AJropurmMudeckue npobJeMbI B
CBOOOTHBIX ACCOIMATHUBHLIX aJjiredpax m
ajareopax JIm*

A. A. 3ooTbIx

Kombunaropuasi anrebpa (KOMOMHATOpHAsI TEOpUsi TPYII, IIOJIY-
IDPYIII, KOJIeI| W JIp.) HPeJCTaBiisieT coboil aKTUBHO pa3BHBaeMoOe Ha-
[paBJjieHre ajareOphl ¢ MUPOKUM CIEKTPOM IpUjIoKeHn. OTMeTuM JIUIIb
dyupamentanbubie pedyiabrarel . Hunbcena, O. Ulpaitepa, B. Marmy-
ca, A.T. Kypoma, A. . Mansnesa, P. Jlunmona, ®@. Xomra, M. XoJ-
ga, A.A. Mapxkosa, II.C. Hosukora, C.U. Axsua, A.UW. Kocrpukuna,
A.JI. Imenpkuna, A.FO. Ombmanckoro, FO. A. Baxrypuna, M. IIlyr-
nenbepke, A. . [lupmosa, E. Burra, JI. A. Bokyrst, B. H. JlaTbimesa,
B. H. Pemecnennukosa, O.I. Xapsamnosud. VIHTeHCHBHO pa3BUBaJjach
AJITOPUTMUYECKAST TEOPHUS: Pas3/iesl KOMOMHATOPHOU TEOPUU, HCCJIETyTO-
U CyIIECTBOBAHUE aJITOPUTMOB IS PEIIEHUs] OCHOBHBIX aJITOPUTMU-
Jeckux npobsieM (mpobsieMbl PABEHCTBA, BXOXKIEHUs, N30MOpdusMa, pe-
KypcuBHOTO 6asuca u T. 1. ) OCHOBBI JITOPUTMIYECKOl TEOPUH CBOOOIHBIX
ayirebp ObLn 3astoxkerbl A. . Kypomem u A. 1. Majbuessiv. A. . [Tlup-
IIIOBBIM OBLIN OJIYYeHb! (PYHIAMEHTAJIbHBIE PE3YJ/IHTATHI KOMOMHATOPHOMN
u ajiropurTMuueckoii reopuu ajredbp Jlu. OpHO# U3 BaXKHBIX IejIeil KOM-
OUHATOPHOI aJredphl ABJIsIeTCst TocTpoenue dPPEKTUBHBIX AJTOPUTMOB,
PEIIAIONTINX OIPEIEIEHHDBIN KJIACC 387129 B KOHKPETHBIX 00JIACTSIX.

Vcrenioe mpuMeHeHne KoMIbioTepoB B nocienuue 20-30 jer ykpe-
nuJI0 UHTEPEC K 3PDEKTUBHBIM aJredpandeckKuM KOHCTPYKIIUSAM. DbLin
[IEPECMOTPEHbI KOHCTPYKTHUBHDBIE PE3YJILTAThI, MMOJYyICHHBIE B ITPOILIOM,
YTO IPUBEJIO K (DOPMHUPOBAHUIO HOBOW CAMOCTOSITEJILHON 00JIACTH — KOM-
MBIOTEPHON aJreOpbl, BBIPOCIIEH N3 MATEMATHKHU, BBIYUCIUTETHLHON Ma-

“Ilpu dpunancosoit noguepxkke Poccuiickoro gonma yHIAMEHTAILHBIX HUCCIIEI0-
Banwuii, rpant Ne 99-01-00233.
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TEeMATUKNA U IpOrpaMMupoBanus. Pa3zpaboTka HOBBIX aJTOPUTMUUECKUAX
PEIIeHniT U CO3/[aHNe UX KOMITBIOTEPHBIX Peau3alluil 03BOJIeT ITpUMe-
HATH HOBBIE Pa3pabOTKU COBMECTHO CO BCEM IPEIbLIyINM HapaboTaH-
HBIM MaTepPUAaJIOM JJisi CO3JaHNs BBICOKOTEXHOJOIMIHON CPE/Ibl HAY IHBIX
UCCJIeJIOBAHUI C HMCIIOJIb30BAHUEM CHUMBOJIBHBIX IIpeobpasoBanuii. B oc-
HOBE COBPEMEHHBIX CHUCTEM KOMIILIOTEPHOM aJireOphl jekar 3HdpeKTuB-
HbBIE AJITOPUTMBI, TIO3BOJISIONINE TPOU3BOIUTDL CUMBOJILHBIC BBIUUCICHUSI.
OcHOBHBIE TTPEUMYIIECTBA CUCTEM KOMITBIOTEPHOI areOpbl OCHOBAHBI Ha
BO3MO2KHOCTH ITPOM3BOJIUTEL OOJIbININE ajredpanmdecKue Borancienus. 11o-
SBUJINCH U CIEIUAJU3UPOBAHHBIC CUCTEMBI JIjIs CUMBOJILHBIX BBITHCTIE-
HUH.

[Ipu ucciieoBaHnsix B KOMIIBIOTEPHOM ajrebpe OJHUM U3 OCHOBHBIX
MOMEHTOB SBJISIETCsI MOCTPOEHUE AJTOPUTMOB, JOIIYCKAIOMINX KOMIIbIO-
TepHyIo peanuzanuio. Hanbosiee pazpaboTaHHBIM B HACTOSIIEE BPEMS B~
JIIETCS CIydail KOMMYTaTUBHBIX KoJjier. OJIHaKO B MOCJIEIHEE BpEMs 3Ha-
YUTEJILHO BO3POC MHTEPEC K HEKOMMYTATHBHOW KOMIIBIOTEPHON aJsrebpe.
OTO0 BBI3BAHO KaK BHYTPEHHUME ITOTPEOHOCTSIMHM BBIYHUC/IEHUN B HEKOM-
MYTATUBHBIX aJIre0panvdecKux CHCTeMax, TaK U MIUPOKUM CIEKTPOM pe-
aJIbHBIX 3ajiad B Teopun JupdepeHInajbHbIX yPaBHEHUN U B (DU3UKE
(ormerum HesMHelHbIe 3ajaun, cynepypasHennsi Kopresera-ie-@pusa,
ypaBHEHUsI TYPOYJICHTHOCTH, BBIYMCJIEHUSI B CYIIE€D- U ICEBIOMEXAHUYIE-
CKUX CHCTEMaX, IBOJIOINOHHBIE YPABHEHUS, TEOPUU CYIIEPIPABUTAIUN U
CYIIEPCTPYH, IIyaCCOHOBBI CTPYKTYPHI). Psijl IakeToB mporpamMmm mo3BoJisi-
eT paboTaTh ¢ HEKOMMYTATUBHBIMEU ACCOINUATUBHBIMU AJIrebpaMu.

UNzyuenne cBoboubIx are6p JIlu 6bu1o Havaro M. Xoswtom (B 1950-M
rofy OoH mocrpous 6asuc cBobogHoil anrebpsr Jlu — 6asuc Xosuia). Ba-
sucol JIunmona—[Tlupirosa 6bumn ocrpoenst B 1958 romy P. Jlunmonom
u A.W. IupmosbiM. Kanonnyeckue 6a31uChbl UIEAJI0B CBODOIHBLIX aaredp
JIn 66t BBesennl A. WM. Iupmosbivm B 1962 1. OH joKa3al Teopemy o
KOMIIO3UIINY, KOTOPasI SIBUJIACH OCHOBOI JIJIsT PEIIEHUsT CEPUN aJITOPUTMU-
JecKux mpobsieM Teopun aaredp Jlm.

CsobosiHoe udppepeHImaibHOe UCIUCIeHNE JIJIsT CBOOOIHBIX TPYIIIT
6bu10 BBeJieHO P. @okcom. [xx. Bupman mosyumia MaTpUYHBIA KpUTe-
puit pacrio3HaBaHust aBTOMOPMOU3MOB CBOOOJIHBIX rpymil. Y. Y. ¥YMupbaen
JIOKa3aJl aHaJIOr 9TOro pesyJibrara Jyist cBoboxubx anredbp Jlu (K. Poii-
tenaysp u B. [lnmippaiin Tak:ke MOJIydmwin 3TOT Kpurepwuii; 6osiee 00-
masi curyanusi Obiia paccmorperna B. HInumispaitnom u V. Y. YMupbae-
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BbIM). [Ipo6iema o sikobuane Jijisi KOJIEI[] MHOTOYWIEHOB XOPOIIIO U3BECTHA
U [I0Ka HE PelleHa JIaxKe JJIs ciiydast JByX repeMeHHbix. Obimas mpobJie-
Ma 0 sIKOOMaHe JiIsi MHOTooOpasuii ajredp Oblia paccmorpera A. B. dr-
JKEBBIM, OH HCCJIEJIOBAJ Caydaili MHOroobpasmuii Beex aarebp u Beex (aH-
TH)KOMMYTATUBHBIX aJre6p. [liist cBOOGOIHBIX acCOIUATUBHBIX airebp Ha/T
mojieM 3Ta 1pobsiemMa ObLIa perreHa [y AByX HepeMeHHbx VY. Jlukcom u
K. JlepunbiM, u jyist MmHOrUX nepementbix A. Illedbdurmom (A.A. 3Bo-
Joteix m A.A. Muxanes permmin 5Ty mpobieMy Jijisi CBOOOTHBIX acco-
[MATUBHBIX aaredp Haj KOMMYTATUBHBIM KOJIBIOM). ABTOMOPGMU3MBI 1
UX MATPUILI IKOOM B MHOrOOOpa3nsix acCOIMATUBHBIX aaredp ObLIM pac-
cvotpennr P. Bpaitenrom u B. Jpencku. O.I. XapsaMoBud ucmoJib3o-
BaJia cBobojsiHoe fuddepeHIuaIbHoe UCIUCIEHNE B CBSI3U C U3y JICHUEM
yeaosus Jlunpona mjs anredbp Jlu. Yuusepcasibabie quddepeHimpoBa-
HUsI aCCOIMATUBHBIX ajarebp msyuasuch k. Beprmanom u V. dukcom.

V. V. ¥YMupbaeB moJ1y 9UI KPUTEPHii JIJIst TOTO, YTOOBI CUCTEMa, 3JIEMEH-
TOB CBOOOHOM Tpymibl uMmesa danubiil panr. B. [Inunbpaita onpememt
MIOHSITAE PAHTA dJIEMEHTa CBOOOMHOI ajreOpnl JIu u mosyuns onucamue
paHra OJHOPOJIHOTO TI0 JIJIMHE 3JIEMEHTa CBOOOIHOM asrebpwl Jlu B Tep-
MUHAX Pa3sMEPHOCTH JIMHEHHOI'O MOJIIPOCTPAHCTBA CMEITaHHBIX YACTHBIX
Npou3BOAHBIX 3TOr0 3jemenTa. . II. Kykun nomyunsr kpurepuit mpuMu-
TUBHOCTH 3JIEMEHTa CBOOOJHON airedpsl JIu B TepMUHAX COBMECTHOCTU
HEKOTOPOI CUCTEMBI aJaredpaniecKux ypaBHEHMIA.

[TonpobHoe m3yueHue rpalyupoBoK ajaredp Jlu Bemgercs yxe okoso 50
siet. Ilpu sToM mpobsiembl, cBsI3aHHBIE C rpayupoBKamu ayuredbp Jlu, mo-
CTENEHHO BO3HUKAIOT BO BCE HOBBIX UM HOBBIX Pa3jiefiaX ajreOpbl, TAKUX
Kak Teopus jedopmanuii aarebp Jlu, a Takke B HEKOTOPBIX pa3jieiax
dusukn. OdeHb BaxKHBIM dTarioM crtaj pesyiabrar y B. I Kama 1969 ro-
Ja, Tie OblIa JlaHa KjaaccuuKaliusi BCexX IPaJlyipPOBOK IIPOCTHIX ajaredp
JIu nuKIImaeckuMu rpynnaMn HaJl aJredpaniecku 3aMKHY ThIM TOJIEM HY-
JIEBOH XapaKTEPUCTUKMU.

B nannoit pabore cobpanbl Hanbojiee HHTEPECHbIE PE3YILTATHI aBTOPA
[IOCJIEJTHUX JIET, B TOM YHUCJIE €Ile He OIyOJIMKOBAHHBIE.

[TepBast yacTh pabOTHI MOCBAIIEHA PE3YJIbTATAM, CBSI3aHHBIM C Jiud-
depeHInaIbHBIM UCYUCTCHIEM B CBOOOJHBIX aCCOIMATHBHBIX aJjirebpax
u cBobomubIx asrebpax JIu. Ha camom rese, Bce 9Tu pe3yabTaTbl Bep-
HBI TaKKe JIJIsi CBOOOIHBIX cyrepasreop JIu u cBoOOMHBIX NBETHBIX Cy-
nepaJiredbp Jlu. Oanako, 9To0BI HE 3arpOMOXKIATH PAbOTy HM3JIAITHUMU
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JIOCTATOYHO CJIO2KHBIMU OIPEJIEIEHUSIME, ABTOPY IMOKA3aJ0Ch Pa3yMHbBIM
OTPAHUIUTHCS OOBIMHBIMU CBOOOJIHBIMU ajirebpamu JIu, paccMoTpes yist
MTOJTHOTHI KAPTUHBI TAK2Ke CBOOOHBIE p-aareOpnl JIu B ciaydae KOHETHO
XapaKTEPUCTUKH P.

Paspaborannoe muddepenimaabHoe UCIUCIEHAE Ha CBOOOIHBIX aJi-
rebpax JaeT BO3MOYXKHOCTh HOCTPOUTb MHOXKECTBO 3(MMEKTUBHBIX aJII0-
PUTMOB, TAKUX KAK OIPEJIEJICHIE PAHTa 3JIEMEHTA U CUCTEMbI 3JIEMEHTOB,
ompeseseHue MPUMUTUBHOCTU 3JIEMEHTa W CHCTEMbI 3JIEMEHTOB, JIOIOJI-
HEHUE TPUMUTUBHON CHCTEMBI JIEMEHTOB JI0 MHOXKECTBA CBODOJIHBIX 00-
pas3yroImx cBOOOIHON aaredpbl, paclo3HaBaHue aBTOMOPGMU3IMOB Cpeau
SHJIOMOPMU3MOB CBOOOHOM aredpbl, © MHOTHUX JPYTUX. BOJIBLITMHCTBO
PE3YIBTATOB, CBA3aHHBIX C JTUMO@EPEHITNAIBHBIM UCIUCTICHUEM, TTPUBEIE-
HO B MoHorpaduu [1], HanucanHoit aBropom copmectHo ¢ A. A. Muxaue-
BbeIM. K 971011 2Ke MoHOTrpadun npugaraeTcs makeT IporpaMM aBTOpa JJist
paboThI CO CBOOOHBIMU AJreOpaMu.

Bropast yacTb paboThl MOCBSIIEHA DALy HPOBAHHBIM IIPOCTHIM aJIre0-
pam Jlu. Pesynbrarel, maromue onucanne KOMMYTAIIMOHHBIX (PaKTOPOB
U KOHEYHOMEDPHBIX ITPOEKTUBHBIX ITPEJACTABICHUN KOHEUHBLIX a0eIeBbIX
CPYIII, HAIPSMYIO HE CBsA3aHbI ¢ ajrebpamu JIu, o/IHAKO OKA3BIBAIOTCH
HEOOXOIMMBIMU JIjIS 3aBEPITEHNs KJIACCU(PUKAIIUN BHYTPEHHUX T'DaLyH-
POBOK CIIEIHAIBHBIX JHHEHHbIX anredp sl (K). Pesymbrars! sroit gactu
TaK>Ke JIAI0T BO3MOXKHOCTH IOCTPOUTH MHOYXKECTBO AJITOPUTMOB, TaKUX
KaK aJICOPUTM J[Jis OIMCAHUST BCEX BHYTPEHHUX I'DAJIYUPOBOK CIICIIAA b~
HBIX JINHEWHBIX ajredp, ajJropuTM s ONMMCAHUsS BCEX KOHEYHBLIX abejie-
BBIX TIOJIPYII TPYIIbI BHYTPEeHHUX aBToMopdusMoB sl, (K), aaropurm
JIJIsT OTIPEJIeJIEHNST SKBUBAJICHTHOCTH I'PAJYUPOBOK, U HEKOTOPBIX APYTHX.

1. CBobojsiHBIE AJITEOPHI

3Jiech U Jiajiee, ecjii He OrOBOPEHO MpoTuBHOTO, K Oyjier 0603HAYATH
[IPOU3BOJIbHOE KOMMYTATHBHOE aCCOIMATUBHOE KOJIBIIO, TO eCcTh abejie-
By I'DYIILy IIO CJIO’KEHUIO, Ha KOTOPOI oIlpejieseHa JOIOJIHATEILHO KOM-
MYTaTHBHas acCOIMaTUBHAs Ollepallid YMHOXKEHUS, IPUYEeM CJIOKEeHUE 1
YMHOXKEHUE CBA3aHBI 32KOHOM JUCTPUOYTUBHOCTH.

[TpuMepoM TAKOTO KOJIbIA SIBJISIETCS IPOM3BOJIbHOE TI0JIe (HAIpuMep,
roJie KoMIutekcHbIx guces1 C, noste nieficTBuTestbHbIX yncest R, rose pary-
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OHAJIbHBIX unces Q, mose Ber4eTos Z;, 110 MOJLYJ/II0 IPOU3BOJILHOIO IIPOCTO-
ro 4ucsa p). B GOJIbIIMHCTBE IPUBEICHHBIX HIZKE PE3YJILTATOB B KAIECTBE
K 6yner paccmarpuBaThCad UMEHHO TIOJIE.

MpsI 6yzieM rOBOPUTH, UTO KOJIBIO K MMeeT eJIMHUILY, €CJIA CYIIEeCTBYET
Takoit aseMenT 1 € K, uto 1-a = a a4 Bcex a € K. Bce paccmarpusa-
eMble B JIAaHHOM padoTe KOJIbIA UMEIOT €IMHHUILY.

Mg roBopum, uto mojie K HWMeeT KOHEUHYIO XapaKTEPUCTUKY P,
char K = p, rme p — mpocrtoe uucio, ecin pa = 0 aas Becex a € K.
B nporuBHOM citydae MBI TOBOPHUM, UTO XapakKTepucTuka moysg K pasHa
uysito, char K = 0. B atom citydae Jij1st jir000r0 HATYPAJIBHOTO YHCIIA 1
JII000T0 HEHYJIEBOTO 3jieMeHTa a € K 3jieMeHT n a owymyen ot Hyss. [lo-
Jie Ha3bIBaETCH ajredpanvdecKy 3aMKHYTBIM, €CJIU HaJ[ STUM I10JIeM JII000i
MHOTOYJICH HEHYJIEBOI CTEIIEHU UMEET KOPEHb.

Jlpyrumu mmpoKo pacipoCTpaHEHHBIME IPUMEPAMU KOMMY TATHBHOTO
ACCOIMATUBHOIO KOJIBIA HABJISIOTCSH KOJIBIO IIEJIBIX YUCe Z, KOJIbIO BbI-
9€TOB Zy 110 MOJIYJIIO HEIPOCTOI'O HATYPAJIBHOTO YHCIA N > 1, U KOJIBIO

muorouneHoB Flty, ..., t,] HaJ NPOU3BOJIBHBIM HOJieM F OT IepeMeHHbIX

t1,...,tn. MbI OyeM TOBOPUTD, UTO KOJIBIO K mMeeT KOHEUHYIO XapaK-

TEPUCTHUKY P, TJIe P — IPOCToe dncyo, eciau pa = 0 st Bcex a € K.
ITycre X = {x1,...,2,} — UpOU3BOJILHBIN KOHeuHbIi andasur. He-

pe3 S(X) mbl Oyziem 0603HaYATH MHOKECTBO Beex ¢JioB B asidasure X . Ha
mHO)KecTBe S (X)) ecrecTBEHHBIM 00PA30M OIIPE/IEJICHA OIIEPAIUsT Y MHOYKE-
HUsI, KOTOPasl 3aKJII0YAETCs B MPUIUCBIBAHUNA OJHOIO CJIOBA K JIPYTOMY.
B srom embicie Jro6oe cioBo a € S(X) siBisiercsi IPOU3BEJICHIEM HEKO-
Toporo 4ucia sneMenTos aidasura X (6yKB), TO €CThb a4 = X, * - T;,,
s> 0.

[Iycts S — mnpoumsBosibHOE MHOXKeCTBO. ('680600nbim K -modysem ¢
MHOHCECNBOM €800001bLL 0Opasyrowur S Mbl OyJieM Ha3bIBATH MHOXKE-
CTBO, COCTOSIIIIEE W3 BCEX KOHEUHBIX (POPMAJIBHBIX CYMM 3JIEMEHTOB (3 a,
e § € K ua € S. Mbl ecrecTBeHHBIM 00pa30M MOYKEM CKJIA/IbIBATH
5T1 (bOPMAJIbHBIE CYMMBI, IPUBO/IS TIOJOOHBIE YIEHBI (CKJIAIbIBas KO3dh-
GUIMEHTRI TIPU OJMHAKOBBIX JIEMEHTAaX S U BBIOPACHIBAS JIEMEHTHI C
HYJIEBBIME KO(DDUIMEHTAME, €CJIM OHU [P 9TOM TOSIBJISIIOTCs ). [lycrast
dopmasibHasi CyMMa IPH 3TOM UTI'PAET POJIb HYJIEBOI'O dJIEMEHTA. 3aMe-
TuM, uT0 eciu K — moJjte, cBOOOMHBIN K -MOMY/Ib ¢ MHOXKECTBOM CBODOOJI-
HBIX 00pa3yooIux S sBJsgeTCs OOBIYHBIM K -JTHHEIHBIM TPOCTPAHCTBOM C
6azucom S.
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st moboro ssiemenTa 3 € K u j1rob60oro sjaemMeHTa,
k
Z a; ag
i=1

cBobomHoro K-momyins, rie «; € K, a; € S, ecrecCTBEHHBIM 00pa30M OIpe-
JIEJIEHO TTPOU3BEJICHIE

k k
g (Z%%) = Zﬁaiai-
i—1 i1

Pacemorpum cBoGoubtii K-mozyias A(X) ¢ MHOXKeCTBOM CBOGOIHBIX
obpasytonux S(X). Onpenennm na A(X) omepanuio yMHOXKEHUSsI, TOJIa-

ras
k m k m
(Zaiai>' Zﬁjbj :ZZaiBjaibj
=1 j=1

i=1 j=1

JUIst BCeX i, 35 € K, a;,b; € S(X). Dra onepanus yMHOXKEHHs accola-
TUBHA W SIBJISIETCS JIUCTPUOYTHUBHON IO OTHOIIEHUIO K OMEPAIINN CJIOXKE-
HUSL.

Omnpenenennast TakuM obpazom anrebpa A(X ) HassiBaercst ¢60600H0U
accoyuamusroti arzebpoti andasuta X HaI KOJIbIOM K.

Bgejiem Ha anrebpe A(X) HOByIO oliepanuio yMHOXKeHUs | , |, mosaras

[a,b] = ab— ba
Jutst Beex a, b € A(X).

O6oznaunm vepes L(X) murnmasnbaoe noamuoxectso A(X), yiaosiie-
TBOPSIIOIIEE CJIEIYIOIIIM YCIOBHSIM:

1) X C L(X);

2) ecm o, € K na,be L(X), 10 aa+ fbe L(X);

3) ecsn a,b € L(X), 10 [a,b] € L(X).

Aurebpa L(X) HasbiBaercs: ¢60600m0t arzebpoti Jlu andasura X Haj
kosbiioM K. HenocpecTBeHHON IPOBEPKOii JIerKo yOe U Thest, 4TO B CBO-
6onmoit anredbpe Jlu g Bcex o € K n a,b € L(X) BbImomHAIOTCA CIte-

JLYFOIIIIE COOTHOIIEHUsI, OOBITHO HCIIOJIb3yEeMbIE€ B KAUECTBE OIPeJIeIeHIST
aareop Jlu:
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[@a,b] = [a,ab] = ala,b] (simHEiHOCTD ); (1)
[a,b] = —[b, a] (kococuMMeTpudHOCTD);  (2)
[a, [b, c]] + [b,[c,a]] + [¢,[a,b]] =0 (roxmecTBO SKOOH). (3)

B ciayuae, ecim kosnbno K umeer XapaKTEpUCTUKY p, T/ P — IPOCTOE
YHCJI0, MBI OIpeJIesInM cBoDOHY 0 p-anrebpy Jlu LP(X) C A(X) caeny-
IOIIAM 0OPa30M:

1) X C LP(X);

2) ecmm o, € K ma,be LP(X), o aa+ fbe LP(X);
3) ecim a,b € LP(X), 1o [a,b] € LP(X);

4) ecn a € LP(X), To a? € LP(X).

2. CBoboanoe auddepeHnmuaIbHOE NCUNCTIEHIE

[esnbio ganHoro naparpada SABISETCA ONPeJe/eHIe YACTHBIX MTPOU3-
BOJIHBIX 3JIEMEHTOB CBOOOJHOM accoraTusHoil asrebpsl A(X ), cBobosHOI
anrebpe! JIn L(X) u cobomuoii p-anrebpsr JIn LP(X) mo nepeMeHHbIM
andasura X. [IpumepoM s moApazkaHus B JTAHHOM CJIydae SBJISIOTCS

0
HACTHDIE NPOHSBOMHBIC Zo-, CCTECTBEHHBIM 00pa3oM oIpe/ie/IeHHbIe Ha
J
KOJIbIe OOBIMHBIX KOMMYTATHBHBIX MHOTOWICHOB Flt1, ..., t,].

Omepatop nuddepeHImpoBaHust P Ha CBODOOMHON aJsirebpe Jlu
T
J

L(X) mo mpousBoibHOI IepeMeHHON z; € X NIpUHEMAET 3HAYEHUs B

0
cBobosmoit acconmarusuoil anrebpe A(X), To ectb P L(X) — A(X).
J

DtoT oneparop nuddepeHITMPOBAHIS MOXKET OBITH OIPEETICH CJIEIYI0-
UM 0Opa3oM:
9z
8 l‘j
0(aa+3b) da db
2 =
) ox yi @ o 7 +6
dla,b]  0da b ob

ox 7 N ox yi ox yi

)

= 05, rae 0;; — cumBosa Kponekepa;

1yist Beex «, B € K u Beex a, b€ L(X);
8acj

3)

a st Beex a,b € L(X).
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B uwacTHOCTH, JIEFKO BUJETH, 9TO ecu djnemedT a € L(X) ne 3aBucut

a
or nepemennoit x; € X, ro — = 0.
8acj
AnajiormgiabiM 00pa3oM ompejiesisiercs omneparop JauddepeHnupoBa-
0
HAS o LP(X) — A(X) cBobommoit p-anrebpsr Jlu LP(X) B ciyuae,
T
J
eciim K vMeeT XapaKTepUCTUKY p. DTOT OMEPATOP OMPEIENISIETCS CIeLy-
IOIINM 0OPa30M:

8951-
1) 228 = 61
) al'] 61.7’
2) 8(aa—i—ﬁb):a 8a+ﬂ b 111 Beex «, B € K u Beex a,be LP(X);

81’j 8acj 8acj

dla,b]  0da 0b PV
) E aij— axjalmﬂ Becex a,b € LP(X);

d(af)  da

= — LpX .

) D, 8$ja Juist Beex a € LP(X)

Hanuble gacTHbIe TIPOM3BOJHBIE Ha cBOOOHON anrebpe Jlu L(X) u
cBoGoHOM p-anrebpe Jlu LP(X) HasbBAIOTCH (A€6b1MU) NPOUSBOOHBIMU
Doxca B gectb P. Dokca, KOTOPBI BBEJI AHAJIOIMYIHbIE YACTHBIE [TPOU3-
BOJIHBIE Ha CBOOOIHBIX TDYIIIAX.

MoxkHO saTh U jipyroe (3KBHBAJICHTHOE) OIpeJeJIeHUe JIEBBIX IIPO-
m3Bonubix Pokca. Ilycrs a € L(X) (coorsercrBenno a € LP(X)) —
npou3BosIbHEIH 31ementT. [lockombky L(X) C A(X) (coorBercTBeHHO
LP(X) C A(X)) n seMeHT @ He UMeeT CBOOOJHOIO WICHA, OH MOXKET
OBITH €/JMHCTBEHHBIM 00Pa30M 3alliCaH B BHJE

n
a = E Zj bj,
j=1

da
e by, ..., b, € A(X). OxasbiBaercs, 4o bj = P 11 Beex £ € X, TO
T
€CThb J
n
da
a=) z Ja. (4)
— xj
7j=1

Beenennnie oneparops! audpepeHINpOBaHUSA MMEET CMBIC IIPHMe-
HATH TOJIBKO K 3stementam ajrebp L(X) u LP(X). Xorsa dopmainbho,
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HCII0JIB3Ysl cooTHOIenue (4), npousoabie PoKca MOKHO CIUTATH OIpe-
JIEJIEHHBIMU U JIJIT BCEX 9JIEMEHTOB ¢ CBOOOJTHOM acCOIUATHBHON aareOphl,
BCE XOPOIIHE CBONCTBA YACTHBIX ITPOU3BOJIHBIX B 9TOM CJIYYae TEPAIOTCH.

Hanpuwmep, mi1s ajeMenTa ¢ = &1 £ MBI MOy daeM 8—a =0, B TO BpeMs
KaK ¢ 3aBUCHUT OT I2. 2

MpbI BUIMM, 9TO YaCTHBIE MMPOU3BOIHBIE Ha dJIEMEHTaX CBOOOMHOM ac-
coraTHBHOI aaredbpbl A(X) HAI0 ONpeesiTh 0OCOOBIM 0OPA30OM.

Pacemorpum muoxkectso A®(X) = A(X) @k A(X), To ecThb cBoO-
6omaubIit K -MOIY/JIb ¢ MHOXKECTBOM CBOOOIHBIX 0Opasdylomux a ® b, rie
a,b € S(X). Onpenennm na K-momyne A®(X) oneparuio yMHO)KeHUs,
moJiarast

k

k m m
Zai (ai®bi) . Z’BJ (Cj@dj) :ZZOzi,@j (Cjai®bidj)
i=1 j=1

i=1 j=1

JUIst Beex o, 3 € K mag, by, ¢, dj € S(X). Kpome Toro, Mbl MOXKeM oIIpe-
nesmuth npoussesenne saementa A(X) u snementa A® (X)), pesynbraTom
koroporo 6yer snement A(X), cuuras

k m k. m
Zaiai . Z’Bj(bj@cj) :ZZOzi,@jbjaicj
i=1 j=1

i=1 j=1

JUIs Beex i, 35 € K m a;,bj,¢; € S(X).
Tenepnb MBI IMeeM Bce HEOOXOTUMOE, ITOOBI OIIPEIEINTh YACTHBIE ITPO-
U3BOJIHBIE —— 3JIEMEHTOB CBODOJHON accormaruBHOil anrebper A(X).
T
J
MBI 3716Ch JIONyCKaeM HEKOTOPYIO BOJBLHOCTH, UCIIONb3ysl OJHO M TO JKe

0003HAYCHUE —— JJId 9aCTHBIX ITPOU3BO/HBIX KaK 9JIEMEHTOB CBO60,ZLHOI71

0 Z 5
asrebpe! JIu L(X), Tak 1 ;1eMeHTOB CBOOO/IHON acCOIMaTHBHOI airebphl
A(X). Xorst L(X) C A(X), 06bIYHO U3 KOHTEKCTa OYJIET SICHO, O KAKUX
YaCTHBIX [IPOU3BOJHBIX UJIET PEUb.

Urak, s moboro x; € X oneparop auddepeHupoBanms P CBO-
y
J

GosHolt accormaruBHOil asredbpel A(X) npuHuMaer 3HavYeHus B ajrebpe
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0
A®(X), ro ectb —: A(X) — A®(X). Dror oneparop muddepeniupo-

81']'
BaHMS MOXKET OBITH OIpeJiesIeH CJIELYIOMUM 00pa3oM:
9 (1)
1 =0:
) 3ot =0
ox;
) g, (1@l
b b
3) 0(aa+p ):a Jda +03 9 Jutst Beex «, B€ K u Beex a,be A(X);
ox; 0z ox;j
d(ab) Oa db
y =5, (1@ +-— (a®]l be A(X).
) O, dx; (l® )+81:j (a ®1) nust Beex a,b € A(X)

3. ABToMopduU3MBbI 1 TUIIOTE3A O IKOOMaHe

Pacemorpum kosbiio mMuorownenos K = Flty,...,t,| wag npous-
BOJILHBIM TI0JieM F' HysieBoit xapakTepucTuku. F-jumeitHoe oTobpakeHnue
p: K — K nasbBaercst sHdoMopPusmom KoJibIla MHOTOUIeHOB K, ec-
mu p(ab) = ¢(a) p(b) mas Beex a,b € K. Du10MOPU3M @ HA3BIBACTCS
a8MOMOPPHUIMOM, ECITH (P SIBJISIETCS OMEKTUBHBIM OTOOPaYKEHHUEM.

Jlist  mpom3BOIBHOTO  SHIOMOPdU3Ma ¢ KOJbIA MHOTOYWICHOB

Flt1,...,t,] qepe3 J(p) Mbr 0603HATHM (1 X M )-MaTPUILY
8‘P(t1) . 8(p(tn)
ot ot
8‘P(t1) . 8(p(tn)
oty oty

Ha3BIBAEMYIO AKobuarom dHAOMOpdU3Ma ¢. Herpynuo mpoBeputhb, 9TO
ecim  siBjsiercst aproMopdusmMom, To Marpura J (@) obparuMa.

T'unoresza. Ecau axobuan J(p) 5HIOMOPHUSMA © KOADUGL MHOLOUAEHOE
Fltq,...,ty] obpamum, mo ¢ Asaaemcsa a6MOMOPHUIMOM.

Jlamaas KJjaccmdecKasl THIIOTe3a O gKobmaHe ObLia copMUpOBaHA
odeHb JaBHO. Jlo cUX IOp OTBET O CIPaBEIJIMBOCTU STOW T'MIIOTE3LI HE
HallJIeH jJaxke B caydae n = 2.
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AHAIOTUYIHYTO TUTIOTE3Y MOYKHO C(HOPMYIUPOBATE TAKIKE JJIsT CBOOOI-
Hoit ayrebpnt JIu L(X), cBobommoit p-amrebpst Jlu LP(X) u cBobommHoi
accorpaTuBHOil anrebpor A(X).

Orobpaxkenne ¢: L(X) — L(X) nasbiBaercss andomophusmom cBo-
6onmoit anrebpst JIn L(X), ecm:

1) p(aa+pb) =ap(a)+ Be(b) qsa secex o, f € K na,b e L(X);
2) ¢([a,b]) = [p(a),p(b)] mst Beex a,b € L(X).

SupomopdusMm ¢ cBobomHoit anrebper Jlu L(X) HasbBaercss agmo-
MOPPUSMOM, €CTTH OH SIBJISIETCS] OMEKTUBHBIM OTOOPAYKEHUEM.

Ananorununo, orobpaxkenue ¢: LP(X) — LP(X) nasbiBaercst 9100-
moppuzmom cBobomHoit p-anredbpst JIn LP(X), ecn:

1) plaa+ b)) =ap(a)+ B eb) nusa seex a,f € K ua,be LP(X),

2) ¢(la,b]) = [p(a), p(b)] mst Beex a,b € LP(X);
3) (aP) = ¢(a)? st Beex a € LP(X).

SupomopdusM ¢ coboHoi p-anredbper JIn LP(X) nassiBaercst asmo-
MOPPUSMOM, €CTTH OH SIBJISIETCS] OMEKTUBHBIM OTOOPAYKEHUEM.

Haxoner, orobpazkenne ¢: A(X) — A(X) nassiBaercs andomoppus-
MOM CBODOJTHOIT accormaTuBHOi anrebper A(X), ecou:

1) olaa+ b)) =ap(a)+ Be(b) ms scex a, f € K na,b e A(X);
2) o(ab) = p(a)p(b) maa Beex a,b € A(X).

DupomMopdusM ¢ cBoOOIHON accormaTusHOil anrebpbr A(X) HasbiBa-
eTcst a6MoMOPPUMOM, €CIIN OH ABJIACTCH OMEKTUBHBIM OTOOPAZKEHUEM.

st npoussosbroro nogmuoxecrBa H = {hi,...,hy} 2iemenToB
cBobGoHoi asre6psl JIu L(X), coboaumoit p-anredbper JIu LP(X) nwin cBo-
6onmoit acconmarnsHoil anrebpsr A(X) depes J(H) obo3HatmM MaTpUILy

b Ol
81‘1 8x1
JH)=1 + .
0 hy 0 hm

oxy, oz,



504 A. A. 3om0TBIX

JI71s1 IpOM3BOJILHOTO JIeMeHTa a OJ{HOMN u3 cBoOOHBIX ayurebp L(X),
LP(X) nmm A(X) obosuatmm 1gepe3 d(a) crosbery

da
dx1
ANa)= | + |,
da
0y,

To ectb J(a) = J({a}).

Hakomner, g sugomopdusma ¢ cBoboanoit anaredpsr JIu, cBoboHoit
p-asrebpe! JIn mam ¢cBoGOHON accormuaTuBHON aareOps! depesd J (@) Mol
0603HaINM (1 X T)-MATPHILY

Op(xr)  Op(zn)
89@1 81‘1
dp(x1) 0¢(Tn)
0z, 0z,

KOTOpasi Ha3blBaeTcsd mampuuet HAxobu sumomopduszma . [Ipu srom
J(6) = T{p(1)s . plwn)}).

ITosoxkuTenbHOE pelleHne TUIOTe3bl O SKOOMaHe s CBODOIHBIX
asiredbp Jlu wHay mosiem ObUIO JaHO He3aBUCHMO Y. Y. YMHUDPOAEBBIM,
B. 9. lnumibpaitnom u X. Poiirenayepom. st cBoboubIX p-asrebp JIn
AHAJIOTUYHBIN pedyabTaT ObLT moayden A. A. MuxaneBbim. Takum obpa-
30M, UMEET MECTO CJIEYIOIIAsi TEOPEMA.

Teopema 1. IIycmv L — ceobodnas anrzebpa JIu uiu c6060dnas p-aneed-
pa JIu angasuma X = {x1,...,x,} nad nosem. dndomopgusm ¢ anrzebpou
L asasemcs agmomoppudmom moz0a u moavko mozda, K020a Mampuua
Hrobu J(p) obpamuma nad A(X).

st cBoboaubix anredp JIn sTa rumoresa oKasbIBAETCsT BEPHA TaKXKe
HaJ[ IPOU3BOJILHBIM KOMMYTATHBHBIM aCCOIUATUBHBIM KOJIBIIOM C €/IMHH-
eit.

Teopema 2 (A. A. 3osiorsix, A. A. Muxanes, [9]). Sndomoppusm
© 60600100 aneebpv, JIu L(X) Had npoussosvHvim KOMMYMAMUESHBIM
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ACCOUUAMUBHBIM KONDUYOM € eOUHUYET ABAAECMCA ABMOMOPPUIMOM MO-
2da u moavko moeda, koeda mampuya Hdrxobu J(p) obpamuma nad A(X).

Pacemorpum renepb cBobojiHy 0 acconmaTuBHyto anrebpy A(X). I'nm-
noTe3y 0 sKoOmane it CBOOOJHBIX ACCOIMATUBHBIX aJre0p HaJl MoJeM
nokazamu B. Quke, k. Jlepun (B ciyuae n = 2) u A. X. Hlodwunx (B
obrem cirydae).

Teopema 3. Sndomopdpusm @ 6060010  accouuaMueHol ar2ebpvy
A(X) naod nosem asasemesn agmomoppusmom mozda u moavko mozda,
Kxozda mampuya Sdxobu J(p) obpamuma nad A®(X).

AsTopom coBmecTHO ¢ A. A. MuxaieBbIM yJIa0Ch JIOKA3aTh TUTIOTE3Y
0 gKobuaHe Jijisi CBOOOIHBIX ACCOIUATUBHBIX AJIredp HaJl MPOU3BOJIHLHBIM
KOMMYTATHUBHBIM aCCOIUATHBHBIM KOJIBIIOM C €JUHUIICH.

Teopema 4 (A. A. 3osorsix, A. A. Muxanes, [8]). Sndomoppusm
© €6060010U accoyuamuerol arzebpv. A(X) nad npoussosvHviM KOMMY-
MAMUBHBIM ACCOUUAMUBHBIM KOADUOM € eOUNUUET ABAAELMCA ABMOMOP-
Puszmom mozda u moavko moezda, xo2da mampuya Hxobu J(p) obpamuma

nad A®(X).

[IpuBesieHHBIE BBIIIE TEOPEMBI JAOT BO3MOYKHOCTH TOCTPOUTDH AJINO-
PUTMBI, ITO3BOJISIFOIIIE OIPEJIE/ISITh, SBJISIIOTCS JIM PACCMATpPUBaeMble SH-
JIOMOPU3MBI aBTOMOPMhU3MAMH.

4. Teopembl O paHTe

Besnie B arom u ciemyromem maparpadax K — mose, char K # 2.
O6osnaunm 1epe3 Lx = L(X) B caygae, eciu mosie K numeer HyseByio
xapakrepuctuky, u Ly = LP(X), eciim K nmeer XapaKTepUCTUKY P.

JIuneitHoe mommpocTparHcTBO I CBOOOMHOM acCOIMATHBHON aaredpbl
A(X) Hajx 1mojieM Ha3bIBAETCS AC6bLM UODEAAOM DTON aJrebpbl, ecim
A(X) -1 C 1. JleBbim myeasnom anrebpst A(X), nopooicdenmvim koneu-
HOLM MHONCECTNEOM INEMENNOG A1, . .., Gy € A(X) Ha3bIBaeTCS JIEBBIH
uJeat

AX)ar + -+ AX) am,
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TO €CTh MHOYKECTBO BCEX 9JIEMEHTOB Buga by a1+- -« -+by, am, T b1, ..., by
npoberator Bce vmeMenTbl A(X). Mbr roBopum, uto JieBblit uaean I aj-
rebpbl A(X) sBIsieTcss KomeuHo NopostcIenHbLM, eCII CYIIeCTBYeT KO-
HEYHOE MHOXKECTBO a1, ..., 0y, OPOXKIAIONIEE STOT JIEBBIA mieasa. Xo-
POIIIO M3BECTHO, 9TO JIJIs JTI0OOr0 KOHEYHO IMOPOXKIEHHOIO JIEBOIO MIeaJia
I C A(X) mailjyrcsi Takue 3J€MEHTBI A1, ..., Ay, TOPOXKIAIOIINE ITOT
JIEBBIN UjeaJl, YTO PaBEHCTBO

bai+---+bpa, =0

BBIIIOJIHSIETCS TOJIBKO B ciaydae by = --- = b, = 0. Takue snemeHTsI
ai, ..., Gy HA3BIBAIOTCA C60000HLIMU NOPOHCIAOUWUMU TIEBOTO naeaa 1.
XOTsT MHOYKECTBO CBODOIHBIX MTOPOXKIAIONINX KOHETHO MTOPOXK IEHHOTO JIe-
BOI'O HjIeaja MOXKET OBITh BBIOPAHO PA3JIMIHBIMU CIIOCOOAMM, IUCIIO DJIe-
MEHTOB B 3TOM MHOKECTBE HEHM3MEHHO. DTO UHCJIO HA3BIBAETCA PAH2OM
KOHEYHO [IOPOKJIEHHOT'O JIEBOTrO njeasta /.

Mgt Gyem ropoputb, uro ssement h € L(X) (coorBercrBenHo h €
LP(X)) nmeer panr k, eciiu k — HauMeHbIIee IHCI0 00pasyonmx u3 X,
OT KOTODBIX 3aBUCHUT 3jieMeHT (h), rye ¢ mpoberaer MHOMKECTBO BCEX
aromopduamos anrebpser JIu L(X) (coorsercrBento, p-anrebper LP(X)).
Panr snementa h Mpr Oy/ieM obosnadars depes rank(h).

Teopema 5 (A. A. 3osiorbix, A. A. Muxaues, [3, 5, 7]). ITycmo
h — npoussoavrnitl anemenm arzebpwv. Ly . Toeda pane saemernma h pa-
sen panzy aecozo udeasa anzebpv A(X), nopoorcdennozo sremenmamu

oh oh

81:17...781/‘”.

Paccmorpun smneiinoe pocrpanctso A(X)F = A(X)ey+ - +A(X)ey,
SABJISIIONIEECHA MPSAMON CyMMOU K JIMHEHHBIX ITPOCTPAHCTB, M30MOPQHBIX
A(X). EcrecTBeHHBIM 00pa30M OIpE/IE/IEHO YMHOKEHNE JIEMEHTOB JIV-
neiinoro npocrpancrsa A(X)F cresa na smementor A(X),

k k
a - E biei :Zabiei,
=1 =1
k

riae a,by,..., by € A(X). Jluneiitnoe npocrpancrso A(X)" maseiBaercs
cBOGOIHBIM k-110pOzK jieHHBIM JieBbIM A (X )-Mojtysiem.
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Jluneitnoe noampocrpamncrso V' cobommoro momaynsa A(X)F nasesa-
ercst nodmodyaem, ecim A(X) -V C V. Tlonmomynem momyis A(X), no-
POSICOCHHDLM KOHEUHDLM MHONCECTNEOM IAEMEHNOE A1, . . ., Ay € A(X)F
HA3BIBACTCSA TIOJIMO/LYJIb BHIA

AX)ar + -+ AX) am,

TO €CTh MHOYKECTBO BCEX 3JIEMEHTOB BUIA b1 a1-+- - -+by, Gy, T1E b1, ..., by
npoberator Bee smemenThl A(X). Bee rakme momMomysu HA3BIBAIOTCS
KOHEUHO MOPONHCOEHHBLMU. XOPOIIO M3BECTHO, YTO JIIsA JIIOOOIO KOHEY-
HO MOpOXKJIeHHOro moamMozyast Vo C A(X )k HaiiyTCs c60600HbIe TO-
pooicdarousue ITOTO TOAMOJYJIsI, TO €CTh TaKHe ITOPOKIAIOININE 3JIEMEHTI
a1, ..., Qpy ITOTO TMOAMOJYJISA, YTO PABEHCTBO

bar+--+bynam, =0

BBITIOJIHSETCS TOJILKO B ciy4dae by = --- = by, = 0. Huciao cBobogHBIX
HOPOXK/IAIOIINX KOHETHO [TOPOZK/ICHHOTO HOIMO/IYJIsI sIBJISIETCS MHBAPUAH-
TOM 9TOTO MOJMOJLYJIsI, N HA3BIBAETCS PAH20M ITOTO ITOJMOJLYJIA.

Mbr Oymem TOBOPHUTH, YTO MPOU3BOJBLHOE MHOXKECTBO 3JIEMEH-
ToB {hi,...,hs} cBobomgmoit amrebpsr Jln L(X) (cBobommoit p-anired-
pot Jlu LP(X) coorBercTBeHHO) mnMeeT paHr k, u OygeM mucarhb
rank({h1,...,hs}) = k, ecim k — HamMmeHblllee YHCJIO 0OPA3YMOMIUX
3 X, OT KOTOPBIX 3aBHCHT MHOXKECTBO 3j1eMeHTOB {¢(h1),...,¢(hs)},
e (p npoberaeT MHOMKECTBO BCEX aBTOMOP(MHU3MOB CBOOOIHOI anrebpbt
JIu L(X) (cBoGoumoii p-anrebpst Jlu LP(X) cooTBeTCTBEHHO).

Teopema 6 (A. A. 3osiorbix, A. A. Muxaues, [3, 5, 7]). ITycmo
hi,...,h — npoussosvhvie snemernmobs arzebpwr Lx. Toeda pane cucme-
Mol anemenmos {hi, ..., hi} pasen paney ceobodnozo aesozo A(X)-noo-
M0odyns c606001020 A(X)-modyas A(X)F, noposicdennozo sremerimamu

kb

— €; ijX
18xj

1=

Jpyeumu caosamu, pane cucmemuvi snemenmos H = {hy,... hy} pasen
paney cucmemv. cmpok mampuyo, J(H), pacemampueaemvir kak snemer-
mot aecozo A(X)-modyaa.



508 A. A. 3om0TBIX

Ha OCHOB€ JJaHHBIX TEeOpeM JIEI'KO IMOCTPOUTH aJITOPUTMBI, ITO3BOJIAIO-
II[Ue OIPEJIEUTh PAHTU JIEMEHTOB U CUCTEM JIEMEHTOB CBOOOIHBIX aJ-
re6p JIu u cBoboaHbIX p-aaredp Jlu.

5. ABTOMOpP(MU3MBI 1 TPUMUTUBHBIE 3JI€MEHTHI

Mgt 6yem rooputsb, 4o saement h € L(X) (smement h € LP(X) co-
OTBETCTBEHHO) $IBJISITCsl IPUMHUTUBHBIM, €CJIM OH MOXKET ObITh BKJIIOYEH
B HEKOTOPOE MHOXKECTBO CBOOOHBIX 0bpazytommux aiareopsr L(X) (LP(X)
COOTBETCTBEHHO), TO €CTh €CJIU CyIIECTBYeT aBTOMOPMU3M ¢ 3TOi asred-
pbI, Takoilt uro p(z1) = h.

Cucrema ssementoB {hy, ..., hy,} cBobommoit anrebpst JIn L(X) (cBo-
6osHoit p-anrebper JIu LP(X) cOOTBETCTBEHHO) HA3BIBAETCSI PUMUTHB-
HOIi, €CJIM OHa SIBJISETCS IOJMHOXKECTBOM HEKOTOPOIO MHOYKECTBA CBO-
6onubix obpasdytonux anaredbpsr L(X) (amrebpsr LP(X) cooTBeTcTBEHHO),
TO €CTh €C/IU CYHIeCTBYeT aBTOMOP(U3M ¢ 3TOH ajredphbl, TAKOW HUTO
o(x;) = h; st Beex © =1,...,m.

Asropy coBmectrO ¢ A. A. MuxaseBbIM ya/10Ch HOJIY IUTh JIETKO PO~
BepsieMble KPUTEPUH IIPUMUTUBHOCTH 9JIEMEHTOB U CUCTeM 3jieMeHToB. Ha
OCHOBE 9THX KPUTEPHUEB JIE'KO MOI'YT OBITH TIOCTPOEHBI COOTBETCTBY IOIIHEe
AJITOPUTMBI.

Teopema 7 (A. A. 3osiorbix, A. A. Muxaues, [3, 5, 7]). ITycmo
h — npoussoavhoil snemenm anzebpu, Lx. Tozda sxsusasenmmov, caedy-
OULUE YCAOBUS:

a) anemenm h npumumueen;

b) cywecmesyrom makue saemenmos ay, . .., a, € A(X), wmo

mo ecmv cmoabey, O(h) obpamum kax mampuya caesa nad A(X).

3aMeTnM, 9TO yTBep:KJIEHUe JAaHHOW TeopeMbl He MMeeT MeCTa JJIst
cBobGoiHoi anrebper JIu L(X) B cayuae, korga char K = p > 2.

Teopema 8 (A. A. Bosoreix, A. A. Muxasnes, V. V. Ymupbaes, [4, 10]).
IIycmv K — noae, char K = p > 2, X = {x1, 29,23}, u L(X) — c60-
b6odnas anzebpa Jlu asrgasuma X wad nosem K. Paccmompum sasemenm
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h = x1 + [x2, 23] + (ad x1)P(x3) € L(X), 2de adx1 osnauaem onepamop
yMHOdCENUA Cae6a Ha anemenm x1. Tozda:

a) h ne ssasemes npumumusHvm aaemernmom arzebpu. L(X);

b) cywecmesyrom anemernmos ay,as,as € A(X), maxue wmo

g Qb O Oh
181’1 281’2 38%3_

JlaHHBII TpUMED TTO3BOJIUII JIATh OTPUIATEIBHBIN OTBET Ha BOIIPOC O
cBODOJIE TTPOU3BOJILHOM asredbpsbl JIu Koromosioruvueckoit pazmepuoctu 1.

Teopema 9 (A. A. 3osiorbix, A. A. Muxaunes, [3, 5, 7]).  ITycmo

1.

hi,...,hy — npoussosvhvie asremenmol, arzebpu, Lx . Tozda sxeusarernm-
HbL CACOYIOULUE YCAOBUA:
a) cucmema {hi,..., hg} npumumuena;
b) cywecmsyrom maxue anemenmos a;; € A(X), edei = 1,...k u
j=1,...,n, wmo dan ecexr,s=1,...,k
n
oh
Zari 9 ® = Ors,
Z;
=1
mo ecmwv (n X k)-mampuya J({hi,...,hi}) obpamuma caesa nad A(X).

[ToMHOZKECTBO, COCTOSAINEE M3 IPUMHTHBHBIX 3JIEMEHTOB, MOXKET HE
ObITH NIPUMUTUBHOIN cucTeMoii 31eMenTos. JleficrBuTesbno, mycrb g —
Takol 3ajeMeHT ajredpbl Ly, 9TO g He 3aBUCUT OT T1, hy = x1 u he =
Oh1  Ohs
81‘1 81‘1
ssteMeHThl. [Ipu 9T10M panr cucremst {h1, he} paBen rank(g) + 1, To ecTb
B ciryuae rank(g) > 1 sra cucrema He IIPUMUTHBHA.

[TpuBeeM elme OHy TeopeMy, MO3BOJISIIONLYIO ONPEICIATD, ABIACTC
JI1 PacCMaTpUBAEMBblil SHI0MOP(MU3M aBTOMOPMUIMOM.

Teopema 10 (A. A.3osoreix, A. A. Muxanes, [2, 6]). ITyecmv X =
{z1,..., 2} u p — makoti sndomoppusm anrzebpv, L x, wmo dasn 106020
NPUMUMUEH020 2aemenma u € Lx anemenm o(u) maxorce npumumusen.
Tozda ¢ — asmomopgudm anrzebpor Lx .

x1+¢g. Tak Kak = 1, MBI BuguM 910 hi, ho — IPUMHUTUBHBIE

YcaoBus ,ILaHHOIL/'I TE€OPEMBbI HEJIb3 OCJIa6I/ITb, paccMaTpuBad TOJIBKO
JINHEHbIE KOM6HH&HI/II/I JJIEMEHTOB CBO60,HHOFO ITOPOZKTAIOIIETO MHO2KE-
CTBa.
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Teopema 11 (A. A.3osoreix, A. A. Muxanes, [6]). ITycmv n > 3,
X = A{z1,...,z,}, nose K ne asasemcsa anrzebpauvecky 3amMKHymoiMm,
u L — amo ceobodnasn anzebpa Jlu L(X) uau ceobodnan p-anzebpa Jlu
LP(X). Tozda cywecmsyem makoti sndomopdusm ¢ areebpv, L, wmo @
HE ABAACTNCA ABMOMOPPHUIMOM, 00HAKO OAA N1000T HeHYAeBOT AUHETHOT
Kombunayuu a aaemernmos u3 X obpas p(a) ABAAEMCA NPUMUMUBHBIM
INEMEHMOM.

6. KommyTrammonubie (paKTOPHI

[Iycts G — koneunas abeseBa rpymmna, K — mose, K* — MHOXKeCTBO
obparumbix 31eMeHToB K (TO eCcTh BCeX HEHyJIEBBIX 3JeMeHTOB). OTob-
paxenune €: G X G — K™ Ha3zbIBaeTCd KOMMYMAYUOHHBIM PAKMOPOM,
ecym

e(f.g9)elg, f) =1,  e(g,9) = £1,
e(fg.h) =e(f,h)e(g,h),  e(f,gh)=¢e(f g)e(f h)

qtst Beex f,g,h € G. KommyranuonHblii paxkTop € MbI OyJIeM HA3bIBATH
noaoscumenvo onpedeaernvim, ecan £(g, g) = 1 must Beex g € G.

Mb1 6y1eM TOBOPUTE, YTO KOMMYTAIMOHHBI daxkTop £’ Ha rpynne G’
axeusaenmer KomMyTanuonaoMy dgakropy €’ na rpymne G, u Gynem
nucath € ~ &’ ecim cymecrByer uzomopdpusm p: G — G” rpynn G’ u
G", raxoit uro &'(g,h) = €"(¢(g), p(h)) nns Beex g, h € G'.

Hdpom wommymayuonnozo @daxmopa € Ha3biBaeTCs MHOXKeCTBO G,
cocrosiiiee U3 BCeX TaKuX vjaeMeHToB g € G, uro (g, h) = 1 musa Beex
h € G. OueBUHO, 9TO SIIPO KOMMYTAIMOHHOTO (phakTopa obpasyer Mojl-
rpymmny rpynnbl G. KoMMyTarmnoHueiit hakTop € HA3BIBACTCS HEGBIPOIIC-
dernwim, ecu ero aapo G TPUBUATLHO.

Mgr 6ytem roBoputh, uro noarpynnsl G, Go rpynnst G opmoz2oxass-
HOL OMHOCUMENLHO KOMMYMauuonHozo gaxmopa &, eciu £(G1,Gy) = 1.
B wacrHOCTH, SIIpO KOMMYTAIIHOHHOTO (haKTOpa — 9TO MaKCHMAJIbHAS
noarpynma G, oproronaibHas Beel rpymnmne G OTHOCUTEIBHO 9TOIO KOM-
MyTalroHHOro (pakropa. KoMmMyranuonnsiit ¢pakrop € Ha rpymmne G Ha-
3BIBAETCS PA3AOAHCUMBLM, €cii Tpymna (G MoKeT OBIThH TpeJcTaBIcHa B
BUJIE TIPSIMOTO MTPOU3BEJICHUsT JIBYX HETPUBHUAJBHBIX OPTOTOHATBHBIX OT-
HocuTesibHO € noarpymn G, Go. B sTom cityuae, obo3Hadast yepes €1, €9
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OrpaHUYEHUs] KOMMYTAIMOHHOTO (akTopa £ Ha noarpynnbl G, Ga, MbI
6y/1eM TOBOPUTD, 9TO KOMMYTAITHOHHBIH (DAKTOP € Pas.aa2aemcs 6 npamoe
NPou3eedeHue KOMMYMAUUOHHHT GaKmMopos €1 U €9, U OyJIEM 3aIMNCHIBATD
9TO KaK € = &1 X €9.

Baeck u agnee (@), — MUKIMIECKasi TPYIIIa HOPsjiKa 1 ¢ 00pa3y oM
9JIEMEHTOM @, U §,, — 11epBOOOPA3HBIIl KOPEHb CTEIEHU N U3 €JMHUIIBL.

Jlyist mpomsBosibHOTO n=p*, re p — mpocroe umco, char K #p, k> 1,
OpEJIe/INM KOMMYTAIIMOHHBIN (bakTop €, Ha rpynme G = (a), x (b),,
nosiarast €,(a,a) =1, €,(a,b) =&, €,(b,b) = 1.

B cayuae char K # 2 jus npoussossroro n = 28, tie k > 1, onpee-
JIMM KOMMY TalnoHHblii (axrop €, Ha rpymine G = (a), X (b),, nonaras
€, (a,a) =1, €,(a,b) =&, €,(b,b) = —1.

B cayuae char K # 2 oupejesnM KOMMyTalMoHHBI dakrop € Ha
rpymie G = (a)9, nonaras €5(a,a) = —1.

Cremytomue JBe TEOPEMbI JTAIOT KIACCU(PUKAINIO HEBBIPOXKICHHBIX
KOMMYTAIIHIOHHBIX (DaKTOPOB HA KOHEYHBIX I'PYIIIaX. 3aMEeTHM, UTO JIFO-
601 KOMMYTAITMOHHBIH (haKTOp PACHAIAeTCs B TPSMOE TPOM3BE/IEHIE
KOMMYTAI[HIOHHBIX (DAKTOPOB, OIPEJIEJIEHHBIX HA MAKCHMAJIBHBIX P-110I-
rpymmnax. [losromy Mbr OyZeM paccMarpuBaTh TOJBKO C/Iydail, KOTJIa I0-
PAJIOK TPYIIbI G SIBJISIETCST CTEMEHBIO TPOCTOTO THCIA.

Teopema 12 (A. A. Bosorseix, [11]). IIycmvy G — koneunas nenyse-
8a.A abenesa P-2pYnna, U € — HEBLLPONCOENHDIT HEPASAOHCUMDBIT KOMMY-
mavuorroid gaxmop wa G. Tozda 6vinoaHeHo 00HO U3 CAEIYOWUL YCAO-
6uti:

€ ~ €k, 2de p — npocmoe wucao, k > 1, u char K # p;

e~ €y, 2dek > 2, uchar K # 2;

e~ €y, u char K # 2.

Teopema 13 (A. A. Bosorseix, [11]). IIycmvy G — koneunas nenyse-
6as abenesa P-2pynna, u € — HEGLIPOAHCOEHHBLT KOMMYMAUUOHHOIT Pak-
mop na G. Toeda € axsusaserHmer 00HOMY U3 CAEIYOUUL KOMMYMAUU-
OHHBLT Parmopos:
€1 X oo X €y, 20er 21, Ky 2 2 ke >0, u char K # p;
€ X €9y X ... X €k, 20T 20, k1 > ... >k, >0, uchar K # 2;
€) X € X €k X ... X €gky, 20T =0, k1 > ... 2k, >0, uchar K # 2;
€y X €gky X ... X €y, 2067 20, Ky = ... >k >0, uchar K # 2.
Bce yrazanmvie KoMMYMAUUOHHDIE GAKMOPbL NONAPHO HEIKGUBANAEHIHDL.
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7. IIpoekTuBHDBIE TIPECTABJICHUS

[Iycts G — xoHeunas rpynna, K — ajredpandyecku 3aMKHYTOE I0JI€E,
XapaKTEPUCTUKA KOTOPOro He JeJUT HOpsiAoK rpymmbl G, K* — MyJib-
TUILINKATUBHAs rpyiia mojig K, u V' — KoHedHOMepHOe JIMHEIHOe MPOo-
crpancrBo. Orobpakenue ¢: G — GL(V) rpynnsl G B rpyniy HEBBIPOXK-
JIEHHBIX OIIEPATOPOB JIMHEITHOIO TTPOCTPAHCTBa, V' HA3BIBAETCS NPOEKMUE-
HuM npedemasaeruem rpynnbl G B pocTpaHCTBe V', eciii CyIeCTBYeT
orobpaxkenme m: G X G — K*, Takoe 9T0

o(z) p(y) = (2, y) p(xy)

Jutst Beex ¢,y € G. OyHKus T Ha3BIBAETCS cucmemot Parxmopos mPoeK-
TUBHOTO TpeJICTaBeHns . JIerko mpoBepsieTcs, YTO €CIU M — CHCTEMA
¢daKTOPOB HEKOTOPOI'O MPOEKTUBHOIO IPEJICTaB/IeHusT IpyIibl G, TO JJIst
JIIOOBIX X, Y, 2 € (G BBIIOJHSIETCA PABEHCTBO

m(z,y) m(xy, 2) = 7y, z) 7(z,yz). (5)

Bepno u obpartHoe yTBepxkeHue: H060e oTobpazkenne m: G X G — K™,
yJoBJIeTBOpsitoniee ycaouio (5), siBisiercsi cucTeMoit (hakTOpoB HEKOTO-
POro IPOEKTUBHOI'O IIPEJICTABICHUSI.

O6oznaunm vepes PGL(V) dakrop-rpynny rpymust GL(V') mo zop-
MaJIbHOW TIOJIpYIIe CKAJIAPHBIX oneparopoB, 1o ectb PGL(V) =
GL(V)/K - 1. Torna juist sio6oro orobpaxkenus: ¢: G — GL(V) Mbr Mo-
JKeM eCTeCTBEHHBIM 00pa30M MoCTpouTh oTobpazkenne p: G — PGL(V),
nosaras @(x) = K ¢(x) ns Becex € G. XOpOIIO U3BECTHO, 9TO 0TOOpa-
xkenne p: G — GL(V) saBisiercss IPOEKTUBHBIM [PEJICTABJIEHIEM B TOM
U TOJILKO TOM CJIyYae, €CJIM COOTBETCTBYIOIIEE OTOOPAXKEHUE P ABJIACTCS
romomopduaMom Tpyibl G B IpoeKTUBHYIO jmHeitnyto rpymmy PGL(V).

Iomnpocrpancteo Vg C V Ha3bIBAETCI UMBAPUAHMHBIM NOINPO-
cmpancmeom UPoeKTUBHOrO mupejcrasienus ¢: G — GL(V), ecin
©(G) Vy C Vp. IlpoekTrBHOE HpejCTABICHIE HA3BIBACTCS NPUSOOUMbLM,
€cJIM OHO MMEET COOCTBEHHOE MHBAPUAHTHOE TIONPOCTPAHCTEO. Jljist Jio-
6oro cOOCTBEHHOTO MHBAPUAHTHOIO IOIIPOCTPAHCTBA V) IPOEKTUBHOIO
npeJicTaBienuss ¢ rpynnbl G B IPOCTpaHCTBE V' Mbl MOYKEM PaCCMOT-
peThb MPOEKTUBHOE IPEJICTABICHUE, TIOJIyJalOIeecs OrPAaHUIeHIeM Olle-
paTopoB ¢(z) Ha mommpocrpanctBo Vp. Ecim simHeiiHOE mpoCcTpaHCTBO
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V' paznaraercst B IpsIMyl0 CYMMY COOCTBEHHBIX WHBAPUAHTHBIX IOJIIPO-
crpaucts, V = V3 @ --- @ V,,, To MBI 6yjieM TOBOPUTDH, YTO MPOEKTUB-
HOE IIPEJICTABJIEHNE (Y PA3JIAraeTCs B MPSIMYIO CYMMY IIPOEKTUBHBIX MPEJI-
CTaBJIEHUI ;, TTOJIYIAIOIIUXCS OIPAHUIEHUEM (0 HA WHBAPUAHTHBIE ITOJT-
mpoctpancTsa V. Jljisi TPOEKTUBHBIX MpECTABICHUN XOPOIIO M3BECTHO
YTBEPKJIEHHE O TOJIHOW MPUBOIUMOCTH, COTJIACHO KOTOPOMY JII000e KO-
HEYHOMEDHOE MPOEKTUBHOE IIPEJICTABIEHNE KOHETHON TI'PYIIIbl pasJiara-
eTCsT B MPSIMYIO CYMMY HEITPUBOUMBIX MTPOEKTUBHBIX MPEICTABICHUI.

[Tpoextusnbie npejcrasienus ¢1: G — GL(V1) u ¢3: G — GL(V3)
rpynmbl G HA3BIBAIOTCS IKEUBAAEHMHBIMU, €CJIU CYIIECTBYET HU30MOP-
dusm v suHeitHbIX npocrpancts Vi u Vo u dyukiug a: G — K*, takue
9T0

p1(z) = alz)y p2(2)y

s Beex T € G

Besjie masiee MbI OyjieM paccMaTpUBATh TPOEKTUBHBIE TTPEICTABJICHUSI
KOHEYHDBIX aDeJIeBbIX T'PYIIIL.

Jnst cucremsr hbaKTOPOB 7 MPOU3BOJBLHOTO MPOEKTUBHOTO MPEICTAB-
JIEHUsI ( KOHEYHOU abesieBoil rpynmbl G OIpee/inM OTOOParXKeHUe € :
G x G — K*, nonarasi

57r(=®7 y) = 7T(.%', y) 7T(y, x)_l

i Beex ¢,y € G. Torma mrst s1o0ObIxX x,y € G BBIOJHSIETCS COOTHOIIIE-
HHe

p(x) p(y) = ex(z,y) 0(y) p(2).

9. M. 2Kmyap B 70-X rogax IoKa3aJi, 9TO JJjII CUCTEMBI (baKTOPOB T
IPOU3BOJILHOIO MIPOEKTUBHOTO IIPEICTABICHUST KOHEUHON abesieBoil IpyIi-
bl OTOOPaYKEHUE £, SIBJISIETCS TOJIOYKUTEJILHO OIPE/ICICHHBIM KOMMYTa~
IMOHHBIM (PAKTOPOM.

IIpoekTuBHOE TIpE/CTAB/IEHAE Y, Y KOTOPOI'O KOMMYTHPOBAHUE OIle-
paTopoB () ompejeseTcss KOMMYTAIIMOHHBIM (haKTOPOM &, MbI OyjieM
Ha3BbIBATD MPOEKMUCHIM E-TLPEICTIABAEHUEM.

Herpynno npoBepuThb, 9TO €C/iv IPOEKTUBHOE €1-IIPEJICTABICHNE (] U
MIPOEKTUBHOE E9-TIPEJICTABJICHIE (Yo KOHEUHON abeseBoil rpyIibl SKBUBa-
JICHTHBI, TO £] = €9.

Taxmm 06pa3oM, MbI BUINM, 9TO KOMMY TAIIHOHHBIE (DAKTOPBI JOJIZKHBI
UTPATh CYIIECTBEHHYIO POJIb B OIMUCAHUY ITPOEKTUBHBIX IIPE/ICTABICHUIA.
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8. Kilaccudukarius IMpOEeKTUBHBIX HpeacTaBJIe-
HUN

40pom TPOEKTUBHOIO MPEJICTABJIEHUST (0 KOHETHON abeJIeBOil TPYyIIIbI
(G Ha3BIBAETCST MHOXKECTBO BCEX 9JIEMEHTOB & € G, Takux 4T0 () sABIIst-
eTCsl CKaJISIPHBIM ortepaTopoM. IIpoeKkTuBHOE IpejicTaB/IeHne HA3bIBAETCs
MOUHBLM, €CIIA €TI0 SIIPO TPUBUAJILHO.

9. M. 2Kmyem ObLIO TTOKA3aHO, UTO SIAPO MPOU3BOJBHOTO HEITPUBO-
JIIMOTO IIPOEKTUBHOI'O E-TIPEJCTABICHNsT KOHEYHOI abeseBoil rpymmnbl G
coBmagaer ¢ siapoM (Go KOMMYTAIIMOHHOTO (haKkTopa E.

Takum 06pa3oM, MbI BUIUM, 9TO KOHEUHas abesieBa rpynmna (G MOXKeT
MMETb TOYHOE HEIIPUBOIUMOE ITPOEKTUBHOE IPEJICTABIEHNE TOJBKO B TOM
ciaydae, ecyim Ha (G MOYKHO OIPEJIEJINTDh HEBBIPOXKICHHBI KOMMY TAIIMOH-
HBIH (aKTOP.

JL1st KarKJI0ro KOMMYTaIlMOHHOTO (haKTopa € Ha KOHEYHON abesieBoii
rpymie G Mbl IIOCTPOMM HEKOTOPOE HEIPUBOIUMOE IPOEKTUBHOE IIPEl-
crapienne ¢.: G — GL(V:). Boobuie rosopsi, nmocrpoenue mpejcrapiie-
HUSI . HEOJIHO3HAYHO. MbI BbiOUpaeM u pukcupyem Jjioboe n3 BO3MOK-
HBIX IPEJICTABICHUN.

Ecnu rpynna G TpuBrajibHA, TO MBI PACCMATPUBAEM OJTHOMEPHOE JIH-
HeifHOe mpocTpaHcTBoO Vi u nosaraem ¢g (1) = 1.

B ciyuae, ecin € = €, rie n = pF, MbI 0603HauNM depes V. nuHeiiHOe
MIPOCTPAHCTBO Pa3MEPHOCTU N C OA3UCOM €, €1, . ..,En_1, U OIMPEICTAM
0TOOpaYKEHUE (P, TOJIaras

Pe (xa yb) €c = 6;116 €p+-c (mod n)
nas Beex a,b,c=0,1,...,n— 1.

[Mycrs Teneps rpynmna G npeacTaBiasgercs B BUE IPAMOTO IIPOU3BE-
ngenust coberBeHHBIX moarpyun (GGi, GGo, OPTOrOHAJLHBIX OTHOCHTEILHO
HEBBIPOXKJIEHHOTO KOMMYTAIlMOHHOTO (pakTopa € Ha rpymne (G, U HEBbI-
POXKJIEHHBIE KOMMYTAIMOHHBIE (DAKTOPHI £1, €9 MOJYYAIOTCA OrpaHUYe-
uueM € Ha (G1, Go coorBercTBeHHO. st 110600 MPOEKTUBHOIO & 1-IIPE/I-
crasienus ¢1: G1 — GL(V}) 1 1106010 IpOEKTUBHOTO £9-1IPE/ICTABIICHUS
2: Go — GL(V3) MBI MO’KEM HOCTPOUTH IPOEKTHBHOE £-TIPEJICTABIIEHNE
Y = @1 ® o rpynnsl G B uHeitHoM tpocTpancTBe V = Vi ® i Vo, HA3BI-
BaeMoOe MEH30PHBM NPou3sedenuem TPOEKTUBHBIX MPEJICTABICHUN 1 1
g, TIOJIarast
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p(z122) (v1 @ v2) = (P1(21) V1) @ (P2(72) V2)

JIJIA BCEX X1 € Gl, T € GQ, v1 € Vi, v € Vs

ITo Teopeme 13 1060it HEBBIPOXKIEHHBIN MOJOKUTEIHLHO OIIPEIEICH-
HBIIl KOMMYTAIIMOHHBIH (HaKTOP € HA HETPUBUAJIBHON KOHEYHOH abesieBoit
rpynne (G 9KBUBaJICHTEH KOMMYTAIIMOHHOMY (DaKTOPY €p, X -+ X €p,,
e k > 0 u ny,...,n, — cremenn NpocThix udnces. [lostomy rpymma G
[peJIcTaBUMa B BHJIE PSIMOTo mpousBejieHust G = G X - - - X (G, onapHo
OPTOTOHAJIBHBIX OTHOCUTEJIFHO € TOATPYII, U Jyist jroboro t = 1,...,k
OrpaHUYeHre £; KOMMYTAIIMOHHOTO (hakTopa € Ha noArpyiny Gy 9KBUBa-
JIEHTHO KOMMYTAIIMOHHOMY (aKTOpy €,,. IlosTOMy npoekTuBHBIE IpEJI-
CTABJICHUS Qg , . . . , P, MBI MOXKEM CUNTATHL y»Ke onpejesnennbimMu. [Toma-
rasg V; = V;, Q- - -®@k V, , MBI OIIpeJie/INM [IPOEKTUBHOE £-1IPe/ICTaBICHIEe
e G — GL(V.) Kak TeH30pHOE MPOU3BE/ICHIE TPOEKTUBHBIX MPE/ICTAB-
JIEHUHA Qgyy .oy Py -

Hakomnert, i1t npon3BoOILHOTO TOJIOXKUTEIHHO OIIPEJIEIEHHOIO KOMMY-
TAIMOHHOTO (DAKTOPA € MBI MOXKEM PACCMOTPETDH /PO (G2 3TONO KOMMY-
tanponnoro caxTopa n dakrop-rpymny G = G/G.. Ha stoit dbaxTop-
IpyIIlle eCTECTBEHHBIM O0Pa30M 3aJ1aeTCs KOMMYTAIMOHHBIN (hakTop &,
rakoit uro E(xGe,yG:) = e(x,y) musa Becex z,y € G. DTOT KOMMYyTa-
[IUOHHBIN (DAKTOP BCETJIA HEBBIPOXKJICH, U IIO3TOMY MOXKHO CUYUTATH yIKE
OIIpeIeJIEHHBIM [TPOEKTUBHOE ITPEJICTAaBIeHnE Yz. MBI 3a/1aeM POEKTHB-
HOE IpeJICTaB/ieHne ., nonarast Ve = Ve u @ () = ¢z(xG.) nus Beex
x € G.

Temepr MBI UMeeM Bce HeoOXOmMMOe, |YTOOBI JaTh KJjaccuduKa-
U0 HEIIPUBOJIMMBIX ITPOEKTUBHBIX PEJCTABJICHUN KOHEUHBIX a0eIeBbIX

rpyIil.

Teopema 14 (A. A. Bosorseix, [12]). IIycmv € — npoussosvruil no-
AOACUMEADHO ONPEIEACHHBIT KOMMYMAUUOHHBIT Paxmop na KoHeuHot
abenesot epynne G. Tozda npoexmuenoe npedcmasaenue o epynnot G
ABAAEMNCA HENPUBOIUMBIM NPOCKMUBHBIM E-npedcmasienuem, U A1060e
HENPUBOOUMOE NPOEKMUBHOE E-NPEICMABAEHUE IKGUBANEHMHO P .

JapHelinmas Hama 1eab — JaTh MOJHYIO KJIaCCU(MUKAINIO KOHEYU-
HOMEPHBIX POEKTUBHBIX IPE/ICTABICHUI KOHEIHBIX abeIeBLIX I'PYIII C
TOYHOCTBIO JIO 9KBUBAJEHTHOCTH. 3aMETHM, UTO XOTsI JII0O0e KOHETHOMED-
HOE TTPOEKTUBHOE MPEJICTaBJIEHNEe KOHEYHOU T'PYIIIBI BIIOJIHE TPUBOINMO,
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KJ1accupuKaIs BCeX MPOEKTUBHBLIX IIPEJACTABICHUN HE CJIelyeT Halpsi-
MYIO U3 TeopeMbl 14, Tak Kak He Jiiobas IpsMas CyMMa MPOEKTUBHBIX
IPEJICTABICHUI SABISETCA IIPOCKTUBHBIM IIPEJICTABICHIEM.

Jlyist 3aBepIneHnst IOJIHON KiaccupUKAIMA MTPOEKTUBHBIX IPEJICTAB-
JIEHUIT KOHEYHBIX abeJIeBbIX TPYIIT HAM IOTPEOYIOTCS OObIYHbIE JIMHEMH-
HbBIE TIPeJICTaB/ICHNs] TPYTIIL. HAOMHIM, 9TO AUHETHbLM NPEICTNABAEHUEM
rpyunbsl G B mpocTpancTBe V' Ha3BIBACTCS IPOU3BOJILHBIN TOMOMOPGMU3M
rpymn ¢: G — GL(V). [IBa nuneiinbix npejcrasienus 1: G — GL(V7)
u YPo: G — GL(V3) Ha3BIBAIOTCS 9K6UBAAEHMHBLMU, €CJIU CYIIECTBYET
U30MOP(U3M JIMHEHHBIX MPOCTPAHCTB v: Vi — Vo, Takoit 4To

Y1 () = ha(a)

s Beex T € G

[Iycrs ¢: G — GL(U) — nponsBoJibHOE JIMHEHHOE IPe/ICTaBIeHIe KO-
HeUYHOU abejieBoil rpytimbl G B JuHEeitHOM npocTpancTee U. st jiroboro
MOJIOZKUTETHHO OIPEJIEIEHHOI0 KOMMYTAIMOHHOTO (haKTOpa € Ha I'PYIIIe
G n soboro mpoekTuBHOIO e-mpezcrasienus ¢: G — GL(V) mbr mo-
JKeM TIOCTPOHUTH MPOEKTHBHOE e-TipesicTapienne o¥ rpymmsl G B JInHElH-
HOM TipocTpaHcTBe U Q)¢ V', monmarast

PV () (u@v) = (Y(x) u) @ (p(z)v)

migBcex t € G,uelU,veV.

[Iycrs ¢: G — GL(U) — npousBoJibHOE JIMHEHOE ITIpe/iCTaBICHHE
KOHEYHOI abesiepoit rpymmbl (G, U Y — HEKOTOPBI XapakTep 3TOW I'PYIIIIbL.
O6osnaunm yepe3 YX: G — GL(U) smneitnoe npejcrasienne rpynib G,
Takoe 9To

g Beex x € G, u € U.

Teopema 15 (A. A. Bosorsix, [12]). ITycmv & — npoussosvhuili no-
AOAHCUMEABHO ONPEJeAeHHBLT KOMMYMAUUOHHYT Paxmop Ha KonewHnot
abenesoti epynne G. Jloboe npoekmushoe e-npedcmasienue IKEUSAAEHM-
MO npoexmueHoMY -npedemasaenuio Y, 20e ) — HeKOmOopoe Aunetinoe
npedcmasaenue zpynnv. G. Ipoexmusnvie e-npedemacaenua P u ¥
IKEUBAAEHMHBL 020 U MOALKO M020a, K020a CYWECTNEYEN TAPAKMED X
epynno, G, makot wmo oeparunenus sunetinux npedcmasaenud i u o
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na nodepynny Ge axeusaseHMmHbL Kok Auneldnsie NPedcmasierus Imot
2pYnnol.

9. IIpocthie ajredopsl Jln

3nech u Jajgee Mbl IpeinoaraeM, 4ro K — 3T0 ajarebpamyecku 3a-
MKHYTOE II0JIe HYJIeBOH XapaKTePUCTUKM, HAIIPUMED, I10JI€ KOMILJIEKCHBIX
ancen C.

HamomanMm, ato xoneunomeproti arzebpoti Jlu L wam momem K Ha3bI-
BaeTCs KOHEeUHOMEpHOe K -JInHeiHoe ITPOCTPAHCTBO, HA KOTOPOM OIIpee-
JieHa omeparysi yMHOXKeHus |, |: L X L — L, ynoBieTBopsitomas yciao-
susim (1), (2) u (3).

Jluneitnoe noanpocrpanctBo I anrebpsr JIu L HasbiBaeTcs udeanom
9TOM asrebpsl, ecim uMmeer Mecto coornommenue [I, L] C I. Anre6pa JIn
L maszbiBaeTcs MPOCTOi, €Cju OHA HE COJMEPKUT HUKAKUX COOCTBEHHBIX
UJ1eaJI0B.

Bce koneunomepnbie mpoctbie ajaredopsr JIu Hajl asrebpamdeckn 3a-
MKHYTBIM IIOJIEM HYJIEBOI XapaKTEePUCTUKU JABHO KJIACCHU(DUIITPOBAHBI.
Crmcok mpocThIX KOHEIHOMEPHBIX ajiredp Jlu cocrout u3 derbipex bGec-
KOHEUYHBIX Cepuil KJjaccmieckux mnpocrbix aaredp Jlu A, (n > 1), B,
(n>2),C, (n>3) ub, (n>4), aTakKe IATH UCKIIOIATEIHHBIX
npocrteix anaredbp Jlu Eg, Er, Eg, Fy u Go. Kaxoit u3 npocrsix aaredbp
JIu coorBeTCTByET CBOS TaK Ha3biBaeMas crema Joixuna. I3obparkenne
Bcex cxeM JIpiHKuHA MpocThiX aaredp JIu mamno Ha CaemayroIeM pPUCyHKe.

By o

An - —o—o—o0

B, oo B T
C, —r— e Ego—o—OH—I—Q—O
D, H++< Fy o—a

Go —

Kuaccugeckue npocrbie airebpbl JIn UMEIOT eCTeCTBEHHbIE PeaTn3alliii.
JIumeiiHoe IPOCTPAHCTBO BCEX MATPHUIL PA3Mepa 1 X 1 CO CJIEIOM HOJIb
3aMKHYTO OTHOCHTEJIBHO Olepalui KOMMYyTHpoBaHust [a,b] = ab — ba.
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D10 JIMHEITHOE TPOCTPAHCTBO B CJIyUae n 2> 2 sIBJISIETCs IIPOCTOM aredpoit
JIu, Ha3BIBAEMON OOBIMHO CREyUaAvHol aunelnot arzebpot Jlu sl,(K).
Ora anrebpa Jlu umeer Tun A, _1.

PaccmorpuMm JsinHeitHOE TPOCTPAHCTBO, COCTOMAIIEE U3 BCEX OPTOIO-
HAJIBHBIX MATPHI] PA3MepPa 1. X 1, TO eCTh Takux Marpui; R, uro RT = —R,
rie | — olepaTop TPAHCIIOHHPOBAHMS MATDPHI. DTO IPOCTPAHCTBO 3a-
MKHYTO OTHOCUTE/JILHO OIepallnd KOMMYTHUPOBAHUS, U B Caydae n = 3
win n > 5 ABjsgeTcs npocToit anarebpoit JIu, HazpBaeMoil opmozonans-
Hot aneebpoti Jlu 50, (K). dra anrebpa JIu nmeer tun Aq B ciydae n = 3,
A3 B ciywae n = 6, B(,,_1)/2 B cityqae nedernoro n > 5, u Dy, 5 B ciiyvae
YeTHOTO N > 8.

IIycte Temeph n — deTHOE HATYPAJBHOE YHMC/IO. PaccMoTpuM JnHeil-
HOE ITPOCTPAHCTBO, COCTOMAIIEE U3 BCEX CUMILIEKTUIECKUX MaTPHUII Pa3Me-
pa n X n, To ecThb Takux Marpuil R, uto R°® = —R, rj1e ° — 9T0 CUMILIEK-
TUYIECKasT UHBOJIIOIUS, OIPE/IeJICHHAsT PABEHCTBOM

s T T
Ry Ry\" _ —]:_5% R2T
)
Ry Ry R] -R]
rae Ry, Ro, R3, Ry — sro marpuisl pasmepa (n/2) x (n/2). Ykasamnoe
IIPOCTPAaHCTBO 3aMKHYTO OTHOCHUTEJILHO OIl€epalluil KOMMYTHPDOBaHUA, N
1Ipu JI0GOM YeTHOM N SIBJISIeTCs IIPOCTOii ayrreOpoii JIu, HaspiBaeMoit cum-

naexkmuveckotl anrzebpot JIu sp,, (K). dra npocras anrebpa JIn nmeer tun
A1 B cryuae n = 2, By B ciiywae n =4, n C), /5 B caryyae vernoro n = 6.

10. I'payupoBKU ITPOCTHIX aJIredp

MHo»KeCcTBO BCeX XapaKTepop IrpyIibl (G, TO €CTh BCEX TOMOMOP(U3-
MOB u3 rpynnbl G B MyJbTHINIMKATUBHYIO rpytiny K*, Mbr Oygem obo-
sHadarh depe3 G*. Ha mHOX)ecrBe G* ecTeCTBEHHBIM 00pPa30M BBOIUTCSI
cTpyKTypa abejepoii rpymmbl. [Ipu sTom rpymmsl G u G* u30MOp(MHBI.

st ymobeTBa 3ammuc XapakTepoB MBI OyIeM UCIOIL30BaTh OUIMHEH-
Hy10 bopMy

(,):G"xG— K",
nomarast (x, g) = x(g) misg Bcex x € G*, g € G. Ilpu nomoru 3roii
dOPMBI €CTECTBEHHO OIPEIEISIETCST KAHOHUIECKUN M30MOP(MU3M TPYIII
G u G**. B nampheiiieM Mbl 6y/1€M OTOXKIECTBIATH STH TPYIIIIDI.
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Host moboro nopmuoxkectsa U rpynusl G annyasmopom Ann(G*, U)
2M020 MHO2ICECMBG MBI OYIEeM Ha3bIBATH MHOYKECTBO BCEX XapaKTepOB
X € G*, rakux uro (x, U) = 1. Jlerko Bumers, yro ecau Gy — moj-
rpymma rpynnsl G, mopoxkjenHast MHoxkectBoM U, to Ann(G*, U) =
Ann(G*, Go). Ilockombky ™Mbl oroxjaectBisieM G n G*™*, s mo6o-
ro moaMuoKecTBa U rpynnbl G eCTeCTBEHHO OMPEIEAETC AHHYISITOD
Amn(G, U).

[Iycts L — npousBosibHast konewnomepras G-2padyuposannas aneeo-
pa Jlu nanm momem K, TO ecTb

L:@Lg,

geqG

rie Ly — K-ymneitnsie nopnpocrpancTsa B L, Takue uto [Lg, Ly]) C Lgy,
st Beex g, h € G.

Hocumenem 2padyuposku Mbl OyJIeM HA3bIBATH MOJIMHOMKECTBO I'PYII-
bl (G, cocTosiImee U3 BeeX TaKHuX jeMenToB g € G, uro Ly # 0.

st siroboro xapakTepa X rpymibl G onpeesinM 0ToOpaskeHue

Oy: L — L,

IIoJ1aras
Oy (a) = (x, g9)a

1yt moboro g € G u moboro a € Lg, 1 IpoozKas 3T0 0TOOPasKeHue 1o
K-nunettnocTu.

[nsa moboro xapakrepa x € G* orobpaxkenue 0, sBjseTcs aBTO-
Mopdusmom auredbpsl Jlu L. Orobpazkenue §, crapsiiee B COOTBETCTBUE
mobomy xapakTepy X € G* aBromopdusm 0y anredpst JIu L, apisercs
romoMopdu3MoM rpyIbl xapakrepos G* B rpymny Aut(L) asromopdus-
MOB ajireopsr JIu L.

B naspreiiniem romomopdusm 6: G* — Aut(L), rakoii aro §(x) = 6,
Jist Bcex XY € G, Mbl OyjieM Ha3bIBATH 20MOMOPPHUIMOM 2DYNN, 3a0aH-
HbiM 2padyupoekoti anzebpu, JIu L.

Paccemorpum sBe G-rpajtynpoeku aiareopsr Jlu L

L=prL,=pr,

geG geG
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Mps1 Oy1eM TOBOPHUTD, UTO 3TH JiBe (G-TPayUPOBKU IKEUBAAEHIMHDL, €CIIN
cymecTByer apromopdusm 6 asnredbpst JIu L, taxoit uro 0(Ly) = L’g JLIST
BCex g € G.

Mpbr 6yemM TOBOPUTH, UTO JIBA TOMOMOPGU3MA IPYIII

d1: G* — Aut(L), do: G* — Aut(L)

SKBUBAJICHTHBI, €CJIN CyIIecTByeT aBroMopdusm 6 anredbpst JIu L, Takoit
aro 0 61(x) 071 = 82(x) sz Beex x € G*.

Teopema 16 (A. A. 3osorsix, [13]). ITyemv G — xoneunan abenesa
epynna, L — xoneurnomepnasn aszebpa Jlu nwad nosem K. Jhooas G-epa-
dyuposka anzebpo. JIu L 00nosnauno 3adaem Hexomopvit 20MOMOPHUSM
epynn G* u Aut(L). Jlas aobozo 2omomoppusma epynn G* u Aut(L)
cywecmesyem G-2padyuposka anrzebpo. JIu L, 3adamousan amom 2omomop-
Ppusm. Jlee G-epadyuposxu anrzebpor Jlu L sxsusasenmmvt 6 mom u monb-
KO MOM CAYNGE, €CAU IKEUBAAEHMHBL 360A6AEMBIE UMU 20MOMOPHUSMbL

epynmn.

Takum obpazom, jjis KiraccuduKaiuu rpaayupoBok asredbpor Jlu L
KOHEYHBIMU a0EJIEeBBIMU I'PYIIIAMU ¢ TOYHOCTHIO JI0 SKBUBAJIEHTHOCTHU JIO-
CTATOYHO HAUTU KJIACCU(DUKAIMIO TOMOMOP(MU3MOB KOHEUYHBIX a0EIeBbIX
rpyIil B rpyiiy aBromopdusmos ajredpst JIu L.

ApromMopdusMbl crienuaibHbIX JuHeRHbIX aaredp Jlu s, (K) xoporio
U3BECTHBI.

JLnst J10001 HEBBIPOXKJIEHHON MaTpuIlbl A pasmepa n X n 0ToOpazkeHue
O4: sl,(K) — sl,(K), Takoe aTo

04(a) = AlaA

st Beex a € sl (K), sBasiercst aBromopdusmom asrebpst JIn sl (K).
DT aBTOMOPMOU3MBI HA3BIBAIOTCA 8HYMPEHHUMU GEMOMOPPHUIMAMU CTIE-
nuasbHOMN ynHeiinoit anrebper Jln L = s, (K).

B ciyuae n = 2 anrebpa JIu sl,(K) He nmeer npyrux aBroMopdus-
MOB. B cirydae ke n > 2 moArpymnia BHYTPEHHUX aBTOMOPGMU3IMOB I'DYII-
bl Beex aBroMopdusmos sk, (K) umeer unjekc 2. Bee aBromopdusmer,
He SIBJIIONTNECST BHY TPEHHIMY, HA3BIBAIOTCST GHEWHUMU ABMOMOPHUSMaA-
mu anrebper JIn sl (K). Jlioboit BrernHnii aBromopdusm umeer Buj 6%,
e A — HEeKOTOpasi HEBBIPOXK/ICHHAS MATPHUIIA pa3Mepa n X n, u
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0%(a)=A"1a A

st Beex a € sl (K).

Mper 6y7ieM TOBOPUTD, UTO TPaJIyUPOBKA CIEIUATLHON JTUHEHHON aJi-
rebpol Jlu L = sl,(K) saBisiercs enympenned 2padyuposkoti, eciau Jiis
romomopduszma 0: G* — Aut(L), 3aJaHHOrO 9TON IrpalynpOBKOii, 1 JII0-
6oro xapakrepa x € G*, aromopdusm () sBIsIeTCS BHYTPEHHUM aB-
TOMOPGHUIMOM.

Haee Oymer mama KjaccudUKaIus BCEX BHYTPEHHUX IPaLyHPOBOK
crienaabHol Jsinneiinoi anrebpsr JIu sl,(K) ¢ TOYHOCTBIO 70 SKBUBa-
JIEHTHOCTH. 3aMeTHM, 9TO JaHHas KJIACCU(PUKAINA ABJIAETCA KOHCTPYK-
TUBHOH, TO €CTh Ha €€ OCHOBE JIEMKO MOT'YT OBITh MOCTPOEHBI AJITOPUTMBI,
MO3BOJISIIONTIE KaK HAWTH BCe BOSMOXKHBIE I'Pa/IyUPOBKH, TaK M TPOBEPUTH
9KBUBAJIEHTHOCTD JIBYX 3aJIAHHBIX I'PaJyUPOBOK.

[Iycrs 6: G* — Aut(L) — romomopdusm rpymi, 3aJaHHbIl Tpou3-
BOJIbHOIT BHYTpeHHell G-rpasynposkoii. Torga Bce aBromopdusmsr d(y),
X € G*, gaBIsIOTCT BHYTpEeHHUMHU aBToMopdusMamu. Takwmm obpasom,
Juta moboro xapakTepa x € G cymecrsyer Marpuna A, pasmepa n x n,
Takad 4To §(x) = 0a,. MBI BIIUM, 9TO HCXOIs U3 IPAyUPOBKH MOKHO
MOCTPOUTH OTOOpaKeHue ¢ n3 Tpynnbl G* B MHOXKECTBO HEBBIPOXKIEHHBIX
marpur GLy, (K), nomaras ¢(x) = A, mns Beex x € G*. OkaspiBaercs,
9T0 mocTpoenHoe orobpaxenue ¢: G* — GL,(K) saBisiercsi mpoeKTHB-
HBIM MPEJICTABIEHNEM TPyl G* B n-MEPHOM JIMHEHHOM TTPOCTPAHCTBE.

B nmanbHeiiieM IpOEKTUBHOE IPeCTaBJIEHNE, MOCTPOECHHOE OIMCAH-
HBIM BBIIIE CIIOCOHBOM, MBI Oy/eM Ha3BIBATH MPOEKMUGHHLM NPedcmasie-
HUeM, UHOYUUPOBAHHBIM Shympernels 2padyuposkot anrebpot JIu s, (K).
st siro6oro npoekTuBHOIO npejicrasienus ¢: G* — GL,(K) cymecrsy-
er BHyTpeHHstst G-rpajiynpoBka aare6psr Ju s, (K), uaaynupyomast 91o
MIPOEKTUBHOE TIPE/ICTABJIEHIE.

ITycrs ¢: G* — GL,,(K) — 1pousBosibHOE IIPOEKTUBHOE IIPE/ICTaBIIE-
uue rpynnsl G*. Pacemorpum orobpaxkenune ¢*: G* — GL,, (K), nonaras

it Beex X € G*. 910 orobparkeHne TaK»Ke OKA3BIBACTCH ITPOCKTUBHBIM
npejicrapiienneM. [IpoekTUBHBIE MPEJICTABICHUS @ U ©* MbI OyJieM Ha-
3BIBATH JYAALHLMYU NPOEKMUSHbIMY Npedcmasieruamy. [IpoekTuBHBIE
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[PEJICTABJIEHUsT (01 W Y2 MbI OyJIeM Ha3bIBATH JYAALHO IKEUBAAEHIVHbL-
MU, €CJTH TPOEKTUBHBIE TIPEJCTABJICHAA Q] U (5 SKBUBAJIECHTHBL

st 11060r0 KOMMYyTAITHOHHOTO (DaKkTopa € Ha abesieBoil rpyrie 060-
3HAYUM UYepe3 £F KOMMYTAIlMOHHBIN (haKkTop Ha TOil »Ke I'pyIie, TaKoil
qTO

8*(97 h) = 6(97 h)_l - 6(hag)

JIUIst BCEX 3JIEMEHTOB ¢, h 3roit rpynmbl. KoMmMyTarumonubtit hakTop €% Mbl
Oy/eM Ha3bIBaTh JYdAbHbLIM K KOMMYTAIMOHHOMY (bakTopy €. HerpyaHo
[POBEPUTD, UTO JJIsI JIFOOOrO MPOEKTUBHOIO E-TPEJCTABJIEHUS (0 TTPOEK-
TUBHOE TPEJICTABJIEHUE Y* SBJISETCH MPOEKTUBHBIM € -1IPE/ICTABICHIEM.

Kpome Toro, ajist 100010 1mOJIOKUTE/IHHO OIPEJIEIEHHOIO KOMMYTa-
MUOHHOTO (DAKTOPa € MPOEKTUBHBIE IPEJCTABICHUS (O U Qg+ JIYAJTBHO
SKBUBAJIEHTHBI, U JIJIsI JIIOOOTO MOJIOXKATEJIFHO OMPEEJIEHHOTO KOMMYTa~
UOHHOTO (bakTOpa € Ha rpymme G u JIFoboro JMHEHHOTO MTpeJICTaBIeHUsT
¥ rpynnbl G TPOEKTUBHBIE MTPEICTABICHUST gog) n 905*_1 JyaJIbHO 9KBUBa-
JICHTHBI.

Kiraccudukarust Bcex BHYTPEHHHX T'PaJyHPOBOK CIEIUAJIBHBIX JIH-
Heiinpix anre6p Ju sl, (K) paercs ciemyoreii TeopeMoii.

Teopema 17 (A. A. Bosorsix, [13]). IIycmv G — npousdsoavhas Ko-
newnan abeaesa epynna, u L = sl,(K) — cneyuasvhas auneinas ai-
2ebpa Jlu 1ad aszebpauvecky 3aMKEHYMBIM NOAEM HYAEBOT TaPaKmMepu-
cmuku. Kaorcdoti snympennetc G-epadyuposke anzebpo. JIu L coomseem-
cmeyem nexomopoe npoexmuehoe npedcmasaenue of epynno H = G,
2de € — NOAOHCUMENDHO ONPEICAEHHBIT KOMMYMAUUOHHT Harxmop Ha
epynne H u v — aunetinoe npedecmassenue epynno. H pasmeprocmu
n//|H|/|H:|. Kaosxcdomy makomy npoekmusHomy npedcmasieruto co-
omeememeyem wexomopasa ehympernan G-epadyuposxa anrzebpv, Jlu L.
ee enympennux epadyuposku arzebpv, Jlu L oxeusasenmmov, 6 mom u
MOALKO MOM CAYHAE, ECAU COOMBEMCMEYIOUUE UM NPOEKMUBHBLE NPEO-
CMABAEHUA gpgf u 90?22 IKGUBAACHMHDBL UAU JYAADHO IKGUBAAEHMHDL, MO
ECMb ECAU BUNOAHACNCA 00HO U3 CACOYIOUUT IGYT YCA0BUTL:

a) 1 = €3 u cywecmsyem xapaxmep X epynno, H, maxot wmo

Y1(9) = x(9) ¥2(9)

oan ecex g € He;



AnropurmMudeckue npobseMbl B ajrebpax 523

b) e1 = €5 u cywecmeyem xapaxmep X epynnu H, maxoi wmo

D1(9) = x(9) 3" (9)
oan ecex g € H.

Tem cambiM, ecyii MbI XOTHUM IE€PEUYUC/IATH BCE IOMAPHO HEIKBUBA-
JIeHTHBIe BHYTpeHHne G-rpaynpoBku aiareopbl JIu sl, (K), Mbl J10JKHBI
¢/leJIaTh CJIEJYIOIIee.

[Ipeskjie BCero, MbI JIOJIZKHBI TIEPEUNCUTD BCE MOJIOXKUTEIBHO OIIpe-
JleJIEHHbIe KOMMYTAIMOHHBIe (pakTOphl € Ha rpynne H = G*. Jljasa sTo-
ro JOCTATOYHO ITPOU3BOJIbHBIM 00Pa30M BBIOpATH 00pa3yIoIiue g1, . - - , Jk
rpynnsl H, u 3a71aTh KOMMYTaIlnOHHBIN (DaKTOp € Ha Hapax 00pPa3yIoX
IIPOU3BOJIBHBIM HAOOPOM HEHYJIEBBIX JIEMEHTOB HOJsA {o; = €(g;, g;) €
K* | i,j = 1,...,k}, yJIOBJIETBOPSIOIINM COOTHOIICHUSIM ajjaj; = 1mn
oz,:-j;j =1,4,5=1,...,k, rie d;; — 370 HanboIbIINH OOIIMIL JeIUTEb HO-
PAJIKOB 3JIEMEHTOB ¢; U ¢;. ITOOLI KOMMYTaIMOHHEI (DAaKTOP € ObLI 1I0-
JIOXKUTEJILHO OIPEJIEIEH, Mbl JIOJI?KHBI TAKYKE HAJIOXKUTH YCIOBUE (vj; = 1
nasg Beex 1 =1,..., k.

JLyist 11006070 KOMMYTAIIMOHHOTO (bakTOopa € Ha rpyine H Mbl J0JKHbBI
Haiitu sanpo H, 3Toro KoMMyTannoHHOTro haKkTopa U PACCMOTPETDH BCE JIU-
HEHHBIE [TPEJICTAB/ICHUS 1) TOTO sIpa B JIMHETHOM ITPOCTPAHCTBE pa3Mep-
nocru n/\/|H|/|H¢| (3Toro gocrarodno, Tak Kak joboe JHHEHOe Ipeji-
cTaBJIeHne MOYKET ObITh IIPOJIOJIZKEHO C TIOJPYIIIBI Ha BCIO rpyIny ). [laps
(e1,%1) u (g2,12) COOTBETCTBYIOT SKBUBAJEHTHBIM I'DAJyUPOBKAM, €CJIH
CyIIeCTBYeT XapakTep X rpynusl H., Taxoil uTo wim £, = €2, 11 = 13,
W g1 = €5, Y7 = V5.
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