O BoccTaHOBJIEHUN CHUCTEM,
MOJeJINPYEMbIX aBTOMAaTaMM

A.A. Corrauk, T.9. Hlyasra

O/1HO# U3 OCHOBHBIX MATEMATHIECKUX MOJIEJICH CJIOKHBIX CUCTEM JIUC-
KPETHOI'O THUIA SIBJIIETCSA MOJIEJIb KOHEYHOrO aBToMaTa. Kak IpaBuo,
[OBEJICHUE MOJICJINPYEMbBIX OOBEKTOB PACCMAaTPUBAECTCA C Ipeobpas3oBa-
TEJBLHON TOYKHU 3PEHUs] W U3YyUIAeTCT MEXaHU3M IIPeo0pa30BaHUs BXO-
HBIX IIOCJIEJIOBATEIBHOCTEN B BBIXO/IHBIE, TO €CTh BXOJIHO-BBIXO/IHOE COOT-
BETCTBUE ITUX IIOC/IeI0BaTe/bHOCTell. Baxkuo mpu sToM 00paTUTh BHU-
MaHne Ha MHOYKECTBO BXOJIHBIX IIOCJIEIOBATE/ILHOCTEH, ITpeodpa3yeMbIX B
3aJJaHHYIO BBIXOJTHYIO TOCJIEIOBATELHOCT. Eeam mpu onmcanmu Takoro
aBTOMAaTa OTPAHUYUTHCST MHOXKECTBOM BBIXOJIHBIX I10CJIeJI0BaTE/ILHOCTEN,
KOTOPBIE OH M€HEPUPYET, TO TOBOPSAT O IEPEUUCTUTEbHOI dhopMme moBe-
JIeHs aBTOMAaTa. B craTbe uccjeayercs nepexo/l OT mpeodpa3oBaTeIbHON
GOPMBI K [IEPEIUCTUTETTHHOI.

IIpennaraercst MCIOMB30BATL 3JEMEHTHI TEOPUU THCENT JJIsT TIOCTPOe-
HHUSI TaK Ha3bIBAEMO «4YHCJIOBOIi» MOJIEJIN IIOBEJIEHNsl aBToOMaTa, OIpe-
JieJisieTcst mpeobpa3oBaHme, MPUBOJISIEE MTOBEJCHIE aBTOMATa K ITAJIOH-
HOMY BUJIy, & 3aTEM OCYIIECTB/ISIETCS IIEPEXOJ] OT Ipeodpa30BaTEeIbHOMN
GdOpPMBI TIOBEJIEHUST aBTOMATA K IIEPEUUCTUTETBHOIA.

[Tycrs nan koneunsrit apromar A = (X, S,Y,,\), rme X u Y, coor-
BETCTBEHHO, BXOIHON U BBIXOZHON aJipaBUTHI, S — ajadaBUT COCTOSHUI,
ad n A\ — QYHKIUU [EPEXOJOB U BBIXOJOB aBTOMATa COOTBETCTBEHHO.
Eciu S =Y u § = A\, To uMeeM Tak HasbIBaeMblii asmomam Medsedesa

A= (S, X,0).
O6o3HauuM cocrosaust s € S nenpivu yucaamu or 0 1o m — 1. Torma
S ={0,1,...,m — 1} = GL(m), To ecrb S coBmasaeT ¢ MOJIYyrPyMIOil

BBIYETOB II0 MOYJITO T11.
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ITycre {hs}ses — MHOXKECTBO aBTOMATHBIX OTOODAyKEHWi BHJIA
hs : X* — Y™ nopoxpaembix apromaroMm A, rme X*,Y* — MHoxKecTBa
BXOJIHBIX ¥ BBIXOJHBIX CJIOB B ajdasurax X u Y, s — HadajbHOE CO-
crosinue aBroMaTa. IlepeiimeM K MHOXKECTBY aBTOMATHBLIX OTOODarKeHUA
{gs}ses Buma gs : X* — Y, rjie n1pousBOJILHOMY BXOJHOMY CJIOBY CO-
[OCTABJISIETCS HOCAEIHIA CHMBOJI COOTBETCTBYIOIIEN0 BBLIXOMHOIO CJIOBA,
TO €CTh [IPU COOTBETCTBUU X1T3 ... Ty — Y1Y2 - .. Yn It {hs}ses UMeeM
122 ... Ty — Yn A {gs}ses-

[Tox momenenmem aBroMaTa A Kak mpeobpas3oBaTesisl MOHUMAETCS
ero MHOXKECTBO aBTOMATHBIX OTOOpaxKeHWil {gs}ses (M0 MHOMXKECTBOM
ABTOMATHBIX 0TOOpakeHuii {gs}ses axrudeckn noHummaercss axTop-
MHOKECTBO JIAHHOI'O MHOXKECTBA, 110 OTHOIIECHUIO SKBUBAJIECHTHOCTU MEXK-
JIy MHOYKECTBAMHU BBIXOJIHBIX CJIOB aBTOMATOB). 1o/ oBeienneM aBroma-
Ta, A KakK IepeducaInTe s TOHNMAECTCA MHOXKECTBO BBIXOJIHBIX II0CJIE/I0Ba-
TeJIbHOCTEN

LIX*)={yiy2...yn €Y*|(Vi=1,...,n)
(Fsi € 5)(Fi € X7) + gs, (i) = i},

FEHEPUPYEMbBIX STUM ABTOMATOM.

3ajiaua CHHTE3a aBTOMATa KaK ITEPEeUUCIUTENIS 3aKJI09aeTcss B I10-
CTPOEHHUH TAKOT'O ABTOMATa, KOTOPBIA MePEUnC/IsieT 3aJaHHOEe MHOXKECTBO
ABTOMATHBIX 0TOOpazkenuii. [Ipu nmocrpoennn muoxkectsa cioB L(X™) 10
3aJIAHHOMY MHOXKECTBY {(¢s}scs Oy/IeT MCIOIB30BATHCS ClIeUabHAS MO-
JIeJIb TOBEJICHUST aBTOMATa, IMOCTPOECHHAS € YIE€TOM HEKOTOPBIX OI'DAHU-
JeHuil Ha BUJL 91€MEHTOB {¢s}scs.

[Ipu dukcuposannoMm z € X (PYHKIUIO MEPEXOTOB & MOXKHO CUUTATH
00ODIIEHHO TTOICTAHOBKOM BHUIA

5, 0 1 ... m—-1 ' (1)
SO0 S1 ... Sm-—1
Bynem rosopurs, uro asromar Measenesa A = (S, X,9d), S = {0,
1,...,m— 1} nomyckaer MOJeIMPOBAHIE CTEIIEHHBIMU (DYHKIUSIME, €CJIH
JUTst JTE00OI BXOMHON OYKBBI € X (DYHKIHS MEPEX0JIOB 0, MOYKET OBITh
peJicTaBjIeHa ITOJIMHOMOM fgc(s) =ag+ a8+ a252 + ...+ alsl, seSc
HOCTOsIHHBIME Ko3bdunuenramu {ag, ai,...,am,—1} € S:
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dz(s) = fz(s) (mod m), se€S. (2)

CrpaBelyinBa CJIeIyIoNast

JIemma 1. Ecau asmomam A = (S,X,d) donyckaem modesuposanue
cmenennvmy Gynkyuiamy { fzteex, mo das moboeo s € S asmomam-
HOE 0MOOPAHCEHUE s MOHCEM OLIMb NPEJCMABAEHO 6 UJE KOMNOZUUUL
KOHEUH020 YUCAA NoAUHOMOS U3 { fr}rex, 63aMOl no MOYA10 M.

HokazaTeabcTBo. B camom jieste, joorpeiesiuM (hyHKITHIO TEPEXOIOB §
J1o orobpazkenust § : S X X* — S cnemyromum o6paszom:

{ 5(5 A)=s,
O(s, wa) = 5(5( x), ),

Vse S, Ve € X, Va € X* e A — nycroe cyioBo B X*.

Torma gs(a) = d(s, ), Ya € X*.
Bumecte ¢ TeM, 0 YCIOBHIO T€OPEMBI

Vse S, Vee X §(s,z) = fu(s) mod m.
[Tycrs A(s) = s (mod m). Torma
8(s,A) = A(s),

unVvse S, Ve € X, Va € X*

0(8, 21T ... Tn) = 0(0(8, 1), 29 ... Tp) =
=0(0(-.. (0(s,21)y. )y Tn—1),Tpn) =
= fun(fz,_1 (... fz,;(8) mod m...) mod m)mod m =

= fz, 0 fz, ,©0...0 fz,(s) mod m

Taxum obpasom, gs(z122 ... Tn) = fz, © fz, 4 ©...0 fz,(s) mod m,
9TO U TpebOBAIOCH JI0KA3ATh.

MuoxkecTBo 1OMHOMOB { f }reXx, MOJEIUPYIONMX [TOBEJICHUE aBTO-
MaTta A, KOHEYHO, MOCKOJIbKY BxOjHON aJjipaBur X koHedeH. OrneHuMm
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CBEPXY MAKCHMAaJbHYIO crenedb ! mommaoMoB u3 { f;}rex. MoxHO cum-
tate, uro ' < I, tme | = min{L|Vn > L 3k < n: 2F = 2"}, eir-
CTBUTEIBbHO, ecn ! > [, MOYKHO KOHEYHBIM YHCJIOM IIOJCTAHOBOK BH/IA
2" — 2¥ npusecru momuHoMmbr U3 {f,}ecx cremenn, Gosbimeii [, K 1o-
JIMHOMAaM CTEIleHU, He IPEBOCXOJINEH [, TaK 9TO NPUBEJICHHASA CUCTEMA,
MOJIMHOMOB OyJ/IeT TO-TIPEsKHEMY MOJICIMPOBATH TOoBeeHne aBTomMaTa A.

Muoskectso crenennpx dyukmit {20, 21, 22, ... 2!} wax nonem BoI-
YETOB TIO0 MOJIYJIIO 17 COCTABJISIET MOJYTPYIITY OTOOPasKeHUit ¢ KOHCTAH-
toit ° = 1 (mod m). Iommonyrpynma {z',22,..., 2!} sroit momyrpyn-
bl SIBJISIETCS TEPUOINIECKON IOy IpyIoii, mopoxaaemoit x. Ilo ompe-
JIEJIEHNIO, MHJEKC TIOJYTPYIIIbl — 3TO HAUMEHBIIIEE MEJI0E MOJIOKUTE b
HOe YHCJIO T( Takoe, 4To x'0 = x0T ;8 HEeKOTOPOro HaTypaJbHO-
ro n, TEpUoJ, MOJYTPYINBl — 3STO HAWMEHBINEE TMOJOXKUTETLHOE YHC-
JIO My U3 BCEX BO3MOXKHBIX M. JJaHHBIM 7o M Mg COOTBETCTBYET €JIUH-

CTBEeHHas1 (C TOYHOCTBIO JI0 n30Mopdu3Ma) HOIyTrpyIiia Ipeobpa3oBaHuii

{w, 2%, ... x"otm0=1 1o ecth | = 1o + mp — 1. Tax kax x € S, To MONTY-
rpymy {z,22,..., 2707011 NMoxkHO cumTaTh TOMTYTPYIIO M-MEepHLIX
sexropos Buza (0%, 1F mod m,2* mod m,...,(m —1)* mod m). Dru

BeKTOpa, (PaKTHYECKH, ABJISIOTCS HUXKHUME CTPOKAMHU COOTBETCTBYIOIIIX
nojicraHoBok Buja (1).

3ameuyanue 1. B mosayrpymme BeKTOPOB YMHOXKEHHE OIPEIEIAETCA I10-
KOMIIOHEHTHO, II09TOMY BCE i-Thbleé KOMIIOHEHTHI BEKTOPOB IIOJIYTPYIIIHI
obpasytor nojmnosyrpymiy noayrpynmst {0,1,...,m — 1}, nopoxaeHHy0
qucjom . CjieoBaTe/IbHO, TOBOPSI O CBSI3U MEXKJIy WHIEKCAMH U IePHO-
JIaMU BEKTOPHON M IMOKOMITOHEHTHOM ITOJIyIPYMI, HAJ0 YIUTHIBATH, 9TO
[I€PUOJT, BEKTOPHON MOIYTPYIIIBI JOJI2KEH COMIEPKATH BCE TIEPUO/IBI IIOKOM-
IMOHEHTHBIX IOJIYIPYII, & 3HAYUT, JOJIKEH SBJIATHCA WX HAUMEHbIITUM
obruM KpaTHbIM. VHIEKC BEKTOPHO MOJIYTPYIIIbl JOJKEH ObITh HaH-
OOJILIITIM U3 BCEX MHIEKCOB IMOKOMIIOHEHTHBIX OIYTPYII. 3aBHCHMOCTD
MEXKJIy YHUCJIOM M W Iapou (g, Mg ONPEIesieT CIAeIyIONas TeopeMa.

Teopema 1. Ecau

_ 90,1, 02 ap,
m = 2%p" py? .. ppt — (3)
DABNOHCEHUE HUCAG M HA Npocmuvle MHoxHcumesu, oy = 0, a; > 0,
i = 1,k, mo undexc u nepuod noayepynno, {x,x%, ... x0Tm0~ gpuc-

ASHOMCA MO POPMYAGM:
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To :max(ao,al,...jalk), (4)
mo = p?l_l . -pg’“f 'HOK([ZO‘_ZLPl —1,....px —1).

HokazarenabcTBo. CoriacHO IPUBEJIEHHOMY BBIIIE OIPEIEJIEHA0, T( U
Mo — 9TO HAUMEHbIINE [TOJIOKUTEIbHBIE YUCTIA, YIOBICTBOPSIONINE CPAB-

HEHUIO
2" = 21" (mod m), Vx € {0,1,...,m —1}. (5)

Moxno cuurars (5) cucremoit u3 m cpasuennii. st ynobersa paso-
ObeM ee Ha TPHU MOJCUCTEMBI.

B mepByio nojgcucreMy cpaBHEHMIT BKJIIOYHMM BCE CPaBHEHUA IS T,
B3aMMHO IIPOCTBIX C M

xz € I ={a| HOd(a,m) = 1}.

Bo Bropyio — Bce cpaBHEHUS JJTsT &, SIBSIONUXCS JIETUTEIIMU IUCTIA
m, TO ecTh Jid x u3 MHOXKectBa x € [I = {a|a = Qﬁopglpg?..pf’“,
0< B <a;i=0,k}.

B TPETHIO IMOJACUCTEMY BKJIIOYUM BCE OCTaBHINECA CpaBHEHUNA, TO €CTh
CPaBHEHUS JIJTsT L, UMEIOIHUX ¢ M KAKOH-JIMO0 OOIuii e TuTe/bh, OTInd-
HBI OT €JMHUIBL U 2D1P2 . . . P (WK P1P2 . . . Dk, B CIydae HEYETHOIO Mm):
xelll ={0,1,... m—1}\ (T UII).

Jlaee 6yieM UCKATDh pelIeHue s KaXKJI0W U3 9TUX TPEX MOJACUCTEM
OT/IETHHO.

1. IlepBasg nosfcucTemMa SIBISETCS TMPUBEJIEHHON CHCTEMOIN BBIYETOB IO
Momysiro m. OHa JIONyCKaeT JeJIeHrne KasKJIor0 CPaBHEHUsI HA THCJIO X0,
B3auMHO Tpoctoe ¢ m. [Tosyunm ™0 = 1 (mod m), Va € I. s kax-
JOro X Pa3jIozKUM KazKJ/10€ U3 CPaBHEHUI 1IePBOH IOACUCTEMbI Ha CUCTEMY
u3 k + 1 cpaBHeHui:

2™ =1 (mod 2%)
2™ =1 (mod p{*)

Hanee, pasobbem mosyuennyio cucremy ua k + 1 nomcucremy (1o
KaxKJI0My 3 Mozyieit 290, pit p§?, ... pp*), B KaxI0il U3 KOTOPBIX
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mpoberaer BCIO MPUBEJIEHHYIO CUCTEMY BBIMETOB. JlJist IepBoOii mojIcucTe-
Mbl 2™ = 1 (mod 2%°), Vo € [ HauMEHBIINM BO3MOYKHBIM DEIIeHN-
1, g =0,1
-2
eM Oymer mgy = _ wm mgy = [2¢ e |[A] obo-
it 0 202 0> 9 0 [2°7%], rne [A]

3HAYAET TEIyIo JacTh unciaa A. PelienneM mojcucreM cpaBHEHWN BUA
2™ =1 (mod p}*), Vo € I, i = 1,k, coracuo teopeme iinepa, Oy-

. _ (o AN 7; a;—1
JleT TaK HaspiBaeMas dynkims Ditnepa mo = @(p;t) = p;t — p;

i—1

(pi — 1)p;" . Mckomoe myg HOJZKHO ObITH OJHOBPEMEHHO KPATHO BCEM

aucam [2972], (p1 — DpS oL (pr — l)pg’“_l, a, 3HAYUT, OHO SIBJIsI-
eTCd MX HAUMEHBIINM OOIUM KpaTHBIM. IIOCKOJIBKY BCe p?"_l B3aNM-
HO IIPOCTHI, OHU MOTYT ObITh BhIHeceHBI 3a 3Hak HOK. Ilosyuum mg =
p?l_l S -pg’“_l -HOK([2%72],p1 — 1,...,pr — 1). Tax kax smo6oe umc-
JIO U3 TIPUBEJICHHON CUCTEMBI BBIYETOB, Oy/lyYH BO3BEJICHHBIM B CTEICHb,
KPaTHYIO 3HAYCHHUIO ero PyHKIMN Diljiepa, JacT €IUHHAILY, TO PEIICHUEM
HEepBOIi TOJICUCTEMBI SIBJISIETCA THUCIO 7' = 1.

I1. Yucna ms muOXKecTBa I comeps:kaT BCe IMPOCTBIE COMHOXKUTEIN
pasjioxkenust gucaa m. Ilocae Bo3peaeHus J1000r0 TAKOro YUCIa B HEKO-
TOpYyIO cTeneHb 1 mosyauM 0, 1 Bce MoceayIoue BO3BEIEHHS €r0 B CTe-
neHb OyyT gaBarh Takzke 0. Hucso 2pips . .. pg (W p1ps . . . pg, B ciydae
HeYeTHOro m), 6yJieT HeHyIeBbIM, moka 7* < max(ag, a1, . . ., (), CIEJ0-
BaTe/JLHO, ¥ He MEHbLIIEe MaKCUMAaJILHOI'O IOKa3aTessl, BMECTEe C TeM HU
OJIHO M3 Ymces MHoxkecTBa I[* He ocraHeTcs HEHYJIEBBIM IIPH JOCTUKE-
HuU 3TOor0 MakcuMmyMma. Cjie/loBaTe/IbHO, MOJIydaeM, camoe boJibiiee, 1% —1
HeHyJseBbIX crerneneii. [To 3amevanuio 1 umeem 19 = max(«ag, o, . . ., )
n mo = 1.

ITI. Kaxxmoe uz © € II] umeer ¢ m 1o KpaifHeil Mepe OIWH JIeJIN-
TeJIb, OTJINYHBINA OT eJIMHUIBI U He KPATHBINA 2p1p2 . .. pr (Wiu p1ps . . . Pk,
B cilydae HedeTHOro m). Kazkiioe takoe 4nciio siBjisieTcst IIPOU3Be/IeHIeM
KaKOro-JInb0 3JIEMEHTa P MOJOIYIPYIIIbL ¢ eINHUTEH ([IPUBEJIEHHON T10-
JIyIDYIIIBI BBIYETOB) Ha KaKOW-JIMOO SJIEMEHT ¢ MOJIIOJIyTPYIIbL C JIPY-
ruM ujaemnorenToMm. [lomyrpyima, MOpoXKIeHHAsT STUM YHUCJIOM, UMEET
s {pq,p’q?,...,p"0q",. .. protmo=lgrotmo—Il  Quepnano, uro mepu-
O/ JIAHHO¥M TOJIYTPYIIIBI JIOJI?KeH ObITh KpaTeH IEePHUOIy MOJIYTPYIIIbI,
HOPOKJIEHHON P, a WHJEKC JOJZKEeH ObITh HE MEHBIIe ee WHJEKCa (TO
ectb He MeHbIne eauHuIpl). CregoBaTe/bHO, HAC UHTEPECYIOT TOJIBKO
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WHJIEKC U TEPHUOJ MOJyTPYIIbl, MOPOXKIeHHON ¢. Pa3obbeM ucxomHyio
cucreMy cpasHeHnii Ha k + 1 mogcucremy (Mo KaykjoMy u3 MOJyJIeit
2%, ptt, py?, ..., pR¥), B KaxJIoil U3 KOTOPHIX & HPODEraer BCIO HMPUBE-
JIEHHYIO CHCTEMY BBIYETOB.

O6osnaunm wepes d = HOJ(m,a",a™"™0) nanboabmuii 06-
muit gesurenb obenx dacreil CpaBHEHHsI W €ro MOJyJist (OJHOrO W3
200 pit,p5?, ..., pp*). Cormacho 3], MBI MOXKeM IOIEIUTL 00 HacTH
CpaBHEHUST W MOJIY/Tb HA 9TO YHUCJO U TEPEeHTH K SKBUBAJCHTHOMY CpPaB-
HEHUIO:

¥ =" (mod m*), z*,z" € I".

3aMeTuM, 9TO Terneph 0He YaCTU CPABHEHUs B3AUMHO TPOCTHI C TIOJTY-
YEHHBIM MOJLYJIEM, TI09TOMY MOYKHO JIOMHOXKHUTH 00€ 9acTh CDABHEHUsI Ha
qncsio, obparHoe K x* 1o mozayiao m* B moayrpymie GL(m), BbiieauTh
CTETeHb W PeIaTh TMOJYYEeHHOe CPABHEHUE METOJIOM, TPEJIOKEHHBIM B
nyakTe 1. Ilomydennoe rj OymeT me MeHbIIe MHJIEKCA, HAIIEHHOTO JIJIs
MOJICUCTEMBI [, TaK KaK y MOJIy/Ist ™ BCe CTETIEeHN MPOCTBIX COMHOYKUTE-
Jeil B passioxkeHnn (3) MeHbIie Jinb0 PABHBI BCEM CTEIEHSIM COOTBETCTBY-
TOITEro pasyioyKeHust Jijist m. [loydeHHbIii MOy Ih 6y/IeT KpaTeH MOJLYJIIO
Mg IO CIOCO0Y TTOCTPOCHMUSI.

Beibpas HOK mogysieit, moydeHHbIX B KaxkoM u3 1myHKTOB I, 1T u

_ L o1—1 ap—1
ITI, yb6exkiaemcs, 9TO OH B TOYHOCTH PaBEH Mg = P SR ) .
HOK([2°72],p1—1,...,pr—1), a MAKCHMAJILHBI U3 TPEX HHICKCOB PABEH
COOTBETCTBEHHO T( = max(ag, A1, ..., Q), 9TO U TPeOOBAIOCH JOKA3ATh.

Yucno | = rg + mg — 1 maer HaM BEpXHIOIO OIEHKY MaKCHUMaJLHON
crereHn MHOro4IeHOB u3 { f; }»ex . Henocpescrsenustii Buy dyHKImit f,,
a TakKe WX CTeleHb MOYKHO HAWTH MpH moMoIy MeTona ['aycca, Moandu-
[UPOBAHHOTO JJIst PabOTHI HAJ| KOJIBIOM Tiesbix uncedt (|4, 9, 10, 11]). ITpn
9TOM JIJIs1 onpe/iesienns: KoaddurmenTos Beex GyHKImit { fy }rc x HEOOXO-
JINMO TOJIBKO OJIMH Pa3 MOCTPOUTH MCXOJHYI0 MaTpuIly Merosia Laycca u,
MPUMKCAB K HEll BCe BEKTOPA, COOTBETCTBYIOININE BXOJAM T1,L2, ..., Tn,
OCYIIECTBUTH MPSAMOT 1 0bpaTHBIN X0 MeToa [aycca.

Bynem uckarb xkoaddunuenrst ag, ai, . ..,a; noauHoMa fi: fz(s) =
ap + a1s + ass> + ... + s, s € S, mogcTaBsg B f, IOCITEIOBATETb
HO wnciaa 0,1,...,m — 1 u npupaBHUBas MOJyYeHHBbIE PE3YJIbTATHI YUC-
JIaM Sq, 81, - - - , Sm—1 U3 COOTBETCTBYIOIIEH 0OOOIEHHOMN MOCTAHOBKU BH-
na (1). Nmeem cucreMy JIMHEHHBIX CpABHEHUIT 110 MOJLYIIIO M
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so = ap (mod m)
s1=ap+ay+az+...+a (mod m)
s9=ag+a12 + a2 + ...+ a;2' (mod m) (6)

Sm_1 = ag+ai(m — 1) +as(m —1)24 ... +a;(m — 1)! (mod m)

WIN, B MA@TPUIHOM BHUJIE, UCKJII0Yas MIEPBOE YpaBHEHNE KAK TPUBUAJIBHOE
U Ipeobpasyst COOTBETCTBYIOMUM 00PAa30M OCTAJIbHBIE:

1 1 1 ai S1— S0
2 l _
2 2 e 2 % a9 _ S9 S0 (mod m) (7)
(m—1)(m—-12... (m—1) ay Sm—1 — S0

B xparkoit zanucu: Ma = s.
Matpumia M — sto marpuiia Banmepmona,

1 1 . 1
M 2 922 . 2! 7 )
(m—1) (m-12 ... (m—1)
rJie B KA4eCTBe NEPEMEHHBIX B3AThI KOHCTAHTHI 1,...,m — 1.

JlanHas MaTpU4YHas CUCTEMa yPaBHEHHUH 1103BOJISAET BBIICIUTh KPUTE-
puil MOJEJIMPYEeMOCTH aBTOMAaTa MHOXKECTBOM CTelleHHBIX (DYHKIU, oc-
HOBaHHBIII Ha CBONCTBAX {HCJIAa M ¥ BHJIE IOACTAHOBOK (1).

Teopema 2. Asmomam A = (S,X,0) donyckaem modesuposarue MHo-
orcecmeom cmenennu Gyrruyul { f }zex mozda u moavko moada, xoeda
pane pacwupernot mampuyv, [M|s] pasen paney mampuyoe M, a xaorc-
0viti anemenm cmoabya c6060OHBLT HAEHOE KPAMEH HaUbOADULEMY 0OUWEMY
JeNUMENIO BCET INEMENMOE COOMBEMCMEYIowel cmpoku mampuuse M .

Sameuanue 2. Eciim apromar A mMeeT HECKOJILKO BXOJOB, IIOJ] «CTOJIO-
IIOM CBOOOJHBIX UJIEHOB» MOYKHO IOHUMATh MATPUILY, COCTABJICHHYIO U3
CTOJIOIIOB CBOOOIHBIX YJIEHOB, COOTBETCTBYIOIIUX PA3JINIHLIM BXOIaM
9TOr0 aBTOMAaTA.
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Conep:kaTesibHO, TeOpeMa 2 0O3HAYaeT, 9TO MaTPUIHAS CUCTEMa, yPaB-
HEHWI He TOJIbKO JIOJIPKHA OBITH COBMECTHA HAJ TOJEM JIEHCTBUTETLHBIX
ancest (1o [7] miast sT0r0 Tpebyercst paBeHCTBO PAHIOB OOBIUHON M pac-
MINPEHHOW MATPUIL), HO U JIOJIKHA UMETh PEIICHHE B IEJIbIX YUCIaX Kak
cucrema nuodanToBeix ypasHenuii. [locienmee ycioBue Tpebyer Kpat-
HOCTH CBOOOJHOTO dYJIeHa CPABHEHUS HAMOOJIBIIEMY OBITEMY JIETUTETIO
K03 PUITMEHTOB MIPU ITEPEMEHHBIX.

Bropoe ycnoBue TeopeMbl 2 MOKHO TIepeOpMyIUPOBATH CJIETYIONTIM
obpazoM: Jisi JIIOOOro MIPOCTOrO YHCJIA P, BXOJSAIIEro B pasioxenue (3),
U HATypPaJIbHOrO Yucia k, J0/KHA OBITh pa3peninMa CUCTeMa CPaBHEHUI
Ma = 5 (mod p*), a # 0 (mod p).

CraencrBue 1. Ecaum — npocmoe, mo 1060t asmomam A ¢ m cocmo-
AHUAMY  JONYCKAEM MOJEAUPOBAHUE MHONCECTVBOM CMENEHHVT HYHK-
yud.

JleicTBATENBHO, €CIM MOJLY/Ib CUCTEMbI CDABHEHUN — IIPOCTOE YUCJIO, TO
marpuiia M Oyger kBajparHoil, u, mo [12|, ee panr Gymer B TOYHOCTH
paBeH paHry paciupeHHoii marpuist [M|s].

Uccnemyem Teneps cTpykTypy Marpunibl M ¢ m — 1 crpokamu, rj1e
m = pi'ps? - phn — KAHOHMYECKOE DA3JIOXKEHUe 4HuCjIa M. 3aMeTnM,
9TO i-Tasi CTpoKa MaTpuilbl M mpescTaBisieT coboi 3JIeMEHTBI MYJIbTH-
JIMKATUBHON MTOJIyTPYIIILI, TOPOXKIeHHON unciaoM i. CTPOKy MaTpHUILLI,
MOPOXKJICHHYIO IUCJIOM ¢, OyJieM 0b0o3HadYaTh depe3 S;.

Bynem rosoputrb, 4To cTpoka Spi1 Marpuisl M JmHEHHO 3aBHCHMA
OT CTPOK S1,..., Sk, €CIM CYyNIECTBYIOT IeJIble YUCIA (/. . . , Xk, Xkt1, HE
BCE paBHBIE HYJIIO, TAKUE, UYTO BBIMOJHSIETCS BEKTOPHOE CpABHEHNE

ak+1sk+1 =181+ ...+ oSk (mod m),

TO €CThb uMeeT MeCTO CucTreMa CpaBHeHI/Iﬁ BHJIaA:

Qpt18k41,i = @181, + ... + agsg,; (mod m), i =1,1,

rje Sj; — 4-Thblil 3JIEeMEHT CTPOKH S.
B nporuBHOM cilydae CTPOKa Sk Ha3bIBAETCS JIMHEITHO HE3ABUCUMON
OT CTPOK S1,...,Sk.
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Pacemorpum nostyrpymmy (S, -), e S = {0,1,...,m — 1}, (-) — ome-
palust yMHOXKEHHUsI [0 MO0 m. B nambueitimem Bmecto (S, -) Gyaem
COKpAIIEHHO THcaTh S, & 3HaK - [P 3allUCH OIyCKaTh. BBemeMm 0603Ha-

1
genne m; = pyl - ... -p?] <. pym, Torma myp; = m. OuesuiHoO,
CIPABEJIMBO CJIEJIYIONIEE yTBEPK ICHNE.
Jlemma 2. Mnoowcecmsa I; ={0,m;,2m;,...,(pj—1)m;}, 2de j€[1,n],

ABAANOMCA UIEANAMU TLOAY2DYNIDL S .

U3 semmbl 2 caejtyet, 9TO CTPOKU Sy g, +5 U S5, 1 = 1,1, j=1,p1 — 1
JIMHEHHO 3aBUCHMBI, TO CTh M 1Sy, k;+; = Mm15; (mod m).
Kpome Toro, MOKHO BBLJIEJINTH elrle M1 — 1 JIMHEeHHbIX 3aBUCUMOCTEN
BUJIA
m1Sir = 0 (mod m).
1Sk =0 ( )

Takum obpazom, oT 1epBbIX p; — 1 cTpok Marpuiblt M juHeHO 3a-
BUCAT Bce ocTaybHble. Hamporus, crpokn S1,Sa,..., S, —1 Marpunsr M
JINHEIHO HE3aBUCUMBI MEXK Ty c060it. OCHOBBIBAsICh Ha STUX PE3YJIbTaTaX,
MIOJTy9YaeM CJIEIYIONLYIO TEOPEMY.

Teopema 3. Ecau m = pi*p5?---poin

n
-1
wueaa m, my = pitT o pg? .. pdn, mo das donycka asmomamom A ¢

M COCTMOAHUAMY MOOCAUPOBAHUA CMENEHHBLMU OYHKUUAMY HE0OTOU-

— KAHOHUY“ECKOE PA3A0IHCEHUE

MO, Mol a0boe e2o0 omobpasicenue nepexodos euda (1) ydosaemeopsno
cucmeme u3 m — p1 cpasnenut, u3 xomopur mi — 1 umerom eud

mi(Skp, — S0) =0 (mod m), k=1,m; —1, 9)

a 0CMANOHBLE UMEIOM 6UJ
m-—j

b1 (10)

M1Sk;p+5 = m1s; (mod m), j=1,p1 —1,1<k; <
3ameuanme 3. [IpusejieHHble BbINIE YCJIOBHUSA B OOINEM CJIy4yae HE SABJISA-
I0TCS JIOCTATOYHBIMU. VICKITIOUEHHMSAM CJIy2KAaT JIUIIb Te CJIydau, Korja Bce
CTPOKHU MATPHUIbI M SBJIAIOTCH JIMHEHHO HE3ABUCUMBIMU B II0JIE€ PAIMO-
HaJIbHBIX uncest. Hampumep, npu m = 4 yciosus 251 = 2s3 (mod 4),
2s9 = 0 (mod 4) sBISIIOTCS HEOOXOJAUMBIME U JOCTATOYHBIMU YCJIOBUSI-
MU MOJIEJTUPYEMOCTH aBTOMAaTa CTEIEHHBIMU (DYHKITUSIMU.
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[Tycts aBTOMAT A JIOIyCKaeT MOJIEJUPOBAHNE CTEIEHHBIMU (DYHKITH-
smu. BepHeMcs K 11peobPa3oBaHHOMY MATPUYHOMY YPABHEHUIO:

rr 1 1 ... 1 ... 1 7 _ - [ s1
a

0 1 ma3 M2 rang --- M2 S92
a2

0 0 1 ... M2 rang --- M3 S3
as

...... y _ (modm)

0O 0 0 ... 1 <+« Mrang,l " Srang

00 0 .. 0 ... 0 rene Srang +1

...... ay

Loo 0 ... 0 ... 0 | * - L sme

(11)
3,]16(31), HE OI'paHNYINBad O6HLHOCTI/I, MbI IIPEAIIOJIOZKNJIA, 9TO BCE JIN-

HEIHO HE3aBUCHUMbBIE CTEIIEHHDbIE (PDYHKITUU PACIIOIOKEHBI B IEPBBIX CTOJIO-
11aX MATPUIIHI.

Marpuiia B JIeBOil “acTU CPaBHEHUS SIBJISETCS BEPXHETPEYTOJILHOM,
[IpUYeM ee BEPXHssd CTPOKA — eIMHUYHAsA, & CTPOKU ¢ HOMepaMu rang +1
U HIDKE SIBJIAIOTCS HYJeBbIME. 11 TOro, 9TOOBI MOJIyUIUTh Pa3J/IOXKEHUEe
cTpoK Matrpuilbl M 110 6a3ucHbIM (DYHKIIUIM, KOTOPBIX POBHO rang, HeoO-
XOJUMO JIeHCTBOBATE CIeaytomuM obpasoM. OTbpocuM HyJIEBBIE CTPOKH
U COOTBETCTBYIOIINAE UM JIEMEHTBI CTOJIONA CBOOOIHBIX UJIEHOB, & TAKKE
CTOJIOIBI ¢ HOMepamu rang +1.

,Haﬂee 6y,IL€M BBIYHUTATDH IIOCJIEJOBATEJIBHO!

— M3 Ipenocie/Hell crpokn obbeuHeHHoi MaTpuibl [M|a] nocseano0
CTPOKY, JIOMHOYKEHHYIO Ha IOCJICIHUIT 3JIEMEHT IIpeIoc/e/IHell CTPOKH,
IIpu 3TOM B Hpe/:[‘HOCJIe,ZLHefI CTPOKe € IJMHCTBEHHBIM HeHyﬂeBbIM KOMIIOHEH-
TOM OCTaHeTCsl eIMHUIA, CTOAIIAS Ha TUArOHAJM, & B CTOJIONE CBOOOIHBIX
JIEHOB MOSIBUTCSI COOTBETCTBYIONINN KOI(MDMUITUEHT Pa3JIOKEHUST;

— U3 TpeThell CHU3y CTPOKU BHAaUAJIE ITOCIEHIOI0 CTPOKY, & TOTOM ITPEJIIIO-
CJIEJTHION0, JIOMHOYKEHHBIE Ha, COOTBETCTBYIONINE 3JIEMEHTHI TPEThell CHU3Y
CTPOKH, TaK, YTOOBI €IMHCTBEHHBIM HEHYJIEBBIM 3JIEMEHTOM €€ OCTaJIach
€JIMHUIIA, CTOSAIAs Ha JIMaroOHaJIM, U TaK JlaJjiee.



276 A.A. Corrauk, T.9. Hlynsra

Temnepn maTpuria M 1pene/ibHO yIPOIEHA:

1 0 0 0 aj S1

0 1 0 0 a9 S92

P = (mod m) (12)
0 0 10 Orang —1 Srang —1

0 0 0 1 Grang Srang

1 K03 PUIMEHTHI B CTOJIONE CBOOOIHBIX WIEHOB — 3TO KOI(MDPUIINEHTHI
pas3JIoKeHus 110 6a31Cy U3 rang JMHEHHO HEe3aBUCUMBIX CTEIIEHHBIX (DyHK-
AN

Haiiiennblie KOs UIUEHTDI dg, A1, . - . , Grang ABJIAIOTCA KO3 buImen-
TaMu paSHO}KeHI/IH [0 JIMHEHO HE3aBUCUMOMY 0a3UCY, BBIICJIEHHOMY W3
MHOKecTBa {8,582, 5%,..., 5}

f2(s) = ap+aier+azea+. . .+Grangerang (Mmod m), e€; € {s, s2,83, ... ,sl}.

MO,ZLeJII/IpOBaHI/Ie IIOBEJICHUYA aBTOMaTa IIOJIMHOMaMM COCTOUT B TOM,
qTO0bI KazKJOMy BXOJHOMY CJIOBY Q@ = Z1Z3...ZT, € X* CONOCTABUTDH
BBIXOJIHOE CJI0BO gs(a) = fy, © fz,_, ©...0 fz,(s) mod m. B nponec-
ce MPOXOXKJIeHUsT Merofa laycca HamMm GbLIM HAailICHBI BEKTOPBLI Pa3yio-

JKeHusl 10 Gasucy {e;} ; A/1s Beex BxonHbix Oyks. Ilycrs Bexrop

i=0,rang
(ag,at, ..., arang) COOTBETCTBYET (DYHKIMN [, JIJIs BXOJHO OYKBBI G, BEK-
Top (b, b1, . .., brang) — dyHKIHN f, U151 BXOAHOI OyKBBI b. Torma dyHK-
st fp(fo(8)) ecTb crenennasi GyHKIUs ¢ JIUHEHHBIM 06pa30M 1peobpa-
30BaHHBIMU KO3 durmenTamu. Muade roBopst, MOXKHO IOJICTABUTH BEK-
Topa (ag,at,...,arang) 1 (bo,b1,...,brang) B HEKYIO MaTPHUILY-OLEPATOD
U TOJIy9uTh BeKTOp K03 dunuentos nrorosoii dbyukiwu fi(fq(s)). Cae-
JIOBaTEIbHO, paboTasi cO CJIOBAMHU IPOU3BOJILHON KOHEYUHON JIJTUHBI, MBI
OyJleM CTaBUTh KayKJIOMY CJIOBY B COOTBETCTBHE BEKTOD U3 rang +1 Kom-
noueHT. [Ipu srom meron T'aycca TpebyeT Bcero JIUIML OIHOTO IIPOXOJA
JUIsT oTIpeie/ieHnst KO3 MUIMEHTOB CTeNeHHbIX (DYHKIMI JIJIsT KasKI0ii u3
BXOJHBIX OyKB & € X, a JUIs BBIYUCICHUS CTEIeHHO (DYHKIMN, COOTBET-
CTBYIOIIEH JAHHOMY CJIOBY (v, MATPHIA-OIEPATOP IIPUMEHSIETCS CTOJIBKO
JKe Pas3, CKOJIbKO OYKB B 9TOM CJIOBE.

CorocTtaBuM BXOJIHOMY CJIOBY (X = L1Z2 . . . Ly, UHJLYIUPYEMOE UM IIpe-
obpaszoBaHue [y zs 2, (S) = ;1881 4+ auosPiz + .+ aijsﬁﬁ (mod m).
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B kauecTBe BBLIXOIHOrO CJI0Ba aBTOMATA 3aruireM Ko3(MQUIMEeHTs U 110-
KazaTeau OA3MCHBIX CTENEHHBIX (PYHKIMI, BXOAAIIMX B 3TO Pa3JIOKEHHE.
Tem caMbIM, BBIXOJHBIM CJIOBOM OyneT v = B0y P22 - .. Bijayj;, co-
craiennoe Hajl ancdasurom us m O6yxs {a;}; g, —7, OTBEYAONNX 3a
K03 OUIMEHTB TIPH CTENEeHHBIX (QYHKIUAX (KOMIIOHEHTHI BEKTOPA a)
u rang +1 6yxs {f;}; _giang, OTBEYAIOMUX 3a HOKA3ATEIN CTENHHHBIX
byHKIHUH, BXOIANNX B 6a3uC {ei}i:m'

Cornacuo Jlemme 1, MHO)KecTBO cTeneHHbIX QyHKIWA { f }rcx MOse-
JIIPYET IOBEJCHNE aBTOMATa A B TOM CMBICIIE, UTO BCIKOE €TI0 aBTOMATHOE
orobpaxenue gs u3 {gs }ses MOKET ObITH IPEJICTABIEHO B BUJE KOMIIO3V-
i Gyuknwii u3 { f; frex. Tak Kak KaxKJI0My U3 aBTOMATHBIX H300parke-
HUM gs(2122 . .. T)) OJHO3BHATHBIM 0OPA30M COIOCTABJICHA CBOSI CTEIICHHAST
OYHKIWMSA fr) 25 2, (5) = ;181 + psPiz + . .—i—aijsﬁﬁ (mod m), a Kax-
J0#t U3 Takux (byHKIHU comocTasieno cioBo v = i1y a2 - . . Bijj,
cocTaBJIeHHOe 13 0003HaUYeHNH KO3(DMOUIIMEHTOB U MOKa3aTe el cTermeHe
QYyHKIMH, TO MOXKHO TMOBOPHUTbL, YTO IIOPOXKJIAIOIIEMY MHOMKECTBY aBTO-
MAaTHBIX 0TOOpakeHuii {gs}scg, MOCTPOEHHOMY JJIsi aBTOMATa, JOIyCKa-
IOIIEr0 MOAEJUPOBAHKUE MOJMHOMAMM, PABHO KAK M MHOMKECTBY CTEIICH-
ubix dyHkuuii {fy}rex, OIHO3HAYHO COIOCTABJIEHO MHOXKECTBO BBIXOJI-
HBIX CIOB {7 }rex+*, TO €CTh MOPOXKIAIOIIEe MHOXKECTBO JIsi BCEX CJIOB
L(X™*), nepeuncisieMblx aBroMarom A.

3ameuyanue. OrpaHudeHns, HAKJIa/IbIBaeMble Ha BUJI (PYHKIIUU [I€PEXO-
JI0B aBToMaTa Teopemoil 2, MOTYT OBIThH IIPEOJIO/ICHBI IIyTEM IIepeoDo3Ha-
YeHNsI COCTOSTHUI aBTOMAaTa WU BBEJIEHUEM JOMOTHUTETHLHOIO BHYTPEH-
HEI'0 COCTOSHUS, KOTOPOE IIO3BOJIMJIO OBI IEPENTH K CJIy4Yaro aBTOMaTa C
[POCTBIM YUCJIOM BHYTPEHHUX COCTOSHUMN, TIO3BOJISIONIEMY PENIUTh 3318~
9y MOJEJIUPOBAHUS ITOBEJIEHUsT aBTOMATa JIjidg ITPOM3BOILHON (DYHKIINN
[IEPEXO/IOB.
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