TouyHoe 3HaUYeHNe KOMMYHUKAIIMOHHOI
CJIOYKHOCTH JIJIsI OJTHOTO KJiacca
PIR-npoTtokoJioB

I A. MaiinsibaeBa

[Iporokouibt n3BIedeHns wHMGOPMAIINY Oe3 PACKPBITHS 3aIIPOCa
(PIR~IIpOTOKOJIBI) TIO3BOJISIOT ITOJIB30BATEIIO HOJIY IUTh JKEJIACMBIi
6uT nHMOpMaIuu u3 0a3bl JTAHHBIX, KOIUsS KOTOPO XPaHUTCS Ha
HECKOJIbKMX HECOODIIAIOIINXCS CeEpBepaxX TaKuM 0Opa30M, 4TO aJl-
MHUHHUCTPATOPBLI 0a3bl JIAHHBIX HUYErO HE y3HAIOT O HOMEpe OuTa
KOTOPBII 3aIpaIluBaj M0Jb30BaTe/b. KOMMyHUKAIIMOHHAS CJIOXK-
HOCTBH IIPOTOKOJIA OIPEEISIeTCs KaK CyMMAapHOe KOJIMIeCTBO OUT,
KOTOPBIMIA OOMEHUBAIOTCS TOJIH30BATENb U CEPBEPa BO BPEMS IIPO-
TokoJia. B pabore HaiijleHO TOYHOe 3HAYEeHNEe KOMMYHUKAIIMOHHOMN
CJIOKHOCTH Jj1s1 ojiHoro kjacca PIR-mrpoTokosios.

1. BBenenue

Paccmorpum ipoTokot ¢ k+ 1 ygacTHUKOM: moJib3oBaTesieM u k Heco-
obmatonmmucs cepepamu (k > 1), npuyaeM KaxK/Iblil 13 cepBEPOB XPaHUT
OJIUH U TOT e OyJieB BeKTop = = (xq, ..., Tp—1) JJIUHBL N — 6A3y JTAHHBIX.
[Monp30BaTe/ b KeIaeT y3HaTh 3HAUEHUE 4-T0 OUTa I; STOTO0 BEKTOPA TAK,
9TOOBI HOMEp OUTa i HE CTaJ U3BECTEH HU OJHOMY U3 cepBepoB. IIporo-
KOJI, KOTOPBIil TI03BOJISIET 3TO JIEJIaTh, HA3BIBAETCSA IPOTOKOJIOM JIOCTYIIA
K JAHHBIM 6e3 paCKPBITUS 3aIIpOCa U COCTOUT U3 CJIELYIONNX IAaroB.

1) Tlosb3oBaresib mMeer HOMep OuMTa ¢ U BhIpabaThIBaeT CJIydaiiHoe
qucyio 7. [lo "mciaam ¢ U r MOJb30BATE/b BBIYUC/ISIET C ITOMOIIBIO
creruaibHON (DyHKINY, HA3bIBAEMO# (byHKIIHEN 3a11pocoB, k dqucest
¢’ M TIOCBLIAET j-My cepBepy 3ampoc g’ .
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2) Kaxplii 13 k cepBepoB 10 HoJIy4eHHOMY 3a1pocy ¢/ u 6a3e JaHHbIX
Z C TIOMOIIBIO CHEUAIbHON (DYHKIIMA OTBETOB BBIYUC/ISET BEKTOD
@’ ¥ TIOCBLITAET €ro TOIH30BATEIIO.

3) Hosb3oBaTess o YucaaM i, ¥ U k OTBETaM CepBepoB a’ BBIYHCIISET
C TIOMOIIBIO PEKOHCTPYUPYIONeHl pyHKIMU HYKHBIH OUT ;.

[TepBoe TpeboBaHMEe K IPOTOKOJIy COCTOUT B TOM, UTO HU OJINH W3
cepBepoB IO CBOEMY 3aIpocy ¢ He MOMKET IOHSATH, C HOMOIIBIO KAKOTro
6uTa i 3TOT 3aMpPOC OBLI MOPOXKJIEH. DTO TpeOOBaHUE HA3BIBACTCS TPEDO-
BaHHUEM 3allUIEHHOCTH. BTOpoe TpeboBaHWe K IIPOTOKOJIY, HA3BIBAEMOE
TpeboBaHNEM KOPPEKTHOCTH, 3aKJ/IIOYACTCA B TOM, UTO IOJb30BATE/b 110
OTBETAM CEPBEPOB MPaBUJIBHO BOCCTaHaBIUBaeT O6ut x;. IIpemmosaraer-
Cs1, ITO BCEM YUACTHHKAM MMPOTOKOJIA — W IMOJL30BATEIIO U CEPBEPAM —
U3BECTHBI (DYHKIMK 3aIIPOCOB, OTBETOB U peKOHCTpyupytoriasi. Ho cepse-
paM He M3BECTHO CJIyUIaiHOe THCIO 7' U, PA3yMeeTCsl, He M3BECTEH HOMED
oura .

[Tonsitne Takoro mporokosia Biiepsble 6bu10 BBesmeno B |1, B. Chor,
O. Goldreich, E. Kushilevitz, M. Sudan, 1995| nox naszsanuem Private
Information Retrieval, mosromy Mbl B fajibHelineM OyeM HA3BIBATH Ta-
kue poTokojibl PIR-nporokosramu.

CymmapHast JiyinHa B OUTax 3allpoCoOB K cepBEpaM M OTBETOB CEPBEPOB
HA3bIBAETCH KOMMYHUKAIMOHHON cjioxkHOCThIO PIR-1iporokosia.

Ha Hacrosiuii MOMEHT W3BECTHBI CJIeJyIONe pe3yibraTbl. B [8,
Sergey Yekhanin, 2006| 6bu1 ostyaen PIR-miporokost jyist £ = 3 cepsepos
¢ KOMMYHUKAITMOHHOW CJIO?KHOCTHIO O(n10_7). Ha jaHHBIT MOMEHT, KOM-
MYHUKAIHOHHAS CJIOXKHOCTH 3TOIO MPOTOKOJIA SIBJISIETCS HAWJIYUIIEH JJIst
k= 3.

B [2, A. Beimel, Y. Ishai, E. Kushilevitz, J.-F. Raymond, 2002| s
KayK/JI0ro HarypajabHoro k > 2 nonayden PIR-nporokos ¢ KoMmmyHUKAITH-

O(lglgk/klgk) st k = 2 c10:KHOCTH TTOCTPOEHHOTO

OHHOI CJIO?KHOCTBIO 7
PIR-nporokosa pasHa O(nl/ 3). Ha TaHHBIH MOMEHT, KOMMYHUKATIHOHHAS
CJIO2KHOCTB 3TOI'0 IIPOTOKOJIA SIBJIsSeTCs Hamlydmeil mist k = 2.

B [3, O. Goldreich, H. Karloff, L. Schulman, L. Trevisan, 2002| 6b110
II0Ka3aHO, YTO ec/Id (PYHKIUN OTBETOB BCEX CEPBEPOB JIMHEIHEBIE, U JIJIU-
Ha B OWTax oTBeTa JIIOOOrO cepBepa paBHA @, TO JJINHA 3aIIPOCa, JTOJIKHA,

obiTh He Menbine O(g;). Taxaxe GbLIO I0KA3aHO, YTO CJIOXKHOCTD JIIOOOIO
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PIR-nporokosa j1st 2-x cepBepoB, PYHKIIMH OTBETOB KOTOPOIO SIBJISIIOT-
st JIMHEHHBIMU, U ITOJIb30BATEJIb UCIOJIb3YeT POBHO @ OUT U3 OTBETA KarK-
JIOTO cepBepa, He ITPEBBINIAeT O(nl/ “H). Jutst mokasaTebCTBa HUXKHUX
OIIEHOK aBTOPBI IIpeobpa3oBbiBaioT mpon3Bosbhblit PIR-mporokos 8 LDC
(Locally Decodable Code) 1mpoTokos 1 HIpUBOJSAT JOKA3ATEIbCTBO OIEHKH
st LDC-niporokoura.

B [4, B. Chor, O. Goldreich, E. Kushilevitz, M. Sudan, 1998| 6bL1a
OJTy YeHa CJIeIyTOINasl HIKHsIs OIleHKa. Feym pyHKIus 3anpocoB JTnHei-
HA ¥ OTBET JIIOOOr0 cepBepa 9TO POBHO OJIMH OUT, TOTJA JJIMHA 3aIpoca
K KaXKJOMYy CepBepy JIOJKHA ObITh He MeHbIe 1 — 1 OUT. DTa OIeHKa
sABJIsieTcst ToUHOM. B Toit yke pabore nmocrpoen PIR-mporokos ¢ Takoit xe
KOMMYHUKAIIMOHHOHN CJI0?KHOCTDIO.

B [5, I. Kerendis u R. de Wolf, 2003| 66110 110Ka3aHO0, 4TO €CJIU O30~
BaTe/Ib UCIOJIL3YeT U3 OTBETa KaXKI0ro cepsepa He bojiee a OUT, TO JJINHA
3aIpoca JI0JKHA OBITH He MEHbBIIe 0(22‘—(1) st mokasaTenbCTBa HIKHEH
OLIEHKHU aBTOPbI IPE0OPa30BBIBAIOT IPOU3BOJILHLI PIR-11poToKoI B KBaH-
ToBbIfT PIR-TIPOTOKOMT 1 IPUBOAT MOKA3aTEBCTBO OIEHKHU JIIsT KBAHTO-
Boro PIR-mpoToxkoua.

B [6, R. Beigel, L. Fortnow, W. Gasarch, 2003| 6bu10 nokazano, 41o
€CJIM KaXKJIBIi CepBep IOChLIAET B OTBET II0JIL30BATEIIO POBHO OIUH OUT,
TO JIJTUHA 3aIpoca JIOJIKHA ObITh He MeHee n — 2. Ilpu sToMm cyrmecTByer
PIR-nporokost ([4]), e mosib3oBaTesib HOChUIAET KazKJI0My cepBepy 1 — 1
OUT U TOJIyYIaeT B OTBET POBHO 1 OUT OT KAXKOrO cepBepa.

Jlnst Toro, 9To0BI CHOPMYIUPOBATE CJIEIYIOIINI PE3YJIbTAT, 1AM

HEKOTOPBIE OIIPEICICHHS.
Onpenenenne 1. Ilycrs k,n,s,m,a — OpOU3BOJILHBIE HATypaJbHbIE
gucia. Iycrs [ = (Q, A%, A, ... A*=1 R) — PIR-nporokon mis k cep-
BEPOB, JIJTsT 6A3BI JIJAHHBIX JJTHHBI 71, C JTATIYHKOM CIyJIaifHBIX IHCEeT JIJTHHBI
S, C JIJIMHOU 3aIpoca m u AJAHON OTBETa a, TOTAa

1) PIR-mporokos I HasbiBaeTcst IHHEHHBIM, ecyiu jiist Jiio6oro 0 < j <
k —1 dbynkmua A7 @ EY* — E§ nuHeliHa 110 KaXKJI0il II€peMeHHOI.
To ectb myst mpou3BOILHBIX by,...,bp—1,b,¢,bp41,...,bp € {0,1},
BEPHO

AT (b1, bpo1,b+ Cbpit, e b)) =
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= A](bb .. 7bp—17b7 bp+17 s 7bm) +
+ AT (by, . by 1,C, 011,y ).

2) Ilycrs | — npoussosbHoe HaTypaiabHoe unciao. PIR-nporokos I Ha-
3BIBACTCS [-MyJIbTUINHERHBIM, eciu it Jjioboro 0 < j < k — 1
byukmus A7 (BL)™! — E$ mmeiina o xaxioit nepemennoii. To
€CTb Il NPOUBBOJBHBIX b1,...,bp—1,0,¢,0p11,...,05 € {0, l}l,
BEPHO

A‘j(bl,---abp*17b+c7bp+17“"bm/l) =
:Aj(bl,..~,bp717b7bp+17""bm/l)+
JrAj(bl,.--7bp717cvbp+lv"'7bm/l)'

3) Iycrs | — npousBosbHOe HaTypasbaoe uncio. PIR-mporokon I
HaspiBaercs [-addunnbiv (l-affine), ecim st moboro 0 < j <
kE — 1 dbysxmua A (Eé)m/ ! — B¢ numeiina ¢ mapamerpom
0! = (0,...,0) € {0,1} no kaxoit nepemennoit. To ecTh J1st TPO-
U3BOJIBHBIX b1, ..., bp—1,b,¢,0p11,. .. by € {0,1}!, Bepro

Al (by, . bp—1,b+ € byt o byt) =
= A (b, ... bp1,b,bpg1, - by y) +
+ AT (by, . by, bpgts b))
+ AV(by, . bp—1, 00, b, o )

B [7, T. Ttoh, 2001| 6b110 MOKa3aHo, UTO JKO6OI JuHeliHbIH PIR-1po-
TOKOJI Jjist k CepBEepOB MMeEeT CJIO?KHOCTH HE MeHee \/% . Iycrs k,1 —
[IPOU3BOJIbHBIE HATYPAJIbHBIE YHC/IA U € — IIPOU3BOJILHOE MOJIO2KUTETHHOE
qncsio. Torga eciau I npou3BOIbHBIN [-MyIbTUINHEHHBIH win [-addun-
ublit PIR-miporokost jyist k cepepos, To nouru st Beex n Bepuo: C'(I) >
(1/(k _ 1)1/(l+1) _ l)nl/(lJrl)_

B |9, Alexander Razborov, Sergey Yekhanin, 2006| 6bia nosyuena
HUKHSIS OTEHKA Jijisi OuuHeitabix group-based PIR-mipoTokosioB ¢ 2-ms
cepBepamu. Pexoncrpyupyiomas ¢yukius Ounnneitnbix PIR-mpoToko-
JIOB SIBJISIETCS CYMMOU OUT OTBETOB CEPBEPOB, group-based o3nadaer, 4To
cepBepa MPEeJICTABIAIOT 0a3y MaHHLIX B Buje QyHKINU, AefCTByIOIIeH B
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KOHEYHOM II0JI€, U ITO3BOJISIOT IMOJIB30BATE/IO 3AIPOCUTHL 3HAUCHUE TOM
GYHKIINN HA HEKOTOPOM 3JIEMEHTE TPYIIIIBI, UCIIOJIb3YsI CXEMY Pa3JIeICHUs
ceKkpeTa B 3TOI TpyIie. A MMEHHO, [TOKa3aHO, 9TO JIJIsT JAHHOTO KJIACCa
PIR-nporoxosos C(I) > Q(n'/3).

B mannoit pabore ObLI IOy YeH Pe3yJIbTAT JJisi 60JIee ITUPOKOro KJrac-
ca PIR-ipoTokosioB. A mMeEHHO, BO-IIEPBBIX, B OTJINUNE OT PACCMOTPEH-
HBIX BBIIIE PE3YJIBTATOB, MbI HE IIPE/IIIOJIAraIH, YTO JJIUHBI OTBETOB CEPBe-
POB PaBHBI MKy c000i, BO-BTOPBIX, Mbl HE HAJIAraJI HUKAKUX OI'DAHM-
YeHUHl Ha KOJIMYECTBO OUT, KOTOPBIE [TOJIb30BATE/b UCIOJIB3YET U3 OTBETOB
cepBepoB. B-Tperbux, mojiyueHa HUXKHsIS OIEHKA, KOTOpas He HajaraeT
OrpaHUYECHUI HA JIMHEHHOCTH (DYHKIIMKU OTBETOB. TakKe 3aMETUM, UTO
JyIsl JIOKa3aTesIbcTBa HUKHell orenku, asropsl 3, O. Goldreich, H. Kar-
loff, L. Schulman, L. Trevisan, 2002| ucnoss3ytor ceeienne PIR-mpo-
rTokosioB K LDC-nporokosiam, a asropsl [5, I. Kerendis u R. de Wolf,
2003| ucnosbayior ceegenne PIR-mporokosio k kBanTosbiM PIR-mporo-
KoJilaM. B JlaHHON cTaTbe MBI JOKA3bIBAEM HUYKHIOIO OIEHKY HAIPSIMYIO
nis PIR-mpoTokosios.

OTBeT KaXKJI0ro cepBepa 3TO BEKTOP, KAXKJIbIi OUT KOTOPOTO siBJISET-
csT HeKOTOpOi (pyHKIMer oT 6uT 6a3bl JaHHBIX. CTENEHBI0 CYIeCTBEHHO-
¢t (DyHKIINKM OTBETOB HA30BEM MAKCHUMAJIBHYIO CTEIIEHD CYIIECTBEHHOCTH
BCEX 9TUX (PYHKITHI.

Torma B kitacce PIR-tiporokosioB ¢ 2-ms cepBepamu, CTEIEHL Cy-
IIECTBEHHOCTH (DPYHKIIUU OTBETOB KOTOPBIX HE MPEBBLIMIAET 2, W JJIU-
Ha JATYNKA CIYyYIAMHBIX UUCEST MEHBINEe JITMHBI 0a3bl JTAHHDBIX, TOCTPOEH
PIR-nporokos u oty deHa HUXKHsIS OI[EHKa KOMMYHUKAITMOHHOM CJI02KHO-
CTU, KOTOpast O HOPSJIKY COBITAJIAET C KOMMYHUKAIMOHHOMN CJIO?KHOCTBIO
noctpoerHoro PIR-miporokoa mjist 2-X cepBepoB.

ABTOp BBIpaxkaer GarogapHoOCTh .. ['acaHoBy 3a MOCTAHOBKY 3a-
Jladd U TIOMOIIb B pabore.

2. OCHOBHBIE ITOHATUS

Crporo dopmasbhoe onpejesenne PIR-iporoko/ia 66110 BBEJIEHO pa-
uee B [10, 11]. [TockosbKy B paboTe paccMaTpUBaeTCsl TOJBKO Cjydail ¢
2-Msl CepBEPaMU, TO 3JIeCh MbI IIPUBEJIEM HECKOJIBLKO YIIPOIIEHHY IO BEPCUIO
nousitust PIR-tiporokoa.
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st sroboro HatypasibHOro n obosuaunm E, = {0,...,n — 1}.

ycrs n, s, p°,p' — narypansubie uncia, p = p° + pl. Iycrs
na muoxkecrse B = {(i,r), i € E,, r € Eg} 3a1aH0 BEpOSITHOCT-
noe mpocrpanctso <B,28 P>, tne P(i,r) = %, JUIs JIIOOBIX €
E,, r € E,. Torna (2,n,s,p) PIR-npomokosom HasbiBaeTcst HAOOP U3
4 bynxmuit I = (Q, A%, AL, R), te Q, A°, A', R nexoropbie orobpake-
musg, Q : By x B, x By, — E,, AV : B, x {0,1}" — {0,1}”", j € Es,

R:E, x Es x{0,1}? — {0,1}, Takue, 4T0 BBIIOJHEHO 2 YCIOBHS:

KOPPEKTHOCTU: JIsI JTI00bIX ¢ € F,y, r € E BBIIOJTHEHO

R(i,r, AO(Q(O, i,7),x), Al (Q(L,4,7r),z)) = x;;

3aIMUIIEHHOCTH: JJis1 JI00bIX ¢ € Fg, t € Fy, i,j € E,, BbIIOJIHEHO

P(Q(t’i’r) = Q) = P(Q(t,j,?“) = q)'

B1ech u Be3e Jajee B craThe n — JMHA 6a3bl JIaHHBIX & = (g,
X1,...,Tp_1); § — IapaMeTp JaTUhKa CJIyYaifHbIX JHCesI, TOYHee, JaT-
qUuK C.Hy‘{aI/IHbIX quceJsl JaeT PaBHOBEPOATHO YHC/Ia U3 MHOXKECTBa ES)
P’ — kosmuecTBoO GUT B OTBETE j-TO cepBepa, A7 — dbyHKIMS oTBeTA j-TO
cepsepa (j € Ey); R — pexoncrpyupyiorias QyHKIHUI.

Conepsxarenbno nporokos I = (Q, A°, A') R) cocront u3 ciieryrommx
II1aroB:

e ITlonbzoBaress U, nmMesi 3aIpoc 4, BBIPAOATHIBACT CIIydaifHOe YHCIIO
r € E, nis kaxaoro j € Fy Berauciasier ¢ = Q(j,4,r) u nocwliaer
¢’ cepsepy 5.

) o o iy

o Kaxnprii cepsep S, j € Eo, Beruuciger a/ = (%7"'7%1;1) =

Al(¢?, ) m mochLIaeT BeKTOp @ MOJIB30BATEIIIO.

e U suruncisger z; = R(i,r,a° al).

Ecim d — BemecrBennoe 4uciio, To depes |d[ 0603HAMNM HANMEHbBIIICE
1eJioe He MeHblIlee, YeM d, a depe3 [d] — HauboJIbIIee Ie10e He Gosibliiee,
yeM d.

Besmunna C(I) = 2]log, s[ + p Ha3bIBAETCH KOMMYHUKGUUOHHOT
caoorcrocmvro npomokoaa I, n upejcrasisier coboii 4ucsio 6ut, nepeaH-

HBIX B ITPOIIECCE ITPOTOKOJIA.
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VejioBrue KOPPEKTHOCTH TapaHTUPYET, 9TO IOJIb30BATEIb IOJIYUUT
HY>KHBII OMT 0a3bl JIAHHBIX, & YCJOBUE 3AIMUIIEHHOCTH — YTO HU OJINH
U3 CEPBEPOB IO YUCJTY ¢, KOTOPOE OH ITOJIY M, HE CMOXKET MOHSTh, KAKO
OUT MHTEPECYET TOJIb30BATEIIS.

OCHOBHO# TEJIbIO UCCJICJIOBAHUI B 3TOM 00JIACTU SBJISIETCS IOCTPOE-
HUE JIJIsi 33/IAaHHON JIIMHBI 0a3bl JIAHHBIX N U MAKCUMAJBHOI'O 3HAYCHUS
JaTauKa caydainbix duces s PIR-mporokoia ¢ MEHUMAILHON KOMMYHU-
KAIIMOHHON CJIO2KHOCTBIO.

Cmenenvro cywecmseennocmu 6yaesots gynrkyuyu f(xq,...,x;) Ha30-
BEM YHCJIO [IEPEMEHHBIX, OT KOTOPBIX OHA CYIIECTBEHHO 3aBUCHUT, U 00O-
3HaYNM ero 4depes S(f).

Cmenenvio cyuecmeenmnocmu 6yae8ots sexmop-Pyrnkuuy

F(xl,...,xl) = (fl(l'l,...,[l}l),...,ft(l'l,...,[l}l))

Ha30BEeM YHCJIO

S(F) = max S(f;).

1<t

[ycts Al(q,z) = (Aé(q,x), - ,Aijil(q,m)). s byakmmit A7 (q, x),

A{ (q,2),l € E,i,j € Ea2,q € Es TAKKe 6y;LeM UCITOJIb30BATDH CJIEIYIONLYIO
sammen: A7 (g, ) = AV(q)(x), Af(q,2) = A(q)(2), | € By, tne A(q) :
{0,1}" — {0,1}?" — 6yneBa BekTOP-DYHKIHUSA 1 HEPEMEHHBIX, Al(q)
{0,1}"™ — {0,1} — 6yseBa dyHKIWMS N HEPEMEHHDIX.

Cmenenvto cywecmeennocmu Gynkyuy, omeemos j-ro cepsepa A7 :
E, x {0,1}" — {0,1}¥", j € Ey, nasosem 4mucio

S(A7) = max S(A7(q)).
qels
O6o3naunm uepes Z(2,n, s) kiacc Beex (2,m,s,p) PIR-nporokosos,

e p > 0. Ilycts A — nHekoropoe MmuHOXkecTBO PIR-mporokosios. Torna
06o3HaAINM

C(2,n,s,A) =min{C(I): [ € ANZ(2,n,s)}.

O6o3nauum yepes Ao mHoxkecTBO Beex PIR-ipoTokosios jyjist 2-x cep-
BEPOB TAKMX, UYTO CTEIEHb CYIIECTBEHHOCTH (PYHKIUU OTBETOB KaXKJOI'0
cepBepa He IPEBOCXOJIUT 2.
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Teopema 1 (Bepxusisi onteHka). /las 41006 HAMYPAALHUL N = S
8EPHO

1
C(2,n,s,As) < 2]logy s[ + %n + (n mod s?).
s
[Tycrs dynkuus sign : NU {0} — {0,1} Takas aro

0, ecsmn =0,
1, ectmun > 1.

sign(n) = {

Teopema 2 (Hukusist oneHka). /[as 410061 HAMYypasonlx n, S 6epHo

1 1 d
0(27n757A2) 2 2] 10g2 S[ + 8;; n — S—g <Slgn<d) — g) s

2de d =n mod s.

Caencreue 1. Jlaa A00bT HAMYPAALHBIT 10, S MAKUT MO N KPATMHO
252, sepro
s+ 1

C(2,n,s,A2) = 2]logy s[ + n.

3. BepxHss omneHKa

Jdemma 1. Jlaa a060z20 (2,n,s,p) PIR-npomokosa I = (Q, A, A, R),
ons mobwix i € By, j € By He cywecmeyem maxux 11,72 € Eg, 11 # 19,
wmo eepno Q(j,1,71) = Q(4,4,72).

JokazaTenncTso. [Tycrs [ =(Q, A°, A', R) — npoussosbubiii (2,1, s, p)
PIR-nporokos. [ljis npoussoibHbIX j € Fa,1 € Ep,r € E, paccMor-
pum dynxkmuo Q) (r) = Q(j,i,7). o ceoiicrBy samumennocrn Q7 (r)
JIOKHA HPUHUMATH BCe § 3HadeHmil. JIOMyCTHM, CyIMIECTBYIOT TaKue
1,72 € Eg, 11 # 19 uro Q] (r1) = Q] (r2). Ho rorna dyukius Q7 (r) upu-
HIIMAET OJ[HO 3HAYEHHE B JIBYX TOYKAX. DTO O3HAYAET, UTO CYIIECTBYET Ta-
Koit 3anpoc g € Es, uro ms moboro r € Eg Bepro QI (r) = Q(4,4,7) # q,
TpeboBaHme 3alUIeHHOCTH HapymaeTcs. [losydaem nporusopeune. Tem
caMbIM JieMMa 1 jJJoKa3aHa.
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Jlemma 2. Jlaa moboeo (2,n,s,p) PIR-npomoxosa I = (Q, A" Al R)
cywecmeyem (2,n, s,p) PIR-npomoxoa I' = (Q', A°, A', R) maxoti wmo

' T, ecau j =0,
i, 1) = . .
QG ={ Gitiomtr), comy 1
2de pi(r) : By — FEg,i € E, — nexomopuie 63aUMHO00NO3HAHBIE 0MO0-
PAANCEHUSA.

Hoka3zaresnberBo. Conocrasum dyukimu 3anpocos (7,4, ) Marpuiry
B®, sjieMenTaMn KOTOPOil ABJISIOTCS Haph: BiQT = (Q(0,1,7),Q(1,17,1)),
rne ¢ € E,,r € E;. PaccmoTpuMm i-yio CTpOKy 370l Marpunpl. [lo cBoii-
CTBY 3aIlUIIEHHOCTH [t jitoboro i € E,, dyukuus Q(0,4,r) npunumaer
Bce s 3Hauennii. Torja cymecTByer Takasi IepecTaHOBKa p;(r) cToJbI0B
marpuiiel, aro Q(0,7,p;(r)) = r. [lpumerum K s7eMeHTaM -0if CTPOKH
[IepeCTaHOBKY, 00paTHyio K p;(r). BeimosnuM a1y oneparmio st Beex
crpok Marpuipl BY. O6o3HaunM pe3yIbTHPYIONLyo MaTpuily depes B/,
ITo oot Marpune crponm dynkimio 3anpocos: (Q'(0,i,7), Q' (1,4,r)) =
ng,i € E,,r € E,. Paccemorpum PIR-nporokon (@', A°, A', R). Oue-
BUJIHO, CBOHCTBA KOPPEKTHOCTH U 3AIUIIEHHOCTH B 9TOM IPOTOKOJIE CO-
xpansiorcs. omyaumu uckomyio dyuknuio Q'(7,4, ). Tem cambim Jiemma
JIOKa3aHa.

dokazaTeabcTBO Teopembl 1.

Omnmumtem PIR-npotokon I, s = (Q, A, AY, R) € Ay ¢ naramkom ciry-
JaWHBIX YHCENT, TPUHAMAIOIIIM § 3HAYCHUH.

Ob6ozHa UM

Iy = [n/s,1! = slh,I" =n —sl' =n— s%).
[IpoTokos cOCTOUT U3 TpEX IAroB.
Hlae 1.
ITo nomepy 6uTa ¢ u caydaitHomy ducay r € Fg moap3oBaTe/ib BITUC-
asgetr ¢/, j € Fo, 0o IpaBUILy:
O .
q = Q<0717T) =T,
T, ecu ¢ < I/,
1 , r+1 mod s ecim I! <4< 2l
¢ =Q(i,r) =1 . ’ = :

r4+s—1 mods, ecm (s—1)I'<i.

U TIOCBUTAET j-MYy CEpPBepYy 3ampoc ¢7.
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Hlae 2.

Kaxkaprit 6uT orBeTa mMepBOro cepBepa Ha JOOOI 3aIIpoc MoJIb30Ba-
TeJsl MpeJICTaBIsgeT coboit CyMMy II0 MOJIY/IIO 2 POBHO ABYX OUT 6Gasbl
JTAHHBIX.

Bropoii cepsep Ha 1060l 3aIIpoc MOIB30BATENSA BCETIA MOCHLLIACT B
KauecTBe OTBETa HEKOTOPYIO IPOEKIHIO 6a3bl JAHHDIX.

Hanee 6ynem nosnarars, aro M (n,m) — MHOXKECTBO 1 X M MaTPHIL C
ssiementamn u3 {0,1}. Ecom

ao,0 cee Aom—1
B= ; : € M(n,m),
p—1,0 --- Gp—-1m-—1
TOIJIA, TOJIOYKUM
ap,0 e an—l,()
BT = : : € M(m,n).
aom-1 --- OGpn-1m-1
O6oznaunm z = z(s) = 3(3271).
Hns Beramcnenns orseta cepsep Sj,j € [y HCIONIb3yeT MaTPHILBI
Bé,...,Bgfl, KOTOpBIE OYIyT ONUCAHBI HUXKE, MPUIEM BS,...,BQ,I €
M(zly,n),a By, ..., Bl | € M(sl)+1",n). Honaraem, 9To MOIL30BATETH

3HAET BUJI BCEX THX MaTPHII.
Cepsep S serncister orser o’ ucnonbsys gopmyiy o’ = A?(¢/, x) =

(B;] :ET)T 1 IIOCbLJIaET pe3yJibTaT IIOJIb30BaTEJII0.

Mycts Vp — muOMkecTBO BexTopos Buma (19,19, ..., 6371 271 mre
tll,tl2 € E2,l € E, u BBIIIOJHEHBI CJIEJYIONINE YCIOBUS:

a) st jioboro | € E, BepHo:

th <tyu[ty/s] # [ty/s],

6) st Beex l1,ls € E,, 1y # I BepHO:

[t /5] # [t2/s] wmm [t} /s] # [t2/s].
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Torma MHOXKECTBO map

{189/s), 165/} [t /8], o/l - AT /s, 1657 /8]

SIBJISIETCST MHO?KECTBOM BCEX JIBYX3JICMEHTHBIX MOJIMHOKECTB F.
Ilycrs E — exunnunas marpuna u3 M (1), 1), O — myesas marpuia
uz M(1j, 1), To ecTb

1 0 ... 0 0 0 0
01 ... 0 0 0 0
E= . . . . ) 0=
00 ... 1 00 ... 0
Kaxknomy BekTOpy v = (t(l), tg, .. ,tif_l, tg_l) € Vp mocraBUM B COOT-
sercteue Marpuny 10 € M(z1), s?1)), suna:
T07() e T0,8271
= :
Tocrp o0 Tooqs2

e T4 € M (1), 1)l € E.,t € E,2, upudem

Tl,tll = Tl,té =FuT,;=0 nma moobx t # tll,tlz,l cFE,.

Tl marpuner T Gy/eM HCIOMb30BaTh 607Tee KOPOTKOe BhIPayKeHHe:
T? = (T}+). O6oznaunm To = {T : v € Vp}.

Iycrs V) — muozxkectso Bexropos Buja (10, ..., 57 1) rnet! € Epe,l €
FE; 1 BBIIIOJTHEHO:

[t'/s] =1,

st groboro | € E.

Kaxnomy sextopy v = (t°,...,t*71) € V} mocraBum B cooTBercTBHe
varpuny Ty € M(sl), s*1)) crepytomum obpasom: T)f = (Tp4), tie Tp4 €
M(1},15);1 € Es,t € Eg2, npuiem

Tip=FEunuT,;=0, nis modbix t # t ¢t € BVl € E,.

O6oznaum: Ty = {T! : v € V1 }.
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ITycrs BexTOpa v;(q),j € Ea,q € E; onpenesitorcs Caemayomum o0-
pasom. st kaxoro q € Ey momoxum: v1(q) = (tg, .. ,tg_l) e V1, rae
th = sl+q, Vl € E,. Bamerum, uto t) mod s = g u [t} /s] = | nna moGoro
leE vo(q) = (tgl,tg’z,...,téll,tz;) eV

Iycrn

([tég/s] [ 2/8]) = (ct Cq,1 q2) Vi€ E;,q€ Es

JIJIsT HEKOTOPBIX cf] 1,cq 5 € Es,cq 1 F cq 5. @yHKIMA 3ampocos () 3a1aer
b b b b

HA MHOXKECTBe I, OTHOIIIeHNE SKBUBAJIEHTHOCTH ) CJIJYIOIIEro BUJIA: JIJIst

JIOOBIX 11,19 € E,,, 11pio TOrIA U TOJIBKO TOTJA, KOTJA JJIsl JIIOObIX j €

Es,r € E; Bepro Q(j,11,7r) = Q(j,12,1).

Herpynno 3amMeTuTh, 9TO 9TO OTHOIIEHUE JIEIUT MHOXKECTBO F), Ha s
HEIIEPeCEKAIOIINXCA OAMHOXKeCTB Iy, ..., Is 1, mpuwdyem s Joboro ¢ €
Es_1Bepuo I ={cl',...,(c+ ' =1}, Iy ={(s = DI',...,n —1}.

st kazxzoro | € E, cyIecTBYIOT TaKue Té’l, ré’g € E, aro mjs Beex
UHJEKCOB 11 € Iz iy € Ifﬂ BEpPHO Q(O,il,révl) = Q(0, ig,r(lﬂ) = q.

Corulacuo jemme 2 Q(O i1,q9) = Q(0,12,q) = q. ObozHaTIM
Q(1,i1,9) = ¢l g1,
Q(1i2,9) = qig2-
Torma
tég = SCl 1T QZlq,27
tiﬂ SCq2+QZq’

Eciu I # 0, To nycrs E' — equnuuanas marpuna uz M (17,1"), O' —
nysesast marpuna uz M (z1),1"), O" — uynesas marpuna uz M (1", s21f),
O" — nynesast marpuna u3 M (slj,1").

Toryia MATPHUITBI, UCTIOIB3yeMbIe MIEPBBIM CePBEPOM S(, IMEIOT CJIeJTy-

IO BUI:
0 !
B = (Tvo(q) 0 )

MaTPHIIbI, UCIIOJIB3YEMbIE BTOPBIM CEPBEPOM S1, UMEIOT CJIeIYIOMINN BUI;:

Tl O///
= (o G ).

e ng(q) € T5,vj(q) € Vj,j € Ea,q € Es.
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Iaz 3. Ilonp3oBaTesb AEHCTBYET II0 CJIEAYIONIEH CXeMe.

1) i < s2l,.
Eciu jyist co3ianusi 3alIpOCOB T10JIb30BATEb UCIOIB30BAT HHIEKC
1 € E,, u ciygaiinoe uucio r € Fg, To 3anpocamu K cepBepam ObLia
napa (¢°,¢*) = (r,[i/s] + r mod s).
a) Ecim i mod s = ¢! = [i/s] +r mod s, To x; n3BIeKaeTcsa u3
OTBEeTa BTOPOIO CepBepa, a UMEHHO, T; = a%_ql(n_slé).
6) Ecrm i mod s # ¢!, To x; momyuaerca kax cymMa JByX OUT
U3 OTBETOB 060UX cepBepoB. A UMeHHO, HaxoauM ducyo | € F,
TAKOE 10 BIIOIHEHE ABA YCIOBHS:
L. {[t%1/8] [th.2/s1} > {[i/s]},
2. {[t;1 mod s} [tl o mod s|} > {[i mod s]}.
HyCTb {[t ql/s] [ 2/3]} = {[i/s], ¢} must Hekoroporo ¢ € .
Tornma z; = a?%H mod s2 T a}%ﬂ mod 52 mod 2.

2) Ecim @ > lo, TO T; U3BJIEKAETCd M3 OTBETAa BTOPOI'O CepBepa, a
1
UMEHHO, Tj = a;_(,_g1)-

Jlerko BUETH, YTO CJIOKHOCTH 3TOro nporokosa pasha C(Is) =

2]logy s[ + S(S_l)l’ + sl + 1" = 2]logy s[ + S(S;Ll)[ 5] + n mod s? <

2] logy s[+ (S;Dn + (n mod s?). Teopema joKazaHa.

4. IIpumep PIR-niporokoJsia npu s = 2

B kauecTBe HaAIIsIIHON WILTIOCTpANU onucaHHoro Bhie PIR-mpoTo-
KoJla TpuBesieM HeBbIpokaennblil PIR-nporokon I, o = (Q, A% AY R)
JJIE IBYX CEPBEPOB, CO CJIYYANHBIM YHCJIOM, IPUHUMAIONINM JIBA 3HAUE-
HUs, Uit . KparHoro 4. [IpoTrokos cocTouT n3 Tpex IIaros.

Hlae 1.

ITo HOMEpY OuTa ¢ U ciay4daiiHoMy duciy 7 € Fo M0JIb30BATE/b BBIMUC-

nster ¢/, j € By, o npasury ¢° = Q(0,4,7) =7,

- R ecn i < %,

¥ TIOCBLIAET j-My CepBepy 3ampoc ¢’.
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Hlae 2.

Kazkiprit 6uT oTBeTa mepBOro cepBepa Ha JIFOOOI 3alpoc IMOJIb30Ba-
Tessd MpeJCcTaBisgeT coboil CyMMy IO MOJYJIIO 2 POBHO JBYX OHT 6a3bl
JAHHBIX.

Ecsinr mepBerii cepsep Sy mojydaeT B Kadectse 3ampoca out ¢ = 0,
TO OH MTOOUTOBO CKJIQJIBIBAET BTOPYIO UE€TBEPTh 0A3bl JIAHHBIX C TPETheil
YeTBEPTHIO U MOCBLIAET Pe3y/IbTaT CIOMKEHHs, BCETo y OUT, B KadecTse
OTBETa IIOJIb30BaTe 0. Ecan cepBep Sy mMoIydaeT B KadecTBE 3aIIpoca
ouT qo = 1, To oH TOOUTOBO CKJIAIBIBAET IIEPBYIO Y€TBEPTDH OA3BI JAHHBIX
C TIOC/IeIHEN 9eTBEPTHIO U MTOCHLIAET PE3Y/ILTAT MOJIb30BATEIO.

Bropoit cepBep Ha J11000# 3aIpoc MOJIB30BATENSI BCET/Ia MOCHLIAECT B
KadyecTBe OTBETa HEKOTOPYIO MPOEKINio 6a3bl JaHHBIX. Ecau cepsep S
IIOJTydaeT B KauecTBe 3ampoca 6ut ' = 0, To B KauecTBe OTBETA OH HOCHI-
JIaeT TI0JTb30BaTe IO MePBYIO U TPEThIO YeTBepTH 0a3bl JaHHBIX, BCEro
out. Ecim cepsep S mosydaer B KadecTse 3ampoca 6ut ¢! = 1, To B Kade-
CTBE OTBETa OH IOCHLIAET MOJIL30BATE/I0 BTOPYIO U ITOCJEIHIO YeTBEPTH
0a3bl JaHHbIX.

Ecnm rpadudeckn npencraBuTh 6a3y JaHHBIX, KaK MPAMYIO, Ha KO-
TOPOM PACIOJIOKEHBI OUTBI 0a3bl JAHHBIX OT X A0 Tp_1, TO AJTOPUTM
BBIYHUCJIEHUSI OTBETOB cepBepamMu Sy U S1 OYIeT BBINIAIETH TaK, KaK I10-
Ka3aHO Ha PHUCYHKe 1.
gz 3.

Wcnonb3ys ¢, 7 1 OTBETHI CEPBEPOB @
er 3HavdeHume OWTa T; KaK JIMHEHHYI0 KOMOMHAIMIO OUT OTBETOB CEpBe-
poB. st mr0060it mapbl 3aIIpOCOB, MOJIb30BATENb A0JKEH UMETh BO3MOXK-
HOCTDb OIIPEJIEJINTh 3HAYEHUE JIN0O MepBOil JTUOO BTOPOM MMOJIOBUHBI Oa3bI
narubix. A mmenno, mpu sampocax (¢Y,¢t) € {(0,0),(1,1)} om moxer
BBIYUC/IUTE JIIOOO# OUT M3 IMepBOl MOJOBUHBI 0a3bl JaHHBIX, P 3aIPO-
cax (¢°,¢%) € {(0,1),(1,0)} — sroboit 6GUT U3 BTOPOI MOTOBUHBI Ga3bl
mauubix. [lo Buay byHKIME OTBETOB $ICHO, 9TO IIOJIH30BATEb BCETIA MO-
2KET TOJIyIaTh 2KejiaeMblit ouT. [[1g mpuMepa pacCMOTPHUM APy 3aIIPOCOB

. a', monb3oBaTens BBHIYHCIIS-

(¢°,¢') = (0,0). B aTom ciydae, mOTB30BaTENb JOKEH Y3HATD MEPBYIO
HoJI0BUHY 6as3bl JaHHLIX. 1lepBylo YeTBepTh 0a3bl JAHHLIX OH Oeper u3
OTBeTa BTOPOTO cepiepa S1, BTOPYIO YeTBepTh OH IMOJIydYaeT, CKJIaIbiBast
HOGUTOBO OTBET HEPBOTO cepBepa Sy € TPeTheil YeTBePThIO 6a3bl JAHHBIX,
KOTOPYIO OH TIOJIYYHMJI B OTKPBITOM BH/IE OT BTOPOrO cepBepa (CM. puc. 2).
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Jlerko BUZETH, YTO CJIOKHOCTH 9TOro mportokosa pasha C([,2) =
n n o __ 3n
2+ 1 + 5 = 2+ T
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5. IIpumep PIR-mporokosa npu s = 3

Omumenm nesbiporkennsiit PIR-porokon I, 3 = (Q, A%, A, R) nna
2-X CepBepOB C JATUYUKOM CJIyYailHbIX 9UCes, IPUHAMAIOIIEM TPU 3Hade-
HUSI.

O6osuaunm [ = [n/9],1" =3I, I” =n mod 9 = n — 9. IIporoxos
COCTOUT M3 TPEX Iaros.

Hlaz 1.

ITo Homepy GuTa i 1 cirydaitHoMy 4uciIy r € E3 I0Ib30BaTeb BLIUUC-

nster ¢/, j € B3, no npasury ¢° = Q(0,4,7) =7,

T, eciu 1 < 31,
gl = Q(l,i,r) =< (14+r) mod 3, ecmn 3lj < i< 6,
(2+7) mod3, ecumi > 6,

¥ IIOCBLTAET j-MYy CepBEpy 3ampoc ¢-.
Hlae 2.

Jlist Bblumcrienust orBeTa cepsep Sj,j € Es HCIOIB3yeT MaTpPHIbI
B], B, B}, upnmuenm BY,BY,BY € M(3l),n), a B}, B}, By € M(3l} +
1" n). Tlonaraem, 9To MOJIb30BATE/b 3HAET BUJ BCEX TAKUX MATPHIL.

Cepsep S; Boruncisier otser a’ ucnonbayst gopmyny al = Al (z,¢7) =

(B; 22T)T u moceiTaeT pesysBTAT MOTB3OBATETIO.

Ionoxkum E — exunmanas marpuia u3 M(1, 1)), O — Hyxesas
marpuna u3z M (1, 1f). Ecau 1”7 # 0, ro E' — eaunudnas MaTpuiia u3
M(@1",1"), O" — nynesas marpuna us M (3l),1"”), O"” — nynesas marpuna
us M (1", 915).

Tora MaTpHIBI, UCHOJIbL3YeMble EPBBIM CEPBEPOM S UMEIOT CJIeLy-
IOIIUNA BUJI;

B = ( 0., O >,q € B,
Ty Ton1)r Ton2) € M (31, 900),
O FE OF O O O O O
TBO(O) O O FE OO O E O O |,
O 0O O O O E O FE O
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O OEOEOOOO
y=(E 0 00 O0O0O0E O],
0O 0OO0OEOOOOE
E 0O O0OOOEOOO
=0 E 00 O0O0O0O0E,|,
0O 0O0O0EOEOO

MaTpHUIIbI UCIIOJIB3YEMBIEC BTOPbBIM CEPBEPOM Sl NMEKT Cﬂe,ILyIOIH,I/Iﬁ BH I
Tt o4
1
B (T % )aen
Ty, 0> Tor1ys Ty 2) € M (3l + 1", 90p),

) vl

~

E OO O0OOO0O0O0
Tyo=10 0 0 E O 0 0 0 0|,
O 0 O0OO0OOFEOO
OE OOOOOO0O0
Ty,y=10 0 0 0 E 0 0 0 o0 |,
OO0 O0O0O0O0O0EO
O OFEOOOOOO
Tyo=|0 O O OO E O 0O
OO0 O0O0O0OO0OE

gz 3.

Ncnonb3yss MaTpuist Bgo , B 1

;1 " OTBETBLI CEPBEPOB CLO,CL , II0JIb30Ba-

Tesib crpouT cucremy u3 3l' ypasnenuit n 3!’ HensBeCcTHBLIX — OMT Ga3bl
JIAaHHBIX. Takum 0b6pa3oM, MOJb30BATE/Ib BBIYHUC/SIET 3HAYEHUE OUTa X;
KaK JIMHEHHYI0 KOMOMHAIINIO OUT OTBETOB CepBEPOB. A MMEHHO: JIJIsI 3a-
pocos ¢°, ¢! pacimpennas MaTpuIa R’q()’q1 CUCTEMBI JITHEIHBIX ypaBHe-

HU# Jj1g IepeMeHHbIX X, ..., T3—1 UMeeT CJICAYIOIMUl BUI;
E O O
Rizo,ql = 0 £ O Ctlzo,ql ’
O O FE

rae (¢, ") € {(0,0), (1,1),(2,2)} u C . € M(3I',1),
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a(% a?/ + a%l'
aji_y a9y _y +agy,_
/ ag + ap / aé
0070 = e ) , 0171 = )
al/ + a%l/ 1 gzl/ 1 )
ap + ayp ag +ap
0 1 0 1
Agp_y + agp_y a1t agp_yq
a8 + al/
-1 tayy
/ ap + agy
Chy =
Aoy _q ‘*‘l%l'
ag
a}/

Pacmmpennast maTpura R g0 CHCTEMBI yDaBHCHUH JUIst 231/, .

nMeeT CJIeTYIONTU BT
E O O
O FE O Cé%7q1 ,
O O FE

,(2,0

0)},

rze (4% ¢") € {(0,1),
ag + a agy + ayy

0 1 0 1
ap_y +ap_y A3y + Qgpr_

all, a8 + a(l)
1/ 1
0071 = 1 . , 0172 = . .
O‘L21u11 ap_q *1 ay_q
Qg + agp ap

0 1 1
Azp_y + agp_y agy

, L6l —
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1
02,0 =

a lll

1
0‘121'—11
GQZ/ + a/2l/

0 1
a3l/_1 + a/-ilal,_l
a8 + ag

ap_y+ap_

Pacmupennas matpura Rgé,ql CUCTEMbl YpPaBHEHUN 14 gy,
uMeeT CJICAYIOIINNI BUL:

E

R" - 1)
q°,qt —

0]

O O
E O |C
O FE

rae (q07q1) € {(O’ 2)’ (17 O)v (27 1)}7

"o
C'0,2 -

a?,—i-a(l)

0 1
a2l/_1 + a/lll_l
agy + ay

0 1
Az _q ‘f Ay
gy

1
Az

"o
02,1 =

"o
) Cl,O -

ady + ajs

0 1
asp_q T gy _q
Aoy

1
%31/711
ap + ag

0 1
Aoy 1+ ap_q

"
q%,q

1 )

Aoy

1
a1,
a?, +ag

0 1
a2l/_1 + a/l/_l
Gt al

0 1
azp_q + Ay

203

s T —1
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Pacmmupennast maTpuria R cucrempr YPaBHEHUN g Toy, . .., Ty AMEET
CJAENYIONIUNA BUJ;

RW — ( B | C(4>> 7

riae
1
Qyy
cW — .
ol
A1 —1
JIerko BHJETH, UTO CJIOKHOCTH 9TOro mnporokosa pasHa C(I,3) =
446l)+1" =4+6[%] +n mod s>

6. Huxuasa oreHka

Jlemma 3. Jlaa npoussoaviozo (2,n, s, p) PIR-npomokosa, 2de p = p° +
pl, 6EPHO po + spl Znu pl + spo = n.

Hoxka3zaresbcrBo. Paccmorpum npousBosibHblil (2,1, s, p) PIR-nporo-
ko I = (Q, A°, AY R), riie p = p¥ + pl.
[Iycrs x € {0,1}", ¢ € E,. Oupenenum cieayomuii BEKTOp

Alg,z) = (A(0,z,q),A(1,2,0),...,A(l,z,s — 1)).
Jmna sexropa A(g, ) pasna p® + spl.

Ilycrs ortobpazkenne R : E, x Ey x {0,1}7°+P" — {0,1} sanano
CJIEIyIOIUM 0Opa3oM

R'(i,7, A(Q(0,i,7),2)) = R(i,r, A(0,2,Q(0,4,1)),
A(l,z,Q(1,1,7))) = ;.

Ormernm, uTo Kazxkapri m3 sekTopos AJ(Q(4,1,7),z),5 € Fy conep-
xurest B Bekrope A(Q(0,1,7),x).

[Ipeanosioxkum, aro jymHa BeKTopa A Menbiie yem n. Torga cyie-
crByer uncio q € Fg u nsa sekropa x’,z” € {0,1}", 2’ # a2 Takue uro
Alg, 2") = Alq, 2").

Iockoneky ' # 2, cymecrsyer unnekc | € E,, Takoit uro x| # .
[Tycrs r Takoe, uro Q(0,1,r) = q. Torma

;=R (l,r, Alq,2")) = R'(I,r, A(q,2")) = .
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D10 nporusopeune jokasbsaet, uro p’ 4+ sp! > n. Bropoe Hepasen-
CTBO JTIOKA3BIBAETCST AHAJIOTUIHO.

Paccemorpum tipomssonbabiit (2,7, s,p) PIR-potokon I = (Q, AY,
Al, R) € As.

st mro6oit 6ysesoit dyukiun f(xg, ..., x;—1) depes M(f) C E; 06o-
3HAYNM MHOXKECTBO HOMEPOB TIEPEMEHHBIX, OT KOTOPBIX OHA CYTIECTBEHHO
3aBUCHT.

Bynem rosoputh, uro 6uT ¢ nHaekcoM i € F, ydJacTByeT B OTBeTe
cepsepa S Ha 3a1poc ¢ € E; B 3aKPLITOM BHJIE, HJIN ABJIAETCH 3aKPBITHIM
OMTOM 3TOrO OTBeTa, ec/u CcymecTByloT h > 2,1 € E,; takue, 4to i €
V(A7 (q)) n S(A](¢)) = h. B 9TOM cilydae OyseM roBOPHTH, HTO OuT i
HCIIOJIB3yeTcst B KoMIonenTe A] dyHKIuu oTBeTa cepBepa Sj Ha 3aIpoc
q. Bcom i € V(A](q)) u S(A](q)) = 1, 10 GyseMm roBopuTh, 4T0 GHUT
y4JacTByeT B OTBETe B OTKPBITOM BHUJIE MM SIBJIAETCS OTKPLITBIM OHTOM
9TOro OTBeTA, U, ecyu Jylst Jioboro | € E,; Bepro V(A7 (q)) N{i} = &, 10
6UT He yIaCTBYeT B OTBETE.

[TockostbKy BUJ BCEX KOMIIOHEHT (DYHKIIAN OTBETOB CEPBEPOB M3Be-
CTEH BCEM YyYacTHUKAM IPOTOKOJIA, U Jiiobast (DyHKIHs, KOTOPas CyIIe-
CTBEHHO 3aBHUCHUT POBHO OT OJIHOW II€PEMEHHONU — 3TO JuOO0 HEKOTOPDIi
6uT Oa3bl JAHHBIX JUOO €ro OTpUIaHue, TO OYJEM CUATATb, 9TO JIIobas
KOMIIOHEHTA, CTEMeHb CYIECTBEHHOCTH KOTOpOi paBHa 1, sIBJISTETCS TIPO-
CTO HEKOTOPBIM OUTOM 0a3bl JAHHBIX.

Torma mjst 06bIX § € Fy,q € Eg, h € Ey mOI0KAM

Aé,h = {V(A?(Q)) e Epj,S<A{(q)) =h+1}

— MHOKECTBO WHJIEKCOB OHUT, KOTOPhIE YUIACTBYIOT B (PYHKIUSIX, CTEIIEHD
CYIIECTBEHHOCTH KOTOPHIX pasHa h + 1, B orsere AJ(q,z) cepsepa S
Ha 3anpoc q. OTMeTuM, 9To I KaxKJI0ro MHOXKecTBa A € Aé,h BEPHO
|Al =h+ 1.

st mobeix B C By, j € Fo,q € Egs, h € Ey nono:xxum
Ajh(B) :{MEAJq’h:MﬁB%Q},

q,

TOrIa Ag,h = Ag}h(En), st mobbIxX j € Eo,q € Es,h € Es.
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CortacHo jieMMe 2 MOYXKHO CIUTATh, ITO
Q0,i,r) =¢° =
Q(L,i,r) =q' = ¢'(i,7) = ¢.(i) € B,
g, () ={i:q () =1}l € B,

HOJIOZKHIM AOl = Arh(qr (1)).

Torma ]A L] — MHOXKecTBO 6uT U3 Arh’ KOTODBIE HCIIOTIB3YIOTCA B

nape ¢ orserom al = Al(l,x). To ectb komuecTso Kommonent a’,

IIOJIb3Yy4d KOTOPbIE BMeECTE C HEKOTOPBIMU KOMIIOHEHTaAMU OTBETa (11 I10JIb-

uc-

30BaTE/IM MOXKET y3HATH 3HAMEHUE MCKOMOTrO OuTa x; 0a3bl JTaHHDLIX.
0,1 . .
IIpn aTom cymecrsyer Takoe M € A ), 9ro i € M, TO eCTh HCKOMBIIf
b
OUT UCIIO/IB3YEeTCAd B HEKOTOPOH KOMITIOHEHTe ¢ butamu u3 M.

0,l
A’I‘h - U Ar,h
leEs
s mobeix B C E,, 5 € By, q,1 € Eg nonoKuM

AV (B)={M € Al}, . MNB+#o}.

fcuo, aro

st moGoro muoxectsa A C 27 monosxum V(A) = |J B.
BeA
B silemme 3 6bIIO IOKA3aHO, 9TO €CJIM BTOPOW CepBEp MOJIyYaeT 3a-

IIPOC ' TO JIOJZKHO BBINOJIHATHCS HepaseHCTBO pl 4 spU > n, npyrumn
CJIOBAMHM, HUCIIOJb3Yysl OJIMH OTBET BTOPOI'O CepBepa U BCe OTBETHI IEP-
BOI'O CEpBEPA, I0JIb30BATE/Ib Y3HACT BCIO 0a3y JAHHBIX. Y AUTHIBasi, 9TO
[IOJIb30BaTE/Ib 3HACT BUJ BCEX (PYHKITUH OTBETOB, IOIPOOYEeM HAMTH CO-
OTHOIIIEHUE MEXKTy KOJIMIeCTBOM BceX (DYHKIIMIA, CTEIeHb CYIIEeCTBEHHO-
CTH KOTOPBIX 00JIbITIe Wik PaBHA 2 U DYHKIUN, CTEIEHDb CYIIeCTBEHHOCTA
KOTOPBIX paBHa 1, B OTBeTax CEpPBEPOB, JIOCTATOYHBIX JIJIs1 BBIIIOJIHEHUS
9TOr0 HEPABEHCTBA.

[Iycrs 1 < m < s, {qo0,---,¢m-1},C Es — IpOU3BOJILHOE YIIOPSIIO-
YEeHHOE MHOYKECTBO. [LJIH J0bbIxX § € Fy,q € Ey,1 <1< m — 1 nonoxum

A\éz,o - ( qi, 0)\{V(A!I0 0) U V(A!h 0) U V(A!H 1 0})
AJ 1 ]ql\{AqOO q1 O UA1:J1 0}7
={M € AJ W {M\A, Y € E\NAL JUA UL UAT
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AJ AJ 0 AJ qo AJ)qo AJ qo AJ qo
0 )

q0,0 q,0 »

MuoxkecTBO Aé’f{l COCTOUT M3 OUT, KOTOPBIE HCIOJIB3YIOTCI B KOMIIO-
HenTax byHxmun orBetoB A’(q, ), CyMECTBEHHOCTh KOTOPBIX paBHa 2,
KOTOpBIE TaKyKe HCHOL3yloTcea B mape ¢ orserom A7 (g, x). Pacemor-
PUM TOJIBKO T€ KOMIIOHEHTBI, KOTOPbIE [IPU UCIIOJIb30BaAHUN B Hape C OTBe-

Tom AYI (qp, ) maor Gurer w3 Muoxkectsa By, (5,1) = n\{Aqo 0 611;6 U
UAT L
qi-1,

Jlemma 4. Jlaa ao06oz0 (2,n,s,p) PIR-npomoxoaa I = (Q, A, A1, R) €
As, mobozo 1 < m < 8, 4106020 YnopadowerHHo2o NOOMHOHCECMEA

{qoy .-, qm-1} C Ejs, sepro, nepasencmsa
AO 11 n
DDA = w3 (m= I 1Al = D 1Al -
qE€E; I€Em 1€Em 1 I€Em
/\0
= 2 2 1A= > 1Al ()
qEEs l€En, l€Em,
~
YOI = ma— D (m=l= DAY gl = DAY ol -
qEEs l€Ey, l€EEm_1 l€Em,
N
= 2 2 A= 2 gl (2)
qE€E;s I€Em I€Em

HokazarenbcTBo. [JokarkeM mepBoe HEpaBEHCTBO MHJIYKIIUEH 10 JIJINHE
Habopa m. OcuoBanue wnjayknuu. [lycte m = 1.

JlonycruM, cepsep S1 mosyumi 3ampoc qb = qo € FEs. ITocKombKy
KaXK/IbIl OUT OTBETA MOJIyYeH JU0O0 C MOMOIIBIO CYIECTBEHHON (DyHKINNT,
CTEIEHDb CYIIECTBEHHOCTH KOTOPO#l He IpeBbIiaeT d, Tubo sBisieTcs Ou-
TOM 0a3bl JAHHBIX, U IOJIH30BATEIb 3HACT BUJ BCeX (PYHKIUN OTBETOB,
MOXKHO yKa3aTh MaKCHMAJIbLHOE KOJIMYECTBO OUT, KOTOPOE MOJIb30BATE b
MozkeT y3HaTh u3 oteetoB Al(qo,z), A°(0,2),...,A%s —1,7).

Bo-11epBbix, 1101630BaTE/b MOXKET Y3HATH BCE OUTHI, KOTOPHIE UCIIOJIb-
3yI0TCA BO BCEX KOMIOHeHTax (byHkmmu orseta cepsepa A'(qo, ), Beero

| U V(A )| 6ur. Takxke, on MOKeT y3HaTh Bce GUTBL H3 BCEX KOMIIO-
heFEs
HeHT (QYHKIMU OTBETOB cepBepa Sy, KOTOPbIE MOTYT UCIOJIb30BATHCS B

0,
mape ¢ OTBeTOM cepBepa S Ha 3ampoc qg, Bcero | |J | A q°| ouT.
heEs qeEs
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Torta HEPABEHCTBO U3 JIEMMbI 3 IIPUMET CJICIYIOIIII BU/I:

UquOh|+‘U UAOqo

heFEs heFE> qeFE

st Toro, 9To0bI MOJYyYUTh 3HAYEHHE OWTOB M3 JIMHEHHON KOMOWHAIIAN
JJIUHBI 2, HEOOXOIMMO 3HATH OJINH U3 OUTOB 9TOM JTUHEHHON KOMOUHAITNAN.
Taxum 06pa30M, TOCKOJIBKY MbI YIUTHIBAEM BCE OTKPBLITHIE OUTHI CEpBepa
S0, KOTOpBIE UCIOJIB3YIOTCS B TIAPe C CEPBEPOM S| M yUUTHIBaSI

U U< 2 >4

heEy qeE; h€Ey geEs

MO2KHO 3alliCaTb CJIe/Iyroniee HEpaBEHCTBO

D Apal+ D0 D14

heFE> heEy qeEs

[Tar waxyknuu. JomycTum, HepaBeHCTBO BEPHO JJIS 1M, TIOKAYKEeM, ITO
OHO TaKzKe BbINoOJHsAeTCA U it m + 1. Ilyers jyist Hekoroporo mHabopa
{qoy---yqm-1} C Es,1 < m < s BblIoJIHEeHO HepaBeHCTBO (1).

OTO HEPABEHCTBO YUUTHLIBACT BCE KOMIIOHEHTBI (DYHKIIMU OTBETOB BO
BCEX OTBeTax ceppepa Sp, KOTOPblE HMCIOJb3YIOTCS B Iape ¢ OTBETaMU
cepsepa S' na zampocer q;,1 € E,,

Pacemorpum HekoTopslit 3anpoc ¢, € Es\{qo, - - -, Gm-1}-

Bbinuiiem HepaBeHCTBO U3 JleMMbL 3 1715t 6a3bl JJAHHBIX (T4, - . ., Tj ),
e {i,...,i,} = E, = E)\ U V(A @.0)s UL coydas, Ko-

l€EEm
raa  ceppep S7  IOJydaeT 3amnpoc  Gm,. s roro, 4Wrobbl  mody-
9UTH BECh BeKTop (Tiyse-os xil ), HOJIb30BATEIb MOXKET MHCIIOIb30BaTh
1 1

1Ag,, 0\ U V(AL o)l = \V( .0)| OTKDBITBIX 61T U3 oTBeTa A (gm, T),

MHJIEKCHI KOTOPBIX JieKaT B F, u \A;m 1| BaKpBITBIX GUT U3 BCEX KOMIIO-
HEHT TOT'O 2Ke OoTBeTa. TakKe MM0JIb30BaTe/Ib MOXKET Y3HATH BCE OUTHI

0 q _ q
h€E'2 qEEs l€eEm heF3 qEE;

U3 BCEX OTBETOB ceppepa So, KOTOPbIE NPU UCIOIL30BAHAN B Iape ¢ OT-
BeToM Al(gp, ) MaloT GUTHI ¢ WHIEKCAMH 13 En.
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YuaursiBaga
h€E2
u
IVNVETSRS b ol
heFEs qeEF heFEs qeEs
oJry9aeM
11 1 10,
|Aqm70| + |AQm»1| + Z Z |Aq,;11m n-= Z |A‘1l»
heE> qus leEm,

CKJI&,ZH:IB&QM IIOCJICITHUX JIBa HEpaBEHCTBa, I1IOJIydJaeM

Yoo A= mA =Y (m=DIA el — D A

q€Es l€E 41 leE, l€Em+1
A07ql
=0 2 M- > gl
qus leEm+1 lEEm+1

Bropoe HepaBeHCTBO MOKa3bIBAETCA AHAJOTMIHO. TeM camMbiM jiemMa 4
JIOKa3aHa.

ITostoxxum
Dy s = {{Do,...,Ds_1},D; C Ey,l € E}.

Mg muoxects n3 D), ¢ Oyzem ucnonb3oBars 6ojiee KOPOTKOe 0003Ha-
genne: {D;}iep, -

[Iycrs 7 : Ey— Es — nepecranoBka B F. st mo6oro t€{1,...,s—1}
[TOJIOYKUM

ﬁf(t) = D )\(Dr(0) U D1y U ... U D 1)),
Dr) = Dr(0):

st mo6BIX HATYPaJbHBIX 7, S, JII000i mepectanoBku T : By — E,
moboro muoxkecrsa { Dy bep, n3 Dy, s mosoxnM

FosiDihen) = _min S (s= 0Dl = 31D ()

s—Es

tebs teEs
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Jlemma 5. /Jlaa 0060 HamypasvHulr n, S, MaKux wmo n = S, u 4106020
mmootcecmsa {Di e, us Dy, s sepro:

do

s—1 s(s+1) (sign(ds) — ;)7

Fn,s({Dt}teEs) < 9 n +

2de dy = n mod s.

JloKazaTeJIbCTBO 3TOr0 YTBEPXKICHNs OYeHb 0OLEMHO, OrpaHUYCHUE Ha
pasMep CTaTbU HE MO3BOJISIET IPUBECTH €r0 IEJIUKOM, TI03TOMY 3/1Ch MbI
IPHUBEJIEM OCHOBHYIO HJIEIO.

ITycrs { Dy bte g, — nponssosbHoe MHOXKECTBO U3 Dy, 5, T — HEKOTOpast
nepecTaHoBKa. PaccMoTpuM (byHKIIIIO

Fr({D}ier,) = Y (s = )| Dyl = D |Dil-

tebs teFEs

ITonoxkuMm | — KOIMYeCTBO HEHYJIEBLIX MHOXKECTB ET(t), {0,t1,...,t;_1} =
{t : ]jr(t) # @} — HOMepa, COOTBETCTBYIONINE HEHYJIEBLIM MHOMKECTBAM
DT(t)‘

33.1\/[eTI/H\I7 YTO IIepBOE cjiaracMoe Cyl\IM]:)I B TOYHOCTU COOTBeTCTByeT
rora/m (hUrypsl moji OTpe3Kamu (BKJIIOUasi CAMU OTPE3KU) ¢ KOOP/IMHA-
TaMU

(07 8)7(’D‘r(0)‘78)a
(’DT(O)|7S - 1)’ (|DT(0)| + ’Dr(t1)|75 - 1)’

(1Dr)| + -+ Dyt 1)y 1Dy | + -« + 1Dty 1)

3/1eCh 01 MIOMAbI0 (PUTYPHI MOHUMAETCST YUCJI0 TOYEK ¢ HATYPATbHbI-
MU KoOpJAumHaTaMu B 3Toil durype. Bropoe ciaraemoe paBHO ILIONIAIN
CTONOMKOB (CTyIeHeK), COOTBeTCTBYIOmmX MHOKecTBaM D), t € E,
(cm. puc. 3). Torpa snauenne dyukuun Fr({D}icp,) paBHO miomam
dburypsr mox crosnbukamu (He BK/IIOYAst CTOJOUKN).

OnrumasbHbIM Ha30BeM Takoe MHOXKeCTBO {Di}icp, u3 D), 4, Ha KO-
topoMm dyukust Fy, s({D}iep,) AocTHracT MakCHMyMa.

Buavenne pyHKIUE PABHO IJIOIIA/IU OIIMCAHHO panee (pUrypbl B CJIy-
Jae MUHUMAJBbHON mepecTaHOBKN MHOXKecTB Dy, t € FE. Ilokaxkem, 4uTo
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s ¢——+—+—+—Dr(q
————
—t
|
+—
|
S—t) ¢ — — D
— ]
|
St g —— e — e — T'*"*—F*—*—*sz)
\ .
\ ———
e e  amn o e
[ |
! | ——
| | :
\ w ¢—'—o—o—o—|
| | !
[ | I —t—f——
| | | '
| | I +—|—'—0—|—|
I
1 | | $—————
| | !
| ! | | ! D
1 | | | | +_'_+_'_+_|| T T(s-1)
" } } | ! : | "
0 1 n

Puc. 3.

durypa, KoTopasi COOTBETCTBYET MUHUMAJILHOM IIE€PECTAHOBKE, & UMEHHO,
KpHUBasi, IIPOBEJIEHHAs 110 HUYKHUM JIEBBIM TOYKAM CTOJIOMKOB, — BCErJa
HEBBINMyKIasd. JomycTuM, 9T0 He Tak, MyCTh Jjis HEKOTOPOr0 MHOYKECTBA,
KPUBasi, COOTBETCTBYIOIIAsI MUHUMAJIBLHON [T€PECTAHOBKE, SIBJISETCS BBI-
nykJIoit (cM. puc. 4).

Torma paccmMoTpuM 00paTHYIO IEPECTAHOBKY. YICHO, UTO MBI ITOJTY IUM
BOTHYTYIO KPUBYIO, COOTBETCTBYIOILYIO (DUTYypPE C MEHDINIEH ILJIONAIbIO
(cm. puc. 5). Tlosyuaem, 9ro B ciiydae HOBOI MEPECTAHOBKU 3HAYCHUE
GYHKIIUN yMEHDBIITHIOCH, TO €CTh Hada/bHas IepPecTaHOBKA He ObLaa MU-
HUMAaJILHOM.

Ecnu xpuBas cOCTOUT M3 HEBBIMTYKJIBIX U HEBOTHYTHIX KPUBBIX OJIHO-
BPEMEHHO, MbI BCEIJa MOXKEM PACCMOTPETh KaXK/bIif y9IaCTOK KPUBOU B
OTJICJIBHOCTH, JIJIs KaXKJI0T0 BBIITYKJIOIO yIacTKa KPUBOH 1odoupasi mnepe-
CTAHOBKY TaK, UYTO B PE3yJIbTATE IOJIYIUM HEBBIMYKJIYIO KPUBYIO.

Takum 0O6pazoM, U3 reoMeTPUUYECKUX COODPaKEHUil FCHO, UTO ILJIO-
ma/ib (PUTYPBI, COOTBETCTBYIONIECH OINTUMAJBLHOMY MHOXKECTBY, OyJeT
OorpaHUYeHa HEBBITYKJION KpUBOW Hambojiee OJIM3KOM K MPsIMOi JIMHUM.

Herpy/iHo 3ameTuThb, 4T0 onTuMasbaoe MHOXKeCTBO { Dy }ie g, cocrout
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>

Puc. 4.

Puc. 5.

13 MOTIAPHO HENEPECEKAIONNXCS MHOYKECTB C TMTOYTHA OJIMTHAKOBON MOIITHO-
cTbio (M. puc. 6), a IMEHHO, KOIyia Jiist JIIOOBIX t1,te € Fg, t1 # to BepHO
Dt1 th2 =g, HDH‘ - ‘Dt2H <L

[Tockosbky st siioboro t € Eg Bepuo Dy C E,,, ostyaaem Y |Dy|=nu
teEq
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Puc. 6.

Frs{Dihen) = _min 3™ (s = 0Dy = 3 D1l <

teEs teEs

< :min Z(sft)\Dﬂfn<}%{Z(sft)fn: @]ﬁ{n

teEs teEs
Iycre n = dys + da. [lockoneky = = dy + df, oIy 9aeM

d
| 2] = di + sign(dz) = = + sign(da) — 2,
s s 5

TOT1A

1 d
Fn,s({Dt}teEs) < w (% + sign(dy) — f) —n=

JlemMma, joKa3aHa.
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JlokazaTeabcTBO Teopembl 2.

PaccMorpum mipomssonbueiit (2,1, s,p) PIR-mporokon I = (Q, AY,
AY R) € As. Jlis 3TOTO TIPOTOKOJIA BEPHBI HEPABEHCTBA W3 JIeMMBI 4.

0 _ 0 0 1 _ 1 1

Iycrs Q° = {qy,.--,451}. 2 ={q,---,9s_1} € Es — npoussobible
YIIOPSIIOYEHHBIE MHOYKECTHBA.

CJllo)KMM ~ [I€pBOE HEPABEHCTBO W3 JIeMMbl 4 JjIsi  MHOXKECTBa
{gd,... gl 1} co Bropbim HepasencTBOM U3 3TOl ¥Ke JEMMBI It MHO-
weersa {q), ..., q° 1}, momyuuM crestyromee cooTHOmeHNe:

SO T (AN 4+ AV >2m— Y (s—1—=1) (AL ol + 4 ) -

qeEs leE; leEs 1

~ ~, /\0’ 1 ,
=2 (Aol +H1AG D= S 4,5 1+14, - > (Ag  1HAG D)

leEs qus leEs leEs
(4)

Kaxk 6pL10 TI0OKa3aH0 B JjeMMe 1, s JT00bIX j € Fo, i € E,, He cyle-
CTBYIOT Takux 11,79 € Eg,r1 # 19 uro Q(j,1,71) = Q(j,4,72), cinenona-
TEJILHO, Kax(;pmﬁ OUT KarKJI0W KOMIIOHEHTDI Afz , YUUTBIBAETCS B CyMMe
> |AJ a | He Gojtee YeM OJIMH pas.

lEE;
Torma s mobbix q € Fg, j € Ey BepHo

SIS < 3 14

heEs l€eFE heFEs
un cjaegoBaTeJIbHO

S (A +1AG sl = 2sn — D (s = 1= 1)(|Ap o + A ) —

quS leEs_ 1

= DDA ol 1A o = 3D (Al 4Gol) = (AT o+ 4% D),
leE; q€FEs I€Es

nJjim
23 D (AR 1AL > 2m = D (s = D(I1AY | + A o) -
qusleEs lEEs

= > (1AGl + 1 AgD),

qeEEs
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Hepasencrso (4) 10/KHO GBITH BBIIOJIHEHO st JIIOOOI Ioc/ie[0Ba-
TEeJIBHOCTU 3allPOCOB ISl KAXKJOr0 KOHKPETHOI'O IIPOTOKOJIA, CJIEI0Ba-
TEJIbHO,

2 Z q, 1| + |A1 )= min max [2sn —
qEES Al (CEn,q€Es,jeBy Q' CEs

N 10
= D (s =D Ay o + 145 o) = > (|Gl + 450D =
leFEg qus
= 2sn — max min s —I)(]AL + A° +
e e DIy, leZEf YA ol + 1A% o))

+ > (A ol + 1AL o))

qeEs

[TpubaBum K obenM dYacTsiM HepaBeHCTBa BbIpaxkenue: 4s]logs s[+

2 (|| + AL), nonysum

qeEs
s]logy s[+2 Z Z H—\Aqh\) = 2sC(I) > 4s]logy s[+ 2sn +
heE3 qeE;s
+2 ) (|AQol+|450)—  max ,uin > (=D (A o+ A% o)+
qus A CEn Q:Q_ SleEs
QEES:JGEQ

+ > (143l + 144,0D)-

qeEs

N3 nemmbl 5 cieyeT ciieiytolee HEPABEHCTBO: JIJIs JIIOOBIX 7, S BEPHO:

i —1)(|A! (]AY A
e 3 (DAl Ao+ > (1Agel+Aseh -

leEs qeEs
qusJ€E2
— A —|—A max min s—1)(| At +A0
S (galei) < max i S 6Dl A+
qus,JeEg
+ > (AYol+1ALo) =2 max > (JAJ ol + AL ol) =
qEE; A;,ogEn: qEE;

qEls,jeE>
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: = 70
= maxmin 3 (=D (1A ol+ 1A oD = D (140l +14}0) <
Al G CEn, === 1cp, qE€Es
qels,jeEs

d
<(s—Dn+s(s+1) (sign(dg) - —2> ,
s
rine do = n mod s. Torna

2sC(I) = 2sn + 4s]logy s[—(s — )n — s(s + 1) <Sign(d2) N %) =

= 4s]logy s[+(s + 1)n — s(s + 1) (sign(dg) — ;i—z> .

s+1 s+1/[( . do
> - - - .
C(I) > 2]logs s[+ 55 " 5 <51gn(d2) . >

C(2,n,s,A2) = C(2,n,5,Ds) >

s+1  s+1/(. da
> 42— — 2.
> 2] logy s] 55 " 5 <s1gn(d2) . )

TeopeMa JOKa3aHa.
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