KoaunpoBanune ajipaBUTOB TOUKAMU
SJJINIITITIECKNX KPUBBIX

B.1O. JIéBun

B nmacrosimee Bpems mHMGOpPMAIIMOHBIE TEXHOJIOIUH OyPHO pPas-
BUBAIOTCS, BLIYUCIUTEIbHAS TEXHUKA CTAHOBUTCS BCE MOIIHEE W
MoIrHee. MHOTHME KPUIITOCUCTEMBI C OTKPBITBHIM KJIFOUYEM CTaHO-
BSITCS HeHaleXKHbIMU. [lociieiHee cTajl0 OCHOBHOM IIPEJIIIOCHLIKOM
CO3/IaHUs HAJEKHBIX KPHUITOCHCTEM Ha OCHOBE 3JITUITUIECKUX
KPUBBIX. BOJBIIMHCTBO JUIAIMITHIECKAX KPUIITOCUCTEM HUCIOJIb3Y-
0T TPEeJCTaBJIeHNe O0beKTa IMMMPOBAHUA B BHIE HAOOpa TOYEK
Ha JJUIMIITUYCCKON KPUBOH, OJHAKO, TAKOW IIepexoj] HYyXKHO elle
coBepmuTh. st ocymecTienus: Takoro repexosya Hunm Kot
(N. Koblitz) B 1985 rofy npeijioxKus UCIOJb30BATH BEPOATHOCT-
HBIl AJIrOPUTM UpEJCTaBIeHUs OTKPLITHIX TekcToB [1]. Ha cero-
JHANHANR I€Hb 9TOT AJTOPUTM IIPETEPIe MAJIO NU3MEHEHUH U sB-
JIsIeTCsl MaJION3yYeHHbIM. B JIaHHOIT paboTe y1a10Ch IOCTPOUTH HO-
BBIii, JIeTEPMUHUPOBAHHBII, CIIOCOOHBINA pPaboTaTh B CUCTEMaX pe-
AJIbHOT'O BPEMEHU aJI'OPUTM KOJIMPOBAHUSI OTKPBITHIX TEKCTOB.

Ob6ozmaumm uwepes K Komednoe 1ojie, TO ecTh Toje Buja F,, rae
q=p", p— upocroe, n € N.
Oupenenienne 1. (ssummnrudeckoit kpusoit B ¢opme Beiieprrpacca)
ITycrs char K # 2,3 u 34 ax+b — KybudecKuii MHOrowIeH 6e3 KPATHBIX
kopueit (a,b € K). Dumnrudeckoit kpusoit nax K (E(K)) nasbiBaercs
MHOKECTBO TOUYeK (x,Yy) x,y € K, yJIOBIETBOPSIONMX yPABHEHUIO

Y =2 +ax+b (1)

BMeCTe C eJIMHCTBEHHBIM 3jieMeHTOM () — GECKOHEUHO YIAJIeHHONW TOYKOM.

CxeMaTnaHo IIocJjie/iHee MOXKHO 3allicaThb B BHJIC:

E(K)={(z,y) e KxK : y*=2*+azx+b, a,be K} U{O}.



172 B.IO. JIésun

Paccmorpum nponssoibHbI KoHewHbI ajdasur A = {ag, ag,...,ap—1}.
IToctaBuM B COOTBETCTBHE KayKJIOMY CHUMBOILY G, ajidasura A ero Homep
m. 3akoxupyeMm CHUMBOJIbI ajiaura A, HPOUHTEPIPETHPOBAHHBIE KaK
qncia m € [0,..., M — 1] roukamn s/umnrndeckoit Kpusoit E(K):

A={ag,az,...,ap; 1} — {0,...,M —1} —
— {Py(z,y), ..., Py—1(z,9)} € B(K).

BameTnM, 9TO JIF0OO0H OTKPBITHI TEKCT €CTh HAOOP CHMBOJIOB HEKOTOPOT'O
KOHEYHOI'0 aJihaBuTa, TEM CAMbIM, 3aKO/MPOBAB CUMBOJIbI ajihaBUTa TOY-
KaMU 9JIJTHITHYIECKO]l KPUBOii, MbI 3aKOIUPYEM BECh TEKCT. 3aTeM K IOJIy-
YeHHOMY HAabOPY TOUYEK IPUMEHHUM OJIHY U3 CTAHJIAPTHBIX SJUINIITHIECKIX
kpunocucrem (cM. [1]), B pesysbrare yero Mbl mosydaem MubpPOTEKCT
[PUTOJHBI 151 [Iepejiade 10 OTKPBITOMY KaHauy cBsi3u. CJI0XKHOCTH pac-
1 POBKH 9TOIO TEKCTA €CTh CJIOKHOCTH PEIICHHsT 3a/1a9i JUCKPETHO-
ro siorapuMUpPOBaHUsl Ha JUIMIITHYECKOi KpuBoit (cm. |1, 2|). Ha cero-
JIHSIIIHUI JIeHb He CYIIECTBYET JeTEPMUHUPOBAHHOIO, TIOJMHOMHUAIBHOIO
[I0 BPEMEHU AJrOPUTMa, PEIIAIOIIero 3a/ady JUCKPETHOIo JiorapudMu-
posanus B obiieM caydae. [Tosromy pacimdposars Takoii mudporeker
B PEXKHMe PeasbHOIO BPEMEHH B O0IIeM ciydae He MOJL CUILY JIazKe COBPe-
MEHHBIM KOMIIBIOTE€PaM, YTO IIO[YePKUBAET BayKHOCTH U3yUEHUs] TaKUX
KPHIITOCHCTEM.

Jst mocTpoeHust JIeTepMUHUPOBAHHOIO AJIrOPUTMA KOJAUPOBAHUS aJl-
aBUTOB TOUKAMH IIHIITHIECKNX KPUBBIX HAM HOTPEOYETCST HECKOIHLKO
KJIACCHYECKUX (DAKTOB M3 TEOPUH JUIMIITUYIECKUX KPUBBIX. BBejeM ore-
PAIMIO CJIOKEHHsI TOYEK SJIIMITUYECKON KPUBOI HAJ| KOHEUHBIM IOJIEM
K (nmoapobroe omnmcanme oIeparuy CJaoxKeHust cM. B [1, 2]).

Ilycre P = (z1,y1) € E(K), torma —P = (x1,—y1). Ecm Q =
(z2,y2) € E(K) Q # —P, 10 P+ Q = (73,y3), 171e

r3 = \? — 11 — 29

yz = N1 — x3) — y1;

VYL o P20,
)\ = $22*1:1

3

M, ectn P = Q.

21
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Teopema 1. {E(F,),+} — mnoorcecmeo mouex na sarunmuveckot xpu-
601U ABAAEMCA AbEAEGOT 2pYNNOT OMHOCUMEALHO 668edenHoTl 6bluLe One-
PAYUY, CAOIAHCEHUA.

Teopema 2 (Xacce). Ilyemv #E(K) — wucio mouex ma aaunmu-
weckol kpueol 6 dopme (1), onpedesennol nad xoweuwrovim nosem K,
char K # 2,3. Tozda |#E(K) — (1 +p)| < 2/p.

HokazarenbcrBa 5TuX TeopeM MoxKHO Haijitu B [3]. Temepb BBesem
OllpeJieJICHIE Ty aJIbHBIX SJIIUMITUYCCKIX KPUBDIX.

Onpenenenue 2. /[Be samunruydeckue KpUBbIE:

Ew:v'=234ar+bu Epy : V> =23+dz+V,

3aJlaHHbIe HaJ| KOHeYHbIM nojieM K, char K # 2,3, a,b,a’,V' € K nasbisa-
I0TCs JTyadbHbIME (tWists), ecim uMeeT MecTo CJIelyIonee COOTHOIIEHHE:
a =v%a,

b = v3b,

e v € K — KBaJpaTUIHBIN HEBBIYET O MOMIYJIIO P.

O6oznaunm uepe3 #FE(K) — KOJIMYeCTBO TOYEK HA IJUIUIITUIECKON
kpusoit F(K).

Teopema 3. Ilycmov Eg (Fp), u Egy (Fp) — dee dyanvnsie annunmue-
crue kpusvie 1ad xoneunvim nosem Ky, p # 2,3. Tozda

#Eq, (Fp) + #Eyy (Fp) = 2p + 2.

okazarenabcTBo. IlycTh v Hac eCcTh JAyaJbHbIE SJUTHITHIECKIE KPUBbHIE
HaJ1 nosieM Iy, Buja:

Ea (Fp) : y* = g(x), tme g(x) =2° +azx+b,
Egy (Fp) : y? = go(x), tme go(z)=2a2>+dz+10.

JlemmMma 1.
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lokazaTejabCcTBO.
3
go(@) =23 +d'z+b =23+ v2az +13b=0" (<f> +a <§> + b) =g <E> :
v v v

JlemMma joKazaHa.

Bocmonbzyemcs dhopmysioit fijist mmojicuera KOJUYEeCTBA TOYEK HA 3JI-
JnTHYecKoii Kpusoii Buza (1), 3amanuoii Haj npoctbiM nojem. CormacHo
[4, 5] ona umeer By

HEuy(Fy) =14 > ((g”(x)> + 1) : (3)

[Ipoananmusupyem 3t (bog)Myan: ec/ Jist HekoToporo x € IF), BBIIOJ-
HeHO gy(z) = 0, 10 ¢ (—) = (0, TakK KaK MMeeT MEeCTO COOTHOIIEHUE
v
3. (% o
gu(x) =v°g (= ). Dror caydgaii robassier 110 eUHUIE KaK B cyMMy (2),
)

tak u B cymmy (3). Homycrum reneps, 4to g, () — HeHyseBOl KBajpa-
TUYHBIN BBIYET 110 MOYJIIO p. Torma Tak Kak v — KBaJIpaATUIHBIA HEBLIYET
110 MOJLYJIIO P, TO ¥> GYJIET HEBBIUCTOM, TAK KAK:

(£)-())-wen--

Jlasiee 3aMeTuM, 4to ecau | — HeBbruetr, To [ ! — mepwrder. JeiicTBr-
tesbro, [ = 1 (mod p), mostomy

(5)= () (5) =coa=res=n
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OcCHOBBIBAACH Ha 3TOM, MOXKHO CHEIATh BBIBOJ, UTO — — HepbrueT. llo-
v
x gu(x) T .
STOMy7 TaK KaK g — = 3 TO g — - KBa,ZLpaTI/IquII/I HEBBIYET.
v v v

Dror caydail 106asiseT 1Be eauHuIb B (3) u HuUero He j1o06aBiser B (2).
T
I[Tycre Tenepb HAO6OPOT, gy () — KBaIpaTUIHBINA HEBBIYET, TOTJA § (—> —

BBIYET, YTO JI00aBJIsieT JiBe eMHUIbI B (2) 1 Hudero He jnobasiser B (3).
[Tepebupas Bce snementsl B noste Fy,, nonygaem #Eq, + #Eqyy = 2p+ 2.
Teopema J10Ka3aHa.

IIpumep 1. B xadecTBe WIIIOCTPAIINT TEOPEMBI 3 BBIITUAIIEM BCEBO3MOXK-
Hble JdyajbHble KpUBble HaJ rmojeM [Fy:

Ep:y*=2°+0zx+1 #En=6 — Epz:y*=2>+0x+3 #Eo; =6,
Ep:y>=2>+02+2 #Ep=6 — Ep:y>=23+0x+1 #Eo =6,
E032y2:$3+0(1}+3 #FEy3 =6 —>E042y2:$3+0$+4 #FEy = 6,
Ey:y?=234+0x+4 #Fyu=6 —FEyp:y>=2>+0x+2 #Ey =6,
Ei:y*=2*+12+40 #Ei9n=4 —FEx:y*=2>+40+0 #E4 =38,
E115y2:I3+1$+1 #E11:9 —>E43y2:$d+4$+3 #E43: 5
E125y2:f£3+1$+2 #E12:4 —>E41:y2:$3+4$+1 #E41:8,
E13:y2:m3+1m—|—3 #E13:4 —>E442y2:.'1}3+4.'1}—|—4 ;’%ﬁéE‘44:87
E142y2:l‘3+1(11‘—|—4 #E14:9 —>E422y2:.’1,‘3+4.'1}—|—2 ;’%ﬁéE‘42:37
E201y2:m3+2m—|—0 #E20:2 —>E302y2:.’1,‘3+3.'1,‘+0 #E?,o:lo,
Eoy:y?=a2®+20+1 #E»n =7 — FEs3:y*=2>+30+3 #E33 =05,
Egg:y2:13+2:c+2 #EQQZ? —)Edly2:$d+3$+1 #E31:5,
Eo3 2 =2 4204+3 #Ep=7 —E3:y>=23+3x+4 #E34 =5,
Eoy: 2 =22 4204+4 #Eyu =7 —E3p:y>?=234+32+2 #E3, =5,
Esg:y? =23 +32+0 #E3 =10 — Ey:y? =23 +204+0 #Ey =2,
E315y2:$£3+3$+1 #E31:5 —>E23y2:$d+2$+3 #E23:7,
Ess:y? =2 +30+3 #E33=5 —Fau:y*=2+20+4 #Eu=T1,
E345y2:f£3+3$+4 #E34:5 —>E22:y2:$3+2$+2 #EQQZ 5
Ep:y*=2+42+0 #Ex=8 —Ep:y?=23+1x4+0 #E =4,
Ep:y?=a+4a4+1 #En =8 —FEiz:y’=23+1x+3 #Ei3=4,
E425y2:f£3+4$+2 #E42:3 —>E11:y2:$3+1$+1 #Ellig,
E435y2:f£3+4$+3 #E43:3 —>E14:y2:$3+1$+4 #E14:9,
E445y2:f£3+4$+4 #E44:8 —>E125y2:$3+1l’+2 #E12:4.
Teopema 4. Ilycmv n < [2,/p] — yeroe wucro, E(F,) — annunmume-

ckan xpusas 6 gopme (1) nad npocmom noaem Fp, p # 2,3, npuvem
#E(F,) =p+1—mn. Tozda
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p+1+n, ecauv — nesvruem;
#Ev(Fp) =
p+1—n, ecauv — suuem,

ede Ey(F,) — annunmuueckas xpusas 6 dopme (1), noayuennas samenot

a =v%a,

b = v3b.

JokazaresibecTBo. Paccmorpum Heckombko ciay4aes. Ilycrs v — kBajsipa-
tiaabli HeBbruer. Torna no onpenenennto kpussie E(F,) u E,(F)) sapis-
forcst jyasbibivu. CorenoBaTesbHO, 10 mpeaplayieii Teopeme, #E(F,) +
#E,(F,) = 2p + 2, orky/Ja mosydaeM, ITo

#E,(Fp) =2p+2—-p—14+n=p+1+n.

Eciu v — Bbluer, TO aHAJIOTUYHO, aHAJIU3UPYsT (DOPMYJIY i IIO/I-
cYeTa KOJIMYeCTBa TOYEK Ha IJIIUNTUYECKON KPUBOI, MOXKHO B TepPMHUHAX

T
IpeablAyIien TCOPEMBI 3aMETUTDb, 9TO €CJIN gy (LL‘) — BBIYET, TO 1 g <—) —
(

BBIYET, BepHO 1 Haobopot. Terepb ocTaercst mepebparh BCE 9JIEMEHTHI 110~
ng [, u 3ameruTsb 4TO

#E(Fp) = #E,(Fp) =p+1—n.
Teopema mokazaHa.

Teopema 5. ITycmv n < [2,/p] — yeaoe wucro. Toeda xoruuecmeo an-
aunmuveckus kpuenx 6 gopme (1) nad Fp, p # 2,3, umerwur p+1—n
MOYER PABHO KOAMUNECTNGY INNUNMUNECKUT KPUSHT 6 popme (1) nad mem
oice noaem, umerowur p + 1 +n mouex.

JokazareabcTBo. HyHO 1M0Ka3aTh, 9T0 COOTBETCTBUE
Eab - Ea’b’

B3aMMHO/THOZHATHOE, TO €CTh Y JIBYX PA3JIMIHBIX SJITUITHIECKIX KPUBBIX
B dopme (1) He MoxKeT ObITH OJMHAKOBOIT JIyanbHO Kpusoii. [Tpemosto-
»KUM 11poTusHOe. PaccmoTrpum jiBe Kpusble Fyp,, Fogp,, a1, 01, a2,b9 € Iy,
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nycTb by = by, a1 HECPABHUMO C a9 10 MOJIYJ/IO P 1 00€ 3TH KPUBbIE MIPU
3aMeHe

a =v%a,

b =v3b
HepexofdaT B KpuUByIo F,p. 3aMeTuM, 4TO yC/IOBHE TOrO, YTO KPUBLIC
TIepeITIn B OJIHy PaBHOCIILHO YCIOBHIO 102 = azv? (mod p), HO Tora
a1 = az (mod p).

ITociieiHee HEBOZMOXKHO, TaK KaK Mbl paCCMATPUBAJIU KPUBBIE Y KO-

TOPBIX ] HECPABHUMO C G HO MOJIYJIO p (TO eCcTh 3aJIaHHbIe PA3HBIMU

muorodeHamn). pumm k nporusopeunto. Teopema jjokazaHa.

N3 nokazaHbIX TEOpEM CJIEIYET, UTO €CJIU 1epedpaTh BCe SJLIANTHIC-
CKHe KPHUBbIe Ha/Jl TEKYIIEM I10JIEM, CUUTasT KOJMYIECTBO TOUEK Ha KaKJ10i
U3 HUX, TO IJUIANTUIECKUX KPUBBIX HA KOTOPBIX P TOUYEK OYIET CTOJIHKO
2Ke, CKOJIbKO 3JIJIMIITUYECKUX KPUBBIX Ha KOTOPBIX P + 2 TOYKHU; DJIUII-
TUYIECKUX KPUBBIX HA KOTOPBIX p — 1 TOUYKa OYIET CTOJILKO K€, CKOJILKO
SJTMITAYECKUX KPUBBIX Ha KOTOPBIX P + 3 TOUYKH, U Tak jajee. ObHApY-
JKeHHasl CUMMeTpHUsI 1103BOJIET IOCTPOUTH HOBBIH, JeTEPMUHUPOBAHHBII
AJICOPUTM IIPEJICTABJICHAA OTKPBITBIX TEKCTOB.

BeposiTHOCTHBIIT aJITOPUTM KOIMPOBaHUs ai(paBUTOB OT-
KPBITBIX TEKCTOB TOYKAMM SJUIAIITUYIECKON KPUBOIi

H. Kobuut, B 1985 1oy mpeiyiozKunii BEPOSITHOCTHBIH aJITOPUTM TIPEJI-
craBjieHus (KOJIMPOBaHUsSI) OTKDPBITBIX TEKCTOB. B KadecTBe 0ObeKTa
upejcrapienust H. Kobsmr mpemroxkmin paccMoTpeTb CHMBOJIBL ITPOU3-
BosibHOTO asidasura A = {ag,as,...,ap—1}. Cyrb 3TOrO amropurma 3a-
KJIOUaeTcst B cyeyionieM. [loctaBuM B cOOTBETCTBHE Kaxk 0¥ OyKBe aJ-
dasura A eé Homep m. Temepb 3aKOMUPYEM IIPOU3BOJIBHBII HOMED M
roukoit P, (x,y) Ha smmnrudeckoit Kpusoil Buga (1). Tem cambiv mbl
nepeBoiuM OyKBbI ajichaputa A B HAOOP TOUYEK HA SJUIMIITHIECKON KpHU-
Boft. OTobpakeHne KOTOpoe OyJeT MOCTPOEHO SIBJISIETCST MHBHLEKTHBHBIM,
OJTHAKO OHO OyjieT 00J18/1aTh TEeM CBONCTBOM, UTO 3Hasi KOOPJIUHATHI TOUKU
P, (z,y) MOXKHO OJIHO3HAYHO BOCCTAHOBUTH KAKOMY YHCJIy 1M OHH COOT-
BeTCTBYIOT. TakuM 00pa3soM BO3MOXKEH ODpAaTHBIN mporece (mporece Jie-
kojmpoanusi). IIpesmosaraercs, 9o Jjajee K MOJIy4eHHOMY HabOpy TO-
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gek Oyzer npumerena ojna u3 ECC (Elliptic Curve Cryptology)-kpurro-
cucreM. B pesysbrare npuMeHeHHUs] TAKON KPUITOCUCTEMBI I0JIb30BaATE b
noJjiygaeT 3amudpPOBAHHbIA TEKCT, MPUTOAHBINA IS TEePeIadn JIPyTroMy
MOJTB30BATETIO.

Pacemorpum E(F,), tne mone F, dukcuposano. Iogoxkum ¢ = p'.
Jajee moaoxuM, 4To ¢ — GOJIBIIOE HEYeTHOe YHCJIo U ¢ > Mk, rue Kk —
JIOCTATOIHO OOJIBITIOE TeJ10e IrcJio. llocenHee YUCI0 XapaKTEPU3YeT Be-
POSITHOCTD HEYIA4YU, TO €CTh BEPOATHOCTH TOTO, YTO aJIlOPUTM HE CMOXKET
npecTaBuTh OYKBY (cumBoul) ajdaBuTa TOUKOH HA JIITMITHIECKOH KpH-

BOIl. DTa BEPOSITHOCTb paBHA o Hampumep wacto mosararor, uto K = 20
wm k = 50.

SamnuceiBaeM uncya or 1 g0 Mk B Buse mk + j, 1 < j < K, u ycra-
HaBJIMBAaEM B3aNMOOTHO3HAYHOE COOTBETCTBHUE MEXKIYy TAKUMH YUCTaAMU
U HEKOTOPBLIM MHOXKeCTBOM 3jieMeHTOB B [F,. Hampumep, moxno samm-

CaTb 9TO YMCJO KaK 7T-3HAYHOE YHUCJIO B P-UYHON CHCTEME UCUYUCIICHUS, U
OTOXKJIECTBUTDL YHC/Ia 3TOH 3aImcu ¢ vaeMenTamu I, = 7 paccMoTpeB

X KaK KO3 @PUIEHTB MHOIOWIEHA CTelleHn He Bbime deM r — 1 nag [y,
COOTBETCTBYIOMMe dj1eMeHTy 1osd F:

r—1

i

(@r—1Gr—2...a1a0)p — E a;x".
i=0

SHauuT UpU JaHHOM M Vj = 1,2...K MBI HOJIyIaeM 3JIEMEHT I W3
Fy, coorsercrBytomuit ms + j. [ljis Takoro x BbIYHC/IAEM IPaByIo0 9acTb
YPaBHEHUS y2 = f(z) = 23 4 ax + b u nbTaeMcs HaHTH KBa/IpaTHBIA
Koperb n3 f(r). Ecim mbr Haxomum taxoit y : y2 = f(x), To momaraem
P,, = (z,y); eciin y He OKa3bIBAETCs KBaJIPATOM, TO yBEJMYUBACM j HA
1 u noBTOpsieM IONIBITKY C COOTBETCTBYIOIIMM 3HadYeHHEM . Eciau Mbl
HAXOJIUM T Takoii, uro f(x) — KBajpar, mpexKje 4eM j MPEBBICUT K, TO
MBI MOYKEM BOCCTAHOBUTH M 10 opMyJie

i-j

m =
K

rje I — IeJ0e YHUCII0, COOTBeTCTBYIomee X Ipu orobpazkenun Z u [y, a

1
BEPOATHOCTHL TOT'O, YTO MBI HaIL/'I,H,eM TaKO€ T paBHaQ 1— 2—5 Baxkno orme-
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TUTH, 9TO 3J4€Cb T, Y — IJIEMEHTDI I10JId, TO €CTh MHOI'OY1JICHbI CTECIIECHU HE
BBITITE T — 1.

Culejlyer OTMETUTD, YTO JIAHHBIN AJTOPUTM SIBJIAETCS KJIACCUIECKUM,
U ero KpaTKoe OlicaHue u3joxkeHo B [1, ri. 5,82].

Momndukaruss BEepOATHOCTHOTO aJITOPUTMa KOAWPOBAa-
HUA ai(paBUTOB OTKPBITBIX TEKCTOB B CJIyYae MPOCTOTO
noasd I,

Eciun paccmorpuBaTh 1pocToe 10Jie, TO BEPOATHOCTHBINA AJITOPUTM
[IPEJICTABJIEHNS OTKPBITHIX TEKCTOB MOXKHO OIHCATDL CJICIYIOIIUM OOpa-
som. Paccorpum andasur A = {ag,ag,...,ap—1}, CUMBOJIBI KOTOPOIO
MBI XOTHUM MPEJCTABUTH TOYKAMHU HA SJUINNTUYeCKON KpuBoil. Kak u B
MPEJIBIIYINEM CJIydae, IOCTABUM B COOTBETCTBHE CHMBOJIY aJI(DABUTA €I
HOMED, 1 Oe3 OrpaHUYeHUsT OOITHOCTH MOYKHO CUUTATb, YTO MbI KOJUPY-
em anciaa m € [0,..., M — 1] Toukamu s/umnTudIeckoii Kpusoii. Bosamem
qucio k, npocroe nose Fy, : p < Mk, n snmanrudeckyio kpusyio E(F,).

[Ipencrasisiem ancia or 1 o Mk B Buse me+7j j € [1,..., k. [Tocie
f(mek +7)

p
HAIIUIA COOTBETCTBYIONLYIO TOUKY Py, (mk+7,7). Ilpu s10M § — 370 Takoe

qJero cauTaceM CHUMBOJI ﬂemaHﬂpa < ), €CJIM OH PpaBEH 1, TO MbI

YHCIIO, UTO
7° = f(mk +j) (mod p).

A ecimu oH paBeH —1, TO yBeIUYMBAEM j Ha €JIUHUILY W MOBTOPSIEM

1
rporiecc. C BeposaTpocTbio 1 — on MBI TAKOE MIPEJICTABJIEHNE HAMJIEM. DTOT

IIPOIECC MOKHO 3alliCaTh B BUJE CXEMBbIL:
1
2
3

S {GLR))
m mrk+j— f(me+j)— P
wHadye j — j+ 1

Mk
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[Tosyuaercst kojmpoBaHue Kaxkjoro unciaa m € [1,..., M| npoucxo-
IUT He OoJiee 9eM 3a Kk IMOIBITOK. BOT 1moyeMy JaHHBIN aJropuTM HA3BaH
BEPOATHOCTHBIM.

IIpumep 2. Bakomupyem npeioxkenue «veni vidi vici» wagt mosem Fgqo1
TOUKAMHE SJLIAIITHICCKON KpuBoil y2 = 3 + 123z + 3456. IIpu srom Gyiem
uHTepHpernpoBarh jaruHckue 6ykebl Kak ux ASCII kouptr (uncia or 0
70 255). Taxrke MOJIOKHUM, 9TO K = 25.

veni vidi vici

(2951,6054)(2527,4044)(2752,140)(2625,1007)801,4067) 2951,6054)(2625,1007)
(2500,4398)(2625,1007)(801,4067)2951,6054)(2625,1007)(2476,2074)(2625,1007)

Terepp  onmmiem  o6paTHBI  poriece  (IPONECe  JIEKOAMPOBAHUSI
Py, (x,y) — m). Boccranosienune npoucxoaut no dpopmysie

x—z (mod k)

ecnu j # K,

m=3z—x

eciim j = K.
K

BameTum, 9To JEKOJIEP MOXKET JIepKaTh y cebsl B IaMATH TOJIBKO YUC-
JIO K, U 9TO YK€ MO3BOJIUT €My, HOJIyduB TOUKy P, (z,y), BOCCTAHOBUTH
UCXOJIHOE TUCTIO 1.

Omnucanne A€eTEPMMHNPOBAHHOI'O aJIrOpuTMa KOJAMpOBa-
HW1A aﬂd)aBI/ITOB TOYKaAMMU SJIJIMIITUYIECKUX KPUBBIX

Bosee noapobuoe omnmcanme AeTepMIHIPOBAHHOIO AJIrOPUTMa CM. B [6].

Pr(z,y)
me0,...,.M—1], M,K,E(K), _,  Kpusas E(K),
v € K — neBbruer 6o E,(K)

HOJ/ICTAHOBKA.

Bosmem mpousBosbHBIN HEBBIYET v € K, 1 paCCMOTPUM JBE KPUBHIE:
E4, v k Heii nyanbnyio E,py 3agannbie Hag mojaem K.
m € [0,...,M — 1] — 4uciio KOTOpOe MbI XOTUM 3aKOJUPOBATH

TOYKOW Ha SJUIUITUYIECKON KpuBOil. PaccMOTpuM yJIBOEHHBIN OTPE30K:
[0,...,2M — 2].
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ycts g(x) = 2% + ax + b, go(x) = 2% + a’z + V' — npassle wacTn
YDPABHEHUH SJUIMIITUYECKUX KPUBBIX Egp 1 Egrpy COOTBETCTBEHHO.

[TocnemoBarenbuo, mauunas ¢ 0 1o 2M — 2 mpoBepsieM sIBISETCA U
g(m) Berderom mim Her. IIpm 3TOM MOXKHO mMOKa3aTh, UTO ecam g(m) —
BBIYET, TO ¢p(Mv) — HeBbluer, u HAoGOPOT, eciau ¢g(Mm) — HEBBIYET, TO
gy(mv) — Bbruer.

CBoiicTBO GBITH BBIYETOM UJIM HEBBIYETOM 3JI€Ch PABHOCHIILHO CyIIe-
CTBOBAHUIO HA COOTBETCTBYIOMIEH S/UIUIITHIECKONH KpHBoii Touku P, (z,y)
B KOTODPYIO MBI [IEPEBOJUM 4HCI0 M. VHbOpMAIUIO 0 TOM, SIBJISETCS Jin
g(m) 1 g,(Mv) BEIIETOM /HEBBIIETOM YI00HO IIPEJICTABUTL B BHJIE TaOJIN-

1L, T7ie + o3Havaer, 4ro g(m) mwiu g,(muv) — BbIYET, a — — HEBBIYET.
Eap: Eyy:
mel0,...,2M - 2] y?=234ar+b mo y?=ad +dz+ b
0 + 0 _
1 + v _
2 - 2v +
3 - 3v +
4 + 4v —
5 - oV +
6 + 6v -
7 - v +
- +
- +
- +
. - . +
OM-2 + (2M-2)v -

IToce Toro xax mbl moiigem 10 2M — 2, BbiOUpaeM Ty KPUBYIO HA
KOTOPO# GoJibIie Wi pasHo M IUIIOCOB TO, YTO TaKash KpubBas Haiijer-
csl, caejlyeT U3 IPHUBEJICHHLIX BBIIIe TeopeM. B pesy/brare paboThl JaH-
HOTO aJIFOPUTMa MBI TIOJyYUM B TAMATH BUJL JUIMITHICCKON KPHUBOH 1
COOTBYTCTBYIONLYIO TOJICTAHOBKY, IO MOJYJIIO KOTOPOil Ma 3aKOIMpOoBa-
i cuMBouibl andasuta A. CiiesoBaTe/lbHO Mbl OGOILIM UTEPAIlul BEPO-
SITHOCTHOI'O &JITOPUTMa, a paboTaeM JIeTepMUHMPOBAHHO (3a OJMH IIar
AJIrOPUTMAa MBI BCEryia 3aKoaupyeM 4ucsio m (6yKBY a,, audasura A)
TOUKOM Py, KOTOpas OyJeT NpUHAJIEKATh OJHOI U3 JIBYX pacCMaTpHBa-
eMBIX KPUBBIX).
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XapaKTepUCTUKNA JIeTEPMUHUPOBAHHOIO AJITOPUTMa  KOJIUPOBAHMUS
[IO3BOJISIIOT UCIIOJIb30BAThH €r0 B CUCTEMAX PEAJbHOTO BPEMEHHU JIaXKe [pu
OOJILITIX pa3Mepax IMOJIei.

AJIropuT™M peasm30BaH B BUJIE TPOTPAMMBI, UYTO CBHJIETEILCTBYET 06
aKTYaJIbHOCTH IPUMEHEHHUsI ero Ha MPaKTUKe.

IIpumep 3. Paccmorpum moste Frs1, M = 7. 3akomupyem uwmciia m €
0,..., M] ToukaMu 3JUIMOTHYECKON KPUBOIL:

0<m<2M y?=234+748x+749 mv y? =23+ 7242 4 697

0 — 0 +
1 — v +
2 + 2v —
3 + 3v —
4 + 4v —
5 - ov +
6 + 6v -
7 + v —
8 — 8v +
9 — 9v +
10 + 10v —
11 + 11v —
12 + 12v —
13 — 13v +
Jlnst KoJimpoBaHusi BEIOMpaEM epBYIO KPUBYIO C TOJCTAHOBKOIL:

1—2—(2,0),

2—-3—(3,4),

3—4— (4,186),

4— 6 — (6,14),

5— 7 — (7,364),
6 — 10 — (10,233),
7 — 11 — (11, 36),

BriBoapl

e [locTpoeH meTepMUHUPOBAHHBII AJTOPUTM, CIIOCOOHBIN padoTaTh B
CcHCTeMax PeaJIbHOrO BpeMeHu. J[aHHbI a/irOpuT™M OIUpaeTcs Ha
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CTPOIrM# MaTeMaTUYeCKU alapaT, HEKOTOPbIe TEOPEMBI KOTOPO-
IO JONOJIHAIOT paHee M3BECTHBIE TEOPEMBI TCOPUH SJITANTHICCKIX
KPHUBBIX.

e Hanncan Pl IIpOTrpaMM, ITO3BOJIAIOIINX HO,ILpO6HO nccjaea0BaTb
HEKOTOPbIE acCII€eKTbhbl TEOPpUU SJIIUIITUYCCKUX KPHUBBIX, YTO IIPEJI-
cTaBJIgeT coboi IIEHHOCTb H3-3a BBIUUCJIATEJILHON CJIO?KHOCTH pa-
OOTHI C AIMITUYCCKIMU KPpUBbBIMU.

e PaspaboraHHbIil JeTepMUHUPOBAHHBIN aJITOPUTM PEaN30BAH B BU-
Jle TIporpaMmel, Kak g [y, Tak u s Fyn m MoxKeT OBITH HCIOJD-
30BaH Ha IPaKTHUKE.

Aptop BoIpazkaer npusHarenbHocTh A. E. IlankparseBy u B. A. Ho-

COBY 3a Hay4HOEe PYKOBOJCTBO.
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