O aunammnke popM B CUMMETPHUYECKUX
OJHOPOJIHBbIX CTPYKTYypaxX

A.T. Jlarumon

BBenenue

OnHOpOHAST CTPYKTYpa MPEeJICTaBIseT COO0M CeTh OJIMHAKOBBIX aB-
TOMATOB, KaXKIbIil M3 KOTOPLIX (DYHKIMOHUPYET B JUCKPETHOM BPEMEHU
C YyIETOM CBOErO COCTOSTHUSI M COCTOSTHHST COCETHIX aBTOMAaTOB. Paccmar-
PUBAIOTCS CUMMETPHUYECKUE [IOPOrOBbIE JIBYMEPHbBIE OJHOPOIHLIE CTPYK-
TYpbI, uMerorue jBa cocrosiaust siaeitku 0 u 1. Jljas kordurypamuit B
9TUX OJHOPOIHLIX CTPYKTYPaX BBOIAUTCH IOHATHE DECKOHEYHOIO POCTa U
pelaeTcs 3aa49a HaX0XKIEHUsT aCUMIITOTHYECKUX OYePTaHUil 6ECKOHETHO
pacTyIux KOHPUIYPaIii. Y TBEPXKIAETCs, 9TO B PE3YJIbTATE IOy YAeTCs
BBIITYKJIOE MHOXKECTBO, I'PAHMIIA KOTOPOI'O0 COCTABJIEHA U3 YacTeil Turep-
0OJIbL.

1. OCHOBHbIe IIOHATHUA N PpE3YyJIbTaTbl
O0dnopodnoti cmpykmypot (cokpamentno OC) o HasbiBaeTcsi HAGOP
(Z*, En, V, ).

Brech ZF — MHOXKeCTBO k-MEPHBIX BEKTOPOB C IEJIBIMU KOOD/IHHATAMI.
DJIeMeHThI MHOJKECTBA, ZF Ha3BIBAIOT A4EKaMU OTHOPOIHON CTPYKTYPbI
o. Duementsl MHOXKectBa E, = {0,1,...,n — 1} HaswBatorcs cocmo-
anuamy, avetxy OC o. V = (aq,...,ap_1) — yHOpsiJiodeHHbIH HAOOD
IIONAPHO PA3JIMYHBIX HEHY/IEBLIX SJIEMEHTOB u3 ZF maspiBaercs wabno-
nom cocedcmea OC o. Habop V onpenensier mist Kaxkaoii saeiiku o OC
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o Habop 17(0() = (ya+ ai,...,a + ap_1), Ha3BIBAEMBIN YnopAdoueH-
Holl okpecmmocmuvio siaeitku . MuoxkecrtBo {a,a + aq,...,a + ap_1}
HA3bIBACTCS OKPECTHOCblo Aveliku o u obosHadaercs V(). OyHKiwst
¢ (B)" — En, ¢(0,...,0) = 0 nasbisaercs aoxaavhoti dynryuet ne-
pexodos OC 0.

Cocmosruem 00HOPOOHOT, CMPYKMYPsl 0 HA3BIBAETCST TIPOU3BOJIBHAS
byHKIms f, OnpeeseHHas Ha MHOXKECTBe ZF 1 IpUHUMAIONTast 3HAYCHHsT
u3 E,. Ecin a € ZF u f cocrosmme OC o, To 3nadenne f(a) HazpBaercs
snavernuem auetxu o, onpeaensembiM coctostauem f OC o. Ha muoxKe-
crBe X Beex cocrosiamii OC o ompejiesieHa 2400040104 GYHKUUA NEPETO-
dos ® omHOpOMHOI cTPYKTYphI 0, nosarast ®(f) = g, ecin f,g € ¥ u
BBITIOJIHSIETCST TOKJIECTBO

gla) = o(f(@), flata),..., fla+ ap1)).

Boiesnm noakiace Y kinacca Y Beex cocrosauit OC o, nonaras f €
Y rorpa u TOJBKO TOrIA, Korja paBeHcTBO f(a) = 0 BBINOJIHSAETCS JIst
BCEX siUeeK (v, KpoMe, OBITh MOXKeT, KoHeuHoro ux uucja. Cocrosiaus OC
o, IpuHaIesKamye Y, HasbiBaloTes Konguzypayusamu 3roit OC. Jlerko
BUJIeTh, 9To econ f € ¥/, ro ®(f) € ¥’

Kouduryparuio f oJHOPOIHON CTPYKTYPBI 0, HA30BEM OECKOHEUHO
pacmyuieti, €CIIA C TeIeHNEM BPEMEHU YNCJIO HEHYJIEBBIX STIeeK KOHMUTY-
panuyu 6ECKOHEYHO yBEJINYNBACTCH.

Jlasee B paboTe paccCMaTPUBAIOTCA TOJIBKO OJHOPOJHBIE CTPYKTYPBI
pa3mepHoCTH k = 2.

Paccrosinnem p(A, B) MeX/1y JByMsi 3aMKHY ThIMU MHOXKecTBaMu A 1
B ToYeK TI0CKOCTH HA3LIBAEM BEJTMYNHY:

max <max min p(z,y), max min p(z, y)> .
r€A yeEB yEB €A

Hamee Kaxmoit sdeiike COIMOCTABUM Ha ILJIOCKOCTH €IMHUIHBIN KBaJI-
paT C IIeHTPpOM B Hell caMoii n CTOPOHaAMM ITapaJlJIeJIbHBIMU I'NTaBHBIM OCAM.
st mpon3BoIbHOM 33/ 1aHHO KOHpUrypar f paccMOTPUM 00beiHe-
HHE BCEX TOYEK IIJIOCKOCTHU, COAECPZKAIUXCA B KBaJIpaTaX HEHYJIEBbIX d4Y€-
ek kouduryparmu. JlaHHOE MHOXKECTBO TOYEK ILJIOCKOCTH OyJeM Ha3bl-
BaTh nokpumuem kongueypayuu f u obosnadars vepes U(f).
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PaccmoTpuM 1Ba OJTHOCBSI3HBIX 3aMKHYTBHIX MHOXKecTBa G1 u G ToO-
4ek 1iockocTu, npudeM G1 C Ga. e juist janno#t 6eCKOHEYHO pacTy-
et koupuryparuu f B OC ¢ 1 HEKOTOPBIX MOJIOXKUTETBHBIX BEIIECTBEH-
HBIX YUCEJ (v, (3, U BBIIOJIHEHO:

(a+vt) -Gy C U@(S)) C (B +uvt) - Go.

[pU Bcex t, HAYMHAST ¢ HEKOTOPOro, TO TOBOPHUM, YTO KOHpuUryparus f
spisiercst (G1, Ga)-pacryiieii co CKOPOCTBIO .

Eciu reneps B OC 0 kaxKgas GECKOHEYIHO pacTyIasi KOH(MUTYpaIns
siesisiercst (G, G)-pacTyineii co CKOpoCThiO v, Jyist HEKOTOPHIX v, G'1 1
G2, TO TAKyI0 OTHOPOJHYIO CTPYKTYPY Ha3bIBAEM NpasuAbHOU JIJIsT JaH-
HOT'O THUIIA POCTa, KOHMUTYPAIUL.

PaccmoTrpum masee HEKOTOPYIO GECKOHEUHYIO MOCTIEI0BATETBHOCT

/ 1" S
{0m7 va va Um}m:l?

TJIe 0, — OJIHOPOJIHAS CTPYKTYPA, Uy, — IIOJIOKUTETHHOE BEIeCTBEHHOE
uncao u G, G — ONHOCBsI3HbIE 3aMKHYTbIe MHOXKeCTBa. llpudem, s
KazKJI0ro 1M W HEKOTOPOI'Oo OJHOCBSA3HOIO 3aMKHYTOIO MHOXKeCTBa (G BBI-
ITOJTHEHO:

/ 1 / / 1/ 1
G, CGCGy, G, CG1, G CGy,
lim p(G,G.,) =0, lim p(G,GI)=0.
m—0o0 m—0o0
[Tycrs Takxke Kaxaas OC o, sBisiercs npasuibhoil ast (G, Gl )-
pocTa KOHMUTYPAITHIT CO CKOPOCTBIO Uy, IS BCEX M, HAUMHASA C HEKOTO-
poro myg. B takom ciydae HasbBaeM mocienoBarensHocts OC {op, oo
annpoxcumupyroweti G-poct.
Hagee uepes o(2m+1, H), H € Nu H < (2m+1)? 6ynem oboznadgats
JIBYMEPHYIO OTHOPOJHYIO CTPYKTYPY, UMEIONIYIO TBA COCTOSHUST SICHKN
0 u 1, okpecrHOCTB sideiiku « = (xg, Yo) B BUJE KBajpara

Vin(e) = {(z,) € Z| |z — ol <m, |y —yol <m}

U CUMMETPUIECKYIO ITOPOTOBYIO JIOKAJILHYTO (DyHKITHIO Iepexojia. [Ipuaem
JIOKaJIbHAA (PYHKIUS [IEPEX0a IPUHUMAET 3HAUYeHue 1, eciu YuCjio ak-
TUBHBIX S9€€K B JIOKAJBHOW OKPECTHOCTH OOJIBIIE WJIM PABHO BEJIHIHHBI
H, u 0 B ocTaJIbHBIX CITydYasix.
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PaCCMOTpI/IM 3aMKHYTO€ MHO2KECTBO Ha IIJIOCKOCTU, KOTOPOE€ CUMMET-
PHUIHO OTHOCUTEJIbHO 'OPU30HTAJIN, BEDTUKAJIA 1 ,ZLI/IaFOHaJIefI, " B IIEpBOM
OKTaHTEe €ro I'paHUlla 3a/Ia€TCA YypaBHEHUEM:

D, S
Y= 9 T D

e D> 0,5 € (0,D?/2) ux € [%— %7%_% _

O60o3HaunM 310 MHOXKecTBO depe3s M (D, S) (cm. puc. 1).

YL

D72

/4

D2

v

Puc. 1. Muoxecrso M (D, S).

Teopema 1. Ilocaedosamenvrocms OC {U(2m+ 1, km2)}:§:1, O<k<?2
asazemes annpoxcumupyrowets M(2, k)-pocm.

2. BcnomorarejgbHbIe yYTBEpXKaeHnA

O6o3naunm vyepe3 Q(D), D > 0 kBajpar co CTOPOHAMHE IapaJLIeIb-
HBIMH OCSIM KOOPJUHAT U paBHbIMU 110 Besimauae D. [Tox D-okpecTHOCTHIO
roukn A nasee Oynem monmmarh KBajapar (D), MOMEIEHHOro CBOMM
IEHTPOM B TOUKY A.
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JIemma 1. Kacameavhovie npamwvie x mnoorcecmsy M (D, S) omcexarom
om xeadpama Q(D) ¢ yenmpom 6 nauane K0OPIUHAM MPEY2OALHUKU NAO-
wadu S.

Hoxka3zaresberBo. U3 onpenenenns muoxecrsa M (D, S) caenyer, aro
CPAHUIA BCIOHY, KPOME YeThIPEX TOUYEK Ha OCIX KOODIUHAT, 33aeTCs
riajKoit KpuBoii. [loaromy, /it TIPOU3BOILHON TOYKHU rpaHuIisl (Lo, Yo),
yo # 0, Jiexkareil B IepBoM OKTaHTe, MOXKEM HAaIlMCaTh ypaBHEHUE Kaca-
TEJIbHOMN:

_2+ S 25(z — o)
YT T % — D (200 - D)

D D _ _25 _D D
JIerko mpoBepUTH, YTO TOUYKH ( 515 D—2x0> n (21:0 55 ) JIeYKaT Ha

KacaTeJIbHOI MPAMOI U, B TOXKE BPpEMsl, JIe2KaT Ha IPaBOi U BepXHEN CTo-
pore kBajipaTa coOTBeTCTBEHHO. CIle0BATENILHO KACATETbHAST OTCEKAET
or kBajipara (D) IpsMOyToIbHBI TPEYTOIBHUK CO CTOPOHAMHU ngxo n
D — 2x4. Busgno, aro ero miormans 6yaer pasaa S. To ke camoe mosyda-
€M U JIJIe1 KaCATEJIbHBIX JIPYIUX OKTaHTOB, UCXO/Id U3 YCJIOBAN CUMMETPAN
muoxectBa M (D, S). Jlemma gokasama.

SadukcupyeM TPOU3BOJILHYIO JOCTATOYHO MAJIYI0 BEIUUIUHY € €

(0, \/g - %) Bsenem obozmadenue:

D S D S

f($)=§+m» te=5 "7~ % Ye = flze).

fleno, uro Touka (e, ye) nexkuT Ha rpanune Muoxkecrsa M (D, S) u Ha-
XOZUTCS B IIE€PBOM OKTaHTe. Amnasorndno muoxecrsy M (D, S), B nep-
BOM OKTaHTE 3aJIaJIUM TPAHUILY eIle OJHOIO0 CUMMETPUIHOIO MHOXKE-
cTBa, KoTopoe obosnaunMm 4depe3 M (D, S,e). [lyctb ero rpanura Ha OT-

peske = € [% - \/g, 1:6} 3ajiaercst ypaBHeneM y = f(z), Ha OTpe3Ke

T € [:135, T + %] — ypaBHEHHUEM:

f2(x —zc) + )
2

aTIpH T > T + 5 I'PaHUIA ONPEeJE/IAeTcs Jyroif OKPYyZKHOCTH C IHEHTPOM

B TOYKE <:1:E +5 - f—;ye,0> 1 paauycoM R =y -4/ i + 116);2 (cm. puc. 2).

_ Ye
y_ +23
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. T4
(Xs » yi)
(e te2,ye2) | ]
. 7
N M(D,S)
5 M(D,S.¢) X

Puc. 2. I'panuna muoxkecrsa M (D, S, €).

Jlerko IpOBEPHUTD, YTO JAHHbIE KPUBBIE [VIQJIKO CKJIEHBAIOTCH B TOY-
KaxX (T, Ye) ¥ (e +€/2,Y:/2), a uMeHHO:

f(l'e) =Ye = f(:(}g)/Q + y€/27

€ € € i 2

2 2 2
, . —25 o 2f’(l‘€)
Fe) =G~ "2
2f'(e+x.) —D? _ ($e+%)—($€+%_f_§y€)

2 - 28 ) E - 2 \2
\/R — (e +5) = (2 +5 - By))

O6ozHaunM vepe3 () U e (T) COOTBETCTBEHHO BEJMYUHBI HAKJIO-
Ha KacaTeJbHON K rpanune muoxecrs M(D,S) u M(D,S,e) B Touke ¢
abCcImccoit x.

Hasee, Tak KaK Ha OTpe3Ke [T, Tz + £/2] Besmunna o () mpoberaer
Te YKe 3HAUeHNs], YTO M BeJu4unHa «(x) Ha OTpesKe [T.,T. + €], HO B JBa
pasa OblcTpee, a IpU T > T + £/2, UCXOJ U3 [IOCTPOEHUsI, BBIIOJIHE-
HO a(x) < ae(z), 3akmodaem, aro muOXKecTBO M (D, S, €) comepkurcs
BHyTpu MHOXKecTBa M (D, S).

Omnupasicb Ha HOBOE OIPEJIeJICHIE, BBIIUIIEM DsiJi OYEBHHBIX CJIe/I-
CTBUIt U3 JIeMMBI 1.
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CaencrBue 1. Jlas amobvr marvix eesuwun 6 € (0,5), ¢ €
<0, \/g — %) Hatidemces wucao ag > 0, wmo das ecex a > g, NAOWGID

nepeceuenua muoorcecmesa o - M(D, S e) ¢ D-oxpecmuocmoio mowku na
epanuye mnoorcecmsa (o + 1) - M(D, S, ¢e), 6ydem 6oavwe S — 0.

JleficTBUTE/ILHO, PACCMOTPUM [IPOU3BOJILHYIO TOUKY A 13 TPaHUIBl MHO-
xecrBa (a + 1) - M(D, S,e). Ilomectnm CBOMM IIEHTPOM CHMMETPUH B
a1y TOuky MHOxkectBo M (D, S,e) u kBagpar Q(D). B cuy nenrpasb-
HOit cumMeTpun MHOkecTBa M (D, S, €), TaHHOE MHOKECTBO Oy/IeT NMETH
obyio KacarenabHyto | ¢ MHOKecTBoM « - M (D, S,¢) (cm. pue. 3). Tak
kak M(D,S,e) C M(D,S), To kacaresbHas [ OymeT oTceKaTh OT KBaJl-
para Q(D) dburyps! mwiomau Goubiineit win pasHoii S. Tasee oueBu/iHO,
YTO [0 MEpPEe YBEeJMYEHUs IapaMeTpa «, IUIOMa/b (GUryphI, OTCEKAeMOil
rpanuneii Mmuoxkecrsa « - M(D, S, e€) or kBagpara Q(D) Gyner nupubiu-
JKATHCS 110 BEJIMIHHE K IO (QUIYPBI, OTCEKAEMOll KacaTeIbHOM mpsi-
moii. ITosTomy, HaunHAsT ¢ HEKOTOPOIO apaMeTpa o yTBepXK/IeHre Oy/1er
BBIIIOJIHEHO.

CaencrBue 2. das 060t mowku (o, yo), o # 0, yo # 0 u3 epanuyo
mnooicecmea M (D, S) u scex wucea a > 0, Kacamesvras npamas K MHo-
orcecmey - M (D, S) 6 mouxe (axg, ayg) omeexaem om D-oxpecmmocmu
mouku ((a+ 1) - o, (o + 1) - yo), sesrcawel na eparuye MHONCECMEA
(a+1)-M(D,S), mpeyeorvrur naowadu S.

B camowm jiesie, nomectum MHOKecTBO M (D, S) cBOMM IIEHTPOM CHMMeT-
pun B Touky ((a + 1) - zo, (a4 1) - yp). fcno, 9ro mamnHOE MHOKECTBO
Oy/ier uMeTh OOINYIO KacaTelabHylo ¢ MHOX)ecTBoM « - M(D,S) B TOU-
ke (axg,ayp). o nokazanHOl JTemMe, JaHHAs KacaTesbHasi OTCEKAET OT
kBajpara Q(D) TpeyrojabHuK miomam S.

Pacemorpum tipousBosibnoe muoxkectBo M (D, S, e) u Hekoropoe Jio-
cTaTovHO 60JbIoe uncyio « > 0. [TycTs Touka A 5T0 IpOU3BOJIbHAS TOUKA
Ha rpanuie MHoxkectBa (a+1)- M (D, S, ). Paccmorpum kacaresbHble K
mHO)KecTBY - M (D, S, €) B TOUKax mepecevdeHusi FPaHUIbI JAHHOIO MHO-
KecTBa ¢ rpanureit D-okpectHoctu Toukn A. asee, mpoberast Touxoit A
BJIOJIb Beeil rpanunsl MuoxkecTsa (a+1)-M (D, S, €), MorkeM HAHTH MHUH-
MAaJIbHOE 3HAYEeHHUEe YIJIa, M0J, KOTOPBIM II€PECEKAIOTC JIAHHBIE KaCATeIb-
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aM(D,S)

/

A QD)

Puc. 3. O6mas xacaresnpaas rpaxnr Muoxkects a- M (D, S) u M (D, S) 4.

uble. JanHyi0 BesimunHy HazoBeM yrioMm obzopa muoxkectsa o-M (D, S, €).
fcHo, 9TO OHA MOHOTOHHO BO3PACTAET TIO MEPEe YBETUIMHUS THCIA (.

Pacemorpum B opHOpoHOi crpykType o(2m + 1, H) GeckoHedIHBIi
poct HekoTopoit kKouduryparuu f. Obo3nadum ee MOKpbITHE Uepe3 F', a
HOKpBITHE KOH(UIYPALMH Ha cJIeayioleM TakTe depe3 F. He orpanntin-
Basl OOIIHOCTH, MOXKHO CUUTATh, UTO MHOXKECTBO F' SIBJISIETCST OJIHOCBSI3-
HBIM. DTO KOPPEKTHO, TaK KaK CO BpeMeHeM JTiobasi 6ECKOHETIHO PACTYIIast
koHuryparnust B janaoii OC cTaHOBUTCsT OJTHOCBSI3HOIA.

Jlemma 2. Ilpu scex e € <O, % — %) cyuecmeyem seaunuHa cg > 0,

ymo npu ecex o > g, D = 2m+1 u S = H++v H+2 u3 eaoocenus mmo-
orcecmea - M (D, S, €) 6 nokpwmue F caedyem saoorcerue mmuoocecmsa
(+1)-M(D,S,e) enuympv noxpwmus F.

HoxkazaresbecrBo. O6o3naunm muoxkectBo « - M(D, S, ¢) uepes M, a
muozKectBo (a4 1) - M(D, S,€) 1uepes M. Yron o630pa muoxecTsa M
obozHavuanM depes [Jg.

SadukcupyeM MPOU3BOILHOE MOJIOKUTETHLHOE BEIECTBEHHOE YUCTIO
0 < 1/8. lasee B KadecTBe Iapamerpa (yy BO3bMEM TakKoe, 4TOObI JIIsI
JIAHHOW BEJUYWHBI 0 BBITIOJTHAIOCH CecTBre 1 jlemMMbl 1 u GBLIO Bep-
HBIM HEpaBEHCTBO:
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(2m+2)(2m +1)
4tg(6o/2)
DT0 BO3MOXKHO B CHJIy MOHOTOHHOI'O BO3pacraHusi Besmansbl Gy = (o)

u tg(5y) no Mepe yBemueHus napaMeTpa .
PaccvoTpuM mpon3Bo/IbHY IO 'paHUIHY0 TOUKYy A MHOXKecTBa M, Jte-

< 0.

JKAIyo B nepBoM okTaHTe. OHa COJEPKUTCS B HEKOTPOM €IUHUIHOM
KBajipaTe P ¢ IeHTpOM Ha IeJOYuCeHHoM perrerke. [IpoBepum, uTo
KBajpar P comepKurcss B HOKpbiTun F. OLEHHM HANMEHbIIEE HHCIIO
KBaJIpaToOB U3 MOKpLITUsa F' B D oKpecTHOCTH IeHTpa KBajparta P.

Paccmorpum D-okpecTHOCTH IeHTpa KBajparta P. ['panurna MHOXKe-
crBa M oTcekaeT OT Hee CjieBa HEKOTOpOoe MHOXKecTBO N p, ILIOMb KO-
TOporo 0b0o3Ha4IUM 4Yepe3 Sp.

Jlasee, HaM M3BECTHO, UTO MHOXKECTBO Np CONEPXKHUTCI BHYTPH IO-
kpbiTust F'. BosbMeM HamMeHbIlee MHOXKeCTBO (G, obpasyeMoe KBaJjpara-
MU u3 MOKpbITus F', koropoe conepkut B cebe muoxkectBo Np. O603HA-
YUM YHCJIO0 KBaJIpAaTOB BO MHOXKeCTBe GG depe3 ¢g. PaccMoTpuM MHOXKECTBO
L, obpazyemoe kBajsipatamu u3 (G, mpaBee KOTOPBIX HET KBaJparoB n3 GG
(cm. puc. 4). ZlcHo, UTO JAHHOE MHOXKECTBO MOXKHO IIPEJICTABUTH B BHU-
Jie 00'beIMHEHNUST TPSIMOYTOJIBHIKOB, IIOKPBIBAIOIINX ITOTIAPHO PA3JIUIHBIC
BEPTUKAJILHDBIE MIPIMbIE C IEJIOUUCIEHHON abCInCcoil, UyIIue MOaPs L

k
L=JL.
=1

0O0603Ha49UM UX BBICOTHI 4epe3 ai,as, ..., . depesd s; OyiaeM 0003Ha-
1, @2, s Uk 7
JaTh IJIOMIAIb IepecedeHnss MHOKecTB L; u Np.
flcHo, 9To YncI0 KBaapaToB u3 MoKpeITusa F' B D OKpecTHOCTH IIEHTPa

KBaJipaTa P He MeHee BeJIMYUHBI ¢, U IIPU 3TOM, OUYEBHUIHO:

k
g>Sy+ (a1 +az+...+ag) — E ;.

=1

OrenuM CHU3Y BeandnHy Sp U CBEpPXy CyMMY BEJIHUMH S; 110 4 = 1, k.
ObozHaunM depe3 S 4 IUIOMAIL MHOYXKECTBA, KOTOPOE OTCEKAEeT MHO-
skectBO M ot D-okpecrnoctu Touku A. ITo ciencrsuto 1 jemmbr 1 nmeem
OLICHKY:
Saz=8-6.
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O06o3HAYNM TOUYKH TIepecedeHns] 'PaHuIIbl MHOYKecTBa M ¢ rpanureit
D-okpecraoctu Toukn A depes U m V', mpudyem Touka U JI€XKUT BbI-
e toukn V. Obo3HaYuM paccTostHue oT TOYKM U JI0 HUXKHEH CTOPOHBI
KBa/JIPATHON OKPECTHOCTHU Yepe3 [y, U PACCTOSHUE OT TOYKH V' JI0 JIEBO
CTOPOHBI KBaJIpaTHON OKpecTHOCTH [epe3 [y (cM. puc. 5).

Tr
P
A\
G
M
F
M \
\Y
Puc. 4. Muoxkecrso G. Puc. 5. OkpectHocTh TOUKET A.

TOI‘,Z[& BEPHO HEPABEHCTBO:
Sp > Sa—(ly +1lv)/2.

Hasee, obozuaunm 4epe3 I' 0b1Iy0 YacTh rpaHuiibl MHOXKECTB Np U
M. Paccmorpum 1pou3BoJibHBI mpsgmoyrosibauk L;. Yepes I u J obo-
3HAYMM TOYKHM IIepecedeHus Juuuu ' ¢ JIeBOi U HUXKHEH CTOPOHOH mpsi-
MmoyroabHuKa L;. IIpoBejieM KacaresibHble K MHOXKecTBY M B Toukax [
u J. Ilyctb oHu nepecekarorcst B Touke 1. O603HAYMM HUKHWIA JIEBBII
yroJi npsmoyroJsibaHuKa L; depe3 (. Torma 1mioma/ib 4eTbIpexyroJibHIKa
ITJQ b6yner 6oJiblile BEJTUIUHBI ;.

Paccmorpum paBHOOEIpEHHDINT TPEYTOJIBHUK, B OCHOBAHUU KOTOPOT'O

JIEXKUT CTOpPOHA JJMHBIL 4/ 1 + a?, a npoTusosexkamuii yros paset 3. 3a-
METHM, 9TO CPEJI BCEX TPEYTOJBHUKOB C (PUKCHPOBAHHON JIJIMHOM OCHO-
BaHUs ¥ (DUKCUPOBAHHON MUHUMAJIBLHOW BEJTUYUHON TPOTUBOJIEZKAIIETO
yIjia, BBICOTA W ILJIOIIAJb PABHOOEJIPEHHOTO TPEYroJIbHUKa OyJIeT Hau-
6osbieit. Torya cpasy mojiydaeMm OIEHKY CBEPXY JIJisi ILJIOIMATH UEThI-
pexyrosnbauka I7TJQ:
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Sirig < ai/2+ Sty =

= ai/2+ p(1, ) - p(T, 1) /2 < 5 + \/1+a \/1+a2/2tg P,
o a; 1 50
SITJQ<5+Z( )/tg

TOF,ZLa nMeeM OICHKY CBEPXY JIJIsI CYMMbI BEJIMIUH S;:

i8-< a1+a2+...—|—ak+k+a%+a%+...+ai
—" 2 4tg(6o/2)

njin, ocJiabuB HEPaBEHCTBO:

i8-< a1+a2+...+ak+k+(a1+a2+...+ak)2
— 2 4tg(6o/2)

BaMeTnm, 9TO CyMMa BEJUIHH @; JOJIZKHA ObITH MEHbIIE NI PABHA BEJIU-
aune [l — Ay + 1], re Ay pasuuna seicor Touek P u A’ u Ay < 1/2.
ITosTomy ciemyeT oreHka:

k
lUfAUJrl] (2m+1) + (2m + 1)?
Z; = T1g(f/2)

TOI'’Ia BBLIITOJIHCHO!:

k
g>5’p+(a1+a2+...+ak)—23i>Sp+[lU—AU+1]/2—5,
=1

cJIe10BaTeJIbHO:
g>Sa—(u+W)/2+[lu—Ay+1]/2—-6>5-20 — (ly +1)/2.
OKOH‘IaTeJH)HO nmoJsrydJaeM:
g>58—20—(V25+1)/2

nJjin, y9nuTbiBasi S3HaYCHNE BEJIMINHDbI SI
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g>H+VH+2-25-1/2 - \/2H+2\/ﬁ+4) /2,

g>H+VH+1— (\/2H +2VH +1) /2,
g>H+ (VAH —\/2H +2VH | /2> H.

CremoBareibHO, TIPU JIAHHOM 3HAYEHUU BeJIMYHUHBI S, KBajpar P Oyuer
BXOJUTh B nokpbiTue F'. B cmiy npomssosibHOrO BbIOOpa TOoukm A Ha
rpanure MHOKecTBa M, mosydaeM Biaokenne M C F'. Jlemma mokazamna.

JIlemma 3. Ilpu 6cex a« > 0, D =2m+1u S =H —V2H/2 -1, us
sao0otcenus nokpvimua F 6o mmoocecmeo o - M(D, S) 6ydem caedosamv
saooicenue nokpumus F 6o muoorcecmeo (a+ 1) - M(D, S)

HokazaresnbcrBo. O6o3naunm MHOXKecTBO v - M (2m + 1, S) uepes M,
a mHOKecTBO (o 4 1) - M(2m + 1, S) wepes M.

PaccMOTPHM IIPOU3BOJIBHBLL KBagpar P u3 MoKpbITHs F, HeHTp Ko-
TOPOTO JIEXKUT B IIEPBOM OKTaHTE. B ero JIOKAJILHON OKPECTHOCTH HAXO-
nuTcd Kak MuHuMyM H kBajipaTroB u3 mokpbiTus F'. Mbl XO0TUM, 9TOOBI
BCe TOUKM KBajpara P Bxommm Bo MHOXKecTBO M. B cmily BBITYK/IOCTH
MHOKeCTBa M, JUIsi BBIIOJIHEHHS] JIAHHOTO YCJIOBUSL JOCTATOTHO, ITOOBL
OHO BBITIOJIHSAJIOCH JIJIsi BEPXHEil mpaBoil Touku kKBajpara P. Obozunaxnm
9Ty TOYKY dUepe3 B, a COOTBETCTBYIONIYIO €l TOYKY M3 T'DAHUILI MHO-
kectBa M 110 TOMY »Ke HAIIPABJIEHUIO OT HaYaJja KOOPJMHAT OOO3HAYMUM
gepe3 A. Tak kak opamHata Touku B otimyHa ot 0, TO OpjinHATa TOYKH
A taxeke orsmaHa OT 0, 1 3HAYNUT B HEH MOXKHO ITPOBECTH KACATEIBHYIO
K MHO)KecTBY M. OBo3HAUNM KacaTesbHYIO depe3 k.

Paccmorpum D-okpectHocTs TOuku B u oboznHadum depe3 Sp I1I0-
A Ib MHOXKECTBa, OTCEKAeMOT0 KacaTeabHON k cleBa OT JaHHOW OKpPeCcT-
Hoctu. OIEHUM 3Ty BEJIUYUHY CHU3Y.

Pacemorpum D-okpecTHOCTD IeHTpa KBajpaTa P u obo3naunm uepe3
Sp IWIOIIAa b MHOXKECTBA, OTCEKAEMOI0 KacaTe/JbHON k cjieBa OT JIaHHON
okpectaoctu. Ilycts Touku U u V 3T0 TOUKM mepecedeHus mnpsmoii k
¢ rpanureit D-okpectHocTu 1ieHTpa KBajparta P. Ilpudem cunraem, 9To
touka U jexxut Bbilie, deM To4uka V. OO03HAYMM PACCTOSTHUE OT TOYKH
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U 1o nmxkueil CTOPOHBI KBAIPATHON OKPECTHOCTU Uepe3 ly, U PaccTos-
HUE OT TOYKHU V JI0 JIEBOIl CTOPOHBI KBaJIPATHONW OKPECTHOCTH uepes [y
(cm. puc. 6). Torma BepHO HEPABEHCTBO:

Sp — (lU +lv)/2 < Sp.

PaccmorpuM MHOXKECTBO KBaJIpaToB U3 HOKpbITUst F', mpaBee KOTO-
PBIX HET JIpYIUX KBaJIPATOB U3 JIAHHOI'O IIOKPBITUS U KOTOPbIE JIeXKaT B
mepBoM OKTaHTe. J[aHHOE MHOXKECTBO MOXKHO IPEJACTABUTHL B BUjie 00Db-
€JINHEHNS IPSIMOYT'OJIBHUKOB, IMOKPBIBAIOIIUX IIOIIAPHO Pa3JIndHbIe BEp-
TUKAJIbHBIE TIPSIMbIE C IEJIOYUCICHHON abCIUCCoi, uayiue moapst. s
KazKJIOI'0 IIPsIMOYTOJIbHUKA PACCMOTPUM BEPXHIOIO IIPABYIO YIJIOBYIO TOY-
Ky. CoeIMHIM COCEHIE 110 BBICOTE TOUKN OTPE3KOM. losryanm jtoManyto,
KOTOpasi OrpaHnYIMBaeT MOKpbiTHe F' B mepBoM okTanTe (CM. puc. 7).

S

Puc. 6. OkpecrrocTh TOUKU B. Puc. 7. I'panuna F.
Orcrosia BhITEKAET OIEHKA CHU3Y JIJIsi BEJIMYUHBL S p:
H+[ly] /2 < Sp,
Jlajiee TOoJIydaeM
H+ly]/2—(lu+1lv)/2 < Sg,
WIN, OCJIA0UB €ro, MOJIY M

H—+25/2-1< Sz,
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nJjin, y9nuTbiBasl S3HaYCHUE BEJIMINHDbI SI

Hf\/QHf\/2H72/271<SB,
S:H—\/ZH/2—1<H—\/2H—\/2H—2/2—1<SB.

CuiesroBaTesIbHO, NIPU JAHHOM 3HAYEHUHM BeJIMYHHBI S, Touka B 0Oy-
JAeT JiezKaTb BHYTPU MHOXKECTBaA M 3HaLH/IT n IIPpOMU3BOJILHO BbI6paH—
HbLl KBaapar P Oyjer jexaTh B JaHHOM MHOXKecTBe. 1looroMy Brioxkenue
F C M 6yner sepubiv. Jlemma jokasana.

JIemma 4. /Jlaa m060t 0dropodnot cmpyxmypv. o(2m~+1, H) ¢ nopozom
H < 2m? — m cywecmeyem beckoneuio pacmyuasn Kondueypayu.

HokaszaresbcTBO. PaccMOTpuM NMPOU3BOJILHOE BEIIECTBEHHOE {UCIIO
R > 3(m + 2)%. O6oznaunm uepes C(R) MHOXKECTBO TOYEK IEJOUHC-
JIGHHO}i DeIeTKy, Jexalux BHYTpH, Jubo Ha rpanune kpyra (O, R) c
[EHTPOM B Hauaje KoopjuHaT u pajuycom R. Yepes E(R) obosnaunm
MHOXKECTBO TOYEK IEJIOYUCJICHHOI PEIIETKH, JIKAIUX BHE MHOXKECTBA
C(R), HO y KOTODPBIX €CTh COCEJIHsSI [0 BEPTUKAJIM UM TOPU30HTAJIM TOY-
Ka [1eJIOYUCIIeHHOf pererk, jexkaiast BayTpu C(R).

Paccmorpum  npoussBosibHyo Touky A € E(R) ¢ KoopauHaTaMu
(TayYa), JIEKAINLYIO B IEPBOM OKTaHTe. PaccMOTpHM JiBe COCe/lHue K
Heit Toukn B u D ¢ cOOTBETCTBYIOIMME KoOpAuHaTaMu (T, — 1,y,) U
(Ta,Yq — 1). VI3 onpegnenennst E(R) ciemyer, 4ro XoTs Obl OJHA U3 HHUX
npunajexur Muoxecrsy C(R). B cmiy Toro, uro touka A jexur B
[IEPBOM OKTAHTE, PACCTOSHUE OT HadaJia KOOpJAMHAT N0 TOUYKu B Oyraer
He Gosiee, yeM paccrosinue ;0 Toukn D. CienoBaresnbHo, Touka B npu-
ua yrexxuT Muaokecrsy C'(R) B jmoboM cirydae.

Pacemorpum Touky K ¢ koopauHaTamu (4, —3/2,y,). [Iposenem syd
OK no nepecedennst ¢ okpyzkuoctsio (O, R). Ilycre OK N (O, R) = L.
dcwo, uTo

v2

1 < KB-cos/LKA<K KL< KA -cosZLKA <

l\DIOJ

PaccMoTpuM Tenepb OKpPYKHOCTh ¢ IHEHTPOM B To4Ke K U pajuycoM
(m + 3/2)v/2. Tlo Teopenme ITudaropa Jerko mposepsercs, 4To KBajipar
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Q(2m) c uenrpom B Touke A sexur BHyTpE Kpyra (K, (m 4 3/2)v/2)
(em. puc. 8). ITposesiem nasee gepes Touky K npsiMyio k, napauieabHyo
KacaTesbHOI K okpy2kHOocTH (O, R) B Touke L. ITycrs 91a npsivasi nepece-
kaeT oKpyzKHOCTH (O, R) B Toukax M u N, a HOCTPOEHHYIO OKPYYKHOCTH
¢ eHTpoM B Touke K mepecekaer 1o Toukam M’ u N

Puc. 8. Okpy»KHOCTH C IIEHTPOM B TOYKE K U OKPECTHOCTH TOUYKHU A.

PaccmoTpum Terepb OKpPYy»KHOCTH, OIMUCAHHYIO BOKPYT paBHOOEPEH-
Horo tpeyrosbauka M’'LN’'. B cuiy cuMMeTpun OTHOCUTEILHO HPSMOi
OL, nannasi oKpy>KHOCTBH Kacaercsi okpyzkuoctu (O, R) B Touke L. Ee
PaJIyC 7 BBIYUCIISIETCS 110 (DOPMYyJIE:

LN’ (LN")?  (KN')?+ KL?
r = prnd prnd =
2cos ZKLN' 2K L 2K L
2(m +3/2)% + KL*

3
= < 2V2 2)2 4+ =,
Yo7 \/_(m+3/)+4

Otkyna BujgHO, 4TO 1 < R 1, CJIe/I0BATEIbHO, IIOCTPOEHHASI OKPYKHOCTD
nexkut BHyTpu Kpyra (O, R). ITosromy Toukun M u N jiexkar BHE OTpe3Ka
M'N', u, snauur, sue okpysxuocru (K, (m+3/2)v/2) u xpajpara Q(2m)
C IIEHTPOM B TOuke A.
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IIycts npsamas k umeer ypasuenue ax—+by+c=0. Paccmorpum mHO-
JKECTBO TOUYEK M3 OKPECTHOCTH TOUKM A, JleyKalnx He BBIe MpsaMoit k:

Mo = {(z,y) € Vim(A)|az + by + ¢ < 0}

N3 ycranosennoro Boirie dakTa 0 pacrosioxkennn Touek M u N BHe
OKPECTHOCTH TOYKH A cile/lyer, 4TO KOJMYECTBO TOYEK BO MHOYKECTBE
My U {B} ne 6osbliie koamdecTBa ToU9eK MHO)ecTBa Vi (A) N C(R), To
ecThb

[Mo| +1 < |[Vin(A) N C(R)].

PaccMoTpuM Tenepb BEPTUKAIBHYIO NPSIMYIO U, IPOXOJSIILYIO Yepe3
rouky K. Ona umeer ypasuenue x — (z, —3/2) = 0 . BBegem MHOXKecTBa
My u My — MHOXKeCTBa TOYEK W3 JIOKAJIBHOI OKPECTHOCTH TOYKH A,
3aKJIFOYEHHbIE MKy HPSIMBIME U U k:

My = {(z,y) € Vin(4) | & < (4 — 3/2), ax +by +c
> (xq —3/2), ax+by+c

dcHo, 9TO HEKOTOPBbIE TOYKHU U3 MHOYXKeCTBa Mo, HAXOIAIINECT Y TIPa-
Boit rpanunbt V;,(A), mpu CHMMETPUN OTHOCHTETHHO TOYKU K, MOTYT He
monacTb BO MHOXxkecTBO M. B Toxke Bpewmsi, njis jioboit Touku uz My
Haiimerca cummerpudHas efi ormocurTenbHo K Touka uz Ms. IlosTomy
|Mi| < |Ma|, n umeem Torja OIeHKY:

[Vin(A) NC(R)| = [Mo| + 1 > |Mo| — [Ma| + |My] +1 >
2 |(Mo\ M) U M| +1=[(z,y) € Vim(A)|x <4 —3/2}[+1=
=@2m+1)(m—1)+1=2m*—m.

Urak, Mbl yCTAHOBHUJIM, YTO JIsl IIPOM3BOJIbHOI stueiiku A € E(R),
YHCJIO SIY€EK U3 ee JIOKATBHOI OKPECTHOCTH, MO IAIONINX BO MHOXKECTBO
C(R), ne menee, uem 2m? — m. PaccMOTpUM B KavecTBe HAYATLHOM KOH-
durypanuu f oxHOposHOIl cTpyKTyphl 0(2m + 1, H) Takyio, y KOTOpOit
BCe gueiikn, exkamue Bo MaokecTse C(R), R > 3(m+2)2, asnaiorcs ak-
THBHBIMH, a ocTasbHble pasubl 0. Torma mpu nopore H < 2m? —m aueiika
A € E(R) nepeiijier B cocrostuue 1, U ¢J1e/I0BATEILHO, AKTUBHBIME GYIyT
Kak MUHUMYM sideiiku u3 mHoxkectBa C'(R) U E(R).
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Hanee wepes C((z,y), R) n E((z,y), R) 0603HaUnM MHOXKeCTBa 11eJ10-
JYHCJIEHHON pereTku, nostydatormecst coorercrsento u3 C'(R) u E(R)
CJIBUIOM Ha IeJIOUNCIeHHbIH BeKTOp (,y). Pacemorpum st Beex t € Ny
MHOKECTBA TOYEK:

wtR) = |J Cl=y),R)
(zy)ez?
|e+y| <t
lz—y|<t
SamMeTum, 9TO

W(0,R) = C(R) u W(1,R) = C(R) U E(R),
wit+LR) = |J C(zw,Ru |J E(xy)R)

(z,y)eZ? (z,y)eZ?
lz+y|<t lz+y|<t
lz—y|<t lz—y|<t

OTKyzma Clefyer, 9To €CjM B MOMEHT BPEMEHM t ObLIM aKTUBHBIMU
staeiikn 3 muoxkecrsa W (t, R), To B MOMeHT BpeMenn ¢+ 1 6y/1yT akThB-
HBIMU KaK MUHUMYM Bce sideiiku u3 muoxkectsa W (t + 1, R). U nasee, ¢
yYIEeTOM TIEPBOTO IIMara, Mo WHLYKITHH 3aK/II09aeM, 9TO KO BPEMEHU t MHO-
JKECTBO aKTUBHBIX stueek kondbwurypamun ®¢(f) Gyner comepxars B cebe
mHO)KecTBO W (t, R), u 3HAYMUT, YTO YHUCJIO AKTUBHBIX si9€eK GECKOHEU-
HO pacTer co BpeMeHeM. 10 ecTb KoHpUrypanus: f sBJsteTcss 66CKOHETHO
pactyteii. YTo 10Ka3bIBACT JIEMMY.

Jlemma 5. Odnopodnas cmpyxmypa o(2m + 1, H), H < 2m? —m npu
scex € € (0,/H/2 — H/(2m + 1)) asasemca npasusvhot daa (G1, G2)

pocma Konpuypayut co ckopocmuvio 1, 2de
Gi=M2m+1,H+V2H/2+2,¢),Go =M2m+1,H —V2H/2—1).

HokazaresnscrBo. [To semme 4 ycranoswin, uro B OC o(2m + 1, H)
npu H < 2m? — m Bceria Haiijiercss GECKOHEUHO PACTyIas KOHMUIYpa-
nus. Takke gCHO, 4TO Jiobast OECKOHEYHO PACTYINasi KOHMUTypaIus B
OC o(2m + 1,H) co BpeMeHeM CTAHOBUTCSI OJHOCBSI3HOM, MOITOMY ee
MOYKHO OrpaHmunTh MHOKecTBaMu « - M(2m + 1, H + 2H /2 + 2,¢)
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u - M2m+1,H—2H/2 — 1) mna mexoropeix o > 0, § > 0, € €
0,/H/2—H/(2m+1)).

$IcHO, 9TO MBI MOXKEM IOI0OPATH TAKO MOMEHT BPEMEHHU g, YTO IJId
BE€JINYNH O U 5 II0 JIeMMe 2 " JieMMe 3 N3 BBIIIOJTHEHU A yCﬂOBHH

a-M2m+1,H+vV2H/2+2,e) CFCf-M2m+1,H—-V2H/2—-1)

OyIeT cJ1eJI0BATh BBLIIIOTHEHUE YCIOBUS

(a+1)-M2m+1,H+V2H/2+2,¢) C F C
C(B+1)-M2m+1,H—V2H/2-1).
Anasorn4no u jasee JiIs Kaskjoro mara t > to B KadecTBe CTap-
TOBBIX IIAPAMETPOB DPACTSI?KEHUs] OIPAHUYHMBAIONINX MHOXKECTB Gepem
(a+ (t —tp)), (B+ (t —tp)) n Takke mOJIydIaeM BBIIOIHEHHE JEMM 2 U

3. Ilo onpenenenuio 3ro u o3nadaer, 4ro OC sBisteTCs IPABUILHON JIJIsT
(G1,G2) pocra koudwuryparmii. Jlemma joka3aHa.

3. /loka3zaTeJbCTBO TeopeMbl
ITo stemme 5 kazkast KoHpUrypamnus B nocienposaresHoctn OC
{U(Qm +1, k:mQ)}f::l , km? < 2m? —m

siBJisteTcst paBuibHOMN Jisi (G1, G2) pocra KOHMUIYpaIHii CO CKOPOCTHIO
1, rie gs Beex € € (0,1/km?2/2 — km?/(2m + 1)) BeImosmeno:

G1=M@2m+1,km? +m-V2k/2+2,¢),
Go = M(2m + 1,km? —m - V2k/2 — 1)
Coxmem nannble MHoxkectsa B (2m+1)/2 pas. Torga (G, G2)-poct kom-

dburypanuii co ckopocrbio 1 6yner sksusasenten (G, G)-pocty Koudu-
rypanuii co ckopocrbio m + 1/2, rie

4km? N 2m V2k N 8 Y
2m+1)2  (2m+1)2 2 2m+1)2"" ]’

G’1:M<2,
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9 =

Y 4km? B 2m V2k 4
"2m+1)2 2m+1)2 2 2m+1)2 )’

2km? 2km?2 >

e =¢/(m+1/2), €€ (0’ @2m+1)2  (2m+ 1)

s moboro k € (0,2) mpu m > 1/(2 — k) nepasencrso km? <
2m? —m 6yzer BepHbIM. Jlajiee, BEIGHPAast COOTBETCTBYIOIIEE £ HA KAZKIOM
mare, MOJIy4YUM BBIIOJIHEHUE IOCIEI0BATEIBHOTO BJIOYKEHUS MHOXKECTB
Gy (m) npyr B apyra. Takum oO6pa3soM M3 ONPEJEICHUs MOJIYyIaeM, UTO
nocenosareabHocTE OC

{J(Qm +1, k:mQ)}oo

m=1

siBsisiercst annpokenmupytoreit M (2, k)-pocr. Konerr jokasaresnbersa.
ApTop BbIpaxkaer orpomuyi 6Osaromaprocts A. C. Ilomgkoisuny u
B. B. KyjpsirieBy 3a pyKOBOJCTBO ¥ TOMOIIb ITPU HAIMCAHUN CTATHU.
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