O dbyHKIMOHAJIBLHOM 3aJaHUN JIATHHCKIX
KBaJIPATOB

B. A. Hocos, A. E. Ilankparbes*

B pabore ucciemyiorcs GyHKIIMOHAIBHBIE CIIOCOOBI 3a/IaHUS
JIATUHCKUX KBaJIPATOB HAJl MHOYKECTBAMU N-MEPHBIX OYJIEBBIX BEK-
TOPOB, T-MEPHBIX BEKTOPOB HAaJ| IIPOU3BOJIBHBIM IIPOCTHIM KOHEY-
HBIM TI0JIEM U ITPOU3BOJILHON KOHEUHON abeseBoit rpymmoii. Takxke
MIPUBOJUTCS KOHCTPYKIMSI, 3a/lai0lasl KJIacChl HEIPYIIIOBBIX Ja-
THHCKUX KBaJIPaTOB.

BBenenue

JlaruHCcKMe KBaj[paThl MIUPOKO MCIOIB3YIOTCH B DPAa3IUYHBIX 0bJa-
CTSX MATEMATHUKN W KHOGPHETUKM: TEOPHUH KOJIMPOBAHMUs, TJIAHUPOBA-
HUU 9KCIepUMenTa, 3amure nadopmarmn [1]. B coeit dynnamenranbHoi
TeopeTnvecKkoil pabore [2|, MOCBSIIEHHON CBSI3M B CEKPETHBIX CHCTEMaX,
K. Ilennon nokazas, 94To mudpol, MIOCTPOSHHBIE HA JIATUHCKAX KBaJIPa-
Tax, 00J1a/1al0T TAK HA3bIBAEMbIM CBOWCTBOM COBEPIIIEHHOH CEKPETHOCTH.
DTO CBOWCTBO OOYCJIAB/IMBAET MPUMEHEHUE JIATHHCKUX KBaJPATOB B aJ-
TOPUTMAX U CTAHJIAPTAX MH(MPOBAHMUS.

[Ipu nmpakTUyecKOM TPUMEHEHUH JIATUHCKUE KBAJIPAThI MOT'YT UMETh
JIOCTATOYHO OOJIBINIME Pa3MEPhI, YTO JIeJIaeT 3aTPY/IHUTEIbHBIM XPAHEHNEe
B [IAMSITH BCEro KBaJipaTa IeJnKoM (Bcex ssiemMeHToB). ITosromy Heobxo-
JINMO UCIOJIb30BATh KOHCTPYKTUBHBIE METObI 38/IaHUsI JIATHHCKUX KBaJI-
paros. Illupokoe pacrpocTpaHeHUe MOJIYUWIO AHAJUTHIECKOE 3aJAHUE

*Pabora Broporo asropa nojzepxana Coserom npu IIpesuente PO no nojgiepxke
Beaymux Hay4IHbIX mikoJ1, rpant Ne HITI-5666.2006.1
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JIATHHCKUX KBAJIPATOB TPU MOMOIIHN (DYHKITHY JBYX MEPEMEHHBIX, OMpe-
JIEJISTIONIE 9JIEMEHT KBaJpaTa 0 ero KoopuHaTaM (HOMEpY CTPOKH U
crosibria). CpoiicrBaM Takux (YHKIUI U [OJy9IaeMbIX JIATHHCKUX KBaJI-
PATOB U TIOCBAIIEHA HACTOAIIAS PAbOTA, SBISIONIASICS MPOTOIKEHIEM 1
obobmmennem pabor [4], [5], [6].

HamommuM, 9T0 JTATUHCKUM KBAIPATOM MOPSIIKA 7 HA3BIBACTCST MaT-
pura pazmepa n X n, 3al0JHEHHAS JTEMEHTAMU HEKOTOPOTO MHOXKECTBA
Q, || = n, Takum 06pa3oM, 94TO B KaXK/I0I €e CTPOKe U B KarK/JIOM CTOJIOIEe
BCE JIEMEHTHI pa3Indubl. [IpocTefituM mpuMepoM JIATHHCKOTO KBaJjpaTa
MOPSIJIKA N SIBJISIETCS MAaTPHUIA

0 1 e m—2 n—1
1 2 e om—1 0
I =
n—2 n—-1 .-+ n—4 n—-3
n—1 0 e m—3 n—2

Dror JAaTHHCKUIA KBaJIpaT 3a1aercst dhopmynoit L(x,y) = x4y, taexuy
CyTh «HOMEpa» CTPOKH U cTosi0na KBajpara, z,y € Q = {0,1,...,n—1},
U 11071, CJIO?KEHNEM [TOHUMAETCsI CJIOXKEHHE 10 MOJIYJII0 1 (MOYKHO CKa3aTh,
gro dopmyna L(x,y) = = + y 3ajaer JaTHHCKUI KBaJparT Haj abese-
BOI I'pyLIIONi Zn). IIpousBoNIBLHBIN JTATUHCKUN KBaJApaT MOPSIIKA 71 HAIL
rpyumnoit Z,, 3ajgaercsa HopmyJioi

L(:E,y):.%‘+y+f($,y), (1)

e [ — Hekoropas QOYHKIUSA Zy, X Ly — Lp. 3aMETUM, 9TO JIATUHCKUE
KBaJIPaThl OIPEJIE/ISIFOTCST HAJT JIIOOBIM MHOXKECTBOM U3 71 3JIEMEHTOB, O/I-
HAKO 4acTo crenuduka IPYIIOBOH CTPYKTYPbI MO3BOJISET UX 3aJaBaTh
6oJ1ee HATVISIJTHO U YJI00HO C BBIYUCIUTEHHON TOYKHU 3PEHUS.

B nmamnoit pabore mpuBOANTCS KOHCTPYyKIHs, obobiaiomas hopmy-
ay (1). ®@urypupyromasi B s10it dopmyse dbyukmus f(z,y) paccmar-
puBaeTcs Kak BEKTOp-(yHKIUs winm ceMeiictBo (yHkiuii. B repmuaax
CBOMCTB 3TOro cemeiicTBa PyHKIUH (HPOPMYIUPYIOTCT HEOOXOAUMBIE U 0~
CTATOYHBIE YCJIOBUSI TOrO, YTO MATPUIA, 3a1aBaeMast (opmysioit (1), sB-
JISIETCST JIATUHCKUM KBaJ[PATOM.
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1. JlaTmHCKME KBaJIpaThl, 3ajJaBaeMble ceMeii-
cTBaMu OyIeBbIX (DyHKIHIA

PaccmorpuMm KBajpaThl, 3aJaHHble HaJ MHOXKecTBoM ) = E,, TO
€CTh MHOXKECTBOM BCEX JIBOMYHBIX HAOOPOB JUIMHBLI n. Takme KBaJpaTbl
UMEIOT TOpSJIOK m X m, tiae m = |E,| = 2". «Banymepyem» CcTpoku
u crosbnpl KBajgpaTa L sjeMeHTaMu MHOXKeCTBa [, u ompemenum 3je-
menT L(x,y) = (z1,...,2p), CTOSIIMI Ha [IepeceYeHIN CTPOKH C HOMEPOM
x = (z1,...,Ty) 1 cTOJOIA ¢ HOMEPOM Y = (Y1, ..., Yn), dOPMyIAMU

zi =gi(®1, . Ty Y1y Yn), T=1,...,m, (2)

rhe ¢; SABJIAIOTCH Oy/eBbIMU (DYHKIUSIMU 21 TEPEMEHHDBIX X1, ...,%Tn,

Y155 Yn.
NzBecrHble pPE3YIBTATBI O PETYISPHOCTH CUCTEMbBI OYJIEBBIX (DYHK-

it |7] no3Bossitor copMyIMPOBATE CIIEYIONMI KPUTEPHIi.

Teopema 1. [/] Cemeticmso n 6yaseswx dgyrnxyuts G = {g1,92,---,9n}

om 2N NEPEMEHHVIL X1, L, Tn, Y1, Y2, -, Yn 30$0a€M  AGMUHCKUL
keadpam ¢ nomouybro gopmya (2) mozda u moavko moeda, Kozda 60 ecex
NPOUZEEICHUAT iy =+~ Gip, 1 < 11 < -+» < i < 0, k < n, 6 noau-

nome 2Kezarkuna HEm YACHOG, COOEPAHCAUUT BTONCOEHUA T . . . Ty, AUOO
Y1---Yn, @ Npouscederue gy - -+ - gn codepocum o0b6a MAKUT “ACHA U He
codeporcum Opy2uT YAeH08, UL COOEPHCAULUL.

MoKHO NpeJIOKUTE NapaMeTPUYecKnil crocod 3aJlaHus ceMeiicTBa
JlaTuHCKUX KBajparos. [lycTh jlano cemeiictBo OyseBbix dyHKInii F =

{fi(z1,.-y2n)s oy fn(21,-..,2n)} OT N IEpEMEHHBIX Z1,...,Z,. llycThb
T1(Z1,Y1)y -« Tn(Tn, Yn) — cemeiicTBO OyseBbIX DYHKIWIA OT JABYX I€pe-
meHHBbIX. Oupesiesnm cucremy Oyiesbix dbyakmuit G = {g1,...,gn} o1 2n
HEPEMEHHBIX L1, ..., Lpn, Y1, -« - » Yn COOTHOIICHUSAMU

g =z1+y1+ film(z,v1), .- (T, Yn))
g =z2+y2+ fo(m(z1,v1), - s T (TnsYUn))

gn = Tn + Yn + fn(ﬂl(xlvyl)v s 77Tn(1'n7yn))-
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Bynem rosopurb, dWro ceMmeiicTBO OyieBbix dyHKImi F =
{f1, fo,. .., fn} sABIASIETCS PABUIBHBIM, €CJIU JJIsi JIIOOBIX PA3IMYHBIX Ha-
6opos nepemeHHbix 2’ = (21,25, ..., 2h) u 2" = (2{,2Y,...,2) cymecrsy-
eT « € 1,n Takoe, 9TO BBIIIOJTHEHO

22l fal2l, e 2h) = fa(Z 2. (4)

Teopema 2. [4] Cemeticmeo 6yaeswx gynrkuyui G = {g1,92,...,9n} 6u-
da (3) onpedeasem c nomowwro gopmya (2) aamunckud keadpam 0as
M0OBT PYHKYUT TT1, T2, . . ., Ty 6 TROM U MOABKO MOM CAYUae, Ko2da ce-
metiemeo pynrkuut F = {f1, fo,..., fn} Acasemea npasusvnvim.

3ameuanue. Teopema 2 MO3BOJISIET MPHU MTOMOIIH JIIOOOTO MPABUILHOTO
cemeiicrBa, dyukmmit F' = {f1, fo,..., fn} mosyuars pasiaudHble JaTHH-
CK¥Ee KBaJpaThl, BAPbUPYS CUCTEMY (DYHKIUHA-TAPAMETPOB T1, 72, - - - , Tp.

Bsesiem nekoropoie onpenenenust. 1lycrs f(zq, 2, ..., x,) — Oynesa
dbyukuus or n nepemennbix u I C [1,n]. MHOXKECTBO NEpEMEHHBIX T] =
(x;), © € I, tme jyist onpegiesienroct BosbMeM I = [1,s], 1 < s < n,
OyJleM Ha3bIBATh CyINECTBEHHBLIM I (DYHKIMK f, eciin

> fleas 0 2sg1,. ., m0) 20 (mod 2) (5)
a1,...,008

IIpu s = 1 omnpenesieHne CynEeCTBEHHOTO MHOYXKECTBA IIEPEMEHHBIX CBO-
JINTCS K U3BECTHOMY CBOWMCTBY CYIIECTBEHHONH 3aBUCHUMOCTH (DYHKIIMH OT
COOTBETCTBYIOIEro mmepementoro. [Ipu s = n yTBepKaeHne O CYyNeCTBEH-
HOCTU MHOYKECTBa MepeMeHHbIX (Z;), i € [1,n] paBHOCHJIBLHO HEYETHOCTH
Beca f.

Cremytomuit pe3ysbTaT MO3BOJISIET CBECTH MMPOBEPKY MPABUILHOCTH
ceMeiicTBa (DYHKIUH K TPOBEPKE CYIECTBEHHONW 3aBUCUMOCTH TTPOU3BE-
JleHut (bYHKIWH OT MOIMHOYXKECTB UX apTyMEHTOB.

Teopema 3. [3] Cemeticmeso byaesvix gyrnkuyuts F = {f1, fo,..., fn} om
NEPEMEHHBLT L1, T2, . . . , Ly ACAACTNCA NPAGUALHBLM 0200 U TOALKO TO-
2da, Ko2da das awbozo nodmmoorcecmea I C {1,2,...,n} npoussedenue

dynxyut [] fi ne sa6ucum cywecmeenno om MHONHCECTNEA NEPEMEHHDLT
il
xr ={a;}, i € I
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2. JIatuHCKUe KBaJIpaThbl, 3a/ilaBaeMble ceMmeii-
cTBaMu (PYHKIUIA p-3HAYHON JIOTUKN

n
p7
HBIX BEKTOPOB HaJl IIPOCTHIM HosieM [F),. SaaauM KBajgpar L Haj MHO-

Paccmorpum Temneps kBagpaThl HaL ), TO €CTh MHOXKECTBOM N-MEp-

xkecTBoM [} ipyn omonu cucreMel 1 pyHKIMI p-3HAMHON JIOTHKK OT 21

[ePEMEHHBIX:

gl(xlv <oy Tns Y, - - 7yn)

92($17 <oy Tns Y, - 7yn)

(6)

gn(l‘la <oy Tns Y1, - 7yn)
3iech, Kak u B OyjeBoM ciydae, Habop = = (z1,...,T,) 3a7aeT HO-
Mep CcTpoku, HaGop ¥y = (Y1,...,Yn) — HOMEp CTOJIONA, a 3HAUEHUS
dbyukuuit (g1, ..., gn) Onpeessior coorBeTcTByoOMmuil sement L(x,y) =
(21,...,2n) KBasipaTa L.

Ncnonb3yst pe3yabTaThl 0 PEryJIgpHOCTH ceMeicTBa (PYHKITUH p-3HAY-
HOM JIOTMKH [8] MOXKHO MOJIyYHTh KPUTEPHU TOrO, 9To ceMeiicTso (6) 3a-
JIaeT JIATHHCKUN KBaJpar.

Teopema 4. [5]/ Cemeticmseo Pynxuyut p-snaunots aoceukuy G =
{91,92, .., 9n} 0m 2n nepemennur T1,...,Tn, Y1, - ., Yn Onpedessem ia-
munckull keadpam mozda u Mosvko moada, ¥K020a 60 6CEX NPOUCCICHUAT
gzl gf;’“ npomegjffl...ngl, edel <ip <---<ip<n,1<a<p-1,
1= 1,...,k, 1 < k < n, xoadpuyuenmor npu waeHax mﬁ’fl...xﬁfl u
yffl . yb7 6 mpusedermx mroeousenazr pasnw 0, a 6 npoussedenuu

p—1 p—1
g1 -..gn  coOmeemcmeyouLue xoapuyuermao, pasHos 1.

AmnayornaHo Kpurepuio, ccopMyaupoBaHHOMY B Teopeme 1 JaHHBIH
Kpurepuii He gaer 3pdeKTUBHOTO crocoda MOCTPOCHUST HYXKHBIX Ce-
MeicTB (DYHKIHI, HO ITO3BOJISIET MOJIYYaTh JIOCTATOUYHBIE YCJIOBUS IIYyTEM
BBIJIEJIEHUST KJIACCOB (DYHKITUN.

[TpuBeiéM KOHCTPYKIUIO, 006001Ia0NTyi0 chOPMYINPOBAHHDLIE BBIIIIE
pe3yJIbTaThI 0 OyJIeBhIX (DYHKIUIX HA CIydail PyHKIUH p-3HAMHON JIOTH-
K.
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[Tycrs 3amano cemeiicrBo dyHkImid p-3Haunoii jgormku F = {fi,
fo,...yfn} OT n HepeMeHHbIX 21, 29,...,2Zn. llycrs wi(z1,y1),. ..,
Wn(xn,yn) — cucremMa (PYHKIUH p-3HATHON JIOTUKHU OT 2-X IIEPEMEHHBIX.
Oupegesum cemeiicto dbyHkiumii p-3aaqnoit soruku G = {g1,92,...,9n}
OT MEPEMEHHBIX T1,...,Tn,Y1,- - -, Yn COOTHOIICHUAMN

g1 = Hi(z1,y1, fi(mi(z1,91), - Tn(Tnsyn)))
g2 = Ha(z2,y2, fo(mi(z1,y1), - - Tn(Tnsyn)))

gn = Hn(xna Yn, fn(ﬂ-l(xl? yl)a ce ,Wn(:En, yn)))7

rae H;, i € 1,n — byHKIUM p-3HAYHO JIOTMKH OT 3-X HePEeMEHHbBIX.
Bynem rosoputs, uro dpyuxiusa H : Fg — [}, aBIgeTCs TATUHCKOIA,
ecin B ypasaennu H(x,y,z) = t nax F, ns mo0bix bUKCHPOBAHHBIX
TPEX BEJIUYUNH OJHO3HAYHO ONpeJeIeHa YeTBepTasl.
3aMeTuM Tak»Ke, UTO OIpeJIe/IeHIe IPABIIBHOIO ceMeficTBa OYJIEBBIX
dyHKINi, BBEIEHHOE B IIyHKTE 1, MOYXKHO JIOCJIOBHO IIEPEHECTH Ha CJIydail
byHKINN p-3HATHON JIOTUKU.

Teopema 5. [5] Jas samunckux dynrkuyut mpex nepemennor H;, © €
1,n cemeticmeo gynxuuti G = {g1,92,- -, 9n} 6uda (7) onpedeasem sa-
munckul keadpam npu A00bT GYHKUUAL T, ..., T, 6 MOM U MOABKO
mom cayuae, koz2da cemeticmeo gynkuyui F = {f1, fo,..., fn} A6asemca

npasusLbHIM.

glcno, 9TO Kiace JATUHCKAX (DyHKIMH BKJIOYAET JIMHEHHbIE (DyHK-
1M, 3aBHCSAIIIE OT BCEX Tpex mepeMeHHbIX HaJ IF,. Herpynuo mokasars,
9TO TAKOBBIME OyJIyT, B 9acTHOCTH, Bee dbyukiuu Buja ¢1(z) + p2(y) +
©3(2), THe p; — nepecranoBouble MEOrowIieHsl Ha F). VIMerorcst Kiaccst
[ePECTAHOBOYHBIX MHOTOUJICHOB M UX KJIACCU(DUKAINSA I MAJIBIX CTeIe-
Heit u mMasbix p (em. [9]).

ITpuBeeM KpHUTEpHil, MO3BOJIAIONIAIT CBECTH NPOBEPKY BHITOJIHEHUS
YCJIOBUS TPABUJIBHOCTU [IJIsi ceMeficTBa (DYHKIIN pP-3HAYHONW JIOTUKH K
[IPOBEPKE YCJIOBHsI PETYJIIPHOCTHU JIJIsSI ACCOIMUPOBAHHOIO CeMeNCTRa.
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Teopema 6. [5] Qynryuu p-snaunot soeuku F = {f1, fo,..., fn} om

NEPEMEHHBLT T1, L9, . .., Ty 00PA3YIOM NPAEUALHOE CEMETCME0 Mo20a U
moavko mozda, Kozda das awbozo nabopa a = (ay,...,a,) € Fy, cemet-
ecmeo gynrkyut F(a) = {x1 + a1 f1,22 + asfo, ..., xn + anfn} A6asemca
DE2YNAPHBLM.

3. JlaTuHCcKue KBaJApaTbl HA abeJjieBbIMI rpyii-
IIaMmn

Bciony B masnbreiiem Mbl Oyaem paboTaTh C JIATHHCKUMU KBaJIpaTa-
MM, 33JJaHHBIMI HaJl abesieBbIMU rpynmaMu. I[Ipu 3Tom OyaeM HCrosb3o-
BaTh AIMTUBHYIO 3alliCh IPynnbl 1 depe3 (0 obo3HadaTh HEATpaIbHBII
9JIEMEHT.

PacemoTrpum npsiMoe ripousBejieHne HeCKOJIBKUX (1) KOIuii KOHeTHOI
abesieBoii rpyiibl G:

H=G"=GxGx---xG. (8)

n

Bagaaum wa rpynnoit H sarnacKkuil KBajpar nopsiyika |H|. Crada-
Jla «3aHyMepyeM» CTPOKH U CTOJIOILI KBaJipaTa djieMeHTaMu rpynnbl H.
[ycrs © = (21,22, ...,2n) 1Y = (Y1,Y2,- -, Yn) CYTh JIEMEHTBI TPYIIIIbI
H. Onpepnenum snement kBagapara L(z,y) = (21,22, ..., 2y ), CTOAIIHMN Ha
[IepeceveHn CTPOKU, COOTBETCTBYIOIIEH 9JIEMEHTY X, U CTOJOIA, COOT-
BETCTBYIOIIErO JIEMEHTY ¥, (DOpMy/Iamu

z1=z14+y1+ filpi(z1,91), - Pn(@n, Yn))
zo =22+ y2 + fo(p1(z1,91), -, Pn(@n, Yn))

(9)

Zn = Tn +Yn + fn(pl(l'lvyl), ce 7pn(xn7yn))'
3neck p1,p2, . .., pp — Gynxknun GXG — G f1, fa2, ..., fn — Pynknun
G" — Q.
Ouesnino, dopmysbt (9) He Beeryia 3a1a10T JATUHCKUI KBajpar. Ha-
npumep, Habop f1 = —y1, fo = —y9,..., fn = —Yn 3aJa€T KBaJpaT C
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oJinHAKOBBIMU cToJiOamu. [IpuBesem ycioBust Ha pyukiuu fi, fo,. .., fn,
[pU BBIIOJIHEHUN KOTOPBIX KBajipar L = L(x,y) sABIseTcs JIATHHCKUM
Jyist JII0ObIX (DYHKIMHI P1, P2, - - ., Pn-

3aMeTuM, YTO OIpEJIeJICHUE TPABUIBHOTO ceMeiicTBa (DYHKIN, BBe-
JIEHHOE BBIIIIe JiIst OyJieBbIX DYHKIMH U PYyHKIUN k-3HAYHON JIOTUKH, J10-
CJIOBHO TIEPEHOCTHUCH U Ha CjIydail GyHKIHi HaJ abesIeBBIMUA IPYIIIAMH.

Teopema 7. [6] Keadpam, saemenmo, xkomopozo zadaromes hopmyaa-
mu (9), ABAAEMCA AGMUHCKUM NPU AOODT P1, P2, - . .y Pp, MO0 U MOABKO
moeada, kozda cemeticmeo Pyrwkuud fi, fo,. .., fn ABAAEMCA NPABUALHVIM.

3ameuanue. AHaIOTUYHO ciaydaio OyaeBbIX (DYHKIUH W QyHKIHI
k-3Ha4YHOM JIOTUKU, TeopeMa, 7 TO3BOJISET IIPHU TOMOIIY JIIOOOr0 ITPABIIIb-
HOrO cemeiicrBa dyHKuit fi, fo,..., f, TOMydYaTh pasjMYHBIE JIATUH-
CKHUe KBaJIpaThl, BAPbUPYSI CUCTEMY (DYHKIUI-IapaAMETPOB P1, P2, - - - , Dp-
Herpyamno Tak:ke BHJIETH, YTO CHCTEMY TApaMeTPOB MOYKHO BBIOpATh
|H "M criocoGanm.

Teopema 8. [6] Qynxuuu f1, fa,. .., fn 06pasyrom npasusvroe cemeti-
cmeo moezda U Moavko moezda, koz2da Oas 06020 nabopa GyHKUU
1,02, ...,y 6uda G — G cemeticmeo dynwyui {x1 + 1(f1), 2 +
Ya(f2), ...y Tn + Un(fn)} Asasemes peeyasprom (onpedeasem buexyuro
G" — G").

Bameuanne. Teopema 8 M03BOJISIET CBECTH IPOBEPKY MPABUILHOCTH Ce-
MeiicTBa (DYHKIMI K IIPOBEPKE PEryJISIPHOCTH CEMENCTBa aCCOIMUPOBAI-
HBIX OTOOPAKEHNUI, & JIJIsi IPOBEPKH PEryJISIPHOCTH CUCTEMbI CYIIECTBYIOT
MHOIOYHNC/IEHHbIE AJrOPUTMbI, OCHOBAHHBbIE HA PAa3/JMYHBIX CIIOCODAX 3a-
Jannst stux Gysknmii [§].

st ceMeficTB JTMHEHHBIX (DYHKIUNE MOXKHO TPUBECTH 3(PDEKTUBHBIN
KpUTEepuii MPpaBWILHOCTA B TEPMUHAX ITUKJIOBON CTPYKTYDPHI rpada.

Teopema 9. [6] ITycmv F = {f1, fo,..., fn} — cemeticmeo aunetirouw
pynxuyutd G — G, umernwee sud
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fizy, .. m) = aniwy + -+ a1, + e
fa(z1,. . mp) = azizy + - + agpn + 2
fn(xb cee 7xn) = Qp1x1 + 0+ AupTy + Cp
3decv ceobodnvie waenvs c1,Co, . .., Cp — anemernmos epynnot G, a yeaouuc-

nermnvie Koaphunyuenmot a;j npucedenst no MOYA0 IKCNOHEHMbL 2PYNTbL
G. Onpedesum opuenmuposannwit epap Grp = (V, E) (epag cywecmesen-
Hoti 3asucumocmu) na muosicecmee eepwun Vo= {1,2,... n}, nososcus
(i,j) € E <= ai; #0. Tozda cemeticmeo F' = {f1, fa,..., fn} npasusro-
HO 8 MOM U MOALKO 6 MoM cayyae, ecau epad Gp He codepocum yuki06.

Teopema 9 momyckaer 3HaxnTeIbHOE 00600MeHe. MoKHO yKa3zaTh 60-
Jiee MIUPOKUN Kirace (pyHKIUH, JJIsi KOTOPOrO MPABUJIBHOCTH CEMENHCTB
PABHOCUJIbHA OTCYTCTBUIO IUKJIOB B COOTBETCTBYIOIMIUX I'padax.

st pukcupoBaHHOrO 37eMenTa g € G OylileM rOBOPUTH, 9TO (DYHK-
st f(z1,...,2,) Buga G" — G sBusiercs g-@ynrkyuetd, ecan Jyisi Jo-
60ii 1epeMeHHOI T;, OT KOTOPOHl OHA 3aBUCHUT CYIIECTBEHHBIM 00pa3oM,
BBINOJIHEHO yciosue f(g,...,9,%i,g,...,g) Z const. 3aMeTuM, 94TO KOH-
CTAHTBI ABJIAIOTCS ¢-YHKITUSIME I JII060T0 g € G.

Bameuanne. Moxno nokasare, uro npu |G| — oo, S+ — 00, JoJd
g-byHKIuMit cpenu Beex YHKIUI 1 IepeMeHHbIX cTpeMHuTed K 1.

O600muM Tak»kKe BBeJeHHOe Bbille MoHsATHE Tpada (G p, MOJOXKUB
(i,j) € E ecam n TOJIBKO eciiu f; CyIIECTBEHHO 3aBHCHUT OT x; (OYeBUJI-
HO, uTO rpad, BBeseHHbI B Teopeme 9, yiioBieTBOpsieT STOMY CBOHCTBY ).
HazoseM ero epagom cyuecmeentotl 3a6ucumocmu ceMeicTsa, ¢y KT

F={f1,fo,-.., fa}-

Teopema 10. Cemeticmso g-pynxuuii F' = { f1, fa,..., fn} npasusvro 6
MOM U MOABKO TOM CAYHAE, ECAU €20 2Paf CYWELCTNEEHHOT 3a6UCUMOCTIU
GF me codepoicum yuxA08.

HoxkazareabcTBo. [lokaxkem HeobxoaumocTs. Jlomycrum, aro rpad Gp
COJIepKUT (OPUEHTUPOBAHHBIE) IUKJIBI U PACCMOTPUM KPATYANIINi TIHKIT
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i1%2 . ..15. Caydait K = 1 cOOTBETCTBYeT OPHEHTUPOBAHHON TIETJIe B BEp-
mHe 9. Ho 310 o3nadaer, uro dyHkius f;, CyIIeCTBEHHO 3aBUCHT OT
[epeMEHHOM 41, YTO MPOTUBOPEYNUT IIPABUJIBHOCTH cemeiicTBa F' B cuity
Bameuanus 2 u3 paborsl [6].

[IycTs Tenepb 1MWK 4119 ...%, HTPOXOJUT IO KpaiiHeii Mepe depes
nBe BepiuHbl. OOO3HAYMM MHOXKECTBO WMHJIEKCOB 3TUX BEPIIUH 4Yepe3
I = {iy,ig,...,i;}. Torga nuis moboro j € 1, k dynxuus Jij41 CymecTBen-
HBIM 00pPa30M 3aBUCHT OT T, (1071 f;, ., MojpasymeBaetcs fj, ). Samern,
qTO JId Jioboro unaekca j € I ¢ynkmua f; CymecTBeHHO 3aBHCUT B
TOYHOCTH OT OJIHOTO IIepeMeHHOro x;, ¢ € I. B camom nene, mpu k = 2
HaJITUUe JIBYX Pa3/IMIHBIX HHJEKCOB 1,72 € I Takux, uro dbyHKuus f;
CYIIECTBEHHO 3aBUCHUT OT IEPEMEHHBIX Tj ,Tj,, HCBO3MOXKHO (TaK Kak B
9TOM CJIydae OJWH M3 ITUX HUHJICKCOB COBIAJIAET C j W MBI IPUXOJIUM K
CJIydalo TeT/IM, pacCMOTpeHHOMY Bbimie). Ecmu ke k > 3, To gomyctum,
970 (C TOYHOCTBIO JI0 IUKJIMIECKOil MePeCTAHOBKY) CYIIECTBYET HHIEKC S,
1 < s <k — 2, Takoit, 9T0 f;, CyIIECTBEHHO 3aBUCUT OT Z;,. Torma rpad
GF comepxkut pebpo (is,ix) U, ciel0BaTeILHO, NMeeTCst 60s1ee KOPOTKHii
IUAKJT £119 . . . Igl), ITO IPOTUBOPEUUT BLIOOPY IUKJIA 11%2 - . . 1)

Tenepy BozbMeM ¢ = (g,...,9) u BoiGepeMm ¢” = (g1,...,9n)
craenytormum obpasom. llpu i ¢ [ momoxkum g; = g. Jamee, mo-
CKOJIBKY fj, CYIIECTBEHHO 3aBUCHT OT X;,, TO COIVIACHO OIIP€JIEIEHUIO
g-bYHKIME MOXKHO BBIOpATh 3HAUYEHUE IIEPEMEHHON T, = @;, TaK, 4ITO

fir(gy-39,9i0,9,---,9) # fi(g,...,9). AHajOrmIHO MOXKHO BBIGPATH
OCTAJIBHBIE ¢, © € I, yIOBIECTBOPSIONIAE YCIOBUAM

fil(gv"'7g7gikaga"'ag) 7& f’Ll(gv)g)
fig(ga"'agagilaga"'vg) 7& f'LQ(g??g)

f’ik(ga"'agagikflaga"'ag) #f’tk(gavg)

Ho cormacno jgokazanHOMYy paHee KaxKjas u3 5TUX (PYHKIWH CyTtie-
CTBEHHO 3aBUCHT TOJBKO OT OJIHOW W3 MepeMeHHbIX x;, ¢ € [. [losro-
My 3HadeHusT (DYHKIUN B JIEBBIX YaCTAX CUCTEMBI DABHBI 3HAYEHUSM TEX
ke dbynkmit Ha Habope ¢’ = (g1,...,0n). DTO NPOTUBOPEUUT OIpEJIE-
JeHuto npasmibHocTH cemeiicrBa F' = {f1, fa,..., fu}, mOCKOIBKY BCe
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byHKIME ceMeficTBA NPHHUMAIOT PA3/IHYHble 3HAYCHHsI HA PA3IHIHBIX
nabopax ¢ = (g,...,9) u g" = (g1, -+, 9n)-

JokaxeM goctarodHocTs. Jomycrum, 1ro cemeiictso g-byukimii F' =
{f1, f2,..., fn} He aBisiercst npasuabubM. Torma HailjyTcst pasindHbIE
nabopel ¢ = (¢4,...,95) n ¢" = (¢f,...,9)) co croiictBOM, UTO 51

m060oro MHjeKca o € 1,n U3 HEpaBEeHCTBA (., # h CJeJlyeT HEPABEHCTBO
falg') # falg").

Pacemorpum muoxkectso I = {iy,1d9,. ..,k } BCEX MHIEKCOB, 10 KOTO-
pbiM oTiimaatoTest Habopsl ¢’ u g”. BosbMem kakoil-HuOy b uHjeKe $1 € 1.
Hockomexy fs,(9") # fsi(9"), bynxmms f,, cymecTBenno 3aBucut, 1m0
KpaiiHeil Mepe, OT OHO M3 HEPEeMEHHBIX T, Tiy, - - - , Lj),. DTO O3HATAET,
gro rpad G comep:KuT, 10 KpaifHeil Mepe, OgHO pebpo, 3aKaHIMBAIO-
meecst B BepiuHe s1. IlycTh 910 pebpo (s2,51), rae so € I. Touno rtak
JKe HaXoJMM HuHJeKc s3 € I, juist koroporo rpad Gp comep:kut pedbpo
(s3,82). Ilpomomkast aToT TpoIEce, MOIydaeM MOC/IeJI0BaTeIbHOCTD UH-
JIEKCOB 81, S9, . . . , IPUHAIEXKAIIUX MHOXKeCTBY I U Takux, aro rpad Gp
conepzkuT pebpa (s;11,5;5), j =1,2,.... B cuy KoHedIHOCTH MHOXKeCTBa
I naitnerca unyexc s, € I, paBHBIII HEKOTOPOMY IOJIyIeHHOMY paHee HH-
JIEKCY Sp. DTO JAET MUK SpSp41 - - - Sq—1 B 'pade Gr. Teopema Jokazana.

Temnepnb nmpuBeeM KJIacc IPaBUIBHBIX CeMeUCTB (DyHKIIN, He YI0B/Ie-
TBOpAIONUX ycaoBuio Teopembr 10.

Bynem naspiBate pyarmuu f u g Buga G" — G 0pmozoHasbHbLMU,
ecsm Jyist siroboro x € G™ qmbo f(x) = 0 smbo g(x) = 0.

JIemma. ITycmo cemeticmeo F = {f1, fo, ..., fn} nonapro opmozonann-
HOT PYHKUUT MaKxoeo, wmo das moboeo i, 1 < i < n, pynxuyus f; He
3agucum cyuwecmsenno om x;. Toeda cemeticmeo F asasemesa npasuiv-
HOLM.

JloKazaTebCTBO JIEMMBI OCYIIECTBIISIETCST HEIOCPECTBEHHOMN IPOBEp-
KOI1 BBIIIOJIHEHUS! YCJIOBHs IpaBuiibHocTh cemeiictea F' = {f1, fa,..., fn}

ITpusenem npumep cemeiicrsa F' = {f1, fa,..., fn} nonapuao oproro-
HAJIBHBIX (DYHKITNH, YIOBIETBOPSIONIETO YCAOBUIO JIEMMBI I TAKOTO, 9ITO
rpad cymecTBeHHO 3aBUCHMOCTH G SIBJISIETCS TIOJTHBIM.
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Bosemem mpomsBosbHOE cobcTBeHHOE ToAMHOXKecTBO L C H, @ +#
L # H, u paccMOTPUM COOTBETCTBYIOIIYIO XapaKTEPUCTUIECKYIO (PYHK-
IO BMECTE C ee OTPHUIAHUEM:

1, z€eL  _ 0, z€L

Liz) = 0, ¢ L 1, z¢L

Oupenenum cemeiicrBo F' = {f1, fa,..., fn} dopmysamu

=
I
|

(w2)L(x3) - L(2n—1)L(2n)g1
(z3)L(x4) - L(wy) L(21)92

"
I
|

fn = L(z1)L(x2) - - L(xn—2) L(Tn-1)gn

31ech g1, 92, .- ., Gn — NPOU3BOJIbHBIE 3JIEMEHTHI rpyiibl G, a Koad-
GUIMEHTHI TIepe] HUMU CYTh IIPOU3BEIEHUS XaPAKTEPUCTUIECKIX (DYHK-
nuit. Herpynuo Bumers, uto jyist Jjioboro ¢, 1 < ¢ < n, dyskiug f;
3aBUCUT CYIIECTBEHHBIM 00Pa30M OT BCEX MEPEMEHHBIX KPOME ;.

[Tosyuennoe cemeiicto F' = {f1, fa,..., fn} ABIISI€TCS NPABUIIBHBIM,
VJIOBJIETBOPSIET YCJOBHUIO JIEMMbI M MMeeT IOJIHBIA rpad cylecTBeHHOI
sapucuMoctu Gp.

3ameuanwue. [IpuBesennbie B MpEIbLIYIIINX pa3jieax Pe3yJbTaTbl JJIs
ciaydaeB OysieBcKUX (yHKINNE u QYyHKINN k-3HATHON JIOTUKU SIBJISIOTCS
BasKHBIMI YacTHbIMU ciydasmu (G = Zo u G = Zp, COOTBETCTBEHHO)
HACTOSINENH KOHCTPYKITUU HaJl aDEJIEBBIMU TPYIIIAMH.

4. Hel"pyr[l'IOBbIe JIATUHCKHNE KBaJdpPaTbI

Erre oxmoit BakHOI 3a1a1ueil SIBISIETCST TOCTPOESHUE JIATUHCKUAX KBaI-
paToB, He ABJSIOMMUXCA TabJIHMIel yMHOKeH!sT KOHeYHON rpymrnbl. Ode-
BUJIHO, 9TO TabJsuia yMHOKeHust (Tadsura Kammm) mro6oii KonedHoi rpy-
bl SIBJIAETCA JIATUHCKUM KBaJjiparoM. O6paTHoe, BOOOIIE roBOpst, HEBEp-
HO: He BCEra Ha 3JeMeHTaX JATUHCKOTO KBaJIpaTa MOXKHO BBECTH OMHAp-
HYIO OIIEPAIINIO TaK, 9TOOBI JAHHBIHN JIATHHCKUI KBaIpaT IIPEICTaBIISII CO-
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60ii TabJnIy yMHOYKEHUs MTOJIy9IeHHOH ajirebpandeckoit cTpykTypbl. Hu-
2Ke TIPUBOJINTCS TEJIBIH KJIACC TAKUX JIATHHCKUX KBAJIPATOB, MOy YEHHDIT
JI.9. BynarsiHom B ero JIuUIJIOMHON pabore.

PaccmorpuMm wacTHBIN cydail caydail KBaJIpaToB HaJ MUKITIECKON
rpyunoit Z,. Qns x,y € Z oupenenum sinement L(x,y) kBagpara ¢dop-
MyJIOM

L(z,y)=n(z+y)+z (10)

win hopmyJIoit

rie T — IPOU3BOJILHOE 0TOOparkKeHne MHOXKECTBa Z, B cebsa. O603HaUNM
uepes w1 (77) Kjacc oTobpazkeHmil T, 3aaI0MUX JATHHCKHUH KBaJpaT
o dopmyste (10) (coorBercrBenno, mo dopmyie (11)).

Teopema 11. [10]

1) Omobpasicenue m = 7(x) npunadiescum xaaccy m (w~ ) moeda u
MoAvKO Mmo2da, K020a, 60-NEPEvLT, T ACAACMCHA NEPECTNAHOSKOU U,
so-emopuiz, o(x) = m(x) + x (coomeememesenno, o(x) = m(x) — )
MaKsice ABAACMCA NEPECMANOEKOT.

2) Kaacco, 7 u T nycmor npu wEMMHLLT N U HENYCMbL NPU Heuém-
HOLT M.

T u ™ pasromousrl, 1o ne cosnadarom. B cayuae neuém-

HO20 L UL MOUWHOCITMD HEeUEMHA U OeAUMC HaA N.

3) Kaaccorm

Paccmorpum npocroe nose ), nopsaka p > 5. Ilpu Takux p Beerja
umMeerTcst pasyioxkerrne p— 1 =1-m, [ > 2, m > 2. 3adpurcupyem obpa-
3yIONIMii § MyJIBTHIIMKATUBHON rpymbl Fy (oH mmeer moOpsiOK p — 1).
O6ozuaunm k = s™. Torma 10600 37aeMeHT T € IF;; MOKHO TPEJICTABUTH
B Busie pousBenenns ¢ = s*- kP, 0 < a <m—1, 0 < B < I. Ilepecranos-
Ka 7(r) = kT NpUHAJUIEKUT KIaccy T U UMeeT CJIe/IyIONLyIOo IUKIOBYIO
CTPYKTYDY:

=01 kk® ... kK" (s sk sk? ... sk!71)...

N G Uy P ULy TP ULy Tt S
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MoxkHO TOKa3aTh, YTO MEPECTAHOBKA, IOJyUeHHas W3 7 3aMEHO
MOGBIX IIUKJIOB Ha 0OpaTHBIE, TaKxKe MpuUHaJIesKuT Kiaccy w 1. Ilyernb
€ = (€0 Em—1), Tie €0 = 1, ¢ = £1, 4 = 1,...,m — 1. O6o3HaunM
Yepes3 T [IePECTAHOBKY, IOJIyYEHHYIO U3 T OOpallleHHeM IMKJIOB C HOMe-
paMmu ¢ TaKUMH, 9TO €; = —1.

Teopema 12. [10] Ecau € # (1,...,1), mo gopmysa L(z,y) = 7 (x +
y) + x onpedeasem ne2pynnosoti (e usoMopPrvill mabauye YMHOHCEHUA
HUKAKOT KOHEUHOT 2pYnnoL) Aamunckutl K6adpam.

5. 3akJIro4yeHue

B pabore ucciemnyiorcs GpyHKITHOHAIBHBIE CIIOCOOBI 3aIaHUs JIATHH-
CKHUX KBa/J[PATOB HAJ[ MHOYKECTBAME N-MEPHBIX OYJIEBBIX BEKTOPOB, 1i-Mep-
HBIX BEKTOPOB HaJl IIPOU3BOJILHBIM [IPOCTHIM KOHEYHBIM TIOJIEM U MPOU3-
BOJIbHO} KOHEYHO! abesieBoil IpyIIIoii.

B 6yseBoM citydae npuBeieHbI KDUTEPUH TOTO, YTO CEMEHCTBO (DYHK-
Uil 0T 2N IEepPeMEeHHBIX OIpEJIeseT JATHHCKUI KBaJpaT. B Teopeme 1
ycJI0BUsT C(DOPMYTUPOBAHbI B TEPMHUHAX CBONCTB MOJTHHOMOB 2Kerajiku-
Ha. B Teopeme 2 3aj1a1a CBOJIUTCST K IIPOBEPKE CBOMCTBA ITPABUIBHOCTH Ce-
MeiicTBa dyukiuii. Teopema 3 ycraHaB/IMBaeT B3aUMOCBSI3b MEXKJIy Ipa-
BWJIBHOCTBIO ceMelicTBa (DYHKIUNA U CYIIECTBEHHON 3aBUCUMOCTBIO IPO-
U3BEJIEHUN 3TUX (PYHKIMI OT MOAMHOYKECTB UX apl'yMeHTOB.

Hajtee 5T pe3ysibTaTbl 0000IIAIOTCS HA CIydail p-3HAYHON JIOTUKA
(KOT/1a 9JIEMEHTBI KBaJIpaTa sIBJISIOTCS N-MEPHBIMI BEKTOPAMU HaJI IIPO-
M3BOJIBHBIM [IPOCTBIM KOHEUHBIM IOJIEM).

Chenyromum 0600IEHIEM SIBJISTFOTCST KBAJIPAThl HaJl IPOU3BOJIbHBI-
MU KOHEYHBIMHU abesIeBbIMU TpyinamMu. [IoMuMo aHAJIOTOB pPE3YJIbTATOB
o cemeiicTBax OyJieBbIX DYHKIWI U DYHKIMI Kk-3HATHON JIOTUKH B CJIy-
yae abejieBbIX I'PYII HOJYyYeH KPUTEPUI MPABUIBHOCTH CEMeNCTBa JIU-
HEHHBIX (DYHKIMI B TEPMUHAX OTCYTCTBHUS IUKJIOB B Ipada CyIeCTBEH-
HOIl 3aBUCHUMOCTH. DTOT KPHUTEPHU 3areM 0OOOIIEH Ha Oojiee IMUPOKUit
ksace g-pyHKuuii (st 106010 (GUKCHPOBAHHOIO YUCJIA TIEPEMEHHBIX J10-
a1 g-yHKImii crpeMuTes K 1 ¢ pocroM mopsijika rpyinel). Takzxe npuse-
JIEHO TIPOCTOE JIOCTATOYHOE YCJIOBUE IMOCTPOEHUS IMPABUJILHBIX CEMEUCTB
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dyuknuit Ha[ abeJIeBBIMU I'PYIIIIaMU ¢ OOTaTOl ITUKJIOBON CTPYKTYPOil B

rpade CyIecTBeHHON 3aBUCUMOCTH.

Hakomner, B 3ak/mrounTesbHON 9acTu pabOTHI IPUBOIUTCI KOHCTPYK-

1184628 (byHKHyIOHaJH;HOI‘O 3a/IaHnd KJjlaCCa HEIPYHIIOBBIX JIATUHCKUX KBa/l-

paTOoB (TO €CThb JIATUHCKUX KBa/IpaTOB, HE ABJIAIOITUXCA Ta6JH/IHGI71 YMHO-

JKEHHsI KOHEYHON I'PYIIIIbI).
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