O cioxkHocTu BJOXKeHHUA rpadoB

J1. B. 3aiinen

1. BBenenue

B pabore mzydaercs CI0KHOCTb yHUBEPCAJIbHBIX I'padOB, KOTOPHIE
MMO3BOJISIIOT TOJIy4aTh rpadbl 3aJIaHHBIX KJIACCOB B KadecTBE IIOJrDa-
OB, TOPOKIEHHBIX [TOJIMHOXKECTBAMU UX BEPIIUH. Y HUBEPCAJIbHBIE TDa-
bl MOTYT OBITH HHTEPECHBI B CBS3U CO CXKATHEM HHMOPMAINN, & TAKKe
pU MPOEKTUPOBAHUN IUOB. [10JTyueHbl OPsiIKM MUHUMAJILHOTO TUCTIA
BepiH rpadoB, YHUBEPCAIbHBIX I JBYX KJACCOB I'PadOB, ¥ KOTOPHIX
BEPIINHBI TTOMeYeHbl HATypaJbHLIME uuciaamu. IlepBrrit Kjgacc cocTouT
U3 HEOPUEHTUPOBAHHDLIX, HEOOSI3ATEIbHO CBI3HBIX I'pacdoB, HE MMEIOIINX
meTe/ib ¥ KPATHBIX PEGep, BTOPOIl COCTOUT U3 HEOPUEHTUPOBAHHDLIX Jepe-
BbEB.

2. OcHoBHBIE orpeaeJjieHnd U pe3yJ/ibTaTbl

ITyctes W — kitacc rpacdoB 6e3 meresib 1 KpaTHBIX pédbep, Heobst3aTe b
HO CBSI3HBIX, Y KOTOPBIX BEPIIUHBI IIOMEUYCHBI HATYPAJbHBIMUA YUCJIAMU.
Heckosibko BepIiuH MOTYT UMETH OJIMHAKOBYIO ITOMETKY.

[Iycte U € W — mekoropsiit rpad ¢ N Beprumaamu. s jroboro
nomuoxkecrBa M BepimH rpada U mOpoxkIEHHBIM (MH/LY IPOBAHHBIM )
noarpadom (M) masbiBaercs: noarpad rpada G, MHOKECTBOM BepIIHH
KOTOPOro siBjisteTcsi M, 1 MHOXKeCTBO pEbep COCTOUT U3 Bcex PEbep rpa-
da U, y xoropbix 06a KoHia npunajiexar M [2]. Vnade rosops, jBe
BepimHbl u3 M cvexkubl B (M) Torjaa u TOJBKO TOr/a, KOIJIa OHU CMEXK-
uel B U.

[Tycte 3aman Hekoropsiil kiaace rpados V' C W, B rpadax KoToporo
pasHbIE BEPINUHBI UMEIOT pasHble MOMETKU. BysaeM paccMaTpuBaTh JIBa
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BUJa yYHUBEpcaJIbHOCTU rpadoB. loroBopumcs 00603HAMATL yHUBEPCAIb-
HOCTH IEPBOr0 BUJA OJHUM INTPHUXOM, BTOporo — asyms. I'pad U’ € W
HA3BIBAETCsl YHUBEPCAJBHBIM JJIsT KJjiacca V, ecjin OH obJiajaer ciielry-
FOIIIIM CBOMCTBOM: JijIsi Jitoboro rpada G u3 kjacca V MOXKHO yKa3aThb
noamuozkecTBo Bepmmn M rpada U’ Takoe, 9TO 9THM MOIMHOXKECTBOM
nopoxraercst rpad (M) usomopdusiit rpady G. Teneps onpeennm yHu-
BEPCAJBLHOCTD I'pada BTOPOTO BHJIA, KOTOPYIO OyJeM HA3LIBATH TAKXKE
A-yHuBepcasbHoCThIO. [lycrs m = | M|, u mycTh \ — Ies1oe 9mcso Takoe,
aro 0 < A\ < W [lycts Epy — TOJAMHOXKECTBO MHOXKECTBA HEYIIO-
PSIZIOUEHHBIX Nap pa3JIndHbIxX Bepuiun u3 M, |Ey| = A. Ejy onpejesser
MecTa, TJie MOXKHO JI06aB/IaTh pédbpa nocie 3ananust M. I'pad U” nazbl-
BaeTCst A-yHUBEpCaIbHBIM JTst Kaacca V', eciu jiutst mioboro rpada G € V
cymecTByer noamMuoxkecTBo Bepmun M rpada U” u nogmuoxectso Ejpy
Takue, 4YTO B HOPOXKJIEHHBIN rpad (M) mocratodno jobasurh He Goiee
A pébep, urobsl rpad (M) cran uzomopdubiM G, NTPHUYEM Hapbl KOHIIOB
9TUX pébep JOMKHBI TpuHaIeXRaTh F . M3omopdusm rpados paccmar-
PUBAETCA € YIETOM MOMETOK BEPIINH.

3aMeTuM, 9TO BTOpas IIOCTAHOBKA JAET OOJIbIIee BO3MOXKHOCTEH BbI-
bopa yHUBepcaJibHOrO rpada, Tak KaK HAK/IAIbIBAeT MEHee KECTKUe
orpaHnYeHnsa OJarogapsi BOSMOXKHOCTH JT00ABJIATH HEIOCTAIONINE pedbpa
B IIOPOXKJaeMble IMOArpadbl.

Hautee, onpesesinm QyHKITUH CJIOKHOCTH 3a/[aHust Kjaacca rpadoB st
KaXKJI0r0 U3 JBYX BHJOB yHuBepcajbHocTn. HazoBéMm yHuUBepcaybHBII
rpad MUHUMAJILHBIM, €CJIM OH UMEET MUHUMAJIbLHOE KOJIMIEeCTBO BEPIITUH
cpeu yHUBEPCAJIbHBIX rpadoB jist jJaHHoro Kjiacca. CI02KHOCTBIO 3a/1a-
HUs KJlacca rpadoB HA30BEM KOJIMYECTBO BEPIIUH B MUHUMAJILHOM YHU-
BepcaJIbHOM rpade I JaHHOIO KJIacca.

IIycte K C V — Kj1acc m-BepHIMHHBIX HEOPUEHTUPOBAHHBIX I'PAdOB,
y KOTOPBIX BEPIIUHBI IOMEYEHbI Yncaamu u3 Muoxkectsa {1, ..., m}. O6o-
saaanM depe3 Ny (m) cioKHOCTD 3ajianust Kiacca K ¢ IOMOIIbIo yHUBED-
casibHOro rpada nepporo Buja. O6osnadnm uepes Ng (m, A) CII0KHOCTD
3a/1annst Kiacca K ¢ TOMOIIBIO A-YHUBEPCAJTLHOTO Tpada.

IIycts T' C V — Kj1acc m-BePIIUHHBIX HEOPUEHTUPOBAHHBIX [TOMEUEH-
HBIX JICPEBBEB € TIOMETKAMU 13 MHOXKecTBa {1, ..., m}. Obo3naunm yepe3
Np(m) cioxkHoCcTh 3aanust Kiacca T yHUBEpcaJIbHBIM rpadoM MepBoro
BHU/IA.
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Teopema 1. Jlas awbozo0 m > 0, das kaacca K moocHo nocmpoumo

m
MUNUMAAOHOIE 10 nopadky ynueepcarvnvd epad Ul u N (m) < m22
npu m — +00.

Teopema 2. [las a0bvix yeavir m u A maxuzx, wmo 0 < m, 0 < A <

—1

A-yrusepcasvront epad Ure u N (m, A) < Mm%~ m npu m — +00.

, Oaa kaacca K MOoHCHO MOCMPOUMSD MUHUMAALHBIT L0 NOPAIKY

Teopema 3. /Jlasa awboz0 m > 0, das xaacca T mooicno nocmpoumo
MUHUMAALHOLT 10 Nopadky yrusepcarvionl epad U u Np(m) = m? npu
m — +00.

3. lokazaTejabCTBO TeopeMbl 1

JIemMma 1. /s 1106020 m > 0 MOHCHO NOCMPOUTID YHUGEPCANLHBIT 0N
kaacca K epadp Uje u

m—1
m2 2 m — Hew.
NK(m) < 3/2 m—1 . ’
=em 272 m — wém.

HokazarenscrBo. Iocrponm rpad Ul , JOKaxkKeM €ro yHUBEPCAILHOCTD
JuTst Kacca K, mojcantaeM KOJMIecTBO BepiiuH. [loyuertoe 9ncio Bep-
muH OyJIeT SIBJSTHC BepXHE OleHKoi ciokuoctu Ni (m), Tak Kak Ko-
JINYECTBO BEPIINH B MUHUMAJBHOM YHUBEPCAJIBLHOM T'pade jist Kiacca K
He 6OJIbITe JAHHOTO.

Paccmorpum MHOXKeCTBO BepininH P ¢ moMeTkaMu 13 MHOXKECTBA
{1,...,m}. MuoxectBO P COJEPXKHUT M NOJAMHOXKECTB BepiuH P, ...
.oy Py TlommuoxkectBo P; (i = 1,...,m) onpejesisieTcsi Kak ITOJMHO-
JKECTBO BEPINUH, KOTOPbIE UMEIOT TMOMETKY 4. UTOOBI CCBIIATHLCS HA OT-
JleJIbHBIE BEPIITUHBI MHOXKECTBa P, yIOpSII0UNM B paMKaxX KayKJI0ro IO
MHOYKECTBa BEPIIUHBI B TPOU3BOJILHOM TOpsiiKe. [IycTh ¢ — HaTypasbHOe
unciio, t < |P;|, Torna 1gepes p(i,t) obosnatdmMm Beprmay u3 P; ¢ Home-
poMm t.

OtrenbHo OyIeM paccMaTpuBaTh CIyYad, KOTJa 1M HEIETHO W IETHO.
BBeném dynkimio

mT_l pu m Hed.,
l(m,1) = [mT_l] pH 1M 9ET., i=1,...,%,
]mT_l[ [IpH 1M, 96T, i=5+1,....,m
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BHaveHne 3Toi (PYHKINM MOXKHO IMOHHMATh KaK KOJUYIECTBO IOIMHO-
2KECTB, KOTOPbIE Mbl PacCMaTpUBaeM BMecTe ¢ P; B 3aBUCHMOCTH OT YeT-
HOCTH M.

Breném dynkimio

N EEY i+j<m
I(Z’J’m)_{i+jm i+j>m.

Korga j mpo6eraer {1,...,l(m,1)}, suauenue I (i, j, m) npoberaer HOMepa
IIOJIMHOZKECTB, KOTOPbIE MbI paccMarpuBaeM Bmecre ¢ P;.
I(m,i
Iycrs 7 — nesoe ancio, 0 < r < 209 — 1. Tycrs (7155 Ti(mys))
COOTBETCTBYET [[BOMYHOII 3aIicy ducia 7, a umento r; € {0,1}, 71 pasen
3HAMEHHIO MJIAJITIETO PAsPAJIA, T(m, ) — CTapmiero. Onpesesim

Bi(r,m) = U Pri jm)-

Je{1,.. (1m )}
T‘Jf

Tax r 3asiaer, KaKue MOJMHOXKECTBA BXOJIAT B 00bEIUHEHHE.
st muoxkecrsa Bepmma P onpenesium rpad Sp(i,t, 7). Ilycrs
Sp(i,t,r) — ABymoIbHBIN Tpad, mepBasi J10J1s1 KOTOPOIO COCTOUT U3 Bep-

et p(i,t) € P, BTopast Joiist coBlajiaeT ¢ MuozxectsoM | J;- (m ) Priijm)-
MHO>KeCTBO BEpIINH CMEXKHBIX € P(i,t) eCTh MHOXKECTBO BepIJ_[I/IH Bi(r,m).

[IycTb MommHOCTD TOJIMHOXKECTBa P; paBHA 2l(m;0) (i=1,...,m). Ilo-
TpebyeM, urobbt U, 0618171 ClIeLyomuMu cBoiicTBaMi. MHOXKeCTBO Bep-

s rpada Uy ecrs P. Jljist moGbIX HATYPAIBHBIX § < 1M, JIs JIOObIX
m,t .

nemsix 7 € {0, ..., 219 —1} nommuoKecTBO <U (m.i) P[(m,m)) U{p(i,m)}
nopoxzaer rpad Sp(i,r, ). 3amernm, aro Uy € W.
. o /

Tenepn j1okazkeM, 9TO BBeAEHHBIH BhIme rpad Uy ynusepcasien Jis

K. Pacemorpum npousBosibHbIil rpad G € K. Ilo ompenenenuio B yHU-

BepcaIbLHOM rpade MOKHO HAWTHCH MoaMHOXKecTBO M, comepakariiee m

BEpIINH, KOTOpoe nopoxkiaer uzoMopdueiit G rpad. Ilo ompenesenuio

K, rpad G € K wumeer m BepIInH, KOTOPbIE MTOMEYEHbI YHCJIaMU OT 1

110 m 6e3 nosropenuit. Ilycre ¢; BepimuHa rpada G ¢ momerkoit 3. [lpu

nocTpoeHnu nojaMuoxkecrsa M C P BepinuHe g; OyJileT COOTBETCTBOBATD

HekoTopas Bepruaa u3 P;. Oupenesinm, kakasi umMeHHo. Panee MbI j10r0-

BOPHUJIUCH B PAMKaX IOIMHOYKECTBA BEPIIHUH C OJJMHAKOBBIMU ITOMETKAMU
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pa3/ImvaTh BepHIMHBI 110 HOMEpPY. V3 mommuoxkectBa P; BKIodaem B M
BEPINNHY ¢ HOMEPOM T;, KOTOPBII omnpeesnsierca Tak. IlycTts Homep r; co-
OTBETCTBYET B JIBOMYHON 3aIUCH (751, - -, 7 [(m,)), KAK TOBOPUIOCH BbI-
me, u st Kaxkgoro j € {1,...,1(m,q)} 3amaercs ciemyomumM o6paszom

1 KOTJIa gi CMEXKHO C g(; j.m)
7". . = 2J
bJ 0 unaue.

BamernuM, 9T0 BHIGOP HEKOTOPOI BepIUHBI P(i,7;) HE BIUIET Ha BO3ZMOXK-
HOCTH BBIOOpa BEPIIMHBI C JAPYIHM §, TaK Kak 110 nocrpoennio U s
moboro j € {1,... 1(m,i)} Bepmmua p(i,7;) CMEKHA WM HECMEXKHA OJI-
HOBPEMEHHO €O BCeMH BepmuHaMu u3 Py j ). UTak, 6iaronaps Takomy
OIIPEJIEJIEHUIO T;, COOTBETCTBHe BepiinH w3 M u BepruH G, COXpaHsieT
OTHOIIIEHNE cMeKHOCTH. Mbl oty unan TpebyeMbrii m3oMopdusm rpacdos
Gu (M).
Tereps mocuuTaeM, CKOJILKO BepHInH B yHUBepcaabaoM rpade Uy,
m m
! I(m,i
Ukl =Y IR =Y 21
i=1 i=1

Ecan m meuérro, To

UL | = ZQmTil m2 5.

i=
el

m
1
Ecmu m 41érno, To ¢ yueToM [ 5>

711/1]7[:7H0J1yqae1\/1

m/2

Ukl =2l ¢
=1

i

DD e m
o5l = o514 T o%
el 2 3

-2

JlemMma, jloKa3aHa.
[TomyunM HIMKHIOIO OIEHKY CJIOXKHOCTH 3aJiaHus Kjacca K.

Jlemma 2. Jlas aob6oz20 m > 0 eepro

m—1
2 .

1
Ng(m) > -m2
e
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Puc. 1. Yuusepcasbusiit rpad Uy upu m = 5.

okazarenabcTBo. HurkHsist OllEHKa BBITEKAET U3 MOIIHOCTHBIX COOOpa-
skenuii. Ilycrs Uy — nponsBosibHBIN yHUBepCaIbHbIH rpad s Kiacca
K. Ilycte N — uucnio ero Bepmun. /s mosydennst HekoToporo rpada
G € K najio BbIOpaTh COOTBETCTBYIOIIEE 1M-BEPIIMHHOE TOJIMHOXKECTBO B
Ul . BoamoxuOCTel TAKOro BHI60pa JOJIKHO OBITH HE MEHBIIIE UHCIIa IPpa-
¢0OB, KOTOpBIE MBI XOTHUM IOJIYIATh, TO €CTh MOITHOCTH K . DTO ycjIoBUE
HaKJIaJIbIBAET orpaHuveHne Ha V.

m(m—1)

MommnocTs kiacca rpados |K| =27 2 [2]|. Bepxuss onenka umc-
JIa BO3MOYKHOCTE{i BBIOOpPa 71 BEPIIHMH C PA3JINIHBIME HOMeTKamMu u3 N-
BEPIIMHHOTO MHOYKECTBA, B KOTOPOM IIOMETKH MOI'YT IOBTOPSITCS, €CTh
(m)-

OTmeTHM, 9TO PACCMOTPEHNE BEPXHEN OIEHKH THCJIa BO3MOXKHOCTEN
BBIOOpA M BEPIIMH BMECTO TOYHOIO YHCJ/IA ITOHIKAET HUZKHIOIO I'DAHMUILY
MHOKECTBA 3HAYEHWi, KOTOPble MOXKeT NpHHUMaTb N, COIJIaCHO yCJIo-
BHUIO, HAJIOXKEHHOMY Ha N BbIIIE. DTO HECKOJIBKO YXY/IIAET HUKHIOO
oneHKy i N.

N
PaccMorpuM ciieiyIoniyo BepXHIOIO OIEHKY (m) Himrl <m <N
BBITIOJTHAIOTCST COOTHOIIICHST
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4

Puc. 2. Yuusepcanbusiii rpad Uy npu m = 4.

N_ N (N-mN-mt1). o(N=1) N _
m)  m(N—-m) ml(N —m)! h
N™ M. N™
< < .

m! mm

B nmociennem HepaBeHCTBE UCIONB30BAHO YTBEPZKICHHUE, UTO JJIs JIIOOBIX
m
m > 1 Bepno - < m!, KoTOpoe JoKasbIBaeTCs, HanpumMep, B [1].
T N
Haiiném nHmxHo onenky jiss N u3 mepasencra |K| < (m), rie

1 < m < N. U3 HepaBeHCTBa CJIEJIyeT, UTO
mm-1) ™. N™
27 < —.
mm
Bripazus orcioyia N, mosydaem
1 m—1
-m27 2 < N.
e
ITockoabKy paccyKIeHusI BEPHBL JJIsl TPOU3BOJILHOTO YHUBEPCATIHLHO-
ro rpada s kiiacca K, OHU BepHBI U JIJIsi MUHIMAJIBHOT'O, CJIEJIOBATEIb-
HO, CJIOXKHOCTB BJioKeHHsT Ng (m) Takxke yJOBJIETBOPSIET COOTHOIIEHWIO
m—1
im27s < Ng(m) npum > 1.
JlemMa mokazaHa.
YTBep:kaenne TeopeMbl 1 ciepyer u3 jgemm 1 u 2.
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4. Jloka3aTeJbCTBO TeOpEMbI 2

JlemMma 3. Jlas 06020 m > 0 M0dHCHO NOCMPOUMD \-YHUGEPCANLHDLT
ons waacca K epadp Uje u

m—1_ A
2m2 2 T m m — Hewy.,
m—1 A
Ng(m,\) < 3m27z = m—wuém., 0< A<,
m—1 A _
2m 272 m m — uwém., %<)\<m(n; )

HokazarenscrBo. Ilocrponm rpad Uj, JoKaxKeM ero yHUBEPCAIbHOCTD
I Kitacca K, mojicanTaeM KoJimdecTBo BepinH. [losrydaennoe dnciio Bep-
muH OyJeT ABIATHCS BepXHEH OneHkoil ciokuoctu Np(m, A), Tak Kak
KOJIMIECTBO BEPIINH B MUHUMAJBbHOM YHUBEPCAJIBLHOM I'pade st KJIacca
K me Gosbie JaHHOTO.

Paccmorpum MHOX)KecTBO BepmuH P ¢ IIOMETKaMH M3 MHOXKECTBa
{1,...,m}. MuoxecTBO P COAEPXKHUT M NOJAMHOXKECTB Bepiiud P, ...
.oy Ppy. TlommuoxkectBo P; (i = 1,...,m) onpejeisieTcsi Kak ITOJMHO-
ZKECTBO BEPINNH, KOTOPble NMEIOT IMOMETKY 4. UTOOBI CCHLIATHCI Ha OT-
JleJIbHBIE BEPIITUHBI MHOXKECTBa P, yIOpsII0UNM B paMKaxX KayKJI0ro IO
MHOKECTBa BEPIINHBI B IPOU3BOJILHOM Topsiike. [lycrs t — HarypasbHOoe
quciio, t < | P;|, Torga uepes p(i, t) obo3HadnM BepiuHy u3 P; ¢ HOMepoM t.

OrnienibHO OyjteM paccMaTpUBATDL CIyYau, KOTJA 1M HEIETHO U YETHO.
Beeném dyukimio

( mTflf]%[ mHeq.,izl,...,)\f[%]m,
mTfl—[%] mHeq.,i:)\—[%]m—i—l,...,m,
[mTfl] muaér., i =1,..., 5 + A,
0<AL T,
, m—1 muér., 1 =3 +A+1,...,m,
l(m,i,\)= ] 2 [ 0<§\<%,
(27 = 5[ mer, i =1 A= 5= [R5 m,
m<)\<m(m—1)
2 X7 2 o
[mTfl]f[%fg] MUeT., i = A\~ 5 — %—%]erl,...,m,
m )\ g miml)

SuadyeHne 5TOH (PYHKIUH MOXKHO MOHUMAThH KaK KOJMIECTBO ITOJIMHO-
2KECTB, KOTOPbIE Mbl PAcCMaTpUBaeM BMecTe ¢ P; B 3aBUCHMOCTH OT YeT-
HOCTHU " ¥ BEJIMYUHBI \.
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Breném dyukimio

(i i+j<m,
I(Z’]’m)_{i+jm i+ j>m.
Korma j mpoberaer {1,...,1(m,i,\)}, suauenne I(i,j, m) upoberaer HoO-

Mepa MOJIMHOXKECTE, KOTOPBIE MBI pACCMAaTpUBaeM BMecTe ¢ P
I(m,i,\
ITycrs 7 — mestoe ancio, 0 < 7 < 244N — 1. Tyers (rq, . .. S Ti(maiN))
COOTBETCTBYET [[BOMYHOII 3alicy ducia 7, a umento r; € {0,1}, 71 pasen
SHAYEHUIO MJIAJITIETO PA3PAJIA, Ti(m ;) — CTapirero. Onpesesmmm

Bi(r,m,)\) = U PI(i,j,m)'
Je{la’l(mﬂ:)‘)}
ri=1
Tak r 3a/1aeT, KaKue MOJAMHOKECTBA BXOJAT B 00bEIMHEHHE.
st muOXKecTBa Bepmua P onpepemum rpad Sp(i,t,r,A). Ilycrs
Sp(i,t,r,\) — naByJIOJbHBIE Tpad, mepBast J0Jisi KOTOPOIO COCTOHT
u3 Bepummnbl p(i,t) € P;, Bropas JoJisi COBIaJAeT € MHOXKECTBOM
i1 T(i,j,m)- MHOMKECTBO BEPIINH CMEKHBIX C P(i,t) €CTh MHOMKECTBO
BepiuH B;(r,m, ).
IIycrs MomHOCTh mopMHOKecTBa P; pasma 24N (1 = 1,... m).
[Torpebyem, arober Uj, obnanas ciaemyomumu csoiicrBamu. MHoxKecTBO

sepin rpacda Ul ecrs P. Jlist 06bIX HATYPAIbHBIX § < M, JIst JIO-

obIx estbix 7 € {0, ..., 2/0™4N) 1} nonmmoxkecTBo (U;(:ml’l’)‘) PI(z‘,j,m)) U
U{p(i,r)} mopoxnaer rpad Sp(i,r,r,\). 3amernm, uro Uy, € W.
Teneps J10KazkeM, 9TO BBeAEHHBI Bbiite rpad Uj, yHUBEpCaIeH st
K. Paccemorpum tpousBosibHbIil rpad G € K. Ilo ompenenenuio B yHU-
BepcaIbHOM rpade JOJKHBI HAWTHUCH ITOJMHOMXKECTBO BepiuH M u moj-
MHOKECTBO Iap BepiuH Fj; Takue, 910 B HOpoXKA€HHBIN Tpad (M) mo-
CTaTO4HO J106aBUTH He Gostee A pébep, urobel rpad (M) cran usomopd-
HbIM G, TPUIEM Hapbl KOHIOB 3TUX PEGEP JOJIKHBI PUHAIEKATE Fjy.
[To ompenenenmio K, rpad G € K umeeT m BepIuH, KOTOPHIE TOMe-
YeHBbI YucaMu oT 1 J1o m 6e3 nosropenwuii. [lycts g; Beprmuaa rpada G ¢
nomeTkoit ¢. Ilpu nmocrpoenun noamuoxkecrsa M C P Bepmune g; 6yier
COOTBETCTBOBATL HEKOTOpas BepmnHa u3 P;. OnpemennM, Kakask UMEHHO.
Pamee MBI TOTOBOPUJINCH B paMKaxX MOJMHOXKECTBA BEPIIUH € OJINHAKO-
BBIMU TIOMETKAMHU Pa3jaudaTh BEPIIUHBI 110 HOMepy. M3 moaMHOXKeCTBa
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P; Bxiiogaem B M BepIIuHy ¢ HOMEPOM 7, KOTOPBII OIpeIessieTcs TaK.
ITycTs HOMED 7 COOTBETCTBYET B JIBOMYHOII 3ammch (71, ... s Ti l(m, /\)),
KaK T'OBOPHWJIOCH BblIIlle, U st Kaxkjoro j € {1,...,1(m,i,\)} 3amaercs
CJIEIyIOIUM 0Opa3oM
- 1 Korjia g; CMEXKHO € gr(i j.m)>
J 0 unaue.

aMeTHM, ITO BBIOOD BepIIuHbI P(i,7;) HE BJIUSET HA BO3MOXKHOCTHU BbI-
3 ) 6 ) 7
6opa BepHINHBI C UM 7, TaKk Kak 1o nocrpoenuio UY- nys mo6oro
’ K

je{1,... l(m,i,\)} Bepumna p(i,r;) CMeXKHA WA HECMEXKHA OJJHOBPE-
MEHHO CO BCeMH BepIIMHAMA U3 Pr(; jm)-

Nrak, 6iaromaps TakoMy OIPEIEIEHUIO T;, COOTBETCTBUE BEPIIUH U3
M u BeprmmH (G, cCOXpaHSeT OTHOIIEHUE CMEKHOCTH, ecyin (G yIOBJIETBO-
psIeT caeyoIeMy yeaoBuio. Js 1oboro HaTypasbHOTO 4 < 1M BEpITHA

l(m7170)
g; HE cMexkna ¢ BepIIuHaMu 13 Uj:l(m,i,/\)+1{g[(i7j,m)}' Jlnsa coxpanenust
OTHOIIIEHUST CMEYKHOCTH B Caydae mpousBosbHOoro G € K| nocratodro
106aB/IATh HeoOXomuMble PEOpPa ¢ KOHIIAMU U3 CJIEIYIOIIEro MHOXKECTBA
HEYTTOPSIIOYEHHDBIX TTap
Ey = U {09, 91(3,5,m)) }-
i=1,...,m
j=l(m,i,A\)+1,...,1(m,i,0)

Herpyuso npoBeputs, uro jeiicrBurensbho |Eys| = A. Mbl nosyunian tpe-
6yemblit m3omopdusm rpados G u (M).

Tereps mocuuTaeM, CKOJILKO BEpIINH B yHUBepcaabHoM rpade Uy,

m m

Uk = Y IR = Y2,
=1 =1
Ecnu m weuérno, To
A=[a]m m
U = o=l 4 3 o -] <
=1 i=A—[2]m+1
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Ecimm m wérno n 0 < A < 5, o

TN

A P ST SiP s ol S L

i=1 i="+A+1

Ecm m wérno m % < A < m(ng_l), TO
N T
wgl= Y el
i=1 G=A—

JlemMma joKazaHa.

[TosryunM HUZKHIOIO OIEHKY CJIOXKHOCTHM 33JiaHus KJacca K.

Jlemma 4. Jlasn 06020 m > 0 u 06020 A makxozo, wmo 0 < A <

8EPHO CACOYIOULLE HEPABEHCTNEO

1 m—
Ng(m,\) > —-m 9"7 -

e

A
m

483

m(m—1)

2

HokazarenbcTBo. HiKHsist OleHKa BBITEKAET U3 MOIHOCTHBIX COOOpa-
sxkenuii. ITycrs U}, — NpousBONIBbHBIN yHUBepCATIBHbIN rpad [ist Kiacca
K. llycte N — uucnio ero Bepmun. /s monydennst HekoToporo rpada
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G € K Hajo BbIOpATH COOTBETCTBYIOIIEE 1M-BEPIIUHHOE ITOIMHOXKECTBO
M B U}.. Kpome sroro, nociie BbI60pa m-BePIIMHHOIO HOAMHOKECTBA MBI
JnobaBiIsieM, ecIu HaJl0, pEOpa B 3apaHee ONPEIEIEHHBIX I KaxKa0ro M
mecrax Ejpr. Kommaecrso takux mecr |Ejf| = A. Beero Bosmoxknocreit
3agars rpad ¢ momompio Uj yKasaHHBIM CIOCOOOM JIOJKHO OBITH He
MeHbIIe YnCia TpadoB, KOTOPbIE MBI XOTHM IOJIYIATh, TO €CTh MOIIHO-
ctu K. D10 yCaoBUe HaKJaJbIBaeT orpanuveHue uHa N.

Momraocrs kitacca rpados K| = R [2]. Bepxustst onenka 4uc-
Jla, BO3MOXKHOCTEll BBIOOpa M BEPIIUH € PA3JUIHBIMU TOMETKAMH U3
N-BepIIMHHOIO MHOXKECTBa, B KOTOPOM IIOMETKH MOTYT HOBTOPSITHCS,
€CThb (% ) TTocite BBIGOpA MOIMHOMKECTBA BEPIIHH €CThb elé He 6osee 27
BO3MO2KHOCTEH PacCTaBUTH PEOPa HA A MECTax.

OrmeTnM, 9TO pacCMOTpPEHHE BEPXHUX OIEHOK ITOHMYKAET HUYKHIOK
PPAHUIly MHOXKECTBa 3HAYEHWIl, KOTOpble MOXKET UpuHuMarb N, npu
YIOMSIHYTBIX BBIIIE OI'PAHUYCHUSX. DTO HECKOJIBKO yXVIIIAeT HUXKHIOKO
oreHKy mjist N.

PaccMmorpuM citeryIoniyio BEepXHIOIO OIEHKY (g) il <m < N

BEPHO
(N ) em . N™
< —
m m™
Haiiném mmzkaioo onenky st N u3 Hepasencrsa | K| < (T]X ) '2>‘, rie
1 <m < N. U3 #HepaBeHcTBa CJIeyeT, ITO

2m<m—1> em . N™

T < 22,

mm
Bripasus orcioga N, momxydaeMm

1 m=1_ A
-m2 2 m < N.
e
ITockoIbKy paccyKJAeHusi BEPHBI JJIsi ITPOU3BOJILHOTO YHUBEPCAILHO-
ro rpada 15 Kiacca K, OHI BepHBI U I MUHUMAJIBHOTO, CJI€I0BATE b
HO, CJIOXKHOCTH BJtoxkeHust N (1m, \) TakzKe yI0BJIETBOPSIET COOTHOIIEHUIO
Im 2" i < Ng(m,A) upu m > 1.
Jlemma joKazaHa.
VTBep:KieHre TeOpeMbl 2 CcjieyeT u3 jeMMm 3 u 4.
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5. /lokazaTeabCTBO TeopeMbl 3

JlemMma 5. /s 1106020 m > 0 MOHCHO NOCMPOUTID YHUGEPCANLHBIT 0N
waacca T epagp Ul u

Nr(m) < m? —2m + 2.

Hoxka3zaresbcrBo. CHavaja IOCTPOMM TPUBHAJBHBIN yHUBEPCAJIbHBIH
rpad st T. Tlorom BHeCEM B HEro M3MEHEHUs! U JIOOBEMCs 3HAUUTEIb-
HOT'O yMEHbBIIEHUS YUC/Ia BEPIINH, COXPAHUB CBOMCTBO yHUBEPCATHHOCTH.
[Tony4yenHoe YMCIO BEpIIUH Oy/IET SIBJISITHCS BEPXHEH OIEHKOM CJI0ZKHO-
cru Np(m), Tak KaK KOJIMYECTBO BEPIINH B MUHUMAJBHOM YHUBEPCAJIb-
HoM rpade 1y Kiaacca 1’ He 60JbIe JTaHHOTO.

[TepBorit yHUBEpCabHbIN Ipad s Kiaacca 1, KOTOPBI MbI ceifuac
OPEJICTINM, SIBJISIETCSI OMEYEHHBIM JICPEBOM C KODHEM, €r0 BEpIIUHbBI
umeroT ioMerku u3 {1,...,m}. Jomyckaercs, 94ro HECKOJIBLKO BEPIIUH MO-
IyT UMeTh OJinHaKOBbIe ToMeTKr. OBG03HAYNM 9TO yHUBepcasbHoe jist T’
nepeso depes Y. B KOPHEBBIX JePeBbsiX Kazk 107 BEPIIIHE MOYKHO B3alM-
HOO/THO3HAYHO COIIOCTABUTH IIPOCTYIO IEllb, ¢ HAYAJIOM B KODHE U KOHIIOM
B JanHoii Bepumue. Ilycrs y — Hekoropas Bepumnua Y. O6o3HadnM te-
pe3 C(y) ynopsiioueHHbIii HAOOP BEPIINH, BXOJAINIUX B IEMb B IIOPSIIKE
CcJIe/IOBaHUs OT KOpHst jepesa Y7, no sepumnsl y (y € C(y)). Hucio
|C(y)| MOXKHO TakzKe paccMaTpUBATL KakK HOMED sipyca, B KOTOPOM HaXO-
qurest y. Obosnaanm depe3 P(C(y)) MHOXKECTBO IOMETOK BEPIINH, KOTO-
pbIMHU 1TOMeYeHbl BepiuHbl B Habope C(y).

Hepeso Y/ ompejensiercs ciefyomuM npasuioM. Koprem Jepesa
SIBJISIETCSI BEPIIMHA ¢ TOMETKON «1». C KayKJIoit BepIMHON Y CMEeXKHBI

—|C(y)| Bepmmu u3 spyca ¢ nomepom |C(y)| + 1, KOTOpbIe UMEIOT pa3-
qargHble omerkn u3 muoxecrtsa {1,...,m}\P(C(y)). U3 oupenenenus
cstejtyeT, 9To Jiis Jiioboro y momerku BepiuH B C(y) He MOBTOPSIIOTCS.
Beero moxer Geirh m sipycos. Kosmdecrso Bepurun B Y/, 10CTATOYHO
sesnko: (m — 1)! < |Y]| < m!. Ono pasuo

\YTy_1+ZHm 7) _1+Z _1_)'2)

=1 j=1

JokazkeM yHUBepCaIbHOCTD Yy, jiist Kitacca 1. JlocTaTodHo Jyist mpo-
u3BOJILHOTO JiepeBa G € T’ oKa3aTh CyIIECTBOBAHUE ITOJIMHOYKECTBA BEP-
umn My rpada Y. takoro, aro (My+) uzomopden G. Hamomuum, 4o
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T — kj1acc M-BepPIIUHHBIX HEOPUEHTUPOBAHHBIX [TOMEUEHHDIX JICPEBHEB C
nomMeTkaMu u3 MHOKecTBa {1,...,m}, Ipu4ém pasHble BEPIIUHBI UMEIOT
pasHble ioMeTKH. B jioboM jiepeBe G € T’ ecTh BepIuHA € TOMETKOH «1»,
OyaeM cunTaTh eé KOpHEM.

st mpowsposibHOro G € T' moaMHOXKeCTBO My CTPOUTCS CJIEIYIO-
M obpasom. Bynem mpocMmarpuBaTh mmoovuepenu sipychbl jepesa G, Ha-
quHas ¢ KopHs. Kaxkjoif BepllnHe U3 TEKYIIEero sipyca CTaBUM B COOT-
BETCTBUE BEPIINHY W3 Yjﬁ C TaKOH »Ke IIOMETKOI, COXpaHsis OTHOIIEHUE
CMEXKHOCTH, U BKIo4UaeM e€ B My. Jlokaxkem, 9TO 9TO BCErJia BO3MOXK-
HO.

ITycTs BepmnHe ¢ momeTkoit «1» jepeBa G COOTBETCTBYET KOPEHb Jle-
peBa Y/, KOTODBI Takske [0 ONpeJeIeHNIO NMeeT HoMeTKy «1». Ilpex-
[OJIOXKHUM, YTO yKe HaiijeHo coorsercrue jyist ¢ (1 < ¢ < m) HUKHAX
sapycoB. PaccMorpuM npousBo/ibHYIO Bepiinay ¢ € (7, JIexKalllyio B i-TOM
apyce G. ITycTs eit 1o IpeaIoIozKeHnIo COOTBETCTBYeT BepmuHa y € My-.
Bepruse ¢ 0lHO3HAYHO COOTBETCTBYET IIPOCTasl Helb g1,...,(¢ = g),
IJle KOHell g1 — KOpeHb Jepesa. Ilo mpesrosioikeHuto, [jisi BEPIIUH 3TOM
e y2Ke HaflJeHbl COOTBETCTBYyIoMNe Bepmuuel B Y. Omu o6pasyror
C(y) C My, Tak xak nenu B G JI0JZKHA COOTBETCTBOBATH NENb B Y,
IIOCKOJIBKY 110 IIPEIIIOJIOXKEHNIO OTHOIIEHNEe CMEXKHOCTU COXPAHSIETCS B ¢
HIDKHUX APYCax.

[Tomerku epmua B (G He TOBTOPSIFOTCS, 3HAYUT B ¢ + 1-oMm sipyce G
MOI'YT HAXOJUTHCs TOJBKO BEIUHBI € TIOMETKAME OTJIMIHBIMHA OT T€X, YTO
BCTPEYAIOTCA NPH BepIIuHaX Henu gi,...,J. 110 onpejaenenuo Y., Bep-
mure y B sipyce i + 1 = |C(y)| + 1 emexkubr m — |C(y)| Bepmn co scemu
nomerkamu, koropsie enié ze pouum B P(C(y)). Ilosromy npu pacemorpe-
HUM ¢ ¥ BEPIIMH U3 CJIS/IyIONIEro sApyca, CMEKHDIX C ¢, MbI BCEIJIa MOXKEM
HAATH Isi HUX COOTBETCTBUE M BKIIOYUTHL B My, ITockoibKy B Jepese
Y/ mer nukioB, coorsercrsre Bepiind G u BepmmH u3 My coxpamsier
OTHOIIIeHHe CMexKHOCTH, 3HaIuT G nzomopden (My).

Teneps npeobpasyem Y7, ymenbiast quciao sepums. OIpesesnM ome-
pallio CKJIEHIKM BEPIINH 3/leCh KaK OTOXKJ/IECTBJIEHUE BEPIINH U3 HEKO-
TOpOro mojaMHOXKecTBa. [lpu 3TOM ymassdioTcsa meTyin U KpaTHbie PEOpa,
eCJI OHU BO3HMKAIOT (B 9TOM JIOKA3aTEJIbCTBE OHM BO3HUKATH HE OY/IyT).
[Tycrs muist so60oit Beprimubl y depes S(y) 0bo3HATAETCST MHOXKECTBO Bep-
IIIUH, CMEXKHBIX C Y. 3aMETHUM, UTO IIPH CKJIEHKe BEPIIMH HEKOTOPOTO O
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MHOXKECTBa, Z MHOXKECTBO BEPIIUH, CMEXKHBIX C PE3YJIbTATOM CKJIEHKU,
cocront u3 | J ¢, S(2)\Z.

IIpeoGpasosamue Y7 3ak/modaercst B cieyiomeM. CKICHBAIOTCA Bep-
IIUHBI YIOBJCTBOPSIONINE TAKUM CBoMicTBaM. [ljist JIIOOBIX JIBYX BEPIIUH
Y U § U3 CKJIEMBAEMOTO TIOIMHOYXKECTBA BEPHO:

1) y u § UMEIT OJMHAKOBBIE OMETK.

2) VYnopsiiouennsie Habopasl Bepumt C(y) = y1,...,%i—1,y (1 < i <
<m) uCW) =91,.-.,9-1,9 (1 < j < m) conepkar BepHINHBI
Yi—1 1 Jj—1, KOTOPBIE NMEIOT OIIHAKOBBIE [IOMETKH.

Bynem roBoputh, 9T0 HEKOTOpas BEPIIUHA MPEJIIECTBYET JTAHHONW, €CIIH
pU JIBUKEHUH IO IEIU OT KOPHSI OHA, CTOUT HA OJIHY IO3WITUIO OJiKe
K KOpHIO. TakuM 0Opa3oM, CKJIEUBAIOTCS BEPIIUHBI, KOTOPbIE BMECTE C
MPEJIIECTBYIONUMHI BEPIITMHAME 00Pa3yIOT OJIMHAKOBBIE YIIOPSTOUEHHBIE
rnapahl.

13 oupeesennst Y. ce/yetT, 4To B CKIIEHKE MOTYT y94acTBOBATD TO/Ib-
KO BEPINUHBI, CTOAIINE He HUYKE TPETHETO sIPYCa, TAK KAk BO BTOPOM SIPY-
Ce BEPIIINHBI UMEIOT pa3Hbl€ IIOMETKMN, U BCEM BEPIIMHaAM IIPEANIECCTBYET
KOpPEHb C MOMEeTKOI «1», KoTopas OoJibIlie HUTJIE B Yjﬁ He BCTpeYaeTcs.

B tperbem sipyce cojepskaTcss MpEJCTABUTETN BCEX TOJMHOMKECTE,
KazK/10€ U3 KOTOPBIX CKJIEMBACTCA B OJHY BEPIIUHY. HO3TOMy BepIn-
HBI TPETHETO SIPYCA €CTECTBEHHO PACCMATPUBATH B KATECTBE PE3YJILTATOB
CKJICHKY KaXKJIOT0 M3 MOJMHOXKeCTB. [lelicTBUTENIbHO, B CKJIEHKAX ydacT-
BYIOT BEPIIMHBLI CO BCeMHU IoMeTKaMu Kpome «1». Ilo ompenenenuio Y.,
KaxkJlagd BEPIIMHA BTOPOTO Apyca ¢ OJHON M3 m — 1 BO3MOXKHBIX TTIOMETOK
MPEJIIIECTBYET BEPIUHE ¢ OJTHON U3 1M — 2 OCTABIINXCST TOMETOK. [loaTo-
MY BEPIIUHBI TPETHEro Apyca 00pa3yioT C MPEIIIeCTBYIONNMI BEPIITNHA~
MU BCE€ BO3MOZKHbBIC YIIOPAJIOYECHHbLIEC IIapbl. MOH_[HOCTI) TPETHEro dpyca
pasra (m — 1)(m — 2).

B pesynbrare nmonyuaem rpad uz W, KOTOpBIil yKe HE SIBJIsI€TCH Jie-
pesom. O6osnaum ero Ul.. Konudecrso sepiun B Ul HETPYIHO TOJCYH-
tarb. OHO PaBHO CyMMe MOIIHOCTEl TPEX HIKHUX sAPYCOB Y.

Upl=14+(m—-1)+m—-1)(m—-2)=1+(m—1)>=m? —2m + 2.

HoxazkeMm, 1aro rpad Ul yuusepcasen aist T. Ilpoxesraem sro B asa
srara. Bo-1epBbIX, JokaxkeM, 4To s Jjioboro gepesa G € T B Ul co-
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Puc. 3. Yuusepcasbusie rpadst Y, u Us npu m = 4.

JepxkuTcst uzoMopdubiit emy nogarpad Gy [lycrs M — MHOXKecTBO Bep-
muH Jepesa Gp. Bo-Bropbix, jokaxkem, uro B (M) mer nukios. Tem
caMbIM, JjIs JTF000ro JepeBa (G € T Mbl yKa3bIBaeM IIOJIMHOXKECTBO Bep-
e M rpada Ul rakoe, aro G uzomopden (M). Ilo onpenenenuio sto
O3HAYAET YHUBEPCAIBHOCTH Ul. JleficTBuTeIbHO, /1/Ist TOro 4TobbI Jepe-
Bo Gy, Bxomsitiiee B Ur B KadecTBe noarpada, 66110 m30Mop@dHO rpady
(M) nocrarouno, arober rpad (M) me nmen nukios. Ilocrennee Bepro
u3 ciepyomux coobpaxkenuii. Bee seprmusl Gy Boiiayr B (M). Ecan
JiBe BepiiuHbl w3 M ObLu cMexkHBI B (Gi7, TO OHM OCTaHYTCSI CMEYKHBIMUI
B (M). Ocraercs nokazars, uro B (M) He nobaBurcst pébep, KOTOPBIX HET
B Gy . llosinenne B jiepeBe HOBOro pebpa, 6e3 m00aBisisi HOBBIX BEPIIWH,
9KBUBAJIEHTHO MOSIBICHUIO TTUKJIA.

Iockonbky rpad Y/ yuusepcanen jyist T', To mst moboro G € T on
conepzut noarpad Gy, usomopdustii G. Ilpu npeobpaszosanuu Y, B U7,
CKJICMBAIOTCS TOJIBKO BEPIIUHBI C OJJMHAKOBBIME 1ToMeTKamu. I'pad G € T
COJIEPXKUT BEPIIUHBI C PA3IUIHBIMYI [TOMETKAME, 3HAUUT MEXK]Iy BEPIIHU-
Hamu Gy J10 Tpeobpa30BaHust, U BEPIIMHAMU, B KOTOPbIE OHU MEPEILIN
pu 1peodpasoBaHUN, €CTh B3aMMHOO/IHO3HAYHOE COOTBETCTBHE. JIobas
mapa BepiH u3 Gy COXpAHsIeT OTHOINIEHWE CMEXKHOCTH IIPU TIEPEXoJie B
napy Bepiiud u3 Gy, Tak Kak Jiobas BepinuHa rpada Gy MOXKeET CKiie-
UTHCsI TOJBKO C BEPINMHOM C TAKOW ¥Ke TIOMETKOM, a 3HAYNUT He MPUHAI-
Jiexkarneit MHoykecTBY BepiuH rpada Gy . [lostomy nmoarpad Gy mocie
CKJIEHKU TIEPEXOIUT B HEKOTOPBIN M30MOPdHBIH eMy Toarpad, KOTOPBIi
MbI obo3Haunn G.
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Orcyrcreue nukios B (M) nokaseiBaercs: Tak. Oupenesum B rpade
U, tpu mnoamuoxkecTBa Bepmiui. 1lyers Ul — MOJMHOMKECTBO BepIINH,
KOTOPBIE HAXOJATCS HA PACCTOSIHUM § — 1 OT KOpHsI (BEPIIMHBI C IOMET-
koit «1») (¢ = 1,2,3). Kax cieayer us oupezesnenust, 8 UJ. Her BepuuH,
HAXOJISAIIMXCS OT KOPHSI HA PACCTOAHUU OOJIBIIE JIBYX.

Ecim nepeso Gy ne nmeer sepumnn B U3, o (M) ne numeer mukios (B
11peoGpa3oBauy Y, y4aCTBOBAJIN BEPIIHHLI He HUZKE TPETHEIO sPYCa).

Jomnyerum, Gy umeer sepmiuubl, npunajieskamme US. Ilyers g1 u
go — HEKOTOpbIE BEPIWHBI U3 U%. IIycts Torma ¢ — BepmwuHa U3 U%,
CMEXKHas C g1, U Jo — BEPIIMUHA U3 U%, cMexKkHasi ¢ go (€ KaxKJI0il BepIiy-
Hoit u3 U cMerkHa TOIbKO ojiHa Bepmna u3 U2 ).

Paccmorpum cBoiicTBo, cieyomiee u3 oupegenenust U, O6o3nadnm
ero (x). IlpousBosibias napa BepimuH gy u go u3 U3 MoxkeT GbITH coe/u-
HeHa PeOpPOM B OJIHOM U3 JIBYX CJIYUAECB:

1) g1 u go UMEIOT OJIMHAKOBBIE TOMETKH.

2) §1 M g2 MIMEIOT OJINHAKOBbIE TTOMETKH.

Ecin 8 (M) ecTb mpoCTOil UK, B KOTOPOM BEPIIMHBI UMEIOT Pa3HbIE
IIOMETKH, TO €r0 MOYXKHO OTHECTU K OJTHOMY U3 CJIEJIYIONIUX BUJIOB:

(a) Lluka conepkutr Bepimmy, npunajexamtyio Us. Ilpu stom, 1o
onpeesennto U, UK 00s13aH COLEPXKATL J[BE BEPIIUHBI U3 U%,
COeINHEHHBIE PEOPOM.

(6) LIMKJT COEPKUT TOMLKO Bepmuubl u3 Us.

B o6oux caygasx (M) moiKeH comepkKaTh KOPEHb — BEpIIUHY C TIOMeT-
KOl «1». 3HAuUWUT, eciim IUKJI He NIPOXOJUT 4Yepe3 KopeHb, TO B (M) cy-
IECTBYET MPOCTast 1Elh, COSJMHSIONIAsA HEKOTOPYIO BEPIINHY U3 IUKJIA C
kopHeM. ObozHaunM eé (.

[uki Buza (a) He MOXKeT CyIiecTBOBaTh B (M), IIOCKOJIBKY IO CBOIi-
crBY (*) B JJAaHHOM I(MKJIe GY/IyT JiBe BEPIIUHBI C OJIMHAKOBBIMU [IOMETKA-
MH.

Paccmorpum nogpobuee citydaii (6). IlycTs Mbl mMeeM IPOCTOI UK
Z, B KOTOPOM BCe BepIIMHbI IIpuHayieskar U, NMeIoT pasHble TOMEeTKH.
Hormyctum, 9T0 Ha Z BBIGPAHO OJHO U3 JBYX HAIIPABJICHHH 00X0/1a, 1 060-
3HAYUM BEPIIUHBI COOTBETCTBEHHO 21, . . . , 2 (3 < 7 < m—2). MuoxkecTBO
nomerok tux sepmut — P({z1,..., 2 }). Hoamuoxecrso sepumn u3 UZ,
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CMEXKHBIX C BEpIIUHAMHE IUKJIA 21, ..., 2y, AMEIOT TO YK€ MHOXKECTBO I10-
MeToK, npyrumu ciosamu P({Z1,...,%,}) = P({#1,..., 2 }). Ob6o3naanm
510 cBoiicTBO (). JlokasbiBaercst oHO Tak. Beesém dyHKIMIO
Hig < f i+ itj<r
e i+j—r i+j >

Hukn Z obaasaer caemyromum cBoiictBoMm. Hampasiienue 06xo/ia Bepiina
MK/ Z MOZKeT OBbITh BRIOPAHO TaK, 1To Jobast BEPIMHA 27(; 0,r), [1€ 1 <
< ¢ < 7, UMeeT TaKylo XKe IOMETKY, KaK y BEPIIMHBL Z7(; 1 .. JlokaxeM
570. Bo-1IepBbIX, MIPU HEKOTOPOM HAIpaBJIEHUH 00XO/a IUKJIA BEPIIHHA
Z1(i,1,r) C TAKOli K€ IIOMETKOM, KaK Y 2(j0,r), CYIIECTBYET, HHAYE 110 CBOfi-
cTBY (*) He MOXKET CyIIeCTBOBAThH IUKJI Z. BO-BTOPBIX, JIOIyCTHM, CyIIle-
CTBYET BEPIIMHA 27(; () C TAKOIl 2Ke TIOMETKOIi, KaK U y BEPIIUH Z7(; 1 ;) U
Z1(i,—1,r) (9TO BO3MOXKHO TOJILKO, KOTJIa, BEPIITHHBI Z1(i,1,r) U Z1(i,—1,r) COB-
naJIaloT, Tak Kak B U2 HeT JBYX BEpIIHH C OJMHAKOBBLIMH TIOMETKAMH).
Torya 1o croficTBy (*) HafilyTcs BEPUMHBL Z7(k 1 1), 21(k,—1r) ¥ 21(k,0,r)
(1 < k < r), nmerornue ojuHakoBble oMeTkH. [lepBble /(Be IpuHaIeKAT
[UKJTY, TOJIYYW/IM [IPOTUBOPEYHE C TeM, UTO B IUKJIE Z BEPIIMHBI UMe-
I0T pa3Hble MOMeTKH. VI3 J0Ka3aHHOrO CBOWCTBA IUKIA Z ciemyer (kx),
to ectb P({%1,...,%.}) = P({z1,...,2-}). Suaunr, nensp () He MOXKET
[POXOJIUTH Yepe3 BepIIUHbI MHOXKecTBa {21,..., %, }. B nporusHoM ciy-
qae (M) comep:KuUT JiBe BEPIIMHBI C OJMHAKOBBIME IIOMETKAMH, 9Y€ro He
MOXKeT ObITh 10 onpejesieHuio M.

Tenepb B pamkax (6) paccMoTpuMm ciydaif, Korja mpocrast Ienb
wIST cHavasa wepes Bepmmnbl u3 U, npexkie uem mepeiitn B UZ. Q
UJIET K KOPHIO, MUHYSI {Z1, ..., 2 }. JloKaxKeM, 4T0 B 00beMHEHUN MHO-
JKECTB BepiuH () U Z o00si3aTe/IbHO COJEPXKUTCH Iapa BEPIIUH C OIu-
HAKOBbIMU TloMeTKamu. IlycTb q1 — KoHer nenu (), mpuHaIeKaImii 2.
Iycth g1, ..., ¢s (2 < s) — Bepumnnl neny, sexamue B U3, Tlyers §s —
nepBas OT KOHIA ¢ BepIINHa rend, Jexamast B Uz, B jaHHbX yejaosu-
sIX €CTh TPU BO3MOYKHOCTH cocyiecTBoBanust Q u Z B (M), pasperén-
Hble cBoiicTBOM (%). IlepBast BOSMOXKHOCTD CJleJIyIomIasi: JIJIsi HEKOTOPOI'O
k (2 < k < s) BepumHbL i, ...,Jk—1 U COOTBETCTBEHHO G2, ...,k UME-
I0T OJINHAKOBbIE TIOMETKH. Kak OBLIO JOKA3aHO BHIIIE (*), TIOMETKA IPU
(1 UMeeTCs Y HEKOTOPOI BEPIIUHBI ITUKJIA. JHAYUT, U OMETKA BEPIITHHBI
q2, IpUHAJIEXKAIIEH (), IMeeTCsT y HEKOTOPO# BEPINWHBI ITUKJ1a. Bropast
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BO3MOXKHOCTB: COBIIQAIOT ITOMETKU BEPIIUH (2, . . . , (s U COOTBETCTBECHHO
q1,--+,Qs—1. 3/1€Ch BEPIINHBI IENN 51 U (s UMEIOT OJMHAKOBBIE TIOMET-
k. TpeTbss BOBMOXKHOCTD: IIpU § > 2 BEPIIMUHBLI ¢ U (] UMEIOT Pa3HbIe
[IOMETKH, U CYIIeCTBYeT Takoe MUHUMAaJsbHOe i (2 < i < s — 1), 4T0 @41
U §; IMEIOT OJJMHAKOBYIO [IOMETKY. 3HAUUT, [0 CBOWCTBY (%) BEPIIMHBI §;
1 ;1 UMEIOT OJWHAKOBBIE TIOMETKHU, MHAUEe HE MOXKeT ObITH pebpa Ienn
Q, coemuusioniero §; u ¢;—1. CaenoBaTebHO, BEPITHHBI TETN 41 U 51
UMEIOT OJMHAKOBBIE MOMETKH.

Orcrojia osrygaeM, 4to B caydae (6) npocrast 1enb () uMeer JiBe ojiu-
HaAKOBO IIOME€YEHHbIC BEPIIINHBI, NI COJACPZKUT BepIHI/IHy, HOMequHyIO
OJIMHAKOBO C HEKOTOPOit BepmuHoii n3 Z. [Toyunim nporusopedne ¢ TeM,
4r0 BepiuHbl (M) NMEIOT pa3jndHble TOMETKH.

Urak, Mbl HaKOHeI] JloKa3ayu, 910 (M) He COJEePKUT IUKJIOB, a 3Ha-
9UT, KaK FOBOPWJIOCH Bbllte, rpad Ul yHuBepcasen s kiacca 1.

JlemMma jjoKa3aHa.

[Tosyunm HUZKHIOIO OIEHKY CJIOXKHOCTHU 33JiaHus Kiacca 1.

Jlemma 6. /Jlas ar06020 m > 0 eepro
1
Nr(m) > Cyp, m2, Cpn— ——0 npu m — +oo.
e

okazaTeabcTBo. HikHsIsT OlfeHKa BBITEKAET U3 MOIITHOCTHBIX COOOpa-
xennit. [lycrs Uéq — IIPOU3BOJILHBIN yHUBEpPCAJbHBIN rpad s Kaacca
T. Ilycre N — dmciio ero BeprwH. [jrst mosryderust HEKOTOpOro rpada
G € T Hajo BBIOPATh COOTBETCTBYIOIIEE M-BEPITUHHOE TTOJIMHOKECTBO B
Ul Bo3aMoKHOCTE}i TAKOrO BBIGOPA JIOJIZKHO ObITH HE MEHBIIE YUCIIA TPa-
¢0OB, KOTOpBIE MBI XOTHUM MOJIYYaTh, TO €CTb MOITHOCTU 1. DTO ycjaoBue
HaKJIQJIbIBACT OorpaHudenue Ha V.

ITo Teopeme Kesm cymecrByer poBHO m™ 2 pa3/iMuHbIX HOMEYEHHBIX
nepesbes ¢ m sepummamu [3]. To ectn |T| = m™ 2. Bepxusas oren-
Ka YHUCJIa BO3MOXKHOCTEH BBIOOpA 1M BEPIINH C PA3JIUIHBIMU ITOMETKAMU
u3 N-BepIIMHHOTO MHOXKECTBA, B KOTOPOM IOMETKU MOT'YT IOBTOPSATHCSI,

€CTb (N )
m
OrmeTnM, 9TO0 pacCMOTPEHUE BEPXHEW OIEHKH JHCJIa BO3MOXKHOCTEM
BBIOOpA M BEPIIUH BMECTO TOYHOIO YHC/IA MOHUKAET HUKHIOIO T'PAHUILY
MHOKECTBa 3HAYEHMl, KOTOPble MOXKET NPUHUMATHL [N, COTJIACHO YCJIO-
BUIO, HAJIO?KEHHOMY Ha N BBbIIlIe. DTO HECKOJIBKO YXYJIIACT HUXKHIOK

oreHKy mjist N.
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PaccMmorpuM BepxXHIOIO OIEHKY (%) s 1 < m < N BbInojHsgeTCs

HEPABEHCTBO
(N ) emn. N™
< —.
m mm

Haiiném mmzkuioo onenky st N u3 nepaserctsa |1 < (Z ), e 1 <
< m < N. U3 nepaBencTBa CJemyeT, 9To

m™ e NT
m? mm
Bripasus orcioga N, momydaeMm

1 1
~m? — < N.
e mm

Bripaxkenue % . % — % — 0 upu m — +o00. O6oznaunm ero yepes C,,.

mm
HOCKOJIbe pacCcyxKJieHs BEPHbI JIJId ITPOU3BOJIbHOI'O YHUBEPCAJILHO-

ro rpada st Kiaacca ', OHU BEPHBI U JJIsI MUHUMAJIBHOTO, CJIEJIOBATEIb-
HO, CJIOXKHOCTH BJIoKeHust N7 (m) TakzKe yIOBJIETBOPSIET COOTHOIIEHHIO
Nr(m) > Cp, m2, tie Cp — % — 0 mpu m — +oo.

JlemMa mokazaHa.

Y TBep:KIeHne TeopeMbl 3 caeayeT u3 jJeMMm b u 6.

B zaksrodyenne aBTOp BbIpaxKkaer OJIaronapHOCTH podeccopy
A. C. Tloakonsuny, mMoji pyKOBOJICTBOM KOTOPOT'O BBITIOJTHEHA 9Ta paboTa.
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