O CJI02KHOCTHU BJIOXKEHUA MaTpuij

J1. B. Baiiren

BBenenue

B sroit paboTe nsydaercst CJIOXKHOCTb YHUBEPCAIbHBIX MaTPHIL], KOTO-
pbIe TIO3BOJISIIOT TOJYyYaTh MATPHUIILI 3aJaHHOTO KJacca B KadecTBe IOJI-
Marpuil. 11o/ C/I0XKHOCTBIO MOHUMAaeM pa3Mep YHUBEPCAJIbHONW MaTpPHIIbI.
[Tomobmble 0OBEKTHI PACCMATPUBAINCH B paboTax, MOCBAIIEHHBIX IIOC/IE-
JIOBATEJIBHOCTSIM 1 TOpaM Je Bpéitna [1].

B mux nakmampiBajanch 0ojiee KECTKHUE YCJIOBHS, B YACTHOCTU TpPe-
OoBaJIach OJTHO3HAYHOCTH BBIJIE/ICHUS OIMATPUIILI, TOITOMY IOy I€HUE
MUHUMAJIbHBIX YHUBEPCAJIBHBIX MATPHUIL C PA3SMEPHOCTHIO TPU U OOJIbIIE
He yJaBasioch |2]|. B manHoit pabore pasperaercs BAppbUpOBaHUE YHUBED-
CAJIbHON MaTpPHUIbl IPH UACHTH(MUKAIMA TOAMATPUIBI, U He Tpebyercs
OJTHO3HAYHOCTD BBIJEJIEHUS MATPUIILI B YHUBEpPCcaIbHOM MaTpurie. Jlomyc-
KaeTCs IIPOU3BOJIbHAST Pa3MEPHOCTh MATPHIL.

[Tonydena mydmiast o mopsiiKy yHUBEpcaibHast Marpuiia. OHa MOXKeT
[IPEJICTABJIATH MHTEPEC IIPU OIPEJACICHUN TOIIOJIOTUN YHUBEPCATBLHOTO Pe-
KOH(UTYPUPYEMOTO UHUIIA.

Pabora mpojosrzkaer ucciegoBanne Hadaroe B pabore [3|, rae pac-
CMaTPHUBAJINCH YHUBEPCAJIbHBIE T'PA@BI.

1. OcHoBHBIE OIIpeieIeHUsT U PE3YJIbTaThl

[Tycrs 3a/1aH0 KOHEUHOE HEMyCTOE MHOXKECTBO A, KOoTopoe byieM Ha-
3pIBaTh agdasurom. ObozHaunm depes A morHocTs andasurta A. Moxk-
HO CYUTATh, 4TO Haml ajidasut cocrout u3 uncea A = {0,..., A — 1}.
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[Iycrs 3amannt P, ..., P, tae P, = {1,...,n;} — HaYajbHbIE OTPE3KN
HATYPaJbLHOIO psja. r-MepHas Marputia M pasmepa nq, ..., n, Hag A 310
orobpaxkenune M : P X ... X P, — A.

O6o3Ha4YnM HaOOP PasMEPOB T-MEPHOI MATPUIIBL N1, . .., N, 9EPE3 7.

Yucio BXoxKIeuuit Oyks u3 A B nq, . .., ny-Marpune M obo3HauuM ue-
pe3 V(M). Bemmaumy V(M) Takxke Oy/ieM Ha3bIBATH THCJIOM 3JIEMEHTOB
MaTPHIBI WK O0BEMOM MO aHajaoruu ¢ jyuHoit ciosa. V(M) = Vi =
= MN1-... " Np.

Kazxmomy saemenTty nq, ..., n,~MaTPUIIBl COOTBETCTBYET HaOOp U3 T

nHjekcoB. Ha MHOKecTBe HaGOPOB MHJIEKCOB CYIIECTBYET JIEKCHKOTPa-
buaecknii nopsiiox. CoOTBETCTBEHHO, MBI MOYKEM TOBOPUTD O HAYATHHOM
9JIEMEHTE MATPUIILI M O TOM, 9TO HEKOTOPBII 3JIEMEHT MaTPUIBI HAXOIUT-
cs1 OIIZKe WM JIAJIbIIe OT HA9aJIbHOTO.

BBeéM KOHKATEHAIMIO JIBYX MATpUIL 110 BbIOpaHHOMY i-ToMy (1 <
i < r) HApaBJaeHUIO. PACCMOTPUM 11, ..., M1, My Njt1, - - - , Np-MATPHILY
Muny,...,ni—1,n5,niq1,...,ne-Marpury M. JIj1s KOHKATEHAIN JBYX
MaTpPHIL pa3Mepbl MATPHUIL JI0JKHBI OBITH COIJIACOBAHbI. PaccMOTpUM MaT-
putty M" pasmepa ni,...,n,—1,n; + ni,niy1, ..., ny. dois onpegenéumo-
cTi OyJieM roBOpHUTh 0 cTpokax. Kor/a 3a/1aHo HalpaBJ/leHne, CTAaHOBUTCS
He BayKHBIM, KaK Ha3blBaTh II0C/IEI0BATEILHOCTH 3JIEMEHTOB 3a/IaHHOTO
HaIlpaBJeHus B MaTpuile pasmepHoctu r. rak, nasoséMm marpuiy M
KoHkaTeHanueii marpun, M u M’ 110 i-TOMy HaIpaBJEHUIO, eCJIH OJIHO-
MepHBIe CTPOKHU 4-T0 HalpasjeHuss Marpunbl M npepcraBigioT coboii
KOHKaTeHAIUU COOTBETCTBYIOIINX CTPOK -0 HallpaBjieHus marpul, M u
M'. ®opmanbHO MOXKHO 3alucaTh 3TO CleLylomuM obpasom. IlycTs s
Jiroboro k Takoro, uro 1 < k < r u k # i, jp IpuHUMAET 3HAYEHHS OT 1 10
ng. [omyaaem crpoky Marpuitel M” ¢ MHIACKCAMIA J1, . ., Ji—1, Jit1s- - -5 Jr
TaK

Aj1yefim1, Lfi sy = = 0
e ’a.jl7"'7ji71:ni’ji+1w~~’j7‘7 bjl7""ji71717ji+17'~~’j7‘7 e

b
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KOHK&TGH&HI/IH MaTpHull I10 CbI/IKCI/IpOBaHHOMy HallpaBJIEHUIO aCCOIUaTUB-
Ha.
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Haszosém marpuryy M; pasmeproctu 7 mojmarpureil (uim 6J0KOM)
MaTpuibl M pasMepHOCTH T, €CJIM CyIEeCTBYeT Takoii Habop MaTpuiy
{My, ..., M1} pasmeprocTs 7, 40 M MOYKHO IOJIyYUTH B PE3yJIbTATE
KOHKATEHAIMU CJIEIYIOIIEro BUIa

M = (Mo, ... (My(MyMy Ms)Ms) ... Mayi1),

rJie PUMEHSAIOTCS KOHKATEHAIUU 110 HAIIPABJIEHUSM 1,...,T B COOTBET-
CTBYIOINAX CKOOKAaX.

Pacrionoxkenue 1mogMaTpuIlbl ONPEIESIeTCA PACIONOKEHNEM Hava h-
HOT'O 9JIEMEHTA 3TOH IIOJIMATPHUIIBI B MATPUIIE.

[Mycrh 3a@HBI IEPpEMEHHBIE X1, . . . , L), IPUHUMAIOIIAE 3HAYCHUSA U3
aspapura A. PaccMoTpuM MaTpuily, B KOTOPOi 3a(DUKCUPOBAHO Kk Herle-
PECEKAIOIMUXCS TIOJIMHOYKECTE 3JIEMEHTOB. DJIEMEHTBI KaKJI0I0 IIOJIMHO-
JKECTBA NMPUHUMAIOT 3HAYEHNE COOTBETCTBYIONIEH repemennoii. Iloammo-
JKECTBA, MOT'YyT UMETDH PA3HOE YHUCJIO 3JIEMEHTOB U MOT'YT OBITH ITyCTBHIMH.
Bysiem Ha3bIBATH 37IEMEHTHI TAKUX MOMHOYKECTB TIEPEKJII0YaTe ISIMUI, 3a-
BUCSIIIAMEI OT COOTBETCTBYIOIIEH ePeMEHHOI.

Knace marpur maj, andasuroM A ¢ NepekiodaTenssMu OT IIepeMeH-
HBIX 1, ..., & 0003HaunM 4depe3 C'(A, x1,...,x).

Bynem roopurh, uro M BKIajgbiBaercs B Marpuiy U €
€ C(A,z1,...,x) (wm U mopoxgaer M), eciiu cyIecTByer Takoil Habop
3HAYEHUH TIePEeMEHHbBIX I1, .. ., Lk, 9T0 M sBisercs nogmarpureit U.

Ob6osHauuM KJacc ni,...,N.-Marpul, Hal ajgadasurom A uepes Cp.
YuusepcanabHas marpuna jyisi Kiacca Cp — 370 Takast Marpuna U €
€ C(A,z,...,xL), uro mobast marpuria M u3 knacca Cp BKIIABIBACTCS
B U.

[Iycrs T(Cr) € C(A,x1,...,2) — MHOXKECTBO yHHUBEPCATHHBIX
MaTpurl Jist Kiacca marpuil Cf.

MunnMasIbHAs yHABEPCAIbHAS MATPHIa U JJIst JAHHOTO KJIACCA MaT-
pur; C; — 910 yHuUBepcasbhas marpura u3 Y (Cr), nMeroras HanMeHb-
IIee YUCJI0 3JIEMEHTOB.

CJI05KHOCTBIO BJIOXKEHUsI Kitacca MaTpull Cp B YHUBEPCATLHYIO MATPH-
iy u3 Y (Cr) HA30BEM YHCIIO 9JIEMEHTOB B MUHUMAJILHOI yHUBEPCATHHOM
marpune U € T1(Cr). O6osnaunm ciioxnocts gepes Lo (n, k).
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Iycts g = (N1,5,...,Nps) — IHOCIEIOBATEILHOCTE HAOOPOB HATY-
PaJbHBIX JUCE, 33aI0MINX Pa3Mephbl "-MEepPHBIX MaTpull. IlycTs ks — mo-
CJIEIOBATEIPHOCTh HATYPAJIBHBIX YUCEJI, 33 IAI0IUX YUCJIO TTEPEMEHHBIX.

Teopema 1. /Jlasa aoboz20 angasuma A, dan 4100600 PA3MEPHOCTNU T, €CAU
a) Vp, — +00,

6) Va, — ks 2 Va,,

6) Vi (1 <i<r)nis=2]{/loga Va,l[,

npu s — 400, mo umeem mecmo Lo (g, ks) < |A|Vas =Fs.

2. Jloka3aTeJabCTBO T€OPEMBI

ITycrs t — Bemecrsennoe uncio (0 < t < 1). Ilonoxkum ¢ = q(ng, t) =
— (Vi)'

[TocTponM HekoTOpyio yHHBepcaibhylo marpuiy u3 Y, (Cyr,). By-
nem obosnavarh eé U(7ig, ks, q). OnpeiesiM HECKOJILKO MaTpUIL CIIeIi-
AJILHOTO BUJIA, KOTOPBIE IIOCJIY?KAT CTPOUTEIbHBIMU KUPIUYUKAMU JIJIst
U(ns, ks, q).

ITycrs i — menoe aucio (0 <7< g+ 1).

1) Marpuna S;(ns) umeer dopmy r-mepHoro Kyba co CTOpOHAMH
| /1og 4 Vi, | anementos. Yucno I(;) snementos MaTpuipt S;(fis) umeer
BU/I:

l(ng) = } {/1og 4 Va, [T :
l(ng) ~log 4 Va, npu s — +o0.

Si(ns) COIEPIKUT HOMAaTPUILY c pa3MepamMu CTOPOH

{{/ l(ns) —Jlog 4(q + 1)[] [Tycrh HaYaJIbHBIA 9JIEMEHT STOH HOIMATPHU-
1Bl PACIIOJIOKEH HA MAKCUMAJIBHO BO3MOXKHOM YJIAJIECHUM OT HAYAJIHHOIO
3J1eMeHTa MaTpHIpl S;(7ls). DTa MOJAMATPUIA 3A0JHEHA HYJIAMUA KPOME
IIOCJIE/IHETO 3JIEMEHTa, PABHOIO eAuHuIEe. THUCI0 3/1eMEeHTOB B 9TOM 10/

,
MATPHIE PABHO [{/Z(ﬁs) — Jlog 4(q + 1)[] )

Ocranbuas gactb S;(7is) 3aHsTa 3aMUCbio 4ucia i B ajndasure A.
st sToro Tpebyercs me Goitee |log 4(g + 1)[ ameMenToB MaTPUIILL, TOITO-
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MY BBIJICJIEHHOTO 00béMa [(7g) {\/ l(ns) — Jlog 4(q + 1)[ JIOCTATOYHO.
Cwm. puc. 1.
0101 ...
o 0
00
0 01

Puc. 1. Marpuna S;(ns) npu r = 2.

2) Ilycrs W (ns,ks) — wmarpunia u3 Cg,. Ilycrs d;(ng, ks) — quc-
JIO MaTpHI C HepBbIM MHJIEKCOM paBHBIM 4. OmnuineMm ycTpoiicTBO MaT-
puer W/ (ns,kzs) npu 0 < @ < gu l < j < di(ns, ks). Onpenene-
Hue WJrlj(nS,ks) upu 1 < j < dgy1(ns, ks) Oyaer mano mmxke. ITycrs
nepsble kg 37IeMEHTOB MATPUIILI W (ns, ks) — nepexiniouaTesin, KOTOpbie
3aBUCAT OT kg Pa3HBIX HepeMeHHbIX. To ecTb KaxKjasi U3 MMEROLUXCS
B PACIOPS?KEHUM IIePEMEHHBIX OIIPEIe/IseT COCTOSIHUE OJIHOIO IIePeKJIIo-
qarens B W/ (ns,ks). IIycts B ocraBiieiicss 9acTH MATPHUILI, TMEIONIEH
V(Wi’j(ns7 ks)) — ks = Vi, — ks 271eMeHTOB, B HEKOTOPOM (DUKCHPOBAHHOM
MeCTe pPaCIOJIoZKeHa ToMaTpuiia S; (7).

Hnst onpenenéunoctu, mycthb Si(fls) PACIoNokKeHa HA MAKCUMAJBHO
BO3MOYKHOM yJAJEHAU OT HAYAJLHOIO 3JIEMEHTa MATPUIIbI W (ns, ks) u
OT TepeKJIoYaTeIeii.

U3 yenosust Teopembl 6) cienyer, aro cymecrsyer a (0 < a < 1) Ta-
KO€, UTO ¢ HEKOTOPOTO JIOCTATOYHO GOJILIIOro § BepHO Vi, — kg = aVi, >
> V(Si(ns)). Buaunt, gocrarouno obbema st noaMarpuibl S;(ng). [To
YCJIOBUIO TEOPEMBI B), HUKAKAsl CTOPOHA MATPHIILI HE MOYKET PACTHU CJIMIII-
KOM MEJIJIEHHO W MPENsATCTBOBAThH pa3MerneHuio S;(fis).
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Ocrasmeecst 8 W) (s, ks) mecro, Vi, — kg — I(725) snementos, sanu-

MarOT CUMBOJIbBI aﬂ(baBI/ITa A Takum o6pa30M, 9TO 9Ta 9aCThb MaTPHUIIbI HE

conepkutr marpui u3 {Sp(7s), . ..,

Si—1(ns)} B KAUECTBE MOIMATPHUIL

Tly--- T1y.--
- T LT
Vi—k—1 Vi—Fk—1
Tly--- T1y.--
?‘Tk} ,.’Ek
Vi—k—1 Vi—Fk—1

2,

Puc. 2. Marpuna W; j(ng, ks) 1 mopmarpuiiss W (ns,ks) upu r
(O <1<¢0<j< di(ﬁ&ks))'

3) OmmiieM ycTpoiicTBO MaTPHIIBI Wé+1,j (ns, ks), tne 1 < j <
< dgt1(ng, ks). Takxe, xkak B ciydae 0 < 4 < ¢, mepsble kg 3j1eMeH-
ToB Marpunbt W, ;(7is, ks) — mepexsmouaTenu, KOTopble 3aBUCAT OT ks
pa3HbIX IepeMeHHBbIX. IlycTh B OCTaBINeHcss YacTH MaTPUIbl, UMEIOIIeit
V(Wi ;(Rs,ks)) — ks = Vi, — ks 571eMeHTOB, PaCIOIOKEHBI CHMBOJIBI
aiipaBuTa A TaKUM 00PA30M, UTO 3T& YaCTh MATPHUIILI HE COJEPKUT MaT-
pur u3 {So(ns), . ..,5¢(Ns)} B KadecTBe mMOAMATPHII.

4) Ilycre marpura W; j(fis, ks) € Con, (0 < i< q, 1 < j < di(ng, ks))
HMeeT Pa3Mepbl CTOPOH 2N 1, . . . , 2N . IlycTh, 110 onpeienennio, Kaxkaast
Wi j(fs, k) cocrout u3 2" OJMHAKOBBIX Ts-II0JMATPHIL W (ns,ks) (cm.
puc. 2).
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/
q+1,1

B q7di—2__W ,di—1 T q,d;

!
Wq+17dq+1

Puc. 3. Marpuma U (ns, ks, ¢) u monmarpuner W; (i, ks), Wé+17j(ﬁs,ks)

npu r = 2.

Tenepb HOKaKeM, KaK U3 COCTABHBIX dYacTeil, olpee/éHHbIX BbIIIE,
CTPOUTCS YHUBEPCATbHAS MATPUILA.

U(ns, ks,q) cocrour U3 KOHKATCHAIUH 2Ng1,. .., 2N p-MATPHI]
Wi j(ns, ks), tne 0 < @ < ¢, 1 < j < di(ns, ks) 1 ng1,...,Ns -MaTpHI]
W(;H’j(ﬁs,ks), e 1 < j < dgy1(is, ks) (Cm. puc. 3). Ouepénocts u
HallpaBJIeHUe KOHKATEHAIMN He BayKHbI, TaK KaK IIPH OIIPE/IeJIeHUN MeCTa,
BJIOXKCHHUST HEKOTOPOH Mg 1, . . ., Ng p-MaTpubl M B KadecTBe MOAMATPUIILL
marpuiiel U (g, ks,q) MbI He OyJieM pacCMaTPUBATH IIOJMATPUIBI MaT-
punel U(7g, ks, q), KOTOpBIE IepeceKaloT IpaHuIipl onuoit uz W; (s, ks)
(0<i<q 1 <7< di(ns, ks)) mmm Wi ;(7s, ks) (1< 5 < dgya (s, ks)).
Yucno marpur, Wi (s, ks) m MaTpu Wé+17j(ﬁs, ks), TO ecTh 3HAUEHMSI
di(ns,ks) (0 < i< g+ 1), OyayT onpejie/ieHbl B yTBepKIeHusX 1 u 2.

3aMmeTHM, 9TO BCErZJa MOXKHO JTOOMTLCSA, 9TOOBI 7-MepHas MATPHUIA
U(ns, ks, q) umena dbopmy r-meproro napasiesenune/a. JleficrBuresns-
HO, MOKHO nonydars U(fs, ks, q) n3 marpur, W j(ns, kg), Kazxkasii pas
IPOBOJIA KOHKATECHALIMIO B OJHOM HAIPABJICHUHM. 1aKasd KOHKATCHAIM
coxpanger ¢popMy mapaJsuienenunena. Jablie IpucoesuHaeM MaTPUIbI
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Woi11(ns, ks), .-, W¢;+1,dq+1 (ns, ks) B TOM 2xe Hanpassennu. /st BeIpaB-
HUBAHUSA JI0 HapaJuIe/IelnIe s MOKeT HoTpeboBaThcs He Gosee 271 — 1
MaTpmI ¢ pasmepamu, Kak y Wy i(7is, ks).

Biioxkenne kinacca Cp, B yHUBEPCAILHYIO MATPHILY OyJeM OCYIIeCTB-
JATH 110 dacTaM. Pacemorpum nogkiacesl ©g(7s), . .., O4(fg), Ogr1(ns)
marpur B kiaacce Cp . Ilyers ©;(ns) (0 < ¢ < ¢) cocront u3 MaTpury
kiacca Cg,, KoTopble cojep:kar Si(fis) B KadecTBe MOJAMATPUIILI U DU
9TOM He cogepxkar Hu oxuoit u3 {Sy(7ns),...,5-1(ns)} B KavecTBe MOJI-
marpunsl. [Iycrs Og441(7s) cocrour us marpun kiacca Cf,, KOTOpble He
copepxkat uu oxuoit u3 {So(ns), ..., 9%(ns)} B Kadecrse moxmarpui. To
eCTh CIOJIa BXOJAT BCE OCTaBIIMecss Marpuipl. VI3 onpejesenus ciejyer,
qITO Ufi& O;(ns) = Cy

Bamernm, yro nopmarpuia S;(ns) marpunsl M € Cf, 3/1eCh MOXKeT

s*

HOHMMATBLCA KaK HOJAMATPHIA € BO3MOXKHBIM MIEPEXOJOM 4epe3 IPAHMILY.
MOoxKHO CKa3aTh, 9YTO PacCMATPUBAEM T-MEpPHBIC MATPUILI Ha, 7-MEpHOIt
[OBEPXHOCTH TOPA, TOJIYIEHHOIO U3 T-MEPHOrO NapaJuienenuneia (B Ko-
TOpoM Brmcana Marpuiia M) CKIEHKON MPOTHBOMOIOKHBIX CTOPOH.

PaccmoTrpum HellepeceKaroecs: [IOJIMHOKECTBA MaTPHIL
Uo(fis, ks), ..., Ug(is, ks), Ugs1 (s, ks), U3 971eMEHTOB KOTOPBIX KOHKATe-
Hanusamu nosyvaercst U(7ig, ks, q).

[Tycrs no onpegenennto U;(nig, ks) (0 < @ < q) comepxur d;(nig, ks)
marpur, Wi 1(fs, Ks), . .., Wi g, (s, ks).

Marpurpr onpejenénaoro Takum obpasoMm Uj(7is, ks) MOPOXKIAIOT
©;(ns). dnsa marpun u3 ©;(ns) (0 < i < ¢+ 1) He Tpebyercs eMHCTBEH-
HOCTBb MecTa BiioxKeHus. st sro6oit Marpuiel M u3z ©;(fs) Mbl MOXKeM
ykazate W j(ns, ks) u3 U;(ngs, ks) Takyio, 9T0 HEKOTOpAs! €€ f4-TI0/MAT-
puna pasna M IIpu COOTBETCTBYIOMIEM BLIOOPE 3HAYECHUI NMEePEMEHHDIX.

HelicTBUTEIHO, BO-NIEPBBIX, B Kaxkjoit Marpure u3 U;(fig, ks) MOXK-
HO BBIOPATb 7l4-TIOJMATPUILY C TAKUM K€ PACHOJIOXKEHHEM II0IMATPHU-
bt Si(fis), aro u B M. Dro cuenyer uz ciemyiomiero. Ilo onpesere-
HUIO, W,L-’J(ﬁs,ks) conepzkuT nopmarpuily S;(n). Marpuma W; j(7is, ks)
nocTpoena u3 2" OJMHAKOBLIX MATPHIL W,L-’J(ﬁs, ks), Kak yKasaHO BBIIIIE.
CiiesioBaTesIbHO, BCe BO3MOXKHbBIE paciojiokenus S;(fls) BHYTPH g0/
MaTpHUIBl ObecredeHbl BLIOOPOM PACIOJIOMKEHUST STON 714-IIOIMATPUIILI B
Wi j (s, ks). Bo-BTOpBIX, HaXOXKJIEHNE Tg-IIOAMATPHIIBI, B KOTOPOil 6/10-
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K1, OKpyKatorue S;(7g), Takue ke Kak y M, cBOIUTCS K HAXOXKJECHUIO
W’ (ﬁs, ks) (u, cnenosarennno, Wi (s, ks)), comepzareit HyzKHble 6710
KU. Ecm/l Ns-TIOAMATPHUIA, paBHasg M, mepecekaeT IPaHUITbI W (ns, ks) B
Wi j(fs, ks), TO Tpebyemble 610ku B W’ (ﬁs, ks) OKABBIBAIOTCS nepeCTaB—
JIEHHBIMU 110 CPaBHEHUIO C COOTBeTCTByIOHJ]I/IMI/I 6aokamu M (cm. puc 4).
B-Tperbux, ecim ecTh MHOMKECTBO MATPHII, HMOPOXKJIECHHBIX COBOKYITHO-
creio Marpur] U;(s, ks) = {Wio(ns, ks), ..., Wi 4, (s, ks)}, Taknx, dro
KazKast He cojiepkuT Hu ojHoit u3z {So(ns), ..., Si—1(ns)} Ha BblIEsEH-
HBIX MecTax (He COOTBETCTBYIOIIMX MepeKrodaTesnto uim S;(fs) upu Biio-
JKEHUH), TO B KQUeCTBe UX [IOJIMHOKECTBA eCTh U BCe MaTPUIIBI, HE COJlep-
sauque marpurl u3 {So(7s), ..., Si—1(ns)} Hurme.

Tly---

Tly---

Va

S

Puc. 4. Marpuna W; (s, ks), monmarpuiiss W (ns,ks) npu r =2 (0 <
<i1<q,0<j<di(ns,ks)) n nogmarpuna M.

IIycrs  mo  onpegenennto  Ugyi(ng, ks) — CONEPKUT — MATPHUILBI
!/ = ! =
W11, ks), ..o q+17dq+1(ns,ks).
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Marpuner onpeznesnénaoro takuM obpasoMm Ugyi (7, ks) MOpoKIaior
Og+1(7). HeiicTBuTe/ibHO, ecsin COBOKYITHOCTBIO MaTpPHIL

/ — / — —
{Wq+171(ns,ks),...,Wqﬂ’dqﬂ(ns,ks)} HOPOXKJAIOTCS BCE Tig-MATPHILBI,
He cozepkarue noamarpuil u3 {So(fg), . .., S¢(Ns)} Ha BbIIETEHHBIX Me-
CTax, TO B Ka4eCTBE MX IOJMHOYKECTBa €CTh M BCE MATPHIILI, HE COJEp-
skarue noamarpuil u3 {So(7s), - . ., S¢(7s)} Hurge. 3HaUUT, B COBOKYIIHO-

/ = / =

ctu marpurt {Wy .y 1 (Rs, ks), - - ,Wq+17dq+1(ns, ks)} mpm HekoTOpOM Ha-
6ope 3HAYEHHI TePEeMAHHBIX MOXKHO yKa3aTh JIOOYIO 71¢-MOJIMATPHILY, He
cozpepxatyio noamarpuil us {So(7s), . .., S (ns)} Hurme.

[Tockonbky Bce Marpuibl Kiacca Cfz, BIOXKEHBI B OObeIUHEHHE

1 _ — . o
Ug:o Ui(ns, ks), To marpuna U (ns, ks,q) yauBepcaibHa. Ocraérest Haii-
TU €€ pa3Mephl.

Ui

Us

U37"'7Uq+1

Puc. 5. Marpuna U(ng, ks, q) u mogqmuoxkecrsa U;(nig, ks) npu 7 = 2.

ITpuBeiéM TPOCTEHITYI0O BEPXHIOIO OIEHKY CJIOXKHOCTH BJIOXKEHUS.
Yucno marpun B Cf,, paBHO AVrs  Ux MmozkHO BitoxKuTh B AVY7s ~Fs Mg 1y-.
., Mg p~MATPHII, COZiepKAINX k¢ IepeKmodaTesieii oT ks pasianmIHbIX Ie-

PEMEHHDBIX B Ka}K,H,OI'/JI. HOCKOJH)Ky Vﬁs — YHCJIO 9JIEMCHTOB B O,Z[HOI7I MaT-
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puiie, To O0IIee YUCI0 JEMEHTOB B YHUBEPCAJILHON MaTPHUIE, COCTABICH-
HOU M3 HUX, PABHO VﬁsAVﬁS*kS. Huzke MBI MOKaxkeM, 9T0O Ha CAMOM JIeJie
JIOCTATOYHO 3HAYUTEJILHO MEHbIIIE.

Tly---

vy |

Vi —k—1

Puc. 6. Marpuna Wi/j(ﬁ57 ks) n nopmarpunpt ¢ 2"ls(Ms) sJeMeHTaMu Ipu
r=2.

ITocsie Toro, Kak Mbl onpeienuan U(fg, ks, q), 1epeiiigM K moacaéry
BepXHEN OIeHKHN e€ pa3Mepa.

YrBepxkaenue 1. Cywecmsyem a (0 < a < 1) makoe, wmo dasn 406020
e > 0 cywecmsyem N (€) makoe, wmo das mobwxt € (0,1), 7 € {0,...,q}
u s > N(g) umeem mecmo

_ _ 1 Ve h—log 4 Ve
|Ui(n87k8)| :di(nsak8)< W+8 AVnS k‘s log,AVns‘

e 2

[Tycrs Q(7s, ks, 1) — KIACC Mg-MATPUIL, B KOTOPBIX HEPBBIE kg 3J1€MEH-
TOB 3aHUMAIOT IIEPEKJIIoYaTEN OT kg pa3HBIX EPEMEHHBIX, & Ha MAaKCH-
MaJIbHOM YJIaJIeHUHU OT HAvaJIa PaclosiozkeHa moamarpura S;(ns). Mbr j1o-
FOBOPUJIMCH Pa3MelaTh NEePEeKII0UYaTe I, 3all0JIHIs UMHU 3JIEMEHThl MaT-
putibl 10 nopstaKy. Ilopsinok BeIOpaH Jiekcukorpaduyueckuii Ha Habopax
3HAYEHUN UHJIEKCOB 3JIeMeHTOB MaTpuilbl. Takum obpazom, ecim kg pac-
TET, MEPEKJIIYATE/N 3AIOJHIIOT CTPOKHU, [TIOTOM CJIOM BCE OOJIBINEH pas3-
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meproctu. [lycrs M npunajgiexur Q(ng, kg, ). O603HAYNM YaCTh MaT-
putiel M, He 3aHsATyI0 nepeksrodarensmu u S;(ng), depes Hy. B Hyy
conepxkurest Vi, — ks — I(7s) 9J1eMeHTOB.

[ycrs Q' (s, ks, i) — 310 moAKIace Kiaacca marpu §)(fis, ks, ) Ta-
Koit, aro jyist 6ot M € Q' (nig, ks, i) eé Hyr HE COmEp:KUT MATpHI] U3
{So(ns),...,Si—1(ns)} B KauecTBE HOAMATDHIL.

Yucso marpur; u3 (s, ks,7), B KoTOpbix HeT Marpur u3 {Sp,...

., Si—1}, He mpesocxomuT uncao marpun us Y (fig, ks, 7). D10 BEpHO,
[IOCKOJIBKY BTOPOE OrpaHudeHne AaéT 60JIbIIyIo CBOOOLY BEIOOPA MATPHIL.

Marpuner maozkectBa Y (fig, ks, i) Obutn (110 ONpeIETIEHN0) B3ATHI B
Ka4ecTBe Wl-/,j(ﬁs, ks) mast mocrpoennst Marput, W (s, ks), 13 KOTOPBIX
cocrout U;(ns, ks). meem | (7ig, ks, )| = |U; (is, ks)|.

U3 ycnosust Teopemst 6) ciaesyer, uro cymecrsyer a (0 < a < 1) Ta-
KOe, 9TO ¢ HEKOTOPOI'O JOCTATOYHO OOJIBIIOro § BepHO Vi, — kg = aVi,.
BuavuT, 06'beM, He 3aHSTHI epekoYaTeasiMi, pactér opicrpee 27 (7).
Kpome Toro, 1mo ycjioBuio TeopeMbl B), HU OJ[HA CTOPOHA MAaTPUIIbI He
MEeHbBIIIE 2] \/1og 4 Vi, [ CretoBaTeIbHO, HAMUHAS C HEKOTOPOTO S, MAT-

T
pHIIa CO CTOPOHAMU 2] {/log 4 Va, [ [OMECTUTCS B HWilﬁj(,ﬁsJQs). Baarojapst
YCJIOBHIO &), ¢ POCTOM Vg, YHCJIO TOJMATPHI[ TAKOTO pa3Mepa, KOTOPbIE
MOKHO Pa3MeCTUTh B HW{,]- (s ks) 0€3 TIOTIAPHBIX Tepecetdenuil, pacTér.

[Tycrb Z(715) — 9T0 KJ1acc MATPHIL ¢ Pa3MepPaMU CTOPOH 2] /log 4 Vi, [
u semenTamu u3 A. Hncito ssiemenToB maTpuint u3 Z(ns) pasao 271 (7).
B Hy;/ (. ,k;) PACCMOTDHM MHOXKECTBA HENIEPECEKAIOMUXCs MO/IMATDHIL,
npuHa iexanmx =(ns), (eMm. puc. 6). MHOXKeCTBO TaKuX HOJMATPHUIL,
UMerolree HanbOIPHY IO MOITHOCTb, 0O03HAUUM Uepe3 JWirﬂj(ﬁ&ks). U3 onpe-
JIeJIEHHsI CJIEJLyeT, YTO

Va, — ks — (s Vi, — ks — (0
[ Iw ki) | S [ ( )} < ()

2"1(ns) 271 (ns)

[Tycrs Q" (7as, ks, 1) — 10 mozkIace kiacca marpuil (7, ks, 1) Takoit,
aro gyist oboit marpunst M € Q" (ng, ks, i) mobast marpunia N € Jyy
He copepxkut mogamarpur uz {So(ng),...,S—1(ns)}. Hucno marpurn us
O (ns, ks, 1) e npesocxoput unciao marpur u3 Q' (fig, kg, ).

Hnst onenkn momuoctn muoxkectBa (g, kg, 1) HafiIéM BepXHIO0
OIEHKY MOIITHOCTH MHOXKECTBa, MaTpull u3 =(7g), HE COAEpPXKAIIUX MOJI-
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marpui u3 {So(ns), ..., Si—1(ns)}. s sToro mocrarodno HalTh HIXK-
HIOIO OIEHKY MOIIHOCTH MHOXKECTBA MATPHIL U3 Z(7ig), COIEPIKAIIIX XOTSI
6b1 onHy nogmarpuity u3 {So(7s), ..., Si—1(Ms)} U BBIUUCIUTD Pa3HOCTH
|=(ng)| u 9TOl HIKHEl OIEHKH.

[TokaxkeM, CKOJIBKO 110 MEHbIIIEH Mepe ecTb MaTpull B =(7g), KOTOpbIe
conepxkar noamarpury u3 {So(ns), ..., Si—1(ns)}. Pacemorpum npouns-
Bosibiyto Marpuiy N € E(ng) (em. puc. 7). Obo3nadnmM depe3 S Kiacc
MaTPHI] C pa3MepaMu CTOPOH ] \/1og 4 Vi, [, ¢ astementamu u3 A. Marpu-
upt {So(7s), ..., 9 (ns)} npuHamIekar S.

Bynem ccbliaTbes Ha MOJAMATPHUIILI 1O PACIOIOXKEHUI0 HAYAIbHOIO
ssieMeHTa 1 pasmepy. O6osnaunm vepes Oq (s, q) 610K Hyseil ¢ euHu-
neil B nocseHeM saeMente (cMm. onpesesenue S;(ng)). Hamomunm, uro

O1(ns,q) MMeer pasmMepbl CTOPOH [{/Z(ﬁs) — Jlog 4(q + 1)[] Hucso site-

mentoB B O1(7s,q) paBHO [{/Z(ﬁs) — Jlog 4(q + 1)[}r. ITycrs P(ng,q) —
noaMaTpuna Marpuipsl N, el HauasIbHbIH SJEMEHT COBIAAET ¢ Hadalb-
HBIM 3JIeMeHTOM Marpunbl N, nMeromast pasmep, kak y O1(7is, ). Ilycrs
P’ — nopmarpuna Marpunst N, deil HadaJbHBI 9JIEMEHT COBIAJIAET C Ha-
YaIbHBIM JIEMEHTOM MaTpunbl N U pasMepbl CTOPOH PABHEL Pi, . . . , Py.

Ecmmn nogmarpuna Marpuipl N, y KOTOPOi Hada bHBINA 9JIEMEHT Jie-
»KuT B noamatrpuie P(7g, q), paBHa onHoit u3 {Sy(7Rg), ..., S¢(ns)}, u eé
HAYaIbLHBI 9JIEMEHT MMeeT MHJEKCHI, PaBHBIE P1, ..., Py, TO B N He MO-
JKeT OBITh BTOPOii IMOAMATpPUIEL, paBHOi oxuoil u3 {So(ns), ..., S (7s)},
y KOTOPO# HadaJsIbHbIH 3sieMeHT jiexkutr B P’. JleficTBUTEIbHO, IPU TaKUX
yesoBusix 610K O1(7s, ) OHON MOAMATPHIIBI IEPECEKAETCST ¢ AHATIOTHY-
HBIM Os10kOM Jpyroit. [Ipraém exunnna ognoro 6ioka O(7s,q) OKa3bl-
Baercst cpeau Hydseil Broporo 6oka Of(7is,q), 4ero He MOXKeT ObITH IO
onpezenennio O1 (7, q). Cm. puc 7. Orciona cieyer, 9o B Z(7is) MOXKHO

BblJIeUTh He Menee |P(fig, q)| = {{/l(ﬁs) — Jlog 4(q + 1)[}r HellepeceKa-

IOIMUXCA KJIaCCOB MaTpPHUIL, UMEIOIINX OJNHAKOBOE MECTO HepBOfI BCTpEIN

3aJlaHHOl moaMarpuisl u3 {So(7s), . . ., Sq(7s) }-
i — momuocts Muoxkecrsa {So(7s), - .., Si—1(ns)}-
A2 s)=URs) — gommraecTBo Marpun B Z(7), KOTOPbIC HMEIOT 3a1aH-

HYIO noaMaTpuily ¢ [(7g) 9J€MEHTaMH.
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r____;_é___// (p1’p2)

Puc. 7. Marpuna N u napa nogamarpur, u3 {So(7is),...,S;—1(ns)} npu
r=2.

|P(7is, q)| A2 1) =HRs)j — mpxmss onenka wmcma marpun B Z(7),
coziepKarux xorst 661 omguy u3 {So(ns), ..., Si—1(ns)}-

[TostyuaeM BEpPXHIOIO OIEHKY YHCJIa MAaTpHIl B =(7s), KOTOPbIE HE CO-
nepxkar Hu oo u3 {Sy(fs),...,S;—1(ns)}. OHa paBHa

AQTZ(ES) o |P(ﬁs, q)|A2"”l(ﬁS)7Z(fL5)i‘

Hockoneky B Hyy/ (7, k,) THCIO HENEPECEKAONMXCs TOJMATPHIL U3
ij

< Vﬁsfksfl(ﬁs)

=(ns) HE IPEBOCXOHUT ‘JWin (7is,ks) | < STy oIy daeM

|Ui(ﬁ3ak3)| = di(ﬁSaks) < |Q//(ﬁ87k5ai)| <
Vig —ks—l(ns)

< (A1) — | P(y, q) | AZ 10100 et

YesoBust, HaKIaIbIBaeMble Ha MaTputlbl u3 Uy(nis, ks) 6ostee mpoctbie,
geM 1ipu ¢ > 0 (HeT 3anpeménnbix mojmarpui). Jlerko Haiitu, 4To

dO(ﬁ& ks) = AVﬁs _ks_l(ﬁS)'

st onienku cBepxy moraocTH d; (s, ks) tpu 4 > 0 HaM Oy/1eT y106HO
paccmoTperhb oTHotenue d;(ng, ks) K AVrs—ks=l(Rs)



O CJIOXKHOCTH BJIOYKEHUSI MATPHUI], 243

7 - _ L Ve ks —Uns)
di(ﬁs,ks) (Agrl(ns) _ !P(ﬁs,q)!AQ l(ns)fl(ns)i) I (7s)
AVas —ks—1(7is) < AVias—ks—l(ns)
Vg —ks—Uns)
A2URS) — | P(ny, q)| A2 1) =1(0s) I I(7s)
= Aer(ﬁs)

_ (Vg —ks—l(ns))| P(ns,q)]i
H7s) 27 I(7g) AL(S)

_ 1 |P(7s,q)|i B
- Al

Pacemorpum dyukimio asyx aprymentos h(x,y) = z¥. U pacemor-
pUM ClleJlylole MHOMKECTBa 3Hauennii aprymentop + < z < ¢ < 1,
0 < y < 400, e ¢ > 2 — nekoropas xoucranta. Ilyctb a u b jexar B
COOTBETCTBYIONMX MHOXKeCTBax. I[Ipu cTpemyienun x K a U y K b mpejent
110 COBOKYIIHOCTH IEPEMEHHBIX PAaBEH IOBTOPHBLIM IpeJejaM 3HadeHuit
dyukuun h(zx,y). [ycrs

Al(7s)
, |P(fis,q)|i\ TPl
f(s,1) = (1 - W)
yCTh
(Va, = ks = 1(0))| P (s, )|
271 () Als) ’

g(s) =

TOr /1A
di 757 k;s . . . s)i
e ) < n(p s, 0(5)0) = (1,1

[Tockombky mpu § — +00 BepHO, Vi, — +00, l(fig) ~log 4 Vi, u
Alms) N
V|P(7s,q)]i

— 400 1pu JIFOOOM TTOCTOSTHHOM ¢, JOMYCTHMOM YCJIOBH-

q~ (Vi,)t, mo |P(fis,q)| ~ (1 —t)log 4 Vi,. Caemosaressio
em, n 0 <1< qg=[(Va,)]

[TocsienoBarensrocTs (1— p%)ps CTPEMUTCS K % CIpaBa IpU Py — +00.
Hnst f(s,i) mosmyuaem caenyromee. st soboro €g > 0 cymecrByer
N'(egp, 1) Taxoii, uro eciu s > N'(gg,1), TO

) 1
f(s,0) < - + €o.
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l(ns)
Haumenbinme 3HaveHnst II0CJja€e10BaTECJIbHOCTHI m Ha6JIIO,ZLaeM
Sy

1pu camom 6ostbiom i = [(Vi, )], cienosarenbho, moxkem B3sth No(gg) =
= N'(g0, [(Va,)Y]) = N'(0,1), KoTOpBIit TOIUTCS /It BCEX PACCMaTPUBa-
€MBIX 1.

Kak ciencrBue, mosyaaem, aro s Jioboro €y > 0 cyimecTByer
No(eo), aro npu s > Ny(eo) mis soboro g(s) > 0 BepHO

(s)
ey < (Lra)

ITockosbKy 1o ycsoBuio TeopeMbl Vi, — ks X Vi, To cymiecTByer a
(0 < a < 1), cymecrsyer Nj(a), uro npu s > Nj(a) sBepro Vi, — ks >
> aVg, . Buaqur, cymecrsyer a (0 < a < 1) Takoe, 9To jjist ;1106010 £1 > 0
cymecrByer Ni(e1) > Nj, uro mis moboro nocrosiugoro ¢ (0 < ¢ < 1)
upu s > Ni(€1) BBIIOIHSAETCS

2" Vﬁ — k?s B logA Vﬁs > aVﬁ

Vﬁ Vﬁ Vﬁ — &1 =a—¢1.

Buaunt, cymecrsyer a (0 < a < 1), CyIIecTByeT JOCTATOYHO Ma-
nenbkmit 1 — 1 > g5 > 0 raxoit, uro s moGoro g1 > 0, cymecTsyer
Ni(a,ep,e1) = max(Np, N1) Takoii, uro s jiroboro nocrosiuoro ¢ (0 <
<t < 1) upu s> N) Bepro

1 g(s) 1 St (a—e1)
(f(s,1))9®) < (E +go> < (g +60> .

Cymecreyer a (0 < a < 1), cymecrsyer € (1 — % > g0 > 0) Takoi,
970 JyIst J1I060ro 9 > 0, cymecrByer €1 > 0, cymecrByer Na(a,eg,€2) =
> Nj(a,ep,e1), aro mus moboro t (0 < t < 1) npu s > Na(a,£p,€2)
BEPHO
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CymecrByer a (0 < a < 1) Takoit, uro jyisi jioboro €3 > 0 cyime-
crByer g9 (1 — % > g9 > 0) Takoii, 9ro mis Joboro €9 > 0, cymecrByer
Ns(a,es3,e2) = Na(a,ep,e2), aro jyist moboro t (0 < ¢t < 1) upu s > N3
BEPHO

] 1 12_7“ta %a
(f(s,1))9®) < <g +5o) +e9 < <g> + &3+ 2.

[Iycts € > €9 + €3, N(¢) = Ns(a,e3,e2). Torma cymecrsyer a (0 <
< a < 1) raxoit, uro st moboro € > 0 cymecrsyer N (€) Takoii, 9To J1Ist
moboro t (0 < t < 1), mia mo6oro i (1 < i < [(Va,)!]) upu s > N(e)

BBIIIOJIHAETCA .
17ta 7
(f(s,0)9) < ((l> ’ +g>

e

C y4éToM JIOKA3aHHOI'O BBIIIE HOJyYaeM, 9To cymecTByer a (0 < a <
< 1) Takoit, aro mast smoboro € > 0 cymecrByer N (g) Takoii, 9To s
mo6oro t (0 < ¢ < 1), ma mo6oro i (1 < 4 < [(Vi,)!]) upu s > N(e)
BBIIIOJIHSIETCST

d’i ﬁsy ks . 1 '
AVns(ksl(zls) < h(f(S,Z),g(S)) < ( (1—t)a + 6) .
e 2"

CanenoBarenbho, st d;(Nis, ks) Ipu TeX e YCJIOBHUSIX CIPABEIJINBO
cJlejlytolee OTHOIICHHE:

1 7

_ Ving —ks—log 4 Vins

d;(ns, ks) < <—<1t>a +s> A 084 Vs
e 2r

YTBepxkieaue 1 jJoKa3aHo.

YrBepxkaenue 2. Jlaa aobozo ¢ > 0 cywecmsyem N () maxod, wmo
das mobvix t € (0,1) u s > N(e) umeem mecmo

(1) Vg —hs 11
27 Vi ns
s Avfls —ks

1
dq+1(ﬁs,k‘s) < <g + 6)
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Tly---

vy |

Puc. 8. Marpuna W(;H’j(ﬁs,ks) u nopMaTpuil ¢ 2"l (M) saeMeHTaMu
npu r = 2.

[Iycrs Q(ns, ks, q + 1) — kuace nig-marpun u3 Cp,, B KOTOPBIX I1€p-
BbIe ks 9JIEMEHTOB 3aHUMAIOT MEPEKIIOUATEIN OT kg PA3HBIX IIEPEMEHHBIX.
[Tycrs M upunajgexur (g, ks, ¢+ 1). O603HaumM yactb maTpurpt M,
He 3aHSTYIO llepekJjirouareisamu, depe3 Hyr. B Hys conepxkures Vi, — kg
9JIEMEHTOB.

[Tycrs Q' (7s, ks, ¢ + 1) — 70 mogkmnace knacca marpur (s, ks, ¢ +
1) Takoit, uro s moboit M € Q(ng, ks,q + 1) coorsercrBytomas H s
He comepkuT Marpuil u3 {So(ng),. .., ()} B KadecTBe momMaTpuil.
Yucsio marpur u3 (s, ks, ¢+ 1), B Koropbix Her Marpurt u3 {Sy(7s), . . .

., S4(ns)}, e mpeBocxoaut uncso marpur u3 Q' (g, ks, ¢ + 1).

(ns, ks,q + 1) cornmacuo onpegenenuio pasao Ugiq(7is, ks). Nmeem
€Y (s, ks, q + 1)| = [Ugga (Rs, ks -

U3 ycnosusi Teopembl 6) ciemyer, aro cymectByer a (0 < a < 1)
TAKOe, YTO C HEKOTOPOIO JIOCTATOYHO OOJBIIOro § BepHo Vi, — ks >
> aVy,. Bnaunt, 06beM, He3aHSITHIN IEPEKITIOYATE/ISIMU, PACTET ObICTpee
2"[(ns). o ycaoBuio TeopeMbl B) HU OJIHA CTOPOHA MATPHIILI HE MEHb-
me 2] {/log4 Vi, . CirenosaTennro, HavuHas ¢ HEKOTOPOIO S, MATPHI

co croponamu 2] {/log 4 Vi, [ momecrures B Hyy:

q+1,j
a), ¢ pocToM Vj, YHCJIO IOAMATPHUI] TAKOr'o pasMepa, KOTOpPble MOXKHO

(7is,ks) - VI3 yCIIOBHS

pa3MecTUTh B HW(;J’,L]'('FLs;kS) 6e3 MoNapHBIX IIepeceveHnil, PacTeT.
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ITycrs Z(7;) — 9T0 Kitacc MaTpuI, ¢ pasmepanmu cropot 2 | {/1og 4 Va, |

u semenTamu u3 A. HYncito ssiemenToB MaTpuint u3 Z(ng) paBao 271(7).

B Hyr. | (#,,k,) PACCMOTPIM MHOXKCCTBA HEICPECCKAIONUECs! TIOAMATPHIL,
q ]

npuHajiexkamux =(ng), (eMm. puc. 8). MHOXKeCTBO TaKMX MOJMATDHIL,

uMeroriee HanbOJIBHYIO MOIIHOCTH, 0603HAMUM Hepes Jyr  (a k) V3

q+1,5
olpeJiesienud CJIeyeT, 9TO

|J |< Vﬁ _kS <Vﬁ _kS
Wi sk LS Tor) () 2rl(ng)

[Tycrs Q" (s, ks, ¢+ 1) — s10 noaxmace (7, ks, ¢+ 1) Takoit, aro mis
aroboit M € Q(ns, ks, q + 1) mobast N € Jy; He COIEPXKUT HOIMATPUIL U3
{So(ns), ..., S¢(ns)}. Yucno marpur usz Q' (fvg, ks, ¢ + 1) He npesocxonur
uncao marpun, u3 Q7 (i, ks, q + 1).

Hnst onenku momaoctn Muoxkectsa Q' (g, ks, ¢ + 1) maiiném Bepx-
HIOIO OIIEHKY MOIIHOCTH MHOYKECTBa MaTpull u3 =(fls), He COIEPIKAIIUX
nogmarpurt u3 {So(7s), - . ., S¢(7s)}. Joist aroro mocrarodno HaiiTu HUXK-
HIOIO OIIEHKY MOIIHOCTH MHOYKECTBA MAaTpPUIL u3 =(7is), COJEPKAIIUX XOTs
Ob1 oy moxmarpuily u3 {So(7g),...,S¢(Ms)} ¥ BEIMHUCIUTH PA3HOCTD
|=(7s)| u 9TOM HUKHEN OIEHKH.

[TokazkeM, CKOJIBKO 110 MEHbIIeH Mepe ecThb MaTpull, B =(7is), KOTOpbIe
copepkat nogmarpuiy us {So(7s), . . ., Sq¢(7s) }. Pacemorpum mponssosis-
uyto marpuity N € Z(ng) (em. puc. 7). Ob6oznaunm depe3 S Kiiace Mar-
pur ¢ pazmepamu cropor | {/log 4 Vi, [, ¢ snementanm u3z A. Marpuipt
u3 {So(7ng), ..., Sq(ns)} npunamiexar S.

Byaem ccbutarbess Ha MOAMATPUIBI 10 PACIIOJNOKEHUIO HAYaIbHO-
ro sjemenTa u pasmepy. Paccmorpum O (7ig,q) GJIOK Hyseil ¢ ejuHu-
neii B nocseHeM saeMente (cMm. onpejesenue S;(ng)). Hamomunm, uro

O1(ns,q) MMeer pasmMepbl CTOPOH [{/Z(ﬁs) — Jlog 4(q + 1)[] Hucso site-

menToB B O1 (s, ¢) paBHO {{/l(ﬁs) — Jlog 4(q + 1)[?. ITycrh, Kak 1 paHb-
me, P(7s,q) — nogmarpuna Marpurpl N, 9eil HauaabHbIA 3JIEMEHT COB-
najaeT ¢ HadaJIbHBIM 3JIEMEHTOM MaTpuIbl N, uMmeomas pasMmep, Kak
y O1(7s,q). Hycrs P! — nopmarpuna marpunpt N, dell Haua IbHbINA 3J1e-
MEHT COBHAJAET C HAYaJIbHBLIM 3JIeMEHTOM MaTpHILI N U pasMepbl CTOPOH
PaBHBI P1, ..., Dy
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Ecim nogmarpuna marpunbl N, y KOTOPOil HaYa/IbHbIH 3JIEMEHT Jie-
it B noamatrpuiie P(7g, q), paBHa onHoit u3 {Sy(7Rg), ..., S¢(ns)}, u eé
HAYAJIbHDIA 3JIEMEHT MMEeT MHJCKCHI, PABHBIC P1,...,Pr, TO B N He MO-
JKeT ObITb BTOPOI MOIMATPUIBI, paBHOi ogHOil U3 {So(7s), . .., S(7s)},
y KOTOPOIi Havda bHbI sj1eMenT JjiexkutT B P/, Cm. puc 7. 9To npejioxe-
HUe yKe ObLIO JOKA3aHO B yTB 1. Orcroma ciepyer, uro B =(75) MOXKHO

BbIJIeJUTh He MeHee |P(7g,q [\/ l(ns) — Jlog 4(q + 1)[}r HellepeceKa-
IOIIUXCsT KJIACCOB MATPHIL, MMEIONIUX OJJMHAKOBOE MECTO IIePBOiil BCTpeun
nanuoit nommarpunst u3 {So(ns), ..., S(ns)}-

g+ 1 — momHOCTE MHOMKECTBA {S0(7s), - - -, Sq(72s)}-

A2'Uns) =) kopmmaecTBO MaTpUIL B _(ns) KOTOpBIE UMEIOT 3aJ1aH-
HYIO TOAMaTpUILy ¢ [(7s) DJIeMeHTaMu.

|P(7is, q)| A2 1) =HMs) (g 4 1) — muoKmsist OLEHKA 9HCIA MATDHIL B
=(ns), comeprKaIux XoTs 66l OfHy U3 So(Ns), . . ., Sq(7s).

[TostyuaeM BEpPXHIOIO OIEHKY YHCJIa MATpHIl B =(7s), KOTOPbIE HE CO-
JepKaT Hi ofHOi u3 So(7Ng), . .., S¢(Ms), paBHYIO

A2rl(ﬁ5) . ’P(ﬁS, q)’AQTl(ﬁS)fl(ﬁs)(q + 1).

[Tockosibky B HW/ (fis,ks) TUCJIO HEIEPECEKAIOMNXCH IOIMATPHIL U3

—k

=(ns) ue npesocxomut |Jyy/ Sy Moy HaeM

‘ Vg
(q +1)J(n5’ = 2”(

‘Uq+1(ﬁ87k8)’ = dq+1(ﬁ87k8) < ]Q”(ks,q +1) <
Vﬁs—ks

(./42” is) — |P(ng, )|A2rl(ﬁs)—l(ﬁs)(q +1)) 2iGs) .

st onenkn cBepxy MormtHOCTH dg1(7s, ks) HaMm Oyner ymoOHO pac-
CMOTpETh OTHOIIeHUE dgy1(7s, ks) K AVns ks TlockombKy mpn s — +00
Vi, — +00, U(ns) ~log 4 Vi, .~ (Va,)'s |P(nis, q)] ~ (1 —t)log 4 Va,,
Al(7s) vt
[P(ns,@)(gt]) "~ (T=1) log 4 Vi,
N (e) rakoe, 9TO Jjisi JIEOOOTO MOCTOSTHHOTO t, YJOBJIETBOPSIOIIETO YCJIO-

BUSIM yTBepKJieHust, upu s > N (€) BepHO

— 400, TO JIst Jioboro € > 0 cyrmecTByer
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Vig —ks
dygi1(7ia, ) _ (A1) — | Py, )| A7) 710 (g 4 1) 710
Avﬁsfks AVnS s -
Vﬁg*ks
B AZTl(ﬁs) 7| (ns’ )|A2rl(ns l(ﬁs)(qul) 271 (ns) B
- AQTZ(ns) -
_ (Vag —ks)|P(ns,q)|(g+1)
A”"S) 27 1(n )Al('ﬁs)
(4 _ [P0, @)l(q + 1)) P S
- ETCN <

(1—t) Vag —ks vt

1 T Vi,
< (— +8>
e

Crenosaresnbro, 1jist dgt1 (s, ks) TaKaKe CIPABEIJIHBO CIIEIYIOIIEE OT-
HOIIIEHIE

VTBepxKaeHne 2 J0Ka3aHO.

Jlemma 1. Jlas 206020 angasuma A, 0as 110600 pasmepHOCTIU T, eCAl
a) Vi, — +o0,
6) Va, — ks X Vi,

o) Vi (1 <0 < 1) me > 2] g Vi |

npu s — 400, mo umeem mecmo Lo(fg, ks) < |A|Vas =Fs.

JokasaTeabcTBo. 1o onpeneneHnio, CII0XKHOCTD BIOXKCHHS KJIacca, MaT-
pur; C;, B YHUBEPCAJIbHYIO MATPHILY € TIEPEKJIOYATESISIMEA OT kg TIE€PEMEH-
HbIX Lo (7, ks) — 91UCII0 9J1€MEHTOB B MUHUMAJIBHON YHUBEPCAJILHO MaT-
purie st Cr,. B KadecTBe BepxHeil ONEHKN BO3bMEM YHCJIO 9JIEMEHTOB B
yuausepcasbaoit marpure U (7, ks, q), KOTOPYIO HOCTPOUJIN BBIIIIE.

ITo ompenenennto, marpuria U(ng, ks, q) cocronT u3 KOHKATEHAIMI
MaTpHIl, BXOAsIuX B MHOxKecTBa Marpuil U;(nig, ks) (0 < i < q) u
Ugt1(nig, ks) (xazkmast Marpuna ucrosbsyercss oxun pas). B U;(ng, k)
Bxomut di(ns, ks) marpun, nmeromux 2"V, snementoB, B Ugqq(fig, ks)
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BXOIUT dgi1(Ms, ks) MaTpun, umeromux Vi, smementoB B Kaxkaoif. Cire-
JIOBATEJIBHO, YUCJIO 9JIEMEHTOB YHUBepcaibHoil Marpuibl U(7ig, ks, q) 110-
JIyIaeM Tak

q
U (R, s, q)] = 27Va, > iR, ki) + Vi, dg g1 (s, ki),
=0

d;i(7s, ks) OBLIO OIEeHEHO B yTBEpKAEHUN 1, dgy1(s, ks) — B yTBepKIe-
nun 2. Haromuuwm, uro g 6b110 BeiGpano cieaytomero suia: ¢ = (V).
[Mosmyuaem, uro cymecrsyer a (0 < a < 1) Takoe, 4ro Jyisi 106010 € >
> 0 cymecryer N (&) Takoe, 4ro J1st jir06oro dukcuposannoro 0 < ¢t < 1
cripaBenBo, ecym s > N(g), To

U (s, s, q)| <
q 1 7
< 2"Vg, Z ( e T 6) AVns—ks—loga Vas 4
=0

e 2

(1-t) Vas—k

syt
1 2T Vi s -
+ Va, (E + 6) AVrs ks

1

- —
+1 .

# = qu71 . [Tpwaém mpu p > 1
P

Ucnonbsyen, aro gst p # 1 Y7
psa CXOAUTCA IPU q — +00.
Mockompky 0 < a < 1,0 <t <1ur >0, To MokeM BrIOpaTh € > 0

Takoe, ITO0bI ﬁ + ¢ < 1. IIpu stom % + ¢ < 1 Takxe.
e 27

Torma nostydaeM, 9TO Psi CXOIUTCSI:

[(Vas)]+1
(ﬁ + 8) -1
2T

q 7
1
Z( (i-ta +5) ===
(&

i=0 a

1
s Te—1
e 27

Yucnaurens nocnenaneit npodu crpemurcs K —1 copasa npu Vi, — +00.
3HaMeHaTeNb TakKe oTpunaresbubiii. CiemoBaTebHo,
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=0

q < 8)1‘ - 1
E : a i =
4 t) (1—1)a +e—1
27‘

e

1 1

- 1 - (t—1)a
l—e— 7 l—ec—e 7
e 27

Teneps nepeiijiem ko Bropomy ciaaraemomy onenku |U(ns, ks, q)|. Ho-
1—t) Vg —ks ¢

a-t) . Vit
KaxkeM, 4To Vp, (% + 5) 7 " Vas " < 1. TTockoubKy - ct+e<l,rod=

= l+r€ > 1. IIpn Takom d HepaBEeHCTBO 3KBUBAJIECHTHO 2’"V,—L15_t log, Vi, <

(1 =) (Va, — ks).

ITockospky 1o ycrosuio 6) cymecrsyer a (0 < a < 1) Takoe, 910 ¢
HEKOTOPOT'O JOCTATOYHO O0JIBIIOTOo s BepHO Vi, —ks > aVp, n mpnu mro6oit
nocrosiauoit ¢ (0 < ¢ < 1) BbimosHsieTCst

2"V ogy Vi, < (1 —t)aVa, < (1—1)(Va, — ks),

TO IIpHU JOCTATOYHO OOJIBIIIOM S HNCXO/THOE HEPAaBEHCTBO TO2KE€ BEPHO.
HO,ILCT&BI/IB IIOJIy9eHHbI€ OIIECHKN, NMECM

Lo (s, ks) < |U (i, ks, q)| S

1 . a -
§27‘Vﬁs . Avns ks—log 4 Vag +AV”3 ks _
1—e 2
or
J— V'ﬁsfk's
= (t—Da +1 A :
1—e 2

Jlemma, JOKa3aHa.

Jlemma 2. Jlasa 1060t pasmeprocmu 1, 0af 4100020 YUCAG MEPEMEH-

nux kg, 0as aboz0 asgasuma A, das mobozo s > 0 umeem mecmo
AVns =hs Le(ns, ks).

okazareabcTBo. HuxKHsAs OlEHKA JIOKA3BIBACTCS W3 MOITHOCTHBIX CO-
obpaxkennit. Kaxmas ns-marpuna n3 Cr,, IO OIpeJieennio, nmeer Vi,



252 /1. B. 3aiinen

9JIEMEHTOB, KOTOphIe 6epéM u3 andasuta A. Uncao Takux MaTpHIl paBHO
AVrs e A = | Al

B marpune U moxkno Bbyieaunts He 6osee |U| Mect, r1e MOkeT GbITH
oMeITeHa noaMaTpuiia. Takke nMeeM HEOTPAHUYEHHOE YHMC/IO TTePEeKIIO-
qaTesiell, KayK/blii M3 KOTOPLIX IPUHUMAET 3HadeHue omHoit u3 kg Ie-
peMeHHBIX. [lepeMeHHBIE TakyKe NMPUHUMAIOT 3HadYeHus u3 ajadapura A.
SHaunT, HA KaXKJIOM MecTe B Marpurie U, UCIoJIb3ysl pa3Hble HAOOPHI 3HA-
qeHuil kg HEPEMEHHBIX, MOYKET OBITH MOPOXKICHO He bostee A¥s marpur n3
Ch..
Jliobast ynuBepcasibHas marpuiia U, B TOM YuC/ie 1 MUHUMAJIHHAS,
JIOJIDKHA HOPOXK/JIATh Bce Ng-Marpuilbl u3 Cp . Cile/loBaTe/IbHO, J10JIZKHO
BBITIOJIHATHCS CJIETYIONTee COOTHOIIICHUE:

AV |U|AFs | cnenosarensno, AV —Fs LU

[Tockobky L (7, ks) 10 ONMpeIe/IeHNIO — YUC/IO 9JIEMEHTOB B MUHU-
MaJILHO#l yHUBepcaybHOil MaTpuile st Cg,, TOIydaeM HI2KHIOIO OIEHKY

AVis=Fs Lo, ks),

9TO " Tpe6OBaJIOCb. Jlemma, JOKa3aHa.

YTBep:KaeHne TeopeMbl 1 ciaeayeT U3 JeMMBI 1 1 JJeMMBI 2.
Teopema okazana.

ABTop BBIpazkaer byraromapaocts mpodeccopy A. C. Toakosumy, mot
PYKOBOJICTBOM KOTOPOT'O BBIIIOJIHEHA 3Ta paboTa.
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