOCHTEJIb-
HO OIepaIuu CJIOYKEeHUs JTMHEHHBIX (dopM. CKJaJibiBast SKBUBAJCHTHDBIC
dopmbr camu ¢ coboit, TIOTyIaeM, ITO B HAIIEM PACIOPSIZKEHUNA €CTh TaK-
2Ke onepalus yMHOXKEHUsT JTUHEHHON (hopMbI Ha HATYPAJILHYIO KOHCTAHTY.

[Tycrs L — MHOXKeCTBO JMHERHBIX (opM, obo3Haunm vepes [L] — 3a-
MBIKAHUE MHOYXKECTBA L OTHOCUTEILHO OIePAIUil CIJIO2KEHUS U Y MHOXKEHU S
HA HATYPAJIBHYIO KOHCTAHTY, TO €CTh MHOXKECTBO BCEX JIMHEHHBIX (DOPM,
KOTOpPbIe MOXKHO TOJyIUTh U3 L MpPU TMOMOIIY JTAHHBIX OIIEPAITHIA.

Jlemma 8. Ecau f — cywecmsennan Z-nopo2osas Gynkuus, mo MHO-
orcecmeo U (f) AaAaemcs Mmoo cHemmo-noposrcoeHnom OmHoCUmensHo
oNepayUl CAONCEHUA U YMHONCEHUA WA KOHCTARMY U3 Z.

HokazareabcTBo. llpeanonoxum nporuBHoe. Be3 orpanuvenus oOIII-
HocT Oymem mosaraTh, 9to f — MoHOTOHHAs GyHKIwA. [lycts Hait-
JIeTCsT KOHEYHOe MHOXKeCTBO JimHeiHbix dhopm L = {l; (z1,...,2,),...,
lp (x1,...,xy)} Taxoe, uro [L] = U (f).

Ecnu maiinerca rtakast dopma [; € L, xoTOopas NIpeICTABISETCA B
BUJIEe JIMHEHHON KOMOWHAIINN OCTAJBHBIX (hopM m3 L, Torma, OYeBHUIHO,
[L\l;] = [L]. [TosToMy ecTecTBEHHO HOIAraTh, ITO MHOXKECTBO L HECOKpa-
TUMO, TO €CTb U3 HEro HeJib3s BBIOPOCUTH HU OJIHON JuHEHHON (HhopMHbI,
HE Cy3WB 3aMblKaHue. VIHBIMU CJIOBAMU, MO2KHO CUUTATDH, YTO MHOXKECTBO
L cocTonT TONMBKO U3 JIMHEHHO-HE3ABUCUMBIX 3JIEMEHTOB.

Iycrs 1y, € U(f) u 5n oama u3 Touek Oyiero KybGa He JIEXKHUT Ha
IJIOCKOCTH, 3a/1aBaeMoit [y ;.
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Ecmu [L] = U (f), To l 5 , mpejicTaBuMa B BiIe JTHHEHHON KoMOMHAIIIT
sjieMenToB u3 L, To ecThb

k
loo =Y ajlj, a; €No,lj € L, j€{1,... k}.
j=1

B Takom cayuae, eciu ¢ € N, To

k k
Zajlj ~ C- Zajlj
Jj=1 Jj=1

Paccmorpum smnelinyio gpopmy
k
I'=c- Zajlj +pzxi,i€{1,...,n},
j=1

rae p € N. Bosmoxkno 1Ba ciryuast: Ly, ~ U 1 lg . U

[Tokazkem, 4rto st jmoboro ¢ € {1,...,n} HaiigeTcss Takoil MHOXKH-
tesb ¢ € N, uro Ly, ~ .

N3 ciencrBust jteMMbl 4 TIOJTyvdaeM, 9TO JIJIsT IPOU3BOJIBHON JIMHEH-
HOit (POPMBI € TeIbIMU KO3 PUIMEHTAMI BLIIOIHEHO [, = w1T1 + ...+
Wp Ty — 0, KOTOPas He TMPOXOJIUT HU Yepe3 OJHYy TOUKY Oysero Kyba, cy-
IEeCTByeT JnHelinas popma

le =wiz1 + ...+ w121 + (wz + 6):& + Wir1Tit1 + ... + WpTy — 0,

e € = %, q € N, rakast, 9T0 [z, ~ l.. IIpu aTOoM opma [. cymecTsyer

qist jioboro i € {1,...,n}.
IIyctb ¢ = p - q, Torna

i—1 n
1
lgo Nc'le:ZP'Q'wj-Tj+p'Q'<wi+—) T+ Z P-q-wW;T;—0 =
j=1 q j=i+1
n
=p-q- ijxj—a +p-a;=1.
j=1
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Taxum 0bpasoM, Bcerga BO3MOXKHO 0100paTh TaKoi HATYpPaJIbHBI MHO-
/
JKUTEJIb C, 9TO L o ~ 1.
Canenosarenbho, I € U (f) u, 3naunt, I’ npejacrasuMa B Bujie JUHEl-
HOIT KOMOMHAIINN 3JeMeHTOB u3 L, TO eCcThb

k k
I'= Za;lj = Zajlj + px;.
j=1 j=1

IIycTn [ = z;. Bosmoxubl jsa ciryJast: l e Lul ¢ L. Tloka-
2KeM, UTO BTOpPOil ciaydail meBozMoxKeH. IIpemmosnoxkum mporusHOoe. JIn-
Heiinyio dopmy lg, OyJileM Ha3bIBaTh MOJIOKUTEILHO-OIPe/Ie/IeHHOil, ec-
JIX BCE ee BeCOBbIe KOI(DMUIMEHTHI U TOPOT MOJIOKUTEIbHBL. KoHIeHTpa-
1ueil IepeMeHHOI0 &; B MOJIO2KHUTEILHO-OIIPEIEJIEHHON JTUHEHON dhopMme

n

lgo =D, Wjxj — 0 HA30BEM OTHOIIECHUE
Jj=1
Wy
U(xi7l’tﬁ,0') ~ .
W
=1

J
OueBWIHBI CJIEJYIONIME CBOMCTBA KOHIIEHTPAIUN:

1) 0<v(zi,lae) < L

2) ecn A € N, 10 v(24, lg.0) = (i, i ro);

3) ecim 3ajambl sEHEHHBIE GOPMBL Uyl o 1 AN € N, 1o
(T, Mo + Nlgr o) < max(v(xi, Ly o), 0(@i, Ly o))

Tak Kak MHOXKUTEIb P BBIOUPAECTCsI MPOU3BOJIBHO, MOXKHO YTBEp-
JKJIATh, UTO HafiJIeTcs Takoi MHOXKHUTENDb ¢, uaTo v(x;, 1) > max(v(z;, 1),
... v(z4, 1)), uro HeBosmoxkno. CresoBarensuo, | € L. B cessu ¢ rewm,
9TO [IEPEMEHHOE X; BHIOMPAJIOCH IIPOU3BOJILHO, HOJIyYaeM, 9To Bee (pOPMBI

Busa x; conepxkarcsa B L. Ecim B kauectse I’ paccmorpers dopmy
I'=c-(aily + ... +aply) +p, tae p €N,

nosydaeM, 9ro 1 € L.
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[Tonyuennoro Habopa JUHEHHBIX (HOPM JOCTATOUHO JIJIs MOJIYIE€HUS
[IPOU3BOJILHON IOJIOKUTEILHO-ONPe e IeHHOM jnHeinoit dopmbl. [losry-
YaeM, UTO BCE ITOJIOKUTEJHLHO-OMPEJICICHHbIE JIMHEHHBIE (POPMBI COJIED-
xkarcst B [L] u, coorsercrsento, B U (f), 1ro meBepno. Jlemma Jokasana.

IIyctes L u B — muoxecTBa JjuHeiinbix ¢opm. Bymem roBoputh, 4To
B mosiHo B L OTHOCHUTE/ILHO ONEPAIMil CJIOXKEHWS M yYMHOXKEHHS Ha, Ha-
Typasibiyto Koucrautry, ecau [B\l] # L. Hasosem B 6asucom L ornocu-
TEJILHO JIAHHBIX ollepaltuil, eciim B 1ojHO B L # Jijid BCAKOM JIMHEWHON
dopwmer | € B eimonneno [B\l] # L.

U3 silemmbr 8 corepyer, uro U(f) He Moxker 06J1a1aTh KOHEYHBIM Oa3u-
com. Ocraercst Boupoc o cymiectBoBaruu B U (f) GecKOHEUHBIX, a TOUHee,
CUYeTHBIX 0asncoB. IIpuBesemM mpruMephbl HOPOrOBBIX (DYHKIIMIA, IJIsi KOTO-
pbix MHOXkecTBO U(f) comep:kur cuerHblil 6asuc.

—~1
Jlemma 9. Cywecmeyem maxan dynxuus f € ZT , wmo mHoocecmso
U (f) obradaem cuemmvim 6a3ucom 0mMHOCUMENDHO ONEPAUUY CAONHCEHUS
d8Yx AuHetHbLL PHopm.

HokazaresbcrBo. Pacemorpum noporosyio dyukuuio f (x) = z. Tak
Kak f — MOHOTOHHAasI, TO IO «TeopeMe O CUrHaTypax» MHoxkecTBo U (f)
COCTOUT TOJIBKO U3 MOJIOKUTETbHO-OIIPEIeJIeHHBIX JINHEHHBIX hopm. Cire-
JoBaTesIbHO, Jtobast uHeiinast ¢popma | € U (f) umeer By

l(x) =wx — o,
rae w > 0 u o > 0. Takum 0ob6pa3oM, BBITIOJTHEHO
U(f)={w-z—0:w>0; w,oeN}.

Muozkecrso U (f) uzobpazkeno Ha puc. 1.

Pacemorpum MuO)KecTBO sinHeiinbix hopm B={(1,1),(2,1),(3,1),...}.
31ech nepBast KOMIOHEHTa COOTBETCTBYET 3HAYEHHIO W, & BTOpas — O.
Hanuasi cucrema sIBJISIETCS MOJTHOW OTHOCHTEIBHO OIEPAIMU CJIOKEHUS,
TaK Kak Jirobasi auHeitHas dbopma by, , () = wr — o u3 maoxecrsa U (f)
MOXKeT ObITh IPEeJCTaBIeHa B BUJIE

oo (2) = lw—or1)1 (T) + (0= 1) - 111 ().
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Puc. 1. Muoxecrso U (f) upu f(z) = .

ITpu sroM, eciir u3 B BBIOGPOCUTH ITPOU3BOJIBHBI 3J1eMEHT [y, 1 (2), TO ero
HEBO3MOXKHO OyJIeT IPEJCTaBUTh B BUJIE JIMHEIHON KOMOMHAIIMU OCTaJIb-
HBIX, TAK KaK [PU CyMMe JIIOOBIX JBYX 3JIEMEHTOB 3HAUECHUE IOPOra O
Oyzer He Meree jBYX. [loaromy B — 6asuc mHoxkectBa U ().

—~ 2
JIemma 10. Cywecmsyem maxan f € ZT , wmo mnoorcecmeo U (f) 06-
Aadaem cuemmvimM 6a3UCOM OMHOCUMEALHO ONEPAUUL CAONCENUA AUHET-
HOLT POPM.

Hoxka3zaresbcTrBo. Pacemorpum noporosyto dbyukimo f (r1,12) =
x1& 9. Tak Kak f MOHOTOHHAsI, TO IO «T€OPEME O CUTHATYpPaX» MHOXKE-
crBo U (f) cocTonT TOJBKO U3 MOJOKUTETHLHO-OMPE/ICJICHHBIX JIMHEHHBIX
dopm. CuesroBaressho, sobast smHeiinas dopma | € U (f) umeer Bujy

l(x1,22) = wixy + woxe — 0,

rie w1, ws,o > 0. Takum obpasom,

U(f) ={wi 21 +ws- 20 — 0w +wy > 0;

wy < 0; we < 0; wy,wy,0 € N},

Mmuozkectso U (f) MOXKHO IpeJICTABUTL B BUJIE
U(f)=JUo=i (f), tae
=2

Ui () = {lao € ZL" i 1g o — f5 0 =i



O KOHCTPYKTHUBHOI XapaKTepU3alii IIOPOrOBBIX (OyHKITHI 385

Ha puc. 2 n3o6pazkeHbl IepBble MEeCTh YICHOB JTAHHOIO Pa3/IOXKeHUs
muoxkecTBa U (x1&x9). Obo3HaunM

Bi={lgoe €Ui(f): (w1 =i—1)V(wp=i-1)},i=2,3,...

Paccvorpum MHOYXKecTBO JinHeitHbIX dopM B = By U B3 U By U .. ..
[TokazkeM, uro B sisiercs 6asucom U (x1&xs).

[Tonmora B ciaemyer w3 TOro, 9To Jjist JIOOOro ¢ > 4 3JeMeHTBI
muoxkecrBa U; (x1&x2) \B; (Ha puc. 2 JgaHHbIe MHOXKECTBa 0603HAte-
HBI CePBIM TIBETOM) MOTYT OBITH MpeJICTABICHBI B BHje [(119) + U, rue
lag2) = 21+ 22— 2, a I — cooTBeTCTBYIOIIUIT 3JIEMEHT MHOMKECTBa
Uifg (:El&l‘g).

IToxkarkem, 9TO HI OIUH U3 JIEMEHTOB MHOXKeCTBa B He MO>KeT ObIThb
BBIPAYKEH Uepe3 OCTAJIbHBIE TIPHU TIOMOIIY OIEPAITA CYMMBI I Y MHOXKEHUSI
Ha KoHCTaHTy. OTMeTnM, 9T0 Jist 37aeMenToB MHOXKecTBa Uj (f) BbIIOJI-
HEHO

wy < 1, wy < 1.

Takum 06pasoM, JJIst JIF0OOM JTUHEHHON KOMOMHAITUN C TTOJTOXKUTETbHBIMEI
KO3 uImeHTaMu 3JeMeHTOB 13 B, cocrosimeit m3 6oJiee, 9eM OIHOTO
9JIEMEHTA, BBIIIOJIHEHO

wy Lo—2, weLo—2.
B 10 ke Bpemst 11T 37IeMEHTOB MHOXKECTBa B nMeeT MecTo
wlza—l,wgza—l.

Canenoaresbro, B sBisercs 6azucom U (z1&xs). Jlemma mokazana.

O6o6mmas yreepxkaenns 9 n 10, mokaxkem TeopemMy 5.

okazaTeabCcTBO TeopeMbl 5. bes orpanndenns: o6IIHOCTH OYIEM CUH-
TaTh, UTO [ — NPOU3BOJIbHAST MOHOTOHHAsI TIOPOrOBasi (PYHKIIUSI OT 70
nmepeMeHHbIX. JIJIst 0CTaJIbHBIX TOPOTOBBIX (MPYHKINN yTBEpXK IeHne Oyaer
CJIe/I0BaTh M3 «TEOPEMbBI O CUI'HATYpax». 1aK Kak f MOHOTOHHasI, CJIeJI0-
BaTesbHo, MHOKecTBO U (f) HemmkoM comepskurcs B MuHokecTse N7
PaccMoTpuM ciefyionnee pasbuenue MuozkecTsa N

Nt = Ky U (K\K1) U (K3\K2) U ...,
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Puc. 2. Muoxecrso U (z1&x2).



O KOHCTPYKTHUBHOI XapaKTepU3alii IIOPOrOBBIX (OyHKITHI 387

e K; = {(a1,...,ap41) 1a; €Ny a; <i,j=1...n+1},i = 1...00.
K; — xy6 B npocrpancree N1 co croponoii i.

[TycTh B MHOXKECTBO JTUHEHHBIX POPM, KOTOPOE 3a1aeTCsT CJICLY IOIIIM
obpazoM:

1)

6)

Ha muozkectBe K uiem nepecedenne K1 NU (f). Tak kak B ir060M
MHOXKeCcTBe K; COmepKUTCs j(nt1) 3JIEMEHTOB, TO 3a/iavua HaXO0XKJIe-
nust K1 N U (f) siBasiercst aaropurMudecku paspentumoit. Muoxe-

crBo K1 NU (f) nenukom 3anocum B B.

ITepexoqum K pacemorpernio MuokecrBa (K9\Kj). Anasorndxo
npejplyIemMy mary, saxogum MmuaokectBo (Ko\Kip) N U (f). U3
JIAHHOTO MHOYKECTBa OTOPACBIBAEM T€ 3JIEMEHTBI, KOTOPbIE MOIYT
6bITh TOJTyUeHbl n3 MHOXKecTBa K1 N U (f) mpu momoru onepa-
Ui CJIO’KEHUST M YMHOYXKEHUSI Ha KOHCTAHTY — ODO3HAYUM JIaH-
Hoe MHOXKeCTBO Lo. 3ajada HaxXOXKICHHA MHOXKecTBa Lo Tak-
JKe SIBJISeTCS aJlOPUTMUYECKH Pa3peIlnMOil, TaK KaK BCEBO3MOK-
HBIX JIMHEHHbIX KoMOmHarwmii snementoB w3 K1 N U (f), koopmu-
HATBl KOTOPBLIX He IPEBOCXOAAT 2, KOHeYHoe 4HcJo. MHOXKecTBO

[(K2\K1) NU (f)] \L2 nesukom 3anocum B B.

ITepexonum K paccmorpernto MuoxkecTBa (K3\K2). Ananornano
maxouM MuOKecTBO [(K3\K2) NU (f)]\Ls. 3aecs Lz — MHOKe-
crBo Beex aementoB (K3\K2) NU (f), KoTopele MOryT GBITH IO-
JIy“€HBbI TP [TOMOIIY OIIepPAIUil CJAOKEHNS W yMHOKEHNS U3 MHO-
xkecrBa Ko MU (f).

u T

ITepexomum k paccmorpenuio muoxkectsa (K1 \K;).

Haxomum muokectBo [(K;1\K;) NU (f)] \Lit1, tme Liy1 — MHO-
xkecTBO Beex asteMentoB (K1 \K;) NU (f), koropsie MOryT GbITH
IOJIY Y€HbI IPU [OMOIIY OLEPAIHIl CIIOXKEHNS U YMHOXKEHUsT U3 MHO-
xkecrsa K; N U (f).

u T. .

HOJIy‘{eHHOQ MHOXKecTBO B mMmeer BU/I:

e}

B= U [(K\KG—1) N U ()] \Li,

=1
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rae L; — te smementst muoxkectBa (K;\K;_1) N U (f), koropsle MoryT
OBITD IIOJIyYEeHBI IIPU IOMOIIM OLePAINii CIIOXKEHNsI ¥ YMHOYKEHUST U3 MHO-
xkecrBa K;—1 NU (f). [onaraem L1 = @.

[Tokaxkem, uro B — 6Gasuc muoxecrBa U (f). IMonnora B cieny-
er u3 mocrpoennst — Joboit snement U (f) ;mbo maxomures B B, -
00 JIMHEWHO BBIpaXKeTCsT dYepe3 ero 3jaeMeHThL. Ilpum sTom u3 B Helb-
351 OTOPOCUTH HH OJMH 3JIEMEHT. DTO CJIEJAYeT U3 TOTO, UTO SJIEMEHTDI
muoxkectBa [(KG\K;—1) NU (f)]\Li; #He MOryr ObITH JIMHEHHO BbIparke-
HBI depe3 sseMenTel MHOXKecTBa [(KG\K;_1) NU (f)]\L;, ecrm j > 4,
TaK KaK B TAKOM CJIydae Jirobas JiMHeiiHas KOMOUHAIMS JIEMEHTOB W3
[(K;\Kj—1) NU (f)] \L; umeer koopmunarsl Gosbire, dem 4. ITosTomy
B — 6asuc. Eguncrsennocts B cie/yer u3 TOro, 9TO HU OJIMH U3 SJIEMEHT-
nos muoxkectsa [(K\K;—1)NU (f)]\Li, ¢ = 1,2,..., He MOXKeT OBITH
BBIpaXKeH Uepe3 oCTajbHble. TeopeMa JIOKa3aHa.

BaaromapaocTn

Astop 6marogaput Bamepust Bopucosnua Kynpsisriesa 3a moctanos-
Ky 38J1a9 U IeHHble KOHCYJIbTAIINH, & TaKXKe 3a MOJJIEPKKY MHTepeca K
MaTeMaTHKe W MTOPOTOBOM JIOTUKE B YaCTHOCTH.
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