O cioxkHocTu cOopku rpadosn

J1. B. Baiiren

BBeagenue

B pabore m3yuaercs CIOXKHOCTH CXEM IIOCTPOEHUsI I'padOB IPH II0-
MOIIM ABYX Ollepaluii CKJICHKN BEPIINH, KOTOPbIE 3aKJIIOYalOTCA B OTOXK-
JIECTBJIEHUH TIapbl BEPIINH C yIaJeHUeM IeTeIb U apaJuleIbHBIX pedep.
ITepBas omeparus IpuMeHsIETCs K Tape BEPIIUH OJHOTO rpada, Bropas —
K I1ape BepLIUH ABYX I'padoB, He UMEIONIUX OOIIIX 9JeMEHTOB. B KauecTBe
mpocreiiiero 6epercst rpad, cocTosmuil u3 ogHOro pebpa. JIrboit mpo-
MEzKyTOUHBIN Pe3yJIbTaT, TO €CTh [IOCTPOEHHLIA Ha KAKOM-TO 3Tale rpad,
paspelreHo UCIo/Ib30BaTh HEOTHOKPATHO. Taknue cXxeMbl MOT'YT ITPEJICTaB-
JIATH UHTEPEC B CBA3M €O CcxkaTueM mHdopmamnun. [1od cIoKHOCThIO cxe-
MbI TIOHMMAETCs YUCJIO IPUMEHeHnl onepanuii na | rpadgamvu. [loryaens
ouenky ¢pyukuuu IleHHoHa 1)1 CJI0KHOCTH TAKUX CXEM, & TAKKe OLIEHKU
CJIOKHOCTH CXEMHOI'O 3aJIaHhsi HEKOTOPBIX KOHKPETHBIX rpadon. Cxem-
HBII TIOJIX0/T K 3a/[aHU0 IPpaOB yKe pacCMaTpUBaJjICs paHee, B YaCTHO-
cru, B pabore 1], onmHako B Hell HE U3YUAJICS BOIPOC O CIIOKHOCTH CXEMbI
mocTpoeHust rpadoB, U UCIOJIb30BAINUCH APYTHE OMEPAITHIH.

1. OcHoBHBIE OIIpeae/ieHUusI U Pe3yIbTAaThI

[Tycts G — HEOPMEHTUPOBAHHDBIN CBSA3HBIN rpad, B KOTOPOM HET Tie-
TeJIb U MapajuiebHbix pebep. Oupesennm JBe onepanyun CKICHKN Bep-
. OHOMECTHAS oNepanys CKICHKN — OTOXKJIECTBICHNE JABYX 3a/aH-
HBIX BEPIINH OJHOTO Tpada. JIBymMecTHas omepaliusi CKIEHKN — OTOXK-
JIECTBJIEHUE JIBYX 33/aHHBIX BEPIIUH Mapbl IpadoB, HE UMEIOIINX ODIIUX
97IeMeHTOB. Beera MpousBonTCs yaaaeHne eTeTh U MapaliebHbIX pe-
6ep.
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Coopkoii rpada G Ha30BEeM KOHEYHYIO IOCJIEI0BATEIbHOCTD I'padoB
G1,Gy,...,Gp Takyo, 9ro mociaeannii rpad mociemoBaresbHOCTH G
uzomopden G, mepsblii Tpad mnocsenoBarebHocTH (1 W30MOpgeH ped-
Py, Kaxkbiii rpad nocienoBaresbaoctn G, Tie 1 < s < T, nmosyydeH B
pesy/bTaTe MPUMEHEHHUsI OJTHOM OIepaIlui CKJIEHKH CJIe Ty FOIIM 0Opa30M:
OTHOMECTHAST OTIEPAITs PUMEHSIETCsT K Tpady M30MOPGHOMY OHOMY U3
G4, ...,Gs_1, IByMecTHasl omepalusl CKJIEHKN MPUMEHsIeTCsI K Iape rpa-
doB, KaxIplil 13 KOTOPhIX w3oMopden oxaomy u3d G, ...,Gs_1. To ecthb
KaXK/IbIl HOBBIN rpad CKjeeH n3 m30MOpPGHBIX mpeabrayiuM. [Torpedy-
€M TaK2Ke, 9TOObI KaxKJIblil rpad MCIOJIB30BAJICs, TO €CTh Y9aCcTBOBAJ B
MTOJTy YeHU U XOTsI ObI OTHOTO Tpada ¢ OOIBIITUM HOMEPOM B JAHHON ITOCTIe-
JIOBATETHHOCTH.

[IycTs gauHA TOCTE0BaTEILHOCTH COOPKU (G — KOJUIECTBO OIlepa-
Ui CKJIEHKHU, 3aTPAYCHHBIX JIJIsI [IOCTPOEHUST TOCIEI0BATETbHOCTH.

Caoxuocrpio L(G) c6opku G Ha30BeM MUHUMABHYIO JJTMHY HOCJIE-
JoBaTesbHOCTH COOpPKHU G.

Bremem dyHKIMM IMIEHHOHOBCKOTO THUIIA, XapPaKTEPUIYIOIINE CJIOXK-
HOCTb KJ1acca rpadoB ¢ Touku 3penust c6opku. Ilycrs L(n) = lréllax L(G)

=n

— MaKCUMaJibHasl CJI0XKHOCTDb B Kjiacce rpados ¢ n sepimnamu. ObosHa-
anm depe3 D nepeso ¢ kopuem. [lycrs D(n) = max L(D) — MakcuMaiib-
|D|=

Hasi CJIOXKHOCTb B KJIacCe KOPHEBBIX JIEPEBBEB C 1 BEPIITMHAMU.

Hasee pyst yamobcTBa 9acTo OyAeM MOBOPHUTL HE O CKJIEHKAX BEPIINH,
a 0 ckJielikax rpadoB, yKa3blBas MHOXKECTBO I1ap CKJICHBAEMBIX BEPIIUH.
[Tarom cO0pKM, WJIM MPOCTO IIATOM, OYIEM HA3bIBATH HEKOTOPOE KOJIH-
YeCTBO CKJIeEK I'padoB, JOCTPAUBAIOIINX COOPKY OT OJIHOTO YKA3aHHOTO
rpaca 10 apyroro.

Ob6oznaunm vepes K, ; HOTHBI JBYAOJIBHEIN Tpad ¢ KOIMIECTBOM
BEPIIUH P U ¢ B COOTBETCTBYIONHUX 10Jis1X. Obo3HaunM depe3 K, MOJIHBII
rpad ¢ n Bepmunaamu. [losydensr ciemyronye pe3yibTaThI.

Teopema 1. Cnpasedausor nososcernus:
a) npu q = p >0 daa Kp 4 evnoanerno L(Kp4) < 3¢+ 5logy q;
6) L(K,) < $n + 8logy n.

2

_n?_ <_n?
Teopema 2. Hmeem mecmo g SL(n)x npu n — +00.

\/logo
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Teopema 3. Hmeem mecmo D(n) =< npu n — +0o0.

n
logy

2. J/lokazaTeabCcTBO TeopeMbl 1

Cobupaem MOJIHBIN JIBYI0JIbHBI Tpad K]EH [ Crpoum mocsenoBa-
2 b

n
2

TeJIBHOCTD TpadoB, Iiie Ha KaxkJaoM mare ¢ rpad Koy, ,, ToaydaeTcs n3

2
[Toka 00bsicHsIETCS TPUHITAT COOPKU, CIUTAEM, ITO UUCIIO N ABJISICTCS

K] mi[]mi CKJICEHHOT'O Ha MIpeAbIAyIINEeM Iare.
|72

CTEIEHBIO JIBOWKU. 3aMeTHM, ITO 371echb 1 > 2. [Ipu n = 2 umeem moJtHbIH
JIBYJIOJbHBIN Tpad, cocTosuit u3 ogHoro pedbpa. Bepem ero B xadectse
mepBoro rpada mnocsenosarenbaocTu coopku. [lar cocrout u3 Tpex ckie-
ek rpacdos (cMm. puc. 1). Kaxmas ckieiika rpadoB B JJaHHOM CiIydae co-
CTONT U3 “g* CKJIeeK BEpIMHH. BepyTcs aBa aBy101bHBIX rpada (¢ JoaamMu
A, Bu C, D, coOTBETCTBEHHO ), KaxK/Iblil 13 KOTOPbIX n3oMopden K ™y
Homro A ckmenm ¢ C. Tlapbl ckienBaeMbIX BepIUH MPOU3BOJbHLIE. [1o-
JIydaeM TOJIHBIN NBYyI0bHBI rpad K LT Bepem HoBbI ABYIOIBHBIH
rpad, uzomopdubrit K ™ DT0 BO3MOXKHO, TaK Kak K ™ m; TEEPDb J10-
OaBJleH B IIOCJIEIOBATEIBHOCTE cOOpKHU. B Gosbleit mojie HoBoro rpada
BBIJIEJISIeM MOJMHOKecTBa Bepmn H u F' 1o "5 BepmmH B KaxaoM. D
ckienM ¢ F', B ¢ H, Tak nosyunm K, .. Takum obpasom, B mocieso-
BaTesibHOCTU cOOpKu rpada K 1z n COuEPKATCs Bee Ky, m,, e m; = 2t
i=1,...,logy 5.

A=C A=C P )

9>

B I p ) Cu YyYCeF B=HPND=F

Puc. 1. Illar c6opku mMoHOTO JABYAOJBHOTO I'pada.

Bocnonbsyemest mosyennbivm npn c6opke Kz » JiBYJI0BHBIMEA Ipa-
damu st c6opKu mosHOro rpada K. CTponM moc/ie10BaTeIbHOCTE Tpa-
dos, rie na kaxkgaoM ¢ mare rpad K, noxydaercs u3s aByx rpados K mi
IOJIyYeHHbIX Ha ¢ — 1 mmare (K% =~ K, ,); U OJHOTO K%y% Bepem
rpacd Ko, cocrosmmuit u3 oguoro pebpa, B kadectse ucxogauoro. Ilar co-
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CTOUT U3 JABYX cKieeK rpados. Kaxmas ckieiika rpados cocrout u3

CKJIEEK BepIuH (CM. puc. 2).

Puc. 2. [llar cbopku nosHOrO rpada.

CkienBaeMm Km; ¢ ofHoit u3 jroseit Km; mq . Hosmyuenmprii rpad ckire-
UBaeM CHOBa C I‘p;(bOM, n30MOpPGhHBIM I% 32. Ilosmyuaem OKOHYATEHHO
Ky, tak, MBI MO2KeM 1IOCTPOUTH K noH 2Kn B CJIydae, eCIu N SBJISeT-
Cs CTEIEeHBIO JIBOMKMU.

[Tycrb Tenepb 1 — MPOU3BOJILHOE YUCJIO BEPITHH (He 0053aTE/IbHO SIB-
JIleTcsl creneHbio /(Bofiku). [Tosyunm BepxXHME ONEHKH CII0KHOCTU COOP-
KU TIOJIHOTO JIBYJI0JIbHOTO rpada u noJHoro rpada. s sroro paccmor-
pUM Xy/IIuii cjrydail, Korja JOMOJIHUTEIbHbIE CKJIEHKH TpeOyroTcs Ha
KasKJIOM Iare. 9TO BO3MOXKHO, KOIJIa 1M, HEUETHO Ha KAXKJIOM Iare, TO
€CThb TPU JEJCHUU M; Ha JIBA C U30OBITKOM IIOJIy9aeTCsd HEYeTHOE UUC-
Jio BepiuH. Yucja, OTHOCAIINECS K ITOMY CJIyYaio, 3aIUIIeM B BHJE
m; = 2° + 1. JleficTBUTEIBHO, ]%[ = ]2i_1 + %[ =21 4+ 1 — meuer-
HO€ YHMCJIO TOro ke Buja. Jljis mosiydeHus 1oJTHOro JIBY/I0JIBHOTO rpada

Kymip1mi1 u3 Kym;1m; CHadaJIa CKJIEUBAEM JIOJM, KaK OBLIO OIMCAHO
154013 5 [

Boie (cm. puc 1). Tak mosygaem rpad K] m | ;323" ] = [ CKJIe-

+1,] 5[+
ex. B aroMm rpade ybupaem JBe JIMIITHAE BEPIIMHBI OJHON CKJIEHKON B
KaxK10i jose. st mosydenus: moaHoro rpada cHadasa CKIenBaeM JIBa
rpacda K] m; [ IPH TOMOIIH rpada K] mi ] (cM. puc. 2), 3aTeM ybupaem
JIMIIHIOIO BephiuHy. Tpebyercss ojHa JONOJHUTEIbHAs CKieiika. B onu-
CaHHOM CJlyvae BEpHO, ITO

L (K qp50) < 2 (Kygpqr) +3: 180+ 2 = L (Kygpgqq) +3]8 1+ 2+
+3]2[+2<3n+5-[logyn] < 3n+5logyn u
L(Kn)—L<K]ﬂH%[>gL(K]%O+2-]ﬂ[+1<2n+3[log2n]<2n—i—
+ 3logy n. Buauur, L (K,) < 5n + 8logy n.

w
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Jlo cux mop MBI paccCMaTPUBAJIN TOJIHBIE IBYI0JbHbIE IPadbl, ¥ KOTO-
PBIX JIOJIA UMEIOT OJIMHAKOBOE KOJIUYIeCTBO BepinuH. O600IuM pe3yibrar
JIJIsT TOJTHBIX JIBY/IOJIBHBIX TPAdOB C IPOU3BOJILHBIM KOJIMIECTBOM BEPIITIH
B KazkJI0it Jose. Paccmorpum mosmbil nByfobHbIl rpad K, 4. Ilycrs
p < q JJIs ompeseieHHOCTH. PaccMOTpuM CcHOBA XyJUIUN CIydail, KOrjia
p=2F+1, ¢= 2+ 1, upn mekoropex k, . Ha kazka0M mare Hajo
oJIy9daTh rpad ¢ HEYETHLIM YUCJIOM BEPIIUH B KaXKJIO# J10J1€, TIO9TOMY
TPeOyIOTCs JIOMIOJTHUTEIbHBIE CKJIeHKH. JlocTaTOUHO TOKa3aTh, 9TO B 9TOM
ciaydae L(K, q) < L(Kyq).

ITycrs mocTpoen rpad K, TaKuM CIOCOOOM, KOTOPBIil ObLI Omucan
pamnbire. [losst ¢ p BepmmHamu mostydena. Jlangpueiinime maru 6yaem mpo-
BOJUTH TaK, KaK IIOKa3aHO Ha PUC. 3.

/—\ P CKJIeeK OHa J1011. CKJIeHKa,
i o ) /(:)\
( )

Puc. 3. lar cbopku moHoro JBypoabHoro rpada Kj, ; Ha BTopom arale.

B D ( D )

Hosto A ckiutenm ¢ gosteit C' 3a p ckileek BepinuH. B Gosbiieit gosie
HOBOIO Ipada yIAJINM JIMIIHIOO BEPIINHY OJHON JOIOJHUTEILHONR CKIIeH-
koit. Yepes [ — k maros Oyer noay4en rpad K, ;. Bujano, uro naunnas c
mara, Ha KOTOPOM II0JIyYeHa MEHbBIIasl J0JIs C P BEPIIMHAME, KOJIMIECTBO
CKJIEEK B IIare He MeHsiercss W paBHa p + 1. Opaako upu cbopke rpada
K, KOJIMYeCTBO CKJICEK Ha, KazKJOM IIare IMPOJOJIZKACT yBEJHIHBATHCH.
OT0 JOKA3LIBAeT CIPABEIJIMBOCTD IIOCIEIHEN0 HEPABEHCTBA.

[Tosrygaem, aTo

L(Kp,q) <L (Kq,q) <L (K]

)+

N [

{+2<3q+5log2q.

N

[}

N

Teopema mokazaHa.
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3. /lokazaTeabCTBO TeopeMbl 2

JIro6oit rpad G MOXKHO CKJIEUTH CJIEIYIONIUM TPUBUAJBHBIM CIIOCO-
6om. Eciin G cocrouT u3 0J{HOI BEPINMHBI, TO MbI TIOJyYaeM ero u3 pebpa
OJTHOI OJTHOMECTHOH cKJIeitkoit. Eciu G m3omopden pebpy, To cOopKa yxKe
ectb 110 onpejiesennto. [Iycrs G comepkut HeckobKO pebep. ormycTum,
y2Ke IOCTPOeH HEKOTOPhIi rpad G, KOTophIil m30MopdeH moarpady rpa-
da G. Beerna ostHodt win iByMst CKJIeiKaMu MOXKHO cKjienTb G4 ¢ pebpom
TakK, YTO IOJIy9eHHBIN B pe3ysbrare ckjieiiku rpad Ggi1 OyIeT uMerhb
Ha OIHO pebpo GoJibiie n cHOBa Oyner m3omopden noarpady rpada G.
[Tockobky pebep KOHEUHOE YHCJIO, HA HEKOTOPOM Iare OYyJeT IOJIyYdeH
rpad, KoTopbiii m3oMopden rpady G.

CaMBIM CJIOXKHBIM CJIydaeM Jjisl TPUBUAJBHON COOPKU SIBJISIETCST 1TOJI-
Heri rpad. B aToMm crydae nmeem cioxuocTh 2 - C2 = 2@ =n?—n
U3 pacdera, 4TO Kaxk/10e pedpO IMPUCOCIUHAETCS ABYMSs CKJIEHKAMU.

[IpeytoykeHHBINT HUYXKE CIIOCOO MO3BOJISET MOJYYUTh COOPKY IMPOU3-
BOJILHOTO rpada GG ¢ n BEPIIMHAMEI CO CJIOXKHOCTBIO TI0 MTOPSIJIKY MEHBIIIe
n? apu n — +00.

712
JIemma 1. IIpu n — +oo umeem wmecmo L(n) < Cni\/@’ 20e
C, — % + 0.

JokazaTenbcTBOo. Pa3obbem MHOXKecTBO BepiuH rpada G Ha MOIMHO-
»kectBa MorHocTH He 60stbinie R w3 N. [omy4dum, 910 MHOXKECTBO BEPIITHH
G pasburo Ha k = ] }%[ qacreit. [lycts 310 Oymer [ =k —1 = [%] EJIBIX
gacreil 1o R BepIMH U OCTATOYHAs] YaCTh, IJIE YUCJIO BEPIIUH MEHbIIE
R. OcratouHast 9acThb y9acTBYET B HOJIyUEHUH BEPXHEIl OIEHKN HApaBHE
¢ ocrasibabiMu. st cbopku rpada G mocrynaeM Tak.

1) Cravasa cobepeM TpUBHAJIBHBIM CIIOCOO0M k TpadOB, B KOTOPBIX YHC-
JIO BEPIIUH He MPEBOCXOAUT R, Tak, 9T0 KaXKJbIil 13 HUX U30MOPQEH CO-
oTBeTCTBYIOIEMY Tofarpady rpada (G, WHIYIIUPOBAHHOMY MHOXKECTBOM
BEpIIWH OJHON U3 YacTeil pasdueHus.

2) Cobepem TakzKe BCe JBYJOJIbHBIC rpadbl ¢ KOJIUIECTBOM BEpIIUH B
Kaxk 10l s1o71e He OosibieM R.

3) Iocse cobepem G. st 91010 3an0HAM [ MEJBIX YacTeil U 0CTaTou-
HYIO 9aCTh COOTBETCTBYIOIIUMU I'padaMi U3 MHOXKECTBA, Oy YEHHOIO Ha
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nepBoM dtame. COeIMHNM YACTH JBYIOJbHBIMA TpadaMi n3 MHOXKECTBA
BCEBO3MOYKHBIX JIBYIOJbHBIX I'PadOB, MOJIYIEHHBIX HA BTOPOM 3Talle.
OrneHuM CJIOKHOCTB Takoil coopku. Paccmorpum ciieyronue Bepxame
orteHku. Vcmomb3yeM HEpaBEeHCTBO ]%[ <5+1L
Co(R) = R(R — 1) — BepxHsisi OIEHKA CJIOXKHOCTH COOPKH TPUBUATHHBIM
CII0CODOM OJTHOTO ITPOU3BOJILHOTO Tpada, Y KOTOPOIro UUCIO BEPIIUH He
npeBocxomuT R.
Ci(R) = ] e [ < % +1 — Bepxuss oneHKa KojmdecTsa rpados, B KaxkJI0M
U3 KOTOPBLIX He bojiee R BEpINH, COOTBETCTBYIOMNUX Kk = ]%[ YACTSAM.
Ca(R) = 2R? — BepxHsas ONEHKA CJIOKHOCTH COOPKH MPOU3BOILHOTO JIBY-
JIOJILHOTO rpada, y KOTOPOro B KaxKJI0H 70/ie He 00Jibilie R BEpIUH.
C3(R) = 2R BEPXHsIS OIEHKA KOJMYIECTBA JIBYIOJbHBIX IpadoOB, y KO-
TOPBIX UUCJIO BEPIIUH B KaXKIOW Jj10J1e He Oosibine R.
Cy(R)=3-]%[(]%[—1) <3 (% +1)% — Bepxuss oleHKa KoUIecTBa
nap vacreii pasouenus: G.
C5(R) = 2R — BepxHsisi OIEHKA CJIOXKHOCTH CKJICHKI OJIHON Maphl Ipa-
GoB, B KaXKJI0M U3 KOTOPBIX He 6ojiee R BepIuH, ¢ MOMOIIBIO JIBYIO0/Ib-
HOTO Tpada.
st BepxHeil OIEHKHU CJIOXKHOCTHA COOPKH Ipou3BoJbLHOrO rpada G ¢
7 BEPIINHAMEI MMEEM

2
L(n)<Co-01+02-03+04-05=%+2R2-2R2+HR+R2—R.

C omuoit croponsl, yBeandenne R (KojmdecTBa BepIIdH B OJHON YaCTH
pa3bueHnst) 3aMeIsieT POCT CJIOKHOCTH C yBeJIUYEeHUeM n; ¢ JIPYroi —
BUJIHO, YTO €CJii B3sTh R = n (TO eCcTb MaKCUMAJIBHO BO3MOXKHYIO BEJIV-
quHy R), TO POCT CJIOXKHOCTU CTAHOBUTCS SKCIOHEHIMAJbHBIM. Haiizem
110 Bo3MOKHOCTH Gostbmiee R(n) takoe, uroGnl snadenne 28 (M) . 2R2(p)
CTPEMUIIOCH K #i) cJeBa Ipu N — +00.

Nrak, HEOOX0IMMO, 9TOOBI IIPU JOCTATOYHO OOJIBLIITIX 7 BBIIOJIHSIOCH

HEPaBEHCTBO

n2

= 2 2/ . 2R2. (+)

Bynem uckare R(n) B BujIe { log, nm(”)], m(n) = 0 TakuM 06pazoM.
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1) Ymuoxkus obe gacTu HepaBeHCTBa (k) Ha R(n), mosydnM

2
n? > 2[” loanm] -2 [\/loanm]g.

2) Paccmorpum HepaBeHCTBa

2

n? > 2log27™ . 9(log, nm)% > 2[ Viogz nm] -2 [y/logy n™ ’
Eciu BepHO 11€pBOE HEPABEHCTBO, TO BEPHO M BTOPOE, TIOCKOJIBKY
v/1ogy n™ > [\ /logs nm] .

3) O6e yacTu MOJOKUTETHHBI, TIOITOMY JIOTAPU(MDMUDYSI, TTOJLY THM
2logyn = m(n) - logan + 1 + 2 log, (logy n™™).

4) PackpbiBaeM HOC/Ie/HEee caraeMoe M YMHOXKAeM Ha JIBa, TOIJa
4logon = 2-m(n)logyn + 3 - logym(n) + 3 - logy(logy 1) + 2.

5) Umem m(n) B Buge 2 — £(n), tae €(n) — 0+ 0, Torga
4logyn = 4logyn —2e(n) loge n+3loge(2 —e(n)) + 3log, (logy 1) + 2,
¥ TI0CJIe COKPAIICHUST
0 > 3logy(2 —e(n)) + 2 + 3logy(logy n) — 2¢(n) logy n.

6) Tonbepem e(n) Tak, 9ToObl COKPATHIIMCH MOCIEIHIE J[Ba CIIANAEMBIX,
U OCTaBIIHeCs] CJIaraeMble CTPEMUJINCH K HYJIIO cjieBa. BosbMem

~ 3-logy(logan) +5
N 2-logan

e(n) , €(n) —0+0.

ITposepum, uro BeIOpanHoe €(n) moaxoaut. Iloce mojgcranoBkn €(n)
U COKpaIlleHUI I10/IydaeM

31og,(1 5
o>3log2<2 og»(logy m) + )3.

2logsn

Bripaxkenue B mpaBoil 4acTH CTPEMUTCH K HYJIO CJAEBa IPU 1 — —+00.
DTO JIOKA3BIBAET, ITO

3logg(logy n)+5
R(TL) — |: 10g2 nm(n):| — |: /10g2 n25(n):| — [\/10g2 n2——g§10—gg22n ]

VJIOBJIETBOPSIET HAIIUM TPEOOBAHUSIM.
BepHeMmcst K OIleHKe CI0:KHOCTHA COOPKH HPOou3BoJibHOro rpada G ¢ n
BepmmHaMu. [Ipn 1ocTaTO9HO GOJIBITUX 7 BEPHO

2 2
L(n)<%+2R2-2R2+nR+R2—R<3%.
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Hanowmmuwm, aro €(n) — 0+ 0 mpu n — +o0.
R(n)= [\/logQ n2*€} >/logyn?—=—1=v2—¢ - \/logyn—1=c,/logyn,

31ech ¢, = V2 — &, — —— — /2 cuaesa upu n — +00. 3HAYUT,
\/logon

OKOHYaTEJIbHO MMEEM

3
rne Cp, — — + 0.

L( 7

2
n) < Cp—m—,
v/logomn

JlemMma, joKa3aHa.

[Tepeiinem K paccCMOTPEHUIO HUZKHEH OIEHKHU CJIOXKHOCTH COOPKU ITPO-
uzBosibHOTO rpada G ¢ n BeprmHamu. CoryiacHO OIpeJIeSIeHnI0, cOOpKa
rpacda G upejcrasisier coboil 10CIe10BaTe/IbHOCTL IPad OB

G a5 g, S Gy,

e G1 — pebpo, G uzomopden G, 1 < s < T'. Tlo onpenenennio, Kax-
JIBI TIOJTYI€HHBIH B mIporiecce cOopku rpad G UCIOIB3YETCS JJIsT MOy~
genusi (G. Besnme ganbie OyaeM cauTarh, 9TO IMAr cOOPKM COCTOUT U3
OJTHOMN CKJIEHKMU.

[Tycts Bs — MuoxkecTBO Bepiun rpada Gs. OneHnm, B Kakux Ipe;ie-
JIaX MOYKET MEHsIThCsl KoJimaecTBo BepiiuH |B| rpada G B 3aBucumocTu
OT HOMEpA IIara s, U YeM OorpaHudeHa jyimHa coopku 1.

JIemma 2. 1) Jlas w060t cbopru daunve T npoussosvnozo epaga G ¢ n
sepuwunamu u 0ai A0bo2o waea coopru ¢ nomepom s (1 < s <T), koau-
wecmeo eepwun | B| epada G, noayuennozo na waze s, ydosaemeopsem
cucmeme Hepacencme

|Bs| <2571 +1
|Bs| < —s+n? ()
|Bs| > 1.

2) Jauna T mobot cbopru npoudsosvrozo epaga G ¢ n eepuuramu ydo-
BAETMBOPAEM, HEPABEHCMEAM

logy(n —1) +1 < T < n? —n. (% * *)
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HokazarenabcTBo. CrpaBeJInBOCTb MEPBOIO HEPABEHCTBA B CUCTEME
(#) caemyer u3 onpeesennst coopku. IlycTb MbI HA KazKJIOM I1are BbIOU-
paeM Cpejiu MOJIyIeHHBIX I'PadOB TOT, ¥ KOTOPOI'O camMoe DOJIBIIOE TUCTIO
BepiuH. [IpuMenenune IByMECTHOI Ollepaliuu CKJIEHKNA K mape rpados,
M30MOP(MHBIX BBIOPAHHOMY, IO3BOJISET MOJIYIUTH I'pad, y KOTOPOTO He
6osiee dem B JiBa pasa OGosbie BeprimwH. OJiHA BEPIIHHA HCUE3AET, I10-
CKOJIbKY TIpU CKJIEHIKEe OTOXKJIECTBJISIETCsT TIapa BEPIITHH. SHAYAT MOIIHO-
CTU MHOYKECTB BEPIIUH TOJIyYaeMbIX IpadoB IIPU cAaMOM OBICTPOM POCTE
06pa3yIoT MOCIeI0BATEILHOCTD 2,3,5,9,...,25 14 1,...

N3 ckazaHHOrO Tak»Ke CJIeJIyeT, YTO BEPHO IepBOe HEPaBEHCTBO B CH-
creMe (xxx). JleficrBuresbHo, okoHYaHue cOOpKU O3HAYAET, 9T0 |Bs| = n,
upu s = T. 3naunT cOopKa MOXKeT ObITh OKOHYEHA, TOJBKO Korja 1’ yiio-
BJIETBOPSIET HEPABEHCTBY

21 1 >n, 1oects T >logy(n—1)+ 1.

Bropoe HepaBeHCTBO B (* * *) siBjsiercsi 'py0oOil BepxHeil OIeHKOI
CJIOXKHOCTH COOPKU MPOU3BOJIbHOTO rpada G ¢ n Bepmmnamu. Jlemma 1
JaeT GoJiee TOUHYIO BEPXHIOIO OIEHKY, HO HaM OyJIeT JIOCTATOYHO TPUBU-
AJILHOW OIIEHKHU, ITOCKOJIBKY 3TO HE TOBJIUSET HA MOPSJIOK ITOJIy9aeMOi
Jlajiee HUYKHEH ONEHKU CJIOXKHOCTH COOPKU.

CrpaBe/[JIBOCTb BTOPOTO HEPABEHCTBA B CHCTEME (%) TaK¥Ke CJIeJLy-
eT U3 onpeeseHus COOPKH. Y MEHBINATDL IUCI0 BEPIINH B IMOCTPOCHHOM
rpade MOXKHO TOJIBKO OJHOMECTHON omeparueil cKyeiku. 3a OIuH Imar
MOXKHO yJIAJUTh OJfHY BepinuHy. OTCIOfa CJIeyeT, YTO 3aBUCUMOCTb KO-
JINYECTBA BEPIITUH OT HOMEpA IIara § B 9TOM CJIydae HaJl0 UCKATH B BUJIE
—s+ C, rne C koucranTa. s mosydenust odepeaHoro rpada mpous-
BOJIUTCs OJHA W3 Olepaluil cKyeiiku HaJl rpadaMu, KOTOpbie H30MOpdh-
HBI [TOJIyUeHHbIM paHee. [lo ompenesieHnio, Bce MOJIyUEHHBIE B IIPOIECCE
cbopKu rpadbl UCHOJIb3YIOTCS, TO €CTh UCHOJIb3YIOTCS BCE UX BEPIIHUHBL.
Nwmeercst B BULy, 9TO KOIUU STUX BEPIINH, KOTOPBIE IMOSIBJISIIOTCS TIPU
B3ATUU U30MOPGHBIX IrpadoB, BOUIYT B OUepeIHON IOJIyUeHHbIH rpad,
Jinbo OY/IyT HMCIIOB30BAHBI IIPU CKJIEHKE BEPIIUH. DTO FOBOPUT O TOM,
YTO YMCJIO BEPIIMH HEJIb3sI PE3KO YMEHbIINTh. [lycTh Ha Imare s rmoJjyveH
rpad Gg, U IMyCTb BCe MOCEYIONINE IIArU HAIIPABJICHBI HA yMEHBITICHIE
YUCJIa BEPIIMH B TOJIy9aeMbIX I'padax. SHAUUT JUCJIO BEpIINH 3aBUCUT
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OT HOMepa Iara cie/yrommm obpasom: |By| = —s + C. Okonuanue c60p-
Ki o3HauaeT, uro |Bg| = n, upu s = T. [onyuaem, uro —T + C' = n.
Coruacuo rpy6oit onenke T' < n? — n, s3naunt —n’ +n 4+ C < n. Orciona
naxomum C' < n?. Bexomut, uro |B,| < —s +n?, mnade, ncnonnsys rpad
G, HeJIb3s TIoJTyInTh rpad G, UMEIONil 1 BePIIIH.

Tperbe HEPABEHCTBO B cHUCTEME (%) BEPHO IIOTOMY, YTO IO OIIpe/ie-
JIEHUIO I'padpa MHOXKECTBO €0 BEPIIMH He IIYyCTO, M OIePalldd CKJIEHKH
COXPAHAIOT 9TO CBONCTBO.

JlemMma j1oKazaHa.

Jlemma 3. Yucao sepwur 06020 2paga Gg, ywacmeyowezo 6 cbopxe

epagpa G ¢ n eepuunamu, menvuie n.

JokazareabcTBo. JloCTaTOYHO JI0KA3aTh, UTO N2

ABJIACTCA BEpxXHEi
orenkoit MakcumyMa dbynkmm f(s) = min(2°~! 4+ 1, —s + n?). Jlerko
3aMeTHTh, uTo Ha oTpeske s € [0,n2 —n] bynkimusa —s +n? nveer Makcu-

MyM B HyJe paBubIii n?. B cBoio ouepenn, n? > max f(s) mockosbKy
s€[0,n?—n]

—5 + n? MOHOTOHHO YOBIBAET.
JlemMma joKazaHa.

O6oznaunm yepe3 N (n,T) MHOXKECTBO BCEBOBMOXKHBIX COOPOK rpada
G ¢ n BepmmHaMu JAuHbL 1.

Jdemma 4. Umeem mecmo |N(n,T)| < nT . T2 . 21-T,

HokazaresnbcrBo. Ilycrs V(s) — KosmuecTBo €rocoGoB MPOJIOJIZKUTH
cbopKy Ha mare s. [Tokaxkem, 4o

s(s—1) 1 nQ(nQ—&—l)+ n2(n2—1)‘

Vis) = n-+s S
(5) 2 2 2
PaccMOTpHEM KazkJioe caaraeMoe IoJpobHee.
1 "
% — KOJIIYECTBO CIOCcO60B 06pa3oBaTh Hapy rpados s CKICHKT Ha

mare S. 37eCh YYTEHbI TOJILKO Hapbl PA3JINYHBIX I'PadOB.

n* = (n?)? — 4muco cnocoboB CKIEHTD JiBa PA3IMYHBIX rpada I3 MPe/Ibi-
JYIIEro MyHKTa. n° — OIeHKa KOJIMYeCTBa BEPIINH B KazKIOM rpade, 1o
jemme 3.
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§ — KOJIMYECTBO CIIOCOOOB 00pa30BaTh Mapy U3 JABYX H30MOPMHBIX
rpacdos. Ha mrare cbopku s Mbl nMeeM He 6ojiee S Pas/jMIHBIX Ipacos.

Bribupaem rpad, oun u3 S, U KJIEUM CO CBOEH KOIHEH.
n?(n?41)

2
dos. IIpudasisiercs n

TaK»Ke CO CBOeil Konueil u3 BToporo rpada.

= 022 +n? — uucio0 map BEpHIMH JBYX H30MOPMHBEIX Ipa-
2 110CKOJIBbKY JT100asi BEPIINHA MOYKET GBITH CK/IeeHa

S U3 IIOCJICJHEI'O CJaracMoro — KOJIM4YIeCTBO Fpa(bOB, KOTOPbIE MbI MO-
2KEeM BBIOpATh HA IAre s, €CJii IIPOU3BOJUTCA CKJIEHKA JBYX BEPIINNH,
NPUHAJIEXKAIINX OJHOMY rpady.

n?(n?-1) _ o2,

——5— = C%, — uucjio nap Bepim ojHoro rpada ¢ n” BepunHaMu.

2
_ o 4s(s+1)
Ioce ynpomennsa norydaem V(s) = n* =5,

2

Haxkoner, mocauraeM BEPXHIOIO OIEHKY KosmmdecTBa coopok | N (n, T)|.
JList 9TOTO 3aMETUM, UTO

T-1 T-1 T-1 S(S + 1)
N1y = [[ Vi) = [[ ot [ S0 =
s=1 s=1 s=1
= ’]’L4

JlemMma joKazaHa.
Obozuaunm 4epes S, MHOXKecTBO rpadoB ¢ n BeprmmHamu. HuxHss
OIIEHKa MOIIHOCTU MHOXKECTBa S;, TaKOBa

n(n—1)

2

1 n?
Jlemma 5. Hmeem mecmo 15+ og— < Ln).

okazareabcTBo. Huxknsist orieHKa TOKA3bIBACTCA M3 MOIHOCTHDBIX CO-
obpazkennii. Haitjiem Makcnmasibuyto jmHy (CI0:KHOCTB) T’ Takyro, 9To
BEPHO HEPABEHCTBO

[S(n)]

L
[N (n,T)|

r7e, KaK 1 BBIIIe, S — MHOXKeCTBO rpadoB ¢ n BepmmHamu, N — MHOXKe-
CTBO COOPOK N-BEPIIMHHBIX rpadoB JIUHBI 1.
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CupaBe yIMBOCTh HEPABEHCTBA O3HAYAET, UTO BCeX COOPOK JimHbL 1’
HEJIOCTATOYHO, YTOOBI OCTPOUTH Bee rpadbl U3 S, U JYIMHY HEOOXOIMMO
yBesmauBarh. Bocnosbsyemes onenkamu st |[S(n)| u |[N(n,T)|, Torma
TIOJLY IUM

n(n=1)
p) -n
AT 72T . 91-T

n? >n +4nlogyn + 8T logy n + 4T logy T + 2 — 2T.

—2n

> 1,

Bynem uckate T' B Bujie T' = clc??’ TOIJIA,

n? > 8clog —logyn + 4c10g —logyn? — clog nlogQ(cloan) +n +
+4nlogyn 4+ 2 — 2@,

n2 > 16 n2 — 4n 21°g§§§é°gin) 2clog — 41+ 4nlogyn + 2,

n? > 16 n? — g n(4log2(clog2n)+2) +n(4logyn +1) + 2.

st BbIHO.HHeHI/ISI HEpaBeHCTBa, HaYMHas C HEKOTOPOI'O 7, JIOCTATOYHO
B34Th ¢ = 16.
JlemMma, jloKa3aHa.

YV TBep:KIeHNe TEOPEMbI 2 C/IeyeT U3 JIEeMMbI 1 U JIeMMBbI 5.

4. Jloka3aTeJbCTBO TeopeMbl 3

KonmyecTBo BeplInH JepeBa n CBA3aHO ¢ KOJUYECTBOM pebep m Kak
n = m+ 1. TpuBnaabHBIM CITOCOOOM TOJKJIEHKH IO OJIHOMY pebpy Jiroboe
JIEPEBO C N BepIIMHAME MOYKHO COOpPaTh CO CJIOKHOCTBIO 1 — 1.

_n
logyn *

JIemma 6. Hmeem mecmo D(n) <6 -
okazaTeabcTBO. PazobbeMm nepeBo D Ha mofaepeBbst ¢ He OoJiee R Bep-
munamu. KojimiecTBo 1o/1/1epeBheB PaBHO ] [ Ha c6opky D u3 uacreit
noTpebyercs 10 OAHON CKJeiiKe Ha KaXXIyI0 4aCTh, BCErO ]Tz [ Ouenum
CBEpXY KOJIMYeCTBO JiepeBbeB ¢ R Bepmmaamu. 228 — m3pecrHas Bepx-
Hsisg onenka. COOpKa KazkKIoro R-BepIIMHHOIO MOAIepeBa TPUBHAILHLIM
criocoGom norpebyer He Gosee R ckieex. Mmeem D(n) < 14 %+ R- 225,
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Bynem nckars R B Bujie R= % logy n. Tobbemcest, 1To0bl 1+ 5 > R-22R
OBLIIO KAK MOXKHO OJIMKe K PABEHCTBY, TOrJa oleHKa [ OyleT uMeTh BUJ

2n 2n n
- =1 ——=2c-—.
R logyn log, n

[ToGepeM KOHCTAHTY ¢ Tak:
> R2 i 22R . ]%7
— logs(n) -ne — - log, n.

JocTaTowHo B3ATH KOHCTAHTY ¢ > 2. IlycTh ¢ = 3, Torna mosmyvaem oren-

Ky U3 yCJIOBUA JIEMMbI
n

08y M
JlemMma joKazaHa.

[TosryunM HUKHIOIO OLEHKY M3 MOIIHOCTHBIX COOOpazkenwii. st aTo-
ro cHavaja Haii/leM BEPXHIOI OIeHKY MolnHocTu MHOkectBa Np(n,T)
c6OPOK KOPHEBBIX ACPEBLEB C 7. BEPIIMHAMIA JJIMHBL 1 M HUXKHIOIO OILICH-
Ky MOII[HOCTH MHOXKECTBa KODHEBBIX JlepeBbeB Sp(n).

3T*1 . T2T X 2T*2.

Jlemma 7. Umeem mecmo |[Np(n,T)| < n

HokazaresbcrBo. Haiijem unciio Vp(s) ciocoboB pogo/zKuTh cO0pKy
nepesa Ha mare s. Ilokaxkem, 4To

s2—s 4n2 + 2n 4n? —

VD(S):T-4n2+s~ 5 +s- 5

Yuco cnocoboB obpa3oBaTh H&]))y U3 Pa3INIHBIX JEPEBbEB ITOCIIEI0BA-
TEJILHOCTH JJIUHBI § PABHO s( MaxkcnMaJIbHOE YUCJIO0 BEPIINUH, KOTO-
poe MOXxKeT OBITHb Yy JiepeBa, BXO/:LHLueFO B cOOpKy, HE IPEBOCXOIUT 2M.
Ornenka mmostydeHa crocoboM, KOTOPBIH MOIPOOHO OIUCAH B JJeMMax 2 u 3.
4n? — 4ucso crocoboB CKJIEHTD J1Ba PA3INYHBIX JI€PEBA. § H3 BTOPOIO CJIa-
raeMoro — KOJIMIECTBO CII0COO0B 00pa30BaATh APy U3 ABYX NU30MOPMHBIX
JIEpEBDHEB. WTH” — YHCJIO MMap BEPIIUH JBYX M30MOPQHBIX JI€PEBBEB. S
U3 TOCJIEJTHETO CJIAraeMOT0 — KOJIMIECTBO JIEPEBBEB, KOTOPHIE MBI MOYKEM
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BBIOpaATh Ha IIare S, eCJIn HpOI/I3BO,LLI/ITC$I CKJIEHKa JIBYX BEpILIUH, IIPUHAI-
JIEYKAIUX OJTHOMY JICPEBY. —2” YUCJIO TIAp BEPINUH OJHOIO JepeBa
¢ 2n eprmuuamu. [Tocse promeHI/IH nosryaaem Vp(s) = 2s2n? + 2sn? <

< 3(s+ 1)2n2. Orciona cieayer, 410

T-1
INp(n, T)| = [] Vo(s) <371 77 - n?T2,
s=1
JlemMma joKazana.
Jlemma 8. Hmeem mecmo % - ogon < D(n).

lokazaTeabcTBO. 13 MOITHOCTHBIX COOOparKeHUit HaliIeM MaKCHMAaJIb-
uoe T', Ip1 KOTOPOM BEPHO HEPABEHCTBO

|Sp(n)] on
INp(n,T)| = 3T-1.72T.p2T-2
n> (T —1)logy 3+ 2T logy T+ (2T — 2) logy n.

> 1,

Nmem T' B BuE clog —. Nnmeem
n > 250 108y (o7 ) + 25708, n10g2n+ Tog;n 1089 3—2logy n—log, 3,
n > 27” — QClOg —logy(clogyn) + 2” + Clog —logy 3 — 2logy n — log, 3,

in

n>r+ @ log, 3 2@ log2 (clogan) — 2logyn — logy 3

JLJ1s1 BBITIOSTHEHUST HEPABEHCTBA, HAYMHAS C HEKOTOPOTO 7, JIOCTATOTHO
B34Th ¢ = 4. JlemMma 1oKka3aHa.

YTBep:KieHne TeopeMbl 3 ciieayer u3 jemm 6 u 8.

B 3zaxsmouenume aBTOp BBIpaXkaeT OJIaroJapHOCTH  mpodeccopy
A. C. Tlogkoasuny, o pyKOBOACTBOM KOTOPOI'O BBIIIOJIHEHA 3Ta paboTa.

Crnmcok aurepaTypbl

[1] A6nonckuit C.B. Beenenue B auckpernyio maremaruky. — M.: Boic-
mag 1mkosa, 2002,

[2] Xapapu ®@., [Tasmep . Ilepeuncienue rpados. — M.: Mup, 1977.






